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Abstract

Towards Trustworthy Machine Learning: Fairness Under Dynamics and Counterfactuals

by

Ozgur Guldogan

Machine learning systems increasingly make decisions with long-term consequences for in-

dividuals and society. Designing trustworthy machine learning systems therefore requires

going beyond static accuracy and one-shot fairness criteria. Decisions may alter future

populations through feedback, individuals may improve and reapply, uncertainty may

call for set-valued predictions rather than point estimates, and large-scale deployment

may be constrained by the efficiency of modern generative models. This thesis explores

these challenges through contributions spanning fairness under dynamics, counterfactual

fairness under predictive uncertainty, and efficient inference serving for large language

models.

We first study fairness in dynamic decision-making settings such as lending, hiring,

and admissions, where rejected individuals may invest effort to improve and reapply. We

introduce Equal Improvability, a fairness notion requiring that rejected individuals from

different groups have comparable opportunities to become accepted after bounded effort.

We develop optimization-based methods for learning classifiers that satisfy this criterion

and show that they can promote more equitable long-term population dynamics. Next,

we consider sequential selection by multiple decision-makers from a shared applicant

pool. We propose fair-greedy policies that balance utility with long-term representation

targets, characterize convergence under positive reinforcement dynamics, and show that

policy design must account for more complex feedback mechanisms to avoid unintended

negative reinforcement.
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We then address fairness under counterfactual reasoning and predictive uncertainty.

Counterfactually Fair Conformal Prediction constructs prediction sets that are both sta-

tistically valid and counterfactually fair. By aggregating conformity scores across coun-

terfactual interventions on protected attributes, the method produces prediction sets that

remain invariant under counterfactual changes to the protected attribute while preserving

finite-sample marginal coverage guarantees.

Finally, we study computational efficiency in generative machine learning systems.

Multi-Bin Batching is an inference-serving policy for large language models that groups

requests by predicted generation lengths to reduce inefficiency from heterogeneous run-

times. Queueing-theoretic analysis characterizes the throughput benefits of length-aware

batching and shows that the effective service rate approaches the idealized static-batching

capacity as the number of bins increases. Experiments on simulated and real inference

workloads demonstrate substantial throughput improvements over static batching.

Together, these contributions provide fairness notions and algorithms that remain

meaningful under feedback, uncertainty, and counterfactual interventions, while also de-

veloping principled serving mechanisms that support scalable deployment of generative

models.
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Chapter 1

Introduction

Machine learning (ML) has rapidly moved from a collection of predictive tools to a central

component of modern decision-making and computational infrastructure. ML systems

now support decisions in domains such as hiring, lending, healthcare, recommendation,

and scientific discovery, while deep learning has enabled substantial progress across per-

ception and prediction tasks [1]. More recently, transformer architectures [2] and large

language models [3] have expanded the role of ML systems to text generation, code gener-

ation, reasoning, and multimodal interaction. These developments are part of a broader

shift toward foundation models, whose capabilities and risks have motivated renewed

attention to responsible and trustworthy ML systems [4].

However, strong empirical performance alone is not sufficient for many real-world

deployments. In high-stakes settings, ML systems interact with individuals, institutions,

and populations over time. A lending or admissions decision can influence whether an

individual is able or motivated to improve and reapply, while a hiring or admissions

policy can change the composition of future applicant pools. A prediction about an

individual may also be judged not only by whether it is accurate, but by whether it

would remain appropriate under a counterfactual change to a protected attribute. At
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Introduction Chapter 1

the same time, modern generative models introduce another deployment challenge: even

useful and accurate models can be difficult to serve efficiently at scale because inference

is costly and request lengths are highly heterogeneous.

Classical group fairness notions have played an important role in formalizing dispar-

ities across sensitive groups. Demographic parity and related parity-based notions aim

to control differences in selection rates across groups [5, 6], while equal opportunity and

equalized odds focus on disparities in error rates conditioned on the true label [7]. These

notions are useful, but often static. They evaluate a classifier at a single point in time,

without modeling how individuals respond to decisions or how decisions affect future

populations. A classifier may satisfy a parity constraint while still placing rejected in-

dividuals from one group much farther from acceptance than rejected individuals from

another group. Similarly, a policy that appears fair in one round of selection may produce

delayed effects that either improve or worsen outcomes for a group [8]. Such feedback

effects can also change future data distributions and representation over time [9, 10],

motivating fairness notions and algorithms that account for long-term consequences.

Another challenge is to reason about fairness when predictions are uncertain and

protected attributes have causal effects. Counterfactual fairness asks whether a predic-

tion would remain unchanged had an individual’s protected attribute been different in a

causal model [11]. This individual-level viewpoint is especially relevant when protected

attributes may influence predictions through complex causal pathways. However, many

prediction problems require more than a single point estimate because uncertainty may

be intrinsic, data may be limited, or overconfident predictions may be undesirable. Con-

formal prediction addresses uncertainty by producing prediction sets with finite-sample

coverage guarantees under exchangeability [12], and has become a practical framework

for uncertainty quantification in modern ML systems [13]. Combining counterfactual

fairness with conformal prediction therefore raises a natural question: can prediction

2



Introduction Chapter 1

sets be constructed to be both statistically valid and invariant to counterfactual changes

in protected attributes?

Trustworthy deployment also requires efficient and scalable inference. This is particu-

larly important for LLMs, where autoregressive generation is computationally expensive

and output lengths vary substantially across requests. Static batching can waste compu-

tation when short requests are processed together with long ones, while serving systems

such as Orca use iteration-level scheduling to improve utilization [14]. Memory manage-

ment and batching mechanisms such as PagedAttention further illustrate the importance

of system-level design for scalable LLM serving [15]. In this sense, efficient inference

complements the fairness and uncertainty questions above: all three concern how ML

systems behave under the constraints of real deployment.

This dissertation studies trustworthy machine learning through a deployment-aware

lens, focusing on three directions: fairness under dynamics, counterfactual fairness under

predictive uncertainty, and efficient inference serving for large language models.

1.1 Overview of Contributions

This section summarizes the four main contributions of the dissertation in the order

in which they appear.

1.1.1 Equal Improvability for Long-Term Fairness

We begin with dynamic decision-making settings such as lending, hiring, and ad-

missions, where rejected individuals may improve their qualifications and reapply in the

future. In Chapter 2, we introduce Equal Improvability (EI), a group fairness notion de-

signed to capture the future opportunity available to rejected individuals [16]. Standard

fairness notions may equalize immediate outcomes, but they do not necessarily ensure

3



Introduction Chapter 1

that rejected individuals from different groups are similarly positioned to become ac-

cepted after making reasonable effort. EI addresses this gap by requiring that, among

rejected individuals, the probability of becoming accepted after bounded effort is com-

parable across groups.

The motivation behind EI is that rejection is not always the end of a decision-making

process. A rejected individual who is close to the decision boundary may have a realistic

path to acceptance, while one who is far from the boundary may face discouraging or

impractical effort requirements. If these differences are systematically group-dependent,

then a classifier can create unequal future opportunities even when it appears fair accord-

ing to a static criterion. We develop methods for learning EI-regularized classifiers by

incorporating differentiable penalties based on the improvability of rejected samples into

empirical risk minimization. We also analyze the relationship between EI and existing

fairness notions, and show through experiments on synthetic and real datasets that EI can

reduce improvability disparities while maintaining competitive predictive performance.

We further study a dynamic model in which individuals improve over multiple rounds,

demonstrating that EI can reduce long-term unfairness in evolving feature distributions.

This chapter shows that fairness should consider not only who is accepted now, but

also whether rejected individuals have a fair chance to be accepted in the future.

1.1.2 Long-Term Fairness in Sequential Multi-Agent Selection

We next consider sequential selection systems with multiple decision-makers compet-

ing for a shared applicant pool, such as universities selecting students or companies hiring

from the same labor market. In Chapter 3, we study a model in which multiple agents

select applicants over repeated rounds, and the composition of the applicant pool evolves

through positive reinforcement [17]. The motivating hypothesis is that selecting a higher

4
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proportion of applicants from an underrepresented group can increase the future partic-

ipation of that group through mechanisms such as visibility, role models, and improved

expectations.

We propose the Multi-agent Fair-Greedy (MFG) policy, under which agents balance

score maximization with a long-term representation target. Under a pure positive rein-

forcement model, we characterize the optimal actions of agents and prove convergence of

the applicant pool and admission proportions to the desired fairness target, showing that

decentralized agents can collectively promote long-term representation goals under suit-

able dynamics. The chapter also shows that positive feedback is not guaranteed: under a

role-model reinforcement model, uncoordinated decentralized decisions can produce neg-

ative feedback and reduce the representation of the underrepresented group over time.

We show that a centralized version of the MFG policy can restore positive reinforce-

ment, and experiments on synthetic and semi-synthetic datasets illustrate how long-term

outcomes depend on both population dynamics and coordination among decision-makers.

These results show that positive reinforcement can promote long-term fairness, but

only when the feedback model and coordination structure are carefully accounted for.

1.1.3 Counterfactually Fair Conformal Prediction

We then move from dynamic decision-making to prediction under uncertainty, where

a single predicted label or value may not be sufficient. In Chapter 4, we introduce Coun-

terfactually Fair Conformal Prediction (CF-CP), a framework for constructing prediction

sets that are both statistically valid and counterfactually fair [18]. Conformal prediction

provides a distribution-free framework for constructing prediction sets with finite-sample

marginal coverage guarantees, but standard conformal prediction does not ensure that

the resulting sets are counterfactually fair with respect to protected attributes.

5
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CF-CP is motivated by the principle that a prediction set for an individual should

not change under a counterfactual intervention on a protected attribute, when the indi-

vidual’s latent background variables are held fixed. This extends counterfactual fairness

from point predictions to set-valued predictions, where fairness should concern not only

the model’s most likely prediction, but also the full set of plausible outcomes presented by

the system. The proposed approach constructs conformity scores by aggregating model

behavior across counterfactual versions of each calibration point. Calibrating with these

aggregated scores produces prediction sets that are invariant across counterfactual inter-

ventions on the protected attribute while preserving the finite-sample marginal coverage

guarantee of split conformal prediction. The framework is training-free in the sense that

it can be applied on top of a fixed predictive model, together with a structural causal

model used to generate counterfactuals.

This chapter shows that uncertainty quantification and counterfactual fairness can

be integrated directly at the level of prediction sets.

1.1.4 Multi-Bin Batching for LLM Inference

The final contribution addresses the efficiency of generative ML systems, where in-

ference can be expensive and request lengths can vary substantially. In Chapter 5, we

propose Multi-Bin Batching, a length-aware batching policy that groups requests accord-

ing to predicted generation lengths [19]. LLM inference is challenging because generation

proceeds autoregressively: each output token depends on the previously generated tokens.

As a result, serving many requests efficiently requires careful batching and scheduling.

In static batching, requests in the same batch are typically processed together until

the longest generation finishes. This can lead to substantial inefficiency when short and

long requests are mixed in the same batch, since shorter requests may waste computation

6
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while waiting for longer ones. Multi-Bin Batching reduces this inefficiency by partition-

ing requests into bins based on estimated output length and forming batches within

each bin. We analyze this policy using a queueing-theoretic framework that isolates the

impact of output-length heterogeneity, showing that length-aware binning improves the

effective batched service rate and approaches an idealized static-batching capacity as the

number of bins increases. Experiments on simulated and real inference workloads demon-

strate substantial throughput improvements over standard static batching and clarify its

relationship to continuous batching baselines.

This chapter provides a practical mechanism for improving the scalability of LLM

inference through simple length-aware scheduling.

7



Chapter 2

Equal Improvability for Long-Term

Fairness

2.1 Introduction

Over the past decade, machine learning has been used in a wide variety of applications.

However, these machine learning approaches are observed to be unfair to individuals

across different ethnicity, race, and gender. As the implicit bias in artificial intelligence

tools raised concerns over potential discrimination and equity issues, various researchers

suggested defining fairness notions and developing classifiers that achieve fairness. One

popular fairness notion is demographic parity (DP), which requires the decision-making

system to provide output such that the groups are equally likely to be assigned to the

desired prediction classes, e.g., acceptance in the admission procedure. DP and related

fairness notions are widely used to mitigate the bias in many realistic problems such as

recruitment, credit lending, and university admissions [20, 7, 5, 21].

However, most of the existing fairness notions only focus on immediate fairness, with-

out taking potential follow-up inequity risk into consideration. In Figure 2.1, we provide

8
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3

Decision Boundary of Classifier  f

{x : f(x) ≥ 0.5}

Hard to Cross  
the Boundary

Δx Group 0
Group 1

Figure 2.1: Toy example showing the insufficiency of fairness notion that does not
consider improvability. We consider the binary classification (accept/reject) on 12
samples (dots), where x is the feature of the sample and the color of the dot represents
the group. The given classifier f is fair in terms of a popular notion called demographic
parity (DP), but does not satisfy equal improvability of rejected samples (f(x) < 0.5)
in two groups; the rejected samples in group 1 need more effort ∆x to be accepted,
i.e., f(x+∆x) ≥ 0.5, compared with the rejected samples in group 0.

an example scenario when using DP fairness has a long-term fairness issue, in a simple

loan approval problem setting. Consider two groups (group 0 and group 1) with different

distributions, where each individual has one label (approve the loan or not) and two fea-

tures (credit score, income) that can be improved over time. Suppose each group consists

of two clusters (with three samples each), and the distance between the clusters is differ-

ent for two groups. Figure 2.1 visualizes the distributions of two groups and the decision

boundary of a classifier f which achieves DP among the groups. We observe that the

rejected samples (left-hand-side of the decision boundary) in group 1 are located further

away from the decision boundary than the rejected samples in group 0. As a result, the

rejected applicants in group 1 need to make more effort to cross the decision boundary

and get approval. This improvability gap between the two groups can make the rejected

applicants in group 1 less motivated to improve their features, which may increase the

gap between different groups in the future.

This motivated the advent of fairness notions that consider dynamic scenarios when

each rejected sample makes effort to improve its feature, and measure the group fairness

9
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after such effort is made [22, 23, 24]. However, as shown in Table 2.1, they have various

limitations e.g., vulnerable to imbalanced group negative rates or outliers.

In this chapter, we introduce another fairness notion designed for dynamic scenarios,

dubbed as Equal Improvability (EI), which does not suffer from these limitations. Let

x be the feature of a sample and f be a score-based classifier, e.g., predicting a sample

as accepted if f(x) ≥ 0.5 holds and as rejected otherwise. We assume each rejected

individual wants to get accepted in the future, thus improving its feature within a certain

effort budget towards the direction that maximizes its score f(x). Under this setting, we

define EI fairness as the equity of the potential acceptance rate of the different rejected

groups, once each individual makes the best effort within the predefined budget. This

prevents the risk of exacerbating the gap between different groups in the long run.

The main contributions are summarized below. This chapter is based in part on our

published work [16].

• We propose a new group fairness notion called Equal Improvability (EI), which aims

to equalize the probability of rejected samples being qualified after a certain amount

of feature improvement, for different groups. EI encourages rejected individuals in

different groups to have an equal amount of motivation to improve their feature to

get accepted in the future. We analyze the properties of EI and the connections of

EI with other existing fairness notions.

• We provide three methods to find a classifier that is fair in terms of EI, each of which

uses a unique way of measuring the inequity in the improvability. Each method is

solving a min-max problem where the inner maximization problem is finding the

best effort to measure the EI unfairness, and the outer minimization problem is

finding the classifier that has the smallest fairness-regularized loss. Experiments

on synthetic/real datasets demonstrate that our algorithms find classifiers having

10
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low EI unfairness.

• We run experiments on dynamic scenarios where the data and the classifier evolve

over multiple rounds, and show that training a classifier with EI constraints is

beneficial for making the feature distributions of different groups identical in the

long run.

2.2 Equal Improvability

Before defining our new fairness notion called Equal Improvability (EI), we first intro-

duce necessary notations. For an integer n, let [n] = { 0, . . . , n− 1 }. We consider a binary

classification setting where each data sample has an input feature vector x ∈ X ⊆ Rd

and a label y ∈ Y = { 0, 1 }. In particular, we have a sensitive attribute z ∈ Z = [Z],

where Z is the number of sensitive groups. As suggested in [25], we sort d features x ∈ Rd

into three categories: improvable features xI ∈ RdI , manipulable features xM ∈ RdM , and

immutable features xIM ∈ RdIM , where dI + dM + dIM = d holds. Here, improvable fea-

tures xI refer to the features that can be improved and can directly affect the outcome,

e.g., salary in the credit lending problem, and GPA in the school’s admission problem.

In contrast, manipulable features xM can be altered, but are not directly related to the

outcome, e.g., marital status in the admission problem, and communication type in the

credit lending problem. Although individuals may manipulate these manipulable features

to get the desired outcome, we do not consider it as a way to make efforts as it does not

affect the individual’s true qualification status. Immutable features xIM are features that

cannot be altered, such as race, age, or date of birth. Note that if sensitive attribute

z is included in the feature vector, then it belongs to immutable features. For ease of

notation, we write x = (xI,xM,xIM). Let F = { f : X → [0, 1] } be the set of classifiers,

where each classifier is parameterized by w, i.e., f = fw. Given f ∈ F , we consider the

11
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following deterministic prediction: ŷ | x = 1{f(x) ≥ 0.5} where 1{A} = 1 if condition

A holds, and 1{A} = 0 otherwise. We now introduce our new fairness notion.

Definition 2.1 (Equal Improvability) Define a norm µ : RdI → [0,∞). For a given

constant δ > 0, a classifier f is said to achieve equal improvability with δ-effort if

P
(

max
µ(∆xI)≤δ

f(x+∆x) ≥ 0.5 | f(x) < 0.5, z = z

)
= P

(
max

µ(∆xI)≤δ
f(x+∆x) ≥ 0.5 | f(x) < 0.5

)
(2.1)

holds for all z ∈ Z, where ∆xI is the effort for improvable features and ∆x = (∆xI,0,0).

Note that the condition f(x) < 0.5 represents that an individual is unqualified, and

f(x + ∆x) ≥ 0.5 implies that the effort ∆x allows the individual to become qualified.

The above definition of fairness in equal improvability requires that unqualified individuals

from different groups z ∈ [Z] are equally likely to become qualified if appropriate effort

is made. Note that µ can be defined on a case-by-case basis. For example, we can

use ∥xI∥ =
√
xI
⊤CxI, where C ∈ RdI×dI is a cost matrix that is diagonal and positive

definite. Here, the diagonal terms of C characterize how difficult to improve each feature.

For instance, consider the graduate school admission problem where xI contains features

“number of publications” and “GPA”. Since publishing more papers is harder than raising

the GPA, the corresponding diagonal term for the number of publications feature in C

should be greater than that for the GPA feature. The constant δ in Definition 2.1 can be

selected depending on the classification task and the features. Appendix A.2.1 contains

the interpretation of each term in Definition 2.1. We introduce an equivalent definition

of EI fairness below.

Proposition 2.2 The EI fairness notion defined in Definition 2.1 has an equivalent

12
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7

Classifier  achieving EIfEI

δ
Group 0
Group 1

(a) Original definition (b) Alternative definition

fEI

fEI ≥ 0.5

{x : fEI(x) < 0.5, max
μ(ΔxI)≤δ

f(x + Δx) ≥ 0.5}
{x : fEI(x) < 0.5, max

μ(ΔxI)≤δ
f(x + Δx) < 0.5}

δ

fEI < 0.5

Figure 2.2: Visualization of EI fairness. For binary classification on 12 samples
(dots) in two groups (red/blue), we visualize the fairness notion defined in this chap-
ter: (a) shows the original definition in Definition 2.1, and (b) shows an equivalent
definition in Prop. 2.2. Here we assume two-dimensional features (both are improv-
able) and L∞ norm for µ(x) = ∥x∥∞. The classifier fEI achieves equal improvability
(EI) since the same portion (1 out of 3) of unqualified samples in each group can be
improved to qualified samples.

format: a classifier f achieves equal improvability with δ-effort if and only if

P(x ∈ X imp
− | x ∈ X−, z = z) = P(x ∈ X imp

− | x ∈ X−) (2.2)

holds for all z ∈ Z where X− = {x : f(x) < 0.5} is the set of features x for unqualified

samples, and X imp
− = {x : f(x) < 0.5,maxµ(∆xI)≤δ f(x + ∆x) ≥ 0.5} is the set of

features x for unqualified samples that can be improved to qualified samples by adding ∆x

satisfying µ(∆xI) ≤ δ.

The proof of this proposition is trivial from the definition of X− and X imp
− . Note that

P(x ∈ X imp
− | x ∈ X−) in the above equation indicates the probability that unqualified

samples can be improved to qualified samples by changing the features within budget

δ. This is how we define the “improvability” of unqualified samples, and the EI fairness

notion is equalizing this improvability for all groups.

Visualization of EI. Figure 2.2 shows the geometric interpretation of EI fairness

notion in Definition 2.1 and Prop. 2.2, for a simple two-dimensional dataset having 12
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samples in two groups z ∈ {red, blue}. Consider a linear classifier fEI shown in the figure,

where the samples at the right-hand-side of the decision boundary is classified as qualified

samples (fEI(x) ≥ 0.5). In Figure 2.2a, we have L∞ ball at each unqualified sample,

representing that these samples have a chance to improve their feature in a way that

the improved feature x+∆x allows the sample to be classified as qualified, i.e., fEI(x+

∆x) ≥ 0.5. One can confirm that P
(
maxµ(∆xI)≤δ f(x+∆x) ≥ 0.5 | f(x) < 0.5, z = z

)
=

1
3
holds for each group z ∈ {red, blue}, thus satisfying equal improvability according to

Definition 2.1. In Figure 2.2b, we check this in an alternative way by using the EI fairness

definition in Prop. 2.2. Here, instead of making a set of improved features at each sample,

we partition the feature domain X into three parts: (i) the features for qualified samples

X+ = {x : fEI(x) ≥ 0.5}, (ii) the features for unqualified samples that can be improved

X imp
− = {x : fEI(x) < 0.5,maxµ(∆xI)≤δ f(x + ∆x) ≥ 0.5}, and (iii) the features for

unqualified samples that cannot be improved {x : fEI(x) < 0.5,maxµ(∆xI)≤δ f(x+∆x) <

0.5}. In the figure, (ii) is represented as the green region and (iii) is shown as the yellow

region. From Prop. 2.2, EI fairness means that # samples in (ii)
# samples in (ii) + # samples in (iii)

is identical

at each group z ∈ {red, blue}, which is true for the example in Figure 2.2b.

Comparison of EI with other fairness notions. The suggested fairness notion equal

improvability (EI) is in stark difference with existing popular fairness notions that do not

consider dynamics, i.e., demographic parity (DP), equal opportunity (EO) [7], and equal-

ized odds (EOD) [7], which can be “myopic” and focuses only on achieving classification

fairness in the current status. Our notion instead, aims at achieving classification fairness

in the long run when each sample improves its feature over time.

On the other hand, EI also has differences with existing fairness notions that capture

the dynamics of samples [23, 26, 22, 24]. Table 2.1 compares our fairness notion with

the related existing notions. In particular, Bounded Effort (BE) fairness proposed by
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[23] equalizes “the available reward after each individual making a bounded effort” for

different groups, which is very similar to EI when we set a proper reward function (see

Appendix A.2.2). To be more specific, the BE fairness can be represented as in Table 2.1.

Comparing this BE expression with EI in Definition 2.1, one can confirm the difference:

the inequality f(x) < 0.5 is located at the conditional part for EI, which is not true for BE.

EI and BE are identical if the negative prediction rates are equal across the groups, but

in general, they are different. The condition f(x) < 0.5 here is very important since only

looking into the unqualified members makes more sense when we consider improvability.

More importantly, the BE definition is based on reward functions and we are presenting

BE in a form that is closest to our EI fairness expression. Besides, Equal Recourse (ER)

fairness proposed by [22] suggests equalizing the average effort of different groups without

limiting the amount of effort that each sample can make. Note that ER is vulnerable

to outliers. For example, when we have an unqualified outlier sample that is located far

away from the decision boundary, ER disparity will be dominated by this outlier and fail

to reflect the overall unfairness. Prior work [24] suggested Individual-Level Fair Causal

Recourse (ILFCR), a fairness notion that considers a more general setting that allows

causal influence between the features. This notion aims to equalize the cost of recourse

required for a rejected individual to obtain an improved outcome if the individual is

from a different group. Individual-level equal recourse shares a similar spirit with EI

since both aim to equalize the potential to improve the decision outcome for the rejected

samples. However, introducing individual-level fairness with respect to different groups

inherently requires counterfactual fairness, which has its own limitation, as described

in [27], and it is also vulnerable to outliers. Another causal-based fairness notion was

proposed in [26] to equalize the minimum level of effort such that the expected prediction

score of the groups is equal to each other. Note that, their definition is specific to causal

settings and it considers the whole sensitive groups instead of the rejected samples of the
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Name of fairness Definition
Consider
efforts?

Limitations

Equal Improvability P
(

max
µ(∆xI)≤δ

f(x+∆x)≥ 0.5 | f(x)< 0.5, z = z

)
=P

(
max

µ(∆xI)≤δ
f(x+∆x)≥ 0.5 | f(x)< 0.5

)
Yes -

Demographic Parity P (f(x) ≥ 0.5 | z = z) = P (f(x) ≥ 0.5) No -
Equal Opportunity [7] P (f(x) ≥ 0.5 | y = 1, z = z) = P (f(x) ≥ 0.5 | y = 1) No -
Equalized Odds [7] P (f(x) ≥ 0.5 | y = y, z = z) = P (f(x) ≥ 0.5 | y = y) No -

Bounded Effort[23] P
(

max
µ(∆xI)≤δ

f(x+∆x) ≥ 0.5, f(x) < 0.5 | z = z

)
= P

(
max

µ(∆xI)≤δ
f(x+∆x) ≥ 0.5, f(x) < 0.5

)
Yes Cannot han-

dle imbalanced
group negative
rates (Ap-
pendix A.3.4)

Equal Recourse[22] E
[

min
f(x+∆x)≥0.5

µ(∆x) | f(x) < 0.5, z = z

]
= E

[
min

f(x+∆x)≥0.5
µ(∆x) | f(x) < 0.5

]
Yes Vulnerable to

outliers (Ap-
pendix A.2.3
and A.3.4)

Individual-Level Fair
Causal Recourse [24]

min
f(x′)≥0.5

µ(x′ − x(z,u)) = min
f(x′)≥0.5

µ(x′ − x(z′,u)) for all latent variable u, all groups z, z′ Yes Limitations of
counterfactual
fairness

Table 2.1: Comparison of our EI fairness with existing fairness notions.

sensitive groups. In addition to fairness notions, we also discuss other related works such

as fairness-aware algorithms in Section 2.5.

Compatibility of EI with other fairness notions. Here we prove the compatibility

of three fairness notions (EI, DP, and BE), under two mild assumptions. Assumption 2.3

ensures that EI is well-defined, while Assumption 2.4 implies that the norm µ and the

effort budget δ are chosen such that we have nonzero probability that unqualified indi-

viduals can become qualified after making efforts.

Assumption 2.3 For any classifier f , the probability of unqualified samples for each

demographic group is not equal to 0, i.e., P (f(x) < 0.5, z = z) ̸= 0 for all z ∈ Z.

Assumption 2.4 For any classifier f , the probability of being qualified after the effort for

unqualified samples is not equal to 0, i.e., P
(
maxµ(∆xI)≤δ f(x+∆x) ≥ 0.5, f(x) < 0.5

)
̸=

0.

Under these assumptions, the following theorem reveals the relationship between DP, EI

and BE.
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Theorem 2.5 If a classifier f achieves two of the following three fairness notions, DP,

EI, and BE; then it has to achieve the remaining fairness notion as well.

The proof of the Theorem 2.5 is provided in Appendix A.1.1. This theorem immediately

implies the following corollary, which provides a condition such that EI and BE conflict

with each other.

Corollary 2.6 The above theorem says that if a classifier f achieves EI and BE, it has

to achieve DP. Thus, by contraposition, if f does not achieve DP, then it cannot achieve

EI and BE simultaneously.

Besides, we also investigate the connections between EI and ER in Appendix A.1.2.

2.3 Achieving Equal Improvability

In this section, we discuss methods for finding a classifier that achieves EI fairness.

Following existing in-processing techniques [6, 28, 21, 29], we focus on finding a fair

classifier by solving a fairness-regularized optimization problem. To be specific, we first

derive a differentiable penalty term Uδ that approximates the unfairness with respect to

EI, and then solve a regularized empirical minimization problem having the unfairness

as the regularization term. This optimization problem can be represented as

min
f∈F

{
(1− λ)
N

N∑
i=1

ℓ(yi, f(xi)) + λUδ

}
, (2.3)

where { (xi, yi) }Ni=1 is the given dataset, ℓ : { 0, 1 } × [0, 1] → R is the loss function, F

is the set of classifiers we are searching over, and λ ∈ [0, 1) is a hyperparameter that

balances fairness and prediction loss. Here we consider three different ways of defining

the penalty term Uδ, which are (a) covariance-based, (b) kernel density estimator (KDE)-
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based, and (c) loss-based methods. We first introduce how we define Uδ in each method,

and then discuss how we solve (2.3).

Covariance-based EI penalty. Our first method is inspired by [6], which measures

the unfairness of a score-based classifier f by the covariance of the sensitive attribute

z and the score f(x), when the demographic parity (DP) fairness condition (P(f(x) >

0.5|z = z) = P(f(x) > 0.5) holds for all z) is considered. The intuition behind this idea of

measuring the covariance is that a perfect fair DP classifier should have zero correlation

between z and f(x). By applying similar approach to our fairness notion in Definition 2.1,

the EI unfairness is measured by the covariance between the sensitive attribute z and

the maximally improved score of rejected samples within the effort budget. In other

words, (Cov(z,max∥∆xI∥≤δ f(x + ∆x) | f(x) < 0.5))2 represents the EI unfairness of a

classifier f where we took the square to penalize negative correlation case as well. Let

I− = { i : f(xi) < 0.5 } be the set of indices of unqualified samples, and z̄ =
∑

i∈I− zi/|I−|.

Then, EI unfairness can be approximated by the square of the empirical covariance, i.e.,

Uδ ≜

 1

|I−|
∑
i∈I−

(zi − z̄)

 max
∥∆xIi∥≤δ

f(xi +∆xi)−
∑
j∈I−

max
∥∆xIj∥≤δ

f(xj +∆xj)/|I−|

2

.

(2.4)

Since
∑

i∈I−(zi − z̄)
(∑

j∈I− max∥∆xIj∥≤δ f(xj +∆xj)/|I−|
)
= 0 from

∑
i∈I−(zi − z̄) = 0,

we have

Uδ =

 1

|I−|
∑
i∈I−

(zi − z̄) max
∥∆xIi∥≤δ

f(xi +∆xi)

2

.

KDE-based EI penalty. The second method is inspired by [29], which suggests to

first approximate the probability density function of the score f(x) via kernel density

estimator (KDE) and then put the estimated density formula into the probability term
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in the unfairness penalty. Recall that given m samples y1, . . . , ym, the true density gy on

y is estimated by KDE as ĝy(ŷ) ≜ 1
mh

∑m
i=1 gk

(
ŷ−yi
h

)
, where gk is a kernel function and

h is a smoothing parameter.

Here we apply this KDE-based method for estimating the EI penalty term in Def-

inition 2.1. Let ymax
i = max∥∆xIi∥≤δ f(xi + ∆xi) be the maximum score achievable by

improving feature xi within budget δ, and I−,z = { i : f(xi) < 0.5, zi = z } be the set of

indices of unqualified samples of group z. Then, the density of ymax
i for the unqualified

samples in group z can be approximated as1

ĝymax|f(x)<0.5,z(ŷ
max) ≜

1

|I−,z|h
∑
i∈I−,z

gk

(
ŷmax − ymax

i

h

)
. (2.5)

Then, the estimate on the left-hand-side (LHS) probability term in Definition 2.1 is

represented as

P̂
(

max
µ(∆xI)≤δ

f(x+∆x) ≥ 0.5 | f(x) < 0.5, z = z

)
=

∫ ∞
0.5

ĝymax|f(x)<0.5,z(ŷ
max)dŷmax

=
1

|I−,z|h
∑
i∈I−,z

Gk

(
0.5− ymax

i

h

)

where Gk(τ) ≜
∫∞
τ
gk(y)dy. Similarly, we can estimate the right-hand-side (RHS) proba-

bility term in Definition 2.1, and the EI-penalty Uδ is computed as the summation of the

absolute difference of the two probability values (LHS and RHS) among all groups z.

Loss-based EI penalty. Another common way of approximating the fairness violation

as a differentiable term is to compute the absolute difference of group-specific losses [31,

32]. Following the spirit of EI notion in Definition 2.1, we define EI loss of group z as

L̃z ≜ 1
|I−,z |

∑
i∈I−,z

ℓ
(
1,max∥∆xIi∥≤δ f(xi +∆xi)

)
. Here, L̃z measures how far the rejected

1This term is differentiable with respect to model parameters, since gk is differentiable w.r.t ymax
i ,

and ymax
i = max∥∆xIi∥≤δ f(xi +∆xi) is differentiable w.r.t. model parameters from [30].
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samples in group z are away from being accepted after the feature improvement within

budget δ. Similarly, EI loss for all groups is written as L̃ ≜
∑

z∈Z
I−,z

I−
L̃z. Finally, the EI

penalty term is defined as Uδ ≜
∑

z∈Z

∣∣∣L̃z − L̃
∣∣∣.

Solving (2.3). For each approach defined above (covariance-based, KDE-based and

loss-based), the penalty term Uδ is defined uniquely. Note that in all cases, we need to

solve a maximization problem max∥∆xI∥≤δ f(x + ∆x) in order to get Uδ. Since (2.3) is

a minimization problem containing Uδ in the cost function, it is essentially a minimax

problem. We leverage adversarial training techniques to solve (2.3). The inner maxi-

mization problem is solved using one of two methods: (i) derive the closed-form solution

for generalized linear models, (ii) use projected gradient descent for general settings. The

details can be found in Appendix A.2.4.

2.4 Experiments

This section presents the empirical results of our EI fairness notion. To measure the

fairness violation, we use EI disparity= maxz∈[Z] |P(maxµ(∆xI)<δ f(x+∆x) ≥ 0.5 | f(x) <

0.5, z = z)−P(maxµ(∆xI)<δ f(x+∆x) ≥ 0.5 | f(x) < 0.5)|. First, in Section 2.4.1, we show

that our methods suggested in Section 2.3 achieve EI fairness in various real/synthetic

datasets. Second, in Section 2.4.2, focusing on the dynamic scenario where each individ-

ual can make effort to improve its outcome, we demonstrate that training an EI classifier

at each time step promotes achieving the long-term fairness, i.e., the feature distribution

of two groups become identical in the long run. In Appendix A.3.4, we include additional

experimental results comparing the robustness of EI and related notions including ER

and BE. Specifically, we compare (i) the outlier-robustness of EI and ER, and (ii) the

robustness of EI and BE to imbalanced group negative rates.
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2.4.1 Suggested methods achieve EI fairness

Recall that Section 2.3 provided three approaches for achieving EI fairness. Here

we check whether such methods successfully find a classifier with a small EI disparity,

compared with ERM which does not have fairness constraints. We train all algorithms

using logistic regression (LR) in this experiment. Due to the page limit, we defer the

presentation of results for (1) a two-layer ReLU neural network with four hidden neurons

and (2) a five-layer ReLU network with 200 hidden neurons per layer to Appendix A.3.3,

and provide more details of hyperparameter selection in Appendix A.3.2.

Experiment setting. For all experiments, we use the Adam optimizer and cross-

entropy loss. We perform cross-validation on the training set to find the best hyper-

parameter. We provide statistics for five trials having different random seeds. For the

KDE-based approach, we use the Gaussian kernel.

Datasets. We perform the experiments on one synthetic dataset, and two real datasets:

German Statlog Credit [33], and ACSIncome-CA [34]. The synthetic dataset has two non-

sensitive attributes x = (x1, x2), one binary sensitive attribute z, and a binary label y.

Both features x1 and x2 are assumed to be improvable. We generate 20,000 samples

where (x, y, z) pair of each sample is generated independently as below. We define z and

(y|z = z) as Bernoulli random variables for all z ∈ {0, 1}, and define (x|y = y, z = z) as

multivariate Gaussian random variables for all y, z ∈ {0, 1}. The numerical details are

in Appendix A.3.1 The maximum effort δ for this dataset is set to 0.5. The ratio of the

training versus test data is 4:1.

German Statlog Credit dataset contains 1,000 samples and the ratio of the training

versus test data is 4:1. The task is to predict the credit risk of an individual given its finan-

cial status. Following [35], we divide the samples into two groups using the age of thirty
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Methods

Dataset Metric ERM Covariance-based KDE-based Loss-based

Synthetic
Error Rate (↓)
EI Disp. (↓)

.221± .001

.117± .007
.253± .003
.003± .001

.250± .001

.005± .003
.246± .001
.002± .001

German Stat.
Error Rate (↓)
EI Disp. (↓)

.220± .009

.041± .008
.262± .009
.021± .019

.243± .024

.035± .026
.237± .008
.015± .009

ACSIncome-CA
Error Rate (↓)
EI Disp. (↓)

.184± .000

.031± .001
.200± .000
.008± .001

.196± .000
.005± .001

.193± .000

.006± .001

Table 2.2: Error rate and EI disparities of ERM and three proposed EI-regularized
methods on logistic regression (LR). For each dataset, the lowest EI disparity (disp.)
value is in boldface. Classifiers obtained by our three methods have much smaller EI
disparity values than the ERM solution, without having much additional error.

as the boundary, i.e., z = 1 for samples with age above thirty. Four features x are con-

sidered as improvable: checking account, saving account, housing and occupation,

all of which are ordered categorical features. For example, the occupation feature has

four levels: (1) unemployed, (2) unskilled, (3) skilled, and (4) highly qualified. We set

the maximum effort δ = 1, meaning that an unskilled man (with level 2) can become a

skilled man, but cannot be a highly qualified man.

ACSIncome-CA dataset consists of data for 195,665 people and is split into train-

ing/test sets in the ratio of 4:1. The task is predicting whether a person’s income would

exceed 50K USD per year. We use sex as the sensitive attribute; we have two sensitive

groups, male and female. We select education level (ordered categorical feature) as the

improvable feature. We set the maximum effort δ = 3.

Results. Table 2.2 shows the test error rate and test EI disparity (disp.) for ERM

and our three EI-regularized methods (covariance-based, KDE-based, and loss-based)

suggested in Section 2.3. For all three datasets, our EI-regularized methods successfully

reduce the EI disparity without increasing the error rate too much, compared with ERM.
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Figure 2.3: Tradeoff between EI disparity and error rate. We run three EI-regular-
ized methods suggested in Section 2.3 for different regularizer coefficient λ and plot
the frontier lines. For the synthetic dataset, the tradeoff curve for the ideal classifier
is located at the bottom left corner, which is similar to the curves of proposed EI-reg-
ularized methods. This shows that our methods successfully find classifiers balancing
EI disparity and error rate.

Figure 2.3 shows the tradeoff between the error rate and EI disparity of our EI-regularized

methods. We marked the dots after running each method multiple times with different

penalty coefficients λ, and plotted the frontier line. For the synthetic dataset with the

Gaussian feature, we numerically obtained the performance of the optimal EI classifier,

which is added in the yellow line at the bottom left corner of the first column plot. The

details of finding the optimal EI classifier is in Appendix A.2.5. One can confirm that our

EI-regularized methods have similar tradeoff curves for the synthetic dataset. Especially,

for the synthetic dataset, the tradeoff curve of our methods nearly achieves that of the

optimal EI classifier. For German and ACSIncome-CA datasets, the loss-based method

is having a slightly better tradeoff curve than other methods.

2.4.2 EI promotes long-term fairness in dynamic scenarios

Here we provide simulation results on the dynamic setting, showing that EI classifier

encourages the long-term fairness, i.e., equalizes the feature distribution of different
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groups in the long run 2.

Dynamic system description

We consider a binary classification problem under the dynamic scenario with T

rounds, where the improvable feature xt ∈ R and the label yt ∈ {0, 1} of each sample as

well as the classifier ft evolve at each round t ∈ {0, · · · , T − 1}. We denote the sensitive

attribute as z ∈ {0, 1}, and the estimated label as ŷt. We assume z ∼ Bern(0.5) and

(xt | z = z) ∼ P(z)
t = N (µ

(z)
t , {σ(z)

t }2). To mimic the admission problem, we only accept a

fraction α ∈ (0, 1) of the population, i.e., the true label is modeled as yt = 1{xt ≥ χ
(t)
α },

where χ
(t)
α is the (1 − α) percentile of the feature distribution at round t. We consider

z-aware linear classifier outputting ŷt = 1{xt ≥ τ
(z)
t }, which is parameterized by the

thresholds (τ
(0)
t , τ

(1)
t ) for two groups. Note that this classification rule is equivalent to

defining score function ft(x, z) = 1/(exp(τ
(z)
t − x) + 1) and ŷt = 1{f(xt, z) ≥ 0.5}.

Updating data parameters (µ
(z)
t , σ

(z)
t ). At each round t, we allow each sample to im-

prove its feature from x to x+ϵ(x). Here we model ϵ(x) = ν(x; z) = 1

(τ
(z)
t −x+β)2

1{x < τ
(z)
t }

for a constant β > 0. In this model, the rejected samples with larger gap (τ
(z)
t − x) with

the decision boundary are making less effort ∆x, which is inspired by the intuition that

a rejected sample is less motivated to improve its feature if it needs to take a large

amount of effort to get accepted in a single step. More detailed justification of the ϵ(·)

selection is provided in Appendix A.3.5. After such effort is made, we compute the

mean and standard deviation of each group: µ
(z)
t+1 =

∫∞
−∞(x + ν(x; z))ϕ(x;µ

(z)
t , σ

(z)
t )dx

and σ
(z)
t+1 =

√∫∞
−∞(x+ ν(x; z)− µ(z)

t+1)
2ϕ(x;µ

(z)
t , σ

(z)
t )dx, where ϕ(·;µ, σ) is the pdf of

2Appendix A.4 provides analysis on the effect of fairness notions on the long-term fairness when a
single step of feature improvement is applied, for toy examples. Our results show that EI better equalizes
the feature distribution (compared with other fairness notions), which coincides with our empirical results
in Section 2.4.2.
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N (µ, σ2). We assume that the feature xt+1 in the next round follows a Gaussian distri-

bution parameterized by (µ
(z)
t+1, σ

(z)
t+1) for ease of simulation.

Updating classifier parameters (τ
(0)
t , τ

(1)
t ). At each round t, we update the classifier

depending on the current feature distribution xt. The EI classifier considered in this work

updates (τ
(0)
t , τ

(1)
t ) as below. Note that the maximized score max∥∆xI∥≤δ f(x + ∆x) in

Definition 2.1 can be written as ft(xt+δt, z), and the equation max∥∆xI∥≤δ f(x+∆x) ≥ 0.5

is equivalent to xt + δt > τ
(z)
t . Consequently, EI classifier obtains (τ

(0)
t , τ

(1)
t ) by solving

min
τ
(0)
t ,τ

(1)
t

∣∣∣P(xt + δt > τ
(0)
t | z = 0, xt < τ

(0)
t )− P(xt + δt > τ

(1)
t | z = 1, xt < τ

(1)
t )
∣∣∣

s.t. P(ŷt ̸= yt) ≤ c.

(2.6)

where c ∈ [0, 1) is the maximum classification error rate we allow, and δt is the effort level

at iteration t. In our experiments, δt is chosen as the mean efforts the population makes,

i.e., δt = 0.5
∑1

z=0

∫∞
−∞ ν(x; z)ϕ(x;µ

(z)
t , σ

(z)
t )dx. Meanwhile, we can similarly obtain the

classifier for DP, BE, ER, and ILFCR constraints, details of which are in Appendix A.3.6.

In the experiments, we numerically obtain the solution of this optimization problem.

Experiments on long-term fairness

We first initialize the feature distribution in a way that both sensitive groups have

either different mean (i.e., µ
(0)
0 ̸= µ

(1)
0 ) or different variance (i.e., σ

(0)
0 ̸= σ

(1)
0 ). At each

round t ∈ {1, · · · , T}, we update the data parameter (µ
(z)
t , σ

(z)
t ) for group z ∈ {0, 1} and

the classifier parameter (τ
(0)
t , τ

(1)
t ), following the rule described in Section 2.4.2. At each

round t ∈ {1, · · · , T}, we measure the long-term unfairness defined as the total variation
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Figure 2.4: Long-term unfairness dTV(P(0)
t ,P(1)

t ) at each round t for various algo-
rithms. Consider the binary classification problem over two groups, under the dynamic
scenario where the data distribution and the classifier for each group evolve over mul-
tiple rounds. We plot how the long-term unfairness (measured by the total variation
distance between two groups) changes as round t increases. Here, each column shows
the result for different initial feature distributions, details of which are given in Sec-
tion 2.4.2. The long-term unfairness of EI classifier reduces faster than other existing
fairness notions, showing that EI proposed in this chapter is helpful for achieving
long-term fairness.

distance between the two group distributions:

dTV(P(0),P(1)) =
1

2

∫ ∞
−∞

∣∣∣ϕ(x;µ(0)
t , σ

(0)
t )− ϕ(x;µ(1)

t , σ
(1)
t )
∣∣∣ dx. (2.7)

We run experiments on four different initial feature distributions:

(i) (µ
(0)
0 , σ

(0)
0 , µ

(1)
0 , σ

(1)
0 ) = (0, 1, 1, 0.5), (ii) (µ

(0)
0 , σ

(0)
0 , µ

(1)
0 , σ

(1)
0 ) = (0, 0.5, 1, 1),

(iii) (µ
(0)
0 , σ

(0)
0 , µ

(1)
0 , σ

(1)
0 ) = (0, 2, 0, 1), (iv) (µ

(0)
0 , σ

(0)
0 , µ

(1)
0 , σ

(1)
0 ) = (0, 0.5, 1, 0.5).

We set α = 0.2, c = 0.1, and β = 0.25.

Baselines. We compare our EI classifier with multiple baselines, including the empirical

risk minimization (ERM) and algorithms with fairness constraints: demographic parity

(DP), bounded effort (BE) [23], equal recourse (ER) [22], and individual-level fair causal

recourse (ILFCR) [24]. In particular, we assume a causal model for solving the ILFCR

classifier for this specific data distribution, which is described in detail in Appendix A.3.6.

26



Equal Improvability for Long-Term Fairness Chapter 2

0.0

0.5

(i
)

dTV = 0.55

Initial distribution

0.0
0.1

dTV = 0.31

ERM

dTV = 0.20

DP

dTV = 0.20

BE

dTV = 0.22

ER

dTV = 0.29

ILFCR

dTV = 0.20

EI

Group 0

Group 1

0.0

0.5

(i
i)

dTV = 0.55

0.0
0.1

dTV = 0.27 dTV = 0.15 dTV = 0.16 dTV = 0.13 dTV = 0.52 dTV = 0.09

0.0

0.5

(i
ii)

dTV = 0.68

0.0
0.1

dTV = 0.38 dTV = 0.24 dTV = 0.28 dTV = 0.11 dTV = 0.30 dTV = 0.11

0 20
0.00

0.25

(i
v)

dTV = 0.32

0 20
0.0
0.1

dTV = 0.06

0 20

dTV = 0.06

0 20

dTV = 0.05

0 20

dTV = 0.07

0 20

dTV = 0.39

0 20

dTV = 0.04

x

D
en

si
ty

Figure 2.5: Evolution of the feature distribution, when we apply each algorithm for
t = 3 rounds. At each row, the leftmost column shows the initial distribution and
the rest of the columns show the evolved distribution for each algorithm, under the
dynamic setting. Compared with existing fairness notions (DP, BE, ER, and ILFCR),
EI achieves a smaller feature distribution gap between groups.

Results. Figure 2.4 shows how the long-term unfairness dTV(P(0)
t ,P(1)

t ) changes as

a function of round t, for cases (i) – (iv) having different initial feature distribution.

Note that except ILFCR, other fairness notions (DP, BE, ER, and EI) yield lower long-

term unfairness compared with ERM, for cases (i), (ii), and (iv). More importantly, EI

accelerates the process of mitigating long-term unfairness, compared to other fairness

notions. This observation highlights the benefit of EI in promoting true equity of groups

in the long run. Figure 2.5 visualizes the initial distribution (at the leftmost column)

and the evolved distribution at round t = 3 for multiple algorithms (at the rest of the

columns). Each row represents different initial feature distribution, for cases (i) – (iv).

One can confirm that EI brings the distribution of the two groups closer, compared with

baselines. Moreover, in Appendix A.3.7, we explore the long-term impact of fairness

notions on a different dynamic model, where most existing methods have an adverse

effect on long-term fairness, while EI continues to enhance it.
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2.5 Related Work

Fairness-aware algorithms. Most of the existing fair learning techniques fall into

three categories: i) pre-processing approaches [36, 37, 38, 35], which primarily involve

massaging the dataset to remove bias; ii) in-processing approaches [39, 40, 41, 6, 21,

42, 29, 43, 31, 32], which adjust model training for fairness; and iii) post-processing ap-

proaches [41, 44, 45, 7], which achieve fairness by modifying a given unfair classifier. Prior

work [46] showed that the in-processing approach generally outperforms other approaches

due to its flexibility. Hence, we focus on the in-processing approach and propose three

methods to achieve EI. These methods achieve EI by solving fairness-regularized opti-

mization problems. In particular, our proposed fairness regularization terms are inspired

by prior work [6, 29, 31, 32].

Fairness notions related with EI. See Table 2.1 and the corresponding explanation

given in Section 2.2.

Fairness dynamics. There are also a few attempts to study the long-term impact

of different fairness policies [47, 23, 9]. In particular, prior work [9] studies how ERM

amplifies the unfairness of a classifier in the long run. The key idea is that if the classifier

of the previous iteration favors a certain candidate group, then the candidate groups will

be more unbalanced since fewer individuals from the unfavored group will apply for this

position. Thus, the negative feedback leads to a more unfair classifier. In contrast, other

works [23, 47] focus more on long-term impact instead of classification fairness. To be

specific, one line of work [23] studies how fairness intervention affects different groups in

terms of evenness, centralization, and clustering by simulating the population’s response

through effort. Another work [47] investigates how different fairness policies affect the

gap between the qualification rates of different groups under a partially observed Markov
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decision process. Besides, there are a few works which study how individuals may take

strategic actions to improve their outcomes given a classifier [25]. However, this line of

work [25] aims to address this problem by designing an optimization problem that is

robust to strategic manipulation, which is orthogonal to our focus.

2.6 Conclusion

In this chapter, we introduce Equal Improvability (EI), a group fairness notion that

equalizes the potential acceptance of rejected samples in different groups when appropri-

ate effort is made by the rejected samples. We analyze the properties of EI and provide

three approaches to finding a classifier that achieves EI. While our experiments demon-

strate the effectiveness of the proposed approaches in reducing EI disparity, the theoret-

ical analysis of the approximated EI penalties remains open. Moreover, we formulate a

simplified dynamic model with one-dimensional features and a binary sensitive attribute

to showcase the benefits of EI in promoting equity in feature distribution across different

groups. We identify extending this model to settings with multiple sensitive attributes

and high-dimensional features as an interesting future direction.
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Chapter 3

Long-Term Fairness in Sequential

Multi-Agent Selection

3.1 Introduction

With the increasing use of machine learning models for decision-making systems with

significant societal impact, such as recruitment [48], criminal justice [49], and credit

lending [50], there is also growing concern that such models may inherit existing bias

in data, perpetuating and potentially exacerbating discrimination against certain groups

in the population. This has prompted a growing body of research focused on devel-

oping fair and unbiased models, with much of the early literature focused on imposing

notions of statistical fairness, such as equal selection rates or equal true positive rates,

in static frameworks through pre-processing [51, 38, 36], in-processing [42, 21], or post-

processing [7] mechanisms.

Going beyond concepts of one-shot fairness and unbiasedness, there is also increasing

interest in the long-term impacts of automated decisions under various dynamical models.

For example, the potentially adverse consequences of myopic fairness are pointed out
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in [8]: unanticipated feedback dynamics due to the decisions made may change population

statistics in an undesirable manner. For example, credit lending decisions which equalize

true positive rates across groups to satisfy statistical fairness might lead to loans being

offered to less creditworthy applicants from a disadvantaged group. Lower repayment

rates from this group may then end up further decreasing its creditworthiness. On the

other hand, feedback dynamics could also be used to shape population statistics in a

desired direction. We take a step in this direction by hypothesizing that biasing slightly

in favor of an underrepresented group in a selection problem (e.g., hiring or college

admissions) provides positive reinforcement, increasing the proportion of applicants from

that group in future selection rounds.

While most prior works on exploring such dynamics consider sequential decision-

making by a single agent, we take a first step towards exploring the dynamics and

long-term impact of multiple decision-making agents competing for a common pool of

resources. We consider a selection problem, where we wish to use positive feedback to

increase the proportion of underrepresented applicants in the presence of multiple agents

(e.g, universities or companies) selecting from among a common pool of applicants. In

order to focus attention on feedback dynamics, we consider a simplified model in which

the agents are strictly rank ordered in terms of desirability from the applicants’ point of

view. For this model, we provide a mathematical framework for studying whether some

level of cooperation between the agents helps promote long-term fairness, and whether

the concept of positive reinforcement is robust to variations in the evolution model. We

propose the evolution model of positive reinforcement where if a higher proportion of

applicants from a specific group is selected, it will lead to an increase in the proportion

of applicants from that group in subsequent rounds. We study variants of this basic

model of reinforcement, a particularly interesting one being the notion of role model re-

inforcement. Here only a certain fraction of the admitted applicants (as opposed to all
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admitted applicants) are in a position to influence applicant proportions in the future, by

virtue of being role models. The idea that role models in society, to which a group can

relate, could positively influence more aspirants to enter a field is supported by several

works in social sciences and economics [52, 53].

Contributions The main contributions of this chapter are summarized below. This

chapter is based in part on our published work [17].

• We propose the Multi-agent Fair-Greedy (MFG) policy, in which agents operate in

a decentralized fashion, maximizing a greedy utility (based on the scores of selected

applicants) while minimizing the disparity from a fixed long-term fairness target

(based on the deviation of the selected proportion of minority applicants from a

target proportion deemed to be socially fair). We characterize optimal actions under

this policy and theoretically demonstrate the convergence of the overall applicant

pool and the admission proportions to the desired long-term fairness target under

the pure positive reinforcement model for the evolution of the composition of the

applicant pool.

• Different population dynamics are studied empirically to evaluate the impact of

variations in population behavior. We find that while the decentralized MFG pol-

icy attains long-term fairness under pure positive reinforcement, if the population

dynamics follow a simple variant, termed the role model reinforcement, uncoordi-

nated behavior by agents can result in an overall negative feedback, leading to a

steady decrease in the number of underrepresented applicants in the pool. We pro-

pose a centralized version of the MFG policy which can restore positive feedback.

• We illustrate our mathematical framework through comprehensive experimental

results based on synthetic and semi-synthetic datasets, highlighting variations in
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system behavior under different evolution models, and under decentralized and

centralized MFG policies. These results show that positive reinforcement indeed

has potential for promoting long-term fairness even with multiple agents, but that

policy design must be carefully considered in order to be robust to changes in the

evolution model.

3.2 Related Work

There is a rich and rapidly growing literature on fair strategies that mitigate bias

in one-shot algorithmic decision making, including pre-processing the labels or data and

reweighting costs based on groups [36], reducing mutual information between sensitive

attributes and predictions [54, 40], adversarial de-biasing [42], addition of constraints

that satisfy fairness criteria [21], learning representations that obfuscate group informa-

tion [51], and other information theoretic methods [55, 56, 57, 58, 59]. However, recent

research has introduced an intriguing possibility: the design of sequential decision-making

strategies that can have a positive long-term impact on social fairness and a study of their

consequence on the population.

The effects of fairness-aware decisions on underlying population statistics were first

studied in [8] for two-stage models: in the first stage, the algorithmic decisions are

designed such that fairness constraints such as statistical parity or equal opportunity

are satisfied, while the second stage examines the impact of these fairness interventions

on the groups. Each sample is associated with a score corresponding to the probability

of a positive outcome, sampled from group-specific distributions. The policy-maker or

institution chooses selection policies to maximize utility subject to statistical fairness.

The measure of interest in [8] is the expected change in the mean of the score distributions

for the two groups as a result of one step of feedback. It was found that imposing
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equal selection rates or true positives could lead to either improvement or cause harm,

particularly to the minority group, depending on certain regimes. The results of [8]

highlight the importance of going beyond static notions of fairness in algorithm/policy

design.

Several works propose notions of statistical fairness focused on improving feature

distributions among groups. For example, [23] presents a fairness notion that equalizes

the maximum change in reward for groups with the same effort budget for improving their

features. The authors examine how fairness interventions impact evenness, centralization,

and clustering in the groups through their efforts, affecting score distributions. In another

example, [16] proposes to equalize the proportion of unqualified candidates from different

groups that can be qualified with a limited effort for improving their features. The authors

investigate how statistical fairness notions change feature distributions among groups in

the long term through modeling feature evolution.

Formal investigation of temporal effects of decision feedback and their equilibrium is

typically performed in reinforcement learning [60, 61, 62, 63] or bandit settings [64, 65,

66, 67, 68]. The environment is described through a Markov Decision Process (MDP)

framework where at each time, the decision-maker in a particular state takes an action

and receives a reward. State transitions are governed by update models, and fairness

constraints are included within reward definitions.

The long-term effects of fair decisions on the qualification rate of the group, which is

defined as the probability of an individual from a particular group being qualified, is in-

vestigated in [47] under a partially observable MDP setting. The group proportions over

time are fixed, but the decisions affect the feature distributions which in turn change their

true qualification state, which is modeled as a hidden state. Decisions are performed on

the features to maximize myopic instantaneous utility, subject to statistical fairness con-

straints. Threshold-based policies and their equilibrium are studied under two regimes:
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“lack of motivation,” where the probability of remaining qualified on receiving a pos-

itive decision is less than that on being rejected, and “leg-up,” which is the opposite,

where an accepted individual becomes inspired to become more qualified. Studies such

as [69, 70] also examine the effects of fair policies on the distributions of the features.

In particular, [69] studies how the qualification profiles of groups are influenced by a

policy that imposes demographic parity (equal selection rates) across two groups of the

population. They assume that social equity is achieved through equalized qualification

profiles in equilibrium. The dynamic model in [70] is motivated by credit lending. The

authors model the distributions of loan repayment likelihood (payback probabilities) by

group, and examine the dynamics governed by the hypothesis that granting loans leads

to upward mobility for the population if they are repaid. They study the impact of fair

decisions on loan repayment likelihood and the negative effects of unequal misestima-

tion of payback probabilities across groups, even if the decisions are fair. In contrast

to studying the effects on group qualification, it is also imperative to understand how

group representation could vary over time. It was first shown in [9] that empirical risk

minimization can exacerbate the disparity in group representation. In the context of

long-term fairness, [71] study how algorithmic decisions which are constrained by statis-

tical fairness could degrade the representation of a minority group, and eventually cause

the loss of minority representation in the system.

The work reported here builds upon preliminary results shown in [72], where the

authors first introduce the problem of selecting applicants from a pool under the setting

of a single institution. We introduce the positive reinforcement model for evolution of

the applicant pool, which is similar in spirit to the “leg-up” model in [47], except that

it applies at the level of a population rather than an individual: selection of a larger

proportion of applicants from a specific group feeds back into society and leads to an

increase in the proportion of applicants from that group in future rounds. The score of
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an applicant, drawn from a group-specific distribution, is taken to represent the level of

qualification of that individual. The Fair-Greedy policy, proposed in a single institution

setting, greedily balances the sum of the scores of selected applicants against a fairness

measure which increases with the deviation of the selected proportion of applicants from

the under-represented group from a specified long-term target proportion. Theoretical

results for identical score distributions across groups, and empirical results for other

models, show convergence to a long-term fairness target set by the decision-maker. While

the preliminary results in [72] show long-term fairness through positive feedback under

a single institution, in this chapter, we extend the promise of positive reinforcement to

multiple-agents, consider variations in the evolution model, and find that careful design

of feedback mechanism is required.

All of the preceding works on long-term fairness focus on settings with a single

decision-maker accessing a pool of samples from the population. However, in real-world

selection processes such as college admissions or hiring, there are often multiple agents

or institutions competing for a common pool of applicants. The composition of the ap-

plicant pool can therefore be affected by the collective decisions of these agents. To the

best of our knowledge, ours is the first work to study the long-term evolution of fairness

in such a multi-agent setting. While two-sided matching problems, where multiple agents

and resources are to be matched to each other, are well studied in resource allocation

problems and game theoretic settings [73, 74], the notion of long-term fairness in such

settings is yet to be examined, and the definitions of fairness considered are quite distinct

from those in fairness literature. Since our focus is on dynamical evolution, we sidestep

the problem of matching between institutions (agents) and applicants (resources) by

assuming that each applicant has the same fixed preference among the institutions.
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3.3 Modeling Multi-Agent Decision-Making

Consider the problem of K agents, or institutions, selecting from a common pool of

resources, or applicants. The applicant pool is composed of applicants from two groups

g = {0, 1}, based on a sensitive attribute. Without loss of generality, we usually refer to

g = 0 as the minority group and g = 1 as the majority group. We denote the number of

applicants in round t, belonging to group g by N g
t , and the total number of applicants

as N0
t + N1

t = Nt. Every applicant is associated with a score which is sampled from a

group-dependent distribution Pg.

In many applications, the institutions have a growth in the program size, which

is typically proportional to the population. For instance, the University of California

system intends to serve top one-eighth of California’s high school graduating class pop-

ulation [75]. Motivated by this line of thought, we consider that every institution fixes

the total number of applicants it can admit, through the capacity ck for institution k, set

as a fraction of applicants it admits, out of the total number of applicants in the pool in

that round. Thus we have
∑K

k=1 ck < 1.

Each institution has to determine how to fill its admission slots, particularly by

deciding how many minority and majority applicants are to be admitted, while satisfying

two-fold objectives: (i) to accept applicants with the largest scores (ii) to achieve a long-

term fairness target (denoted by α ∈ [0, 1]) in the admission of applicants, which measures

the proportion of admitted applicants belonging to the minority group, g = 0. The goal

of the K institutions is to move towards the long-term fairness target, while admitting

applicants with the highest scores. We denote the number of applicants admitted by

institution k as Ak,t = ckNt, out of which A
g
k,t belong to group g. Thus, we have Ak,t =

A0
k,t +A1

k,t, and the institutions hope to make decisions such that A0
k,t/Ak,t approaches α

in equilibrium for all k.
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We assume that the institutions are ranked, and that every applicant prefers insti-

tutions in the same order. Without loss of generality, we assume that the institutions

are indexed by rank order, with k = 1 corresponding to the highest-ranked institution.

Since the preference order is fixed, the matching of applicants to institutions simplifies

to institutions picking from the application pool sequentially, in their ranked order. The

decision variable at each institution in each round is the fraction of admitted applicants

from each group (selecting from the highest scoring applicants in each group, chosen

from among the pool that remains after higher-ranked institutions have made their se-

lections). We, therefore, have an effectively sequential selection process in each round,

where the selections are started by the highest-ranked institution and completed by the

lowest-ranked institution.

The problem is formulated as a Markov Decision Process (MDP). The state st ∈ [0, 1]

is the fraction of applicants from group g = 0 in the applicant pool. Thus, at round t

we have st = N0
t /Nt. An institution k is associated with its respective action akt ∈ [0, 1],

which is the fraction of applicants admitted from group g = 0 among the total number

of applicants the institution k admits. Thus, akt = A0
k,t/Ak,t. The actions or the decision

variables of each of the institutions are to be determined based on optimizing their

respective fairness-aware utilities, defined below.

First, a set of Nt applicants in round t are associated with a set of scores {Xg
i },

where each Xg
i , i ∈ [N g

t ], is sampled independently from Pg. Additionally, Xg
(i) denotes

the ith top score out of N g
t applicants from group g. We define the score-based reward

for an institution with rank k as the expectation of the sum of scores of the applicants

admitted by the institution normalized by the number of total applicants it admits. Note

that for an institution k, this depends upon the actions of the preceding [1, k− 1]-ranked

institutions, as each institution selects sequentially from the remnant pool of applicants.

For k ∈ {2, 3 . . . , K}, we define mg
k,t as the number of applicants from group g ∈ {0, 1}
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that have already been selected by higher ranked institutions 1, ..., k − 1, with mg
1,t = 0.

Thus, we have the score-based reward:

Rk(st, a
k
t ) =

1

Ak,t

E

m0
k,t+A0

k,t∑
i=m0

k,t+1

X0
(i) +

m1
k,t+A1

k,t∑
i=m1

k,t+1

X1
(i)


=

1

Ak,t

E

m0
k,t+aktAk,t∑
i=m0

k,t+1

X0
(i) +

m1
k,t+(1−akt )Ak,t∑
i=m1

k,t+1

X1
(i)

 (3.1)

with the group-specific offsets given by

m0
k,t =

k−1∑
j=1

cjNta
j
t and m1

k,t =
k−1∑
j=1

cjNt(1− ajt). (3.2)

Each institution is associated with its fairness loss, which is the squared difference be-

tween the proportion of group g = 0 out of the total admitted, and the long-term fairness

target α, given by Lk(a
k
t ) = (akt −α)2. The considered fairness loss is a simple measure of

disparity from the long-term fairness target, and penalizes the bias against both groups

on the long run.

The “multi-agent fairness aware” utility of each institution is the sum of its score-based

reward and fairness loss, expressed as

Uk(st, a
k
t ) = Rk(st, a

k
t )− λLk(a

k
t ). (3.3)

where λ ≥ 0 is a parameter that governs balancing fairness objective with score-based

reward.

Thus each institution aims to maximize its score-based reward by admitting applicants

with the highest scores, while minimizing its disparity from the long-term fairness target.
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Multi-agent Fair-Greedy Policy We propose the Multi-agent Fair-Greedy (MFG)

policy, which is a set of policies πMFG(st) = {π1
t , π

2
t . . . , π

K
t }, where each institution

optimizes its own multi-agent fairness aware utility as follows:

πk
t = argmax

akt ∈Ak
t

Uk(st, a
k
t ). (3.4)

where Ak
t is the set of feasible actions for institution k in round t, which depends on the

actions of higher ranked institutions and the state st. After higher ranked institutions

have made their selections, the feasible action space for institution k is determined by the

remaining capacity of the institution and the remaining applicants in the pool, and can

be written as Ak
t = [max(0, 1− 1−st−

∑k−1
j=1 (1−π

j
t )cj

ck
),min(1,

st−
∑k−1

j=1 πj
t cj

ck
)]. For each institu-

tion, optimization of the instantaneous multi-agent fairness aware utility is equivalent to

finding group-specific set of thresholds on the score distributions. In our rank-ordered

model for institutions, each institution admits applicants whose scores exceed its thresh-

old, choosing from the pool remaining after higher-ranked institutions have made their

selections. However, we reiterate that the state st represents the original minority group

proportion in the pool at round t.

Resource pool evolution A key ingredient of our formulation is modeling the manner

in which the collective decisions of the institutions affect the pool of resources seen in the

subsequent rounds of the problem. This is a complex relationship requiring data collected

from carefully designed long-term experiments. While such data is not yet available, we

can develop valuable insights by exploring different models for how the applicant pool

might be shaped by institutional policies.

We assume that the state st is a random variable with mean θt and bounded variance.

We model the number of applicants from group g = 0 and g = 1 as being sampled from
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Poisson distributions, with N0
t ∼ Poisson(θtN) and N1

t ∼ Poisson((1 − θt)N), where

N is the expected number of applicants in the pool. The total number of applicants

in round t is given by Nt = N0
t + N1

t .
1 The choice of the Poisson distribution is for

the sake of simplicity, and the outcomes of our analysis remain independent of this

particular choice of distribution. We consider different models for the evolution of θt in

this chapter, focusing first on the model of pure positive reinforcement. In this model,

a higher proportion of admission of a particular group in comparison to its application

proportion, motivates more applicants from the group to participate in future selection

rounds. Here the evolution follows:

θt+1 =
[
θt + ηt(π

W
t − st)

]
C (3.5)

where [ ]C is the projection onto the set C = [0 + ϵ, 1 − ϵ] (or, simply clipping the mean

parameter) where ϵ is a small positive number to avoid the mean parameter from reaching

the boundary of the set and it implies that the any group cannot be completely eliminated

from the pool. Here, ηt is a step size parameter and πW
t represents the weighted actions

of all the institutions.

In particular, under the MFG policy, πW
t depends upon on the policies of all the

institutions weighted by their capacities, which is also equivalent to the proportion of

minority group among all the admitted applicants, defined as:

πW
t =

∑K
k=1 ckπ

k
t∑K

k=1 ck
. (3.6)

Thus, the collective decisions of all institutions, in particular their admission of applicants

from a particular group, promote more such applicants to participate in the process, and

1When both N0
t and N1

t are equal to zero, the round is completed without any admissions.

41



Long-Term Fairness in Sequential Multi-Agent Selection Chapter 3

shape the evolution dynamics.

In the remainder of this section, we characterize the MFG policy in a decentralized

setting, under the pure positive reinforcement model. We show that the optimal policy

for each institution depends on actions that optimize the score-based reward alone, and

the fairness loss alone. We therefore first derive the reward-optimal and fairness-optimal

actions for each institution, and then characterize the MFG policy πk
t , k = 1, ..., K in

terms of these actions. We then show that, for pure positive reinforcement and identical

score distributions Pg, the applicant pool (state) and the admission proportions (ac-

tions) for all institutions converge to the long-term fairness target. We use the following

assumptions in our convergence analysis:

Assumption 3.1 The expected number of applicants in the pool N is large enough that

the empirical distribution of scores can be replaced by statistical distributions using the

law of large numbers.

This assumption is required for the asymptotic analysis of the applicant pool and admis-

sion proportions. It is also used to derive the reward-optimal actions for the institutions.

Assumption 3.2 The score distributions Pg are identical across groups.

This assumption implies that the only difference in the groups is the proportion of ap-

plicants from each group in the pool at each round. We relax this assumption in Sec-

tion 3.5.1 and provide empirical evidence for the existence of equilibria of the applicant

pool proportion and the admission proportions.

Fairness-optimal action Each institution can minimize its fairness loss by setting its

action to be equal to the long-term fairness target:

akF,t = argmin
at∈Ak

t

Lk(at) = [α]Ak
t
, ∀k ∈ {1, 2, . . . , K}. (3.7)
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where [α]Ak
t
is the projection of α onto the feasible action space Ak

t .

The next theorem characterizes the reward-optimal actions for the institutions.

Theorem 3.3 Under Assumptions 3.1 and 3.2, the score-based reward, Rk(st, a
k
t ), is

concave and the reward-optimal action for an institution k is given by

akS,t = argmax
akt ∈Ak

t

Rk(st, a
k
t ) =

[
st +

1

ck

(
k−1∑
j=1

cj(st − πj
t )

)]
Ak

t

, ∀k ∈ {2, 3, . . . , K} (3.8)

and a1S,t = st where [·]Ak
t
denotes the projection onto the feasible action space Ak

t .

The detailed proof of this theorem can be found in Appendix B.1.

Remark 3.4 Under the asymptotic regime of Assumption 3.1 (i.e., assuming that empir-

ical distributions of applicant scores can be replaced by statistical distributions), the proof

of Theorem 3.3 can rely on the following simplification. For institution k, the selection

of applicants with top scores is equivalent to thresholding the group’s score, and admit-

ting applicants with scores within the group-specific lower and upper thresholds, denoted

by tk,S,lowg and tk,S,upg respectively. The upper threshold tk,S,upg equals the lower threshold

of institution k − 1 for group g. In Lemma B.1 we show that for reward optimality for

any institution k, its group-specific lower thresholds should be equal; tk,S,low0 = tk,S,low1 , if

possible. While this holds even if the group-specific score distributions are different, we

can derive closed-form expressions for reward-optimal actions as in Theorem 3.3 when

the distributions are identical across groups.

Remark 3.5 The optimal policy of institution k that maximizes its multi-agent fairness

aware utility can be expressed as a convex combination of its pre-projected optimal score-
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based reward action and optimal fair-only actions, as

πk
t = γk,t

(
st +

1

ck

(
k−1∑
j=1

cj(st − πj
t )

))
+ (1− γk,t)α,

where γk,t ∈ [0, 1] (please refer to Appendix B.2 for details). The closed-form expression

for γk,t is not available in general, but it can be numerically computed due to the concavity

of the fairness-aware utility function. It can be shown that the reward-optimal action can

be expressed as:

akS,t = st +
(st − α)
ck

(
k−1∑
j=1

cj

k−1∏
i=j

(1− γi,t)
)
. (3.9)

Thus, when the hyperparameter λ > 0, if st < α, for k ∈ {2, 3, . . . , K} we have akS,t < st,

and vice-versa. Note that, for a special case where there is a single institution, π1
t lies

between the state st and long-term fairness target α. But that is not necessarily the case

for πk
t for k > 1, when there are multiple institutions.

In the following lemma, we characterize the weighted policy of the institutions, that

ultimately governs the pool evolution (3.5).

Lemma 3.6 Under Assumptions 3.1 and 3.2, the weighted MFG policy πW
t can be ex-

pressed as the following under the pure positive reinforcement model:

πW
t = st + (α− st)

K∑
j=1

cj

K∏
i=j

(1− γi,t)

K∑
j=1

cj

= st + (α− st)γ̄t, (3.10)

where γ̄t ∈ [0, 1].

Please refer to Appendix B.2 for proof.
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We utilize this result to prove the convergence of the applicant pool and admission

proportions to the long-term fairness target. In the following theorem, we first show

that the target proportion is a unique fixed-point of the pool evolution update. We

then show that the weighted policy lies between the applicant and target proportions,

as a result of which the mean state parameter and the state converge to the target.

Although our analysis is for identical group-wise score distributions, we later provide

empirical evidence of equilibrium in state and actions of all institutions when the score

distributions are different across groups.

Theorem 3.7 Under Assumptions 3.1, 3.2 and λ ̸= 0, the weighted MFG policy is such

that πW
t ∈ (st, α) if st < α, or πW

t ∈ (α, st) if st > α. Further, α is a unique fixed-point of

the weighted policy πW
t . In addition, the applicant pool proportion converges to the long-

term fairness target α, if the step size parameter ηt is decaying with time and satisfies

the assumptions that
∑

t ηt =∞ and
∑

t η
2
t <∞. Further, the admission proportions of

all institutions approach the long-term fairness target at equilibrium.

The proof of this theorem can be found in Appendix B.2.

Remark 3.8 For identical group-wise distributions as considered in Theorem 3.7, the

convergence to the target α holds irrespective of the value of the hyperparameter λ weighing

fairness in the utility function, as long as it is positive (λ > 0). For non-identical score

distributions across groups, we provide empirical evidence for the existence of equilibria

of the applicant pool proportion and the admission proportions in Section 3.5.1. However,

the actual value of λ > 0 is now found to be important in determining how close to the

fairness target we get.

What happens if we ignore fairness? In the scenario of identical score distribu-

tions, if each institution completely disregards the fairness objective and optimizes only
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its score-based reward, as seen from (3.9) where γk,t = 1, it follows that πk
t = akS,t = st

for all k. Consequently, the mean parameter θt would not experience any drift, and

the composition of the applicant pool would remain unchanged. While each institution

greedily acquires the best applicants by sacrificing diversity, there is no hope of influenc-

ing the participation of the underrepresented. However, biasing slightly in favor of the

underrepresented group by introducing the fairness objective could lead to both θt and

πk
t converging to the long-term fairness target.

3.4 Variations on the Pool Evolution Model

Achieving long-term fairness relies on how the applicant pool evolves with institu-

tional decisions over time. In this section, we introduce variations of the pure positive

reinforcement model, and examine how the MFG policy fares under these new variants of

the evolution model termed (i) order-based (ii) weighted (iii) role-model reinforcement.

The bulk of our discussion in this section focuses on the motivation and study of role-

model reinforcement and pitfalls under it, while we first briefly discuss the other two

below:

Order-based positive reinforcement This simple variant allows control over the

strength of positive reinforcement by raising the feedback in pure positive reinforcement

to a power β > 0:

θt+1 =
[
θt + ηtsign(π

W
t − st)|πW

t − st|β
]
C . (3.11)

Pure positive reinforcement is a special case of the above model for β = 1. The feedback

is amplified for β < 1 and is attenuated for β > 1, since 0 ≤ |πW
t − st| ≤ 1.
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Weighted positive reinforcement The second simple variation allows customized

weights {zk > 0} on the institutions’ policies

πz
t =

∑K
k=1 zkπ

k
t∑K

k=1 zk
, (3.12)

with pool evolution

θt+1 = [θt + ηt(π
z
t − st)]C . (3.13)

Here zk = ck reduces back to pure positive reinforcement, which gives greater influence

to an agent with higher capacity. The more general models (3.12)-(3.13) here allow us

more flexibility in assigning influence. For example, we can give equal influence to all

institutions by setting zk = z > 0.

Role model reinforcement Thus far, we have assumed that all selected applicants in

an institution have equal ability to influence the reinforcement. However, applicants who

do well post-selection in a given institution, who we term role models, could influence

future applicant pools significantly more than other admitted applicants in the institu-

tion. The motivation for this model stems from the fact that in practice, success in an

institution depends not just on qualifications at the time of admission, but on support

mechanisms within the institution to aid in continued growth and success of the admitted

applicants, as well as on circumstances that may be difficult to characterize. However, to

develop analytical insight into what happens when positive reinforcement occurs due to

the applicants who do well post-selection, we consider a score-based criterion for identify-

ing these role models: among all applicants (from both groups) admitted to institution k,

the role models are composed of a fraction r ∈ [0, 1] of applicants with the highest scores.

From among this group, the fraction of minority (group g = 0) applicants, denoted by

rkt , drive the pool evolution. We now develop the notation required to define this model
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precisely.

Let X k
t denote the set of scores of all applicants admitted by the institution k at time

t,

X k
t =

{
X0

(m0
k,t+1), X

0
(m0

k,t+2), . . . , X
0
(m0

k,t+A0
k,t)
, X1

(m1
k,t+1), X

1
(m1

k,t+2), . . . , X
1
(m1

k,t+A1
k,t)

}
.

(3.14)

The role models for each institution are selected as top r proportion of the admissions

with the highest scores, Rk
t = argmaxX ′⊂Xk

t ,|X ′|=⌊rAk,t⌋
∑

x∈X ′ x. Then, let rkt denote the

fraction of the minority group in the role models set Rk
t for the institution k at round t.

It can be written as:

rkt =

∣∣∣Rk
t ∩
{
X0

(m0
k,t+1)

, X0
(m0

k,t+2)
, . . . , X0

(m0
k,t+A0

k,t)

}∣∣∣
|Rk

t |
. (3.15)

Then, the pool evolution model depends on the fraction of the applicants from the mi-

nority group among the role models, rkt , instead of the fraction of the applicants from

the minority in the admissions, πk
t . The weighted role model parameter is defined as

πr
t =

∑K
k=1 ckr

k
t∑K

k=1 ck
. (3.16)

If a group has a higher proportion of role models in comparison to its application pro-

portion, it will provide positive reinforcement. The pool update is then governed by:

θt+1 = [θt + ηt(π
r
t − st)]C . (3.17)

For r = 1, role model reinforcement reduces back to pure positive reinforcement. Setting

r = 0.5 implies that minority applicants whose scores are above the median score for

admitted applicants in their institution are role models driving pool evolution.
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While we showed that convergence to long-term fairness target is assured under pure

positive reinforcement, we shall now see that it is not the case, under this variant evolution

model. First, let us focus first on a special case when K = 1. Under a limiting case of

role-model reinforcement when r = 1, convergence to long-term fairness is guaranteed. In

the other extreme case, when the bar for role models is extremely high, i.e., r = ϵ (small),

πr
t = rkt ≈ st. Thus, although the MFG policy biases in favor of minority group, there

could be no drift in the mean state parameter, leading to a stagnation in the composition

of the applicant pool. However, when there are multiple institutions involved, this could

lead to explicit negative feedback, causing the proportion of minority in the applicant pool

to steadily reduce. We now show in Proposition 3.9 below that role model reinforcement

can lead to negative feedback under the MFG policy, specifically when there are multiple

institutions(K > 1). Assuming identical group-wise score distributions, we show that if

the long-term fairness target is higher than the initial proportion of the minority group,

the first institution will admit more minority applicants than their application proportion.

This results in the subsequent institutions having a higher proportion of top admissions

from the majority group, leading to a lower proportion of minority group role models.

This can eventually cause the minority group to be removed from the applicant pool, as

formally demonstrated next, and empirically supported by experiments in Section 3.5.1.

Furthermore, we empirically demonstrate that coordinated behavior by the agents could

help in alleviating this negative feedback.

Proposition 3.9 Under Assumptions 3.1 and 3.2, for role model reinforcement there

exists a role model parameter r that is small enough such that the MFG policy can cause

negative feedback leading to the loss of representation of the under-represented group in

the pool.

Please see Appendix B.3 for proof.
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Remark 3.10 The evolution of the applicant pool under role model reinforcement is

such that only admitted applicants from group g = 0 with scores larger than a group-

independent threshold tkr , will contribute to reinforcing the pool. The threshold increases

as we reduce the role model parameter r, raising the bar for being a role model. Let

tk, lowg and tk, upg denote the lower and upper thresholds of the MFG policy for group g and

institution k. The key idea behind the proof is that when the initial mean parameter θt

is small, there exists a small enough r such that for institution k, we have tkr ≥ tk, low1 >

tk, low0 . Using this, we show that the role model proportions are such that rkt < st for

k ∈ {2, 3, . . . , K} and r1t = st. Hence, the mean parameter obtains a negative drift, and

the proportion of the minority group in the applicant pool approaches zero.

In order to mitigate the effects of such negative feedback, we define a centralized

version of the MFG policy in the next section.

3.4.1 Centralized Multi-agent Fair-Greedy Policy

The selection process under the original MFG policy, in which the institutions do not

cooperate, is sequential based on the ranking order of the institutions. We now consider

decision-making by a central coordinator which knows the utility of each institution, and

maximizes the sum utility across institutions:

U(st, a
1
t , a

2
t , . . . , a

K
t ) =

K∑
k=1

Uk(st, a
k
t ). (3.18)

Thus, the Centralized Multi-agent Fair-Greedy (CMFG) policy is defined as a set of

policies πCMFG(st) = {π1
t , π

2
t . . . , π

K
t } maximizing the total utility over the space of joint
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actions as:

{π1
t , π

2
t . . . , π

K
t } = argmax

a1t ,a
2
t ,...,a

K
t

U(st, a
1
t , a

2
t , . . . , a

K
t )

subject to 0 ≤ akt ≤ 1,
K∑
k=1

akt ck ≤ st,

K∑
k=1

(1− akt )ck ≤ 1− st.

(3.19)

The main difference between the MFG and CMFG policies lies in the way that institu-

tions work together. Intuitively, we can view the set of policies as the joint imposition of

group-dependent thresholds corresponding to all institutions simultaneously in order to

maximize the total utility, as opposed to the earlier decentralized version, where a higher

ranked institution imposes its thresholds without consideration of downstream effects on

the utilities of lower-ranked institutions. Thus, in CMFG policy, institutions collaborate

with each other to maximize their total utility. This allows a central coordinator to

distribute the cost of fairness among all institutions, potentially leading to a selection

policy that is different from sequential decentralized selection. In particular, the effects

of the negative feedback loop observed with the sequential selection under role model

reinforcement can be mitigated, as shown in the experimental results in Section 3.5.1.

In summary, the discussion of the role model reinforcement variant model serves the

following objectives within the context of this study. Firstly, it allows us to simulate a

realistic and plausible scenario wherein only a subset of admitted applicants possesses

the capacity to exert influence on future participation dynamics. To illustrate this con-

cept, we designate top applicants from each institution as role models, albeit with an

acknowledgment of the inherent complexity of truly characterizing successful applicants

in real-world situations. This abstraction enables us to underscore the notion that a

simplistic strategy of biasing in favor of minority applicants alone does not suffice as
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a comprehensive solution for fostering future participation. Instead, it underscores the

critical importance of institutional support for the admitted applicants to facilitate their

growth and eventual success. The effectiveness of this support hinges upon the mecha-

nisms and extent of backing provided by each institution. We show that as a growing

number of admitted applicants receive the necessary support to attain a level of suc-

cess that qualifies them as symbolic role models, the potential for positive reinforcement

substantially increases. The precise means by which institutions implement and coordi-

nate these support mechanisms constitutes an open question of paramount significance,

particularly for policymakers tasked with shaping equitable participation.

3.5 Experimental Evaluation

We empirically evaluate the proposed MFG policy under different models for the

evolution of the applicant pool. We begin with experiments on synthetic data, where the

scores are sampled from group-specific Gaussian distributions, followed by learning the

score distributions from real-world datasets. The MFG and centralized MFG policies are

computed numerically and the optimal policies are obtained using the grid search over

the space of policies. The number of applicants is kept finite in the experiments. The

code for our experiments is available in the project repository.

3.5.1 Multi-agent framework evaluated on synthetic data

Identical score distributions We first consider the case when the score distributions

across the two groups in the population are the same. The parameter setting employed

for these experiments is listed next. The long-term fairness target is set at α = 0.4.

The number of institutions is K = 3 with capacities c1 = 0.1, c2 = 0.05 and c3 = 0.2,

resulting in a total capacity of 0.35. The score distributions are Gaussian, with means
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Figure 3.1: (a) With pure positive reinforcement, the MFG policy reaches long-term
fairness when score distributions are identical for both groups. (b) The MFG policy
attains long-term fairness more quickly with order-based positive reinforcement when
β = 0.8. (c) Under weighted positive reinforcement, the MFG policy converges when
institution weights are equal, for this setting.

µ0 = µ1 = 5 and variances σ2
0 = σ2

1 = 1. The initial mean parameter is θ0 = 0.25,

giving the minority group lower representation in the resource pool. The range of the

mean parameter is [0.01, 0.99], and the mean parameter is projected to the range at each

iteration. The state st is defined as
N0

t

N0
t +N1

t
, where N0

t follows a Poisson distribution

with parameter θtN , N1
t follows a Poisson distribution with parameter (1 − θt)N , and

N = 400. For computational efficiency, once the state is computed, the total number

of applicants is fixed to 400, and the number of applicants from each group is adjusted

according to the state and then rounded to the nearest integer for numerical convenience.

Other parameters include λ = 0.75 and the step-size is fixed as η = 0.5. All the plots are

averaged over 200 instances of the problem.

We demonstrate the evolution of the applicant and admission proportions, and the

mean parameter, for the MFG policy under different reinforcement models. In Fig-

ure 3.1a, we can observe that under the pure positive reinforcement model, for each

institution, the admission proportion is larger than the applicant proportion (state), and

hence the weighted MFG policy being larger than the applicant proportion results in

the positive reinforcement of the applicant pool (observed through the evolution of mean
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Figure 3.2: MFG policy under identical scores reaches long-term fairness target, in-
dependent of λ.

parameter θt) and long-term fairness in admissions as well. Next, we focus on the robust-

ness of the MFG policy under different evolution models. The order-based reinforcement

in Figure 3.1b uses β = 0.8, and shows that faster convergence can be achieved in com-

parison to the pure positive reinforcement model. The weighted positive reinforcement

model in Figure 3.1c uses identical weights wk = 1 for all institutions, showcasing the

pool evolution when equal importance is assigned to every institution. In both these

cases, for the setting considered, the MFG policy leads to the achievement of long-term

fairness.

Further, we show the evolution of the mean applicant pool parameter under pure

positive reinforcement model and the MFG policy for different weights, λ, allotted to

fairness loss in Figure 3.2, where we observe that the mean parameter achieves the same

long-term fairness target in equilibrium, independent of the hyperparameter λ, under

identical score distributions, and long as λ > 0. However, the rate of convergence depends

on λ.

Next, we gain valuable insights into the operational dynamics of the MFG policy. Our

objective is to comprehend the trade-offs made, in terms of scores of admitted applicants

of the majority and minority groups, to foster fairness. Figure 3.3a depicts the percentile
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Figure 3.3: The score percentile of the admitted applicant with the lowest score,
from each group and for each institution, under the setting where (a) λ = 0.75 for all
institutions and (b) λ is in decreasing order for the three institutions. (c) The evolution
of the mean parameter and admission proportions under the case of decreasing λ.

at which the admitted applicant with the lowest score is positioned, for both the groups

and all institutions, when λ = 0.75 across all participating institutions. Next, in Fig-

ure 3.3b, we extend our examination to a scenario in which the λ values are decremented

across institutions as [0.75, 0.375, 0.1875], signifying that lower-ranked institutions tem-

porarily de-prioritize diversity to minimize a significant decline in the quality of admitted

applicants. Consequently, this approach illustrates how a judicious delay in the pursuit

of immediate fairness objectives by lower-ranked institutions can assist in averting a large

drop in their admission standards. However, this strategy of decreasing λ impacts the

overall convergence rate (see Figure 3.3c), as all institutions experience a deferment in

the applicant pool reaching the long-term fairness objective. This serves as an example of

the delicate balance that institutions must navigate between the convergence to fairness

targets and maximization of short-term rewards. Nonetheless, the precise strategies and

mechanisms to be adopted by individual institutions in achieving this balance remains

open.

Potential for negative feedback The evolution dynamics of role model reinforce-

ment, under the MFG policy is examined here. We consider a scenario where role model
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Figure 3.4: (a) MFG policy creates a negative feedback loop under the role-model
reinforcement. (b) The evolution of the proportions of role models for each institution,
under MFG policy. (c) CMFG policy could potentially alleviate negative feedback
under role-model reinforcement. (d) The evolution of the proportions of role models
for each institution, under CMFG policy.

reinforcement is applied with a parameter of r = 0.5, i.e., the admissions with scores

above the median score in the respective institution are considered role models for the

resource pool evolution. As seen in Figure 3.4a, the MFG policy creates a negative feed-

back loop, causing a significant decrease of the minority group in the applicant pool over

time. This is because the role model proportions rkt are such that the weighted role model

policy is consistently smaller than the state. In particular, as seen in Figure 3.4b, the sec-

ond and the third institutions see a very small fraction of role models among the minority

group, since the first institution admits the top minority applicants. These effects could

potentially be alleviated by considering a centralized policy, such as the CMFG policy,

whose evolution for the admitted applicants and the proportion of the role models under

this setting are shown in Figure 3.4c and 3.4d. Although the initial dynamics between the

institutions under CMFG policy are not desirable in the real-world and not well under-

stood, it shows a potential of ultimately attaining an equilibrium close to the long-term

fairness target. We also remark that the adverse effects under role model reinforcement in

conjunction with the MFG policy could be avoided by increasing the r parameter, which

essentially means that the institutions must design intervention mechanisms or remedies
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Figure 3.5: (a) Convergence of the mean parameter under the MFG policy with
pure positive reinforcement is impacted by the fairness loss coefficient, λ, when score
distributions are distinct. (b) The MFG policy reaches an equilibrium with pure
positive reinforcement when score distributions are distinct. (c) CMFG also reaches
an equilibrium, albeit with different decisions.

to support a large fraction of the admissions to eventually be successful in society, and

influence others by being true role models.

For completeness, we show the evolution of applicant and admission proportions under

the CMFG policy under pure positive reinforcement, order-based and weighted positive

reinforcement models in Appendix B.4.1.

Distinct score distributions We now examine the scenario where the score distribu-

tions for the groups are distinct. We assume that the minority group has a slightly lower

mean and higher variance than the majority group (µ0 = 4.9, µ1 = 5 and σ2
0 = 1.1, σ2

1 =

1). The other parameters remain the same as in the first scenario, with a long-term

fairness target of α = 0.4, capacities c1 = 0.1, c2 = 0.05 and c3 = 0.2, an initial mean

parameter θ0 = 0.25, and fixed step size η = 0.5.

Figure 3.5a shows the evolution of the mean parameter under different weights, λ,

for fairness loss, under non-identical distributions. We observe that by altering λ, the

equilibrium point can be varied. Thus, a higher value of λ is required to achieve the long-

term fairness goal. We then show in Figures 3.5b and 3.5c, the evolution of the applicant

pool, admission proportions, and their convergence under the pure positive reinforcement
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model, under MFG and CMFG policies respectively, with λ = 1. They both converge to

similar equilibrium although the admission decisions in initial rounds are quite distinct.

We observe a behavior of negative feedback under the role-model reinforcement model

under distinct score distributions as well. The results showing negative feedback and the

alleviation of this effect through the CMFG policy are deferred to Appendix B.4.2. In

the next section, we will examine cases where the score distributions are significantly

different, obtained from a real-world dataset.

3.5.2 Multi-agent framework with semi-synthetic dataset

In this section, we report on experiments on the law school bar study dataset [76].

The dataset is used to construct the initial setup of the experiments as defined in the

previous section, therefore we refer it to as a semi-synthetic dataset. This dataset contains

information collected by the Law School Admission Council from law schools in the US,

including information on whether an applicant passed the bar exam based on features

such as LSAT scores, undergraduate GPA, law school GPA, race, gender, family income,

age, and others. We take race as the protected attribute and simplify it to a binary

classification problem by grouping all races except ”white” into the ”non-white” category,

serving as the minority group (group 0) with only 25% representation in the dataset.

The dataset used in our experiments contains around 1800 instances and we followed

the same pre-processing steps at [77]. Next, we follow the procedure outlined in [72] to

obtain the score distributions for each group. After pre-processing the data, we fit a

logistic regression model to approximate the score distributions as Gaussians. This gives

us the means µ0 = −1.46 and µ1 = 0.79, and the variances σ2
0 = 2.73 and σ2

1 = 3.16, as

seen in Figure 3.6a. The long-term fairness target is set to 0.5, with three institutions

having capacities of c1 = 0.15, c2 = 0.10 and c3 = 0.05. The step size, η, is fixed at
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Figure 3.6: (a) Score distributions of the white and non-white groups in the law school
dataset, along with their Gaussian approximations. (b), (c) Evolution of the mean
parameter θt and its equilibrium with varying values of the fairness loss coefficient
λ, under the MFG and centralized MFG policies, respectively, with pure positive
reinforcement.

0.5. Our first examination is of the pure positive reinforcement model. Figures 3.6b

and 3.6c depict the mean parameter, θt at equilibrium for the MFG and CMFG policies,

respectively, with varying fairness loss coefficients, λ. A higher value of λ is needed to

achieve the long-term fairness goal for both policies, with the CMFG showing a slightly

better equilibrium point at a smaller value of λ (for instance, λ = 3). We defer the

evaluation under role-model reinforcement model to Appendix B.4.3.

Our experiments with distinct distributions illustrate that the principles of reinforce-

ment and the policies developed in this chapter hold even when the score distributions

are non-identical.

3.6 Conclusion

This chapter studies the evolution of long-term fairness in a selection setting with

multiple decision-makers choosing from a common pool. We have shown that the Multi-

agent Fair-Greedy (MFG) policy does succeed in achieving long-term fairness targets

under the model of pure positive reinforcement. However, when we set a higher bar for

successful influence via the role-model reinforcement model, the minority group may ac-
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tually experience negative feedback under MFG policy, and ultimately exit the selection

process. Centralized coordination among the institutions could potentially alleviate this

problem, raising the question of whether we can design mechanisms for competing insti-

tutions to collaborate (without laying themselves open to charges of collusion) in order

to advance long-term fairness in society at large.

We hope that this work, despite the simplicity of the models considered, stimulates

continuing discussion on the long-term societal impact of automated decision-making in

a multi-agent setting, and how we can shape it. The sensitivity of our simple system

to the model for evolution motivates a concerted effort to launch real-world experiments

and data collection in which algorithm designers collaborate closely with social scientists

and policymakers. An important complementary effort is to pursue analytical insights

for more complex models that capture different aspects of the real world. For example,

while our current concept of role model is based on the relative score upon admission,

qualifications upon admission are often not a predictor of ultimate success; support mech-

anisms provided by the institution may be more important. Can we derive insights from a

plausible model for such support mechanisms? Similarly, is there a qualitative difference

in our conclusions if we relax the simplifying assumption of strict institutional rankings

determining preferences for all applicants?
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Chapter 4

Counterfactually Fair Conformal

Prediction

4.1 Introduction

As machine learning models are being increasingly used in high-stakes applications

like healthcare, criminal justice, test score estimation, etc.; it is crucial to quantify and

mitigate the associated bias [78, 79]. This problem has been extensively explored in

the past for both regression and classification problems [80, 81, 82]. The general idea

is to ensure that subpopulations are treated equally (group fairness) or focus on indi-

vidual fairness such as counterfactual fairness [11]. Although these fairness mitigation

techniques are effective, most of them focus on point predictions and fail to capture the

inherent uncertainty in ML models. Moreover, recent work [83] has shown that confor-

mal prediction sets can improve decision quality in high-stakes tasks, underscoring the

practical importance of uncertainty-aware prediction sets beyond point predictors.

An appealing methodology that promotes model fairness under uncertainty is the

idea of fair prediction sets [84, 85]. These methods provide marginal coverage guarantees
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while enforcing a group-level fairness criterion. Typically, they adapt classical group-

fairness metrics for point predictors (e.g., demographic parity) to the set-valued setting

via inclusion-based definitions [86]. To the best of our knowledge, all these past works

on fair prediction sets have focused on group-level fairness. Furthermore, recent human-

subject studies [87] suggest that enforcing certain group-fairness criteria for prediction

sets, such as equalized coverage, may inadvertently increase disparate impact, highlight-

ing the need for alternative fairness notions for conformal prediction beyond group-level

criteria. Thus, although group-level fairness is a powerful tool, certain applications de-

mand individual-level guarantees. Consider healthcare, for instance, where the intention

could be to ensure a patient’s recommended treatment is not systematically influenced by

protected attributes; such concerns have been widely discussed in the context of fair ma-

chine learning for laboratory medicine [88]. A method can satisfy group-level parity yet

still produce biased recommendations for particular individuals, which could be undesir-

able for such an application. Furthermore, as noted by [11], the notion of counterfactual

fairness better captures the causality of bias in ML algorithms.

The above motivates prediction sets with individual-level fairness. We extend coun-

terfactual fairness notion to set-valued predictors: for a given individual, the prediction

set should remain unchanged under counterfactual interventions on the protected at-

tribute. For example, consider constructing a prediction set for a particular student’s

SAT score; a counterfactually fair prediction set would be identical for that student

whether we intervene to change their protected attribute (e.g., gender) or not.

We focus on conformal prediction (CP) and develop a framework called Counterfactu-

ally Fair Conformal Prediction (CF-CP). Concretely, we compute conformity scores un-

der each intervention on the protected attribute and then aggregate these per-intervention

scores using a symmetric function to obtain a counterfactually fair score. We then use

these scores with the standard split CP procedure. We show that under an invertible
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structural causal model (SCM) and the exchangeability assumptions, CF-CP guaran-

tees both marginal coverage and set-level counterfactual fairness. We emphasize that

the latter holds even when the underlying point predictor is not counterfactually fair.

Empirically, we evaluate CF-CP on synthetic and real-world datasets, showing that it

significantly reduces unfairness in the prediction sets compared to standard split CP,

with only a modest increase in average set size.

We note that prediction sets generated by CP are not inherently fair. They can

systematically differ between protected groups or change when we hypothetically alter

an individual’s sensitive attributes [84, 86]. CF-CP alters the scoring function of standard

CP such that counterfactual fairness and coverage is ensured.

The key contributions of this chapter are summarized below. This chapter is based

in part on our published work [18].

• We extend the notion of counterfactual fairness to set-valued predictors and pro-

pose a post-training conformal prediction procedure (CF-CP) that symmetrizes

conformity scores across protected attribute interventions.

• We prove that under an invertible SCM and exchangeability assumptions, CF-CP

guarantees both marginal coverage and set-level counterfactual fairness.

• We empirically demonstrate that CF-CP effectively reduces counterfactual unfair-

ness in prediction sets on synthetic and real-world datasets while maintaining de-

sired coverage.

4.1.1 Related Work

Fairness in conformal prediction has primarily focused on group fairness notions [84].

One recent method adapts common group fairness notions (e.g., demographic parity,
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equalized odds) to conformal prediction without requiring group membership during

test time [86]. One line of work tailors CP-based regression to group-fairness goals,

specifically Demographic Parity and Equal Opportunity [85, 89]. A separate line advances

CP methods that seek equalized coverage across groups [90]. Our work differs in that

we focus on individual-level counterfactual fairness for set-valued predictors. Moreover,

recent human-subject studies show that enforcing equalized coverage across groups can

inadvertently increase disparate impact in decision-making, further underscoring the need

for alternative fairness notions for prediction sets [87]. There is also a growing body of

work that combines causality with uncertainty quantification, though not in the context

of fairness. Several recent works study conformal prediction for potential outcomes in

causal inference [91, 92, 93]. However, these methods do not consider fairness. We next

summarize counterfactual fairness methods for point predictors.

Counterfactual fairness (CF) is an individual-level fairness notion that requires a

predictor’s output to remain invariant under counterfactual changes to protected at-

tributes [11]. There are several strategies to design CF predictors. One approach is to

learn a predictor only on the features that are not descendants of the protected attribute

A in the causal graph [11]. Another approach achieves CF by mixing representations of

factual and counterfactual instances before feeding them to a predictor [94]. A related ap-

proach combines both factual and counterfactual predictions weighted by the probability

of the corresponding protected attribute value [95]. Other works study regularizers that

penalize differences in predictions between factual and counterfactual instances [96, 97].

These methods focus on point predictors, while we extend CF to set-valued predictors

and design a conformal prediction procedure that enforces this property.
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4.2 Background: Conformal Prediction

Notation and Setup. We consider observed features X ∈ X , a protected attribute

A ∈ A, and a label Y ∈ Y . Throughout this chapter, we assume A is finite (e.g., binary

or categorical). We write a (possibly randomized) predictor as f̂ : X × A → S, where

S = R for regression or S = ∆K−1 for K-class classification. A prediction set procedure

maps (X,A) to a subset C(X,A) ⊆ Y .

For causal notation, we adopt structural causal models (SCMs) [98]. An SCM is a

tuple (U, V, F ), where U are exogenous variables, V = {X,A, Y } are endogenous vari-

ables, and F are structural equations that determine each variable in V as a function of

its parents and some exogenous noise. Counterfactuals consider the following question:

“What would the value of observed variables be, had we intervened to set A to a different

value?” We denote by XA←a the counterfactual version of X under the intervention

do(A = a), and similarly for YA←a. For more details on structural causal models and

counterfactuals, see [98].

4.2.1 Split Conformal Prediction

Here, we briefly review conformal prediction (CP); see [13] for a recent survey. Con-

formal prediction (CP) constructs prediction sets with a pre-specified probability 1 − α

of containing the true label, without distributional assumptions beyond exchangeabil-

ity [12, 99]. For simplicity, we focus on the popular split (or inductive) CP variant [100].

The protected attribute A is not needed for standard CP, but we include it in the notation

for clarity and to make explicit the dependence used in later sections. Suppose we are

given a pre-trained predictor f̂ (e.g., a neural network) and a calibration dataset of size

n, {(Xi, Ai, Yi)}ni=1, independent of f̂ . The goal is to construct a prediction set Cα(X,A)

that covers the true label Y with probability of at least 1 − α over the randomness of
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(X,A, Y ) and the calibration dataset. To this end, we define a conformity score function

s : X ×A×Y → R that measures how well a candidate label y conforms with the features

(x, a) under the predictor f̂ . Without loss of generality, we use a negative-oriented score,

where smaller values indicate better conformity. The score function inherently depends

on the predictor f̂ but for ease of notation we omit this dependence. Then, one computes

conformity scores on the calibration set:

Si = s (Xi, Ai, Yi) , i ∈ Ical, (4.1)

where Ical denotes the index set of the calibration data. Let q̂1−α be the (1 − α)(1 +

1/|Ical|)-empirical quantile of {Si}i∈Ical . For a test point (Xn+1, An+1), the split conformal

prediction set is computed as follows:

Cα(Xn+1, An+1) = {y ∈ Y : s(Xn+1, An+1, y) ≤ q̂1−α} (4.2)

If (Xi, Ai, Yi) and (Xn+1, An+1, Yn+1) are exchangeable, then Cα(Xn+1, An+1) satisfies the

marginal coverage guarantee:

Pr
{
Yn+1 ∈ Cα(Xn+1, An+1)

}
≥ 1− α. (4.3)

If the score values are almost surely distinct, the probability above is upper bounded by

1 − α + 1/(n + 1). A detailed proof of this result can be found in [101]. The coverage

guarantee is marginal, and the randomness is over both the calibration and test points.
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4.3 Counterfactual Fairness

In this section, we formalize counterfactual fairness for point predictors and extend

this definition to prediction set procedures. We also briefly recall past works that ensure

counterfactual fairness for point predictors.

4.3.1 Point predictors

Building on the causal framework of Pearl [98], counterfactual fairness (CF) was intro-

duced as a notion requiring a predictor’s output to remain invariant under counterfactual

interventions on protected attributes [11]. More formally:

Definition 4.1 (Counterfactual Fairness—point predictor) A predictor f̂ : X ×

A → S is counterfactually fair (CF) if, for all a, a′ ∈ A and s ∈ S,

Pr
{
f̂(XA←a, a) = s | A = a, U = u

}
= Pr

{
f̂(XA←a′ , a

′) = s | A = a, U = u
}

(4.4)

That is, after intervening on A while holding the latent U fixed, the distribution of pre-

dictions should not change. Equivalently, f̂(XA←a, a) | (A = a, U = u) and f̂(XA←a′ , a
′) |

(A = a, U = u) have the same conditional distribution.

Several strategies exist to design CF predictors f̂ satisfying (4.4). One approach is to

learn a predictor only on the features that are not descendants of A in the causal graph;

then no causal path exists from A to f̂(X,A), ensuring CF [11]. This approach may be

impractical if all features are descendants of A. Counterfactually Fair Representations

(CFR) [94] satisfies fairness by learning a latent representation Z for factual and coun-

terfactual instances, then combines them via a permutation-invariant operation (e.g.,

mean) before feeding to a predictor. Another method satisfies CF by combining both

factual and counterfactual predictions weighted by the probability of the corresponding
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protected attribute value, called Plug-in Counterfactual Fairness (PCF) [95].

4.3.2 Prediction Sets

We extend counterfactual fairness notion from point predictors to prediction sets by

requiring that the set produced for an individual remain invariant under counterfactual

interventions on the protected attribute. We call this property set-level counterfactual

fairness.

Definition 4.2 (Counterfactual fairness—prediction sets) A set-valued procedure

Cα is counterfactually fair if, for all a, a′ ∈ A and y ∈ Y,

Pr {y ∈ Cα(XA←a, a) | A = a, U = u} = Pr {y ∈ Cα(XA←a′ , a
′) | A = a, U = u} . (4.5)

That is, for any individual with latent attributes U = u and protected attribute A = a,

the probability of including any label y in the prediction set is invariant to counterfactual

changes in A.

4.4 Counterfactually Fair Prediction Sets

We aim to design a split-CP procedure that preserves marginal coverage while en-

forcing set-level counterfactual invariance. Precisely, given a pre-trained (possibly coun-

terfactually unfair) predictor f̂ , a calibration set Ical, and a target level 1− α, construct

a conformal prediction procedure Cα that (i) preserves the standard marginal coverage

guarantee and (ii) satisfies set-level counterfactual fairness (Definition 4.2).

In this section, we propose an algorithm that satisfies these two properties. Then

we compare CF-CP to baselines and discuss the differences. Finally, we demonstrate
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that this procedure results in counterfactually fair prediction sets along with marginal

coverage guarantees.

4.4.1 Score Symmetrization and CF-CP Sets

Let s : X × A × Y → R be any conformity score used by split CP with a base

predictor f̂ . We define the counterfactual score symmetrization by aggregating scores

over protected-attribute interventions:

scf(x, a, y) = Agg {s (xA←a′ , a
′, y) : a′ ∈ A} (4.6)

where Agg is a symmetric operator that is invariant to permutations of its inputs and

xA←a′ denotes the counterfactual features obtained by setting A:=a′. Examples of the

operator Agg include mean, max and min operations—we elaborate more on this below.

We then run split CP with scf : on calibration points {(Xi, Ai, Yi)}i∈Ical compute

Scf
i = scf(Xi, Ai, Yi), take the usual quantile q̂1−α with finite sample correction. At test

time, for a new point (x, a), the CF-CP set is

CCF
α (x, a) = {y ∈ Y : scf(x, a, y) ≤ q̂1−α} . (4.7)

This procedure is summarized in Algorithm 1.

Aggregator choices. The only requirement on Agg is to be permutation-invariant–

i.e., the output of the aggregator should not change with the order of the inputs. In

this chapter, we consider three simple choices: (i) mean, (ii) max, and (iii) min. During

the calibration threshold learning (step 3 of Algorithm 1), max leads to larger thresh-

olds q̂1−α, because it takes the maximum score across interventions for each sample in
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Algorithm 1: Split CF-CP via score symmetrization

Input : Base predictor f̂ , score s(·), calibration set {(Xi, Ai, Yi)}i∈Ical , target
1− α, aggregator Agg

Output: Prediction set CCF
α (x, a)

1 Define scf(x, a, y)← Agg{s(xA←a′ , a
′, y) : a′ ∈ A};

2 foreach i ∈ Ical do
3 Compute Scf

i ← scf(Xi, Ai, Yi);

4 Set q̂1−α ← Quantile⌈(|Ical|+1)(1−α)⌉/|Ical|({Scf
i });

5 At test time, for (x, a), form CCF
α (x, a)← {y : scf(x, a, y) ≤ q̂1−α};

calibration dataset. However, at test time (step 4 of Algorithm 1), the max aggregator

leads to intersection of the per-intervention sets, which balances out the effect of a larger

threshold. Conversely, min leads to smaller thresholds at the calibration phase, but the

test-time sets are unions of per-intervention sets, which can lead to larger prediction sets.

The mean aggregator is a compromise between these cases in both calibration and test

phases. While we focus on these simple aggregators, more complex choices are possible

as long as they are permutation-invariant.

Computational overhead. Compared to standard split-CP, CF-CP introduces two

sources of additional overhead: (i) generating counterfactual interventions, and (ii) com-

puting conformity scores for each intervention a ∈ A. Overall, CF-CP incurs an addi-

tional O(|A|) factor compared to split-CP. Thus, when the protected attribute has small

cardinality, the computational cost of CF-CP remains close to that of split-CP.

4.4.2 Baselines and Comparisons

We compare CF-CP to two types of baselines that either retrain a fair point predictor

or apply post-hoc set manipulations, and we note their limitations.
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Retraining-based approaches. One option is to first obtain a point predictor that is

counterfactually fair—e.g., , by excluding descendants of A in the SCM or via counter-

factually fair representations (CFR) / plug-in counterfactual fairness (PCF)—and then

apply standard split-CP on its score. This can yield set-level invariance by construc-

tion, but it typically trades predictive accuracy for fairness and thus inflates set sizes to

maintain coverage; it also requires retraining, which may be infeasible. In addition, PCF

variant relies on access to the probability distribution of the protected attribute, Pr(A),

for post-training adjustments.

Post-hoc union over interventions. A second baseline constructs separate CP sets

under each protected-attribute intervention and unions them:

C∪α (x) :=
⋃
a′∈A

Cα(xA←a′ , a
′) (4.8)

This is again counterfactually fair by construction, but the union systematically enlarges

sets and pushes effective coverage above the target coverage, 1− α.

How CF-CP differs. CF-CP calibrates a single, symmetrized conformity score that

aggregates per-intervention scores at the instance level. In contrast to the post-hoc union,

CF-CP avoids the union-induced overcoverage while still ensuring set-level counterfac-

tual invariance. Compared to retraining-based approaches (CFR/PCF or descendants-

exclusion), CF-CP is training-free, does not require modifying features or imposing in-

variance penalties, and does not need access to Pr(A); all aggregation occurs on scores,

not on model parameters or population distributions.
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4.4.3 Theoretical Guarantees

In this section we show that CF-CP satisfies the set-level counterfactual fairness of

Definition 4.2 while preserving the marginal coverage guarantee of split CP. First, we

state the main assumption needed for our theoretical analysis.

Assumption 4.3 The structural mapping between X and U is invertible for given A.

Also, U and A are independent.

The independence assumption is standard in the counterfactual fairness literature.

Even though the invertibility assumption may seem strong, it is commonly used in the

counterfactual estimation and fairness literature [102, 103, 95]. We also note that after

relaxing the assumption, one can still achieve approximate counterfactual fairness, as we

show empirically in Section 4.5.

Assumption 4.3 asserts that there exists a mapping g : U × A → X such that

X = g(U,A) and, for each a ∈ A, the mapping ga(u) := g(u, a) is invertible with

inverse g−1a : X → U . For any target a′ ∈ A, the corresponding counterfactual features

are therefore

xA←a′ = ga′(U) = ga′
(
g−1a (x)

)
. (4.9)

Also, the symmetrized score can be written as:

scf(x, a, y) = Agg
{
s
(
ga′(g

−1
a (x)), a′, y

)
: a′ ∈ A

}
(4.10)

This invertibility makes precise that the multiset {xA←a′}a′ depends only on the shared

latent U , not on the factual a. This results in invariance of the symmetrized score. We

formalize this observation in the following lemma.
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Lemma 4.4 (Invariance of the symmetrized score) Let Assumption 4.3 hold. Fix

any y ∈ Y. Then for all a, a′ ∈ A,

scf (XA←a, a, y) = scf (XA←a′ , a
′, y) . (4.11)

The proof is given in the Appendix C.1.1. The key idea is that, under Assumption 4.3,

the latent U can be uniquely recovered from the factual features X and protected at-

tribute A = a via the inverse function g−1a . This allows us to express all counterfactual

features XA←a′ as functions of XA←a and A = a, and vice versa. The symmetry of scf

then follows from the permutation-invariance of Agg.

This score-level invariance leads to the desired set-level counterfactual fairness. Since

the score value is the same across counterfactuals, the prediction sets formed by thresh-

olding the score at q̂1−α must also coincide.

Corollary 4.5 (Set-level counterfactual invariance) Assume that the conditions at

Lemma 4.4 hold, then for all a, a′ ∈ A,

CCF
α

(
XA←a, a

)
= CCF

α

(
XA←a′ , a

′). (4.12)

The proof is immediate from Lemma 4.4 and the definition of CF-CP sets in (4.7).

The previous lemma and corollary establish that CF-CP enforces set-level counterfac-

tual invariance. We now argue that replacing s with scf does not disturb the exchange-

ability required by split CP, so the standard marginal coverage guarantee continues to

hold.

Theorem 4.6 (Exchangeability preservation) Assume that Assumption 4.3 holds

and that the calibration points {(Xi, Ai, Yi)}i∈Ical and the test point (Xn+1, An+1, Yn+1)

are exchangeable. Suppose the score function s and the aggregator Agg are measurable,

73



Counterfactually Fair Conformal Prediction Chapter 4

and Agg is permutation-invariant. Define the counterfactual symmetrization

scf(x, a, y) = Agg {s (xA←a′ , a
′, y) : a′ ∈ A} .

Then, the scores

{Scf
i = scf(Xi, Ai, Yi) : i ∈ Ical ∪ {n+ 1}} (4.13)

are exchangeable.

The proof is given in the Appendix C.1.2. The main idea is that scf is a coordinate-wise

measurable transformation of the exchangeable tuples (Xi, Ai, Yi), hence the resulting

scores remain exchangeable.

Theorem 4.6 shows that the exchangeability structure required by split CP is pre-

served when using the symmetrized score scf . This leads to the following coverage guar-

antee for CF-CP.

Corollary 4.7 (Marginal coverage for CF-CP) Under the same conditions as The-

orem 4.6, the split conformal set constructed with scf satisfies the standard marginal

coverage guarantee:

Pr
{
Yn+1 ∈ CCF

α (Xn+1, An+1)
}
≥ 1− α. (4.14)

The proof directly follows the standard split CP coverage proof [12, 101] applied to the

exchangeable scores Scf
i .

Combining Corollaries 4.5 and 4.7, we conclude that CF-CP achieves both marginal

coverage and set-level counterfactual invariance, as desired.
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4.5 Experiments

In this section, we empirically evaluate CF-CP on synthetic and real datasets, span-

ning regression and classification tasks, and show that it achieves the desired counterfac-

tual fairness while meeting the target coverage rate with minimal increase in the size of

the prediction sets. The code is available in the project repository.

Methods. We compare the following methods: (i) Split CP: standard split conformal

prediction using the original conformity score with the base predictor; (ii) Post-hoc

Union: computes CP sets under each intervention and takes their union, specifically,

C∪α (x) :=
⋃

a′∈A Cα(xA←a′ , a
′); (iii) Counterfactual Fairness with U [11]: train a

counterfactually fair predictor by excluding descendants of A in the SCM, to simplify

this we train base model only on U similar to the approach in [95] followed by split

CP; (iv) Counterfactual Fair Representations (CFR) [94]: trains a predictor on

the augmented features as the mean of factual and counterfactual features, specifically,

X̃ = 1
|A|
∑

a′∈AXA←a′ and then applies split CP; (v) Plug-in Counterfactual Fairness

(PCF) [95]: uses a weighted combination of the predictions for each intervention, specif-

ically, f̂(X,A) =
∑

a′∈A Pr(A = a′)f̂(XA←a′ , a
′) where f̂ is the base predictor and then

follows with split CP; and lastly our method (vi) CF-CP: our proposed method that

uses the counterfactual symmetrized score in split CP, and we consider three aggregation

functions: mean, max, and min. Following common practice, in the classification tasks if

the prediction set is empty, we include the label with the highest predicted probability.

The base predictor f̂ is a linear model for both regression and classification tasks. More

details on hyperparameters and training are in the Appendix C.2.1.

Score functions. For regression tasks, we use the absolute residual score s(x, a, y) =

|f̂(x, a)− y|. So, the less the absolute error, the better the conformity. For classification
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tasks, we use Least Ambiguous Classifier (LAC) [104] score s(x, a, y) = 1−f̂y(x, a), where

f̂y(x, a) is the predicted probability of class y. The more probable the class, the better

the conformity. We also provide additional results with different base score functions in

Appendix C.3.

Evaluation metrics. For each dataset and method, we report the following metrics—

↑ and ↓ indicate that a larger and smaller value is desirable, respectively: (i) MSE

(↓)/Accuracy (↑): the mean squared error for regression and accuracy for classification

on the test set; (ii) Total Effect(TE) (↓): measures the counterfactual fairness of the

base predictor f̂ , for each test point, we compute the change in the model’s output when

A is counterfactually flipped, and then average over the test set; (iii) Coverage: the

empirical coverage of the prediction sets on the test set, 1
|Itest|

∑
i∈Itest I[Yi ∈ Cα(Xi, Ai)];

(iv) Avg. Set Size (↓): the average size of the prediction sets on the test set, for

regression it is the average length of the intervals, and for classification it is the average

cardinality of the sets, specifically, 1
|Itest|

∑
i∈Itest |Cα(Xi, Ai)|; and (v) Counterfactual

Set Disparity (CSD) (↓): quantifies how much the set changes across protected-

attribute interventions for each test point. The details of CSD are as follows: For binary

A, we use the Jaccard distance between the factual and counterfactual sets:

CSD(x) = 1− |Cα(xA←a, a) ∩ Cα(xA←a′ , a
′)|

|Cα(xA←a, a) ∪ Cα(xA←a′ , a′)|
. (4.15)

For multi-valued A, it can be extended by averaging pairwise Jaccard distances across

interventions relative to the factual value. A lower CSD indicates more similar sets

across counterfactuals, with 0 indicating identical sets and 1 indicating non-overlapping

sets. We report the average counterfactual set disparity on the test set, specifically,

1
|Itest|

∑
i∈Itest CSD(Xi). The metrics for each method are computed over 10 random splits
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of the data into training, calibration, and test sets, and we report the mean and standard

deviation in the tables and figures. For all tables in this chapter, we use a common

highlighting convention. For the tables that use oracle counterfactuals, bold (underlined)

values mark the best (second-best) MSE/Accuracy and Avg. Set Size among the methods

that achieve the target coverage and perfect counterfactual fairness for prediction sets

(CSD=0). For the tables with noisy counterfactuals, bold (underlined) values mark the

best (second-best) CSD, since in this setting we are primarily interested in how fairness

behaves under imperfect counterfactuals.

Datasets. We evaluate on synthetic and real datasets spanning regression and mul-

ticlass classification. Throughout our experiments, we assume access to an underlying

structural causal model that generates the data; for the synthetic datasets, the SCM is

specified by construction, and for the real datasets, the SCMs are obtained by fitting

structural equations to the observed data; full details on data generation, preprocessing,

SCM specification and fitting, and counterfactual construction are in Appendix C.2.2.

Synthetic Regression. A nonlinear SCM with binary protected attribute A gener-

ates (X,Y ); the task is to predict Y from (X,A) adopted from [94]. Counterfactuals are

formed by flipping A in the X-equation while holding exogenous noise fixed.

Synthetic Classification. Amulti-class (K=10) SCM extends prior binary settings;

the task is to predict Y from (X,A). It is inspired by [95] but extended to multi-class

targets. Counterfactuals replace A only in the structural equation for X (latent noise

held fixed).

Law School. Predict first-year average (FYA) from LSAT, UGPA, race, and gen-

der [76]; we take race as A (binary: white vs non-white). Counterfactuals are obtained

by fitting a LiNGAM-based SCM to the observed data and intervening on A.

Bias in Bios. Predict profession (28 classes) from biography text; A is gender (bi-

77



Counterfactually Fair Conformal Prediction Chapter 4

Regression Classification

Method MSE (↓) TE (↓) Coverage Avg. Set Size (↓) CSD (↓) Accuracy (↑) TE (↓) Coverage Avg. Set Size (↓) CSD (↓)
SplitCP 0.377 ± 0.012 1.219 ± 0.014 0.901 ± 0.008 2.032 ± 0.038 0.713 ± 0.009 0.730 ± 0.011 0.543 ± 0.037 0.905 ± 0.011 2.025 ± 0.209 0.642 ± 0.043

Post-hoc Union 0.377 ± 0.012 1.219 ± 0.014 0.944 ± 0.005 3.251 ± 0.043 0.000 ± 0.000 0.730 ± 0.011 0.543 ± 0.037 0.936 ± 0.010 3.123 ± 0.255 0.000 ± 0.000

CFU 1.112 ± 0.017 0.000 ± 0.000 0.901 ± 0.008 3.447 ± 0.088 0.000 ± 0.000 0.589 ± 0.017 0.000 ± 0.000 0.907 ± 0.009 2.700 ± 0.125 0.000 ± 0.000

CFR 0.832 ± 0.014 0.000 ± 0.000 0.899 ± 0.010 2.964 ± 0.055 0.000 ± 0.000 0.589 ± 0.017 0.000 ± 0.000 0.908 ± 0.009 2.700 ± 0.125 0.000 ± 0.000

PCF 0.826 ± 0.013 0.000 ± 0.000 0.898 ± 0.008 2.951 ± 0.046 0.000 ± 0.000 0.571 ± 0.017 0.000 ± 0.000 0.905 ± 0.012 2.526 ± 0.166 0.000 ± 0.000

CF-CP-mean 0.377 ± 0.012 1.219 ± 0.014 0.899 ± 0.010 2.971 ± 0.050 0.000 ± 0.000 0.730 ± 0.011 0.543 ± 0.037 0.904 ± 0.014 2.542 ± 0.185 0.000 ± 0.000

CF-CP-max 0.377 ± 0.012 1.219 ± 0.014 0.900 ± 0.009 3.275 ± 0.053 0.000 ± 0.000 0.730 ± 0.011 0.543 ± 0.037 0.935 ± 0.006 3.696 ± 0.168 0.038 ± 0.008

CF-CP-min 0.377 ± 0.012 1.219 ± 0.014 0.900 ± 0.010 2.897 ± 0.058 0.000 ± 0.000 0.730 ± 0.011 0.543 ± 0.037 0.906 ± 0.013 2.581 ± 0.180 0.000 ± 0.000

Table 4.1: Synthetic results at α = 0.1 (mean ± std over 10 runs). Left block:
regression; right block: classification. (↓) and (↑) indicate that a smaller and larger
value is desirable, respectively. Highlighting follows the convention described in the
evaluation metrics paragraph.

nary) [105]. Counterfactuals for this dataset are constructed by the method proposed in

[106], which involves first obtaining text embeddings via a pre-trained BERT model [107],

then decomposing the embedding into components aligned with and independent of A;

counterfactuals flip the A component while keeping the independent component fixed.

Except for Bios dataset, we use α = 0.1; for Bios we use α = 0.025 since α = 0.1

leads to near-singletons due to high accuracy of the base predictor.

4.5.1 Oracle Counterfactuals

We first present results when the counterfactuals are generated from the true SCM

(oracle counterfactuals)–later, we consider the case where noise is added to the exogenous

variables. Table 4.1 shows the results on synthetic regression and classification datasets.

Table 4.2 shows the results on real datasets, Law School for regression and Bios for

classification. First, we observe that vanilla split CP achieves the target coverage but

has high counterfactual set disparity (CSD) ranging from 0.19 to 0.71. As expected,

Post-hoc Union achieves counterfactual invariance for prediction sets (CSD=0), but at

the cost of a significant increase in the size of the prediction sets and over-coverage due to

inflation of the prediction sets. Methods that train counterfactually fair predictors (CFU,

CFR, PCF) achieve counterfactual fairness for both point predictions and prediction sets
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Law School Regression Bios Classification

Method MSE (↓) TE (↓) Coverage Avg. Set Size (↓) CSD (↓) Accuracy (↑) TE (↓) Coverage Avg. Set Size (↓) CSD (↓)
SplitCP 0.758 ± 0.005 0.723 ± 0.019 0.898 ± 0.009 2.847 ± 0.070 0.405 ± 0.010 0.801 ± 0.001 0.094 ± 0.003 0.975 ± 0.003 3.311 ± 0.199 0.199 ± 0.005

Post-hoc Union 0.758 ± 0.005 0.723 ± 0.019 0.944 ± 0.007 3.570 ± 0.078 0.000 ± 0.000 0.801 ± 0.001 0.094 ± 0.002 0.978 ± 0.002 3.884 ± 0.227 0.000 ± 0.000

CFU 0.829 ± 0.007 0.000 ± 0.000 0.898 ± 0.011 2.968 ± 0.078 0.000 ± 0.000 - - - - -

CFR 0.827 ± 0.007 0.000 ± 0.000 0.897 ± 0.012 2.967 ± 0.084 0.000 ± 0.000 0.799 ± 0.000 0.000 ± 0.000 0.974 ± 0.003 3.379 ± 0.183 0.000 ± 0.000

PCF 0.828 ± 0.007 0.000 ± 0.000 0.897 ± 0.011 2.958 ± 0.072 0.000 ± 0.000 0.795 ± 0.001 0.000 ± 0.000 0.974 ± 0.003 3.471 ± 0.208 0.000 ± 0.000

CF-CP-mean 0.758 ± 0.005 0.723 ± 0.019 0.900 ± 0.013 3.106 ± 0.100 0.000 ± 0.000 0.801 ± 0.001 0.093 ± 0.003 0.974 ± 0.003 3.486 ± 0.191 0.000 ± 0.000

CF-CP-max 0.758 ± 0.005 0.723 ± 0.019 0.900 ± 0.013 3.106 ± 0.100 0.000 ± 0.000 0.801 ± 0.001 0.094 ± 0.003 0.975 ± 0.003 3.700 ± 0.208 0.000 ± 0.000

CF-CP-min 0.758 ± 0.005 0.723 ± 0.019 0.900 ± 0.013 3.106 ± 0.100 0.000 ± 0.000 0.801 ± 0.001 0.093 ± 0.003 0.974 ± 0.003 3.508 ± 0.199 0.000 ± 0.000

Table 4.2: Real data results. Left block: regression on Law School dataset with
α = 0.1; right block: classification on Bios dataset with α = 0.025 (mean ± std
over 10 runs). Highlighting follows the convention described in the evaluation metrics
paragraph.

(CSD=0) but at the cost of lower accuracy/MSE and prediction sets that are moderately

larger than split CP. Our proposed CF-CP method achieves counterfactual fairness for

prediction sets (CSD=0) while maintaining the accuracy/MSE of the base predictor,

and it produces prediction sets that are similar in size to counterfactually fair baselines

and moderately larger than split CP. Only max aggregation leads to a nonzero CSD in

synthetic classification, because of non-empty prediction set rule. Also, CF-CP achieves

comparable or better average set size compared to other counterfactual fairness methods

(CFU, CFR, PCF) without requiring retraining or access to the probability distribution

of A. Among the three aggregation functions, the results are quite similar, with mean

achieving the smallest average set size in most cases.

4.5.2 Noisy Counterfactuals

In this section, we examine the robustness of CF-CP to the quality of the avail-

able counterfactuals, since its performance necessarily depends on how accurate these

counterfactuals are. Specifically, we study how fairness and performance change as we

introduce noise into the counterfactuals. For the datasets where we have access to the

exogenous variables U (synthetic datasets and Law School), we add Gaussian noise to the

true exogenous variables before generating counterfactuals. For the Bios dataset, we add
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Method Synth. Regression Synth. Classification Law School Regression Bios Classification

Avg. Set Size (↓) CSD (↓) Avg. Set Size (↓) CSD (↓) Avg. Set Size (↓) CSD (↓) Avg. Set Size (↓) CSD (↓)
SplitCP 2.032 ± 0.038 0.713 ± 0.009 2.025 ± 0.209 0.642 ± 0.043 2.847 ± 0.070 0.405 ± 0.010 3.311 ± 0.199 0.199 ± 0.005

Post-hoc Union 3.259 ± 0.044 0.152 ± 0.001 3.115 ± 0.254 0.260 ± 0.006 3.571 ± 0.078 0.036 ± 0.001 3.991 ± 0.231 0.130 ± 0.002

CFU 3.551 ± 0.088 0.135 ± 0.004 3.462 ± 0.239 0.345 ± 0.008 2.998 ± 0.063 0.055 ± 0.002 - -

CFR 3.013 ± 0.078 0.115 ± 0.003 2.913 ± 0.209 0.209 ± 0.004 2.984 ± 0.064 0.029 ± 0.001 3.450 ± 0.226 0.099 ± 0.003

PCF 2.983 ± 0.061 0.115 ± 0.003 2.600 ± 0.210 0.263 ± 0.006 2.961 ± 0.071 0.037 ± 0.001 3.560 ± 0.197 0.109 ± 0.002

CF-CP-mean 3.016 ± 0.054 0.118 ± 0.002 2.609 ± 0.203 0.259 ± 0.006 3.108 ± 0.108 0.029 ± 0.001 3.581 ± 0.204 0.109 ± 0.002

CF-CP-max 3.374 ± 0.057 0.145 ± 0.003 4.271 ± 0.185 0.230 ± 0.004 3.114 ± 0.112 0.041 ± 0.001 3.813 ± 0.210 0.123 ± 0.002

CF-CP-min 2.935 ± 0.050 0.168 ± 0.003 2.657 ± 0.205 0.271 ± 0.005 3.107 ± 0.093 0.041 ± 0.001 3.599 ± 0.165 0.128 ± 0.003

Table 4.3: Results with noisy estimations of counterfactuals (mean± std over 10 runs).
Highlighting follows the convention described in the evaluation metrics paragraph.

Gaussian noise to the counterfactual embeddings. The results are shown in Table 4.3.

Here we only report average set size and CSD due to space constraints and the other met-

rics and noise variances can be found in Appendix C.3. The noisy counterfactuals lead to

a slight increase in CSD for all methods, but CF-CP still achieves a significant reduction

in CSD compared to split CP, with only a modest increase in the size of the prediction

sets. CF-CP achieves comparable average set size and CSD trade-off compared to other

counterfactual fairness methods (CFU, CFR, PCF) even with noisy counterfactuals.

To further illustrate the robustness of CF-CP to noisy counterfactuals, we plot CSD

against different noise levels in Figure 4.1. We vary the noise level from 0 (oracle coun-

terfactuals) to 1 for synthetic datasets and Law School, and from 0 to 0.16 for Bios, as

higher noise levels lead to poor performance. We observe that as the noise level increases,

CSD also increases for all methods as expected. However, CF-CP methods show similar

robustness to noise as other counterfactual fair models (CFU, CFR, PCF) and post-hoc

union, and they consistently achieve lower CSD compared to split CP across all noise

levels. This shows that CF-CP is effective in reducing counterfactual unfairness even

when counterfactuals are noisy.

We emphasize two key takeaways: (i) CF-CP does not require retraining the model or

access to the probability distribution of A, making it a more practical choice in real-world

scenarios where counterfactuals may be noisy or imperfect; and (ii) as stated earlier, CF-
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Figure 4.1: Counterfactual Set Disparity (CSD) versus the noise level in counterfactual
generation. CF-CP methods exhibit similar robustness to noise as other counterfac-
tually fair models.

CP does not reduce the accuracy of the baseline predictor. Compared to CFU, CFR and

PCF, the baseline predictor for CF-CP is more accurate–see Appendix C.3.

4.6 Conclusion

In this chapter, we extended the notion of counterfactual fairness to set-valued predic-

tors and then proposed a novel post-training conformal prediction method that enforces

set-level counterfactual fairness by symmetrizing the conformity scores across protected
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attribute interventions. Under an invertible SCM, we showed that our method guarantees

both marginal coverage and counterfactual invariance for prediction sets. Empirically,

across synthetic and real-world datasets, including Law School and Bios, CF-CP sub-

stantially reduces counterfactual set disparity compared to standard split CP, with only

a modest increase in average set size, and without requiring retraining or access to the

probability distribution of the protected attribute. Our results suggest that enforcing

counterfactual fairness at the set level is both feasible and effective. Two promising

directions for future work are: (i) extending this fairness notion to path-dependent coun-

terfactual fairness [108], where only certain causal pathways from the protected attribute

to the outcome are considered unfair; (ii) generalizing CF-CP to dynamic settings where

covariates and protected attributes evolve over time.
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Chapter 5

Multi-Bin Batching for LLM

Inference

5.1 Introduction

Large Language Model (LLM) inference systems are becoming increasingly popular

due to their various abilities, such as text generation [109], coding assistance [110], and

question answering [111]. As the demand for LLM inference systems grows, so does the

need to optimize their efficiency.

Several techniques have been proposed to improve the efficiency of LLM inference

systems, and batched inference [112, 15, 113] is one of the most promising techniques

among them. With batched inference, multiple requests are processed simultaneously,

using the underlying hardware’s parallelism to improve throughput. Figure 5.1a shows

the measured throughput of the Phi-3.5 Mini Instruct model [114] for various batch sizes

on an NVIDIA A100 80G GPU. Throughput is calculated as the number of total tokens

generated across all requests divided by time.

However, batched inference comes with some critical drawbacks. The execution time
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of each request depends on the number of tokens generated, which varies across requests.

In standard batched inference systems, a computing unit remains locked until all requests

in the batch are completed, leading to resource underutilization when requests within a

batch have widely differing execution times. This inefficiency offsets the throughput gains

achieved through parallelism1.
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Figure 5.1: (a) Batch serving improves the throughput for LLM inference systems. (b)
Standard batching causes underutilization of resources due to varying answer sizes.

Inspired by this, a natural question arises: can we achieve near-optimal throughput

from batched inference?

We propose a novel control policy to optimize batched inference by introducing multi-

bin batching that can provably improve LLM inference throughput in the static-batching

model by grouping requests based on their predicted output lengths. Instead of placing

all requests into a single queue, we create multiple “bins”, each serving as a waiting area

for requests with similar (predicted) output lengths. This binning policy ensures that

requests with comparable execution times are grouped together, minimizing inefficiencies

due to varying execution times. Batches are then formed within each bin and dispatched

to a central queue to be processed.

1With some low-level system engineering, one could potentially allow for dispatch of waiting requests
in the queue to a partially busy computing node [14]. We assume such fine-grained request dispatching
is not available in this chapter. See Section 5.2 for more details.
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To see why this approach is beneficial, consider the example illustrated in Figure 5.1b,

where four requests arrive at nearly the same time, with execution times of 1, 5, 2, and

6 seconds, respectively. In a standard batching system with a batch size of B = 2, the

requests would be grouped based on their arrival time, forming two batches: (Request 1:

1s, Request 2: 5s) and (Request 3: 2s, Request 4: 6s). The total execution time would

be 11 seconds (5 seconds for the first batch and 6 seconds for the second). On the other

hand, two-bin batching (one bin for service time between 1 to 3 seconds and another for

those between 4 to 6 seconds) will result in different batches: (Request 1: 1s, Request 3:

2s) and (Request 2: 5s, Request 4: 6s). This will reduce the total execution time to 8

seconds, demonstrating how multi-bin batching can improve LLM inference throughput.

Our analysis shows that, within the static-batching framework, increasing the number

of bins makes the throughput approach the idealized static-batching capacity by reducing

inefficiencies caused by heterogeneous execution times within batches.

On the Dolly dataset workload, estimated-length multi-bin batching improves token

throughput by 150.1% over static batching at k = 8, but remains 43.0% below the

continuous-batching baseline. The corresponding oracle-length result improves over static

batching by 253.1%, while remaining 19.5% below continuous batching. These results

show that length-aware grouping substantially mitigates static-batching inefficiency, but

also that native continuous batching remains a strong practical baseline on this workload.

Although our presentation is motivated by LLM inference, the underlying queueing

formulation also applies more broadly to autoregressive batch-serving systems in which

heterogeneous completion times create straggler effects within fixed batches.

The main contributions of this chapter are summarized below. This chapter is based

in part on our work [19].

• We propose a novel binning-based scheduling strategy that dynamically groups
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requests into bins based on output lengths, minimizing inefficiencies from varying

execution times and optimizing throughput for LLM inference systems.

• We use queueing-theoretical analysis to show that our multi-bin batching strategy

achieves asymptotic throughput optimality under the static batching model as the

number of bins grows. Additionally, we characterize the number of bins required

to achieve a desired throughput improvement.

• Our experiments on real LLM inference workloads show that estimated-length

multi-bin batching substantially improves generated-token throughput over static

batching, reaching 150.1% improvement on the Dolly dataset workload, while re-

maining below the continuous-batching baseline.

5.2 Related Work

LLM Inference and Scheduling Recent research has focused on optimizing large

language model (LLM) inference through scheduling techniques and queueing-theoretic

tools. FastServe [115] utilizes a preemptive scheduling algorithm, skip-join Multi-Level

Feedback Queue, to improve job completion time in LLM inference systems. Prior work

on dynamic batching [116] studies a setting where the system serves up to B jobs depend-

ing on queue occupancy and derives closed-form upper bounds for the mean latency. Slice-

level scheduling [117] splits the maximum output length into slices and serves batches

slice by slice, improving memory utilization and response time. Llumnix [118] addresses

heterogeneous and unpredictable LLM inference requests through runtime rescheduling

across multiple model instances, improving tail latency and resource utilization. Recent

systems further exploit the two-phase structure of LLM inference: Sarathi-Serve [119]

uses chunked prefills and stall-free scheduling to improve the throughput–latency trade-
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off, while Splitwise [120] separates prompt computation and token generation across

different resources to exploit the distinct computational characteristics of prefill and de-

code. A queueing-theoretic analysis of low-latency LLM inference [121] studies an M/G/1

model and shows that maximum-output-token limits and batch-size optimization can

significantly reduce latency under token-length variability. Queue management for SLO-

oriented LLM serving [122] introduces grouping strategies based on request length to

improve throughput. Our work is complementary to these studies: rather than model-

ing general queueing delay in an M/G/1 system or optimizing prefill/decode scheduling,

we study a length-aware static-batching control policy, characterize bin boundaries in

tractable service-time models, and quantify how finite-bin discretization and prediction

errors affect the resulting effective batched service rate.

LLM Serving and Answer Length Estimation Several studies have improved LLM

inference throughput and latency using response-length or execution-time estimation.

Response-time prediction via prompting [123] asks the model an additional question

to estimate response time. Learning-to-rank based scheduling [124] predicts the rela-

tive ordering of requests by execution time and uses this ranking in a shortest-job-first

scheduling algorithm to reduce head-of-line blocking. Proxy-model-based prediction [125]

uses a lightweight proxy model to predict execution time and then applies speculative

shortest-job-first scheduling to improve serving throughput. S3 [113] estimates answer

length and uses this estimate to improve memory efficiency, thereby increasing the effec-

tive batch size of the system. Generation-length prediction for LMaaS [126] uses input

length to predict response length and optimize batch size, improving throughput and re-

ducing response time. Similarly, SyncIntellects [127] enhances response-length prediction

using a transformer-based model and implements QoS-friendly length control, improving

both throughput and latency. These works show that length information can be a useful
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scheduling signal in LLM serving. Our method uses this signal differently: instead of

selecting a job order or batch size, it partitions requests into length-aware bins before

batch formation.

LLM Inference Optimization Recent studies have focused on optimizing the infer-

ence efficiency of LLM models through various techniques. Quantization has emerged

as a key approach to reduce the memory footprint and improve the inference efficiency

of LLM models. Methods like LLM.Int8() [128], GPTQ [129], SmoothQuant [130], and

AWQ [131] have demonstrated effective weight quantization techniques for LLM models,

while QLoRA [132] combines quantization with parameter-efficient fine-tuning. Mem-

ory management innovations such as PagedAttention [15] have significantly improved

the serving throughput. KV cache optimizations, including compression techniques like

Gear [133] have further improved the memory efficiency of LLM inference systems. Sys-

tems like FastServe [115], and FlexGen [112] have integrated these techniques to create

comprehensive LLM serving solutions.

Continuous Batching Continuous batching, also known as iteration-level scheduling,

allows completed requests to leave a batch and new requests to enter during decoding,

rather than requiring a fixed batch to remain locked until all requests finish [14]. Mod-

ern serving systems such as Orca [14], vLLM/PagedAttention [15], and SGLang [134]

use this style of scheduling or related mechanisms to improve utilization and reduce the

head-of-line blocking present in static batching. At the same time, continuous-batching

systems must manage heterogeneous prefill and decode phases, KV-cache constraints,

and scheduling hyperparameters that affect the balance between throughput and latency.

This distinction is especially important because prefill and decode have different compu-

tational and memory characteristics, and recent systems such as Sarathi-Serve [119] and
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Splitwise [120] explicitly exploit this two-phase structure. Our theoretical analysis does

not attempt to characterize iteration-level continuous batching. Instead, it provides a

tractable static-batching framework that isolates the effect of output-length heterogene-

ity. In the experiments, we therefore include the backend’s native continuous-batching

behavior as a strong practical reference baseline. The resulting interpretation is that

multi-bin batching is a length-aware grouping principle that may complement modern

serving systems, for example through queue classes, or admission-control classes rather

than a replacement for continuous batching.

5.3 Problem Setup and the Multi-Bin Batching Al-

gorithm

We begin by introducing the system model and key assumptions that form the founda-

tion of our analysis. This model represents a typical LLM inference system as a queueing

system with specific characteristics. Following this, we will propose our novel batching

algorithm, which leverages a multi-binning approach to optimize request processing. The

model studied in this section is a stylized static-batching framework: it is designed to

isolate the effect of service-time, and in particular decode/output-length, heterogeneity

on batch efficiency rather than to capture all costs in a production LLM serving system.

Assumption 5.1 The LLM inference system is a single-server queueing system with an

infinite queue length capacity. The system receives requests from a Poisson process with

rate λ.

Assumption 5.1 is a standard assumption in queueing theory, and it is well-suited for LLM

inference systems since requests are typically generated by users in a random manner.

Although this analysis assumes a single-server system, extension to multi-server systems
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is rather straightforward.

The system forms batches of size B, and the serving time of a batch is determined by

the maximum of the serving times of its requests. For the purposes of this chapter, we

assume a “first formed batch, first served” policy, where batches are processed in the order

they are fully formed, regardless of when its constituent requests arrived. Alternative

policies, such as “shortest batch, first served”, could also be considered depending on

specific system requirements.

Assumption 5.2 The service time of each request is independent and identically dis-

tributed (i.i.d.) with a uniform distribution in the range [lmin, lmax], i.e., l ∼ U(lmin, lmax).

We make this assumption to simplify the analysis, and it is justified since LLM answer

lengths typically fall within a specific range due to maximum token length limitations. We

also extend our analysis to the case where the service time is exponentially distributed,

which can be found in the Section 5.6. The uniform and exponential assumptions should

be interpreted as analytically tractable service-time models, not as claims that real LLM

inference times exactly follow these distributions. In autoregressive generation, decode

time is often closely related to the number of generated tokens, so the service-time vari-

able can be viewed as an abstraction of output-length-driven decode cost. The analysis

is therefore most directly applicable to decode-dominant workloads, or to systems in

which prefill and decode are separated. It does not explicitly model prefill time, input-

length heterogeneity, or the interaction between prefill and decode costs; these factors

are included only in the end-to-end empirical measurements in Section 5.7.

In our theoretical analysis, we assume that the system always forms batches of size B

and then starts processing them. However, in real systems, there could be a parameter

that specifies the maximum time a batch can wait before it is processed. This way the

system can ensure that the latency of a request does not exceed a certain threshold and
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the quality of service is maintained.

5.3.1 Multi-Bin Batching Algorithm

We propose a novel scheduling policy that aims to improve the throughput of LLM in-

ference systems. The key idea is to group requests into k bins based on their service times

before forming batches within each bin. This binning procedure reduces inefficiencies by

ensuring that requests with similar execution times are batched together.

Algorithm 2: Multi-Bin Batching with k-bins

Input: Bin boundaries, [li−1, li], i = 1, . . . , k-bins, batch size B, and serving
policy

1 for each incoming request do
2 Estimate its service time l;
3 Assign the request to bin i where li−1 ≤ l < li;

4 for each bin do
5 Form batches of size B when available;
6 Add completed batches to the service queue;

7 Serve batches from the service queue based on the serving policy provided;
8 The serving time of a batch is the maximum of the serving times of the requests

in the batch;
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Figure 5.2: k-Bin Batching

The multi-bin batching algorithm is illustrated in Figure 5.2. This algorithm works by

first dividing the range of possible service times into k bins with boundaries determined by

prior knowledge or system profiling. Incoming requests are assigned to bins based on their

estimated service times and grouped into batches of size B. Completed batches are added

to a service queue and processed using the “first completed batch, first served” policy, the
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default for this chapter. By batching requests with similar service times together, this

method reduces the serving time of each batch, and ensures efficient processing across

all bins.

5.4 Throughput Analysis

In this section, we present a queueing-theoretical analysis to show that our multi-bin

batching policy improves the throughput of LLM inference systems within the static-

batching framework introduced above. To analyze the throughput of the system, we

first derive the optimal decision boundaries for each bin in our batching system. Using

these boundaries, we calculate the expected service time of a batch of requests processed

under the multi-bin batching policy. Throughout this section, “throughput” refers to

the saturated request processing rate of the static-batching, i.e., the number of requests

completed per unit service time. This is a service-rate quantity for the batched server

and should be distinguished from the maximum stable arrival rate of a full queueing

system with finite waiting effects.

Definition 5.3 (Throughput under static batching) For a saturated static batch-

ing server, the throughput is the ratio of the batch size to the expected service time.

Specifically, it can be written as

Throughput =
B

E[tservice]
, (5.1)

where B is the batch size and E[tservice] is the expected service time of a batch of B requests.

Remark 5.4 Within static batching framework, the idealized upper bound on throughput

is achieved when the service time of a batch, tservice, equals the average service time of a

single request rather than the maximum service time within the batch. In this case, the
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expected throughput becomes, Throughputmax =
B
E[t] , where E[t] is the mean service time of

a single request. This scenario represents the idealized case of perfect parallelism without

any delays due to batching overhead. This bound is specific to the fixed-batch model

analyzed here and is not intended as a universal upper bound for continuous-batching

systems, which can pipeline request admission and completion at a finer granularity.

For our multi-bin batching system, we can derive the expected service time of a batch

of B requests as follows:

E[tservice, k] =
k∑

i=1

Pr(bin = i)E
[
max
j∈[B]

xj|bin = i

]
, (5.2)

where Pr(bin = i) is the probability that a batch served by the system is in bin

i, and the expected service time of a batch of B requests from bin i is denoted by

E
[
maxj∈[B] xj|bin = i

]
. We also denote it as E[tservice, k] to emphasize that it is the ex-

pected service time of multi-bin batching system with k bins. Then, the first step is to

determine the optimal decision boundaries for each bin in the multi-bin batching system

for a fixed number of bins k, as provided by the following lemma.

Lemma 5.5 Under Assumption 5.2 and a fixed number of bins k, the throughput is

maximized when each bin has equal probability mass, and the decision boundaries are

determined as follows:

li = lmin +
i

k
(lmax − lmin), i ∈ [k]. (5.3)

and where l0 = lmin.

Proof. We begin by defining the expected service time of a request in bin i as follows,

E
[
max
j∈[B]

xj|bin = i

]
=

1

B + 1
li−1 +

B

B + 1
li. (5.4)
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Since, the service time of a request in bin i is uniformly distributed in the range [li−1, li],

the expected value of the maximum of B uniform random variables in the range [li−1, li]

is well-known and can be computed easily. Then, the expected service time of the system

is given by,

E [tservice, k] =
k∑

i=1

Pr(bin = i)E
[
max
j∈[B]

xj|bin = i

]
(5.5)

It can be written as,

E [tservice, k] =
k∑

i=1

li − li−1
lmax − lmin

(
1

B + 1
li−1 +

B

B + 1
li

)
. (5.6)

For k bins, we have k−1 decision boundaries, and l0 = lmin and lk = lmax. We can denote

the expected service time of the system as a function of l = [l1, l2, . . . , lk−1] as follows,

fk(l) =
k∑

i=1

li − li−1
lmax − lmin

(
1

B + 1
li−1 +

B

B + 1
li

)
. (5.7)

We can compute the partial derivative of fk(l) with respect to li, i ∈ [k − 1] as follows,

∂fk(l)

∂li
= −B − 1

B + 1

li+1

lmax − lmin

+
2(B − 1)

B + 1

li
lmax − lmin

− B − 1

B + 1

li−1
lmax − lmin

. (5.8)

Then, the second-order partial derivative of fk(l) with respect to li and lj, i, j ∈ [k − 1]

is given by,

∂2fk(l)

∂li∂lj
=



2(B−1)
B+1

1
lmax−lmin

if i = j,

−B−1
B+1

1
lmax−lmin

if |i− j| = 1,

0 otherwise.

(5.9)
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The Hessian matrix of fk(l) is a tridiagonal matrix in the form of,

∇2fk(l) = c



2 −1 0 · · · 0 0

−1 2 −1 · · · 0 0

0 −1 2 · · · 0 0

...
...

...
. . .

...
...

0 0 0 · · · 2 −1

0 0 0 · · · −1 2


, (5.10)

where

c =
B − 1

B + 1

1

lmax − lmin

. (5.11)

The determinant of the Hessian matrix can be computed via the recursive formula for

the determinant of a tridiagonal matrix as follows,

det(∇2fk(l)) = k

(
(B − 1)

(B + 1)(lmax − lmin)

)k−1

> 0 (5.12)

Since k > 1 and B > 1, and since the tridiagonal matrix with diagonal entries 2 and

off-diagonal entries −1 is positive definite, the Hessian matrix is positive definite. There-

fore, the function fk(l) is convex with respect to l1, l2, . . . , lk−1. Then, one can solve

Equation (5.8) for li by setting the partial derivative to zero, i.e., ∂fk(l)
∂li

= 0. It can be

seen that the optimal decision boundaries are given by,

li = lmin +
i

k
(lmax − lmin) ∀i ∈ [k − 1]. (5.13)

This completes the proof. ■

Given the optimal decision boundaries in Lemma 5.5, for a fixed number of bins k,

we can have the following theorem for the expected throughput of the system.
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Theorem 5.6 Under Assumption 5.2, the expected throughput of the k-bin batching is

Throughputk =
B

E[tservice, k]
=

B
lmax+lmin

2
+ 1

k
lB
, (5.14)

where

lB =
B

B + 1
lmax +

1

B + 1
lmin −

lmax + lmin

2

and it is an increasing function of the number of bins k.

Proof. The expected service time of a batch of B requests is,

E[tservice, k] =
k∑

i=1

Pr(bin = i)E
[
max
j∈[B]

xj|bin = i

]
(5.15)

=
k∑

i=1

1

k

(
B

B + 1
li +

1

B + 1
li−1

)
, (5.16)

because each bin has equal probability mass, and the service time of a batch of requests

follows from the uniform distribution in the range [li−1, li]. If we substitute the optimal

decision boundaries in Equation 5.3 into Equation 5.15, we can derive the expected service

time of a batch of B requests with multi-bin batching as follows,

E[tservice, k] =
1

k

k∑
i=1

B

B + 1

(
lmin +

i

k
(lmax − lmin)

)
+

1

B + 1

(
lmin +

i− 1

k
(lmax − lmin)

)
=

1

k

B

B + 1

k + 1

2
(lmax − lmin) +

1

k

1

B + 1

k − 1

2
(lmax − lmin) + lmin

=
lmax + lmin

2
+

1

k

(
B

B + 1
lmax +

1

B + 1
lmin −

lmax + lmin

2

)

Then, the expected throughput of the system with multi-bin batching with k bins is,

Throughputk =
B

E[tservice, k]
=

B
lmax+lmin

2
+ 1

k
lB
, (5.17)
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and it can be observed that it is an increasing function of the number of bins k since the

denominator is decreasing with respect to k. ■

Remark 5.7 The standard batching system is a special case of the multi-bin batching

system with k = 1. If we substitute k = 1 into Equation 5.14, we can derive the expected

throughput of the system with standard batching. Since the expected throughput of the

system with the multi-bin batching is an increasing function of the number of bins k, the

throughput of the system with our multi-bin batching system is higher than the standard

batching system. Hence, the multi-bin batching system can improve the throughput of the

system.

Remark 5.8 The expected throughput of the system with multi-bin batching increases

with the number of bins k and converges to the maximum capacity of the system as

k →∞:

cmax = lim
k→∞

Throughputk =
B

lmax+lmin

2

. (5.18)

With infinitely many bins, the binning becomes so fine-grained that the batch service

time equals that of a single request, achieving the optimal throughput of static batching

framework asymptotically.

In the following theorem, we derive the minimum number of bins k required to achieve

a target throughput below the maximum capacity.

Theorem 5.9 Under Assumptions 5.1, and 5.2, for any ϵ > 0, the desired throughput of

the system cmax − ϵ can be achieved by the multi-bin batching system with k bins, where

k is the smallest integer satisfying the condition

k ≥
⌈
(cmax − ϵ)lB
ϵ lmax+lmin

2

⌉
= O

(
1

ϵ

)
. (5.19)
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Proof. The desired throughput of the system is cmax−ϵ. From Theorem 5.6, the expected

throughput of the system with multi-bin batching with k bins is,

Throughputk =
B

lmax+lmin

2
+ 1

k
lB
. (5.20)

where lB = B
B+1

lmax +
1

B+1
lmin − lmax+lmin

2
. Then, we can find the smallest integer k that

satisfies the following condition,

cmax − ϵ ≤
B

lmax+lmin

2
+ 1

k
lB
. (5.21)

We can solve the above inequality for k to find the smallest integer k that satisfies the

desired throughput of the system,

(cmax − ϵ)
[(

lmax + lmin

2

)
+

1

k
lB

]
≤ B. (5.22)

It can be simplified as follows,

B − ϵ
(
lmax + lmin

2

)
+ (cmax − ϵ)

1

k
lB ≤ B. (5.23)

This implies,

k ≥ (cmax − ϵ)lB
ϵ lmax+lmin

2

. (5.24)

Therefore, the smallest integer k that satisfies the desired throughput of the system is

given as in the statement of the theorem. ■

Figure 5.3 shows the average throughput of the system with varying numbers of bins

k as a function of the arrival rate λ. In this figure, we assumed that the batch size

B = 128, the minimum service time lmin = 1, and the maximum service time lmax = 20,
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Figure 5.3: Average throughput of the system with varying numbers of bins k as a
function of the arrival rate λ.

resulting a maximum theoretical capacity of cmax = 128
20+1

2

≈ 12.3. We submit 128000

requests to the system and measure the time taken to process all the requests. We run

the simulations for 10 times and report the average throughput of the system. Then,

we calculate the average throughput of the system as the number of requests processed

per unit time. The results show that throughput increases with the number of bins k,

approaching the maximum capacity when k = 5. However, increasing the number of bins

introduces a trade-off: as k grows, the time required to construct batches also increases,

potentially leading to higher latency. In the next section, we evaluate the latency of the

system with multi-bin batching and compare it with the standard batching system.

5.5 Latency Analysis

The latency of a request is defined as the total time from when it enters the system

until it is completely served. The latency of a request consists of two components: the

queuing time and the service time. In the previous section, we analyzed the expected

service time of a request for our multi-bin batching scheduling policy. In this section, we

focus on the queuing time, which can be further decomposed into two components: the
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time spent waiting to form the current batch and the time spent waiting for the current

batch to start processing. In this analysis, we focus on the time spent waiting to form

the current batch, which provides a lower bound for the latency of a request. Thus,

the analysis in this section should be interpreted as an idealized batch-formation latency

calculation, rather than a complete end-to-end latency model for a loaded single-server

system.

To derive this theoretical lower bound for latency, we assume ideal conditions where

batches are processed immediately upon formation.

Assumption 5.10 The number of servers in the system is infinite. Therefore, any batch

that is ready for processing begins immediately without delay.

This assumption allows us to approximate latency in an idealized setting, where the

waiting time for batches to start processing is negligible. Equivalently, Assumption 5.10

intentionally removes server-side waiting after a batch has formed, so the resulting ex-

pression isolates only the batch-formation component and the service-time component.

While this lower bound holds across all load conditions, it closely approximates the la-

tency in underloaded systems. We denote the expected latency of a request as E[tlatency].

The following lemma provides the expected latency of a request in our system with the

assumption of infinite servers.

Lemma 5.11 Under Assumptions 5.2, and 5.10, and given the arrival rate λ and k-bins

with equal probability mass, the expected latency of a request is given by

E[tlatency] =
lmax + lmin

2
+
B − 1

2λ
k +

1

k
lB.

The proof of Lemma 5.11 is given in Appendix D.1.1. The proof utilizes the fact that

the arrival process is Poisson and the effective arrival rate of each bin is λ/k. The inverse
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dependence on λ in Lemma 5.11 reflects the fact that higher arrival rates reduce the

time needed to collect enough requests within each bin. It should not be interpreted as a

claim that end-to-end latency necessarily decreases with traffic in a practical single-server

system, where server-side queueing delay can dominate.
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Figure 5.4: The latency of a request vs the arrival rate λ for different k values.

In Figure 5.4, we plot the average latency of a request as a function of the arrival

rate λ for different k values. We use the parameters lmin = 1, lmax = 20, B = 128, and

k = 1, 2, 3. We submit 128000 requests to the system and measure the latency of each

request. We run the simulations for 10 times and report the average. It can be seen that

our Lemma 5.11 provides a close approximation of the latency of a request in our system

when the arrival rate is low. In the idealized batch-formation component captured by

Lemma 5.11, increasing the arrival rate reduces the time needed to form a batch. In

a one-server system, however, this effect can be offset by server-side queueing as the

system approaches its service-rate limit. Overall, these results illustrate that multi-bin

batching can improve throughput relative to standard static batching, but the number

of bins should be selected with the associated batch-formation latency in mind. More

generally, the number of bins k controls a tradeoff between latency and throughput:

increasing k reduces service-time waste within a batch, but also decreases the arrival rate
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into each bin and can increase the time required to form a full batch. Hence, k should be

viewed as a workload and latency dependent tuning parameter. Larger values of k are

most attractive in high-load or throughput-oriented regimes, while smaller values may be

preferable in low-load or latency-sensitive regimes. A full end-to-end latency–throughput

Pareto analysis is an important direction for future work.

5.6 Analysis under Exponential Distribution

In this section, we provide the expected service time of a batch of B requests when the

service time of each request is exponentially distributed with rate µ. As in the uniform

case, the exponential model is used as an analytically tractable service-time distribution

for studying the effect of length heterogeneity under static batching; it is not intended

as an empirical claim about the exact distribution of LLM inference times. Hence, here

we make the following assumption:

Assumption 5.12 The service time of each request is independent and identically dis-

tributed (i.i.d.) with an exponential distribution with rate µ, i.e., l ∼ Exp(µ).

Then, for our multi-bin batching system, we need to decide the optimal decision

boundaries to minimize the expected service time of a batch of B requests. One can

utilize the order statistics of the truncated exponential distribution [135] to derive the

expected service time of a batch of B requests with k bins. However, the exact values

of truncated exponential order statistics are not easy to compute. Therefore, we use a

simpler approach to derive an upper bound on the expected service time of a batch of B

requests with k bins. For the bins before the last bin, we can upper bound the expected

service time of a batch of B requests as the decision boundary of that bin, i.e., for bin i,

the expected service time of a batch of B requests is upper bounded by li. For the last
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bin, the exact expected service time of a batch of B requests is known and it is lk−1+
HB

µ
,

where HB is the B-th harmonic number. Then, we have the following lemma.

Lemma 5.13 Under Assumption 5.12, the expected service time of a batch of B requests

with k bins is upper bounded by,

E[tservice, k] ≤
k−1∑
i=1

Pr(bin = i)li + Pr(bin = k)

(
lk−1 +

HB

µ

)
. (5.25)

and this upper bound is minimized when the decision boundaries are set as,

li =
1

µ

i∑
j=1

log(Lk−j) ∀i ∈ [k − 1] (5.26)

where Lm is defined recursively as:

Lm =


HB if m = 1

1 + log(Lm−1) if m > 1

(5.27)

The proof of Lemma 5.13 is given in Appendix D.1.2. The proof bounds the expected

service time by breaking it into contributions from each bin and reformulating the prob-

lem using a logarithmic transformation. It then shows the reformulated upper bound

is convex via its Hessian so that setting its gradient to zero yields the optimal decision

boundaries.

Given the optimal decision boundaries, the service-time upper bound in Lemma 5.13

yields the following lower bound on throughput.

Corollary 5.14 Under Assumption 5.12 and the optimal decision boundaries given in
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Lemma 5.13, the expected service time satisfies

E[tservice, k] ≤
1

µ
f(q), (5.28)

and therefore the throughput satisfies

Throughputk =
B

E[tservice, k]
≥ Bµ

f(q)
, (5.29)

where

f(q) =
k−1∑
i=1

Lk−i − 1∏i
j=1 Lk−j

·
i∑

j=1

log(Lk−j) +
1∏k−1

j=1 Lk−j

(
k−1∑
j=1

log(Lk−j) +HB

)
, (5.30)

and Lm is defined recursively as in Lemma 5.13.

The proof of corollary follows from the optimal decision boundaries in Lemma 5.13 and

the expected service time of a batch of B requests with k bins.
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Figure 5.5: Performance of the system with respect to the arrival rate λ for different
values of k. (a) Throughput. (b) Expected latency of a request.

Similarly to the uniform distribution case, we provide numerical results for the expo-
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nentially distributed service time case. In Figure 5.5a and 5.5b, we provide the through-

put and expected latency of the system with respect to the arrival rate λ for different

values of k. We assume that the service time of each request is exponentially distributed

with rate µ = 0.1, the batch size is B = 200, and the total number of requests is

N = 200000. We run the simulations for 10 different seeds and provide the average

throughput and expected latency of the system. It can be observed that the throughput

of the system increases with the number of bins k with the multi-bin batching policy in

Figure 5.5a. The average latency of the system depicted in Figure 5.5b decreases with

the number of bins k. It can be seen that with the increasing number of bins, the system

first achieves a lower latency but after a certain point, the latency starts to increase. This

is different from the results in the uniform distribution case, where the latency increases

with the number of bins.

5.7 Experiments

We evaluate multi-bin batching in four complementary settings. First, we run a con-

trolled real-inference workload using llama.cpp, where output lengths are selected from

a balanced uniform-bin distribution and bin assignments use oracle output lengths. Sec-

ond, we evaluate a more realistic Dolly dataset [136] workload, again using oracle output

lengths for bin assignment. Third, we repeat the Dolly workload with bin assignments

obtained from an estimated-length predictor. Finally, we retain the simulation-based

symmetric error study from the original evaluation to isolate the effect of controlled

bin-assignment noise.

Throughout this section, throughput denotes generated tokens per second unless oth-

erwise stated. We use oracle length to mean that bin assignment is based on the true

generated output length. We use estimated length to mean that bin assignment is based
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on a length predictor; the inference run itself still generates the true target number of to-

kens. This distinction allows us to separate the scheduling benefit available with perfect

length information from the benefit attainable with a practical length estimator.

5.7.1 Experimental Setup

The real-inference experiments evaluate scheduling policies using llama.cpp as the

serving backend. All real-inference experiments use Llama-3.2-3B-Instruct [137] served

through llama.cpp. For each workload, requests are issued to a local llama.cpp server

according to the scheduling policy under evaluation, and throughput is measured as

the total number of generated tokens divided by the wall-clock completion time of the

workload. We compare static batching, native continuous batching, and multi-bin static

batching.

We compare three scheduling policies. Static batching forms fixed batches in request

order and does not refill a batch until all requests in that batch complete. Continuous

batching uses the backend’s native continuous-batching scheduler, which can admit new

requests as running requests finish. This is a substantially stronger and more practically

relevant baseline than fixed static batching. Multi-bin static batching assigns requests

to length bins, forms fixed batches within each bin, and dispatches ready batches in

earliest-request-id order. Thus, static batching isolates the straggler effect targeted by

our method, while the native continuous-batching baseline provides a strong practical

reference point for assessing whether length-aware grouping remains useful beyond fixed-

batch comparisons.

The controlled oracle-length experiment uses 1024 requests with batch size 32. Target

generation lengths are sampled from a balanced uniform-bin distribution over 500–2000

tokens. We evaluate k ∈ {2, 4, 8, 16} bins, with a total assigned output length of 1,282,127
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tokens. The Dolly experiments use 1478 test requests from a Dolly-derived labeled work-

load with batch size 64. The true target lengths range from 3 to 978 tokens, for a total

of 408,352 generated tokens. All throughput numbers below are reported in generated

tokens per second.

All real-inference experiments were run on a single NVIDIA A100 80GB GPU. The

model was served in FP16 precision with a context size of 4096. Before each measured run,

we performed a warm-up run using the same serving configuration. For the controlled

real-inference workload, we use batch size B = 32. For the Dolly workload, we use batch

size B = 64.

5.7.2 Controlled Oracle-Length Inference
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Figure 5.6: Controlled oracle-length llama.cpp throughput.

Figure 5.6 reports the controlled oracle-length experiment. Static batching achieves

534.23 tokens/s. Multi-bin batching improves monotonically with the number of bins,

reaching 1380.48 tokens/s at k = 16. This corresponds to a 158.4% improvement over

static batching, showing that length-aware grouping can substantially reduce the ineffi-

ciency caused by heterogeneous output lengths in fixed batches.

Continuous batching is much stronger than static batching, achieving 1348.49 to-

kens/s. In this controlled workload, k = 16 multi-bin batching is 2.4% higher than
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continuous batching, while smaller values of k remain below the continuous baseline. We

view this result as evidence that sufficiently fine oracle-length grouping can approach, and

in this case slightly exceed, the throughput of the native continuous-batching baseline

under controlled length heterogeneity.

5.7.3 Dolly Dataset Inference with Oracle Lengths
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Figure 5.7: Dolly dataset [136] llama.cpp throughput with estimated and oracle output
lengths. For multi-bin bars, the solid portion shows estimated-length batching, and
the hatched segment shows the additional throughput obtained with oracle lengths.

Figure 5.7 reports the Dolly real-inference experiment with oracle bin assignments.

Because bins are assigned using the true output lengths, this experiment isolates the

scheduling benefit from any prediction error. Accordingly, these oracle results should be

interpreted as an upper bound on the scheduling gains available from accurate length

information, rather than as directly achievable without a sufficiently accurate estimator.

Static batching achieves 273.53 tokens/s, whereas continuous batching achieves 1200.07

tokens/s. Multi-bin batching improves over static batching for all tested values of k:

k = 2 achieves 502.65 tokens/s, k = 4 achieves 720.17 tokens/s, and k = 8 achieves

965.97 tokens/s.

Relative to static batching, the k = 8 oracle result gives a 253.1% throughput im-

provement. However, unlike the controlled oracle-length workload, the Dolly oracle result
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remains below the native continuous-batching baseline: k = 8 oracle multi-bin batching

is 19.5% below continuous batching. These results emphasize two points. First, accurate

length information can recover a large amount of the static-batching inefficiency. Sec-

ond, the remaining gap to continuous batching suggests that more fine-grained binning,

adaptive bin boundaries, or integration with continuous-batching mechanisms may be

needed to fully exploit length information.

5.7.4 Dolly Dataset Inference with Estimated Lengths

Bins Exact acc. Adjacent acc.

k = 2 0.943 1.000
k = 4 0.791 0.998
k = 8 0.567 0.949

Table 5.1: Estimator bin-assignment quality on the Dolly dataset.

We next evaluate the same Dolly workload when bin assignments are obtained from

estimated rather than oracle output lengths. The estimator is a lightweight length regres-

sor built on prompt-prefill hidden-state features from Llama-3.2-3B-Instruct, motivated

by recent work showing that the served LLM’s internal representations can provide use-

ful signal for output-length prediction [138]. Each prompt is processed with the same

Llama-3 style chat template used for label generation, but no answer tokens are generated

for bin assignment. This design aligns the predictor with the model used in the serving

experiments, while keeping bin assignment limited to prompt-prefill computation.

Table 5.1 summarizes the resulting bin-assignment quality. The realized exact bin

accuracies are 94.28%, 79.09%, and 56.69% for k = 2, k = 4, and k = 8, respectively. The

corresponding adjacent-bin accuracies are 100.0%, 99.80%, and 94.89%. Thus, although

exact bin accuracy decreases as the number of bins increases, most errors remain localized

near the correct bin, especially for k = 8, where fewer than 5.2% of requests are assigned
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more than one bin away from their oracle bin. Figure 5.8 shows the corresponding

row-normalized confusion matrices; for readability, the k = 8 panel is annotated using

whole-number percentages.
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Figure 5.8: Row-normalized confusion matrices for the estimated Dolly dataset bin
assignments.

As shown in Figure 5.7, estimated-length binning still improves substantially over

static batching. Throughput increases from 273.53 tokens/s under static batching to

485.70, 597.91, and 684.02 tokens/s for k = 2, k = 4, and k = 8, respectively. The

best estimated-length result, obtained at k = 8, is 150.1% higher than static batching.

However, it remains 43.0% below the continuous-batching baseline.

These results indicate that practical length estimation preserves a large fraction of

the gain over static batching, while leaving substantial room for further improvement.

The gap between the estimated and oracle bars in Figure 5.7 quantifies the remaining

opportunity from more accurate length information: at k = 8, oracle assignments increase

throughput from 684.02 to 965.97 tokens/s. Although the Dolly oracle result remains

below the continuous-batching baseline in this experiment, it closes much of the gap and

suggests that finer binning, improved lightweight length estimators, and bin boundaries

adapted to workload-specific prediction errors can further strengthen multi-bin batching.

These results support our view that length-aware grouping is a useful scheduling principle
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that can complement modern continuous-batching systems.

5.7.5 Effect of Symmetrical Prediction Errors

Finally, we retain the controlled robustness study with symmetric binning errors.

This experiment is a simulation rather than a measured llama.cpp inference run. Its

purpose is to isolate how multi-bin batching degrades as bin assignments become noisier

under a simple and controlled error model.

For a true interior bin i, the predicted bin is i − 1 with probability pe, i + 1 with

probability pe, and i with probability 1 − 2pe. For edge bins, the prediction moves to

the only neighboring bin with probability pe and remains correct with probability 1− pe.

This error model captures adjacent-bin mistakes, which are also the dominant type of

error observed in the estimated Dolly experiments. It should not be interpreted as a full

model of real predictor errors, which may be asymmetric, workload-dependent, or span

multiple bins.
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Figure 5.9: Throughput as a function of the symmetric adjacent-bin error probability
pe for different values of k.

Figure 5.9 reports throughput as pe varies for k = 2, k = 4, and k = 8. The sim-

ulation uses batch size B = 128, service times between lmin = 1 and lmax = 20, and

128000 submitted requests. Results are averaged over 10 simulation runs. As expected,
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throughput decreases as the error probability increases. Nevertheless, the multi-bin pol-

icy remains robust to moderate adjacent-bin errors. This simulation complements the

estimated Dolly experiment by showing, in a controlled setting, how throughput changes

as the binning signal becomes progressively noisier.

5.8 Conclusion

This chapter presented multi-bin batching, a queueing-based control policy that

groups requests with similar output lengths to improve batching efficiency. Our the-

oretical results show that length-aware binning improves the effective batched service

rate and approaches the idealized static-batching capacity as the number of bins in-

creases. The analysis isolates the effect of output-length heterogeneity and should be

interpreted as complementary to, rather than a complete model of, modern continuous-

batching systems. Our empirical studies support this interpretation. The real-inference

experiments show significant gains over static batching, and they also compare directly

with the backend’s native continuous-batching behavior. On the Dolly workload, both or-

acle and estimated-length multi-bin batching substantially improve over static batching.

Although they remain below the backend’s native continuous-batching baseline in this ex-

periment, the oracle k = 8 result narrows the gap considerably, and the estimated-length

result demonstrates that practical length prediction still preserves significant through-

put gains. These results suggest that accurate length information can provide a useful

scheduling signal, while also showing that predictor quality is central to the practical

value of the method. Future work could focus on improving lightweight length predictors,

incorporating uncertainty-aware bin assignment, developing adaptive binning strategies,

and studying the full latency–throughput Pareto tradeoff in end-to-end serving systems.
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Supplementary Materials for

Chapter 2

A.1 Theoretical Results

A.1.1 Connections between EI, DP, and BE

In this section, we provide the proof of Theorem 2.5 and Corollary 2.6.

Proof of Theorem 2.5. All we need to prove are three statements:

1. Prove that EI and BE imply DP

2. Prove that DP and EI imply BE

3. Prove that BE and DP imply EI

Below we prove each statement.
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1. EI, BE ⇒ DP Suppose a classifier f achieves EI and BE. Recall that a classifier

achieves EI if

P
(

max
µ(∆xI)≤δ

f(x+∆x) ≥ 0.5 | f(x) < 0.5, z = z

)
= P

(
max

µ(∆xI)≤δ
f(x+∆x) ≥ 0.5 | f(x) < 0.5

)
(A.1)

and a classifier achieves BE if

P
(

max
µ(∆xI)≤δ

f(x+∆x) ≥ 0.5, f(x) < 0.5 | z = z

)
= P

(
max

µ(∆xI)≤δ
f(x+∆x) ≥ 0.5, f(x) < 0.5

)
(A.2)

By dividing both sides of A.2 by the corresponding sides of A.1, we have

P
(

max
µ(∆xI)≤δ

f(x+∆x) ≥ 0.5, f(x) < 0.5 | z = z

)
P
(

max
µ(∆xI)≤δ

f(x+∆x) ≥ 0.5 | f(x) < 0.5, z = z

) =

P
(

max
µ(∆xI)≤δ

f(x+∆x) ≥ 0.5, f(x) < 0.5

)
P
(

max
µ(∆xI)≤δ

f(x+∆x) ≥ 0.5 | f(x) < 0.5

)
(A.3)

Then, it can be simplified as

P (f(x) < 0.5 | z = z) = P (f(x) < 0.5) ,

which implies that the classifier achieves demographic parity,

P (f(x) ≥ 0.5 | z = z) = P (f(x) ≥ 0.5)

2. DP, EI ⇒ BE Suppose a classifier f achieves DP and EI. Recall that a classifier

achieves DP if

P (f(x) ≥ 0.5 | z = z) = P (f(x) ≥ 0.5) , (A.4)
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which implies

P (f(x) < 0.5 | z = z) = P (f(x) < 0.5) . (A.5)

Recall that a classifier achieves EI if

P
(

max
µ(∆xI)≤δ

f(x+∆x) ≥ 0.5 | f(x) < 0.5, z = z

)
= P

(
max

µ(∆xI)≤δ
f(x+∆x) ≥ 0.5 | f(x) < 0.5

)
(A.6)

By multiplying both sides of A.5 and A.6, we have

P
(

max
µ(∆xI)≤δ

f(x+∆x) ≥ 0.5 | f(x) < 0.5, z = z

)
P (f(x) < 0.5 | z = z)

= P
(

max
µ(∆xI)≤δ

f(x+∆x) ≥ 0.5 | f(x) < 0.5

)
P (f(x) < 0.5) (A.7)

Then, it can be simplified as

P
(

max
µ(∆xI)≤δ

f(x+∆x) ≥ 0.5, f(x) < 0.5 | z = z

)
= P

(
max

µ(∆xI)≤δ
f(x+∆x) ≥ 0.5, f(x) < 0.5

)
,

(A.8)

which implies that the classifier f achieves BE.

3. BE, DP ⇒ EI Suppose a classifier f achieves BE and DP. Recall that a classifier

achieves DP if

P (f(x) ≥ 0.5 | z = z) = P (f(x) ≥ 0.5) , (A.9)

which implies

P (f(x) < 0.5 | z = z) = P (f(x) < 0.5) (A.10)
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Recall that a classifier achieves BE if

P
(

max
µ(∆xI)≤δ

f(x+∆x) ≥ 0.5, f(x) < 0.5 | z = z

)
= P

(
max

µ(∆xI)≤δ
f(x+∆x) ≥ 0.5, f(x) < 0.5

)
.

(A.11)

By dividing both sides of A.11 by the corresponding sides of A.10, we have

P
(

max
µ(∆xI)≤δ

f(x+∆x) ≥ 0.5, f(x) < 0.5 | z = z

)
P (f(x) < 0.5 | z = z)

=

P
(

max
µ(∆xI)≤δ

f(x+∆x) ≥ 0.5, f(x) < 0.5

)
P (f(x) < 0.5)

(A.12)

Then, it can be simplified as

P
(

max
µ(∆xI)≤δ

f(x+∆x) ≥ 0.5 | f(x) < 0.5, z = z

)
= P

(
max

µ(∆xI)≤δ
f(x+∆x) ≥ 0.5 | f(x) < 0.5

)
,

(A.13)

which implies that the classifier f achieves EI. ■

Proof of Corollary 2.6. Corollary 2.6 can be proved directly from Theorem 2.5. ■

A.1.2 Connections between EI and ER

In this part, we investigate the connections between EI and ER.

Lemma A.1 Consider x | z = z ∼ N (µz, σ
2) for z ∈ { 0, 1 }, µz, σ ∈ R, and classifiers

characterized by two accepting thresholds (τ0, τ1), where τ0, τ1 ∈ R. If a classifier satisfies

EI, then it satisfies ER.

Proof. Here we use Φ = 1−Q and ϕ to denote the CDF and PDF of standard Gaussian

distribution, respectively. We consider the cost function µ = | · |.
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Recall the definition of EI disparity and ER disparity:

EI Disparity =

∣∣∣∣∣P( max
µ(∆x)<δ

f(x + ∆x) > 0.5︸ ︷︷ ︸
x>τ0−δ

| f(x) < 0.5︸ ︷︷ ︸
x≤τ0

, z = 0
)

− P
(

max
µ(∆x)<δ

f(x + ∆x) > 0.5 | f(x) < 0.5, z = 1
)∣∣∣∣∣.

(A.14)

ER Disparity =

∣∣∣∣∣E[ min
f(x+∆x)≥0.5

µ(∆x)︸ ︷︷ ︸
τ0−x

| f(x) < 0.5︸ ︷︷ ︸
x≤τ0

, z = 0
]

− E
[

min
f(x+∆x)≥0.5

µ(∆x) | f(x) < 0.5, z = 1
]∣∣∣∣∣.

(A.15)

Consequently, the EI constraint and ER constraint can be written as

EI Disparity (τ0, τ1) =

∣∣∣∣∣Φ
(
τ0−δ−µ0

σ

)
Φ
(
τ0−µ0

σ

) − Φ
(
τ1−δ−µ1

σ

)
Φ
(
τ1−µ1

σ

) ∣∣∣∣∣ = 0. (A.16)

ER Disparity (τ0, τ1) =

∣∣∣∣∣ 1

Φ((τ0 − µ0)/σ)

∫ τ0

−∞
(τ0 − t)ϕ

(
t− µ0

σ

)
dt

− 1

Φ((τ1 − µ1)/σ)

∫ τ1

−∞
(τ1 − t)ϕ

(
t− µ1

σ

)
dt

∣∣∣∣∣ = 0.

(A.17)

In this proof, we will first show that achieving EI is equivalent to τ0 − µ0 = τ1 − µ1,

and then show that the classifier with τ0 − µ0 = τ1 − µ1 satisfies the ER constraint.

1. EI constraint.

Let φ(x) = Φ(x−δ
σ
)/Φ(x

σ
). First, we show that φ is a strictly increasing function.
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Note that

φ′(x) =
1

σΦ
(
x
σ

)2 (ϕ(x− δσ
)
Φ
(x
σ

)
− Φ

(
x− δ
σ

)
ϕ
(x
σ

))
. (A.18)

Therefore, to show that φ is strictly increasing, it is sufficient to show that

ϕ

(
x− δ
σ

)
Φ
(x
σ

)
> Φ

(
x− δ
σ

)
ϕ
(x
σ

)
. (A.19)

We show that (A.19) is equivalent as the following inequality by dividing both the

left-hand side and right-hand side by ϕ(x−δ
σ
)ϕ(x

σ
):

Φ
(x
σ

)
/ϕ
(x
σ

)
> Φ

(
x− δ
σ

)
/ϕ

(
x− δ
σ

)
. (A.20)

Note that 1−Φ(·)
ϕ(·) is known in literatures as Mills’ ratio [139], which is strictly de-

creasing on R. Therefore, Φ(·)
ϕ(·) is strictly increasing on R. Since x

σ
> x−δ

σ
, (A.20)

holds, thereby (A.19) holds and φ is strictly increasing.

Given that φ(x) = Φ(x−δ
σ
)/Φ(x

σ
) is a strictly increasing function on R,

(A.16) = |φ(τ0 − µ0)− φ(τ1 − µ1)| = 0 (A.21)

yields that

τ0 − µ0 = τ1 − µ1. (A.22)

2. ER constraint.

We first note that

∫ τ0

−∞
(τ0 − t)ϕ

(
t− µ0

σ

)
dt

t′=t−µ0
=======

∫ τ0−µ0

−∞
(τ0 − µ0 − t′)ϕ

(
t′

σ

)
dt′ (A.23)
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Let ψ(x) = 1
Φ(x/σ)

∫ x

−∞(x− t)ϕ( t
σ
)dt. It is clear that ER constraint is equivalent to

(A.17) = |ψ(τ0 − µ0)− ψ(τ1 − µ1)| . (A.24)

Therefore, the classifier with τ0 − µ0 = τ1 − µ1 clearly satisfies the ER constraint.

Combining all the discussion above completes the proof. ■

A.2 Supplementary Materials on the Fairness No-

tions

Recall that in Section 2.2 and Section 2.3, this work proposes a new fairness notion

called equal improvability (EI), compares it with other existing effort-based fairness no-

tions, and finds a classifier by solving a EI-constrained optimization which is formulated

as a minimax problem. In Section A.2.1, we first explain what each term in the definition

of EI means. Then, we provide more details of reward function selection of bounded effort

(BE) [23] and discuss the vulnerability of equal recourse (ER) [22] in Section A.2.2 and

A.2.3, respectively Then in Section A.2.4, we provide how we solved the inner maximiza-

tion problem in the EI-constrained optimization. Finally, in Section A.2.5, we provide

numerical methods for finding the optimal solution for the EI-constrained problem, under

simple synthetic dataset setting.

A.2.1 Meaning of each term in the definition of EI

To help readers better understand our EI definition, here we explain what each term

means in EI definition means. Let the data sample (x, y, z) follows the distribution
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P(x,y,z). The meaning of each term of EI defined in Definition 2.1 is detailed below.

P x, y, z ∼ Px,y,z︸ ︷︷ ︸
Randomness is over
the data distribution

(
max

µ(∆xI)≤δ
f(x+∆x)︸ ︷︷ ︸

Maximum score
after improvement

≥ 0.5

︸ ︷︷ ︸
Event in which the sample can
be accepted after improvement

∣∣∣∣ f(x) < 0.5, z = z︸ ︷︷ ︸
Event in which the sample

comes from group z
and gets rejected

)
(A.25)

= P x, y, z ∼ Px,y,z︸ ︷︷ ︸
Randomness is over
the data distribution

(
max

µ(∆xI)≤δ
f(x+∆x)︸ ︷︷ ︸

Maximum score
after improvement

≥ 0.5

︸ ︷︷ ︸
Event in which the sample can
be accepted after improvement

∣∣∣∣ f(x) < 0.5︸ ︷︷ ︸
Event in which the
sample gets rejected

)
, (A.26)

A.2.2 Specifying the reward function for BE

In this part, we introduce how we set the reward function so that we can connect

BE with EI. Recall that the reward function in [23] is defined as the benefit gained by

changing an individual’s characteristics from w = (x, y) to w′ = (x′, y′):

R(w,w′) = b(f(x′), y′)− b(f(x), y) (A.27)

where b is the benefit function, and x′ = x + ∆x is the updated feature. If we set the

benefit function as b(f(x), y) = 1{f(x) ≥ 0.5}, then the reward function becomes:

R(w,w′) = 1{f(x+∆x) ≥ 0.5} − 1{f(x) ≥ 0.5} (A.28)

Then, the bounded effort fairness is defined as:

E
[
max
∆x
R(w,w′) s.t. µ(∆x) < δ|z = z

]
= E

[
max
∆x
R(w,w′) s.t. µ(∆x) < δ

]
for all z

(A.29)
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Consequently,

(
max
∆x
R(w,w′) s.t. µ(∆x) < δ

)
=


1 if maxµ(∆x)<δ f(x+∆x) ≥ 0.5 and f(x) < 0.5

0 otherwise

(A.30)

Therefore, we can write expectation as probability:

P

(
max

µ(∆x)≤δ
f(x+∆x) ≥ 0.5, f(x) < 0.5 | z = z

)
= P

(
max

µ(∆x)≤δ
f(x+∆x) ≥ 0.5, f(x) < 0.5

)
.

(A.31)

which is in Table 2.1.

A.2.3 Vulnerability of ER to outliers

As we mentioned in Table 2.1, ER is vulnerable to outliers. Here we provide a

simple analysis. Suppose an outlier, having feature-attribute pair (x, z), is added to the

dataset with n samples. Let the outlier is misqualified f(x) < 0.5, and requires effort

µ(∆x) = M to achieve f(x + ∆x) ≥ 0.5. In such case, the EI disparity increases at

most 1
n
since EI measures the portion of samples with improved outcomes after making

efforts. On the other hand, the ER disparity increases by M
n
, since ER measures the

minimum required efforts averaged over all samples. Note that a single outlier with a

large M can significantly increase the ER disparity, which does not happen for EI. Thus,

one can observe that EI is much more robust to outliers, compared with ER. We conduct

a numerical experiment in Section A.3.4 to further highlight the robustness of EI to

outliers.
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A.2.4 Solving the inner maximization problem for EI

As explained in Section2.3, finding a EI classifier can be formulated as a minimax

problem (2.3), where solving the inner maximization problem max∥∆xI∥≤δ f(x+∆x) is re-

quired to compute Uδ in the regularization term, and the outer problem is the regularized-

loss minimization finding the optimal model parameter w for the classifier f = fw. In

this section, we provide two ways of solving the inner maximization problem. In particu-

lar, in Section A.2.4 we give the explicit expression of the optimizer ∆xI when generalized

linear model is considered. In Section A.2.4, we solve the problem under a more general

setting via adversarial training.

Closed-form solution for generalized linear model

Consider a Generalized Linear Model (GLM) written as f(x) = g−1(w⊤x), where

g : [0, 1] → R is a strictly increasing link function, and w is the model parameter.

Denote the weights corresponding to xI as wI. Then, the inner maximization problem

can be written as:

max
∥∆xI∥≤δ

f(x+∆x) = max
∥∆xI∥≤δ

g−1(w⊤(x+∆x)) (A.32)

= max
∥∆xI∥≤δ

g−1(w⊤x+w⊤I ∆xI) (∵ ∆x = (∆xI , 0, 0)) (A.33)

= g−1
(
w⊤x+ max

∥∆xI∥≤δ
w⊤I ∆xI

)
(∵ g is strictly increasing) (A.34)

When ∥·∥ = ∥·∥∞, the maximum is achieved by letting ∆xI = δ sign(wI), which results

in w⊤∆xI = δ ∥wI∥1. When ∥·∥ = ∥·∥2, the maximum can be achieved by letting

∆xI = δwI/ ∥wI∥2 which results in w⊤∆xI = δ ∥wI∥2.
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Adversarial training based approach for general setup

Here we discuss how we solve the inner maximization problem under a more general

setting. Following popular adversarial training methods, we apply projected gradient

descent (PGD) for multiple times to update ∆xI, i.e., set

∆xI = P(∆xI + γ∇∆xI
f(x+∆x)), (A.35)

where γ > 0 is the step size, and P is the projection onto the constrained space ∥∆xI∥ ≤ δ.

For instance, P is equivalent to the clipping process when we use ℓ∞ norm. Denote

the maximizer of the inner maximization problem as ∆x⋆ = (∆xI
⋆,0,0). Then, from

Danskin’s theorem [30], we have ∇w max∥∆xI∥≤δ fw(x+∆x) = ∇wfw(x+∆x⋆). We can

use this derivative to update w in the outer loss minimization problem. The pseudocode

of this adversarial training based method is shown in Algorithm 3.

Algorithm 3: Pseudocode for achieving EI

Input : Dataset D
Output: Model parameter w for the classifier f .

1 Initialize w;
2 foreach iteration do
3 foreach (xi, yi) ∈ D do
4 Initialize ∆x⋆

i ;
5 foreach PGD iteration do
6 Update ∆x⋆

i according to (A.35);

7 Update w according to the regularized loss function defined in (2.3);

A.2.5 Derivation of optimal EI classifier for synthetic dataset

This section shows how we obtain the optimal EI classifier (that minimizes the cost

function in (2.3)) for a synthetic dataset having two features x = [x1, x2] sampled from

a Gaussian distribution N (µz,y,Σz,y) where the mean µz,y and the standard deviation

Σz,y depends on the label y ∈ {0, 1} and the group attribute z ∈ {0, 1}. Note that the
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performance curve of the optimal EI classifier obtained in this section is provided in the

yellow line in Figure 2.3.

The optimal EI classifier is obtained in the following steps: (i) define mathemati-

cal notations used for analysis (Section A.2.5), (ii) compute the error probability (Sec-

tion A.2.5), (iii) compute EI disparity (Section A.2.5), and (iv) solve the EI-regularized

optimization problem and find the optimal EI classifier (Section A.2.5).

Notations

We consider finding a z-aware linear classifier which predicts the label y from two

features x1, x2 and one sensitive attribute z. In other words, given x and z, the output of

a model is represented as f(x) = w1x1+w2x2+w3z+ b 1 where [w1, w2, w3] is the weight

vector, b is the bias.

For group z = 0,

ŷ =


1 if w1x1 + w2x2 > −b

0 else

For group z = 1,

ŷ =


1 if w1x1 + w2x2 > −w3 − b

0 else

Without the loss of generality, let
√
w2

1 + w2
2 = 1, and parameterize them as w1 =

sin θ, w2 = cos θ. Then, for group z = 0,

ŷ =


1 if (sin θ)x1 + (cos θ)x2 > b0

0 else

1In this case, the decision boundary is {x : f(x) = 0} instead of {x : f(x) = 0.5} used in the main
chapter.

124



Supplementary Materials for Chapter 2 Chapter A

and for group z = 1,

ŷ =


1 if (sin θ)x1 + (cos θ)x2 > b1

0 else

where b0 = −b and b1 = −w3 − b. Since the linear combination of multivariate Gaussian

is a univariate Gaussian, we have

w⊤θ x ∼ N (w⊤θ µz,y,w
⊤
θ Σz,ywθ) (A.36)

where wθ = [sin θ, cos θ]. The decision rules can be written in terms of the wθ. For group

z = 0,

ŷ =


1 if w⊤θ x > b0

0 else

For group z = 1,

ŷ =


1 if w⊤θ x > b1

0 else

Now, the question is, what is the optimal parameters θ, b0, b1 that solve the opti-

mization problem in (2.3). In order to answer this question, we need to understand

how the equal improvability condition is represented in terms of the model parame-

ters. Suppose we use 0-1 loss function l, and use l∞ norm µ(x) = ∥x∥∞. From the

result in Section A.2.4, given the effort budget δ, the maximum score improvement

(maxµ(∆xI)≤δ f(x+∆x)− f(x)) = δ∥wI∥1 = δ(| sin θ|+ | cos θ|) where wI is the weights

for improvable features x1, x2. Thus, if we denote the ŷmax as the estimated label after
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the improvement, we have

ŷmax =


1 if (sin θ)x1 + (cos θ)x2 > b0 − δ(| sin θ|+ | cos θ|) = b′0

0 else

for group z = 0 and

ŷmax =


1 if (sin θ)x1 + (cos θ)x2 > b1 − δ(| sin θ|+ | cos θ|) = b′1

0 else

for group z = 1.

Compute Error Probability

The error probability can be written as,

Pr(ŷ ̸= y) =
1∑

i=0

Pr(z = i) Pr(ŷ ̸= y|z = i)

We can derive the term Pr(ŷ ̸= y|z = 0) as below:

Pr(ŷ ̸= y | z = 0) = Pr(y = 0 | z = 0)Pr(ŷ = 1 | y = 0, z = 0)

+ Pr(y = 1 | z = 0)Pr(ŷ = 0 | y = 1, z = 0).

(A.37)

We can look each term Pr(ŷ = 1|y = 0, z = 0),Pr(ŷ = 0|y = 1, z = 0) and write those

terms in terms of Q-functions because,

Pr(ŷ = 1|y = 0, z = 0) = Pr(w⊤θ x > b0|y = 0, z = 0)

Pr(ŷ = 0|y = 1, z = 0) = Pr(w⊤θ x < b0|y = 1, z = 0)
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From (A.36), we have

Pr(ŷ = 1|y = 0, z = 0) = Pr(w⊤θ x > b0|y = 0, z = 0) = Q

(
b0 −w⊤θ µ0,0√
w⊤θ Σ0,0wθ

)

Pr(ŷ = 0|y = 1, z = 0) = Pr(w⊤θ x < b0|y = 1, z = 0) = Q

(
w⊤θ µ1,0 − b0√
w⊤θ Σ1,0wθ

)
One can derive the error rates for group z = 1 similarly. So, the total error rate can be

written as

Pr(ŷ ̸= y) = Pr(z = 0)

[
Pr(y = 0 | z = 0)Q

(
b0 −w⊤θ µ0,0√
w⊤θ Σ0,0wθ

)

+ Pr(y = 1 | z = 0)Q

(
w⊤θ µ1,0 − b0√
w⊤θ Σ1,0wθ

)]

+ Pr(z = 1)

[
Pr(y = 0 | z = 1)Q

(
b1 −w⊤θ µ1,0√
w⊤θ Σ1,0wθ

)

+ Pr(y = 1 | z = 1)Q

(
w⊤θ µ1,1 − b1√
w⊤θ Σ1,1wθ

)]
.

(A.38)

We have three parameters to optimize the error rate θ, b0, b1. All the other terms are

known.

Compute EI Disparity

To compute EI disparity, we start with computing

Pr(ŷmax = 1|ŷ = 0, z = 0) =
Pr(ŷmax = 1, ŷ = 0|z = 0)

Pr(ŷ = 0|z = 0)
(A.39)
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The denominator of (A.39) can be expanded as

Pr(ŷ = 0 | z = 0) = Pr(y = 0 | z = 0)Pr(ŷ = 0 | y = 0, z = 0)

+ Pr(y = 1 | z = 0)Pr(ŷ = 0 | y = 1, z = 0).

(A.40)

We can look each term Pr(ŷ = 0|y = 0, z = 0),Pr(ŷ = 0|y = 1, z = 0) and write those

terms in terms of Q-function because,

Pr(ŷ = 0|y = 0, z = 0) = Pr(w⊤θ x < b0|y = 0, z = 0)

Pr(ŷ = 0|y = 1, z = 0) = Pr(w⊤θ x < b0|y = 1, z = 0)

From (A.36), we have

Pr(ŷ = 0|y = 0, z = 0) = Pr(w⊤θ x < b0|y = 0, z = 0) = Q

(
w⊤θ µ0,0 − b0√
w⊤θ Σ0,0wθ

)

Pr(ŷ = 0|y = 1, z = 0) = Pr(w⊤θ x > b0|y = 1, z = 0) = Q

(
w⊤θ µ1,0 − b0√
w⊤θ Σ1,0wθ

)
Then,

Pr(ŷ = 0 | z = 0) = Pr(y = 0 | z = 0)Q

(
w⊤θ µ0,0 − b0√
w⊤θ Σ0,0wθ

)

+ Pr(y = 1 | z = 0)Q

(
w⊤θ µ1,0 − b0√
w⊤θ Σ1,0wθ

)
.

(A.41)

The numerator of (A.39) can be expanded as

Pr(ŷmax = 1, ŷ = 0|z = 0) =Pr(y = 0|z = 0)Pr(ŷmax = 1, ŷ = 0|y = 0, z = 0) (A.42)

+ Pr(y = 1|z = 0)Pr(ŷmax = 1, ŷ = 0|y = 1, z = 0). (A.43)
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We can look each term Pr(ŷmax = 1, ŷ = 0|y = 0, z = 0),Pr(ŷmax = 1, ŷ = 0|y = 1, z = 0)

and write those terms in terms of Q-function because,

Pr(ŷmax = 1, ŷ = 0|y = 0, z = 0) = Pr(b′0 < w⊤θ x < b0|y = 0, z = 0)

Pr(ŷmax = 1, ŷ = 0|y = 1, z = 0) = Pr(b′0 < w⊤θ x < b0|y = 1, z = 0)

From (A.36), we have

Pr(ŷmax = 1, ŷ = 0 | y = 0, z = 0) = Pr(b′0 < w⊤θ x < b0 | y = 0, z = 0)

= Q

(
w⊤θ µ0,0 − b0√
w⊤θ Σ0,0wθ

)
−Q

(
w⊤θ µ0,0 − b′0√
w⊤θ Σ0,0wθ

)
, (A.44)

Pr(ŷmax = 1, ŷ = 0 | y = 1, z = 0) = Pr(b′0 < w⊤θ x < b0 | y = 1, z = 0)

= Q

(
w⊤θ µ1,0 − b0√
w⊤θ Σ1,0wθ

)
−Q

(
w⊤θ µ1,0 − b′0√
w⊤θ Σ1,0wθ

)
. (A.45)

Then,

Pr(ŷmax = 1, ŷ = 0 | z = 0) = Pr(y = 0 | z = 0)

[
Q

(
w⊤θ µ0,0 − b0√
w⊤θ Σ0,0wθ

)
−Q

(
w⊤θ µ0,0 − b′0√
w⊤θ Σ0,0wθ

)]

+ Pr(y = 1 | z = 0)

[
Q

(
w⊤θ µ1,0 − b0√
w⊤θ Σ1,0wθ

)
−Q

(
w⊤θ µ1,0 − b′0√
w⊤θ Σ1,0wθ

)]
.

(A.46)

The corresponding expression for group z = 1 is derived similarly. Thus, the EI disparity

can be expressed in terms of θ, b0, and b1.
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Solve the Optimization Problem

In the previous two sections, we derived the error rate and EI disparity in terms of Q-

functions containing parameters θ, b0, b1. Therefore, we can construct an EI-constrained

optimization problem (which is essentially same as (2.3)):

min
θ,b0,b1

Pr(ŷ ̸= y)

s.t. max
i∈{0,1}

|Pr(ŷmax = 1 | ŷ = 0, z = i)− Pr(ŷmax = 1 | ŷ = 0)| < c.

(A.47)

where c is a hyperparameter we can choose to balance error rate and EI disparity.

After writing error rate and EI disparity in terms of Q-functions (using the derivations

in Section A.2.5 and Section A.2.5), we numerically solve the constrained optimization

problems above with a popular python module scipy.optimize. To get the experimental

results in Figure 2.3, we numerically solved the above problem for 20 different c values,

where the maximum c is picked as the EI disparity of the unconstrained optimization

problem.

A.3 Supplementary Materials on Experiments

In this section, we provide the details of the experiment setup and additional experi-

mental results.

A.3.1 Synthetic dataset generation

We define y, z as z ∼ Bern(0.4), (y | z = 0) ∼ Bern(0.3), and (y | z = 1) ∼ Bern(0.5).

The feature x follows the conditional distribution (x | y = y, z = z) ∼ N (µy,z,Σy,z)
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where the mean of each cluster is

µ0,0 = [−0.1,−0.2],µ0,1 = [−0.2,−0.3],µ1,0 = [0.1, 0.4],µ1,1 = [0.4, 0.3]

and the covariance matrix of each cluster is

Σ0,0 =

0.4 0.0

0.0 0.4

 ,Σ1,0 = Σ0,1 =

0.2 0.0

0.0 0.2

 ,Σ1,1 =

0.1 0.0

0.0 0.1

 .
A.3.2 Hyperparameter selection

In all our experiments, we perform cross-validation to select the learning rate from

{ 0.0001, 0.001, 0.01, 0.1 }. In addition, for each penalty term we did two-step cross-

validation to choose λ. In the first step, we used a set λ ∈ {0, 0.2, 0.4, 0.6, 0.8, 0.9}. In

the second step, we generate a second set around the best λ⋆ found in the first step,

i.e., the second set is {max{λ⋆ + ε, 0} : ε ∈ {−0.1,−0.05, 0, 0.05, 0.1}}. For example,

if λ⋆ = 0.4 is the best at the first step, then at the second step we use the set λ ∈

{0.3, 0.35, 0.4, 0.45, 0.5}.

A.3.3 Additional experimental results on algorithm evaluation

Table A.1 shows the performance of baseline and our three approaches (covariance-

based, KDE-based, loss-based) introduced in Section 2.3, for a multi-layer perceptron

(MLP) network having one hidden layer with four neurons. Similar to the result in

Table 2.2 for the logistic regression model, our methods can reduce the EI disparity

without losing the classification accuracy (i.e., increasing the error rate) much.

Meanwhile, according to a previous work [140], large deep learning models are ob-

served to overfit to fairness constraints during training and therefore produce unfair
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Methods

Dataset Metric ERM Covariance-based KDE-based Loss-based

Synthetic
Error Rate (↓)
EI Disp. (↓)

.205± .003

.141± .036
.242± .006
.004± .002

.227± .008

.011± .006
.229± .012
.018± .009

German Stat.
Error Rate (↓)
EI Disp. (↓)

.221± .010

.059± .045
.299± .012
.013± .025

.232± .018

.041± .025
.238± .035
.013± .019

ACSIncome-CA
Error Rate (↓)
EI Disp. (↓)

.181± .002

.042± .002
.202± .002
.010± .006

.182± .002

.010± .002
.185± .001
.006± .003

Table A.1: Comparison of error rate and EI disparities of ERM baseline and proposed
methods on the synthetic, German Statlog Credit, and ACSIncome-CA datasets using
a Multi-Layer Perceptron (MLP). For each dataset, the lowest EI disparity value is in
boldface. Compared with ERM, all three methods proposed in this chapter achieve
much lower EI disparity without substantial loss in accuracy. All reported numbers
are evaluated on the test set.

predictions on the test data. To confirm whether our method is also having such limi-

tations, we investigate the performance of our algorithms on over-parameterized models.

Specifically, we conduct experiments on a five-layer ReLU network with 200 hidden neu-

rons per layer, which is over-parameterized for German dataset. Table A.2 reports the

performance of EI-constrained classifiers on such over-parameterized setting. One can

confirm that our methods (covariance-based, KDE-based, loss-based) perform well in

both training and test dataset, and we do not observe the overfitting problem.

Methods

Dataset Metric ERM Covariance-based KDE-based Loss-based

German Stat.

Train Err. (↓)
Test Err. (↓)
Train EI Disp. (↓)
Test EI Disp. (↓)

.117± .004

.117± .010

.022± .017

.060± .032

.133± .003

.118± .010

.018± .011

.049± .024

.125± .008

.121± .010

.018± .009

.057± .028

.132± .011

.130± .009

.015± .013

.047± .025

Table A.2: Error rate and EI disparities for ERM baseline and proposed methods, for
an over-parameterized neural network on the German Statlog Credit dataset. Perfor-
mances on train/test datasets are presented. Note that we do not observe overfitting
in the over-parameterized setting.
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In addition, in Table A.3, we include ER and BE as baselines for the synthetic dataset

experiment provided in Table 2.2. We leverage the algorithm suggested by [22] for mit-

igating ER disparity. We extend the loss-based approach to reduce BE disparity, by

redefining the BE loss of group z as

L̃BE
z ≜

1

number of samples in group z

∑
i∈I−,z

ℓ(1, max
∥∆xIi∥≤δ

f(xi +∆xi)),

where

L̃EI
z ≜

1

number of rejected samples in group z

∑
i∈I−,z

ℓ(1, max
∥∆xIi∥≤δ

f(xi +∆xi)),

and I−,z is the set of rejected samples in group z for z ∈ [Z].

Table A.3 shows that the minimum EI disparity is achieved by our methods. Hence,

if the EI fairness needs to be achieved, then it cannot be replaced with the existing other

fairness notions for some datasets.

Methods

Dataset Metric ERM
ER

[22]

BE

Loss-based
Covariance-based KDE-based Loss-based

Synthetic
Error Rate (↓)
EI Disp. (↓)

.221± .001

.117± .007
.235± .009
.036± .018

.252± .006

.006± .004
.253± .003
.003± .001

.250± .001

.005± .003
.246± .001
.002± .001

Table A.3: Comparison of error rate and EI disparities of ERM, ER, BE baseline,
and proposed methods on the synthetic dataset. The lowest EI disparity value is in
boldface. The three EI-regularized approaches achieve the lowest EI disparity while
maintaining low error rates. All reported numbers are evaluated on the test set.

A.3.4 Evaluating Robustness of EI

In this section, we highlight the advantages of EI over BE and ER in terms of ro-

bustness to outliers and imbalanced negative prediction rates. In doing so, we consider
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certain data distributions and follow the method discussed in Section A.2.5 for solving

the classifiers.

EI versus ER: robustness to outliers

As we discussed in Section A.2.3, ER is vulnerable to outliers. In this experiment,

we systematically study the robustness of EI and ER to outliers.

−2 0 2

−20

−15

−10

−5

0

f(x) < 0.5
f(x) ≥ 0.5

Clean Data

−2 0 2

−20

−15

−10

−5

0
f(x) < 0.5

f(x) ≥ 0.5

Data with Outliers

Group 0

Group 1

EI Decision Boundary

ER Decision Boundary

Figure A.1: Visualizations of the EI and ER decision boundaries without and with
the presence of outliers. We observe that the decision boundary of ER changes a lot
in the presence of outliers, while the decision boundary of EI is not affected. This
phenomenon implies the robustness of EI to outliers.

Data distributions (Clean) Let sensitive attribute z ∼ Bern(0.5) and label y ∼

Bern(0.5) be independent of sensitive attribute z. Given the sensitive attribute z and

label y, feature x follows the conditional distribution x | y = y, z = z ∼ N (µy,z,Σy,z),

where the mean and covariance of the four Gaussian clusters are

µ0,0 = [1,−6],µ0,1 = [−1,−2],µ1,0 = [2, 1.5],µ1,1 = [1, 2.5],
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and

Σ0,0 = Σ1,0 = Σ0,1 = Σ1,1 =

0.25 0.0

0.0 0.25

 .
(Contaminated)We contaminate the distribution by introducing additional 5% outliers

to group z = 0. The outliers follow Gaussian distribution with mean and covariance

matrix

µoutlier,0 = [−1,−20],Σoutlier,0 =

0.05 0.0

0.0 0.05

 .
Results The decision boundaries of EI and ER for both the clean dataset and contam-

inated dataset are depicted in Figure A.1. These decision boundaries are the optimal

linear decision boundaries based on the distributional information, we followed the same

procedure as we mentioned in A.2.5. The δ for the EI classifier is picked as 1.5. We

observe that the introduction of outliers makes the ER decision boundary rotate a lot,

leading to a drop in classification accuracy and ER disparity w.r.t.the clean data dis-

tribution. Moreover, we note that the newly added outliers fail to destroy EI classifier,

which implies the robustness of EI to outliers. Table A.4 also presents the accuracy,

EI, and ER disparity of each classifier. These metrics are computed after excluding the

outliers. It shows that the EI and ER disparities have higher values under the dataset

with the outliers for the ER classifier.

EI versus BE: robustness to imbalanced group negative rate

In this experiment, we investigate the robustness of EI and BE to an imbalanced

negative rate.

Data Distributions (Same Negative Rate) We consider the distribution with bal-

anced subgroups. In other words, let sensitive attribute z ∼ Bern(0.5), and label y ∼
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Methods

Dataset Metric EI Classifier ER Classifier

Dataset without Outliers

Error Rate (↓)
EI Disp. (↓)
ER Disp. (↓)

.001± .001

.001± .001

.004± .001

.001± .001

.005± .001

.001± .001

Dataset with Outliers

Error Rate (↓)
EI Disp. (↓)
ER Disp. (↓)

.001± .001

.017± .001

.020± .001

.020± .001

.348± .001

.291± .001

Table A.4: Error rate and EI and ER disparities of linear EI and ER classifiers.

Bern(0.5) be independent of sensitive attribute z. Given the sensitive attribute z and label

y, feature, feature x follows the Gaussian distribution (x | y = y, z = z) ∼ N (µy,z,Σy,z)

where the mean of each cluster is

µ0,0 = [−2,−1],µ0,1 = [−1,−2],µ1,0 = [1, 2],µ1,1 = [2, 1]

and the covariance matrix of each cluster is

Σ0,0 = Σ1,0 = Σ0,1 = Σ1,1 =

0.25 0.0

0.0 0.25

 .
(Different Negative Rate) We manipulate the distribution of label y for constructing

data distribution with different negative rates. To be more specific, we let y | z = 0 ∼

Bern(0.7), and y | z = 1 ∼ Bern(0.3).

Results Figure A.2 shows the decision boundaries of EI and BE when (i) the dataset

has the same negative rate, and (ii) the dataset has a different negative rate. These

decision boundaries are the optimal linear decision boundaries based on the distributional

information, we followed the same procedure as we mentioned in A.2.5. The δ for the EI
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Figure A.2: Visualizations of the EI and BE decision boundaries given the data
distribution with the same negative rates and different negative rates. The decision
boundary of BE rotates a lot when the negative rate of the dataset becomes different,
implying the sensitivity of BE to imbalanced negative rates. In contrast, the con-
sistency of EI decision boundaries showcases the robustness of EI w.r.t.imbalanced
negative rates.

and BE classifiers is picked as 1.5. The huge difference in BE decision boundaries under

the two cases verifies our claim that BE cannot handle imbalanced negative prediction

rates. In contrast, the decision boundaries of EI learned with two datasets with different

group proportions are consistent.

A.3.5 Dynamic modeling

Here we justify the dynamic model we used in our experiments in Section 2.4.2, for

updating individual’s features and for updating the classifier. Specifically, Section A.3.5

explains the choice of ϵ(x), the amount of effort a sample (having feature x), while

Section A.3.5 explains the choice of (τ
(0)
t , τ

(1)
t ) defining the classifier at round t.

Updating individual’s features (choice of ϵ(x))

At first, we designed a model by assuming that each individual makes an effort, where

the amount of the effort he/she makes is (1) proportional to the reward (the improvement
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on the outcome) it will get by making such effort, and (2) inversely proportional to the

required amount of efforts to improve the outcome, as shown in the below equation:

Realized effort ϵ(x) ≜
improvement on the outcome

required efforts for improving the outcome2
(A.48)

=
1{x < τ

(z)
t }

(τ
(z)
t − x)2

, (A.49)

where τ
(z)
t is the accepting threshold for the individuals from group z at round t, and x is

the feature. This equation can be interpreted as follows: an individual that is unqualified

(x < τ
(z)
t ) is willing to make positive effort, but he/she is less motivated if the distance

τ
(z)
t − x to the decision boundary is too large.

In order to upper bound the amount of reward, we added a small constant β > 0 in

the numerator, thus having the final form:

ϵ(x) =
1{x < τ

(z)
t }

(τ
(z)
t − x+ β)2

. (A.50)

Updating the classifier

Note that at each round t, each individual’s features are updated. Accordingly, we

also update the classifier (having parameters τ
(0)
t and τ

(1)
t ) in the same round. We update

the EI classifier based on the following constrained optimization problem:

min (EI Disparity) s.t. error rate ≤ threshold, (A.51)
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which implies that we aim to find a classifier that guarantees good accuracy and small

EI disparity. This optimization can be rewritten as

min
τ
(0)
t ,τ

(1)
t

EI Disparity︷ ︸︸ ︷∣∣∣∣∣∣P( xt + δt > τ
(0)
t︸ ︷︷ ︸

the outcome can be improved

| z = 0, xt < τ
(0)
t︸ ︷︷ ︸

rejected

)− P(xt + δt > τ
(1)
t | z = 1, xt < τ

(1)
t )

∣∣∣∣∣∣
s.t.

error rate︷ ︸︸ ︷
P(ŷt ̸= yt) ≤ c.

(A.52)

Given the data distribution at each round t, we numerically solve the constrained opti-

mization problems using a popular python module scipy.optimize.

A.3.6 Obtaining baseline classifiers for dynamic scenarios

Continued from Section 2.4.2, this section describes how we compute the classifiers

that satisfy demographic parity (DP), bounded effort (BE) [23] equal recourse (ER) [22]

and individual-level fairness causal recourse (ILFCR) [24], respectively. Similar to EI

classifier, we obtain the best DP classifier by considering the following constrained opti-

mization problem:

min |P(ŷt = 1 | z = 0)− P(ŷt = 1 | z = 1)| s.t. P(ŷt ̸= yt) ≤ c. (A.53)

The best BE classifier can be obtained by solving the following problem:

min
τ
(0)
t ,τ

(1)
t

∣∣∣P(τ (0)t − δt < xt < τ
(0)
t | z = 0)− P(τ (1)t − δt < xt < τ

(1)
t | z = 1)

∣∣∣
s.t. P(ŷt ̸= yt) ≤ c.

(A.54)
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Similarly, the optimization problem for obtaining the best ER classifier is written as:

min
τ
(0)
t ,τ

(1)
t

∣∣∣E [τ (0)t − xt | xt < τ
(0)
t , z = 0

]
− E

[
τ
(1)
t − xt | xt < τ

(1)
t , z = 1

]∣∣∣
s.t. P(ŷt ̸= yt) ≤ c.

(A.55)

While the computation of ILFCR classifier is less straightforward, we first describe

the setting considered in [24]. This chapter assumes that each observed variable xi is

determined by (i) its direct causes (causal parents) which include the sensitive attribute

z and other observed variables xj, and (ii) an unobserved variable ui. Since our dynamics

experiment considers only one-dimensional variable x, it is determined by the sensitive

attribute z and latent variable u. Therefore, we write x as a function of z and u, i.e.,

x(z, u).

Before we describe how we compute ILFCR in our experiments, we introduce the

definition of causal recourse and ILFCR in more detail. Given a model and a sample

with feature x, the causal recourse C(x) of the sample is the minimum cost of changing

the features, in order to alter the decision of the model. Let τ (z) ∈ R be the acceptance

threshold of group z ∈ {0, 1} and µ(∆x) = |∆x| be the cost of improving the feature by

∆x. Let x′ denote the improved feature. In our one-dimensional dynamic setting, the

causal recourse is defined as

C(x(z, u)) = min
x′≥τ (z)

µ(x′ − x(z, u)) = max(τ (z) − x(z, u), 0), (A.56)

for z = 0, 1. ILFCR requires different groups have the same causal recourse for all

realizations of the latent variable u:

max
u
|C(x(0, u))− C(x(1, u))| = 0. (A.57)
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Now we describe how we compute ILFCR disparity. Recall that for dynamic experi-

ments, we assumed the feature x follows a Gaussian distribution for each group z ∈ {0, 1},

i.e., x | z ∼ N (µz, σ
2
z). This can be represented using the notation in [24]: the latent

variable is u ∼ N (0, 1) and the feature is represented as x(z, u) = µz + σzu. We measure

the ILFCR disparity of a decision boundary pair (τ (0), τ (1)) by

ILFCR Disparity(τ (0), τ (1)) = max
u
|C(x(0, u))− C(x(1, u))|

= max
u

∣∣max
(
τ (0) − x(0, u), 0

)
−max

(
τ (1) − x(1, u), 0

)∣∣
= max

u

∣∣max
(
τ (0) − µ0 − σ0u, 0

)
−max

(
τ (1) − µ1 − σ1u, 0

)∣∣ .
(A.58)

For u sufficiently negative, the last expression grows as

∣∣τ (0) − τ (1) − µ0 + µ1 − (σ0 − σ1)u
∣∣ , (A.59)

which diverges as u→ −∞ when σ0 ̸= σ1.

Note that the ILFCR disparity is infinite if we take the maximum over all u. There-

fore, we instead ignore the tail distribution and focus on the samples with x ∈ [µz −

3σz, µz +3σz] for group z = 0, 1. In order to find a classifier with small ILFCR disparity,

we numerically solve the following constrained optimization problem:

min
τ (0),τ (1)

ILFCR Disparity(τ (0), τ (1))

s.t. error rate ≤ α/2.

(A.60)

Given the data distribution at each round t, we numerically solve all the constrained

optimization problems above using the Python module scipy.optimize.
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A.3.7 Performance comparison between fairness notions under

other dymanic models

Here we provide one example in which EI improves long-term fairness, while some

other methods (EO, BE, and ER) harm long-term fairness.
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Figure A.3: Long-term unfairness dTV (P(0)
t ,P(1)

t ) at each round t for various algo-
rithms in the setup described in Section A.3.7.

In this example, we modified the effort function from ϵ(x) = 1

(τ
(z)
t −x+β)2

1{x < τ
(z)
t }

to ϵ(x) = log
(
max( 1

(τ
(z)
t −x+β)2

, 1)
)
1{x < τ

(z)
t } so that the rejected individuals make less

improvement than the setting in the original manuscript. Here τ
(z)
t is the acceptance

threshold for group z at iteration t, and β > 0 is a small constant to avoid zero denom-

inators. We set β = 0.2 and the true acceptance rate α = 0.5. Figure A.3 reports how

long-term unfairness changes when the initial distribution is x | z = 0 ∼ N (0.0, 3.02) for

group 0 and x | z = 1 ∼ N (1.0, 1.02) for group 1.
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A.4 Examples: Investigating the One-Step Impact

of Fairness Notions

In this section, we conduct mathematical analysis on two examples to better under-

stand how EI improves long-term fairness compared to existing fairness notions. We first

introduce a basic setup for the mathematical analysis and then apply it to two exam-

ples to compare EI with BE, ERM, and ER in terms of their one-step impact on data

distributions.

A.4.1 Basic setup and preliminaries

Classifiers

We consider the z−aware classifier, having

f(x) =


1{x ≥ τ0}, z = 0,

1{x ≥ τ1}, z = 1,

(A.61)

which is parameterized by the threshold pair (τ0, τ1). We assume the effort budget is

δ = m
2
where m is defined in the dataset.

Recall the zero equal improvability (EI) disparity condition is:

P
(

max
µ(∆x)≤δ

f(x+∆x) ≥ 0.5 | f(x) < 0.5, z = 0

)
= P

(
max

µ(∆x)≤δ
f(x+∆x) ≥ 0.5 | f(x) < 0.5, z = 1

)
(A.62)

where µ(∆x) = |∆x|. This condition is equivalent to

∫ τ0
τ0−δ p0(x)dx∫ τ0
−∞ p0(x)dx

=

∫ τ1
τ1−δ p1(x)dx∫ τ1
−∞ p1(x)dx

. (A.63)
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We denote the improvability ratio of each group as

r0(τ0) =

∫ τ0
τ0−δ p0(x)dx∫ τ0
−∞ p0(x)dx

, (A.64)

r1(τ1) =

∫ τ1
τ1−δ p1(x)dx∫ τ1
−∞ p1(x)dx

(A.65)

The classifier that satisfies this zero EI disparity condition and minimizes the error rate

is denoted as the optimal EI classifier.

Recall that the bounded effort (BE) fairness constraint is:

P
(

max
µ(∆x)≤δ

f(x+∆x) ≥ 0.5, f(x) < 0.5 | z = 0

)
= P

(
max

µ(∆x)≤δ
f(x+∆x) ≥ 0.5, f(x) < 0.5 | z = 1

)
(A.66)

where µ(∆x) = |∆x|. Meanwhile, the Equal Recourse (ER) constraint is defined as

E
[

min
f(x+∆x)≥0.5

µ(∆x) | f(x) < 0.5, z = 0

]
= E

[
min

f(x+∆x)≥0.5
µ(∆x) | f(x) < 0.5, z = 1

]
(A.67)

Dynamic scenario

Suppose each rejected sample improves its feature by

ε(x) =


δ · 1{x ∈ [τ0 − δ, τ0)}, if z = 0,

δ · 1{x ∈ [τ1 − δ, τ1)}, if z = 1

(A.68)

Note that depending on the classifier we are using, the threshold pair (τ0, τ1) changes, thus

the formulation for ε(x) also changes. Here, we use εERM(x) to denote the improvement

of features given ERM classifier, and similarly define εEI(x), εBE(x) and εER(x).

Let pERM
z (x) = pz(x + εERM(x)) for z ∈ {0, 1}, which represent the data distribution
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after the features are improved based on ERM classifier. Similarly, we define pEIz (x),

pBE
z (x) and pERz (x) for EI/BE/ER classifiers, respectively. In the upcoming sections, we

measure the total-variation (TV) distance

dTV (p0, p1) =
1

2

∫
R
|p0(x)− p1(x)|dx (A.69)

between two groups after a single step of feature improvement, and provide how this

measurement differs for various classifiers.

A.4.2 EI versus BE & ERM

Finding the optimal classifier for each fairness criterion

Setup Let pz(x) be the data distribution of each group z ∈ {0, 1}, shown in Figure A.4.

We consider the case of each sample having one feature x, and the label is assigned as

y =


1{x ≥ m/2}, if z = 0

1{x ≥ 0}, if z = 1

(A.70)

Note that we have P(y = 0|z = 0) = 3
4
, P(y = 1|z = 0) = 1

4
, P(y = 0|z = 1) = 1

2
, and

P(y = 1|z = 1) = 1
2
. We set P(z = 0) = 1

4
and P(z = 1) = 3

4
.

ERM classifier We have

(τERM
0 , τERM

1 ) =
(m
2
, 0
)

(A.71)

since this threshold pair has zero classification error.
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p0(x)

x
m
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−m 0 3m
2

1
2m

- +

p1(x)

x
m−m 0

- +

1
2m

1
4m

Figure A.4: The data distribution pz(x) for each group z ∈ {0, 1}. Samples with (+)
sign have the true label y = 1, while samples with (−) sign have the true label y = 0.

BE classifier We have

(τBE
0 , τBE

1 ) =
(m
2
, 0
)

(A.72)

since this threshold pair has zero classification error and satisfy the BE condition given

in (A.66).

EI classifier The optimal EI classifier for dataset in Figure A.4 is

(τEI0 , τEI1 ) = (0, 0). (A.73)

Proof. Note that (τEI0 , τEI1 ) = (0, 0) has error rate P(error) = P(z = 0)P(error|z = 0) +

P(z = 1)P(error|z = 1) = 1
4
· 1
4
+ 3

4
· 0 = 1

16
. We prove that no other classifier satisfing EI

condition in (A.63) is having error rate less than 1
16
. Note that when |τ1| > m

6
, the error

rate is larger than 1
16
. Thus it is sufficient to consider cases when |τ1| ≤ m

6
. Combining

this with the fact that

• r0(τ0) in (A.64) and r1(τ1) in (A.65) are monotonically decreasing,

• EI condition in (A.63) is satisfied when r0(τ0) = r1(τ1) holds,
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• r0(τ0) = r1(τ1) holds for τ0 = τ1 ≤ m
2
,

we can see that the optimal EI classifier satisfies τ0 = τ1 and |τ1| ≤ m
6
. The error rate for

these classifiers is represented as P(error) = P(z = 0)P(error|z = 0)+P(z = 1)P(error|z =

1) = 1
4
·(m

2
−τ0) · 1

2m
+ 3

4
· |τ1| · 1

2m
. Plugging in τ0 = τ1 and optimizing the error probability

over |τ1| ≤ m
6
completes the proof. ■

Total-variation distance between two groups

For the dataset given in Figure A.4, the total-variation distance between two groups

for each classifier is:

dTV (p
ERM
0 , pERM

1 ) = 0.5, (A.74)

dTV (p
BE
0 , pBE

1 ) = 0.5, (A.75)

dTV (p
EI
0 , p

EI
1 ) = 0.125. (A.76)

Proof. Since ERM solution is identical to BE solution, proving the above equation for

BE and EI is sufficient. Recall that the expression of BE/EI classifiers are in (A.72)

and (A.73). Using this expression, we can derive the distribution of each group:

pBE
0 (x) =



3
4m
, if x ∈ [m

2
,m]

1
2m
, if x ∈ [−m, 0]

1
4m
, if x ∈ [m, 3m

2
]

0, if x ∈ [0, m
2
] or x /∈ [−m, 3m

2
]

, (A.77)
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pBE
1 (x) =



1
m
, if x ∈ [0, m

2
]

1
2m
, if x ∈ [−m,−m

2
] ∪ [m

2
,m]

0, if x ∈ [−m
2
, 0] or x /∈ [−m,m]

, (A.78)

pEI0 (x) =



1
m
, if x ∈ [0, m

2
]

1
2m
, if x ∈ [−m,−m

2
]

1
4m
, if x ∈ [m

2
, 3m

2
]

0, if x ∈ [−m
2
, 0] or x /∈ [−m, 3m

2
]

, (A.79)

pEI1 (x) = pBE
1 (x) ∀x (A.80)

From this expression, we can derive the total-variation distance, which completes the

proof. ■

A.4.3 EI versus ER

Finding the optimal classifier for each fairness criterion

Setup Let pz(x) be the data distribution of each group z ∈ {0, 1}, show in Figure A.5.

We consider the case of each sample having one feature x, and the label is assigned as

y =


1{x ≥ 0}, if z = 0

1{x ≥ 0}, if z = 1

. (A.81)

Note that we have P(y = 0 | z = 0) = P(y = 0 | z = 1) = P(y = 1 | z = 0) = P(y = 1 |

z = 1) = 1
2
. We set P(z = 0) = P(z = 1) = 1

2
.
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⏟
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Figure A.5: The data distribution pz(x) for each group z ∈ {0, 1}. Samples with (+)
sign have the true label y = 1, while samples with (−) sign have the true label y = 0.

ER classifier The optimal ER classifier for the dataset in Figure A.5 is

(τER0 , τER1 ) = (−9m, 0) . (A.82)

Proof. Note that the accepting thresholds (−9m, 0) has error rate P(error) = P(error |

z = 0)P(z = 0) + P(error | z = 1)P(z = 1) = 1
3
· 1
2
+ 0 · 1

2
= 1

6
. We prove that no other

classifier satisfying ER constraint (A.67) is having error rate less than 1
6
.

The necessary condition for the classifier to have an error rate less than 1
6
is τ0, τ1 ∈

(−m
2
, m

2
). Note that when τ0 ∈ (−m

2
, m

2
), we have the recourse of group 0:

E
[

min
f(x+∆x)≥0.5

µ(∆x) | f(x) < 0.5, z = 0

]
= E [τ0 − x | x < τ0, z = 0]

= τ0 − E [x | x < τ0, z = 0]︸ ︷︷ ︸
φ(τ0)

.
(A.83)

149



Supplementary Materials for Chapter 2 Chapter A

where

φ(τ0) = E [x | x < τ0, z = 0]

= P
(
x ∈

[
−10m,−19

2
m

]
| x < τ0, z = 0

)
︸ ︷︷ ︸

∆
=λ

E
[
x | x ∈

[
−10m,−19

2
m

]
, z = 0

]

+ P
(
x ∈

[
−m

2
, τ0

]
| x < τ0, z = 0

)
︸ ︷︷ ︸

1−λ

E
[
x | x ∈

[
−m

2
, τ0

]
, z = 0

]
.

(A.84)

for all τ0 ∈ [−m
2
, m

2
], where λ ∈ [1

3
, 1]. Since

E
[
x | x ∈

[
−10m,−19

2
m

]
, z = 0

]
< E

[
x | x ∈

[
−m

2
, τ0

]
, z = 0

]
,

φ(τ0) is a decreasing function. Consequently,

φ(τ0) ≤
1

3
E
[
x | x ∈

[
−10m,−19

2
m

]
, z = 0

]
+

2

3
E
[
x | x ∈

[
−m

2
, τ0

]
, z = 0

]
= −39

12
m+

τ0
3
− m

6
=
τ0
3
− 41

12
m.

(A.85)

Thus, the recourse of group 0 is

(A.83) ≥ 2τ0
3

+
41

12
m ≥ 37

12
m. (A.86)
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Meanwhile, when τ1 ∈ (−m
2
, m

2
), we have the recourse of group 1:

E
[

min
f(x+∆x)≥0.5

µ(∆x) | f(x) < 0.5, z = 1

]
= E [τ1 − x | x < τ1, z = 1]

= τ1 − E [x | x < τ1, z = 1]

= τ1 −
τ1 −m

2

=
τ1 +m

2
∈
(
m

4
,
3

4
m

)
. (A.87)

Therefore, combining (A.86) and (A.87) implies that when τ0, τ1 ∈ (−m
2
, m

2
), the ER

constraint (A.67) cannot be satisfied. Thus, the way for achieving error rate < 1
6
is

τ0 < −m
2
and τ1 = 0. Note that the recourse of group 0 which is written in (A.83) is a

strictly increasing function when τ0 < −m
2
. Therefore, there exists a unique classifier that

achieves both EI while maintaining error rate < 1
6
. One can easily verify that (−9m, 0)

is the optimal ER classifier. ■

EI classifier We have

(τEI0 , τEI1 ) = (0, 0) (A.88)

since this threshold pair has zero classification error and satisfies the EI constraint (A.63).

Total-variation distance between two groups

For the dataset given in Figure A.5, the total variation distance between two groups

for EI and ER classifier is

dTV (p
ER
0 , pER1 ) =

2

3
, (A.89)

dTV (p
EI
0 , p

EI
1 ) =

1

3
. (A.90)
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Proof. By (A.88) and (A.82),

pER0 (x) =



2
3m
, if x ∈ [−19m

2
,−8m]

2
3m
, if x ∈ [−m

2
, m

2
]

0, o.w.

, (A.91)

pER1 (x) =



2
3m
, if x ∈ [−m,−m

2
]

4
3m
, if x ∈ [0, m

2
]

0, o.w.

, (A.92)

pEI0 (x) =



2
3m
, if x ∈ [−10m,−19m

2
]

4
3m
, if x ∈ [0, m

2
]

0, o.w.

, (A.93)

pEI1 (x) =



2
3m
, if x ∈ [−m,−m

2
]

4
3m
, if x ∈ [0, m

2
]

0, o.w.

. (A.94)

(A.95)

For this expression, we can derive the total-variation distance, which completes it. ■
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B.1 Score-Based Reward Optimization

We provide below a detailed proof of Theorem 3.3 for the optimal action that maxi-

mizes the score-based reward of each institution.

Proof. Assuming the score distribution’s CDF is denoted by F . By Lemma B.1, the score-

based reward function of institution k is concave and is maximized when the absolute

difference between the lower thresholds of both groups, |tk,S,low0 − tk,S,low1 |, is minimized.

For each k ∈ {2, . . . , K}, this is equivalent to the following minimization:

argmin
akt ∈Ak

t

∣∣∣∣∣F−1
(
1− c̄0,kt + akt ck

st

)
−F−1

(
1− c̄1,kt + (1− akt )ck

1− st

)∣∣∣∣∣ , (B.1)

where c̄0,kt =
∑k−1

j=1 π
j
t cj and c̄1,kt =

∑k−1
j=1(1 − πj

t )cj. Due to the monotonicity of the

inverse CDF, the optimal action that maximizes the score-based reward is equivalent to
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minimizing the following:

argmin
akt ∈Ak

t

∣∣∣∣∣
(
1− c̄0,kt + akt ck

st

)
−
(
1− c̄1,kt + (1− akt )ck

1− st

)∣∣∣∣∣ . (B.2)

This can be simplified to the following:

argmin
akt ∈Ak

t

∣∣∣∣∣ c̄0,kt + akt ck
st

− c̄1,kt + (1− akt )ck
1− st

∣∣∣∣∣ . (B.3)

The argument of the minimum can be multiplied by st(1− st) to simplify the expression

as follows:

argmin
akt ∈Ak

t

∣∣∣∣∣akt ck(1− st)− (1− akt )ckst −
k−1∑
j=1

(1− πj
t )cjst +

k−1∑
j=1

πj
t cj(1− st)

∣∣∣∣∣ . (B.4)

The terms involving the action akt and the terms independent of the action akt can be

grouped as follows:

argmin
akt ∈Ak

t

∣∣∣∣∣akt − st − 1

ck

(
k−1∑
j=1

cj(st − πj
t )

)∣∣∣∣∣ =
[
st +

1

ck

(
k−1∑
j=1

cj(st − πj
t )

)]
Ak

t

. (B.5)

Therefore, the optimal action that maximizes the score-based reward is as stated in the

theorem. It can also be seen from Lemma B.1 that the score-based reward function of

institution 1 is maximized when the lower thresholds of both groups are equal to each

other, t1,S,low0 = t1,S,low1 . This is satisfied when a1t = st. ■

B.1.1 Technical Lemmas

In this section, we show that the score-based reward function of each institution is

concave and has a unique action that maximizes its reward.
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Lemma B.1 Under Assumption 3.1, the score-based reward function, Rk(st, at), is con-

cave and it is maximized when the absolute difference between the lower thresholds of both

groups is minimized, |tk,S,low0 − tk,S,low1 |. This is equivalent to the following minimizing;

min
akt ∈Ak

t

∣∣∣∣∣F−10

(
1− c̄0,kt + atck

st

)
−F−11

(
1− c̄1,kt + (1− at)ck

1− st

)∣∣∣∣∣ , ∀k ∈ {2, . . . , K} (B.6)

where c̄0,kt =
∑k−1

j=1 π
j
t cj and c̄

1,k
t =

∑k−1
j=1(1− πj

t )cj and for k = 1, the action maiximizing

the score-based reward is equivalent to minimizing
∣∣∣F−10

(
1− atc1

st

)
−F−11

(
1− (1−at)c1

1−st

)∣∣∣.
Proof. Dropping the superscript k in the notation of the action for brevity, the score-based

reward of the kth institution is:

Rk(st, at) = at
E
[∑m0

k,t+atAk,t

i=m0
k,t+1

X0
(i)

]
atAk,t

+ (1− at)
E
[∑m1

k,t+(1−at)Ak,t

i=m1
k,t+1

X1
(i)

]
(1− at)Ak,t

(B.7)

The number of admitted applicants is approximated as A0
k,t = ⌊atAk,t⌋ ≈ atAk,t, as we

are considering that the number of applicants is large. Under this regime, the collection

of scores is in accordance with their respective group-specific score distributions Pg.

Following the idea in [72], the average scores of selected applicants from each group can

be represented by the following conditional expectations:

lim
N→∞

∑m0
k,t+atAk,t

i=m0
k,t+1

X0
(i)

atAk,t

= E
[
X0 | tk,S,low0 ≤ X0 ≤ tk,S,up0

]
(B.8)

lim
N→∞

∑m1
k,t+(1−at)Ak,t

i=m1
k,t+1

X1
(i)

(1− at)Ak,t

= E
[
X1 | tk,S,low1 ≤ X1 ≤ tk,S,up1

]
(B.9)
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Then, the score-based reward function of the institution k can be written as follows:

Rk
g(st, at) = atE

[
X0 | tk,S,low0 ≤ X0 ≤ tk,S,up0

]
+ (1− at)E

[
X1 | tk,S,low1 ≤ X1 ≤ tk,S,up1

]
(B.10)

We denote the cumulative distribution function (CDF) of the score-distributions by F0

and F1. The tail of the distributions beyond the upper thresholds represents the propor-

tion of the applicants from the particular group who have been already admitted by the

better-ranked institutions.

1−F0(t
k,S,up
0 ) =

∑k−1
j=1 cjπ

j
t

st
=⇒ tk,S,up0 = F−10

(
1− c̄0,kt

st

)
(B.11)

1−F1(t
k,S,up
1 ) =

∑k−1
j=1 cj(1− πj

t )

(1− st)
=⇒ tk,S,up1 = F−11

(
1− c̄1,kt

1− st

)
(B.12)

Moreover, the area between the lower and upper thresholds in the distributions signifies

the proportion of applicants admitted by the specific group from the total number of

applicants belonging to that group at the kth institution. Thus, we have:

F0(t
k,S,up
0 )−F0(t

k,S,low
0 ) =

atck
st

and F1(t
k,S,up
1 )−F1(t

k,S,low
1 ) =

(1− at)ck
1− st

(B.13)

Then using the upper thresholds, we can write the lower thresholds as follows:

1−F0(t
k,S,low
0 ) =

c̄0,kt

st
+
atck
st

and 1−F1(t
k,S,low
1 ) =

c̄1,kt

1− st
+

(1− at)ck
1− st

(B.14)

Then, we can write the lower thresholds as follows:

tk,S,low0 = F−10

(
1− c̄0,kt + atck

st

)
and tk,S,low1 = F−11

(
1− c̄1,kt + (1− at)ck

1− st

)
(B.15)
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We can write the score reward function of the institution k as follows:

Rk
g(st, at) = at

∫ tk,S,up0

tk,S,low0

x0
f0(x0)∫ tk,S,up0

tk,S,low0

f0(x0)dx0

dx0 + (1− at)
∫ tk,S,up1

tk,S,low1

x1
f1(x1)∫ tk,S,up1

tk,S,low1

f1(x1)dx1

dx1

(B.16)

We can move the common denominator out of the integral since it is a constant:

Rk
g(st, at) =

at∫ tk,S,up0

tk,S,low0

f0(x0)dx0

∫ tk,S,up0

tk,S,low0

x0f0(x0)dx0 +
(1− at)∫ tk,S,up1

tk,S,low1

f1(x1)dx1

∫ tk,S,up1

tk,S,low1

x1f1(x1)dx1

(B.17)

Then, the denominator can be written in terms of the CDF as follows:

Rk
g(st, at) =

at

F0(t
k,S,up
0 )−F0(t

k,S,low
0 )

∫ tk,S,up0

tk,S,low0

x0f0(x0)dx0

+
(1− at)

F1(t
k,S,up
1 )−F1(t

k,S,low
1 )

∫ tk,S,up1

tk,S,low1

x1f1(x1)dx1

(B.18)

Using the equations (B.13), we can write the score-based reward function of the institu-

tion k as follows:

Rk
g(st, at) =

st
ck

∫ tk,S,up0

tk,S,low0

x0f0(x0)dx0 +
(1− st)
ck

∫ tk,S,up1

tk,S,low1

x1f1(x1)dx1 (B.19)

The upper thresholds are not dependent on the current institution’s action. Then, we

can use the definitions of lower thresholds from equations (B.15) to write the score-based

reward function of the institution k as follows:

Rk
g(st, at) =

st
ck

∫ tk,S,up0

F−1
0

(
1− c̄

0,k
t +atck

st

) x0f0(x0)dx0 + (1− st)
ck

∫ tk,S,up1

F−1
1

(
1− c̄

1,k
t +(1−at)ck

1−st

) x1f1(x1)dx1
(B.20)

Using the fundamental theorem of calculus, we can write the derivative of the score-based
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reward function of the institution k as follows:

dRk
g(st, at)

dat
= F−10

(
1− c̄0,kt + atck

st

)
−F−11

(
1− c̄1,kt + (1− at)ck

1− st

)
= tk,S,low0 − tk,S,low1

(B.21)

Then, we can write the second derivative as follows:

d2Rk
g(st, at)

dakt
2 = −ck

st

1

f0

(
F−10

(
1− c̄0,kt +atck

st

)) − ck
(1− st)

1

f1

(
F−11

(
1− c̄1,kt +(1−at)ck

1−st

))
(B.22)

Since the PDF functions are non-negative, ck ∈ (0, 1], and st ∈ (0, 1), the second deriva-

tive is non-positive. This means the score-based reward function of the institution k is

concave.

The score-based reward function of the institution k is concave and its first derivative

is monotone and defined on the interval [max(0, 1− 1−st−c̄1,kt

ck
),min(1,

st−c̄0,kt

ck
)]. Then, the

score-based reward function of the institution k is maximized when the absolute differ-

ence between the lower thresholds of both groups is minimized, |tk,S,low0 − tk,S,low1 |. This is

equivalent to the following minimization:

min
akt ∈Ak

t

∣∣∣∣∣F−10

(
1− c̄0,kt + atck

st

)
−F−11

(
1− c̄1,kt + (1− at)ck

1− st

)∣∣∣∣∣ (B.23)

where c̄0,kt =
∑k−1

j=1 π
j
t cj and c̄

1,k
t =

∑k−1
j=1(1−πj

t )cj. For k = 1, the action that maximizes

the score-based reward is equivalent to minimizing
∣∣∣F−10

(
1− atc1

st

)
−F−11

(
1− (1−at)c1

1−st

)∣∣∣.
■

B.2 Convergence Under MFG Policy

We first provide a proof of Lemma 3.6 below.

Proof. Firstly, we observe that the optimal policy of institution k can be expressed as
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a convex combination of its optimal score-based reward action and optimal fair-only

action as πk
t = ωk,ta

k
S,t + (1 − ωk,t)a

k
F,t, where ωk,t ∈ [0, 1]. This follows from the fact

that the fairness-aware utility function is a concave function of the action, and the

score-based reward function and the fairness loss functions are monotone. Then, we

claim that the optimal policy of institution k can be expressed as a convex combina-

tion of its pre-projection optimal score-based reward action and pre-projection opti-

mal fairness-aware action (before being projected to the feasible action space Ak
t ), as

πk
t = γk,t

(
st +

1
ck

(∑k−1
j=1 cj(st − πj

t )
))

+ (1− γk,t)α, where γk,t ∈ [0, 1].

Let ākS,t =
(
st +

1
ck

(∑k−1
j=1 cj(st − πj

t )
))

and ākF,t = α, which represent the pre-

projected optimal actions. If both ākS,t ∈ Ak
t and ākF,t ∈ Ak

t , then the claim is straight-

forward. Similarly, if only one of them is not in the feasible action space, then the claim

is straightforward. The only case that needs to be considered is when both pre-projected

optimal actions are not in the feasible action space. If one of them lies on the left of the

feasible action interval and the other lies on the right of the feasible action interval, then

the claim is straightforward. We will show that pre-projected optimal actions cannot

simultaneously lie on the left/right of the feasible action interval. The first case is when

both pre-projected optimal actions are on the left of the feasible action interval. Sup-

pose that ākF,t < max(0, 1 − 1−st−
∑k−1

j=1 (1−π
j
t )cj

ck
) and ākS,t < max(0, 1 − 1−st−

∑k−1
j=1 (1−π

j
t )cj

ck
).

If the maximum is equal to 0, then there is a contradiction since ākF,t ∈ [0, 1]. Simi-

larly, if the maximum is equal to 1− 1−st−
∑k−1

j=1 (1−π
j
t )cj

ck
, then there is a contradiction since

ākS,t > 1− 1−st−
∑k−1

j=1 (1−π
j
t )cj

ck
, due to the condition that

∑K
j=1 cj < 1. Thus, pre-projected

optimal actions cannot lie on the left of the feasible action interval at the same time. The

second case is when both pre-projected optimal actions are on the right of the feasible ac-

tion interval. Suppose that ākF,t > min(1,
st−

∑k−1
j=1 πj

t cj

ck
) and ākS,t > min(1,

st−
∑k−1

j=1 πj
t cj

ck
). If

the minimum is equal to 1, then there is a contradiction since ākF,t ∈ [0, 1]. Similarly, if the

minimum is equal to
st−

∑k−1
j=1 πj

t cj

ck
, then there is a contradiction since ākS,t <

st−
∑k−1

j=1 πj
t cj

ck
,
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due to the condition that
∑K

j=1 cj < 1. Thus, the pre-projected optimal actions cannot

lie on the right of the feasible action interval at the same time. Therefore, our claim

holds.

By utilizing this relation, equation (3.8) can be expressed as the following by iter-

atively writing expressions for the optimal score-based reward action in the increasing

order of the institutions:

akS,t =

[
st
ck

(
ck +

k−1∑
j=1

cj

k−1∏
i=j

(1− γi,t)
)
− α

ck

(
k−1∑
j=1

cj

k−1∏
i=j

(1− γi,t)
)]
Ak

t

=

[
st +

(st−α)
ck

(
k−1∑
j=1

cj

k−1∏
i=j

(1− γi,t)
)]
Ak

t

(B.24)

We use the above expression and now prove the lemma. The optimal action of the

institution k can be expressed as follows:

πk
t = γk,t

(
st +

(st − α)
ck

(
k−1∑
j=1

cj

k−1∏
i=j

(1− γi,t)
))

+ (1− γk,t)α (B.25)

We can compute the weighted action as follows;

ckπ
k
t = ckγk,tst + γk,t(st − α)

k−1∑
j=1

cj

k−1∏
i=j

(1− γi,t) + ck(1− γk,t)α (B.26)

We can add and subtract ckst;

ckπ
k
t = ckst + ck(1− γk,t)(α− st)− γk,t(α− st)

k−1∑
j=1

cj

k−1∏
i=j

(1− γi,t) (B.27)
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We can add and subtract (α− st)
k−1∑
j=1

cj

k−1∏
i=j

(1− γi,t);

ckπ
k
t = ckst+ck(1−γk,t)(α−st)+(1−γk,t)(α−st)

k−1∑
j=1

cj

k−1∏
i=j

(1−γi,t)−(α−st)
k−1∑
j=1

cj

k−1∏
i=j

(1−γi,t)

(B.28)

It can be grouped as follows:

ckπ
k
t = ckst + (α− st)

k∑
j=1

cj

k∏
i=j

(1− γi,t)− (α− st)
k−1∑
j=1

cj

k−1∏
i=j

(1− γi,t) (B.29)

It can be seen that the second and third terms are telescoping, and the summation of

the weighted actions of all institutions can be written as follows:

K∑
k=1

ckπ
k
t = st

K∑
k=1

ck + (α− st)
K∑
k=1

ck

K∏
i=k

(1− γi,t) (B.30)

After dividing by the total capacity, we obtain the desired expression. ■

We will now utilize the result of the above lemma in showing the proof of Theorem 3.7,

where we state that the applicant pool proportion, and the admission proportions of the

institutions converge to the long-term fairness target set by the agents, under the MFG

policy with pure positive reinforcement model.

Proof. Suppose that the state of the MDP equals the fairness target α. It follows that

the top institution maximizes its utility by selecting α proportion of group 0 among

all its admitted applicants π1
t = α, as its optimal score-based reward action itself is

a1S,t = st = α. Further, a2S,t = α by equation (3.8), which implies that π2
t = α. It

can be seen that πk
t = α, ∀k, due to which the weighted average πW

t = α, i.e., it is

a fixed-point of the weighted policy. We will show the uniqueness of the fixed point

by showing γi,t ̸= 1,∀i ∈ [K]. Assume that st < α. Then, the optimal score-based
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reward action of the top institution is a1S,t = st, since the top institution maximizes its

score-based reward when it sets same threshold for both groups. The optimal fair-only

action is a1F,t = [α]A1
t
. Since a1F,t > st the MFG policy for the top institution will accept

more from the minority group than the applicant proportion due to the structure of the

weighted MFG policy. Then, π1
t > st and γ1,t ̸= 1. The score-based reward of the second

institution is maximized when it sets the same threshold for both groups, this implies

that a2S,t < st because the first institution admitted more from the minority group than

the applicant proportion. The optimal fair-only action is a2F,t = [α]A2
t
. Then, π2

t > st

and γ2,t ̸= 1. The same argument can be made for the subsequent institutions, since the

optimal score-based reward action of the institution k is akS,t < st because the previous

institutions admitted more from the minority group than the applicant proportion. The

optimal fair-only action is akF,t = [α]Ak
t
. Then, πk

t > st and γk,t ̸= 1. The same argument

can be used when st > α.

Next, since from the update for pure positive reinforcement (3.5), it follows that the

mean parameter θt drifts towards the fairness target α, irrespective of the state, due to

the structure of the weighted MFG policy. In addition, since α is a unique fixed-point, as

the step size is decaying with time, it can be shown that the mean parameter converges

to the fairness target. Let dt =
1
2
(θt − α)2. Fix an ϵ > 0. Then, we need to show that

there exists some t0(ϵ) such that for all t > t0(ϵ),

dt+1 ≤ dt − ζt, if dt ≥ ϵ (B.31)

dt+1 ≤ cϵ if dt < ϵ (B.32)

where c is a positive constant. Moreover ζt > 0 and
∑∞

t=0 ζt = ∞. If the above condi-

tions are satisfied, then eventually for some t1(ϵ) ≥ t0(ϵ), we have dt < ϵ. But due to

equations (B.31) and (B.32), we have dt+1 ≤ cϵ for all t > t1(ϵ). Since ϵ is arbitrary, we
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have θt → α as t→∞.

dt+1 =
1

2
(θt+1 − α)2

=
1

2
(
[
θt + ηt(π

W
t − st)

]
C − α)

2

≤ 1

2
(θt + ηt(π

W
t − st)− α)2

= dt + ηt(θt − α)(πW
t − st) +

1

2
η2t (π

W
t − st)2

≤ dt + ηt(θt − α)(πW
t − st) +

1

2
η2t (B.33)

≤ dt +
ηt
2
((θt − α)2 + 1) +

1

2
η2t (B.34)

Since ηt → 0, if dt < ϵ, then dt+1 < cϵ for some c > 0.

When dt ≥ ϵ, first we will account for the stochasticity of st. We have πW
t − st =

πW
t − θt + (θt − st). Denoting zt = θt − st, using equation (B.33), we have

dt+1 ≤ dt + ηt(θt − α)(πW
t − θt + zt) +

1

2
η2t

where zt is a zero-mean random variable. Also E[z2t ] = var(st) < ∞, which is bounded.

Therefore, νt :=
∑t

i=0 ηtzi is a martingale and E[ν2t ] is also bounded. This implies by the

martingale convergence theorem that νt converges to a finite random variable. Therefore,

we have
∑∞

i=t ηtzi → 0. Since, |θt − α| is bounded, the effect of the noise zt is negligible.

Therefore we have

dt+1 ≤ dt + ηt(θt − α)(πW
t − θt) +

1

2
η2t

We want to show that

(θt − α)(πW
t − θt) ≤ −δ(ϵ) (B.35)

163



Supplementary Materials for Chapter 3 Chapter B

for some δ(ϵ) > 0. If this holds, we have

dt+1 ≤ dt − ηtδ(ϵ) +
η2t
2

(B.36)

Let us denote ζt = ηtδ(ϵ) − η2t
2
. Since, ηt → 0, there exists t2(ϵ) such that ζt > 0 for all

t > t2(ϵ). Moreover, due to assumptions on the step size, we have
∑∞

t=0 ζt =∞.

What remains to show is equation (B.35). In the regime where the number of ap-

plicants N is large, we can see that the state st is equal to its mean θt with probability

approaching 1 through Chebyshev inequality. When dt ≥ ϵ, since st is equal to its mean

θt, we need to consider only cases (i) st < α and (ii) st > α. Under both cases, we have

(θt − α)(πW
t − θt) < 0 due to the structure of the weighted MFG policy when the score

distributions are identical. ■

B.3 Role-Model Negative Feedback

Here, we provide a proof for Proposition 3.9, and show that MFG policy can cause

negative feedback under role model reinforcement and drive the under-represented group

out of the system.

Proof. We assume that the MFG policy assigns non-zero weight to the long-term fairness

objective, i.e., λ > 0. Since we are interested in the regime where the number of applicants

Nt is large, we assume that the histograms of the scores of applicants approach the

distribution. Without loss of generality, we denote group 0 to be the under-represented

group, and assume that the initial state is less than the fairness target, st < α. However,

the same procedure applies when group 0 has a higher proportion than the long-term

fairness target. We will also assume that the initial mean parameter θt is small.

We recall that for the top institution, the action maximizing its score-based reward
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a1S,t = st, the current state, by Theorem 3.3 and the action minimizing its fairness loss

a1F,t = [α]A1
t
, the long-term fairness target. We also know the MFG policy for the top

institution will be the convex combination π1
t = γ1st + (1− γk)α. Then, π1

t > st because

α > st by our assumption. Viewing the first institution’s MFG policy as applying

group-dependent lower and upper thresholds on the score distributions as in the proof

of Theorem 3.3, and admitting all applicants between the group-specific thresholds, we

can infer that the lower threshold for group 0 (denoted by t1, low0 ) is strictly less than the

lower threshold for group 1 (denoted by t1, low1 ), due to the fact that π1 admits more from

the minority group than the applicant proportion. Implicitly, the upper thresholds for

the first institution are infinity. Thus we have:

t1, low0 < t1, low1 (B.37)

Note that these thresholds are different from the thresholds optimizing only for the

score-based rewards, which have also been described by the same notation in the proof

of Theorem 3.3.

Let us assume that the fraction of the role models r = ϵ. The evolution of the

applicant pool is such that only those admitted applicants with scores larger than a

certain threshold determined by parameter r will contribute to reinforcing the pool.

Let us denote this threshold for institution k as tkr . As the parameter r decreases, the

threshold tkr increases. It follows that there exists r small enough, such that the role

model threshold for the first institution is t1r ≥ t1, low1 . We remark that the role model

threshold is independent of the group membership.

Now, note that r1t is equivalent to the ratio of the number of group 0 applicants with

scores higher than t1r, to the number of applicants with scores larger than t1r. Thus we

can write an expression for r1t in terms of the CDF of the score distribution, denoted by
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F , as

r1t =
st (1−F(t1r))

st (1−F(t1r)) + (1− st) (1−F(t1r))
= st. (B.38)

For the subsequent institutions, it is known from (B.24) that for all k ≥ 2, if st < α,

the action optimizing the score-based reward is akS,t < st. Therefore, the policy for the

kth institution (k ≥ 2) is

πk
t = (1− γk,t)α + γk,t

(
st +

1

ck

(
k−1∑
j=1

cj(st − πj
t )

))
> akS,t (B.39)

since we have α > st > akS,t. Note that for the MFG policies of the institutions, the lower

threshold of institution k − 1 will be equal to the upper threshold of institution k, as it

would admit all applicants with scores in between the lower and upper thresholds.

If the institutions with k ≥ 2 were optimizing only the score-based reward their lower

thresholds would be equal across the groups, as argued in the equation (B.23). But here,

since the MFG policy admits a higher proportion from group 0, i.e., (B.39), the thresholds

are such that the lower threshold of group 0 is always less than the lower threshold of

group 1, ∀k ∈ [K]

tk,low0 < tk,low1 . (B.40)

Furthermore, if r is small enough, the role model thresholds for all subsequent institutions

are large enough to satisfy tk,low1 ≤ tkr . Then, we can express the proportion of the role

models from group 0 for the institution k as

rkt =
st

(
F(tk,up0 )−F(tkr)

)
st

(
F(tk,up0 )−F(tkr)

)
+ (1− st)

(
F(tk,up1 )−F(tkr)

) . (B.41)
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Using tk,up1 > tk,up0 , we can upper bound rkt as

rkt <
st

(
F(tk,up0 )−F(tkr)

)
st

(
F(tk,up0 )−F(tkr)

)
+ (1− st)

(
F(tk,up0 )−F(tkr)

) =⇒ rkt < st (B.42)

for all k ∈ {2, 3, . . . , K} and r1t = st.

Under the role model reinforcement, group 0’s applicant proportion receives a positive

drift only if the weighted parameter πr
t in equation (3.16) is larger than st. Due to (B.38)

and (B.42), the weighted proportion of the role models is

πr
t =

∑K
k=1 ckr

k
t∑K

k=1 ck
< st =⇒ πr

t − st < 0. (B.43)

Hence, the pool update parameter θt+1 = θt + ηt(π
r
t − st) < θt. If the initial mean

parameter θt is small enough, i.e., group 0 is heavily under-represented in the initial

pool, with a large probability the future state st+1 < α. Hence we can approximately

see that the mean parameter of the proportion of minority group in the applicant pool

decreases to zero. Therefore, we show that MFG policy can cause a negative feedback

loop under role model reinforcement if the role model proportion is small enough, driving

the under-represented group out of the system. ■

B.4 Additional Experiments

B.4.1 Identical score distributions

We show the evolution of applicant and admission proportions of the CMFG pol-

icy under the pure positive reinforcement model, order-based reinforcement model, and

weighted positive reinforcement model in Figures B.1a, B.1b, and B.1c. The parameter

167



Supplementary Materials for Chapter 3 Chapter B

0 5 10 15 20 25 30 35 40

Rounds

0.0

0.1

0.2

0.3

0.4

0.5

P
ro

p
or

ti
o
n

Pure Positive Reinforcement with CMFG

Admitted to inst. k=1

Admitted to inst. k=2

Admitted to inst. k=3

Applicants state, st
Mean parameter θt

(a)

0 5 10 15 20 25 30 35 40

Rounds

0.0

0.1

0.2

0.3

0.4

0.5

P
ro

p
or

ti
o
n

Order-based Positive Reinforcement with CMFG,β = 0.8

Admitted to inst. k=1

Admitted to inst. k=2

Admitted to inst. k=3

Applicants state, st
Mean parameter θt

(b)

0 5 10 15 20 25 30 35 40

Rounds

0.0

0.1

0.2

0.3

0.4

0.5

P
ro

p
or

ti
o
n

Weighted Positive Reinforcement with CMFG

Admitted to inst. k=1

Admitted to inst. k=2

Admitted to inst. k=3

Applicants state, st
Mean parameter θt

(c)

Figure B.1: The centralized MFG policy achieves long-term fairness under (a) pure
positive reinforcement, (b) order-based reinforcement, and (c) weighted positive rein-
forcement.

settings are exactly the same as in Section 3.5.1 for the case when the score distributions

are identical. In these figures, we observe that an institution’s admission proportion is

larger than the applicant proportion, and since the weighted average of the admission

proportion governs the evolution, the pool gets positive feedback and approaches the

fairness target.

B.4.2 Distinct score distributions
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Figure B.2: (a) MFG policy creates negative feedback under role-model reinforce-
ment, under distinct score distributions. (b) The evolution of the proportions of role
models for each institution, under MFG policy. (c) CMFG policy avoids negative
feedback under distinct score distributions. (d) The evolution of the proportions of
role models for each institution, under CMFG policy.
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Here, we consider the role-model reinforcement with r = 0.5, under distinct score

distributions, with all other parameters as described in Section 3.5.1. As seen in Fig-

ure B.2a, the MFG policy again leads to a negative feedback loop with the distinct score

distributions, resulting in the reduction of the minority group in the applicants pool. As

seen in Figure B.2b, the second and the third institutions have a very small fraction of

role models as a result of the first institution admitting the top minority applicants. How-

ever, the CMFG policy could alleviate this, resulting in an equilibrium point lower than

the initial mean parameter as shown in Figure B.2c. In Figure B.2d, it is evident that all

institutions feature role models from the minority group, leading to an equilibrium point

within the applicant pool.

B.4.3 Semi-synthetic dataset
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Figure B.3: Evolution of the mean parameter θt and its equilibrium with varying
values of λ under (a) the MFG policy and (b) the CMFG policy, under role-model
reinforcement.

We consider the role-model reinforcement with r = 0.8, where the top 80% of the ad-

mitted applicants are considered role models for the resource pool. Figures B.3a and B.3b

show the mean parameter θt at equilibrium for the MFG and CMFG policies, respec-

tively, with varying values of λ. Both policies perform similarly on the law school dataset,

possibly due to a larger difference between the score distributions of the groups.
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C.1 Proofs

We provide the proofs for CF-CP.

C.1.1 Proof of Lemma 4.4

Proof. Fix y ∈ Y and a, a′ ∈ A. Under Assumption 4.3, for the factual pair (XA←a, a),

there exists a unique latent variable

U = g−1a (XA←a) , (C.1)

where g−1a is the inverse of the forward map ga in the SCM that generates X from U

under the intervention A← a. Likewise, for (XA←a′ , a
′), we have the same latent variable

U = g−1a′ (XA←a′), since both counterfactuals arise from the same structural model applied

to the same exogenous noise.
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For any target intervention a′′ ∈ A, the corresponding counterfactual feature vector

is

XA←a′′ = ga′′(U), (C.2)

regardless of whether we start from (XA←a, a) or (XA←a′ , a
′). Hence, the multiset of

per-intervention scores

{s (ga′′(U), a′′, y) : a′′ ∈ A} (C.3)

is identical in both cases, up to permutation. Since Agg in (4.6) is permutation-invariant,

applying it to these equal multisets gives

scf (XA←a, a, y) = scf (XA←a′ , a
′, y) . (C.4)

This proves the claim. ■

C.1.2 Proof of Theorem 4.6

Proof. Let π be any permutation of Ical ∪ {n+ 1}. By assumption,

{(Xπ(i), Aπ(i), Yπ(i))}i d
= {(Xi, Ai, Yi)}i. (C.5)

Define the coordinate-wise transformation

T (x, a, y) := Agg
{
s
(
ga′
(
g−1a (x)

)
, a′, y

)
: a′ ∈ A

}
. (C.6)

Under Assumption 4.3, the maps g−1a and ga′ are deterministic and measurable for all

a, a′ ∈ A. Since s and Agg are also measurable, T is measurable. Moreover, the same

transformation T is applied to each coordinate.
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Set

Scf
i := T (Xi, Ai, Yi). (C.7)

Exchangeability is preserved under identical measurable coordinate-wise transforma-

tions [141, Proposition 4]. Therefore,

{Scf
i }i

d
=
{
scf(Xπ(i), Aπ(i), Yπ(i))

}
i
. (C.8)

Thus, {Scf
i }i∈Ical∪{n+1} are exchangeable. ■

C.2 Experimental Details

C.2.1 Implementation Details

Here we provide additional implementation details. All GPU related experiments

were run on GTX 1080 Ti. Remaining experiments were run on Apple M1 CPU.

Base predictor. For all datasets, the base predictor f̂ is a linear model for both

regression and classification tasks. For synthetic and Law School datasets, we use

scikit-learn’s LinearRegression and LogisticRegression implementations [142].

The default hyperparameters are used except for the maximum number of iterations

which is set to 1000 for LogisticRegression. For Bias in Bios, we use PyTorch [143]

to implement the logistic regression and utilize GPU to speed up optimization. We use

LBFGS optimizer with a learning rate of 1 and a maximum of 100 iterations.

Conformal prediction sets. When constructing conformal prediction sets, we include

at least one label in the prediction set for classification tasks if the score of the most likely

label is above the threshold. This is to avoid empty prediction sets which can happen
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when the model is very uncertain about the prediction. It is a common practice in

conformal prediction to ensure non-empty prediction sets.

C.2.2 Datasets

Here we introduce the datasets used in our experiments.

A U

X Y

(a) Synthetic Regression and Bias

A U

X Y

(b) Synthetic Classification

Race Sex

LSAT GPA

FYA

(c) Law School

Figure C.1: Causal Graphs of the Datasets Used in Experiments

Synthetic Regression. We follow the data generation process in [94] to generate a

synthetic regression dataset with a binary protected attribute A. The data is generated

according to the following structural equations:

Ui ∼ N (0, 1) i ∈ 1, 2, A ∼ Bernoulli(0.4),

X ← sin(U1) + cos(AU2) + A+ 0.1,

Y ← 0.2X2 + 1.2X + 0.2 + ϵY , ϵY ∼ N (0, 0.6).

The causal graph is shown in Figure C.1a. Counterfactuals change only A in the X-

equation (holding U1, U2, ϵY fixed). For noisy experiments, we add i.i.d. Gaussian noise

to U when constructing counterfactuals, i.e., we use Ũ = U + ϵU where ϵU ∼ N (0, σ2
UI)

and σU = 0.4 for the results in Table 4.3. We use α = 0.1 and the split of the data is
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as follows: 5000 samples for training, 1000 samples for calibration, and 5000 samples for

testing.

Synthetic Classification. We extend the binary classification setting in [95] to a

multi-class classification setting with K = 10 classes. The SCM is

U ∼ N (0, Id), A ∼ Bernoulli(0.5),

X ← (A− 0.5)wA + UDU ,

Y ∼ Categorical
(
softmax(X⊙3WX + UWU + E)

)
, E ∼ N (0, σ2IK).

The causal graph is shown in Figure C.1b. Here d = 10 is the feature dimension and

K = 10 the number of classes; wA ∈ R1×d encodes the linear effect of A on X; DU ∈ Rd×d

mixes the latent U into X (assumed full rank); WX ,WU ∈ Rd×K map the (nonlinear)

features and latent into class logits; E is i.i.d. Gaussian logit noise with variance σ = 0.2

and X⊙3 denotes elementwise cubing of X. All the matrices are generated as identity

matrix plus small uniform noise between [0, 0.2] added to each entry, wA has first r = 3

entries sampled from Uniform([2, 2.2]) and the rest are zeros. Counterfactuals change

only A in the X-equation (holding U and E fixed). Similarly, for noisy experiments, we

add i.i.d. Gaussian noise to U when constructing counterfactuals, i.e., we use Ũ = U+ϵU

where ϵU ∼ N (0, σ2
UI) and σU = 0.4 for the results in Table 4.3. We use α = 0.1 and the

split of the data is as follows: 5000 samples for training, 1000 samples for calibration,

and 5000 samples for testing.

Law School. We use the Law School dataset from [76], which has been used in prior

work on counterfactual fairness [11, 94]. The task is to predict the first-year average

grade (FYA) of law students based on their LSAT score, undergraduate GPA, race and
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gender. We consider race as the protected attribute A (binary: white vs non-white).

We preprocess the LSAT and GPA features by standardizing them to have zero mean

and unit variance. To construct counterfactuals, we fit a LiNGAM model to the data

using the causal-learn package [144]. The fitted causal graph is shown in Figure C.1c.

We assume that race and gender are root nodes in the causal graph and there are no

children of FYA node. For noisy experiments, we add i.i.d. Gaussian noise to U when

constructing counterfactuals, and we assume U only effects LSAT and GPA, i.e., we use

Ũ = U + ϵU where ϵU ∼ N (0, σ2
UI) and σU = 0.4 for the results in Table 4.3. We use

α = 0.1 and the total number of samples is 21791, with a split of 1000 for calibration,

10000 for testing, and the rest for training.

Bias in Bios. We use the Bios dataset from [105] which contains biographies of in-

dividuals in various professions. The task is to predict the profession of an individual

based on their biography text, it has gender labels which we consider as the protected

attribute A (binary: male vs female), there are 28 professions (classes) in total. We get

the embeddings of the factual and counterfactual biographies via the method proposed

by [106], using their code is publicly available.1 They assume a causal graph similar to

Figure C.1a where X is the text embedding and Y is the profession, and U is some latent

variable that is not observed. We use the version of the dataset introduced in [145].

First we obtain text embeddings using a pre-trained BERT model [107], then we split

this embedding into two orthogonal components, one that is aligned with the protected

attribute A and one that is independent of A. To create counterfactual embeddings, we

flip the component aligned with A while keeping the independent component fixed. In

this dataset, we do not have access to U , so we cannot apply CFU method. For noisy

experiments, we add i.i.d. Gaussian noise to the embedding when constructing counter-

1https://github.com/ToineSayan/counterfactual-representations-for-explanation
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Regression Classification

Method MSE (↓) TE (↓) Coverage Avg. Set Size (↓) CSD (↓) Accuracy (↑) TE (↓) Coverage Avg. Set Size (↓) CSD (↓)
SplitCP 0.377 ± 0.012 1.219 ± 0.014 0.901 ± 0.008 2.032 ± 0.038 0.713 ± 0.009 0.730 ± 0.011 0.543 ± 0.037 0.905 ± 0.011 2.025 ± 0.209 0.642 ± 0.043

Post-hoc Union 0.377 ± 0.012 1.219 ± 0.014 0.944 ± 0.006 3.259 ± 0.044 0.152 ± 0.001 0.730 ± 0.011 0.543 ± 0.037 0.935 ± 0.009 3.115 ± 0.254 0.260 ± 0.006

CFU 1.170 ± 0.020 0.267 ± 0.007 0.902 ± 0.008 3.551 ± 0.088 0.135 ± 0.004 0.512 ± 0.011 0.235 ± 0.004 0.908 ± 0.014 3.462 ± 0.239 0.345 ± 0.008

CFR 0.852 ± 0.014 0.191 ± 0.002 0.900 ± 0.012 3.013 ± 0.078 0.115 ± 0.003 0.563 ± 0.012 0.140 ± 0.002 0.907 ± 0.014 2.913 ± 0.209 0.209 ± 0.004

PCF 0.847 ± 0.014 0.189 ± 0.002 0.897 ± 0.010 2.983 ± 0.061 0.115 ± 0.003 0.550 ± 0.015 0.165 ± 0.004 0.908 ± 0.012 2.600 ± 0.210 0.263 ± 0.006

CF-CP-mean 0.377 ± 0.012 1.219 ± 0.014 0.900 ± 0.008 3.016 ± 0.054 0.118 ± 0.002 0.730 ± 0.011 0.543 ± 0.037 0.908 ± 0.013 2.609 ± 0.203 0.259 ± 0.006

CF-CP-max 0.377 ± 0.012 1.219 ± 0.014 0.895 ± 0.009 3.374 ± 0.057 0.145 ± 0.003 0.730 ± 0.011 0.543 ± 0.037 0.945 ± 0.004 4.271 ± 0.185 0.230 ± 0.004

CF-CP-min 0.377 ± 0.012 1.219 ± 0.014 0.905 ± 0.008 2.935 ± 0.050 0.168 ± 0.003 0.730 ± 0.011 0.543 ± 0.037 0.910 ± 0.012 2.657 ± 0.205 0.271 ± 0.005

Table C.1: Synthetic results at α = 0.1 (mean ± std over 10 runs) with noisy coun-
terfactuals. Left block: regression; right block: classification. Highlighting follows the
convention described in the evaluation metrics paragraph.

factuals, i.e., we use X̃A←a′ = XA←a′ + ϵX where ϵX ∼ N (0, σ2
XI) and σX = 0.1 for the

results in Table 4.3. We use α = 0.025 since the task is fairly easy, if we use α = 0.1 all

methods return singletons as the prediction sets most of the time. The total number of

samples is 393423. We use 5000 samples for calibration, half of the dataset for testing,

and the rest for training.

C.3 Additional Results

In this section, we provide additional experimental results.

C.3.1 Results on Noisy Counterfactuals

Here we present additional results on the experiments with noisy counterfactuals.

In Table 4.3, we report the results on all datasets with noisy counterfactuals. We only

report average set size and CSD due to space constraints, the other metrics are reported

here in Table C.1 and Table C.2. It can be seen that due to noisy counterfactuals, MSE

or accuracy of counterfactually fair methods (CFU, CFR, PCF) are slightly worse than

oracle counterfactuals. This also leads to a slight increase in average set size for these

methods. However, counterfactually fair methods and CF-CP still achieve a significant

reduction in CSD compared to split CP, with only a modest increase in the size of the
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Law School Regression Bios Classification

Method MSE (↓) TE (↓) Coverage Avg. Set Size (↓) CSD (↓) Accuracy (↑) TE (↓) Coverage Avg. Set Size (↓) CSD (↓)
SplitCP 0.758 ± 0.005 0.723 ± 0.019 0.898 ± 0.009 2.847 ± 0.070 0.405 ± 0.010 0.801 ± 0.001 0.094 ± 0.003 0.975 ± 0.003 3.311 ± 0.199 0.199 ± 0.005

Post-hoc Union 0.758 ± 0.005 0.723 ± 0.019 0.943 ± 0.007 3.571 ± 0.078 0.036 ± 0.001 0.801 ± 0.001 0.094 ± 0.002 0.979 ± 0.002 3.991 ± 0.231 0.130 ± 0.002

CFU 0.835 ± 0.007 0.087 ± 0.003 0.900 ± 0.009 2.998 ± 0.063 0.055 ± 0.002 - - - - -

CFR 0.829 ± 0.007 0.045 ± 0.001 0.899 ± 0.009 2.984 ± 0.064 0.029 ± 0.001 0.796 ± 0.001 0.045 ± 0.001 0.974 ± 0.003 3.450 ± 0.226 0.099 ± 0.003

PCF 0.829 ± 0.007 0.056 ± 0.001 0.897 ± 0.010 2.961 ± 0.071 0.037 ± 0.001 0.792 ± 0.001 0.049 ± 0.001 0.975 ± 0.002 3.560 ± 0.197 0.109 ± 0.002

CF-CP-mean 0.758 ± 0.005 0.723 ± 0.019 0.899 ± 0.014 3.108 ± 0.108 0.029 ± 0.001 0.801 ± 0.001 0.093 ± 0.003 0.975 ± 0.003 3.581 ± 0.204 0.109 ± 0.002

CF-CP-max 0.758 ± 0.005 0.723 ± 0.019 0.900 ± 0.014 3.114 ± 0.112 0.041 ± 0.001 0.801 ± 0.000 0.094 ± 0.003 0.975 ± 0.003 3.813 ± 0.210 0.123 ± 0.002

CF-CP-min 0.758 ± 0.005 0.723 ± 0.019 0.899 ± 0.012 3.107 ± 0.093 0.041 ± 0.001 0.801 ± 0.001 0.093 ± 0.003 0.975 ± 0.002 3.599 ± 0.165 0.128 ± 0.003

Table C.2: Real data results with noisy counterfactuals. Left block: regression on
Law School dataset with α = 0.1; right block: classification on Bios dataset with
α = 0.025 (mean ± std over 10 runs). Highlighting follows the convention described
in the evaluation metrics paragraph.

prediction sets. The noise level for synthetic and Law School datasets is σU = 0.4, and

for Bias in Bios dataset it is σX = 0.1.

C.3.2 Results on Synthetic Classification with Different Base

Score Functions

Here we provide additional results on synthetic classification with different base score

functions. In addition to LAC (used in the main text), we also consider the following

two base score functions. The first one is Adaptive Prediction Sets (APS) score [146]:

sAPS(x, a, y) =
∑

y′∈Y,f̂y′ (x,a)>f̂y(x,a)

f̂y′(x, a). (C.9)

We use APS score without additional randomness for simplicity. The second one is the

regularized APS (RAPS) score, which adds a regularization term to the APS score to

penalize large prediction sets [147]:

sRAPS(x, a, y) = sAPS(x, a, y) + λ(rank(f̂y(x, a))− kreg)+, (C.10)

where λ > 0 is the regularization parameter, kreg is a threshold parameter, and rank(·)

is the rank of the true label y in the sorted list of predicted probabilities. We set λ = 0.5
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APS RAPS

Method Accuracy (↑) TE (↓) Coverage Avg. Set Size (↓) CSD (↓) Accuracy (↑) TE (↓) Coverage Avg. Set Size (↓) CSD (↓)
SplitCP 0.730 ± 0.011 0.543 ± 0.037 0.962 ± 0.006 3.517 ± 0.169 0.583 ± 0.032 0.730 ± 0.011 0.543 ± 0.037 0.905 ± 0.011 2.393 ± 0.280 0.604 ± 0.048

Post-hoc Union 0.730 ± 0.011 0.543 ± 0.037 0.979 ± 0.004 5.021 ± 0.238 0.000 ± 0.000 0.730 ± 0.011 0.543 ± 0.037 0.940 ± 0.010 3.559 ± 0.316 0.000 ± 0.000

CFU 0.589 ± 0.017 0.000 ± 0.000 0.932 ± 0.006 3.695 ± 0.126 0.000 ± 0.000 0.589 ± 0.017 0.000 ± 0.000 0.907 ± 0.014 2.973 ± 0.183 0.000 ± 0.000

CFR 0.589 ± 0.017 0.000 ± 0.000 0.931 ± 0.006 3.685 ± 0.134 0.000 ± 0.000 0.589 ± 0.017 0.000 ± 0.000 0.907 ± 0.014 2.973 ± 0.182 0.000 ± 0.000

PCF 0.571 ± 0.017 0.000 ± 0.000 0.928 ± 0.008 3.487 ± 0.145 0.000 ± 0.000 0.571 ± 0.017 0.000 ± 0.000 0.906 ± 0.014 2.859 ± 0.241 0.000 ± 0.000

CF-CP-mean 0.730 ± 0.011 0.543 ± 0.037 0.941 ± 0.004 3.540 ± 0.119 0.017 ± 0.005 0.730 ± 0.011 0.543 ± 0.037 0.927 ± 0.009 3.298 ± 0.160 0.025 ± 0.006

CF-CP-max 0.730 ± 0.011 0.543 ± 0.037 0.947 ± 0.005 4.130 ± 0.127 0.028 ± 0.005 0.730 ± 0.011 0.543 ± 0.037 0.942 ± 0.008 3.986 ± 0.147 0.034 ± 0.007

CF-CP-min 0.730 ± 0.011 0.543 ± 0.037 0.944 ± 0.004 3.690 ± 0.139 0.018 ± 0.004 0.730 ± 0.011 0.543 ± 0.037 0.912 ± 0.009 2.948 ± 0.126 0.003 ± 0.004

Table C.3: Synthetic classification results at α = 0.1 (mean ± std over 10 runs) with
APS and RAPS base scores with noiseless counterfactuals. Highlighting follows the
convention described in the evaluation metrics paragraph. Since we do not use random
sets for APS and RAPS, we relax the condition of achieving target coverage.

APS RAPS

Method Accuracy (↑) TE (↓) Coverage Avg. Set Size (↓) CSD (↓) Accuracy (↑) TE (↓) Coverage Avg. Set Size (↓) CSD (↓)
SplitCP 0.730 ± 0.011 0.543 ± 0.037 0.962 ± 0.006 3.517 ± 0.169 0.583 ± 0.032 0.730 ± 0.011 0.543 ± 0.037 0.905 ± 0.011 2.393 ± 0.280 0.604 ± 0.048

Post-hoc Union 0.730 ± 0.011 0.543 ± 0.037 0.979 ± 0.004 4.945 ± 0.232 0.247 ± 0.008 0.730 ± 0.011 0.543 ± 0.037 0.938 ± 0.011 3.580 ± 0.322 0.258 ± 0.009

CFU 0.512 ± 0.011 0.235 ± 0.004 0.916 ± 0.012 4.007 ± 0.207 0.363 ± 0.010 0.512 ± 0.011 0.235 ± 0.004 0.904 ± 0.011 3.635 ± 0.239 0.343 ± 0.012

CFR 0.563 ± 0.012 0.140 ± 0.002 0.928 ± 0.008 3.790 ± 0.153 0.238 ± 0.005 0.563 ± 0.012 0.140 ± 0.002 0.909 ± 0.012 3.219 ± 0.173 0.212 ± 0.004

PCF 0.550 ± 0.015 0.165 ± 0.004 0.923 ± 0.010 3.484 ± 0.154 0.298 ± 0.008 0.550 ± 0.015 0.165 ± 0.004 0.907 ± 0.014 2.913 ± 0.244 0.278 ± 0.012

CF-CP-mean 0.730 ± 0.011 0.543 ± 0.037 0.945 ± 0.005 3.634 ± 0.118 0.303 ± 0.011 0.730 ± 0.011 0.543 ± 0.037 0.932 ± 0.007 3.511 ± 0.112 0.228 ± 0.006

CF-CP-max 0.730 ± 0.011 0.543 ± 0.037 0.952 ± 0.005 4.661 ± 0.203 0.254 ± 0.007 0.730 ± 0.011 0.543 ± 0.037 0.948 ± 0.006 4.410 ± 0.174 0.231 ± 0.008

CF-CP-min 0.730 ± 0.011 0.543 ± 0.037 0.947 ± 0.005 3.751 ± 0.126 0.313 ± 0.011 0.730 ± 0.011 0.543 ± 0.037 0.911 ± 0.010 2.991 ± 0.151 0.285 ± 0.017

Table C.4: Synthetic classification results at α = 0.1 (mean ± std over 10 runs)
with APS and RAPS base scores with noisy counterfactuals, where the noise level
is σU = 0.4. Highlighting follows the convention described in the evaluation metrics
paragraph.

and kreg = 2 in our experiments.

The results are shown in Table C.3 for oracle counterfactuals and Table C.4 for noisy

counterfactuals. The results are consistent with those using LAC score in the main

text. APS score tends to produce larger prediction sets compared to LAC score, while

RAPS score produces smaller prediction sets thanks to the regularization. Since we

use deterministic version of APS, the average coverage is slightly larger than the target

coverage value for all the methods. Here again counterfactually fair methods (CFU,

CFR, PCF) and CF-CP methods achieve a significant reduction in CSD compared to

split CP, with only a modest increase in the size of the prediction sets. In the noiseless

case, CF-CP methods has CSD slightly larger than 0, which is due to the constraint that

the prediction sets must include at least one label. For completeness, we also report how

CSD changes with different noise levels in Figure C.2 for APS and RAPS scores. The
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results are consistent with those using LAC score in the main text. When the noise level

is higher, all methods have higher CSD, but counterfactually fair methods and CF-CP

methods still achieve a significant reduction in CSD compared to split CP.
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(a) Synthetic Classification with APS
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Figure C.2: Counterfactual Set Disparity (CSD) versus the noise level in counterfac-
tual generation for APS (left) and RAPS (right) base scores on the synthetic classifi-
cation dataset, averaged over 10 runs.
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D.1 Proofs

D.1.1 Proof of Lemma 5.11

In this section, we provide the proof of Lemma 5.11.

Proof. Under the assumption of infinite servers, the latency consists of the time spent

waiting to complete the current batch and the service time. Therefore, the expected

latency of a request is given by

E[tlatency] = E[tbatch] + E[tservice]. (D.1)

The expected time spent waiting to complete the current batch is given by

E[tbatch] =
k∑

i=1

P(bin = i)E[tbatch|bin = i]. (D.2)
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Since the bins are equally likely, the arrival rate for each bin is λ/k. Then, for each

request in the batch, the expected time spent waiting to complete the current batch is

given by

E[tbatch|bin = i] =
1

B

B∑
j=1

(B − j)k
λ

=
B − 1

2λ
k. (D.3)

Then, the expected time spent waiting to complete the current batch is given by

E[tbatch] =
B − 1

2λ
k. (D.4)

The expected service time of a request is given by Theorem 5.6. Therefore, the expected

latency of a request can be derived as in the statement of the lemma. ■

D.1.2 Exponentially Distributed Service Time

In this section, we provide the proof of Lemma 5.13.

Proof. The upper bound on the expected service time of a batch of B requests with k

bins is derived based on the following observation.

E[tservice, k|bin = i] ≤ li ∀i ∈ [k − 1], (D.5)

and the exact expected service time of a batch of B requests with k bins is given by

lk−1 +
HB

µ
. This is well-known in the literature, it is the maximum of shifted exponential

random variables. Then, the expected service time of a batch of B requests with k bins

is upper bounded by the sum of the expected service time of each bin. The upper bound

could be written as follows,

E[tservice, k] ≤
k−1∑
i=1

Pr(bin = i)li + Pr(bin = k)

(
lk−1 +

HB

µ

)
. (D.6)
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The probability of each bin is given by Pr(bin = i) = exp(−µli−1) − exp(−µli). Then,

we apply the following change of variables before minimizing the upper bound. Let

qi = exp(−µli) and q0 = 1, then the upper bound can be written as,

E[tservice, k] ≤
k−1∑
i=1

(qi−1 − qi)
log(1/qi)

µ
+ qk−1

(
log(1/qk−1)

µ
+
HB

µ

)
= f(q). (D.7)

It can be seen the upper bound function can be decomposed as a function of q =

[q1, q2, . . . , qk−1] and a multiplicative factor of 1/µ. Therefore, we will assume that µ = 1

for simplicity. Then, we can write the upper bound function as,

f(q) =
k−1∑
i=1

(qi−1 − qi) log(1/qi) + qk−1 (log(1/qk−1) +HB) (D.8)

=
k−1∑
i=1

(qi − qi−1) log(qi) + qk−1 (HB − log(qk−1)) . (D.9)

We can compute the partial derivative of f(q) with respect to qi, i ∈ [k − 2] as follows,

∂f(q)

∂qi
= log(qi) +

qi − qi−1
qi

− log(qi+1) ∀i ∈ [k − 2]. (D.10)

Then, the partial derivative with respect to qk−1 is given by,

∂f(q)

∂qk−1
= HB −

qk−2
qk−1

. (D.11)

Then, the second-order partial derivative of f(q) with respect to qiqj, i, j ∈ [k − 1] is
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given by,

∂2f(q)

∂qi∂qj
=



1
qi
+ qi−1

q2i
if i = j and i ∈ [k − 2],

qi−1

q2i
if i = j = k − 1,

− 1
qmax(i,j)

if |i− j| = 1,

0 otherwise.

(D.12)

Then, the Hessian matrix of f(q) is a tridiagonal matrix in the form of,

∇2f(q) =



q1+q0
q21

− 1
q2
· · · 0 0

− 1
q2

q2+q1
q22

· · · 0 0

0 − 1
q3
· · · 0 0

...
...

. . .
...

...

0 0 · · · qk−1+qk−2

q2k−1
− 1

qk−1

0 0 · · · − 1
qk−1

qk−2

q2k−1


. (D.13)

The determinant of the matrix can be found using the following recursive formula:

fn = An,nfn−1 − An,n−1An−1,nfn−2 ∀n ∈ [2, k − 1] (D.14)

where f1 = A1,1 and f0 = 1. For all n ∈ [2, k − 2], it can be seen that:

fn =
qn−1 + qn

q2n
fn−1 −

1

q2n
fn−2 (D.15)

Our claim is that:

fn =
1

q1q2 . . . qn−1q2n
+

1

qn
fn−1 ∀n ∈ [2, k − 2] (D.16)

It holds for n = 1. Then, we can prove it by induction. Assume that it holds for n− 1.
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Then, we can write the following:

fn =
qn−1 + qn

q2n
fn−1 −

1

q2n
fn−2 (D.17)

=
qn−1 + qn

q2n

(
1

q1q2 . . . qn−2q2n−1
+

1

qn−1
fn−2

)
− 1

q2n
fn−2 (D.18)

=
1

q1q2 . . . qn−1q2n
+

1

qn
fn−1 (D.19)

Hence, it is proven by induction.

Then, we can compute the determinant of the Hessian as:

det(∇2f) = fk−1 =
qk−2
q2k−1

fk−2 −
1

q2k−1
fk−3 (D.20)

We can replace the fk−2 with the formula:

fk−2 =
1

q1q2 . . . qk−3q2k−2
+

1

qk−2
fk−3 (D.21)

Then, we can compute the determinant of the matrix as:

det(∇2f) =
qk−2
q2k−1

(
1

q1q2 . . . qk−3q2k−2
+

1

qk−2
fk−3

)
− 1

q2k−1
fk−3 (D.22)

=
1

q1q2 . . . qk−2q2k−1
(D.23)

Therefore, the determinant of the Hessian matrix is as follows:

det(∇2f) =
1

q1q2 . . . qk−2q2k−1
> 0 (D.24)

Since all qi are positive, the recursion above shows that all leading principal minors of the

Hessian are positive. Therefore, by Sylvester’s criterion, the Hessian is positive definite,

184



Supplementary Materials for Chapter 5 Chapter D

and the upper bound for the total service time is a convex function of the transformed

decision variables q. Then, the optimal decision boundaries can be found by setting the

partial derivative of the upper bound function to zero. We can start from the partial

derivative with respect to qk−1 as follows:

∂f

∂qk−1
= HB −

qk−2
qk−1

= 0 =⇒ qk−2 = qk−1HB (D.25)

Then, we can compute the partial derivative with respect to qi, i ∈ [k − 2] as follows:

∂f

∂qi
= log(qi) +

qi − qi−1
qi

− log(qi+1) = 0 =⇒ qi−1
qi

= 1 + log

(
qi
qi+1

)
(D.26)

Utilizing the above equation and q0 = 1, we can derive,

1

q1
= 1 + log

(
q1
q2

)
(D.27)

= 1 + log

(
1 + log

(
q2
q3

))
(D.28)

= 1 + log

(
1 + log

(
1 + . . .+ log

(
qk−2
qk−1

)))
(D.29)

= 1 + log (1 + log (1 + . . .+ log(HB))) = Lk−1 =⇒ q1 =
1

Lk−1
(D.30)

where Lk−1 is defined recursively as:

Lm =


HB if m = 1

1 + log(Lm−1) if m > 1

(D.31)

Similarly, we can derive qi for i ∈ [k − 1] as follows:

qi =
1∏i

j=1 Lk−j
∀i ∈ [k − 1] (D.32)
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Then, the optimal decision boundaries are given by,

li = −
1

µ
log(qi) =

1

µ

i∑
j=1

log(Lk−j) ∀i ∈ [k − 1]. (D.33)

This completes the proof. ■
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M. Raison, A. Tejani, S. Chilamkurthy, B. Steiner, L. Fang, J. Bai, and
S. Chintala, PyTorch: An imperative style, high-performance deep learning
library, in Advances in Neural Information Processing Systems, vol. 32,
pp. 8024–8035, 2019.

199

https://www.databricks.com/blog/2023/04/12/dolly-first-open-commercially-viable-instruction-tuned-llm
https://www.databricks.com/blog/2023/04/12/dolly-first-open-commercially-viable-instruction-tuned-llm


[144] Y. Zheng, B. Huang, W. Chen, J. Ramsey, M. Gong, R. Cai, S. Shimizu,
P. Spirtes, and K. Zhang, Causal-learn: Causal discovery in python, Journal of
Machine Learning Research 25 (2024), no. 60 1–8.

[145] S. Ravfogel, Y. Elazar, H. Gonen, M. Twiton, and Y. Goldberg, Null it out:
Guarding protected attributes by iterative nullspace projection, in Proceedings of
the Annual Meeting of the Association for Computational Linguistics (ACL),
pp. 7237–7256, 2020.

[146] Y. Romano, M. Sesia, and E. J. Candès, Classification with valid and adaptive
coverage, in Advances in Neural Information Processing Systems, vol. 33,
pp. 3581–3591, 2020.

[147] A. N. Angelopoulos, S. Bates, M. I. Jordan, and J. Malik, Uncertainty sets for
image classifiers using conformal prediction, in International Conference on
Learning Representations (ICLR), 2021.

200


	Curriculum Vitae
	Abstract
	Introduction
	Overview of Contributions

	Equal Improvability for Long-Term Fairness
	Introduction
	Equal Improvability
	Achieving Equal Improvability
	Experiments
	Related Work
	Conclusion

	Long-Term Fairness in Sequential Multi-Agent Selection
	Introduction
	Related Work
	Modeling Multi-Agent Decision-Making
	Variations on the Pool Evolution Model
	Experimental Evaluation
	Conclusion

	Counterfactually Fair Conformal Prediction
	Introduction
	Background: Conformal Prediction
	Counterfactual Fairness
	Counterfactually Fair Prediction Sets
	Experiments
	Conclusion

	Multi-Bin Batching for LLM Inference
	Introduction
	Related Work
	Problem Setup and the Multi-Bin Batching Algorithm
	Throughput Analysis
	Latency Analysis
	Analysis under Exponential Distribution
	Experiments
	Conclusion

	Supplementary Materials for Chapter 2
	Theoretical Results
	Supplementary Materials on the Fairness Notions
	Supplementary Materials on Experiments
	Examples: Investigating the One-Step Impact of Fairness Notions

	Supplementary Materials for Chapter 3
	Score-Based Reward Optimization
	Convergence Under MFG Policy
	Role-Model Negative Feedback
	Additional Experiments

	Supplementary Materials for Chapter 4
	Proofs
	Experimental Details
	Additional Results

	Supplementary Materials for Chapter 5
	Proofs

	Bibliography



