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ABSTRACT OF THE DISSERTATION

Spectral Inference for High-Dimensional Time Series

by

Chi Zhang

Doctor of Philosophy in Mathematics

University of California San Diego, 2025

Professor Danna Zhang, Chair

Spectral analysis is a central tool in the study of time series, yet much of the estab-
lished distributional theory for spectral density estimation is limited to low-dimensional
settings. Modern applications frequently involve high-dimensional data, nonlinear dynam-
ics, and non-Gaussian distributions, for which existing asymptotic results are inadequate.
This dissertation develops a comprehensive inference framework for spectral density esti-
mation in high-dimensional time series. The theory provides distributional approximations
that hold across different dimensions and frequencies, thereby enabling principled inference
in complex dependence structures. To support practical implementation, two distinct

resampling methods are introduced and rigorously justified, offering broadly applicable
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procedures for high-dimensional spectral inference.

Complementing this work, the dissertation also develops new probabilistic tools for
analyzing quadratic forms in independent random variables with heavy-tailed distributions.
Classical probability and moment inequalities for quadratic forms typically assume sub-
exponential or exponential tails, which exclude many realistic data-generating mechanisms.
To address this gap, we derive a sharp Nagaev-type tail probability inequality and a
Rosenthal-type moment inequality that apply under only polynomial moment assumptions.
These results substantially broaden the theoretical foundations available for studying
second-order statistics in the presence of fat tails.

Taken together, the contributions of this dissertation advance both the methodology
and theory of modern statistical inference. On the one hand, they establish a distributional
theory and resampling framework for spectral analysis in high-dimensional time series.
On the other, they provide new probability and moment inequalities for quadratic forms
under weak moment conditions. The combined results offer versatile tools for analyzing
high-dimensional and heavy-tailed data, thereby addressing fundamental challenges in

contemporary statistics.
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Chapter 1

Spectral Inference for High Dimen-
sional Time Series

Abstract: Spectral analysis plays a fundamental role in the study of time series.
While there is a well-developed asymptotic theory for spectral density estimate in low-
dimensional cases, a corresponding distributional theory for high-dimensional time series
is still lacking. This paper aims to fill this gap by introducing a comprehensive inference
theory for the spectral density estimate of high-dimensional time series with possibly
nonlinear generating systems and non-Gaussian distributions. Our result is built across
different dimensions and frequencies and can serve as a versatile tool for addressing
various time series inference challenges. Additionally, we present two distinct resampling
methods aimed at practical implementation of high- dimensional spectral inference, each
accompanied by a theoretical justification of its validity.

Key words: Asymptotic distribution, high dimensional time series, resampling,

simultaneous inference, spectral density.

1.1 Introduction

The information era has witnessed an explosion in the collection of high-dimensional
time series data across a wide range of areas. Spectral density, as an adequate description

of serial auto- and cross-correlation in the frequency domain, plays an essential role in



helping understanding the dynamics in serially correlated data without necessarily needing
to develop complex parametric models in high dimensions. It has been widely applied in
measuring dynamic co-movement of multiple economic time series [44], detecting functional
brain network connectivity in neuroscience [41], [7], and investigating multichannel event-
related potentials in cognitive science [29]. Besides, it is a powerful tool for waveform
analysis in geophysics [8], wave analysis in oceanography [47], [39], signal analysis in weather
radar [101], flow analysis in transportation engineering [92], climate oscillation analysis
[38] and studies in many other disciplines. Accurate estimation of the spectral density
matrix is also a crucial problem in methodological studies. For example, spectral and
cross-spectral density estimates can be used in linear prediction of vector-valued stationary
processes [78], parameter estimation of generalized least squares type for dynamic models
[43], [76], instrumental variable estimation of general linear systems [77], and estimation of
generalized dynamic factor models [35], [36]. Also, it permits optimal linear interpolation
of multiple missing values in multivariate time series [63].

To fix the idea, for p € NT and stationary process X; € R?, let
['(k) = (D (k)7 j=1 = Cov(Xo, Xi)

be the autocovariance matrix function. For all 1 < 4,5 < p, assume ), , |I';;(k)| < oo.

The spectral density matrix function is defined by
1 —ukO
F(0) = gy Zf(k)e , where ¢ = v/—1.

Properties of spectral estimates have been extensively explored for one dimensional
stationary processes in many classical time series textbooks; see, for example [2], [71],
[81], [15], [14] among others. See also [87] and [59] for more references. Without loss

of generality, we assume EX; = 0 throughout the paper. It is well known that the



matrix-valued periodogram

N 1 T T
GT(Q) - 2’/T_T ( Z Xte_‘w) ( Z XJ@Lw)
t=1 t=1

is an asymptotically unbiased but inconsistent estimator of F'(#). Consistent estimators of
the spectral density function can be obtained by tapering the autocovariance estimator
or equivalently by smoothing the periodogram. One natural choice is Welch’s [102]

non-overlapped segment averaging spectral density estimator given by

R 1 T/B

FO) =57 ( Z Xe*”")( Z X[ et (1.1.1)

=1 t=(r—1)B+1 (r—1)B+1

where B = o(T) is the window size and for notational convenience it is assumed that
T is divisible by B; see [44], [71], [66] for more lag-window type variants using different
smoothing functions.

In this work, we shall consider a general framework of high-dimensional stationary

processes of a causal form
X =G(F) = Xy, Xop) T, (1.1.2)

where F; = (g4,&4-1,-..), &, t € Z, are i.i.d. random elements, G(-) = (g1(-),...,g,(*))" is
an RP-valued measurable function such that X; = G(F;) is a well-defined random vector.
In the univariate case where p = 1, framework (1.1.2) provides a natural paradigm for
both linear and nonlinear time series models and represents a huge class of stationary
processes which appear frequently in practice; see [103], [79], [72], [97], [106] among many
others. Estimation and inference theory on spectral density has been well developed
by [87] and [59] in the one dimensional case and [109] in the multivariate case. By

allowing the data-generating function to be RP-valued where p may diverge to infinity,



it extends a large number of existing low dimensional stationary processes into their
high-dimensional counterparts in a natural way; see [20], [108] and [113] for examples.
In the high-dimensional case, [95], [34] and [114] concerned the convergence of spectral
density matrix estimates under different moment and dependence assumptions on the
underlying process. [83] established the convergence in distribution of the maximum
sample coherence for Gaussian time series to the Gumbel distribution under the high-
dimensional regime when B = O(T”) for some 0 < p < 1 and p/B — ¢ for some constant
¢ € (0,00). It is still an open problem on how to perform simultaneous inference of spectral
density matrix for high-dimensional non-Gaussian time series. The main goal of this
paper is to develop a comprehensive distributional theory for the high-dimensional spectral
density estimate. In particular, we shall establish the asymptotic normality for point-wise
inference and a Gaussian approximation result for simultaneous inference. We take into
account all of the following features that may arise in real-world applications involving
time series data: (i) possibly nonlinear generating system, (ii) temporal dependence and
cross-sectional dependence, (iii) high-dimensional data and (iv) non-Gaussian distribution.
As another important contribution, we introduce two practical implementation approaches
for simultaneous inference of high-dimensional spectral density matrix: one is Gaussian
multiplier resampling method and another is subsampling. There has been an extensive
study on resampling methods for low dimensional time series including the widely used
moving block bootstrap [54], [58] and subsampling [68], [42]. The validity of these methods
in high dimensions is still unknown. In the recent decade, Gaussian multiplier boostrap
was introduced in [22] for high-dimensional mean vector inference. As an extension,
[115] proposed a blockwise multiplier bootstrap. We shall provide rigorous theoretical
justification on resampling approaches to infer spectral density for high-dimensional time
series.

The paper is organized as follows. In Section 1.2, we introduce the functional

dependence measures for high-dimensional time series and establish the convergence



and point-wise asymptotic normality of spectral estimates. In Section 1.3, we study
simultaneous inference of spectral density by establishing a Gaussian approximation result
for the maximum deviation of the spectral density estimate over dimensions and frequencies,
which could be used to tackle a variety of time series inference problems. We also introduce
resampling methods to perform statistical inference in practice and provide theoretical
justification on the validity. In Section 1.4, we discuss potential extensions of our results.
Section 1.6 presents a simulation study and real data analysis. In Section 1.5, we discuss
in more detail the generalization of the results in Section 1.4.1. The proofs of the main
results are provided in Section 1.7 and part of the proofs are relegated to the Appendix.

We first introduce some notation. For a random variable X and ¢ > 1, we define
| X1, = (E|X]9)Y/9. Denote the operator Ey with Eo(X) := X —EX. Define the projection
operators Py = E(-|F;) —E(:|F;_;) and Pt = E(-|F*) —E(-|F*), where F; = (g4, &1, - -.)
and F' = (g4, &411,...). For a complex number a € C, denote the real and imaginary
part of a as Re(a) and Im(a) respectively. For a matrix A = (a;;);; € C™*", define
the element-wise ¢, norm |A|s, = max;; |a;j|. Denote the transpose of A as AT and
the conjugate transpose of A as A”. For two real numbers, set x V y = max(z,y) and
x Ay =min(z,y). We use C,Cy,Cy, -+ to denote positive constants whose values may
differ from place to place. A constant with a symbolic subscript is used to emphasize the
dependence of the value on the subscript. Throughout the paper, we use r, s,t to denote

time indexes and use 7, j, h, [ to denote dimension indexes.

1.2 Consistency and Asymptotic Normality of
Spectral Estimate

To develop an asymptotic theory for spectral estimates, we need to introduce
appropriate dependence measures. Assume that maxi<;<, || X3, < oo for some ¢ > 2.

Following the idea in [106], for ¢ > 0 and 1 < j < p, we define functional dependence



measure

5t,q,j = ng(fft,&ft,b .. ) — gj(€t7 e ,81,58,8,1, .. ')HQ7 (121)

where € is an i.i.d. copy of €g. We can observe that d; , ; measures the distance between the
original process X;; = g;(€4,€1-1,...) and the decoupled process g;(e, ..., €1,€5,6-1,...)
with g replaced by € and other innovations kept the same. Thus, it quantifies the effect
of the innovation vector &y on the process (X;;), which can be interpreted as a possibly
nonlinear impulse response function. In this sense, we call ¢; 4 ; the dependence measure for
the j-th component process (X.;) at lag ¢ and moment order ¢q. By convention, d;,; = 0 for
t < 0. For high-dimensional time series, it is challenging to depict the dependence structure,
because both the temporal and the cross-sectional dependence need to be concerned. A
main advantage of the representation (1.2.1) is that it lets us define physically meaningful
and easily workable dependence measures, even for high-dimensional cases. Apparently,
0t 4,; measures the temporal dependence at lag t. As each component X;; is dependent on
the p-variate vectors Xy 1, X;_o,..., 04,  incorporates the cross-sectional dependence as
well.

Equipped with the dependence measures (1.2.1), we define the ¢-th dependence

adjusted moment: assume that there exists some constant p € (0,1) such that
o0
m>0
- t=m

Here a geometric moment contracting (GMC) condition is imposed on the cumulative
(tail) dependence measure A, ,; = > .~ & ,; by noting that A, ,; < || X, - p™ for
all m > 0. We can interpret the quantity ||X ;||, as the ¢g-th moment of the component
process (X.;) by taking dependence into account. Elementary calculations show that, if
Xij, t € Z, are i.i.d., then || Xy, < [| X4 < 2]|X4]l4, suggesting that the dependence

adjusted moment is equivalent to the classical £9 moment for the independent case. For



high-dimensional time series, it could happen that the quantity ||X ||, may be expressed
as a function of p and may increase with p. In the following examples, we work out a
bound for the dependence measure of high-dimensional time series. This is a key step in

applying our theorems.

Example 1 (High Dimensional Linear Processes). Let e, = (eu,...,61), t € Z, be
i.1.d innovation vectors, where g, are i.i.d. random variables with mean 0 and p, =
lewilly < oo for some q > 2. Let Ay, k > 0, be p X p real coefficient matrices such that
o tr(AgA)) < oo. By Kolmogorov’s three-series theorem, the p-dimensional linear

process

X =Y Aers (1.2.3)
k=0

is well-defined. Many researchers have worked on this model recently; see for example, [11],
[12], [52], [57], [21] among others. It includes the vector AR processes [90], [94], [98], [33]
and MA processes [73], [61], [15]. Denote the (3, j')-th entry of Ay by Ay ;;r. We assume that
there exist some 0 < p <1 and 0 < K, < 0o such that maxi<j<, (35 _; A7 ;)"? < Kppf

for allt > 0. By Theorem 2.1 of [74], we can obtain

p
Orag = 1D Avjir(eoy — )l < VangKpp"

i'=1
Example 2 (High dimensional autoregressive conditional heteroskedasticity models). We
consider the vector ARCH process X; = (X1, ..., Xyp) " with

th = €tj(aj + Xt—zlAthfl)l/27 .7 = 17 ct 7p7 (124)

where € are i.i.d. random variables with mean 0 and i, = ||&4llq < 0o for some ¢ > 2,
a; are positive constants, and A; are p X p nonnegative-definite matrices with the spectral

norms denoted by \; = ||A;||2. Denote e, = (e, ..., e1) and Xy = f(Xi—1,&:). Since for



any X,Y € RP,
(a; + X TA; XY — (a; + YTAY)Y22 <\ |IX — YIS (1.2.5)

it follows that

F(X.e) = F(YVia)le < O Nel) 21X = Yo

J=1

Assume that p == [|(3_7_, Ae)2lq < 1. Denote
p
Ko = 103 aied) ?lly = 170,20l

=1

By the arguments for Theorem 2 in [107], the recursion (1.2.4) admits a stationary solution

Xy =g(e,e4-1,...). By (1.2.4) and (1.2.5), we can compute the dependence measure

Otgg < HqKpgv Ajpt/(l —p).

Before proceeding, we state the main assumption required in studying the asymp-

totic properties of the spectral density estimator (1.1.1).

Assumption 1. There exists some constant o > 0 such that
1 X jllge == sup g~ (| X lq < oo.
q=>2

Denote || X[y, = maxi<j<p [| Xl -

In Assumption 1, it is assumed that X;; has finite moment with any order. For
a >0, || Xy, is interpreted as the dependence adjusted exponential type norm for the
j-th component process and ||X.||y, is interpreted as the uniform dependence adjusted
norm by taking the maximum over all the component processes, which accounts for high

dimensionality. By this definition, if X;;, t € Z, are i.i.d., || X .||y, is equivalent to the



classical sub-Gaussian norm when a = 1/2 or sub-exponential norm when o = 1, due
to the equivalence of || X,;||, and || X;||;- The parameter o measures how fast ||.X,l,
increases with ¢. With this assumption, we are able to deal with tails which are heavier
than Gaussian tails: the larger « is, the heavier the tail is. It is worth noting that
Assumption 1 imposes some additional restrictions on the underlying process, even when
the innovation has finite moments of all orders. These restrictions are characterized
by the parameter «, which quantifies the rate at which the ¢-th dependence-adjusted
norm || X ||, increases with ¢. Specifically, under the setting of Example 1, it requires
pg < ¢ 21— p) K M| X |y, for all 1 < j < p. In the case of Example 2, the condition
becomes K, < ¢*(1 — p)2)\;1/2HX.jH% forall 1 <j <p.

For notational convenience, we assume B is an even integer and B > 4. Define the

set of discrete Fourier frequencies in [0, 7]
©={2kn/B:k=0,1,2,...,(B/2)}.
Theorem 1 below provides a uniform non-asymptotic tail probability bound for

max [F(0) — EF(0)]oo,

the maximum deviation of the spectral estimate from its expectation across different
dimensions and frequencies. Since the process can be nonlinear, non-Gaussian and
high-dimensional, it can be quite involved to derive a tail probability inequality for
maxgce |]/7\ 9) —EF (0)|so- In our framework, equipped with functional dependence measures,
we can have a closed form of the upper bound depending on the sample size T', window

size B, dimension p, parameter o and dependence adjusted norm ||.X.||,,.

Theorem 1. Let Assumption 1 be satisfied for some o > 0. Then there exists some



constant C,, such that for any x > 0,

~ o~ I.CE 20414,1
2 v
P(I&aédF(Q) EF(0)|o > I) < Bp® -exp [ C’a(\/_“ ||12p ) } (1.2.6)

Remark 1. It is worth mentioning that the result in Theorem 1 also applies to the uniform
deviation for 6 over the real line. In fact, for a trigonometric polynomial of order B, we

can bound the uniform deviation by taking the mazximum over a fine grid, i.e., by Theorem

7.28 in Ch. X of [117], for B' = 4B and 0}, = 27k/B’,

max |F(0) — EF(0)|s < 2 max |F(6}) — EF(0})|.

0eR 0<k<B’

Remark 2. A closely related result to our Theorem 1 is Theorem 3.1 in [34], which
presented a tail probability inequality for smoothed periodogram under finite sub-exponential
moment. Our requirement and availability are significantly different from theirs. Firstly,
we are able to deal with a wide class of exponential type tails characterized by o. Moreover,
based on (1.2.6), we can obtain

~ ~ B
_ _ 2/ 2a+1
max |F(0) —EF(0)|e = Op<||X.Hwa T log (Bp)). (1.2.7)

If |1 X |lge <1 and B < T¢ for some 0 < ¢ < 1, as a natural requirement of consistency,

we can allow the dimension p to increase exponentially with T, i.e.,
logp = O(T ﬁ),

while [34] allows a narrower range p = O(n®) for some C > 0. Proposition 4.3 of [114]

delivered a probability inequality for lag-window spectral estimates of Gaussian processes:

Tx? Tx )}

P(max@(&) —Eﬁ(0)|oo > 90) < Bp? - exp [— C min <T%’@

na (1.2.8)

10



where ®o = max;<j<, || X ;2. (1.2.8) suggests two types of bounds for the tail probability: a
sub-Gaussian type tail exp(—CTx? /B®3) and a sub-exponential type tail exp(—CTz/B®3).
Our result concerns the tails heavier than Gaussian tails and the probability bound is thus
less sharper than the Gaussian case. In view of (1.2.7), the error rate is non-decreasing
with o, p and the dependence adjusted norm || X.||y,. In other words, the rate is less
sharper when the process has a heavier tail, higher dimension and stronger dependence.
We also note that Theorem 4.1 in [114] established a concentration bound on spectral
density estimators for high-dimensional and locally stationary process, assuming finite
polynomial moment. Specifically, we revise the component-wise dependence measure in

(1.2.1) and define the Lo, dependence measure as
W g = |HG(€t,€t,1, .. ) — G(gt, ..., 81, 83,8,1, .. )|00Hq (129)

We further assume that ||| X.|scllq = SUP,s0 ™ D pom Wi < 00 for some 0 < p < 1.

Under the stationarity assumption and with ¢ > 4, Theorem 6.1 in [114] yields

P(max|F(9) - EF ()| > 2)

T 1—q/2 BQ/Q(l \Vi logp)5¢1/4m S{‘ ”q OTJIQ
< < |lgq 2 . _
= 14/2 + Bp® - exp ( 3 > (1.2.10)

This result, a Nagaev-type inequality, provides two types of bounds on the tail probability:
a polynomial tail bound and a sub-Gaussian type tail bound. By comparison, our result
involves only one term when assuming a general exponential-type tail quantified by || X. ||y, -
In Section 1.4.1, we discuss an extension to the case with polynomial decayed dependence

measures, as explored in [11/).

Remark 3. An alternative estimator of F(0), which is applicable when the mean E(X}) is

11



unknown, is the sample-mean-adjusted version given by

i 1 T/B rB rB
FO)= 5= ( Y- X)e_Lw) x ( Y- X)TeLw), (1.2.11)
(R t=(r—1)B+1 t=(r—1)B+1

where X =TS X,

Obviously F(0) = F(0) for 0 € © but 0 # 0, since Z:f(rfl)BH e =0. If0 =0, we
can obtain |F(0) — F(0)|s < B|IX|%, while for 0 € ©, |F(0) — F(0)|se < B|X]o0| X (6)]o0,
where X (0) = TS, X;e=*. Applying Theorem 3 in [108] to X and X (0), and using
the Bonferroni technique, we can conclude that the difference |F(6) — ﬁ(0)|oo is negligible

and Theorem 1 also holds for F(6).
In Proposition 2, we concern the bias of the spectral estimate.

Proposition 2. Denote @3 = maxi<j<, || Xj|l2. Then we have

max IEF(0) — F(0)| < B™'®2. (1.2.12)
€

We can select the window size B by considering a trade-off between the stochastic
deviation bound in (1.2.7) and the bias order provided in Proposition 2. For example, if ®,
and || X ||y, are both of a constant order, to minimize the rate /B/T log***!(Bp) + B!,

it is suggested that

B = ( o +2T )1/3.
log™™(pVv T)
The order of the best B is analytically expressed in terms of the sample size T, the
dimension p and the parameter a.
To perform statistical inference of spectral density, one shall establish the distribu-
tional theory of the spectral estimate. Theorem 3 below focuses on the joint convergence

of two arbitrary entries in F'(f).

12



Theorem 3. Denote &, = maxi<j<, || Xj|a. Assume B/T — 0 and ®j(log B)/B — 0.
Take any 0,0" € © and any 1 < 4,75, h,l < p. Then there exists some bivariate (complex)

normal random variable € = (£;;(0),&m(0')) 7 such that

T  Fi(6) —EF;(6) ‘
5| - R —-£—0.
Fu(0") —EF,(0)
(i) If 0 = 0" € (0,m), &€ = (&;(0),&u(0))" is a bivariate complex normal distribution with

mean 0, covariance matriz

Fa(0)F;;(0) Fu(0)Fy(0) )
E(ge) = (0)F;(0) (0)F1;(0) sy
Fri(0)F5(0)  Fun(0)F3u(0)

and relation matriz (a.k.a. pseudo-covariance matriz)

F2(0 Fa(0)Fiy(0) )
peer— [ O RORO) L
FuO)Fiy(6)  F3(0)

(i) If 0 = 0" =0 or w, € is a bivariate normal distribution with mean 0 and covariance

matriz
BE(¢€") = %1 + X,
(iii) If 0 # 0, &;(0) and (@) are independent (complex) normal distributions. In

particular, the off-diagonals in matrices E(€€7) and E(EET) are all 0.

Theorem 3 covers all possible cases for the asymptotic joint behavior of two (cross-
)spectral density estimates ]?’ij(Q) and Fj(#'). By (i) and (i), the covariance matrix (as
well as the pseudo-covariance matrix for complex-valued spectral estimates) of the two

at the same frequency is fully characterized by the entries of F'(#), which will further be
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used in performing simultaneous inference of spectral density in Section 1.3. Result (iii)
suggests the asymptotic independence of spectral density estimates at different frequencies.
By Proposition 2, with the bias concerned, we can replace EE]-(H) with F;;(#) in the
statement of Theorem 3 under the additional condition T®3 = o(B?),

By considering the marginal case of the joint convergence, we can study the limiting
distribution of Ej(H), the estimator of each cross spectral density. We represent the
limiting distribution of \/T/B(F;;(0) — EF,;(0)) as &;(0) = Re(&;(0)) 4 tim(&;(0)). By
Theorem 3 (i), for 6 € (0, 7), we can conclude (Re(&;;(6)),Im(&;(0)))" is a bivariate normal
distribution with mean 0. Looking into the diagonals of the covariance matrices, we can

get the variance of the real part and imaginary part as follows

Var(Re(6,(6) = 5 Ful6) 5 (6) + 5Re(FA(6)), (1.2.13)
Var(im(&, (6)) = S (0)F (0) — SRe(F(6)). (12.14)
Cov(Re(, (0). Im(&,,(0)) = Sm(F3(0)). (1215)

while Theorem 3 (ii) implies &;(0) = N(0, F;(0) + Fs(6)Fj;(0)) if @ = 0 or m. This result
agrees with Theorem 3 in [109] for the single cross spectral estimate and agrees with
Theorem 2 in [59] for the real-valued spectrum estimate by letting i = j. The central
limit theorem of the spectral estimate is highly non-trivial even for the special case of
one dimensional time series. Many previous results require restrictive conditions on the
underlying process such as linear processes [2], strong mixing conditions [80] and Gaussian
processes [10]. Our framework covers a wide class of possibly nonlinear stationary processes
and our conditions involving functional dependence measures can be easily verified. In

addition, we impose a mild moment condition to deal with non-Gaussian data.
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1.3 Simultaneous Inference of Spectral Density

In this section, we shall consider the simultaneous inference of the spectral density
matrix for high-dimensional time series. In the one dimensional case, the distribution
of maxyeo |Z3(9) — F(0)| or the discretized version maxgece ]F\(G) — F(6)| allows one
to construct the confidence band of F(#) or conduct a parametric specification test for
F(0). Gumbel convergence of this maximum deviation has been established by earlier
work. For example, in the one dimensional case, [104] dealt with linear processes and [85]
worked on Gaussian processes. Under the framework of (1.1.2) with p = 1, [59] derived
the asymptotic distribution of the maximum deviation for the spectral density estimate
and it was generalized to the multivariate case by [109] concerning the cross-spectral
density. [83] considered the asymptotic distribution of the maximum sample coherence
for Gaussian time series under the high-dimensional regime when B = O(T”) for some
0 < p<1andp/B — c for some constant ¢ € (0,00). There is little investigation on the
simultaneous inference of spectral density for non-Gaussian processes with a possibly ultra-
high dimension. In this section, we shall develop an inference theory on high-dimensional

spectral density.

1.3.1 Gaussian Approximation for High Dimensional Spectral
Estimates

Performing simultaneous inference of the high-dimensional spectral density matrix
is a challenging task, especially when the dimension p is comparable to or even greater
than the sample size T. If p can also diverge to infinity, [70] showed that the central
limit theorem will fail for i.i.d. random vectors if v/T = o(p). Classical probability tools
are inadequate for formulating a distribution theory for high-dimensional cases. We
shall consider an alternative form: Gaussian approximation for the largest magnitude

of the entries of the spectral density matrix. The idea of Gaussian approximation for
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high-dimensional random vectors was previously adopted in mean vector inference; see,
for example [113], [22] and [116]. Addressing the spectral density matrix still poses a new
challenge. Firstly, the spectral density matrix exhibits complex-valued off-diagonals (cross-
spectral densities) when p > 1. Secondly, the spectral estimate manifests as a quadratic
form in the time-dependent samples, further complicating the analytical landscape. In
this section, we will address both aspects and formulate a new distribution theory to
facilitate the inference of the spectral density matrix. In particular, we consider two types
of deviation:

F = \/gmaxmax {]Re(ﬁ(Q) — Eﬁ(@))loo, |Im(13(9) - Eﬁ(@)ﬂo@},

0cOe

F = \/fmax |F(0) — EF(0)]o.

B oco

The former separates the real and imaginary parts of each element, while the latter concerns
the maximum modulus of these entries. While it is quite natural to consider the largest
modulus of those complex-valued elements, it is worth mentioning that investigation on
the real and imaginary parts separately of cross-spectral density can be of important use
in many applications. For example, the imaginary part has gained increasing popularity
to identify brain interaction in EEG and MEG connectivity studies [7], [67], [62], [37], [48],
etce.

For the convenience of simultaneous inference, we exclude the two end frequencies

0,7 and consider © = {6, : 6, = 2kw/B,k =1,2,...,(B/2 —1)}. Let vecy(F) € RB-2*

~ ~

be the vectorization of (Re(F(0)),Im(F(0)))gco. We aim to establish a distributional

theory for F' by the idea of Gaussian approximation. In particular, denote

T ~
¥ = lim ECOV(VGCO(F)) and Z ~ N(0,X). (1.3.1)

B, T—o0

By Theorem 3, we can work out the expression of each entry in ¥. For 6 € (0,7) and
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arbitrary combination of 4, j, h,l € {1,2,...,p}, it can be computed that

lim - Cov(Re(Fy;(6)), Re(Fiu(6)) = ~Re(Fuu(6)Fiy(6)) + ~Re(Fu(6) Fi(0)),

B, T—00 2 2

Jlim 2 Cov(Im(Fy (), Im(Eu(6)) = SRe(Fa(6)Fy(6)) — SRe(Fu(®)Fy(9))
Jlim - Cov(Im(F,(6)), Re(Fia()) = 3 Im(Fu(6) Fi(8)) + 5Im(Fiu(6)Fy(9)),
Slim —Cov(Re(F;;(0)), Im(Fju(0)) = =Im(Fy(0)Fy;(0)) — %Im(th(&)sz(@))

All the other entries of X are set to be 0 by the asymptotic independence of two spectral
density estimates at different frequencies.
Before proceeding, we state the main assumptions required in studying the distri-

bution of F'.

Assumption 2. There exists some constant ¢c; > 0 such that

Igleiél Fi(0) > ¢ forall1l <i<np.

Assumption 3. There exists some constant co > 0 such that
%ig{ﬂi(e)Fjj(e) — |Re(F2(0))[} = c2 for all 1 <i# j <p.

In view of (1.2.13) and (1.2.14), Assumption 2 and Assumption 3 ensure all the
variances of non-constantly-zero entries in Z are bounded away from 0, where the former
requires non-vanishing spectrum for each component process and the latter accounts for a
lower bound for the asymptotic variances of Re(l/fij(e)) and Im(ﬁj(Q)) when i # j.

In Theorem 4, we shall present the main result for the approximate distribution
on spectral estimate. That is, the distribution of F' or F' can be approximated by its

Gaussian analogue.
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Theorem 4. Let Assumption 1, Assumption 2 and Assumption 3 be satisfied.

For k1 = max{7,2a + 6} and ko = 4o + 4, let

Erpy = (Blog_(Tp)) N (M) . (bgﬂ>

T B

Assume that | X.||7_Erpp — 0. Then it holds that

drpp = sup [P(F < z) = P(|Z] < 2)| S IX.17, 61,55,

zeR
drpp = sup [P(F < z) = P(|Z| < 2)| SIX |3, Er8p,

z€R

where

Z = (Zl, Zayeons Z(BfQ)pz)T

is defined in (1.3.1) and

— 2 2
Z = ( Z2j71 + Z2j)j:1 ..... (B/2—-1)p2°

(1.3.2)

In the low dimensional case when p is a fixed number, the conditions of Theorem 4

are simplified to the very mild requirement B = o(7"/log™ (T')). We can also investigate

how large the dimension p can be allowed for the validity of the Gaussian approximation

result in high dimensions. For example, if | X.||,, < 1, we shall require

logp _ O<min{(%)1/“17B1/H2’B1/5}>

If we choose B =< T* for some 0 < ¢ < 1, p can be allowed to increase exponentially with

the sample size T, i.e., logp = o(T¢) where C' = min{(1 — ¢)/k1,¢/k2,¢/5}.
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We now consider the version centered by F'(#). Define

F* = \/gmaxmax {|Re(ﬁ(9) - F(Q))Ioo, |Im(ﬁ(9) - F(9)>|°°};

0c®

Fr = \/gmax 1F(0) — F(0)]o. (1.3.3)

0cO

By accounting for the bias of F (0), the Gaussian approximation result also holds for F*

and F*; see Corollary 5 below.

Corollary 5. Let the assumptions of Theorem 4 be satisfied. Further assume that

T'log(Bp) |1 XI5,
_>
B3

0. (1.3.4)
Then we have

dr g, = Sup IP(F* < z) —P(|Z]o < )] =0,

J}ﬂp = sgﬂg IP(F* < z)—P(|Z|s < z)| — 0.

Our results in Theorem 4 and Corollary 5 concern the maximum deviation over
all the entries in F (f) and over all the frequencies in ©. In various inference scenarios,
we only need to select a subset of these elements and the asymptotic covariance matrix
32 should also have an adaptively reduced size to account for the variances and pairwise
covariances of elements in the chosen subset. In Section 1.3.2 we provide some examples

as such.

1.3.2 Applications

Our result can be applied to address a variety of time series inference problems.
In hypothesis testing, we can compute the test statistics defined by (1.3.3), where F(6)

is calculated from the sample data, and the plugged-in F'(#) is from the null hypothesis.
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Corollary 5 provides the theoretical guarantee of validity.

An immediate application is to test the spectrum for any component process
marginally, i.e., H : F};(0) = f;(0), for 1 <14 < p, where f;(#) is the hypothesized spectral
density for the component process (X );. In this case, ﬁu(@) is real-valued and only
Assumption 2 is required to ensure a non-vanishing variance of El(G) The two test

statistics are equal

o= y/%max max |F(0) — £:(0)]

0co 1<i<p

and ¥ consists of covariances of EZ(Q) and ﬁ}j(ﬁ) for 1 <i,5,<pand @€ 0.

Moreover, we can provide a new solution to high-dimensional white noise test,
which is used for serial correlation detection of time series. Classical portmanteau-type
tests including [13] and [60] are popular choices in the one dimensional case, and are
well generalized to the multivariate case (e.g., [25], [50]). high-dimensional white noise
tests are developed for linear processes by [55] concerning the sum of squared singular
values of the first few lagged sample autocovariance matrices and for S-mixing processes
by [18] using the maximum absolute auto-correlations and cross-correlations (see [99]
for a similar test statistic formulation). The forementioned tests in the time domain
concern the null hypothesis H : T'(k) = 0, for 1 < k < L, to test for serial correlation
and present the additional problem of selecting the number of lags to be considered,
which does not appear in the frequency domain by stating the null hypothesis in terms
of the spectral density matrix function, namely, H : F(0) = Fy, where Fj consists of
constant-valued entries free of 8. The most common statistics in the one dimensional
case are based on standardized cumulative periodogram; see [6], [40], [31], [32], just
to name a few. With the given Fj inserted in our statistic (1.3.3), our result can be
used to design a new high-dimensional white noise test for a large class of stationary
processes under very mild regularity conditions. To practically select an initial Fj, we

observe that F'(§) = (2r)~'T'(0) if X, is white noise, where I'(0) = Cov (X, X;) denotes
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the covariance matrix of the stationary process. We can refer to existing methods of
consistently estimating the covariance matrix for high-dimensional time series, including
the sample covariance matrix studied in [114], the regularized covariance estimator under
sparse settings in [20], and the robust covariance estimator for fat-tailed processes proposed
in [112).

We can also test for pairwise independence between two component time series.
Unlike the tests based on the cross-correlation function in the time domain (e.g., [46], [53],
[49]), we test H : F};(0) = 0 for fixed i # j. Suppose Assumption 3 holds for the selected

1,7 and let p = 2 in the theory. We shall use the test statistic

By =/ e [Re( B (6). lm( P 0)

or 1:"1’; = /T/B maxyeo |ﬁ”(9)| Our Corollary 5 provides a new criteria for the cross-
spectral density testing.

Spectral analysis has been widely used to detect functional network connectivity;
see [7], [30], [89], [56] and [75] for applications involving neuroimaging data. Denote
the partition of the index set {1,2,...,p} as K disjoint subsets Aj, As,..., Ax with
UK A, ={1,2,...,p}. We can identify disconnected brain regions by testing the joint
independence of the K subset processes (Xy;)iea,, K =1,..., K. That is, the problem is
to consider H : F;;(#) = 0 for any combinations of i € Ay, j € Ay, and 1 < ky # ky < K

with the test statistic

8 [T N
F*=\/—=max max max |F(6)].
B 0€0 1<ki#k:<K i€ Ay, jEAL,
1.3.3 Resampling Methods

To perform statistical inference on high-dimensional spectral density in practice,

given the level 0y € (0, 1), one needs to work out the cut-off value ¢;_g,, the (1—6p)-quantile
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of | Z|os or | Z|s for Z ~ N(0,%). Despite the theoretical advancements on the distribution
approximation of the spectral estimate, practical implementation remains challenging due
to the involvement of unknown covariance matrix 3. In spectral inference, we leverage
the unique feature that the asymptotic covariances of the spectral estimates (1.1.1) can be
entirely expressed through the true spectral densities. Hence, a good estimator of F (0)
with Theorem 1 concerning the convergence of F (0) ensures a good plug-in estimator of X.

In this context, we carry out the implementation of estimating the distribution
of F*. The case of F* can be dealt with in a similar way. By Theorem 3 and looking
into their real and imaginary parts pairwisely, we have the nice property of expressing the
entries in ¥ in terms of the entries in F'(#), as justified in Section 1.3.1. We can implement

a Gaussian multiplier resampling method for spectral inference as follows:

~

1. Given the observations X1,..., X}, estimate F'(0) by F(0).
2. Plug the entries of F (0) into the formula of entries of 3 to obtain 3.

3. Obtain ¢_g,, the conditional (1 — fy)-quantile of |12 Zy| given (X,)Z_,, where Z,

is a standard normal random vector, independent of (X;)L,.

The technique of Gaussian multiplier bootstrap was employed in [22] for high-dimensional
mean vector inference in the independent setting. As an extension, blockwise multiplier
bootstrap was proposed by [115] for M-dependent processes. In particular, to apply
the blockwise multiplier bootstrap for M-dependent processes, the method divides the
sample into consecutive large and small blocks of size N and M, respectively, with
N > M. The statistic over these blocks is then computed and further multiplied by
i.i.d. Gaussian variables to facilitate statistical inference. However, for the general weakly
dependent processes addressed in our paper, selecting appropriate values for N and M
is challenging and introduces additional uncertainty into the inference. Based on our

Gaussian approximation theory for spectral estimates, in which X is specified by entries
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from the true F'(#), directly substituting F (0) to estimate X offers a straightforward
approach by avoiding the need for additional block-size selection.

Theorem 6 is introduced to concern the validity of our approach.

Theorem 6. Let the conditions in Corollary 5 be satisfied. Further assume

B (6%
\/TlogQ (Bp)| Xl — 0. (1.3.5)
Then
sup |P(F* >¢1_g,) — 60| — 0. (1.3.6)
00€(0,1)

If we use F*, it suffices to slightly modify the third step to obtain C1-g,, the

conditional (1 — y)-quantile of | Z |, where
2 == (Zl, ey 2(3,2)p2)—r = 21/2Z0,

Z, is a standard normal random vector, independent of (X;)I_, and

5> =9 72
Z = (M)FL...,(B/%l)pQ'

Another widely employed and effective resampling technique is subsampling, which
constructs the resampling distribution by taking the subsamples of the observations.
It has been commonly used in inferring low dimensional time series. Some pioneering
work includes [68], [42], [88]; see [69] for a comprehensive overview. Despite its intuitive
appeal, there has been relatively limited exploration into the theoretical properties of the
subsampling method in high dimensions. Making an additional noteworthy contribution,
we provide a thorough theoretical justification for the validity of high-dimensional spectral
inference through subsampling. Consequently, we obtain a consistent estimator for the

distribution function of F™*, enabling the implementation of tests and confidence intervals
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based on F™*. To the best of our knowledge, our work is the first to provide theoretical
assurance for high-dimensional spectral inference utilizing subsampling. It is anticipated
that the novel proofs can be adapted to offer theoretical support in other high-dimensional
subsampling problems.

Let M = o(T) be the subsample size and B = o(M) be the window size. Over
each subsample (X, Xyi1,..., Xprar—1), we apply (1.1.1) to estimate the spectral density
matrix, denoted by F(6). Recall F(f) is the estimator over the whole sample X1, ..., X,.

We define

F, = \/gmaxmax {IRe(Fy(0) — F(8))]oo, [IM(EL(6) — F(6))]s0 }-

0cO

For £L =T — M + 1, define the empirical distribution function

Q(z) = %Z 1{F, < z}.

The deviation based on the maximum modulus of spectral densities can be dealt with

similarly with F}; replaced by

- M - -
Fy =\ 5 max |[Fy(0) — F(0)]o.

Theorem 7. Assume that M = o(T') and B = o(M). Let the conditions of Corollary 5 be
satisfied, in which T is replaced by the subsample size M. Further assume the following

conditions are met as B, M, T — oo:

T~'Mlog**°(Bp)||X.||5, — 0 (1.3.7)
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and

B*Mlog*(Bp)|| X.||5,, — 0. (1.3.8)
Then we have

up|Q(r) = P(|1Zl < 2)] 50,

Remark 4. The subsampling approach is also valid for consistent spectral estimates
by other smoothing methods when the asymptotic covariance matrix 3 may not be fully
characterized. For example, with a general lag-window estimator, or estimating the entries
of ﬁ(@) element-wisely using different smoothing functions, the Gaussian approximation
result still holds if the asymptotic variances of the real and imaginary parts of each element
are non-vanishing, but the variances may rely on the smoothing functions in a subtle way
and working out a closed-form of 3 could be highly non-trivial. In such cases, we can

choose to implement subsampling to avoid the estimation of X.

1.4 Extension
1.4.1 Relaxing the Moment and Dependence Conditions

In this section, we shall discuss the generalization of the results in Section 1.2
and Section 1.3 by relaxing the moment and dependence conditions. Specifically, we
assume the existence of the ¢-th moment for some ¢ > 4, as considered by [113] and
[114]. This assumption is weaker than Assumption 1, which requires moments to exist at
all orders. Using the L., dependence measure defined in (1.2.9) and the associated g¢-th

dependence-adjusted norm |||X|w]|4, we can follow the proof of Theorem 6.1 in [114] to
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obtain the tail probability bound for ¢ > 4:

P(max |F(6) — EF(0)| > )

o T BV logp)™ | X ool
,-\_, xQ/Z

CTa? >

4

Using the concentration inequality in (1.4.1) as a replacement for Theorem 1 and applying
Gaussian approximation with finite polynomial moments (cf. Proposition 2.1, case (E.2)
n [24]) as a substitute for Lemma 26, we can employ similar arguments to derive the
Gaussian approximation result and demonstrate the validity of the two resampling methods
under polynomial moment conditions.

While the geometric moment contracting (GMC) condition considered in (1.2.2)
has been widely applied in spectral inference (e.g., [87] and [109]), a more relaxed condition

is polynomial decay, which assumes
1X i llge = Sup (mv 1)~ Zam <00

for some a > 0. In Example 1, for the linear process X; = ZZOZO Arei_i, we assume that

there exist some 8 > 1 and 0 < K, < 0o such that max<;j<,(>5_; A7 ;)"? < K, (tv1)~7

b33’
for any t > 0, where A, ;;; denotes the (j,j’)-th entry of A;. This allows us to bound
Orgg = 12251 Avgyr(eoy — i)llg < CopgKp(t vV 1)7%. Thus, the upper bound of the
dependence measure exhibits polynomial decay with o = § — 1. Essentially, replacing
the original tail cumulative dependence measure of the order p™ with the order m™*
allows all proofs to extend to the case where the dependence measure decays polynomially.
Notably, an additional assumption, maxi<j<, Y joqt2014; < 00, is required to ensure the

summability of fourth-order joint cumulants, while this condition is automatically satisfied

under the geometric decay as stated in Lemma 17.
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1.4.2 Lag-window Estimator of Spectral Density

Next, we discuss the possibility of extending the theory to the general lag-window

estimator, defined as

B
1
=57 Z (k/B)L(k)e (1.4.2)

where /C(+) is a continuous, even and bounded kernel function on [—1, 1] satisfying K(0) = 1,
B = o(T) is the window size, and T'(k) are the sample autocovariance matrices with
T(k)=T"" ZthkH X, 1 X, for k>0 and T'(k) = [(=k)T for k < 0. By an inspection of
the proof for Theorem 1, applying equation (41) of [111] to derive the key step (1.7.4), the
same concentration bound in Theorem 1 applies to the lag-window estimator £'(6).

For the distributional theory, we observe that the separation needs to be larger
than the order B~! to ensure asymptotic uncorrelation of spectral estimates at neighboring
frequencies. This behavior for the lag-window estimator is also supported by Section 6.2.4
n [71], Lemma A.5 in [59] and Lemma A.6 in [109]. Therefore, the covariance matrix
3’ contains many non-zero entries, reflecting the strong correlations at close frequencies,
making it difficult to compute. After verification, our Gaussian approximation results
still hold with 3 = limp 7. %Cov(veco(ﬁ)) and Z ~ N(0,X); however, obtaining a
closed form for all entries of 3 is highly non-trivial. Consequently, while the Gaussian
multiplier resampling method, which relies on explicit computation of 32, is not applicable,

subsampling remains valid.

1.5 Generalization

In this section, we shall show in more detail the generalization of the results in

Section 1.2 and Section 1.3 as discussed in Section 1.4.1.
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1.5.1 Consistency and Asymptotic Normality of Spectral
Estimate
To develop the main theory, we need to revise the dependence measure (1.2.1) and
g-th dependence adjusted moment (1.2.2), along with L., dependence measure defined
in (1.2.9) and the associated ¢-th dependence-adjusted norm |||X.|||,. we define the

component and L., dependence adjusted norms

| X jllg.a =sup(1 Vm®*) Ay g, >0, where A, 5= > 0iq4, (1.5.1)
>0

11X |oollga = su>1())(1 Vm®) Qe >0, where Q,, , = Zwm. (1.5.2)

We use a to depict the decay rate of the cumulative (tail) dependence measure A,, ,; =
Yoo, Orq; by noting that A, < || X j]lga-m ™ for all m > 1. In this sense, it quantifies
the strength of temporal dependence: larger o implies faster decay of tail dependence
measures and thus weaker temporal dependence. We can interpret the quantity || X ;/,.q
as the ¢-th moment of the component process (Xi;)iez by taking dependence into account.
We then define the uniform dependence adjusted norms by taking the maximum over all
the component processes

@y = 18X X,y

Both quantities |||X.|o||q.o and @, are used to account for high dimensionality. They

may be unbounded functions in terms of the dimension p. For d € N, we also define

= max E t5tq]
1<j<p 7

This quantity is quite useful for verifying cumulative summability in our framework.
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Theorem 8 below provides a non-asymptotic bound of the stochastic part

max [F(0) — EF(0)]o

with the existence of finite ¢-th moment of the underlying process and Proposition 9

concerns the bias of F(6).

Theorem 8. Assume H ’X"oqu,a < 00, for some ¢ > 4 and o > 0. Define

p
Tga = log(Bp)|||X[ [, Alog B I1X,112/2)"".
j=1
Then there exist constants C,Cy, Cy o > 0 such that for any x > 0,

P(max |F(0) — EF(0)|w > @)

Lo ) (1.5.3)

< Coar YL T79Vr g + Cp*Bexp ( “ o' B
a*4 o

where Vg = TBY?>7' if a > 1/2 — 2/q and Vg = TBY?7! 4 Ta/4=a/2Ra/4 4f o <
1/2 - 2/q.

Based on (1.5.3), it can be obtained that

max |F(0) — EEF(0)|o = Op(Rr5),

where

VB

Ta+1/2

B
Rrp = (T)l—%ﬁ,a + T Ha<1/2-2/¢} +

We shall briefly discuss how these different parameters affect the error rate. Specifically,
we consider the cases where each component process is balanced with a similar order of

dependence adjusted norm, i.e., || X ||,o <1 for all 1 <j <p. Assume |[||X.|xl/ga < D7

29



for some 0 < 7 < 1/q in view of ||| X |olga < (32—, 1 X112 ). Then Tq < p” log(Bp).
We can observe that Ry p is non-increasing with ¢ and «, and non-decreasing with p
and the dependence norms. As a result, the error rate is less sharper when the data has
a heavier tail, higher dimension and stronger dependence. In particular, two types of
dependency affect the result: temporal dependence characterized by « and cross-sectional
dependence quantified by [||X.|x|/qa. Stronger temporal dependence can increase the
error rate by noting that vBY?2,/T°+1/? is the additional cost for a < 1/2 —2/q and it
decreases with a, while stronger cross-sectional dependence can sharpen the error rate
as T, is increasing with 7. It is noted that that 7 = 0 corresponds to the strongest
cross-sectional dependence, which could happen for strongly linearly correlated component
processes, for example, X;; = a; Xy with C; < |a;| < C; for some constants Cy, Cy > 0. In
this case, it delivers a rate increasing with the dimension p logarithmically. When 7 > 0,
it shows a polynomial increase with p.

We can select the window size B by considering a trade-off between the deviation
bound and the bias order provided in Proposition 9 below. The order of optimal B can
be analytically expressed in terms of various parameters without much difficulty, and the

discussion is thus omitted here.

Proposition 9. Assume @5, < 0o for some a > 0 and ¥y < co. Then we have

max IEF(0) — F(0)| < B @0y + B 100y (1.5.4)
1S o0 ’ ’ ’ ’

Consistent with Theorem 3, we establish the distribution theory of the spectral

estimate in Theorem 10.

Theorem 10. Assume B/T — 0 and

Ep = B~/ I} @, , + BT TF, — 0. (1.5.5)
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Take any 6,0" € © and any 1 < i,7,h,l <p. Then there exists some bivariate (complex)

normal random variable & = (£;;(0), £ (0')) " such that

T | Fy(0) —EF;(0) a
E . - — E — 0.
Fr(0") —EF,(0)
(i) If 0 =0 € (0,7), &= (&;(0),&u(0))" is a bivariate complex normal distribution with

mean 0, covariance matrix

Bl Fq(0)F;;(0) Fn(0)F;(0)
Fri(0)F5(0) Frn(0)Fu(9)

and relation matriz (or pseudo-covariance matriz)

FR0)  Fa(0)F(0)
E(g¢") = ’ ’
Fu(0)Fy;(0) 3 (0)
1 =0"=0 orm, € is a bivariate normal distribution with mean 0 and covariance
If6=60 =0 I3 b [ d b h 0 and

matrix

Fi(0)Fj5(0) + F5(0) Fin(0)F1;(0) + Fu(0) Fr;(0)
Fin(0)F;(0) + Fu(6)F;(9) Fnn(0) Fu(0) + F2(0)

E(EE) =
(iii) If 0 # 0, &;(0) and (@) are independent (complex) normal distributions. In

particular, the off-diagonals in matrices E(€€T) and E(&EET) are all 0.

Similarly, with the bias concerned, we can replace Eﬁ;j(e) with Fj;(0) in the
statement of Theorem 10 under the additional conditions T®y Py, = o(B***!) and

T(I)Q’Q\Ijg’l = O(Bg).
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1.5.2 Gaussian Approximation for High Dimensional Spectral
Estimates

In this section, we shall discuss the results for Gaussian approximation with finite

polynomial moments. Recall the maximum deviation defined in Section 1.3.1

F = \/ggleagmax {|Re(F(8) — EF())], Im(F(0) — EF(6))] }-

Theorem 11 below provides the analogue of Theorem 4, established under finite

polynomial moment conditions. To state Theorem 11, we introduce the following quantities:

Ly = (®40P4.,log(Bp))™*,
Ly = ((B/T)""/*(log(Bp)*[|| X.| |[2.) """,
4

Ry = B((I)4,O(I)4,a log(Bp))_ )

Ry = T'=1BY(1og(Bp))~°|||X.|_||."}

Theorem 11. Let Assumption 2 and Assumption 3 be satisfied. Assume H ‘X. ‘oqua < 00,

for some ¢ > 4 and o > 0. Further assume that

B~ (log(Bp))*®3 , ¥, — 0, (1.5.6)
X || @8 (B/T)'~*/(log(Bp))*(log(Tp))" — 0, (1.5.7)

and
max(Ly, Ly) = o(1) min(Ry, Ry). (1.5.8)
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(i) If « > 1/2 —2/q, then

drp :=sup |P(F <z)—-P(|Z| <z)| = 0. (1.5.9)

zeR

(i) If « < 1/2 —2/q, (1.5.9) holds under the additional condition
T (log(Bp))°||| x| |1, = 0. (1.5.10)

In the low-dimensional case when p is a fixed number, with all the dependence
norms of a constant order, the conditions of Theorem 11 are simplified to the very mild
requirement B = o(T'/(logT)®) for some C' > 0. We can also investigate how large
the dimension p is allowed for the validity of the Gaussian approximation result in high
dimensions. Similarly as discussed in Section 1.3.1, we consider the balanced case where
1 X illge < 1 and ||| X |x|lga < p” for some 7 > 0. In addition, assume that ¥ 5 =< 1.
Elementary but tedious calculations show that the conditions of Theorem 11 first require
logp = o(Bﬁ). Moreover, in the weaker temporal dependence case with aw > 1/2 — 2/q,

if 7 =0, it should further satisfy log p = o(H®") for some 0 < C; < 1, where

(T/B)V/*1a
(log T')“>

for some Cy > 0, and it requires p = o(H7) when 7 > 0. As a result, if we choose
B =0O(T") and T/B = O(T*?) for some 0 < 3,3 < 1, p is allowed to grow at either an
exponential rate (7 = 0) or polynomial rate (7 > 0) as a function of 7" depending on the
moment order ¢, the temporal dependence strength o and the cross-sectional dependence
strength 7. A larger dimension is allowed when the distribution of the process has a
lighter tail (larger ¢), the temporal dependence is weaker (larger o) and the cross-sectional
dependence is stronger (smaller 7). For the case o < 1/2 — 2/q that allows stronger

temporal dependence, it is additionally required that logp = O(TQO‘/ %) when 7 = 0 and
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p=o((T*?/(log T)**)¥/7) when 7 > 0.

Next, we also consider the version centered by F'(f). Define

F* = \/gmaxmax {IRe(F(8) — F(8))|wo, [IM(F(8) — F(6))]o0}- (1.5.11)

0cO

By accounting for the bias of F (0), the Gaussian approximation result also holds for F*;

see Corollary 12 below.

Corollary 12. Let the assumptions of Theorem 11 be satisfied. Further assume that

Dy 0020 T'/%/log(Bp) =~ ®20Ws1T"/?\/log(Bp)
Bo+1/2 + B3/2

— 0. (1.5.12)

Then we have

dy g = sup |[P(F* <x) - P(|Z| < )| — 0.

zeR
1.5.3 Resampling Methods

In this section, we establish the validity of the two resampling methods discussed
in Section 1.3.3 under finite polynomial moment conditions.
Theorem 13 below presents the corresponding result to Theorem 6, establishing

the validity of the resampling method under polynomial moment conditions.

Theorem 13. Let the conditions in Corollary 12 be satisfied. Further assume
R7, 5 ®3 o(log(Bp))* — 0
with

Rip = T WX |2 (log(Bp))? + (B/T)Y?®2  (log(Bp))*/?
+B 7@y 0Py + B0y Uy
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where Vr g is the same as defined in Theorem 8. Then

sup |P(F* > ¢1_q,) — ag| = 0. (1.5.13)

ap€(0,1)

Theorem 14 establishes the validity of the subsampling approach, serving as the

analogue of Theorem 7 under finite polynomial moment conditions.

Theorem 14. Assume that M = o(T) and B = o(M). Let the conditions of Corollary 12
be satisfied, in which T is replaced by the subsample size M. Further assume the following

conditions are met as B, M, T — oo,

(i) T~"M(log(Bp)) ®5 /| X.|scllio — 0
(i) B_IM(IOg(BP))S(B_zaq)g,oq)g,a + B_2<I>g70‘11371) — 0.
(447 T—lR(V)(log(Bp))i‘/?@;O =0 .

where V = log(Bp) ||| X |s|la0ll| X |soll4a; BV) = VYV ifa > 1, R(V) = ViogT if a =1
and R(V) = VT if « < 1. Then we have

sup |Q(z) — P(|Z]o < )| 2 0.

zeR

1.6 Numerical Results

1.6.1 Simulation Study

In this section, we conduct a simulation study to evaluate the accuracy of the
Gaussian approximation results presented in Section 1.3.1, followed by an assessment

of the performance of the Gaussian multiplier resampling method and the subsampling
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method proposed in Section 1.3.2. We consider the linear process

X =Y A&, (1.6.1)
k=0

where the coefficient matrices A, are constructed with a Toeplitz structure, parameterized
by a correlation factor p. Specifically, Ay = p*M where M = (m;;)?,_; and my; = pl=i+,
with p € (0,1). To ensure the process exhibits sub-exponential decay, we consider errors
ei = (ea, -+ ,€ip), where g;; are i.i.d. random variables following a Gamma distribution
['(2,1). We adopt the following numerical configurations for our analysis: decay rate
p = 0.5, sample size T' = 2160, dimension p = 5, 15, with the sum in (1.6.1) truncated to
X = Ziozo(? AgEi—i.

It is worth noting that the window size B and subsample size M play important
roles in the inference procedure. In high-dimensional settings, where both the sample size
T and the vector dimension (B — 2)p? in Gaussian approximation can be large, selecting
these tuning parameters is challenging and sensitive to constant scaling. In practice, we
recommend B = T'/2/log p, which minimizes the error bound in Theorem 4 sharpest in
terms of the polynomial orders of T" and log p. Given the complicated error bounds in the
subsampling procedure, determining an ideal order for the subsample size M is highly
non-trivial. We suggest using M = T/3B, which meets the additional conditions (1.3.7)
and (1.3.8). With the suggested orders B = T'/?/logp and M = T"/3B, we adjust B to
the nearest even divisor of T" and M to the closest integer divisible by B for computational
convenience. For example, for p = 5, it can be computed that T%/2/log p ~ 28.877, so we
set B = 30, an even divisor of T" and choose M = 360. For comparison, we also examine a
smaller bandwidth B = 24 with M = 288 and a larger bandwidth B = 36 with M = 432.
Similarly, for p = 15, we use B = 18 and M = 216 as the best choices, and include
comparisons with B =12, M = 144, and B = 24, M = 288.

Figure 1.1 and Figure 1.2 display Q-Q plots comparing F*, as defined in (1.3.3),
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Figure 1.2. Q-Q plot comparing maximum deviation F* and its Gaussian approximation
| Z]oo when p = 15.

and its Gaussian approximation |Z |, as defined in (1.3.1), based on 1000 repetitions. In
each figure, a Q-Q plot is generated for each of the 3 values of B considered. As shown,
the fit aligns closely with the reference line when p = 5 and show slightly less accuracy
at the tail but remains satisfactory when p = 15. These results validate our Gaussian
approximation through simulations. We also observe that the suggested B provides the
best approximation across each set of three plots.

We further employ the Gaussian multiplier resampling method and subsampling
to evaluate the validity of these two approaches. Specifically, we compare the values of
F* with the cut-off values ¢;_g, obtained from the resampling and subsampling methods

discussed in Section 1.3.2 using nominal levels 6, = 0.1 and 0.05, corresponding to the
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90% and 95% empirical quantiles respectively. Table 1.1 shows the coverage probability for
each case, representing the proportion of instances where the cut-off value ¢;_g, exceeds
F* over 1000 repetitions. The results indicate that our simultaneous confidence bands
achieve the desired coverage levels. Additionally, the procedure becomes more sensitive to

the choice of B as p increases, particularly for the Gaussian multiplier resampling method.

Table 1.1. Empirical coverages of simultaneous confidence bands.

Resampling | Subsampling
90% | 95% | 90% | 95%
B=24 | 878|934 |87.6 | 929
p=>5 B=30 |89.8| 943 |89.4 | 951
B =36 |90.6 | 94.7 | 88.1 | 93.0
B =12 84.7 |1 91.2 | 89.3 | 94.7
p=15 B=18 |87.5 | 93.7 | 90.3 | 95.2
B =24 86.4 | 92.7 | 874 | 94.6

Dimension | Bandwidth

1.6.2 Data Analysis

In this section, we test out method on wind data obtained from the lowa State
University Environmental Mesonet (IEM) Automated Surface Observing System (ASOS)
Network, a publicly accessible database ([3], [96]). ASOS stations, primarily located
at airports, provide weather observations and general reports for the National Weather
Service (NWS), the Federal Aviation Administration (FAA), and the Department of
Defense (DOD). For this study, we analyze data collected from six airports, three located
in Arizona: LGF (Laguna Army Airfield), NYL (Yuma International Airport), and NOZ
(Rolle Airfield), and three in Texas: ODO (Odessa-Schlemeyer Field), MAF (Midland
International Air and Space Port), and MDD (Midland Airpark). By examining the
cross-spectra across these 15 pairs, we aim to test for pairwise independence between each
pair of wind speed time series, based on the theory presented in Section 1.3.2.

We consider the hourly wind speed from 02/01/2021 to 04/30/2021 for each location.

Since our method relies on the assumption of stationarity, we select this time period to
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Figure 1.3. Standardized first-order differences of hourly wind speed series between
02/01/2021 to 04/30/2021 from selected stations in Arizona and Texas.

avoid extreme values and non-stationarity associated with rainfall and storms, which are
prevalent in other months. We note that there is virtually no rainfall during this period
at these locations. Previous studies on wind behavior have shown that certain locations
exhibit quasi-periodic patterns influenced by geographic and climatic factors, such as jet
streams in summer and winter ([93]), which we aim to avoid in our analysis. To eliminate
any local trends, we conduct a joint analysis of the 6-dimensional data by taking the
first-order differences of each time series. Each differenced series is further standardized
by subtracting its mean and dividing by its standard deviation to improve computational
stability. Figure 1.3 presents the resulting 6-dimensional time series data, consisting of
observations at 2136 time points, along with the 6 airport locations.

We shall consider the hypothesis test: H : Fj;(6) = 0 for each pairs among the
six airports, where 1 < i < 7 < 6 with significance level 6y = 0.05. The test statistic Flj,
defined in Section 1.3.2, is employed. Unlike in the simulation study, the true X is not
available in real data analysis. To validate our test, we apply resampling and subsampling
methods as discussed in Section 1.3.3, obtaining (i) the conditional (1 — «)-quantile ¢;_,

via resampling, and (ii) the empirical quantile from the empirical distribution Q(z) by

subsampling. Following the recommendations discussed in Section 1.6.1, we set B = 24

39



and M = 288.

Table 1.2 presents the test statistics and cut-off values obtained through resampling
and subsampling. Results indicate that for pairs within the groups (LGF, NYL, NOZ) and
(ODO, MAF, MDD), the test statistics significantly exceed the corresponding cut-off values,
leading us to reject the null hypothesis of independence within these pairs. Additionally,
for tests between pairs from different groups, the test statistics are smaller than the cut-off
values, so we fail to reject the null hypothesis, supporting independence between these
pairs. This finding aligns with geographic proximity, as locations close to each other tend

to share similar wind profile patterns, whereas locations farther apart do not exhibit this

similarity.

Table 1.2. Pairwise Cross-Spectral Test Results

Location | Station pairs | Test statistic | Rsampling cut-off value | Subsampling cut-off value
LGF & NYL 0.648 0.418 0.391
Yuma LGF & NOZ 0.593 0.420 0.507
NYL & NOZ 0.545 0.431 0.493
ODO & MAF 0.905 0.399 0.496
Odessa | ODO & MDD 0.805 0.408 0.431
MAF & MDD 0.889 0.417 0.433
LGF & ODO 0.321 0.400 0.445
Yuma LGF & MAF 0.311 0.416 0.410
LGF & MDD 0.333 0.412 0.496
NYL & ODO 0.299 0.412 0.446
VS. NYL & MAF 0.225 0.413 0.402
NYL & MDD 0.264 0.421 0.392
Odessa NOZ & ODO 0.263 0.410 0.478
NOZ & MAF 0.286 0.422 0.400
NOZ & MDD 0.372 0.418 0.409

1.7 Proofs

In this section, we provide the proofs of the results introduced in the main body.
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1.7.1 Proofs of Results in Section 1.2

Proof of Theorem 1. Denote n =T/B. For 1 <r <mnand 1 <i < p, define

Y,(0) = Z Xye .

(r—1)B+1

To prove the result (1.2.6), we shall first consider the quadratic form
Rij(0) = 27T Fy;(0) = Z Y,(0)Y,
and apply the Markov inequality: for Cy > 0 and 1 > 0 which are to be determined later,
P(|Ri;(0) — ERy(0)] > x) < e Elexp(n| Ri;(0) — ERy;(6)|)]. (1.7.1)

Take the martingale decomposition Ry;(6) — ER;;(8) = >.,___ PiR;;(6). By Theorem 2.1
of [74], we have for g > 4,

1R:;(0) — ER;(0)l52 < (¢/2— 1) Z HPzZYm (O)115/2

l=—0

<21 Y (1P >Hq/2)2- (172)

l=—c0 r=1

By Equation (33) in Proposition 8 of [110], we can get
1Y5i(0)llg < (¢ = DV2VBA < (¢ - 1)V2VB||IX.|.

By Equation (31) in Proposition 8 of [110], we have
rB

||Ym'(9) - Ym’,{l}(e)”q < Z 5t—l,q7i‘

t=(r—1)B+1
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By Jensen’s inequality, the triangle inequality and Holder’s inequality, it then follows that

D IPYi(0)Ye5 ()l
r=1

< IYi(0)Y5(0) = Yoi 13 (0) Yo 11 (0) [l o2
r=1

DY) lalYrs(6) = Yoy p (Ol + 1Yo = Yoigur Ol Yoy (O)1l)

r=1

IN

T T
< (0= D"2VB(1Xillg 3 -t + 1Xlla D 0t ).
t=1 t=1
(1.7.3)
By (1.7.2) and (1.7.3), elementary manipulation implies
1Rij(0) = ERij(0)lor2 < V(g = 2)(a = YVT B[ Xill | X 5l (1.7.4)

Under Assumption 1 and noting that || X[y, = maxi<j<p [|X|ly., (1.7.4) suggests
1Ry (6) — ERy ()2 < (a — D@ VTBIX I, (1.7.5)
Write the negative binomial expansion (1 —s)™%/2 =1+ 33 ¢,s" with
cn = (2h)1/ (2% (h1)?)

~1/2

for |s| < 1. By Stirling’s formula, we have ¢, ~ (hr) as h — oco. Hence, there exists

absolute constants C7, Cy > 0 such that for all A > 1,

Ci(h/e)'c,t < hl < Cy(h/e)'c;t. (1.7.6)
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Let Cy = 1/(2ac+ 1). For any positive integer h such that Cyh > 2, (1.7.5) leads to
1R55(0) — ERy;(0)llcon < (2Coh — 1)(2Coh)** VT B[ XI5,

Let ny = (2600T00/2BCO/2||X.||12p§°)*1. Notice that 2o +1 = 1/Cy. Then

1"E|R;;(0) — ER;;(0)|C"
h!
_ T]h(200h _ 1)C°h(2Coh)2a00h(TB)Coh/2||X.||?pg°h
B Cy(h/e)rc,?
Chnh<200h — 1>Coh < Chnh
Cinf(2Coh)Coh = Cry/enf”

If Coh < 2, then HRZJ(O) _ERij<6)HCOh S HR’LJ(Q) — ER@J(G)HQ S \/6 42a V TBHXH;Q So

we have

Elexp(n|Rjx(0) — ER;;(6)|“)]
I+ Y nh<\/6'42a\/TB||X-H12pa)COh+ 3 cnn”
h! Civ/eng

1<h<2/Co h>2/Cy

IN

o h
7 /Mo
<1+ C¢ E ch— <14+ Cop+——F——+.
= (1 —=n/m)?

By choosing n = 19/2 in (1.7.1) and recalling Cy = 1/(2a + 1), we have

1

P(|R;(0) ~ ERyi(0)] 2 2) Sexp{ - ca(m) hooar
I

As a result, (1.2.6) follows in view of (1.7.7), the Bonferroni inequality and the simple
scaling F;(0) = (2xT) "' Ry;(6). O
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Proof of Proposition 2. By the stationarity of the process, we have

= 1 Id -
EFy(0) = 5- > (1= F)Tuk)e
k=—B
It follows that
R B—-1 |k‘|
2r|BE;(0) — () < Y Tyl + > 5 ITi(k)] = Ar + As. (1.7.8)
k:|k|>B k=—B+1

Since Xy; = > 2y Pi_r(Xy;), for k > 0, we have

T3 (k)| = )ZE [Pt (Xti) Prr( X (t18)5) ‘ 25,«2@ k2,5 (1.7.9)

r=0

which 1mphes Al § A0727iA3727j. In view of A0,2,i S ”XZHQ and ABQJ S pBHX.jHQ, we have

Ay S PP X2l X |2 Furthermore, we can get

B—-1 oo

Ay < 2B7! Z Z kor2,i0r+k.2,5

k=1 r=0

B—-1 o]
< 2B X D koS b
k=1 r=0

< BV Xl Xl (1.7.10)
By combining the bounds of A; and As, we have for any 1 <1¢,7 < p and 6,

[EF;(0) — Fii(0)] S B Xl X2 (1.7.11)
Proof of Theorem 3. Let n = T/B. Define B, = {(r — 1)B + 1,...,rB} and D, =
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{(r—1)B+1,...,(r—=1)B+ B —m} forr=1,...,n. Then we can write

~ ~ 1 n
F(Q) = (FZJ (9))ij:1 = 27r_T Z Z XtX;re—L(t—s)Q'

r=1 t,seB,

For m > 0, define X;,,, = E(X¢|et—m, Et—mt1, - -, Et). Let

F(0) = (Eyjm(0))" )" QWTZ S Xy X, e,

r=1 t,seB,
Further define
Hr’m(‘g) = (Hijmm(e) Q=1 271'B Z Xt mX;,rme_L(t_s)ea
t,s€D,.
Sm(ﬁ): (Sijm ” 1—_ZHTm

By Lemma 9 in [111],
a < B m g2
1Eo(F3(0)) — Eo(Fyjn(0)) 2 < ld Py (1.7.12)
Similarly as (1.9.13), we can obtain

IEo(Foim(®) ~ Ea(Sim @) £ (17.13

Choosing m =< (log B)/log(p™), by (1.7.12) and (1.7.13),

BB (Fs0) ~ Bo( (o) 5 1 25 0. (17.14)

As a result, the distribution of y/T'/B (]/5”(9) - EEJ(G)) is dominated by the distribution of

\/T/B(S\ij(H) - ]Egzj(ﬁ)) Note that ﬁnm(ﬁ), r=1,...,n, are independent and identically

distributed. It remains to concern the covariance structure of }AILm(Q). Take m =
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(log B)/log(p~!) in (1.9.12). Under the condition ®$(log B)/B — 0, we have 51(327)”1 — 0.
Note that (ﬁnm(G))f:l is an i.i.d. sequence. Theorem 3 follows in view of Lemma 18,
Lemma 19, the classical central limit theorem, the Cramér-Wold device and the construction

of bivariate complex random variable. O]

1.7.2 Proofs of Results in Section 1.3

Proof of Theorem 4. We shall mainly focus on the case of F. F' can be dealt with by similar

proofs. Recall the definitions of F,,(6) and S,,(6) in (1.9.18) and (1.9.20), respectively.

Denote

S = (Re(Sn(00)), Im(Si(60)), - . ., Re(Sn(O/2)), Im(Sin (052))).
Choose m =< log B/ log p~! and denote n = T'/B. We start with

drpp < sup [P(F < z) — P(v/nmax [EgSy | < 2)]
7 2 IGR 06@

+ sup ‘P(\/ﬁmax EoSim|oo <) —P(|Z|0 < a:)‘
zeR 0co

= dyp, +dr g, (1.7.15)
By the triangle inequality, for every y > 0, we have

@753 = Sup [B(F > 2) — P(vnmax [EoSi|oc 2 )|

< P(v/nmax [Eog(F () — Eo(S(8))] s > ) + sup P(|y/n max |[EgS, | — 2| < ¢)
0€0 zE€R 0€O

o(1 o(2
= dT(,Bz,p + dT(,EZ,p‘
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By Lemma 24 and the Bonferroni inequality, for every y > 0,

P(v/n max [Bo(F(0)) — Bo(Fu(0)| = y) S By* exp { = Ca (%) T (17a6)

And by Lemma 25, we have

VBy i
)7}

PV s B (P (4) — BB 2 ) S B exo { = (2

(1.7.17)
With the choice of m, it follows that
° B TarT
d5'y, S Bp? exp{ — Ca< vBy )2 o } (1.7.18)

Viog BI| X |7,

We next consider

1
d;g,19)7p = |IP(\/ﬁrg1€aé<|EOSm|Oo <) = P(|Zp|s < )

Y

A% = [P(|Z|ow < 7) —P(|Z] < 7))
Then we have

(1) 7(2)
d;,B,p S dT,B,p + dT,B,p’

Ay < 2055, + 2455, + S P(1 2] — 2l < ).

As 51(92,371 = (p™++/m/B)®; < \/m/B®; = o(1), Assumption 2, Assumption 3 and Lemma
19 ensure that the variance of each non-zero entry of S,, is lower bounded. Applying in

Lemma 26, we have

(1)
dT,B,p 5

Urxnii log™ ((Bp) v n>) J (1.7.19)

n
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for k1 = max{7,2a + 6}. By Lemma 19 again, it follows that

5 — B < /%qx;. (1.7.20)

Lemma 3.1 in [22] implies

m 1/3
A%, S (1 521)" 1og*(Bp), (1.7.21)

By Lemma 36, for every y > 0.

supP(||Zle — 1 < y) S y/lou(Bp). (1.7.22)

zeR

Choosing
1X|12, 1og****(Bp)
« B1/2

with a sufficiently large ¢, the proof is completed by combining the results (1.7.15) —
(1.7.22).

To deal with F , the Gaussian approximation result in Lemma 26 concerning the
class of all hyperrectangles also holds for F approximated by the distribution of |Z |oo- The
case of F' corresponds to the class of s-sparsely convex sets with s = 2 in the framework
of [24]. We can apply the same arguments of Proposition 4.2 in their papar to obtain the
Gaussian approximation result. And the anti-concentration inequality still holds for | Z|.

in view of (1.7.22) and | Z|ss < |Z]oe < V2| Z|w. O

Proof of Corollary 5. Note that

drp, < sgg |IP(F* <xz) —P(F < )|+ drp,
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By the triangle inequality, for every y > 0, we have

sup |P(F* < z) —P(F < z)|

zeR o

< P(\/gmax IEF(6) — F(6)]s > y) +supP(|F — z| < y).

0co zeR

By (1.7.22) and the definition of dr g, we have

supIP(|F —z| < y) S dropp + y+/log(Bp).

zeR

By Proposition 2, choosing y = C(T/B)"/?B~'®2 for a sufficiently large C, condition
(1.3.4) guarantees y/log(Bp) — 0, which together with Theorem 4 implies df 5, — 0.

The case of F* can be verified in a similar way. ]
Proof of Theorem 6. By the formula of entries in X as given in Section 1.3.1, the triangle
inequality and (1.9.9), we have

£~ Sl < 93 max |Fy(0) — Fy(6)]. (1.7.23)

Theorem 1 and Proposition 2 imply

X113

fas /B 2a+1 2

Following the arguments of Theorem 3.1 in [22], for every z > 0,

sup IP(F* > _g,) — 00| S dty + W(a) + P(|E — B > ),
00€(0,1

where W(z) = 2'/31og”3(Bp) for « > 0. Then (1.3.6) follows under the additional

condition (1.3.5) and the conditions of Corollary 5. O
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Proof of Theorem 7. For y € R, let
w(y) = [1 — min{0, max(y, —1)}2}2
. Forany a > 1 and b € R, let wa(y) = w(a(y —b)). It is easy to observe that
Wapra-1(y) < Hy > b} Swap(y) < Uy >b—a™'}.

Then we have for any z > 0,

L
1
- ;wwa_l(n) —P(|Z]e > ) < = - Z 1{F, >z} = P(|Z| > 2)

< Zéi P(|Z|s > ).
It leads to
SliplQ(l’) - P(Z]x < 7)| < ig%IP’(x <|Z|lw <z4+a )+ A,
where
A=l Zwm (F) — |Z|oo>$)]

By Lemma 36, we have

supP(z < |Z|oo < x4+ a ') < Ca'/log(Bp?) < a 'y/log(Bp).

>0

We choose a such that a='y/log(Bp) = o(1). It suffices to prove A % 0. Denote

¥ = diag(X). Let zg = 41/|X0|c log(Bp?) and @1 = xo + 1. Consider

A = sup Zw” (F) —P(|Z| > )|,

T>T1

20



Zwm (F)) —P(|Z]s > 2)|.

sup
O<z<z1

We firstly deal with A;. By the Bonferroni inequality,

1
P(|Z|s > 71) < Bp* - maxP(|Z;| > ;) < 55 0 (1.7.24)
J p

Also, we can obtain

c
I sup - Zwaz (F7) < _ZEwaxl (Fr) < — Z (Fr>x1—a ). (1.7.25)
=1 —

T>T1

For each 1 < ¢ < L, define
Fy = \/ggleagmaX{!Re(@(ﬁ) = F(0))]oc, [Im(EL(0) = F ()]0}
Recall that
F* = \/gxgleaécmax {|Re(F(8) — F(8)) |, [Im(F(8) — F(8))] }. (1.7.26)

Since a > 1, by the triangle inequality and Corollary 5, it follows that

P(F, > 2 —a ) <P(E} > x0/2) + P(F* > \/T/M - 24/2)

< 2P(|Z|oo > {L‘()/Q) + dM,B,p + dT,B,p

| /\

2
BQ+dMBp+dTBp_>O (1727)

By (1.7.24), (1.7.25) and (1.7.27), it follows that A, 5 0. To deal with Ay, we discretize

the interval [0, z1] by evenly spaced points. Let K be large such that K~'®2 log(Bp) = o(1)

o1



and Ty = k- 21 /K for k=0,1,..., K. By the triangle inequality,
Dy < A+ A7 + AT,
where

1) _ . o
A, 12}2&{1@(%_1 < |Z|w < T),
1

L
> [Bwas, () ~ B(Z] > &),

By Theorem 3 and (1.9.9), |2¢|e < C®3. By Lemma 36,

A(21) < Cr K 'Wlog(Bp?) < K '/|Z0| log(Bp) — 0.

Before working on A§2), we consider

dis.p = sup [P(F) < ) ~ B(|Z]x < )| = sup [P(F} > 2) ~B(|Z]oc > )]
x>

x>0

By the triangle inequality, Corollary 5 and Lemma 36, for any b > 0,

sup |P(F, < xz) —P(F; < x)| <P(F* > b\/T/M) + 2dp, 5, + Cbr/log(Bp?).

>0

Choosing b = 21/ M || log(Bp?)/T, it follows that

1
P(F* > b\/T/M) < P(’Z‘oo > b\/T/M) + dT7ij < B_pZ + dT,B,p-
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If M log?(Bp)®3/T — 0, we have for any 1 < ¢ < L,
dg\/l,B Si&% |P(Fy <z)—P(F; <z)|+duppy — 0.
Now we deal with Agz). On the one hand,
Ewaz, (Fy) > P(F, > 3;,) > P(|Z]e > @) — diy -
On the other hand,
Bwag, (F) <PF, > 3 —a™ ') <P 2o > & —a™ ') + diy

where

P(|Z|oo > T —a ) SP(|Z]oe > 7k) +P(3p —a™ ' < |Z]oo < 7)

< P(|Z|os > Zx) + Ca~'\/log(Bp?).
Hence it follows that
Ag) < max dlfiw,B,p + Ca'/log(Bp?) — 0.
It remains to consider Ag?’). We are to show Ag?’) % 0 by verifying E(A§3))2 — 0. Define

U= max max
0<k<K 1<0,0/<L

Cov Wz, (FY), oz, (Fi) = Cov (e, (F7), wes, (F7)|.
Since 0 < w(y) <1 for all y € R, by Hélder’s inequality,

U <4 max max [|waz, (Fe) — oz, (Fy)ll2-
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By elementary calculations, we can obtain sup,cg |w;,,(y)| < 2a, which implies for any

0<k<Kand1</¢<L,

* * M *
a2, (Fe) = waz (F)l2 < 20| Fy = F7 2 < 204/ = |[F™]l2.

Note that

B . N .
ZNE*, < _ _
\ZIF 2 < | max | F(9) — EF(0) o]l + max [EF(0) — F(6) .

By Proposition 2,

o) _ < p-1H2
max [EF(0) — F(0)| S B 3.

By Theorem 1,

_ _ B ..
| max [F(6) = EF(0)|soll2 < \/ 77 log™ ! (Bp) - | X.IIF,.

It can be obtained that

M M
U S ay| 5505+ ay) = log™  (Bp) - | X3,

Then we have

W
N
]~

1
E(AS’))Q S E Cov(wa@,k (F[),U)a@k (F[/))
k

Il
=)
~
Il
—
(3
N
Il
—

g?w
M-
M=

e
Il
=)
~
Il
—
)
N
I
—

Cov(wa,z, (F}), Waz, (Fp)) + (K + 1)U.

(1.7.28)

(1.7.29)

For any m > 1, let E,m(ﬁ) be the m-approximation of F,(6) where {X;} is replaced by
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{Xim}. Define

F,, = \/%maxmax {IRe(Fym(0) — F(0))]oo, [Im(Fen(6) — F(6))]oc }-

0cO

Note that Fy is independent of Fy, =~ for my = [({ —1)/2] and £ > 2M — 1. Following

(1.7.29) and by the stationarity of the process {F} }scz, we have

o
L

(A7) < |Cov (waz, (Fy), was ()| +2KU

]~
Do

k=0 =0
K L£—1
2 * * * 4(K + 1)M

= Z C |Cov(wa,z, (FY), Wa,a, (FY) — wWaz,(Ffiy,)) | + —  * 2KU

k=0 /=1

2~y UK +1)M
<< S5 min {1, was (F7) — o, (Ffp )2} + ST kU,

k=0 /(=1
(1.7.30)

By similar arguments in deriving (1.7.28), we have
* * M - -
a2, (F7) = way, (Fgm, |2 < 24 || max | F(8) — Fom, (0)|oo]|2-
By Lemma 24, we have
o o < /2 B 2a+1 2
lmax [F(0) = Fom, (O)locll2 S P77/ 77 log™ (Bp) [ X[l

As a result, for any 0 < k£ < K,

a0 (FY) = Wasz, (B, |2 S ap®? log® ™ (Bp)[| X7,

By (1.7.30) and £ =< T, E(AY)2 — 0 follows if we have (i) KaT log***(Bp)| X.[13, — O,
(i) KM/T — 0, and (iii) KU — 0, where U is bounded in (1.7.28). We recall that the
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following conditions are additionally required to control other terms in the previous proof:
(iv) a='/log(Bp) — 0, (v) K~'®2log(Bp) — 0, (vi) M log*(Bp)®3/T — 0. In view of
Q5 < || X ||y, » elementary manipulation indicates that theses conditions can be reduced to

(1.3.7) and (1.3.8), under which the existence of satisfactory a and K is ensured. O

1.7.3 Proofs of Results in Section 1.5

Proof of Theorem 8. It is an immediate result of Lemma 30 with d = (B/2) + 1 and

Lemma 31 using the Bonferroni technique. O]

Proof of Proposition 9. The result can be proved in a manner similar to Proposition 2, in

view of A072,i < (I)Q,o and AB,Q,j < B_a(DQ,a. L]

Proof of Theorem 10. Recall the definitions of F(6), F,,(6), ﬁﬁm and S,,() in the proof

of Theorem 3. By Lemma 9 in [111],

~ ~ B
[1Eo(F35(0)) — Eo(Fijm(0))ll2 < 4/ ?m_aq’zx,o@zi,a‘ (1.7.31)

Similarly as (1.9.13), we can obtain

1Eo(Fiim(8)) = EolSiim @)z S \/?bio. (17:32)

Choosing m < BY2e+1) by (1.7.31) and (1.7.32), under £ — 0,

T ~ ~ m
\ 5 Eo(F55(0)) = Eo(Sijm(0))ll2 S m™" Pa0Pa + 4/ Efbi,o — 0. (1.7.33)

Then Theorem 10 follows similarly as Theorem 3. ]
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Proof of Theorem 11. By Theorem 15, to have dr g — 0, we need

W(Epm) — 0, (1.7.34)
hrp — 0, (1.7.35)

and for some y > 0,
fi() + f3(y) + y/1og(Bp) — 0. (1.7.36)

1/a

Firstly, (1.7.34) requires m > (®3 a4 (log(Bp))?) ', m < B(log(Bp))~*®,} and (1.5.6)

hold. Next, (1.7.35) requires (1.5.7). Moreover, for o« > 1/2 — 2/q, (1.7.36) needs
m > max(La, (PF ,log(Bp))**) and m < min(R,, B(log(Bp)) 2®;,). Observe that

max((®3,Ps,0(log(Bp))*)"/*, (93, log(Bp))"/*) < L1 and
Ry < min(B(log(Bp)) *®,§, B(log(Bp)) *®,3)).
As a consequence, if
max(Ly, Lg) = o(1) min(Ry, Ry), (1.7.37)

we can always choose m such that (1.5.9) holds.
For av < 1/2 — 2/q, by similar arguments, if (1.5.10) is further assumed, (1.7.36) holds and
(1.5.9) follows. O

Theorem 15 characterizes the error rate for the result in Theorem 11.

Theorem 15. Assume H ‘X"oqua < 00, for some ¢ >4 and a > 0, and assume
o H3 —152 2 mos _
€B7m =m (I)270¢27Oé —‘I_ B @470@472 _l_ §¢470 — 0(1).
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Let Assumption 2 and Assumption 3 be satisfied. Recall that

s = sup[P(F < z) ~ (| 2] < )]

zeR

Then for every y > 0,

dre S fily) + f5(y) + y/1log(Bp) + hrg + W(Epm)- (1.7.38)
where
N _ /2 q y2m2a
Fi(6) = a8 || P+ 0B esp (= ),

with Frpm, = (B/T)Y*'m=/2 (resp. (B/T)¥*‘m=24/2 4 T=29/2) if ¢ > 1/2 — 2/q

(resp. a < 1/2—2/q),

* _—q/2 —q/4+1 -1, _q/4 q 2 _ y*B )
fo(y) =y~ *(log(Bp))*T~"*" B~ m1 ||‘X.‘00Hq’a+p Bexp( Colm)

1
P = (@8 1og(Bp)? | X | II; , (og(Tw))"B/T)"
W = (@8 (1oa(B)? || X | [, Go(Tp)) (B/T)'417)",
and W(z) = 2'/3(1 Vlog(Bp/z))*? for x > 0.

Proof of Theorem 15. Recall the definitions of ﬁm(ﬁ) and §m(0) in Section 1.9.2. Note

that

T ~ T ~
< — >z — - >
dry < sup[B(y 5 mas [Bo(F(0)) oo > ) —B(y/ 5 max [Eo(Su(®))]oe > )]

T .
+sup [P(1/ 2 max [Eo(Si(0)) = 7) — P(|Z] < o).

zeR
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By the triangle inequality, for every y > 0, we have

3£E%¢§ﬁgma<»mwz@—w(J§%gma§<»@2xﬂ
sm(J?%gmm F(6)) = Eo(Sn(®)] 2 v)
(| oSl o 20).

By Lemma 29, for every y > 0, we have

P(\/gmax [Bo(F(6)) — Bo(Fn(6))]oo > y) S ). (1.7.39)

0cO

And by Lemma 32, for every y > 0, we have

MJEMmm<<m—m@mmuz@5ﬁw» (1.7.40)

0cO

It can be easily obtained that

M¢§mmm<w»4w@wmm_)<hu+ﬁ@y (1.7.41)

0cOe

Denote 6y, = 2rk/B for k € Z. Define

H,, = (Re(H,,(60)), Im(H,(0y)), ..., Re(Hy (02)), Im(Hy(05)2))).

where
)= 0 51 (5 o) (35 0,0),

Let veco(H,,) € RBP*~(B/2=1)p he the vectorization of H,, where the constantly zero
entries, i.e., Im(ﬁlmm(é’)) for 1 < i < p and all the entries in Im(H,,(0)) and Im(H,,()),

are excluded. Denote 3, = Cov(veco(H,,)) and Z,, ~ N(0,%,,). For 1 <4i,7 < p and
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0 <6 <, denote

~

Mijrm(0) = Re(Hijyn(0) — EHyjrm(9)),

~ ~

Mijrm(0) = \m(Hij 1 (0) — EHyj 1 (6)).

Now we deal with M, ,(#) and the same results will apply for M ,.(f). By Lemma
23, under Epy, = m P} 1Py + BTIOF(WE, 4 \/FP], = 0(1) as well as Assumption 2

and Assumption 3, it holds that

min{cj, co}.

N | —

1n
- K 'i'rm92>
2 D EMyen(0) 2

Applying Lemma 27 (iv), we have maxi< <, E[Mj,m(0)*"* < @8 for k = 1,2, and
H maxyce ‘/\/lij7r7m((9)‘oqu/2 < log(Bp)”‘X.‘oon’a forall 1 <i,7 <pand6f € O. Then it

follows from Lemma 35 that

T ~
_ — <
sup [P/ 75 max [Eo(Sp(60))]oc > @) = P(| Zuloo < 2)| S hrs (1.7.42)

zeR

We shall find the upper bound of sup,cg |P(|Z |« < 2) = P(]Z| < z)|. By Lemma 23,

we have
15 = Sloo S m B3 Dy + BB 03, + /%@3,0 = Epm.
By Theorem 2 in [23],

sup |P(| Zmloo < ) = P(|Z]|o < 2)| S W(EBm), (1.7.43)

z€R
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where W(z) = '/3(1 V log(Bp/x))?/? for z > 0. By (1.7.42) and (1.7.43), we have

T ~
_ — <
sup |P((\/ 7 max [Eo(Sn(0))|oe = 7) = P(Z]oc < 2)| S hris + W(Epm).  (1.744)

zeR

By Lemma 36, for every y > 0,

sup P(||Z]oe — | < y) < y\/log(Bp), (1.7.45)

zeR

which together with (1.7.44) will imply

[T .
supIP’(’ 7 nax IEo(Sm())]o0 — x‘ < y) S y\/log(Bp) + hrp + W(Epm).  (1.7.46)

zeR
The proof is completed by combining the results in (1.7.41), (1.7.44) and (1.7.46). ]

Proof of Corollary 12. By choosing y = C'\/T/B(B™“®5 Py, + B~ ®5 ¥y ) for a suffi-

ciently large ', Corollary 12 can be proved in a manner similar to Corollary 5. [

Proof of Theorem 13. By similarly arguments in the proof of Theorem 6, (1.5.13) can be
obtained under the condition Ry p®3,(log(Bp))*> — 0 and the conditions of Corollary
12. 0

Proof of Theorem 1/. Recall the definitions of V and R(}V) in Theorem 14 and note that
L =< T. By similar arguments in the proof of Theorem 7 and elementary calculations, we

have

c
> min {1, |wes, (F}) = o, (Fjp)ll2} S a- R(V).
=1

Then JE(Agg))2 — 0 follows if aKR(V)/L — 0 and KU — 0. Recall that a='/log(Bp) =
o(1) and K~'®3,log(Bp) = o(1) should also be required. Conditions (i)-(iii) ensure the

existence of satisfactory a and K. O
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1.8 Conclusion

Spectral density is a pivotal component in the analysis of time series data. While a
systematic asymptotic theory has been developed for spectral estimates in low-dimensional
cases, the distributional theory for high-dimensional time series remains underexplored. Our
work endeavors to fill this gap by formulating an inference theory specifically tailored for the
high-dimensional spectral density matrix. Our primary focus is on establishing asymptotic
normality for point-wise inference and a Gaussian approximation for simultaneous inference.
Our distribution theory serves as a powerful tool for addressing a diverse range of challenges
in time series inference. Additionally, we introduce two distinct resampling methods
designed to facilitate practical implementation of high-dimensional spectral inference.
Importantly, we provide theoretical justification for the validity of these methods, enhancing
their reliability in real-world applications. We expect that our framework, distribution
theory of spectral estimate and implementation methods will be useful in many high-

dimensional inference problems and practical applications that involve time series data.

1.9 Appendix

In the Appendix, we provide the lemmas that are used in Section 1.7 and their

proofs .

1.9.1 Useful Lemmas for Expectation and Covariance of
Spectral Estimates

Lemma 16. Denote ®3 = maxi<;<, || X ;2. For m >0, define

Xim = E(Xt|5tfm> Et—m+1,- - - 75t)

)
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and

~ 1
» = —— Xy X e =90, 1.9.1
G”vm<9) 27TB tgz:l ti,m 3]7m€ ( 9 )
Then for any 1 <1i,j <pand 0 <0 <,
[EGi;m(0) — Fiy(0)| S (0™ + B~H)®2. (1.9.2)

Proof of Lemma 16. By the definitions of @ij(é’) and @ij,m(é’), we have

(27 B)EG,;(0) = IE< tZB; Xtie_Lw) ( ZB; ije“@) ,
B
(27 B)EGi;m(6) = E( ; Xti,meﬂ”) ( ; ij,me”@) .

S}

By Holder’s inequality,
(27 B)|EGy;(0) — EGijm(0)] < I +11, (1.9.3)

where

B
Ls0
E ije

Y

2

B
I = H Z(Xm — Xti7m>€_w0
t=1

B
= || 3 X
t=1

2

B
0
2” Z;(ij = Xgan)e™ | -
S=

By Lemma 1 in [59], we have || 25:1 ijeLSGHQ < \/EAO,Q,ﬁ I Zle Xti,meﬂwﬂg < \/EAOQ,h
H Zf:1(Xti - Xti,m)e_bte 5 5 \/EAerl,Zi and H Zsle(XSj - ij,m)ewe 9 5 \/EAerLZT

Since AO,ZJ' S ”X1||2 and Am_i_]_,Q,i S Amﬂ,i S pmHXz”2> it follows that

IS Bp™|| Xall2l| Xjllz, 1T S Bp™ || X2l X |2 (1.9.4)
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By the proof of Proposition 2, we have
[EG;(0) — Fj(0)] S B~ X121 X512 (1.9.5)

By (1.9.3), (1.9.4), (1.9.5) and the triangle inequality, (1.9.2) follows by noting ®; =

max <j<p [| X2 O

Lemma 17. For 1 <1,7,h,l < p and ki, ks, k3 € Z, denote the 4-th joint cumulant as
%’,j,h,l (k17 k?a k?)) - Cum<X0i7 Xklja Xk2h7 Xk3l)‘
Denote &4 = maxi<j<p || X.j||a. Then for some constant C, > 0,

> gk ke, ks)| < C,07.

k1,ko,k3€Z

Proof of Lemma 17. We can apply the similar arguments of proving Theorem 21 in [110]

without extra difficulty. m

Lemma 18. Denote &4 = maxi<;<p || X|[4. Take any 6,0 € © and any 1 <1, j, h,l < p.
Consider @wm(e) and éhl,m(e) as given by (1.9.1). Denote 5](31% = (p™+ B71)P7.

(i) If 0 € (0, ),

(i) If 0 = 0 orm,

E(G 1. (0) Grin(0)) — EC 1 (0)EG 11 (0) — Fin(0)Fyy(0) — Fu(0) oy (0)] S E5e

~
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(iii) If 0 # 0/,

IE(Gijn (0)Grin(0)) — EGyjn(0)EGum(0)] S Egp
[E(Cijm(0)GE L (0) — EGym(O)EGE (6] S E5)

B,m>

Proof. For any 0,0 € © and any 1 <, j,h,l < p, we can write

B
~ ~ 1 ,
EGijm(0)Ghum(t') = 3 > " E(Xtim Xsjn Xunm Xotm) x e 19000 (1 9 6)
t,s,u,v=1

As EXyi,, = 0 for any t € Z and 1 < ¢ < p, by the decomposition of the 4-th joint

cumulant, we have

E(Xti,mX sjmXun,mXvim)

= E(XtimXsjm)E(XunmXoim)
+ E(Xti im Xuhm) E(XsjmXoim)
+ E(Xti m Xotm)E(XsjmXunm)

+ Cum<Xti,m7 ij,m; th,ma le,m)-

Denote

B

= o t,s%zlE(Xﬁ’mXSij( XunmXoty) X €8+ @00
Mo b zB: E(X i X )E(X gjn Xt gm) X et E)0F+w=0)d]
472 B2 Wl ti,m<}uh,m sj,m<Xvl,m ,
M= - i E(X i Xt )E(X gjm Xuhgm) X 90+ u=0)0]
dm2 B2 t,s,u,v=1 e i ’
IV = S i Cum (X, Xsjms Xunms Xotm) X e =)0+ w=0)0]
472 B2 L= ti,my <> sj,my <duh,m; dvl,m .
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It can be easily seen that I = (Eéwm(ﬁ))(ECA}hlm(Q')) Applying Lemma 17 to the process
after m-approximation, we have |IV| < B~'®1.
Next we shall consider II and III. For # = ¢’ = 0 or m, @Z]m(O) and @hhm(@) are

both real. It follows that

B
1
- ' ; —[(t~5)0+(u—v)0
II — 471‘2_82 tS;ZI]E(th’mthm)]E(XSJ’mXUl’m) X e [ ]
1 B
:47T2B2 Z E(Xti,mXumm)E(X5j7val7m) X e_L[(t—S)G—(u—v)H}
t,s,u,v=1
= EGinm(0)EGyjm(6).

Observe that

1 —u(t0+ud’) L(s0+v0’
”:m(zrmt—@ ) % (32 Tants — o),

s, =1

where I';; (k) = Cov(Xojim, Xkjm) for any 1 <i,j < pand k € Z. We have

B
Z Fih,m<t . u)efL(t9+U9/)
t,u=1

B-1 B—|k|

> Tinm(k)e™0 N~ gm0, (1.9.7)
k=—B+1 u=1

If 0 + 0’ # 0 or 2m, by the fact that S5 e=0+0) — 0 we have | S22 M e=@0+0)| < |k|.

By similar arguments in (1.7.9) and (1.7.10), we have

[e.e]

B-1 B-1
Zklrih,m SZZ 5T215r+k2hwq)27
k=1

=1 r=0

Dealing with 37 oot Djtan (s — 0)et 0% in the same way, we can obtain [II| < B~2®3 if

0+ 6" +#0 or 2m.



As for III, if 6 = @', it can be observed that III = Eézlm(Q))(E@h]m(Q) If 0 # ¢,

we can write

B B
1 ) /
4 232 ( E Fil,m(t — fU)efL(t@fv@ )) X ( E th,m(s u>eb(897v€ )) :

T

t,v=1 s,u=1

II1

and apply similar arguments as (1.9.7) to get the same bound.

Combining I, II, ITI and IV and noting that &, < 4, we have
[E(Gijon (0)Grim(0')) — ECym (O)EChim(0) = Vin| S B0, (1.9.8)

where

Vi = EGit.m (0)EGhj.m (0)
if 0 =6 (0,m),
Vi = EGinn(0)EG . (0) + EGitm(0)EGhsm (6)
if0 =¢ =0orm and V,, = 01if 6 # 0. Let V = Fy(0)Fn;(0) if 0 = 0" € (0, ),

V = Fip(0)F1jm(0) + Fium(0)Fpjm(0) if 6 =60 =0or m, and V = 0if 6 # ¢'. We now

account for the bias between V,, and V. By (1.7.9), for any 1 <i,j < p and 0,

F(0)] < 2> [T <2) 0 6raibrina, < 203 (1.9.9)
k=0 k=0 r=0

By the triangle inequality, Lemma 16 and (1.9.9),

Vi = VI S (0" + B™H) 5. (1.9.10)
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In view of (1.9.8), (1.9.10) and @5 < ®4, the desired results for
B(Gijm(8) G (¢)) =BGy m(O)ECa.m(6)

in (i), (ii) and (iii) can be reached.

When we consider E(@ij,m(ﬁ)@ﬁm(e’)), (1.9.6) becomes

1
" 47 B2

~

B
Eéz],m<6)Gg7m(el) Z E(Xti,mej,mth,val,m) X 67[L(t7$)07(u*v)9/]-

t,s,u,v=1

We can apply the same manipulation to deal with E(Xy; 1 XsjmXuhmXvim) and define I°,
I1°, II1° and IV® with the multiplier e~“l(t=9)0=(u=0)¢l i place of e~ =)0+ =001 Tt follows
that I° = (EGyj,,(0))(EGH . (¢')). Similar to III, we can derive II° = EGp i (0)EG ;. (6)
if 0 =60 and |II°| < B2®3if 6 # ¢'. And

B B
—1 —t v6’ L(s0+ub’
=L (3 Bt =059 s (32 = o)
tu=1

u,s=1

can be dealt with similarly as II. O

Lemma 19. For any 1 <m < B, 1<14,5 <p and 6 € O, define

B—m

. 1

Hijm(0) = 55 > XignXezme . (1.9.11)
t,s=1

Let
e = (0" + /%)cbj (1.9.12)

Then Lemma 18 (i), (it) and (iii) hold for H;;(0) and Hp(0") with 51(91,)m replaced by 51(927271.
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Proof of Lemma 19. Recall that

B
~ 1 —u(t—s
Gijﬂn(e) = 27T_B Z Xti7mej,me (¢ )9-

t,s=1

Then we have 27TB<@” m(6) — ﬁ”m(ﬁ)) = Dy + Dy — D3, where

B B
Z Z Xti,mej,meiL(tis)ea

t=B—m+1 s=1

o Z Z ) ] —u(t—s)0
D2 - Z Z Xt'L,mXSJ,me 9

s=B-—m+1 t=1

D3 = Z Xti,mej,meiL(tis)o-

t,s=B—m+1

Applying similar arguments of deriving equation (41) in Lemma 8 of [111] to the process

(Xti,m)t and (th,m>t7 we have

|EoDs|l2 S VBm®S, |EgDsllz S VBm®S, ||[EgDs|lz S m®;.

It follows that

~ ~ m
B0 Hijm (0) — EoGijm(0)]l2 < 4/ Eq)i-

Applying Lemma 8 of [111] again, it follows that

o Hijm (0)ll2 < @3, [1E0Gijm(0)]2 S 3.
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By the triangle inequality and Holder’s inequality, we have

E(Bo Hyjon (0)Eo Hptoyn(6)) — E(EoGijm () EoGrim ()]
< ||Eoﬁij,m(9)||2||anhl,m(9/) — EoGrim (@)

+ | EoGhim (0) |2 BoHijm (8) — EoGijm(0)

m
< 1/Eqi; (1.9.14)

Similarly, we can obtain

~ ~ ~ ~ m
|E(Bo Hijan (0)Eo iy (0)) — E(EoGijn (0)EoGhym (9))] < 4/ Eq’i-

Therefore, Lemma 18 also holds for H;;(#) and Hy,(#') with the additional error bound
J/m/B®?. O

Lemma 20. Assume ®3, < 00 and ¥y < co. For 1 < m < B, define X;,, =

E(X¢|et—m, Et—mt1, - -, &) and

B

~ 1 —L(t—sS

Gijm(0) = 55 D XtimXejme™ ™.
t,s=1

Then for any 1 <1,5 <p and 0 <0 <,
}]E@”Jn(g) — F13(0)| 5 m_a(I)ZOCI)Q’a + B_1<I>2,0\I/271. (1915)

Proof of Lemma 20. The proof follows by arguments similar to those of Lemma 16.  [J

Lemma 21. For 1 <u,j,h,l <p and ki, ks, ks € Z, denote the 4-th joint cumulant as

Yijmi(k1, ko, ks) = Cum(Xoi, Xeyjs Xiohs Xksi)-
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Assume that @409 < 0o and ¥y 9 < 0o. Then for some constant C' > 0,

Z Vi (b, ka, ks)| < COF 007 .

k1,k2,k3€Z

Proof of Lemma 21. We can apply the similar arguments of proving Theorem 21 in [110]

without extra difficulty. O]

Lemma 22. Assume ®3, < 00 and Yy < 0o. Let 1 <m < B. Further assume that
Efym =M D5 (®o + B WF, = o(1).
Take any 0,0 € © and any 1 <i,j,h, 0 <p. (i) If0 € (0,7),

(G (0) Crim (0)) — EGi i (0)EG hi,m(0) — Fu(0)Fij ()] S Efms
IE(Gojm(0)GE () — EGi; m(O)EGE | (8) — Fi(8)Fiy (0)] S E -

(i) If 0 = 0 orm,

~

E(Gijn(0)Grim (8)) — EC s (0)EG i, (0) — Fin(0)Fj(8) — Fa(0)Fni (0)] S 5 -

(iii) If 0 # 0/,

[B(Gijom (0) Gt (0)) = EGm (O EGhim (0)] S Efy
E(Gijon(0)G(0) — EGjm(OEGE ()] S Eb s

Proof of Lemma 22. The proof follows by arguments similar to those of Lemma 18. [

Lemma 23. Assume m = o(B) and

Epm = m D} By + B0 W2, 4 | /%@;{0 = o(1). (1.9.16)
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For any 1 <i,5 <p and @ € O, define

B—m

~ 1

Hij,m(e) = 2’/T_B Z Xti,mej,me_L(t_s)e- (1917)
t,s=1

Then Lemma 22 (i), (ii) and (iii) hold for Hi;(0) and Hy(0") with £, replaced by Ep .
Proof of Lemma 23. The proof follows by arguments similar to those of Lemma 19. [J

1.9.2 Probability Inequalities for High Dimensional Time
Series

Let n =T/B. Define B, = {(r—1)B+1,...,rB}and D, = {(r—1)B+1,...,(r—

1)B+ B —m}forr=1,...,n. Form >1, let X;,, = E(X¢|et—m,Et—m+1,---,6t). Define

F(0) = (Fijm(0)); 2@2 > Xim X[, e (1.9.18)
r=1 t,s€B,
7 — (H.. | eilt=9)8
H,30(0) = (Hijrm(0));,_, = 27rB > XymX : (1.9.19)
tSED’r
Sm(0) = (Siym(9))7 ., = —ZHW (1.9.20)

Lemma 24. Let Assumption 1 be satisfied for some a > 0. Then there exists constants

Cq > 0 such that for any x > 0,

VTr N\
)

P(|Eo(F35(0)) — Bo(Figm(0))] = @) S exp{ CQ<W||X||2
12,

Proof of Lemma 24. We follow similar arguments of proving Theorem 1. In particular, we

use Ry;(0) = QWT(E]‘(G) - Ej7m(9)) to replace R;;(#). By Lemma 9 in [111], we have

||Rzg(9) - ERij(9)||q/2 < C’(q - 2)pm \Z TB||X~i||q||X~j||q

< C(qg = 2)¢*p"VTB| X}, (1.9.21)
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With (1.9.21) in place of (1.7.5) and by similar arguments of Theorem 1, the result can be
proved without extra difficulty. O

Lemma 25. Let Assumption 1 be satisfied for some a > 0. Then there exists constants

Cq > 0 such that for any x > 0,

P(|Eo(Fijn(8)) — Eo(Sym(0))] = 7) S exp{ — Ca(%)i} (1.9.22)

Proof of Lemma 25. Write 2xT(F}; n(6) — Sijm(0)) = 1+ 11 + 111, where

n rB rB
=3 3 Z) X X e

r=1 t=rB—m+1 s=(r—1)B

II_Z Z Z thm Sjm ( 8)97

r=1 s=rB— m+1t(

n

=) Z Xiim X oy e,

r=1 t,s=rB—m+1

We can adopt similar arguments of proving (1.7.7) to obtain
P(L—EI| 2 2) Sexp{ — Ca( =) }
— >zx) Sexpy —Cy| ——/—— ,
\/Tm||X.||12pa
1

P(|Il - EIT| > z) < exp{ _ ca(m>+}
ha

P(JUIT — 1| > z) S exp{ — (\/_ﬁ;” )
Tm
o

Then (1.9.22) can be obtained by combining the three parts. H

Denote 6y, = 2rk/B for k € Z. Define

m
::>

H,, = (Re(H,,(00)), Im(H,,(60)), ..., Re(Hy(02)). Im(Hy(05)2))).
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where

B—-m B—-m
7 7 1 —utf T b
H,,(0) = (Hi]}m(e))f,jzl = ﬁ( Z Xime ) ( Z Xy me )
t=1 t=1
Let p = Bp?—(B/2—1)pandlet W = (W, Ws, ..., W;)T = vecy(H,,) be the vectorization
of H,, where the constantly zero entries, i.e., Im(flum(e)) for 1 < i < p and all the

entries in Im(H,,(0)) and Im(H,,(7)), are excluded. Denote X, = Cov(vecy(H,,)) and
Zy ~ N(0, ).

Lemma 26. Suppose Assumption 1 is satisfied for some for some a > 0. Assume that

there exists some constant by > 0 such that min,<;<; Var(W;) > by. Let Wy, ..., W, be

i.i.d. copies of W and Z,, ~ N (0, Cov(vecy(H,,))). Then for W, =n~' 3" W,

_ _ X122 log™ (pV n)y &
sup [P(Vit| W, — EWloo < &) — P(|Zon|oo < 7)| < (“ I, 108™ (P >) " (1.9.23)
T n
where k1 = max{7,2a + 6}.
Proof of Lemma 26. Without loss of generality, we may assume that
X |12 log™ (pVn
| X135 log™ (P V n) <c (1.9.24)

n

where C' is a sufficiently small constant. Otherwise, (1.9.23) trivially holds by taking the
constant in < large enough. We shall apply Theorem 2.1 in [24] to prove this Lemma.
Define I = max,<;<; E[EqW;[>. For ¢ > 1, define

My (9) = E[[EW [L1{[EoW | > v/n/ (40 log)}],
My 7(8) = B[| Zn[3 14| Zm|oc > v/ (46 log §)}].

Denote M, (¢) = M, w(¢) + M, z(¢). By Theorem 2.1 in [24], there exist constants
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K1, K, > 0 depending only on by such that for every constant L > L,

L?log” ﬁ)l/ﬁ N M, (¢y,)

sup [B(v/n| Wy, = EW, | < @) = B(| Zuloo < 2)] < Ko | (— >

(1.9.25)

with

L2 1og* p\ —1/6
b, = 1y (LK Ty

Applying Equation (41) in Lemma 8 of [111] for the third moment, we have 27 ||EqW; |5 <
44/109Z. Since g < 6%/ X ||, we can denote

L = max E|E,W,* < K2||X.||S, .

1<j<p

Choose
L= KZlog®(pVn)| XS, (1.9.26)

where ¢y > 0 and is to be determined later. For C' < (K3/K,)%, (1.9.24) implies
bn = Ky(n 'L log* p)~1/6 > 1.

By similar arguments of proving (1.7.7), with Cy = 1/(1 + 2a) € (0, 1], we have

- 70
P(|[EgW e > ) S pexp (— ———-). (1.9.27)
Call X |15
For 7 = \/n/(4¢, log p), we have
My (6n) = T°P(|EeW s > 7) + 3/ L?P(|EgW | > x)dz. (1.9.28)

75



Using integration by parts, it can be obtained that

T ex ——— 5~ )ax
/7- p( C ||X||200)
_ Gl X[Erec
ex T E—— v
Co AT
Cal3 = Co)|I XI5 [ 2
+ " ex ———=)dx.
Gy T P )

(1.9.29)

Note that 7 = (4K5)~}(nL/logp)'/3. Let ¢g = max{0,Cy " — 2} and let C in (1.9.24) be

small enough such that

7Co

CallX.[17 log(p v 1)

Z max{3, (6 - 200)/00}

By (1.9.27), (1.9.28) and (1.9.29), elementary calculation implies M, w (¢n) < | X.[|5, /7.

Since Z,, is a Gaussian vector and Lemma 8 in [111] suggests
Var(W;) < [(2m) 4% V3|IX 17 T2,

we have

D
P(|Zunloo > 7) < 22/ exp
j=17% \/27‘(\/&1“ 2Var W)

< PIXI, (- )
Ty P cgnxn%

A similar argument of dealing with M, w(¢,) also implies M, z(¢n) S [|X.][S, /n. By
(1.9.25) and (1.9.26), (1.9.23) follows in view of the fact that M, (¢,)/L is negligible

compared to the first term. O
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Lemma 27. Let Xy,..., Xy € RP be a stationary process generated from (1.1.2) with

EX, =0 and 2, < 0o for ¢ > 2. Let arp,a,50 € C be constants that depend on 0 for

0 € ©. Denote d = ||, ar = (Zthl maxsee |at70|2)1/2 and
T
= (o (g o) + oo (3 pagloes))

Let ¢ =1V log(pd). Then there exists some positive constant C, such that

i) || max |

1
na aro(Xe — Xt,m)’oqu < Colzar Qi ,q,

5 1M+

t=1

1
(17) ‘Igleaé(‘ E a, gXt § Cylz2ard 4,

1
(i17) ’max’ E appX. quézaTQo,q,

(iv) ’max’ZZatngt — ZZatngt OOH <C’€\/_ATQOQQ

0cO
t=1 s=1 t=1 s=1

Proof of Lemma 27. (i) We first write

Xy = Xy = E(X|F°) —E(X,JF7™) = Y PhX,.

k=m+1
Then we have
T T 0 o) T
(X, — X PrX, = PEX
Qg0 t, m Q.0 t = Q.0 t
t=1 t=1 k=m+1 k=m+1 t=1

We know that for each fixed k > m + 1, atﬁPt*kXt is a backward martingale difference

with respect to the filtration F'=* for 1 <t < T. By the triangle inequality and Lemma

7



33, it follows that

T oo T
Iyl Louse = Xl € 3 | 3Pl

k=m+1

0o
1 1
< E Cq€2 aroWk,q = CqEQ aTQerl,q-

k=m+1
Since X; = > poy P7FX, and X, ,,, = > 1, PF X, the preceding argument implies (i)
and (i77).

(1v) By martingale decomposition, we have

T T T T oo T T
Zzat,s,oXthT —E(ZzatseXt ZPT%(ZZCLH(;X}
t=1 s=1 t=1 s=1 k=0 t=1 s=1

For each k > 0, by the triangle inequality and Jensen’s inequality, we have

T T
Hrgleaex PT k ;;atsﬁXt q
< max | Z Z Qs 0 X X, — Z Z 5.0 X070 X iy ool
t=1 s=1 t=1 s=1
< I + I,

where

N

T
Ik = H rglea@x ’ ZZ t39 Xt Xtv{T_k})XST|oo||q’

t=1 s=1

T T
Hk_H%“gg{‘ZZ at,s,0 Xt {7—1} (Xs — XS{T k})‘ H
t=1 s=1

By Jensen’s equality, we have H ‘Xt — Xt7{T_k}|oo||2q < Wy_pik2q- 1t follows from Holder’s
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inequality and (i7) that
T T
I < 31X = Xz Lo llyg e D anso X,
s=1

t=1

1

1/2 2\ 3

<, (Y2 max max |az s o )290’2(1 E W74k 2g-
l<t<T e) —

Then
T

o o0

2 < C’Kmax maxa w
Y < 1<t<T |a,5.0]%) 25 24 ( E T 4b2q)
k=0 k=0 —1

2\ 4
< C /T max ngeaé( |t.5,01%) €2 24-

1<t<T

Similarly, we can have

o T
ZH2 < C T max rglaX\atse| 0.24-
_ =1

1<s<T

By Lemma 33,

T T
| max | ZzatseXt - E(Zzat,sﬂxtX;r”oon

t=1 s=1 t=1 s=1

T T
<C, 62 | %158{ |PTH( Zzat,sﬂXtXJHoon

t=1 s=1

< Oyl Z(Ii +11}) < C T AZQ; 4,
k=0

Thus (iv) follows. O

In Lemma 28, Lemma 29 and Theorem 30 below, we concern quadratic forms of

high dimensional stationary processes generated from (1.1.2) with EX; = 0. For B < T,
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define the quadratic form indexed by 0 € ©,

-
QT,G = E as,tﬁXth

1<t<s<T

where a;,9 € C are complex numbers such that |as;9| <1, ass9 = as_tp and as19 = 0 if

s —t > B. For m < B, define the m-approximation of Qr,

T
QT,B,m = E as,t,OXt,mX

1<t<s<T

Lemma 28. Assume €y, < oo for some ¢ > 4. Denote d = |©] and ¢ = 1V log(pd).

There exists some constant Cy > 0 depending on q such that
H Iglezg( |]EOQT,€ - EOQT79,m|OO||q/2 S C’q Vv BTEQO,qu,q

Proof of Lemma 28. Let w = |m/2]|. We first write

T s T s—w—1
Q=33 aoXXT 13 Y an o XXT = QW 4 Q)
s=1 t=s—w s=1 t=s—B

where X; = 0 for ¢ ¢ [1,T]. We can define the m-approximations QSL) and Q%) accordingly.

By elementary manipulation, we can write

Q(l)_QSL) = Z Z astGXt Z Z astﬁXtm

s=1 t=s—w s=1 t=s—w

= 51+ 5+ 8;,

where

Z Z ast@ Xtvw)(XsT_X;—m)a

s=1 t=s—w
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T t+w

Sp = (Xi—Xim) Y asp0X],.

t=1 s=t

T s
53 = Z Z as,t,HXt,w(X;r - le)

s=1 t=s—w
For the first term, write S; — ES; = Zfz_m PkS,. For k < T, PkS; is a backward
martingale difference with respect to the filtration F*. Then

I masc [PE5a] [l o < T + I

for

T s
Ik = H %leag( ‘ ;t:;w a/s,tﬂ(Xt - Xt,w - Xt,{k} + Xt,w,{k}>(XsT - X;,rm)’oqu/Q’

T s
e = [[max | >0 D awno(Xegey = Kewi) (X = X000 = X + X i)l

s=1 t=s—w

By Jensen’s inequality,

Xt = Koty |l = NEXF) = E(X g |0

collg

= [[[EX: = Xoqu | F )], < wena

By Lemma 33 ,
0 oo 1
11X = Xewl l, = IS PXL, < Catb (3 wi,)”
l=w+1 l=w+1
So we have
|| ‘Xt — Xtw — Xeqry + Xt,w,{k:}|oo||q < 2min {qu%( Z wiq)%7 wt—k,q}'
l=w+1
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It follows from Lemma 27 that

T t+w
L= s |37 (X~ X~ Xogy + Xowi) S anes (X7 = X5 |
=1 =
. t s=t .
<D X = Xew = Xogiy + Xewgip| L [ max | Y - aces(XT = X[,
t=1 s=t

T 0
< Cq@(lm’quin {C’qﬁ( Z wﬁq)%,wt,k,q}.
=1

l=w+1

Then

Z I? —4CQB€Q2 Z Awqumln{C €2< Z wlq>1 Wik q}

k=—o00 k—foo l=w+1
<ACIBTIQ;, A2

where A, , = > 77, min{C, Zz(zl mwlq)% Wi 4} Similarly we have

l\)\»—l

1T, < 2C,VB quzmm{cz Zwlq

I=m+1

y Ws— kq}

and 3, I} <4C2BT(Q2 A% . By Lemma 33,

w,q— m,q-

T
lmax| S, —ESi| |}, < 2C50¢ D [|max|P*si] |7

Hq/2

00 W q/2
< 16C;,C; BT (9, AL + Q2 AL ).
In view of ijq < 4, we have
[max[S1 —ES|[[,5 < 4Co/2CaV BT 4D (1.9.30)
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For the third term, we write

oo T s
Z Z Z a's,tﬁXt,wPS_szTa

k=m+1 s=1 t=s—w

where Zf:s—w as,ngt,wPS’kX ST is a backward martingale difference with respect to the

filtration F*7* for 1 < s < T. By Lemma 27 and Lemma 33,

T s
Imax 3 37 aveoXewP X |7,

sltsw

< q/szHIglg\ > XX (1"
t=s—w
< q/szHfgg%\ D>~ aso Xl J P,

tsw

< Cq/QﬁTC’ZEBSlg qwkq
It follows that

| max [Ss]__ ||, < CqoCoV BTl o i q-

) ||q/2

Similarly, for the second term, we can have

< Cyy2CyVBT Q) (.

Imas|S2| I,

(1.9.31)

(1.9.32)

Now we consider Q). Note that Q® is nonzero only when B > w. Write

T s—w-—1 T s—w-—1

Q(Q)—QE)ZZ Z astGXt Z Z asteXtm

s=1 t=s—B s=1 t=s—B

= S4+S5+86,
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where

T s—w—1
5422 Z as,t,e(Xt Xtm)(XT XT )
s=1 t=s—B
T t+B
S5 = Z(Xt - Xtm) Z asteX
t=1 s=t+w
T s—w—1
Z Z astOXtm — XT )
s=1 t=s—B

Using the same argument as dealing with S, we have

T o0
H max }Pde Hq/2 < 4Cq@9m’q Z min {Cqﬁ( Z wzq)i, ws_;w},
s=1 I=m+1
which implies
I max |y = ESu[ [, , < 4V2C0/2CV BTt (g (1.9.33)

The term S5 can be dealt with similarly as Ss. It follows that

[ max [ S5 |,z < Ca2CoV BT (20,4 q- (1.9.34)
The last term Sg can be written as
T s—w-—1 m
Z Z ast@Z'Pt lXt Z 7)5 kXT
s=1 t=s—B = k=m+1
0o m s—w—1
= D0 2.2 2 aseP X PR
k=m+1 =0 s=1 t=s—B
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Then we can write 23:1 P Bl as oPTIXPRX ] = 10, + IV, where

T
My =Y > as 1o PTIXPIRX]
s=1 s—B<t<s—w-—1,t—l#s—k
T
IWYESY > s o PTIXPTRXT

s=1 s—B<t<s—w-—1,t—l=s—k

Further write

T
My =Y > 5o PTIX PN
s=1 s—B<t<s—w—1,t—I>s—k
T
+>° > PTG PTRX

s=1 s—B<t<s—w-—1,t—Il<s—k

Note that for each k and I, both Y7, p o 0 1) ooy GsrdP T XyPFX ] and a,, 9P ' X,
are backward martingale differences with respect to the filtration F*=* and F*~! respectively.

Applying Lemma 33, we have

IIyggIZ >, asoP " XPRXT| L
s=1 s—B<t<s—w-—1,t—I>s—k
q/%ZHrggg > asoP X PRXT| s
s—B<t<s—w-—1,t—Il>s—k
Capaf Z I max > aseoP X NP

s—B<t<s—w—1,t—I>s—k

< Cq/202BT€2wl qwk q
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Similarly, it can be obtained that

T
t—1 s—ky T 2
max|§ E as; oP T X PTTEPX
|| 0cO s,t,0 t s ‘OOH(]/Q
s=1 s—B<t<s—w-—1,t—l<s—k
T
t—1 s—ky T 2
:maxlng g aPX’H
H 06@ t S’t79 S o q/2
t=1 t+w+1<s<t+B,t—Il<s—k

< Cg/QCgBszwzqw,%’q,
Putting them together, we have
> > lmax L] |, , < 2C02CVBT 20, Qmg. (1.9.35)

k=m+1 =0

It remains to deal with the term IV;. On one hand, since k& > m + 1, it holds that
t—1=s—k<s—m—1, which implies s > t+ 1+ m — [. On the other hand, s <t+ B

by construction. Then

T (t+B)AT
v, =Y PX, > asoP X
t=1 s=t+1+(wV(m-1))
: t—1 (t+B)AT t—lyT ; s
Since P X, Zs=t+1+(w\/(mfl)) as 9P X, is 4B-independent for 1 <t < T, we apply

the block technique and split the interval [1,T] into blocks L, = [4(b — 1)B + 1,4bB],

1<b< {%] Define

t+B

V= > Y PX Y auePTX],
b is odd teLy s=t+w+1
t+B
Vi= > > P7X, > ausP X
b is even teLy s=t+w+1
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By the triangle inequality and Jensen’s inequality,

(t+B)AT
ISP SE e DL,
€ teLy s=t-H14 (v (m—1))
(t+B)AT
<2 P D0 aweP X
teLy s=t+1+(wV(m-L1))
(t+B)AT
<2y IIP7Xl, >0 lmaxlewsP X,
teLy s=t+1+(wV(m—1))

S SB’wl’qug.
Then by Lemma 33, we have
e 1V, < 2t (2

A similar inequality holds for IVy ;. Therefore,

ZHmax\Iv, I,/2 < 12V2C,)2V BT 1820, q-

Combining (1.9.30) — (1.9.36) together, Lemma 28 follows.

T
< Cgpl- (g5 +1) - 64B%wi 0, < 72C5, BT wi Q0

(1.9.36)

]

Lemma 29. Assume H}X.}OOH%Q < 00, for some ¢ > 4 and a > 0. Denote d = |O| and

¢ =1Vlog(pd). Then there exist constants C,Cy,Cyq > 0 such that for any x > 0,

P(I&Eg( IEo(Qr.0) — Eo(Qrom)le0 > #) < Coaa™ 20| |X~|OollzjaKT,B,m

x2m?2
+Cp'dexp ( T .01 TB)’
a*F4 o

where Ky g, = TBY?7im=4/2 (resp. TBY? tm=04/2 4 Ta/4=0a/2Bd/4) if 0 > 1/2 — 2/q

(resp. o < 1/2—2/q).
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Proof of Lemma 29. Denote M = [T/B]. Forany k=1,..., M, 0§ € © and 7 > 0, define

(kB)AT s

Vkﬁ:EO DD ace XX/,

=(k—1)B+1 t=1
(kB)AT s

Vior =Eo > D ac0Xi. X

s=(k—1)B+1 t=1

For 1 <i,j <p, the (i,j) entries of V; g and V4, are respectively

(kB)ANT s
Vk,ij,@ - IEO E E Qs— tGth s7s
—(k—1)B+1 t=1
(kB)AT s
Vk,i 0,7 — ]EO Qg— tHth TN 8G,T
J s
=(k—1)B+1 t=1

Let L = |logM/log2], 1 =2'if0<I1<L~—1, 7, = M. Define
M
Thie = Z(Vk,e,nB — Vior_1B)-
k=1
We can have the decomposition
M L M
Eo(Qr0) — Eo(Qr,0,m) Z Vieo — Vioms) + ZTM,I,H + Z(Vk,H,B — Viom). (1.9.37)
k=1

=1 k=1

For the first term, by Lemma 28,

M
lmisc] S Ve — Vi) = i [Bo@ro ~ Eo@rons] ]
k=1

< C,VBTQ0 Q.

< Cyal BT 2| |X ],

q,a’
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where the last step follows by the fact that 2y, < H |X.|OO||(W and
Uipg < (MB) [ X]| |0 < CaT[IX [ ]l

By Markov’s inequality, we have

M
rgleaéd ; Vieo — ViouB)|oe > )

< 27?E( max|z (Vio — Vieons)|%27)

< Cuov q/2gq/2Tq/4 aq/ZBq/4H|X| || (1.9.38)

For for each 1 <[ < L, define

(2th)/\M

M
Yo = Z (VeoB — Veom_,B), for1<h < L—TZ-‘ ;
k=2(h—1)m+1
(2th)/\M

Yhijie = E (VaijomB — Vaijom_p), for1<i,j<p,
k=2(h—1)m+1

?\4’[79 = Z Yh,l’g and R?W,lﬂ = Z Yh,l’g.
h is even h is odd
So we have Ty0 = R0 + Rippp Let N = 172/(7?/3) if 1 <1 < L/2 and N\, =
(L+1-101)72/(x%/3) if 2/L < | < L. Then Zle A < 1. Since Y} and Yy ¢ are

independent for |h — h'| > 1, by Lemma 34, for any = > 0,

POt Fipialoe = ha) € Cyha) P00 50 Enmase Vil
1S even

(i)
C'maxmax ), E|Y}, i.0/?

i, 0O

+2p*d exp ( ) (1.9.39)
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By Lemma 28, we have

HmaX}Yh19| ||q/2<20 \/B 2T1B£ng T1_1B.,q

< Cq,aBl_aTll/Q_OtgH {X |oo Hqﬂ

Since Aga; < | Xillae < Pag and Ay gy < (21B) Y| X jllaa < Co(nB) Py 4, we

also have
| Yaijiolle < Con/B -21BAg 4 A paj < CaBlfaTll/Qfa‘bia-
Then (1.9.39) becomes

M L
P(max | Rigigloe > Niz) < Cpa(Aiz) 20— B> e X e

)\l$)2
2p*d — ( :
+ p-aexp < CQM/T[ . B2_2a7-ll2aq)ia>

A similar inequality holds for Rj;;,. Then

L

Defleaé(|ZTMle|oo > 2x)

< 1rglefg‘i|2:Rz\4ze|oo>$)‘|']P> maX|ZRM19|OOZx)

L L
ZP(%?g [ Rirgoloe > M) + ;P(f%g | Rrp6lo0 > M)

IN

< Cpaa 2B en 2| |7 141

90



where

Tf

I= ,
N/

M=

CZQ/4_QQ/2_17
=1

L 212, 2a
2 TN T
I =4p°d g exp(— CLo TBI*QO‘)'
=1 a~da

By the definition of 7; and A;, elementary calculations show I < C'if ¢ < 0, and II < CM*

if ¢ > 0. Also, since minj>; A\777* > 0, we have

2

x
IISCdeeXp(—O 31 TBPQQ)’
a4 o

Therefore, it follows that

L
Blagx |3 Tustab > 20) < Coo V20X G

1.23204 )

+Cp*dexp ( ~ ol TB
aF 4o

(1.9.40)

where G = TBY?794/271 (vesp. TY/4=24/2Ba/4) if ¢ > 1/2—2/q (resp. a < 1/2—2/q).
For the term 224:1(‘/&9,3 — Vio.m), we can observe that Vi g g — Vigm and Vi g g — Vi o.m

are independent if |k — k’| > 2. By Lemma 28 and Lemma 34, we have

M
— >
]P)(Igleaé( | ; Vio.B = Viom| > 1)

M 2,20
< —a/2pa/? _ a/2 2 <_ rm )
< Cypz™ 124 ; E%ﬂe&é{ \Vio.s — Viom|¥ + 6p”Bexp Ca(biaTB
—q/2 /2—1, —aq/2 2 z*m?*
S qu' q €q|||X|OO||37aTBq m~ + 6p BeXp ( - W) (1941)
Putting (1.9.38), (1.9.40) and (1.9.41) together, Theorem 29 follows. O

Lemma 30. Assume H}X.}Oqua < 00, for some ¢ >4 and a > 0. Denote d = |O| and
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¢ =1Vlog(pd). Then there exist constants C,Cy,Cyq > 0 such that for any x > 0,

P(Tgleaé( Q19 — EQrploe > )

2

< Coar ||| X[ [3ol"Vr5 + Cp*dexp ( - caqé TB)’

where Vg = TBY?7Y (resp. TBY?>t 4 T9/4=a/2Bi/4) if ¢ > 1/2 — 2/q (resp. a <
1/2 —2/q).

If we consider the quadratic form

QT,ij,O = E as,t,HXtiij

1<t<s<T

in terms of the one-dimensional processes X;; and Xy; for any 1 <17, 5 < p, we can follow

the proof of Lemma 30 to get Lemma 31 without technical difficulty.

Lemma 31. Assume ®,, < oo, for some ¢ > 4 and o > 0. Denote d = |0©| and
¢* =1Vlogd. Then there exist constants C,Cy,Cyq > 0 such that for any x > 0,

P( max Q7,550 — EQrj6|00 > x)

2

« T
< Coat X A2 NN Ve + Clesp (= ooz ),
a*4a

where Vp g is defined the same as in Lemma 30.

Proof of Lemma 30. We can follow the proof of Lemma 29. Note that we shall write

(1.9.37) as

L M
Eo(Qro) = Y (Voo — Vionrs) + > Tarro + Y Vios,

M

where the first two terms can be dealt with similarly as (1.9.38) and (1.9.40) and the
two bounds apply. For the different term 22/[:1 Vi.0.B, by the definition of V} ¢ g, we can

observe that Vi p and Vi g p are independent if |k — £'| > 2. By Lemma 27 (iv) and
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Lemma 34, we have

M
>
]P’(Igleaéd ; VioB| > )

M 2
< —q/2pa/2 E a/2 2 ( . >
< Cur T ) B Viosl G Bes (= 5 g7
2
< O | X |oo||2 , TBY? + 6p2B (- S — )
< Cp [{R: Gy + 0p” 5 exp Co®%,.TB

O

Lemma 32. Assume H}X'}oqu,a < 00, for some ¢ > 4 and o > 0. Let n = T/B and

¢ =1Vlog(Bp). Then there exists constants C,C, > 0 such that for any x > 0,

P(max [Bo(F(6)) — Eo(Sn(®))]c > 7)
22T >

< ™ (log(Bp) T~ B md | X | |2+ Cp*Bexp (= mgr—
’ 4,

Proof of Lemma 32. Write 27T (F,(6) — S,,(6)) = I + 11 + 111, where

n rB
I:Z Z Z Xtm — 397

r=1 t=rB—m+1 s=(r—1)B

=3 3 3 KXo

r=1 s=rB-—m+1t=(r—1)B

IH:Z Z Xem X e 070,

r=1 t,s=rB—m+1
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For each 1 < r <n, define

rB

Y,= ) Z XomX e 7,

t=rB—m+1s=(r—1)B

}/;j,r = Z Z thm 87, meiL(t 5)9

t=rB—m-+1 s= (r 1

=) Y, R= ) Y.

r is odd r is even

So we can write I = R°+ R°. Since Y, and Y, are independent for |r —r’| > 1. By Lemma
34,
P(max |R° — ER’|» > )

0co
2

< Cyr ™ (log(Bp))"? Y Emax|¥; —EY, |22 + 2" Bexp ( - %) (1.9.42)
r is odd

2 . . . .
where 02 = max; ; MaXgeo Y, i oddE|Y;j,7“ — ]EY;M| . By similar arguments in deriving

Lemma 27 (iv) and the fact that €, < H |X.|00an7 we have

[max [V, —EY:[ [,

< CuVBul|IX ][,

Applying similar arguments of deriving equation (41) in Lemma 8 of [111] and the fact

that A074,i S (3[34’0“ we have
Yy — EYyplla < OV Bm®,.
A similar inequality holds for R®. Therefore

P(max I — El|, > 2x)

< (réla®x|R —ER%| > ) + P(max |R® —ER®| > )
S

94



2

< Cua9?(log(Bp))!TBY*'m| |X'|OOHZQ +2p*Bexp ( B CCI)Z: Tm>'
) 4,«

The same bound also applies to II and III, thus the result follows. O

Lemma 33. Let Dy, 1 <t < T, be p-dimensional martingale difference vectors with p > 1.
Let ayp,...,arg € C that depend on 6 for § € ©. Denote Ly = ZtT:1 atoDy, d = 10| and

¢=1Vlog(pd). Let ¢ > 2. We have

T
Igogc Lol < Co €3 o levo D]

where Cy is a positive constant depending on q only.

Proof of Lemma 33. Let Z; = (awe, D, ,a10,D/ ... ,a16,D])7, then Z;,1 <t < T are

(pd)-dimensional martingale difference vectors. It follows from Lemma D.3 in [114] that

lmax|Lral [l = [l|Z0+ Zo+ ..+ 22| |
T
< 03 |1zl
t=1
S 2

T
Cq ) | maxae D] ]|,
t=1

O

Lemma 34. Let Y, 9,1 <t < T, be independent random vectors in RP indexed by 0 € O.
Assume EY;j9 = 0 and ||Yyj0llq < 00 for some ¢ >2 and all 1 <t <T,1<j<p,0€0O.

Denote Spg =1 Yip, d = 10| and £ = 1V log(pd). Then for any x > 0,

T 2

xr
>x) < A 1 —
P(max |Stgloe 2 ) < Cgz™t ;_lex&aé; [Viol + 2pd exp(— =),

T , ,
where 0 = max)<j<, Maxgeo Y,y E|Yij0l?, C > 0 is a universal constant and C; > 0

depends on q only.
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Proof of Lemma 34. Let Uy = <Yt,T917Y;;2’ e 7)/151;d)T and Wp = Zle U;. Then U, 1 <
t < T are independent random vectors in RP?. Since maxgee |Y:.0]oo = |Ut|oo, by Lemma

D.4 in [114], we have

T 2
_ T
P(|Wrlo > z) < Cyr qeq;Erggm,a& + 2pd exp(— ),
where 02 = max)cp<pa Yy BUZ, = max;<j<, maxpeo Yoy E|Yijo/>. Thus the result
follows in view of maxpeo |S7.0]00 = [Wr|so- O

Lemma 35. Let Yi,...,Y, € R? be independent random vectors with EY;; = 0 and
EY; <o forl <i<nandl <j<p. Let Zy,...,Z, € RP be independent random

vectors such that Z; ~ N(0,EY;Y;"). Define A as the collection of all sets A of the form
A={veRl:a; <v; <b; for1 <j<p}

Let a > 1,b > 0 be two constants. Assume that %Z?:l IEYZ? > b and max; <<, E|Y;;|*TF <
ak for1 <j<pandk=1,2. Let C,, > 1 be a sequence of constants. Further assume

that E(maxlgjgp |Yij|)q < cC? for some q > 2 and some constant ¢ > 0, then

o P(% zn;y €4)- P(% Xn; z.ea)| < cf (“205(1?1%(197%))7)1/6

AeA

N (a203(10g<pn))3)1/3}7

n1*2/f1

where C'is a positive constant that depends on ¢, b and q.

Proof of Lemma 35. The proof follows from Proposition 2.1 case (E.2) in [24] by setting

a*C? }

L, = {CLCn + n1/2—2/q(logp)1/2

96



Lemma 36 (Nazarov’s inequality, [65]). Let Z = (Z1,...,7Z,)" be a centered Gaussian
random vector in RP such that E(ZJQ) >c forallj=1,...,p and some constant ¢ > 0.

Then for every z € RP and a > 0,

P(Z <z+4a)—P(Z < z) < Car/logp,
where C'is a positive constant depending on ¢ only.
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Chapter 2

Probability and moment inequalities
for quadratic forms in independent
random variables with fat tails

2.1 Introduction

Probability inequalities for quadratic forms play an important role in the study
of properties of second-order statistics. The celebrated Hanson-Wright inequality, first
established by [45], provides a concentration result for quadratic forms of symmetric sub-
Gaussian random variables. [105] relaxed the symmetry assumption on the distributions
of random variables. The version widely used in many applications is a refined one
presented by [84]. To clarify, let €,. .., &, be independent mean-zero random variables

with finite sub-Gaussian norm, i.e., ||&;||y, = sup,s; ¢~ /*|lei|l; < K, for 1 < i < n, where

leilly = (Elei|?)Y/%. Let A = (a;;)7,—; be an n x n matrix, and write & = (e1,...,&,)".
Then for every y > 0, it holds that
T T Y Y
P(le’ Ae —Ee' Ae| > y) < 2exp (— min (CK4|A]%’ C’sz(A))) , (2.1.1)

where C' is a universal constant, |A|r and p(A) are respectively the Frobenius (or Hilbert-
Schmidt) norm and spectral norm of A. The inequality (2.1.1) is sharper than the version

in [45] and [105], with p(A) = p((as;): ;) replacing the term p((|a;;|);;) in the earlier results.
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[5] provided an alternative proof of (2.1.1) for diagonal-free matrices A by applying the
decoupling technique in [28].

Several variants of concentration inequalities for quadratic forms have been studied
recently. For example, [51] considered the tail probability for quadratic forms of sub-
Gaussian random vectors, rather than sub-Gaussian components, with the matrix A being
positive-semidefinite. [91] examined the case where the random vector admits certain finite
exponential moments. [100] established an exponential probability bound for quadratic
forms involving vectors that satisfy the convex concentration property, which was later
improved by [1] by eliminating the logarithmic factors. Despite the extensive literature on
probability inequalities for quadratic forms and their applications, there has been very
limited theoretical investigation into the counterparts when the random variables are
non-sub-Gaussian or lack finite exponential moments. Evidence for fat tails has increasingly
been observed across a wide variety of research areas. One primary goal of our paper is to
establish a sharp probability inequality for quadratic forms in fat-tailed random variables
that only allow finite polynomial moments.

For moment inequalities, [4] (cf. Lemma B.26) provided a Rosenthal-type inequality

for quadratic forms with i.i.d. ¢; and coefficient matrix A € R™*™:
EleT e — BT Aclt < O, {leol[tr(AAT)Y + o 2{(AAT} . (212)

assuming that [|eo|l2; < oo for some ¢ > 1 and ||gg||2 = 1, where C; > 0 is a constant
depending on ¢ only. Let 3? be the eigenvalues of AT A and define s = (sy,...,s,)". Since
tr(AAT) = |A[f and tr[(AAT)??) = 377 |s;]9, (2.1.2) is equivalent to

EJeT A — BeT Ael? < C, ([leol2I AL + llcol 21517

q

Theorem 2.1 in [19] presented a similar result by involving the term |s|4 rather than |s|,.

99



Both of these moment bounds are not sharp for diagonal-free matrices A, as the moment
order is increased to 2¢ in the bound. Theorem 3.8 of [27] (by letting m = 2 therein)

states a sharper version:

Ble Ael” < Co{ s A% + gt 3 (3 a2)2 44203 Jagl?}, (213)
J i 1,

where A is symmetric and diagonal-free, €;’s are independent symmetric random variables

with finite ¢-th moment i, := max; ||&;||,, for 2 < ¢ < 4. In our paper, we shall establish

a moment inequality that relaxes the assumption of symmetric distributions on ¢; and

generalizes the result (2.1.3) to arbitrary order ¢ > 2.

For notational simplicity, we use ) . to indicate the summation sign » .. Through-
out, C,CY,cq,Cy, ca, - - - denote positive constants whose values may differ from place to
place. A constant with a subscript is used to highlight its dependence on that subscript.
For two sequences of positive numbers (a,,) and (b,), we write a,, < b, if there exists some

~Y

> b, if there exists

~Y

constant C' > 0 such that a, < Cb, for all large n, and we write a,

some constant C' > 0 such that a,, > Cb, for all large n. For any random variable X and

g > 1, we define || X||, = (E|X]7)"/.

2.2 Main Result

Given that e Ade =" (3(A+ AT))e, we assume without loss of generality that A is
symmetric. For any symmetric matrix A = (aij)zjzl and p,q > 1, we define the entrywise

L, , norm as

1/q
[Allpq = [Z(Z\aiﬂp)q/p] :

i
It is straightforward to verify that || A2 represents the Frobenius norm of A and [|A]|,,

denotes the entrywise g-norm of A.

Theorem 37. Let eq,e9,...,, be a sequence of independent random variables, and define
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e=(e1,...,en)" . Suppose A = (aij)i =1 is a diagonal-free symmetric matriz. Assume

Ee; =0 for all 1 <i <n and py := maxi<i<y ||€i]|; < 0o for some ¢ > 2. Then for any

vz ,uzﬂq||A| 2,2,

q
q

< HapgllAllg, + 1| A

]P’(|5TA5| > y) /i

Xl Y
+exp ( - —) (2.2.1)
Capt3]| All2,2

where the positive constant C, and the constant in S both depend on q only.

Theorem 37 above provides a Nagaev-type inequality, which suggests two types of
bounds: If y is around the order pop,||Al|22, one can use the sub-exponential-type tail
bound exp{—y/(Cqui3||All22)}. If y is larger, the algebraic decay tail y~9(ugul|| A3, +
12| Al ) dominates. If py and p, are of the same order, the terms involving [|A[|3,
dominates the one involving || A2 .

If A is not diagonal free, we shall deal with the diagonal sum separately. Assume
g < oo for some g > 2. For 2 < g < 4, by Corollary 1.6 in [64] and Markov’s inequality,
we have

aN" .. la/2
P(| D ai(e? —Bed)| 2 y) § D Pllaue? — Bed)| > y/2) + Hg dilaidl””

yQ/Q
< M > lasl?
yfI/2
If ¢ > 4, by Lemma 39, it follows that
pa >, laal? y?
IP’( aii(e? — Ee?) 2y> qu——l—exp(——).
2 | e CH .

Remark 5. We shall discuss the sharpness of our result. Consider the special case in
which €;’s are i.i.d. symmetric random variables with ||e;||2 = 1 and the tail probability

P(e; > y) =y 9U(y), fory > yo, where {(y) = (logy)™2 and q > 2. Then (2.2.1) implies
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Jory >n,
nq/2+1

P (Zi# €igj > y) <

Next we aim to establish a lower bound of P(3_, ;i > y). Denote S, = > 7" &;. By

+ exp ( - &) (2.2.2)

Theorem 1.9 of [64], we have the expansion: for a sequence y, > \/n, asn — o0,

P(Sn = yn)
nyr?%@ﬂ) +1- (yn/\/_)

(2.2.3)

where ®(+) is the cumulative distribution function of standard normal distribution. Let

(et be an i.i.d. copy of (g;)%, and S!, = > By Theorem 1 in [28], there exists

zlz

some constant C' independent of n such that

P( ‘Zi# £

> )>CP<‘Z

) (2.2.4)

Note that for y > n,

P(3,, 5 >0)

v

P (S,S) > 2y) — <Z€g >y)
> P(S, 2 y/V)P(S, 2 2vi) - P (D el 2 ).

Applying (2.2.3) to S, and S),, we can obtain

P(S, > y/vn) 2

nq/2+(11€(y) 41— B(y/n) (2.2.5)

and P(S!, > 2y/n) = (1 — ®(2))(1 + o(1)). In addition, by elementary calculation, it holds
that P(gieh > y) = Cuyoy~ U(y) (1 + 0(1)) fory > y3, where Cyy, is a positive constant

depending on q and yo. Applying Theorem 1.9 of [6]] to the sum of the i.i.d. symmetric
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random variables €;€;, we have

P e zy) £ MWt wyvm),

yq

whose order is negligible compared to the right-hand side of (2.2.5) when y > n. Hence, it
implies that
2 1(y)
P (Zi;éj gigy 2 y) g " +1—®(y/n). (2.2.6)

On the other hand, we also have

P(Y a5 2u) 2 P(Swz VER(S, 2 v2y) — P () ciel > o)
n20*(y) i (1 B (I)(\/M)>2 (2.2.7)

yq

Vv

Combining (2.2.4), (2.2.6) and (2.2.7), it follows

nd/2+1yp

M (- a/an)

yq

P (Zi;éj €i€j Z y) Z

which, compared to (2.2.2), suggests that (2.2.1) is optimal up to a multiplicative logarithmic

term.

Remark 6. The infinite-dimensional version of (2.2.1) is also true since the right-hand
side of (2.2.1) is uniform in n, provided that the matriz norms ||Al|2,2, || A2, and || A||4.q
converge. This extension together with the discussion on how to deal with the diagonal sum
allows us to study the concentration of the autocovariance function for a linear process
of the form X, =3 2 bjerj, where Y722 |bj| < 00 and &; are i.i.d. mean-zero random

variables with Ele;|9 < oo for some ¢ > 2. For example, if we consider the autovariance
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estimate at lag 0, i.e., 02 = %Z?Zl X2, it can be constructed that

n

1 n n
ET\Q = E E E ;€€ where Q5 = E bk—ibk—j-

1=—00 j=—00 k=max{i,5,1}

By imposing a decay rate of bj, the required matriz norms are computable without much

difficulty.

Remark 7. Another direct application of Theorem 37 is investigating the concentration
of sample means for some important nonlinear processes. The Volterra system is a natural
model to study nonlinear systems and plays an important role in the nonlinear system

theory ([17], [72], [86], [9]). Here we consider the second-order Volterra process

X = Z ha(uy)et—u, + Z ho(uy, U2)Et—uy Et—usy-

u1=0 u1,u2=0

The functions hy, hy are called Volterra kernels. Assume that hy(u) = 0, €; are i.i.d with

mean zero and hs(uy,us) is symmetric and it equals zero if uy = us. We have

n

[/Z = %ZX,: = % Z Z A;;E45E 5 where Q35 = Z hg(k’ — Z,kl —j)
t=1

i=—00 j=—00 k=max{1,j,1}
and we can use Theorem 37 to study the concentration behavior of Ji. [
Next we shall establish a sharp moment inequality. For any square matrix A, define
the operators

D(A) = A? — diag(A?), and D"(A)=DoDo---0oD(A) for k € N.

-~

k

Conventionally, we set DY(A) = A. Theorem 38 below delivers a moment inequality for

quadratic forms of random variables in the presence of fat tails.
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Theorem 38. Let €q,¢e9,...,6, be a sequence of independent random wvariables, and
define ¢ = (e1,...,6,) . Suppose A = (aij)f =1 s a diagonal-free symmetric matriz.
Assume Ee; = 0 for all 1 < i < n and p, := maxi<;<, ||&ill; < 0o for some ¢ > 2. Let

K = |logy(q)| — 1. Then we have

K k

2h71 2k71 2k Qk 2k 2k

EleT At < C > TTwd™ - (W* IDH LS + 1/ il D ()12
k=0 h=1

k—1 k
1l DA 4y ): (2.2)

q/2F q/2k,q/2k

where Cy is a positive constant depending on q only.

Remark 8. If2 < ¢ < 4, then K =0 and the result (2.2.8) is reduced to (2.1.3) exactly.
Our Theorem 38 extends (2.1.3) to higher moment orders by allowing q > 2 in general
and in the meantime relaxes the assumption of symmetric random variables. For each
doubling of q, there will be one more layer to add up in the moment bound, each of which is
characterized by the operator D* and balances between the Ly s, Ly 4/2% and Lg ok g/ox nOTMS.
If €; are i.i.d., by a careful check of the proof for the case 2 < q < 4, we can conclude

(2.2.8) is optimal since the upper bounds in (2.3.19) and (2.3.20) are both optimal.

Remark 9. We consider the special case where A = (a;)} =, with a;; = 1 if i # j and

a; =0 for 1 <1 <n. By elementary calculation, we can get that for p,q > 1,
IDH (Al < 0™ o

The moment inequality (2.1.2) suggests Ele" Ae|? < Cq,uggnq, as the second term dominates

the first in this case. By Theorem 38, it can be computed that for 2 < q < 4,

Ele" Ae|? < Cy(pa™n? + pduin®>™ + 124n?).
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and for 4 < q <8,
Ele" Ae|? < Cy(pip® + s plan®/ 1 4yl > 4 pdping/> 1 4 2in?),

The bound for other cases of q can be presented similarly. In comparison, our result
provides a sharper combination of various orders of moments and different norms of the

coefficient matriz.

2.3 Proofs

In this section, we provide the proofs of Theorem 37 and Theorem 38, beginning

with the statement of two useful lemmas.

Lemma 39 (cf. Corollary 1.8 in [64]). Let Xi,..., X, be independent random variables

with EX; = 0 and || X;||,; < oo for some ¢ > 2. Let S, =Y ., X;. Then for every x > 0,

Cl Z?:l E|X2|q 0212
P(S, > z) < —a + exp —m )

where Cy = (1+2/q)? and Cy = 2(q + 2)%e74.

Lemma 40. Let Xy,..., X, be independent random variables with EX; = 0 and || X;]|, <
oo for some ¢ > 2. Let S, =Y " | X;. Then there exists a constant K, depending on q

only such that
" 1/q " 2)1/2
1Salle < K| (D27 EIXINY 4 (3 EXH)).

Proof of Lemma 40. For q = 2, it trivially holds by noticing ||S,||2 = (31—, EX?)Y/2. For

q > 2, it is an adapted version of Theorem 3 in [82]. O

Next we will prove Theorem 37 and Theorem 38.
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Proof of Theorem 37. By Theorem 1 in [28], we have the decoupling result: for any y > 0,
P(le"Ae| > y) < CP(|e" Ae*| > y/O), (2.3.1)

where * = (¢%,...,&*)" is an independent copy of € and C'is a positive constant indepen-

’Tn
dent of n. Now we condition on (g;)%;. Then &' Ae* is a linear combination of independent
random variables ¢f with fixed coefficients w; = 3_. agej, 1 < <n,ie., e Ae* = 37 wie],

Let V =3, w?. By Lemma 39, we have

P(le" Ae*| > y|(e)i,) < L{w + 2exp ( - y—2>,
Y Co by

where ¢ and ¢, are two positive constants depending on ¢ only. By taking the expectation

with respect to (&)1, it follows that

c1d S B4 2
1qulq| | +2Eexp(— y2

P(le" Ae*| > ¢) <
(Je'Ae*] > y) < ooV

) —I4+IL (23.2)

To bound the term I, by Lemma 40, we can obtain

Elw;|* =E ‘Z Qi€
j

q q/2
5#3(2@%) + > Jagl’,
J

J

where the constant in < depends on ¢ only. It then implies

papgll AllS, + gl AllZ

1<

(2.3.3)

Now we deal with the term I1. Let B = (b;);’;—; = A* and D(A) = A* — diag(A?). Define

1

Vi = Z bi(e2 —Fe?) and Vi =¢c D(Ae.
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Then we can write V = Y, b;[Ee? + Vi + V5. Noticing that Y, b; = [|A]|3,, we have

2 2 2
Y

) —f-Eexp(—m) +Eexp<—m> (2.3.4)

Y

IT < exp ( — =
Capiz|| A3 2

with C, = 3¢y. It remains to deal with Eexp(—y?/(C,u3|Vi])) for i = 1,2.

Case 1: ¢ > 4. By Lemma 39, for = > 0,

2

P(|Vi] > z) < Wi!—ﬁqu +2exp (- CMJW) — Fla), (2.3.5)
Elementary manipulation indicates
Y2 0 2
Eexp ( - m) = _/000 exp ( - Cq%%x>dﬂb(|vl| > 1)
< —/0 exp < — ﬁ)ﬁ(w)dw. (2.3.6)
where
—F(z) = cwﬁl/lilll%q a@i% 7 e ( - ﬁ) = fi(z) + fo(z)  (2.3.7)

with ¢3 = ¢1-¢/2 and ¢4 = ¢3/4. By a change of variables ¢ = y?/(C,u3z) and the definition

of Gamma function, we have

- ) 2\ 4/2 poo
y C ,LLQ — 2—1
_ de = cypd|| Al (=2 / ‘427 1d
/0 exp( C'qu%x) fi(z)dx capg]] ||2,q( y? ) . € v

/2 q q 1 4q q
Gy sl AllS  Copspdl| A3,
— i T(q/2) = ~#2PIITR24 (9 3 )

Regarding f>(x), we can consider

/ooex (— v )f(a:)dx
0 P Copizx ’
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s ten (s [ e (e
—————ssups s exp | ————=—+ x exp | — T,
(34#21L Zz bzgz' >0 CZ,U?L Zz bzzi 0 quugx

Note that the function 2972 exp(—z?/cous Y, b7) takes the maximum at

T = \/Cz(q +2) 2631/2

Similarly as (2.3.8), it follows that

00 2 Ca 29
/ v lexp [ — i — | dr = al's ['(q).
0 Copt3 y*

Hence, we have

b 2 200, AN p2V4/2 7,9 All2
/ exp (_ Y 5 ) fz(.f)d.f S Ha (/“L4 - i m) 5 N’Z/l’qH ||2,q,
0 Coptar y=a Y9

where the last step follows in view of y 2 popg||All22, pg > pa and

-2

S =3 (X a) < 1A ()] < Il AR

) J 1 J
Combining (2.3.6), (2.3.7), (2.3.8) and (2.3.9), we have for y 2 papy||All2,2,

Eexp(_ v )< patgllAll3
Cop3il/ ™yt

Moreover, we can obtain

2 2

(2.3.9)

(2.3.10)

Bewp (— gramz) = Bew (= ) (%l S vldlla} + 18] > vl All2)

Coi3|Va Con3| V5|

0 2
Yy Yy
< exp <——> —/ exp (— ) dP(|Va| > ),
Cat3|| All2,2 YllAll2.2 Cypzz
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which together with (2.3.1), (2.3.2), (2.3.3), (2.3.4) and (2.3.10) implies

q,,q9 q 2q q
papdllAllS  + | All y
P(lcTAe| > y) < q q " Hq M—l—exp(——)
( ) T Crl ATz
= y
- exp ( - >d]P’(|V2| > 7). (2.3.11)
A||A||2,2 quugx

By the preceding arguments and noticing ||D(A)[22 < [|A||3,, we can also obtain for

2 patigl| Al 2,

S| D(A) |8, + 129 D(A)||2 T
P(Val > 2) < 1 A = BAIVAER
(Ve > 2) < o TP T aTAR,

0 LEQ
— — P > 2.3.12
/ eXp( CqM%Z>d (1Vil = 2). (23.12)

x| All3

where V3 = " D?(A)e with D*(A) = D o D(A). We next bound ||D(A)[3,, |D(A4)[|2, and

P(|V5] > z) respectively. Firstly, by Holder’s inequality, we have

D)5, =[S0 (S ana) ] < 413,141

i gy k
1Dz, =D S anans| SZ(Zafk)Q/2<Zaij>q/2§||AH§?Q
Ak k

1#£] k

As for P(|V5| > z), by Theorem 1 in [28] again and Markov’s inequality, we have
P(|V3| > 2) < CP(|le"D*(A)e*| > 2/C) < CzE|e ' D*(A)e*| . (2.3.13)

Denote D*(A) = (d;;)}

7i—1. Then we can write e "D*(A)e* = 3, & >_; dije;. Observe that

gy, ; dije; are uncorrelated for different ¢. By the Burkholder inequality for martingales

(cf. Theorem 3.2 in [16]) and the fact that [[D(M)]|s,, < ||M]|3, for any square matrix M,

110



we have

DA < 6D e S sl < Cut 3OS duss

< Cut Y = CutIDA)E, < Co AllSye (23.14)

By (2.3.13) and (2.3.14), (2.3.12) then becomes

2
PVal > ) < sl ANS JANS 2 + 13| All, T
Vel 22) % q toe (g A,
v . | Hz,z
e 2 2q|| Al|%4
_/ exp (_ €T ~ ) :uq ||+1H272d2. (2315)
2| AlI3., Cypis2 24

By similar arguments as (2.3.6) and (2.3.7), let

%) 2
R, = / exp <— i ) gi(x)dx for i=1,2,3,
Yy

2
1A]l2,2 Copz

where

gi(@) = &= (gl All3 I AN 2 + gAY,

T
92(@) = (3114132 exp (= 52 )
S CorBIIATR,

A
() = 12| A2 exp ( . —) (2.3.16)
! 22 CQM%HA”%Q

Then we can write

00 2
_/ exp <—y—2> dP(|Va| > x) < Ry + Ry + Rs.
Y Cousz

All2,2 2

Similarly as (2.3.8) and (2.3.9), it can be obtained that for y > o, || All2.2,

P gl AlIS g1 ANS 2 + p2’ g1 AlLE, _ p3ugll Al

< 249 <
Rl ~ y2q yq

Y Y
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2
y 3| All2,2\ 471 y
RS (- ) (Y™ oy (o r ).
Coti3||All2,2 y Coti||All2,2

y paplg|| All2,2\ 29 y
Rssexp<— >< > <exp| ——=———7—
Cotiz||All2,2 Yy Cotiz||All2,2

As a consequence, it implies

00 2
Y < HapgllAllz, Y
- exp (- dP(|Va| > ) § 2020 poxp (— ). (23.17)
/yAm ( Cqﬂzl“) y4 ( Cqﬂéllz‘lllzz)

Therefore, (2.2.1) follows in view of (2.3.11) and (2.3.17).
Case 2: 2 < ¢ < 4. It is much easier for this case. By Corollary 1.6 in [64] and

Markov’s inequality, with >, ;|72 = | All5,,, we have for z > 0,

Mg Zl ‘bii’qm < MZHAHg,q

P(Vil =z #) S ZP(lbn’(é?? —E)| 2 2/2) + 2= 5— S = (2.3.18)
Replacing (2.3.5) by (2.3.18), due to (2.3.8), we can still have
2 C q,,q A q
Eexp ( Y ) < Catzngl|Allz,g
Cypz| V1| Yl
Other steps are the same as the case ¢ > 4. O]
Proof of Theorem 38. Case 1: 2 < g < 4. By Corollary 3 in [26], we have
T A lq 2 2 2|9?
EleT Ae|? < CE‘Z% £ (2.3.19)
i#]
By Theorem 3.6 in [27], it follows that
E‘Zafj : f Cy (2" | AllS 2 + 3l AlIS ¢ + | ANlE,) - (2.3.20)

i#]

112



Hence we have

2
Ele" Ae|” < Cq (1" All32 + p3ugll AllS o + 1311 A

7.) (2.3.21)

9,9

which agrees with (2.2.8) for K = 0.

Case 2: ¢ > 4. By Theorem 1 in [26], we have the decoupling result:
Ele" Ae|? < CEle " Ae*|9, (2.3.22)

where e* = (g%,...,&)" is an independent copy of . Now we condition on (g;)" ;. Then

rn

e Ae* is a linear combination of independent random variables &} with fixed coefficients

w; = Z]‘ aijej, 1 <i<m,ie, e Ae* =, wief. By Lemma 40, we have
BT AP (<)1) < i Yl + (3 )]
By taking the expectation with respect to (g;),, it follows that
E(leTAe*|9) < Cy [l ZE|wi|q + ,u%E(Z w?)??]. (2.3.23)
Using Lemma 40 again, we have
S Elult < C (s AN, + H2IAIL). (2324

Hence, it suffices to deal with the term E(Y,w?)?2. Let B = (bij)ij=1 = A* and
D(A) = A? — diag(A?). Then we can write >, w? = Y, b;e? + ' D(A)e. By Lemma 1
in [82],

E| Z biig?‘qﬂ < Caypig Z bgz'/Q + Cqﬂ%(Z bii)q/2

7
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= CopgllAllz, + Copis]|All2,o- (2.3.25)
Combining (2.3.22), (2.3.23), (2.3.24) and (2.3.25), we have
EJeT Ael? < C, (WEJe DAl + p2| Al + bt | AJS, + p2IAlL,),  (2:3.26)

which provides a recursive relationship for the moment. If 2 < ¢/2 < 4, by (2.3.21), we
have

2 2 2 2 2
Ele"D(A)e]""2 < Cy (u§IDALS + 182D + o IPAVIE 2

If ¢ > 8, we can apply the recursion (2.3.26) for K = |log,(¢)] — 1 times such that
2 < q/2% < 4. Then (2.2.8) follows by adding up all the intermediate terms during the

recursion and applying (2.3.21) for E|eTDX (A)e|?/2". O
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