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Implici t  Strategie s a n d E r r o r s i n a n I m p r o v e d M o d e l  o f  Ear l y A l g e b r a 

P r o b l e m Solvin g 

Kennet h R .  Koedinge r  (koedinger@cniu.edu ) 
Benjami n A .  MacLare n (ben@cs.cmu.edu ) 

Human-Compute r  Interactio n Institut e 
Carnegi e Mello n University ,  Pittsburgh ,  P A 1521 3 

Abstrac t 

We hav e bee n refinin g a  cognitiv e model ,  writte n i n ACT-R , 
of  studen t  performanc e i n earl y algebr a proble m solving . 
"Earl y algebra "  refer s t o a  clas s o f  problem s an d 
competencie s a t  th e boundar y betwee n arithmeti c an d algebra . 
Our  empirica l  studie s i n thi s domai n establis h a  strikin g 
contras t  betwee n students '  difficultie s wit h symboli c algebr a 
and thei r  relativ e succes s wit h certai n kind s o f  "intuitive " 
algebrai c reasoning .  T o bette r  understan d thi s contrast ,  w e 
analyze d studen t  solution s t o identif y th e strategie s an d error s 
exhibite d an d the n se t  ou t  t o accoun t  fo r  thi s detaile d proces s 
dat a wit h th e utility-base d choic e mechanis m o f  ACT-R .  Ou r 
first  mode l  containe d productio n mle s fo r  explicitl y  selectin g 
strategie s an d fo r  makin g certai n systemati c error s o r  bugs .  I t 
provide d a  goo d quantitativ e fit  t o studen t  performanc e dat a 
(R^=.90) ,  however ,  i t  ha d tw o quahtativ e shortcomings :  1 )  th e 
production s fo r  strateg y selectio n appeare d t o serv e n o 
computationa l  purpos e an d 2 )  th e mode l  systematicall y 
underpredicte d th e frequenc y o f  non-trivia l  error s o n mor e 
comple x problems .  W e create d a  ne w mode l  i n whic h 
explici t  strateg y selectio n wa s eliminate d (strategi c behavio r 
i s emergent )  an d i n whic h failur e t o fire  a  productio n (a n 
implicit ,  non-bugg y error )  i s a n optio n a t  ever y mode l  choic e 
point .  Compare d t o th e first  model ,  thi s mode l  achieve d a n 
equivalen t  quantitativ e fit  wit h fewe r  production s an d withou t 
th e systemati c deviation s fro m th e erro r  data .  W e conside r 
th e implication s o f  implici t  strategie s an d error s fo r 
instruction . 

Introduction 
As par t  o f  a  broade r  researc h effor t  t o provid e a  scientifi c 

basi s fo r  improve d mathematic s instructio n (e.g. ,  Koedinge r 
& Anderson ,  1993 ;  Koedinger ,  Anderson ,  Hadley ,  &  Mark , 
1995) ,  w e hav e bee n performin g detaile d empirica l  an d 
theoretica l  investigation s o f  students '  developin g 
quantitativ e proble m solvin g skills .  W e hav e bee n 
performin g studies ,  calle d "difficult y factor s assessments " 
(Koedinge r  &  Tabachneck ,  1995) ,  an d ar e usin g th e A C T - R 
theor y an d softwar e (Anderson ,  1993 )  t o creat e detaile d 
model s o f  algebrai c competenc e an d it s development .  T h e 
focu s o f  th e wor k describe d her e i s o n earl y algebr a proble m 
solving .  "Earl y algebra "  refer s t o a  clas s o f  problem s an d 
competencie s a t  th e boundar y betwee n arithmeti c an d 
algebra . 

Our  empirica l  studie s o f  earl y algebr a hav e establishe d a 
strikin g contras t  betwee n students '  difficultie s wit h symboli c 
algebr a an d thei r  relativ e succes s wit h certai n kind s o f 
"intuitive "  algebrai c reasoning .  M u c h t o th e surpris e o f 
most  mat h teacher s an d educator s (Nathan ,  Koedinger ,  & 
Tabachneck ,  1996) ,  hig h schoo l  student s a t  th e en d o f  a n 
algebr a cours e ar e bette r  abl e t o solv e certai n algebr a wor d 
problem s (e.g. ,  " A waite r  get s $4.50/h r  an d $2 0 i n tip s on e 
night .  I f  h e too k h o m e $38 ,  h o w m a n y hour s di d h e work?" ) 
tha n th e correspondin g algebr a equatio n (e.g. ,  "4.5 x +  2 0 = 
38") . 

Difficulty Factor Assessments of Problem Solving 

A "Difficult y Facto r  Assessment "  ( D F A )  involve s th e us e o f 
a larg e se t  o f  tes t  form s t o systematicall y investigat e wha t 
proble m factor s affec t  studen t  difficultie s i n proble m 
solving .  D F A s ai d i n th e "knowledg e acquisition "  proces s 
of  decomposin g an d codifyin g studen t  proble m solvin g 
knowledge . 

T h e tw o A C T - R model s w e repor t  o n her e attemp t  t o 
accoun t  fo r  th e affect s o f  thre e factor s i n dat a fro m tw o 
D F A studies .  T w o o f  thes e factor s ar e illustrate d i n Figur e 
1,  u n k n o w n positio n an d presentatio n type .  Th e pai r  o f 
problem s i n eac h ro w o f  Figur e 1  diffe r  i n wher e th e 
proble m unknow n i s positioned .  Th e problem s i n colum n 1 
ar e calle d Resul t  U n k n o w n Problem s becaus e th e unknow n 
i s th e resul t  o f  th e proces s described .  Th e problem s i n 
co lum n 2  ar e Star t  U n k n o w n Problem s becaus e th e 
unknow n i s th e star t  o f  th e proces s described .  Problem s i n 
th e column s illustrat e a  secon d factor .  The y requir e th e 
same underlyin g arithmetic ,  bu t  diffe r  i n th e representatio n 
i n whic h the y ar e presented .  Th e "Stor y Problems "  i n th e 
firs t  ro w ar e presente d verball y an d includ e referenc e t o a 
rea l  worl d situatio n (e.g. ,  wages) .  Th e "Wor d Equations "  i n 
th e secon d ro w ar e als o presente d verball y bu t  d o no t 
includ e a  situation .  Th e "Equations "  i n th e thir d row^r e 
presente d symbolicall y an d hav e n o situationa l  information . 
Othe r  factor s w e hav e looke d a t  tha t  ar e no t  illustrate d i n 
Figur e 1  includ e numbe r  difficult y (integer s versu s non -
integers )  an d th e cove r  stor y use d i n differen t  stor y 
problem s (e.g. ,  th e "waite r  story "  below ,  o r  purchasin g a 
basketball) . 
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Resul t  U n k n o w n Problem s Star t  U n k n o w n Problem s 

Stor y Problem s 

Word 
Equation s 

Equations 

W h en Te d go t  hom e fro m hi s waite r  job ,  h e 
multiplie d hi s hourl y wage ,  $2.65 ,  b y th e 6  hour s 
he worke d tha t  da y an d adde d th e $6 6 h e receive d 
i n tips .  H o w muc h mone y di d Te d mak e tha t  day ? 

I f  I  multipl y 2.6 5 b y 6  an d the n ad d 66 ,  I  ge t  a 
number .  Wha t  numbe r  d o I  get ? 

2.6 5 *  6  +  6 6 =  X 

W h en Te d go t  hom e fro m hi s waite r  job ,  h e too k 
th e amoun t  h e mad e tha t  da y an d subtracte d th e $6 6 
he mad e i n tips .  H e divide d th e resultin g amoun t 
by th e si x hour s h e worke d an d go t  $2.65 ,  hi s 
hourl y wage .  H o w muc h di d Te d mak e tha t  day ? 
Startin g wit h som e number ,  i f  I  subtrac t  6 6 an d 
the n divid e b y 6 ,  I  ge t  2.65 .  Wha t  numbe r  di d I 
star t  with ? 
( X - 6 6 ) / 6 =  2.6 5 

Figur e 1 :  Example s Combination s o f  Difficult y Factor s 

T wo D F A studie s o f  earl y algebr a proble m solvin g 
(DFA l  an d D F A 2 )  wer e performe d wit h student s nea r  th e 
end o f  a  year-lon g hig h schoo l  algebr a class .  Th e studie s 
reveale d larg e effect s fo r  unknow n position ,  proble m 
presentatio n an d numbe r  difficult y (integer s vs .  decimals) . 
Not  surprisingl y student s ar e significantl y bette r  a t  result -
unknow n (arithmetic )  problem s tha n start-unknow n 
(algebra )  problem s an d ar e significantl y bette r  a t  problem s 
wit h intege r  quantit y value s tha n problem s wit h decima l 
quantit y values .  However ,  i t  come s a s a  surpris e t o many , 
tha t  thes e algebr a student s ha d th e greates t  difficult y wit h 
th e equation s whic h wer e significantl y harde r  tha n th e wor d 
equation s (p<.00 1 i n bot h studies)whic h i n tur n wer e onl y 
slightl y harde r  tha n th e stor y problem s (p=.2 3 i n D F A l  an d 
p<.0 1 i n DFA2) .  Th e effect s o f  thes e thre e factor s ar e fo r 
th e mos t  par t  independen t  an d additive .  Thi s fac t  i s  a  goo d 
indicato r  o f  th e decomposabilit y  an d modularit y o f 
knowledge . 

Ther e wa s on e interactio n amongs t  th e thre e factor s an d i t 
account s fo r  th e smal l  differenc e betwee n wor d equation s 
and stor y problems .  Onl y o n th e decima l  numbe r  problem s 
(an d no t  o n th e intege r  numbe r  problems )  wer e stor y 
problem s easie r  tha n wor d equations .  A s ou r  modelin g 
wor k an d furthe r  dat a analysi s revealed ,  th e differenc e wa s 
accounte d fo r  b y th e fac t  tha t  student s wer e les s likel y t o 
make a  decima l  alignmen t  erro r  i n doin g arithmeti c (e.g. , 
15.9 0 - ^  6 6 =  16.56 )  i n th e contex t  o f  a  stor y tha n withou t  a 
stor y context .  Th e stor y context s involve d mone y an d thu s 
student s bette r  kne w t o ad d dollar s t o dollar s instea d o f 
dollar s t o cents .  Thi s exampl e nicel y illustrate s th e nee d fo r 
i f  part s i n A C T - R production s t o represen t  how.th e sam e 
operatio n ma y b e performe d differentl y i n differen t 
contexts . 

Two Cognitive Models of Early Algebra 
P r o b l e m Solvin g 

Prio r  model s o f  algebr a stor y proble m solvin g (e.g. ,  Bobro w 
1968 ;  Maye r  1982 ;  Lewi s 1981 )  hav e assume d a  two-ste p 
process .  Stor y problem s ar e converte d int o equation s an d 
th e equation s ar e the n solve d usin g symboli c algebra .  Suc h 
a mode l  predict s tha t  performanc e o n stor y problem s mus t 
be wors e tha n performanc e o n equation s sinc e equatio n 
solvin g i s a  subgoa l  o f  stor y proble m solving .  Mos t 
teacher s an d mat h educator s appea r  t o shar e thi s sam e 
predictio n (Nathan ,  Koedinger ,  Tabachneck ,  1997) . 
Students '  greate r  succes s o n wor d problem s i n D F A l  an d 

D F A2 indicate s the y mus t  no t  b e followin g thi s tw o ste p 
process .  The y ar e ofte n usin g alternativ e informa l  method s 
fo r  finding  answers . 

Student s translate d verba l  problem s t o algebr a equation s 
on onl y 1 3 % o f  problem s an d 5 3 % o f  thes e attempt s le d t o 
success .  Mor e ofte n student s attempte d t o solv e verba l 
start-unknown s usin g on e o f  tw o informa l  strategies ,  "guess -
and-test "  ̂i-s d "unwind. "  I n guess-and-test ,  a  valu e fo r  th e 
unknow n i s guesse d a t  an d tha t  valu e i s propagate d throug h 
th e know n constraints .  Th e gues s i s the n adjuste d an d th e 
proces s repeate d unti l  th e correc t  answe r  i s arrive d at . 
Guess an d tes t  wa s use d abou t  2 0 % o f  th e tim e o n th e verba l 
star t  unknow n problems .  B y fa r  th e mos t  c o m m o n strategy , 
th e informa l  "unwind "  strategy ,  wa s use d almos t  4 0 % o f  th e 
time .  Unwin d i s a  verball y mediate d strategy ,  wher e 
student s wor k backward s fro m th e give n resul t  value , 
invertin g operator s alon g th e way ,  t o produc e th e unknow n 
star t  value . 

Our  modelin g wor k ha s th e followin g goals : 
1)  t o characteriz e students '  earl y algebr a proble m solvin g 

strategie s an d c o m m o n errors , 
2)  t o provid e an  explanatio n fo r  students '  surprisin g 

succes s o n wor d problem s ove r  equations ,  an d 
3)  t o captur e th e essentia l  knowledg e difference s betwee n 

goo d an d poo r  earl y algebr a proble m solvers , 
4)  t o creat e a  developmenta l  mode l  o f  th e learnin g 

U-ajector y an d strategie s tha t  accoun t  fo r  students '  transitio n 
t o competenc e i n earl y algebr a proble m solvin g 

A Comparison of EAPSl and EAPS2 

I n MacLare n &  Koedinge r  (1996) ,  w e reporte d o n ou r 
initia l  A C T - R mode l  o f  thi s data .  W e wil l  refe r  t o tha t 
model  a s E A P S l  fo r  "Earl y Algebr a Proble m Solve r  1. " 
Afte r  explorin g th e limitation s i n tha t  mode l  (discusse d 
below) ,  w e create d E A P S 2 .  I n bot h model s th e genera l 
sequenc e o f  event s i s 1 )  comprehen d th e proble m 
presentatio n (whethe r  story ,  word ,  o r  equation )  t o extrac t 
relevan t  arithmeti c operator s an d thei r  arguments ,  2 ) 
manipulat e th e operator s a s necessar y (e.g. ,  inver t  them) , 
and 3 )  solv e an y arithmeti c subgoal s tha t  ar e produced . 

Bot h model s ar e als o capabl e o f  tw o type s o f  translation s 
betwee n representations .  A  give n verba l  proble m ma y b e 
translate d int o a n equatio n an d the n th e equatio n i s solve d 
algebraicall y (th e traditiona l  tw o ste p process) . 
/!l̂ ^«itively ,  a  give n equatio n proble m ma y b e interprete d 
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verball y an d thu s solve d usin g a n informa l  strateg y lik e 
guess-and-tes t  o r  unwind . 

E A P Sl  m a d e a n initia l  decisio n abou t  wha t  strateg y t o 
employ ,  usin g explici t  strateg y selectio n productions ,  whic h 
constraine d futur e matching .  I n contrast ,  E A P S 2 ha s n o 
explici t  notio n o f  strategy :  i t  simpl y recognize s an d 
execute s operation s i t  ca n perfor m o n a  give n 
representation . 

At  th e initia l  strateg y selectio n choic e point ,  E A P S l  coul d 
choos e th e give-u p "strategy" ,  a  strateg y student s us e tha t 
has lo w benefit ,  bu t  als o lo w cost .  E A P S 2 doe s no t  hav e a n 
explici t  give-u p strategy ,  bu t  mor e generall y a t  an y choic e 
poin t  i f  n o productio n ha s a  hig h enoug h utilit y  the n th e 
model  give s u p o n th e problem . 

We mode l  tw o type s o f  errors :  arithmeti c an d conceptual . 
Conceptua l  error s includ e thing s lik e forgettin g t o chang e 
th e sig n w h e n removin g a n operato r  i n th e verba l 
representatio n o r  confusin g th e orde r  o f  operation s i n th e 
symboli c representation .  Fo r  arithmeti c errors ,  w e mode l 
bug s (miss-alignmen t  o f  decima l  place s i n doin g arithmetic ) 
and slip s (e.g. ,  2 * 3 =  5) .  Bug s an d slip s ar e eac h modele d 
by a  singl e productio n (abstractin g ove r  detaile d arithmeti c 
errors ,  suc h a s carr y error s an d borrowin g fro m zero) .  I n th e 
n e w model ,  th e give-u p productio n result s i n differen t 
errors ,  dependin g o n whe n i t  fires .  Givin g u p a t  th e 
beginnin g o f  a  proble m o r  befor e "writing "  th e result s o f  a n 
arithmeti c operatio n result s i n No-Answer .  Givin g u p a n 
arithmeti c operatio n produce s a n arithmeti c error .  Givin g 
up a t  an y othe r  choic e poin t  produce s a  conceptua l  error . 

Coding Student Solutions for Errors and Strategies. 
Studen t  solution s fo r  result-unknow n problem s wer e code d 
int o 4  categories :  correct ,  arithmeti c error ,  conceptua l  erro r 
and no-answer .  Fo r  eac h o f  th e si x type s o f  result-unknow n 
(arithmetic )  problem s (row s i n Tabl e 1 )  w e compute d th e 
frequenc y o f  thes e coding s i n students '  solutions .  Thes e 

frequencie s ar e show n a s percentage s i n bol d i n th e sub -
column s labele d "data "  i n Tabl e 1  (th e sub-column s labele d 
"dl "  an d "d2 "  ar e mode l  predictio n deviation s fo r  E A P S l 
and E A P S 2 whic h wil l  b e describe d later) .  Not e tha t  th e 
su m o f  th e dat a frequencie s i n eac h ro w o f  Tabl e 1  ad d t o 
1 0 0 % sinc e ever y solutio n get s code d int o on e o f  thes e 
categories .  Als o not e tha t  th e codin g o f  al l  bu t  th e 
conceptua l  erro r  categor y i s fairi y  sU-aight-forward ,  thu s thi s 
categor y als o include s al l  solution s whic h wer e otherwis e 
categorized . 

For  eac h o f  th e si x type s o f  th e mor e algebra-lik e start -
unknow n problems ,  w e no t  onl y code d correctnes s an d th e 
thre e broa d erro r  categories ,  bu t  als o di d a  broa d strateg y 
codin g identifyin g whe n solution s involve d th e us e o f  th e 
forma l  algebrai c equatio n solvin g strateg y versu s a n 
informa l  strategy ,  eithe r  guess-and-tes t  o r  unwind .  Th e 
column s o f  Tabl e 2  sho w th e combine d strategy-erro r 
categorie s fo r  th e tw o strateg y code s an d fou r  erro r  code s 
(correct ,  arithmeti c error ,  an d conceptua l  erro r  code s ar e 
separate d int o thos e occurrin g withi n a n informa l  vs .  forma l 
strategy) .  Again ,  th e dat a frequencie s i n th e row s o f  Tabl e 2 
su m t o 100% . 
Fittin g th e Model s t o th e Data .  Afte r  developin g a 
knowledge-leve l  mode l  tha t  coul d b e guide d throug h th e 
spac e o f  decisions ,  w e se t  ACT-R' s conflic t  resolutio n 
parameter s t o stochasticall y selec t  production s consisten t 
wit h th e "averag e student "  fro m D F A data .  A C T - R include s 
a rationa l  contro l  mechanis m base d o n decisio n theory , 
whic h use s parameter s suc h a s th e likelihoo d tha t  executin g 
a productio n wil l  eventuall y satisf y th e curren t  goa l  an d th e 
cos t  o f  executin g a  production .  Also ,  A C T - R predict s tha t 
Gaussia n nois e wil l  sometime s caus e a  productio n t o b e 
selecte d othe r  tha n th e on e wit h th e highes t  estimate d utility . 
Thes e feature s enable d u s t o mode l  th e studen t  dat a b y 
settin g th e nois e an d productio n parameter s s o tha t  th e 
model  woul d mak e choice s tha t 

Tabl e 1 :  Dat a &  mode l  difference s fo r  result-unknow n (arithmetic )  problems . 

Representatio n 
Easy Stor y 
Easy W o r d 
Easy Equatio n 
Har d Stor y 
Har d W o r d 
Har d Equatio n 

Correc t 
dat a d i n dif 2 

77 
84 
65 
63 
42 
33 

3 
-5 
-1 
6 
7 
2 

-2 
-6 
-8 
-1 
5 
3 

Arithmeti c Error s 
dat a dif l  dif 2 

1 
5 
7 

17 
36 
24 

3 
2 
-5 
-5 
-3 
4 

-1 
-5 
-7 
-3 
-4 
1 

Conceptua l  Error s 
dat a dif l  dif 2 

17 
5 

12 
11 
21 
9 

-5 
5 
-6 
1 

-9 
-1 

-6 
5 
8 
1 

-11 
6 

No Answe r  1 
dat a dif l  dif 2 | 

5 
7 

16 
9 
0 

33 

0 
-3 
11 
-2 
7 
-4 

9 
6 
7 
3 

11 
-8 

Rep. 
Easy S t 
EsyWd 
EasyEq 
HardSt 
HrdWd 
HardE q 

Tabl e 2 : Dat a &  mode l  difference s fo r  start-unknow n (algebr a 

Informa l  Strateg y 
Correc t 

dat a 
64 
70 
35 
45 
27 
12 

dl 
-4 
-8 
-) 
1 
0 

14 

d2 
-3 

-11 
-9 
4 
7 
4 

Arit h Erro r 
dat a 

2 
0 
0 

10 
9 
6 

dl 
3 
5 
2 
4 

14 
9 

dJ 
-2 
0 
0 
2 

19 
3 

Cone.  Erro r 
dat a 

14 
19 
19 
24 
30 
18 

dt 
-2 
-7 

-10 
-10 
-15 
-12 

d2 
6 
3 
8 

-2 
-5 
8 

)  problem s 

Forma l  Strateg y 
Correc t 

dat a 
6 
0 

19 
4 
6 
6 

dl 
0 
6 
0 
-4 
-3 
6 

d2 
-3 
6 
-3 
-1 
-5 
3 

Arit h Erro r 
dat a 

0 
0 
0 
0 
0 
0 

dl 
1 
1 
3 
9 
2 
7 

dl 
0 
0 
0 
2 
2 
8 

Cone.  Erro r 
dat a 

2 
2 
9 
1 
9 

15 

dl 
1 
2 
-5 
2 
-8 

-12 

d2 
1 
2 
1 
4 
-7 
-8 

No Answe r 
(Giveup ) 

dat a 
14 
9 

19 
15 
18 
42 

dl 
1 
3 

10 
-5 
-6 

-13 

d2 
-2 
1 
2 

-7 
-9 

-15 
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correspon d wit h th e frequenc y o f  strateg y an d erro r  code s i n 
th e D F A data . 

I n fittin g th e inode l  an d data ,  w e categorize d th e problem s 
fro m D F A l  an d D F A 2 int o 1 2 categorie s b y crossin g th e 
level s o f  th e thre e difficult y factors :  unknow n positio n 
(result-unknow n vs .  start-unknown) ,  representatio n (stor y 
vs .  wor d vs .  equation) ,  an d numbe r  difficult y (intege r  vs . 
decima l  arithmetic) .  Th e 1 2 proble m categorie s ar e show n 
i n th e colum n label s o f  Tabl e 3  an d th e ro w label s o f  Table s 
1 (jus t  th e si x result-unknow n proble m categories )  an d 2 
(jus t  th e si x start-unknow n categories) . 

Paramete r  settin g i n mathematica l  model s i s typicall y 
don e usin g a n iterativ e gradient-descen t  algorith m an d 
depend s o n fas t  computation s o f  mode l  prediction s give n 
any vecto r  o f  paramete r  values .  Paramete r  settin g wit h a n 
A C T - R mode l  i s m a d e mor e challengin g becaus e 1 ) 
computation s o f  A C T - R mode l  prediction s ar e no t  a s simpl e 
as evaluatin g mathematica l  expressions .  Rather ,  the y 
involv e interpretatio n o f  productio n rule s and ,  mor e 
importantly ,  2 )  th e stochasti c natur e o f  A C T - R mean s th e 
model  ha s t o b e ru n multipl e time s (e.g. ,  200 )  o n eac h 
proble m category .  Thu s a n iterativ e approac h m a y no t  b e 
practicall y feasibl e i n man y cases . 

I n fittin g parameter s fo r  E A P S l  w e develope d a n 
alternativ e "incrementa l  complexity "  strategy .  W e starte d 
by settin g th e parameter s fo r  th e simples t  grou p (result -
unknow n intege r  verba l  arithmetic )  tha t  contain s cor e 
production s c o m m o n t o ever y group .  Then ,  w e fi t 
parameter s fo r  th e ne w production s neede d i n eac h slightl y 
mor e comple x grou p o f  problem s a s determine d b y 
changin g on e difficult y facto r  a t  a  time . 

To se t  th e parameter s fo r  th e E A P S 2 ,  w e create d a 
mathematica l  mode l  i n a n Exce l  spreadshee t  tha t 
correspond s wit h th e behavio r  o f  th e E A P S 2 A C T - R model . 
Equation s i n th e mathematica l  mode l  corresponde d t o 

percentage s fo r  broa d erro r  categorie s (n o error ,  arithmeti c 
errors ,  conceptua l  error s an d n o answer) . 

Each equatio n fo r  a  broa d erro r  categor y consiste d o f 
sums o f  products ,  wher e eac h produc t  corresponde d t o a 
pat h throug h th e mode l  tha t  resulte d i n tha t  broa d erro r 
category .  Fo r  example ,  on e o f  th e term s i n th e equatio n fo r 
arithmeti c error s fo r  eas y verba l  arithmeti c woul d b e 
V E * A R * V E * S L representin g th e pat h t o perfor m th e firs t 
verba l  extractio n ( V E )  an d arithmeti c operatio n ( A R ) 
correctl y bu t  afte r  th e secon d correc t  verba l  extractio n (VE) , 
th e mode l  perform s a n arithmeti c sli p ( A R ) .  W e the n use d 
Excel' s solve r  too l  t o find  bes t  fitting  utilit y  parameter s t o fit 
th e D F A data ,  constrainin g th e conceptua l  error s alread y 
accounte d fo r  i n E A P S l  t o remai n th e same ,  an d inserte d 
th e resultin g parameter s int o A C T - R . 

Tabl e 3  show s th e centra l  production s i n E A P S 2 tha t  w e 
tune d (i n th e left-mos t  column )  an d fo r  eac h proble m typ e 
(alon g th e top) ,  wha t  production s appl y fo r  tha t  type .  Fo r 
example ,  fo r  eas y stor y arithmeti c (Art h Eas y Stry )  ther e i s 
one argumen t  extractio n production ,  Verbal-Extract-Args . 
Sinc e n o operato r  inversio n i s require d fo r  arithmetic ,  onl y 
th e arithmeti c production s apply ,  an d becaus e th e arithmeti c 
i s  easy ,  onl y th e correc t  productio n Arith-Procedur e an d th e 
simpl e Arith-Proc*Sli p applies .  I n contras t  t o th e simples t 
proble m type ,  har d algebr a equation s o n th e fa r  righ t  hav e 
severa l  mor e production s tha t  apply . 

E A P S2 ha s 1 1 parameters :  tw o fo r  argumen t  extraction , 
one fo r  translatin g a  verba l  representatio n int o a n equation , 
tw o fo r  manipulatin g a n equation ,  (on e correct ,  on e 
incorrect) ,  an d fou r  fo r  arithmetic .  E A P S l  ha d 1 3 
parameters :  si x fo r  strateg y selection ,  tw o fo r  argumen t 
extraction ,  on e fo r  give-up s resultin g i n incomplete ,  on e fo r 
operato r  inversion ,  an d thre e fo r  arithmeti c (correct ,  correc t 
arithmeti c o n stor y problems ,  an d arithmeti c bugs) . 

Tabl e 3 :  Summar y o f  parameter s an d problem s the y appl y t o fo r  E A P S 2 

Production s 

Argument Extraction 
Vrb*Extrct-Arg s 
Sy in*Extract- A rg s 
Translate-Vrb-to-Sy m 
TransIate-Sym-to-Sy m 
Sy m *  Order-of-ops-bu g 

Operator Interp/Inv 
Vrb*Unwind-Correc t 
Vrb*lInwind-Erro r 

Arithmetic 
Arith-Procedur e 
Arith-Proc*Sit-Assis t 
Arith-Proc*SIi p 
Arith-Proc*Bu g 

Expecte d Art h Art h Art h Art h Art h Art h Al g Al g Al g Al g Al g Al g 
Gai n Eas y Eas y Eas y Hr d Hr d Hr d Eas y Eas y Eas y Hr d Hr d Hr d 

Str y Wrd Eq Str y Wrd Eq Str y Wrd Eq Str y Wrd Eq 

6.2 
5.6 
4.9 
4.8 
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-
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-
-
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-
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X 
X 
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M o d e l - D a t a Fi t 

Th e result s o f  ou r  paramete r  tunin g ca n b e see n i n Table s 
1 an d 2 .  Th e compariso n i s presente d a s set s o f  triples :  firs t 
th e D F A data ,  the n th e E A P S l - D F A difference ,  an d the n 
th e E A P S 2 - D F A difference .  Tabl e 1  show s th e result s fo r 
arithmeti c (resul t  unknown )  problems .  Tabl e 2  show s th e 
result s fo r  algebr a (star t  unknown )  problem s broke n dow n 
int o forma l  an d informa l  strategies . 

Bot h model s d o a  goo d jo b o f  capturin g th e effect s o f  th e 
thre e difficult y factor s o n studen t  erro r  an d strateg y 
selectio n behavior .  Thi s i s illustrate d wit h th e tw o mode l 
prediction s (show n a s deviation s fro m th e data )  fo r  6 6 dat a 
point s i n Table s 1  an d 2 .  9 0 % o f  th e dat a point s fo r  E A P S l 
an d 9 3 % o f  th e dat a point s fo r  E A P S 2 deviat e fro m th e 

D F A dat a b y les s tha n te n percentag e points .  Th e R ^  valu e 
fo r  E A P S l  wa s 0.9 0 usin g 1 3 parameters ;  an d fo r  E A P S 2 
0.9 2 usin g 1 1 parameters . 

Th e majo r  weaknes s o f  E A P S l  wa s qualitative .  I t 
underpredicte d th e frequenc y o f  conceptua l  error s o n 
algebr a problems .  Notic e tha t  fo r  informa l  strategie s i n 
Tabl e 2 ,  th e conceptua l  error s fo r  E A P S l  wer e consistentl y 
underpredicte d (mos t  wer e -1 0 o r  worse) .  Th e conceptua l 
error s o n forma l  strategie s als o tende d t o b e to o low .  Th e 
proble m i s tha t  E A P S l  onl y make s conceptua l  error s 
throug h bugg y productions ,  bu t  m a n y o f  students ' 
conceptua l  error s m a y resul t  fro m lac k o f  knowledg e rathe r 
tha n inappropriat e knowledge .  T o mode l  thi s i n E A P S 2 w e 
modifie d th e simulatio n s o tha t  i t  migh t  giv e u p a t  an y 
choic e poin t  i n th e solution .  Th e result s wa s tha t  unlik e 
E A P S l ,  th e prediction s o f  E A P S 2 ar e no t  systematicall y 
differen t  fro m th e dat a (se e informa l  conceptua l  erro r 
colum n i n Tabl e 2) . 

O ne limitatio n o f  bot h model s i s tha t  student s appea r 
m u ch mor e likel y t o giv e u p o n har d algebr a equation s ( 4 2 % 
of  th e time )  tha n th e mode l  predict s (29%) .  Neithe r  mode l 
consider s numbe r  difficult y i n th e production s tha t  begi n th e 
processin g o f  a  problem ,  tha t  is ,  strateg y selectio n 
production s i n E A P S l  an d comprehensio n production s fo r 
argumen t  extractio n i n E A P S 2 .  I n contras t  t o bot h models , 
student s m a y b e considerin g downstrea m arithmeti c 
difficultie s u p fron t  an d thi s anticipate d difficult y combine d 
wit h a  wea k (lo w estimate d utility )  productio n fo r  equatio n 
comprehensio n lead s t o a  greate r  frequenc y o f  providin g n o 
answer .  I n principle ,  E A P S 2 coul d mode l  thi s effec t  b y 
givin g u p a t  th e firs t  arithmeti c subgoal ,  befor e performin g 
any writte n arithmetic .  However ,  i n practic e w e foun d tha t 
focusin g th e paramete r  fitting  proces s o n thi s dat a poin t 
lowere d th e overal l  fit  o f  E A P S 2 . 

I n summary ,  E A P S 2 achieve d a n equivalen t  quantitativ e 
fi t  a s E A P S l  wit h fewe r  production s an d withou t  th e 
systemati c deviation s fro m th e erro r  data . 

Conclusion 

I n E A P S l  w e modele d student' s informa l  solution s t o 
start-unknow n algebr a problem s a s strategie s tha t  wer e 
explicitl y  selecte d an d globall y applied .  Inspectin g th e 
resultin g model ,  w e notice d th e production s doin g strateg y 
selectio n wer e no t  achievin g an y significan t  computationa l 
purpose .  W e foun d w e coul d eliminat e the m withou t 

substantiall y  changin g th e model' s behavio r  o r  reducin g it' s 
fit  t o th e data .  Rathe r  tha n globa l  strateg y selectio n an d 
application ,  i n E A P S 2 an y productio n tha t  applie s t o th e 
curren t  tas k deman d ma y fire -  ther e i s n o globa l  strateg y 
selection .  Wha t  appear s a s strategi c behavio r  o n th e surfac e 
i s emergen t  fro m individua l  loca l  choices . 

A secon d weaknes s o f  E A P S l  wa s a  qualitativ e deviatio n 
fro m th e dat a whereb y i t  systematicall y underpredicte d th e 
frequenc y o f  conceptua l  error s o n start-unknow n problems . 
Thi s deviatio n wa s th e consequenc e o f  E A P S l  havin g 
explici t  bug s (e.g. ,  orde r  o f  operation s confusion )  a s it s onl y 
way o f  producin g conceptua l  errors .  I n E A P S 2 ,  w e adde d 
th e possibilit y  tha t  th e mode l  migh t  fai l  t o fin d anythin g t o 
do a t  an y particula r  choic e point .  I n thi s way ,  i t  produce d 
conceptua l  error s no t  throug h explici t  bugg y knowledg e bu t 
implicitl y  throug h th e failur e t o hav e an y production s wit h a 
sufficien t  estimate d utility . 

The notion s o f  implici t  strategie s an d error s emphasiz e 
tha t  m u c h o f  wha t  w e lear n i s taci t  knowledge .  Suc h 
knowledg e i s acquire d i n contex t  an d b y doing .  Tryin g t o 
directl y communicat e strategie s ma y no t  b e a n effectiv e 
instructiona l  metho d fo r  suc h taci t  procedura l  knowledge . 
Similarly ,  tryin g t o diagnos e dee p bug s t o accoun t  fo r 
student' s error s i s no t  alway s a n effectiv e approach .  Rather , 
what  m a y b e mor e critica l  i s  creatin g activitie s tha t 
challeng e student s o n jus t  th e knowledg e the y ar e i n reac h 
of  learning ,  i n othe r  words ,  activitie s tha t  ar e withi n a 
student' s zon e o f  proxima l  developmen t  (Vygotsky ,  1978) . 

Th e E A P S mode l  provide s a  principle d w a y fo r 
identifyin g students '  developmenta l  capabilities .  W e hav e 
begu n t o fit  E A P S 2 t o differen t  subset s o f  th e student s tha t 
participate d i n D F A l  an d D F A 2 tha t  showe d differen t  level s 
of  competence .  Th e utilit y  parameter s o n th e production s 
withi n variou s competenc e level s illustrat e th e underlyin g 
continuitie s i n th e learnin g process .  Inspectin g th e 
paramete r  fits  fo r  lowe r  competenc e level s (e.g. ,  student s 
w ho ca n onl y solv e verba l  result-unknow n problems ) 
reveal s tha t  despit e generall y failin g o n mor e difficul t 
problem s (e.g. ,  verba l  start-unknow n problems )  thes e 
student s hav e som e leve l  o f  competence ,  tha t  is ,  non-zer o 
utilit y  estimates ,  o n production s relevan t  t o thos e mor e 
difficul t  problem s (e.g. ,  th e Vrb*Unwind*Correc t 
production) . 

The differenc e betwee n student s a t  th e sam e competenc e 
leve l  bu t  wit h differen t  zone s o f  proxima l  developmen t  (i.e. , 
th e leve l  tha t  b e achieve d wit h assistance )  ca n b e 
characterize d i n term s o f  difference s i n productio n utilitie s 
on relevan t  bu t  no t  ye t  mastere d skills .  Whil e bot h student s 
ar e belo w som e threshol d o n thi s skill ,  on e studen t  ma y 
hav e a  utilit y  valu e tha t  i s m u c h close r  t o th e threshol d tha n 
th e other . 

Our  curren t  researc h involve s simulatin g th e learnin g 
proces s usin g A C T - R utilit y  estimatio n algorithms .  W e ar e 
beginnin g t o perfor m experiment s t o tes t  ho w differen t 
activit y selection s an d othe r  form s o f  assistanc e m a y effec t 
th e rat e o r  U-ajector y o f  skil l  development . 
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