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ABSTRACT OF THE DISSERTATION

Spectral Inference for High-Dimensional Time Series

by

Chi Zhang

Doctor of Philosophy in Mathematics

University of California San Diego, 2025

Professor Danna Zhang, Chair

Spectral analysis is a central tool in the study of time series, yet much of the estab-

lished distributional theory for spectral density estimation is limited to low-dimensional

settings. Modern applications frequently involve high-dimensional data, nonlinear dynam-

ics, and non-Gaussian distributions, for which existing asymptotic results are inadequate.

This dissertation develops a comprehensive inference framework for spectral density esti-

mation in high-dimensional time series. The theory provides distributional approximations

that hold across different dimensions and frequencies, thereby enabling principled inference

in complex dependence structures. To support practical implementation, two distinct

resampling methods are introduced and rigorously justified, offering broadly applicable

xii



procedures for high-dimensional spectral inference.

Complementing this work, the dissertation also develops new probabilistic tools for

analyzing quadratic forms in independent random variables with heavy-tailed distributions.

Classical probability and moment inequalities for quadratic forms typically assume sub-

exponential or exponential tails, which exclude many realistic data-generating mechanisms.

To address this gap, we derive a sharp Nagaev-type tail probability inequality and a

Rosenthal-type moment inequality that apply under only polynomial moment assumptions.

These results substantially broaden the theoretical foundations available for studying

second-order statistics in the presence of fat tails.

Taken together, the contributions of this dissertation advance both the methodology

and theory of modern statistical inference. On the one hand, they establish a distributional

theory and resampling framework for spectral analysis in high-dimensional time series.

On the other, they provide new probability and moment inequalities for quadratic forms

under weak moment conditions. The combined results offer versatile tools for analyzing

high-dimensional and heavy-tailed data, thereby addressing fundamental challenges in

contemporary statistics.
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Chapter 1

Spectral Inference for High Dimen-
sional Time Series

Abstract: Spectral analysis plays a fundamental role in the study of time series.

While there is a well-developed asymptotic theory for spectral density estimate in low-

dimensional cases, a corresponding distributional theory for high-dimensional time series

is still lacking. This paper aims to fill this gap by introducing a comprehensive inference

theory for the spectral density estimate of high-dimensional time series with possibly

nonlinear generating systems and non-Gaussian distributions. Our result is built across

different dimensions and frequencies and can serve as a versatile tool for addressing

various time series inference challenges. Additionally, we present two distinct resampling

methods aimed at practical implementation of high- dimensional spectral inference, each

accompanied by a theoretical justification of its validity.

Key words: Asymptotic distribution, high dimensional time series, resampling,

simultaneous inference, spectral density.

1.1 Introduction

The information era has witnessed an explosion in the collection of high-dimensional

time series data across a wide range of areas. Spectral density, as an adequate description

of serial auto- and cross-correlation in the frequency domain, plays an essential role in

1



helping understanding the dynamics in serially correlated data without necessarily needing

to develop complex parametric models in high dimensions. It has been widely applied in

measuring dynamic co-movement of multiple economic time series [44], detecting functional

brain network connectivity in neuroscience [41], [7], and investigating multichannel event-

related potentials in cognitive science [29]. Besides, it is a powerful tool for waveform

analysis in geophysics [8], wave analysis in oceanography [47], [39], signal analysis in weather

radar [101], flow analysis in transportation engineering [92], climate oscillation analysis

[38] and studies in many other disciplines. Accurate estimation of the spectral density

matrix is also a crucial problem in methodological studies. For example, spectral and

cross-spectral density estimates can be used in linear prediction of vector-valued stationary

processes [78], parameter estimation of generalized least squares type for dynamic models

[43], [76], instrumental variable estimation of general linear systems [77], and estimation of

generalized dynamic factor models [35], [36]. Also, it permits optimal linear interpolation

of multiple missing values in multivariate time series [63].

To fix the idea, for p ∈ N+ and stationary process Xt ∈ Rp, let

Γ(k) = (Γij(k))pi,j=1 = Cov(X0, Xk)

be the autocovariance matrix function. For all 1 ≤ i, j ≤ p, assume
∑

k∈Z |Γij(k)| < ∞.

The spectral density matrix function is defined by

F (θ) =
1

2π

∑
k∈Z

Γ(k)e−ιkθ, where ι =
√
−1.

Properties of spectral estimates have been extensively explored for one dimensional

stationary processes in many classical time series textbooks; see, for example [2], [71],

[81], [15], [14] among others. See also [87] and [59] for more references. Without loss

of generality, we assume EXt = 0 throughout the paper. It is well known that the

2



matrix-valued periodogram

ĜT (θ) =
1

2πT

( T∑
t=1

Xte
−ιtθ)( T∑

t=1

X⊤
t e

ιtθ
)

is an asymptotically unbiased but inconsistent estimator of F (θ). Consistent estimators of

the spectral density function can be obtained by tapering the autocovariance estimator

or equivalently by smoothing the periodogram. One natural choice is Welch’s [102]

non-overlapped segment averaging spectral density estimator given by

F̂ (θ) =
1

2πT

T/B∑
r=1

( rB∑
t=(r−1)B+1

Xte
−ιtθ)( rB∑

t=(r−1)B+1

X⊤
t e

ιtθ
)

(1.1.1)

where B = o(T ) is the window size and for notational convenience it is assumed that

T is divisible by B; see [44], [71], [66] for more lag-window type variants using different

smoothing functions.

In this work, we shall consider a general framework of high-dimensional stationary

processes of a causal form

Xt = G(Ft) = (Xt1, . . . , Xtp)
⊤, (1.1.2)

where Ft = (εt, εt−1, . . .), εt, t ∈ Z, are i.i.d. random elements, G(·) = (g1(·), . . . , gp(·))⊤ is

an Rp-valued measurable function such that Xt = G(Ft) is a well-defined random vector.

In the univariate case where p = 1, framework (1.1.2) provides a natural paradigm for

both linear and nonlinear time series models and represents a huge class of stationary

processes which appear frequently in practice; see [103], [79], [72], [97], [106] among many

others. Estimation and inference theory on spectral density has been well developed

by [87] and [59] in the one dimensional case and [109] in the multivariate case. By

allowing the data-generating function to be Rp-valued where p may diverge to infinity,

3



it extends a large number of existing low dimensional stationary processes into their

high-dimensional counterparts in a natural way; see [20], [108] and [113] for examples.

In the high-dimensional case, [95], [34] and [114] concerned the convergence of spectral

density matrix estimates under different moment and dependence assumptions on the

underlying process. [83] established the convergence in distribution of the maximum

sample coherence for Gaussian time series to the Gumbel distribution under the high-

dimensional regime when B = O(T ρ) for some 0 < ρ < 1 and p/B → c for some constant

c ∈ (0,∞). It is still an open problem on how to perform simultaneous inference of spectral

density matrix for high-dimensional non-Gaussian time series. The main goal of this

paper is to develop a comprehensive distributional theory for the high-dimensional spectral

density estimate. In particular, we shall establish the asymptotic normality for point-wise

inference and a Gaussian approximation result for simultaneous inference. We take into

account all of the following features that may arise in real-world applications involving

time series data: (i) possibly nonlinear generating system, (ii) temporal dependence and

cross-sectional dependence, (iii) high-dimensional data and (iv) non-Gaussian distribution.

As another important contribution, we introduce two practical implementation approaches

for simultaneous inference of high-dimensional spectral density matrix: one is Gaussian

multiplier resampling method and another is subsampling. There has been an extensive

study on resampling methods for low dimensional time series including the widely used

moving block bootstrap [54], [58] and subsampling [68], [42]. The validity of these methods

in high dimensions is still unknown. In the recent decade, Gaussian multiplier boostrap

was introduced in [22] for high-dimensional mean vector inference. As an extension,

[115] proposed a blockwise multiplier bootstrap. We shall provide rigorous theoretical

justification on resampling approaches to infer spectral density for high-dimensional time

series.

The paper is organized as follows. In Section 1.2, we introduce the functional

dependence measures for high-dimensional time series and establish the convergence

4



and point-wise asymptotic normality of spectral estimates. In Section 1.3, we study

simultaneous inference of spectral density by establishing a Gaussian approximation result

for the maximum deviation of the spectral density estimate over dimensions and frequencies,

which could be used to tackle a variety of time series inference problems. We also introduce

resampling methods to perform statistical inference in practice and provide theoretical

justification on the validity. In Section 1.4, we discuss potential extensions of our results.

Section 1.6 presents a simulation study and real data analysis. In Section 1.5, we discuss

in more detail the generalization of the results in Section 1.4.1. The proofs of the main

results are provided in Section 1.7 and part of the proofs are relegated to the Appendix.

We first introduce some notation. For a random variable X and q ≥ 1, we define

∥X∥q = (E|X|q)1/q. Denote the operator E0 with E0(X) := X−EX. Define the projection

operators Pt· = E(·|Ft)−E(·|Ft−1) and P t· = E(·|F t)−E(·|F t+1), where Ft = (εt, εt−1, . . .)

and F t = (εt, εt+1, . . .). For a complex number a ∈ C, denote the real and imaginary

part of a as Re(a) and Im(a) respectively. For a matrix A = (aij)i,j ∈ Cm×n, define

the element-wise ℓ∞ norm |A|∞ = maxi,j |aij|. Denote the transpose of A as A⊤ and

the conjugate transpose of A as AH . For two real numbers, set x ∨ y = max(x, y) and

x ∧ y = min(x, y). We use C,C1, C2, · · · to denote positive constants whose values may

differ from place to place. A constant with a symbolic subscript is used to emphasize the

dependence of the value on the subscript. Throughout the paper, we use r, s, t to denote

time indexes and use i, j, h, l to denote dimension indexes.

1.2 Consistency and Asymptotic Normality of

Spectral Estimate

To develop an asymptotic theory for spectral estimates, we need to introduce

appropriate dependence measures. Assume that max1≤j≤p ∥Xtj∥q < ∞ for some q ≥ 2.

Following the idea in [106], for t ≥ 0 and 1 ≤ j ≤ p, we define functional dependence

5



measure

δt,q,j = ∥gj(εt, εt−1, . . .) − gj(εt, . . . , ε1, ε
∗
0, ε−1, . . .)∥q, (1.2.1)

where ε∗0 is an i.i.d. copy of ε0. We can observe that δt,q,j measures the distance between the

original process Xtj = gj(εt, εt−1, . . .) and the decoupled process gj(εt, . . . , ε1, ε
∗
0, ε−1, . . .)

with ε0 replaced by ε∗0 and other innovations kept the same. Thus, it quantifies the effect

of the innovation vector ε0 on the process (Xtj), which can be interpreted as a possibly

nonlinear impulse response function. In this sense, we call δt,q,j the dependence measure for

the j-th component process (X·j) at lag t and moment order q. By convention, δt,q,j = 0 for

t < 0. For high-dimensional time series, it is challenging to depict the dependence structure,

because both the temporal and the cross-sectional dependence need to be concerned. A

main advantage of the representation (1.2.1) is that it lets us define physically meaningful

and easily workable dependence measures, even for high-dimensional cases. Apparently,

δt,q,j measures the temporal dependence at lag t. As each component Xtj is dependent on

the p-variate vectors Xt−1, Xt−2, . . . , δt,q,j incorporates the cross-sectional dependence as

well.

Equipped with the dependence measures (1.2.1), we define the q-th dependence

adjusted moment: assume that there exists some constant ρ ∈ (0, 1) such that

∥X·j∥q = sup
m≥0

ρ−m∆m,q,j < ∞,where ∆m,q,j =
∞∑
t=m

δt,q,j. (1.2.2)

Here a geometric moment contracting (GMC) condition is imposed on the cumulative

(tail) dependence measure ∆m,q,j =
∑∞

t=m δt,q,j by noting that ∆m,q,j ≤ ∥X·j∥q · ρm for

all m ≥ 0. We can interpret the quantity ∥X·j∥q as the q-th moment of the component

process (X·j) by taking dependence into account. Elementary calculations show that, if

Xtj, t ∈ Z, are i.i.d., then ∥Xtj∥q ≤ ∥X·j∥q ≤ 2∥Xtj∥q, suggesting that the dependence

adjusted moment is equivalent to the classical Lq moment for the independent case. For

6



high-dimensional time series, it could happen that the quantity ∥X·j∥q may be expressed

as a function of p and may increase with p. In the following examples, we work out a

bound for the dependence measure of high-dimensional time series. This is a key step in

applying our theorems.

Example 1 (High Dimensional Linear Processes). Let εt = (εt1, . . . , εtp), t ∈ Z, be

i.i.d innovation vectors, where εtj are i.i.d. random variables with mean 0 and µq =

∥εti∥q < ∞ for some q ≥ 2. Let Ak, k ≥ 0, be p × p real coefficient matrices such that∑∞
k=0 tr(AkA

⊤
k ) < ∞. By Kolmogorov’s three-series theorem, the p-dimensional linear

process

Xt =
∞∑
k=0

Akεt−k (1.2.3)

is well-defined. Many researchers have worked on this model recently; see for example, [11],

[12], [52], [57], [21] among others. It includes the vector AR processes [90], [94], [98], [33]

and MA processes [73], [61], [15]. Denote the (j, j′)-th entry of At by At,jj′. We assume that

there exist some 0 < ρ < 1 and 0 < Kp < ∞ such that max1≤j≤p(
∑p

j′=1 A
2
t,jj′)

1/2 ≤ Kpρ
t

for all t ≥ 0. By Theorem 2.1 of [74], we can obtain

δt,q,j = ∥
p∑

j′=1

At,jj′(ε0j′ − ε∗0j′)∥q ≤
√
qµqKpρ

t.

Example 2 (High dimensional autoregressive conditional heteroskedasticity models). We

consider the vector ARCH process Xt = (Xt1, . . . , Xtp)
⊤ with

Xtj = εtj(aj + X⊤
t−1AjXt−1)

1/2, j = 1, . . . , p, (1.2.4)

where εtj are i.i.d. random variables with mean 0 and µq = ∥εtj∥q < ∞ for some q ≥ 2,

aj are positive constants, and Aj are p× p nonnegative-definite matrices with the spectral

norms denoted by λj = ∥Aj∥2. Denote εt = (εt1, . . . , εtp) and Xt = f(Xt−1, εt). Since for

7



any X, Y ∈ Rp,

|(aj + X⊤AjX)1/2 − (aj + Y ⊤AjY )1/2|2 ≤ λj|X − Y |22, (1.2.5)

it follows that

|f(X, εt) − f(Y, εt)|2 ≤ (

p∑
j=1

λjε
2
tj)

1/2|X − Y |2.

Assume that ρ := ∥(
∑p

j=1 λjε
2
tj)

1/2∥q < 1. Denote

Kp,q = ∥(

p∑
j=1

ajε
2
tj)

1/2∥q = ∥|f(0, εt)|2∥q.

By the arguments for Theorem 2 in [107], the recursion (1.2.4) admits a stationary solution

Xt = g(εt, εt−1, . . .). By (1.2.4) and (1.2.5), we can compute the dependence measure

δt,q,j ≤ µqKp,q

√
λjρ

t/(1 − ρ).

Before proceeding, we state the main assumption required in studying the asymp-

totic properties of the spectral density estimator (1.1.1).

Assumption 1. There exists some constant α ≥ 0 such that

∥X.j∥ψα := sup
q≥2

q−α∥X·j∥q < ∞.

Denote ∥X·∥ψα = max1≤j≤p ∥X·j∥ψα.

In Assumption 1, it is assumed that Xtj has finite moment with any order. For

α ≥ 0, ∥X·j∥ψα is interpreted as the dependence adjusted exponential type norm for the

j-th component process and ∥X·∥ψα is interpreted as the uniform dependence adjusted

norm by taking the maximum over all the component processes, which accounts for high

dimensionality. By this definition, if Xtj, t ∈ Z, are i.i.d., ∥X·j∥ψα is equivalent to the

8



classical sub-Gaussian norm when α = 1/2 or sub-exponential norm when α = 1, due

to the equivalence of ∥X·j∥q and ∥Xtj∥q. The parameter α measures how fast ∥X·j∥q

increases with q. With this assumption, we are able to deal with tails which are heavier

than Gaussian tails: the larger α is, the heavier the tail is. It is worth noting that

Assumption 1 imposes some additional restrictions on the underlying process, even when

the innovation has finite moments of all orders. These restrictions are characterized

by the parameter α, which quantifies the rate at which the q-th dependence-adjusted

norm ∥X·j∥q increases with q. Specifically, under the setting of Example 1, it requires

µq ≤ qα−1/2(1 − ρ)K−1
p ∥X·j∥ψα for all 1 ≤ j ≤ p. In the case of Example 2, the condition

becomes µqKp,q ≤ qα(1 − ρ)2λ
−1/2
j ∥X·j∥ψα for all 1 ≤ j ≤ p.

For notational convenience, we assume B is an even integer and B ≥ 4. Define the

set of discrete Fourier frequencies in [0, π]

Θ = {2kπ/B : k = 0, 1, 2, . . . , (B/2)}.

Theorem 1 below provides a uniform non-asymptotic tail probability bound for

max
θ∈Θ

|F̂ (θ) − EF̂ (θ)|∞,

the maximum deviation of the spectral estimate from its expectation across different

dimensions and frequencies. Since the process can be nonlinear, non-Gaussian and

high-dimensional, it can be quite involved to derive a tail probability inequality for

maxθ∈Θ |F̂ (θ)−EF̂ (θ)|∞. In our framework, equipped with functional dependence measures,

we can have a closed form of the upper bound depending on the sample size T , window

size B, dimension p, parameter α and dependence adjusted norm ∥X·∥ψα .

Theorem 1. Let Assumption 1 be satisfied for some α ≥ 0. Then there exists some

9



constant Cα such that for any x > 0,

P
(

max
θ∈Θ

|F̂ (θ) − EF̂ (θ)|∞ ≥ x
)
≲ Bp2 · exp

[
− Cα

( √
Tx√

B∥X·∥2ψα

) 1
2α+1

]
. (1.2.6)

Remark 1. It is worth mentioning that the result in Theorem 1 also applies to the uniform

deviation for θ over the real line. In fact, for a trigonometric polynomial of order B, we

can bound the uniform deviation by taking the maximum over a fine grid, i.e., by Theorem

7.28 in Ch. X of [117], for B′ = 4B and θ′k = 2πk/B′,

max
θ∈R

|F̂ (θ) − EF̂ (θ)|∞ ≤ 2 max
0≤k≤B′

|F̂ (θ′k) − EF̂ (θ′k)|∞.

Remark 2. A closely related result to our Theorem 1 is Theorem 3.1 in [34], which

presented a tail probability inequality for smoothed periodogram under finite sub-exponential

moment. Our requirement and availability are significantly different from theirs. Firstly,

we are able to deal with a wide class of exponential type tails characterized by α. Moreover,

based on (1.2.6), we can obtain

max
θ∈Θ

|F̂ (θ) − EF̂ (θ)|∞ = OP

(
∥X·∥2ψα

√
B

T
log2α+1(Bp)

)
. (1.2.7)

If ∥X·∥ψα ≍ 1 and B ≍ T c for some 0 < c < 1, as a natural requirement of consistency,

we can allow the dimension p to increase exponentially with T , i.e.,

log p = o
(
T

1−c
4α+2

)
,

while [34] allows a narrower range p = O(nC) for some C > 0. Proposition 4.3 of [114]

delivered a probability inequality for lag-window spectral estimates of Gaussian processes:

P
(

max
θ∈Θ

|F̂ (θ) − EF̂ (θ)|∞ ≥ x
)
≲ Bp2 · exp

[
− C min

( Tx2

BΦ4
2

,
Tx

BΦ2
2

)]
, (1.2.8)

10



where Φ2 = max1≤j≤p ∥X·j∥2. (1.2.8) suggests two types of bounds for the tail probability: a

sub-Gaussian type tail exp(−CTx2/BΦ4
2) and a sub-exponential type tail exp(−CTx/BΦ2

2).

Our result concerns the tails heavier than Gaussian tails and the probability bound is thus

less sharper than the Gaussian case. In view of (1.2.7), the error rate is non-decreasing

with α, p and the dependence adjusted norm ∥X·∥ψα. In other words, the rate is less

sharper when the process has a heavier tail, higher dimension and stronger dependence.

We also note that Theorem 4.1 in [114] established a concentration bound on spectral

density estimators for high-dimensional and locally stationary process, assuming finite

polynomial moment. Specifically, we revise the component-wise dependence measure in

(1.2.1) and define the L∞ dependence measure as

wt,q = ∥|G(εt, εt−1, . . .) −G(εt, . . . , ε1, ε
∗
0, ε−1, . . .)|∞∥q. (1.2.9)

We further assume that ∥|X·|∞∥q = supm≥0 ρ
−m∑∞

t=mwt,q < ∞ for some 0 < ρ < 1.

Under the stationarity assumption and with q > 4, Theorem 6.1 in [114] yields

P
(

max
θ∈Θ

|F̂ (θ) − EF̂ (θ)|∞ ≥ x
)

≲
T 1−q/2Bq/2(1 ∨ log p)5q/4∥|X·|∞∥qq

xq/2
+ Bp2 · exp

(
− CTx2

BΦ4
4

)
. (1.2.10)

This result, a Nagaev-type inequality, provides two types of bounds on the tail probability:

a polynomial tail bound and a sub-Gaussian type tail bound. By comparison, our result

involves only one term when assuming a general exponential-type tail quantified by ∥X·∥ψα.

In Section 1.4.1, we discuss an extension to the case with polynomial decayed dependence

measures, as explored in [114].

Remark 3. An alternative estimator of F (θ), which is applicable when the mean E(Xt) is

11



unknown, is the sample-mean-adjusted version given by

F̃ (θ) =
1

2πT

T/B∑
r=1

( rB∑
t=(r−1)B+1

(Xt − X̄)e−ιtθ
)
×
( rB∑
t=(r−1)B+1

(Xt − X̄)⊤eιtθ
)
, (1.2.11)

where X̄ = T−1
∑T

t=1 Xt.

Obviously F̃ (θ) ≡ F̂ (θ) for θ ∈ Θ but θ ≠ 0, since
∑rB

t=(r−1)B+1 e
−ιtθ = 0. If θ = 0, we

can obtain |F̃ (θ) − F̂ (θ)|∞ ≲ B|X̄|2∞, while for θ ̸∈ Θ, |F̃ (θ) − F̂ (θ)|∞ ≲ B|X̄|∞|X̄(θ)|∞,

where X̄(θ) = T−1
∑T

t=1Xte
−ιtθ. Applying Theorem 3 in [108] to X̄ and X̄(θ), and using

the Bonferroni technique, we can conclude that the difference |F̃ (θ) − F̂ (θ)|∞ is negligible

and Theorem 1 also holds for F̃ (θ).

In Proposition 2, we concern the bias of the spectral estimate.

Proposition 2. Denote Φ2 = max1≤j≤p ∥X·j∥2. Then we have

max
θ∈Θ

|EF̂ (θ) − F (θ)|∞ ≲ B−1Φ2
2. (1.2.12)

We can select the window size B by considering a trade-off between the stochastic

deviation bound in (1.2.7) and the bias order provided in Proposition 2. For example, if Φ2

and ∥X·∥ψα are both of a constant order, to minimize the rate
√
B/T log2α+1(Bp) + B−1,

it is suggested that

B ≍
( T

log4α+2(p ∨ T )

)1/3

.

The order of the best B is analytically expressed in terms of the sample size T , the

dimension p and the parameter α.

To perform statistical inference of spectral density, one shall establish the distribu-

tional theory of the spectral estimate. Theorem 3 below focuses on the joint convergence

of two arbitrary entries in F̂ (θ).
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Theorem 3. Denote Φ4 = max1≤j≤p ∥X·j∥4. Assume B/T → 0 and Φ8
4(logB)/B → 0.

Take any θ, θ′ ∈ Θ and any 1 ≤ i, j, h, l ≤ p. Then there exists some bivariate (complex)

normal random variable ξ = (ξij(θ), ξhl(θ
′))⊤ such that

√
T

B

 F̂ij(θ) − EF̂ij(θ)

F̂hl(θ
′) − EF̂hl(θ′)

− ξ
d→ 0.

(i) If θ = θ′ ∈ (0, π), ξ = (ξij(θ), ξhl(θ))⊤ is a bivariate complex normal distribution with

mean 0, covariance matrix

E(ξξH) =

Fii(θ)Fjj(θ) Fih(θ)Flj(θ)

Fhi(θ)Fjl(θ) Fhh(θ)Fll(θ)

 ≜ Σ1

and relation matrix (a.k.a. pseudo-covariance matrix)

E(ξξ⊤) =

 F 2
ij(θ) Fil(θ)Fhj(θ)

Fil(θ)Fhj(θ) F 2
hl(θ)

 ≜ Σ2.

(ii) If θ = θ′ = 0 or π, ξ is a bivariate normal distribution with mean 0 and covariance

matrix

E(ξξ⊤) = Σ1 + Σ2.

(iii) If θ ≠ θ′, ξij(θ) and ξhl(θ
′) are independent (complex) normal distributions. In

particular, the off-diagonals in matrices E(ξξH) and E(ξξ⊤) are all 0.

Theorem 3 covers all possible cases for the asymptotic joint behavior of two (cross-

)spectral density estimates F̂ij(θ) and F̂hl(θ
′). By (i) and (ii), the covariance matrix (as

well as the pseudo-covariance matrix for complex-valued spectral estimates) of the two

at the same frequency is fully characterized by the entries of F (θ), which will further be
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used in performing simultaneous inference of spectral density in Section 1.3. Result (iii)

suggests the asymptotic independence of spectral density estimates at different frequencies.

By Proposition 2, with the bias concerned, we can replace EF̂ij(θ) with Fij(θ) in the

statement of Theorem 3 under the additional condition TΦ4
2 = o(B3),

By considering the marginal case of the joint convergence, we can study the limiting

distribution of F̂ij(θ), the estimator of each cross spectral density. We represent the

limiting distribution of
√

T/B(F̂ij(θ) − EF̂ij(θ)) as ξij(θ) = Re(ξij(θ)) + ιIm(ξij(θ)). By

Theorem 3 (i), for θ ∈ (0, π), we can conclude (Re(ξij(θ)), Im(ξij(θ)))⊤ is a bivariate normal

distribution with mean 0. Looking into the diagonals of the covariance matrices, we can

get the variance of the real part and imaginary part as follows

Var(Re(ξij(θ)) =
1

2
Fii(θ)Fjj(θ) +

1

2
Re(F 2

ij(θ)), (1.2.13)

Var(Im(ξij(θ)) =
1

2
Fii(θ)Fjj(θ) − 1

2
Re(F 2

ij(θ)), (1.2.14)

Cov(Re(ξij(θ), Im(ξij(θ)) =
1

2
Im(F 2

ij(θ)), (1.2.15)

while Theorem 3 (ii) implies ξij(θ) = N(0, F 2
ij(θ) + Fii(θ)Fjj(θ)) if θ = 0 or π. This result

agrees with Theorem 3 in [109] for the single cross spectral estimate and agrees with

Theorem 2 in [59] for the real-valued spectrum estimate by letting i = j. The central

limit theorem of the spectral estimate is highly non-trivial even for the special case of

one dimensional time series. Many previous results require restrictive conditions on the

underlying process such as linear processes [2], strong mixing conditions [80] and Gaussian

processes [10]. Our framework covers a wide class of possibly nonlinear stationary processes

and our conditions involving functional dependence measures can be easily verified. In

addition, we impose a mild moment condition to deal with non-Gaussian data.
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1.3 Simultaneous Inference of Spectral Density

In this section, we shall consider the simultaneous inference of the spectral density

matrix for high-dimensional time series. In the one dimensional case, the distribution

of maxθ∈[0,π] |F̂ (θ) − F (θ)| or the discretized version maxθ∈Θ |F̂ (θ) − F (θ)| allows one

to construct the confidence band of F (θ) or conduct a parametric specification test for

F (θ). Gumbel convergence of this maximum deviation has been established by earlier

work. For example, in the one dimensional case, [104] dealt with linear processes and [85]

worked on Gaussian processes. Under the framework of (1.1.2) with p = 1, [59] derived

the asymptotic distribution of the maximum deviation for the spectral density estimate

and it was generalized to the multivariate case by [109] concerning the cross-spectral

density. [83] considered the asymptotic distribution of the maximum sample coherence

for Gaussian time series under the high-dimensional regime when B = O(T ρ) for some

0 < ρ < 1 and p/B → c for some constant c ∈ (0,∞). There is little investigation on the

simultaneous inference of spectral density for non-Gaussian processes with a possibly ultra-

high dimension. In this section, we shall develop an inference theory on high-dimensional

spectral density.

1.3.1 Gaussian Approximation for High Dimensional Spectral
Estimates

Performing simultaneous inference of the high-dimensional spectral density matrix

is a challenging task, especially when the dimension p is comparable to or even greater

than the sample size T . If p can also diverge to infinity, [70] showed that the central

limit theorem will fail for i.i.d. random vectors if
√
T = o(p). Classical probability tools

are inadequate for formulating a distribution theory for high-dimensional cases. We

shall consider an alternative form: Gaussian approximation for the largest magnitude

of the entries of the spectral density matrix. The idea of Gaussian approximation for
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high-dimensional random vectors was previously adopted in mean vector inference; see,

for example [113], [22] and [116]. Addressing the spectral density matrix still poses a new

challenge. Firstly, the spectral density matrix exhibits complex-valued off-diagonals (cross-

spectral densities) when p > 1. Secondly, the spectral estimate manifests as a quadratic

form in the time-dependent samples, further complicating the analytical landscape. In

this section, we will address both aspects and formulate a new distribution theory to

facilitate the inference of the spectral density matrix. In particular, we consider two types

of deviation:

F =

√
T

B
max
θ∈Θ

max
{
|Re(F̂ (θ) − EF̂ (θ))|∞, |Im(F̂ (θ) − EF̂ (θ))|∞

}
;

F̃ =

√
T

B
max
θ∈Θ

|F̂ (θ) − EF̂ (θ)|∞.

The former separates the real and imaginary parts of each element, while the latter concerns

the maximum modulus of these entries. While it is quite natural to consider the largest

modulus of those complex-valued elements, it is worth mentioning that investigation on

the real and imaginary parts separately of cross-spectral density can be of important use

in many applications. For example, the imaginary part has gained increasing popularity

to identify brain interaction in EEG and MEG connectivity studies [7], [67], [62], [37], [48],

etc.

For the convenience of simultaneous inference, we exclude the two end frequencies

0, π and consider Θ = {θk : θk = 2kπ/B, k = 1, 2, . . . , (B/2 − 1)}. Let vec0(F̂ ) ∈ R(B−2)p2

be the vectorization of (Re(F̂ (θ)), Im(F̂ (θ)))θ∈Θ. We aim to establish a distributional

theory for F by the idea of Gaussian approximation. In particular, denote

Σ = lim
B,T→∞

T

B
Cov(vec0(F̂ )) and Z ∼ N(0,Σ). (1.3.1)

By Theorem 3, we can work out the expression of each entry in Σ. For θ ∈ (0, π) and
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arbitrary combination of i, j, h, l ∈ {1, 2, . . . , p}, it can be computed that

lim
B,T→∞

T

B
Cov(Re(F̂ij(θ)),Re(F̂hl(θ)) =

1

2
Re(Fih(θ)Flj(θ)) +

1

2
Re(Fil(θ)Fhj(θ)),

lim
B,T→∞

T

B
Cov(Im(F̂ij(θ)), Im(F̂hl(θ)) =

1

2
Re(Fih(θ)Flj(θ)) − 1

2
Re(Fil(θ)Fhj(θ)),

lim
B,T→∞

T

B
Cov(Im(F̂ij(θ)),Re(F̂hl(θ)) =

1

2
Im(Fil(θ)Fhj(θ)) +

1

2
Im(Fih(θ)Flj(θ)),

lim
B,T→∞

T

B
Cov(Re(F̂ij(θ)), Im(F̂hl(θ)) =

1

2
Im(Fil(θ)Fhj(θ)) − 1

2
Im(Fih(θ)Flj(θ)).

All the other entries of Σ are set to be 0 by the asymptotic independence of two spectral

density estimates at different frequencies.

Before proceeding, we state the main assumptions required in studying the distri-

bution of F .

Assumption 2. There exists some constant c1 > 0 such that

min
θ∈Θ

Fii(θ) ≥ c1 for all 1 ≤ i ≤ p.

Assumption 3. There exists some constant c2 > 0 such that

min
θ∈Θ

{Fii(θ)Fjj(θ) − |Re(F 2
ij(θ))|} ≥ c2 for all 1 ≤ i ̸= j ≤ p.

In view of (1.2.13) and (1.2.14), Assumption 2 and Assumption 3 ensure all the

variances of non-constantly-zero entries in Z are bounded away from 0, where the former

requires non-vanishing spectrum for each component process and the latter accounts for a

lower bound for the asymptotic variances of Re(F̂ij(θ)) and Im(F̂ij(θ)) when i ̸= j.

In Theorem 4, we shall present the main result for the approximate distribution

on spectral estimate. That is, the distribution of F or F̃ can be approximated by its

Gaussian analogue.
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Theorem 4. Let Assumption 1, Assumption 2 and Assumption 3 be satisfied.

For κ1 = max{7, 2α + 6} and κ2 = 4α + 4, let

ET,B,p =
(B logκ1(Tp)

T

) 1
6

+
( logκ2(Bp)

B

) 1
2

+
( log5(Bp)

B

) 1
6
. (1.3.2)

Assume that ∥X·∥2ψα
ET,B,p → 0. Then it holds that

dT,B,p := sup
x∈R

|P(F ≤ x) − P(|Z|∞ ≤ x)| ≲ ∥X·∥2ψα
ET,B,p,

d̃T,B,p := sup
x∈R

|P(F̃ ≤ x) − P(|Z̃|∞ ≤ x)| ≲ ∥X·∥2ψα
ET,B,p,

where

Z = (Z1, Z2, . . . , Z(B−2)p2)
⊤

is defined in (1.3.1) and

Z̃ =
(√

Z2
2j−1 + Z2

2j

)
j=1,...,(B/2−1)p2

.

In the low dimensional case when p is a fixed number, the conditions of Theorem 4

are simplified to the very mild requirement B = o(T/ logκ1(T )). We can also investigate

how large the dimension p can be allowed for the validity of the Gaussian approximation

result in high dimensions. For example, if ∥X·∥ψα ≍ 1, we shall require

log p = o
(

min
{(T

B

)1/κ1 , B1/κ2 , B1/5
})

If we choose B ≍ T c for some 0 < c < 1, p can be allowed to increase exponentially with

the sample size T , i.e., log p = o(TC) where C = min{(1 − c)/κ1, c/κ2, c/5}.
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We now consider the version centered by F (θ). Define

F ⋆ =

√
T

B
max
θ∈Θ

max
{
|Re(F̂ (θ) − F (θ))|∞, |Im(F̂ (θ) − F (θ))|∞

}
;

F̃ ⋆ =

√
T

B
max
θ∈Θ

|F̂ (θ) − F (θ)|∞. (1.3.3)

By accounting for the bias of F̂ (θ), the Gaussian approximation result also holds for F ⋆

and F̃ ⋆; see Corollary 5 below.

Corollary 5. Let the assumptions of Theorem 4 be satisfied. Further assume that

T log(Bp)∥X·∥4ψα

B3
→ 0. (1.3.4)

Then we have

d⋆T,B,p := sup
x∈R

|P(F ⋆ ≤ x) − P(|Z|∞ ≤ x)| → 0,

d̃⋆T,B,p := sup
x∈R

|P(F̃ ⋆ ≤ x) − P(|Z̃|∞ ≤ x)| → 0.

Our results in Theorem 4 and Corollary 5 concern the maximum deviation over

all the entries in F̂ (θ) and over all the frequencies in Θ. In various inference scenarios,

we only need to select a subset of these elements and the asymptotic covariance matrix

Σ should also have an adaptively reduced size to account for the variances and pairwise

covariances of elements in the chosen subset. In Section 1.3.2 we provide some examples

as such.

1.3.2 Applications

Our result can be applied to address a variety of time series inference problems.

In hypothesis testing, we can compute the test statistics defined by (1.3.3), where F̂ (θ)

is calculated from the sample data, and the plugged-in F (θ) is from the null hypothesis.
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Corollary 5 provides the theoretical guarantee of validity.

An immediate application is to test the spectrum for any component process

marginally, i.e., H : Fii(θ) = fi(θ), for 1 ≤ i ≤ p, where fi(θ) is the hypothesized spectral

density for the component process (Xti)t. In this case, F̂ii(θ) is real-valued and only

Assumption 2 is required to ensure a non-vanishing variance of F̂ii(θ). The two test

statistics are equal

F ⋆ = F̃ ⋆ =

√
T

B
max
θ∈Θ

max
1≤i≤p

|F̂ii(θ) − fi(θ)|

and Σ consists of covariances of F̂ii(θ) and F̂jj(θ) for 1 ≤ i, j,≤ p and θ ∈ Θ.

Moreover, we can provide a new solution to high-dimensional white noise test,

which is used for serial correlation detection of time series. Classical portmanteau-type

tests including [13] and [60] are popular choices in the one dimensional case, and are

well generalized to the multivariate case (e.g., [25], [50]). high-dimensional white noise

tests are developed for linear processes by [55] concerning the sum of squared singular

values of the first few lagged sample autocovariance matrices and for β-mixing processes

by [18] using the maximum absolute auto-correlations and cross-correlations (see [99]

for a similar test statistic formulation). The forementioned tests in the time domain

concern the null hypothesis H : Γ(k) = 0, for 1 ≤ k ≤ L, to test for serial correlation

and present the additional problem of selecting the number of lags to be considered,

which does not appear in the frequency domain by stating the null hypothesis in terms

of the spectral density matrix function, namely, H : F (θ) = F0, where F0 consists of

constant-valued entries free of θ. The most common statistics in the one dimensional

case are based on standardized cumulative periodogram; see [6], [40], [31], [32], just

to name a few. With the given F0 inserted in our statistic (1.3.3), our result can be

used to design a new high-dimensional white noise test for a large class of stationary

processes under very mild regularity conditions. To practically select an initial F0, we

observe that F (θ) = (2π)−1Γ(0) if Xt is white noise, where Γ(0) = Cov(Xt, Xt) denotes
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the covariance matrix of the stationary process. We can refer to existing methods of

consistently estimating the covariance matrix for high-dimensional time series, including

the sample covariance matrix studied in [114], the regularized covariance estimator under

sparse settings in [20], and the robust covariance estimator for fat-tailed processes proposed

in [112].

We can also test for pairwise independence between two component time series.

Unlike the tests based on the cross-correlation function in the time domain (e.g., [46], [53],

[49]), we test H : Fij(θ) ≡ 0 for fixed i ≠ j. Suppose Assumption 3 holds for the selected

i, j and let p = 2 in the theory. We shall use the test statistic

F ⋆
ij =

√
T

B
max
θ∈Θ

max{|Re(F̂ij(θ))|, |Im(F̂ij(θ))|}

or F̃ ⋆
ij =

√
T/B maxθ∈Θ |F̂ij(θ)|. Our Corollary 5 provides a new criteria for the cross-

spectral density testing.

Spectral analysis has been widely used to detect functional network connectivity;

see [7], [30], [89], [56] and [75] for applications involving neuroimaging data. Denote

the partition of the index set {1, 2, . . . , p} as K disjoint subsets A1,A2, . . . ,AK with

∪Kk=1Ak = {1, 2, . . . , p}. We can identify disconnected brain regions by testing the joint

independence of the K subset processes (Xti)i∈Ak
, k = 1, . . . , K. That is, the problem is

to consider H : Fij(θ) ≡ 0 for any combinations of i ∈ Ak1 , j ∈ Ak2 and 1 ≤ k1 ≠ k2 ≤ K

with the test statistic

F̃ ⋆ =

√
T

B
max
θ∈Θ

max
1≤k1 ̸=k2≤K

max
i∈Ak1

,j∈Ak2

|F̂ (θ)|.

1.3.3 Resampling Methods

To perform statistical inference on high-dimensional spectral density in practice,

given the level θ0 ∈ (0, 1), one needs to work out the cut-off value c1−θ0 , the (1−θ0)-quantile
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of |Z|∞ or |Z̃|∞ for Z ∼ N(0,Σ). Despite the theoretical advancements on the distribution

approximation of the spectral estimate, practical implementation remains challenging due

to the involvement of unknown covariance matrix Σ. In spectral inference, we leverage

the unique feature that the asymptotic covariances of the spectral estimates (1.1.1) can be

entirely expressed through the true spectral densities. Hence, a good estimator of F̂ (θ)

with Theorem 1 concerning the convergence of F̂ (θ) ensures a good plug-in estimator of Σ.

In this context, we carry out the implementation of estimating the distribution

of F ⋆. The case of F̃ ⋆ can be dealt with in a similar way. By Theorem 3 and looking

into their real and imaginary parts pairwisely, we have the nice property of expressing the

entries in Σ in terms of the entries in F (θ), as justified in Section 1.3.1. We can implement

a Gaussian multiplier resampling method for spectral inference as follows:

1. Given the observations X1, . . . , Xt, estimate F (θ) by F̂ (θ).

2. Plug the entries of F̂ (θ) into the formula of entries of Σ to obtain Σ̂.

3. Obtain ĉ1−θ0 , the conditional (1− θ0)-quantile of |Σ̂1/2Z0|∞ given (Xt)
T
t=1, where Z0

is a standard normal random vector, independent of (Xt)
T
t=1.

The technique of Gaussian multiplier bootstrap was employed in [22] for high-dimensional

mean vector inference in the independent setting. As an extension, blockwise multiplier

bootstrap was proposed by [115] for M -dependent processes. In particular, to apply

the blockwise multiplier bootstrap for M -dependent processes, the method divides the

sample into consecutive large and small blocks of size N and M , respectively, with

N ≫ M . The statistic over these blocks is then computed and further multiplied by

i.i.d. Gaussian variables to facilitate statistical inference. However, for the general weakly

dependent processes addressed in our paper, selecting appropriate values for N and M

is challenging and introduces additional uncertainty into the inference. Based on our

Gaussian approximation theory for spectral estimates, in which Σ is specified by entries
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from the true F (θ), directly substituting F̂ (θ) to estimate Σ offers a straightforward

approach by avoiding the need for additional block-size selection.

Theorem 6 is introduced to concern the validity of our approach.

Theorem 6. Let the conditions in Corollary 5 be satisfied. Further assume

√
B

T
log2α+3(Bp)∥X·∥4ψα

→ 0. (1.3.5)

Then

sup
θ0∈(0,1)

|P(F ⋆ ≥ ĉ1−θ0) − θ0| → 0. (1.3.6)

If we use F̃ ⋆, it suffices to slightly modify the third step to obtain c̃1−θ0 , the

conditional (1 − θ0)-quantile of | ˜̂Z|∞, where

Ẑ = (Ẑ1, . . . , Ẑ(B−2)p2)
⊤ = Σ̂1/2Z0,

Z0 is a standard normal random vector, independent of (Xt)
T
t=1 and

˜̂
Z =

(√
Ẑ2

2j−1 + Ẑ2
2j

)
j=1,...,(B/2−1)p2

.

Another widely employed and effective resampling technique is subsampling, which

constructs the resampling distribution by taking the subsamples of the observations.

It has been commonly used in inferring low dimensional time series. Some pioneering

work includes [68], [42], [88]; see [69] for a comprehensive overview. Despite its intuitive

appeal, there has been relatively limited exploration into the theoretical properties of the

subsampling method in high dimensions. Making an additional noteworthy contribution,

we provide a thorough theoretical justification for the validity of high-dimensional spectral

inference through subsampling. Consequently, we obtain a consistent estimator for the

distribution function of F ⋆, enabling the implementation of tests and confidence intervals
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based on F ⋆. To the best of our knowledge, our work is the first to provide theoretical

assurance for high-dimensional spectral inference utilizing subsampling. It is anticipated

that the novel proofs can be adapted to offer theoretical support in other high-dimensional

subsampling problems.

Let M = o(T ) be the subsample size and B = o(M) be the window size. Over

each subsample (Xℓ, Xℓ+1, . . . , Xℓ+M−1), we apply (1.1.1) to estimate the spectral density

matrix, denoted by F̂ℓ(θ). Recall F̂ (θ) is the estimator over the whole sample X1, . . . , Xt.

We define

Fℓ =

√
M

B
max
θ∈Θ

max
{
|Re(F̂ℓ(θ) − F̂ (θ))|∞, |Im(F̂ℓ(θ) − F̂ (θ))|∞

}
.

For L = T −M + 1, define the empirical distribution function

Q(x) =
1

L

L∑
ℓ=1

1{Fℓ ≤ x}.

The deviation based on the maximum modulus of spectral densities can be dealt with

similarly with Fℓ replaced by

F̃ℓ =

√
M

B
max
θ∈Θ

|F̂ℓ(θ) − F̂ (θ)|∞.

Theorem 7. Assume that M = o(T ) and B = o(M). Let the conditions of Corollary 5 be

satisfied, in which T is replaced by the subsample size M . Further assume the following

conditions are met as B,M, T → ∞:

T−1M log4α+5(Bp)∥X·∥8ψα
→ 0 (1.3.7)
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and

B−3M log3(Bp)∥X·∥8ψα
→ 0. (1.3.8)

Then we have

sup
x∈R

∣∣Q(x) − P(|Z|∞ ≤ x)
∣∣ P→ 0.

Remark 4. The subsampling approach is also valid for consistent spectral estimates

by other smoothing methods when the asymptotic covariance matrix Σ may not be fully

characterized. For example, with a general lag-window estimator, or estimating the entries

of F̂ (θ) element-wisely using different smoothing functions, the Gaussian approximation

result still holds if the asymptotic variances of the real and imaginary parts of each element

are non-vanishing, but the variances may rely on the smoothing functions in a subtle way

and working out a closed-form of Σ could be highly non-trivial. In such cases, we can

choose to implement subsampling to avoid the estimation of Σ.

1.4 Extension

1.4.1 Relaxing the Moment and Dependence Conditions

In this section, we shall discuss the generalization of the results in Section 1.2

and Section 1.3 by relaxing the moment and dependence conditions. Specifically, we

assume the existence of the q-th moment for some q > 4, as considered by [113] and

[114]. This assumption is weaker than Assumption 1, which requires moments to exist at

all orders. Using the L∞ dependence measure defined in (1.2.9) and the associated q-th

dependence-adjusted norm ∥|X·|∞∥q, we can follow the proof of Theorem 6.1 in [114] to
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obtain the tail probability bound for q > 4:

P
(

max
θ∈Θ

|F̂ (θ) − EF̂ (θ)|∞ ≥ x
)

≲
T 1−q/2Bq/2(1 ∨ log p)5q/4∥|X·|∞∥qq

xq/2
+ Bp2 · exp

(
− CTx2

BΦ4
4

)
. (1.4.1)

Using the concentration inequality in (1.4.1) as a replacement for Theorem 1 and applying

Gaussian approximation with finite polynomial moments (cf. Proposition 2.1, case (E.2)

in [24]) as a substitute for Lemma 26, we can employ similar arguments to derive the

Gaussian approximation result and demonstrate the validity of the two resampling methods

under polynomial moment conditions.

While the geometric moment contracting (GMC) condition considered in (1.2.2)

has been widely applied in spectral inference (e.g., [87] and [109]), a more relaxed condition

is polynomial decay, which assumes

∥X·j∥q,α = sup
m≥0

(m ∨ 1)−α
∞∑
t=m

δt,q,j < ∞

for some α > 0. In Example 1, for the linear process Xt =
∑∞

k=0Akεt−k, we assume that

there exist some β > 1 and 0 < Kp < ∞ such that max1≤j≤p(
∑p

j′=1A
2
t,jj′)

1/2 ≤ Kp(t∨1)−β

for any t ≥ 0, where At,jj′ denotes the (j, j′)-th entry of At. This allows us to bound

δt,q,j = ∥
∑p

j′=1At,jj′(ε0j′ − ε∗0j′)∥q ≤ CqµqKp(t ∨ 1)−β. Thus, the upper bound of the

dependence measure exhibits polynomial decay with α = β − 1. Essentially, replacing

the original tail cumulative dependence measure of the order ρm with the order m−α

allows all proofs to extend to the case where the dependence measure decays polynomially.

Notably, an additional assumption, max1≤j≤p
∑∞

t=0 t
2δt,4,j < ∞, is required to ensure the

summability of fourth-order joint cumulants, while this condition is automatically satisfied

under the geometric decay as stated in Lemma 17.
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1.4.2 Lag-window Estimator of Spectral Density

Next, we discuss the possibility of extending the theory to the general lag-window

estimator, defined as

F̌ (θ) =
1

2πT

B∑
k=−B

K(k/B)Γ̂(k)e−ιkθ, (1.4.2)

where K(·) is a continuous, even and bounded kernel function on [−1, 1] satisfying K(0) = 1,

B = o(T ) is the window size, and Γ̂(k) are the sample autocovariance matrices with

Γ̂(k) = T−1
∑T

t=k+1Xt−kX
⊤
t for k ≥ 0 and Γ̂(k) = Γ̂(−k)⊤ for k < 0. By an inspection of

the proof for Theorem 1, applying equation (41) of [111] to derive the key step (1.7.4), the

same concentration bound in Theorem 1 applies to the lag-window estimator F̌ (θ).

For the distributional theory, we observe that the separation needs to be larger

than the order B−1 to ensure asymptotic uncorrelation of spectral estimates at neighboring

frequencies. This behavior for the lag-window estimator is also supported by Section 6.2.4

in [71], Lemma A.5 in [59] and Lemma A.6 in [109]. Therefore, the covariance matrix

Σ contains many non-zero entries, reflecting the strong correlations at close frequencies,

making it difficult to compute. After verification, our Gaussian approximation results

still hold with Σ = limB,T→∞
T
B

Cov(vec0(F̂ )) and Z ∼ N(0,Σ); however, obtaining a

closed form for all entries of Σ is highly non-trivial. Consequently, while the Gaussian

multiplier resampling method, which relies on explicit computation of Σ, is not applicable,

subsampling remains valid.

1.5 Generalization

In this section, we shall show in more detail the generalization of the results in

Section 1.2 and Section 1.3 as discussed in Section 1.4.1.
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1.5.1 Consistency and Asymptotic Normality of Spectral
Estimate

To develop the main theory, we need to revise the dependence measure (1.2.1) and

q-th dependence adjusted moment (1.2.2), along with L∞ dependence measure defined

in (1.2.9) and the associated q-th dependence-adjusted norm ∥|X·|∞∥q. we define the

component and L∞ dependence adjusted norms

∥X·j∥q,α = sup
m≥0

(1 ∨mα)∆m,q,j, α ≥ 0, where ∆m,q,j =
∞∑
t=m

δt,q,j, (1.5.1)

∥|X·|∞∥q,α = sup
m≥0

(1 ∨mα)Ωm,q, α ≥ 0, where Ωm,q =
∞∑
t=m

ωt,q. (1.5.2)

We use α to depict the decay rate of the cumulative (tail) dependence measure ∆m,q,j =∑∞
t=m δt,q,j by noting that ∆m,q,j ≤ ∥X·j∥q,α ·m−α for all m ≥ 1. In this sense, it quantifies

the strength of temporal dependence: larger α implies faster decay of tail dependence

measures and thus weaker temporal dependence. We can interpret the quantity ∥X·j∥q,α

as the q-th moment of the component process (Xtj)t∈Z by taking dependence into account.

We then define the uniform dependence adjusted norms by taking the maximum over all

the component processes

Φq,α = max
1≤j≤p

∥X·j∥q,α.

Both quantities ∥|X·|∞∥q,α and Φq,α are used to account for high dimensionality. They

may be unbounded functions in terms of the dimension p. For d ∈ N, we also define

Ψq,d = max
1≤j≤p

∞∑
t=0

tdδt,q,j.

This quantity is quite useful for verifying cumulative summability in our framework.
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Theorem 8 below provides a non-asymptotic bound of the stochastic part

max
θ∈Θ

|F̂ (θ) − EF̂ (θ)|∞

with the existence of finite q-th moment of the underlying process and Proposition 9

concerns the bias of F̂ (θ).

Theorem 8. Assume
∥∥∣∣X·

∣∣
∞

∥∥
q,α

< ∞, for some q > 4 and α > 0. Define

Υq,α = log(Bp)
∥∥∣∣X·

∣∣
∞

∥∥
q,α

∧ logB
( p∑
j=1

∥X·j∥q/2q,α

)2/q
.

Then there exist constants C,Cα, Cq,α > 0 such that for any x > 0,

P
(

max
θ∈Θ

|F̂ (θ) − EF̂ (θ)|∞ ≥ x
)

≤ Cq,αx
−q/2Υq

q,αT
−q/2VT,B + Cp2B exp

(
− Tx2

CαΦ4
4,αB

)
, (1.5.3)

where VT,B = TBq/2−1 if α > 1/2 − 2/q and VT,B = TBq/2−1 + T q/4−αq/2Bq/4 if α <

1/2 − 2/q.

Based on (1.5.3), it can be obtained that

max
θ∈Θ

|F̂ (θ) − EF̂ (θ)|∞ = OP(RT,B),

where

RT,B = (
B

T
)1−2/qΥ2

q,α +

√
B

Tα+1/2
Υ2
q,α1{α < 1/2 − 2/q} +

√
B log(Bp)

T
Φ2

4,α.

We shall briefly discuss how these different parameters affect the error rate. Specifically,

we consider the cases where each component process is balanced with a similar order of

dependence adjusted norm, i.e., ∥X·j∥q,α ≍ 1 for all 1 ≤ j ≤ p. Assume ∥|X·|∞∥q,α ≍ pτ
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for some 0 ≤ τ ≤ 1/q in view of ∥|X·|∞∥q,α ≤ (
∑p

j=1 ∥X·j∥qq,α)1/q. Then Υq,α ≍ pτ log(Bp).

We can observe that RT,B is non-increasing with q and α, and non-decreasing with p

and the dependence norms. As a result, the error rate is less sharper when the data has

a heavier tail, higher dimension and stronger dependence. In particular, two types of

dependency affect the result: temporal dependence characterized by α and cross-sectional

dependence quantified by ∥|X·|∞∥q,α. Stronger temporal dependence can increase the

error rate by noting that
√
BΥ2

q,α/T
α+1/2 is the additional cost for α < 1/2 − 2/q and it

decreases with α, while stronger cross-sectional dependence can sharpen the error rate

as Υq,α is increasing with τ . It is noted that that τ = 0 corresponds to the strongest

cross-sectional dependence, which could happen for strongly linearly correlated component

processes, for example, Xtj = ajXt1 with C1 ≤ |aj| ≤ C2 for some constants C1, C2 > 0. In

this case, it delivers a rate increasing with the dimension p logarithmically. When τ > 0,

it shows a polynomial increase with p.

We can select the window size B by considering a trade-off between the deviation

bound and the bias order provided in Proposition 9 below. The order of optimal B can

be analytically expressed in terms of various parameters without much difficulty, and the

discussion is thus omitted here.

Proposition 9. Assume Φ2,α < ∞ for some α > 0 and Ψ2,1 < ∞. Then we have

max
θ∈Θ

∣∣EF̂ (θ) − F (θ)
∣∣
∞ ≲ B−αΦ2,0Φ2,α + B−1Φ2,0Ψ2,1. (1.5.4)

Consistent with Theorem 3, we establish the distribution theory of the spectral

estimate in Theorem 10.

Theorem 10. Assume B/T → 0 and

EB = B−α/(2α+1)Φ3
4,0Φ4,α + B−1Φ2

4,0Ψ
2
4,2 → 0. (1.5.5)
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Take any θ, θ′ ∈ Θ and any 1 ≤ i, j, h, l ≤ p. Then there exists some bivariate (complex)

normal random variable ξ = (ξij(θ), ξhl(θ
′))⊤ such that

√
T

B

 F̂ij(θ) − EF̂ij(θ)

F̂hl(θ
′) − EF̂hl(θ′)

− ξ
d→ 0.

(i) If θ = θ′ ∈ (0, π), ξ = (ξij(θ), ξhl(θ))⊤ is a bivariate complex normal distribution with

mean 0, covariance matrix

E(ξξH) =

Fii(θ)Fjj(θ) Fih(θ)Flj(θ)

Fhi(θ)Fjl(θ) Fhh(θ)Fll(θ)


and relation matrix (or pseudo-covariance matrix)

E(ξξ⊤) =

 F 2
ij(θ) Fil(θ)Fhj(θ)

Fil(θ)Fhj(θ) F 2
hl(θ)

 .

(ii) If θ = θ′ = 0 or π, ξ is a bivariate normal distribution with mean 0 and covariance

matrix

E(ξξ⊤) =

 Fii(θ)Fjj(θ) + F 2
ij(θ) Fih(θ)Flj(θ) + Fil(θ)Fhj(θ)

Fih(θ)Flj(θ) + Fil(θ)Fhj(θ) Fhh(θ)Fll(θ) + F 2
hl(θ)

 .

(iii) If θ ≠ θ′, ξij(θ) and ξhl(θ
′) are independent (complex) normal distributions. In

particular, the off-diagonals in matrices E(ξξH) and E(ξξ⊤) are all 0.

Similarly, with the bias concerned, we can replace EF̂ij(θ) with Fij(θ) in the

statement of Theorem 10 under the additional conditions TΦ2,0Φ2,α = o(B2α+1) and

TΦ2,0Ψ2,1 = o(B3).
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1.5.2 Gaussian Approximation for High Dimensional Spectral
Estimates

In this section, we shall discuss the results for Gaussian approximation with finite

polynomial moments. Recall the maximum deviation defined in Section 1.3.1

F =

√
T

B
max
θ∈Θ

max
{
|Re(F̂ (θ) − EF̂ (θ))|∞, |Im(F̂ (θ) − EF̂ (θ))|∞

}
.

Theorem 11 below provides the analogue of Theorem 4, established under finite

polynomial moment conditions. To state Theorem 11, we introduce the following quantities:

L1 =
(
Φ4,0Φ4,α log(Bp)

)2/α
,

L2 =
(
(B/T )1−4/q(log(Bp))5

∥∥∣∣X·
∣∣
∞

∥∥4

q,α

)1/α
,

R1 = B
(
Φ4,0Φ4,α log(Bp)

)−4
,

R2 = T 1−4/qB4/q(log(Bp))−5
∥∥∣∣X·

∣∣
∞

∥∥−4

q,α
.

Theorem 11. Let Assumption 2 and Assumption 3 be satisfied. Assume
∥∥∣∣X.

∣∣
∞

∥∥
q,α

< ∞,

for some q > 4 and α > 0. Further assume that

B−1(log(Bp))2Φ2
4,0Ψ

2
4,2 → 0, (1.5.6)∥∥∣∣X.

∣∣
∞

∥∥4

q,α
Φ12

8,0(B/T )1−4/q(log(Bp))2(log(Tp))7 → 0, (1.5.7)

and

max(L1, L2) = o(1) min(R1, R2). (1.5.8)
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(i) If α > 1/2 − 2/q, then

dT,B := sup
x∈R

|P(F ≤ x) − P(|Z|∞ ≤ x)| → 0. (1.5.9)

(ii) If α < 1/2 − 2/q, (1.5.9) holds under the additional condition

T−2α(log(Bp))5
∥∥∣∣X·

∣∣
∞

∥∥4

q,α
→ 0. (1.5.10)

In the low-dimensional case when p is a fixed number, with all the dependence

norms of a constant order, the conditions of Theorem 11 are simplified to the very mild

requirement B = o(T/(log T )C) for some C > 0. We can also investigate how large

the dimension p is allowed for the validity of the Gaussian approximation result in high

dimensions. Similarly as discussed in Section 1.3.1, we consider the balanced case where

∥X·j∥q,α ≍ 1 and ∥|X·|∞∥q,α ≍ pτ for some τ ≥ 0. In addition, assume that Ψ4,2 ≍ 1.

Elementary but tedious calculations show that the conditions of Theorem 11 first require

log p = o(B
α

2+4α ). Moreover, in the weaker temporal dependence case with α > 1/2 − 2/q,

if τ = 0, it should further satisfy log p = o(HC1) for some 0 < C1 < 1, where

H =
(T/B)1/4−1/q

(log T )C2

for some C2 > 0, and it requires p = o(H1/τ ) when τ > 0. As a result, if we choose

B = O(T β1) and T/B = O(T β2) for some 0 < β1, β2 < 1, p is allowed to grow at either an

exponential rate (τ = 0) or polynomial rate (τ > 0) as a function of T depending on the

moment order q, the temporal dependence strength α and the cross-sectional dependence

strength τ . A larger dimension is allowed when the distribution of the process has a

lighter tail (larger q), the temporal dependence is weaker (larger α) and the cross-sectional

dependence is stronger (smaller τ). For the case α < 1/2 − 2/q that allows stronger

temporal dependence, it is additionally required that log p = o(T 2α/5) when τ = 0 and
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p = o((Tα/2/(log T )5/4)1/τ ) when τ > 0.

Next, we also consider the version centered by F (θ). Define

F ⋆ =

√
T

B
max
θ∈Θ

max
{
|Re(F̂ (θ) − F (θ))|∞, |Im(F̂ (θ) − F (θ))|∞

}
. (1.5.11)

By accounting for the bias of F̂ (θ), the Gaussian approximation result also holds for F ⋆;

see Corollary 12 below.

Corollary 12. Let the assumptions of Theorem 11 be satisfied. Further assume that

Φ2,0Φ2,αT
1/2

√
log(Bp)

Bα+1/2
+

Φ2,0Ψ2,1T
1/2

√
log(Bp)

B3/2
→ 0. (1.5.12)

Then we have

d⋆T,B := sup
x∈R

|P(F ⋆ ≤ x) − P(|Z|∞ ≤ x)| → 0.

1.5.3 Resampling Methods

In this section, we establish the validity of the two resampling methods discussed

in Section 1.3.3 under finite polynomial moment conditions.

Theorem 13 below presents the corresponding result to Theorem 6, establishing

the validity of the resampling method under polynomial moment conditions.

Theorem 13. Let the conditions in Corollary 12 be satisfied. Further assume

R⋆
T,BΦ2

2,0(log(Bp))2 → 0

with

R⋆
T,B = T−1V

2/q
T,B∥|X·|∞∥2q,α(log(Bp))2 + (B/T )1/2Φ2

4,α(log(Bp))1/2

+B−αΦ2,0Φ2,α + B−1Φ2,0Ψ2,1,
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where VT,B is the same as defined in Theorem 8. Then

sup
α0∈(0,1)

|P(F ⋆ ≥ ĉ1−α0) − α0| → 0. (1.5.13)

Theorem 14 establishes the validity of the subsampling approach, serving as the

analogue of Theorem 7 under finite polynomial moment conditions.

Theorem 14. Assume that M = o(T ) and B = o(M). Let the conditions of Corollary 12

be satisfied, in which T is replaced by the subsample size M . Further assume the following

conditions are met as B,M, T → ∞,

(i) T−1M(log(Bp))5Φ4
2,0∥|X·|∞∥44,0 → 0.

(ii) B−1M(log(Bp))3(B−2αΦ6
2,0Φ

2
2,α + B−2Φ6

2,0Ψ
2
2,1) → 0.

(iii) T−1R(V)(log(Bp))3/2Φ2
2,0 → 0 .

where V = log(Bp)∥|X·|∞∥4,0∥|X·|∞∥4,α, R(V) = V1/α if α > 1, R(V) = V log T if α = 1

and R(V) = VT 1−α if α < 1. Then we have

sup
x∈R

∣∣Q(x) − P(|Z|∞ ≤ x)
∣∣ P→ 0.

1.6 Numerical Results

1.6.1 Simulation Study

In this section, we conduct a simulation study to evaluate the accuracy of the

Gaussian approximation results presented in Section 1.3.1, followed by an assessment

of the performance of the Gaussian multiplier resampling method and the subsampling
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method proposed in Section 1.3.2. We consider the linear process

Xt =
∞∑
k=0

Akεt−k, (1.6.1)

where the coefficient matrices Ak are constructed with a Toeplitz structure, parameterized

by a correlation factor ρ. Specifically, Ak = ρkM where M = (mij)
p
i,j=1 and mij = ρ|i−j|+1,

with ρ ∈ (0, 1). To ensure the process exhibits sub-exponential decay, we consider errors

εi = (εi1, · · · , εip), where εij are i.i.d. random variables following a Gamma distribution

Γ(2, 1). We adopt the following numerical configurations for our analysis: decay rate

ρ = 0.5, sample size T = 2160, dimension p = 5, 15, with the sum in (1.6.1) truncated to

Xt =
∑2000

k=0 Akεt−k.

It is worth noting that the window size B and subsample size M play important

roles in the inference procedure. In high-dimensional settings, where both the sample size

T and the vector dimension (B − 2)p2 in Gaussian approximation can be large, selecting

these tuning parameters is challenging and sensitive to constant scaling. In practice, we

recommend B = T 1/2/ log p, which minimizes the error bound in Theorem 4 sharpest in

terms of the polynomial orders of T and log p. Given the complicated error bounds in the

subsampling procedure, determining an ideal order for the subsample size M is highly

non-trivial. We suggest using M = T 1/3B, which meets the additional conditions (1.3.7)

and (1.3.8). With the suggested orders B = T 1/2/ log p and M = T 1/3B, we adjust B to

the nearest even divisor of T and M to the closest integer divisible by B for computational

convenience. For example, for p = 5, it can be computed that T 1/2/ log p ≈ 28.877, so we

set B = 30, an even divisor of T and choose M = 360. For comparison, we also examine a

smaller bandwidth B = 24 with M = 288 and a larger bandwidth B = 36 with M = 432.

Similarly, for p = 15, we use B = 18 and M = 216 as the best choices, and include

comparisons with B = 12, M = 144, and B = 24, M = 288.

Figure 1.1 and Figure 1.2 display Q-Q plots comparing F ∗, as defined in (1.3.3),
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Figure 1.1. Q-Q plot comparing maximum deviation F ∗ and its Gaussian approximation
|Z|∞ when p = 5.

Figure 1.2. Q-Q plot comparing maximum deviation F ∗ and its Gaussian approximation
|Z|∞ when p = 15.

and its Gaussian approximation |Z|∞, as defined in (1.3.1), based on 1000 repetitions. In

each figure, a Q-Q plot is generated for each of the 3 values of B considered. As shown,

the fit aligns closely with the reference line when p = 5 and show slightly less accuracy

at the tail but remains satisfactory when p = 15. These results validate our Gaussian

approximation through simulations. We also observe that the suggested B provides the

best approximation across each set of three plots.

We further employ the Gaussian multiplier resampling method and subsampling

to evaluate the validity of these two approaches. Specifically, we compare the values of

F ∗ with the cut-off values ĉ1−θ0 obtained from the resampling and subsampling methods

discussed in Section 1.3.2 using nominal levels θ0 = 0.1 and 0.05, corresponding to the
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90% and 95% empirical quantiles respectively. Table 1.1 shows the coverage probability for

each case, representing the proportion of instances where the cut-off value ĉ1−θ0 exceeds

F ∗ over 1000 repetitions. The results indicate that our simultaneous confidence bands

achieve the desired coverage levels. Additionally, the procedure becomes more sensitive to

the choice of B as p increases, particularly for the Gaussian multiplier resampling method.

Table 1.1. Empirical coverages of simultaneous confidence bands.

Dimension Bandwidth
Resampling Subsampling
90% 95% 90% 95%

p = 5
B = 24 87.8 93.4 87.6 92.9
B = 30 89.8 94.3 89.4 95.1
B = 36 90.6 94.7 88.1 93.0

p = 15
B = 12 84.7 91.2 89.3 94.7
B = 18 87.5 93.7 90.3 95.2
B = 24 86.4 92.7 87.4 94.6

1.6.2 Data Analysis

In this section, we test out method on wind data obtained from the Iowa State

University Environmental Mesonet (IEM) Automated Surface Observing System (ASOS)

Network, a publicly accessible database ([3], [96]). ASOS stations, primarily located

at airports, provide weather observations and general reports for the National Weather

Service (NWS), the Federal Aviation Administration (FAA), and the Department of

Defense (DOD). For this study, we analyze data collected from six airports, three located

in Arizona: LGF (Laguna Army Airfield), NYL (Yuma International Airport), and NOZ

(Rolle Airfield), and three in Texas: ODO (Odessa-Schlemeyer Field), MAF (Midland

International Air and Space Port), and MDD (Midland Airpark). By examining the

cross-spectra across these 15 pairs, we aim to test for pairwise independence between each

pair of wind speed time series, based on the theory presented in Section 1.3.2.

We consider the hourly wind speed from 02/01/2021 to 04/30/2021 for each location.

Since our method relies on the assumption of stationarity, we select this time period to
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Figure 1.3. Standardized first-order differences of hourly wind speed series between
02/01/2021 to 04/30/2021 from selected stations in Arizona and Texas.

avoid extreme values and non-stationarity associated with rainfall and storms, which are

prevalent in other months. We note that there is virtually no rainfall during this period

at these locations. Previous studies on wind behavior have shown that certain locations

exhibit quasi-periodic patterns influenced by geographic and climatic factors, such as jet

streams in summer and winter ([93]), which we aim to avoid in our analysis. To eliminate

any local trends, we conduct a joint analysis of the 6-dimensional data by taking the

first-order differences of each time series. Each differenced series is further standardized

by subtracting its mean and dividing by its standard deviation to improve computational

stability. Figure 1.3 presents the resulting 6-dimensional time series data, consisting of

observations at 2136 time points, along with the 6 airport locations.

We shall consider the hypothesis test: H : Fij(θ) = 0 for each pairs among the

six airports, where 1 ≤ i < j ≤ 6 with significance level θ0 = 0.05. The test statistic F̃ ⋆
ij,

defined in Section 1.3.2, is employed. Unlike in the simulation study, the true Σ is not

available in real data analysis. To validate our test, we apply resampling and subsampling

methods as discussed in Section 1.3.3, obtaining (i) the conditional (1 − α)-quantile ĉ1−α

via resampling, and (ii) the empirical quantile from the empirical distribution Q(x) by

subsampling. Following the recommendations discussed in Section 1.6.1, we set B = 24
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and M = 288.

Table 1.2 presents the test statistics and cut-off values obtained through resampling

and subsampling. Results indicate that for pairs within the groups (LGF, NYL, NOZ) and

(ODO, MAF, MDD), the test statistics significantly exceed the corresponding cut-off values,

leading us to reject the null hypothesis of independence within these pairs. Additionally,

for tests between pairs from different groups, the test statistics are smaller than the cut-off

values, so we fail to reject the null hypothesis, supporting independence between these

pairs. This finding aligns with geographic proximity, as locations close to each other tend

to share similar wind profile patterns, whereas locations farther apart do not exhibit this

similarity.

Table 1.2. Pairwise Cross-Spectral Test Results

Location Station pairs Test statistic Rsampling cut-off value Subsampling cut-off value

Yuma
LGF & NYL 0.648 0.418 0.391
LGF & NOZ 0.593 0.420 0.507
NYL & NOZ 0.545 0.431 0.493

Odessa
ODO & MAF 0.905 0.399 0.496
ODO & MDD 0.805 0.408 0.431
MAF & MDD 0.889 0.417 0.433

Yuma

LGF & ODO 0.321 0.400 0.445
LGF & MAF 0.311 0.416 0.410
LGF & MDD 0.333 0.412 0.496
NYL & ODO 0.299 0.412 0.446

vs. NYL & MAF 0.225 0.413 0.402

Odessa

NYL & MDD 0.264 0.421 0.392
NOZ & ODO 0.263 0.410 0.478
NOZ & MAF 0.286 0.422 0.400
NOZ & MDD 0.372 0.418 0.409

1.7 Proofs

In this section, we provide the proofs of the results introduced in the main body.
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1.7.1 Proofs of Results in Section 1.2

Proof of Theorem 1. Denote n = T/B. For 1 ≤ r ≤ n and 1 ≤ i ≤ p, define

Yri(θ) =
rB∑

t=(r−1)B+1

Xtie
−ιtθ.

To prove the result (1.2.6), we shall first consider the quadratic form

Rij(θ) = 2πT F̂ij(θ) =
n∑
r=1

Yri(θ)Yrj(θ)

and apply the Markov inequality: for C0 > 0 and η > 0 which are to be determined later,

P
(
|Rij(θ) − ERij(θ)| ≥ x

)
≤ e−ηx

C0E[exp(η|Rij(θ) − ERij(θ)|C0)]. (1.7.1)

Take the martingale decomposition Rij(θ) − ERij(θ) =
∑T

l=−∞ PlRij(θ). By Theorem 2.1

of [74], we have for q ≥ 4,

∥Rij(θ) − ERij(θ)∥2q/2 ≤ (q/2 − 1)
T∑

l=−∞

∥Pl
n∑
r=1

Yri(θ)Yrj(θ)∥2q/2

≤ (q/2 − 1)
T∑

l=−∞

( n∑
r=1

∥PlYri(θ)Yij(θ)∥q/2
)2

. (1.7.2)

By Equation (33) in Proposition 8 of [110], we can get

∥Yri(θ)∥q ≤ (q − 1)1/2
√
B∆0,q,i ≤ (q − 1)1/2

√
B∥X·i∥q.

By Equation (31) in Proposition 8 of [110], we have

∥Yri(θ) − Yri,{l}(θ)∥q ≤
rB∑

t=(r−1)B+1

δt−l,q,i.
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By Jensen’s inequality, the triangle inequality and Hölder’s inequality, it then follows that

n∑
r=1

∥PlYri(θ)Yrj(θ)∥q/2

≤
n∑
r=1

∥Yri(θ)Yrj(θ) − Yrj,{l}(θ)Yrj,{l}(θ)∥q/2

≤
n∑
r=1

(∥Yri(θ)∥q∥Yrj(θ) − Yrj,{l}(θ)∥q + ∥Yri − Yri,{l}(θ)∥q∥Yrj,{l}(θ)∥q)

≤ (q − 1)1/2
√
B
(
∥X·i∥q

T∑
t=1

δt−l,q,j + ∥X·j∥q
T∑
t=1

δt−l,q,i

)
.

(1.7.3)

By (1.7.2) and (1.7.3), elementary manipulation implies

∥Rij(θ) − ERij(θ)∥q/2 ≤
√

(q − 2)(q − 1)
√
TB∥X·i∥q∥X·j∥q. (1.7.4)

Under Assumption 1 and noting that ∥X·∥ψα = max1≤j≤p ∥X·j∥ψα , (1.7.4) suggests

∥Rij(θ) − ERij(θ)∥q/2 ≤ (q − 1)q2α
√
TB∥X·∥2ψα

. (1.7.5)

Write the negative binomial expansion (1 − s)−1/2 = 1 +
∑∞

h=1 chs
h with

ch = (2h)!/(22h(h!)2)

for |s| < 1. By Stirling’s formula, we have ch ∼ (hπ)−1/2 as h → ∞. Hence, there exists

absolute constants C1, C2 > 0 such that for all h ≥ 1,

C1(h/e)
hc−1
h ≤ h! ≤ C2(h/e)

hc−1
h . (1.7.6)
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Let C0 = 1/(2α + 1). For any positive integer h such that C0h ≥ 2, (1.7.5) leads to

∥Rij(θ) − ERij(θ)∥C0h ≤ (2C0h− 1)(2C0h)2α
√
TB∥X·∥2ψα

.

Let η0 = (2eC0T
C0/2BC0/2∥X·∥2C0

ψα
)−1. Notice that 2α + 1 = 1/C0. Then

ηhE|Rij(θ) − ERij(θ)|C0h

h!

≤
ηh(2C0h− 1)C0h(2C0h)2αC0h(TB)C0h/2∥X·∥2C0h

ψα

C1(h/e)hc
−1
h

≤ chη
h(2C0h− 1)C0h

C1ηh0 (2C0h)C0h
≤ chη

h

C1

√
eηh0

.

If C0h < 2, then ∥Rij(θ) −ERij(θ)∥C0h ≤ ∥Rij(θ) −ERij(θ)∥2 ≤
√

6 · 42α
√
TB∥X·∥2ψα

. So

we have

E[exp(η|Rjk(θ) − ERij(θ)|C0)]

≤ 1 +
∑

1≤h<2/C0

ηh(
√

6 · 42α
√
TB∥X·∥2ψα

)C0h

h!
+

∑
h≥2/C0

chη
h

C1

√
eηh0

≤ 1 + CC0

∞∑
h=1

ch
ηh

ηh0
≤ 1 + CC0

η/η0
(1 − η/η0)1/2

.

By choosing η = η0/2 in (1.7.1) and recalling C0 = 1/(2α + 1), we have

P
(
|Rij(θ) − ERij(θ)| ≥ x

)
≲ exp

{
− Cα

( x√
TB∥X·∥2ψα

) 1
2α+1

}
. (1.7.7)

As a result, (1.2.6) follows in view of (1.7.7), the Bonferroni inequality and the simple

scaling F̂ij(θ) = (2πT )−1Rij(θ).
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Proof of Proposition 2. By the stationarity of the process, we have

EF̂ij(θ) =
1

2π

B∑
k=−B

(
1 − |k|

B

)
Γij(k)e−ιkθ.

It follows that

2π|EF̂ij(θ) − Fij(θ)| ≤
∑

k:|k|≥B

|Γij(k)| +
B−1∑

k=−B+1

|k|
B

|Γij(k)| := A1 + A2. (1.7.8)

Since Xti =
∑∞

r=0 Pt−r(Xti), for k ≥ 0, we have

|Γij(k)| =
∣∣∣ ∞∑
r=0

E[Pt−r(Xti)Pt−r(X(t+k)j)]
∣∣∣ ≤ ∞∑

r=0

δr,2,iδr+k,2,j, (1.7.9)

which implies A1 ≲ ∆0,2,i∆B,2,j. In view of ∆0,2,i ≤ ∥X·i∥2 and ∆B,2,j ≤ ρB∥X·j∥2, we have

A1 ≲ ρB∥X·i∥2∥X·j∥2. Furthermore, we can get

A2 ≤ 2B−1

B−1∑
k=1

∞∑
r=0

kδr,2,iδr+k,2,j

≤ 2B−1∥X·j∥2
B−1∑
k=1

kρk
∞∑
r=0

δr,2,i

≲ B−1∥X·i∥2∥X·j∥2. (1.7.10)

By combining the bounds of A1 and A2, we have for any 1 ≤ i, j ≤ p and θ,

|EF̂ij(θ) − Fij(θ)| ≲ B−1∥X·i∥2∥X·j∥2. (1.7.11)

Proof of Theorem 3. Let n = T/B. Define Br = {(r − 1)B + 1, . . . , rB} and Dr =
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{(r − 1)B + 1, . . . , (r − 1)B + B −m} for r = 1, . . . , n. Then we can write

F̂ (θ) =
(
F̂ij(θ)

)p
i,j=1

=
1

2πT

n∑
r=1

∑
t,s∈Br

XtX
⊤
s e

−ι(t−s)θ.

For m ≥ 0, define Xt,m = E(Xt|εt−m, εt−m+1, . . . , εt). Let

F̂m(θ) =
(
F̂ij,m(θ)

)p
i,j=1

=
1

2πT

n∑
r=1

∑
t,s∈Br

Xt,mX
⊤
s,me

−ι(t−s)θ.

Further define

Ĥr,m(θ) =
(
Ĥij,r,m(θ)

)p
i,j=1

=
1

2πB

∑
t,s∈Dr

Xt,mX
⊤
s,me

−ι(t−s)θ,

Ŝm(θ) =
(
Ŝij,m(θ)

)p
i,j=1

=
1

n

n∑
r=1

Ĥr,m(θ).

By Lemma 9 in [111],

∥E0(F̂ij(θ)) − E0(F̂ij,m(θ))∥2 ≲
√

B

T
ρmΦ2

4. (1.7.12)

Similarly as (1.9.13), we can obtain

∥E0(F̂ij,m(θ)) − E0(Ŝij,m(θ))∥2 ≲
√

m

T
Φ2

4. (1.7.13)

Choosing m ≍ (logB)/ log(ρ−1), by (1.7.12) and (1.7.13),

√
T

B
∥E0(F̂ij(θ)) − E0(Ŝij,m(θ))∥2 ≲

√
logB

B
Φ2

4 → 0. (1.7.14)

As a result, the distribution of
√

T/B(F̂ij(θ)−EF̂ij(θ)) is dominated by the distribution of√
T/B(Ŝij(θ)−EŜij(θ)). Note that Ĥr,m(θ), r = 1, . . . , n, are independent and identically

distributed. It remains to concern the covariance structure of Ĥ1,m(θ). Take m ≍
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(logB)/ log(ρ−1) in (1.9.12). Under the condition Φ8
4(logB)/B → 0, we have E (2)

B,m → 0.

Note that (Ĥr,m(θ))nr=1 is an i.i.d. sequence. Theorem 3 follows in view of Lemma 18,

Lemma 19, the classical central limit theorem, the Cramér-Wold device and the construction

of bivariate complex random variable.

1.7.2 Proofs of Results in Section 1.3

Proof of Theorem 4. We shall mainly focus on the case of F . F̃ can be dealt with by similar

proofs. Recall the definitions of F̂m(θ) and Ŝm(θ) in (1.9.18) and (1.9.20), respectively.

Denote

Sm = (Re(Ŝm(θ0)), Im(Ŝm(θ0)), . . . ,Re(Ŝm(θB/2)), Im(Ŝm(θB/2))).

Choose m ≍ logB/ log ρ−1 and denote n = T/B. We start with

dT,B,p ≤ sup
x∈R

∣∣P(F ≤ x) − P(
√
nmax

θ∈Θ
|E0Sm|∞ ≤ x)

∣∣
+ sup

x∈R

∣∣P(
√
nmax

θ∈Θ
|E0Sm|∞ ≤ x) − P(|Z|∞ ≤ x)

∣∣
=: d◦T,B,p + d†T,B,p. (1.7.15)

By the triangle inequality, for every y > 0, we have

d◦T,B,p = sup
x∈R

∣∣P(F ≥ x) − P(
√
nmax

θ∈Θ
|E0Sm|∞ ≥ x)|

≤ P(
√
nmax

θ∈Θ
|E0(F̂ (θ)) − E0(Ŝm(θ))|∞ ≥ y) + sup

x∈R
P(|

√
nmax

θ∈Θ
|E0Sm|∞ − x| ≤ y)

=: d
◦(1)
T,B,p + d

◦(2)
T,B,p.
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By Lemma 24 and the Bonferroni inequality, for every y > 0,

P(
√
nmax

θ∈Θ
|E0(F̂ (θ)) − E0(F̂m(θ))|∞ ≥ y) ≲ Bp2 exp

{
− Cα

( y

ρm∥X·∥2ψα

) 1
2α+1

}
. (1.7.16)

And by Lemma 25, we have

P(
√
nmax

θ∈Θ
|E0(F̂m(θ)) − E0(Ŝm(θ))|∞ ≥ y) ≲ Bp2 exp

{
− Cα

( √
By√

m∥X·∥2ψα

) 1
2α+1

}
.

(1.7.17)

With the choice of m, it follows that

d
◦(1)
T,B,p ≲ Bp2 exp

{
− Cα

( √
By√

logB∥X·∥2ψα

) 1
2α+1

}
. (1.7.18)

We next consider

d
†(1)
T,B,p = |P(

√
nmax

θ∈Θ
|E0Sm|∞ ≤ x) − P(|Zm|∞ ≤ x)

∣∣,
d
†(2)
T,B,p = |P(|Zm|∞ ≤ x) − P(|Z|∞ ≤ x)

∣∣
Then we have

d†T,B,p ≤ d
†(1)
T,B,p + d

†(2)
T,B,p,

d
◦(2)
T,B,p ≤ 2d

†(1)
T,B,p + 2d

†(2)
T,B,p + sup

x∈R
P(||Z|∞ − x| ≤ y).

As E (2)
B,m = (ρm+

√
m/B)Φ4

4 ≲
√

m/BΦ4
4 = o(1), Assumption 2, Assumption 3 and Lemma

19 ensure that the variance of each non-zero entry of Sm is lower bounded. Applying in

Lemma 26, we have

d
†(1)
T,B,p ≲

(∥X·∥12ψα
logκ1((Bp) ∨ n)

n

) 1
6
, (1.7.19)
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for κ1 = max{7, 2α + 6}. By Lemma 19 again, it follows that

|Σm −Σ|∞ ≲

√
m

B
Φ4

4. (1.7.20)

Lemma 3.1 in [22] implies

d
†(2)
T,B,p ≲

(√m

B
Φ4

4

)1/3
log2/3(Bp), (1.7.21)

By Lemma 36, for every y > 0.

sup
x∈R

P
(
||Z|∞ − x| ≤ y

)
≲ y

√
log(Bp). (1.7.22)

Choosing

y = cα
∥X·∥2ψα

log2α+3/2(Bp)

B1/2

with a sufficiently large cα, the proof is completed by combining the results (1.7.15) –

(1.7.22).

To deal with F̃ , the Gaussian approximation result in Lemma 26 concerning the

class of all hyperrectangles also holds for F̃ approximated by the distribution of |Z̃|∞. The

case of F̃ corresponds to the class of s-sparsely convex sets with s = 2 in the framework

of [24]. We can apply the same arguments of Proposition 4.2 in their papar to obtain the

Gaussian approximation result. And the anti-concentration inequality still holds for |Z̃|∞

in view of (1.7.22) and |Z|∞ ≤ |Z̃|∞ ≤
√

2|Z|∞.

Proof of Corollary 5. Note that

d⋆T,B,p ≤ sup
x∈R

|P(F ⋆ ≤ x) − P(F ≤ x)| + dT,B,p.
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By the triangle inequality, for every y > 0, we have

sup
x∈R

|P(F ⋆ ≤ x) − P(F ≤ x)|

≤ P
(√T

B
max
θ∈Θ

|EF̂ (θ) − F (θ)|∞ ≥ y
)

+ sup
x∈R

P
(
|F − x| ≤ y

)
.

By (1.7.22) and the definition of dT,B,p, we have

sup
x∈R

P
(
|F − x| ≤ y

)
≲ dT,B,p + y

√
log(Bp).

By Proposition 2, choosing y = C(T/B)1/2B−1Φ2
2 for a sufficiently large C, condition

(1.3.4) guarantees y
√

log(Bp) → 0, which together with Theorem 4 implies d⋆T,B,p → 0.

The case of F̃ ⋆ can be verified in a similar way.

Proof of Theorem 6. By the formula of entries in Σ as given in Section 1.3.1, the triangle

inequality and (1.9.9), we have

|Σ̂−Σ|∞ ≲ Φ2
2 max
θ∈Θ

|F̂ij(θ) − Fij(θ)|∞. (1.7.23)

Theorem 1 and Proposition 2 imply

max
θ∈Θ

|F̂ij(θ) − Fij(θ)|∞ ≲

√
B

T
log2α+1(Bp)∥X·∥2ψα

+
∥X·∥2ψα

B
.

Following the arguments of Theorem 3.1 in [22], for every x > 0,

sup
θ0∈(0,1)

|P(F ⋆ ≥ ĉ1−θ0) − θ0| ≲ d⋆T,B + W(x) + P(|Σ̂−Σ|∞ ≥ x),

where W(x) = x1/3 log2/3(Bp) for x > 0. Then (1.3.6) follows under the additional

condition (1.3.5) and the conditions of Corollary 5.
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Proof of Theorem 7. For y ∈ R, let

w(y) =
[
1 − min{0,max(y,−1)}2

]2
. For any a > 1 and b ∈ R, let wa,b(y) = w(a(y − b)). It is easy to observe that

wa,b+a−1(y) ≤ 1{y > b} ≤ wa,b(y) ≤ 1{y > b− a−1}.

Then we have for any x > 0,

1

L

L∑
ℓ=1

wa,x+a−1(Fℓ) − P(|Z|∞ > x) ≤ 1

L

L∑
ℓ=1

1{Fℓ > x} − P(|Z|∞ > x)

≤ 1

L

L∑
ℓ=1

wa,x(Fℓ) − P(|Z|∞ > x).

It leads to

sup
x

|Q(x) − P(|Z|∞ ≤ x)| ≤ sup
x>0

P(x < |Z|∞ ≤ x + a−1) + ∆,

where

∆ = sup
x>0

∣∣∣ 1

L

L∑
ℓ=1

wa,x(Fℓ) − P(|Z|∞ > x)
∣∣∣.

By Lemma 36, we have

sup
x>0

P(x < |Z|∞ ≤ x + a−1) ≤ Ca−1
√

log(Bp2) ≲ a−1
√

log(Bp).

We choose a such that a−1
√

log(Bp) = o(1). It suffices to prove ∆
P→ 0. Denote

Σ0 = diag(Σ). Let x0 = 4
√

|Σ0|∞ log(Bp2) and x1 = x0 + 1. Consider

∆1 = sup
x>x1

∣∣∣ 1

L

L∑
ℓ=1

wa,x(Fℓ) − P(|Z|∞ > x)
∣∣∣,
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∆2 = sup
0<x≤x1

∣∣∣ 1

L

L∑
ℓ=1

wa,x(Fℓ) − P(|Z|∞ > x)
∣∣∣.

We firstly deal with ∆1. By the Bonferroni inequality,

P(|Z|∞ > x1) ≤ Bp2 · max
j

P(|Zj| > x1) ≤
1

Bp2
→ 0. (1.7.24)

Also, we can obtain

E sup
x>x1

1

L

L∑
ℓ=1

wa,x(Fℓ) ≤
1

L

L∑
ℓ=1

Ewa,x1(Fℓ) ≤
1

L

L∑
ℓ=1

P(Fℓ > x1 − a−1). (1.7.25)

For each 1 ≤ ℓ ≤ L, define

F ⋆
ℓ =

√
M

B
max
θ∈Θ

max
{
|Re(F̂ℓ(θ) − F (θ))|∞, |Im(F̂ℓ(θ) − F (θ))|∞

}
.

Recall that

F ⋆ =

√
T

B
max
θ∈Θ

max
{
|Re(F̂ (θ) − F (θ))|∞, |Im(F̂ (θ) − F (θ))|∞

}
. (1.7.26)

Since a > 1, by the triangle inequality and Corollary 5, it follows that

P(Fℓ > x1 − a−1) ≤ P(F ⋆
ℓ > x0/2) + P(F ⋆ >

√
T/M · x0/2)

≤ 2P(|Z|∞ > x0/2) + dM,B,p + dT,B,p

≤ 2

Bp2
+ dM,B,p + dT,B,p → 0. (1.7.27)

By (1.7.24), (1.7.25) and (1.7.27), it follows that ∆1
P→ 0. To deal with ∆2, we discretize

the interval [0, x1] by evenly spaced points. Let K be large such that K−1Φ2
2 log(Bp) = o(1)
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and x̃k = k · x1/K for k = 0, 1, . . . , K. By the triangle inequality,

∆2 ≤ ∆
(1)
2 + ∆

(2)
2 + ∆

(3)
2 ,

where

∆
(1)
2 = max

1≤k≤K
P(x̃k−1 < |Z|∞ ≤ x̃k),

∆
(2)
2 = max

0≤k≤K

∣∣∣ 1

L

L∑
ℓ=1

[
Ewa,x̃k(Fℓ) − P(|Z|∞ > x̃k)

]∣∣∣,
∆

(3)
2 = max

0≤k≤K

∣∣∣ 1

L

L∑
ℓ=1

[
wa,x̃k(Fℓ) − Ewa,x̃k(Fℓ)

]∣∣∣.
By Theorem 3 and (1.9.9), |Σ0|∞ ≤ CΦ4

2. By Lemma 36,

∆
(1)
2 ≤ Cx1K

−1
√

log(Bp2) ≲ K−1
√
|Σ0|∞ log(Bp) → 0.

Before working on ∆
(2)
2 , we consider

dℓM,B := sup
x>0

|P(Fℓ ≤ x) − P(|Z|∞ ≤ x)| = sup
x>0

|P(Fℓ > x) − P(|Z|∞ > x)|.

By the triangle inequality, Corollary 5 and Lemma 36, for any b > 0,

sup
x>0

|P(Fℓ ≤ x) − P(F ⋆
ℓ ≤ x)| ≤ P(F ⋆ > b

√
T/M) + 2dM,B,p + Cb

√
log(Bp2).

Choosing b = 2
√

M |Σ0|∞ log(Bp2)/T , it follows that

P(F ⋆ > b
√
T/M) ≤ P(|Z|∞ > b

√
T/M) + dT,B,p ≤

1

Bp2
+ dT,B,p.
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If M log2(Bp)Φ4
2/T → 0, we have for any 1 ≤ ℓ ≤ L,

dℓM,B ≤ sup
x>0

|P(Fℓ ≤ x) − P(F ⋆
ℓ ≤ x)| + dM,B,p → 0.

Now we deal with ∆
(2)
2 . On the one hand,

Ewa,x̃k(Fℓ) ≥ P(Fℓ > x̃k) ≥ P(|Z|∞ > x̃k) − dℓM,B.

On the other hand,

Ewa,x̃k(Fℓ) ≤ P(Fℓ > x̃k − a−1) ≤ P(|Z|∞ > x̃k − a−1) + dℓM,B,

where

P(|Z|∞ > x̃k − a−1) ≤ P(|Z|∞ > x̃k) + P(x̃k − a−1 < |Z|∞ ≤ x̃k)

≤ P(|Z|∞ > x̃k) + Ca−1
√

log(Bp2).

Hence it follows that

∆
(2)
2 ≤ max

ℓ
dℓM,B,p + Ca−1

√
log(Bp2) → 0.

It remains to consider ∆
(3)
2 . We are to show ∆

(3)
2

P→ 0 by verifying E(∆
(3)
2 )2 → 0. Define

U = max
0≤k≤K

max
1≤ℓ,ℓ′≤L

∣∣∣Cov
(
wa,x̃k(Fℓ), wa,x̃k(Fℓ′)

)
− Cov

(
wa,x̃k(F ⋆

ℓ ), wa,x̃k(F ⋆
ℓ′)
)∣∣∣.

Since 0 ≤ w(y) ≤ 1 for all y ∈ R, by Hölder’s inequality,

U ≤ 4 max
0≤k≤K

max
1≤ℓ≤L

∥wa,x̃k(Fℓ) − wa,x̃k(F ⋆
ℓ )∥2.
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By elementary calculations, we can obtain supy∈R |w′
a,b(y)| ≤ 2a, which implies for any

0 ≤ k ≤ K and 1 ≤ ℓ ≤ L,

∥wa,x̃k(Fℓ) − wa,x̃k(F ⋆
ℓ )∥2 ≤ 2a∥Fℓ − F ⋆

ℓ ∥2 ≤ 2a

√
M

T
∥F ⋆∥2.

Note that

√
B

T
∥F ⋆∥2 ≤ ∥max

θ∈Θ
|F̂ (θ) − EF̂ (θ)|∞∥2 + max

θ∈Θ
|EF̂ (θ) − F (θ)|∞.

By Proposition 2,

max
θ∈Θ

|EF̂ (θ) − F (θ)|∞ ≲ B−1Φ2
2.

By Theorem 1,

∥max
θ∈Θ

|F̂ (θ) − EF̂ (θ)|∞∥2 ≲
√

B

T
log2α+1(Bp) · ∥X·∥2ψα

.

It can be obtained that

U ≲ a

√
M

B3
Φ2

2 + a

√
M

T
log2α+1(Bp) · ∥X·∥2ψα

. (1.7.28)

Then we have

E(∆
(3)
2 )2 ≤

K∑
k=0

1

L2

L∑
ℓ=1

L∑
ℓ′=1

Cov
(
wa,x̃k(Fℓ), wa,x̃k(Fℓ′)

)
≤

K∑
k=0

1

L2

L∑
ℓ=1

L∑
ℓ′=1

Cov
(
wa,x̃k(F ⋆

ℓ ), wa,x̃k(F ⋆
ℓ′)
)

+ (K + 1)U .

(1.7.29)

For any m ≥ 1, let F̂ℓ,m(θ) be the m-approximation of F̂ℓ(θ) where {Xt} is replaced by
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{Xt,m}. Define

F ⋆
ℓ,m =

√
M

B
max
θ∈Θ

max
{
|Re(F̂ℓ,m(θ) − F (θ))|∞, |Im(F̂ℓ,m(θ) − F (θ))|∞

}
.

Note that F ⋆
0 is independent of F ⋆

ℓ,mℓ
for mℓ = ⌊(ℓ − 1)/2⌋ and ℓ ≥ 2M − 1. Following

(1.7.29) and by the stationarity of the process {F ⋆
ℓ }ℓ∈Z , we have

E(∆
(3)
2 )2 ≤

K∑
k=0

2

L

L−1∑
ℓ=0

∣∣Cov
(
wa,x̃k(F ⋆

0 ), wa,x̃k(F ⋆
ℓ ))

)∣∣ + 2KU

≤
K∑
k=0

2

L

L−1∑
ℓ=1

∣∣Cov
(
wa,x̃k(F ⋆

0 ), wa,x̃k(F ⋆
ℓ ) − wa,x̃k(F ⋆

ℓ,mℓ
)
)∣∣ +

4(K + 1)M

L
+ 2KU

≤ 2

L

K∑
k=0

L∑
ℓ=1

min
{

1, ∥wa,x̃k(F ⋆
ℓ ) − wa,x̃k(F ⋆

ℓ,mℓ
)∥2

}
+

4(K + 1)M

L
+ 2KU .

(1.7.30)

By similar arguments in deriving (1.7.28), we have

∥wa,x̃k(F ⋆
ℓ ) − wa,x̃k(F ⋆

ℓ,mℓ
)∥2 ≤ 2a

√
M

B
∥max
θ∈Θ

|F̂ℓ(θ) − F̂ℓ,mℓ
(θ)|∞∥2.

By Lemma 24, we have

∥max
θ∈Θ

|F̂ℓ(θ) − F̂ℓ,mℓ
(θ)|∞∥2 ≲ ρℓ/2

√
B

M
log2α+1(Bp)∥X·∥2ψα

.

As a result, for any 0 ≤ k ≤ K,

∥wa,x̃k(F ⋆
ℓ ) − wa,x̃k(F ⋆

ℓ,mℓ
)∥2 ≲ aρℓ/2 log2α+1(Bp)∥X·∥2ψα

.

By (1.7.30) and L ≍ T , E(∆
(3)
2 )2 → 0 follows if we have (i) KaT−1 log2α+1(Bp)∥X·∥2ψα

→ 0,

(ii) KM/T → 0, and (iii) KU → 0, where U is bounded in (1.7.28). We recall that the
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following conditions are additionally required to control other terms in the previous proof:

(iv) a−1
√

log(Bp) → 0, (v) K−1Φ2
2 log(Bp) → 0, (vi) M log2(Bp)Φ4

2/T → 0. In view of

Φ2 ≲ ∥X·∥ψα , elementary manipulation indicates that theses conditions can be reduced to

(1.3.7) and (1.3.8), under which the existence of satisfactory a and K is ensured.

1.7.3 Proofs of Results in Section 1.5

Proof of Theorem 8. It is an immediate result of Lemma 30 with d = (B/2) + 1 and

Lemma 31 using the Bonferroni technique.

Proof of Proposition 9. The result can be proved in a manner similar to Proposition 2, in

view of ∆0,2,i ≤ Φ2,0 and ∆B,2,j ≤ B−αΦ2,α.

Proof of Theorem 10. Recall the definitions of F̂ (θ), F̂m(θ), Ĥr,m and Ŝm(θ) in the proof

of Theorem 3. By Lemma 9 in [111],

∥E0(F̂ij(θ)) − E0(F̂ij,m(θ))∥2 ≲
√

B

T
m−αΦ4,0Φ4,α. (1.7.31)

Similarly as (1.9.13), we can obtain

∥E0(F̂ij,m(θ)) − E0(Ŝij,m(θ))∥2 ≲
√

m

T
Φ2

4,0. (1.7.32)

Choosing m ≍ B1/(2α+1), by (1.7.31) and (1.7.32), under EB → 0,

√
T

B
∥E0(F̂ij(θ)) − E0(Ŝij,m(θ))∥2 ≲ m−αΦ4,0Φ4,α +

√
m

B
Φ2

4,0 → 0. (1.7.33)

Then Theorem 10 follows similarly as Theorem 3.
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Proof of Theorem 11. By Theorem 15, to have dT,B → 0, we need

W(EB,m) → 0, (1.7.34)

hT,B → 0, (1.7.35)

and for some y > 0,

f ∗
1 (y) + f ∗

2 (y) + y
√

log(Bp) → 0. (1.7.36)

Firstly, (1.7.34) requires m ≫
(
Φ3

2,0Φ2,α(log(Bp))2
)1/α

, m ≪ B(log(Bp))−4Φ−8
4,0 and (1.5.6)

hold. Next, (1.7.35) requires (1.5.7). Moreover, for α > 1/2 − 2/q, (1.7.36) needs

m ≫ max(L2, (Φ
2
4,α log(Bp))1/α) and m ≪ min(R2, B(log(Bp))−2Φ−4

4,α). Observe that

max((Φ3
2,0Φ2,α(log(Bp))2)1/α, (Φ2

4,α log(Bp))1/α) ≲ L1 and

R1 ≲ min(B(log(Bp))−4Φ−8
4,0, B(log(Bp))−2Φ−4

4,α)).

As a consequence, if

max(L1, L2) = o(1) min(R1, R2), (1.7.37)

we can always choose m such that (1.5.9) holds.

For α < 1/2 − 2/q, by similar arguments, if (1.5.10) is further assumed, (1.7.36) holds and

(1.5.9) follows.

Theorem 15 characterizes the error rate for the result in Theorem 11.

Theorem 15. Assume
∥∥∣∣X·

∣∣
∞

∥∥
q,α

< ∞, for some q > 4 and α > 0, and assume

EB,m := m−αΦ3
2,0Φ2,α + B−1Φ2

4,0Ψ
2
4,2 +

√
m

B
Φ4

4,0 = o(1).
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Let Assumption 2 and Assumption 3 be satisfied. Recall that

dT,B = sup
x∈R

|P(F ≤ x) − P(|Z|∞ ≤ x)|.

Then for every y > 0,

dT,B ≲ f ∗
1 (y) + f ∗

2 (y) + y
√

log(Bp) + hT,B + W(EB,m). (1.7.38)

where

f ∗
1 (y) = y−q/2(log(Bp))q

∥∥∣∣X·
∣∣
∞

∥∥q
q,α

FT,m + p2B exp
(
− y2m2α

CαΦ4
4,α

)
,

with FT,B,m = (B/T )q/4−1m−αq/2 (resp. (B/T )q/4−1m−αq/2 + T−αq/2) if α > 1/2 − 2/q

(resp. α < 1/2 − 2/q),

f ∗
2 (y) = y−q/2(log(Bp))qT−q/4+1B−1mq/4

∥∥∣∣X·
∣∣
∞

∥∥q
q,α

+ p2B exp
(
− y2B

CΦ4
4,αm

)
,

hT,B = h
(1)
T,B + h

(2)
T,B with

h
(1)
T,B =

(
Φ12

8,0(log(Bp))2
∥∥∣∣X·

∣∣
∞

∥∥4

q,α
(log(Tp))7B/T

) 1
6
,

h
(2)
T,B =

(
Φ12

8,0(log(Bp))2
∥∥∣∣X·

∣∣
∞

∥∥4

q,α
(log(Tp))3(B/T )1−4/q

) 1
3
,

and W(x) = x1/3(1 ∨ log(Bp/x))2/3 for x > 0.

Proof of Theorem 15. Recall the definitions of F̂m(θ) and Ŝm(θ) in Section 1.9.2. Note

that

dT,B ≤ sup
x∈R

∣∣∣P(√T

B
max
θ∈Θ

|E0(F̂ (θ))|∞ ≥ x
)
− P

(√T

B
max
θ∈Θ

|E0(Ŝm(θ))|∞ ≥ x
)∣∣∣

+ sup
x∈R

∣∣∣P(√T

B
max
θ∈Θ

|E0(Ŝm(θ))|∞ ≥ x
)
− P(|Z|∞ ≤ x)

∣∣∣.
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By the triangle inequality, for every y > 0, we have

sup
x∈R

∣∣∣P(√T

B
max
θ∈Θ

|E0(F̂ (θ))|∞ ≥ x
)
− P

(√T

B
max
θ∈Θ

|E0(Ŝm(θ))|∞ ≥ x
)∣∣∣

≤ P
(√T

B
max
θ∈Θ

|E0(F̂ (θ)) − E0(Ŝm(θ))|∞ ≥ y
)

+ sup
x∈R

P
(∣∣∣√T

B
max
θ∈Θ

|E0(Ŝm(θ))|∞ − x
∣∣∣ ≤ y

)
.

By Lemma 29, for every y > 0, we have

P
(√T

B
max
θ∈Θ

|E0(F̂ (θ)) − E0(F̂m(θ))|∞ ≥ y
)
≲ f ∗

1 (y). (1.7.39)

And by Lemma 32, for every y > 0, we have

P
(√T

B
max
θ∈Θ

|E0(F̂m(θ)) − E0(Ŝm(θ))|∞ ≥ y
)
≲ f ∗

2 (y). (1.7.40)

It can be easily obtained that

P
(√T

B
max
θ∈Θ

|E0(F̂ (θ)) − E0(Ŝm(θ))|∞ ≥ y
)
≲ f ∗

1 (y) + f ∗
2 (y). (1.7.41)

Denote θk = 2πk/B for k ∈ Z. Define

Hm = (Re(Ĥm(θ0)), Im(Ĥm(θ0)), . . . ,Re(Ĥm(θB/2)), Im(Ĥm(θB/2))),

where

Ĥm(θ) = (Ĥij,m(θ))pi,j=1 =
1

2πB

( B−m∑
t=1

Xt,me
−ιtθ

)( B−m∑
t=1

X⊤
t,me

ιtθ
)
.

Let vec0(Hm) ∈ RBp2−(B/2−1)p be the vectorization of Hm where the constantly zero

entries, i.e., Im(Ĥii,m(θ)) for 1 ≤ i ≤ p and all the entries in Im(Ĥm(0)) and Im(Ĥm(π)),

are excluded. Denote Σm = Cov(vec0(Hm)) and Zm ∼ N(0,Σm). For 1 ≤ i, j ≤ p and
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0 ≤ θ ≤ π, denote

Mij,r,m(θ) = Re(Ĥij,r,m(θ) − EĤij,r,m(θ)),

M̃ij.r,m(θ) = Im(Ĥij,r,m(θ) − EĤij,r,m(θ)).

Now we deal with Mij,r,m(θ) and the same results will apply for M̃ij.r,m(θ). By Lemma

23, under EB,m := m−αΦ3
2,0Φ2,α + B−1Φ2

4,0Ψ
2
4,2 +

√
m
B

Φ4
4,0 = o(1) as well as Assumption 2

and Assumption 3, it holds that

1

n

n∑
r=1

EMij,r,m(θ)2 ≥ 1

2
min{c21, c2}.

Applying Lemma 27 (iv), we have max1≤r≤n E|Mij,r,m(θ)|2+k ≲ Φ6k
8,0 for k = 1, 2, and∥∥maxθ∈Θ

∣∣Mij,r,m(θ)
∣∣
∞

∥∥
q/2

≲ log(Bp)
∥∥∣∣X·

∣∣
∞

∥∥2

q,α
for all 1 ≤ i, j ≤ p and θ ∈ Θ. Then it

follows from Lemma 35 that

sup
x∈R

∣∣∣P(√T

B
max
θ∈Θ

|E0(Ŝm(θ))|∞ ≥ x
)
− P(|Zm|∞ ≤ x)

∣∣∣ ≲ hT,B. (1.7.42)

We shall find the upper bound of supx∈R
∣∣P(|Zm|∞ ≤ x) − P(|Z|∞ ≤ x)

∣∣. By Lemma 23,

we have

|Σm −Σ|∞ ≲ m−αΦ3
2,0Φ2,α + B−1Φ2

4,0Ψ
2
4,2 +

√
m

B
Φ4

4,0 =: EB,m.

By Theorem 2 in [23],

sup
x∈R

∣∣P(|Zm|∞ ≤ x) − P(|Z|∞ ≤ x)
∣∣ ≲ W(EB,m), (1.7.43)
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where W(x) = x1/3(1 ∨ log(Bp/x))2/3 for x > 0. By (1.7.42) and (1.7.43), we have

sup
x∈R

∣∣∣P(√T

B
max
θ∈Θ

|E0(Ŝm(θ))|∞ ≥ x
)
− P(|Z|∞ ≤ x)

∣∣∣ ≲ hT,B + W(EB,m). (1.7.44)

By Lemma 36, for every y > 0,

sup
x∈R

P
(
||Z|∞ − x| ≤ y

)
≲ y

√
log(Bp), (1.7.45)

which together with (1.7.44) will imply

sup
x∈R

P
(∣∣∣√T

B
max
θ∈Θ

|E0(Ŝm(θ))|∞ − x
∣∣∣ ≤ y

)
≲ y

√
log(Bp) + hT,B + W(EB,m). (1.7.46)

The proof is completed by combining the results in (1.7.41), (1.7.44) and (1.7.46).

Proof of Corollary 12. By choosing y = C
√

T/B(B−αΦ2,0Φ2,α + B−1Φ2,0Ψ2,1) for a suffi-

ciently large C, Corollary 12 can be proved in a manner similar to Corollary 5.

Proof of Theorem 13. By similarly arguments in the proof of Theorem 6, (1.5.13) can be

obtained under the condition RT,BΦ2
2,0(log(Bp))2 → 0 and the conditions of Corollary

12.

Proof of Theorem 14. Recall the definitions of V and R(V) in Theorem 14 and note that

L ≍ T . By similar arguments in the proof of Theorem 7 and elementary calculations, we

have
L∑
ℓ=1

min
{

1, ∥wa,x̃k(F ⋆
ℓ ) − wa,x̃k(F ⋆

ℓ,ℓ−1)∥2
}
≲ a ·R(V).

Then E(∆
(3)
2 )2 → 0 follows if aKR(V)/L → 0 and KU → 0. Recall that a−1

√
log(Bp) =

o(1) and K−1Φ2
2,0 log(Bp) = o(1) should also be required. Conditions (i)-(iii) ensure the

existence of satisfactory a and K.
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1.8 Conclusion

Spectral density is a pivotal component in the analysis of time series data. While a

systematic asymptotic theory has been developed for spectral estimates in low-dimensional

cases, the distributional theory for high-dimensional time series remains underexplored. Our

work endeavors to fill this gap by formulating an inference theory specifically tailored for the

high-dimensional spectral density matrix. Our primary focus is on establishing asymptotic

normality for point-wise inference and a Gaussian approximation for simultaneous inference.

Our distribution theory serves as a powerful tool for addressing a diverse range of challenges

in time series inference. Additionally, we introduce two distinct resampling methods

designed to facilitate practical implementation of high-dimensional spectral inference.

Importantly, we provide theoretical justification for the validity of these methods, enhancing

their reliability in real-world applications. We expect that our framework, distribution

theory of spectral estimate and implementation methods will be useful in many high-

dimensional inference problems and practical applications that involve time series data.

1.9 Appendix

In the Appendix, we provide the lemmas that are used in Section 1.7 and their

proofs .

1.9.1 Useful Lemmas for Expectation and Covariance of
Spectral Estimates

Lemma 16. Denote Φ2 = max1≤j≤p ∥X·j∥2. For m ≥ 0, define

Xt,m = E(Xt|εt−m, εt−m+1, . . . , εt)
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and

Ĝij,m(θ) =
1

2πB

B∑
t,s=1

Xti,mXsj,me
−ι(t−s)θ. (1.9.1)

Then for any 1 ≤ i, j ≤ p and 0 ≤ θ ≤ π,

∣∣EĜij,m(θ) − Fij(θ)
∣∣ ≲ (ρm + B−1)Φ2

2. (1.9.2)

Proof of Lemma 16. By the definitions of Ĝij(θ) and Ĝij,m(θ), we have

(2πB)EĜij(θ) = E
( B∑
t=1

Xtie
−ιtθ

)( B∑
s=1

Xsje
ιsθ
)
,

(2πB)EĜij,m(θ) = E
( B∑
t=1

Xti,me
−ιtθ

)( B∑
s=1

Xsj,me
ιsθ
)
.

By Hölder’s inequality,

(2πB)|EĜij(θ) − EĜij,m(θ)| ≤ I + II, (1.9.3)

where

I =
∥∥∥ B∑
t=1

(Xti −Xti,m)e−ιtθ
∥∥∥
2

∥∥∥ B∑
s=1

Xsje
ιsθ
∥∥∥
2
,

II =
∥∥∥ B∑
t=1

Xti,me
−ιtθ

∥∥∥
2

∥∥∥ B∑
s=1

(Xsj −Xsj,m)eιsθ
∥∥∥
2
.

By Lemma 1 in [59], we have ∥
∑B

s=1 Xsje
ιsθ∥2 ≲

√
B∆0,2,j , ∥

∑B
t=1Xti,me

−ιtθ∥2 ≲
√
B∆0,2,i,

∥
∑B

t=1(Xti −Xti,m)e−ιtθ
∥∥∥
2
≲

√
B∆m+1,2,i and ∥

∑B
s=1(Xsj −Xsj,m)eιsθ

∥∥∥
2
≲

√
B∆m+1,2,j.

Since ∆0,2,i ≤ ∥X·i∥2 and ∆m+1,2,i ≤ ∆m,2,i ≤ ρm∥X·i∥2, it follows that

I ≲ Bρm∥X·i∥2∥X·j∥2, II ≲ Bρm∥X·i∥2∥X·j∥2. (1.9.4)
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By the proof of Proposition 2, we have

|EĜij(θ) − Fij(θ)| ≲ B−1∥X·i∥2∥X·j∥2. (1.9.5)

By (1.9.3), (1.9.4), (1.9.5) and the triangle inequality, (1.9.2) follows by noting Φ2 =

max1≤j≤p ∥X·j∥2.

Lemma 17. For 1 ≤ i, j, h, l ≤ p and k1, k2, k3 ∈ Z, denote the 4-th joint cumulant as

γi,j,h,l(k1, k2, k3) = Cum(X0i, Xk1j, Xk2h, Xk3l).

Denote Φ4 = max1≤j≤p ∥X·j∥4. Then for some constant Cρ > 0,

∑
k1,k2,k3∈Z

|γi,j,h,l(k1, k2, k3)| ≤ CρΦ
4
4.

Proof of Lemma 17. We can apply the similar arguments of proving Theorem 21 in [110]

without extra difficulty.

Lemma 18. Denote Φ4 = max1≤j≤p ∥X·j∥4. Take any θ, θ′ ∈ Θ and any 1 ≤ i, j, h, l ≤ p.

Consider Ĝij,m(θ) and Ĝhl,m(θ) as given by (1.9.1). Denote E (1)
B,m := (ρm + B−1)Φ4

4.

(i) If θ ∈ (0, π),

|E(Ĝij,m(θ)Ĝhl,m(θ)) − EĜij,m(θ)EĜhl,m(θ) − Fil(θ)Fhj(θ)| ≲ E (1)
B,m,

|E(Ĝij,m(θ)ĜH
hl,m(θ)) − EĜij,m(θ)EĜH

hl,m(θ) − Fih(θ)Flj(θ)| ≲ E (1)
B,m.

(ii) If θ = 0 or π,

|E(Ĝij,m(θ)Ĝhl,m(θ)) − EĜij,m(θ)EĜhl,m(θ) − Fih(θ)Flj(θ) − Fil(θ)Fhj(θ)| ≲ E (1)
B,m.
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(iii) If θ ̸= θ′,

|E(Ĝij,m(θ)Ĝhl,m(θ′)) − EĜij,m(θ)EĜhl,m(θ′)| ≲ E (1)
B,m,

|E(Ĝij,m(θ)ĜH
hl,m(θ′)) − EĜij,m(θ)EĜH

hl,m(θ′)| ≲ E (1)
B,m,

Proof. For any θ, θ′ ∈ Θ and any 1 ≤ i, j, h, l ≤ p, we can write

EĜij,m(θ)Ĝhl,m(θ′) =
1

4πB2

B∑
t,s,u,v=1

E(Xti,mXsj,mXuh,mXvl,m) × e−ι[(t−s)θ+(u−v)θ′]. (1.9.6)

As EXti,m = 0 for any t ∈ Z and 1 ≤ i ≤ p, by the decomposition of the 4-th joint

cumulant, we have

E(Xti,mXsj,mXuh,mXvl,m)

= E(Xti,mXsj,m)E(Xuh,mXvl,m)

+ E(Xti,mXuh,m)E(Xsj,mXvl,m)

+ E(Xti,mXvl,m)E(Xsj,mXuh,m)

+ Cum(Xti,m, Xsj,m, Xuh,m, Xvl,m).

Denote

I =
1

4π2B2

B∑
t,s,u,v=1

E(Xti,mXsj,m)E(Xuh,mXvl,m) × e−ι[(t−s)θ+(u−v)θ′],

II =
1

4π2B2

B∑
t,s,u,v=1

E(Xti,mXuh,m)E(Xsj,mXvl,m) × e−ι[(t−s)θ+(u−v)θ′],

III =
1

4π2B2

B∑
t,s,u,v=1

E(Xti,mXvl,m)E(Xsj,mXuh,m) × e−ι[(t−s)θ+(u−v)θ′],

IV =
1

4π2B2

B∑
t,s,u,v=1

Cum(Xti,m, Xsj,m, Xuh,m, Xvl,m) × e−ι[(t−s)θ+(u−v)θ′].
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It can be easily seen that I = (EĜij,m(θ))(EĜhl,m(θ′)). Applying Lemma 17 to the process

after m-approximation, we have |IV| ≲ B−1Φ4
4.

Next we shall consider II and III. For θ = θ′ = 0 or π, Ĝij,m(θ) and Ĝhl,m(θ) are

both real. It follows that

II =
1

4π2B2

B∑
t,s,u,v=1

E(Xti,mXuh,m)E(Xsj,mXvl,m) × e−ι[(t−s)θ+(u−v)θ]

=
1

4π2B2

B∑
t,s,u,v=1

E(Xti,mXuh,m)E(Xsj,mXvl,m) × e−ι[(t−s)θ−(u−v)θ]

= EĜih,m(θ)EĜlj,m(θ).

Observe that

II =
1

4π2B2

( B∑
t,u=1

Γih,m(t− u)e−ι(tθ+uθ
′)
)
×

( B∑
s,v=1

Γjl,m(s− v)eι(sθ+vθ
′)
)
,

where Γij,m(k) = Cov(X0i,m, Xkj,m) for any 1 ≤ i, j ≤ p and k ∈ Z. We have

B∑
t,u=1

Γih,m(t− u)e−ι(tθ+uθ
′)

=
B−1∑

k=−B+1

Γih,m(k)e−ιkθ
B−|k|∑
u=1

e−ιu(θ+θ
′). (1.9.7)

If θ + θ′ ̸= 0 or 2π, by the fact that
∑B

u=1 e
−ιu(θ+θ′) = 0, we have |

∑B−|k|
u=1 e−ιu(θ+θ

′)| ≤ |k|.

By similar arguments in (1.7.9) and (1.7.10), we have

B−1∑
k=1

k|Γih,m(k)| ≤
B−1∑
k=1

∞∑
r=0

kδr,2,iδr+k,2,h ≲ Φ2
2,

Dealing with
∑B

s,v=1 Γjl,m(s− v)eι(sθ+vθ
′) in the same way, we can obtain |II| ≲ B−2Φ4

2 if

θ + θ′ ̸= 0 or 2π.
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As for III, if θ = θ′, it can be observed that III = EĜil,m(θ))(EĜhj,m(θ). If θ ̸= θ′,

we can write

III =
1

4π2B2

( B∑
t,v=1

Γil,m(t− v)e−ι(tθ−vθ
′)
)
×
( B∑
s,u=1

Γjh,m(s− u)eι(sθ−vθ
′)
)
,

and apply similar arguments as (1.9.7) to get the same bound.

Combining I, II, III and IV and noting that Φ2 ≤ Φ4, we have

|E(Ĝij,m(θ)Ĝhl,m(θ′)) − EĜij,m(θ)EĜhl,m(θ′) − Vm| ≲ B−1Φ4
4, (1.9.8)

where

Vm = EĜil,m(θ)EĜhj,m(θ)

if θ = θ′ ∈ (0, π),

Vm = EĜih,m(θ)EĜlj,m(θ) + EĜil,m(θ)EĜhj,m(θ)

if θ = θ′ = 0 or π, and Vm = 0 if θ ̸= θ′. Let V = Fil(θ)Fhj(θ) if θ = θ′ ∈ (0, π),

V = Fih(θ)Flj,m(θ) + Fil,m(θ)Fhj,m(θ) if θ = θ′ = 0 or π, and V = 0 if θ ≠ θ′. We now

account for the bias between Vm and V . By (1.7.9), for any 1 ≤ i, j ≤ p and θ,

|Fij(θ)| ≤ 2
∞∑
k=0

|Γij(k)| ≤ 2
∞∑
k=0

∞∑
r=0

δr,2,iδr+k,2,j ≤ 2Φ2
2. (1.9.9)

By the triangle inequality, Lemma 16 and (1.9.9),

|Vm − V | ≲ (ρm + B−1)Φ4
2. (1.9.10)
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In view of (1.9.8), (1.9.10) and Φ2 ≤ Φ4, the desired results for

E(Ĝij,m(θ)Ĝhl,m(θ′)) − EĜij,m(θ)EĜhl,m(θ′)

in (i), (ii) and (iii) can be reached.

When we consider E(Ĝij,m(θ)ĜH
hl,m(θ′)), (1.9.6) becomes

EĜij,m(θ)ĜH
hl,m(θ′) =

1

4πB2

B∑
t,s,u,v=1

E(Xti,mXsj,mXuh,mXvl,m) × e−[ι(t−s)θ−(u−v)θ′].

We can apply the same manipulation to deal with E(Xti,mXsj,mXuh,mXvl,m) and define I⋄,

II⋄, III⋄ and IV⋄ with the multiplier e−ι[(t−s)θ−(u−v)θ′] in place of e−ι[(t−s)θ+(u−v)θ′]. It follows

that I⋄ = (EĜij,m(θ))(EĜH
hl,m(θ′)). Similar to III, we can derive II⋄ = EĜih,m(θ)EĜlj,m(θ)

if θ = θ′ and |II⋄| ≲ B−2Φ4
2 if θ ̸= θ′. And

III⋄ =
1

4π2B2

( B∑
t,u=1

Γil,m(t− v)e−ι(tθ+vθ
′)
)
×
( B∑
u,s=1

Γjh,m(s− u)eι(sθ+uθ
′)
)

can be dealt with similarly as II.

Lemma 19. For any 1 ≤ m ≤ B, 1 ≤ i, j ≤ p and θ ∈ Θ, define

Ĥij,m(θ) =
1

2πB

B−m∑
t,s=1

Xti,mXsj,me
−ι(t−s)θ. (1.9.11)

Let

E (2)
B,m =

(
ρm +

√
m

B

)
Φ4

4. (1.9.12)

Then Lemma 18 (i), (ii) and (iii) hold for Hij(θ) and Hhl(θ
′) with E (1)

B,m replaced by E (2)
B,m.
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Proof of Lemma 19. Recall that

Ĝij,m(θ) =
1

2πB

B∑
t,s=1

Xti,mXsj,me
−ι(t−s)θ.

Then we have 2πB(Ĝij,m(θ) − Ĥij,m(θ)) = D1 + D2 −D3, where

D1 =
B∑

t=B−m+1

B∑
s=1

Xti,mXsj,me
−ι(t−s)θ,

D2 =
B∑

s=B−m+1

B∑
t=1

Xti,mXsj,me
−ι(t−s)θ,

D3 =
B∑

t,s=B−m+1

Xti,mXsj,me
−ι(t−s)θ.

Applying similar arguments of deriving equation (41) in Lemma 8 of [111] to the process

(Xti,m)t and (Xtj,m)t, we have

∥E0D1∥2 ≲
√
BmΦ2

4, ∥E0D2∥2 ≲
√
BmΦ2

4, ∥E0D3∥2 ≲ mΦ2
4.

It follows that

∥E0Ĥij,m(θ) − E0Ĝij,m(θ)∥2 ≲
√

m

B
Φ2

4. (1.9.13)

Applying Lemma 8 of [111] again, it follows that

∥E0Ĥij,m(θ)∥2 ≲ Φ2
4, ∥E0Ĝij,m(θ)∥2 ≲ Φ2

4.
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By the triangle inequality and Hölder’s inequality, we have

∣∣E(E0Ĥij,m(θ)E0Ĥhl,m(θ′)) − E(E0Ĝij,m(θ)E0Ĝhl,m(θ′))
∣∣

≤ ∥E0Ĥij,m(θ)∥2∥E0Ĝhl,m(θ′) − E0Ĝhl,m(θ′)∥2

+ ∥E0Ĝhl,m(θ′)∥2∥E0Ĥij,m(θ) − E0Ĝij,m(θ)∥2

≲

√
m

B
Φ4

4. (1.9.14)

Similarly, we can obtain

∣∣E(E0Ĥij,m(θ)E0Ĥ
∗
hl,m(θ′)) − E(E0Ĝij,m(θ)E0Ĝ

∗
hl,m(θ′))

∣∣ ≲ √
m

B
Φ4

4.

Therefore, Lemma 18 also holds for Hij(θ) and Hhl(θ
′) with the additional error bound√

m/BΦ4
4.

Lemma 20. Assume Φ2,α < ∞ and Ψ2,1 < ∞. For 1 ≤ m ≤ B, define Xt,m =

E(Xt|εt−m, εt−m+1, . . . , εt) and

Ĝij,m(θ) =
1

2πB

B∑
t,s=1

Xti,mXsj,me
−ι(t−s)θ.

Then for any 1 ≤ i, j ≤ p and 0 ≤ θ ≤ π,

∣∣EĜij,m(θ) − Fij(θ)
∣∣ ≲ m−αΦ2,0Φ2,α + B−1Φ2,0Ψ2,1. (1.9.15)

Proof of Lemma 20. The proof follows by arguments similar to those of Lemma 16.

Lemma 21. For 1 ≤ i, j, h, l ≤ p and k1, k2, k3 ∈ Z, denote the 4-th joint cumulant as

γi,j,h,l(k1, k2, k3) = Cum(X0i, Xk1j, Xk2h, Xk3l).
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Assume that Φ4,0 < ∞ and Ψ4,2 < ∞. Then for some constant C > 0,

∑
k1,k2,k3∈Z

|γi,j,h,l(k1, k2, k3)| ≤ CΦ2
4,0Ψ

2
4,2.

Proof of Lemma 21. We can apply the similar arguments of proving Theorem 21 in [110]

without extra difficulty.

Lemma 22. Assume Φ2,α < ∞ and Ψ4,2 < ∞. Let 1 ≤ m ≤ B. Further assume that

E∗
B,m := m−αΦ3

2,0Φ2,α + B−1Φ2
4,0Ψ

2
4,2 = o(1).

Take any θ, θ′ ∈ Θ and any 1 ≤ i, j, h, l ≤ p. (i) If θ ∈ (0, π),

|E(Ĝij,m(θ)Ĝhl,m(θ)) − EĜij,m(θ)EĜhl,m(θ) − Fil(θ)Fhj(θ)| ≲ E∗
B,m,

|E(Ĝij,m(θ)ĜH
hl,m(θ)) − EĜij,m(θ)EĜH

hl,m(θ) − Fih(θ)Flj(θ)| ≲ E∗
B,m.

(ii) If θ = 0 or π,

|E(Ĝij,m(θ)Ĝhl,m(θ)) − EĜij,m(θ)EĜhl,m(θ) − Fih(θ)Flj(θ) − Fil(θ)Fhj(θ)| ≲ E∗
B,m.

(iii) If θ ̸= θ′,

|E(Ĝij,m(θ)Ĝhl,m(θ′)) − EĜij,m(θ)EĜhl,m(θ′)| ≲ E∗
B,m,

|E(Ĝij,m(θ)ĜH
hl,m(θ′)) − EĜij,m(θ)EĜH

hl,m(θ′)| ≲ E∗
B,m,

Proof of Lemma 22. The proof follows by arguments similar to those of Lemma 18.

Lemma 23. Assume m = o(B) and

EB,m := m−αΦ3
2,0Φ2,α + B−1Φ2

4,0Ψ
2
4,2 +

√
m

B
Φ4

4,0 = o(1). (1.9.16)
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For any 1 ≤ i, j ≤ p and θ ∈ Θ, define

Ĥij,m(θ) =
1

2πB

B−m∑
t,s=1

Xti,mXsj,me
−ι(t−s)θ. (1.9.17)

Then Lemma 22 (i), (ii) and (iii) hold for Hij(θ) and Hhl(θ
′) with E∗

B,m replaced by EB,m.

Proof of Lemma 23. The proof follows by arguments similar to those of Lemma 19.

1.9.2 Probability Inequalities for High Dimensional Time
Series

Let n = T/B. Define Br = {(r−1)B+1, . . . , rB} and Dr = {(r−1)B+1, . . . , (r−

1)B + B −m} for r = 1, . . . , n. For m ≥ 1, let Xt,m = E(Xt|εt−m, εt−m+1, . . . , εt). Define

F̂m(θ) =
(
F̂ij,m(θ)

)p
i,j=1

=
1

2πT

n∑
r=1

∑
t,s∈Br

Xt,mX
⊤
s,me

−ι(t−s)θ, (1.9.18)

Ĥr,m(θ) =
(
Ĥij,r,m(θ)

)p
i,j=1

=
1

2πB

∑
t,s∈Dr

Xt,mX
⊤
s,me

−ι(t−s)θ, (1.9.19)

Ŝm(θ) =
(
Ŝij,m(θ)

)p
i,j=1

=
1

n

n∑
r=1

Ĥr,m(θ). (1.9.20)

Lemma 24. Let Assumption 1 be satisfied for some α ≥ 0. Then there exists constants

Cα > 0 such that for any x > 0,

P(|E0(F̂ij(θ)) − E0(F̂ij,m(θ))| ≥ x
)
≲ exp

{
− Cα

( √
Tx√

Bρm∥X·∥2ψα

) 1
2α+1

}
.

Proof of Lemma 24. We follow similar arguments of proving Theorem 1. In particular, we

use R̃ij(θ) = 2πT (F̂ij(θ) − F̂ij,m(θ)) to replace Rij(θ). By Lemma 9 in [111], we have

∥R̃ij(θ) − ER̃ij(θ)∥q/2 ≤ C(q − 2)ρm
√
TB∥X·i∥q∥X·j∥q

≤ C(q − 2)q2αρm
√
TB∥X·∥2ψα

. (1.9.21)
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With (1.9.21) in place of (1.7.5) and by similar arguments of Theorem 1, the result can be

proved without extra difficulty.

Lemma 25. Let Assumption 1 be satisfied for some α ≥ 0. Then there exists constants

Cα > 0 such that for any x > 0,

P(|E0(F̂ij,m(θ)) − E0(Ŝij,m(θ))| ≥ x
)
≲ exp

{
− Cα

( √
Tx√

m∥X·∥2ψα

) 1
2α+1

}
. (1.9.22)

Proof of Lemma 25. Write 2πT (F̂ij,m(θ) − Ŝij,m(θ)) = I + II + III, where

I =
n∑
r=1

rB∑
t=rB−m+1

rB∑
s=(r−1)B

Xti,mX
⊤
sj,me

−ι(t−s)θ,

II =
n∑
r=1

rB∑
s=rB−m+1

rB∑
t=(r−1)B

Xti,mX
⊤
sj,me

−ι(t−s)θ,

III =
n∑
r=1

rB∑
t,s=rB−m+1

Xti,mX
⊤
sj,me

−ι(t−s)θ.

We can adopt similar arguments of proving (1.7.7) to obtain

P
(
|I − EI| ≥ x

)
≲ exp

{
− Cα

( x√
Tm∥X·∥2ψα

) 1
2α+1

}
,

P
(
|II − EII| ≥ x

)
≲ exp

{
− Cα

( x√
Tm∥X·∥2ψα

) 1
2α+1

}
,

P
(
|III − EIII| ≥ x

)
≲ exp

{
− Cα

( √
Bx√

Tm∥X·∥2ψα

) 1
2α+1

}
.

Then (1.9.22) can be obtained by combining the three parts.

Denote θk = 2πk/B for k ∈ Z. Define

Hm = (Re(Ĥm(θ0)), Im(Ĥm(θ0)), . . . ,Re(Ĥm(θB/2)), Im(Ĥm(θB/2))),
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where

Ĥm(θ) = (Ĥij,m(θ))pi,j=1 =
1

2πB

( B−m∑
t=1

Xt,me
−ιtθ

)( B−m∑
t=1

X⊤
t,me

ιtθ
)
.

Let p̃ = Bp2−(B/2−1)p and let W̃ = (W̃1, W̃2, . . . , W̃p̃)
⊤ = vec0(Hm) be the vectorization

of Hm where the constantly zero entries, i.e., Im(Ĥii,m(θ)) for 1 ≤ i ≤ p and all the

entries in Im(Ĥm(0)) and Im(Ĥm(π)), are excluded. Denote Σm = Cov(vec0(Hm)) and

Zm ∼ N(0,Σm).

Lemma 26. Suppose Assumption 1 is satisfied for some for some α ≥ 0. Assume that

there exists some constant b0 > 0 such that min1≤j≤p̃ Var(W̃j) ≥ b0. Let W1, . . . ,Wn be

i.i.d. copies of W̃ and Zm ∼ N(0,Cov(vec0(Hm))). Then for W̄n = n−1
∑n

i=1Wi,

sup
x

|P(
√
n|W̄n − EW̄n|∞ ≤ x) − P(|Zm|∞ ≤ x)| ≲

(∥X·∥12ψα
logκ1(p̃ ∨ n)

n

) 1
6
, (1.9.23)

where κ1 = max{7, 2α + 6}.

Proof of Lemma 26. Without loss of generality, we may assume that

∥X·∥12ψα
logκ1(p̃ ∨ n)

n
≤ C, (1.9.24)

where C is a sufficiently small constant. Otherwise, (1.9.23) trivially holds by taking the

constant in ≲ large enough. We shall apply Theorem 2.1 in [24] to prove this Lemma.

Define L = max1≤j≤p̃ E|E0W̃j|3. For ϕ ≥ 1, define

Mn,W (ϕ) = E
[
|E0W̃ |3∞1{|E0W̃ |∞ >

√
n/(4ϕ log p̃)}

]
,

Mn,Z(ϕ) = E
[
|Zm|3∞1{|Zm|∞ >

√
n/(4ϕ log p̃)}

]
.

Denote Mn(ϕ) = Mn,W (ϕ) + Mn,Z(ϕ). By Theorem 2.1 in [24], there exist constants
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K1, K2 > 0 depending only on b0 such that for every constant L̄ ≥ L,

sup
x

|P(
√
n|W̄n − EW̄n|∞ ≤ x) − P(|Zm|∞ ≤ x)| ≤ K1

[( L̄2 log7 p̃

n

)1/6

+
Mn(ϕn)

L̄

]
(1.9.25)

with

ϕn = K2

( L̄2 log4 p̃

n

)−1/6

.

Applying Equation (41) in Lemma 8 of [111] for the third moment, we have 2π∥E0W̃j∥3 ≤

4
√

10Φ2
6. Since Φ6 ≤ 6α∥X·∥ψα , we can denote

L = max
1≤j≤p

E|E0W̃j|3 ≤ K3
α∥X·∥6ψα

.

Choose

L̄ = K3
α logc0(p̃ ∨ n)∥X·∥6ψα

, (1.9.26)

where c0 ≥ 0 and is to be determined later. For C ≤ (K2/Kα)6, (1.9.24) implies

ϕn := K2(n
−1L̄2 log4 p̃)−1/6 ≥ 1.

By similar arguments of proving (1.7.7), with C0 = 1/(1 + 2α) ∈ (0, 1], we have

P(|E0W̃ |∞ ≥ x) ≲ p̃ exp
(
− xC0

Cα∥X·∥2C0
ψα

)
. (1.9.27)

For τ =
√
n/(4ϕn log p̃), we have

Mn,W (ϕn) = τ 3P(|E0W̃ |∞ > τ) + 3

∫ ∞

τ

x2P(|E0W̃ |∞ > x)dx. (1.9.28)
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Using integration by parts, it can be obtained that

∫ ∞

τ

x2 exp
(
− xC0

Cα∥X·∥2C0
ψα

)
dx

=
Cα∥X·∥2C0

ψα
τ 3−C0

C0

exp
(
− τC0

Cα∥X·∥2C0
ψα

)
+

Cα(3 − C0)∥X·∥2C0
ψα

C0

∫ ∞

τ

x2−C0 exp
(
− xC0

Cα∥X·∥2C0
ψα

)
dx.

(1.9.29)

Note that τ = (4K2)
−1(nL̄/ log p̃)1/3. Let c0 = max{0, C0

−1 − 2} and let C in (1.9.24) be

small enough such that

τC0

Cα∥X·∥2C0
ψα

log(p̃ ∨ n)
≥ max{3, (6 − 2C0)/C0}.

By (1.9.27), (1.9.28) and (1.9.29), elementary calculation implies Mn,W (ϕn) ≲ ∥X·∥6ψα
/n.

Since Zm is a Gaussian vector and Lemma 8 in [111] suggests

Var(W̃j) ≤ [(2π)−142α+1
√

3∥X·∥2ψα
]2,

we have

P (|Zm|∞ ≥ x) ≤ 2

p̃∑
j=1

∫ ∞

x

1√
2πVar(W̃j)

exp
(
− y2

2Var(W̃j)

)
dy

≲
p̃∥X·∥2ψα

x
exp

(
− x2

C ′
α∥X·∥2ψα

)
.

A similar argument of dealing with Mn,W (ϕn) also implies Mn,Z(ϕn) ≲ ∥X·∥6ψα
/n. By

(1.9.25) and (1.9.26), (1.9.23) follows in view of the fact that Mn(ϕn)/L̄ is negligible

compared to the first term.

76



Lemma 27. Let X1, . . . , XT ∈ Rp be a stationary process generated from (1.1.2) with

EXt = 0 and Ω0,q < ∞ for q ≥ 2. Let at,θ, at,s,θ ∈ C be constants that depend on θ for

θ ∈ Θ. Denote d = |Θ|, aT =
(∑T

t=1 maxθ∈Θ |at,θ|2
)1/2

and

AT =
(

max
1≤t≤T

( T∑
s=1

max
θ∈Θ

|at,s,θ|2
)

+ max
1≤s≤T

( T∑
t=1

max
θ∈Θ

|at,s,θ|2
)) 1

2
.

Let ℓ = 1 ∨ log(pd). Then there exists some positive constant Cq such that

(i)
∥∥max

θ∈Θ

∣∣ T∑
t=1

at,θ(Xt −Xt,m)
∣∣
∞

∥∥
q
≤ Cqℓ

1
2aTΩm+1,q,

(ii)
∥∥max

θ∈Θ

∣∣ T∑
t=1

at,θXt

∣∣
∞

∥∥
q
≤ Cqℓ

1
2aTΩ0,q,

(iii)
∥∥max

θ∈Θ

∣∣ T∑
t=1

at,θXt,m

∣∣
∞

∥∥
q
≤ Cqℓ

1
2aTΩ0,q,

(iv)
∥∥max

θ∈Θ

∣∣ T∑
t=1

T∑
s=1

at,s,θXtX
⊤
s − E

( T∑
t=1

T∑
s=1

at,s,θXtX
⊤
s

)∣∣
∞

∥∥
q
≤ Cqℓ

√
TATΩ2

0,2q.

Proof of Lemma 27. (i) We first write

Xt −Xt,m = E(Xt|F−∞) − E(Xt|F t−m) =
∞∑

k=m+1

P t−kXt.

Then we have

T∑
t=1

at,θ(Xt −Xt,m) =
T∑
t=1

at,θ

∞∑
k=m+1

P t−kXt =
∞∑

k=m+1

T∑
t=1

at,θP t−kXt.

We know that for each fixed k ≥ m + 1, at,θP t−kXt is a backward martingale difference

with respect to the filtration F t−k for 1 ≤ t ≤ T . By the triangle inequality and Lemma
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33, it follows that

∥∥max
θ∈Θ

∣∣ T∑
t=1

at,θ(Xt −Xt,m)
∣∣
∞

∥∥
q
≤

∞∑
k=m+1

∥∥max
θ∈Θ

∣∣ T∑
t=1

at,θP t−kXt

∣∣
∞

∥∥
q

≤
∞∑

k=m+1

Cqℓ
1
2aT,θωk,q = Cqℓ

1
2aTΩm+1,q.

Since Xt =
∑∞

k=0P t−kXt and Xt,m =
∑m

k=0P t−kXt, the preceding argument implies (ii)

and (iii).

(iv) By martingale decomposition, we have

T∑
t=1

T∑
s=1

at,s,θXtX
⊤
s − E

( T∑
t=1

T∑
s=1

at,s,θXtX
⊤
s

)
=

∞∑
k=0

PT−k( T∑
t=1

T∑
s=1

at,s,θXtX
⊤
s

)
.

For each k ≥ 0, by the triangle inequality and Jensen’s inequality, we have

∥∥max
θ∈Θ

∣∣PT−k( T∑
t=1

T∑
s=1

at,s,θXtX
⊤
s

)∣∣
∞

∥∥
q

≤
∥∥max

θ∈Θ

∣∣ T∑
t=1

T∑
s=1

at,s,θXtX
⊤
s −

T∑
t=1

T∑
s=1

at,s,θXt,{T−k}X
⊤
s,{T−k}

∣∣
∞

∥∥
q

≤ Ik + IIk,

where

Ik =
∥∥max

θ∈Θ

∣∣ T∑
t=1

T∑
s=1

at,s,θ(Xt −Xt,{T−k})X
⊤
s

∣∣
∞

∥∥
q
,

IIk =
∥∥max

θ∈Θ

∣∣ T∑
t=1

T∑
s=1

at,s,θXt,{T−k}(Xs −X⊤
s,{T−k})

∣∣
∞

∥∥
q
.

By Jensen’s equality, we have
∥∥∣∣Xt −Xt,{T−k}

∣∣
∞

∥∥
2q

≤ wt−T+k,2q. It follows from Hölder’s
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inequality and (ii) that

Ik ≤
T∑
t=1

∥∥∣∣Xt −Xt,{T−k}
∣∣
∞

∥∥
2q

∥∥max
θ∈Θ

∣∣ T∑
s=1

at,s,θX
⊤
s

∣∣
∞

∥∥
2q

≤ Cqℓ
1/2 max

1≤t≤T

( T∑
s=1

max
θ∈Θ

|at,s,θ|2
) 1

2 Ω0,2q

T∑
t=1

wt−T+k,2q.

Then

∞∑
k=0

I2k ≤
∞∑
k=0

Cqℓ max
1≤t≤T

( T∑
s=1

max
θ∈Θ

|at,s,θ|2
)
Ω2

0,2q

( T∑
t=1

wt−T+k,2q
)2

≤ CqℓT max
1≤t≤T

( T∑
s=1

max
θ∈Θ

|at,s,θ|2
)
Ω4

0,2q.

Similarly, we can have

∞∑
k=0

II2k ≤ CqℓT max
1≤s≤T

( T∑
t=1

max
θ∈Θ

|at,s,θ|2
)
Ω4

0,2q.

By Lemma 33,

∥∥max
θ∈Θ

∣∣ T∑
t=1

T∑
s=1

at,s,θXtX
⊤
s − E

( T∑
t=1

T∑
s=1

at,s,θXtX
⊤
s

)∣∣
∞

∥∥2

q

≤ Cqℓ
∞∑
k=0

∥∥max
θ∈Θ

∣∣PT−k( T∑
t=1

T∑
s=1

at,s,θXtX
⊤
s

)∣∣
∞

∥∥2

q

≤ Cqℓ
∞∑
k=0

(I2k + II2k) ≤ Cqℓ
2TA2

TΩ4
0,2q.

Thus (iv) follows.

In Lemma 28, Lemma 29 and Theorem 30 below, we concern quadratic forms of

high dimensional stationary processes generated from (1.1.2) with EXt = 0. For B < T ,
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define the quadratic form indexed by θ ∈ Θ,

QT,θ =
∑

1≤t≤s≤T

as,t,θXtX
⊤
s

where as,t,θ ∈ C are complex numbers such that |as,t,θ| ≤ 1, as,t,θ = as−t,θ and as,t,θ = 0 if

s− t > B. For m ≤ B, define the m-approximation of QT,θ,

QT,θ,m =
∑

1≤t≤s≤T

as,t,θXt,mX
⊤
s,m.

Lemma 28. Assume Ω0,q < ∞ for some q ≥ 4. Denote d = |Θ| and ℓ = 1 ∨ log(pd).

There exists some constant Cq > 0 depending on q such that

∥∥max
θ∈Θ

∣∣E0QT,θ − E0QT,θ,m

∣∣
∞

∥∥
q/2

≤ Cq
√
BTℓΩ0,qΩm,q.

Proof of Lemma 28. Let w = ⌊m/2⌋. We first write

QT,θ =
T∑
s=1

s∑
t=s−w

as,t,θXtX
⊤
s +

T∑
s=1

s−w−1∑
t=s−B

as,t,θXtX
⊤
s =: Q(1) + Q(2),

where Xt = 0 for t /∈ [1, T ]. We can define the m-approximations Q
(1)
m and Q

(2)
m accordingly.

By elementary manipulation, we can write

Q(1) −Q(1)
m =

T∑
s=1

s∑
t=s−w

as,t,θXtX
⊤
s −

T∑
s=1

s∑
t=s−w

as,t,θXt,mX
⊤
s,m

= S1 + S2 + S3,

where

S1 =
T∑
s=1

s∑
t=s−w

as,t,θ(Xt −Xt,w)(X⊤
s −X⊤

s,m),
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S2 =
T∑
t=1

(Xt −Xt,m)
t+w∑
s=t

as,t,θX
⊤
s,m,

S3 =
T∑
s=1

s∑
t=s−w

as,t,θXt,w(X⊤
s −X⊤

s,m).

For the first term, write S1 − ES1 =
∑T

k=−∞PkS1. For k ≤ T , PkS1 is a backward

martingale difference with respect to the filtration Fk. Then

∥∥max
θ∈Θ

∣∣PkS1

∣∣
∞

∥∥
q/2

≤ Ik + IIk

for

Ik =
∥∥max

θ∈Θ

∣∣ T∑
s=1

s∑
t=s−w

as,t,θ(Xt −Xt,w −Xt,{k} + Xt,w,{k})(X
⊤
s −X⊤

s,m)
∣∣
∞

∥∥
q/2

,

IIk =
∥∥max

θ∈Θ

∣∣ T∑
s=1

s∑
t=s−w

as,t,θ(Xt,{k} −Xt,w,{k})(X
⊤
s −X⊤

s,m −X⊤
s,{k} + X⊤

s,m,{k})
∣∣
∞

∥∥
q/2

.

By Jensen’s inequality,

∥∥∣∣Xt,w −Xt,w,{k}
∣∣
∞

∥∥
q

=
∥∥∣∣E(Xt|F t−w) − E(Xt,{k}|F t−w,{k})

∣∣
∞

∥∥
q

=
∥∥∣∣E(Xt −Xt,{k}|F t−w, ϵ′k)

∣∣
∞

∥∥
q
≤ wt−k,q.

By Lemma 33 ,

∥∥∣∣Xt −Xt,w

∣∣
∞

∥∥
q

=
∥∥∣∣ ∞∑

l=w+1

P t−lXt

∣∣
∞

∥∥
q
≤ Cqℓ

1
2

( ∞∑
l=w+1

w2
l,q

) 1
2
.

So we have

∥∥∣∣Xt −Xt,w −Xt,{k} + Xt,w,{k}
∣∣
∞

∥∥
q
≤ 2 min

{
Cqℓ

1
2

( ∞∑
l=w+1

w2
l,q

) 1
2 , wt−k,q

}
.
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It follows from Lemma 27 that

Ik =
∥∥max

θ∈Θ

∣∣ T∑
t=1

(
Xt −Xt,w −Xt,{k} + Xt,w,{k}

) t+w∑
s=t

as,t,θ
(
X⊤
s −X⊤

s,m

) ∣∣
∞

∥∥
q/2

≤
T∑
t=1

∥∥∣∣Xt −Xt,w −Xt,{k} + Xt,w,{k}
∣∣
∞

∥∥
q

∥∥max
θ∈Θ

∣∣ t+w∑
s=t

as,t,θ(X
⊤
s −X⊤

s,m)
∣∣
∞

∥∥
q

≤ 2Cq
√
BℓΩm,q

T∑
t=1

min
{
Cqℓ

1
2

( ∞∑
l=w+1

w2
l,q

) 1
2 , wt−k,q

}
.

Then

T∑
k=−∞

I2k = 4C2
qBℓΩ2

m,q

T∑
k=−∞

∆̄w,p,q

T∑
t=1

min{Cqℓ
1
2

( ∞∑
l=w+1

w2
l,q

) 1
2
, wt−k,q}

≤ 4C2
qBTℓΩ2

m,q∆̄
2
w,q,

where ∆̄m,q =
∑∞

k=0 min{Cqℓ
1
2 (
∑∞

l=mw2
l,q)

1
2 , wk,q}. Similarly we have

IIk ≤ 2Cq
√
BℓΩw,q

T∑
s=1

min{Cqℓ
1
2 (

∞∑
l=m+1

w2
l,q)

1
2 , ws−k,q},

and
∑T

k=−∞ II2k ≤ 4C2
qBTℓΩ2

w,q∆̄
2
m,q. By Lemma 33,

∥∥max
θ∈Θ

∣∣S1 − ES1

∣∣
∞

∥∥2

q/2
≤ 2C2

q/2ℓ

T∑
k=−∞

∥∥max
θ∈Θ

∣∣PkS1

∣∣
∞

∥∥2

q/2

≤ 16C2
q/2C

2
qBTℓ2

(
Ω2
m,q∆̄

2
w,q + Ω2

w,q∆̄
2
m,q

)
.

In view of ∆̄w,q ≤ Ω0,q, we have

∥∥max
θ∈Θ

∣∣S1 − ES1

∣∣
∞

∥∥
q/2

≤ 4Cq/2Cq
√
BTℓΩ0,qΩm,q. (1.9.30)
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For the third term, we write

S3 =
∞∑

k=m+1

T∑
s=1

s∑
t=s−w

as,t,θXt,wPs−kX⊤
s ,

where
∑s

t=s−w as,t,θXt,wPs−kX⊤
s is a backward martingale difference with respect to the

filtration F s−k for 1 ≤ s ≤ T . By Lemma 27 and Lemma 33,

∥∥max
θ∈Θ

∣∣ T∑
s=1

s∑
t=s−w

as,t,θXt,wPs−kX⊤
s

∣∣
∞

∥∥2

q/2

≤ C2
q/2ℓ

T∑
s=1

∥∥max
θ∈Θ

∣∣ s∑
t=s−w

as,t,θXt,wPs−kX⊤
s

∣∣
∞

∥∥2

q/2

≤ C2
q/2ℓ

T∑
s=1

∥∥max
θ∈Θ

∣∣ s∑
t=s−w

as,t,θXt,w

∣∣
∞

∥∥2

q

∥∥∣∣Ps−kX⊤
s

∣∣
∞

∥∥2

q

≤ C2
q/2ℓTC

2
q ℓBΩ2

0,qω
2
k,q.

It follows that

∥∥max
θ∈Θ

∣∣S3

∣∣
∞

∥∥
q/2

≤ Cq/2Cq
√
BTℓΩ0,qΩm,q. (1.9.31)

Similarly, for the second term, we can have

∥∥max
θ∈Θ

∣∣S2

∣∣
∞

∥∥
q/2

≤ Cq/2Cq
√
BTℓΩ0,qΩm,q. (1.9.32)

Now we consider Q(2). Note that Q(2) is nonzero only when B > w. Write

Q(2) −Q(2)
m =

T∑
s=1

s−w−1∑
t=s−B

as,t,θXtX
⊤
s −

T∑
s=1

s−w−1∑
t=s−B

as,t,θXt,mX
⊤
s,m

=: S4 + S5 + S6,
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where

S4 =
T∑
s=1

s−w−1∑
t=s−B

as,t,θ(Xt −Xt,m)(X⊤
s −X⊤

s,m),

S5 =
T∑
t=1

(Xt −Xt,m)
t+B∑
s=t+w

as,t,θX
⊤
s,m,

S6 =
T∑
s=1

s−w−1∑
t=s−B

as,t,θXt,m(X⊤
s −X⊤

s,m).

Using the same argument as dealing with S1, we have

∥∥max
θ∈Θ

∣∣PkS4

∣∣
∞

∥∥
q/2

≤ 4Cq
√
BℓΩm,q

T∑
s=1

min
{
Cqℓ

1
2

( ∞∑
l=m+1

w2
l,q

) 1
2 , ws−k,q

}
,

which implies

∥∥max
θ∈Θ

∣∣S4 − ES4

∣∣
∞

∥∥
q/2

≤ 4
√

2Cq/2Cq
√
BTℓΩ0,qΩm,q. (1.9.33)

The term S5 can be dealt with similarly as S3. It follows that

∥∥max
θ∈Θ

∣∣S5

∣∣
∞

∥∥
q/2

≤ Cq/2Cq
√
BTℓΩ0,qΩm,q. (1.9.34)

The last term S6 can be written as

S6 =
T∑
s=1

s−w−1∑
t=s−B

as,t,θ

m∑
l=0

P t−lXt

∞∑
k=m+1

Ps−kX⊤
s

=
∞∑

k=m+1

m∑
l=0

T∑
s=1

s−w−1∑
t=s−B

as,t,θP t−lXtPs−kX⊤
s .
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Then we can write
∑T

s=1

∑s−w−1
t=s−B as,t,θP t−lXtPs−kX⊤

s = IIIk,l + IVl, where

IIIk,l =
T∑
s=1

∑
s−B≤t≤s−w−1,t−l ̸=s−k

as,t,θP t−lXtPs−kX⊤
s ,

IVl =
T∑
s=1

∑
s−B≤t≤s−w−1,t−l=s−k

as,t,θP t−lXtPs−kX⊤
s .

Further write

IIIk,l =
T∑
s=1

∑
s−B≤t≤s−w−1,t−l>s−k

as,t,θP t−lXtPs−kX⊤
s

+
T∑
s=1

∑
s−B≤t≤s−w−1,t−l<s−k

as,t,θP t−lXtPs−kX⊤
s .

Note that for each k and l, both
∑

s−B≤t≤s−w−1,t−l<s−k as,t,θP t−lXtPs−kX⊤
s and as,t,θP t−lXt

are backward martingale differences with respect to the filtration F t−k and F s−l respectively.

Applying Lemma 33, we have

∥∥max
θ∈Θ

∣∣ T∑
s=1

∑
s−B≤t≤s−w−1,t−l>s−k

as,t,θP t−lXtPs−kX⊤
s

∣∣
∞

∥∥2

q/2

≤ C2
q/2ℓ

T∑
s=1

∥∥max
θ∈Θ

∣∣ ∑
s−B≤t≤s−w−1,t−l>s−k

as,t,θP t−lXtPs−kX⊤
s

∣∣
∞

∥∥2

q/2

≤ C2
q/2ℓ

T∑
s=1

∥∥max
θ∈Θ

∣∣ ∑
s−B≤t≤s−w−1,t−l>s−k

as,t,θP t−lXt

∣∣
∞

∥∥2

q

∥∥∣∣Ps−kX⊤
s

∣∣
∞

∥∥2

q

≤ C2
q/2C

2
qBTℓ2w2

l,qw
2
k,q.
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Similarly, it can be obtained that

∥∥max
θ∈Θ

∣∣ T∑
s=1

∑
s−B≤t≤s−w−1,t−l<s−k

as,t,θP t−lXtPs−kX⊤
s

∣∣
∞

∥∥2

q/2

=
∥∥max

θ∈Θ

∣∣ T∑
t=1

P t−lXt

∑
t+w+1≤s≤t+B,t−l<s−k

as,t,θPs−kX⊤
s

∣∣
∞

∥∥2

q/2

≤ C2
q/2C

2
qBTℓ2w2

l,qw
2
k,q,

Putting them together, we have

∞∑
k=m+1

m∑
l=0

∥∥max
θ∈Θ

∣∣IIIk,l∣∣∞∥∥
q/2

≤ 2Cq/2Cq
√
BTℓΩ0,qΩm,q. (1.9.35)

It remains to deal with the term IVl. On one hand, since k ≥ m + 1, it holds that

t− l = s− k ≤ s−m− 1, which implies s ≥ t + 1 + m− l. On the other hand, s ≤ t + B

by construction. Then

IVl =
T∑
t=1

P t−lXt

(t+B)∧T∑
s=t+1+(w∨(m−l))

as,t,θP t−lX⊤
s .

Since P t−lXt

∑(t+B)∧T
s=t+1+(w∨(m−l)) as,t,θP t−lX⊤

s is 4B-independent for 1 ≤ t ≤ T , we apply

the block technique and split the interval [1, T ] into blocks Lb = [4(b − 1)B + 1, 4bB],

1 ≤ b ≤
⌈
T
4B

⌉
. Define

IVo
l =

∑
b is odd

∑
t∈Lb

P t−lXt

t+B∑
s=t+w+1

as,t,θP t−lX⊤
s ,

IVe
l =

∑
b is even

∑
t∈Lb

P t−lXt

t+B∑
s=t+w+1

as,t,θP t−lX⊤
s .
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By the triangle inequality and Jensen’s inequality,

∥∥max
θ∈Θ

∣∣E0(
∑
t∈Lb

P t−lXt

(t+B)∧T∑
s=t+1+(w∨(m−l))

as,t,θP t−lX⊤
s )

∣∣
∞

∥∥
q/2

≤ 2
∥∥∣∣∑

t∈Lb

P t−lXt

(t+B)∧T∑
s=t+1+(w∨(m−l))

as,t,θP t−lX⊤
s

∣∣
∞

∥∥2

q/2

≤ 2
∑
t∈Lb

∥∥∣∣P t−lXt

∣∣
∞

∥∥
q

(t+B)∧T∑
s=t+1+(w∨(m−l))

∥∥max
θ∈Θ

∣∣as,t,θP t−lX⊤
s

∣∣
∞

∥∥
q

≤ 8Bwl,qΩm,q.

Then by Lemma 33, we have

∥∥max
θ∈Θ

∣∣IVo
l

∣∣
∞

∥∥2

q/2
≤ C2

q/2ℓ · (
T

8B
+ 1) · 64B2w2

l,qΩ
2
m,q ≤ 72C2

q/2BTℓ · w2
l,qΩ

2
m,q.

A similar inequality holds for IVe
k,l. Therefore,

m∑
l=0

∥∥max
θ∈Θ

∣∣IVl

∣∣
∞

∥∥
q/2

≤ 12
√

2Cq/2
√
BTℓΩ0,qΩm,q. (1.9.36)

Combining (1.9.30) – (1.9.36) together, Lemma 28 follows.

Lemma 29. Assume
∥∥∣∣X·

∣∣
∞

∥∥
q,α

< ∞, for some q > 4 and α > 0. Denote d = |Θ| and

ℓ = 1 ∨ log(pd). Then there exist constants C,Cα, Cq,α > 0 such that for any x > 0,

P
(

max
θ∈Θ

|E0(QT,θ) − E0(QT,θ,m)|∞ ≥ x
)
≤ Cq,αx

−q/2ℓq
∥∥∣∣X·

∣∣
∞

∥∥q
q,α

KT,B,m

+Cp2d exp
(
− x2m2α

CαΦ4
4,αTB

)
,

where KT,B,m = TBq/2−1m−αq/2 (resp. TBq/2−1m−αq/2 + T q/4−αq/2Bq/4) if α > 1/2 − 2/q

(resp. α < 1/2 − 2/q).
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Proof of Lemma 29. Denote M = ⌈T/B⌉. For any k = 1, . . . ,M , θ ∈ Θ and τ ≥ 0, define

Vk,θ = E0

(kB)∧T∑
s=(k−1)B+1

s∑
t=1

as−t,θXtX
⊤
s ,

Vk,θ,τ = E0

(kB)∧T∑
s=(k−1)B+1

s∑
t=1

as−t,θXt,τX
⊤
s,τ .

For 1 ≤ i, j ≤ p, the (i, j) entries of Vk,θ and Vk,θ,τ are respectively

Vk,ij,θ = E0

(kB)∧T∑
s=(k−1)B+1

s∑
t=1

as−t,θXtiXsj,

Vk,ij,θ,τ = E0

(kB)∧T∑
s=(k−1)B+1

s∑
t=1

as−t,θXti,τXsj,τ .

Let L = ⌊logM/ log 2⌋, τl = 2l if 0 ≤ l ≤ L− 1, τL = M . Define

TM,l,θ =
M∑
k=1

(Vk,θ,τlB − Vk,θ,τl−1B).

We can have the decomposition

E0(QT,θ) − E0(QT,θ,m) =
M∑
k=1

(Vk,θ − Vk,θ,MB) +
L∑
l=1

TM,l,θ +
M∑
k=1

(Vk,θ,B − Vk,θ,m). (1.9.37)

For the first term, by Lemma 28,

∥∥max
θ∈Θ

∣∣ M∑
k=1

(Vk,θ − Vk,θ,MB)
∣∣
∞

∥∥
q/2

=
∥∥max

θ∈Θ

∣∣E0QT,θ − E0QT,θ,MB

∣∣
∞

∥∥
q/2

≤ Cq
√
BTℓΩ0,qΩMB,q

≤ Cq,αℓB
1/2T 1/2−α∥∥∣∣X·

∣∣
∞

∥∥2

q,α
,
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where the last step follows by the fact that Ω0,q ≤
∥∥∣∣X·

∣∣
∞

∥∥
q,α

and

ΩMB,q ≤ (MB)−α
∥∥∣∣X·

∣∣
∞

∥∥
q,α

≤ CαT
−α∥∥∣∣X·

∣∣
∞

∥∥
q,α

.

By Markov’s inequality, we have

P
(

max
θ∈Θ

|
M∑
k=1

(Vk,θ − Vk,θ,MB)|∞ ≥ x
)

≤ x−q/2E
(

max
θ∈Θ

|
M∑
k=1

(Vk,θ − Vk,θ,MB

)
|q/2∞ )

≤ Cq,αx
−q/2ℓq/2T q/4−αq/2Bq/4

∥∥∣∣X·
∣∣
∞

∥∥q
q,α

. (1.9.38)

For for each 1 ≤ l ≤ L, define

Yh,l,θ =

(2hτl)∧M∑
k=2(h−1)τl+1

(Vk,θ,τlB − Vk,θ,τl−1B), for 1 ≤ h ≤
⌈
M

2τl

⌉
,

Yh,ij,l,θ =

(2hτl)∧M∑
k=2(h−1)τl+1

(Vk,ij,θ,τlB − Vk,ij,θ,τl−1B), for 1 ≤ i, j ≤ p,

Re
M,l,θ =

∑
h is even

Yh,l,θ and Ro
M,l,θ =

∑
h is odd

Yh,l,θ.

So we have TM,l,θ = Re
M,l,θ + Ro

M,l,θ. Let λl = l−2/(π2/3) if 1 ≤ l ≤ L/2 and λl =

(L + 1 − l)−2/(π2/3) if 2/L ≤ l ≤ L. Then
∑L

l=1 λl ≤ 1. Since Yh,l,θ and Yh′,l,θ are

independent for |h− h′| > 1, by Lemma 34, for any x > 0,

P(max
θ∈Θ

|Re
M,l,θ|∞ ≥ λlx) ≤ Cq(λlx)−q/2ℓq/2

∑
h is even

Emax
θ∈Θ

|Yh,l,θ|q/2∞

+2p2d exp
(
− (λlx)2

C max
i,j

max
θ∈Θ

∑
h E|Yh,ij,l,θ|2

)
. (1.9.39)
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By Lemma 28, we have

∥∥max
θ∈Θ

∣∣Yh,l,θ∣∣∞∥∥
q/2

≤ 2Cq
√

B · 2τlBℓΩ0,qΩτl−1B,q

≤ Cq,αB
1−ατ

1/2−α
l ℓ

∥∥∣∣X·
∣∣
∞

∥∥2

q,α
.

Since ∆0,4,i ≤ ∥X·i∥4,α ≤ Φ4,α and ∆τl−1B,4,j ≤ (τl−1B)−α∥X·j∥4,α ≤ Cα(τlB)−αΦ4,α, we

also have

∥Yh,ij,l,θ∥2 ≤ C2

√
B · 2τlB∆0,4,i∆τl−1B,4,j ≤ CαB

1−ατ
1/2−α
l Φ2

4,α.

Then (1.9.39) becomes

P
(

max
θ∈Θ

|Re
M,l,θ|∞ ≥ λlx

)
≤ Cq,α(λlx)−q/2ℓq

M

τl
Bq/2−αq/2τ

q/4−αq/2
l

∥∥∣∣X·
∣∣
∞

∥∥q
q,α

+ 2p2d exp
(
− (λlx)2

CαM/τl ·B2−2ατ 1−2α
l Φ4

4,α

)
.

A similar inequality holds for Ro
M,l,θ. Then

P
(

max
θ∈Θ

|
L∑
l=1

TM,l,θ|∞ ≥ 2x
)

≤ P
(

max
θ∈Θ

|
L∑
l=1

Re
M,l,θ|∞ ≥ x

)
+ P

(
max
θ∈Θ

|
L∑
l=1

Ro
M,l,θ|∞ ≥ x

)
≤

L∑
l=1

P
(

max
θ∈Θ

|Re
M,l,θ|∞ ≥ λlx

)
+

L∑
l=1

P
(

max
θ∈Θ

|Ro
M,l,θ|∞ ≥ λlx

)
≤ Cq,αx

−q/2ℓqTBq/2−αq/2−1
∥∥∣∣X·

∣∣
∞

∥∥q
q,α

· I + II
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where

I =
L∑
l=1

τ cl

λ
q/2
l

, c = q/4 − αq/2 − 1,

II = 4p2d
L∑
l=1

exp
(
− x2λ2

l τ
2α
l

CαΦ4
4,αTB

1−2α

)
.

By the definition of τl and λl, elementary calculations show I ≤ C if c < 0, and II ≤ CM c

if c > 0. Also, since minl≥1 λ
2
l τ

2α
l > 0, we have

II ≤ Cp2d exp
(
− x2

CαΦ4
4,αTB

1−2α

)
.

Therefore, it follows that

P(max
θ∈Θ

|
L∑
l=1

TM,l,θ|∞ ≥ 2x) ≤ Cq,αx
−q/2ℓq

∥∥∣∣X·
∣∣
∞

∥∥q
q,α

GT,B,m

+Cp2d exp
(
− x2B2α

CαΦ4
4,αTB

)
. (1.9.40)

where GT,B,m = TBq/2−αq/2−1 (resp. T q/4−αq/2Bq/4) if α > 1/2−2/q (resp. α < 1/2−2/q).

For the term
∑M

k=1(Vk,θ,B − Vk,θ,m), we can observe that Vk,θ,B − Vk,θ,m and Vk′,θ,B − Vk′,θ,m

are independent if |k − k′| > 2. By Lemma 28 and Lemma 34, we have

P(max
θ∈Θ

|
M∑
k=1

Vk,θ,B − Vk,θ,m| ≥ x)

≤ Cqx
−q/2ℓq/2

M∑
k=1

Emax
θ∈Θ

|Vk,θ,B − Vk,θ,m|q/2 + 6p2B exp
(
− x2m2α

CαΦ4
4,αTB

)
≤ Cqx

−q/2ℓq∥|X·|∞∥qq,αTBq/2−1m−αq/2 + 6p2B exp
(
− x2m2α

CαΦ4
4,αTB

)
. (1.9.41)

Putting (1.9.38), (1.9.40) and (1.9.41) together, Theorem 29 follows.

Lemma 30. Assume
∥∥∣∣X·

∣∣
∞

∥∥
q,α

< ∞, for some q > 4 and α > 0. Denote d = |Θ| and
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ℓ = 1 ∨ log(pd). Then there exist constants C,Cα, Cq,α > 0 such that for any x > 0,

P
(

max
θ∈Θ

|QT,θ − EQT,θ|∞ ≥ x
)

≤ Cq,αx
−q/2∥∥∣∣X·

∣∣
∞

∥∥q
q,α

ℓqVT,B + Cp2d exp
(
− x2

CαΦ4
4,αTB

)
,

where VT,B = TBq/2−1 (resp. TBq/2−1 + T q/4−αq/2Bq/4) if α > 1/2 − 2/q (resp. α <

1/2 − 2/q).

If we consider the quadratic form

QT,ij,θ =
∑

1≤t≤s≤T

as,t,θXtiXsj

in terms of the one-dimensional processes Xti and Xtj for any 1 ≤ i, j ≤ p, we can follow

the proof of Lemma 30 to get Lemma 31 without technical difficulty.

Lemma 31. Assume Φq,α < ∞, for some q > 4 and α > 0. Denote d = |Θ| and

ℓ∗ = 1 ∨ log d. Then there exist constants C,Cα, Cq,α > 0 such that for any x > 0,

P
(

max
θ∈Θ

|QT,ij,θ − EQT,ij,θ|∞ ≥ x
)

≤ Cq,αx
−q/2∥X·i∥q/2q,α∥X·j∥q/2q,α(ℓ∗)qVT,B + Cd exp

(
− x2

CαΦ4
4,αTB

)
,

where VT,B is defined the same as in Lemma 30.

Proof of Lemma 30. We can follow the proof of Lemma 29. Note that we shall write

(1.9.37) as

E0(QT,θ) =
M∑
k=1

(Vk,θ − Vk,θ,MB) +
L∑
l=1

TM,l,θ +
M∑
k=1

Vk,θ,B,

where the first two terms can be dealt with similarly as (1.9.38) and (1.9.40) and the

two bounds apply. For the different term
∑M

k=1 Vk,θ,B, by the definition of Vk,θ,B, we can

observe that Vk,θ,B and Vk′,θ,B are independent if |k − k′| > 2. By Lemma 27 (iv) and

92



Lemma 34, we have

P(max
θ∈Θ

|
M∑
k=1

Vk,θ,B| ≥ x)

≤ Cqx
−q/2ℓq/2

M∑
k=1

Emax
θ∈Θ

|Vk,θ,B|q/2 + 6p2B exp
(
− x2

CαΦ4
4,αTB

)
≤ Cqx

−q/2ℓq∥|X·|∞∥qq,αTBq/2−1 + 6p2B exp
(
− x2

CαΦ4
4,αTB

)
.

Lemma 32. Assume
∥∥∣∣X·

∣∣
∞

∥∥
q,α

< ∞, for some q > 4 and α > 0. Let n = T/B and

ℓ = 1 ∨ log(Bp). Then there exists constants C,Cq > 0 such that for any x > 0,

P
(

max
θ∈Θ

|E0(F̂m(θ)) − E0(Ŝm(θ))|∞ ≥ x
)

≤ Cqx
−q/2(log(Bp))qT−q/2+1Bq/4−1mq/4

∥∥∣∣X·
∣∣
∞

∥∥q
q,α

+ Cp2B exp
(
− x2T

CΦ4
4,αm

)
.

Proof of Lemma 32. Write 2πT (F̂m(θ) − Ŝm(θ)) = I + II + III, where

I =
n∑
r=1

rB∑
t=rB−m+1

rB∑
s=(r−1)B

Xt,mX
⊤
s,me

−ι(t−s)θ,

II =
n∑
r=1

rB∑
s=rB−m+1

rB∑
t=(r−1)B

Xt,mX
⊤
s,me

−ι(t−s)θ,

III =
n∑
r=1

rB∑
t,s=rB−m+1

Xt,mX
⊤
s,me

−ι(t−s)θ.
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For each 1 ≤ r ≤ n, define

Yr =
rB∑

t=rB−m+1

rB∑
s=(r−1)B

Xt,mX
⊤
s,me

−ι(t−s)θ,

Yij,r =
rB∑

t=rB−m+1

rB∑
s=(r−1)B

Xti,mXsj,me
−ι(t−s)θ,

Ro =
∑

r is odd

Yr, Re =
∑

r is even

Yr.

So we can write I = Ro +Re. Since Yr and Yr′ are independent for |r− r′| > 1. By Lemma

34,

P(max
θ∈Θ

|Ro − ERo|∞ ≥ x)

≤ Cqx
−q/2(log(Bp))q/2

∑
r is odd

Emax
θ∈Θ

|Yr − EYr|q/2∞ + 2p2B exp
(
− x2

Cσ2

)
, (1.9.42)

where σ2 = maxi,j maxθ∈Θ
∑

r is odd E
∣∣Yij,r − EYij,r

∣∣2. By similar arguments in deriving

Lemma 27 (iv) and the fact that Ω0,q ≤
∥∥∣∣X·

∣∣
∞

∥∥
q,α

, we have

∥∥max
θ∈Θ

∣∣Yr − EYr
∣∣
∞

∥∥
q/2

≤ Cqℓ
√
Bm

∥∥∣∣X·
∣∣
∞

∥∥2

q,α
.

Applying similar arguments of deriving equation (41) in Lemma 8 of [111] and the fact

that ∆0,4,i ≤ Φ4,α, we have

∥Yij,r − EYij,r∥2 ≤ C
√
BmΦ2

4,α.

A similar inequality holds for Re. Therefore

P(max
θ∈Θ

|I − EI|∞ ≥ 2x)

≤ P(max
θ∈Θ

|Ro − ERo|∞ ≥ x) + P(max
θ∈Θ

|Re − ERe|∞ ≥ x)
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≤ Cqx
−q/2(log(Bp))qTBq/4−1mq/4

∥∥∣∣X·
∣∣
∞

∥∥q
q,α

+ 2p2B exp
(
− x2

CΦ4
4,αTm

)
.

The same bound also applies to II and III, thus the result follows.

Lemma 33. Let Dt, 1 ≤ t ≤ T , be p-dimensional martingale difference vectors with p ≥ 1.

Let a1,θ, . . . , aT,θ ∈ C that depend on θ for θ ∈ Θ. Denote LT,θ =
∑T

t=1 at,θDt, d = |Θ| and

ℓ = 1 ∨ log(pd). Let q ≥ 2. We have

∥∥max
θ∈Θ

∣∣LT,θ∣∣∞∥∥2

q
≤ Cq · ℓ

T∑
t=1

∥∥max
θ∈Θ

∣∣at,θDt

∣∣
∞

∥∥2

q
,

where Cq is a positive constant depending on q only.

Proof of Lemma 33. Let Zt = (at,θ1D
⊤
t , at,θ2D

⊤
t , . . . , at,θdD

⊤
t )⊤, then Zt, 1 ≤ t ≤ T are

(pd)-dimensional martingale difference vectors. It follows from Lemma D.3 in [114] that

∥∥max
θ∈Θ

∣∣LT,θ∣∣∞∥∥2

q
=

∥∥∣∣Z1 + Z2 + . . . + ZT
∣∣
∞

∥∥2

q

≤ Cq · ℓ
T∑
t=1

∥∥∣∣Zt∣∣∞∥∥2

q

≤ Cq · ℓ
T∑
t=1

∥∥max
θ∈Θ

∣∣at,θDt

∣∣
∞

∥∥2

q
.

Lemma 34. Let Yt,θ, 1 ≤ t ≤ T , be independent random vectors in Rp indexed by θ ∈ Θ.

Assume EYtj,θ = 0 and ∥Ytj,θ∥q < ∞ for some q ≥ 2 and all 1 ≤ t ≤ T, 1 ≤ j ≤ p, θ ∈ Θ.

Denote ST,θ =
∑T

t=1 Yt,θ, d = |Θ| and ℓ = 1 ∨ log(pd). Then for any x > 0,

P(max
θ∈Θ

|ST,θ|∞ ≥ x) ≤ Cqx
−qℓq

T∑
t=1

Emax
θ∈Θ

|Yt,θ|q∞ + 2pd exp(− x2

Cσ2
),

where σ2 = max1≤j≤p maxθ∈Θ
∑T

t=1 E|Ytj,θ|2, C > 0 is a universal constant and Cq > 0

depends on q only.
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Proof of Lemma 34. Let Ut = (Y ⊤
t,θ1

, Y ⊤
t,θ2

, . . . , Y ⊤
t,θd

)⊤ and WT =
∑T

t=1 Ut. Then Ut, 1 ≤

t ≤ T are independent random vectors in Rpd. Since maxθ∈Θ |Yt,θ|∞ = |Ut|∞, by Lemma

D.4 in [114], we have

P(|WT |∞ ≥ x) ≤ Cqx
−qℓq

T∑
t=1

Emax
θ∈Θ

|Yt,θ|q∞ + 2pd exp(− x2

Cσ2
),

where σ2 = max1≤k≤pd
∑T

t=1 EU2
tk = max1≤j≤p maxθ∈Θ

∑T
t=1 E|Ytj,θ|2. Thus the result

follows in view of maxθ∈Θ |ST,θ|∞ = |WT |∞.

Lemma 35. Let Y1, . . . , Yn ∈ Rp be independent random vectors with EYij = 0 and

EY 2
ij < ∞ for 1 ≤ i ≤ n and 1 ≤ j ≤ p. Let Z1, . . . , Zn ∈ Rp be independent random

vectors such that Zi ∼ N(0,EYiY ⊤
i ). Define A as the collection of all sets A of the form

A = {v ∈ Rp : aj ≤ vj ≤ bj for 1 ≤ j ≤ p}.

Let a ≥ 1, b > 0 be two constants. Assume that 1
n

∑n
i=1 EY 2

ij ≥ b and max1≤i≤n E|Yij|2+k ≤

ak for 1 ≤ j ≤ p and k = 1, 2. Let Cn ≥ 1 be a sequence of constants. Further assume

that E
(

max1≤j≤p |Yij|
)q ≤ cCq

n for some q > 2 and some constant c > 0, then

sup
A∈A

∣∣∣P( 1√
n

n∑
i=1

Yi ∈ A
)
− P

( 1√
n

n∑
i=1

Zi ∈ A
)∣∣∣ ≤ C

{(a2C2
n(log(pn))7

n

)1/6

+
(a2C2

n(log(pn))3

n1−2/q

)1/3}
,

where C is a positive constant that depends on c, b and q.

Proof of Lemma 35. The proof follows from Proposition 2.1 case (E.2) in [24] by setting

L̄n =
{
aCn +

a2C2
n

n1/2−2/q(log p)1/2

}
.
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Lemma 36 (Nazarov’s inequality, [65]). Let Z = (Z1, . . . , Zp)
⊤ be a centered Gaussian

random vector in Rp such that E(Z2
j ) ≥ c for all j = 1, . . . , p and some constant c > 0.

Then for every z ∈ Rp and a > 0,

P(Z ≤ z + a) − P(Z ≤ z) ≤ Ca
√

log p,

where C is a positive constant depending on c only.
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Chapter 2

Probability and moment inequalities
for quadratic forms in independent
random variables with fat tails

2.1 Introduction

Probability inequalities for quadratic forms play an important role in the study

of properties of second-order statistics. The celebrated Hanson-Wright inequality, first

established by [45], provides a concentration result for quadratic forms of symmetric sub-

Gaussian random variables. [105] relaxed the symmetry assumption on the distributions

of random variables. The version widely used in many applications is a refined one

presented by [84]. To clarify, let ε1, . . . , εn be independent mean-zero random variables

with finite sub-Gaussian norm, i.e., ∥εi∥ψ2 := supq≥1 q
−1/2∥εi∥q ≤ K, for 1 ≤ i ≤ n, where

∥εi∥q = (E|εi|q)1/q. Let A = (aij)
n
i,j=1 be an n × n matrix, and write ε = (ε1, . . . , εn)⊤.

Then for every y > 0, it holds that

P(|ε⊤Aε− Eε⊤Aε| ≥ y) ≤ 2 exp

(
−min

(
y2

CK4|A|2F
,

y

CK2ρ(A)

))
, (2.1.1)

where C is a universal constant, |A|F and ρ(A) are respectively the Frobenius (or Hilbert-

Schmidt) norm and spectral norm of A. The inequality (2.1.1) is sharper than the version

in [45] and [105], with ρ(A) = ρ((aij)i,j) replacing the term ρ((|aij|)i,j) in the earlier results.
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[5] provided an alternative proof of (2.1.1) for diagonal-free matrices A by applying the

decoupling technique in [28].

Several variants of concentration inequalities for quadratic forms have been studied

recently. For example, [51] considered the tail probability for quadratic forms of sub-

Gaussian random vectors, rather than sub-Gaussian components, with the matrix A being

positive-semidefinite. [91] examined the case where the random vector admits certain finite

exponential moments. [100] established an exponential probability bound for quadratic

forms involving vectors that satisfy the convex concentration property, which was later

improved by [1] by eliminating the logarithmic factors. Despite the extensive literature on

probability inequalities for quadratic forms and their applications, there has been very

limited theoretical investigation into the counterparts when the random variables are

non-sub-Gaussian or lack finite exponential moments. Evidence for fat tails has increasingly

been observed across a wide variety of research areas. One primary goal of our paper is to

establish a sharp probability inequality for quadratic forms in fat-tailed random variables

that only allow finite polynomial moments.

For moment inequalities, [4] (cf. Lemma B.26) provided a Rosenthal-type inequality

for quadratic forms with i.i.d. εi and coefficient matrix A ∈ Rn×n:

E|ε⊤Aε− Eε⊤Aε|q ≤ Cq
{
∥ε0∥2q4 [tr(AA⊤)]q/2 + ∥ε0∥2q2qtr[(AA⊤)q/2]

}
, (2.1.2)

assuming that ∥ε0∥2q < ∞ for some q ≥ 1 and ∥ε0∥2 = 1, where Cq > 0 is a constant

depending on q only. Let s2j be the eigenvalues of A⊤A and define s = (s1, . . . , sn)⊤. Since

tr(AA⊤) = |A|2F and tr[(AA⊤)q/2] =
∑n

j=1 |sj|q, (2.1.2) is equivalent to

E|ε⊤Aε− Eε⊤Aε|q ≤ Cq
(
∥ε0∥2q4 |A|qF + ∥ε0∥2q2q|s|qq

)
.

Theorem 2.1 in [19] presented a similar result by involving the term |s|4 rather than |s|q.

99



Both of these moment bounds are not sharp for diagonal-free matrices A, as the moment

order is increased to 2q in the bound. Theorem 3.8 of [27] (by letting m = 2 therein)

states a sharper version:

E|ε⊤Aε|q ≤ Cq

{
µ2q
2 |A|qF + µq2µ

q
q

∑
j

(
∑
i

a2ij)
q/2 + µ2q

q

∑
i,j

|aij|q
}
, (2.1.3)

where A is symmetric and diagonal-free, εi’s are independent symmetric random variables

with finite q-th moment µq := maxi ∥εi∥q, for 2 < q < 4. In our paper, we shall establish

a moment inequality that relaxes the assumption of symmetric distributions on εi and

generalizes the result (2.1.3) to arbitrary order q ≥ 2.

For notational simplicity, we use
∑

i to indicate the summation sign
∑n

i=1. Through-

out, C,C1, c1, C2, c2, · · · denote positive constants whose values may differ from place to

place. A constant with a subscript is used to highlight its dependence on that subscript.

For two sequences of positive numbers (an) and (bn), we write an ≲ bn if there exists some

constant C > 0 such that an ≤ Cbn for all large n, and we write an ≳ bn if there exists

some constant C > 0 such that an ≥ Cbn for all large n. For any random variable X and

q ≥ 1, we define ∥X∥q = (E|X|q)1/q.

2.2 Main Result

Given that ε⊤Aε = ε⊤(1
2
(A+A⊤))ε, we assume without loss of generality that A is

symmetric. For any symmetric matrix A = (aij)
n
i,j=1 and p, q ≥ 1, we define the entrywise

Lp,q norm as

∥A∥p,q =

[∑
j

(
∑
i

|aij|p)q/p
]1/q

.

It is straightforward to verify that ∥A∥2,2 represents the Frobenius norm of A and ∥A∥q,q

denotes the entrywise q-norm of A.

Theorem 37. Let ε1, ε2, . . . , εn be a sequence of independent random variables, and define
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ε = (ε1, . . . , εn)⊤. Suppose A = (aij)
n
i,j=1 is a diagonal-free symmetric matrix. Assume

Eεi = 0 for all 1 ≤ i ≤ n and µq := max1≤i≤n ∥εi∥q < ∞ for some q ≥ 2. Then for any

y ≳ µ2µq∥A∥2,2,

P
(
|ε⊤Aε| ≥ y

)
≲

µq2µ
q
q∥A∥

q
2,q + µ2q

q ∥A∥qq,q
yq

+ exp
(
− y

Cqµ2
2∥A∥2,2

)
, (2.2.1)

where the positive constant Cq and the constant in ≲ both depend on q only.

Theorem 37 above provides a Nagaev-type inequality, which suggests two types of

bounds: If y is around the order µ2µq∥A∥2,2, one can use the sub-exponential-type tail

bound exp{−y/(Cqµ
2
2∥A∥2,2)}. If y is larger, the algebraic decay tail y−q(µq2µ

q
q∥A∥

q
2,q +

µ2q
q ∥A∥qq,q) dominates. If µ2 and µq are of the same order, the terms involving ∥A∥q2,q

dominates the one involving ∥A∥qq,q.

If A is not diagonal free, we shall deal with the diagonal sum separately. Assume

µq < ∞ for some q ≥ 2. For 2 ≤ q < 4, by Corollary 1.6 in [64] and Markov’s inequality,

we have

P
(∣∣∑

i

aii(ε
2
i − Eε2i )

∣∣ ≥ y
)
≲

∑
i

P(|aii(ε2i − Eε2i )| ≥ y/2) +
µqq

∑
i |aii|q/2

yq/2

≲
µqq

∑
i |aii|q/2

yq/2
.

If q ≥ 4, by Lemma 39, it follows that

P
(∣∣∑

i

aii(ε
2
i − Eε2i )

∣∣ ≥ y
)
≲

µqq
∑

i |aii|q/2

yq/2
+ exp

(
− y2

Cqµ2
4

∑
i a

2
ii

)
.

Remark 5. We shall discuss the sharpness of our result. Consider the special case in

which εi’s are i.i.d. symmetric random variables with ∥εi∥2 = 1 and the tail probability

P(εi ≥ y) = y−qℓ(y), for y ≥ y0, where ℓ(y) = (log y)−2 and q > 2. Then (2.2.1) implies
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for y ≥ n,

P
(∑

i̸=j
εiεj ≥ y

)
≲

nq/2+1

yq
+ exp

(
− y

Cqn

)
. (2.2.2)

Next we aim to establish a lower bound of P(
∑

i̸=j εiεj ≥ y). Denote Sn =
∑n

i=1 εi. By

Theorem 1.9 of [64], we have the expansion: for a sequence yn ≥
√
n, as n → ∞,

P(Sn ≥ yn)

ny−qn ℓ(yn) + 1 − Φ(yn/
√
n)

→ 1, (2.2.3)

where Φ(·) is the cumulative distribution function of standard normal distribution. Let

(ε′i)
n
i=1 be an i.i.d. copy of (εi)

n
i=1 and S ′

n =
∑n

i=1 ε
′
i. By Theorem 1 in [28], there exists

some constant C independent of n such that

P
( ∣∣∣∑

i̸=j
εiεj

∣∣∣ ≥ y
)
≥ CP

( ∣∣∣∑
i̸=j

εiε
′
j

∣∣∣ ≥ y/C
)
, (2.2.4)

Note that for y ≥ n,

P
(∑

i̸=j
εiε

′
j ≥ y

)
≥ P (SnS

′
n ≥ 2y) − P

(∑
i
εiε

′
i ≥ y

)
≥ P(Sn ≥ y/

√
n)P(S ′

n ≥ 2
√
n) − P

(∑
i
εiε

′
i ≥ y

)
.

Applying (2.2.3) to Sn and S ′
n, we can obtain

P(Sn ≥ y/
√
n) ≳

nq/2+1ℓ(y)

yq
+ 1 − Φ(y/n) (2.2.5)

and P(S ′
n ≥ 2

√
n) = (1 − Φ(2))(1 + o(1)). In addition, by elementary calculation, it holds

that P (εiε
′
i ≥ y) = Cq,y0y

−qℓ(y)(1 + o(1)) for y ≥ y20, where Cq,y0 is a positive constant

depending on q and y0. Applying Theorem 1.9 of [64] to the sum of the i.i.d. symmetric
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random variables εiε
′
i, we have

P
(∑

i
εiε

′
i ≥ y

)
≲

nℓ(y)

yq
+ 1 − Φ(y/

√
n),

whose order is negligible compared to the right-hand side of (2.2.5) when y ≥ n. Hence, it

implies that

P
(∑

i̸=j
εiε

′
j ≥ y

)
≳

nq/2+1ℓ(y)

yq
+ 1 − Φ(y/n). (2.2.6)

On the other hand, we also have

P
(∑

i̸=j
εiε

′
j ≥ y

)
≥ P(Sn ≥

√
2y)P(S ′

n ≥
√

2y) − P
(∑

i
εiε

′
i ≥ y

)
≳

n2ℓ2(y)

yq
+
(

1 − Φ(
√

2y/n)
)2

. (2.2.7)

Combining (2.2.4), (2.2.6) and (2.2.7), it follows

P
(∑

i̸=j
εiεj ≥ y

)
≳

nq/2+1ℓ(y)

yq
+
(

1 − Φ(
√

Cy/n)
)2

,

which, compared to (2.2.2), suggests that (2.2.1) is optimal up to a multiplicative logarithmic

term.

Remark 6. The infinite-dimensional version of (2.2.1) is also true since the right-hand

side of (2.2.1) is uniform in n, provided that the matrix norms ∥A∥2,2, ∥A∥2,q and ∥A∥q,q

converge. This extension together with the discussion on how to deal with the diagonal sum

allows us to study the concentration of the autocovariance function for a linear process

of the form Xt =
∑∞

j=0 bjεt−j, where
∑∞

j=0 |bj| < ∞ and εi are i.i.d. mean-zero random

variables with E|εi|q < ∞ for some q ≥ 2. For example, if we consider the autovariance
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estimate at lag 0, i.e., σ̂2 = 1
n

∑n
t=1 X

2
t , it can be constructed that

σ̂2 =
1

n

n∑
i=−∞

n∑
j=−∞

aijεiεj where aij =
n∑

k=max{i,j,1}

bk−ibk−j.

By imposing a decay rate of bj, the required matrix norms are computable without much

difficulty.

Remark 7. Another direct application of Theorem 37 is investigating the concentration

of sample means for some important nonlinear processes. The Volterra system is a natural

model to study nonlinear systems and plays an important role in the nonlinear system

theory ([17], [72], [86], [9]). Here we consider the second-order Volterra process

Xt =
∞∑

u1=0

h1(u1)εt−u1 +
∞∑

u1,u2=0

h2(u1, u2)εt−u1εt−u2 .

The functions h1, h2 are called Volterra kernels. Assume that h1(u) ≡ 0, εi are i.i.d with

mean zero and h2(u1, u2) is symmetric and it equals zero if u1 = u2. We have

µ̂ =
1

n

n∑
t=1

Xt =
1

n

n∑
i=−∞

n∑
j=−∞

aijεiεj where aij =
n∑

k=max{i,j,1}

h2(k − i, k − j).

and we can use Theorem 37 to study the concentration behavior of µ̂.

Next we shall establish a sharp moment inequality. For any square matrix A, define

the operators

D(A) = A2 − diag(A2), and Dk(A) = D ◦ D ◦ · · · ◦ D︸ ︷︷ ︸
k

(A) for k ∈ N.

Conventionally, we set D0(A) = A. Theorem 38 below delivers a moment inequality for

quadratic forms of random variables in the presence of fat tails.
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Theorem 38. Let ε1, ε2, . . . , εn be a sequence of independent random variables, and

define ε = (ε1, . . . , εn)⊤. Suppose A = (aij)
n
i,j=1 is a diagonal-free symmetric matrix.

Assume Eεi = 0 for all 1 ≤ i ≤ n and µq := max1≤i≤n ∥εi∥q < ∞ for some q ≥ 2. Let

K = ⌊log2(q)⌋ − 1. Then we have

E|ε⊤Aε|q ≤ Cq

K∑
k=0

k∏
h=1

µ
q/2h−1

2 ·
(
µ
q/2k−1

2 ∥Dk(A)∥q/2
k

2,2 + µ
q/2k

2 µ
q/2k

q/2k
∥Dk(A)∥q/2

k

2,q/2k

+µ
q/2k−1

q/2k
∥Dk(A)∥q/2

k

q/2k,q/2k

)
, (2.2.8)

where Cq is a positive constant depending on q only.

Remark 8. If 2 ≤ q < 4, then K = 0 and the result (2.2.8) is reduced to (2.1.3) exactly.

Our Theorem 38 extends (2.1.3) to higher moment orders by allowing q ≥ 2 in general

and in the meantime relaxes the assumption of symmetric random variables. For each

doubling of q, there will be one more layer to add up in the moment bound, each of which is

characterized by the operator Dk and balances between the L2,2, L2,q/2k and Lq/2k,q/2k norms.

If εi are i.i.d., by a careful check of the proof for the case 2 ≤ q < 4, we can conclude

(2.2.8) is optimal since the upper bounds in (2.3.19) and (2.3.20) are both optimal.

Remark 9. We consider the special case where A = (aij)
n
i,j=1 with aij = 1 if i ≠ j and

aii = 0 for 1 ≤ i ≤ n. By elementary calculation, we can get that for p, q ≥ 1,

∥Dk(A)∥p,q ≍ n2k+ 1
p
+ 1

q
−1.

The moment inequality (2.1.2) suggests E|ε⊤Aε|q ≤ Cqµ
2q
2qn

q, as the second term dominates

the first in this case. By Theorem 38, it can be computed that for 2 ≤ q < 4,

E|ε⊤Aε|q ≤ Cq(µ
2q
2 nq + µq2µ

q
qn

q/2+1 + µ2q
q n

2).
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and for 4 ≤ q < 8,

E|ε⊤Aε|q ≤ Cq(µ
2q
2 µq + µ

3q/2
2 µ

q/2
q/2n

3q/4+1 + µq2µ
q
q/2n

q/2+2 + µq2µ
q
qn

q/2+1 + µ2q
q n

2).

The bound for other cases of q can be presented similarly. In comparison, our result

provides a sharper combination of various orders of moments and different norms of the

coefficient matrix.

2.3 Proofs

In this section, we provide the proofs of Theorem 37 and Theorem 38, beginning

with the statement of two useful lemmas.

Lemma 39 (cf. Corollary 1.8 in [64]). Let X1, . . . , Xn be independent random variables

with EXi = 0 and ∥Xi∥q < ∞ for some q ≥ 2. Let Sn =
∑n

i=1Xi. Then for every x > 0,

P(Sn ≥ x) ≤ C1

∑n
i=1 E|Xi|q

xq
+ exp

(
− C2x

2∑n
i=1 EX2

i

)
,

where C1 = (1 + 2/q)q and C2 = 2(q + 2)−2e−q.

Lemma 40. Let X1, . . . , Xn be independent random variables with EXi = 0 and ∥Xi∥q <

∞ for some q ≥ 2. Let Sn =
∑n

i=1 Xi. Then there exists a constant Kq depending on q

only such that

∥Sn∥q ≤ Kq

[(∑n

i=1
E|Xi|q

)1/q
+
(∑n

i=1
EX2

i

)1/2]
.

Proof of Lemma 40. For q = 2, it trivially holds by noticing ∥Sn∥2 = (
∑n

i=1 EX2
i )1/2. For

q > 2, it is an adapted version of Theorem 3 in [82].

Next we will prove Theorem 37 and Theorem 38.
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Proof of Theorem 37. By Theorem 1 in [28], we have the decoupling result: for any y > 0,

P
(
|ε⊤Aε| ≥ y

)
≤ CP

(
|ε⊤Aε∗| ≥ y/C

)
, (2.3.1)

where ε∗ = (ε∗1, . . . , ε
∗
n)⊤ is an independent copy of ε and C is a positive constant indepen-

dent of n. Now we condition on (εi)
n
i=1. Then ε⊤Aε∗ is a linear combination of independent

random variables ε∗i with fixed coefficients wi =
∑

j aijεj , 1 ≤ i ≤ n, i.e., ε⊤Aε∗ =
∑

iwiε
∗
i .

Let V =
∑

iw
2
i . By Lemma 39, we have

P
(
|ε⊤Aε∗| ≥ y

∣∣(εi)ni=1

)
≤

c1µ
q
q

∑
i |wi|q

yq
+ 2 exp

(
− y2

c2µ2
2V

)
,

where c1 and c2 are two positive constants depending on q only. By taking the expectation

with respect to (εi)
n
i=1, it follows that

P
(
|ε⊤Aε∗| ≥ y

)
≤

c1µ
q
q

∑
i E|wi|q

yq
+ 2E exp

(
− y2

c2µ2
2V

)
=: I + II. (2.3.2)

To bound the term I, by Lemma 40, we can obtain

E|wi|q = E
∣∣∣∑

j
aijεj

∣∣∣q ≲ µq2

(∑
j

a2ij

)q/2
+ µqq

∑
j

|aij|q,

where the constant in ≲ depends on q only. It then implies

I ≲
µq2µ

q
q∥A∥

q
2,q + µ2q

q ∥A∥qq,q
yq

. (2.3.3)

Now we deal with the term II. Let B = (bij)
n
i,j=1 = A2 and D(A) = A2 − diag(A2). Define

V1 =
∑
i

bii(ε
2
i − Eε2i ) and V2 = ε⊤D(A)ε.
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Then we can write V =
∑

i biiEε2i + V1 + V2. Noticing that
∑

i bii = ∥A∥22,2, we have

II ≲ exp
(
− y2

Cqµ4
2∥A∥22,2

)
+ E exp

(
− y2

Cqµ2
2|V1|

)
+ E exp

(
− y2

Cqµ2
2|V2|

)
(2.3.4)

with Cq = 3c2. It remains to deal with E exp(−y2/(Cqµ
2
2|Vi|)) for i = 1, 2.

Case 1: q > 4. By Lemma 39, for x > 0,

P(|V1| ≥ x) ≤
c1µ

q
q∥A∥

q
2,q

xq/2
+ 2 exp

(
− x2

c2µ4
4

∑
i b

2
ii

)
=: F (x), (2.3.5)

Elementary manipulation indicates

E exp
(
− y2

Cqµ2
2|V1|

)
= −

∫ ∞

0

exp
(
− y2

Cqµ2
2x

)
dP(|V1| ≥ x)

≤ −
∫ ∞

0

exp
(
− y2

Cqµ2
2x

)
F ′(x)dx. (2.3.6)

where

−F ′(x) =
c3µ

q
q∥A∥

q
2,q

xq/2+1
+

x

c4µ4
4

∑
i b

2
ii

exp
(
− x2

c2µ4
4

∑
i b

2
ii

)
=: f1(x) + f2(x) (2.3.7)

with c3 = c1 ·q/2 and c4 = c2/4. By a change of variables t = y2/(Cqµ
2
2x) and the definition

of Gamma function, we have

∫ ∞

0

exp

(
− y2

Cqµ2
2x

)
f1(x)dx = c3µ

q
q∥A∥

q
2,q

(
Cqµ

2
2

y2

)q/2 ∫ ∞

0

e−ttq/2−1dx

=
c3C

q/2
q µq2µ

q
q∥A∥

q
2,q

yq
· Γ(q/2) =

C ′
qµ

q
2µ

q
q∥A∥

q
2,q

yq
.(2.3.8)

Regarding f2(x), we can consider

∫ ∞

0

exp

(
− y2

Cqµ2
2x

)
f2(x)dx
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≤ 1

c4µ4
4

∑
i b

2
ii

sup
x>0

{
xq+2 exp

(
− x2

c2µ4
4

∑
i b

2
ii

)}∫ ∞

0

x−q−1 exp

(
− y2

Cqµ2
2x

)
dx.

Note that the function xq+2 exp(−x2/c2µ
4
4

∑
i b

2
ii) takes the maximum at

x =

√
c2(q + 2)µ4

4

∑
i

b2ii/2.

Similarly as (2.3.8), it follows that

∫ ∞

0

x−q−1 exp

(
− y2

Cqµ2
2x

)
dx =

Cq
qµ

2q
2

y2q
· Γ(q).

Hence, we have

∫ ∞

0

exp

(
− y2

Cqµ2
2x

)
f2(x)dx ≲

µ2q
2 (µ4

4

∑
i b

2
ii)
q/2

y2q
≲

µq2µ
q
q∥A∥

q
2,q

yq
, (2.3.9)

where the last step follows in view of y ≳ µ2µq∥A∥2,2, µq ≥ µ4 and

∑
i

b2ii =
∑
i

(∑
j

a2ij

)2

≤ ∥A∥22,q
[∑

i

(∑
j

a2ij

) q
q−2

] q−2
q ≤ ∥A∥22,q∥A∥22,2.

Combining (2.3.6), (2.3.7), (2.3.8) and (2.3.9), we have for y ≳ µ2µq∥A∥2,2,

E exp
(
− y2

Cqµ2
2|V1|

)
≲

µq2µ
q
q∥A∥

q
2,q

yq
. (2.3.10)

Moreover, we can obtain

E exp
(
− y2

Cqµ2
2|V2|

)
= E exp

(
− y2

Cqµ2
2|V2|

)
(1{|V2| ≤ y∥A∥2,2} + 1{|V2| > y∥A∥2,2})

≤ exp

(
− y

Cqµ2
2∥A∥2,2

)
−
∫ ∞

y∥A∥2,2
exp

(
− y2

Cqµ2
2x

)
dP(|V2| ≥ x),
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which together with (2.3.1), (2.3.2), (2.3.3), (2.3.4) and (2.3.10) implies

P
(
|ε⊤Aε| ≥ y

)
≲

µq2µ
q
q∥A∥

q
2,q + µ2q

q ∥A∥qq,q
yq

+ exp
(
− y

Cqµ2
2∥A∥2,2

)
−
∫ ∞

y∥A∥2,2
exp

(
− y2

Cqµ2
2x

)
dP(|V2| ≥ x). (2.3.11)

By the preceding arguments and noticing ∥D(A)∥2,2 ≤ ∥A∥22,2, we can also obtain for

x ≳ µ2µq∥A∥22,2,

P (|V2| ≥ x) ≲
µq2µ

q
q∥D(A)∥q2,q + µ2q

q ∥D(A)∥qq,q
xq

+ exp

(
− x

Cqµ2
2∥A∥22,2

)
−
∫ ∞

x∥A∥22,2
exp

(
− x2

Cqµ2
2z

)
dP(|V3| ≥ z), (2.3.12)

where V3 = ε⊤D2(A)ε with D2(A) = D ◦D(A). We next bound ∥D(A)∥q2,q, ∥D(A)∥qq,q and

P(|V3| ≥ z) respectively. Firstly, by Holder’s inequality, we have

∥D(A)∥q2,q =
∑
i

[ ∑
j:j ̸=i

(∑
k

aikakj

)2]q/2
≤ ∥A∥q2,q∥A∥

q
2,2,

∥D(A)∥qq,q =
∑
i̸=j

∣∣∣∑
k

aikakj

∣∣∣q ≤ ∑
i̸=j

(∑
k

a2ik

)q/2(∑
k

a2kj

)q/2
≤ ∥A∥2q2,q.

As for P(|V3| ≥ z), by Theorem 1 in [28] again and Markov’s inequality, we have

P(|V3| ≥ z) ≤ CP
(
|ε⊤D2(A)ε∗| ≥ z/C

)
≤ Cz−qE|ε⊤D2(A)ε∗|q. (2.3.13)

Denote D2(A) = (dij)
n
i,j=1. Then we can write ε⊤D2(A)ε∗ =

∑
i εi

∑
j dijε

∗
j . Observe that

εi
∑

j dijε
∗
j are uncorrelated for different i. By the Burkholder inequality for martingales

(cf. Theorem 3.2 in [16]) and the fact that ∥D(M)∥2,2 ≤ ∥M∥22,2 for any square matrix M ,

110



we have

∥ε⊤D2(A)ε∗∥2q ≤ Cq
∑
i

∥∥εi∑
j
dijε

∗
j

∥∥2

q
≤ Cqµ

2
q

∑
i

∥∥∑
j
dijε

∗
j

∥∥2

q

≤ Cqµ
4
q

∑
i,j
d2ij = Cqµ

4
q∥D2(A)∥22,2 ≤ Cqµ

4
q∥A∥82,2. (2.3.14)

By (2.3.13) and (2.3.14), (2.3.12) then becomes

P (|V2| ≥ x) ≲
µq2µ

q
q∥A∥

q
2,q∥A∥

q
2,2 + µ2q

q ∥A∥
2q
2,q

xq
+ exp

(
− x

Cqµ2
2∥A∥22,2

)
−
∫ ∞

x∥A∥22,2
exp

(
− x2

Cqµ2
2z

)
µ2q
q ∥A∥

4q
2,2

zq+1
dz. (2.3.15)

By similar arguments as (2.3.6) and (2.3.7), let

Ri =

∫ ∞

y∥A∥2,2
exp

(
− y2

Cqµ2
2x

)
gi(x)dx for i = 1, 2, 3,

where

g1(x) = x−q−1(µq2µ
q
q∥A∥

q
2,q∥A∥

q
2,2 + µ2q

q ∥A∥
2q
2,q),

g2(x) = (µ2
2∥A∥22,2)−1 exp

(
− x

Cqµ2
2∥A∥22,2

)
,

g3(x) = x−q−1µ2q
q ∥A∥

2q
2,2 exp

(
− x

Cqµ2
2∥A∥22,2

)
. (2.3.16)

Then we can write

−
∫ ∞

y∥A∥2,2
exp

(
− y2

Cqµ2
2x

)
dP(|V2| ≥ x) ≲ R1 + R2 + R3.

Similarly as (2.3.8) and (2.3.9), it can be obtained that for y ≥ µ2µq∥A∥2,2,

R1 ≲
µ3q
2 µqq∥A∥

q
2,q∥A∥

q
2,2 + µ2q

2 µ2q
q ∥A∥

2q
2,q

y2q
≲

µq2µ
q
q∥A∥

q
2,q

yq
,
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R2 ≲ exp
(
− y

Cqµ2
2∥A∥2,2

)(µ2
2∥A∥2,2
y

)q−1

≤ exp

(
− y

Cqµ2
2∥A∥2,2

)
,

R3 ≲ exp
(
− y

Cqµ2
2∥A∥2,2

)(µ2µq∥A∥2,2
y

)2q

≤ exp

(
− y

Cqµ2
2∥A∥2,2

)
.

As a consequence, it implies

−
∫ ∞

y∥A∥2,2
exp

(
− y2

Cqµ2
2x

)
dP(|V2| ≥ x) ≲

µq2µ
q
q∥A∥

q
2,q

yq
+ exp

(
− y

Cqµ2
2∥A∥2,2

)
. (2.3.17)

Therefore, (2.2.1) follows in view of (2.3.11) and (2.3.17).

Case 2: 2 ≤ q ≤ 4. It is much easier for this case. By Corollary 1.6 in [64] and

Markov’s inequality, with
∑

i |bii|q/2 = ∥A∥q2,q, we have for x > 0,

P(|V1| ≥ x) ≲
∑
i

P(|bii(ε2i − Eε2i )| ≥ x/2) +
µqq

∑
i |bii|q/2

xq/2
≲

µqq∥A∥
q
2,q

xq/2
, (2.3.18)

Replacing (2.3.5) by (2.3.18), due to (2.3.8), we can still have

E exp
(
− y2

Cqµ2
2|V1|

)
≤

Cqµ
q
2µ

q
q∥A∥

q
2,q

yq
.

Other steps are the same as the case q > 4.

Proof of Theorem 38. Case 1: 2 ≤ q < 4. By Corollary 3 in [26], we have

E|ε⊤Aε|q ≤ CqE
∣∣∣∑
i̸=j

a2ijε
2
i ε

2
j

∣∣∣q/2. (2.3.19)

By Theorem 3.6 in [27], it follows that

E
∣∣∣∑
i̸=j

a2ijε
2
i ε

2
j

∣∣∣q/2 ≤ Cq
(
µ2q
2 ∥A∥q2,2 + µq2µ

q
q∥A∥

q
2,q + µ2q

q ∥A∥qq,q
)
. (2.3.20)
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Hence we have

E|ε⊤Aε|q ≤ Cq
(
µ2q
2 ∥A∥q2,2 + µq2µ

q
q∥A∥

q
2,q + µ2q

q ∥A∥qq,q
)
, (2.3.21)

which agrees with (2.2.8) for K = 0.

Case 2: q ≥ 4. By Theorem 1 in [26], we have the decoupling result:

E|ε⊤Aε|q ≤ CqE|ε⊤Aε∗|q, (2.3.22)

where ε∗ = (ε∗1, . . . , ε
∗
n)⊤ is an independent copy of ε. Now we condition on (εi)

n
i=1. Then

ε⊤Aε∗ is a linear combination of independent random variables ε∗i with fixed coefficients

wi =
∑

j aijεj, 1 ≤ i ≤ n, i.e., ε⊤Aε∗ =
∑

iwiε
∗
i . By Lemma 40, we have

E
(
|ε⊤Aε∗|q

∣∣(εi)ni=1

)
≤ Cq

[
µqq

∑
i

|wi|q + µq2(
∑
i

w2
i )
q/2

]
.

By taking the expectation with respect to (εi)
n
i=1, it follows that

E
(
|ε⊤Aε∗|q

)
≤ Cq

[
µqq

∑
i

E|wi|q + µq2E(
∑
i

w2
i )
q/2

]
. (2.3.23)

Using Lemma 40 again, we have

∑
i

E|wi|q ≤ Cq
(
µqq∥A∥qq,q + µq2∥A∥

q
2,q

)
. (2.3.24)

Hence, it suffices to deal with the term E(
∑

iw
2
i )
q/2. Let B = (bij)

n
i,j=1 = A2 and

D(A) = A2 − diag(A2). Then we can write
∑n

i=1 w
2
i =

∑
i biiε

2
i + ε⊤D(A)ε. By Lemma 1

in [82],

E|
∑
i

biiε
2
i |q/2 ≤ Cqµ

q
q

∑
i

b
q/2
ii + Cqµ

q
2(
∑
i

bii)
q/2
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= Cqµ
q
q∥A∥

q
2,q + Cqµ

q
2∥A∥

q
2,2. (2.3.25)

Combining (2.3.22), (2.3.23), (2.3.24) and (2.3.25), we have

E|ε⊤Aε|q ≤ Cq
(
µq2E|ε⊤D(A)ε|q/2 + µ2q

2 ∥A∥q2,2 + µq2µ
q
q∥A∥

q
2,q + µ2q

q ∥A∥qq,q
)
, (2.3.26)

which provides a recursive relationship for the moment. If 2 ≤ q/2 < 4, by (2.3.21), we

have

E|ε⊤D(A)ε|q/2 ≤ Cq

(
µq2∥D(A)∥q/22,2 + µ

q/2
2 µ

q/2
q/2∥D(A)∥q/22,q/2 + µqq/2∥D(A)∥q/2q/2,q/2

)
.

If q ≥ 8, we can apply the recursion (2.3.26) for K = ⌊log2(q)⌋ − 1 times such that

2 ≤ q/2K < 4. Then (2.2.8) follows by adding up all the intermediate terms during the

recursion and applying (2.3.21) for E|ε⊤DK(A)ε|q/2K .
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Vadim V. Nikulin. Functional and effective connectivity in subthalamic local field
potential recordings of patients with parkinson’s disease. Neuroscience, 250:320–332,
2013.

118



[49] Yongmiao Hong. Testing for independence between two covariance stationary time
series. Biometrika, 83(3):615–625, 1996.

[50] Jonathan R. M. Hosking. The multivariate portmanteau statistic. J. Amer. Statist.
Assoc., 75(371):602–608, 1980.

[51] Daniel Hsu, Sham M. Kakade, and Tong Zhang. A tail inequality for quadratic
forms of subgaussian random vectors. Electronic Communications in Probability,
17(52):1–6, 2012.

[52] Baisuo Jin, Cheng Wang, Zhidong Bai, Krishnan K. Nair, and Matthew Harding.
Limiting spectral distribution of a symmetrized auto-cross covariance matrix. The
Annals of Applied Probability, 24(3):1199–1225, 2014.

[53] Patrick D. Koch and Shangjin Yang. A method for testing the independence of two
time series that accounts for a potential pattern in the cross-correlation function.
Journal of the American Statistical Association, 81(394):533–544, 1986.
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