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PION-PION INELASTIC COLLISIONS 

Martial Leon Thiebaux, Jr. 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

June 29, 1962 

ABSTRACT 

The strip approximation procedure of Chew and Frautschi is 

applied in the pion-pion problem to estimate the cross section for the 

process 2;r-+ 4;r considered in its full isotopic spin generality. The 

main results are dependent on s-wave scattering-length formulas for 

low-energy pion-pion scattering. The scattering lengthschosen are 

those due to Schnitzern s analysis of data from ;r + N -+ 2;r + N experi

ments. The inelastic cross sections for the production of two s -wave 
. . -2 

pa1rs are found to attain maxima of less than 0.001 (m ) at total 
iT . 

energies of about 11 m . Arguments based on the geometry of the 
iT . 

double spectral functions suggest these results are accurate in the 

energy range from threshold at 4 m to 8 m . An attempt is also 
iT iT . 

made to estimate quantitatively to what extent the four final pions 

emerge in two well-defined pairs. On the basis of a crude estimation, 

the cross section for p-meson production is found to go through a 
. -2 

maximum of about 0. 026 (m ) at an energy of 13 m , but p 
iT iT 

production is probably not significant at energies below 8 m . 
iT 



-1-

L INTRODUCTION 

Past attempts to calCulate strong-interaction scattering ampli

tudes have generally required the assumption that competitive in

elastic processes are to be neglected throughout the low-energy 
. . l, 2 I . 1 . h . . bl . 3 h resonance reg1on. n partlcu ar 1n t e p1on-p1on pro em, t e 

most important inelastic process is rr + rr-+ rr + rr + rr + rr, for which the 

threshold occurs at an energy of 4mrr whereas the first resonance 

does not occur until an energy of 5. 3 m . The inelastic cross sections 
1T 

enter such calculations through the unitarity condition, and hence 

unitarity is slightly violated by this omission. The hope has been that 

double-pion production is. small relative to elastic cross sections even 

at energies substantially above threshold so that unitarity is not 

severely violated. We find here some support for this hope by 

quantitatively estimating the cross section for 21T -+ 4rr. 

Not only is it of importance to estimate the probability of this 

reaction for .the effect it may have on other calculations, it is also of 

some interest in itselL Hence we make some statements about partial 

cross sections and angular distributions as well as total cross sections, 

Our approach is based on the strip-approximation proposal of 

Chew and Frautschi, 
4

• 5 whereby one supposes that low-energy elastic 

scattering data are known and then applies them in crossed channels. 

In the following we briefly outline the idea of the strip approximation 

in the neutral spinless meson case. The mesons are to possess odd 

G parity, so that only an even number of particles emerges from any 

vertex, It is assumed the reader· is .familiar with the principles of 

the Mandelstam representation applied to the pion-pion problem, 
1

• 
6 

The elastic part of the double spectral function p el(s, t) is 

defined as that part which is obtained by writing the unitarity condition 

for diagrams that represent elastic scattering in the s channel, 

where s, t, and u are, as usual, defined as the squares o:£ total 

energy in the corresponding channels,. Then p el(t, s) is the contribution 

to the entire double spectral function p(s, t) associated with diagrams 

elastic in the t channeL From our knowledge of the boundaries of 



-2-

th d bl . . bl . 6 h e ou e spectral functi:ons in the p10n-p10n pro em we . ave 

el 
p · (s, t) = p(s, t) 

4t 16t 
for t-:-rb ~ s < t='4"0 (I-1) 

Applying crossing symmetry to (I-1 ). 

el 
p (t, s) = p(s, t) 

4s 16s 
for · ~ ~ t < -::--;r o 

S-10 S-"± 
(I-2) 

Now define 
in el 

p .. (s, t) = p(s, t) - p (s, t)o 

Since in the .strip defined by (I-2) pel(s, t} vanishes, we may write 

in el 
p (s, t) = p (t, s) 

4s 16s 
for ~6 ~ t < -::--;r. (I-3) 

s-11 S-"± 

The .strip approximation then removes the restriction on. t. and s of 

(1-3) and thus .states that everywhere 

in( ) el( ) p ·. s, t ::::: p t, s 0 (1-4) 

Corresponding to the elastic part ofthe double spectral function, the 

dispersion relation for the elastic part of the absorptive part of the 

scattering amplitude. is 

A el ( ) s, t, u 
s 

= ..!.Jdy pel(s,y) [_2_t + _1 ] 0 

TI y-.. Y-U 

But by the opticaltheorem, specialized to a .statement of unitarity for 

elastic intermediate states, we have 

Hence 

el 
A (s,0,4-s)= 
. s 

.Js(s-4) ael 
16n 

el 16 J el [ 1 1 J a = d y p ( s, y) ~ + _ 4+ s • 
.Js(s-,4) y y 

(I-5) 

and similarly, using the dispersion relation for the entire absorptive 

part and the optical theorem for the total cross section, we also have 

tot 16 J · [ 1 1 J a = d y p ( s, y) - + _ 4+ s o 

.Js(s-4) Y Y 
(I-6) 
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Subtracting (I-5) from (I-6) and using the strip approximation (I-4), 

we have 

a in= ,j' 16 . Jdy pel(y, s) [ ~+ y-1+s]·, 
s(s-4) . 

(I- 7) 

where the second denominator term may be neglected since s > 16 

and we expect small values of y to be most importanL • 

The elastic double spectral function can be constructed from 

the absorptive parts according to the Mand~lstam prescription 
6 

by 

writing 

··-('' (t 1 
, S } I (t 11 a S } 

k 1/ 2[ s;t, t', t"] ' 

where 

k[s;t,t',t"] =t 2 tt' 2 +t112 - 2[tt'+tt"+t't"]-
4
tt't" 
s-4 

and the region of integration is for t' , t" ~ 4 and k > 0. 

(I-8) 

The first variable in the absorptive part IW , s} is the square of the 

energy in the channel where I is the imaginary part,· We will 

approximate absorptive parts by an expansion in polynomials in s. 

We now justify such an expansion and find how the region of convergence 

puts limits on the accuracy of our final results. 

The polynomial expansion 
00 

L(t I • s) = L I 1' {t i ) p ..(! ( c 0 s e). 
1'=0 

(I-9) 

where 

cos e 

can converge only for 

s < 16t' 
if t 1 ~ 20, v-:4 

or 

s < 4t 1 

if tg ~ 20, p-:)6 

since otherwise the variable s runs into the region where the double 

spectral functions fail to vanish. However, from the limits on the 



-4:-

integral we see that only values oft' such that 

k[s;t,t',4J >0 

need to be considered. So, for a given t, the maximum value of s 

for which p el(s, t) is still constructed from a converging series is 

given by the smaller of s 
1 

or s
2

, where s 
1 

and s 2 are the solutions of 

the equations 

and 

0 = k [ s l;t, 
16s

1 
4] s - 4 ' 1 

0 = k [ s 2; t, 
4s

2 
4] s2 - 16' 

We find 

sl = 
4(t + 12) + 32 .ft (I- 1 0) 

t- 36 
and 

s
2 

= i6 + 192 (I-ll) 
t-=-rti 

0 

Figure 1 shows the inelastic strip (regions A and B) in the s, t plane. 

When the. double spectral function is determined in this strip by ap

plying the strip approximation to the elastic double spectral function 

(I~8) we can be certain that the polynomial expansion is convergent in 

regions Band C. Curves s
1 

and s
2 

correspond to boundaries (I-10} 

and (I-11), respectively. Actually when pe1(s, t) is subtracted from 

the entire p(s, t), the cur;re s
2 

is coincidentally the boundary of a 

contribution to the true p
1
n(s, t) that cannot be obtained by the strip 

approximation, This boundary arises from the singularity structure 

of the Feynman diagram 
7 

shown in Fig, 2a, There is one other such 

contribution that intrudes into the region C, This comes from the 

diagram 
7 

shown in Fig,. 2b,. The corresponding boundary is shown as 

the dashed line s 
3 

in Fig, L In fact, for t >> l, 

192 128 
s 2 = 16 + -t- and s 3 = 16 + -t-, (I-12) ,.J 

whereas the lower edge of the inelastic spectral function behaves like 

16+ ~ t . (I-13) 

Hence we are able to determine pin(s, t) by the polynomial expansion 

in the regions B and almost all of C, Although the strip is getting 
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(f) 

--------------

60 80 100 

t 
MU-27535 

Fig. 1. The s -t plane showing boundaries of double spectral 
functions. 
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...... ......... 
~~ 

\~ 

a 

b 

MU -27 536 

Fig. 2. Two Feynrnan diagrams having inelastic intermediate 
states in both channels. 

:.· 



-7-

farther and farther from the physical region (t < 0) as s goes to 

threshold at 16, so that the usual geometric arguments for the validity 

of the strip approximation do not seem to hold, we see from Eqs. 

(I-12) and (I-13) that the range in t for which values of pm(s, t) are 

known becomes arbitrarily large. Hence it is plausible that our 

results will be meaningful right down to threshold, .. This is in contrast 

to arguments based on the peripheral model, in which one 1 s ignorance 

about off-the-mass-shell extrapolations makes one ~ish to stay near 

the small momentum transfers that are possible only at high energies. 

In Section~:> II and III we find the expressions that correspond to 

(I-7) for the pion-pion problem treated in its full isotop~c spin general

ity. Also, with the aid of Appendices A and B we attempt to clarify 

the connection of the strip-approximation approach. to the peripheral 

collision mechanism, 8 • 9• 
10 

In Section IV we quantitatively discuss 

how meaningful it is to talk of separated final pion pairs, i.e. to what 

extent the momentum directions of a final pair are correlated, In 

. this connection there is the possibility of discussing a further type of 

correlation, namely that of how well these pairs emerge in forward 

and backward directions defined with respect to the initial incoming 

pair. This would involve an integration of Eq. (III-14), which is 

numerically somewhat more difficult than those integrations actually 
\ 

done here. It should be pointed out that this question can be investi-

gated and is an important and interesting feature of inelastic scattering, 

but our time limitations require its omission from this paper. In 

Section V we write down scattering-length formulas that approximately 

de scribe low-energy elastic scattering to serve as phenomenological 

input information in our approach. Numerical results are discussed 

in Section VL We find that for energies ~ 8 1 where our approxi

mations should be valid, inelastic cross sections are no greater than 

0.016 mb, which is quite small in comparison with elastic cross 

sections. We have assumed in obtaining these results that the P-wave 

elastic amplitude is negligible. However, as the energy increases, 

production of p meson~ 11 
becomes possible, We crudely estimate in 

Section VI the probability for p production by assuming the existence 
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of a pole on the real~ energy axis in. the J = 1, I= 1 amplitude ·or, 

equivalently, a o function in the corresponding absorptive part. · Then, 

with the neglect of s -wave scattering~ we find that the production of 

two p' s in an overall I= 0 state starts at an energy of about 10.6 m ' 
'IT 

rises rapidly to a maximum of 0.5 mb at energy= 13 mTr~ and then 

falls off more slowly. 12 Finally in Appendix C we b:defly describe 

the numerical methods used in these calculations. 

\o• 
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II. INELASTIC DOUBLE SPECTRAL FUNCTIONS 

In this section we essentially repeat some calculations first 

introduced in. a general way by Mandelstam 
6 

and later applied to the 

particular case of pion-pion scattering by Chew and Frautschi. 
4

• 
5 

The purpose of this section is to continue in the direction suggested 

by the latter authors and derive explicit expressions for the inelastic 

double spectral functions by using the procedure outlined in Section L 

Also by doing this we are able to, introduce in a natural way certain 

functions whose properties are discussed in greater detail in the 

appendices and which play an important role in obtaining differential 

expressions for inelastic cross sections. 

Up to and including Eq. (II-8) we closely follow Mandelstam, 

after which we obtain (II-11 ), which is the same as (II-4), (II-5)~ and 

(II-6) of reference 5. It is assumed that the reader is familiar with 

the symmetry principles pertaining to the pion-pion problem that are 

discussed in the first two sections of Chew and Mandelstarri. 
1 

The elastic unitarity condition for amplitudes of well-defined 

isotopic spin I (I = 0, 1, 2) in the s channel can be written in the 

form 

el I 
A~ tx, y, z) = s 

2 
1T 

which corresponds to the Cutkosky13 diagram of Fig. 3. Referring 

to Fig. 3 we have 

2 2 2 
y = (P- Q) , yu = {P- K) , yn = (K-Q) • 

The subscript p on the o functions reminds us that only the positive 

energy root of K
2 

-1 contributes to the integraL. The notation asso

ciated with the amplitudes is the same as in reference 1; L e., the 

first variable appearing in the argument of A1 is the value of the total 

energy squared in the s channel, the second. is that of the t channel, 

the third that of the u channel, the subscript s denotes the absorptive 

part in the s. channel, and the usual relation always holds among the 
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Q 

MU-27537 

Fig. 3. Cutkosky diagram showing elastic unitarity in the 
s channel. 
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three variables, 

X + Y + Z = 4, X + y' + Z 1 : 4, X + y" + Z 11 : 4. 

Two of the four integrations in (II-1) could be immediately performed 

in virtue of the two o functions in the integrand, but we prefer to re

tain them because, as is later explained, they allow us to make some 

very useful transformations. 

The Mandelstam representation permits the substitution of one

dimensional dispersion relations for the amplitudes appearing in (II-1 ), 

and thus one obtains 

ell 
A (x, y, z) = 

s 

-ifao dylJao 
1T 4 4 

+ A~1 
(x, y 1, z 1 )A~(x, z 2,y2 ) J d

4
K 

(ao) 

o (K2 -l)o (K' 
2

-1) 
p . . p + 
(yl-z') (y2-z") 

+ 

o (K
2 -l)o (K'

2
-l) J 

p p . 

(y -y' ) (y -z") 1 . 2 

(II- 2) 

+ 
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Define the function 

o (K
2
-l)o (K' 

2
-1) 

p . p. . (II- 3) 
.(Yl -y: )(y 2 -y") · 

Then, as shown in Appendix A, the ~olloy.ring relations also hold: 

' '·-'' 

1 ·o. (K2 -l)o (K' 2 -l) 
- 4 p p [ ] - d K .. ----=.---~"'------- = R x; z, y pY 2 , 

(y1 -y' ) (y 2 -z") 

and 

(yl-z!:.) (y2 -y") 
( 0() ) 

.·· R[ x; y, yl y 2] · = · R[ x; y, y 2,y1]. 

Inserting (II-3) and (II-4) into (II-2), one has 

0() 0() 

+ ; J dylf dy2 
1T 4 4 

(II-4) 

(II- 5) 

• 
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. ,In the usual manner for obtaining singularities. one:'no_w ana

lytically, continues (II-5) ,from l).egative. physical m01;nentum trC!-nsfers 
. ' . . . .. . . ... .. . ~- ~ ' . . . .. ~ 

y and z to positive y. and ::z while keeping x fixed in its positive 

energy range.'·· Branch ,points are encountered and hence one equiv-
1 

alently finds !mAe 1(x, y_, z)for y > 0 and for z > 0 .. These imaginary 
s elr elr 

parts are denoted by A t (x, y, z) and A (x, y, z)~respectively. In s su , 
taking the im~ginary part of (II- 5) or1e, does not need to consider the 

expressions in square brackets :Since the symmetry of the y 1, Yz 

integration assures us that their imaginary parts exactly cancel. 

where 

As shown in Appendix A, 

Im R ( x;y, y-1' Yz] = ·Trx; y, Y l' Yi] H'[ Y."'~(x; Y1• Y z)] • 

H(x) = 0 

H(x), = lc 

for x ~ 0, 

.fair x ~ o, · · 
and T and f. are defined in Appendix A. 

' . 
' ' Fa~· co~Cisenes·s·' we.\iefi~~ the integral operators 

r 
u 

4 = 3 
iT 

which in light -bf (II-6)' allow the i~agi~ar~ par~·s of' (II- !:f) to be 
' ··~- '.. . . ~-

written in the form 

... 

(II-6) 

(II- 7) 

A:~ (x, y, z) = ~ r u [ A:
1

(x, y I' z 1.)A~ (~~ z~, y 2) + A:,r (x, z I' y I )A: (x, Yz• z 2] . 
) l t ' ',· \ ,f' \ ... 

(II-8) 
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AU absorptive parts in (II-8) may be·rep1aced by absorptive parts in 

.the s channel by invoking crossing synmietry in:'the ·following· way: 

where 

c 3 

. f3u =; ~- 0 
6 

and 

3 ' ' ' 
'' .. ·-

A! (x, y •. z), = I J3IJ IJ-(y,.x, z), 
J=l . 

' 3 

A~(x, z, y) = I yiJ::r J(y,· x; z ), 

J'=1 

' . 
.1·' 

I) (-; 3 '1) . 

-t .. Yu = . 0 1 ' •• 
0 1 J: 

(II-9) 

11 (y, x, z) = A
8

(y, x, z); r 2 (y, x, z) = Bs(y, x, z); r
3

(y, x, z) = Cs(y, x, z). 

For further conciseness we drop sumrnati~n subscripts, and define 

I J(i) = IJ(yi' x, zi) _ 

so that (II-8) becomes 

for i = 1, 2, 

eli 1 * 
Ast(x,y,z) = 2 rt [f3I (1)· f3I(2)+yi*(1)· yi(2)], 

(II-1 0) 

Ae~~(x.y,z) = ~ru[J3{fl)· yi(2)+ ~r*(l)· f3I(2)]. 

el
1 Taking .the appropriate linear combinations of A , we obtain the 

' su' 
ABC elastic double spectral function~, namely .. · 

(II-11) 

•, ' 

C:~ (x, y, z) = r u {I~ (I) I 1 (2) + I~ (I) I 3 (2)} . 

• 
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Although it does not appear necessary at this point, we want to pre

serve the ass~ciation of y
1 

and y
2 

with particular vertices of Fig. 3. 

Hence the notation c. c. is defined everywhere to be the complex 

conjugate of the preceding expression with y 1 and y 2 interchanged. 

The functions (II-11) are nonzero in the shaded region labeled 

E in Fig. 4. It is clear that by rotating these functions 120° clock

wise we get a contribution to the inelastic spectral function shown as 

the shaded region labeled I. . Note that the rotation changes A to B, B 

to C~ and C to A; that is, the elastic part of A when so rotated gives 

the inelastic part _of B~ etc. Hence 

el 
A (x,. y, z) = su 

el 
Bsu (x, y, z) = 

in 
B (z, x, y), 

sz 

in 
C t (z, x~ y), s . 

el 1n . 
Csu (x, y, z) = Ast (z, X., y). 

(II-12) 

We now take the appropriate linear combinations of the in

elastic spectral functions and obtain expressions for the inelastic 

spectral functions of amplitudes of well-defined isotopic spin: 

ino {3 . 
A st (z, x, y) = r u 2. [I~ ( 1) I 1 (2) + I~ (l )12 (2) + I; ( 1) ~3 (2) ] + 

+ I~(l) I 2 (2) +I~(!) I 3 (2) + I~(I)I3 (2) +c. c.}, (II-13) 

Ai:.
1
(z, x, y) = r u {i I~ (I) I2 (2) + I~ (1)12 (2) + I~ (I) I 3 (2) - I~ (l)I3 (2) +c. c-} , 

A~;2 
(z, x, y) = r u {~ I~ (I) I2 (2) + I~ (I)I2 (2) +I~ (I) I 3 (2) + I~(!) I 3 (2) +c. c-} 

I 

'Finally let us substitute for the absorptive parts in (II-13) the 

appropriate linear combinations of absorptive parts for well-defined 

isotopic spih. · Define 
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MU -27 538 

Fig. 4. The s-t-u plane showing an elastic double spectral 
function (E) and. tl;le c9rresponding inelastic double 
spectral function (I) obtained by 120° clockwise 
rotation~ -- - · - · 

-· 

• 
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. I , :,; . 

JI(i} =A (y., x, z.) for i = 1, 2; I= 0, 1, 2· (II-14) 
' s 1 1 

(II=13} be,comes '·i ; r ... ~ ··: ~ J: '":" 

,.: .... ,,, 

(II-15) 

A::
2

(z, x, ;) ~ r ~ {! J~(I)J r(2) ~ -h J~ (J)J2 (Z) + 
.. ;" ·'· 

+ i J~ (I )J 2(2) '+ ~ J~ (I)J·~ (i)+ c.c.} ' 
,.. ·.:. . ·- .. · . . .. ' . ·; .. ·: I ; , , . .., . 

The combinations of Jus that occ~r in each A are clearly the only ones 

that can be combined by the i'sotopic spi~ v~ct,~r addition rules to give 

total isotopic spin equal to I. The co~ffi'ci~nts i~ (II~l 5). ar~ .of course 

just the squares of certain Clebsch-Gordan coefficients. Equations 
: '. ,, f' 

(II-15) with th~ definition~ (II-14) and'(II-.7) ar.e the results that were 

sought at the beginni~g of this se~tion. · No approximations have yet 
- i . 

been made except for the basic strip approxim-ation.' Note that it was 

not yet necessary to use the polynomial expansion (I-9) for the ab-.. . 
· sorptive parts, which-therefore appear in (11~15) in their general 

complex form. 
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III.· EXPRESSIONS FOR INELASTIC CROSS SECTIONS 

The absorptive parts appearing in (II-15) are eventually to be 

approximated by phenomenological scattering-length formulas in order 

to carry out the integrations and thereby estim~te the inelas.tic double 

spectral functions. The inelastic pion-pion cross sections can in turn 

be estimated by calculating the forward direction inelastic absorptive 

parts according to the well-known dispersion. relation prescription and 

then using the optical theorem. In this section we invoke the expansion 

(I-9) and so absorptive parts will be assumed purely real. · It seems 

valid to use only the S-wave term of (I-9) for low enough energies. 

The P-wave term is negligible untiLthe p meson appears as a sharp 

resonance.· It is actually impossible to·include systematically a 

P-wave term in our approach since a logarithmically divergent inte

gral is obtained as will be seen in. this section. The difficulty can be 
< ••• 

. traced to the .failure of the polynomial expansion to converge in the 

region of the double spectral function. Hence, in what follows, we 

will assume the absorptive parts to be .entirely S .wave and therefore 

independent of mome~tum tra~sfer. · We postpone discussion of the p 

until a later section. 

Setting the I= 1 amplitude equal to 0, we then introduce three 

phenomenological funct_ions of the variables y
1 

and y
2

: 

jo o<Y.I' Y2> = 2 Jo(l)Jo<2 >· 
I . . . 

j2,2(yl,y2) = 2 J2(1Pz<2 >· 
and (II-15) becomes 

for l = 0, 1, 2. 

where 

{III-1) 

(III-2} 
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1 . + 5 
j2, 2 , a = r; Jo, o "6 0 . 

5 (III- 3) a1 = a·j2,2' 

' ' 
1 . + 7 

j2, 2 a = 
24 2 3 Jo, 2 

The inelastic absorptive part is derived from the spectral 

functions by the dispersion integral 

in! 1 Joo dx' 
A (z, x, y) = - -,.-1 --s ;r x -x 

M 

in1 . 1 Joo dy' in1 
A st (z, x' I y' ) + :rr M r y A su (z, x' 'y' ), 

where as seen from (II-6) and the properties of the function f(x;y 1, y 2 ), 

M is implied by the relation 

z = f(M;4, 4) or M = 4z. . ~ -H> 
However, in the spirit of the strip approximation the second integral 

may be neglected. 

Hence, 

The optical theorem states that 

in 
I. JI a . (z) = 16;r 

>Jz(z-4) 

00 

_in!( .. ) - 16;r 1 (J z -
.. .Jz(z-4) M 

in1 
As (z, 0, 4-z). 

1 dx' in! ... 
7 A st (z, x' ' y' ). -· 

iT 

Using (II-7) and (III-2) in (III-4) leads us to 

in! 64 
(J ( z ) = z:--;::;==;:;: 

;r
2

>J z(z-4) 

z=f(x' ;y1,y2 ) 

J 1 dx' J J -- dy dy. 
;r x' 1 2 

M 4 4 

00 

(III-4) 

(III- 5) 
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It is now possible to rearrange the ,order of integration in 

. (III-5) by the following considerations. When x' = M, the y 1, y 2 
region of integration just vanishes. As x' · i:ricr.eases to ao, the 

region in the y 1' y 
2 

plane continuously enlarges until it reaches the 

curve z = f(ao;y 1, y
2

) which is also simply 

(In..:q > 

For fixed values of y 1 ~ 4 and y
2 
~ 4, the region of integration in 

x' is 

<co 

where 

(III- 7) 

and 

(III-8) 

Hence we are allowed to do the x' integration first using (III:.. 7) as 

the -lower limit. The y 
1

, y 
2 

integration may then be done and the 

region of this integration is for y 
1 

and y 
2 

satisfying 

4 ~ y 1' 4 ~ y 2' and >JYi + .J y 2 ~ rz .. 
Rewriting (III-5) with these changes, we obtain 

ini 
(J (z) 

(III-9} 

Note that such a rearrangement would be impossible if a.
1 

had an x' 

• dependency.· In fact for large values of. x' • T [~'; z, y 1• y 
2
]- !, and 

f is essentially independent of x' .. If a.I had a part that was linear 

in x' (P-wave term), then the integral over x' would be loga.,.. 

rithmically divergent. 

As shown in Appendix A we may make the substitution 
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o(y
1

-y• )o(y
2 

-z") 

(K
2
-l) (K' 2 -1) 

(III-1 0) 

The right-hand expression of (III-10) is what one would write down on 

the basis of the Cutkosky13 rules for generalized unitarity in the s 

channel and 0 momentum transfer in the t channel for the diagram 

shown in Fig. 5. This diagram is the diffraction scattering arising 

from the inelastic. cross section under consideration. The momentum 

transfer in the diagram of Fig. 5 is 0 which means that K + K' = 0. 

However the momentum transfer squared of just the inelastic part of 

the diagra~ is K 2 which of course cannot be 0. . 

The right-hand side of (III-1 0) is easily integrated in the 

barycentric system of the s channel (see Appendix A) yielding, 

'IT 
LJ(yl, Y2> 2 

d(K ) (III-11) 
(K2 -1)2 2"-'z(z-4) 

Ll(yl'y2 

The limits L
1 

and L
2 

are derived in Appendix B by simply in

vestigating the kinematics of Fig. 5 when the energy-momentum four

vectors K-Q and P-K are assumed to have masses y
1 

and y 2 . Inserting 

(III- 11 ) into (III- 9) we obtain 

in! 32 1 1 
(J (z) = TrZ(z-4) dyl dy2 

4 4 

(III-12) 

where the upper limits on the integration are for y 
1 

and y 
2 

satisfying 

~ + 4Yc.· = rz. 
Instead of integrating (III-11) to completion, an ··expression for 

the differential production cross section is obtainable by rearranging 

the order of integration of (III-12). In Appendix B it is shown that the 

limits L 1 (yl' y 2 ) and L 2 (y 1, y
2

) are really two branches of one 
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with S= Z 
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f' ·channel . 
with t·= 0 

MU -27 539 

Fig. 5. Cutkosky diagram corresponding to equation {III-10) 
and illustrating inelastic unitarity in the s channel. Note 
that channel definitions in Fig. 3 and Fig. 5 are different. 

t 

.. 
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2 
continuous surface in the three-dimensional space ofK , y

1
• and y

2
. 

Let us. describe this surface by the equation Q(K
2

, Yp y 2) = 0. The 

region of integration required in (III-12) is therefore the finite volume 

bounded by the planes y
1 

= 4, y
2 

= 4, and,the curved surface Q = 0 . 

See Fig. 6 which illustrates this volume .. The cylindrical surface 

~ + "'"Yi. = ~is tangent. to Q = 0 on a line which corresponds to 

states of masses y
1 

and .. y
2 

whose centers of mass are at rest in 

the s channel.barycentric system ... Fromthe standpoint of diffraction 

scattering.these, and in fact all other points :inside the volume, are 

intermediate states while from the. standpoint of inelastic scattering 

these are the final states .. The inter.sect:ion of any plane K
2 = constant 

and the volume of integration is a roughly trii:mgular region whose 

area vanishes at the endpoints K
2 = L

1 
(4, 4} and K

2 = L
2

(4j) 4}. Hence 

(III-12) may be rearranged to' become 

in1 a (z) a 1(y 1 j) Yz} • where 

(HI-13) 

the upper limits on the integration are for y 
1 

and y 2 satisfying 
2 2 

Q(K ., Yp y 2) = 0. · Remembering that K has the physical significance 

of being the square of momentum transfer for inelastic scattering in 

the s channel, we see that it is possible to write 

in1 
da (z) = 32 (HI-14) 

1T(z-4)z 

Note that the possibility of writing (III-14) in its differential 

form depended on the substitution (III-1 0) which introduced the 

differential d(K
2

) into our expression .. From our point of view the 

Cutkosky rule for finding the value of a discontinuitywhich justified 

(III-10) essentially transformed the variable x 1 to the variable K
2

. 

The physical signi.ficance of x' is rather obscure in that it runs over 

intermediate states of particles on their mass shells whereas k2 h:a~s 
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•' 

1 

MU-27540 

2 ' Fig. 6. The surface Q(K , Yp y 2) = 0 and the enclosed 
volume of integration discussed in Appendix B. 
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the clear physical significance of being the square of the four-vector 

of a virtual exchanged particle. Equation (III~l4) may be put into 

. fur,ther, differ.entiai form by removing the remaining integral signs and 

thus obtaining 

in 
dO" 

1
(z) = 

32 a
1
(y1• y

2
) 

rrz (z--) (III-15} 

which is just the expression ·for the inelastic cross section derived by 

Salzman and Salzman 9 on the single pion exchange model (SPEM). 

While this may seem to be a slight digression--since little use will be 

made of (III-14) or (III-15) in this i-eport.- -it is intended to shed some 

light on the equivalence of the strip approximation and the SPEM. Un

less the Cutkosky rule is invoked the equivalence is not transparent 

and we might be led to believe that the Chew and Frautschi approach 

is limited to determining total cross sections only, The equivalence 

·was first indicated by Amati, Fubini, Stanghellini. and Tonin
10 

who 

completely bypassed the possibility of confusion by using the Cutkosky 

rule for generalized unitarity throughout their work, However. when 

the Cutkosky rule is used some sign ambiguities result that can be 

resolved only by calculating discontinuities by analytic methods. These 

ambiguities are quite inessenti-al for our main purposes, 

Incidentally the derivation of (III-15) shows the significance of 

preserving the association of y
1 

and Yz. with particular vertices of 

Fig. 5. Later in Section IV the importance again arises when we 

introduce into the integrand of (III-12), a factor which distinguishes 

Yl and y2. 

Now, (III-11) is easily integrated and we use the expressions 

for L 1 (y 1• y 2 ) and L 2 (y
1

• y 2 ) in Appendix B to obtain finally an ex

pression for the total inelastic cross section 

in1 
0" (z) = 32 

rr"-' z (z -4) 
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Note that the integrand vanishes at the upper limit. It will 

also be seen that the integrand vanishes at the lower limits y 1 = 4 

and y 2 = 4 due to the behavior of aT These facts plus the fact that: the 

region of integration is a triangle in. the ~· ..JY'i. plane are quite 

useful in order to carry out a numerical integration of (III-16). 
"· 



IV. THE ANGULAR DISTRIBUTION OF FINAL PIONS 

As is well-known, the peripheral model in contrast to the 

statistical model predicts that final particles emerge from the region 

of interaction in two oppositely di,rected and fairly well-definedjets 

in the overall barycentric system. Although not every inelastic 

event will produce such a clean separation of pion pairs in the process 

1T ,t 1T - 21T + 21T, there is nevertheless a tendency for such a separation 

to occur. Here we discuss in a quantitative way on the basis of the 

strip approximation a inethod.for estimating the extent of this sep

aration. 

One may think ,of a final pion pair as being the decay products 

of an unstable particle of mass ~ 2. Let us call the overall bary

centric system Frame I and the rest frame of the unstable particle 

Frame II. In keeping with the S-wave approximation the distribution 

of final momentum directions of the pair of pions in Frame II is 

spherically symmetric. The angle between the momentum directions 

of the pair is of course always 1T in Frame II~. while in some other 

Lorentz frame, (in particular~ Frame I) the angle is ,::; 1T. Let us 

choose some angle 0 ,::; 8 ,::; 1T and find the probability f(8) that the 

decay gives rise to a pair separated by an angle less than or equal to 

8 as measured in Frame I. For example if Frames I and II coincide, 

then f(1T) = l and £(8 t 1T) = 0. The derivative df/ d8 is then the 

probability density for the angular separation to be 8 but it is simpler 

to work with f(8) for the present. 

Let E and P denote the energy and momentum of a pion in 

Frame II and let !3 and y denote the usual parameters describing 

the Lorentz transformation that takes Frame II to Frame I. In Frame 

I let a 1 and a
2 

be the angles that the pions make with the direction 

ofthe unstable particle and let these angles transform back into o 
and 1T-O respectively in Frame II. See Fig. 7 to clarify the above 

definitions. These angles are related by 
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Frame.:! I. Frame I. 

MU-27541 

Fig. 7. The momenta of a pion pair viewed in Frames I 
· and II. . -. . 
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Hence 
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sino 
sin a 1, 2 = -;============= 

J sin
2 

o+ (-ycos o±a)
2 

cosa 1, 2 = 
a ± )'COS 0 

J sin 
2 

o+ (-ycos o±a)
2 

E 
a=j3-y p 

2 2 2 
a -1- (-y -l)cos o 

and 

J2 2 4 22 2 2 2 2 2 (-y -1) cos o-2[y a +a -y +!]cos ot(a +1) 

(IV -1) 

Inverting (IV -1) to obtain cos o, we get two nontrivially distinct roots: 

± 
cos 0 = 

j2 2 2 22 2 2 j2 2 2 22 2 2 
(a -1)(-y -1)+(-y -1-a"' -a )cos a±2acosa(-y -1)(-y -a )+-y (a --y +l}cos a 

(-y
2 

-1 )sin a 

(IV -2) 

In Fig. 8 cos a is plotted as a function of coso for some values 

of a and 'Y· · The curves break up naturally into four regions denoted 

by A, AB, B, and C defined as follows: 

A: 

AB: 

B: 

C: 

2 2 
O~a <-y 

a2 = ··./· 

'Y2 < a 2 < 2 'Y2- 1 

2 -y2 - 1 ~ a 2 < co 



\ 
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0 ~ 
en 
0 
<..> 

~------------~------------~-1 
-1 0 +I 

cos 8 

MU-27542 

Fig. 8. The curves cos a(cos o) in the regions A, AB, 
B, and C. Three typical curves (lightly drawn 
curves) are shown labeled 1, 2, 3 in the regions 
A, B, and C, respectively. The horizontal 
widths of the shaded areas above fixed values of 
cos a = cos e are proportional to the probability 
that a pair is produced with an angle a ~ e. The 
heavily drawn lines are the boundaries between 
the regions. The intersections of the curves 1, 
2, and 3 with the fixed cos a = cos e occur at the 

two branches o±. 
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·In region A, . cos a. is -1 wheh cos 5 = ± 1 and rises to a maxi

mum value of m at cos 5 = 0,. where 
2 ... 

a -1 
m= 

a.2 +I 
(IV -3) 

The boundary AB between A and B deserves special attention. · It is 
2 2 . 

the value of cos a. for a = y, and it actually goes to 0 at cos 5 = ± l. 

Figure 7 shows that. the points P' and Q' lie ~>nan ellip~e whose 

m(ijor axis coincides with the direction. of motion of the unstable 

particle.· When 0' is inside (outside) the ellipse the curve cos a. lies 

in A(B or C) .. Cos a. is the boundary AB when. the ellipse just passes 

through O'. · In B, cos a. is + I wh~n cos Q = ± 1, and has two minima 

of Vi;ilue n, where 

n.= (IV -4) 

and rises back to a maximum m when cos 5 = 0. · .In C, cos a. is +I 

. when cos 5 = ± I and has only a minimum of value m when cos 5 = 0. 

The fraction f(8), defined before, is evidently that portion of the 

range of cos 5 for which the curve cos a.(o) lies above the horizontal 

line cos a. = cos e. since spherically symmetric decays are uniformly 

distributed in cos 5. Table I gives f(8) for the regions A, AB, B, and 

c. 
Now refer back to Equations (III-1.5) or (III-16 ) .. For each set 

2 
of values of y 1• y

2
; K, and z there correspond values of y and a. 

In the following, we establish this correspondence. In the s channel 

barycentric system of Fig .. 5, we let 

1 . ,- 1 . 1---::t ... 
Q = [- 2 '\/ z; + 2 '\/ z-4 u ] , 

1 l A 

p = [ 2 \[2; + 2 .J z -4 u ] • 

K = [ JK2+ k 2
; k; ] , 

2 
y

1 
= (P-K) , 

2 
Y2· = (K-Q) • 



-32-

Table I. Values of f(8) for the regions of Fig. 8 

Region cos 8 f(8) 

A 
-1 :::; cos 8 < rn cos 0 

rn :::; cos 8 :::; + 1 0 

-1 :::; cos 8 :::; 0 1 

AB 0 <cos 8 < rn cos 0-

rn :::; cos 8 :::; + 1 0 

-1 :::; cos 8 :::; n 1 

B n <cos 8 < rn 1 + - + cos 0 . - cos 0 

rn :::; cos 8 :::; + 1 1 - cos 0+ 

-1 :::; cos 8 :::; rn 1 

<cos 8:::; +1 1 - + rn cos 0 
c 



Then 

Therefore 

-33-

l 2 .2 J---
yl - y 2 = 2 K· (Q-P) = -2 1\,fK .tk z . 

yl-y2 

-2rz 
Let us fix our attention on the pair with mass = ~: 

'{ = 
(P-K)~ 

0 
(P-K)II 

= 
z + Yl - Y2 

2.J zy 1 

K(z. Yl' y2) 

4z(y
1

-4) 

. (IV- 5) 

(IV -6) 

Note.that expressions (IV -5.) and (IV -6) for y and a are 

independent of K 2. This is a great convenience since we may there-

fore insert f(8) directly into .the integrand of (III-16) to obtain an 

expression that is proportional to the overall probability P(8) that a 

pion pair is separated by an angle ~e. An expression normalized to 

unity for e = lT is then 

(IV -7) 

where I= 0 and I= 2. 

This may be differentiated with respect to 8 to give finally a 

probability density for producing a pion pair of given angular separation. 

The extent to. which the density dP1(8)/ d8 is peaked at 8 = 0 

determines how meaningful it is to talk about a distinct separation of 

the two pairs. The results of machine integration of (IV -7) will be 

discussed in Section VI. 
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In the event that it is truly meaningful to discuss distinct pairs, 

we may make some precise statements concerning relative production 

of pairs of definite isotopic spin. These statements immediately 

follow from Eqs. (II-15) and do not depend on any assumptions about 

the nature of the absorptive parts. For a given designation of final 

isotopic spin states the relative rates of production for the three possible 

initial isotopic spin states are summarized in Table II. The proportions 

have significance only in vertical columns; e. g. the relative production 

rates of two I- spin = 1 pairs for i~itial states 0. I, 2 are 4 : 1 : I. 

Notice that the positions of zeros are readily predicted by the vector 

addition rules for angular momentum, The assumptions in Section III 

confine our attention to the first three columns of Table II. 

From_this discussion it is ~vident that it will be justifiable to 

state results later for total and differential cross sections in terms 

of probabilities for producing pairs of definite isotopic spin . 

• 



Table II. · Relative proportions of the cross sections for producing 

particular: final isotopic spin combinations from the three possible 

initial is.otopic spins. 

Final .isotopic spin combinations 

0, 0 0,"2 2, 2 0, 1 1, 1 1, 2 

0 1 0 20 0 4 0 
u ....... 

1 o· 0 15 1 l s MO.,~ 

C1l 0 Cll 0.... ~ 

~ b·""' ·E oo o.. 2 0 1 7 0 1 9 
Ho .... C/l 
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V. PHENOMENOLOGICAL APPROXIMATIONS FOR 
ABSORPTIVE PARTS 

Since our goal is in spirit an estimation only -- rather than an 

ambitious self-consistent or iterative calculation -- we will make an 

explicit scattering length approximation 14 for the elastic scattering 

amplitude. The idea is based on the N/D decomposition of partial 

wave amplitudes. 
1 

Our assumptions stated previously require 

neglecting P and higher waves, so that we consider here only I= 0 

and I = 2 S waves. The general method is to write the S-wave 

amplitudes in the form 
I 

A I( ) = N (y) 
-Y I 

D (y) 
for I = 0, 2, (V -1) 

where the left cut of AI is carried entirely by NI and the right cut 

1s carried entirely by DI For our purposes we approximate NI by 

a single real constant ai which becomes the scattering length when 

DI is appropriately normalized. The unitarity condition with neglect 

of inelastic scattering determines 1m DI(y): 

I Jyy-4 Im D (y) =-ai 

(V -2) 

= 0 for y < 4. 

We are now in a position to write a dispersion relation for DI(y) 

with one subtraction at y = 4, where D is normalized to unity. 

nl(yl = I + (y;4J I 
4 

I ImD (y') dy' 
[y' -y}(y' -4) 

Using (V -2)~ Equation (V -3) is readily integrated yielding 

-r-v-:-4 ~0 ···[ ·-JT-Y + -r-:y l ~~ g 2 

(V -3) 

(V -4) 
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In accordance with the usual requirement that A be real analytic we 

define the logarithm to be real for y < 0. Analytic continuation to 

points just above the real positive ·y axis then gives us n1 in the 

physical region. He~ we ~ind, for physical y, 

. DI(y) -- 1·. + al y-4 1 1_,-4- + 1 . r--11 . 2 N [ ~ - -- og . - "'y- - "'y . -1 a 
1r . . y · 2· 2 .• · J ·· I 

IY-'1, 
,j~ 

(V -5) 

and the imaginary part of the amplitude is 

I 
!rnA (y) = 

a2N-4 I -
y 

2
a1 ry:-:4 ( 1. 1- 1 '] 

2 
2 /y-4 ~ 

-lT-,;Ylog 2""y-4+2""Y +al\Y) 
(V -6) 

The expressions (V -5) and (V -6) now allow us to write explicit 

formulas for the three j functions introduced in Section III, Eqs. 

(III-1 ): 

jo, o<Y1• Y2> = 

2a~f~;4 k {[I+ 

·H+ lT 

2

:
0 ~~~

4 

log (~-Jy 1 -4 f ~ FI) J 
2 

+ 

+ a~ (y~-14)} -1 

(V -7) 
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2 2 .J(y 1 -4). (y 2 -4) {[ 2ao p;_-4 
a a 1 +- --log 

0 2 yly2 ~ yl 

4 
2 a

2 

\ -1 

+ a~(y~:4)} 

nJr 
y~~4ll 

(y~:4)rl 

~I ,.,Jy1 -4+ S)l ~ 2 
log · + 

. 2 . 

·. 

+ 

(V -8) 

(V -9) 



VI. · NUMERICAL CONCLUSIONS 

The values of the pion.:.pion scattering -lengths selected for use 

in (V -7}, (V -8}, and (V -9} are from the analysis of Schnitzer: 
15 

a 0 = . 50 and a 2 = .16. Schnitzer finds two sets of scattering lengths 

but there is some independent evidence given in Schnitzer' s paper for 

preferring the set quoted here .. The other set differs mainly in the 

sign of a 2 . A negative a
2 

would cause slightly higher cross sections 

for final I= 2 pairs as is easily seen from (V -8) and (V -9}, but due to 

the smallness of a
2 

the effect should not be too significant. 

Figures 9, 10, and 11 are total inelastic cross sections for an 

initial pion pair of .isotopic spin 0, 1, and 2 respectively .. These three 

are qualitatively quite similar in energy dependence. In all cases the 

inelastic cross sections undergo a rapid rise to a maximum at approxi

mately an energy of 11 and then a relatively slow decrease. · The 
. -3 -3 

maximum values are 0.88X 10 (0.016 mb), 0.072X 10 (0.0014 mb}, 

and 0.28 X 10-
3 

(0.0056 mb} for I- spin equal to o. 1, and 2 respectively. 

Figure 12 shows partial cross sections --that is, cross sections for 

producing particular pairs of well-defined isotopic spin .. The most 

important such partial cross section is obviously curve (a) for an 

initial spin-0 pair going to two spin-0 pairs. The energy range in

dicated is only that energy range near maxima. 

Figures 13 and 14 show the probability density for producing 

pairs of given angular separation for spin 0 and spin 2, respectively. 

The sequence of curves in each figure illustrates the development of 

the peaking at e = 0 as the energy increases. It is not necessary to 

have a very peaked curve, such as (e), in order to speak of a distinct 

pair, since even a relatively flat curve, such as (b) at energy= 10, 

means that half of the pairs have an angular separation of 90° or less. 

The areas ofthese curves are normalized to1/;r. 
It seems appropriate ~t this point to make some sort of estimate 

of the effect of the p in order to see where the above results begin to 

leave us with an incomplete picture .. To .tackle the p we can use the 

peripheral collision formula of Salzman and Salzman 9 or, what is 
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·Fig. 9. The total inelastic cross section for_an initial 
pion pair of isotopic spin 0. · 
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Fig. 10. ·The total inelastic cross section for an initial 
pion pair of isotopic spin l. 
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Fig. 11. The total inelastic cross section for an initial 
pion pair of isotopic spin 2. 
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Fig. 12. Partial cross sections in the region just above 
threshold and including the maximum cross sections. 
Curve (a) is for an initial isotopic spin-0 pair going 
to two isotopic spin-0 pairs; curve (b) is for an 
I = 2 pair going to an I = 0 and an I = 2; curve (c) 
is 0 ._ 2 and 2; curve (d) is 1 ._ 2 and 2; and curve 
( e ) is 2 -+ 2 and 2. 
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2.0 

e 

Angle between pair of pions 

MU-27547 

Fig. 13. The probability density for producing an I = 0 
pair of angular separation e. Curves (a), (b), (c), 
(d), and (e) are for initial energies of 4.01, 10, 
50, 200, and 1000, respectively. 
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2.0 

e 

Angle between poi r of pions 

MU-27548 .. 

Fig. 14. The probability density for producing an I = 2 
pair of angular separation e. Curves (a), (b), (c), 
(d), and (e) are for initial energies 4.01, 10, 50, 200, 
1000, respectively. 
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perfectly equivalent, Eq. (III-16} derived without neglecting the I= 1 

absorptive part but assuming it ind~pendent of momentum transfer. 
. 2 

The P• regarded as a pole at m = 28 on the real axis of the energy 
p 

plane, would appear in the absorptive part as a delta-function of the 

form 

J 1 (y) = C 6 (.J"Y- mp)' 

or .it would appear in the I= 1 elastic cross section in the form 

1 16 1T a (y} = • C 6(~- mp ). 
m· ~m 2_4 

p p 

Now the observed with of the p is 100 MeV or about 0.72 pion units, 

so assuming the peak.in the cross section reaches_the unitarity limit 

16 1T (21+1) 
2 mn- 4 p 

we tnay normalize the delta-function to have roughly the same area 

as under the peak and thus we obtain 

Numerically, 

(2it1)T'm 

Jm~p- 4 
· o <"'¥""- mp)· 

J 1(y1)J2 (y2 ) = 5.5 6(~- 5.3) o (,.,Jy
2

- 5.3}. 

Substituting this for ai(y1, Yz.} in (III-16) and carrying out the infe.g.iation, 

we find for the overall i = 0 case 

in 
a 0-1,1(z} =O for z :5 112, 

= 63 0 0 r-;:::m-
z(z+672) .J-z:4;;;. forz>11.2, (VI -1) 

- (energy) - 4 forz>>l12. 



-47-

From Table II we .immediately have 

1-lil( )- 2-1,1( )-a z-a ... z-
. . . . ' 

1 0-+li 1 ( ) 
4a " ~. 

Expression (VI-I) tells us that production of two p' sin an overall 

I= 0 state increases sharply from threshold at an energy of 10.6 and 

peaks at an energy 13 with a cross section 0. 026 (0. 5 .mb) which is 

about 30.times larger than the peak of curve (a) in Fig. 12. Pro

duction of p1 s would actually take place below 1 0.6, at· a threshold of 

7. 3 since it is unnecessary that both final pairs by p 1 s as we have 

assumed here .. By inspecting the combinations in (II-15) we see that 

the existence of the p enhances the par-tial cross sections for 

producing I= 0 and 2 pairs in both the overall I= 1 and 2 cases, but 

in the overall I= 0 case the p 1 s emerge as independent phenomena. 

The partial eros s sections shown in Fig. 12 still stand unaffected by 

the existence of the p. The validity of these results is limited only 

by the considerations discussed in Section I. As it turns out, referring 

to Fig. l, .the boundary s 1 begins to cut into the inelastic strip at 

s ~ 7 2 corresponding to an energy of 8. 5. • The accuracy of the results 

depicted in Figs. ~9~ through 14, for energies above this are thus 

dependent on how strongly the gradually narrowing strip B controls the 

amplitude in the nearby physical region. Hence .the picture is reasonably 

completely described by neglecting the p from energies of roughly 8 

down to threshold .. Above 10 and especially around 13, p' s are ex

pected to be the dominant feature of inelastic scattering. although the 

total inelastic cross sections still seem to remain quite small in 

comparison-to typical elastic cross sections. 
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APPENDIX A. PROPERTIES OF_ SOME FUNCTIONS 

In Section II we have introduced the function 

R(x;y, Yj• Yz] = 1 
(oo) 

o (K2 -1)o (K' 2 .-1) 
d 4K p p 

(y 1 -yi )(y 2 -y") 
; . (A-1) 

where the integral is defined by the kinematics of the di·agram of 

. Fig. 1 or Fig. 3 with the definitions 

. X= (PtP1 )2
, y = (P-Q)

2
» y 1 = {P-K)

2
, Y" =· (K-Q)

2
. 

The integral may be evaluated in a straightforward manner and yields 

;r { }f+Y 2 -y + 
2

:~: 2 
+ rfk.} : 

R [ x; y, y p y 
2

] = . log 2 , (A- 2) 
2.Jx(x-4).Jk + _ + Y1Y2 _ .Jk. 

Y1 Y2 y x-4 

where 

(A-3) 

The positive square-root branch and the real log branch are taken when 

Fig. 1 represents a physical process in the s channel and for 

y 1,y2 ~4 as required in (U-2) .. From (A-l) it follows that 

= R[x;y,4-y
1

-x, 4-y
2

-x]. (A-4) 

The substitutions 4-y l -x. and 4-y 
2 

-x for y
1 

and y 
2 

respectively do 

not change (A-2) and {A-3). Hence the integrals of (A-4) and (A-1) are 

equal. 

(A-5) 
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and o (K
2

-1) o (K' 2 -1) 
....::p"r--..........--+-P---:-:-..-- = 

(y 1- Z I } (y 2 -y") 

Then by making the appropriate substitutions in (A-2) and (A-3), (A-5) 

and (A-6) are easily shown to be equal to 

Hence the relations (II-4) are justified. 

We now discuss .the singularity structure of (A-1) or (A-2). 

Following Mandelstam 6 we consider firstly the right-hand side of 

(A-2) as a real analytic function defined to be real for negative y. 

One finds a branch point at 

with a discontinuity 

= 2 . 2 
llT = 2i T [ x; y, y l'y 2 ]. 

.Jx(x-4) rfk 

x-4 (A-7 

(A-8) 

On the other hand, we may find the discontinuity of (A-1) 

according to the Cutkosky rule 
13 

by replacing the denominators by 

2rri times delta functions: 

2i Irn R( x; y, y I' y 2 ] • ±(2ni)21 d4
K lip(K

2 
-I )lip(K' 

2 
-I) li(y I -y' ) li (y 2 -y"). 

(oo) 
(A-9) 

The Cutkosky rule does not tell us which sign to choose. This 

ambiguity is in fact complemented by a similar ambiguity that is 

encountered when the integral in (A-9) is actually carried out. 
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1 
( 0()} 

4 2 2 
d Ko (K -1 )o (K' -1 )o(y -y' }o(y -.y") = p p. . l . 2 

±i . (A-1 0) = 
2,_]x(x-4)..J-i<. 2,_)x(x-4)r.Jk 

One is usually able to define signs by analytic continuation from some 

region where the sign is known but in this case we are dealing with 

double spectral functions which cannot be considered analYtic.· We 

easily verify that substituting (A-1 0) into (A-9) yields (A-8) except 

for the sign uncertainty. 

Having thus written down the above arguments due to 

Mandelstam and Cutkosky, we are in a position to understand the 

substitution stated by Eq. (III-10). Regarding T[x;y, y 1, y 2] as the 

spectral function for a dispersion relation in x, we see that the 

corresponding real analytic function is 

where, by solving (A-7) for x, we find 

4 YY1 y2 
K(y,yl.y2) +4. 

(A-ll) 

Similarly regarding the right-hand side of (A-9) we may apply the 

Cutkosky rule in reverse and replace the other two delta functions 

b 1 0 d . d y 2--.- t1mes enom1nators an . obtain 
Trl 

o(yl-y') o(y2-y") 

(Kz -1) (Ku 2 -1) 
(A-12) 

Hence (A-ll) and (A-12) must be equivalent. In particular, changing 

y to z and y" to z" and setting x. = 0 to obtain forward scattering 

as desired in Section III, we immediately obtain Eq. (III-10). 
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It is now a relatively painless matter to do three of the four 

integrations of (III-l 0) by working in the barycentric system where 

z is the energy squared and the momentum transfer is zero. Letting 

K = [ k
0

; k v] , l . r- l 
p = [ 2 '\1 z; 2 ;,JZ::4 u ], 

we must have 

2 .r::- ~ .... ,. 
z" = 3-K - k

0 
"'z - k '-./z-4 (u' v), 

and 

,. 
The <j> integration gives a factor 2TI while u' v integration is readily 

done in vi~tue of a delta function and we are left with the right -hand 

side of (III-l 0) equal to 

f 1 oo kdk o[ y 
1 
+y 

2 
-4tzk

0 
"--'Z] 

2TI d(K
2

) O 
2(K2 -l) 2 .Jk2tKZ ~ 

The remaining k integration gives 

Lz(Yl' Yz) 

2-':(z-4)1 (. ) 
1 Y1• Yz 

(A-13) 

The steps by which (A-ll), or more precisely (A-ll) with y 

replaced by z, is brought into the form (A-13) are the steps which 

essentially effect the transformation mentioned after (III-14) that 

change the variable x' into the variable k
2 

, 

Rather than attempt to trace the changes of variables of 

integration involved in the above barycentric integration in order to 

find the limits L
1 

and L
2

, we determine the region of integration in 

Appendix B by simply investigating the kinematics of the process 

1T + 1T - 1T + 1T + 1T + 1T. 
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APPENDIX B. KINEMATICS OF THE INELASTIC PROCESS 

Here we investigate the physical ranges of the variables y 
1

, 

y 2 , and K
2 

where we make the identifications of y
1 

and y
2 

with the 

squares of the energies of the two pairs of final pions and K 2 with the 

square of momentum transfer between the two initial pions. · Letting 

z be the square of the .overall energy and q the momentum of a pion 

pair in the overall barycentric system, we have by energy conservation 

(B-1) 

It follows from (B-1) that for fixed z, y 
1

, and y 
2 

are physical in the 

triangle 

2 ~ tJY~, 2 ~ ~2 , ~1 + ~ ~ rz . 
The range in K2 is 

K
2 = 1- ~+ ~(y 1 ty2)t~lqlcose, (B-2} 

where 

- 1 ~cos e ~ + L 

Solving (B-1) for I ql and substituting in (B-2), we obtain 

1 1 rz-:;.4/2 2 2 
1 + z:(yl+y2-z) + 2 cos8 ,_J--z--z-.JYl +y2+z -2(yly2+ylz+y2z). 

For fixed y 1 and y 2 let the minimum and maximum of K 2 be 

L 1 (y 1, y 2 ) and L 2 (y 1, y
2

) respectively. Then we have 

(B- 3) 

When cos e = ± 1 and y 
2 

is fixed, the curve K 2 (y 
1

) is a hyperbola 

shown in·Fig. 15. For intermediate values of cos e, K 2 lies inside 

one of the two branches of the hyperbola. Only a small segment of 

the left branch is the physical region" The requirement y 
1 
~ 4 
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Y1 =4 

MU-27549 

' 2 2 
15. The K , y L plane showing the hyperbola K (y 

1
) 

for fixed y 2 . The shaded segment is the physical 
region. 
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excludes that part to the left of y
1 

= 4 while it is easily seen that 

the right branch exists only for ,.;y;_ ~ rz + "'y; which is not per

mitted for physical y
1 

and y
2

. 

The maximum value of K
2 

in the left branch considered in its 

entirety is attained at y
1 

= y 2 + z (1 - "'Yz> which is always negative 

for physical y
2 

and z. Hence in the physical region the curve 

y 1 (K
2

) is single valued and K 2 attains maximum and minimum 

physical values at case= tl and -1 respectively when y 1 = 4 .. 

From the symmetry of (B-3) under exchange of y 1 and y
2

, 

it is clear that precisely the same arguments as above apply when 

y 1 is fixed and K
2 

is considered a function of y 
2

. We conclude 
2 , , 

that K attains its minimum and maximum values over the entire 

y 1, y 2 physical region at the point y
1 

= y
2 

= 4. These values are 

L 1 (4, 4) and L
2

(4, 4) respectively .. Furthermore it is clear that 

L 1 (y 1, y 2 ) and L
2

(y 1, y
2

) are just. two branches of the same continuous 

surface as stated in Section III. Hence the alternate orders of 

integration in Eqs. (III-12) and(III...,13) are justified. 

Note that the integration of (III-11) is easily done and yields 

a simple result: 

LZ- L1 
= 

(L
2 

-1 )(L 
1

- 1) 
= 

.Jz(z-4) .JK(z, y
1

, y
2

) 

K(z, Yl' y2) + zyly2 

Figure 4 is a picture of the physical region of the variables 

y 1, y 2, and K
2

. The projection of this volume onto the "'Yi• ~2 
plane would be a 45°- 90°- 45° triangle. 
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APPENDIX C. DISCUSSION OF MACHINE COMPUTATION 

The numerical integration of Eqs. (III-16 )'and (IV ..:7) is 

described in this Appendix. In the ~· .[y2 plane the region of 

integration is a 45° - 90°- 45° triangle and the integrand vanishes on 

the sides of the triangle. Simpson's 1/3 and 3/8 rule were used 

along strips of equal width parallel to the hypotenuse and then a seven

point rule was used in the perpendicular direction to complete the 

integration. The points at which the integrand was calculated lay at 

the corners of squares in the triangle and it.was found that 600 to 

1000 points per triangle sufficed to cause two-figure convergence at 

most energies of interest. The IBM 7090 could handle about 500 points 

per minute. Most of this time, perhaps more than 90o/o, was taken up 

in the determination of £(8), so that if only total cross sections were 

desired a considerable reduction in machine time would be possible. 

Because Eq. ·(IV -2) must be broken into a number of special cases 

for· machine computation it 'was felt that programming would be far 

simpler if the machine itself were to solve (IV -1) for the roots cos c/. 
The interval 0 :::; cos o± :::; 1 was divided into 45 points, a. was found 

at each point and compared to 8, and then a linear interpolation rule 

determined the roots. This cycle was repeated at each point of the 

triangle for 25 angles 0:::; e:::; TI. After summing the integrands to 

obtain PI(8). in (IV-7) a simple differentiating-rule was applied to 

obtain dPI(8)/ d8, the probability density for producing pairs of 

angular separation e. 
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