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Production of Heavy Higgs Bosons: 

CompariSOns of Exact an:! Approximate Results 

Robert N. Cam 

Lawrence Berkeley Laboratory 
University of California 

Berkeley, California 94720 

Abstract 

The WW and ZZ mechanisms for the production 

of very heavy Higgs bosons are examined in detail. The 

differential cross section with respect to the energies of 

the final state fermions is calculated analytically. The 

total cross section for the elementary process qlq2~ 

q/q2'H is calculated using this analytic result an:! compared 

to the effective W approximation. The latter is typically 

5 - 30% too large. A simple parameterization of the 

quark lumioosity spectra is presented and used to determine 

the prodLa::tlon of Higgs bosons of mass 0.2 - 1 TeV in pp 

collIsions for ys = 20 TeVand 40 TeV. 

This work was supported by the Director. Office of Energy Research, 
Office of High Energy PhysiCS, Division of High Energy Physics of the 
U.S. Department of Energy lSIder Contract DE-AC03-76SF00098. 
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I. IntrociLa::tion 

The production of a very heavy (MH>2MW) Higgs boson has received 

iocreasing attention with the proposal to build a pp collider with center 

of mass energy Ys. = 40 TeV.l The two primary production 

mechanisms for the very heavy Higgs boson are gg -+H 2 and WW ~ H 

(or ZZ ~ H) •3 In the latter, the W's (or Z's) are virtual, the result 

of bremsstrahlung from the quarks in the proton. The W's tend to be 

collinear with the beam, as are the virtual y's in the analogous two

photon process in e+e- collisions. Thus it is possible to make an 

equivalent W-approximation analogous to the usual Weizacker-Williams 

approximation.4 ,s" 

To assess the quality of the equivalent W-approximation I calculate 

the q1q2 ~ q!'q2' H subprocess exactly-and in the equivalent W-approx

imation. The approximation is foU1d to be equivalent to assuming a 

particular integral is proportional to 6(62), where 6 is the angle between 

the exiting quarks in the q 1 q 2 c. m. frame. 

The full calculation of q1 q2 ~ q1'q2'H cannot be done analytically, 

but for the WW ~ H case it is possible to calculate analytically the 

differential cross section dC1/dE1'dEl where E/ and El are the final 

quark energies. 

The comparison of the approximate and exact (numerical plus 

analytic) calculations shows that the approximation is good. typically. to 

15%. For relatively low ys this iocreases to 30-50%. For very high 

ys. the error decreases. but does oot go to zero. There appear to be 

corrections of order MW2/Mi. 

To calculate cross sections for pp ~ HX. parton lumioosities are 

needed. I have parameterized the results of Eichten et al.7 (EHLQ) at 

ys = 40 TeV using a simple three parameter form. These are then used 

to calculate the Higgs boson produ:tion cross section for MH = 0.2 -1.0 

TeV. The gg ~ H mechanism is calculated as well, with a t-quark mass 

of 40 GeV. Above MH = 300 GeV. the sum of the WW and ZZ 

mechanisms dominates the Higgs prodLa::tion. 



II. Kinematics 

. We consider the produ::tion of a particle, H, with mO':Tlentum [I and 

mass MH via qlq2-+ql/qlVIV2 -. q/qlH, that is, each quark emits a 

virtual vector boson. See Fig. 1. The momenta of the incident (final) 

quarks are Ph P2 (P{,P2I). The momenta of the virtual VI and V2 are kl 

and k2• The quarks are taken to be massless with coupli~ 

qll 1 J-I. (Bvl + Bal1s) ql vl 

ql YJ-I (By2 + Bo21s) q2 vl 

(2.1a) 

(2.1b) 

For V = W ,B = g/(2V2), B = -g/(2V2), while for V = Z, y - a - ' 
gy=g(T3L/2- sin2ewQ)/cosew' ga= - g T3L/(2 cos6.J~ As usual, T3L 

represents the third component of weak isospin and Q is the electric 

charge The electroweak coupling, the weak mixing angle, arxI the fine 

structure constant are related by 

4rra = e2 = g2 Si'n26w (2.2) 

arxI 

GF/y2 = g2/(BMW2) . (2.3) 

ft 

In the qlq2 center of mass, the initial energies are EI = E2 = ys/2, 
and we define I) and ~ in terms of the final quark energIes 

ft 

E/ = (1- I)) ys/2 

ft 

El = (1- P ys/2 

so that the energy of H is 

«.., 

(2.4) 

(2.5) 

2 

". 

ft 

EH = I'D = ( I) + ~ ) 'f.s/2 (2.6) 

The final state momenta lie in a plane and 

( 11)2 = ( p{ + 1>21)2 = EH2 - MH2. (2.7) 

We define the angle 6 by 

.. .. 
cos 6 = - p&,' pi (2.8a) 

arxIfind 

2 
cos6 = 1 - 2 ( ~ I) - MH /s)/(1 - P (1 - I)) (2.8b) 

The kinematic boundaries occur for cos6 = ± 1, and the allowed 

region is 

~ I) ~ MH2/s (2.9) 

~+I)~ 1+MH2/S (2.10) 

See Fig. 2 , the Dalitz plot for the three body final state. 

The . complete speCification of the final state is accomplished by 

fixing the Qrientation of the final state plane relative to fixed axes in the 

qlq2 center of mass system. If the incident quarks are Lrlpolarized, 

there is azimuthal symmetry about the incident momenta direction so 

only two rather than three Euler angles are essential. We choose a 

standard orientation w}th the final state plane perpendicul,!lr to the z-axis 

which is defined by . PI' The standard orientation has p{ along the x

axis. The final state orientation is defined relative to this standard by 
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rotating about the y-axis by /3, then about the new z-axis by a. In terms 

of the fixed axes, 

~ I .. 

PI = cosa cos/3 x + sina y - sin/3 cosa z (2.11a) 
... I A A A 

1'2 = - cos(a - 6) cos/3x - sin(a -6) y+ sln/3 cos (a - 6) z (2.1ib) 

The Lorentz scalars are 

PI'P2 = s/2; PI/ 'P21 = (1-~) (l-q) (1 + cos 6};/4 

~ A 

PI/.P2 = (I-q) (1- cosa sin/3) s/4; PI'P21 = (1-~) (1-cos(a-6)sin/3)s/4 

A ~ 

Pt'ps' = (J-q) (1+ cosa sin/3) s/4; P2'pl = (1-~) (1+cos(a-6)sin/3)s/4 

~ ~ 

kl
2 = -(1-q) .(1+cosa sin/3) s/2; kl = -(1-~) (1+cos(a-6)sin/3}s/2 

(2.12) 

The cross section is related to the invariant matrix element by 

dO' = (21rt \ M \2 dElI dE2
1 da d cos/3 

16 s 

= 2-10 
IT-

4 1 M 12 drj d~ da dcos/3 

4 

(2.13) 

.(i ~ 

III. Matrix element aoo cross section 

The WWH col4'ling is -i{g MWlrfll while the ZZH coupling is 

-i(g~l.) rfll /cos 6W' Iooicatlng the VVH coupling generIcally by 

-lAg" the Lorentz invariant matrix element for Fig. 1 is 

M = A u(p/) Y JJ ( gy 1 + gal Y s) U(PI} u(pl} yJl ( gy2 + gal Y s) ufP2} 

x (k 1
2 

- MV, r l (kl- MV22 r l (3.1) 

Squaring, averaging over initial spins and summing over final spins 

gives 

\ M \2 = N (1/4) Tr PII Y
JJ 

PI Yx (gy/ + ga/ + 2 gylgal Ys) 

x Tr pl yJJ P2/ ( gy2 2 + gai + 2 gy2 gal Y s) 

X (k 1
2 

- Mvt2 (kl- Mvt2 

If we define gL = (8v - ga)/2 and gR = ( gy + ga)/2, then 

g2+ g 2=2(g 2+g2) 
V a R L 

2gg =2(g2_ g 2) 
V a R L 

Additionall y we set 

2 2 2 2 ) C = 64 (gu gL2 + gR 1 gR2 

2 2 2 2 ) o = 64 (gu gR2 + gR 1 gL2 

Then after computing the looicated traces we have 

(3.2) 

(3.3a) 

(3.3b) 

(3Aa) 

(3Ab) 

C PI'P2 ps"P21 + D PI'P21 ps"P2 

1M 12 = N (3.5) 
( kl

2 
- MV

I

2 
}2 ( kl - Mv/ )2 

For the WW ~ H process, gR = 0 so 0=0. We consider this case 

s 



first. The cross section is 

dcr = e N ( 1 + cos e) dn de da dcosp 
210 Jr" s2 ( 1- T)) ( 1 - ~ ) 

2MW2 )-2 
x ( 1 + cosa sinP + ( l-T) )s 

?MW
2 

)-2 
x ( 1 + cos(a-e) sinP + ~~)s 

(3.6) 

We recall that cose is detennined by ~ and T) in Eq. (2.8) . 

In the Appendix We soow that the integral 

2Jr 1 
J(x,y,e) = f da f d cos{3 (x + cosa sinP )-2 ~ + cos(a-e) sinP )-2 

o -1 

(3.7) 

can be done analytically with the result 

J( e) - A {3 (1 nh-I V6. ~ - cos e ) x,y, -,Jr til ~ ta xy-cos8. - (x~ 1) (/-1) 

x ( x - y cos 8) (y - x cos 8) 

cos 8 nh-I Vt:. 
+ ~ta xy - cose 

+ x2 + f - 3xy cose + 1 } 
6. ( xl -1) (YZ-1) . 

(3.8) 

6 

.. ~ 
'-

\lIhere 

6. = x2 + y2 - 2 xy cos e - 1 + cos2e (3.9) 

The differential cross section for the WW-+H process (where 0=0) can 

be written in tenns of J: 

dcr = eN 
210 Jr" s2 

2( 1 + cos e) ( 2MW2 1 2 MW
2 

e) ~ dr 
,. ~. ,. • J 1+(1_T))s' +(1-~)s' ..... ,:, 

(3.10) 

Since the analytical expression for J is rather opaque, we pause to 

consider an approximate calculation. 

IV. Evaluation of J(x,y,e) as x,y -+ 1. 

In the high energy limit, we are interested in values of x = 
1+2MH2/s(1-T)) and y = 1+2MH2/s(I-~) near Unity. As the vector boson 

mass becomes less and less important, the process more and more 

ressembles the two-photon process in e+e- collisions. That process is 

most easily analyzed in the equivalent photon approximation (Weizacker

Williams approximation). The photons are treated as real (thus 

necessarily transverse) and collinear with the initial beams. For the 

WW-+H process the analogous kinematics have the quarks emitti~ W's 

by bremsstrahlung, with the quarks continul~ in the forward direction. 

Both longitLrlinal and ,transverse W's are proclu:ed. Because of the fonn 

of the WWH coupling, the longitudinal W's make the dominant 

contribution to H proclldion.3,,,,5 The forward scatteri~ kinematics 

correspond to the limits 
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J: .. 

cosa~-1 

sin {:J ~ +1 

O~O (4.1) 

Thus we are led to consider an expansion of the integrand in J, with a = 
11' - II, and P = (11'/2) - e, with II arxl e small. We replace 

cosa~-1+v2/2 

sinp~ 1-e2/2 (4.2) 

so that 

J ~ f dE dJI ( x-1 + ( v2 + e2)/2 )-2 (y -1 + ( (lI+e)2 +e2)/2 )-2 

(4.3) 

The integral is dominated by the region of small e arxl II. We can take 

the integral to exterxl over the full E-II plane. Wrltlng 

r=EX +IIY 

A 

6=Oy (4.4) 

we have 

J ~ f cfr 16 (4.5) 

( r2 + 2(x-1) y ( (rt6)2 + 2(~ 1) Y 
Since we know that J is concentrated near 0 ':;:: 0, we approximate it by 

... 
J ex eS( 02 ) (4.6) 

B 

",. ~ 

and evaluate 

fcfe j = 16 f cfr P+2(X-J))-2 f cfO (r+Ol 2+2(Y- 11,)-2 

_ 4lT2 

- (x- 1) (y- 1 ) (4.7) 

Thus within the present approximation, 

J ~ I. 411' ., 6(02) (4.8) 

Inserting this approximation in Eq. (3.10) we have 

C A2 (4(~'1-MH2/S) ) 
dC1 = 6 d 28 11'3 M 4 (1-~) (1-'1) ~ dr) 

W 

(4.9) 

Using the boundaries irxlicated in Eqs. (2.9) am (2.10)., we determine 

the total cross section 

1 1+(M
H

2/S )_'1 

C1= CA2 J dr) Jd~ (1-~) (1- '1) 6 (~'1-MH2/S) 
210 11'3 M ... w 

MH2/S MH2/STj 

(4.10) 

For the WW-+H process, we have A = gMw arxl C = g4 = (411'a)2/sin40W 
arxl we firxl 

_1_ 
C1 = 16 MW2 [ a ]3 [ (1+MH2/S) log(s/MH2) -2 +2MH2/S 1 

Sin20w 
(4.11) 

which is the result of Chanowltz and Galllard'" and of Dawson.5 The 

9 



latter used the answer to infer the equivalent WW luminosity in pp 

collisions. 

V. Comparison of exact results and the equivalent W-approximation 

In Fig.3 is srown the cross section for H production from collisions 

of a u-quark and a d-quark arising from the WW mechanism (excluding 

contributions from ZZ virtual states) as obtained from Eq. (3.10) by 

numerical integration. The calculations are done with sin2eW = 0.22 

which gives 

III III 

g" Lu = g" Ld = 0.23 

W _ W 0 
g Ru - g Rd= 

gZLu = 0.13; gZLd= -0.16 

Z Z g Ru = -0.05; g Rd = 0.03 

The Chanowltz-Gaillard-Dawson approximation is compared to the 

complete calculation in Fig. 4. Except for 'Is not much bigger than M/-I' 

the approximation is quite good. It appears that as yS-+ CD, the 
approximation is not exact, but has corrections of order MW2/MH2. 

VI. Quark luminosities and the pp-+HX cross section 

To calcUlate the production of Higgs bosons in pp colliSiOns, we need 

the luminosity spectrum for the quark-quark collisions. The ratio 

of the quark-quark center of mass energy Asquared to the overall center of 

mass energy squared is indicated by r = sis. For pp co11lsions we have 

1 

(dl/dr)uu = f(dx/X) u(x) u(r/x) (6.1) 

r 

10 

-z 

1 
(dl/dr)lXl =2 f(dx/X) u(x) d(r/x) 

T 

(6.2) 

and Similarly for the various other combinations of quarks, antiquarks. 

and gl~. Here u(x)dx is theprobabillty that a u-quark in a proton 

carries a fraction, of the proton's momentum between x and x+dx. The 
distributions are also furx:tion of a scale deooted by Q2 and which we 

2 . 
take to be MW .7 

For the parton distributions we have used Set 2 (/\ = 0.29 GeV) of 

Eichten et cil. 8 (EHLQ). The resulting luminosity spectra can be 

parameterized as 

(dl/dr) = (A/rY) exp (-:/J 'I r ) (6.3) 

There- is 00 ~~ial Significance to the form of the parameterization. In 

Table 1 we-give the values of A, p, and Y for pp collisions at 'Is = 40 

TeV. The fits cover 0.001 < yr < 0.2. The luminosities fall by a 

factor of about 106 over this range. The fits are good to a few percent 

around yr =0.01 and to 10 - 20% in the extreme ends of the,range. 
..... ··1 
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Table 1 

Parameterization of the luminosity spectra at 'Is = 40 TeV .• 

See Eqs. (6.1)- (6.3). 

I A I p I y 

uu I 0.323 I 4.57 I 2.57 

dd I 0.103 I 8.99 I 2.69 

LXI I 0.392 I 6.96 I 2.62 

w=td I 0.251 I 12.81 I 2.67 

dU= dd I 0.107 I 14.63 I 2.76 

-us=us I 0.176 I 13.16 I 2.71 

dS=ds I 0.073 I 14.86 I 2.80 

liJ=acl=ld/2 I 0.021 I 20.86 I 2.87 

Using these fits we have calculated the cross section for pp -+ HX 

through the WW w ZZ mechanisms at ys = 20 TeVa~ 40 TeV (lEiing 

the same (d.lldt") at the two energies). The results are srown in Table 

2. We have assumed that the integral with coeffiCient D in Eq. (3.5) is 

equal to that with coefficient C, sira PI·P2 PI/ .P21 is nearly equal to 

Pl·pi Ps'·P2 where the Integra~ is most important. 

Also shown in the Table are the cross sections for proclU::ing the 

Higgs through the gllDn flEiion mechanism. That cross section is 

(J = (Y.2 GF/64) rr (ashr)2 (INI2/9) (r d.lldr)gg (6.4) 

where N Is a complex function of A = Me2/MH2 for A>1/2: 

12 

r 
", 

N = 3 [ 2A + A(4A-1) (A)], 

.. 

f(A) = (112) log2( rt/rf) -rr212 + !rr log (rNrO , 
+ 

r( = (112) ± y. (114) - A (6.5) 

An adequate parameterization of the gg h.uninosit y obtained from the 

EHLQ stru::ture flrCtions is 

0.2 
(d.lldt")gg = (20325/r) exp( -24.80 r) (6.6) 

This fit is accurate to within a few percent. 

In Table 2 are displayed the results of these calculations. Cross 

sections are given both for 'Is = 20 TeV a~ 40 TeV. The contributions 

from the WW, ZZ w gg processes are displayed separately. The 

results are in agreement with earlier calculations.9 Above MH = 300 

GeV. the WW pIlEi ZZ processes dominate the gg. The calculation of 

the gg process assumes a t-quark mass of 40 GeV. 

13 



Table 2 

Cross section for pp -+ HX in pb via WW-+ H , ZZ-+ H and gg-+H. 

For comparison, the values obtained from Eq. (4.11) for the WW-+H 

process are soown in parentheses. 

ys = 

MH' = 0.2 TeV 

WW 
ZZ 

" gg 

MH = 0.3TeV 

WW 
ZZ 

gg 
,r 

MH= 0.5 TeV 

WW 
ZZ 

gg 

MH= 0.7 TeV 

WW 
ZZ 

gg 

MH= 1;0 Tev 

WW 
ZZ 

gg 

.• ~::: 

20 TeV 

2.6 (3.7) 

0.9 

B.B 

1.6 (2.0) 

0.6 

1.9 

0.7 (0.8) 

0.3 

0.2 

0.4 (0.4) 

0.15 

0.03 

0.19 (0.20) 

0.07 

0.005 

14 

40TeV 

6.B (9.2) 

2.5 

22.B 

4.5 (5.5) 

1.7 

5.B 

2.4 (2.6) 

0.9 

O.B 

1.5 (1.6) 

0.6 

0.2 

0.80 (0.83) 

0.31 

0.03 

VI. Summary 

The analytical determination of a furdamental integral in the 

calculation of the WW mechanism for Higgs prodoction has facilitated 

our comparison of the exact result with the approximation of Chaoowltz 

aoo Gaillard, aoo of Dawson. The 5 - 30 % accuracy of the 

approximation is adequate for many applications. Similar results have 

been obtained by Dawson. 9 Using simple parameterizatlons of the 

luminosity spectra of EHLQ, the total Higgs prodocUon cross section is 

fomd to be dominated by the WW and ZZ mechanisms for Higgs masses 

greater than 300 GeV. 
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Appendix A 

We wish to evaluate 

a a 2Tr 1 j 

J(x,y} = - - f da f d cosfJ ----------
ax ay 0 -1 ( cosa sinfJ + x) (cos(a-e) sinfJ +y} 

so we introd~ a Feynman parameter, t: 

a a 1 2Tr 1 

J(x,y} = - - f dt fda f d cosfJ 
ax ay 0 0 -1 

x ( (1-t)x + ty +[ cosa (1-t+t cose) + t sin a sin e] SinfJf2 

Redefini~ the variable a. 

a a 1 2Tr 1 

J (x.y) = - - f dt f da f d cosfJ 
ax ay 0 0 -1 

( 
2 2 112 )-2 

x (1-t)x+ ty + sin fJ cosa [(1-t) + 2(1-t)t cose + t] 

we can do the a integral, 

a a 1 1 
J(x,y) = - - f dt f dcosfJ 2Tr [ (1-t)x + ty] 

ax ay 0 -1· 

( 
2 2 2 2 )-312 

x [(1-t}x+ty] -[(1-t) +2(1-t)t cos9 + t] sin fJ 

16 

(A.1) 

(A.2) 

(A. 3) 

(A. 4) 

~-. e. 

and the cosfJ integral 

4Tr 
a a 1 

J (x,y) = - - f dt 
ax ay 0 ((1-t)x+tyY - ((1-t)2 + 2(1-t) t cose +t2) 

(A.S) 

The t integral is elementary. The result Is 

- ~~ Ltanh-I 'Ill 2 

J(x.y} - 2Tr ax ay yll (x~Yr _ (X?) _ cos9 

where 

II = x2 + y2 - 2xy cose - 1 + cos2e 

Some tedious algebra yields the final result: 

J( } - 4 {3 (1 nh-I 'Ill ~ - cos 9 ) x.y - Tr"p YA ta xy-cose - (x~ 1)(1-1) 

x ( x - y cos e) (y - x cos e) 

cos e nh-I 'Ill 
+ -xnr ta xy - cos9 

+ x
2 + '$ -3(') cos9 + 1 } 6 ( -1) r-1) 

17 
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FIGURE CAPTIONS 

1. The Feynman diagram for Higgs production through virtual W's or 

Z's. 

2. The Dalltz plot for the final state phase space in qlq2-+ q/q/H. The 

variables I) and ~ represent the fractions of center of mass energy 

lost by ql and q2' See Eqs. (2.4), (2.5). (2.9), and (2.10). The plot 

is for Ml/s = 0.2. 

3. The cross section in pb for ud-+ tdH from the WW process as a 

function of ys in TeV for four values of the Higgs mass: MH = 0.3 

TeV (solid), 0.5 TeV (dotted), 0.7 TeV (dashed). 1.0 TeV (dot-dash). 

4. The ratio of the cross section for td -+ udH via the WW process 

calculated from the approximation of Eq. (4.11) to the exact 

calculation, as a function of Ys. The values of the Higgs mass are 

0.3 TeV (solid), 0.5 TeV (dashed), 0.7 TeV (dot-dash), 1.0 TeV 

(dotted). 
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This report was done with support from the 
Department of Energy. Any conclusions or opinions 
expressed in this report represent solely those of the 
author(s) and not necessarily those of The Regents of 
the University of California, the Lawrence Berkeley 
Laboratory or the Department of Energy. 

Reference to a company or product name does 
not imply approval or recommendation of the 
product by the University of California or the U.S. 
Department of Energy to the exclusion of others that 
may be suitable . 
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