
Lawrence Berkeley National Laboratory
Recent Work

Title
Branes and Mirror Symmetry in N=2 Supersymmetric Gauge Theories in Three 
Dimensions

Permalink
https://escholarship.org/uc/item/0pz0q7vz

Journal
Nuclear Physics B, 502(1/2/2008)

ISSN
0550-3213

Author
De Boer, J.

Publication Date
1997-04-01

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/0pz0q7vz
https://escholarship.org
http://www.cdlib.org/


LBNL-40247 
UC-414 
Preprint 

ERNEST 
BERKELEY 

ORLANDO LAWRENCE 
NATIONAL LABORATORY 

Branes and Mirror Symmetry 
inN·= 2 Supersymmetric Gauge 
Theories in Three Dimensions 

Jan de Boer, Kentaro Hori, Yaron Oz, 
and Zheng Yin 

Physics Division 

Aprill997 
Submitted to 
Nucle_q,_r.f~Y,sics B 

--~ •• ~~J...-- ....... --:~:-:~)~·.-····· .• -
.- .... -•·.f'olr,-.,o-~··-··-~ 

---

() 
0 
"C 
'< 

r 
a 
2 
r 
I 

.j:: 
IS 
I\: 
.j:: 



DISCLAIMER 

This document was prepared as an account of work sponsored by the 
United States Government. While this document is believed to contain 
correct information, neither the United States Government nor any 
agency thereof, nor The Regents of the University of California, nor any 
of their employees, makes any warranty, express or implied, or assumes 
any legal responsibility for the accuracy, completeness, or usefulness of 
any information, apparatus, product, or process disclosed, or 
represents that its use would not infringe privately owned rights. 
Reference herein to any specific commercial . product, process, or 
service by its trade name, trademark, manufacturer, or otherwise, does 
not necessarily constitute or imply its endorsement, recommendation, 
or favoring by the United States Government or any agency thereof, or 
The Regents of the University of California. The views and opinions of 
authors expressed herein do not necessarily state or reflect those of the. 
United States Government or any agency thereof, or The Regents of the 
University of California. 

Ernest Orlando Lawrence Berkeley National Laboratory 
is an equal opportunity employer. 



DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 



LBNL-40247 
UC-414 

Branes and Mirror Symmetry in N = 2 Supersymmetric 
Gauge Theories in Three Dimensions 

Jan de Boer, Kentaro Hori, Yaron Oz, and Zheng Yin 

Department of Physics 
University of California, Berkeley 

1 and 

Physics Division 
Ernest Orlando Lawrence Berkeley National Laboratory 

University of California 
Berkeley, California 94720 

April1997 

· This work was supported in part by the Director, Office of Energy Research, Office of Basic Energy Sciences, 
Materials Sciences Division, of the U.S. Department of Energy under Contract No. DE-AC03-76SF00098, and 
the National Science Foundation under Grant No. PHY -951497. 



I~ 

May 22, 1997 LBNL-40247, UCB-PTH-97 /09 

hep-th/9702154 

Branes and Mirror Symmetry in N = 2 Supersymmetric Gauge 
Theories in Three Dimensions 

Jan de Boer, Kentaro Hori, Yaron Oz and Zheng Yin 

Department of Physics, University of California at Berkeley 

366 LeConte Hall, Berkeley, CA 94720-7300, U.S.A. 

and 

Theoretical Physics Group, Mail Stop SOA-5101 

Ernest Orlando Lawrence Berkeley National Laboratory, Berkeley, CA 94720, U.S.A. 

Abstract 

We use brane configurations and SL(2, Z) symmetry of the type liB string 

to construct mirror N = 2 supersymmetric gauge theories in three dimensions. 

The mirror map exchanges Higgs and Coulomb branches, Fayet-Iliopoulos and 

mass parameters and U(1)R symmetries. Some quantities that are determined 

at the quantum level in one theory are determined at the classical level of the 

mirror. One such-example is the complex structure of the Coulomb branch of 

one theory, which is determined quantum mechanically. It is mapped to the 

complex structure of the Higgs branch of the mirror theory, which is deter

mined classically. We study the generation of N = 2 superpotentials by open 

D-string instantons in the brane configurations. 



1 Introduction 

Recently brane configurations that preserve l of space-time supersymmetry of type 

II string theory have been used _to study N = 1 duality in four dimensions [1]. Similar 

configurations can be used, upon T-dualizing one of the coordinates, to study N = 2 

supersymmetric gauge theories in three dimensions. In [2-6) a mirror sy!Pmetry between 

N = 4 gauge theories in three dimensions has been studied. In this paper we will study 

a similar mirror symmetry between N = 2 gauge theories in three dimensions. 

The N = 2 supersymmetry algebra in three dimensions is only invariant under one 

U(1)R symmetry. Therefore, a priori there is no notion of mirror symmetry which, as 

in N = 2 in two dimensions and N = 4 in three dimensions, exchanges two commuting 

R-symmetries acting differently on the supercharges. However, there are theories having 

extra global symmetries commuting with the supercharges. If we combine the U(1)R 

symmetry with these global symmetries, we may be able to have two U(1)R symmetries 

which act differently on the moduli space of vacua, and we can introduce a notion of 

mirror symmetry under which these two U(1)R's are exchanged. One purpose of this 

paper is to realize this by the use of the brane configuration of [1] and application of type 

liB SL(2, Z) duality following [5]. , 

The N = 2 gauge theories can be constructed as the dimensional reduction of N = 1 

gauge theories in four dimensions. The bosonic part of the N = 2 vector multiplet 

contains the three dimensional gauge field AJJ. and a real scalar c.p which corresponds to 

the A4 component of the four dimensional gauge field. The action contains the term 

Tr(Ap., Av] 2 and the term Tr[Ap., c.p] 2
. Thus, the low energy effective theory is described 

by the abelian theory in which c.p and AJJ. belong to a common Cartan sub-algebra of the 

gauge group. In three dimensions the photon Ap. is dual to a scalar field 0'. The vacuum 

expectation values of the scalars c.p and 0' parameterize the Coulomb branch of the theory. 

The Coulomb branch has real dimension 2r where r is the rank of the gauge group. Due 

toN= 2 supersymmetry it is a Kahler manifold of complex dimension r. Note that this 

differs from N = 1 theories in four dimensions where there are no scalars in. the vector 

multiplet and therefore there is no Coulomb branch. Matter fields are in the N = 2 

chiral multiplet. The scalar fields in the multiplet parameterize the Higgs branch, which 

is determined by the D- and F-term equations. By N = 2 supersymmetry, it is also a 

Kahler manifold. 

In addition to the R-symmetry, the system possesses flavor symmetries depending on 

the matter content. Also, there are global symmetries corresponding to the shifts of 0' 

by a constant. In non-abelian gauge theories, some of these symmetries can be broken 
' 
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Figure 1: Brane configuration for an N = 2 U(Nc) gauge theory with N1 flavors in three 

dimensions. 

by instanton configuration, but some combinations remain exact (although they might 

be spontaneously broken [7]). Taking suitable combinations of U(l)R and other global 

symmetries, we can get two U(l) R-symmetries with respect to which we can divide the 

moduli space into two parts. The two parts will still be called the Coulomb and the Higgs 

branch, and in a pair of mirror symmetric gauge theories it is these two parts that are 

exchanged. The mass parameters that exist already in four dimensions are c,omplex and 

charged with respect to a U(l)R symmetry, while the FI parameters are real and do not 

carry a U(l)R charge. Therefore, unlike the N = 4 case we should not expect a naive 

exchange of these parameters. Indeed, as we will see there are many more parameters so 

that a precise map between the parameters of the mirror theories is possible. 

In N = 2 supersymmetric non-abelian gauge theory in three dimensions, a superpo

tential may be generated both for the Higgs and the Coulomb branches by instantons. 

which in three dimensions are BPS monopoles. We will study this from the viewpoint of 

string theory by considering open D-string instantons. 

We will mainly consider two brane setups in type liB string theory for studying the 

N = 2 theories. The first configuration is depicted in figure 1. It consists of one NS 

5-brane whose worldvolume has the coordinates (x0 x 1x 2x 3 x4 x 5 ), one NS' 5-brane whose 

worldvolume has the coordinates (x 0x 1x 2x 3x 8x 9
), Nc D3 branes stretching between them 

in the x 6 direction with worldvolume (x 0 x 1x 2x 6 ) and N1 D5 branes with worldvolume 

(x 0 x 1 x 2x 7 x 8 x 9
). This configuration preserves l of the 32 space-time supersymmetries. 

We consider the supersymmetric gauge theory obtained as the long distance limit of the 

worldvolume dynamics of the D3 brane. This is anN= 2 supersymmetric gauge theory 

with U(Nc) gauge group and Nf pairs of chiral multiplets in the (anti-)fundamental of 

2 



Figure, 2: Brane configuration for anN= 2 U(Nc) gauge theory with Nf flavors and three 

, adjoints in three dimensions. 

the gauge group. 

The second configuration is depicted in figure 2. It consists of an NS 5-brane whose 
I 

worldvolume has the coordinates (x0x 1x 2x 3 x 8x 9
), Nc D3 branes stretching in the x 6 di-

rection with worldvolume (x0x 1x 2x 6
), and N1 D5 branes with worldvolume at coordinates 

(x0x 1x 2x 7 x 8 x 9
). The x 6 coordinate is compactified oil a circle. This configuration also 

preserves k of the 32 space-time supersymmetries. We consider the supersymmetric gauge 

theory on the worldvolume of the D3 brane with coordinates (x0 x 1x 2 ). This is anN= 2 

supersymmetric gauge theory with U(Nc) gauge group, Nf pairs of chiral multiplets in 

the (anti- )fundamental representation of the· gauge group and, three chiral multiplets in 

the adjoint representation. The two extra pairs of massless chiral multiplets in the ad

joint representation arise from the compactification of the x6 ~oordinate on a circle. The 

field content falls into representations of N = 4 supersymmetry. However half of this' 

supersymmetry is broken by the superpotential. 
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2 Mirror Symmetry in Abelian N = 2 Theories 

2.1 A-Model 

Consider the brane configuration of figure 1 with one D3 brane (Nc = 1 case). In 

the long distance limit, the worldvolume of the D3 brane describes an N = 2 U(1) gauge 

theory with N1 pairs of chiral multiplets of charges +1, -1. The brane configuration is 

invariant under rotations in the ( x\ x 5
) and ( x 8

, x 9
) directions and these correspond to 

the global symmetries U(1)4,5 and U(1)8,9 of the three dimensional gauge theory. 

The light fields on the D3 brane worldvolume are: 

• An open string ending on the D3 brane yields an N = 8 U(1) vector multiplet. Only 

one of the seven scalars of the multiplet remains after imposing the boundary condition 

at the NS and NS' ends. Therefore only an N = 2 U(1) vector multiplet remains. The 

value x3 (D3) (the x3-coordinate of the D3 brane) corresponds to the scalar field c.p in the 

vector multiplet. The vector A0 ,1 ,2 is dual to the scalar field a. These scalars are singlets 

under both U(1)'s. The fermions carry charge ±1 under both U(1)4 ,5 and U(1)8 ,9 1
. 

• Open strings ending on the D3 brane and the i-th D5 brane yield chiral multiplets Qi 

and Qi of opposite charges +1 and -1. The scalar components are singlet under U(1) 4,5 

but carry charge +1 of U(1)8 ,9. The fermions carry charge -1 of U(1)4,5 and are singlets 

under U(1)s,9· 

The positions of NS, NS' and the D5 brane correspond to parameters of the three 

dimensional field theory. 

• The difference x 7 (NS)- x7(NS') of the positions of the NS and NS' 5-branes in the x7 

direction is the Fa yet-Iliopoulos parameter (r of the U ( 1) gauge theory. It is invariant 

under the global U(1) symmetries. 

• The position x3 (D5i) of the i-th D5 brane in the x3 direction is the real mass parameter 

mf of the i-th quark. A real mass can be considered as a scalar component of N = 2 

vector multiplet of the flavor symmetry group U(NJ ). It is invariant under the global 

U(1) symmetries. Note that the center of mass 2:':~1 mf can be absorbed by a shift of if' 

and is not a physical parameter. 

• The position x4
•
5 (D5i) of the i-th D5 brane in the x\ x5 is the complex mass parameter 

mi of the i-th quark which is present already in the four dimensional N = 1 theory. Since 

1 We assign charge ±1 to the spin representation of 50(2) := U(l) and ±2 to the vector representation. 
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it transforms in the vector representation of 30(2)4,5 it carries charge 2 of U(1)4,5 and is 

singlet under U(1 )8 ,9 . 

~ . 

To summarize, we list the fields and parameters of the gauge theory with their trans-

formation properties under the global symmetry group U(1)4,5 x U(1)8 ,9. Note that both 

U(l) 's can be considered as R-symmetry groups acting on a chiral superfield ~(B) as 
~(0) ---+ eQ4>ia~( e-:iaO). 

U(1 )4,s U(1)s,9 
r.p;u 0 0 

Qi 0 1 

Qi 0 1 
(r 0 0 

\ 

ml! 
t 0 0 

mi 2 0 

The theory has the tree level superpotential 

Nf 

i = 1, ... ,N1 

i = 1, .. . ,Nf 

i = 1, ... ,N, 
i = 1, ... ,N1 

W = 'L,miQiQi·. 
i=l 

Note that U(1)45 is broken explicitly by the complex mass parameter. 

(2.1) 

(2.2) 

As we mentioned. in the introduction there is another global U(1) symmetry acting 

only on u: 

u ~ u + constant. (2.3) 

The flavor symm~'try group SU(N1) x SU(N1) is broken to U(1)Nri x U(1)Nri by the 

diagonal mass matrix. Some of these symmetries are invisible in the brane configuration. 

Notice that the (independent) flavor symmetry group is not U(NJ) x U(NJ ), because the 

central U(l? are already present in the theory as the U(1) gauge symmetry and the axial. 

patt of U(lks x U(1)s,9· 

In tl;J.e abelian gauge theory in three dimensions, there are neither perturbative nor 

non-perturbative effects that break any of these 2NJ + 1 U(l) global symmetries. These 

are exact symmetries of the quantum theory, although spontaneous symmetry breaking 

is possible [7]. 

2.2 B-Model 

Let us now perform an SL(2, Z) transformation on the above configuration. Before 

the application of it, we move the NS 5-brane to the right in the x6 direction, crossing one 
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Figure 3: SL(2, Z) of the brane configuration of N 
flavours. 
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2 U(1) gauge theory with Nf 

D5 brane. After an SL(2, Z) transformation we end up with the configuration of figure 3. 

The light fields on the D3 brane worldvolume are : 

• An open string ending on the D3 brane stretched between the NSi and NSi+I 5-branes 

yields anN= 4 U(1) vector multiplet, consisting of anN= 2 U(1) vector mu~tiplet Wi 

and a neutral chiral multiplet <I>i. The value x 7 (D3) and vector field A0 ,1 ,2 corresponds to 

the scalars 'Pi, O"i of Wi while the values x 8
•
9(D3) combine into the complex scalar of <I>i. 

• An open string ending on the D3 brane stretched between the NSN, and D' 5-branes 

yields an N = 2 neutral chiral multiplet M. The values x 8
•
9(D3) correspond to the 

complex scalar component of M. 

• Open strings ending on the D5 brane and the D3 brane which is stretched between 

the NS1 and NS2 5-branes yield an N = 4 hypermultiplet Q, Q charged under the first 

U(l)I of theN= 4 vector multiplet (W1 , <I>1 ). The hypermultiplet is coupled in anN= 4 

supersymmetric way, i.e. with a nonzero superpotential involving Q, Q, <1> 1 from theN = 2 

point of view. 

• Open strings ending on the D3 branes in the i-th and i + 1-th interval yield an N = 4 

hypermultiplet charged as ( +1, -1) under the i-th and i+l-th gauge group U(l)i xU(1)i+l· 

For i = 1, ... , Nt - 2, we denote it by bi,i+I, bi+I,i and for i = Nf- 1, we denote it by ij, 

q. 

The N = 2 chiral multiplet M ("meson") can be interpreted as a remnant of an N = 4 

vector multiplet of the U(l) flavor group rotating q, ij, and there is a term Mijq in the 
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Figure 4: Quiver like diagram for the B-model. The dashed circle correspond to the 

meson. 

superpotential. Thus we have an N = 4 supersymmetric U(l)Nrl gauge theory broken 

to N = 2 via coupling to a neutral N = 2 chiral multiplet by superpotential. This is 

illustrated in figure 4. 

The positions of NS D and D' 5-branes are parameters of the field theory. 

• The difference x3
•
4

•
5(NSi) - x3

•
4

•
5(NSi+I) of positions of the i-th and i + 1-th NS 5-

branes in the x3 x 4x 5 is the Fayet-Iliopoulos parameter ((,4,s of theN --:- 4 vector multiplet 

(Wi, <Pi)· We denote (l = (f and (!'5 = (i. 

• If the difference x4
•
5(NSN,)- x4

•
5 (D'5) is non-zero, there cannot be a D3 brane stretched 

in the interval NSN1-D'5. Since the meson M created by the D3 brane is a remnant of 

theN= 4 flavor U(l) vector multiplet, the difference is an analog of the Fayet-Iliopoulos 

parameter (M which enters in the superpotential as (MM. 

• The difference x 7 (D5) - x7 (D'5) fo_rbids a Higgs branch corresponding to a D3 brane 

stretched between the D and D' 5-branes, and it can be interpreted as the real bare mass 

m~ of the quark q, q. Note that other mass parameters can be absorbed by the shift of 

'Pi, <Pi and M. 

To summarize, we list the fields and the parameters of the gauge theory. Notice that 

the number of parameters is 3Nf, the same as in the A-model. As in the previous case, we 

can read the R-charges of the two U(l) symmetry groups from the brane configuration. 

7 



U(1 )4,5 U(1)s,9 

'Pi,C7i 0 0 i = 1, ... , N1 ...:.. 1 

<I>i 0 2 i = 1, ... ,N1 -1 

M 0 2 

Q,Q 1 0 

bi,i+1' bi+1,i 1 0 i = 1, ... , N1 - 2 

q,q 1 0 

([, (i 0EB2 OEBO i = 1, ... , N1 -1 

(M 2 0 
mr 

q 0 0 

The theory possesses the tree level superpotential 

where WN=4 is the s1,1perpotential of theN= 4 sector 

NJ-1 

w N=4 = L <I>i ( bi,i-1 bi-1,i - bi,i+1 bi+1,i - (i) 
i=1 

(2.4) 

(2.5) 

(2.6) 

in which we denoted Q, Q = b1,o, bo,1 and q, ij = bN1,Nrb bNr1,Nr In addition to U(1 )4,5 x 
U(1)8,9 , we have global symmetry group U(1)N! acting as (q,ij) f-T (eif3oq,e-if3oij); C7i f-T 

C7i + f3i; ( i = 1, ... , N1 -1). These N1 + 2 global U ( 1) symmetries are exact in the quantum 

theory, although they might be spontaneously broken. Note that we seem to be missing 

global U(1)Nr1 compared with the A-model. This is a symmetry that arises quantum 

mechanically and is not manifest in the classical Lagrangian. A similar phenomenon has 

been found and explained in [2] for N = 4 supersymmetric theories. 

2.3 Verification Of The Mirror Symmetry 

There are two phases in brane configurations corresponding to both of the A and B 
models. In the configuration of A-model, one phase corresponds to the D3 brane ending 

on NS and NS' 5-branes and moving in the x 3 direction (Coulomb branch), while in the 

second phase it is broken into N1 + 1 pieces by letting the D3 branes end on D5 branes 

and the pieces move in the ( x 7 ), x 8 , x 9 directions (Higgs branch). In the configuration of 

B-model, in the first phase the N1 + 1 pieces of D3 branes end on NS and NS or NS and D' 

5-branes and move in (x 7
), x8

, x 9 directions (Coulomb branch), while in the second phase 

the D3 brane is broken into two at the D5 brane and one of them moves in the x 3 direction 

ending on D and D' 5-branes as in figure 5 (Higgs branch). In the next subsection we 
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Figure 5: The Higgs branch of the B-model. 

will see that this distinction of branches is natural from the viewpoint of the action of the 

U(l) R-symmetries. 

In N = 2 supersymmetric field theory in three dimensions, there are no loop correc

tions to the F-term by the perturbative non-renormalization theorem [7]. Moreover, in 

abelian gauge theory, we expect no non-perturbative effect, and thus there is no dynami

cal generation of a superpotential in these models. However, there are loop corrections to 

the D-term, and thus we can at most compare the complex structure of the moduli spaces 

of vacua. The complex structure of Higgs branch is determined at the classical level, and 

is expected to be unchanged by quantum corrections. However, the Coulomb branch is 

obtained after a duality transformation, and .the global structure may be changed in the 

dual variables. Nevertheless, we expect that, like in the N = 4 case [9], the global and 

complex structure can be determined by looking at the behavior at infinity of the moduli 

space, and that a one-loop analysis is sufficient to determine them. It turns out that the 

one loop Coulomb branch does have a natural complex structure, and as in the case of 

Higgs branch it will not be further corrected. Thus, we compare the complex structure 

of one loop corrected Coulomb branch of the A-model and the classical Higgs branch of 

the B-model. 

2.3.1 Mc(A-Model) = Mlf(B-Model) 

A Coulomb branch of the A-model is possible only when the FI parameter (r vanishes, 

while a Higgs branch of the B-model is possible only when the real bare mass m~ is zero. 

Therefore, we can identify (r = m~. 

We first consider the one loop metric of the Coulomb branch of the A-model. Now 

it is useful to consider the model- N = 2 supersymmetric QED with N1 electrons -

9 



as "embedded" in the corresponding N = 4 model whose mass 3-vector mi is given by 

(mf, mi)· The only difference in the one loop computation of the Coulomb branch metric 

is that the N = 4 vector multiplet contains a neutral chiral multiplet <P which provides 

the center of complex bare mass of the electrons. Thus, the one loop metric of the N = 2 

Coulomb branch is given by the one loop metric of the N = 4 Coulomb branch restricted 

to the hyperplane <P = me := I:i mi/NJ. In [3], the one loop metric on the N = 4 

Coulomb branch has been computed. In the limit where the bare coupling 1 I e2 -+ 0, it is 

the ALE space of ANrl type whose (parameters are given by mi- mi-l (i = 1, ... 'Nj; 

mo := mNr1 ). Thus, the Coulomb branch of the A-model is given by 

(2.7) 

The limit 1le2 -+ 0 was also taken while studying the mirror symmetry inN= 4 theories 

and corresponds to taking the IR limit. 

It is also useful to note that the N = 4 sector of the B-model is the one first considered 

in [2] as the mirror of N = 4 QED with Nf electrons. Since the model is obtained by 

coupling it to the N = 2 meson sector via the superpotential (2.6), the only difference 

in the Higgs branch is that there is an extra constraint aw I oM = 0. The N = 4 

Higgs branch is again the ALE space whose ( parameters are given by {; = ((,4,S ( i = 

0, 1, ... , Nf- 1; {o := - I:i {;). Thus, theN= 2 Higgs branch is given by 

(2.8) 

That these two have the same complex structure under a certain relation of mi and 

{;, (M can be seen by looking at the one loop computation given in Section 4 of [3]. In 

fact, they are the same submanifold of the same hyper-Kahler manifold whose defining 

equation is holomorphic with respect to one distinguished complex structure. To illustrate 

this, let us consider the case in which all the bare masses are the same ( mi = me) in the 

A-model and all the FI parameters are vanishing (G = 0) in the B-model. In this case, 

both ALE spaces coincide with the orbifold C 2 IZNr Let (z1 , z2 ) be th~ coordinates of 

C 2 on which ZN
1 

acts by (z11 z2) 1--+ (e21rilfNtz1 ,e-21ril/Ntz2 ). In the A-model, r.p, u, <P 

are expressed in terms of z1, z2 by r.p = jz1 j2 - !z2j2, u = 2arg(zi), and <P = z1z2. By 

introducing the ZN
1 

invariant coordinates, x = zf1 , y = z~1 the Coulomb branch of the 

A-model is described by 

(2.9) 

The Higgs branch of the B-model is determined in this case by the equations jbi,i+II = 

IQI = jql, lbi+I,il = IQI = jqj, bi,i+Ibi+I,i = QQ = qq, and qq = (M modulo gauge transfor

mations. Using gauge invariant coordinates X= Qq n[:tl-
2 

bi+I,i, y = QqiJ[:t!-2 
bi,i+I, it is 

10 



expressed as 
N xy- ;- f -..,M, 

which is the same as (2.9) if we identify me= (M. 

2.3.2 MH(A-Model) = Mc(B-Model) 

(2.10) c 

When we turn off all the mass parameters of the A-model and set the vev of the scalars 

in the vector multiplet to zero, we get a Higgs branch of maximal dimension in which Qi 

and Qi are turned on. The classical D-term equation is given by 

Nt Nt 

I: 1Qil2
- I: IQil

2 =c. (2.11) 
i=l i=l 

The Higgs branch is obtained as the U(1) quotient of the set of solutions. This is the 

standard Kahler quotient of (C ffi cv)ew, by the U(1) action. As a complex manif()ld, it 

is obtained as the quotient of (C ffi cv)EBNt by the ex action, in which ~e throw away 

some "bad orbits" depending on the value of (r. (A good explanation can be found in 

[1 OJ.) For (r =/= 0, it is isomorphic to the total space of the direct sum of N1 tautological 

bundles 0( -1 )ffiNt over cpNrl. For (r = 0, it is a singular space whi<;h is described 

by the quadratic relations Xi,kXj,Z = Xi,ZXj,k where Xi,j are the gauge invariant coordinates 

Xi,j = QiQj. 

For the B-model, when we turn off aJl the FI parameters and set the vev of Q, Q, bi,i±b q, q 
to zero, we obtain a Coulomb branch parameterized by 'Pi, ai, ~i, M. Recall that theN= 4 

sector of the model is the model considered in [2) as a mirror of N = 4 QED with N1 elec

trons. Note that the meson M provides the complex part of the mass m = (m~, M) of the 

field q, q. As computed in [3], the one loop corrected Coulomb branch of theN= 4 model 

is the same as the classical Higgs branch of its mirror, N = 4 QED with N1 electrons, 

, with its FI parameter given by m. It is the set of U(1) orbits of (Qi, Qi) satisfying 

Nt Nt '"'2 '"'-2 r L..t IQil - L..t IQ;I = mq, (2.12) 
i=l i=l 

Nt 

LQ;Q; = M. (2.13) 
i=l 

In the N = 2 Coulomb branch M is free to vary. This means that the second equation 

does not restrict the vev of Qi, Q;, and the Coulomb branch of the B-model is the same 

as the Higgs branch of the A-model, provided (r = m~. 
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2.3.3 The Action of U(1) R-Symmetry Groups 

Recall that we have two U(1) R-symmetries U(1)4,5 and U(1)8,9 coming from the invariance 

of the brane configuration. In this subsection, we shall see that these two U ( 1) 's, modified 

by combination with other global symmetries, act on Coulomb or Higgs branches, one 

group on one branch, the other on the other, and that these actions are interchanged 

under mirror symmetry. 

In the A-model, we define U(1)H = U(1)8 ,9 and U(1)c as the diagonal subgroup of the 

product of U(1)4,5 and the global U(1) acting as shifts of CJ. U(1)c acts on the coordinates 

and parameters of the Coulomb branch as CJ ~--+ CJ + 2o:, mi ~--+ e2io:mi, and U(1)H acts on 

the Higgs branch as Qi, Qi ~--+ eiOlQ;, eiOlQi. 

In the B-model, we define U(1)H = U(1)4,5 and U(1)c as the diagonal of the product 

of U(1)8 ,9 and the global U(1) acting as shifts of CJ;. U(1)c acts on the Coulomb branch 

as CJ; 1--t CJ; + 2o:, (<I>;,M) 1--t (e2iOl<I>i,e2iOlM), while U(1)H acts on the Higgs branch as 

multiplication by ei()l on Q, Q, bi,i±b q, q and multiplication by e2i0l on (i, (M· 

To see that U(1)c and U(1)H of the A-model is mapped to U(1)H and U(1)c of the 

B-model, we recall the transformation mapping two SU(2) doublet 2 x 2 to 1 ffi 3, which 

was used in the comparison of the Coulomb and Higgs branches of the N = 4 mirror 

theories[3]. 

Let (z1 , z2 ) be the coordinates of the SU(2) doublets. In terms of the quaternion , 

coordinate q = z1 + z2j, the SU(2) action is the left multiplication by unit quaternions 

Sp(1) C Hx. We define CJ and~= (c.p\r.r},c.p3 ) by q = aeiuf2; 7i = -a, and qiq = 
c.p1 i + c.p2j + c.p3 k. Under an SU(2) rotation,~ transforms as a vector 3. With respect to 

the U(1) subgroup { eiOl} C Sp(1 ), z11 z2 transform as eiOl z1 , eiOl z2, while CJ, c.p1 = lz1 l2-lz2l2, 

and <I> := c.p2 + ic.p3 = -2iz1z2 transform as CJ ~--+ CJ + 2o:, c.p1 
1--t c.p1 and <I> 1--t e2i0l<I>. 

We now observe that these transformations are indeed mapped into each other under 

the identification of the Coulomb branch of the A-model with the Higgs branch of the 

B-model, and vice versa. 

3 Mirror Symmetry in Non-Abelian N = 2 Theories 

3.1 A-Model 

Consider the brane configuration of figure 1 with Nc D3 branes. In the long distance 

limit, the worldvolume of the D3 brane describes an N = 2 U(Nc) gauge theory with Nf 
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Figure 6: Brane configuration of the B-model. 

pairs of chiral multiplets. As discussed in the previous section the brane configuration 

is invariant under rotation in the ( x\ x 5
) and ( x 8

, x 9 ) directions and these correspond to 

global symmetries U(1)4,5 and U(1)s,9 of the three dimensional gauge theory. 

As in the previous section we read from the brane configuration the fields and param

eters of the gauge theory on the worldvolume of the D3 brane, and their transformation 

properties under the global symmetry group U(1)4,5 x U(1)s,9. This is summarized in the 

following. 

U(lks U(1)s,9 

'Pa, a a 0 0 a= 1, ... ,Nc 

Qi 0 1 i=1, ... ,N1 

Qi 0 1 i = 1, ... ,NJ (3.1) 
(r 0 0 
mJ; 

t 0 0 i = 1, ... ,N1 

mi 2 0 i = 1, ... ,N1 

3.2 B-Model 

Let us now perform an SL(2, Z) transformation on the above configuration. Before 

the application of it, we move the NS 5-brane to the right in the x 6 direction, crossing Nc 

D5 branes. We end up with the configuration of figure 6. 

The gauge group of the B-model is U(Nc)NrNc Il~1 1 U(i). For Nc = 1 it reduces to 
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Nc 
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Figure 7: Quiver like diagram for the B-model. _ 

the abelian ~uality of the previous section with gauge group U(1 )Nr1. 

Again we summarize the fields and parameters ofthe gauge theory on the world volume 

of the D3 brane, and their transformation properties under the global symmetry groups. 

U(1 )4,s U(1)s,9 

'Pi' O"i 0 0 i = 1, ... ,N1 -1 

<I>i 0 2 i = 1, ... ,N1 -1 

Ma -0 2 a= 1, ... ,Nc 

Q,Q 1 0 
(3.2) 

bi,i+l, bi+l,i 1 0 i = 1, ... , Nf -1 

q()(,q()( 1 0 a= 1, ... ,Nc 

([, (i OE£72 OE£70 i=1, ... ,N1 -1 

(M 2 0 
mr 

q 0 0 

We follow the notations of the abelian case. The only difference is that now the fields 

carry also gauge indices of the corresponding gauge group which we abbreviated. 

The N = 2 meson M couples to q, q by the term '£ MaCfaqa in the superpotential. 

The B-model is an N = 4 supersymmetric U(Nc)NrNc I1~1- 1 U(i) gauge theory broken 

to N = 2 by coupling to theN= 2 sector via the superpotential, as in figure 7. 

As in the Abelian case we expect that the mirror map exchanges an appropriately 

defined Higgs and Coulomb branches. However, since in the non-Abelian theories we 

expect in general that superpotentials will be generated, the analysis of the previous 

section has to be modified. The full details of these modifications remain to be uncovered. 

The SL(2, Z) transformation suggests that the mirror map exchanges the FI and mass 
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parameters of the A-model with the mass and FI parameters of the B-model 

r r (r m·- m- 1 = · ~ ~- ~ ' i = 1, ... , N1 - 1, 

i = 1, ... , N1 - 1, 

where me is the average of the complex mass parameters of the A-model. 

4 Breaking N = 4 by a superpotential 

(3.3) 

(3.4) 

Mirror symmetry in three-dimensional N = 4 gauge theories have been studied in [3, 6] 

based on quiver diagrams. In this section we study mirror N = 2 gauge theories which 

are obtained from these N = 4 by breaking half of the supersymmetry due to a vanishing 

superpotential. 

4.1 A-Model 

Consider the brane configuration in figure 2, with one NS 5-brane with coordinates 

(x0x 1x 2x 3 x 8x 9
), N1 Dirichlet 5-branes with coordinates (x0x 1x 2x 3x 4x 5

) and Nc Dirichlet 

3-branes with coordinates (x 0x 1x 2x 3 ). The coordinate x 3 is compactified on a circle. In the 

long distance limit, world volume theory of the D3 branes is that of N = 2 supersymmetric 

theory with U(Nc) gauge group, Nf pairs of chiral multiplets in the fundamental and the 

dual representations, and three massless chiral multiplets in the adjoint representation. 

Two extra adjoint chiral multiplets arise from the compactification of the coordinate x 3 

on a circle. They will be denoted by A, A. The N = 4 supersymmetry is broken to N = 2 

since the superpotential vanishes. In order to see that the Yukawa coupling in theN= 4 

superpotential vanishes we list, as before, the fields, parameters and charges. 

U(1)4,s U(1 )s,9 

i.p,CT 0 0 
q> 0 2 

Qi, Qi 0 1 i = 1, ... ,N1 ( 4.1) 

A, A 1 0 
m~ 

~ 
0 0 i = 1, ... ,NJ 

mi 2 0 i = 1, ... ,N1 

Indeed the Yukawa coupling term Q4>Q does not carry the correct U(1) charges and 

therefore is absent in the superpotential, thus breaking the N = 4 supersymmetry to 
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Figure 8: Brane configuration of the B-model obtained by SL(2, Z) transformation of 

figure 2. 

N = 2. Since we have only one NS 5-brane, the FI parameters associated with the U(1) 
factor in the gauge group vanishes. Note also that there are really only Nf - 1 mass 

parameters, since one linear combination can be shifted by shifting r.p, <I>. The mass of the 

adjoint chiral multiplets is zero by construction. 

4.2 B-Model 

Performing an S L(2, Z) on the configuration of figure 2 we get the configuration of 

figure 8. 

The list of the fields, parameters and charges reads now 

U(1)4,s U(1)s,9 

'Pi' O'i 0 0 i = 1, ... ,N1 

<I>i 0 2 i = 1, ... ,Nf 
( 4.2) 

Q,Q 0 1 

bi,i+l' bi+l,i 1 0 i = 1, ... ,N1 

(f, (i 0EB2 OEBO i = 1, ... ,Nf -1 

where by bN1 ,N1+1 we mean bN1 ,1 . There are no mass parameters in the B-moder since 

they can all be set to zero by shifting 'Pi, <I>i. Note also that there are only N1 - 1 FI 

parameters since the sum of them vanishes '2:~1 (f = '2:~1 (i = 0. This corresponds to 

16 



the fact that the mass of the adjoint chiral multiplets in the A-model is zero. The B-model 

has a tree level superpotential containing terms biPb and terms QQbb. In addition, there 

will in general be nonperturbative corrections to the superpotential. The precise form of 

these corrections is not known, and this obstructs a more detailed check of the mirror 

symmetry. 

According to the SL(2, Z) duality, the mirror map between the mass parameters of 

the A-model and the Fl parameters of the B-model takes the form· 

r r (r m· -m. 1 = . t t- t i = 1, ... ,N1 -1. 

r 

(4.3) 

The above construction of mirror pairs generalizes in a straightforward way to all the 

mirror quiver diagrams of N = 4 gauge theories that were discussed in [6]. 

5 Comments on N = 2 Theories 

5.1 Duality in Three Dimensions 

In [1] a duality between U(Nc) and U(NJ- Nc) N = 1 gauge theories in four dimen

sions has been studied. Upon T-duality in x3
, the same brane configurations can be used 

to study a similar duality in three dimensions. As an example, consider the brane config

uration in figure 1 with one D3 brane and two D5 branes. It describes in the coordinates 

(x0 x 1 x 2
) N = 2 U(1) gauge theory with two pairs of chiral multiplets in the fundamental 

representation. Moving the NS 5-brane through the D5 branes using [5] and around the 

NS' 5-brane we get the configuration of figure 9, which describes a U(1) gauge theory with 

two pairs of chiral multiplets in the fundamental and the dual representations ( qi, qi) , a 

meson M} and a superpotential W = M}qiqi. 

The complex dimension of the Higgs branch of the theory we ended with is four while 

that of the original theory is three. The U ( 1) gauge theories in three dimensions do not 

have monopoles and therefore there are no instanton corrections. Also we do not expect 

any strong dynamics that will generate a superpotential [11]. It is easy to see that a non 

perturbative generation of a superpotential is also forbidden by the U(1) symmetries (3.1). 

Therefore, the classical counting of the dimensions of the Higgs branches is valid quantum 

mechanically. This suggests that the duality between N = 1 U(Nc) and U(NJ- Nc) gauge 

theories in four dimensions [1] is not valid in three dimensions. 
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NS' NS 

Figure 9: Brane configuration for anN= 2 U(1) gauge theory with two flavours, a meson 

and a superpotential. 

5.2 Superpotentials and Open D-String Instantons 

It has been argued that nonperturbative dynamics of supersymmetric gauge theories in 

three dimensions is controlled by instantons [11]. In this section we will study instantons 

from string theory viewpoint and analyze their contribution to the superpotential. In three 

dimensions the instanton carries a magnetic charge. The magnetic charge is mediated by 

the scalar dual to the photon f7 [12]. The instantons from the 'string theory viewpoint are 

the D-strings that end on the D3 branes[5, 6]. The boundary of aD-string is the worldline 

of a magnetic monopole in the D3 brane [13]. To break half of the supersymmetry, it must 

be holomorphically embedded [14], which in this case means being fiat and orthogonally 

intersecting other branes. To qualify as an instanton configuration for the effective three 

dimensional theory, the D-string world volume must be Euclidean and compact. Therefore 

it must be bounded on all sides. 

One such instanton is illustrated in figure 10, a D-string stretched (shaded region) 

between parallel pairs of D3 and NS 5-branes. They are the SL(2, Z) dual of the open 

string instantons of [15, 14]. Here we consider a generic point in the Coulomb branch 

of the moduli space, so the U(Nc) gauge group on the D3 worldvolume is broken to 

its maximal Abelian subgroup. The c.p's are the VEV's of the expectation values of the 

scalars in the vector multiplets. They also parameterize the positions of the D3 branes 

in the x 3 direction. We use the convention that 'Pi > 'Pi+I. A monopole of charge 

(n1, n2- n1, n3- n2 ... , nNc-1- nNc-2, -nNc-1) with respect to the unbroken U(1)'s can 

be thought of as a multi-monopole solution m~de up of ni fundamental monopoles of the 

i-th type. The latter have charges 1 and -1 with respect to the i-th and (i+1)-th U(1) 

respectively and 0 for the rest [16]. This has a straightforward interpretation in string 

18 



I 
I 

I 
D-string I 

I 
<i'i 

I 
I <i'i+1 

I 

t I 
I 

NS 03 NS' 

Figure 10: Open D-string instanton generation of a superpotential. 

theory. The i-th fundamental open D-string instanton is represented by the shaded area 

in figure 10. More general instanton configuration are just combination of this type. 

The instanton contributions-to the path integral take the form of K'e-So-iu [12], where 

K' is a factor that includes the one loop determinant and So is the classical action for 

the instanton background S0 "" -:;. a- is the dual to the photon of the unbroken U ( 1). 
It emerges from field theory after summing the instantons in the dilute instanton gas 

approximation [12, 7]. It is also expected by holomorphy arguments. All these have a 

counterpart in string theory language. 

Naturally, instanton corrections in string theory come in the form of 

f{ e-So-string (5.1) 

where K is a factor that includes the one-loop determinant of the massive fields on the 

D-string worldsheet, and So-string is the D-string worldsheet action. This action contains 

two pieces: 

So= SNambu-Goto + i { A· dX, (5.2) 
}boundary 

The N ambu-Goto action simply yields the area of the Euclidean D-string divided by the 

tension of the D-string [6]. Thus 

(5.3) 

where we used the relation between the three dimensional gauge coupling e, the string 

coupling 9st and the distance r between the NS 5-branes in the x6 direction: -\- = ...!..... 
e 9st 

In addition, there is the contribution from the boundary of the D-string. It couples 

to the electric and magnetic gauge potential on the D5 and D3 branes with coupling 
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constants g of the respective theories. The former is not dynamical but the latter is 

important. Denote the magnetic and electric gauge potentials and field strengths by 

tilded and untilded symbols respectively, then 

(5.4) 

where i, j, k take value among 0, 1, 2. Applying SL(2, Z) to the discussion in [5], one 

deduces that when a D3 brane ends on two NS 5-branes, the magnetic gauge field vanishes 

in the effective three dimensional theory but A6 survives. Equation (5.4) now reads 

(5.5) 

Thus 9stA6 = e2
0" is the dual of the photon. The contribution of the second term in (5.4) 

1s now 

r .A . dx = O"i - O"i+l 
}boundary 

Therefore the correction from such an instanton is proportional to 

Z 
'Pi . 

i = 2 + ZO"i, 
e 

(5.6) 

(5.7) 

ih agreement with field theoretic expectation. Note that SNambu-Goto is insensitive to the 

orientation of the D-string but the i<J" term is. For anti-(D-string)instanton it changes sign 

so an anti-instanton correction is anti-holomorphic. Note also that the factor J{ cannot 

have any dependence on the fields Z. 

The instantons, being BPS objects, break one half of the N =2 supersymmetry. This 

is consistent with the stringy interpretation as the D-string configuration in figure 10 

, breaks by a further half the supersymmetry preserved by the the NS5-D3-NS'5 config

uration. This yields two zero modes. By the Callias index theorem [8, 16] the index of 

the Dirac operator for the gauginos is precisely two only for the fundamental monopoles 

considered above. Since we have only two fermionic zero modes the instantons correct the 

superpotential. Thus, only the fundamental monopoles contribute to the superpotential: 

Nc-1 

Wdyn = J{ L eZi+l-Zi . 

i=l 

(5.8) 

This result has been derived in [17] by considering M-theory on a Calabi-Yau 4-fold. 

The above procedure can be applied to gauge theories that include matter. In such 

cases we get extra fermionic zero modes, which in the string theory framework arise from 

the D5 branes intersecting the D-string worldsheet at a point. 
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