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THE USE OF BARRELET ZEROS IN PARTIAL WAVE ANALYSIS 

* Hans Peter Jakob 

Lawrence Berkeley Laboratory 
University of California 

Berkeley, California 94720 

February 2~, 1977 

ABSTRACT 

Implications of the use of Barrelet zeros 

in partial wave analysis are studied. A different 

LBL-6151 

method to determine the zeros is proposed and compared 

to the results of Chew et al. Further improvements 

are suggested. 

1. Recently Chew et al. (1) proposed an alternative method of partial 

wave analysis which is based on a determination of the zeros of the 

transversity amplitudes. ~ese zeros, named after Barrelet (2) who 

pointed out their importance in the analysis of two body reactions, 

have been obtained in the case of n+P elastic scattering by 

studying all available differential cross section and polarisation 

data between 1.1 and 2.2 GeV center-of-mass energy (3). The sign 

ambiguity in the imaginary parts of the complex zeros which arises 

* Participating guest; on leave of absence from University of 
Karlsruhe, Germany. 
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from the fact that the data determine only the moduli of the transvers-

ity amplitudes but not their phases has been resolved by the authors 

of Ref. 3 invoking analyticity and causality considerations. However 

~ohler et al. (4) have shown that some zeros calculated from 

Pietarinen's partial wave analysis (5) lead to a different resolution 

of the crucial sign ambiguity around the 6(1900). Since the partial 

waves of Ref. 5 are constructed from the same experimental information 

but with the additional constraint from fixed-t dispersion relations 

supplying the .necessary phase information one has reason to doubt 

the usefulness of the procedure applied by the authors of Ref. 3 to 

resolve the sign ambiguity. It has in fact been pointed out in Ref. 4 

that the diffractive background and the existence of nearly mass-

'degenerate resonances restrict the application of the causality 

criteria of Ref. 3. In this note we want to investigate fUrther 

implications of the method proposed in Ref. 1 on the final partial 

wave spectrum. In particular we find that a different treatment of 

the data including the whole physical region. results in a different 

number of zeros and thereby in different partial waves. 

2. 
1 

~e formalism for spin 0 spin 2 scattering regarding the zeros 

of the amplitudes has been discussed at length by Barrelet (2) and 

also in a recent article by Baker (6). We just recall briefly that 

in terms of the usual spin-nanflip and spin-flip amplitudes the 

* transversity amplitudes are given by 

(1) 

,, . 
* We have adopted the notations and conventions of Hohler and 

Actor (7). 
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Differential cross section and polarisation data determine the moduli 

of K± 

(2) do 
dO (1 ± P) 

TO know the relative phase between K+ and K would require data 

on the spin rotation parameter. A common phase of K± cannot be 

determined in strong interaction experiments but can be obtained 

by fixed-t ana~icity. 

According to Barrelet {2) K± can be replaced by one function 

if K± {z = cos e) are mapped into the complex plane of the variable 

ie w = e the physical region being now the unit circle 0 ~ 9 ~ 2n. 

for 

(3) 

for 

The problem of the determination of the complex zeros wi is usually 

done by approximating IF 12 by a polyDomial. Supposing that the 

above mentioned sign ambiguity ·can be resolved by some additional 

information the amplitude F(w) can then be represented in terms of 

its zeros up to constant and a phase factor: 

(4) 
i¢{w) 

F(w) = F(l) e 

where N denotes the number of complex zeros. 

-4-

It is clear that in order to project out the partial waves 

an assumption has to be made about the unknown phase factor. A 

possibility to approach this problem in a model independent way will 

be discussed below. For the moment we shall adopt the choice taken 

by Ref. 1 who suggested the following form for the amplitude: 

(5) 1 ITN ~- wi) F{w) = F(l) N/2 -1 - , 
-.,r· i=l - wi 

where F(l) is the forward amplitude which can be taken from a 

dispersion-relation calculation {8). Comparing eq. {5) with the 

well known partial wave decomposition of the transversity amplitudes 

(6) F{s,w) ! 'r<J + ~>P € 
q L l' J-

J,e 2 

(z) + ~(w - !)p (z)J TJe(s) , 
w J~ 

2 

~z = cos e = ~(w + ~), q = CMS momentum, J = t + ~) one can 

easily verity that the suggested form of the amplitude in terms ot 

ita zeros is equivalent to eq, (6) if the summation is truncated at 

• 

.. 

• 
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N 
£ = 2 Therefore, in order to obtain meaningfUl partial waves using 

eq. (5) one has assumed that no partial waves with N 
£ >2 are excited. 

In other words the number of zero trajectories is of cnucial importance 

in this approach to partial wave analysis. Thus it is not sufficient 

to include only the nearby zeros as it· has been done by the authors 

of Ref. l. 

~- The method used by Ref. 1 to determine the number of zeros consists 

of constructmng moments of the experimental data on differential cross 

sections and polarisations. The degree of the polynomial representa

tion is determin~d by the number of nonvanishing coefficients. In 

order to eliminate possible influence of systematic errors they use 

only data from one experimental source at a given energy, leaving 

consequently, in some cases, part of the physical region uncovered. 

Furthermore the sharp forward peak of the differential cross section 

was not include~because, as the authors Pointed out, to-represent 

this peak might require high order polynomials which bear little 

relation to the nearby zeros of interest to them. Thus, their 

method being devised to produce a good representation of the data 

away from the forward peak, in particular to reproduce the correlation 

between extrema in differential cross section and polarisation, might 

lead to wrong results if extrapolated to the forward direction. 

We have compared in Fig. l the forward differential cross 

· section from dispersion relations (8) with the results following 

from the partial waves of Ref. 1. Apart from fluctuations at lower 

energies we see that their values are systematically smaller above 

-6-

the 6(1900) resonance indicating that more zeros are needed to 

account for the correct magnitude of the data near the forward 

direction. Agreement can of course trivially be achieved by taking 

* F(l) in eq. (5) from the table ot forward amplitudes however if 

this is done with a polynomial ~epresentation extrapolating badly 

to t = 0 the resulting slope will be at variance with the data. 

We have therefore looked tor a different method to construct a 

polynomial representation of the data which avoids the difficulties 

mentioned· above. Our procedure is the following; 

We start by calculating the Legendre coefficients of the 

differential cross section. The number of nonzero coefficients 

determines the degree of the polynomial representation. The reason 

why we choose only the differential cross section for this purpose 

is that these data have much smaller errors than data on polarisation, 

allowing a rather accurate determinatidn of the order of the 

polynomial. Next we consider the quantity 

(7) V = P ~~~sin Q 

which can be calculated from the available polarisation data and the 

previous polynomial fit of dajd.Q • Since the kinematical singularity 

has been taken out, V has a smooth behavior in the forward and 

* Chew et al. (1) took only the phase of F(l) from the tabulated 

values (8) and used jF(l) I as determined by their polynomial fit,. 

which explains the discrepancies in Fig. 1. We are informed by Dr. 

Chew that a forthcoming improved version of the data analysis (~) will 

include a different handling of the data near the forward direction. 
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backward direction and can therefore be easily extrapolated to z = ±1. 

Inspecting the partial wave decomposition of V we see that its 

polynomial representation has to be of the order N - 2 where N 

denotes the degree of the polynomial fit of the differential c~oss 

section. Both expansions are then combined to form 

{8) ± sin e·v 

the roots of which can be obtained by standard numerical methods. 

As we shall see this method of determining the zeros has advantages 

over the method applied by Ref. 3 which we shall try to demonstrate 

in two examples. 

First of all we have determined the zero pattern of a recent 

partial wave analysis of n+P scattering (9). The 10 zeros of the 

amplitude corresponding to Jmax = 5 at k 1.8 GeV /c are shown 

in Fig. 2. Then we reconstructed the differential cross section and 

polarisation assigning realistic errors and used both methods in 

* order to find the zeros from 'data'. As depicted in Fig. 2 both 

methods give the same. answer for the nearby zeros. There are however 

significant differences in the case of the zeros which are further 

away from the physical region. The zeros following from our method 

are much closer to the true zeros than those determined by the 

procedure of Ref. 3· It is clear that these shifts in the zero 

position result in big differences in the partial waves. We conclude 

* We acknowledge the collaboration of Dr. D. M. Chew in performing 

comparisons of the methods. 
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that our method is more reliable for zeros ~ther away from the 

physical region. Although their physical importance may be 

questionable, they are nevertheless crucial if one adopts eq. (5) as 

a basis for the determination of partial waves. 

Next we have considered directly the available data at 

k = 1.77 GeVjc. 'Ihe reason why this particular energy was chosen is 

that there exist discrepencies between the data near the forward 

direction and the partial wave ~sra of Ret. 1. We have used the 

same data as Ref .. l however with;'the following important difference: 

Whereas Ref. l prefers to analyze data from different experiments 

separately to eliminate possible effects of systematic errors, we 

have made a careful selection of the data originating from different 

sources with the intention to cover the physical region as complete 

as possible and to remove inconsistencies. This results for instance 

in an additional maximum. of the polarisation very near to the forward 

direction whose existence can only be established if data from two 

* experiments are combined. Furthermore complete coverage of the physical 

region with data is crucial tor an accurate determination of the order 

ot the polynomial approximation. Fig. 3a and 3b show the data on 

differential cross sections and polarisations respectively together 

with our polynomial fits which have been obtained by the method 

outlined above, The minimum number of terms needed to achieve this 

quality of the fits turned out to be 13 for the differential cross 

section and ll for V , thus leading to 12 zeros. The number of 

* To our knowledge this structure in the polarisation persisting 

"' :.caiso at higher momenta has been overlooked by existing partial 

wave ·analysis of this 'reaction''{l, 5, 9, and 16). 
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zeros (not their positions) is in agreement with recent conventional 

partial waves analysis (16), it differs however considerably from 

the results of Ref'. l. To make the comparison more meaningful we 

asked Dr. Chew to analyze our selected data according to the method 

described in Ref'. 3· The number and location of the zeros following 

from that depend somewhat on how many data points of our selected 

set are used and where the series is cut-of'f' due to the fact that the 

number of' significant coefficients f'or the differential cross section 

on the one s:ide and the polarisation on the other side is not the 

same. A full account of' an investigation where various sets of' raw 

data as well as amalgated data have been analyzed will be given in 

a forthcoming publication (17). Regarcl,l.ess the number of zeros a 

common feature of' all fits is however that the polarisation is not 

well reproduced in the forward hemisphere. Furthermore the dif'feren-

tial cross section at t = 0 c;leviates typically by -15~ from th_e 

dispersion relation value. If the criteria f'or determining the order 

of' the polynomial representation are used in the same way as in 

previous work .the preferred number of zeros turns out.to be 10. 

These zeros together with the ones following from Olll1 procedure are 

depicted in Fig. 4. We note the following points: 

(i) The extra pair of zeros which we found near 

has roughly the same distance from the physical region as the 

others. Therefore they are of equal importance. 

(ii) The method of Ref. 3 locates one zero close to the unit 

circle in the w-plane which means that the polarisation is almost 1 at 

cos e = B.e wi The data indicate however that this does not occur. 

This property persists even if' the number of zeros is found to be 12. 
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To see the effect of' the-different methods on the partial wave 

spectrum we first have to resolve the discrete ambiguity. Since at 

the moment we have studied the zeros only at one energy, we took 

some guidance from the results at lower energies (1 and 3) as:well as 

from the partial wave analysis constrained by fixed t-analyticity (4 

and 5) which allows a considerable reduction. The remaining 

ambiguities stemming from the additional zeros found by our method 

have been resolved using the fact that of' each pair of' new zeros 

one originates inside and the other outside the unit circle and that 

all partial waves have to satisfy unitarity. Moreover we demand that 

the higher waves (.e > 3) have a behavior in agreement with what 

one expects from crossed-channel singularities. Under these conditions 

the pattern shown in Fig. 4 is unique. The two sets of' partial waves 

as calculated from the zeros displayed in Fig. 4 agree roughly in 

the resonant F wave but show differences up to 6~ in the lower 
37 

waves. Some of' the discrepancy is certainly due to the different 

resolution of the discrete ambiguity however had we insisted on the 

same assignment in both sets a serious violation of' unitarity in one 

of the lower waves would have resulted. That means that if our 

choice can be corroborated in an energy-dependent study (or by some 

additional constraint) there is a need for the extra pair of zeros 

as found by our method. The conclusion we can draw from the present 

investigation is that the final partial waves depend very sensitively 

on the method which is used to determine the zeros from data. 

4. We have proposed here a method to determine the zeros of' the 

transversity amplitudes from data which avoids the difficulties 

arising from the diffraction peak. As a consequence it yields more 
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zeros than the procedure used by Ref. 3 which 1 in our opinion, is 

a step in the right direction, because it gives a more reasonable 

high £ behavior. Evidence for the need of higher partial waves at 

energies under consideration has been found from forward derivative 

dispersion relations (14). On the other hand, the method has 

~ertainly its limitations when applied at higher energies where more 

and more partial waves are excited, the data however have the tendency 

to show less structure and do not allow the determination of a large 

number of zeros. In that case a representation of the amplitude in 

terms of its zeros would become highly ambiguous and not suitable 

for partial wave analysis. Methods incorporating the fixed-t 

analyticity constraints on the amplitudes are then presumably much 

more reliable. Since it has been demonstrated that a smooth behavior 

of the Barrelet zero-trajectories does not emerge from conventional 

partial wave analysis we believe that improve~ent could be achieved 

by a hybrid type of analysis: The zeros close to the physical region 

are studied·in the first step. This can be done without using a 

specific polynomial representation. The unknown phase in eq. (4) 

will then be estimated from a phase-modulus dispersion relation or 

a Piet~rinen type expansion method. 

Unfortunately the presently existing partial wave analysis 

exploiting Barrelet zeros (1) cannot be submitted to the fixed-t 

analyticity test in a meaningful way because the invariant amplitudes 

at fixed t are not smooth enough as a function of energy. Moreover, 

since it has been done in a rather restricted energy range and only 

analyses the + 
1l p channel, the necessary information about the 

crossed channel and the amplitudes at higher energies have to be 
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taken from other sources. 

The continuous ambiguity in partial wave analysis which 

arises if the number of partial waves is not kept fixed, has been 

recently explored in the case of n+P scattering by Atkinson et al. 

(15). It is interesting to note that appreciable changes occur also 

in the lower partial waves similar to what we have found in this 

work• 

Acknowledgment 

It is a pleasure to thank Dr. D. M. Chew for many discussions 

and for making her preliminary results available to me. I am gratefUl 

to Prof. Chew and Prof. Jackson for the kind hospitality at LBL and 

to the Max Kade Foundation for granting me a research fellowship. 

.· 

' 



' 

-13-

REFERENCES 

l.) D. M. CHEW and M •. URBAN: LBL-4856, Contribution to the 

Topical Conference on Baryon Resonances, Oxford, p. 156 (1976). 

2.) E. BARRELET: Thesis (Paris), 1970 (unpublished); Nuovo Cimento 

~~ )31 (1972). 

3.) D. M. CHEW, E. BARRELET, and M. URBAN: LBL-4644, January 1976, 

under revision and completion with recent data. For preliminary 

results, see Ref. (1). See also Ref.(l7)• 

4.) G. HOHLER, F. KAISER, and I. SABBA-STEFANESCU: TKP 76/15, 

<:> University of Karlsruhe, October 1976. 

0' 5·) E. PIETARINEN: Nucl. Phys. ~~ 21 (1976). 

1X) 6.) R. D. BAKER: RL-76-013, Rutherford preprint. 

7.) A. ACTOR and G. HOHLER: A Collection of Pion Nucleon Scattering 

Formulas, TKP 8/73. 

8.) G. HOHLER, H. P. JAKOB, and F. KAISER: Tables of Pion~Nucleon 

Forward Amplitudes, TKP 76/7, University of Karlsruhe, May 1976. 

9.) 
. + 

A. W. HENDRY: A n p Partial Wave Amplitude Analysis Up To 

10 GeV/c, University of Indiana, November 1976. 

10.) G. E. KALMUS et al.: Phys. Rev.~~ 676 (1971). 

11.) M.G. ALBROW et al.: Nucl. Phys. ~~ 9 (1970). 

12.) K. ABE et al.: Phys. Rev. ~~ 3556 (1976). 

13.) J. F. MARTINet aL: RHEL-74-016 (1974). 

14.) G. HOHLER and H. P. JAKOB: Lettere al Nuovo Cimento, g! 485 

(1971). 

15.) D. ATKINSON et al.: University of Groningen, February 1976. 

16.) R. AYED and P. BAREYRE, Proc. of the Aix-en-Provence Conference 

(1973) and private communication to the Particle Data Group. 

-14-

17. ) D. M. CHEW: Data Selection through Barrelet Moments, LBL-

6102, March 1977 and Barrelet zeros and the Forward Diffraction 

Peak, LBL-6406, March 1977· 



-15-

FIGURE CAPTIONS 

Fig. 1. da/dt at t; 0 for n+p scattering. 

Straight line: Dispersion relation calculation of Ref. 8. 

Dots: ·Reconstructed from the partial waves of Ref. 1. 

Fig. 2. Comparison of the zero positions of the Indiana partial ' 
wave analysis (9) at k ; 1.8 GeV/c. 

d True zeros of the amplitude 

~ zeros following our method 

0 Zeros according to the method of Ref. 3. 

Fig. 3a. Differential cross section data for n+p scattering at 

k; 1.77 GeV/c. 

0 dispersion relation (8) 

o Ref. 10 

• Ref . 11 

A Ref. 12 

Solid line: Our polynomial approximation. 

Fig. 3b. Polarisation data for + scattering at k; 1.77 GeV/c. n p 

• Ref . 11 

• Ref. 13 

Solid line: Our polynomial approximation. 

Fig. 4. Zero pattern of the amplitude for n+p scattering at 

k ; 1.77 GeV/c. 

+ Our Method 

0 Method of Chew et al. (3) 

The resolution of the discrete ambiguity is described in 

the text. 
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