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Full Commuting Projector Hamiltonians of Interacting Symmetry-Protected
Topological Phases of Fermions

Nathanan Tantivasadakarn1 and Ashvin Vishwanath1

1Department of Physics, Harvard University, Cambridge, MA 02138, USA
(Dated: October 3, 2018)

Using the decorated domain wall procedure, we construct Finite Depth Local Unitaries (FDLUs)
that realize Fermionic Symmetry-Protected Topological (SPT) phases. This results in explicit ‘full’
commuting projector Hamiltonians, where ‘full’ implies the fact that the ground state, as well as all
excited states of these Hamiltonians, realizes the nontrivial SPT phase. We begin by constructing
explicit examples of 1+1D phases protected by symmetry groups G = ZT2 × ZF2 , which also has
a free fermion realization in class BDI, and G = Z4 × ZF4 , which does not. We then turn to
2+1D, and construct the square roots of the Levin-Gu bosonic SPT phase, protected by Z2 × ZF2
symmetry, in a concrete model of fermions and spins on the triangular lattice. Edge states and the
anomalous symmetry action on them are explicitly derived. Although this phase has a free fermion
representation as two copies of p+ ip superconductors combined with their p− ip counterparts with
a different symmetry charge, the full set of commuting projectors is only realized in the strongly
interacting version, which also implies that it admits a many-body localized realization.
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I. INTRODUCTION

Recently, there has been much progress in classify-
ing ground states of many-body systems with an energy

gap. The simplest setting has been the classification
of invertible (sometimes also called Short Range Entan-
gled) phases1–3, which feature a unique ground state on
a closed manifold. Further, one can consider two cases
(i) systems built entirely out of bosons/spins or (ii) those
that fundamentally rely on the existence of fermionic ex-
citations. A classification of bosonic Symmetry Protected
Topological phases (SPTs), based on the group cohomol-
ogy of the symmetry group was proposed4. While cap-
turing important aspects of the physics, this classification
leaves out certain invertible phases of bosons by construc-
tion, such as chiral phases in 2+1D which are not pro-
tected by any symmetry5,6. Furthermore, some ‘beyond
cohomology’ phases in 3+1D7–9 are omitted, despite be-
ing protected by time reversal symmetry. Various gener-
alized cohomology classifications have been proposed in
attempt to capture these missing phases3,10–14.

The classification of fermionic invertible phases re-
mains active, despite the fact that free fermion examples
of these states, the Chern insulators, have been known
since the 1980s15. However, interactions can play an im-
portant role and are known to collapse distinctions be-
tween free fermion phases16–20 as well as generate entirely
new phases that are intrinsically fermionic21,22. A pio-
neering step was taken by Gu and Wen who constructed
a supercohomology classification23, in close analogy with
the cohomology construction, although several phases
and symmetry groups had to be excluded in this formu-
lation. For example, only symmetry groups of the form
G×ZF2 were permitted, where the ZF2 factor corresponds
to fermion parity. However, some of the most interest-
ing cases correspond to symmetry groups that cannot be
represented in this way. For example, in electronic sys-
tems with Kramers degeneracy, time reversal squares to
the fermion parity T 2 = Pf , implying that one cannot
decompose the symmetry as a simple product. Subse-
quently, spin TQFTs and other generalized cohomology
classifications have emerged3,12–14,20,24,25.

The classification of Symmetry-Protected Topological
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(SPT) phases has gone hand in hand with the construc-
tion of exactly soluble models for both bosons4,8,26–35 and
fermions23,36–39. It is worth noting the distinct ways in
which a model can be exactly soluble. In some cases, one
can solve exactly for the ground state of a Hamiltonian,
but not for the general excited states. This is the situa-
tion for the Affleck-Kennedy-Lieb-Tasaki26 model which
realized the 1D Haldane phase of the spin-one chain, one
of the first SPTs to be discovered40. In other cases,
one can obtain the ground state and those excited states
that lie within a certain constrained subspace, but not
all states in the Hilbert space. Here, we will be inter-
ested in exactly soluble Hamiltonians that capture the
ground state as well as excited states that span the en-
tire Hilbert space, which we will term Full Commuting
Projector Hamiltonians (FCPHs).

There are several reasons to focus on FCPHs. Obvi-
ously, they give us analytical control over deriving uni-
versal properties of topological phases. Moreover, for
fermionic SPTs that also possess a free fermion descrip-
tion, this alternate starting point can help access non-
perturbative effects that are obscured in the free fermion
limit. Indeed we will discuss a 2+1D fermion SPT, for
which interactions will enable us to write a commuting
projector Hamiltonian, which is not possible in the free
fermion limit.

Furthermore, they allow us to extend the discussion
of topology to states beyond the ground state. Since
every excited energy-eigenstate is also an eigenstate of
the commuting projectors, they can all be said to be
in the same SPT phase, and the topological properties
are now associated with the entire Hamiltonian rather
than just with its ground state. In the presence of disor-
der and Many-Body Localization (MBL), one can poten-
tially extend these properties from specific Hamiltonians
to actual phases that are stable to the addition of any
local symmetry preserving perturbation. The resulting
MBL Hamiltonians then feature SPT order41–44. On the
practical side, this may help in the realization of SPT
phases in quantum systems where cooling to the ground
state may be challenging, but in the presence of MBL,
no cooling would be required. Rather, the SPT physics
would reveal itself for example in the coherent quantum
dynamics of the edge modes42.

While MBL is often discussed in terms of the stabil-
ity of the fully localized free fermion Anderson insulator
to the addition of interactions, here we will discuss a
fermionic SPT that we believe can be Many-Body Lo-
calized in the presence of strong interactions, but has no
fully localized free fermion analog. This represents an-
other avenue for a qualitatively new effects enabled by in-
teractions. Specifically, we will discuss a 2+1D fermionic
SPT phase consisting of two copies of p+ip superconduc-
tors, combined with two copies of p−ip superconductors,
which transform in opposite ways under a global Z2 sym-
metry. At the free fermion level, one cannot write down a
set of localized Wannier orbitals (the free fermion analog
of commuting projectors) that also preserve symmetry

for such a topological band. Nevertheless, we will see
that this phase can be represented with a FCPH with
interactions.

Looking forward, we expect that identifying physi-
cal obstructions to realizing commuting projector models
can provide insight into the classification of topological
phases and intrinsic differences. For example, it has been
argued that invertible phases with edge modes displaying
a net chirality in 2+1D cannot be captured by a com-
muting projector Hamiltonian5,44,45. It would be inter-
esting to know which non-chiral phases can be realized
by FCPHs and which ones are fundamentally obstructed.

Let us briefly review related earlier work. In Ref. 23,
Gu & Wen constructed lattice Hamiltonians for a certain
class of fermionic SPTs with groups of the form G×ZF2 .
However, the FDLU they constructed is only unitary if
the creation and annihilation operators are changed to
Majorana operators. In this paper, we are able to con-
struct a FCPH for a 2D SPT with Z2 × ZF2 symmetry,
where the properties of the phase, such as the ground
state wavefunction, has an intuitive form. Furthermore,
we also construct other fermionic SPTs whose symmetry
group is not of the form G×ZF2 , and we outline a proce-
dure that could possibly be used to construct SPTs for a
large class of symmetries in up to three dimensions.

We present three concrete examples. The first is a
1D fermionic SPT protected by time reversal symmetry
(class BDI), where we introduce the Fermionic version
of the Decorated Domain Wall procedure8(although full
commuting projector models exist from the free theory).
Our second example is a 1D fermionic SPT protected by
Z4 × ZF4 , the generating phase of which is intrinsically
fermionic and intrinsically interacting. Furthermore this
symmetry group, which does not split into G × ZF2 , is
outside of supercohomology. Finally, we present a model
of the Fermionic Ising SPT in 2D (Z2 × ZF2 ), which is
the main result of this paper. The classification of these
phases are summarized in Table I In all three examples,
we discuss the ground state wave function, we show that
the FDLU, if applied twice, gives us the bosonic embed-
ded SPT, and we show the non-trivial properties of the
edge states.

Our paper is organized as follows. In Section II, we
review the concepts of SPTs, commuting projectors, and
local unitary gates used to construct these models. We
then present our three models in Sections III, IV, and
V, respectively. We argue how to construct phases with
more general symmetries in Section VI. Finally, in Sec-
tion VII, we prove that all the eigenstates of the FCPH
are in the same phase, and remark on the viability of
MBL.

While this paper was in preparation, we recently learnt
of a work by Ellison & Fidkowski46, who constructed FD-
LUs for all supercohomology phases in 2D with explicit
spin structure dependence in the construction. In partic-
ular, their unitary can be used to obtain an alternative
FCPH for the Z2×ZF2 SPT in 2D. It would be interesting
to see how our two models are related.
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TABLE I. Classification of SPT phases in consideration

SPT ZT2 × ZF2 1D Z4 × ZF4 1D Z2 × ZF2 2D
Classification Z8 Z4 Z8

Cohomology ν = 0, 4 ν = 0, 2 ν = 0, 4
Supercohomology ν = 0, 2, 4, 6 N/A ν = 0, 2, 4, 6

Models we consider ν = 2, 6 ν = 1, 3 ν = 2, 6

II. PRELIMINARIES

A. SPT Phases and Local Unitaries

We review the nominal definitions of SPT phases that
we will be using in the paper. For a more detailed and
rigorous overview, see for example Refs. 47–49. Here, we
always assume that our spatial dimension is greater than
zero. We define a Finite-Depth Local Unitary (FDLU)
to be a quantum circuit

U =
∏
iM

U
(M)
iM

∏
iM−1

U
(M−1)
iM−1

· · ·
∏
i1

U
(1)
i1

(1)

consisting of a finite number of layers M , where each
layer is made up of a product of unitary gates Uim that
are local and all commute within each layer.

Now, let our system have some symmetry G, repre-
sented by some faithful unitary representation which acts
onsite R(g). We define a gate to be symmetric if it com-
mutes with R(g). We now say that the FDLU is sym-
metric if all the gates commute with our symmetry. That
is,

[R(g), Uim ] = 0. (2)

Two gapped Hamiltonians related by a symmetric FDLU
are in the same phase. On the other hand, we call the
FDLU overall symmetric if the whole FDLU still com-
mutes with R(g),

[R(g), U ] = 0. (3)

Actually, we can relax this definition and allow for them
to commute up to one-dimensional representation oper-
ators. i.e. 0D SPTs. As an example, for G = Z2, a gate
is symmetric if it commutes or anticommutes with R(g).

Consider all gapped Hamiltonians which have a unique
ground state on a closed manifold. We can now define
SPT phases as an equivalence class of these Hamilto-
nians under symmetric FDLUs. For a non-trivial SPT
Hamiltonian, we therefore see that there does not exist
a symmetric FDLU that connects it to a product state
Hamiltonian, and so the FDLU can be at most overall
symmetric.

For fermionic SPTs, we have an additional constraint.
Since fermion parity Pf is never explicitly broken, all
gates must commute with fermion parity. In other words,
the FDLU must be symmetric with respect to Pf but
need only be overall symmetric with respect to the re-
maining symmetries.

B. Symmetric Local FCPHs

To construct SPT phases using FCPHs, the projectors
must also be local and symmetric. Thus, we define a
symmetric local FCPH as a Hamiltonian

H = −
∑
i,α

hαi Πα
i , (4)

Πα
i = UPαi U

†, (5)

where hαi are real, i denotes an index running over the
local Hilbert spaces, and α denotes the irreducible rep-
resentations of the symmetry. We demand the following
properties:
1. U is an overall symmetric FDLU.
2. Pαi are projectors ((Pαi )2 = Pαi ) with unit rank in the
onsite Hilbert space.

3. [Pαi , P
β
j ] = 0 for all i, j, α, β.

4. Let R(g)αi be the representation of the onsite symme-
try at site i; then [R(g)αi , P

α
i ] = 0.

5.
∑
α P

α
i = 1i where 1i is the identity operator in the

onsite Hilbert space.
Henceforth, we will call Pαi and Πα

i the bare projectors
and dressed projectors respectively. We can also define
the bare Hamiltonian

H0 = −
∑
i,α

hαi P
α
i , (6)

so that the dressed Hamiltonian Eq. (4) can be written
as a unitary evolution

H = UH0U
†. (7)

The role of the FDLU U is to disentangle the dressed
projectors into bare projectors, which are onsite. The
Hamiltonian defined is a sum of dressed projectors that
form a full set of symmetric commuting local observables
for the entire Hilbert space.

We now restrict our attention to the symmetry in dis-
cussion. Our Hilbert space is defined on a lattice, with lo-
cal degrees of freedom being qubits living on the vertices
i ∈ V , and fermions living on the vertices of the dual lat-
tice l ∈ V ∗ (we defer the discussion of qudits and ZF4 rep-
resentations to Section IV). We choose our Z2 symmetry
to be represented by χ =

∏
iXi for Z2 or T =

∏
iXiK

for ZT2 , where K is complex conjugation. For the qubits,
the onsite symmetry Xi has two irreducible representa-
tions: the |+〉i and |−〉i states transform trivially and
non-trivially under the symmetry, respectively. The cor-
responding projectors are

P+
i =

1 +Xi

2
, P−i =

1−Xi

2
. (8)

However, suppose we only wish to discuss the ground
state of the bare Hamiltonian (6), then for each local
site, we can always shift the Hamiltonian by some con-
stant so that h−i = 0. For this reason, we only need to
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write down P+
i in our Hamiltonian. Note that in the lit-

erature, the “projectors” are often defined as Xi, despite
actually being involutory matrices (squaring to identity
instead of to itself). Though this simplifies the form of
the Hamiltonian, we stick to the original definition for
clarity.

For fermions, our fermion parity operator acts as

Pf =
∏
l

(−1)nl (9)

where nl = c†l cl is the number operator of the fermion at
the dual vertex l. There are two projectors, correspond-
ing to the occupied and unoccupied states, but similarly,
we can always shift our Hamiltonian so that we only write
down the unoccupied state

P 0
l = 1− nl =

1

2
(1 + (−1)nl). (10)

To summarize, our bare Hamiltonian has the form

H0 = −
∑
i∈V

h+
i

1

2
(1 +Xi)−

∑
l∈V ∗

h0
l

1

2
(1 + (−1)nl). (11)

The evolved Hamiltonian can thus be written in terms of
dressed involutories

H = −
∑
i∈V

h+
i

1

2
(1 + X̄i)−

∑
l∈V ∗

h0
l

1

2
(1 + (−1)n̄l). (12)

where

X̄i = UXiU
† (−1)n̄l = U(−1)nlU†. (13)

In the next few sections, we set all coefficients h+
i and

h0
l to one for simplicity, as it does not change the ground

state. We will later restore the full set of commuting
projectors in Section VII to discuss the excited states.

C. Quantum Gates

In this paper, our FDLUs are constructed using quan-
tum gates. We define these gates in Table II according to
their action on the qubits and fermions. Here, gi = 0, 1
labels states in the computational basis and |f〉 labels
some state in the fermionic Fock space.

Throughout the paper, we will sometimes abuse nota-
tion and use γgil to represent Ciγl. As an example, this

cleans up expressions and allows us to write γ
gigj+gk
l in-

stead of CCijγlCkγl. Similarly, CCZijk and CCSijk may
sometimes be interchanged with (−1)gigjgk and igigjgk

respectively. Nevertheless, one must be careful with ex-
pressions like γgil Xi, where the gi in the exponent cannot
be taken literally when written in front of an Xi operator.
For this example, we instead have

γgil Xi (|gi〉 ⊗ |f〉) = Ciγl |1− gi〉 ⊗ |f〉
= |1− gi〉 ⊗ γ1−gi

l |f〉 . (14)

2i− 1 2i 2i+ 1

FIG. 1. Decorated Domain Wall for bosons. A non-trivial Z2

SPT |←〉 at site 2i is created if there is a domain wall (red
line) between the qubits at sites 2i− 1 and 2i+ 1

III. MODEL FOR 1D SPT WITH G = ZT2 × ZF2

In this section, we present the fermionic decorated do-
main wall unitary and use it to construct commuting pro-
jectors for topological superconductors in 1D. Although
commuting projector models are known to exist even in
the free case (i.e. Majorana chains), we present a con-
struction of the interacting case which is generalizable to
arbitrary dimensions.

The model we will present is a 1D Fermionic SPT pro-
tected by G = ZT2 × ZF2 . It is known that free topolog-
ical superconductors (class BDI) are classified by Z in
1D with topological index ν generated by stacking Ma-
jorana chains. This classification collapses to Z8 under
interactions50. Furthermore, four copies (ν = 4) can be
obtained by embedding the cluster state29–32,51 protected
by time reversal symmetry into the trivial phase ν = 0.
In this discussion, we focus only on the supercohomology
phases, which have even index ν.

A. Ground State Wave Function for ν = 2

We begin by discussing the unitary, which in turn de-
termines the ground state wave function. Let us first
recall the procedure in the bosonic case using the cluster
state. The Hamiltonian that realizes this as its ground
state is

H = −
2N∑
i=1

1

2
(1 + Zi−1XiZi+1) , (15)

which we will call the cluster Hamiltonian. This Hamil-
tonian and the cluster state can be obtained by evolving
respectively the bare projector and the product state of
all |→〉 with the unitary

U =

2N∏
i=1

CZi,i+1. (16)

If we define two Z2 symmetries as the product of X op-
erators on the odd and even sites, respectively, we see
that the unitary creates the cluster state by attaching
the charge of the second symmetry on the domain walls
of the first symmetry8 as depicted in Figure 1. A more
thorough review of the procedure is treated in Appendix
A 1. We will now import this procedure to construct
fermionic SPTs.

Our system is defined on a ring of N sites, where qubits
are labeled i and fermion sites live on vertices in the dual
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TABLE II. Definitions of quantum gates for qubits and fermions

Name Action Remark
Pauli X Xi |gi〉 = |1− gi〉
Pauli Z Zi |gi〉 = (−1)gi |gi〉

π
2

phase gate (S) Si |gi〉 = igi |gi〉 S2
i = Zi.

Controlled-Z CZij |gi, gj〉 = (−1)gigj |gi, gj〉 CZij = CZji.
Controlled-S CSij |gi, gj〉 = igigj |gi, gj〉 CSij = CSji,(CSij)

2 = CZij .
Controlled-controlled-Z CCZijk |gi, gj , gk〉 = (−1)gigjgk |gi, gj , gk〉
Controlled-controlled-S CCSijk |gi, gj , gk〉 = igigjgk |gi, gj , gk〉

Majorana γl |f〉 = (cl + c†l ) |f〉
γ̃l |f〉 = i(cl − c†l ) |f〉 Fermion parity can be written as nl = iγlγ̃l

Controlled-Majorana Ciγl (|gi〉 ⊗ |f〉) = |gi〉 ⊗ γgil |f〉 Analog of CNOT where controlled site is a
fermion instead of a qubit.

Controlled-controlled-Majorana CCijγl (|gi, gj〉 ⊗ |f〉) = |gi, gj〉 ⊗ γgigjl |f〉

lattice, which we label with an index i + 1
2 . Our bare

Hamiltonian Eq. (11) can then be written as

H0 = −
N∑
i=1

[
1

2
(1 +Xi) +

1

2
(1 + (−1)

n
i+1

2 )

]
. (17)

Recall that Fermionic invertible phases in 0D are clas-
sified by Z2, corresponding to even and odd parity (or
empty and occupied states respectively). The two states
can be connected by the Majorana operator γ, and so
our unitary can create a non-trivial ZT2 ×ZF2 SPT by ap-
plying the controlled-Majorana to enforce the decoration
of fermions on the ZT2 domain walls as shown in Figure
2. Note that since there is always an even number of do-
main walls on a ring, the evolution operator commutes
with fermion parity. However, unlike the bosonic case,
the local gates do not commute. In this case, we must
choose an ordering for our decoration procedure. Here,
we choose to excite the fermions from left to right (that
is, the operators are written from right to left). In conclu-
sion, our unitary can be written similarly to the cluster
state unitary

U = Z1

1∏
i=N

Ciγi+ 1
2
Ci+1γ[i+1]− 1

2

= Z1(γgN
N+ 1

2

γg11
2

)γ
gN−1+gN
N− 1

2

· · · γg1+g2
1+ 1

2

. (18)

Here, we assume periodic boundary conditions for the
qubits (gN+1 = g1) and [i + 1] is defined modulo N .
There are two reasons why we must include the extra
Z1 in the unitary. First, it is needed so that the form
of U is invariant under shifting all the indices by one
site. Indeed, moving γg1+g2

1+ 1
2

to the front gives a factor

of (−1)g1+g2 = Z1Z2 and shifting the indices i → i − 1
recovers the same expression for U . Second, we need
to determine the boundary conditions for the fermions,
which is also why the first term in the product is writ-
ten as two different Majoranas. This boundary condition
dependence of the unitary reflects the spin structure de-
pendence of Fermionic SPTs52. There are two boundary
conditions we can choose.

1. Antiperiodic boundary conditions γ 1
2

= −γN+ 1
2

which

corresponds to the trivial or Neveu-Schwarz (NS) spin
structure. In this case, we have

UNS = γgN+g1
N+ 1

2

γ
gN−1+gN
N− 1

2

· · · γg1+g2
1+ 1

2

. (19)

2. Periodic boundary conditions: γ 1
2

= γN+ 1
2
, which cor-

responds to the non-trivial or Ramond (R) spin structure,
in which case

UR = Z1γ
gN+g1
N+ 1

2

γ
gN−1+gN
N− 1

2

· · · γg1+g2
1+ 1

2

. (20)

One might notice that since the gates do not commute,
the unitary defined above actually has linear depth, and
therefore is not an FDLU. To remedy this problem, we
enlarge our Hilbert space by introducing an additional
fermion site at each position i with Majorana operators
ηi and η̃i respectively. We claim that by doing so, we can
rewrite our unitary in Eq. (18) as

U =

1∏
i=N

[η̃gii η
gi
i ]

1∏
i=N

[
η̃
gi+1

i+1 γ
gi
i+ 1

2

γ
gi+1

[i+1]− 1
2

ηgii

]
, (21)

where we have grouped terms into gates written in
square brackets. Each gate always changes the number
of fermions by an even number. Furthermore, all the
gates are local, and commute with one another within
each product. Thus, U written as shown is a symmet-
ric fermionic FDLU. If a spin structure is chosen, the
expression simplifies to

UNS = Z1

1∏
i=N

[η̃gii η
gi
i ]

1∏
i=N

[
η̃
gi+1

i+1 γ
gi+gi+1

i+ 1
2

ηgii

]
, (22)

UR =

1∏
i=N

[η̃gii η
gi
i ]

1∏
i=N

[
η̃
gi+1

i+1 γ
gi+gi+1

i+ 1
2

ηgii

]
. (23)

Notice that the boundary conditions of η and η̃ do not
affect the expression of UNS or UR. We remark that
the supercohomology construction with choice of cocycles
ω(a, b) = (−1)ab and β(a) = a (mod 2) gives UR, but
cannot reproduce UNS .
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i i+ 1i+ 1
2

FIG. 2. Decorated Domain Wall for fermions. The fermion
at site i+ 1

2
is excited (red dot) if there is a domain wall (red

line) between the qubits at sites i and i + 1. The creation
operators are written in order from right to left to obtain the
ν = 2 phase, and in the reversed order for the ν = 6 phase.

Now, we show that the unitary given in Eq. (21) is
equivalent to the previous one. First, we move the first
term in the second product (η̃g11 ) to the back. This gives
a phase factor of (−1)g1 , which is Z1 in Eq. (18). Doing
so, we see that the second product can be rewritten as

1∏
i=N

γgi
i+ 1

2

γ
gi+1

[i+1]− 1
2

ηgii η̃
gi
i . (24)

The terms ηgii η̃
gi
i commute with all other terms in the

second product, so we can move them to the front and
cancel all the terms in the first product, and we are left
with the original evolution operator.

B. Commuting Projector for ν = 2

With the unitary, we can now obtain the commuting
projector. First, conjugating the ZT2 symmetry with the
unitary, we find

UTU† = −Tγ 1
2
γN+ 1

2
. (25)

Now we evolve the Hamiltonian. We find that the
dressed X operators are

X̄i = Ziγi− 1
2
Xiγi+ 1

2
Zi+1. (26)

Thus we conclude that for antiperiodic boundary condi-
tions then UTU† = T , but our Hamiltonian is not uni-
form. On the other hand, if we choose periodic boundary
conditions, then UTU† = −T , but our Hamiltonian is
uniform. Here, we can see that the antiperiodic bound-
ary conditions is considered “trivial” in the sense that the
ground state wave function transforms under the trivial
ZT2 representation, while the non-trivial spin structure
gives a wave function that transforms under the non-
trivial ZT2 representation.

To dress the fermions, we use the fact that γi+ 1
2

is only

applied on the domain wall where ZiZi+1 = −1, in which
case

γi+ 1
2
ni+ 1

2
γi+ 1

2
= 1− ni+ 1

2
. (27)

Doing so, we find that the dressed fermion parity opera-
tor is

(−1)
n̄
i+1

2 = Zi(−1)
n
i+1

2 Zi+1. (28)

To summarize, our dressed Hamiltonian for the R spin
structure is

H2 = −
∑
i

[
1

2
(1 + γi− 1

2
ZiXiγi+ 1

2
Zi+1)

+
1

2
(1 + Zi(−1)

n
i+1

2 Zi+1)

]
, (29)

while for the NS spin structure, the term with X1 has a
negative coefficient.

The dressed operators in the above Hamiltonian have

the following physical interpretation. (−1)
n̄
i+1

2 =

Zi(−1)
n
i+1

2 Zi+1 binds the excited fermions (ZF2 charges)
to the domain walls, while X̄i = γi− 1

2
ZiXiγi+ 1

2
Zi+1 cre-

ates or annihilates domain wall–fermion bound pairs and
fluctuates them.

C. ν = 2 is the “Square Root” of the Bosonic Phase

Next, we will show that evolving with U2 gives the
negative of the cluster Hamiltonian with bare fermion
projectors. First, we notice that U2 has no fermionic
operators

U2 = Z2
1

(
(γgN
N+ 1

2

γg11
2

)γ
gN−1+gN
N− 1

2

· · · γg1+g2
1+ 1

2

)2

= (−1)
∑

j<k(gj+gj+1)(gk+gk+1). (30)

As a result, U2 will leave the fermions undressed. We
also notice that U2 does not depend on the boundary
conditions of the fermions. From the expression, we see
that U2 is simply a product of CZ operators, so we can
compute U2XiU

†2. This is done explicitly in Appendix
C, and we find

U2XiU
†2 = −Zi−1XiZi+1. (31)

Hence, the Hamiltonian is

H4 = U2H0U
†2

= −
∑
i

[
1

2
(1− Zi−1XiZi+1) +

1

2

(
1 + (−1)

n
i+1

2

)]
,

(32)

which is in the ν = 4 phase. This is just the negative
of the cluster Hamiltonian with bare fermions, and so is
bosonic in the sense that it does not depend on the spin
structure. The ground state wave function gives a minus
sign to each spin down region. This can also be seen from
the action of U2 on the product state. Since U attaches
fermions to the domain walls (the boundary of each spin
down region), applying U again gives −1 for each spin
down region from anticommuting the pair of Majorana
operators to square them away.
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TABLE III. Projective representation of the symmetries on
the left edge of the ZT2 × ZF2 SPT in 1D

ν T 2 (TPf )2

0 1 1
2 1 -1
4 -1 -1
6 -1 1

Similarly, evolving with U3 gives

H6 = U3H0U
†3 = −

∑
i

[
1

2
(1− Zi−1γi− 1

2
ZiXiγi+ 1

2
)

+
1

2

(
1 + Zi(−1)

n
i+1

2 Zi+1

)]
(33)

for the R spin structure.

D. Projective Representation of the Edge

To further confirm that our models are indeed non-
trivial SPT phases, we can check that the edges of an
open chain transform under projective representations of
the symmetries. These are given for phases with even
ν in Table III. For a derivation of these properties, see
Refs. 50 and 53. We remind the reader that for 1D
fermionic SPTs, the projective properties on the left and
right edges need not be the same. In fact, the properties
on the right edge for a phase with index ν are the same
as the properties on the left edge for a phase with index
−ν.

Let us compute this explicitly for ν = 2. The dressed
projectors in Eq. (29) must be equal to one when acting
on the ground state. From this, we see that the action of
the local symmetry operators satisfy

Xi = −ZiZi+1γi− 1
2
γi+ 1

2
, (34)

(−1)
n
i+1

2 = ZiZi+1. (35)

Inserting these into the expression for the symmetries,
we obtain

T = X1Z2γ3/2γN− 1
2
ZNXNK, (36)

Pf = Z1ZN (−1)
n
N+1

2 , (37)

TPf = X1Z1Z2γ 3
2
γN− 1

2
XN (−1)

n
N+1

2 . (38)

Restricting the symmetries to the left side, we find the
projective representations T 2 = 1, P 2

f = 1, (TPf )2 = −1
in agreement with Table III.

Similarly, one can verify the projective representations
at the edge for the ν = 6 Hamiltonian in Eq.(33). How-
ever, an easier way to see this is by observing that we re-
cover H2 upon applying a symmetric FDLU

∏
i Zi, which

negates all the qubit terms, and reflecting the ν = 6

Hamiltonian in Eq. (33) from left to right. Thus we see
that must be in the ν = −2 = 6 phase.

We would like remark that our unitary and Hamilto-
nian can also be viewed as a non-trivial SPT protected
by Z2×ZF2 where we make the ZT2 symmetry unitary by
removing complex conjugation. One can verify that the
projective representations for the ν = 2 Hamiltonian do
correspond to the Z2 × ZF2 supercohomology phase. Al-
ternatively, one can also show this by computing a topo-
logical invariant, which is shown in Appendix E. In the
next section, we will generalize this model to the case
where fermion parity forms a semi-direct product with
one of the group elements.

IV. MODEL FOR 1D SPT WITH G = Z4 × ZF4

For our first generalization, we construct the generat-
ing SPT phase with G = Z4×ZF4 symmetry, which has a
Z4 classification. Here, the group ZF4 = ZF2 o Z2 is gen-
erated by a group element χ which squares to fermion
parity. Supercohomology does not provide a classifica-
tion for such symmetry group, and the generating phase
is known to be intrinsically fermionic and intrinsically
interacting21,50.

Since our unitary will decorate a 0D ZF4 SPT on Z4

domain wall, we first need to discuss how to construct
ZF4 SPT phases, which are classified by Z4.

A. ZF4 SPT in 0D

We have a four-dimensional Hilbert space made of a
qubit and a fermion. We can label the Hilbert space by
|0〉 , |1〉 , c† |0〉 , c† |1〉. As usual, we can define Majorana
operators γ = c + c† and γ̃ = i(c − c†), and the fermion
parity operator (−1)n = iγγ̃ for the fermion. Let us
define our Z2 symmetry χ as

χ = XSCγCγ̃ = X(−1)ng. (39)

where g = 0, 1. We see that

χ2 = XSXSγ1−gγ̃1−gγgγ̃g = iγγ̃ = (−1)n = Pf ,

so the Z2 symmetry squares to fermion parity as desired.
The eigenvalues of χ are ±1,±i corresponding to eigen-
vectors

|χ1〉 =
1√
2

(|0〉+ |1〉), (40)

|χi〉 =
1√
2
c†(|0〉+ i |1〉), (41)

|χ−1〉 =
1√
2

(|0〉+ |1〉), (42)

|χ−i〉 =
1√
2
c†(|0〉 − i |1〉). (43)
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Note that all the eigenvectors have definite fermion par-
ity. We can now construct the projector Hamiltonian for
each phase.

H1 = −1

2
(1 +X)− 1

2
(1 + (−1)n), (44)

Hi = −1

2
(1 + Y )− 1

2
(1− (−1)n), (45)

H−1 = −1

2
(1−X)− 1

2
(1 + (−1)n), (46)

H−i = −1

2
(1− Y )− 1

2
(1− (−1)n). (47)

The unitary that cycles through the four phases is given
by

U = |χ1〉 〈χ−i|+ |χ−i〉 〈χ−1|+ |χ−1〉 〈χi|+ |χi〉 〈χ1|
= Sγ (48)

Note that U2 = Z creates the bosonic embedded phase
protected by Z2. Furthermore, one can also check that U
and χ commute up to a phase factor of i, corresponding
to the 1D representation of |χi〉 under ZF4 .

B. Hamiltonian for the Generating Phase

Let us now introduce the 1D model. Our system has
2N sites with Z4 qudits living on the integer sites and
ZF4 qubit+fermions living on the half-integer sites. To
distinguish the two, the qubit is labeled using, g = 0, 1
while the qudit consists of vectors |h〉, where h = 0, 1, 2, 3
modulo 4. A review for the Zm × Zm decorated domain
wall procedure is given in Appendix A 2. Here, we con-
centrate on m = 4. For qudits, the Pauli matrices are
generalized to clock and shift matrices

Z |h〉 = ih |h〉 , X |h〉 = |h+ 1〉 . (49)

Hence, the symmetries are generated by

χ1 =

N∏
i=1

Xi, χ2 =

N∏
i=1

Xi+ 1
2
(−1)

n
i+1

2
g
i+1

2 , (50)

where χ2
2 = Pf . The bare Hamiltonian is given by the

sum of projectors for each site.

H0 =−
∑
i

1

4

(
1 + Xi + X 2

i + X 3
i

)
−
∑
i

[
1

2
(1 +Xi+ 1

2
) +

1

2

(
1 + (−1)

n
i+1

2

)]
. (51)

Let us define the controlled gates CiZl, CiSl and Ciγl in
the following way

CiZl |hi, gl〉 = (−1)higl |hi, gl〉 , (52)

CiSl |hi, gl〉 = ihigl |hi, gl〉 , (53)

Ciγl(|hi〉 ⊗ |f〉) = |hi〉 ⊗ γhi

l |f〉 . (54)

Our unitary can then be defined as

U =Z2
1

1∏
i=N

CiSi+ 1
2
Ciγi+ 1

2
Ci+1S

†
i+ 1

2

Ci+1γ
†
[i+1]− 1

2

=Z2
1

(
(SN+ 1

2
γN+ 1

2
)hN (S 1

2
γ 1

2
)−h1

)
× (SN− 1

2
γN− 1

2
)hN−1−hN · · · (S1+ 1

2
γ1+ 1

2
)h1−h2 (55)

This unitary decorates a non-trivial 0D ZF4 SPT on the
Z4 domain wall, where the ZF4 charge attached (the num-
ber of times Sγ is applied) is equal to the Z4 group ele-
ment labeling the domain wall.

In the case that fermion parity cannot be factored
out from the total symmetry group, one has to use the
so-called G-spin structure instead of the regular spin
structure54. To avoid this subtlety, we will only refer
to boundary conditions of the fermions. Explicitly, the
unitaries for the antiperiodic (γ 1

2
= −γN+ 1

2
) and periodic

(γ 1
2

= γN+ 1
2
) boundary conditions are respectively

UAP =(SN+ 1
2
γN+ 1

2
)hN−h1 · · · (S1+ 1

2
γ1+ 1

2
)h1−h2 , (56)

UP =Z2
1 (SN+ 1

2
γN+ 1

2
)hN−h1 · · · (S1+ 1

2
γ1+ 1

2
)h1−h2 .

(57)

First, conjugating by χ1, we see that the controlled-
Majoranas are invariant under hi → 1 + hi (mod 4).
Thus we find that they commute for antiperiodic bound-
ary conditions and anticommute for periodic boundary
conditions. On the other hand, they commute with χ2

for both boundary conditions, which also implies that
they commute with fermion parity.

Evolving, we find the dressed operators

X̄i = S†
i− 1

2

γi− 1
2
Z2
i Xiγi+ 1

2
Si+ 1

2
Z2
i+1 (58)

X̄i+ 1
2

= ZiXi+ 1
2
Z†i+1CiZi+ 1

2
Ci+1Zi+ 1

2
, (59)

(−1)
n̄
i+1

2 = Z2
i (−1)

n
i+1

2 Z2
i+1. (60)

In particular, we see that X̄i+ 1
2

is equal to ±Xi+ 1
2
,±Yi+ 1

2

depending on the adjacent qudits. The dressed Hamil-
tonian can be obtained by replacing the bare operators
in Eq. (51) with the dressed ones. We can see that the
Hamiltonian is uniform only for the periodic boundary
conditions, and X̄1 obtains a negative coefficient for an-
tiperiodic boundary conditions.

1. Projective Representation of the Boundary

The dressed operators are all one when acting on the
ground state. Therefore, the bare operators act as

Xi = −Si− 1
2
γi− 1

2
Z2
i γi+ 1

2
S†
i+ 1

2

Z2
i+1, (61)

Xi+ 1
2

= ZiZ†i+1CiZi+ 1
2
Ci+1Zi+ 1

2
, (62)

(−1)
n
i+1

2 = Z2
i Z2

i+1. (63)
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In particular, the onsite symmetry generators of χ2 are
found to be

Xi+ 1
2
(−1)

n
i+1

2
h
i+1

2 = ZiZ†i+1CiZi+ 1
2
Ci+1Zi+ 1

2
Z2hi
i Z

2hi
i+1

= ZiZ†i+1. (64)

Hence, we find that the symmetry operators on the left
edge are

χL1 = X1S1+ 1
2
γ1+ 1

2
Z2

2 , (65)

χL2 = X1+ 1
2
(−1)

n
1+ 1

2
h
1+ 1

2 Z2, (66)

which implies

χL1 χ
L
2 = −iχL2 χL1 . (67)

This is the projective representation of Z4 × ZF4 and
proves that our model gives the generating phase.

2. Squaring Gives the Bosonic-Embedded Phase

If we conjugate the operators using U2, we find that
the dressed operators are

X̄i = −Z2
i−1Zi− 1

2
XiZi+ 1

2
Z2
i+1, (68)

X̄i+ 1
2

= Z2
iXi+ 1

2
Z2
i+1, (69)

(−1)
n̄
i+1

2 = (−1)
n
i+1

2 . (70)

The corresponding Hamiltonian without fermions is the
bosonic SPT protected by Z4 × Z2.

3. FDLU

Similarly to the previous section, the terms in U do
not commute and so we need to rewrite U as an FDLU.
We again introduce ancilla fermions living at positions i
with Majorana operators η and η̃. One can then rewrite
the unitary as

U =
∏
i

[
η̃hi
i η

hi
i

]∏
i

[
η̃
hi+1

i+1 γ
hi

i+ 1
2

γ
hi+1

[i+1]− 1
2

ηhi
i

]
∏
i

[
CiSi+ 1

2
Ci+1S

†
i+ 1

2

]
, (71)

which is a three-layer FDLU that is symmetric with re-
spect to Pf . Writing it out explicitly for the two bound-
ary conditions, we have

UAP =Z2
1

∏
i

[
η̃hi
i η

hi
i

]∏
i

[
η̃
hi+1

i+1 γ
hi+hi+1

i+ 1
2

ηhi
i

]
∏
i

[
CiSi+ 1

2
Ci+1S

†
i+ 1

2

]
, (72)

UP =
∏
i

[
η̃hi
i η

hi
i

]∏
i

[
η̃
hi+1

i+1 γ
hi+hi+1

i+ 1
2

ηhi
i

]
∏
i

[
CiSi+ 1

2
Ci+1S

†
i+ 1

2

]
. (73)

FIG. 3. The fermion at the center of a triangle is excited (red
dot) along the corners of the domain wall (red line) in the
dual lattice

i

•ζi
j

•λj

k

•
ξk

•

γ(ijk)

•
η(ij)

•η(jk) • η̃(ik)

j

•
λ̃j

k

•
ζ̃k

i

•ξ̃i

•

γ(ijk) • η̃(ij)

•
η̃(jk)

•η(ik)

FIG. 4. Local fermionic Hilbert space within ∆ and ∇ type
triangles on the triangular lattice. The edge has one fermion
site split into two Majorana fermions (η/η̃) and the corner

has three fermion sites split into six Majoranas (ζ/ζ̃, λ/λ̃, ξ/ξ̃)
shown in blue. The Majorana operators are paired up across
the edges/corners and squared away in the unitary.

V. MODEL FOR 2D SPT WITH G = Z2 × ZF2

We now turn our attention to two-dimensional SPTs
protected by G = Z2×ZF2 . In the free case, they are clas-
sified by Z with topological index ν generated by stacking
ν copies of p+ ip superconductors and ν copies of p− ip
superconductors, where the latter is charged under the
Z2 symmetry. Similarly to the topological superconduc-
tors in 1D, they reduce to Z8 under interactions17,20, and
the ν = 4 can be created by embedding the Levin-Gu
model28 (reviewed in Appendix B). Again, only the even
ν’s are captured by supercohomology and in this section,
we will construct a commuting projector model for the
ν = 2 phase.

Our model is defined on a triangular lattice with qubits
on the vertices and fermions at the center of the triangles
(ijk), which come in two types: ∆ and ∇. Following Eq.
(11), our bare Hamiltonian is

H0 = −
∑
i

1

2
(1 +Xi)−

∑
∆,∇

1

2
(1 + (−1)n(ijk)) . (74)
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A. Model and Ground State

To emulate the decorated domain wall procedure that
we have done in 1D, recall that the unitary in Eq. (18)
was written as a product of controlled-Majorana gates
γgi+gj for each fermions site between two qubits gi and
gj . We can make it more symmetric by rewriting it

as γ1+gigj+(1−gi)(1−gj). The natural generalization to
two dimensions is that for each triangle, we apply the
controlled-Majorana

γ1+gigjgk+(1−gi)(1−gj)(1−gk) = γgigj+gjgk+gigk+gi+gj+gk .
(75)

This corresponds to exciting a fermion whenever there
are both up and down spins on the surrounding triangle.
Alternatively, we can say that a fermion is decorated on
every corner of the domain wall defined on the dual lattice
as illustrated in Figure 3. Nevertheless, we face a problem
in 2D because there is no canonical way to order the
fermions.

In order to write down an FDLU such that each gate is
fermion parity even, we first need to enlarge our Hilbert
space by including the following:
1. A fermion site at every edge corresponding to Majo-
rana operators η/η̃ at each side of the triangle.
2. Three fermion sites at each vertex corresponding to
six Majorana operators ζ/ζ̃, λ/λ̃, ξ/ξ̃ at each corner of
the six triangles containing that vertex. This is shown in
Figure 4. We now introduce the following gates.

Γ∆
ijk = γ

gigj+gjgk+gigk+gi+gj+gk
(ijk) η

gigj
(ij) η

gjgk
(jk) η̃

gigk
(ik) ζ

gi
i λ

gj
j ξ

gk
k ,

(76)

Γ∇ijk = ξ̃gkk λ̃
gj
j ζ̃

gi
i η

gigk
(ik) η̃

gjgk
(jk) η̃

gigj
(ij) γ

gigj+gjgk+gigk+gi+gj+gk
(ijk) .

(77)

These gates act on each ∆/∇ triangle and commute

with fermion parity. Similarly to the 1D unitary, we must
square all the ancilla Majoranas out in pairs so that we
are only left with fermions excited along the domain wall
corners. However, this is still not enough to make U
overall symmetric. It turns out that to fix this, we must
also include a CCS/CCS† operator for every ∆/∇ tri-
angle respectively. This phase of ±i assigned can in a
way be thought of as the cochain ω(1, 1, 1) = i in the su-
percohomology data. To conclude, our unitary operator
is

U =
∏
i

ζgii ζ̃
gi
i λ

gi
i λ̃

gi
i ξ

gi
i ξ̃

gi
i

∏
<ij>

η
gigj
(ij) η̃

gigj
(ij)∏

∆

CCSijkΓ∆
ijk

∏
∇
CCS†ijkΓ∇ijk. (78)

Hence, we have written U as an FDLU with three layers.
We remark that in principle, we can similarly square out
all the ancilla Majoranas and get some spin-dependent
phase, but such term is very complicated and also de-
pends on our ordering of the remaining Majoranas at the
center of triangles.

06

5

1

3

4

2

FIG. 5. Our choice of ordering the nearest-neighbor sites for
each dressed qubit term in the Hamiltonian.

Conjugating our bare Hamiltonian with this unitary
operator through a similar procedure, we obtain

H2 = −
∑
i

1

2

[
1 + Z0X0γ

g1+g2+1
(012) γg2+g3+1

(023) γg3+g4+1
(034) γg4+g5+1

(045) γg5+g6+1
(056) γg6+g1+1

(061) CS12CS
†
23CS34CS

†
45CS56CS

†
61

CZ01CZ02CZ03CZ04CZ05CZ06CZ12CZ23CZ24CZ25CZ26CZ35CZ36CZ45CZ46

]
−
∑
∆,∇

1

2

[
1 + (−1)

n
i+1

2 ZiZjZkCZijCZjkCZik

]
. (79)

Here, we labeled each qubit i as site 0 and denoted the
nearest-neighbor qubits as sites 1-6 in the order shown
in Figure 5. This ordering is arbitrary, and as a result, a
different ordering will require us to reorder the Cγ oper-
ators in the dressed qubit, which gives a different string

of CZ operators, but note that the product CZ0i where
i = 1, ..., 6 is always present.

We explicitly check in Appendix D that the following
properties are satisfied:
D 1 All terms in the Hamiltonian are projectors.
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D 2 The dressed qubit projector is Hermitian.
D 3 The projectors commute with the symmetries.
D 4 U is an overall symmetric FDLU.
D 5 Conjugating U2 to the Hamiltonian gives the Levin-
Gu Hamiltonian.

The methods used, although more arduous, is in
essence the same as the 1D model. The property D 4 im-
plies that the Hamiltonian must realize one of the eight
SPT phases, while the property D 5 implies that the uni-
tary gives either the ν = 2 or ν = 6 phase. Here, we have
chosen to label this model with ν = 2. Nevertheless, we
can also construct the ν = 6 phase using a similar uni-
tary. Recall that the ν = 6 phase can be obtained by
reflecting the ν = 2 phase. This swaps the orientations
of the ∆ and ∇ triangles, and we see that we only need
to swap the assignments of CCS and CCS† in our uni-
tary. This can be thought of as ω(1, 1, 1) = −i in the
supercohomology data.

B. Ground State Wave Function

To find the ground state, we can start with a state with
all spins pointing up and act with each of the dressed
qubit terms from the Hamiltonian. This flips a spin and
decorates fermions around it in a particular manner. Do-
ing so, we find that the ground state is a superposition
of all domain wall configurations with a factor of ±i for
each ∆/∇ triangle of down spin regions and fermions ex-
cited at every corner along the domain walls. This is
illustrated in Figure 6. Since we must choose an order
for the fermions around the domain wall, we choose the
following convention. Pick a ∆ triangle on the domain
wall loop and write the creation operators from left to
right in a counterclockwise manner. We can see that this
will not depend on the ∆ triangle we choose. Moreover,
since the qubit terms commute with the symmetry, our
ground state wave function is symmetric by construction.

There are also two nice properties to note about this
wave function in relation to the other even ν phases .
First, upon reflection, we must swap the assignment of i
and −i to ∇ and ∆ triangles enclosed by the down spins,
which produces the ground state for ν = 6. Second, by
applying U twice, all the fermions around the domain
walls are squared away. One can show that the sign from
commuting all the Majoranas around a domain wall loop
is always equal to the vertices minus edges inside that do-
main wall modulo 2. Furthermore, one gets a minus sign
for each triangle (face) enclosed by the down spins from
squaring ±i. Consequently, the wave function gets a sign
according to the Euler characteristic of the down spins
modulo 2, which in turn is equivalent to a minus sign for
every domain wall loop. This is exactly the Levin-Gu
ground state (a review of this ground state is given in
Appendix B).

ic†1c
†
2c

†
3c

†
4 · · ·

4

3

2

1

FIG. 6. Fermions are excited along the corners of each domain
wall configuration written starting from a fermion at the cen-
ter of a ∆ triangle and proceeding counterclockwise. There is
also a phase factor of i or −i for any ∆ or ∇ triangle in the
down spin region shown respectively in blue and orange. In
this configuration, the total phase factor is i2 · (−i) = i. The
ground state is a superposition of all such configurations.

i− 1 i i+ 1

j k

η̃(i−1,i) η̃(i,i+1)

λ̃i ξi ζ̃i

FIG. 7. Edge of a triangular lattice

C. Edge properties

We will now analyze the edge of this SPT and show
that it has a non-trivial boundary. We do so by analyzing
how the qubits transform near the edge28,31.

At the boundary, the qubits are dressed differently
from those in the bulk because only part of the unitary
is applied. Hence, the ancilla fermions η and η̃ that were
initially squared away on a closed manifold will now ex-
cite fermions near the boundary. Consider the qubit at
site i on the boundary shown in Figure 7. Upon conju-
gating, we find the dressed qubits on the boundary to
be

X̄i = XiZiCS
†
i−1,jCS

†
j,kCS

†
j,i+1CZi,jCZi,kη̃

gi−1

(i−1,i)

γ
gi−1+gj+1

(i−1,j,i) λ̃iξiζ̃iγ
gj+gk+1

(j,i,k) γ
gk+gi+1+1
(i,k,i+1) η̃

gi+1

(i,i+1). (80)

On the other hand, the dressed Z, S and Majorana
operators on the boundary are the same as the bare
ones. These dressed operators still obey the Pauli alge-
bra. Moreover, they commute with the dressed operators
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in the bulk because all the gates in U commute with one
another.

The symmetry leaves the dressed spins invariant in the
bulk, but act non-trivially on the edge. Upon conjugating
with the Z2 symmetry χ, we find

χX̄iχ = −iSi−1ηi− 1
2
X̄iηi+ 1

2
Si+1, (81)

χZ̄iχ = −Z̄i, (82)

where we have renamed the Majorana operators
η̃(i−1,i) = ηi− 1

2
and η̃(i,i+1) = ηi+ 1

2
. At first glance, the

expression χX̄χ does not look Hermitian. However, this
is because X̄ is dressed with fermions, and so from Eq.
(80), we see that X̄ has an interesting commutation re-
lation with the Majoranas,

ηi− 1
2
X̄i = X̄iZi−1ηi− 1

2
, (83)

ηi+ 1
2
X̄i = X̄iZi+1ηi+ 1

2
. (84)

Let us consider the following edge Hamiltonian

Hedge =−
∑
i

hi

(
X̄i − iS̄i−1ηi− 1

2
X̄iηi+ 1

2
S̄i+1

)
−
∑
i

hi+ 1
2
(−1)

n
i+1

2 . (85)

where the coefficients h are all real. It can be seen that
the Hamiltonian respects the global Z2 symmetry and
fermion parity.

We will show that this Hamiltonian cannot be both
symmetric and gapped at the same time. To do so, we
notice that the Hamiltonian respects the following Z̄2

symmetry,

χ̄ =
∏
i

X̄i, (86)

where X̄i is the dressed Xi on the edge in Eq. (80).
This symmetry is denoted a bar to emphasize that it
is a different symmetry from the action of the global Z2

symmetry on the edge. The Hamiltonian is also invariant
under fermion parity restricted to the edge. Therefore,
we can view this Hamiltonian as a system with Z̄2 × ZF2
symmetry. To argue that this Hamiltonian is gapless, let
us split the Hamiltonian into two parts

H0 = −
∑
i

hiX̄i +
1

2
hi+ 1

2
(−1)

n
i+1

2 (87)

H1 = −
∑
i

hi

(
−iS̄i−1ηi− 1

2
X̄iηi+ 1

2
S̄i+1

)
+

1

2
hi+ 1

2
(−1)

n
i+1

2 .

(88)

H0 is just the Hamiltonian of a trivial SPT since the
ground state is a product state. On the other hand, we
can show that H1 is the Hamiltonian of a supercohomol-
ogy phase SPT protected by Z̄2×ZF2 (i.e., the non-trivial

phase without Majorana edge modes). To prove the non-
trivialness of the latter, we can compute the topological
invariant55

R 〈ψ| χ̄ |ψ〉R
NS 〈ψ| χ̄ |ψ〉NS

, (89)

which is 1 for the trivial phase, but −1 for a non-trivial
phase (see Appendix E for a discussion of this invariant).
For our Hamiltonian, we see that the only term in H1

that changes sign when we change boundary conditions
from η1−1/2 = ηN−1/2 to η1−1/2 = −ηN−1/2 is

− iS̄N−1ηN− 1
2
X̄Nη1− 1

2
S̄1. (90)

As a result, the Hamiltonians with different boundary
conditions are related by a conjugation of Z̄N , and we
can therefore relate the two ground state wave functions
via

|ψ〉R = Z̄N |ψ〉NS . (91)

Therefore, the ground state of H1 satisfies,

R 〈ψ|χ |ψ〉R =NS 〈ψ|ZN χ̄ZN |ψ〉NS = −NS 〈ψ| χ̄ |ψ〉NS ,
(92)

showing that H1 realizes the non-trivial SPT.
Having proved that H0 and H1 are in two different

SPT phases under this symmetry, we further notice that
the action of the global Z2 symmetry on the boundary
change H0 to H1 and vice versa. Therefore, the Hamilto-
nian Hedge = H0 +H1 is at the phase transition between
the two SPT phases, proving that it cannot be both sym-
metric and gapped.

We remark that for the triangular lattice, there is a
second type of edge (zigzag). Repeating the calculation
on this edge, we find a different edge Hamiltonian:

Hedge = −
∑
i

(
X̄i + S̄i−1ηi− 1

2
X̄iZ̄iηi+ 1

2
S̄i+1

)
+ (−1)

n
i+1

2 ,

(93)

An identical analysis show that this Hamiltonian also
cannot be both symmetric and gapped.

VI. TOWARDS A GENERAL CONSTRUCTION
FOR FINITE ABELIAN UNITARY SYMMETRY

GROUPS

In this section, we compare our results to the Künneth
formula in supercohomology and show that they are con-
sistent if we consider more general symmetry groups. For
this discussion, we limit ourselves to symmetry groups of
the form G = ZF2 ×

∏
i ZNi

.
In one dimension, we have the choice of exciting the

fermion along the domain wall of each ZNi
. This can only

be done consistently if Ni is even and so the possible ways
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to do this are consistent with the Künneth formula for
H1(G,Z2) from supercohomology:

H1(G,Z2) ∼=
∏
i

Z(Ni,2), (94)

where (.., ..) denotes the GCD.
In two dimensions, for each ZNi

we can similarly ex-
cite the fermion at the corners of the domain wall if Ni
is even. However, there is another possibility when there
are two or more domain walls. As an example, consider
the symmetry G = Z2×Z2×ZF2 . Our product state is a
superposition of the domain walls of the two Z2 symme-
tries. We can then find an FDLU that excites fermions
at every pair of domain wall intersections (up to minus
signs) as shown in Figure 8. This can also be viewed
as decorating a supercohomology Z2 × ZF2 1D SPT on
the domain wall of the other Z2 symmetry. This wave
function is invariant under both symmetries and fermion
parity. Furthermore, by applying the unitary twice, we
can square away each pair of fermions and get a minus
sign for every pair of domain walls intersections. This
is just the wave function for the Z2 ×Z2 bosonic SPT56,
and so the fermionic phase constructed is the square root
of this bosonic SPT.

For a general finite Abelian group, the Künneth for-
mula for H2(G,Z2) is

H2(G,Z2) ∼=
∏
i

Z(Ni,2)

∏
i<j

Z(Ni,Nj ,2). (95)

Since the fermions are 0D objects, they can only be dec-
orated on intersections of at most two 1D domain walls.
Thus, one should be able to create the supercohomology
phases in 2D with this symmetry by either decorating
fermions at the corners of one symmetry domain wall, or
at the intersection of two symmetry domain walls. This
is consistent with the above formula.

In 3D, the Künneth formula for H3(G,Z2) is

H3(G,Z2) ∼=
∏
i

Z(Ni,2)

∏
i<j

Z2
(Ni,Nj ,2)

∏
i<j<k

Z(Ni,Nj ,Nk,2).

(96)

We conjecture that the first product corresponds to dec-
orating fermions on the corners of one symmetry domain
wall. The second product should correspond to decorat-
ing a fermionic 2D SPT with one symmetry on the other
symmetry’s domain wall and vice versa. Finally, the last
product should correspond to decorating fermions on the
intersection of three symmetry domain walls. These 3D
constructions are also consistent with a closely related
process of dimensional reduction for supercohomology
SPTs from 3D to 2D55,57,58.

Our speculation shows that it should be possible to
construct full commuting projectors for other superco-
homology phases with finite Abelian unitary symmetries
using fermionic decorated domain walls. Indeed, if such
construction could be done in general, it would imply

3

4
1 2

FIG. 8. Schematic ground state wave function of the Z2 ×
Z2 × ZF2 SPT. For each domain wall configuration shown in
black and blue, fermions are excited in pairs (1, 2 and 3, 4) at
the intersection of the domain walls. This is the square root
of the bosonic phase, which assigns a minus sign to each pair
of domain wall intersections.

that the fermionic decorated domain wall realizes of the
Künneth formula for Hd(G,Z2) in group supercohomol-
ogy, in the same way that the bosonic decorated domain
walls is the physical interpretation of the Künneth for-
mula for Hd+1(G,U(1)) in group cohomology. We leave
the verification of this hypothesis to future work.

At the same time, we should be able to construct SPTs
for other Abelian symmetry groups outside the consider-
ations of supercohomology, such as decorating ZF4 (or in
general ZF2m where m ∈ Z+) on the domain walls of other
symmetries. These phases have so far only been classified
in special cases using for example, the anomalous action
on the boundary59 or from the possible braiding statistics
of the gauged theories21,22,60. Some of these symmetries
have been shown to admit intrinsically interacting phases
that cannot be obtained from free theories. For example,
one should be able to construct a Z4 × Z4 × ZF4 SPT in
2D by decorating the ZF4 0D SPT at the intersection of
the two Z4 domain walls, or in other words, putting the
Z4 × ZF4 SPT we constructed in 1D on the domain wall
of the other Z4 symmetry. Such phase is known to be
intrinsically interacting21. Furthermore, the supercoho-
mology phase with Z2 × Z4 × ZF2 in 3D is also intrinsi-
cally interacting22. It would be interesting to explore the
boundary properties of such models61. Such construc-
tions and analyses are interesting paths to extend on.

VII. FULL COMMUTING PROJECTORS &
MANY- BODY LOCALIZATION

In the previous sections, our Hamiltonians were not
yet full commuting projectors because we did not write
down the projectors for the excited states. In this sec-
tion, we will restore them to obtain the FCPH and argue
that all the excited states in our models are in the same
phase so that the topological properties can be assigned
to the FCPH as a whole. We will then discuss about the
implication of these FCPHs to Many-Body Localization
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(MBL) of the corresponding SPT phases.

A. Full Commuting Projectors & Excited States

For simplicity, let us start the discussion with our bare
Hamiltonian Eq.(11). To make this into an FCPH, we
simply need to restore the projectors of the excited states.

H0 =−
∑
i∈V

(
h+
i

1

2
(1 +Xi) + h−i

1

2
(1−Xi)

)
−
∑
l∈V ∗

(
h0
l

1

2
(1 + (−1)nl) + h1

l

1

2
(1 + (−1)nl)

)
,

(97)

where we demand h−i < h+
i and h1

l < h0
l to preserve the

ground state: |+〉 states at all vertices and unoccupied
fermions at all dual vertices. The bare excitations cor-
respond to |−〉 states at each vertex and occupying the
fermions at each dual vertex. The excited states can be
obtained from the ground state of Eq. (11) by applying
Z and γ to the corresponding vertices and dual vertices
we wish to excite, respectively. Since both operators an-
ticommute with the corresponding symmetries, we have
shown that all the excited states can be connected to the
ground state via a symmetric FDLU. Hence, all of the
eigenstates of the FCPH (97) are in the trivial phase.

Now, let us evolve the Hamiltonian (97) with the
FDLU U to get the dressed Hamiltonian. We see that
the dressed excited states are still related to the dressed
ground state by applying UZU† and UγU† to the cor-
responding vertices and dual vertices respectively. Using
the fact that U is an overall symmetric FDLU, these op-
erators are still local and anticommute with the corre-
sponding symmetries. Thus, the dressed excited states
can be connected to the dressed ground state and there-
fore are still in the same phase. Hence, we are able to
assign the phase to our FCPH. A similar argument can
be made for the 1D Z4 × ZF4 phase.

B. Many-Body Localization

An application of our FCPHs is towards understanding
the Many-Body Localization (MBL) of SPT phases. An
isolated quantum system may fail to thermalize when the
system has a full set of (quasi)-local integrals of motion,
called l-bits62–67. For our FCPH, these are the commut-
ing projectors. Therefore, by introducing disorder to the
coefficients h, we can drive the system to Many-Body
localization.

For SPT phases out of equilibrium, there is also an-
other condition we must check. That is, the topological
properties must still hold for excited states for our Hamil-
tonian so that upon introducing disorder and taking the
thermodynamic limit, the system still has the topologi-
cal properties such as anomalous edge states41–44,68. We

have confirmed so in the previous subsection and so our
FCPH provides evidence that Many-Body Localization is
possible for all of our example SPTs.

We note that while the existence of full commuting pro-
jectors provides a necessary condition for MBL, they are
not a sufficient condition. For example, if the symmetry
of our Hamiltonian is non-Abelian, multiple eigenstates
become degenerate triggering resonances which are ex-
pected to destroy MBL69. Fortunately, all the examples
we considered have an Abelian symmetry group. Some
authors have argued that MBL in dimensions greater
than one may be ultimately unstable70, although the time
scales and system sizes required to check this conjecture
remain out of reach, and the conjecture, even if true, may
not be of practical relevance. Caveats to this argument
have also been advanced71.

Comparing to the non-interacting case, we also remark
that there are no localized symmetric Wannier functions
for free fermions SPTs in higher than one dimension pro-
tected by internal symmetries72. This shows that inter-
acting models in the strongly interacting regime can po-
tentially have drastically different physics from their free
counterparts.

VIII. DISCUSSION

We have demonstrated how to generalize the Deco-
rated Domain Wall approach from bosons to fermions. In
particular, we constructed FDLUs that attach 0D SPTs
(ZF2 or ZF4 charges) to the domain walls or the domain
wall corners of the remaining symmetries. Then, using
that unitary to evolve a bare commuting projector Hamil-
tonian, we obtain FCPHs that realizes that particular
phase. The commutation relation between the symmetry
and the unitary depends on our choice of spin structure.
Furthermore, we found that when the unitary operators
are applied twice, we obtain a bosonic commuting pro-
jector stacked with a trivial fermions independent of the
choice of spin structure. This showed that our models
are indeed square roots of the bosonic SPT phases. We
further derived the anomalous action of the symmetry on
the boundary of our three models and obtained the corre-
sponding edge states. Lastly, we argued the possibility of
constructing such FCPHs for general symmetries in phys-
ical spatial dimensions of interest and that these models
admit Many-Body Localized realizations when the sym-
metry group is Abelian.

One of the downsides of our 2D model is that it is
specific to the triangular lattice. Because we integrated
out the ancilla fermions at the corners of the triangles in
pairs, we cannot define it for arbitrary triangulations of
a 2D surface. Furthermore, in order to get the Levin-Gu
model upon squaring, the number of anticommutations
of the fermions along the domain wall had to be equal
to the number of vertices minus edges inside the domain
wall modulo two. This holds for a triangular lattice, but
does not work for, e.g., a square lattice. As a result, there
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is no obvious continuum version of this model.
There are multiple interesting directions for future

work. The first is to show whether it is also possible to
construct FCPHs for beyond (super)cohomology such as
phases in the generalized cohomology classifications. In
particular, one could ask whether such a model exists for
the ν = 1 phase in 2D, or the time–reversal “E8” phase
in 3D7,9. For the former, the concept of decorated do-
main walls using higher dimensional fermionic invertible
phases has indeed been established and studied36,38,39,73,
but the FDLUs that realize such procedures are still lack-
ing. One can also try to construct models for the intrin-
sically interacting fermionic SPTs in 2 and 3 dimensions
mentioned earlier.

Second, since we have constructed FCPHs for superco-
homology phases, they imply that these phases can also
be faithfully represented by tensor networks. There has
been recent progress in 1D54,74,75, and so it should be
possible to generalize such results to construct tensor net-
work representations for such 2D fermionic SPTs.

Third, our fermionic Decorated Domain Wall proce-
dure has a wide range of applications. Besides reg-
ular SPTs, one could apply these unitaries to pro-
duce fermionic versions of Floquet SPTs76,77, gapless
SPTs78–80 or subsystem SPTs81. The decorated do-
main wall procedure introduced could also possibly be
extended to parafermions82.

Looking forward, a key question is whether one
can produce symmetric FDLUs to realize (non-chiral)
fermionic topological phases of interest such as topologi-
cal insulators and topological superconductors protected
by time reversal symmetry in 2+1D. These feature sym-
metry groups outside supercohomology, and hence either
an explicit construction or the identification of an ob-
struction would be of great interest and deepen our un-
derstanding of fermionic SPTs.
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Appendix A: Decorated Domain Walls for Bosons

1. The Cluster State

The cluster state, is a well-known 1D SPT protected
by G = Z2 × Z2 used predominantly in measurement-
based quantum computation30–32,51. The Hamiltonian is

given on a ring with 2N sites by

H = −
2N∑
i=1

1

2
(1 + Zi−1XiZi+1). (A1)

The two symmetries are represented by flipping the spins
on the odd and even sites respectively

χ1 =

N∏
i=1

X2i−1 χ2 =

N∏
i=1

X2i. (A2)

One can obtain this Hamiltonian starting from the bare
Hamiltonian,

H0 = −
2N∑
i=1

1

2
(1 +Xi) (A3)

and conjugating with the following overall symmetric
FDLU

U =

2N∏
i=1

CZi,i+1. (A4)

The action of this unitary on the product state realizes
the decorated domain-wall procedure8 by decorating a
non-trivial 0D SPT of the second symmetry whenever
there is a domain wall in the first symmetry. To see this,
recall that there are two 0D SPTs with Z2 symmetry
represented by X: |+〉 and |−〉. They can be transformed
into each other via Z. In our evolution operator, the CZ
gate acts Z on an even site whenever an adjacent odd
site is |1〉. Thus, we see that a non-trivial 0D SPT on the
even site gets created only when only one of the adjacent
sites on the odd sites is |1〉, i.e., when the odd sites form
a domain wall.

There is a similar Hamiltonian that is in the same
phase as the cluster state. It is given by negating the
signs of all the X operators,

H ′ = −
2N∑
i=1

1

2
(1− Zi−1XiZi+1). (A5)

This can be accomplished by instead applying the unitary

U ′ =

2N∏
i=1

ZiCZi,i+1. (A6)

Since
∏
i Zi is a symmetric FDLU, the two ground states

are in the same phase. The ground state of this wave-
function gives a minus sign to every spin down and every
adjacent spin downs. In other words, the total sign is
equal to the number of spin down regions, which equals
the number of spin up regions, and so the ground state
is Z2 symmetric.

It turns out that the cluster Hamiltonian and its cousin
also realizes a ZT2 SPT if time reversal symmetry is de-
fined as

T =
∏
i

XiK, (A7)



16

where K is complex conjugation29. One can check that
U and U ′ are also overall symmetric with respect to T ,
and the edges of the corresponding dressed Hamiltonians
have T 2 = −1 projective representations.

2. Decorated Domain Walls for Zm × Zm SPTs

The Decorated Domain Wall construction naturally
generalizes to Zm × Zm symmetry by changing qubits
to qudits |h〉 where h = 0, ...,m − 1 is defined modulo
m. The Pauli Z and X are generalized to clock and shift
matrices Z and X defined via their action

Z |h〉 = $h |h〉 , (A8)

X |h〉 = |h+ 1〉 , (A9)

where $ = e2πi/m. They satisfy

Zm = Xm = 1, ZX = $XZ. (A10)

Note that Z and X are no longer Hermitian. The bare
Hamiltonian can be written using the projector at each
site,

H0 = −
2N∑
i=1

|0〉i 〈0| = −
2N∑
i=1

1

m

m−1∑
n=0

Xn, (A11)

which has symmetries generated by

χ1 =

N∏
i=1

X2i−1, χ2 =

N∏
i=1

X2i. (A12)

We evolve with the unitary operator

U =

N∏
i=1

CZ†2i−1,2iCZ2i,2i+1, (A13)

where the controlled-Z is defined to act as

CZi,j |hi, hj〉 = $hihj |hi, hj〉 . (A14)

U decorates the χ1 domain wall labeled by hi−hi−2 with
the corresponding χ2 charge.

Conjugating, we can write the Hamiltonian in term of
dressed projectors

Πi =
1

m

m−1∑
n=0

X̄n, (A15)

where

X̄2i−1 = Z2i−2X2i−1Z†2i, X̄2i−1 = Z†2i−1X2iZ2i+1.

(A16)

To obtain the projective representation of the edge,
we set the dressed projectors to one when acting on the
ground state. Multiplying Eq. (A15) by X̄ − 1 on both
sides, we find that the left hand side is X̄m − 1, which
is zero. Hence, X̄ = 1 on the ground state. From this,
one can read off the projective representations on the left
edge.

χL1 = X1Z2, χL2 = Z−1
1 , (A17)

and we conclude that

χL1 χ
L
2 = $−1χL2 χ

L
1 . (A18)

This is the projective representation of the generating
phase.

We remark that similar SPT Hamiltonians have been
previously constructed in Refs. 33, 34, and 77, but the
Hamiltonians given are not commuting projectors. For a
generalization to Zm × Zm × Zm SPTs in 2D, see Refs.
31 and 35.

Appendix B: The Levin-Gu SPT

The Levin-Gu model28 is a 2D bosonic SPT protected
by G = Z2. It is given on a triangular lattice by the
commuting projector Hamiltonian

H = −
∑
i

1

2

[
1−X0i

(1−Z1Z2)/2i(1−Z2Z3)/2i(1−Z3Z4)/2i(1−Z4Z5)/2i(1−Z5Z6)/2i(1−Z6Z1)/2
]
. (B1)

where the indices are ordered according to Figure 5. Writing Zi = 1− 2gi, and expanding, we find that

H = −
∑
i

1

2
[1−X0Z1Z2Z3Z4Z5Z6CZ12CZ23CZ34CZ45CZ56CZ61] . (B2)

Starting from the bare projector Hamiltonian H0 =
−
∑
i

1
2 (1 +Xi), we can evolve it to H by the unitary

U =
∏
i

Zi
∏
<ij>

CZij
∏
∆,∇

CCZijk. (B3)

The ground state wavefunction is U |ψ0〉, where |ψ0〉 is
an equal superposition of all up and down states. In
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summary, U gives a minus sign to every vertex, edge,
and face that contains all spin downs. Hence, for a region
of spin-downs, we get a factor of (−1)V−E+F = (−1)χ↓ ,
where χ↓ is the total Euler characteristic of the spin-
down regions. Note that since the Euler characteristic of
a closed surface χM is always even, and

χ↓ + χ↑ = χM, (B4)

the sign factor from spin-up and spin-down regions are
equal

(−1)χ↓ = (−1)χ↑ , (B5)

which reflects the Z2 symmetry of the wavefunction. For
example, we get a minus sign for every closed disk of
down spins, and we get an extra minus sign for each
region of spin ups we build inside. Thus we can also find
the total minus sign from the number of domain wall
loops.

Note that in the unitary,
∏
i Zi

∏
<ij> CZij is a sym-

metric FDLU on a triangular lattice, so in fact only∏
∆,∇ CCZijk was required to get the SPT phase30.

However, defining our unitary this way, we see that the
Levin-Gu SPT can be defined on any arbitrary triangu-
lation of the space manifold.

Appendix C: Computing the Doubly Dressed
Projectors in 1D

In this appendix, we explicitly compute U2Xi(U
2)† for

the 1D SPT protected by ZT2 ×ZF2 , where U2 is given by
Eq. (30). Since our system is on a ring, we can always
relabel i to 1 without loss of generality. We can divide
up the sum in the exponent into three parts:
1. Terms that do not contain g1 at all.
2. Terms that contain g1 in one bracket.
3. Terms that contain g1 in two brackets.
The first term does not contribute to U2X1U

†2. The
second term can be written out explicitly as

(g1 + g2)

(
N−1∑
k=2

(gk + gk+1)

)
+

N−1∑
j=2

(gj + gj+1)

 (gN + g1)

= (g1 + g2)(g2 + gN ) + (g2 + gN )(gN + g1) = g2 + gN ,
(C1)

and we see that it actually does not depend on g1. Thus
the only term that contributes to the dressed qubit is the
third term, which is

(g1 + g2)(gN + g1). (C2)

Therefore,

U2X1U
†2 = X1(−1)((1−g1)+g2)(gN+(1−g1))(−1)(g1+g2)(gN+g1)

= X1(−1)1+g2+gN = −ZNX1Z2. (C3)

Shifting back to general i, we conclude that

U2XiU
†2 = −Zi−1XiZi+1. (C4)

Appendix D: Checking Properties of the 2D model

In this Appendix, we check that our Hamiltonian for
ν = 2 in Eq. (79) satisfies all the properties of a sym-
metric commuting projector. Properties D 1 and D 2 are
automically satisfied by construction, and so are simply
consistency checks. Properties D 3, D 4, must be explic-
itly checked in order for our model to be a valid SPT, and
property D 5 proves that we have constructed the square
root of the Levin-Gu phase.

1. All Terms are Projectors

It suffices to show that Πi = 1
2 (1 + Ai) is a projector

if A2
i = 1. Thus, the dressed fermion term

(−1)
n
i+1

2 ZiZjZkCZijCZjkCZik (D1)

clearly gives a projector. For the dressed qubit term, first
we find that squaring the Majorana terms give

(γg1+g2+1
12 γg2+g3+1

23 γg3+g4+1
34 γg4+g5+1

45 γg5+g6+1
56 γg6+g1+1

61 )2

= (−1)1+g1+g2+g3+g4+g5+g6+g1g2+g2g3+g3g4+g4g5+g5g6+g6g1

= −Z1Z2Z3Z4Z5Z6CZ01CZ02CZ03CZ04CZ05CZ06.
(D2)

Next, we see that since there is only one X operator
at site 0, all qubit gates that don’t involve the index 0
square to one. The terms that involve 0 must commute
past X0 and give sign factors. First, Z0 anticommutes
and gives the minus sign. Second, the six CZ’s in the
second line of Eq. (79) (CZ0i where i = 1, ..., 6) give
X0CZ0iX0CZ0i = Zi. Lastly, squaring the three CS
and CS† terms gives CZ around the hexagon. All these
cancel the terms left over from squaring the Majoranas
so the dressed X squares to one.

2. The Dressed Qubit Projector is Hermitian

This is very similar to the previous proof. Upon con-
jugating, the order of the Majoranas is reversed and re-
ordering them back gives a sign factor in Eq. (D2). The
minus sign cancels with anticommuting Z0 and X0. The
product of Z’s around the hexagon come from swapping
X0 and CZ0i, and the product of CZ’s come from con-
jugating CS and CS†.

3. The Projectors Commute with the Symmetries

We check that each term commutes with the Z2 sym-
metry χ =

∏
iXi. It is clear that the dressed fermion

commutes with χ. For the dressed qubit, the controlled-
Majorana operators remain invariant under gi → 1 − gi
and so they all commute with the symmetry. Next, the
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second line of Eq. (79) has an odd number of CZ opera-
tors forming a closed loop, so they anticommute with χ,
which cancels the anticommutation with Z0. Finally, for
the remaining CS and CS† operators, using

XiXjCSijXiXj = iS†i S
†
jCSij , (D3)

XiXjCS
†
ijXiXj = −iSiSjCSij , (D4)

we find that the product of the six terms remain invariant
under conjugation by χ.

To see that the projectors commute with fermion par-
ity, we see that the total number Majoranas in each pro-
jector is always even.

4. U is an Overall Symmetric FDLU

Consider U given by Eq. (78). By construction, each
gate in U commutes with Pf , but does not commute with
χ. Nevertheless, we can still show that U is overall sym-
metric by using the fact that the dressed qubit projectors
in H2 are symmetric.
Consider χUχ and first focus on the CCS and CCS†

gates. Upon conjugation, we find

χCSijkχ = iS†i S
†
jS
†
kCSijCSikCSjkCCZijkCSijk, (D5)

χCS†ijkχ = −iSiSjSkCS†ijCS
†
ikCS

†
jkCCZijkCS

†
ijk.

(D6)

We see that i and S,S†,CS,CS† cancel upon multiplying
over a closed manifold. Thus we only have signs from
CCZijk from all triangles.
Next consider the controlled-Majorana gates. The phys-

ical site γ
gigj+gjgk+gigk+gi+gj+gk
(ijk) is invariant under χ.

The ancilla fermions are not, but since they always ap-
pear in pairs in the unitary, the only change must be a
sign factor from the possible anticommutation of the Ma-
joranas. Thus, we conclude that by conjugating U with
the symmetry, the most general form it can take is a sign

χUχ = U(−1)f({gi}) (D7)

for some function f({gi}) which can possibly depend on
the spin of all sites gi.
Now fix a qubit site 0. We have shown that the dressed
operator UXIU

† is invariant under the symmetry. Thus,

UX0U
† = χUX0U

†χ = (χUχ)X0(χU†χ). (D8)

Substituting the general form from Eq. (D7), we obtain

UX0U
† = U(−1)f({gi})X0(−1)f({gi})U†. (D9)

Therefore, we find that modulo 2, f needs to satisfy

f({gi}) = f({gi})|g0→1−g0 (D10)

for all qubit sites. Let us write down the most general
possible form of f

f = c+
∑
i

cigi +
∑
i<j

cijgigj +
∑
i<j<k

cijkgigjgk + · · · ,

(D11)
where c, ci, cij , ... = 0, 1. Under g0 → 1 − g0, the differ-
ence must be zero

f − f |g0→1−g0 = c0 +
∑
j 6=0

c0jgj +
∑
j<k
j,k 6=0

c0jkgjgk = 0.

(D12)
Hence, we see that in order for the equation to be true
for all j, k, ... 6= 0 all the coefficients above must be zero.
Repeating for all qubit sites, we conclude that only c can
be non-zero. Thus we have shown that U commutes with
the Z2 symmetry χ up to a sign (−1)c, which amounts to
our choice of spin structure on the space manifold. Thus,
U is an overall symmetric FDLU.

5. U2 Gives the Levin-Gu Hamiltonian

We will show that evolving the bare Hamiltonian with
U2 gives exactly the Levin-Gu model, which is the ν = 4
phase. Similarly to the 1D case, upon squaring we find
that all the Majorana operators have squared away

U2 =
∏
∆,∇

CCZ(−1)F ({gi}) (D13)

leaving a sign (−1)F ({gi}) from possible anticommuta-
tions. We can forget about the ancilla qubits because
pairing them up in U produces a sign factor, which dis-
appears upon squaring. Hence, we only have to consider
the physical fermions at the center of the triangles. As a
shorthand, define

s(ijk) = gi + gj + gk + gigj + gjgk + gigk, (D14)

then we can explicitly write down the sign factor as

F ({gi}) =
∑

∆(ijk)<∆(i′j′k′)

s(ijk)s(i′j′k′), (D15)

where we imposed a certain ordering for our triangles.
Since U2 leaves the fermions unchanged, we only need

to conjugate X0 with U2, which gives

U2X0U
2† =X0CZ12CZ23CZ34CZ45CZ56CZ61

× (−1)F ({gi})
∣∣∣
g0→1−g0

(−1)F ({gi}). (D16)

Now, we would like to find the contribution of F ({gi})
to the equation above. Let us break F (gi) up into three
terms:
1. F1 contains terms that do not contain g0 at all.
2. F2 contains terms that contain g0 in one triangle.
3. F3 contains terms that contain g0 in two triangles.
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The first part will not contribute to Eq. (D16), and we
can show that F2 also does not contribute as follows.
With Figure 5 in mind, consider a term containing the
vertex 0, (0jk). Without loss of generality, we can order
the triangles so that this triangle is first, then the second
contribution contains

s(0jk)

 ∑
∆ not touching 0

s(i′j′k′)

 (D17)

On a closed manifold, the sum above reduces to terms
only on the boundary of the hexagon

g1+g2+g3+g4+g5+g6+g1g2+g2g3+g3g4+g4g5+g5g6+g6g1.
(D18)

Now, when we consider the contribution to Eq. (D16),
s(0jk) changes by to (1+gj+gk) under g0 → 1−g0. How-
ever, there are six terms like these around the hexagon
multiplying the same sum. Thus, the sum of the six terms
cancels out and F2 does not contribute.

We are left with only F3 which contains products of all
pair combinations of the six triangles containing site 0.
Computing explicitly, we find that

(−1)F3
∣∣
g0→1−g0

(−1)F3 = (−1)1+g1+g2+g3+g4+g5+g6 .

(D19)
Our resulting Hamiltonian is therefore

H4 = −
∑
i

1

2
(1−X0Z1Z2Z3Z4Z5Z6CZ12CZ23CZ34CZ45CZ56CZ61)−

∑
∆,∇

1

2
(1 + (−1)n(ijk)), (D20)

which is exactly the Levin-Gu Hamiltonian with bare
projectors of fermions.

Appendix E: Topological Invariant for the 1D
Z2 × ZF2 SPT

Z2 × ZF2 SPTs are classified by Z2 × Z2. One of the
generators is a Z2 invariant Majorana chain. The other
generator is a supercohomology phase. In analyzing the
edge of our 2D model, we claim that the edge Hamil-
tonian (88) has the same critical properties as a critical
point between a trivial SPT and the latter phase.

The non-trivialness of the supercohomology phase can
be detected by a topological invariant identified in Ref.
55. In Euclidean space-time, the invariant is a quotient
of two partition functions on T 2: one with Z2 and ZF2
fluxes inserted into each cycle, and one with only the Z2

flux. In Minkowski space, they correspond to taking a

trace of the Z2 symmetry χ =
∏
iXi times the density

matrix with R/NS spin structures respectively. Hence
the invariant can be written as

R 〈ψ|χ |ψ〉R
NS 〈ψ|χ |ψ〉NS

. (E1)

This invariant is 1 for the trivial phase and -1 for the
supercohomology phase.

As an example, it turns out that Eq. (29) is a Hamil-
tonian that realizes this supercohomology phase if com-
plex conjugation is removed from ZT2 . This is because
all the operators used were real, and so removing com-
plex conjugation does not change any of the deriva-
tions in section III B. Since we have established that U
anticommutes/commutes with the Z2 symmetry when
the fermions have periodic/antiperiodic boundary condi-
tions, respectively; R 〈ψ|χ |ψ〉R and NS 〈ψ|χ |ψ〉NS must
have opposite sign, which shows that this Hamiltonian
realizes the supercohomology phase.
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