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Abstract

Parity and Primordial Perturbations on the Path to New Physics
by

Amara McCune

The interplay between particle physics models and their cosmological implications
provides a crucial set of constraints for model-builders. As upcoming experiments set out
to determine the particle nature of dark matter, detect primordial gravitational waves
(GWs), and map primordial non-Gaussianities (PNGs), a unique opportunity arises to
search for physics beyond the Standard Model (BSM) at scales that may be as high as
10*® GeV. This thesis explores these three examples of cosmological aspects of model-
building. We begin with a review of the problems that motivate the search for BSM
physics, touching on both the naturalness problems and the inflationary paradigm. Then,
we introduce a parity-based solution to the strong CP problem, motivating the question
of whether a model containing a heavy mirror copy of the SM gauge group may contain
a viable candidate for dark matter. We then turn to GWs, introducing a new source of
primordial GWs from stochastic fluctuations of scalar fields in the early universe. Finally,
we turn to effective field theories (EFTSs) in de-Sitter space, introducing the problem in
the context of cosmological collider physics and initiating a systematic understanding
of EFT construction in inflationary spacetimes. In turn, we illustrate the promise of
near-future cosmological probes to provide insights into the underlying physics of our

universe.
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Preface

We begin this thesis with an extensive pedagogical introduction to the mathematical
foundations of the Standard Model (SM), focusing on understanding quantum field the-
ory through a group-theoretic lens. We then review concepts in effective field theory
(EFT), building up the techniques of Wilsonian renormalization and emphasizing the
origin of operator redundancies in enumerating a minimal EFT basis. We then go into
the ACDM model of cosmology, detailing the formalism of working with cosmological
perturbations and introducing the inflationary paradigm. Finally, we go over several
key problems that motivate the search for physics beyond the Standard Model (BSM),
including the naturalness problems, dark matter, and the microscopic considerations of
inflation. Readers familiar with this material may wish to proceed to chapter 2.

Although the strong CP problem is not the central feature of this thesis, I believe
chapter 2 provides an important overview of parity solutions to the strong CP problem
and their phenomenological features. The following chapter builds upon this work, pre-
senting a model that extends these ideas to feature a mirror copy of the entire SM gauge
group. This first half of the thesis underscores the importance of parity symmetry in
model-building, showing how models based in parity can solve key SM puzzles and lead
to a rich phenomenology that may be visible to near-future experiments.

The next half of the thesis, as the title suggests, focuses on primordial perturbations.
Chapter 4 considers a new source of gravitational waves, while chapter 5 then turns

xii



towards interactions of heavy particles during inflation. Both works were inspired by the
promise of cosmological collider physics, and seek to connect the considerations of early-
universe model building to cosmological observables that may be visible in an upcoming

suite of experiments.

Units Throughout this thesis, we will employ natural units in which 7 = ¢ = 1 unless
otherwise stated. Chapter 4 will explicitly write factors of H, the Hubble parameter,
while chapter 5 will not, in order to simplify notation. These factors can always be

restored via dimensional analysis.
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Chapter 1

A Tale of Two Standard Models

Over the past century, humanity has constructed two crowning achievements of science:
The Standard Model (SM) of particle physics and the ACDM model of cosmology, rep-
resenting our current best understanding of the large-scale structure and fundamental
building blocks of our universe. Our observations span nearly fifty orders of magnitude,
from the smallest experimentally confirmed particles to the size of the observable universe
itself.

These models are astonishingly precise in the phenomena they are able to capture,
while utilizing relatively simple and compact mathematical structures. This itself, as
captured by the above quote, is remarkable. Part of what makes this comprehension
possible is a separation of scales. We don’t need to know about quantum mechanics
to compute the trajectory of a ball thrown up in the air on Earth, a common problem
in introductory physics courses. Similarly, computations of scattering cross sections at
particle accelerators do not typically consider the effects of gravity, as its influence at this
scale is negligible. In other words, these degrees of freedom decouple from one another.

There are cases, however, in which we cannot consider these regimes to be indepen-

dent. Black holes are a classic example; matter that falls into a black hole is subject

1



CHAPTER 1. A TALE OF TWO STANDARD MODELS

to extreme spacetime curvature while being compressed toward a singularity. Relativis-
tic particles in strong gravitational fields require the considerations of both relativistic
quantum field theory (QFT) and general relativity. Other astrophysical objects, such as
neutron stars and white dwarfs, also present such environments. A particularly interest-
ing intersection of these domains lies in the beginning of the universe itself. Signatures
of these phenomena are therefore crucial testing grounds for new ideas in high-energy
physics, exploring the behavior of matter at higher energies or curved spacetimes at which
our two “standard models” fail to accurately converge.

Aside from the omission of gravity — incorporating only three of the four known
fundamental forces — there are many reasons to suspect that the SM is not the final story.
Much of the observed energy density in the universe also seems to remain unknown,
with baryonic matter comprising only about 5 percent of the universe’s mass-energy
budget. The rest is wrapped up in dark matter and dark energy, whose constituents and
underlying mechanisms remain unknown. Although the inflationary paradigm provides
a compelling explanation as to why the universe is isotropic and homogeneous on large
scales, the specific microphysics by which inflation occurs remains unknown.

The SM itself, however, also presents its puzzles. For example, why is the Higgs mass
measured to be 125 GeV, despite the possibility of substantial quantum corrections?
Why is there no apparent CP violation in the strong sector, despite the fact that it is not
a priori prohibited? What sets the value of the vacuum energy density, which is predicted
by standard methods in QFT to be some 50 or more orders of magnitude higher than its
measured value? This collection of puzzles, known as the naturalness problems, seek to
explain the existence of a large separation of scales, which historically has indicated the
presence of a new symmetry or degree of freedom.

Finally, there are the many questions that one may expect to be answered in a

Theory of Everything. In particular, we can ask what the origin of the SM’s structure is.
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CHAPTER 1. A TALE OF TWO STANDARD MODELS

The SM’s free parameters, namely its masses and mixing angles, have no known origin,
but could be explained by a more encompassing theory. The quarks and leptons are
arranged in a particular fashion, with each containing three generations, two families,
and a distinct, hierarchical structure in their mixing matrix. Where this hierarchy comes

from constitutes the SM’s flavor puzzle and remains an active area of research.

1.1 The Standard Model of Particle Physics

The first standard model we encounter is the one that is more often known as the
Standard Model (SM); the cosmological standard model is more often referred to as
ACDM model of cosmology. The SM of particle physics is made of up 17 fundamental
particles and 3 fundamental forces — the electromagnetic, strong, and weak forces —
under which these particles are charged. There is a surprising amount of structure in-
volved: There are 6 quarks and 6 leptons that can each be grouped into 3 generations
that interact in the same way under the electromagnetic and strong forces. Most of the
SM’s free parameters relate to this structure — such as the quark masses and mixing

angles — and have we have no verified explanation of where it comes from.

1.1.1 From Particles to Fields and Back Again

The idea of a particle as a tiny, indivisible element of matter dates back to the 6th
century BC. It wasn’t until the early 1900s that, following centuries of observations and
modeling of both the wave-like and particle-like properties of light, the idea of discrete
quanta was proposed by Max Planck as a resolution to “ultraviolet catastrophe” of black-
body radiation.

The advent of quantum field theory (QFT) in the subsequent decades formally intro-

duced the idea that a particle is not the most fundamental object comprising matter, but
3
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rather an excited state of an underlying quantum field. In this picture, one can quan-
tize a classical field theory by promoting the field variables to operators with canonical
commutation relations, then building the Hilbert space by applying creation and annihi-
lation operators to the field operators. Feynman showed the equivalency of this approach
to the path integral formalism, in which an amplitude is computed by exponentiating
the action and summing over all possible paths. There are upsides and downsides to
each formalism. Recent research in high energy theory has included the development of
spinor-helicity formalism to compute scattering amplitudes.

While the quantum field-theoretic notion of a particle is certainly useful, it is not
predictive. More predictive power came along in the 1930s when Wigner formulated
his namesake theorem, relating the Hilbert space of quantum states to the symmetry
transformations they are invariant under. This perspective led to a sharper definition: A
particle is an irreducible representation of the Poincaré group. In the rest of this section,
we will interrogate this definition, exploring the beautiful relationship between particle
physics, group theory, and representation theory along the way. Much of this discussion

is inspired by [1] [2].

Representation Theory

To start, we will build up some mathematical machinery, starting with the notion of
a group. A group G is a set with an associated group action, which we will denote x,

that obeys the axioms:

1. There is an identity element e € G such that e x g = g x e = g for each element

g €G.

2. For each element g € G, there is an inverse element ¢~ € G such that ¢ x ¢~ =

glxg=1.
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3. For elements g1, 92,93 € G, (g1 X g2) X g3 = g1 X (g2 X g3). In other words, the

group action X is associative.

The group action X is commonly either addition or multiplication, but can be any other
operation that satisfies the axioms. We define G as abelian if, for g1, 90, € G, g1 X go =
g2 X g1, i.e the group action is commutative on elements of G. The group is non-abelian
if it is non-commutative.

Given two groups G and H, amap [ : G — H is a group homomorphism if the group

structure of G is preserved,

f(g1 X g2) = f(g1) X f(g2) V 91,92 € G. (1.1)

The group homormorphism further constitutes a representation of G if it maps G onto

the general linear group GL(V) for a field F,
f:G—= GL(V), (1.2)

where again the group structure of G is preserved. For an n-dimensional vector space
V, GL(V) is a group consisting of the set of all n-by-n invertible matrices plus the
group action of matrix multiplication that takes V' — V. Representations of groups are
important because allow us to study entities which may be abstract — for example, the
group of permutation operations on a set of objects — as familiar, linear matrices. A
group may admit multiple representations, i.e. there is usually more than one map from
G to GL(V) that retains the group structure of GG. For finite groups, one must choose a
basis for the vector space V; it is common to denote GL(V') by GL(n, F'), where n is the
matrix dimension and F' is the field over which the vector space is defined.

Let’s consider a simple example of the group of permutations of the set of numbers
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{1,2,3}. There are 3! = 6 ways to permute this set:

{1,2,3} - {1,2,3}, {1,2,3} —{1,3,2}, {1,2,3} — {2,1,3} )
{1,2,3} - {2,3,1}, {1,2,3} = {3,2,1}, {1,2,3} — {3,1,2} |

The group of permutations consists of the permutations themselves. Adopting cyclic

notation!, there are 5 group elements,

pr=(1)(2)3), p2=(12)(3), ps=(13)(2), ps=(1)(23), ps=(123), ps = (132).

(1.4)

This permutation group is known as S3. Note that this indeed forms a group: We've
included the identity element, each element has an inverse (the first three elements listed
are their own inverses, while the last two are each other’s inverses), and composing any
two permutations is guaranteed to result in another permutation of the group. Not all
pi, pj commute, and so the group is non-abelian.

To form a representation of S5, we need to find a mapping S3 — G L(V') that preserves
the structure of S3. For example, we see that the psps = ps, and so the corresponding
representation matrices My, M3, M5 must obey MsMs; = Ms. Let’s find a representation

that maps,
f:S3 = GL(1,R). (1.5)

The choice of M = 1 for all k is an easy way to satisfy the group structure. This is an
example of a trivial representation.
To find more complicated representations, we introduce the idea of the generating set

of a group G: This is a subset of the group S in which any element of G can be expressed

Tn this notation, (1 2 3) denotes the permutation that exchanges 1 — 2, 2 — 3, and 3 — 1. The
numbers contained in a cycle, denoted by closed parentheses, are exchanged with one another in this
way.
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as a combination of elements in S or their inverses. For S3, we can see that all of the
patterns of 1.3 can be achieved through successive applications of py, and ps — these
constitute the generating set. Now, let’s consider V to be a 3-by-3 dimensional vector
space, with basis vectors ey, g, e3. Explicitly, the map is f : S3 — GL(3,R). Then, p;
should map onto the 3-by-3 identity matrix, ps should swap the first and second basis

vectors, and so on. We arrive at the representation,

100 010 0 01
p=101 0}, pP2=]|1 00, P3=1]0 1 O

001 0 01 1 00
(1.6)

100 010 0 01
pa=10 0 1}, Ps=1]0 0 1|, Ps=1]1 0 O

010 1 00 010

This is the defining representation; we can verify via matrix multiplication that it pre-

serves the S3 group structure. This representation is an example of a reducible represen-

1

tation because it has an invariant subspace: Multiplying any p; by the vector vg, = | 1

1
returns vUgyp.

Formally, a representation is reducible if it has non-trivial sub-representation: Given
a representation f : G — GL(V), if there exists a vector subspace U C V such that
f(g)u € U for all u € U, restricting f to the subspace U constitutes a sub-representation.
For example, if we have two representations, f; : G — GL(V;) and fo : G — GL(V3),
over the same field F', we can define a representation f; ® fo — GL(V; @ V3) by the direct

sum,

(f1® f2)(g) = fi(g) ® falg) = Ny 0 : (1.7)

0 fag)
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This new representation is of course reducible, and f; and f, are sub-representations. If
a representation does not contain non-trivial sub-representations, it is irreducible.

There is an easy way to see if a representation is reducible or not. we first need to
know its conjugacy classes. We say that two elements ¢1,g2 € G are conjugate to one
another if there exists an element g3 € G such that g; = gsgog5 ', where g3 does not need
to be distinct from g;, g2; a conjugacy class is then a set of conjugate group elements.?
For S3, one can work out that there are three conjugacy classes: The identity element
p1 constitutes one class, the elements consisting of a single permutation p,, p3, and py
constitute the second class, and the elements consisting of two permutations ps and pg
constitute the third.

Given the representation f, we can define the character value of f by the map x :

G — C such that

XY (g) = Tx[f(9)]. (1.8)

All elements of a group that belong to the same conjugacy class have the same character
value. Equivalent representations — where two representations h; : G — GL(V) and
hy — GL(V) are defined as equivalent if there exists a matrix A such that hi(g) =
A7 hy(g)A for all g € G — also have the same character value. We can assemble these
character values into a character vector for each representation, which lives in a complex
vector space with dimension equal to the number of conjugacy classes. 3

Now, we are ready to state an important theorem for irreducibility: A representation

2This is an example of an equivalence relation: A binary relation between set elements that is reflexive,
symmetric, and transitive. Given this equivalence relation, we can form equivalence classes, i.e. split up
our set of group elements into sets that are equivalent, where g; and g belong to the same equivalence
class if and only if they are equivalent. The equivalence classes will necessarily be disjoint.

3The representation theory literature employs the term “character” for both the trace of the repre-
sentation matrix for a particular conjugacy class and the vector assembling the traces of each conjugacy
class; I've separated these definitions here for clarity.
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f of a finite group G is irreducible if and only if

S VP =Gl (1.9)
=1

where ¢ is the number of conjugacy classes of G and n; is the number of elements in the

1th conjugacy class. Let’s test this for the defining representation of S3. We find,

> b = (D) + (3)(1)* + (2)(0) > |G| =6, (1.10)

and so this representation is indeed reducible. The trivial representation is always irre-

ducible,

Zmbéf)IQ = DO+ MO+ W)W+ (DQ)* + (M(D)* + (1)(1)* = |G| = 6.

(1.11)

We can then count the number of irreps. The representations above are unitary and,
given two inequivalent unitary irreps, their corresponding matrices must be orthogonal.
This follows from Schur’s lemma, which states that, for two irreps hy : G — GL(V}) and
hy : G — GL(V4), if there is a matrix A such that

Ahy(g) = ha(g)A (1.12)

for all g € GG, then either A is a square invertible matrix and the irreps are equivalent or
A = 0. Then, for matrix elements of inequivalent irreps hy(g) and hy(g),
geG

One can use Schur’s second lemma * to show more generally that, for any two irreps
hi(g) and hs(g),
() _ 155 5
Zh1<g)z]h2<g)kl - d 521(5]k6h1h2 VZ>]>k>l7 (114)

geG

4A = M, \ € C for hy = hy, where I is the identity matrix of appropriate dimensionality.
9
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where d is the dimension of the irreps (if equivalent). Letting i = j and k& = [ and

summing over ¢, k yields,

SN b @iha(g) = Y Trlh} (9)a Telha(9)] = S (x"(9)) " (9)

i,k geG geG geG

G
=> %&-kmhm = |G0nn,-

ik

(1.15)

Because all group elements in the same conjugacy class have the same character value,
we can equivalently write this result as,
¢ *
h h

> n (M) A = (G (1.16)

i=1
which implies that the character vectors of inequivalent irreps are orthogonal in the
vector space of conjugacy classes. These irreducible character vectors then form a basis
in this vector space, and the character vectors for reducible representations can be written
as a linear combination of them. We can also think of the vector space of irreducible
representations, which has a number of dimensions p equal to the number of irreps. One

can work out®,

a)* G
ZX( ) (9) = uél-j, (1.17)

which tells us that This implies key result: The number of inequivalent irreps of a finite
group is equal to the number of conjugacy classes of the group. Finally, we can use the
fact that there will always be a trivial representation with a number of elements equal

to |G| to find the dimension of each irrep,

fo”* ng - (1.18)

For S5, this means that there are 3 irreps, one of which is the trivial represenation

which has dimension 1. This leaves us with 2 irreps to find, of which one should be

5The proof of this is rather involved, and we will not reproduce it here. It is, dare I say, an exercise
left to the reader.

10
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dimension 1 and the other dimension 2. We will eventually connect this to physics, so

we will focus on unitary irreps. Then, we can employ 1.9 to get the constraint,
X+ 3x; +2x2 = 6, (1.19)

for the character values y,, x», and x. corresponding to the identity conjugacy class,
2-cycle conjugacy class, and 3-cycle conjugacy class, respectively. We can then use the

orthogonality relation of 1.16 and take h; to be the trivial representation to obtain,
Xa + 3x5 + 2xc = 0. (1.20)

This uniquely fixes the choice x, = 1, x5 = —1, xe = 1.5

The orthogonality relations can be used to construct a very useful device, the char-
acter table for a group, which organizes the character values for each representation
according to their conjugacy class. The character table for S3, based on what we know

so far, is:

identity | 2-cycles | 3-cycles

trivial 1 1 1
sign 1 -1 1
2D 2 a b

The top row of the table gives the conjugacy class, while the leftmost column gives the
irrep. For the 2-dimensional representation, which we have not found yet, we've used
the variables a, b to label unknown characters. We do know that the trace of the 2-by-2
identity matrix is 2, and so we automatically know the character of the identity conjugacy

class. We can find a and b with a nice trick: The orthogonality relations imply that the

6Technically, based on these constraints alone, this choice is fixed up to a sign. The ambiguity is
resolved by recalling that this irrep still has to satisfy the properties of being a representation. In this
case, it turns out that the opposite sign choice does not result in a valid homomorphism. The valid
homorphism is the one that maps even permutations to 1 and odd permutations to -1. This is known
as the sign representation.

11
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rows and columns of the character table should be orthogonal. The completed table is

then:

identity | 2-cycles | 3-cycles

trivial 1 1 1
sign 1 -1 1
2D 2 0 -1

At last, we can use the character table to construct the 2-dimensional representation.
We know there is one identity element, three 2-cycles, and two 3-cycles. We know their
traces from the character values, we know that their matrix elements satisfy 1.13, and
we know that p, and p, constitute the generating set of S3. In general, we can use the
fact that the representation must maintain the group structure and the representation is
unitary to piece together that the 2-dimensional representation consists of,

10 —1/2 V3/2 —1/2  —/3/2

P = y D2 = » D3 =

01 V32 1)2 —/3/2  1/2
(1.21)

1 0 —1/2 —/3/2 -1/2  V3/2
Ps = y D5 = , DPe =

0 —1 V3/2  —1/2 —/3/2 —1/2

In this section, we’ve studied the group S3 and its representations, focusing on per-
mutations of the set of numbers {1,2,3}. A group, however, is an abstract entity, and
the “permuted objects” of the set can really be anything we want. For example, we can
imagine each element being a corner of an equilateral triangle; the permutations then
correspond to rotations and reflections of this triangle. In particular, we can see that
the 2-cycle permutations correspond to the three different ways of reflecting the triangle,
while the 3-cycle permutations correspond to the two directions in which to rotate it.
Because of this direct correspondence to symmetry transformations, the groups 5, are

more generally known as symmetric groups.
12
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The S, groups are quite fundamental in the study of group theory. This is due
to Cayley’s theorem, which states that every group G of order n is isomorphic to a
subgroup of S,,. This is a remarkable result, because it means that we can map every
finite group G — 5,,, and that the group structure can be characterized by bijective
mappings G X G — G. It also allows us to define a regular representation for each G
based in our knowledge of S,,. This is found as follows. The dimension of the regular
representation corresponds to the number of elements in the group, e.g. for S3, the
regular representation consists of six 6-by-6 matrices. Each element is assigned a basis
vector: {e, €(12)(3)> €(13)(2) €(1)(23)s €(123)5 e132}. The matrix corresponding to each element
can then be constructed by working out how that particular element acts on the other

group elements and permuting the matrix columns accordingly. For example, the matrix

for p, is,
01 00 0O
100 000
00 0O0O0°1
, (1.22)
000100
001000
00 0O0T1O0

because pap1 = p2, pap2 = p1, P2p3 = Ps, and so on.
The regular representation is particularly important because it can be decomposed

exactly as the direct sum of all irreps of the group,

freg - @daf(a)y (123)
a=1

where « labels each irrep and d,, is its corresponding dimension.

13
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Lie Groups and Lie Algebras

We’ve now built up our study of S,, and seen that groups are a powerful tool for
studying symmetries. S, groups are discrete, and so the rotations and reflects they
describe occur about fixed axes. What if instead we are interested in describing, for
example, the rotations and reflections of a circle? In this case there are no fixed axes,
and an infinite number of rotations and reflections can leave the circle invariant. The
group describing these transformations must be continuous.

S3 is a discrete group, and so the rotations and reflections it describes occur about
fixed axes. What if instead we are interested in describing, for example, the rotations
and reflections of a circle? In this case there are no fixed axes, and an infinite number
of rotations and reflections one could perform that leave the circle invariant. The group
describing these transformations must then be continuous, and we can think of it as
a continuous space M with dimension corresponding to the number of parameters the
group elements depend on. The parameters themselves must also be continuous. In order
to associate each point in M with another, in the mapping M — M, we must be able
to “walk” along this space without encountering any discontinuities. We must also be
able to describe the change from one point to another infinitesimally close point. These
requirements restrict M to be a smooth, differentiable manifold. Such groups are known
as Lie groups. Formally, a Lie group is a group that is also a smooth, differentiable
manifold, endowed with group actions of multiplication y : M x M — M and inversion
t: M — M that are smooth maps.

One Lie group we have already encountered is GL(n, C), the group of n x n invertible
matrices. These matrices are described by n? parameters which may be complex, and so

the dimension of this group is 2n2.” This Lie group is closed, meaning that its underlying

Tt is useful to emphasize that while the group elements are n x n matrices, the dimension of the
group is given by the number of parameters needed to describe an element, and the dimension of the

14
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manifold is boundaryless and compact®. All closed Lie groups are subgroups of GL(n, C),
and therefore also matrix groups. Matrix groups we encounter over and over again in the

study of particle physics include:

n(n—1) .

1. O(n): The group of all n x n orthogonal matrices. Its dimension is ==

2. U(n): The group of all n X n unitary matrices. Its dimension is n?.

3. SO(n): The group of all n x n orthogonal matrices with determinant equal to 1.

Its dimension is %

4. SU(n): The group of all n x n unitary matrices with determinant equal to 1. Its

dimension is n? — 1.

5. Spin(n): A group that is a double cover? of SO(n). It therefore also has dimension

n(n—1)
5 -

Each of these groups can be thought of as groups of transformations on some target space,
the space of parameters describing the group. For example, the group elements of SO(2)

are given by,

cos(f) —sin(0) 7 (1.24)

sin(f)  cos(0)

for # € R. This is the familiar matrix of rotations in R?. We can choose any parametriza-

tion, though it is useful to choose a set of parameters f,, with b = 1, ..., N, such that the

matrices of matrix Lie group elements are often not equal to the dimension of the group itself.

8 A topological space is compact if its parameters vary over a closed interval.

9The cover of a group G is another group H that maps onto G in a way that maintains certain
structures of G. Formally, H covers G if there is a surjective homomorhism ¢ : H — G such that the
kernel of ¢ (the set of group elements that ¢ maps to the identity) is a normal subgroup (a subgroup
that is invariant under conjugation of g € GG) and the quotient H/ker(¢) is isomorphic to G. A double
cover is a cover in which |H| = 2|G].

15
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group element for 5 = 0 is the identity,

9(B)| 5 = € (1.25)

where (8 is to be interpreted as the total set of 8. The representation f then obeys
f(B)|s=0 = 1. The Taylor expansion of f(/3) about 8 = 0 is then,

0 0
1O = 5Ot 0 (57 00) [ e = 14 51 (5 1(9)) e am
where we sum over b. This is more commonly written as,
f(B)=1+iB Xy + ... (1.27)

where we define

Xy = —i <a%b (5)) L:O (1.28)

to be the group generators. We will see that these generators indeed generate the group.

Consider a set of infinitesimal parameters (,/k, where k is large. An infinitesimal group

element near the identity is then given by,

F(dB) =1+ (%) Xy (1.29)

We can then recover any group element by raising the infinitesimal one to the power of

k,

k 2 . .03 . .
(1vs(2) ) < trim - BV RE=26D g,

In the limit £ — oo, this becomes

k .
1 .
lim (147 Pe Xy ) =14iB,X, — 2B2X2 — —B3XP + ... = %0, (1.31)

This means that we can write the group elements directly in terms of the generators.

16
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Now, let’s say we have two elements of the same group ¢1,¢92 € G in the represen-
tation f. According to this result, we can write the elements as f(g;) = e"*e and
f(go) = €% where g; and g, may be generated by different generators (or combina-
tions thereof). While they are parameterized in the same way, they will not in general

share the same parameter values. Multiplying these elements yields,

fg1)f(go) = 'PeXathoXe), (1.32)

We know that f(g1)f(g2) should yield some f(g3), and so there must be some parameter

choices 3 and combination of generators X3 such that,

oi(BaXatByXs) _ ,iBeXe (1.33)

This implies that the generators X, must form an algebra, which we call the Lie algebra
of the group. We can see why this is by finding the commutator of the group generators.

We can write,
In (1 + ePaXee’™* — 1) = if.X.. (1.34)
Taylor expanding, we find,
(ew“x“ewbxb — 1) — % (ei’BEX“eiﬁbXb — 1)2 + ..
:G@&+MM—&&&&—?%?€@W)—;M&#Mﬂrmﬁ+m
= (100X + 00— BuXa Xy — X2~ 350 )

1
— 5 (=B2XT = BuXaBoXo — BX] — B XiBuXa+ ) + .

1 1
= ifaXa + 10Xy — §5aXaﬁbXb + §5bXbﬁaXa + .. =if X (1.35)
This yields the commutator,

[ﬁaXaa ﬁbXb] =2 (6(1Xa + 51)Xb — 5cXc) + ... (136)

17
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where the ellipses denote further terms in all expansions. The result, leaving the details

to [2] is,
[Xaa Xb] = ifachc (137)

for generators X,, X, and X, and constants f,,. known as structure constants. These
can be computed for any nontrivial representation and define the algebra for each group.

The Lie algebra is typically easier to work with than the Lie group, because the
algebra is a vector space. Formally, the Lie algebra of a group G is the vector space
g over a field F', endowed with a binary operation called the Lie bracket that maps

[, ]:9xg— g The bracket satisfies the properties:
1. Bilinearity: [ax + by, cz] = [ax, cz] + [by, cz] for all a,b € F and z,y,z € g.
2. Asymmetry: [x,y] = -[y,x] for all z,y € g.
3. The Jacobi identity: [x, [y,z]] + [z, [x,¥]] + [y, [x,2]] = 0 for all z,y, z € g.

To recap, we've introduced the related concepts of both Lie groups and Lie algebras.
A Lie group is a group that is also a smooth differentiable manifold, and we can apply
all of the tools of representation theory to them. The group elements can be written in
terms of infinitesimal group generators, which are defined such that there is one generator
for each continuous parameter of the group. The set of all linear combinations of the
generators constitutes a vector space which is the Lie algebra. Given the Lie algebra,
one can find the group elements by exponentiating the generators according to 1.31.
Notationally, a Lie group is written as e.g. SU(n), whereas its corresponding Lie algebra
is written as su(n). Each Lie group has a corresponding Lie algebra, and multiple Lie
groups may share the same Lie algebra. We can construct representations of the Lie

algebra in analogous way to Lie groups as the mappings f : g — gl(V') such that the

18
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algebra homomorphism is preserved. The homomorphism for a Lie algebra is,

f(lz, y]) = §(2)f(y) — F(y)f(x). (1.38)

An especially nice property of a Lie algebra is its Casimir invariant, which is an
element that commutes with all elements of the Lie algebra. The most commonly used

Casimir invariant is the quadratic Casimir, defined as
C=> XX (1.39)
'7j

for X € g. kY is the inverse of the Killing form!'®. Casimirs are important for labeling
the irreps of a Lie algebra according to their eigenvalues.

Given a Lie group, we would like to be able to find its irreps. Because there is
a corresponding Lie algebra for every Lie group, and the Lie algebras are linear, we
can study the representations of Lie groups by studying the representations of their Lie
algebras. Below, we will introduce representations that are particularly useful to our

central question of how to understand particles as irreps of the Poincaré group.

The adjoint representation. The adjoint representation is comprised of the genera-
tors themselves, and is way to represent the elements of the group as linear transforma-
tions of its Lie algebra. Denoting the matrices of the adjoint representation by T,, we

have,
[Talbe = — fabe- (1.40)
These matrices by definition obey,
[Ta, Ty) = i faveTe- (1.41)

The dimension of the adjoint representation is then given by N, the number of generators

of the group (also the number of parameters specifying each group element).

19This is a bilinear form « : g x g — R or C such that x(X;, X;) = Tr(T;T}), where T gives X € g in
the adjoint representation, described below.
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The fundamental representation. For Lie groups, the fundamental representation
is equivalent to the defining representation, which is given by the matrices of the Lie
group itself. For example, the fundamental representation of SO(n) is given by the n x n

simple orthogonal matrices.

Tensor representations. The fundamental representations of SO(n) associate each

element of SO(n) to a rotation matrix that specifies how an n-vector transforms in R”",

U; == Z Rm"Ui. (].42)
=1

This particular representation is sometimes known as the vector representation because
of this property. We can also consider how higher-dimensional objects transform under

the rotation matrices like matrices,

My, = Z Rqi Ry M, (1.43)
i=1
and tensors,
ube = Z Rei Ryj Rex Tiji- (1.44)
i=1

Letting n = 3 for illustrative purposes, we can see that a 3-vector will transform according
to 1.42, a 3 x 3 matrix will transform according to 1.43, and a 3 x 3 x 3 tensor will
transform according to 1.44. While the 3 representation'! tells us how a 3-component
vector transforms under SO(3), we can similarly arrange the 9 components of M/, in
a 9-component vector, with each element of SO(3) represented by a 9 x 9 matrix with
components R,;Ry;. This is the 9 representation. We notice that this representation is

built from the tensor product of the 3 representation,

9=3®3. (1.45)

' The notation n denotes a representation of a Lie group in which each element is associated with
an n X n-dimensional matrix. For complex representations, we distinguish between the n representation
and the complex conjugate n representation.

20



CHAPTER 1. A TALE OF TWO STANDARD MODELS

Similarly, we can construct a representation,
27 =3®3® 3, (1.46)

in which we arrange the 27 components of T”, into a 27-component vector, with each ele-

abc

ment of SO(3) represented by a 27 x 27 dimensional matrix with components Ry, Ry; R
We can build higher-rank tensor representations in the same way.
Recall that we can always decompose a tensor into its symmetric and anti-symmetric

parts. For example,
with
1 1
Sij = 5 (Mg + Mys), Ay = 5(Mij — M), (1.48)

One can show that S and A are invariant under the action of 1.43. Because S has 6
independent components and A has 3 independent components, we can decompose the

9 representation as,
9=6D3. (1.49)

The 6 representation can be further decomposed into 6 = 5@ 1, because the trace (which
is symmetric) is invariant under 1.43. In full, the decomposition into invariant subspaces

is,
9=503d1. (1.50)
For SO(n), a rank-m tensor transforms in the tensor product representation,

NN ...Qn, (1.51)
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where we take the direct product m — 1 times. Studying how these general tensors
decompose into irreps leads to the familiar Clebsch-Gordan coefficients.

Let’s now consider tensor representations of SU(n). The matrices are now unitary
instead of orthogonal, and can be complex-valued. We then construct tensor repre-
sentations with n as well as m. Objects with upper indices transform under products of
U € SU(n) while objects with lower indices transform under products of UT € SU(n). For
example, the tensor Tk’;j then transforms under products of unitary matrices U € SU(n)
as,

n
(T = > UUJUMTY, (152)
i,g,k=1

and defines the tensor product representation n ® n ® n.

Spin representations. A spin representation is a type of projective representation
12 We've already been introduced to the spin group Spin(n) as the double cover of
SO(n), meaning that there is a group homomorphism Spin(n) — SO(n) with kernel Z,.
The spin representations of SO(n) are defined to be the representations of Spin(n) that
cannot be mapped onto ordinary representations of SO(n).

We will construct explicit examples of the spin representations for the Lie algebra
su(2), which will be useful to later discussions. The derivation is familiar in the con-

text of introductory quantum mechanics, but we will be explicit in our treatment of

representation theory. Let Ly, Ly, L3 form a basis for su(2). Its bracket is then,

3

[Li, L] =i ) €L, (1.53)

,j=1

Representations of the algebra — here given by the matrices I'y, 'y, I's — will also follow

12A projective representation is given by matrices T(g), ¢ € G such that T(g1)T(g2) =
c(91,92)T (g1, g92), and is defined only for SO(n). In other words, the group structure is maintained
only up to a constant ¢(g1,g2)-
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this structure,

3

ij=1
Constructing the representation up to a similarity transformation, we can choose I's to

be diagonal. Its eigenstates can be labeled by integer m,
['3|m) = m|m). (1.55)

We then label the highest weight state by j, where j is the largest eigenvalue of I'; in a
representation. Note that our representation is finite-dimensional. We define raising and

lowering operators,

Iy =— (T £4ly). (1.56)

1
V2
The states are normalized,

I'y|lm) = Nylm + 1), (1.57)

where N,, = %j(j +1)— %m(m +1). This can be computed by fixing the normalization
I'_|m) = |m — 1) and noting that I"y|j) = 0. We can then recursively construct the
2j + 1 states, | — j),...|0),...,|7). The (2j + 1)-dimensional representation is known as
the spin-j representation, with states labeled by |j,m). The representation must have
positive integer dimension, and so j must be a multiple of 1/2. These are irreps of su(2),
and there are an infinite number of them.

We can then find the spin representation explicitly for a given j. The states of the
spin-1/2 representation are |1/2,1/2) and |1/2,—1/2). Thinking of the states as basis

vectors of a two-dimensional vector space,
0
= [1/2,1/2), —[1/2,-1/2), (1.58)
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we can solve for I'y, ', I'3. We find that they are the Pauli matrices,

1[0 1 [ 0 1 11 O
Fl - 5 , PQ - —5 ; Fg - 5 (159)
10 -1 0 0 -1
The quadratic Casimir for su(2) is ['? = T% 4+ ' + I'2. One can find,
?j,m) = 5(j + 1)j,m), (1.60)

which corresponds to the total angular momentum, as seen in introductory quantum

mechanics.

Lie groups and Lie algebras are a rich topic, and we could say many more interesting
things about them. To make progress with our central question, we will now focus on

one particular Lie group, the Poincaré group.

Defining a Particle

The Poincaré group is the group of all spacetime symmetries in Minkowski spacetime.

It acts on spacetime coordinates x* as,
ot — () = Li2” + a¥, (1.61)

where we sum over spacetime indices as usual, L# are components of a Lorentz transfor-
mation, and a* denotes a spatial translation. The Lorentz group is the group SO(3,1),
where the time and spatial dimensions are denoted separately, and it is the group of
rotations in four dimensions with respect to the Minkowski metric. Because it shares
many properties with SO(4), the group of rotations in four dimensions with respect to

the Euclidean metric, we will start our discussion there.
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SO(4). The fundamental (defining) representation of SO(4) is given by the set of spe-
cial orthogonal 4 x 4 matrices. Its double cover is Spin(4). We can further show that
there is an isomorphism Spin(4) ~ SU(2) x SU(2) = SO(4) ~ SU(2) x SU(2) =
50(4) ~ su(2) @ su(2). Building on the finite irreps we found for su(2), the double cover
relationship tells us that the irreducible projective representations of so(4) are labeled
by two half-integers ji, jo and have dimension (2j; + 1)(2j2 + 1). The so(4) Lie algebra
is then given by two copies of the Lie algebra of su(2), which we label by generators L.,

3
[Lys, Lyjl =1 Z €ijk Lk

ij=1

5 (1.62)
[L,Z', L,j] =1 Z Eijkak'
ij=1
The L, L_ should also commute,
[Li, L—j] =0, (1.63)
for i,7 =1,2,3. The so0(4) Lie algebra is more commonly written as,
3
[Ji, J;] =i Z €ijkJk
ij=1
3
ij=1

3
(K, K] =i Z €iji K,

i.j=1

which is the same as that given by L. with the basis change Ly; = %(JZ + K;).
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The Lorentz group. The Lie algebra of the Lorentz group is given by,

3
[Ji, Jj] =1 Z Eiijk
i,j=1
3
i K] =i ) €k (1.65)

ij=1
3
(K, K] = —i Z €ijk Fks
ij=1
which is the same as the Lie algebra for s0(4), except we’ve picked up a minus sign on

the third commutator, i.e. K; — ¢K;. Going through the same arguments as in the case

of s0(4), we find that we can study the Lorentz group as the Lie algebra isomorphism,
50(3,1)¢c ~ su(2)c @ su(2)c, (1.66)

where the subscript denotes the basis change in the third commutator!3. We can identify
the generators J as generating rotations. Satisfying the commutators leads to the boost
matrices for K, and we identify these as the generators of the boosts. We see that the

Lie algebra corresponding to the Lorentz group is 6-dimensional.

The Poincaré group. Finally, the Lie algebra of the Poincaré group is given by,
[P/u Pu] =0
(Mnus Bpl = —i(up P — M0pFy) (1.67)
[(Mys Mol = =i Moo = Mo Mup = Np Mo + 1o M)
where the rotations are given by J; = %eimnM ™" and the boosts are given by K; = M,
the P, are the generators of the translations, and 7, is the Minkowski metric.

There are two Casimir invariants for the Poincaré group. The first is P? = P,P*,

and the second is W? = W,W*, with W, = —%EWMM”’)P", which is known as the

13This is known as complezification. We can get back to real Lie algebras by noting that there is an
isomorphism between su(2)c and sly(C), where the latter is the special linear group. One eventually
finds that s0(3,1)c ~ sl3(C), and from there we can restrict to the reals.
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Pauli-Lubanski pseudovector. Because the eigenvalue of P? on state |p) is —m?, the
representations of the Poincaré group are labeled by m2. We can then study the irreps

of the Poincaré group based on the mass and momentum of eigenvector |p):

1. Zero mass and zero momentum. The only finite-dimensional unitary representation
in this case is the trivial representation. This is the vacuum, and it is invariant

under all symmetries of the Poincaré group.

2. m > 0. For positive mass in the rest frame, p, = (m,0,0,0). We then find the little
group: The subgroup of the Poincaré group that leaves p, invariant. We find that
it is SO(3), whose Lie algebra is isomorphic to su(2). SO(3) then has an infinite
number of irreps, labeled by half-integer j with dimensions 2j 4+ 1. We’ve seen that

7 corresponds to the spin angular momentum.

3. Zero mass and nonzero momentum. Choosing p, = (p, 0,0, p), the little group is
the special Fuclidean group SE(2). It has one generator of rotations J, and two
generators of translations Py, P». The eigenvector under translations is P;|k) = k|k)
and, for k = 0, the little group is SO(2). Its irreps are one-dimensional and indexed
by helicity h. Because there are spin representations, h should also be a half-integer.

For k # 0, the little group is trivial.

We are now ready to state Wigner’s theorem, which classifies unitary representations
of the Poincaré group. Following the above analysis, the irreps of the Poincaré group are
indexed by the mass m of the particle, and either its spin j (if it is massive) or its helicity
h (if it is massless). A particle is then an irreducible representation of the Poincaré group,
and it can be either massive or massless. Massive particles are indexed by their spin,
while massless particles are indexed by their helicity.

We can go a step further and begin to classify these particles. Consider again irreps

for which m > 0, whose little group is SO(3). Further, recall that spin representations are
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defined for SO(n) and are projective representations, which preserve the group structure
up to a constant. Bargmann’s theorem states that every projective unitary representa-
tion'* of a group G can be lifted'® to an ordinary representation of the universal cover of
G. The universal cover of SO(3) is SU(2), and so all projective unitary representations
of SO(3) come from SU(2). We can then find the projective irreps of SO(3) by expo-
nentiating the irreps of su(2). And because Spin(3) is the double cover of SO(3), these
projective representations will be spin representations.

We found that the irreps of su(2) can be indexed by a half integer j and are (25 + 1)-
dimensional. Let’s consider both j = 1/2 and 5 = 1. For j = 1/2, we found that the
generators of the Lie algebra were the Pauli matrices. We can then choose elements of the

Lie algebra 0;I's, 051's where 01,605 € R to find two elements of SO(3) via exponentiation,
' oi01/2 0 . oif2/2 0
R(0,) = e = . R(6y) = els = : (1.68)
0 67i01/2 0 67102/2

Multiplying these elements together should also yield an element of the group,

6i(91+¢92)/2 0
R(0,)R(6,) = ) (1.69)
O e—i(91+92)/2
For 01 + 0y = 27, this becomes,
10
R(61)R(0) = — ) (1.70)
0 1

In rotating by 27, we have picked up a minus sign, rather than returning to the iden-
tity. This is the definition of a projective representation; the group structure has been

preserved up to a constant. This representation is therefore a spin representation.

14 Technically, this theorem only applies to groups whose Lie algebra cohomology satisfy certain prop-
erties; we will not detail this further except to say that all groups we will consider satisfy such properties.

15 A projective representation is lifted if it is possible to choose a projective representation T'(g) € T(g)7
where T'(g) is a representation of the projective linear group PGL(V), such that the group structure is
preserved exactly.
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For 7 = 1, we can again solve for I';, Iy, I's to find,

01 0 0 1 0 10 0
1 ;
M =— o Ty=——o | — . Ty = . 1.71
1\/5101 9 \/5101 3 00 0 (1.71)
01 0 0 -1 0 00 —1

We can do the same exercise to find,

eilritb2) () 0 100
R(01)R(0y) = e™'2e™s = | 9 1 0 =0 1 0] forf+6,=2m
0 0 e i01+02) 00 1

(1.72)

Rotating by 27 has yielded the identity matrix. We can repeat this process for any half
integer 7, and the punchline is: For integer j = 1,2, ..., the elements of SO(3) transform
as ordinary representations, while for half integer j = 1/2,3/2, ..., the elements of SO(3)
transform as spin representations. Objects that transform under the ordinary represen-
tations are vectors, while the objects that transform under the spin representations are
spinors. This is a nice way to see that bosonic particles, with integer spin, transform as
vectors while fermionic particles, with half integer spin, transform as spinors.

Spinors are equivalently, and more commonly, defined as elements of a vector space

linearly represented by the Clifford algebra. This is a Lie algebra with a bracket

{v*, 7"} = 2" (1.73)
where 4#* are the gamma matrices, defined as,

0 I 0 ; 0 o
v = , 7= , : (1.74)

where I is the 2 x 2 identity matrix, and o' are the Pauli matrices. The 7° defined by

7? = iy9y192~3. A spinor field is “left-handed chiral” or “right-handed chiral” depending
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on whether it transforms as,

Y = Py or Yr = Pri, (1.75)
respectively. Pp, and Py are the projection matrices,

P, = , P = . (1.76)

Ur
As defined, vy, and v¥g are Weyl spinors, while ¢ = is the Dirac spinor.

VR
Particles and fields. In quantum mechanics, our system is built from states occupying
some Hilbert space and operators that act upon the states. A transformation on the

system can be captured by a unitary operator U acting on the state,

) = [¢) = UlY). (1.77)

Ensuring that this operator is unitary means that the inner product of states is un-

changed, and so probabilities are conserved. The system should also evolve in time as,

[0/ (1)) = e U (t)), (1.78)

which implies that U commutes the Hamiltonian H. Each eigenvalue of the Hamiltonian
can be associated with an irrep of its symmetry group, and the eigenfunctions give the
basis for the space of states. This state space — the Hilbert space — decomposes into a
direct sum of subspaces, each of which transform irreps of the symmetry group.

In QFT, fields are operator-valued and act upon an infinite-dimensional Hilbert space.

We can then think of our symmetries as acting on the operators,

O — O =U'(9)0U(y), (1.79)
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where U is again unitary. The symmetry then acts linearly on the fields,

oi(x) = ¢i(x) = U'(g)di(2)U(9) = M (9);(x), (1.80)

where M/ (g) is a representation of the symmetry group.

There are many layers of mathematical structure we’ve built up to reach this point.
First, we’ve developed the notion of a symmetry group, which is an abstract object.
Then, we built up representations of the group on a vector space V over a field F.
Finally, the group can be represented by matrices which act on the fields. To finish out
the connection, we can think of the irreps of the Poincaré group — the particles — as
forming a basis for the Hilbert space of the QFT, and the fields are operator-valued and

act on these states.

1.1.2 Symmetries and their Breaking

As we’ve now seen, symmetry plays in indispensable role in QFT. Thus far we've
studied Poincaré invariance, a spacetime symmetry and example of a local symmetry due
to its dependence on a spacetime coordinate. Local symmetries are important due to their
connection to charges and conservation laws; they are in contrast to global symmetries
which are the same at every point in spacetime. In addition to spacetime symmetries,
particles may obey wnternal symmetries, which act on the internal space generated by
the fields. The Coleman-Mandula theorem tells us that, in spacetime dimensions greater
than 1 + 1, the symmetry group of an interacting QFT will factorize as the Poincaré
symmetry x internal symmetries °.

A QFT may be invariant under any number of symmetries, whether accidental or im-

posed, and they lead to a rich variety of phenomena. In this section, we will review aspects

of both continuous and discrete symmetries, for both global and local transformations.

16There are two important exceptions to this theorem, conformal invariance and supersymmetry, which
we will not discuss here.
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Continuous Symmetries

Emmy Noether, in her namesake theorem, proved the correspondence between con-
tinuous symmetries of the action and conserved currents. To illustrate, let’s consider a
Lagrangian density £ that is invariant under a translation symmetry z# — 2/* = x4 a*.

The variation of the action is given, in general, by

S = / ( 5 gfd))é(aucb) + %&b) dix. (1.81)

Integrating by parts and applying the Euler-Lagrange equations yields,

68 = /au (%M) d'z. (1.82)

We can Taylor expand to find the change in the field under the infinitesimal translation:

0¢p = —a”0,¢. The variation of the action is then,

v oL 4

Which can be rewritten in terms of the energy-momentum tensor,

0S = a”/@MT“” d*z, (1.84)
where
oL
W= ———09,0 —n"L. 1.85
50,0) ¢ —n (1.85)

n* is the usual Minkowski metric. For the action to be invariant under the translation,

0S = 0. This implies,
0, T" = 0. (1.86)

This implies that, if the action is invariant under translations, both energy 7% and

momentum 7% are conserved.
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Global Symmetries

Noether’s theorem motivates the concept of charge. If we consider two complex

scalars, ¢ and ¢9, we can impose a symmetry under a phase rotation,
d1 — €1, dy — €0y, (1.87)

The Lagrangian for a model with these fields can be built by requiring each term to be

invariant under both U (1) symmetries,
L= 0"6]0,1 + 0" $L0,2 — V(1. 62), (1.88)
where V(¢1, ¢2) is a general, ¢;- and go-conserving potential. The Noether currents are,
I = (610" 61 — 10"0), 3 = i(8h0" b2 — 620" 6}) (1.89)

By Noether’s theorem, these are conserved quantities. We can integrate the first compo-

nent of the current, corresponding to the charge density, to find the Noether charge,

Q1 = /d%j?. (1.90)

While ), gives the total amount of charge for the system, ¢; corresponds to the charge
quantum number, and is what we typically think of as the “charge” of a particle. Because
we’ve discussed only global continuous symmetries, with no spacetime dependence, this
scenario corresponds to classical electrodynamics. We can further identify ¢; and ¢» as
the generators of the corresponding U(1) symmetries.

In the case of fermions, consider two spinor fields, 11 and 1. A U(1) phase rotation

corresponds to,

Y — €0 b — TR0 g (1.91)

If qr, # qgr, this symmetry is known as chiral. If not, it is a vectorial symmetry.
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Local Symmetries

Considering now just one scalar field ¢, we can see what happens when make 6 a

continuous parameter. The transformation is,
d(x) = @ (1), (1.92)
with the complex conjugate transforming as usual,
P(z)T — e 0@ p(2)1. (1.93)
The kinetic term transforms under this symmetry as,
0,0 (2)0" () = [0,0'(2) — iq (9,0(2)) ¢ ()] [0"¢(x) + iq (9"0(2)) 6()] # 0,0 ()06 ().

(1.94)

The kinetic term then apparently violates this symmetry, and we find the same in the
case of fermion fields. To make the Lagrangian invariant under this U(1) symmetry, we
have to “subtract” the extra terms that arise. To this end, we introduce the covariant

derivative,
Dt = 0" + igq A", (1.95)
where ¢ is the gauge coupling and A" is a vector field that transforms as,
1
A, — A, — ga,ﬂ. (1.96)

With this new definition, the kinetic term remains invariant. Because we are adding new
vector fields, we introduce a kinetic term for them, which is the familiar field strength,

1

LD _ZFWF‘“” (1.97)
where the field strength is defined by,
(D, D"] = igqF*", (1.98)
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and can be written in terms of the vector fields,
FH = ogrAY — 9V A¥. (1.99)

These vector fields are known as gauge fields, and a Lagrangian that does not change
under such transformations is gauge invariant. Interestingly, the gauge fields themselves
must be massless because an explicit mass term %mQA“AM is not gauge invariant. The
strength of the interaction of the gauge field is set by gq, and so depends directly on the
charge. Finally, the transformation law for A* shows that the gauge field transforms in
the adjoint representation.

Gauge invariance is not a symmetry in the same sense that spacetime symmetries
and global symmetries are symmetries. It is rather a “symmetry of description”, because
a gauge-invariant Lagrangian may be rewritten in several different ways that all lead to

the same physics.

Non-Abelian Symmetries

Consider a field ¢ in a representation R with N components. The transformation law

for a general local symmetry is,
b; — (eiTa(I)ea(z))ij ;) (1.100)

where the T, are the generators of the symmetry. For abelian symmetries, the generator
is simply the charge ¢;. In the case of non-abelian symmetries, we simply need to know
the generators. Let’s consider the case of ¢ transforming under SU(n). The T, are then

the SU(n) generators with the algebra,
[T, To) = i fape T, (1.101)

while ¢ is represented by N x N matrices. Following the same procedure as in the

abelian case, we find that we must introduce a covariant derivative in order to ensure the
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invariance of the kinetic term,
DF = 0" + 49T, G", (1.102)

where g is again a coupling constant and we introduce a vector field G* that transforms

as,

a a abc C 1 a
Go% — G — [0 G, — 58“0 : (1.103)

The field strength is now defined by the commutator,
Dy, D] = igT"GY, (1.104)
and can be written in terms of G¥ as,
G, = 0,G — 0.G), — gfabCGZGl‘i. (1.105)

Again, we find that we cannot write down explicit mass terms for the gauge fields that
are gauge invariant.
There are a rich variety of phenomena that arise from gauge theories, which we will

not attempt to detail here, but can be found in excellent resources such as [3].

Discrete Symmetries

In QFT, the set of C'; P, and T' discrete symmetries — charge conjugation, parity,
and time reversal, respectively — are especially important. All of these are spacetime
symmetries and their combination, C'PT', must be conserved for any local theory that
obeys Lorentz invariance. Indeed, no experimental violations of C'PT have ever been
observed.

C and P are especially interesting in theories involving fermions. While C' symmetry

exchanges the sign of charges, P exchanges the chirality of space, i.e. x — —x. This has
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the effect of changing the chirality of fermions; under P, ¢ <+ ©¥gr. The combined C'P

symmetry performs both operations at once, and so makes the exchanges,

=", Uni—= YL, Vri = Vg (1.106)

If there is a basis of the Lagrangian in which all parameters are real, C'P is guaranteed

to be conserved.

Broken Symmetries

If the Lagrangian contains terms do not obey a symmetry, but whose coefficients are
small parameters, this symmetry is said to be explicitly broken. A symmetry may also
be spontaneously broken if the Lagrangian of the theory is invariant under the symmetry
but its vacuum state is not. To illustrate this, consider the theory of two scalar fields
¢r and ¢; related by ¢ = ¢r + i¢;. The Lagrangian for this theory, after imposing an

SO(2) rotational symmetry, is
1 n 1 n 1 2 Ao 2)2
£=§mm8%+§%@8@—§{%+¢ﬁ—z@ymm, (1.107)

where p? and \ are real parameters. Assuming p? < 0, and defining v? = —pu?/\, we can

rewrite the potential as,
2\ 2
v
V:A(M¢—E). (1.108)

The vacuum expectation value (VEV) 2(¢T¢) = (¢% + ¢7) is then equal to —u?/2)\ = v,
This means that the minimum of the potential V' lies on a circle of radius v. We can
choose the configuration (¢r) = v, (¢;) = 0 and redefine our fields such that the VEV
vanishes. This occurs for h = ¢r — v, £ = ¢;. The Lagrangian can be rewritten in terms

of these fields as,

L= L@um)0N) + 5(0,)(0€) — AW — Noh(I +€%) — 22 + €)% (1109
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This Lagrangian is no longer invariant under SO(2), and we can see that we went from
a Lagrangian with a nonzero VEV to one with a zero VEV. In other words, the theory
has been spontaneously broken.

We can notice a few properties. First, our rewritten Lagrangian contains a scalar field
h whose mass is m? = Av?. Second, the original Lagrangian was invariant under SO(2),
which has one generator, and this is no longer the case in the resulting Lagrangian.
The generator is said to be broken; in exchange, we've picked up a massless scalar &.
Goldstone’s theorem states as much: For a continuous spontaneously broken symmetry,
the number of broken generators correspond to the number of new, massless scalars.

These scalars are the Goldstone bosons.

1.1.3 The SM Gauge Group

In addition to invariance under the Poincaré group, the particles of the SM are sym-

metric under a set of internal symmetries,
SUB3) x SU(2), x U(1)y, (1.110)

which make up the SM gauge group. Each representation is denoted (p, q)y, where p is
the representation of SU(3), ¢ the representation of SU(2), and Y the hypercharge. The
subscript L denotes that the particles that transform under SU(2) all have left-handed

chirality, while the hypercharge is the U (1) component of the electroweak symmetry. The
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SM representations are,

Particle Name Representation
Spin 1
B Z boson (1,1)o
W W boson (1,3)o
G gluon (8,1)o
Spin %
ar left-handed quark (3,2) (1.111)
ug left-handed antiquark (up) (3,1)_ i
d§ left-handed antiquark (down) (3, 1)§
lr left-handed lepton (1,2)
14 left-handed antilepton (1,1)9
Spin 0
H Higgs boson (1,2),

The SM is further endowed with the electroweak symmetry breaking structure SU(2);, x
U(1l)y — U(1)gn, where EM denotes the electromagnetic gauge group. All of the gauge
bosons, as illustrated in the previous section, transform under the adjoint representation,

while all fermions transform as spinors.

1.2 Effective Field Theory

Effective field theories (EFTSs) are surprisingly simple in their core idea: We do not
need to know every single degree of freedom in the universe in order to understand a
given system. These degrees of freedom may be separated by orders of magnitude in
scale, and decouple from one another in certain regimes. Practically, our observational

instruments can only make measurements to a finite degree of precision, and so we need
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only consider the effects that contribute in a non-negligible way to the observable at hand.
This is the reason why are are able to focus on Newtonian mechanics to understand the
physics of billiard balls, rather than starting with general relativity. While the latter
approach would return the same answer as the former, it is far more laborious and rather
unnecessary. The easier approach is to construct a theory that contains the pertinent
degrees of freedom that make up a system at a given energy scale.

This is rather convenient for us, as there are a number of phenomena that (as far as
we can tell) do not require an extremely coarse-grained understanding of the world in
order to make meaningful predictions. Across scientific disciplines, “effective theories”
are built with the goal of capturing the essential components of a particular system. In
quantum field theory, the formalized organization of an EFT allows us to parameterize
our ignorance of physics in the far UV in order to understand the workings of a theory
in the IR.

In this section, we will review the details of such parameterizations, focusing on a
Lagrangian-based approach to EFT. We begin our discussion with a review of some
baseline concepts in constructing QFTs. From there, we illustrate some scale-dependent
properties of QFTs, discuss the operator redundancies that are rife in Lagrangian-based
descriptions of QFTs, and end by introducing the procedure for building an EFT from

the bottom-up.

1.2.1 Lagrangian Formalism

A QFT can be described via an action S. We are familiar with the concept of the
action from classical Lagrangian-based mechanics, which is built upon the principle of
least action: Given a classical system and its generalized coordinates, we can compute the

system’s trajectory between two points as the one that minimizes the energy required to
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take this trajectory. In quantum mechanics, we no longer have a single, classical trajec-
tory, and instead must sum over all possible paths in order to compute the propagator.
For a quantum field theory, this becomes a sum over all possible field configurations.

Feynman famously showed that the propagator can be written as,

(¢(wo, 2)|d(x0, 2")) ~ /beei‘s, (1.112)

where D¢ denotes the sum over field configurations and we omit normalization factors.
For simplicity, we have written the propagator of a scalar field, though we can of course
consider more complicated objects.

The action itself is often written in terms of its Lagrangian density, S = [(d”z)L,
with D the number of spacetime dimensions. The Lagrangian density £ is most often
referred to simply as the Lagrangian. This is a functional that depends on the fields
of the theory, and encodes the symmetries it obeys and its interactions. Because the
propagator is related to a sum of the action over all possible field configurations, the
Lagrangian must include all possible interactions of the fields in a given theory. It is

constructed such that several physical principles are maintained, including;:

1) Locality. This is the idea that an object can only influence objects in its immediate

surroundings. The speed of propagation is bounded by the speed of light.
Mathematically, we require that the Lagrangian is a function only of fields and their

derivatives, each of which depend on a single point in spacetime. All spacetime depen-

dence of the Lagrangian is contained in the fields.

2) Causality. Objects that are not contained in each other’s past light cone can-

not influence one another. This means that fields at two points in spacetime that are
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spacelike-separated should commute,

[6(x), d(y)] = 0. (1.113)

The principles of locality and causality are addressed by ensuring that the Lagrangian
obeys Poincaré symmetry. This is the full symmetry of special relativity, which includes
invariance under spatial translations and rotations as well as Lorentz boosts. Considering

a scalar field ¢(z), a Lorentz transformation transforms this field as

Ga(@) = Ga(2) = [M(A)]ods (A7), (1.114)
where A defines the Lorentz symmetry. The matrix M (A) forms a representation for ¢.

More generally, the fields which construct the Lagrangian are irreducible representa-

tions of the Poincaré group.

3) Unitarity. This is the principle that ensures that the sum of probabilities in scat-
tering processes between sets of particles remains equal to 1 as the system evolves in
time. Consider a general multi-particle state denoted by W, where « is a general index
describing the state.

For a scattering process, we generically have some “in” states W' that interact and

result in some “out” states W2*. This is formalized by the S-matrix, which is defined as

S = (WU, (1.115)

where we use the notation S to be distinct from the action S. In order for the probabilities
to sum to 1, we must have,

SIS =1, (1.116)

the requirement of unitarity of the S-matrix. We can further split up the S-matrix into

a noninteracting, “free field” component and an interacting component,

S=1+iT, (1.117)
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where we must also have
TIT. (1.118)

Given the input of the local fields and the symmetries they obey, the above properties
get us most of the way to a sensible Lagrangian. For our theory to be dynamical, it must
contain a kinetic term. Massive theories may contain an explicit mass term quadratic
in the fields. As a general principle, all interactions that are not explicitly forbidden
by a symmetry are included. From a model-building perspective, one may wish to add

additional ingredients to the Lagrangian, such as an imposed symmetry.

In an ideal world, field theorists would simply be able to write down an action S
for a theory of their choice and evaluate 1.112. In practice, the path integral cannot be
computed exactly except in the case of very simple theories. There are then several steps
to get from the Lagrangian of a theory to answers for observable quantities, and there

are several challenges inherent in this formalism. Some of them are:

1) Perturbative expansion in the computation of the path integral. It is not

possible to compute the path integral exactly for a general Lagrangian,
1 1 5,
L = 50,006 — Sm*6* =V (9), (1.119)

where we consider a scalar field ¢. One can, however, exactly compute the path integral
for the free field action, with V(¢) = 0. Carrying out this computation returns the
well-known free field propagator. Let’s say we want to add an interaction term to this
theory,

A 4

- 50" (1.120)

1 1
_ = L T2 42
£—2u¢8¢—2m¢
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The path integral we wish to compute is then,
[ Dot einorimii—gorsis) (1.121)

where J¢ is a source term. To proceed, can separate the free field and interacting parts

of the integral and Taylor-expand the interacting part order by order in A. This yields,

/ng [eifd‘*x(;ama%; 2¢2+J0) </ Az [1 _ i'A¢4 _|_1 <i')2/\2¢8 + .. )] .
4! 2\ 4!

(1.122)

which can be rewritten as,

/d4w - (50 4+1 a 2)\2 0 8+ /queifd“r(éamaw§m2¢2+J¢>)
AU\ J(w) ) 2 \4l 0J(w)) T

(1.123)
2 i s \' 1/ 5 \° [ et
/= [dw|[l1-=)|— (=) 22— | i) ity (z) D(z—y)J(y)
m2/ v ( 4! (5J(w)) * 2 (4!) ((5J(w)> + ) c ’
(1.124)

where D(x — y) is the free field propagator. For details, see the excellent discussion in
chapter 1 of [1]. We can further expand the exponential on the right-hand side to obtain
a total expansion in terms of both A and J. This expansion maps on to the familiar
Feynman diagrams we’ve come to associate with perturbative QFT, with the order of J
corresponding to the number of particles involves in each diagram and A corresponding
to the number of times they intersect.

In order to obtain this result, we have considered small A: the weak-coupling regime.
This ensures that we can safely truncate our expansion of the interaction term, as terms
with higher powers of A will negligibly contribute to our overall result for the path integral.
In a strong-coupling regime, we cannot safely make this assumption and must consider
other methods.
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There are several nuances of this discussion that are worth emphasizing. In particular,
this perturbative approximation is not valid for every QFT. In practice, there are only
a small class of QFTs for which we can utilize this machinery and be ensured that we
are sufficiently capturing the phenomena of the theory. The perturbative approximation
of QCD, for example, famously does not capture important non-perturbative effects like
instantons. QFTs themselves are not mathematically well-defined outside of the per-
turbative regime, and it remains unknown whether or not every QFT even admits such
a Lagrangian description. Finally, although we’ve considered a path integral approach

here, one can similarly consider these ideas from the approach of canonical quantization.

2) Divergences in computations of loop diagrams. The perturbative expansion of
the path integral is one way to see how Feynman diagrams simplify our calculation. Each
term can be associated with a Feynman diagram, and in turning the crank to compute
the contribution of each term to the path integral, one can notice patterns that comprise
the Feynman rules. Knowing the Feynman rules for a particular theory allows one to
draw each diagram and compute its individual amplitude and sum these amplitudes to
arrive at the total.

Feynman diagrams for tree-level processes are relatively straightforward. Complica-
tions arise when we consider loops, which require performing an integral over an internal
loop of momenta. When considering the scattering process ¢p¢ — ¢¢@, we have the loop
diagram:

To evaluate it, we must compute the integral,

%(_M)Q/ (;l:;‘l (k2 - niﬂ + z‘e) ((kl + ko — k;i)2 +m? + ie) ' (1.125)

When £ is large, the integral becomes,

_%(_My / % (%) - (;ﬂ)4(—i)\)210g(k;), (1.126)
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which is divergent. The resolution to this apparent problem lies in recognizing that our
integral involved summing over modes of arbitrarily high momentum. Because we have
only verified our knowledge of physics up to some energy scale, and indeed we know that
there is some UV physics that we do not know, it does not necessarily make sense to
include these high energy modes in the sum. We therefore introduce a physical parameter
A that tells us up to what momenta we can reasonably compute our integral. This cutoff

scale regularizes the integral, which is now formally,

1 o A d4k 1 7
1, 1.12
5 /o (27 (kf?—m2+ie) <<k1+k2—k>2+m2+ie>’ e

and the amplitude itself now depends on the cutoff. We can evaluate this integral using

Feynman’s trick, fol dr(zA+ (1 —z)B)™? = (AB)~!'. The computation can be found in
standard QFT textbooks [4] [5]. At one-loop, after summing all one-loop diagrams, the
result is,

A? A? A?

M(pp — ¢¢) = —i)\ + iCN\? {log <?> + log (7> + log (;)} + O\, (1.128)
where s, ¢, and u are the Mandelstam variables and C' is a constant. We have successfully
removed the momentum divergence, as the amplitude now scales logarithmically with
the cutoff. However, the scattering-amplitude is a measurable quantity, and should not
depend on the specific choice of A. Further, an experiment can only measure A at a
given value of s, ¢, and u, which we will label sg, %y, and ug. The A that shows up in the
Lagrangian is not necessarily a physical quantity.

The idea of renormalization is simple, albeit confusing in practice, and shows up in
many branches of physics. The logic is this: The parameters of a theory will change
when we add in interactions or compute an observable to a higher order in perturbation
theory. As we’ve seen, we can regulate the theory to only depend on distance scales for

which the physics is known, but this introduces a cutoff parameter. By renormalizing
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the theory to depend only on physical, measurable quantities, we can remove this cutoff
dependence and arrive at a sensible theory from which we can make predictions. In our
example, instead of the coupling A, we wish to instead write our answer in terms of some
physically-measurable A,. This A, should be a function of A such that the amplitude
remains invariant as we scale A up or down. In other words, we should not be able to
choose an arbitrary value of A that changes the physics. Instead, we can absorb this
dependence into the coupling parameters, which defines the physical couplings for us,
rather than relying on the unknown parameter A we wrote in our Lagrangian.

We then must solve for Ao, the bare parameter'”, in terms of \,. One choice is to
resum the higher-order corrections into the definition of the measured coupling, giving a
renormalization condition,

A? A? A?
—i\, = —iXg +iCA {bg (—) + log (t_) + log (—)] + O\, (1.129)

S0 0 Uo
for some chosen values of the Mandelstam variables at which we perform our experi-
ment'®. We can then solve for the bare parameter,
iXo = i\ +iCA; {log (/S\—j) + log (?—:) + log <2—j>] +ON). (1.130)
Plugging this into our result for M, we find,

M(pd — ¢¢) = —i), — iCA llog </;—2> + log (12—2) + log (A—2>] +O(\)

0 0 Uop

A? A? A2
+iCA\; {log <?> + log (7) + log (7)] + O(\3)

= —i\, +iCN2 [log ( i ) +log (ti) +log (5)] L OM3). (1.131)

S0 0 0

1"These are the parameters that appear in the regularized Lagrangian, as well as in the path integral.

18Crucially, this is a choice that is dependent on the renormalization scheme. Here, we illustrate the
process in the on-shell renormalization scheme, but there are other schemes which define the physical
coupling differently. As long as we are consistent about what we measure, and ensure that it corresponds
to the chosen definition, this should not be a problem. While the numerical value of A\, changes from
scheme to scheme, physical measurements do not.

47



CHAPTER 1. A TALE OF TWO STANDARD MODELS
We can make the substitution A2 — /\}277 which will only change the expression at higher
order in A,. Finally, we have,

M(¢d = ¢¢) = =i\, +iCA2 {log (Si) +log (ti) +log (ui)} + 00, (1.132)

0 0 0

and our expression for the scattering amplitude no longer depends on a cutoff A, only
the measured coupling A, and the chosen values of the Mandelstam variables at which
our experiment is undertaken.

Suppose we instead would like to write down our Lagrangian from the beginning in
terms of only physical couplings. Consider again the Lagrangian 1.120. Technically, this

should be written,
1 1 A
L= 50,00"6 — gmys” — 26", (1.133)

where the subscripts denote the fact that we are using the bare parameters. We can

instead express this only in terms of the physical parameters. To this end, we write,
_ 1 “oh 1 242 AP(A) 4 " 2 4
L= 2@@8 0] 2mp(A) 0] —a ¢" + ADpd"¢ + Bo® + Co°, (1.134)

where we must choose A, B, and C such that this Lagrangian results in the same physics
as the one before. If we assume that the kinetic term is canonically normalized at the
scale A, we can take A = 0. Then, we consider which computations lead us to actual
observables of the theory. In this example, we can find B through the two-point function
by computing the contribution of the counterterm Lagrangian to the propagator. C' can
be found in a similar manner through computation of the four-point function. We will
not perform the calculation here, but the details can be found in several introductory
textbooks [5] [4].

The model considered here is an example of a renormalizable theory, because we can

successfully compute observables in terms of physical parameters. This means that, in
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practice, as long as we can perform the necessary measurements, we can make meaningful
predictions based on the values of these parameters. In introducing counterterms, we
can see that we need to perform three renormalizations in order to fully express the
Lagrangian in terms of physical quantities. Not all theories share this luxury, and are
nonrenormalizable in the sense that an infinite number of counterterms would need to

be introduced. We will expand upon this concept, and the conditions that lead to it, in

1.2.2.

3) Inclusion of higher order terms in the action. We can decompose the La-

grangian into a free field part plus an interacting part,

L=Lo+ L. (1.135)

The question then arises: How many terms should we include in £;,;? In principle, the
answer is as many as we like. However, we need to make sure that, like the higher order
terms in the perturbative expansion of the path integral, these additional terms do not
lead to divergences in the path integral. Additionally, computations of loop corrections
in higher order terms will in general lead to divergences in computations of scattering
amplitudes. Depending on the particular term, these divergences may be severe.

To contend with these issues, the technique of power counting introduces explicit
dependence on the cutoff A. This organizes the Lagrangian in terms of A in order to
keep track of how each successive term scales. It is easiest to see how this is done by

considering an in-depth example.
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1.2.2 An Illustrative Example

Let’s now consider a simple theory involving a scalar field ¢ in D spatial dimensions

with a Zs symmetry. Its action is,

53/ ( 0,0t — —m>¢* — i' C¢6 ) (1.136)

The action itself, in natural units, must have a mass dimension of zero, and so each term
in the Lagrangian density must have mass dimension equal to D. Each derivative a%
has units of inverse length, giving it a mass dimension [a_] = 1. We then conclude that
¢ has mass dimension [¢] = £ — 1.

We immediately notice that, in knowing the mass dimension of the scalar field, each
of the parameters in the above Lagrangian are dimensionful. It is not surprising to see
that m? has mass dimension [m?] = 2. We can also see that [\] =4 — D, [(] =6 — 2D,
and so on.

We can understand the long-distance behavior of this theory by rescaling z* by a

dimensionless parameter s,
" — st (1.137)

In order to ensure that the kinetic term remains canonically normalized, we then make

the field redefinition,
¢ — sU=P/2 gy (1.138)
The action is then,
4! 61°

) /de/ (%@M¢/au¢/_%SQm2¢/2_iS4—D¢/4 g 6 2D¢/6+ ) (1'139)

The powers of s in each term are exactly the mass dimensions of each of their corre-

sponding parameters. To see the long-distance behavior, we can now keep z# fixed and
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take the limit s — co. The behavior of each term clearly depends on D; to be explicit,

let’s take the phenomenologist’s favorite, D = 4. The action is,

S D /d4x’ (lﬁuqb’@“gb' — ls2m2(;5’2 — Asoqb'4 — £s‘2¢’6 + ) (1.140)
2 2 4! 6!

Because the kinetic term is canonically normalized, its behavior does not change in the

s — 00 limit. The m? term will grow, the A term will not change, and the ¢ operator
will tend to zero.

The reparameterization in terms of s is a nice way to explicitly categorize the behavior

of each term. However, we could have skipped this exercise altogether and just looked at

the mass dimension of the parameter corresponding to each term, or equivalently to the

mass dimension of the operators themselves. To complete the categorization, we define

each operator O as

1. relevant if [O] > 0,
2. marginal if [O] =0, or
3. irrelevant if [O] < 0.

In 1.140, the quadratic operator is relevant, the quartic operator is marginal, and
the last operator written is irrelevant. Despite the terminology, it should be emphasized
that irrelevant operators are not necessarily unimportant. To see this, consider again
the action 1.139. We've seen that we can write the Lagrangian in terms of the physical
coupling constants, which are functions of the cutoff scale A. We can explicitly make

these parameters functions of this scale by rewriting them as, for example,

C1

=15 (1.141)

where ¢; is a dimensionless constant and we must have two inverse powers of A so that

the whole term has a mass dimension of 4. The Lagrangian can then be written as an
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expansion in powers of A,

1 1 A C; i
L= 0,00") — 5m?¢® — 56" + Zl VA (1.142)

where we’ve absorbed further constants into the definitions of the ¢;. This is the power
counting technique. We can see that, if the energy scale E at which our interactions
proceed is much less than A, irrelevant operators can be heavily suppressed. At larger
A, these contributions will become more and more important.

The categorization of relevant, marginal, and irrelevant operators is directly related
to their renormalization properties: All operators with mass dimension < 4 are renor-
malizable, while operators with higher mass dimension are not. Power counting is an
easy way to see this. Recall that a theory is renormalizable if we are able to rescale the
couplings by introducing counterterms that completely absorb divergences without intro-
ducing new ones. Further, recall that our ¢* operator led to a logarithmic divergence in
the scattering amplitude at one-loop, stemming from the momentum dependence 1/k*,
which can be fully absorbed by three counterterms. If we were to go to two-loop order,

we would encounter an integral,

d*ky d'k, 1
(2m)* (2m)* K2R3 (ko + ko) (ko + pr + pa)*”

M99 = 0)two loop = / (1.143)

where k; and ko are the momenta flowing in each loop, and p; and ps are the external
momenta. We’ve omitted the dependence on m and ie for brevity. This integral can be

9 in which we shift the number of dimensions

computed via dimensional regularization'
d = 4 — € for some small parameter ¢ which can be later taken to zero after the integral

is performed. This has the advantage of converting divergences into simple poles of the

19This is a common renormalization scheme that, instead of computing integrals in d dimensions,
introduces a small parameter ¢ and computes the integral in d — € dimensions. This has the effect of
shifting the integral away from the d dimensions in which the divergence occurs. At the end of the
computation, we can take the limit ¢ — 0. This scheme is particularly useful because it preserves both
Lorentz invariance and gauge invariance. Other schemes may not obey these symmetries, and the results
must be treated with extra caution.
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form 1/e. We will not go through the details of the computation; the result is,

M99 = ¢0)two toop ™~ @ (% + finite terms) : (1.144)

which is another logarithmic divergence. This means that the existing ¢* counterterm
can additionally absorb this divergence. This is true for all loop orders, and so we only
end up needing three counterterms to render the amplitude finite.

If we now consider ¢%, the scattering process is pp¢ — ¢pp. We will again spare the
details of the computations, and simply state that the scattering amplitude at one-loop

is,

M(ppd = POD)one toop ~ @ (% + finite terms> (1.145)
and two-loop is,
1 1 1 )
M(pdp — 9bD) two toop ~ (4} (6—2 +tot finite terms) : (1.146)

In contrast to the phi* case, our two-loop amplitude is now quadratically divergent. This
means that, to absorb this divergence, we must introduce a counterterm at the level of
¢®. In turn, the ¢® counterterm will introduce a more severe divergence, requiring a coun-
terterm at the order of ¢!'°. This eventually leads to an infinite number of counterterms,
making ¢° nonrenormalizable.

We can still study non-renormalizable theories up to some cutoff scale A — as long as
the energy scale E is much less than A — they will just have much less predictive power
than a completely renormalizable theory. There are many scenarios in which we wish
to explore the theory at high order, or models of physics beyond the SM which include

operators with high mass dimension.
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1.2.3 Wilson’s Approach

The approach to renormalization developed by Ken Wilson revolves around a low

energy effective action,
Seff = S0 + Sint, (1.147)

where S;,; is the interacting part. This effective action is a function of both the fields

and the cutoff scale A, so that the path integral is,

/ Dypj<ne” %717, (1.148)

We now only include modes with momentum |k| < A; modes above this scale are said to
have been wntegrated out.

We treat the interacting part as an expansion in some power counting parameter E/A,
with £ < A. As we’ve seen, this is done by explicitly writing in the powers of A required
to maintain a mass dimension equal to the spacetime dimension — such that the mass
dimension of the action is zero — for each term in the Lagrangian. Higher-order terms
then depend on dimensionless constants ¢;, which are known as Wilson coefficients. These
encode the effects of the high-energy physics on the low-energy observables, and are fixed
by data through the renormalization process. We've seen that the physical couplings
are functions of the cutoff scale, e.g. A,(A). These are known as running couplings,
because depend on a measurement made at some renormalization scale — which we’ve
characterized by the Mandelstam variables sg,ty, and ug. The A dependence on these

couplings can be understood through the beta function,

_ 0dg 9y
Bl9) = gian = Aan

(1.149)

As we lower the scale A, we integrate out more high-energy modes in the effective action;

the physics of these modes is now encoded in the couplings themselves. This process of
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lowering A from the UV to the IR is known as renormalization group (RG) flow. Because
we are successively integrating out modes, we are coarse-graining our theory. This flow
is therefore one-way: While we can flow from the UV to the IR, this decreases the the
available information content in our theory — we cannot reverse course from the IR to the
UV. In fact, several points in the UV may flow to the same point in the IR, demonstrating
how different microscopic details may exhibit the same behavior on large-scales. There
is much more one could say about RG flow, which is outside the scope of this thesis, but

a highly recommended excursion.

1.2.4 Operator Redundancies

Formulating the action in the Lagrangian formalism is convenient and lends itself
well to the familiar Feynman diagram expansion, allowing one to find the Feynman rules
for a theory and easily compute its leading diagrams. The prescription for calculating
scattering amplitudes in this way is well-trodden ground in introductory QFT textbooks.
These amplitudes, however, are the observable quantity at hand, not the fields themselves.
It is well-known that the Lagrangian for a theory is not unique; this is why we need to
agree upon a particular basis in which to perform calculations of the quantities that
experiments will measure. We of course need to be able to agree that a measured value
corresponds to a particular, well-defined parameter, so that our experimental conclusions
are reproducible and universal.

There are several ways that one can transform a Lagrangian to obtain an equivalent

Lagrangian. Namely,

1. Integration by parts (IBP). Consider a scalar field ¢. Its kinetic term, up

to normalization factors, is 0,00"¢. We can integrate by parts in 4 spacetime
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dimensions to obtain,

/ d*z (0,00"¢) = 0, (¢0"¢) — / d*z (09°9) . (1.150)

The total derivative term can be rewritten as a boundary term via Stokes’ theorem,
which then vanishes because it is assumed that ¢ vanishes at spacetime infinity.
We are then free to make the replacement 0,00"¢ +» —¢d?¢. A Lagrangian that

contains both of these terms would be said to contain an operator redundancy.

2. Equations of motion (EOM). We can always obtain the EOMs for a field in

a given theory via the Euler-Lagrange equations. For a simple scalar theory with

Lagrangian
1 1 5.5
one can easily find the EOM for ¢ to be
b= —m?¢p. (1.152)

We are then free to make replacements using this expression.

3. Field redefinitions. We are free to redefine our fields as we see fit as long as the
scattering amplitudes (the observables) themselves are unchanged. Consider a field

redefinition on the ¢ field above,

¢ — o+ f(¢) (1.153)

The Lagrangian transforms as,

£~ 50,006+ 0,600 (8) + 30,00°0(F (9))? — 5’6 — m*6f(9) — s ()"
(1.154)
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How can we be sure that that this Lagrangian leads to the same phyiscs as the

previous one? Consider the generating functional,
Z[J) = / D¢ S+ [ d*e J(2)6(@) (1.155)
Applying the field redefinition, we obtain,
2] = / D(6 + f) Sl ] da T(a) 6@+ ) (1.156)

Because f is a fixed function, it does not affect the integration measure. We have,
however, picked up a shift in the source term, J(x)(¢ + f) = J(x)p(x) + J(z) f(x).

We can write Z'[J] in terms of Z|[J] as,
Z'[J] = ' = I@1@ 71 7). (1.157)

To compute the correlation functions, we then take functional derivatives of the
generating functional with respect to J(z). The two-point function, for example,

can be found via,

1 82z[J)]
[0] 6.7 ()67 (y)

J=0

(0[T{(2)o(y)}10) = — (1.158)

We find a shifted correlation function,

(OIT{(x)(y) }0) + (O] T{e(x) f(&(y))}0) + (O[T{f(d(x))d(y)}0) + (OIT{f(d(x)) f(d(y))}0).
(1.159)

The correlation functions are related to the the S-matrix elements — which are the
observables of the system — via the LLSZ reduction formula,

j=1

X (0[T{p(x1) - .. p(xn)d(y1) - - - ¢(ym)}0). (1.160)
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To compute the S-matrix elements using the LSZ formula, we need to extract the
physical on-shell poles in the correlation function. We’ve picked up three new terms
in the two-point function due to our field redefinition. The cross-terms involve
correlations between the original field and the redefined part. However, because
f(#) is a function of the original field, it will not introduce new physical poles
in the propagator. These cross terms do not contribute new poles in the on-shell
limit, and so they do not change the physical S-matrix. Further, Similarly, the last
term involves the function f(¢), but since f(¢) is typically chosen to be smooth
and invertible, it does not alter the pole structure of the theory. f(¢) may modify
the correlation functions off-shell, but it does not introduce new poles or alter the
residues of the original poles. Hence, this term also does not affect the physical

S-matrix.

We can then safely perform field redefinitions without worrying that they are chang-

ing the underlying physics. It should be noted that

It should be noted that EOMs are just a special case of field redefinitions. While
field redefinitons may change the field in a non-trivial way, EOMs contain at most
infinitesimal changes in the fields, because the variation of the action is required to
vanish. We've seen above that we can make redefinitions on fields without changing

the correlation functions; utilizing EOMs guarantees this as well.

When writing down an EFT, there are several input parameters: The fields, the sym-
metries these fields obey, and the cutoff scale and Wilson coefficients. Our Lagrangian
may also include terms up to arbitrarily high mass dimension, and we must take care to
ensure that we are not including redundant operators in our theory. At low mass dimen-
sion, it is straightforward enough to write down all possible operators that are consistent
with the symmetries of the theory and check by hand that we’ve not included opera-
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tors which may be transformed into one another via IBP, EOMs, or field redefinitions.
However, at high mass dimension, this operation quickly becomes difficult.

This redundancy of description is intimately related to gauge invariance. Gauge in-
variance introduces redundancies in the description of the fields because gauge-equivalent
field configurations lead to the same physical situation. Similarly, in EFT, operator re-
dundancies arise because different ways of writing the operators in the Lagrangian can
correspond to the same physical interaction. The physical observables, namely the scat-
tering amplitudes, do not depend on how the operators are written as long as the physical
content remains unchanged. Both gauge invariance and operator redundancies reflect the
idea that not all degrees of freedom in a field theory correspond to physically meaningful
quantities, and some are merely mathematical conveniences that can be transformed or
removed without altering the physical content.

One might wonder if there is a way to formulate QFT without all of these redundan-
cies. The answer is, so far, yes: There is a fruitful program of research into formulating
on-shell scattering amplitudes in the spinor-helicity formalism. Redundancies may still
show up in intermediate steps in these calculations, but the Ward identity ensures that
the final answer will be gauge invariant. In some cases, this formalism drastically re-
duces messy algebra and condenses calculations that would take hundreds of pages in the
Lagrangian formalism down to a few lines. These structures are proving to be invalu-
able computational devices, and are certainly are pushing forward our understanding of
QFT itself. However, the beauty of EFTs is not to be disregarded; they remain powerful
tools whose utility lies in their ability to and understand the low-energy consequences
of higher-energy physics. In the quest to uncover new physics, and study theories that

might constitute new physics, EFTs prove indispensable yet.
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1.3 ACDM Cosmology

The early 1990s saw the onset of the “golden age of cosmology” in which large-scale
cosmological experiments began to gather enormous quantities of high quality data on
an array of astrophysical and cosmological objects. The launch of the COBE satellite
in 1992 enabled the first measurements of the cosmic microwave background (CMB),
providing a new window into the physics of the universe at the time of recombination. It
discovered anisotropies in the CMB, a key prediction of inflation and component of models
of large-scale structure formation. The angular power spectrum of the CMB was precisely
mapped by WMAP in the 2000s, revealing the acoustic peaks that allow for measurements
of the universe’s curvature as well as the cosmological densities of both baryonic and dark
matter. Observations of the bullet cluster and gravitational lensing experiments provided
further evidence for dark matter, and distance measurements using type la supernovae
suggested the accelerated expansion of the universe. The first observation of gravitational
waves by LIGO in 2015 confirmed a key prediction of general relativity and allowed for
detailed studies into the dynamics of black hole and neutron star inspirals. A host of
upcoming cosmological experiments are poised to continue this age of discovery, with ever
more precise gravitational wave observatories and infrared telescopes aimed at measuring
the 21-cm hydrogen transition line.

Modeling the formation and evolution of the universe itself is a notably different
endeavor than modeling the universe’s particle content. We were able to verify the
SM experimentally by accelerating particles up to a fraction of the speed of light, col-
liding them, and analyzing the subsequent map of energy deposition on the collider’s

0

calorimeter?’. This is a repeatable procedure, and we can build up statistics of these

20This is, of course, an extremely coarse-grained view of how this process has played out. On a finer
level, our knowledge of the SM is built up from a variety of tabletop experiments, various accelerator
components aimed at distinguishing between different types of particles, and an enormous amount of
sophisticated data analysis.
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particle collisions over many runs of the experiment. In contrast, we can only observe
the universe we are living in, and our measurements are inherently indirect. Rather
than measuring direct products of collisions, we can only measure the byproducts of
the universe’s expansion and evolution: Galaxy structures and distributions, the cos-
mic microwave background (CMB), the astrophysical objects whose light is visible to
our telescopes, and low-frequency gravitational waves (thus far). The universe was only
formed once, and so precise observations of these byproducts and theory-building efforts
to predict them from underlying principles are crucial in formulating our understanding.
While terrestrial particle physics experiments are comprised of continuous testing and
iterating, cosmological observation is more like piecing together evidence from the scene
of a crime.

Rapid development on the observational side has enjoyed great agreement with the
ACDM model of cosmology, the current paradigm describing the energy content and
dynamics of the universe on large scales. It is the second “standard model” we encounter

in this thesis, and we will review its key components in this section.

1.3.1 Spacetime Expansion

The first significant piece of evidence in formulating a thermal history of the universe
lies in its expansion. Galaxy redshift data places the age of the universe at approximately
13.8 billion years. We now know, via measurements of redshifts from very early galaxies,
that the universe is expanding, as light that is systematically shifted toward the red end
of the spectrum points to an outward expansion. Observations of Cepheid variable stars
— which radially pulsate at constant intervals and act as standard candles for distance
measuring because they have the same intrinsic brightness — give further evidence to

an accelerated nature of this expansion. An expanding universe that also obeys the
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cosmological principle*' is described by the the Friedmann-Robertson-Walker (FRW)

metric,
ds® = —dt* + a*(t)y;dz'dx?, (1.161)

where ~;; is the metric of a maximally-symmetric 3-dimensional spacetime and a(t) is
the scale factor, which parametrizes the expansion rate. Written in spherical coordinates,
this can be further parametrized in terms of a curvature parameter x,

2

2 2 2
ds® = —dt* + a(t) Ty

+ 7% (d6* + sin® 0 d¢”) | , (1.162)

where x may lie anywhere between —1 and 1. k = 0 corresponds to a flat space, Kk =
1 corresponds to a maximally positively curved space, and K = —1 corresponds to a
maximally negatively curved space. We can solve Einstein’s equations with this metric.
Assuming that we can model the universe as a perfect fluid, the energy-momentum tensor

is,
T = (p~+ p)uyty + PG, (1.163)

where p is the energy density of the fluid, p its pressure, and u,, its four-velocity. Solving

the temporal component??,

1 8rG
Roo — §Rgoo + Agoo = c_4T00’ (1.164)
we find,
N 2
a 8rG Ak
a4y 2T, 2R 1.1
(a) 3 " i 3 a? (1.165)

21This states that, on large scales, the universe is spatially homogeneous and isotropic. This is often
taken as an assumption in cosmology, mostly in the context of it simplifying computations. The validity
of the cosmologcial principle is an ongoing area of research.

22Tn this section, we will explicitly write factors of G and c.
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The parameter H = (a/a) is known as the Hubble parameter. Applying the same proce-

dure to the spatial components,

1
Ri; — ERgii + Agi; = 81T}, (1.166)
yields,
a 4d7G A
EZ—T (,O—F?)p)—Fg. (1.167)

Equations 1.165 and 1.167 are known as the Friedmann equations; with them, we can
see how the dynamics of the universe depend directly on its contents. We can combine

the Friedmann equations to obtain the continuity equation,
p=—3H(p+p), (1.168)

and classify how the energy density scales with a(t). Non-relativistic matter can be
assumed to be pressure-less and evidently scales as p,, o a(t)™3, while (relativistic)
radiation has a pressure p = %p and scales as p, o a(t)™*. This implies that, by un-
derstanding how the species of matter and radiation in the universe evolved over time,
we can correspondingly understand its expansion history. We can study each species

according to its number density, energy density, and pressure,

A3k
Ny —ga/(zT)g,fa()Qk)

Pa = ga/(;ﬁT];?)fa<X7 k)E<k) (1169)

d3k k2
Pa = Ya 7o ada\X, k PR
s | G0 95573
where a labels each species, f,(x,k) gives its distribution in phase space, and g, is the
number of degrees of freedom of each species. Early on in the expansion history, we
can approximate the species as being in equilibrium and sharing a common phase space

distribution function,

1
= e(Ba—ma)/T £ 17
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where 7' is the equilibrium temperature, p, is the chemical potential, and the & factor
becomes a + for fermions and a — for bosons. Due to the Boltzmann suppression factor,
we can see that when the temperature T drops below the mass m, of a given species,
it will no longer significantly contribute to the distribution function. This implies that
the energy density is radiation-dominated. We can solve for the radiation from 1.169,

finding,

2 . 7
oy = %g*Tﬁx’ with g, = ga + 3 > Ga (1.171)
a=b a=f

where b denotes a sum over bosonic species and f a sum over fermionic species. Our
equilibrium scenario is disrupted for interacting matter, which is what eventually tran-
sitions the universe out of a radiation-dominated era. There are two competing factors
that determine the dominant energy density: The expansion rate and the interaction
rate between species. For an expansion rate greater than the interaction rate, interacting
species will eventually freeze out.

As the particles of the SM with the weakest interactions, neutrinos were the first
known species to freeze out. After protons and neutrons froze out, light elements could
be synthesized in a process known as Big Bang Nucleosynthesis (BBN). Both of these
freeze outs occurred shortly after the Big Bang. Due to the high ambient temperature,
these species existed in a dense, ionized plasma until about 380,000 years after the Big
Bang, when the universe had cooled enough to form the first neutral hydrogen atoms in a
process known as recombination. Prior to recombination, the abundance of free electrons
led to a high rate of Thomson scattering, and so the universe was opaque. As neutral
hydrogen atoms formed, the rate of Thomson scattering decreased enough for photons
to decouple. As the universe expanded, photons eventually underwent a last scattering
off an electron; these are the photons that make up the surface of last scattering, visible

to us at the CMB.
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1.3.2 The Cosmic Microwave Background

A hydrogen atom has a minimum ionization energy of 13.6 eV. Prior to the epoch
of recombination, the universe was hot enough such that the energy of each photon
exceeded this margin, and hence all hydrogen was fully ionized. To study recombination
more concretely, we introduce the parameter y. describing the fraction of electrons in
the universe that are free. We can then write this in terms of the number densities of

free electrons, protons, and hydrogen,

Te

e = ——— 1.172
X ng +ny ( )
During recombination, we assume a reaction,

pte «— H+vy (1.173)

We make the assumption that this process occurs fast enough to ensure equilibrium.
To estimate the relative abundances of protons, electrons, and hydrogen under this as-

sumption, we can employ the Saha equation,

NpTe (mekrBT>3/2 By kT
— = 1.174
ny 27h? ‘ (1.174)

Where m, is the mass of the electron, kg is Boltzmann’s constant, T is the temper-

ature, and £y is the hydrogen ionization energy. We can rewrite this equation in terms

of e,

2

kT 32
15@){ = (g —my) () e (1.175)

and express quantities on the right-hand side of this equation in terms of redshift

z. The temperature T scales as T = 2.725(1 + z), where T is units of Kelvin and
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2.725 gives the current temperature of the CMB. The total hydrogen density scales as
ny +n, = 1.6(14 2)~3 in units of inverse cubic meters. With these relationships, we can
estimate the redshift at which recombination occurred, and arriving a value z ~ 1380%.
Comparing the size of the universe at this redshift to its present size, using the scale

4 we find that the universe was roughly one-thousandth of its

factor relationship p, o< a~
current size.
The CMB is almost perfectly described by the spectrum of a blackbody?*. The energy

density of this black-body radiation is given by,

8th  v3df

03 ehl//kJBT _ 1’

e(v)dv = (1.176)

where we write energy per unit volume of black-body radiation at a given temperature
T. As the universe expands, the form of the blackbody is preserved, albeit at a lower
temperature. This follows from the proportionality,
&

ar

Ty o T, (1.177)

where the subscripts ¢ and f denote the initial and final temperatures and scale factors.

The majority of radiation density in the universe is made up of CMB photons. Since
these photons originated from the last scattering surface, and since we have seen that
this surface was formed when the universe was roughly a thousandth of its current size,

we observe them as coming from a large sphere centered on our galaxy.

Anisotropies

While the CMB is largely described by a blackbody radiation spectrum, it also con-

tains tiny anisotropies on the order of one part in 10°. In the image above, we see these

23For reference, recall that we take the redshift at the current epoch to be 0 by definition.
24This can be understood by the fact that this radiation was in a highly-interacting thermal state at
the time of recombination
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Figure 1.1: The CMB as seen by the Planck satellite. [6]

anisotropies as points with a slightly higher temperature, shown in red, and points with
a slightly lower temperature, shown in blue, with respect to its average blackbody tem-
perature. These scalar features of the CMB can be categorized primary and secondary
anisotropies, depending on their source. The former were created during last scatter-
ing while the latter were created during the photon’s path to our observational line of
sight. There is a wide range of effects that create secondary anisotropies as the photon
travels from the surface of last scattering, including reionization, an encounter with a
gravitational potential well, or effects of gravitational lensing.

To analyze the primary anisotropies, we consider two main mechanisms by which they
are created: Gravitational effects and adiabatic effects, which we will analyze in further

detail. For general primary anisotropies ©, we have,
© = Oyrap + Ouq. (1.178)
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A gravitational potential )& can affect CMB radiation via gravitational redshift as
well as an added effect of time dilation, whereby we observe a slightly younger uni-
verse in overdense regions. Gravitational redshift and time dilation add anisotropies as,

respectively,

209
O~ P, —%. (1.179)

The total primary anisotropy due to gravitational effects is then,

oo

-5 (1.180)

®grav ~

This gravitational effect is more commonly known as the Sachs- Wolfe effect. Looking
now at adiabatic perturbations, or perturbations that can be expressed in terms of some
time shift, we can treat the dense plasma present in the universe prior to recombination
as a perfect fluid of photon-baryons. This is because baryons were coupled to photons via
Coulomb interactions, and Thomson scattering processes coupled photons to electrons.
With radiation pressure acting as a restoring force, this means we can apply typical fluid
dynamic analyses to the adiabatic perturbations. We can relate the local gravitational
potential wells, d®, to the matter density perturbations via Poisson’s equation. It can
then be shown using the continuity equation that the adiabatic perturbations are related

to the matter density p by,

o

) 1.181
1=3, ( )

Considering a model in which perturbations are affected only by changes in radiation
pressure, ignoring gravity and effects of baryon mass-energy, we can use the fact that
photon number is conserved and take into account the universe’s expansion to arrive at

a key equation,
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O+ %kZG, (1.182)

where k is a wave number in Fourier space. We see that this equation closely resembles
that of a harmonic oscillator. Given this simplified model, this means that the radiation
pressure acts as a restoring force for any initial perturbations. The factor of 1/3 in
our equation can be related to the adiabatic speed of sound, and we further conclude
that these oscillations will propagate at the speed of sound in our simplified fluid. This
means that when matter and radiation decouple during recombination, any temperature
fluctuations are effectively “frozen” into the photons, and these oscillations can be seen

based on the correlations of the temperature anisotropies in the CMB.

Power Spectrum

The angular power spectrum of the CMB can be obtained by mapping the correlations
between the anisotropies of the temperature map. We can first express the temperature

map 7'(f, ¢) as an expansion,

T(0,6) = amYm(0,0), (1.183)
/m
where ay,, are coefficients and Y, are the spherical harmonics,
20+ 1(—m)! .
Yim(0, ) = Py (cos §)e™?. 1.184
V4 ( 7¢) \/ Ar (E_’_m)' 4 (COS )6 ( 8 )

As usual, ¢ labels the multipole number and m the azimuthal number. The angle cos 6
depends on the relative orientation between two correlations. The power spectrum for a

particular value of £ is defined as a sum over m?°,

4
1
Cp=— ml?. 1.185
v %Hﬂgzm | ( )

25Because the CMB is approximately homogeneous and isotropic, the power spectrum should not
depend on the aximuthal angle.

69



CHAPTER 1. A TALE OF TWO STANDARD MODELS

The value ¢ = 0 corresponds to the temperature averaged over the entire sky, ¢ = 1
corresponds to the angular dipole, and so on. Because these fluctuations are assumed to
be chosen randomly and distributed uniformly over the sky, we can define a Gaussian

average to characterize the entire power spectrum,

14
— 1 9
Cg = <2€—_}—1 m:E - |CLgm| > . (1186)

When we measure the power spectrum, our instruments take individual measurements

0?6, At low values of ¢, there

over various angular scales corresponding to the value of
are only a small number of measurements to average. This means that, even with zero
measurement error, there may be random fluctuations that give values higher or lower
than expected; this is known as cosmic variance. As we increase ¢, we increase the number
of measurements, and so any error due to cosmic variance is gradually decreased.

The power spectrum contains a succession of peaks known as acoustic peaks, and
we can glean a lot of information from them. The first peak corresponds to the largest
scale on which the photon-baryon fluid was able to undergo one complete oscillation
by the time of recombination. The angular size of this sound horizon depends on the
geometry of the universe: For k = 0, the angular size corresponds directly to the ratio
of the physical size of the sound horizon to the distance to the surface of last scattering.
In a closed universe, x = 1, the angular size of objects appears larger than in a flat
universe because light travels along curved paths, making distant objects appear closer.
In an open universe, kK = —1, the angular size of objects appears smaller because light is
spread out over a larger distance due to the curvature. Measurements of the CMB show

that the first angular peak occurs at ¢ =~ 220, corresponding to an angular size of about

1°. This corresponds to a universe that is very close to flat.

26The angular scale of each £ is 360/(¢+ 1). For example £ = 1 corresponds to an angular scale of 180
degrees, £ = 2 corresponds to an angular scale of 120 degrees, and so on.
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Figure 1.2: The CMB power spectrum. [7]

The more baryons there are, the more tightly the photon-baryon plasma is coupled in
the early universe, which affects the amplitude of the acoustic oscillations. If the baryon
density is higher, the gravitational wells are deeper during the compression phase, making
it harder for photon pressure to push the plasma outward in the rarefaction phase. This

results in a lower second peak. The baryon density can then be determined by the relative

heights of the first and second peaks.

Transfer Functions

In analyzing the underlying physics of the power spectrum, our goal is to track the

effects of fluctuations during recombination directly to the CMB anisotropies. Consider

perturbations in the metric, using Newtonian gauge,

ds® = a*(7) [~ (1 + 2®@)d7> + (1 — 2W)4;;dz"da’]
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where ® ~ W act as gravitational potentials. One can show by integrating the geodesic

equation that the photon momentum p is described by,

d dd
%ln(ap) = —E—I—V((D—I—\I/). (1.188)

p is related to the temperature anisotropy as,
- oT
ap < aT (1 + ?) : (1.189)

Integrating 1.188 from the time of emission to the time of observation, and rewriting in

terms of temperature, we arrive at,

%(ﬁ):<idy+q)+ﬁ-ve) +/ dr (¢ + ). (1.190)

The term n - v, accounts for the Doppler shift due to motion of electrons at the last
scattering surface — n is the direction from which the photon enters a detector, while
v, is the electron’s velocity. %;57 + ® describes the gravitational redshift of the photons
from moving out of a small gravitational well. These are the dominant contributions to
the temperature anisotropies. Substituting this result into the angular power spectrum

gives us an expression,

47
=——— [ dinkT} (k)P 1.191
C= gy [ AmETER PR (1191)
where the power spectrum of each Fourier mode (j is given by P (k) = %(gkg_go.

Ty(k) is the transfer function, which describes the projection of the fluctuations onto the

surface of last scattering as well as their evolution from recombination. It is given by,
Ty(k) = Tsw(k)je(krs) + To(k)je(kr.), (1.192)

where Tsw(k) = (36, + @), ((k) and Tp(k) = — (v.), ((k). The subscript denotes eval-

uation at the surface of last scattering.
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1.3.3 The Inflationary Paradigm

The inflationary paradigm posits that the universe underwent a brief period of ex-
tremely rapid, exponential expansion in its earliest moments, within a fraction of a second
after the Big Bang. While not a component of traditional Big Bang cosmology, the in-
flationary paradigm has gained much traction in recent decades due to its ability to
elegantly solve several Big Bang puzzles and provide a compelling framework to under-
stand structure formation. Here, we will review these puzzles, and review the formalism

and consequences of inflation.

Motivations

The scale of the CMB’s temperature anisotropies is on the order of 1072, while the
CMB overall of a relatively uniform temperature of about 2.7 K. This is a significant
result, because it means that places in the sky which are billions of light years away
from each other somehow have the same temperature. As these regions are not causally
connected, this poses a conundrum.

To be more rigorous, consider the size of the universe. As the universe evolves and
expands, the particle horizon?” changes by a factor of ag/a;, where a; denotes the initial
scale factor and ay denotes the scale factor at present time. Therefore, initially, this
horizon scale was smaller by a factor of a;/ag. This tells us that the size of the universe
at this time was roughly

a;

Qo
We can then compare this estimate to the size of an initial casual region, the size of

portions of space in causal contact with one another. This is given by [. ~ ct;. We can

2TThis is given by the distance that light has traveled since the beginning of the universe, integrated
over time, considering the expansion of the universe
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then take the ratio ,

lz‘ t(] a;
AP Sl 1.194
lc tz Qo ( )

We can find a numerical estimate from this expression by noting the relationship
between the scale factor and temperature, a;/ag = Ty/T;. Estimating that primordial

radiation dominates at the Planck time, we can plug in the Planck temperature to get,

o~

ll ~ 10%. (1.195)

This tells us that the initial size of the universe, at the Planck time, is greater than
the size of a causal region by 103, or that there are approximately 10*® of these causally
disconnected regions. This means that the matter distribution, which we observe as
largely homogeneous, is unnaturally fine-tuned. This is often known as the horizon

problem.

We can further consider the initial curvature via the Friedmann equation,

R

(Ha)*

Q) — 1= (1.196)

where €(t) is the cosmological density parameter, defined for a particular component as
Qx = px/pe, with p, the critical density?®. The curvature parameter x measured today
is very close to zero, and so €(t) must be very close to 1. We can further find conditions

on 2 at various epochs in the universe’s evolution,
1Q(appx) — 1] < O(1071)
Qagur) — 1] < O(107%) (1.197)
1Q(ap) — 1] < O(107%).

This is known as the flatness problem because this means that the early universe must

have been very flat in order to satisfy cosmological constraints.

28The critical density, p. = %7 is the energy density of a spatially flat universe
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The punchline of this analysis?” is that there are several aspects of Big Bang cosmology
which become a story about extreme fine-tuning. While it is not necessarily forbidden
that the universe was formed with a certain set of specific parameters, it makes the
story less plausible and lessens the overall predictive power of Big Bang cosmology. Are
these parameters due to an anthropic principle, or is there a physical way to explain why
the universe is so homogeneous and isotropic? Can we explain these specific, fine-tuned
initial conditions through a physical mechanism?

The answer is yes. The basic idea of inflation is that there was a period of exponential
expansion early on in the evolution of the universe. By allowing several e-folds, or periods
of time where the universe doubles in size due to exponential expansion, we can essentially
“smooth out” the initial conditions. The inflationary paradigm typically includes an
inflaton field responsible for inflation, whose potential energy vastly dominated its kinetic,
leading to an equation of state p =~ —p that drives the expansion. As inflation ends, the

inflaton field decays to other particles in a process known as reheating.

Formalism

To understand exactly how inflation resolves the problems of initial conditions, let
us formally consider inflation within the context of general relativity. We have seen in
the previous discussion of initial conditions that the ratio Z—S, which we can also write
as (aH)™!, seems to play a special role in both the horizon and flatness problems. In
fact, these problems arise because of the behavior of this quantity; since the comoving
Hubble radius is increasing with time, there are more causally disconnected regions and

the flatness continually decreases. This leads to an idea: Invert this ratio early on in the

universe.

29There is a third commonly-cited problem with Big Bang cosmology known as the monopole problem.
In short, it asks why there are no magnetic monopoles, which are an abundant feature of many grand
unified theories, in our universe.
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First developed by Alan Guth in 1979 [8], the main idea behind inflation is that the
universe underwent a period of adiabatic exponential expansion between 1073¢ seconds
after the big bang to 10733 seconds after the big bang. We can use the Friedmann
equations to see why the solution to the problems outlined above rests with exponential
expansion.

By observational constraints, we can set the curvature k = 0. The mechanism of
inflation, accelerated expansion, requires that @ > 0, which corresponds to P < —p/3. We
can assume that inflation was not driven by radiation or ordinary, so a reasonable guess,
based off of the behavior of cosmological constant-dominance, would give us P ~ —p.

This yields a scale factor,

a(t) = ae™t=4 (1.198)

This scale factor solves the horizon problem by allowing the comoving horizon to
decrease with time. To be consistent with observations, it must be the case that all
anisotropies today were in causal contact with each other in the far past, i.e. they were

inside the same horizon. This is the condition,

1 - 1
aoHO Clle

(1.199)

The comoving particle horizon is given by,

Xp(t)z/ot JZI), :/Oa%:/oadln(ﬁ). (1.200)

We can then solve for the number of e-folds of inflation: The number of times the universe

expands by a factor of e. This is dependent on the details of reheating, but most models
place the e-fold number somewhere in the range of 50 — 70.

We also see that an exponentially increasing scale factor allows 2(a) to tend toward
1, driving the universe toward flatness and allowing for a resolution to the flatness prob-

lem. All in all, the paradigm allows for a wider range of initial conditions for the early
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universe. These initial conditions are then “inflated away” as the exponential expansion
drives causal patches in the universe far away from each other and pushes the curvature

parameter toward zero.

Scalar Perturbations

Through inflation, quantum fluctuations can be stretched to cosmic scales that seed
large-scale structure. The Hubble radius H ! — approximately the radius of the observ-
able universe — is roughly constant during inflation, since the Hubble parameter is given
by a/a and the scale factor is an exponential. Quantum fluctuations in the matter and
scalar fields during this time are being constantly generated and are stretched as space
expands, eventually stretching beyond the Hubble radius and exiting the horizon. Scalar

fluctuations in particular can be characterized by the power spectrum,

/ K
(RiRw) = (2m)°6(k + K )Pr(k), A2=A% = ﬁPR(k), (1.201)

where the second quantity defines the dimensionless power spectrum. The scale depen-

dence of the power spectrum is parameterized by the spectral tilt ng,

:dlnAg
 dlnk

(1.202)

Nng —

The momentum dependence is parameterized by the running of the spectral index,

dng
dlnk’

(1.203)

g =

This allows us to parameterize the dimensionless power spectrum as an approximate

power law,

k, ns(k*)*l‘i’%as(k*)]n(ﬁ)
) , (1.204)

given in terms of a reference scale k, known as the pivot scale.
7



CHAPTER 1. A TALE OF TWO STANDARD MODELS

Now, let’s consider the generation of these scalar perturbations during inflation and
compute the resultant power spectra. We define the comoving curvature perturbation, a
gauge-invariant quantity, as

b2,
R=U_— &g 1.205
p+Dp ( )

where W is a spatially flat hypersurface and dq is the scalar part of the 3-momentum
density. Cosmological inhomogeneities are characterized by R, which tells us about
the intrinsic spatial curvature of co-moving or constant hypersurfaces. This quantity is
conserved outside the horizon, and so we quantize scalar fluctuations during inflation by
writing the equation of motion for R in the form of a simple harmonic oscillator. We
130

start with a single-field slow roll model®”, in which we have one scalar inflaton field ¢,

defined by the action

S = %/d4x\/—_g[R — (V) — 2V (9)]. (1.206)

Here, we choose units where ]\4];[2 = 1. In order to fix our reparametrizations, we
choose a gauge. In this case, it is convenient choose the gauge where the inflaton field is

unperturbed and scalar degrees of freedom are characterized by metric fluctuations,
0¢ =0, gij = a*[(1 — 2R)d;; + hyj), dihij = 0. (1.207)
We can then expand the action to second order in R to get,

S = 3 /d :ca?’ﬁ[RQ +a 3R (1.208)

We then define the Mukhanov variable v = 2R where z = aQ%. Rewriting the action in

conformal time yields

7
s=7 / drda® {(W) (@) + 20| (1.209)
z

30We will consider alternative models of inflation in the next section.
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Using a Fourier expansion of the field v, we arrive at the Mukhanov equation.

z//
N <k2 + —)W =0 (1.210)

z
Since the function z depends on background dynamics, this equation is difficult to en-
tirely solve. We can arrive at boundary conditions characterizing the solutions by first

quantizing the field v,
b = vp(7)ag + 7 (T)al (1.211)

with the creation and annihilation operators satisfying the usual commutation relations

if the mode functions are normalized as,

(vg, vp) = 7% <v}:v;€ — v}:lvk> = 1. (1.212)

We can choose the vacuum state for the fluctuations to be the Minkowski vacuum in the
far past, 7 — —oo. The mode equation in this limit becomes that of a simple harmonic

oscillator, which motivates the initial condition,

—ikT

lim v, = (1.213)

T——00 v 2k .
In the de Sitter limit, perhaps the closest approximation to inflationary expansion, z”/z =

2/7%. Plugging this, and our ansatz for vy, back into the Mukhanov equation yields,
—ikr

v = i/% (1 - é) (1.214)

the Bunch-Davies mode function. With this result, we can now compute the power

spectrum; consider the field defined by ¥y = oy /a,

~ ~ 2

(a7 (7)) = (2m)8(k + K)o (14 K272) (1.215)

On superhorizon scales, for which k7 < 1, this becomes a constant,

2

(U ()b (1)) — (27m)?6(k + k’)%g. (1.216)
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We can relate the curvature perturbation in a spatially-flat gauge directly to the pertur-
bations of the inflation field ¢ driving inflation: R = Hv/ #. The power spectrum at

horizon crossing k = a(t,)H, is,

3 . H* H?
(Ri(t)Rw (1)) = (27)°0(k + k )%E (1.217)
The dimensionless power spectrum is then,
H? H?
2 _ * *
AL (k) = @rf g (1.218)

We can see that the spectrum at horizon crossing, because R approaches a constant,
determines the spectrum until the modes re-enter the horizon.
We can also the compute the power spectrum of the vacuum fluctuations, given by

the operator,

. Bk s
U(T,x)/kaek : (1.219)

While the expectation value of o(7,x) vanishes, it has a nonzero variance,

(i) = [ Gl = [ kg oo (1.220)

The dimensionless power spectrum is then,

A2(k, 1) = |op(7)]? = a® (%) (14 (k7). (1.221)

As kT — 0, the superhorizon limit, the power spectrum is the same for all momenta, and

is therefore scale-invariant.

Tensor Perturbations

The production of a stochastic gravitational wave background is a key prediction of

inflation. In a similar way that electromagnetic waves are derived as propagating solutions
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of Maxwell’s equations, and come in two distinct linear polarizations, gravitational waves
are derived as propagating solutions to Einstein’s equations. It can be shown that these
equations imply two distinct polarizations for gravitational waves as well, which we will
denote + and x. Gravitational waves are the transverse, traceless components of the

metric perturbation. This can be described as a perturbation to the FRW metric
gij = a*(0;5 + 2hij) (1.222)

We can consider these perturbations via the Einstein-Hilbert action. Expanding this

action to quadratic order in h;; yields

/dt/dx { 1/2)(hi;)? — Q—iﬂ(akhijf] (1.223)

where x is a comoving coordinate. We can reformulate this equation in terms of Fourier
components and the two gravitational wave polarization amplitudes h, and hy.

S=> Z/dta {—\v,;, 2| ——(k/a) \upky} (1.224)

p=+,X k

where v, = h,/2 and k is the usual wave vector. The structure of this resulting equation
tells us that the gravitational wave Fourier modes and polarization state amplitudes
behave as simple harmonic oscillators. We can then define the gravitational-wave power
spectrum by noticing that each perturbation is a realization of a random field that is
randomly drawn from a Gaussian distribution. The variance of v, utilizing the usual result
for a simple harmonic oscillator, is then (v?) = h/2w. The variance of the distribution of

tensor fluctuations will then be,

HQ
(Ihpxl®) = el (1.225)

The dimensionless power spectrum is then given by

k3 2H?
AP =2 () = =5
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where we multiply by a factor of 2 in order to account for the two different polarization
states. We can again see that this spectrum is scale-invariant.

The power spectra of both the scalar and tensor perturbation depend, as expected,
on the Hubble scale at horizon exit, and therefore on the energy scale of inflation. This

also implies that can probe this energy scale through the tensor-to-scalar ratio,

A7 (k)

A (1.227)

r

where A?(k) denotes the dimensionless power spectrum of the scalar fluctuations. The
inflationary potential V' — which we will detail in the next section — is proportional to

H?. V can be related to the tensor-to-scalar ratio as,

1/4 YA e
v ~<m> 10° GeV, (1.228)

and thus constitutes a direct measurement of Hubble during inflation. Upper limits on
the tensor-to-scalar ratio by BICEP and Planck [9] give r < 0.06. This translates into a

bound on H < 1013 GeV.

1.3.4 Cold Dark Matter

The first hints of the existence of large quantities of extra, unseen matter in the
universe came about via the observation of galaxy rotation curves in the 1930s. The
rotation curves of spiral galaxies — showing the orbital speeds of visible matter in the
galaxy as a function of their distance from the galactic center — appeared flat, rather
than displaying the oc 7~/ dependence expected from Newtonian gravity. If we assume
that galaxy rotation follows Newtonian gravity, as other orbital systems do, the galactic
mass would have to be up to five times larger than what could be accounted for by visible
matter. The rotation curves then imply that this extra mass would scale as M (r) o< 7 in

order to match the observed flatness; its density would scale as oc M (r)/r® ~ r=2. This
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suggests that the distribution of this matter in galaxies is more like a halo, in contrast
with the disk-like structure observed from visible matter.

At this point, there were several possibilities for how to reconcile this observation.
Perhaps this signaled a breakdown of the predominant gravitational theory, or that ob-
servational instruments could not capture enough light necessary to reveal the presence of
a preponderance of dim astrophysical objects. In the subsequent decades, these questions
were sharpened with the development of ACDM model of cosmology, which constitutes
the leading modern paradigm. As every piece of observational evidence strengthened
the predictions of General Relativity (GR) and it became clear that known astrophysical
objects alone could not account for enough matter to form the necessary massive halo
structures, the possibility of a new type of matter altogether emerged.

Further observations have also pointed to the presence of a large amount of hidden
matter. Gravitational lensing measurements can map out this matter indirectly by ob-
serving the gravitationally-assisted bending of light around galaxies and other massive
objects. Lensing measurements of the Bullet Cluster, consisting of a pair of colliding
galaxy clusters, reveal a center of mass inconsistent with that predicted by the cluster’s
visible matter. Measurements of the mass-energy density of the universe via the power
spectrum of the CMB by Planck have led to the following breakdown: Only about 5 per-
cent of this mass-energy, assuming a ACDM model of cosmology, is made up of baryonic
matter. Seventy percent consists of dark energy. The remaining twenty-five percent is
other, non-visible matter; this is what we mean by dark matter (DM).

This breakdown comes from measurements of the power spectrum. We've seen that
the first and second peaks are sensitive to the amount of baryonic matter in the universe
at the time of recombination. The balance between radiation pressure and gravitational
pull due to DM is also reflected in the positions and heights of the power spectrum peaks.

DM creates deeper wells than baryons alone would, which leads to stronger compressions
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during the odd-numbered peaks. This means that more dark matter makes the third
peak more pronounced relative to the second peak. The position of the first peak, when
combined with the observed matter density and the flatness of the universe, implies the
existence of a component that makes up the remaining energy density to achieve €2, ~ 1.
This missing component is attributed to the cosmological constant.

The DM of ACDM has specific properties. While remaining agnostic to the actual

microscopic model, the DM in this paradigm is:

1. Cold. In particular, the DM is non-relativistic. This is essential for the growth
of structure formation. Low velocities of dark matter allow efficient clumping,
providing gravitational wells in which baryonic matter can also collapse to form
stars and galaxies. If dark matter were hot and relativistic, its high velocities
would prevent it from clustering on small scales, as it would have a tendency to
smooth out small-scale density fluctuations due to its free-streaming behavior3!.

This would hinder the formation of small structures and delay large-scale structure

formation.

2. Non-dissipative. One of the primary reasons dark matter must be non-dissipative
in the ACDM model is that it is electromagnetically neutral. It then cannot emit or
absorb light, so it cannot cool through radiaton. The non-dissipative nature of DM
is crucial for explaining why it forms diffuse halos around galaxies, while baryonic

matter collapses into the dense, luminous regions we observe as galaxies.

3. Collisionless. Along the same lines, DM must be collisionless, interacting with
each other primarily through gravity. The Bullet Cluster provides direct evidence

that DM is non-dissipative and collisionless: While the baryonic gas was slowed

31The free-streaming length is the distance a particle can travel before it is significantly slowed by
gravity. Cold dark matter has a very small free-streaming length, which means that it clusters on small
scales.
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down by collisions, the DM — inferred through gravitational lensing — passed
through the collision without interacting, indicating that DM does not dissipate

energy.

While ACDM posits the existence of cold DM, it does not posit a microscopic model
for it. In the next section, we will provide an overview of several models of DM, some of
which deviate from the above guidelines in a small enough way to maintain the successes

of ACDM and remain consistent with observation.

1.4 Hints of New Physics

The SM and the ACDM model both constitute our current best understanding of the
particle physics and cosmology of our universe. It is also clear that this cannot be the
end of the story. In this section, we will dive into the long list of reasons why there must
be physics beyond the SM. We will start with the naturalness problems, then consider
models to explain the nature of DM, introduce microscopic models of inflation, and end

with an overview of many other rich topics that we will not fully detail here.

1.4.1 The Naturalness Problems

In our study of EFTs, we saw that physical phenomena that are characterized by
different scales decouple from one another and can be understood in a largely independent
fashion. A theory violates the naturalness principle if its parameters depend on scales
that are significantly separated from one another. For example, in computing the self-
energy of the electron with a cutoff scale A, it receives a classical contribution of the form
Am, ~ €?A, signifying a divergence. The electron self-energy must then be fine-tuned in

order to fit observational data.
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Such talk of divergences recalls renormalization: We've seen that the standard pro-
cedure for curing divergences in computations of QFT observables is to regularize the
integral by introducing a cutoff scale A, then redefine our parameters to be anchored
to a physical measurement. By parameterizing our ignorance of the high momentum
modes, renormalization allows us to make predictions of the physics at lower momen-
tum. However, our ultimate goal is to systematically discover the new physics beyond
the cutoff. Indeed, the divergence in the electron self-energy was eventually cured by the
inclusion of the positron, whose divergent contribution to the self-energy cancelled that
of the electron. Further, this modification was motivated by the inclusion of a (then)
new symmetry: CPT. In a similar fashion, divergences between the self-energy of neutral
kaons led to the successful prediction of a (then) new degree of freedom: The charm
quark [10]. Historically, finding solutions to problems that display fine-tuning has guided
the discovery of new physics.

There are a few ways that we can more rigorously define naturalness as a principle.
The main idea is that parameters in a more complete theory of physics should not require
fine-tuning, and instead admit dynamical explanations for their values. Parameters are
said to be technically natural if their size in the UV is not significantly influenced by
intermediate-scale physics, as in the example of the electron self-energy. More strongly,
they are ‘t Hooft natural if, when the parameter is set to zero, a symmetry is restored.

There are three major outstanding problems that consist of a finely-tuned parameter
that is natural under either definition. Collectively, they make up the naturalness prob-
lems. We will go through each of them below, and focus our extended discussion on the

strong CP problem, which will be important for later chapters of this thesis.
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The Hierarchy Problem

The hierarchy problem is the question of why the Higgs mass is 125 GeV, in light of
the fact that it can receive large quantum corrections that should drive it up to much

higher values. Quantum corrections to the Higgs mass take the form,

A2

53 (1.229)

dm3y ~

where A is the usual cutoff scale, which in this case may be as high as the Planck mass.
Without fine-tuning, the Higgs mass should be much larger than its observed value,
unless a mechanism exists to cancel or regulate these large contributions.
Supersymmetry (SUSY) has long been a popular solution to the hierarchy problem.
By introducing an R-parity symmetry — which exchanges bosons for their fermionic
superpartner and fermions for their bosonic superpartner — the divergent quantum cor-
rections to the Higgs mass now receive a contribution of the opposite sign from the

superpartner of each particle. The corrections then take the form,

A? A?

1672 1672’ (1.230)

Sm?; ~

and the Higgs mass is rendered stable without the need for fine-tuning. Although SUSY
has since fallen out of favor due to the null LHC results of the past decade, it may
still address the hierarchy problem if the mass difference between the particles and their
superpartners is not too large. In other words, SUSY must be softly broken to remain a

viable solution.

The Cosmological Constant Problem

The cosmological constant problem refers to the large discrepancy between the the-
oretically predicted value of the vacuum energy density — the cosmological constant A

— from quantum field theory and the observed value from cosmological measurements.
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The vacuum energy density py.. in QFT is expected to receive contributions from vari-
ous sources, including the zero-point energies of quantum fields. These contributions are
expected to be on the order of the Planck scale,
Mg,
1672

Prac ~ (1.231)

However, the observed value of the cosmological constant, inferred from the accelerated

expansion of the universe, is extremely small,
Pobs ~ 10720 M, (1.232)

representing a discrepancy of 120 orders of magnitude between the theory prediction and

observational result. The value in natural units of the cosmological constant is,
A~1.1x10"2m? (1.233)

an incredibly tiny value that renders the cosmological constant problem the most severe
of the naturalness problems. It is also the problem for which there exist the fewest
satisfactory explanations, and constitutes one of the most significant unresolved problems

in high energy physics.

The Strong CP Problem

CP, describes the invariance of the behavior of a system under the simultaneous
transformations of charge conjugation and parity. The weak force has been observed to
violate CP, while the strong force has thus far produced no such observed occurrence.

However, using our model-building techniques of writing down all terms in the La-
grangian of a theory that obey all discrete and continuous symmetries, there should be

a CP-violating term in the QCD Lagrangian. Namely,

2
g v
ﬁQCD D) Q@TI(GMVGM ), (1234)
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where G is the gluon field strength, g its gauge coupling, and 6 a phase. This term is a
total derivative, and arises from non-perturbative effects. CP violation also occurs due
to the Yukawa terms, and so the total amount of CP violation in the strong sector is

characterized by,
0 = 0 + Arg(DetM,), (1.235)

where M, is the quark mass matrix. Bounds on ¢ come from measurements of the neutron

eDM, which gives the constraint,
6 <1071, (1.236)

The strong CP problem is then the question of why 6 is so small. This is a fine-tuning
problem of 1 part in 10'°, which is why it is categorized as a naturalness problem. A
solution would be able to explain the smallness of §, rather than relying on this parameter

to be an input.

A massless up quark. In principle, the strong CP problem may be solved in a straight-
forward way — if the up quark were massless. When m,, = 0, there is a chiral symmetry
in the quark sector of the QCD Lagrangian. In particular, we can perform a chiral

rotation,
u — ey, (1.237)

which allows the 6 term to be rotated away through an appropriate choice of the phase
«. However, this solution is disfavored. The experimentally measured pion masses and
decay constants are consistent with the up quark having a small but nonzero mass, and
the mass differences between the proton and neutron would be difficult to explain if the
up quark were massless. Lattice QCD calculations also suggest the up quark mass is

small but nonzero.
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The Nelson-Barr mechanism. The idea of the Nelson-Barr mechanism is to intro-
duce spontaneous CP violation and an extended particle content in such a way that
is automatically zero at tree-level. The mechanism assumes that CP is a fundamental
symmetry of the theory, but it is spontaneously broken by a scalar field acquiring a
VEV, which avoids the introduction of explicit CP-violating terms in the Lagrangian.

We introduce new vector-like quarks such that the Yukawa terms are,

Lxg = _<yu)ijQL,iHUR,j - (yd)ijQL,iHDR,j — (Yq)ijqridar; — (ymix)ijQL,iHQR,j + h.c,
(1.238)

where () denote the SM quarks, g the new vector-like quarks, and y the Yukawa matrices.
We further introduce a new scalar ¢ responsible for spontaneous CP-breaking, with

(¢) = vge'. The full quark mass matrix is given by,

AJQ AJ;h<
M = : (1.239)
A4hﬁx A4é

After spontaneous CP-breaking, M, = vze™y, and Myix = VYmix. The determinant of

the mass matrix is,

det(M) = det(M,) det(Mg — My M, ' M/

nﬂx)’

(1.240)

where the off-diagonal terms cancel the phase contribution in the full determinant, en-
suring that det(M) is real and its argument is zero. Due to the CP symmetry prior to
its breaking, 6 is initially zero.

While solving the strong CP problem, this solution introduces new sources of fine-
tuning to ensure that both the # angle vanishes and the determinant of the mass matrix
remains real. Solutions based on CP are therefore quite fragile, and have become disfa-

vored [11].
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The axion. Perhaps the most currently popular proposed solution to the strong CP
problem is the axion, a a dynamical scalar particle a that is the pseudo-Nambu-Goldstone
boson of a spontaneously broken U(1)pq symmetry, known as Peccei-Quinn (PQ) sym-
metry. Adding this into the QCD Lagrangian yields,

Qs (7 @ ez 1.941
LD e (9 fPQGWG ), ( ) )

where ay is the strong coupling constant and fpg the scale of the PQQ symmetry breaking.
The idea is then that a may be rotated into @ by the PQ symmetry, such that it finds a
minimum at (a) = 0, giving an overall contribution of zero above fpg.

The axion is appealing for many reasons, the first of which is that it is a fairly simple
ingredient to add into the model. U(1) symmetries show up frequently in renormalizable
models of BSM physics, and it is not a huge stretch to posit the existence of an additional
U(1) at higher energies. They are also appealing for an entirely different reason: They
are able to make up the dark matter relic abundance, simultaneously solving two of the
major outstanding problems of particle physics.

There is a crucial snag, however, that takes the name of the azion quality problem. In
order to be a robust solution to the strong CP problem, U(1)pg must be a high quality
global symmetry. There may be other interactions that change the shape of the axion
potential, and it is particularly sensitive to Planck-suppressed operators, which could
throw off the careful cancellation that occurs in 1.241. There also may be further sources
of CP violation from as-yet unknown BSM physics, such as CP violation that explains

the baryon-anti-baryon asymmetry.

Anthropics

While the naturalness principle has certainly led to successful predictions and post-

dictions of new particles, its logic is inductive. On one hand, there is a logical precedent to
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flesh out the full range of solutions to the naturalness puzzles that retain the naturalness
principle. On the other hand, perhaps induction can only take us so far, and naturalness
will at some point fail, if it hasn’t already done so.

In some sense, the naturalness problems are not problems per se. The values for the
parameters of the SM, as calculated by Weinberg, fall just in the range that leads to the
conditions for life [12]. For example, if the cosmological constant significantly larger than
its observed value, the universe would have expanded too quickly for galaxies to form.
Conversely, if it were negative and too large in magnitude, the universe would collapse

too early. This leads to an anthropic bound on the cosmological constant,

3
~ 87TGpmatter ’

(1.242)
which translates to an upper bound that lies quite close to the observed value. Perhaps,
then, we observe a universe that has these values because this is one of the few that we
could even exist in.

The anthropic principle, however, does not make testable predictions, and relies on the
possible existence of other universes in which the fundamental parameters are different.
Further, while it can in some sense explain why we observe small values for certain

constants, it does not provide a dynamical mechanism for why these values are chosen,

effectively sidestepping the problem.

1.4.2 What’s the (Dark) Matter?

While ACDM cosmology posits the existence of cold DM, it remains very much an
open question as to what this DM actually is. In this section, we will discuss the prevailing
question of what could constitute DM and give a brief survey of the current landscape

of DM candidates. Our discussion is inspired by material presented in the lecture notes

[13] [14].
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Making a DM Candidate

There have been numerous attempts to explain what DM is, utilizing a variety of cre-
ative approaches. First, what if DM actually is baryonic matter, but simply too dim to be
properly accounted for? A number of astrophysical objects, such as black holes, neutron
stars, and brown dwarfs, are difficult to detect and could easily fit this description. Un-
fortunately, this perhaps simplest explanation has been ruled out by gravitational lensing
measurements. Importantly, primordial black holes, which are thought to form through
large density perturbations in the early universe, remain a compelling DM candidate.
This is because black holes formed through gravitational stellar collapse are restricted
to certain ranges of masses based on the Schwarzschild radius, while primordial black
holes may originate prior to stellar formation via primordial density perturbations and
are therefore not subject to the same constraints.

Since the discrepancy in the measurement of visible matter versus its predicted distri-
bution assumes General Relativity (GR), one might ask if GR is insufficient to describe
the dynamics of galaxies. Indeed, modified theories of gravity have been constructed that
can fit well with observed galaxy rotation curves, and we know that GR cannot be an
all-encompassing theory of gravity. However, these theories often fail to mesh with the
larger cosmological picture. GR has consistently passed every experimental test we’ve
thrown at it, including precision measurements of the gravitational constant, observations
of weak-lensing in the solar system, and the direct detection of gravitational waves. Thus
far, modified theories have not been able to simultaneously predict flat galaxy rotation
curves while maintaining the overwhelming success of GR. Further, modified theories are
more difficult to justify in light of (no pun intended) indirect observations of DM via
lensing.

If DM is not comprised of hidden baryonic matter and not a product of corrections
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to GR, it is natural to consider explanations rooted in the hypothesis of new wave-like
or particle-like matter. After all, we have a Standard Model of baryonic matter that has
enjoyed excellent agreement with data. There is no a priori reason why DM could not
also adhere to similar particle properties. What, then, makes for a good microscopic DM

candidate? There are a few criteria to consider:

1) Its interactions must be predominantly gravitational. Observational evidence
strongly suggests that DM interactions are primarily gravitational. DM is also often
assumed to be collisionless. However, some models propose weak self-interacting dark
matter (SIDM), where dark matter particles interact with each other through a new,
weak force. In other models, DM could carry a small, nonzero electric charge, making it

millicharged and allowing for very weak electromagnetic interactions.

2) Its interactions must be non-dissipative. However, there are dissipative models
in which DM particles can interact with each other via forces beyond gravity, leading to
energy loss. A key component of these models is the existence of a dark sector with new
particles and forces. These interactions could be mediated by dark photons or other light
bosons that act similarly to photons in the SM. DM particles could emit dark photons,

carrying away energy allowing dark matter to cool and collapse into compact structures.

3) It must result in the necessary relic abundance. There are two primary mech-
anisms that may lead to this: freeze-out and freeze-in.

The freeze-out mechanism is the most commonly considered scenario for DM produc-
tion. It assumes that DM particles were in thermal equilibrium with the SM particles
in the early universe, with interactions like yx <> SM with x a generic SM particle.
At early times, the number density follows the Boltzmann distribution. As the universe

expands and cools, the interaction rate I' ~ n,(ov), where n, is the number density
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and (ov) the thermally-averaged cross-section, falls below the expansion rate. Then, DM
particles can no longer annihilate or be produced efficiently. They decouple and their
number density becomes fixed, leading to the observed relic abundance. The evolution

of the number density is governed by the Boltzmann equation,

d
x4 3Hn, = —(ov) (n2 —n2.,), (1.243)

dt X X-eq

where n, oq is the number density of DM during equilibrium. The relic abundance is

inversely proportional to the annihilation cross section,

(1.244)

where h is the dimensionless Hubble constant. The annihilation cross-section must lie
within a certain range to match the observed relic abundance. If the interactions are
too weak, the DM would overclose the universe®?, and if the interactions are too strong,
there would be too little DM today.

In the freeze-in mechanism, DM particles are never in thermal equilibrium with SM
particles. Instead, they are produced through very weak interactions, like decays or
scatterings off heavy particles, SM + SM — SM + x. As the temperature decreases,
production continues until the universe cools sufficiently that further production becomes
negligible and their number density freezes in, leading to the relic abundance. This

number density is described by the Boltzmann equation,

d
% +3Hn, = (ov)nZy,, (1.245)

where ngys is the number density of SM particles. The relic abundance is determined by

the strength of the interactions with the thermal bath, and it scales with the interaction

32This is a scenario in which the total density of matter and energy in the universe exceeds the critical
density, leading to a closed geometry that will eventually stop expanding and begin to contract.
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strength as,
Q. h* o (ov). (1.246)

Freeze-in requires precise tuning of the interaction cross-section and production mecha-
nism, so that the interaction rate is weak enough that DM never thermalizes, but strong

enough to produce the correct relic abundance. This abundance is,

Qh° =~ 0.12. (1.247)

4) It must lead to a consistent cosmology. DM was originally introduced to ex-
plain galactic rotation curves, and through lensing experiments and cluster observations,
is thought to form a halo-like structure surrounding a galaxy. This has interesting im-
plications for the formation of large-scale structure in the universe. DM must account
for the gravitational pull necessary to explain the formation of large-scale structures over
cosmic time, while having a free-streaming length small enough to allow for the formation
of small structures such as galaxies. Models with slightly higher free-streaming lengths
can still be viable but must reproduce the correct galaxy-scale structure. Too much free
streaming, as in the case of hot DM, would wash out small-scale structures.

A DM model must also fit the anisotropies in the CMB, in particular leading to the
right amount to account for the power spectrum peaks, as well as fit the baryon acoustic
oscillations®® observed in surveys of large-scale structure.

Finally, DM should not significantly alter the predictions of BBN, which is highly

sensitive to the energy content of the universe during its first few minutes. DM must not

33BAO are regular, periodic fluctuations in the density of visible matter (baryons) in the universe,
imprinted in the large-scale structure as a result of sound waves that propagated through the early
universe. These sound waves were generated during recombination in the primordial plasma composed
of photons, baryons, and DM. They appear as a slight enhancement in the probability of finding galaxies
separated by a characteristic scale corresponding to corresponds to the maximum distance the sound
waves could have traveled before the universe cooled enough for photons and baryons to decouple. This
feature can be seen in the 2-point correlation function or the power spectrum of galaxy surveys.
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contribute too much energy during this time or interact strongly with these processes.

5) It must have thus far evaded detection. Like any new particle added to the SM,
there must be properties of DM that explain why it has not yet been detected by current
or previous experiments, while adhering to bounds set by direct and indirect detection

experiments.

The Current Landscape

Current bounds leave open large swaths of parameter space for possible DM candi-
dates, which physicists have slowly been chipping away at in the past decades. There are
a number of creative proposals, as well as experiments aimed at various possible produc-
tion channels [14]. To get a sense for this landscape, we will focus on a few well-considered
DM candidates in this section, in order to illustrate the main ideas in performing a DM

calculation.

Weakly-Interacting Massive Particles (WIMPs). WIMPS are natural candidates
for DM obeying a freeze-out mechanism. They are predicted to have a relic density
consistent with the observed dark matter abundance if their annihilation cross-section is
approximately the weak interaction scale, which leads to the so-called “WIMP miracle”.
WIMP masses typically range from a few GeV to a few TeV, which is a natural range in
many BSM theories such supersymmetry.

While WIMPs are theoretically compelling, direct and indirect detection experiments
have yet to observe their signatures. The absence of detection has pushed the bounds on
the WIMP-nucleon interaction cross-section to extremely small values, making it harder
to discover WIMPs unless their interactions are weaker or their mass is different from

the initially expected range.
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Axions. We've introduced axions already in the context of solving the strong CP prob-
lem. They also constitute perhaps the current most popular proposal for a particle DM
candidate, following the realization that they are naturally light and weakly interacting.
Axions are predicted to have a very small mass, in the range of 107 eV to 1072 eV. This
makes them much lighter than WIMPs, but because of their production mechanism, they
are non-relativistic at the time of structure formation. They also interact very weakly
with other particles, primarily through couplings to photons, fermions, and gluons, which
are suppressed by the scale fpg. In order for axions to have evaded detection thus far,
this scale lies around 10? GeV to 10'? GeV.

Axions may be non-thermally produced in the early universe through different mecha-
nisms. In the vacuum misalignment mechanism, the axion field is initially displaced from
its minimum in the potential after PQ symmetry breaking. As the universe expands and
cools, the axion field begins to oscillate around the minimum of the potential. These
oscillations correspond to a population of non-relativistic axions, making them a natural
candidate for cold DM. Further, the axion number density remains constant after the
oscillations start, which is analogous to the freeze-out process for WIMPs but without

requiring thermal equilibrium. The relic density of axions from this mechanism is,

1012 7/6
Quh? ~ (Of—%v> : (1.248)

which becomes close to the observed relic abundance for fpg ~ 1012 GeV.

Another commonly-considered production mechanism involves the topological defects
formed from PQ symmetry breaking in the early universe, such as axion strings and
domain walls. Axion strings can form after breaking, and produce a population of axions
when they decay. Domain walls are formed in an analogous way, and also contribute to

axion density upon decay.
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The list goes on... Aside from axions and WIMPs, several alternative dark matter
candidates are being actively explored. Sterile neutrinos are a leading candidate for warm
dark matter (WDM), produced through non-thermal mechanisms and detectable via po-
tential X-ray emissions from their decay. Self-interacting dark matter (SIDM) posits that
dark matter particles can interact with each other, potentially solving small-scale struc-
ture issues in galaxies, such as the core-cusp problem. Fuzzy dark matter, consisting of
ultralight bosons with masses around 10722 eV, exhibits wave-like behavior on galactic
scales and could help explain galactic core structures. Primordial black holes (PBHs),
which form in the early universe, offer a non-particle-based dark matter candidate, po-
tentially detectable through gravitational lensing or mergers observed by gravitational
wave observatories. Finally, light dark matter (LDM) and dark photons offer possibilities
in the sub-GeV mass range, with searches focused on accelerator-based experiments and
novel direct detection techniques. These diverse candidates each address different theo-
retical challenges and remain key targets in the ongoing search for dark matter. There
are certainly no shortage of additional DM models, with the development of many more

an ongoing process.

1.4.3 The Inflationary Mechanism

The inflationary paradigm, though not verified, is quite successful at resolving the
traditional problems with Big Bang cosmology. Actually implementing inflation, however,
requires new physics, because do not know what the inflating mechanism is. There
are several key predictions of inflation theory that would serve as evidence toward its
paradigm, and the tests of the paradigm are dependent on which specific type of inflation
is being studied. There is no current consensus among cosmologists as to what the

triggering mechanism of inflation was, and so several variations on the inflation idea exist,
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each of which center around a slightly different formulation of the inflaton potential and
subsequent field.

It is typically considered to be inflaton field, a scalar ¢, that has a high potential
energy prior to inflation that drives the expansion itself. We will detail this model, and

outline a few others, in this section.

Single-Field Slow Roll Model

The simplest model is single-field slow roll inflation, in which a single scalar inflaton
field ¢ has a high potential energy prior to inflation that drives the expansion itself. In

this model, the total energy density of the inflaton is,

1, 1(V9)
PR e

+V(¢) (1.249)

If we make the assumption that the scalar field is spatially homogeneous, the gradient

term goes away and we are left with,
1.,
p=50"+V(9). (1.250)
The corresponding pressure of the inflaton field is,

p= §<;'52 — V(o). (1.251)

The magic of the slow-rolling field then comes in since we notice that, if the inflaton field

only changes slowly, we obtain the condition,
* < V(). (1.252)
In this case, we see that
pr~—p=V(d), (1.253)

and the inflaton field acts similarly to a cosmological constant. This means that an ex-

ponential expansion can be driven via an inflaton field if the field is slow-rolling through
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some period of time and if its potential energy dominates the energy density of the uni-
verse, analogous to the behavior of a cosmological constant. The slow roll is characterized
by a parameter,

b

— (1.254)

E =

When ¢ < 1, accelerated expansion occurs. The expansion must also be sustained over a

long-enough period of time, giving the condition,
8] < [V, (1.255)

where the subscript on V indicates that we take the derivative of the potential with

respect to ¢. This leads to a second slow roll parameter,

__°
"= hg (1.256)

whose absolute value must also be less than 1. We can write the slow roll parameters in

terms of the inflaton potential,

M% (Vv
o) =2 (3

) , nv(gb)EMgl’T. (1.257)

We’ve seen that, to formulate single-field slow roll inflation, we can make use of an action

with a standard kinetic term minimally coupled to gravity,
1 1 .,
S / Ao/~ [SMER ~ 9" 0,00,6 — V(9)]. (1.258)

where R is the Ricci scalar. During inflation, spacetime is approximately de-Sitter,
a(t) ~ eflt. Varying the action with this metric, we obtain the equations of motion for

the inflaton field,

¢+ 0,V = 0. (1.259)
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Models with Modified Potentials

There are no shortage of further inflationary models to discuss that build off of the
simplest single-field slow roll model. Perhaps the most immediate aspect of inflationary
models that can be tinkered with is the potential. What features should this potential
have? We have seen above that we can start with general slow-roll conditions, although
models are not necessarily constrained to this requirement. One feature that each po-
tential must have, however, is some mechanism to exit inflation. Specifically, a “graceful
exit” is a necessity: One that does not interfere with the structure of the universe imme-
diately after inflation. This is because we want to preserve the homogeneity and isotropy,
which were the motivations for introducing an inflationary paradigm in the first place.
Each of the following potentials can be characterized by its state prior to inflation as well

as its mechanism for a graceful exit. In Figure 1.4.3 we can see three commonly used
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Figure 1.3: A sampling of commonly-used inflationary potentials. [15]

inflationary potentials. The first one, old inflation, assumes that our scalar field starts
at the local minimum of the potential, driving inflation as it tunnels to the true vacuum.
The second potential, which corresponds to a Coleman-Weinberg type potential, is given

by
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vie)=va[(2) (m(5-3) +7)] (1:200)

This is also the potential for radiatively-induced symmetry breaking in electroweak and
grand unified theories, and so this is a particularly popular popular inflationary model.
In this model, the scalar field escapes from the maximum due to quantum fluctuations.
Energy is homogeneously released as it rolls toward its minimum value.

The third potential is one formulation of chaotic inflation. This is a sub-type of a class
of models known as large-field models, where the inflaton field starts off at some large
value and evolves to zero at the origin. In chaotic inflation, the potential is dominated

by the term
V(p) = \9f (1.261)

where ), is a coupling constant. This self-coupling should be very small in order for the
density fluctuations to be small. These models are known as chaotic models since they
may have nearly any set of initial conditions, and this is the broadest possible class of

models that satisfy the slow-roll parameters.

Multi-field Models and the Curvaton

Single-field inflation models rely on the inflaton to both inflate the universe and
be responsible for the primordial density fluctuations. Multi-field models, as the name
suggests, introduce multiple fields, some of which may be responsible for inflation and
some of which may be spectator fields. In the curvaton model, the inflaton field does
the inflating, and a second scalar field — the curvaton — is responsible for the observed
density fluctuations. The curvaton is subdominant during inflation, but can later convert

its fluctuations into curvature perturbations. The simplest curvaton model features the
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potential,

1 1
V(gp,0) = éméqﬁQ . §m302, (1.262)

where the curvaton mass m, < H. Its equation of motion, using an FRW metric, is

given by,
G+ 3Ho+V'(o) =0. (1.263)

We can capture the dynamics of the inflaton and curvaton fields by splitting them into
their interacting and background values, e.g. o(t,x) = o¢(t) + do(t,x). We assume that

the curvaton kinetic energy is much smaller than that of the inflaton,

i
=~ 1.264
T T My (1.264)
and so the curvaton is slowly-rolling along its potential,
2
) m

Crucially, curvature fluctuations now no longer need to be generated immediately after
inflation. As the inflaton reheats following inflation, the curvaton will slowly roll along
its potential until its mass reaches the Hubble scale. At this point, the curvaton will
oscillate about its potential and dilute like matter. The curvature perturbation is related

to the curvaton by,

3P
~ | — 0, 1.266
¢ ( It 3pg> e ( )

where p, gives the radiation density, and (, are the curvature fluctuations generated
by the curvaton. The factor out front gives the ratio of the curvaton energy density
to the total energy density. The dimensionless power spectrum of the curvaton will be

scale-invariant,

A% (k) ~ (;)2 (1.267)
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and the power spectrum of curvature perturbations is,

30 \° [ H.\’
= . 1.2
& (4pr + 3po ) (27(0—* ) (1.268)

Primordial Non-Gaussianities

All current observations are consistent with Gaussian primordial curvature perturba-
tions. Inflationary models, however, predict the generation of primordial non-Gaussianities,
deviations from a perfect Gaussian distribution in the statistics of the primordial cur-
vature perturbations. A Gaussian distribution implies that the statistical properties of
the perturbations are entirely characterized by the two-point correlation function — or
equivalently, the power spectrum. Non-Gaussianities require higher-order correlation
functions, such as the three-point function or the four-point function, to fully describe
the statistics of the perturbations.

The curvature perturbation ((z) is usually expanded into a sum of Gaussian and

non-Gaussian components,

C(z) = Cal@) + frulla) + - (1.269)

where fyr, is a non-linearity parameter that characterizes deviations from Gaussianity,
and (g(x) gives the Gaussian part of the distribution. The first non-Gaussianity is given

by the three-point correlation function,

(C(k1)C (k)¢ (R3)) = (2m)20® (ky + Ky + kz) Be (K, ko, k3), (1.270)

where we explicitly write momentum-conserving delta functions. The bispectrum B (k, k2, k3)
characterizes the amplitude and shape of the non-Gaussianities, and is commonly param-

eterized as,

Be(ky, ko, ks) = 2fnw [Be (k) P (k) + Pe(ke) Pe(ks) + Pe(ks) B (k)] (1.271)

105



CHAPTER 1. A TALE OF TWO STANDARD MODELS

where P is the usual power spectrum. Different models of inflation predict different
shapes and magnitudes of the bispectrum, which are described by different configurations
of k1, ko, k3. The non-Gaussianities are then characterized by the shape of the momentum-
conserving triangle formed by k1, ks, k3.

Local non-Gaussianity is generated locally in real space, and the bispectrum is largest
when one of the momenta is much smaller than the other; this is the squeezed limit. In

this limit, the bispectrum is approximated as,

1
Be(ky, ko, k3) ~ -5 + permutations = (1.272)
kyksy
Equilateral non-Gaussianity refers to a bispectrum in which k; = k3 = k3. The bispec-

trum goes like,

1

Be(ky, ko, ks) ~ ki”k—gk/‘g

(1.273)

Finally, folded non-Gaussianity occurs when ki =~ ky + k3. Each shape is characterized
by its own fy; parameter. For arbitrary shapes, we can measure the magnitude of the

non-Gaussianity as,

S BR(k7 kv k)

B Pole? (1.274)

InL =
Non-Gaussianities are also described by higher-point correlation functions, such as
the four-point function,

(C(k1)C (ko) C(R3)C (Ra)) = (2m)20D (ky + Ky + kg + k) Ty (o, ko, ks, k), (1.275)

where T¢(ky, k2, ks, k4) is the trispectrum.

The latest constraints on non-Gaussianities from Planck are [16],
local — 09451, foil = 96 +47, fotho = —38 + 24, (1.276)

where the orthogonal shape is a combination of other shapes. These results are consistent
with Gaussian primordial perturbations, and no significant detection of non-Gaussianities

has so far been made.
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Cosmological Collider Physics

A more detailed calculation shows that, in the squeezed limit, three-point function of

curvature perturbations depends on momenta as,

L A(m)
(Caelha)olica)) x e (k—) 1000, (1.277)

where k3 < ki, ke and A(m) depends on the mass m of the interacting (non-inflaton)

3 2 9
A(m) = §+u/%—1. (1.278)

Immediately, we can see that the behavior of the three point function can be divided

particle as,

into three distinct regimes. When the mass is much higher than Hubble, m > H,
the Boltzmann factor in 1.277 dominates, and the signal becomes heavily suppressed.
When the mass is much lower than Hubble, m < H, 1.278 is real, corresponding to an

analytic signature. However, in the “Goldilocks zone” of m 2 %, 1.278 contains an

imaginary part, generating a non-Gaussian oscillatory signal that is directly proportional
to the mass. Further, this signature is sensitive to the actual value of m, opening up
the possibility of distinguishing interacting particles from one another. If the particle
has a nontrivial spin, the proportionality of 1.277 may also contain angle-dependent
Legendre polynomials, allowing for further avenues for identification [17]. This possibility
of probing particle interactions in the early universe is known as cosmological collider
physics.

While this program could provide a promising window into the inflationary era, there
are many challenges to navigate. First, Gaussianities significantly dominate the observ-
ables in the CMB and large-scale structure, to one part in 10°, implying weak couplings

between SM particles and inflationary fields. Thus far, no non-Gaussianities (NG) have

been detected, and any measurements hoping to observe these signals must be performed
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with an as-yet achieved level of precision. The target NG can also be produced by sev-
eral sources, namely primordial NG generated during the inflationary era as well as those
originating from the non-linear growth of perturbations post-inflation. Thus, our goal
is to identify target models that can generate NG that are distinct and large enough
to detect. The simplest instance of such models include direct couplings between the
inflaton and some particle with a mass m ~ H. We explicitly decompose the inflaton

field into its classical and and quantum parts,

O(t,x) = E(t,X) + do(t). (1.279)

The curvature perturbations can then be written in terms of the interacting compo-
nent of the inflaton field, ( = £/¢o, and the object of interest is the three-point func-

tion as (£(k1)¢(ke)E(ks)). Such interactions can come from tree-level diagrams, With

Figure 1.4: The single, double, and triple exchange diagrams, respectively. Note the
inclusion of a mixed propagator.

ks < ki, ko, this leads to the operator product expansion (OPE) regime, in which the
spatial coordinates obey the structure |x; — x5|/ll|x; — x3|. In this sense, the diagrams
above “factorize” into two sub-diagrams, In the limit that k3 — 0, the soft mode of this
sub-diagram is approximately constant over distances |x; — x2. We can then reorganize
our diagrams to contain one “effective vertex,” which serves to vastly simplify our cal-
culations. Our job, then, is to identify models that include the inflationary couplings
that can be encoded in fyr. The computation of the diagrams then proceeds in the

familiar way, with the caveat that our spacetime is now dS. Computing amplitudes in dS
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Effective vertex

Figure 1.5: By evaluating these diagrams in the squeezed limit, the computation can

be split into two sub-diagrams. Computing the diagram on the left leads to an effective

vertex for this diagram.
is notoriously difficult, as lack of knowledge of the outgoing states and their evolution
invalidates the usual “in-out” formalism of flat-space QFT. This necessitates the use of
the “in-in” formalism first introduced by Schwinger.

Starting in the interaction picture, the expectation value of an operator Q can be

written as
(Q) = (QUTQUIQ) = (0T et M0 M0 Qe i HOME 0y (1 280)

This is known as the “master equation” for cosmological collider physics. This equation
sums over our ignorance of the outgoing states by computing the “in-in” state: evolving
the operator forward and then backward in time. This can bee seen via the use of the
time ordering and anti-time ordering operators T and T, respectively. H is understood
to be the Hamiltonian in the interaction picture, and we note that the time evolution
occurs with respect to two bulk times ' and 7n”, with the final answer evaluated at a
time 7y on the boundary.

The cosmological collider can be considered in analogy with an particle accelerator like
the LHC, in which particle collisions lead to signals like leptons or jets, which in turn leave
a map of energy deposition on a calorimeter. A cosmological ”collider”, on the other hand,

uses inflationary expansion in the early universe as the mechanism for colliding particles.
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These then leave primordial density perturbations which may manifest in cosmological
datasets such as the CMB, the 21-cm line, and maps of large-scale structure. Crucially,
because the scale of Hubble during inflation may be as high as 10*® GeV, this could open
up a window into exploration of physics at extremely high energies, far above what any

of our current experiments can probe.

1.4.4 Where is Gravity? (and Other Concerns)

There are many more puzzles and questions that lead us to expect the existence
of new physics in addition to the ones already discussed. While not by any means a
comprehensive list, we will give an overview of a few more problems that suggest that
the SM and ACDM are by themselves insufficient to capture the phenomena of particle

physics and cosmology.

Where is gravity? The most glaring shortcoming of the SM is that it does not include
gravity. Quantum gravity is expected to kick in at the Planck scale, and the development
of this field is an active area of research in high energy theory. While there have been
many attempts to quantize gravity — the most successful being, arguably, string theory

— we have no testable predictions to verify a theory of quantum gravity.

What is dark energy? While the ACDM model does an excellent job of fitting with

data, it does not say what the A (or, for that matter, the CDM) actually is.

What is the neutrino mass mechanism? In the SM, neutrinos are massless, but
everybody knows that this cannot be the case. The discovery of neutrino oscillations
— in which neutrinos change between the electron, muon, and tau flavors they travel—

showed that neutrinos must have small, nonzero masses. This is because oscillation is only
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possible if the mass eigenstates of neutrinos are different from their flavor eigenstates,
which requires the mass eigenstates to have different, nonzero masses. This phenomenon
requires an extension of the SM, as it cannot account for neutrino masses. Possible
explanations include the seesaw mechanism and the introduction of sterile neutrinos,

though the exact origin of neutrino mass is still unknown.

What is the source of the baryon asymmetry? The baryon asymmetry problem
refers to the observed imbalance between matter and antimatter in the universe. Ac-
cording to the SM and Big Bang theory, equal amounts of matter and antimatter should
have been produced in the early universe, leading to their mutual annihilation. However,
the universe is dominated by matter. Explaining this requires mechanisms that violate
CP symmetry, baryon number, and out-of-equilibrium processes — the Sakharov condi-
tions — but the Standard Model’s CP violation is too small to account for the observed
asymmetry, suggesting new physics is needed.

Leptogenesis is one mechanism that explains the baryon asymmetry of the universe
by first generating an asymmetry in the lepton sector. This occurs through the decay of
heavy right-handed neutrinos, which violate lepton number and CP symmetry. The lep-
ton asymmetry is then converted into a baryon asymmetry through electroweak sphaleron

processes, which violate baryon and lepton numbers but conserve their difference.

What is the nature of the Higgs? While we’ve confirmed the existence of the Higgs
and measured its mass, questions remain about its exact nature, such as whether it is
an elementary particle or part of a more complex system (e.g., part of a composite or

extended Higgs sector).

What is the origin of the hierarchical structure of the flavor sector? The flavor

sector contains the majority of the SM’s free parameters, including the quark and lepton
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masses, quark mixing angles, and a CP-violating phase. Giving neutrinos mass in order
to align with experiment requires still more parameters. The question of the origin of
these parameters and their hierarchical structure comprises the flavor puzzle.
Importantly, although the mass parameters of the flavor sector display significant
hierarchies, these parameters are ‘t Hooft natural. This is the SM is invariant under a
global flavor symmetry when the Yukawa couplings are set to zero. The flavor problem
is not severe in the sense that it is not a naturalness problem, but the expectation of

physics beyond the SM motivates a search for its explanation.
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Chapter 2

P not PQ

2.1 Introduction

The current upper bound on the size of the neutron electric dipole moment (EDM)
is |d,| < 1.8-1072¢ ¢ - cm [18].! In turn, this severely constrains the size of the QCD

vacuum angle, which is required to be
0=0,+0,<1071 (2.1)

where 0, is the argument of the determinant of the quark mass matrix, and 6, the

coefficient of the GG operator,

Osas

Lo 2%y (GG) . (2.2)

T
In the Standard Model (SM), 6, = arg det(y,ya), with y, 4 the Yukawa matrices in the
up- and down-quark sectors. # provides a physical, basis-independent measurement of
C P-violation in the strong sector of the SM.

That 6 is constrained to be so tiny is one of the most puzzling features of the SM, and it

is known as the strong CP problem. It stands alongside the electroweak hierarchy problem

'Here we quote the direct limit; the inferred bound |d,| < 1.6 - 1072° ¢ - cm from the %°Hg EDM
limit [19] is comparable assuming no additional contributions to the atomic EDM.
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and the cosmological constant problem as one of the three great naturalness puzzles that
remain unsolved. Although numerically the strong CP problem is orders of magnitude
less severe than either of its siblings, it is considerably more robust against anthropic
arguments.” As such, it has drawn renewed attention during an era in which LHC null
results are challenging naturalness-based approaches to the electroweak hierarchy.

Although one could argue that 6, = 0 on the basis that QCD interactions otherwise
preserve C'P, a similar argument cannot be made for a vanishing 6,. For example, if C'P
were a good symmetry of the Yukawa sector then the Yukawa matrices would need to
be real. However, real Yukawas would lead to a vanishing phase in the CKM matrix, in
direct conflict with the O(1) C P-violation observed in the electroweak sector of the SM.
Besides C'P, a non-zero 0 also violates P. Again, the fact that the strong sector preserves
parity may allow us to impose 65 = 0. P invariance in the Yukawa sector would require
the Yukawa matrices to be hermitian, in which case 6, = 0 too, while still allowing for a
non-zero CKM phase. However, the fact that P is maximally violated by the electroweak
interactions severely weakens this line of reasoning as an attempt to argue for a small 6.

So although f is a measurement of both P and C P violation by strong dynamics, the
above discussion highlights how the origin of the strong CP problem in the SM ultimately
lies in the features of the electroweak sector. It is the fact that electroweak interactions
maximally violate both P and CP that precludes an understanding of the bound in
Eq.(2.1) based on the underlying symmetries of the SM.

With this in mind, it is natural to attempt an understanding of the smallness of
in the context of theories with an extended electroweak sector. If either P or C'P are
good symmetries of the extended theory, then § will be forced to vanish. Of course,
to account for the P and C'P violation we observe in nature, they must eventually

be broken, and a non-zero § will be radiatively generated. If the induced 6 is small

2See, however, [20] for arguments to the contrary.
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enough, this class of theories offer a symmetry-based solution to the strong CP problem.
Concrete implementations of this idea based on spontaneously broken P and C'P were
first proposed in [21-23] (building on [24]) and [25,26] respectively. It is the former that
will be the focus of this work.?

There is another good reason to consider solutions to strong CP based on the restora-
tion of spacetime symmetries, namely that these may be realized as gauge symmetries in
the context of string theory [30,31]. As such, they can only be broken spontaneously and
not explicitly. Depending on the scale of spontaneous symmetry breaking, the apparent
lack of P and CP violation in the strong sector could therefore be fully, or partially,
explained in this context. Clearly, a resolution to the strong CP problem along these
lines would be especially attractive: it would allow us to understand the smallness of
as an accident resulting from the underlying structure of the UV-completion, as opposed
to being the result of a model-building effort specially designed to address Eq.(2.1).

From the bottom-up, there are a number of ways the SM can be extended to accom-
modate spontaneously broken P. However, in order to address the strong CP problem,
a necessary feature of all of them is the presence of an SU(2)r gauge factor, as well as
an extended matter content that mirrors that of the SM. Crucially, the SU(3) quantum
numbers of SM fermions and their mirror counterparts must be the same, making the
presence of additional colored particles an irreducible feature of these models. With this
extended field content, parity enforces the Yukawa couplings in the two sectors to be
identical. To be phenomenologically acceptable, parity must be broken at some scale v’
above the weak scale, with the additional gauge bosons and mirror quarks being suffi-
ciently heavy to evade experimental constraints. Naively, bounds on the mass of colored
particles would seemingly require y,v" 2 1 TeV [32,33], in turn setting a lower bound

v’ > 10® GeV. But a parametric separation of scales between v and v’ entails an irre-

3For recent exploration along these lines, see also [27-29].
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ducible amount of fine-tuning A™! ~ 2v%/v?, which would become A~! < 107! for such
a stringent bound on v’. Considering that the goal is to naturally explain a number of
O(10719), parity would hardly seem to remain an attractive solution to strong CP.

In this paper, we show that the conclusion of the previous paragraph is premature,
and that a parity-breaking scale as low as 18 TeV is consistent with all experimental
constraints. This significantly improves the level of fine-tuning, and leaves an open
window for symmetry-based solutions to strong CP that are based on spontaneously
broken parity. The leading constraint on the low-tuning version of these models comes
not from bounds on colored particles, but from direct searches for Z’ and W’ resonances
at the LHC [34,35]. Future searches for heavy gauge bosons at current and future colliders
are the most promising probes of this class of theories, with a 100 TeV proton collider
guaranteed to make a discovery if the level of fine-tuning is better than A~' ~ 107°
[36,37]. Overall, the viability of these parity-based models makes collider experiments a
central testing ground for solutions to strong CP.

Another attractive feature of this class of solutions to the strong CP problem is that
they are robust against the effects of symmetry-breaking higher dimensional operators
(HDOs) that may arise from short-distance physics associated with a gravitational UV
completion. If parity is a gauge symmetry of the underlying theory, we are led to consider
only those HDOs proportional to the source of spontaneous symmetry breaking. On the
other hand, if parity were global, the expectation that quantum gravity violates all
global symmetries [38-50] suggests we should include all HDOs that explicitly violate P.
Although the nature of the operators is different in the gauge and global implementations,
the conclusion will be the same: in both cases, the leading HDOs with O(1) coefficients
may be present without destabilizing the solution to strong CP.

This stands in stark contrast with the reality of what has traditionally been the most

popular solution to the strong CP problem: the QCD axion [51-57]. In this case, the
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parameter 6 is promoted to the status of dynamical field, the axion, which is a pseudo-
Nambu-Goldstone boson of a spontaneously broken U(1)pg global symmetry. A potential
for the axion is induced non-perturbatively by QCD dynamics, and its vacuum expecta-
tion value (vev) adjusts such that § = 0, thereby solving strong CP. To work, the QCD
axion potential must dominate to 1 part in 10'°, overwhelming any other contributions
that may arise from additional degrees of freedom. New dynamics responsible for, say,
dark matter, baryogenesis, or addressing the hierarchy problem, cannot significantly con-
tribute to the axion potential. Similarly, Planck-suppressed HDOs that break U(1)pg
must be exceptionally suppressed [58—61]. The mechanism is not robust. The need for
U(1)pg to be a high quality global symmetry has become known as the “axion quality
problem”. Attempts to turn the QCD axion into a high quality axion are valuable [62—69],
but hardly helpful in making a small # appear natural.

The goal of this work is to identify the most natural parity-based solution to the
strong CP problem, and highlight its experimental consequences. We do so by following
a strategy that combines the traditional notion of naturalness with the expectation that
gravity violates all global symmetries. The former singles out a specific implementation
of the spectrum of parity-symmetric models, and underscores the central role of collider
experiments in exploring solutions to strong CP. The latter opens up an entirely new
avenue of exploration for parity solutions to the strong CP problem, ranging from EDM
experiments to gravitational wave observatories, depending on the degree to which the
symmetry remains approximate.

This chapter is organized as follows. In section 2.2 we review the main features of
parity-based solutions to strong CP, and discuss how a low symmetry breaking scale
can be realized while complying with experimental constraints. We focus on the main
phenomenological signatures of these models that are relevant for collider and flavor

experiments in section 2.3. In section 2.4, we discuss the size of radiative corrections
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to both § and the EDM of elementary fermions, including charged leptons, depending
on the details of the parity-breaking sector. We explore the effect of Planck-suppressed
HDOs on this class of models in section 2.5, paying special attention to a potential
gravitational wave signal from the spontaneous breaking of parity. Section 2.6 contains
our conclusions. Finally, a series of appendices contain results that have been crucial in

our analysis, but may be skipped on a first reading of the manuscript.

2.2 P to solve strong CP

In this section, we introduce the main features of symmetry-based solutions to the
strong CP problem based on parity. In 2.2.1 we review the basic idea, as first introduced
in [21-23]. We focus on the scalar potential in 2.2.2, with an emphasis on the implications
for fine-tuning of the weak scale that arise as a result of the breaking of parity. In 2.2.3
we discuss how the scale of additional colored particles can be decoupled from the parity-

breaking scale, in turn minimizing the level of fine-tuning.

2.2.1 Parity as a solution to the strong CP problem

A symmetry-based solution to the strong CP problem based on parity requires ex-
tending the SM both in terms of matter content and gauge interactions. The minimal

implementation of this idea is based on the gauge group
SU3) x SU(2)L, x SU(2)r x U(1)y, (2.3)

as well as a doubling of the matter content of the SM into a ‘mirror’ sector with identical
quantum numbers, except that SU(2); doublets are now doublets of SU(2)g. Table 2.1
summarizes the gauge charges in the quark and Higgs sectors of the theory. (Analogous

charge assignments apply in the lepton sector, which we don’t make explicit.) Crucially,
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the Higgs sector of the theory does not introduce additional sources of C'P-violation —
indeed, the freedom to perform both SU(2);, and SU(2)g gauge transformations allows

us to expand around a vacuum where both vevs are real. *

u u/t
Q= ut DY H | Qf= U D H*
d d't
SU(3) 3 3 3 3 3 3
SU(2);. 2 2
SU(2)r 2 2
JON T N T L A A

Table 2.1: Quantum numbers in the quark and Higgs sectors. Mirror sector fields are
distinguished with a prime. We use notation such that all of @, U, and D (as well
as their mirror counterparts @', U’, and D’) are left-handed, two-component Weyl
fermions, whereas daggered fields are always right-handed.

With this additional field content, the theory admits an alternative definition of
parity that combines the action of the ‘ordinary’ parity transformation with an internal
symmetry that exchanges the fields of the SM and mirror sectors. Explicitly, in the

gauge, quark, and Higgs sectors:

W/ < Wg,, (2.4)
Q,U, D« QT,U", D, (2.5)
H + H™, (2.6)

4The model we have just introduced is not the minimal parity-symmetric extension of the SM, but
rather the minimal extension that solves the strong CP problem. The most minimal extension of the
SM that admits a generalized parity symmetry was introduced in [70], and does not require a doubling
of the fermion sector. The scalar sector, however, requires the addition of an additional Higgs field
transforming as a bifundamental of the two SU(2) factors, in order to write Yukawa couplings in a
gauge invariant fashion. As discussed in [23], the vev of this field will in general be complex, precluding
a vanishing 6,.
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and similarly for leptons. Since SU(3) and U(1)y interactions are not mirrored, the
corresponding gauge fields transform as usual under parity. Unlike ordinary parity in the
SM, this ‘generalized’ parity transformation is now a good symmetry of the gauge sector
of the theory, thanks to the extended electroweak sector and matter content.

In this context, the strong CP problem is solved as follows. On the one hand, parity
requires that 6, = 0, just as one may argue in the SM based on the properties of the
strong sector alone. On the other hand, the presence of additional colored particles
results in an extended quark mass matrix. In particular, Yukawa terms can be written

for both the SM and mirror sectors, of the form
LD - {(yu)ijQiHUj + (y;)ijQ;TH/*U]/‘T} + h.c., (2.7)

and similarly for down-type quarks and leptons. As a result, the tree-level value of 6, in

these models is given by

0, = arg det(y,ya) + arg det(y. vy ). (2.8)

Crucially, demanding that Yukawa interactions preserve parity, which is now a good
symmetry of the extended electroweak sector, enforces the Yukawa couplings in the two
sectors to be identical, i.e.
Yy = Y- (2.9)
In turn, this implies 6, = 0, as per Eq.(2.8), forcing f to vanish at tree-level in parity-
symmetric models.
With the field content outlined in table 2.1, the theory admits an additional fermion

mass term involving only the SU(2)-singlets, of the form

LD —(M,);UUj + hee. (2.10)
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(with analogous terms for down-type quarks and leptons), where invariance under gen-
eralized parity requires that the vector-like mass matrix be hermitian, i.e. ./\/l} = M;.5

In general, the expression for ¢, can be conveniently written as
0, = arg det(M,M,), (2.11)

where M, and My are 6 x 6 matrices, of the form

W v_’y/*
M, = v2rs : for f=u,d. (2.12)
v ,T
295 My

Due to the zero in the upper-left block of the overall 6 x 6 mass matrix, the expression for
6, remains as in Eq.(2.8). As we will discuss in 2.2.3, the presence of vector-like masses
is crucial in implementing a version of the model with low fine-tuning.®

To obtain a phenomenologically viable model, parity must be broken, with different
vevs in the mirror and SM Higgs sectors. This will induce a non-vanishing § beyond
tree-level, which must be small enough if the theory is to remain a bona-fide solution
to strong CP. The size of radiative corrections depends on the details of how parity is
spontaneously broken. If P is broken without breaking C'P, then the radiatively induced
6 will be no larger than in the SM [23], where § < 107! [71]. On the other hand, if
C'P is also spontaneously broken (e.g. through the vev of a pseudo-scalar) then a larger
6, as well as a neutron EDM independent of 6, may be radiatively generated. Even in
this latter case, we will see that radiative corrections can be small enough to remain

compatible with experimental constraints. Given that the final size of § is a somewhat

®Note that a non-hermitian mass matrix is compatible with softly broken parity; we will explore the
consequences of such soft breaking in section 2.4.1.

6A variation on the model we have so far discussed entails extending the gauge group in Eq.(2.3)
with an additional U(1), as first discussed in [23]. In this case, SM and mirror fields are charged under
different U(1) factors, which transform into each other under parity. Although this seems like a minimal
modification of the model presented here, this two-U(1) version does not allow for the vector-like mass
terms of Eq.(2.10), in turn precluding the implementation of a low parity-breaking scale.
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model-dependent feature of this class of models, we defer a more detailed discussion of
this issue to section 2.4.

More generally, discussing the leading effect of broken parity on the fine-tuning of the
electroweak sector does not require committing to a specific implementation of sponta-
neous symmetry breaking. For this purpose, it will be enough to focus on the features of

the Higgs sector, to which we now turn.

2.2.2 Scalar sector and fine-tuning

For the time being, we will parametrize the necessary breaking of parity through an
explicit soft term in the scalar potential. Of course, such soft breaking should ultimately
be the result of some spontaneous symmetry breaking dynamics, as we will make more
explicit in section 2.4. In this spirit, the most general scalar potential involving the

SU(2)r, and SU(2)r Higgs doublets takes the form
V(H, H') = —m ([ + |[HP) + MHP + [H22 + s H[* + || + 2 HP. (2.13)

At this level, Eq.(2.13) is identical to the scalar potential of theories of Neutral Natural-
ness, such as Twin Higgs [72,73]. The first two terms respect both parity and a larger
accidental SU(4) (really, O(8)) symmetry, while x respects the former but not the latter.
The parameter ;2 softly breaks parity. In the interest of a non-trivial vacuum structure,
we take m?% > 0. Depending on the relative signs and sizes of the quartic couplings, the
tree-level vacua for y?> = 0 either preserve parity (with v/ = v) or spontaneously break
parity (with v # 0,9 =0 or v = 0,v" # 0). A vacuum with v > v # 0 may be obtained
by deforming the theory away from the parity-symmetric vacuum with nonzero u? and

A,k > 0. At tree-level, the vevs in the SM and mirror Higgs sectors are then given by

2 _ 2
UQZmH H (1‘|‘)\/"4>7 and

U/Q — ml%l +:u2)‘/"€
22+ K

2\ + K

: (2.14)
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where v? < v"? is necessary in order to obtain a phenomenologically viable model. After
spontaneous symmetry breaking, the spectrum of the theory contains two scalar fields, h
and I/, with masses my, ~ 2v/kv and my ~ V2 ' respectively, as well as six Goldstones
that become the longitudinal components of the gauge bosons of our extended electroweak
sector. The physical gauge boson spectrum contains Z’ and W’ resonances, which are
heavier than their SM counterparts by a factor of v'/v. We defer further details of the
scalar and gauge sectors to appendix A.1.1.

It is clear from Eq.(2.14) that to obtain a hierarchy of scales between v and v' we
need to introduce a tree-level tuning between the parity-preserving and parity-breaking
mass-squared terms. Heuristically, the necessary fine-tuning is given by

my —pA(L+AK) @A+ k) 207
m2 T (A R2 T 02

Al = (2.15)

This is an irreducible contribution to the fine-tuning in this class of models. Insofar
as it involves the sensitivity of the weak scale v to underlying parameters, it may be
classified as a tuning associated with the electroweak hierarchy problem, although it is
not necessarily the only such contribution. For example, a hierarchy of scales v"? < M3,
would constitute an additional source of fine-tuning in the absence of a stabilizing mech-
anism. Similarly, additional hierarchies of scales or couplings in the sector responsible
for spontaneously breaking P might necessitate similar accurate cancellations. However,
these are issues that could, at least in principle, be addressed at some higher scale above
v', provided the necessary dynamics do not spoil the smallness of § [74]. In contrast,
Eq.(2.15) is forced on us independently of the UV-completion. Although it is tempting
to attach the tuning in Eq.(2.15) to the electroweak hierarchy problem and attribute it
to anthropic selection (the perspective advocated in e.g. [28,29]), this necessarily entails
some favorable assumptions about the properties of an anthropic landscape. Here we

prefer to render unto strong CP the things that are strong CP’s, and take the irreducible
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tuning in Eq.(2.15) at face value as a measure of the degree to which a parity model
naturally explains the small value of § without reintroducing tuning elsewhere.

With this in mind, in this paper we focus on implementations of parity solutions
to strong CP where the level of fine-tuning, as parametrized in Eq.(2.15), is as mild
as possible. This will concentrate our attention on a specific mechanism to generate
fermion masses that in turn endows these models with characteristic phenomenology, as

we discuss next.

2.2.3 Fermion masses and a low parity-breaking scale

Fermion mass terms arise from the Yukawa couplings of Eq.(2.7), as well as from the

vector-like mass involving the SU(2)-singlets. In total:

v v’ * 17T/ /

where we have already set y!, = y,, as mandated by generalized parity, and analogous
mass terms are present both for down-type quarks and leptons.

The structure of Eq.(2.16) allows for two limiting realizations of the fermion spectrum.
If the overall scale of the vector-like mass matrix is M < v,v’, then fermion masses are
generated mainly through the Yukawa terms, as in the SM. In this case, mirror fermions
would be an exact copy of the SM, just heavier by a factor of v'/v. Demanding that the
lightest mirror quark is heavy enough to comply with current experimental constraints
requires m, x v'/v 2> 1 TeV [32,33], in turn setting a lower bound v' 2> 10® GeV. As
advertised in the Introduction, this sets the level of fine-tuning in the electroweak sector
to A™! < 107!2. The phenomenology of parity solutions to strong CP in this regime was
discussed recently in [28].

On the other hand, the limit M > v, ', allows for a see-saw realization of the fermion

spectrum, consisting of three light (SM-like) fermions, and three heavy fermions with
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mass of order M. A sufficiently high scale for the mass of additional colored particles
can now be achieved by increasing M, not v'. This allows for a much lower parity-
breaking scale, and therefore a much better level of fine-tuning. See-saw implementations
of fermion masses, for both quarks and leptons, are discussed in [75-78], and it was
in fact in this context that a parity-based solution to the strong CP problem was first
proposed [21,22]. Tt is this second realization of the fermion spectrum that we concentrate
on in this work. 7

The up-quark sector requires special consideration, since the see-saw mechanism can-
not be applied to the top quark while maintaining perturbative Yukawas. So let us
discuss the down-quark and lepton sectors first. (We will use notation appropriate to the
down-quark sector, but emphasize that the same results apply for leptons.) To leading
order in both v/M and v'/M, the masses of the light and heavy fermions are obtained

by diagonalizing the 3 X 3 hermitian matrices

v’
7?42/\/12195, and M, (2.17)

respectively. We make the simplifying assumption that there are no significant hierarchies
in the eigenvalues of M, and therefore the heavy quarks appear at a common scale ~ M.
Parametrically, light quark masses are then of the form my, ~ |y[*vv’'/M. The see-saw
mechanism generates fermion masses m,, << v while allowing for much larger Yukawa
couplings than in the SM, which is obviously one of the main attractions of this class of
models. Generating the b quark mass through the see-saw mechanism while maintaining

perturbativity sets an upper bound on the ratio M /v, parametrically:

/ /
N T

~ 102, 2.18
M~ M v my ( )

"The vector-like masses of Eq.(2.16) provide a soft breaking of generalized parity, precluding the
existence of degrees of freedom that would be stabilized by the internal part of this symmetry. As a
result, these models do not feature a natural dark matter candidate whose presence is linked to the
resolution of the strong CP problem, unlike some of the viable parameter space of the QCD axion.
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Rotating from the flavor to the mass eigenbasis in the fermion sector can be conve-
niently performed step by step at each order in perturbation theory, and we present a
detailed discussion of this procedure in appendix A.1.2. At zeroth order in v /M, it is
necessary to perform unitary transformations acting separately on the SU(2)-singlet and

doublet fields, of the form:
d— 0, d—-0% , and D —OLD,6 D—OLD. (2.19)

O, and Opr are 3 x 3 unitary matrices acting on flavor space that diagonalize the first
and second matrices of Eq.(2.17), respectively. At first order in v\") /M a further rotation

is required that mixes the SU(2)-singlet and doublet fields as follows:

d Wy eh | [ d d Wy el | [d
S . and S . (2:20)
D/ —€q Hég D/ D —E; Hég D
where ¢; and €, are 3 x 3 matrices with entries of O(v/M) and O(v'/M) respectively,
and whose explicit expressions are given in Eq.(A.13).

Using Dirac notation, the left- and right-handed components of the light and heavy

mass eigenstates are then given by

iy = i i = ! . and Dy = b  Dip— "1 (2.21)

0 df 0 D

In particular, notice that the right-handed components of the light (SM-like) fermions

consist of the corresponding component of the SU(2)g-doublets, up to corrections of

O(v'/M). This feature plays a crucial role in the phenomenology of these models. In

particular, it leads to unsuppressed couplings between SU(2)g gauge bosons, and the

right-handed currents of the SM-like fermions. As we will discuss in 2.3.1, this leads to
the most stringent bound on the parity-breaking scale.

As far as the up-quark sector is concerned, the see-saw mechanism can be implemented

for the v and ¢ quarks, with the corresponding heavy partners appearing at the scale ~ M.
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The mass eigenstates for the first two generations are as in Eq.(2.21). The top sector,
on the other hand, cannot be significantly “see-sawed”. Instead, it consists of light and
heavy top partners with tree-level masses m; ~ y,v/+/2 and my ~ my; x v’ /v, respectively.
In Dirac notation, and at zeroth order in v)/M, the mass eigenstates are now purely

made of SM and mirror sector fields, i.e.

us 0 U; 0
tr, = , th = : and ) = , = : (2.22)
0 Ul 0 uy
As usual, rotation matrices in the quark sector are constrained by the requirement that
the CKM matrix is reproduced appropriately, which in this case implies V' = OUOII, up to
corrections of O(v?/M?). Further details concerning the mass diagonalization procedure
in the fermion sector can be found in appendix A.1.2.

This finalizes our discussion of the main characteristics of parity solutions to strong
CP that feature low fine-tuning in the electroweak sector. Before moving on, we include in
figure 2.1 a schematic representation of the typical spectrum of these models. Amusingly,
the combination of parity and the see-saw mechanism leads to a spectrum of partner

particles strikingly reminiscent of a “natural” left-right Twin Higgs model [73,79] with

light top and W/Z partners.

2.3 Dial P for Phenomenology

We now turn to the phenomenology of natural parity solutions to strong CP, begin-
ning with direct bounds from the LHC in section 2.3.1 before turning to indirect flavor
constraints in 2.3.2. The collider and flavor phenomenology of similar left-right models
has been the topic of previous work [21,22,78-82], and our focus here will be on those
“irreducible” signatures that are mandated by the structure of the theory in its capacity

as a solution to strong CP. A more in depth study of collider and flavor signatures in
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b

Figure 2.1: Schematic illustration of the particle spectrum of parity solutions to the
strong CP problem in their least tuned version. The lightest exotic particles are W’
and Z’ resonances, followed by a top partner appearing at a scale of order v’. A mirror
Higgs is also part of the low-lying spectrum, with my ~ v2Av'. (For illustration, we
have chosen A = O(1), but note that A’ could be much lighter if A\ < 1.) Additional
mirror quarks have masses of order the see-saw scale, M > v’. The lepton sector must
also be “see-sawed”, with mirror leptons similarly appearing well above v’ (although we
emphasize that the see-saw scales in the quark and lepton sectors need not coincide).

light of forthcoming data can illuminate the additional structure of these models, and it

is a worthwhile direction for continued study.

2.3.1 Collider bounds

The doubling of the electroweak sector gives rise to a plethora of experimental signa-
tures at colliders, ranging from additional vector bosons (the W’ and Z’ of spontaneously
broken SU(2)g) to vector-like quarks (the SU(2)-singlet fermions) to additional Higgs
bosons. Ultimately, given that the Z’ and W' gauge bosons acquire masses exclusively
from SU(2)g breaking, and inherit couplings to the SM-like quarks and leptons, collider
searches for these additional vectors place the most solid and strongest direct bounds on

the models under consideration.
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Neutral currents

The Z' resonance inherits couplings to both the left- and right-handed currents of SM-
like fermions. In the down-type quark and lepton sectors, these are both flavor diagonal
and generation universal. After rotating to the mass eigenbasis in both the gauge and
fermion sectors, as outlined in appendix A.1, we find:

3
LD>gZ, Z (24, dipy"dig + 2, Eir" ' €ir + 2, VirY'Vig) + {R — L} . (2.23)
i=1

As discussed in section 2.2.3, the see-saw implementation of fermion masses leads to
unsuppressed couplings between the SU(2)r gauge bosons and right-handed fermions.
Up to corrections of O(sin?#,,), these are identical to the couplings between the SM Z

and left-handed currents. Specifically:

Yy = =5 (1+0(s3)) s 20, = —

(1+0(s2)), and 2, =~

VR

(1+0(s2)), (2.24)

N
RS
N

where s, = sinf,,, and we have ignored corrections of O(v?/v'?). On the other hand,

couplings of the Z’ to left-handed currents are now suppressed:

2o~ =
e 6 v/cos 20,

The situation in the up-quark sector is somewhat different. Now, couplings between the

O(s), and =z, =2z, =—3z) . (2.25)

w vy,

7' and the right-handed fermion currents are no longer universal. Instead, we have:

=1 =1

3 2
LD ng,l (Z Z;LaiL’}/NUZ‘L + Z Z;RHZ‘R’}/HUZ‘R + ZgRt_R’}/'utR> . (226)

As before, Z' couplings to first and second generation right-handed currents are unsup-

pressed, and are given by

/
~
ZUR ~

N

(1+0(s2)) , (2.27)
whereas those to left-handed fermions, as well as to the right-handed top, now read

P9 Sutw
uL 4 6+/cos20,
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Bounds on the Z' mass from its production at the LHC will therefore be similar to
those found in the so-called Sequential Standard Model, which features a Z’ resonance
that is just a heavy copy of the SM Z. In the present model, couplings of the Z’ to SM
fermions are similar to those of the Z after the replacement L <+ R — a replacement that
does not affect either the production cross section or the decay rates into light fermions.
The most constraining limits thus come from [34], where a search focused on leptonic
final states sets a lower bound my 2 5 TeV. In turn, this translates into a lower limit

on the scale of parity breaking of order v 2 13 TeV.

Charged currents

W' gauge bosons interact with the right-handed SM fermions in a way that mirrors

the interactions between their left-handed counterparts and SM W. In the lepton sector:

3
LD % Z (BijW:ﬁinyuejL + Bl{le;—i_ljiR’}/uejR) + h.C., (229)

2,7=1
where B = B’ = 0,0}, up to corrections of order o(? /M?. As far as the quark sector is

concerned, the up-type sector again requires special consideration. We find:

3
g Z _
LD E W:V;jumv“dn + h.C., (230)

with V = 0,00 + O(v?/M?), whereas

1,7=1

3 2
qg _ _
LD EW‘:’_ E ( E ‘/z'/juiR’y#de + A‘/gth’)/‘ude> + h.c. (231)
j=1 i=1

Up to corrections of O(v"?/M?), we have V' =V, and AVy; = (€:V)3;. The 3 x 3 matrix
e, whose entries are suppressed by a factor of v'/M < 1, is given explicitly in Eq.(A.19).

As with the Z’, we expect bounds on the W’ to be comparable to those in the Se-
quential Standard Model. Current direct searches set stringent constraints on such W’

resonances, of order my» 2 6 TeV [35]. In turn, this sets the strongest limit on the scale
130



CHAPTER 2. P NOT PQ

of parity breaking: v" 2 18 TeV. Although direct searches for vector-like quarks and
additional Higgs bosons are also germane, they lead to significantly weaker bounds on
the scale of parity breaking compared to W’ and Z’ searches. For example, null results in
searches for vector-like top partners [32,33] lead to v' 2 2 TeV, with comparable bounds

coming from searches for SM-singlet scalars.

Looking to the future, a 100 TeV pp collider such as the proposed FCC-hh should be
sensitive to W’ and Z’ bosons as heavy as ~ 40 TeV [36,37], corresponding to v 2 120
TeV. This would comprehensively cover the most natural parameter space consistent with
current data, and the non-observation of heavy vectors at such a collider would suggest
that parity solutions are tuned at the A=! ~ 1075 level. In this respect, future colliders

provide a decisive test of parity solutions to the strong CP problem.

2.3.2 Flavor constraints

In the SM, flavor-changing neutral currents (FCNCs) are absent at tree-level, ap-
pearing only at one-loop, and being additionally suppressed by the GIM mechanism.
As a result, precision measurements of flavor-violating processes often imply stringent
constraints on extensions of the SM. In the class of models under consideration, FCNCs
arise already at tree-level, mediated by the Z and Z’ gauge bosons, as well as the scalars
h and h'. However, their size is suppressed by factors of the Yukawa couplings of the
relevant fermions, making their effect negligible. At one-loop, FCNCs proceeding via box
diagrams involving W’ gauge bosons and mirror up-type quarks can lead to deviations
in kaon properties, in turn setting the leading constraints on the flavor structure of these

models.
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Tree-level FCNCs

Rotating from the gauge to the mass eigenbasis in the fermion and gauge boson
sectors, as specified in appendix A.1, leads to the presence of flavor-changing interactions
between the Z and the SM-like fermions. For example, in the down-quark sector there
are new interactions of the form

g —
LD f(eged)ijzudiLVMdij (2.32)
w
where €, is a 3 x 3 matrix acting on flavor space whose explicit form is given in Eq.(A.13).
Integrating out the Z, the effective hamiltonian relevant to describe |AF| = 1 processes,

such as the leptonic decay of B mesons, now contains additional terms, of the form
AHeﬂ >~ —ﬁGF(ELEd)gg COS(QQM)(BL’VNSLX[LL’YM[LL) + h.c. (233)

(An analogous term involving right-handed muons is also present, but suppressed by a
factor of s2, so we neglect it in the subsequent discussion.)
The deviation with respect to the SM prediction for the branching fraction of the

process BY — uTu~ as a result of the operator in Eq.(2.33) can be written as

B SM BSM
S BR(B) = ptp )psm 1 ~ Cio” + Cig™ —1 (2.34)
TOBR(BY =t ) [0S ’ '

where C’SM) and C’l(OBSM) are the SM and BSM contributions to the Wilson coefficient of

the four-fermion operator (bzy*sr)(fy,7°1). In the SM

Gr « = (SM)
OB _ 1) C! 2.35
10 2\/5 47T( th Vit ) 10 > ( )
with éng) ~ 4.41 [83], whereas from Eq.(2.33) we have

B8 % c08(26,, ) (€heq) 3o (2.36)
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A stringent upper bound on the size of the (€2€d>32 coefficient arises from the requirement
that the masses of the down-type quarks are correctly reproduced in this model. From

Eq.(A.13), we have

v ~ ~ N\ %
(ehea)se = — Z — B : (Ya)3i(Fa)z < v o < 1, (2.37)

where in the last step we have made use of the upper bound in Eq.(A.12). We then have,

parametrically
9| C’ (BSM) ‘

~ I <107 18 Tev')* (o' (2.38)
(el I v M) |

This effect is much smaller than the theoretical and experimental errors on BR(B? —

T

put ), which are both on the order of 10% [84].%

The effects of Z-mediated FCNCs on other processes are even more suppressed. For
example, |[AF| = 2 processes such as kaon mixing require two insertions of the (tiny)
flavor-violating coefficient. In the lepton sector, even |AF| = 1 decays are virtually
unobservable, as the effect is now suppressed by the masses of the relevant leptons.
FCNCs mediated by the SM Higgs are similarly negligible, since the corresponding Wilson
coefficients feature the same suppression as those from Z exchange, on top the smaller
coupling between the Higgs and light fermions. Flavor-changing interactions mediated
by the Z" and h’ are further suppressed by an additional factor of m%/m?%, and m3 /m3,
respectively, making them irrelevant. Overall, the strong suppression of the tree-level

FCNCs that occurs naturally in these models makes their effects negligible.

One-loop FCNCs

Another source of FCNCs beyond those present in the SM arises at one loop. In

these models, the familiar box diagram that describes meson mixing in the SM is now

8The effective operator (bry*sr) (i, 7" 1) is also generated after integrating out the Z, with a Wilson

coefficient C BSM) C’S?SM) that enters into Eq.(2.34) in a similar manner. The presence of this operator
does not quantltatlvely affect our analysis.
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Figure 2.2: Additional box diagrams contributing to kaon mixing in the models under
consideration include any of the up-type quarks propagating inside the loop, as well as
(left) two W bosons, (center) one W and one W', and (right) two W’s. Quantitatively,
it is diagrams with one W and one W’ that are the most relevant.

accompanied by similar diagrams that include W's as well as the additional (heavy)
up-type quarks running inside the loop, as we show in figure 2.2. Given the level of
experimental precision in measurements of kaon mixing parameters, even a modification
to this process at the loop level can be a significant source of constraints.

The relevant interactions are those involving the SM-like down-type quarks and both

the W and W’ gauge bosons. They are given by

3
LD %W: Z (Vijwiy'd;, + AVUpy*d; ;) +hee., (2.39)

J,i=1

where Us;, =t} here and AV = ¢,V as well as

3 2
LD %Wﬁ_ Z (Z ‘/z'jﬁiR'yﬂde + ‘/E),jt_/R’}/“de
i=1

=1

) (2.40)
+> AV Uipydy + Avgjtmudm) ,
i=1
with AV’ = V. The entries of the 3 x 3 matrices ¢, and €, are O(v/M) and O(v'/M)
respectively, and explicit expressions can be found in Eq.(A.19).

The detailed expressions, including loop functions, relevant to estimate the contri-
butions to the kaon mixing parameters Amy and |ex| can be found in appendix A.3.
Additional box diagrams including two Ws or two W’s always lead to a contribution
which is much smaller than that of the SM, and can therefore be neglected. The leading
contribution arises from diagrams including one W and one W’. In this case, there is an

“irreducible” contribution to both parameters (irreducible in the sense that it can only
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be “turned-off” by increasing v'), which comes from the v and ¢ quarks, whose couplings
to the W’ gauge boson are set to be equal to those of the CKM matrix as a result of

generalized parity. The size of this correction reads

6 TeV

mw:

2
(AmK)u,c ~—6-1071 GeV < 6 TeV) |

myy

)2, and |€x|ue 71077 (

(2.41)
which in both cases is an order of magnitude below the theoretical error in the corre-
sponding SM prediction, for values of my consistent with the direct bounds discussed
in 2.3.1.

Contributions from box diagrams that involve additional members of the up-quark
sector additionally depend on the see-saw scale M, as well as the size of both diagonal
and off-diagonal entries in the up-type Yukawa matrices. As far as Amy is concerned,
the leading contribution comes from diagrams where the u and ¢ quarks propagate inside
the loop, and so it is roughly equal to the result in Eq.(2.41), even for a see-saw scale
M that sits only slightly above v’. In contrast, the contribution to |ex| can be large,
and it is dominated by diagrams where the ¢ quark propagates inside the loop. Choosing
the individual entries in the Yukawa couplings to saturate the upper bound given in
Eq.(A.18), |ex| sets a lower bound on M than can range between 750 TeV and 1000 TeV
(depending on whether the leading contribution interferes destructively or constructively
with the SM result) for v/ ~ 18 TeV. This value of M sits comfortably within the upper
bound M < 10?0, which follows from the requirement of perturbative Yukawas, as
discussed around Eq.(2.18). Alternatively, even for v = 18 TeV and M = 40 TeV, an
additional suppression by a factor of O(0.1) in the off-diagonal elements of the up-type
Yukawas with respect to their upper bound is enough to bring the predicted value of ||
within the allowed range.

Overall, the class of parity solutions to the strong CP problem that we focus on in this
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work can comfortably satisfy existing constraints from flavor physics. Flavor-changing
processes are, nevertheless, an interesting probe of the structure of these models, and a

more in-depth investigation is a promising avenue for future work.

2.4 Broken parity and the neutron EDM

As we discussed in section 2.2, parity-symmetric theories predict a vanishing 6, there-
fore offering a potential solution to the strong CP problem. However, the breaking of
parity that is necessary for phenomenological reasons implies that, although zero at tree-
level, a non-zero # may be generated radiatively. In this section, we investigate in detail
the size of radiative corrections to both #, and the EDM of elementary fermions. We fo-
cus on the effect of non-gravitational interactions, and leave gravitational considerations
to section 2.5.

The size of radiative corrections to the # parameter is a somewhat model-dependent
question, as it depends on the details of how parity is broken. For instance, we could
regard generalized parity to be a global symmetry that is only broken softly by dimen-
sionful parameters, as in Eq.(2.13). More realistically, we might expect that the breaking
of parity is spontaneous, and not explicit. This must certainly be the case if, for exam-
ple, parity were a gauge symmetry of the UV theory. Even in this case, there are two
qualitatively different options: either parity is broken without breaking C'P (e.g. through
a symmetry-breaking sector with two scalar fields that obtain asymmetric vevs); or both
parity and C'P are broken simultaneously (e.g. through the vev of a pseudo-scalar). The
former situation is quantitatively similar to the global case. In the latter, however, the
symmetry-breaking sector can introduce an additional source of CP-violation beyond
that present in the SM, and a non-vanishing @ can arise already at one loop.

In the remainder of this section, we discuss the three qualitatively different possibil-
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ities for the breaking of parity, with a focus on the implications for the size of radiative

corrections to the neutron EDM.

2.4.1 Softly broken parity

We will first discuss the possibility of parity being broken softly, only as a result of
dimensionful parameters. Performing this analysis will give us an understanding of the
irreducible effects that will be present in any theory where the breaking of parity happens
dynamically.

There are two potential sources of soft breaking. One corresponds to the p? term in
the scalar potential of Eq.(2.13), which splits the Higgs vevs in the SM and mirror sectors.
As anticipated in the introduction, if this was the only source of parity-violation, radiative
corrections to # would be no larger than in the SM [23]. Another potential source of soft
breaking are the vector-like mass matrices of Eq.(2.10). Relaxing the requirement that
these be hermitian introduces a soft breaking of both generalized parity and C'P. In this
case, a correction to the EDMs of elementary charged fermions (both quarks and leptons)
arises already at one loop, whereas @ remains zero both at the tree- and one-loop levels.
In turn, this translates into a contribution to the neutron EDM independent of 6.

Taking the vector-like mass matrices of the SU(2)-singlets to be general complex

matrices, WLOG we may write them as
= My +iAMy, (2.42)

where both M, = M and A./\/l} = AM;. If AM; is non-vanishing, M’ is no longer
hermitian, therefore (softly) breaking both generalized parity and C'P. At one-loop, a
non-zero AM  leads to a non-vanishing contribution to the EDM of elementary fermions,
with the relevant diagrams depicted in figure 2.3. The result is dominated by diagrams

where the mirror Higgs, I/, and the heavy mirror fermions propagate inside the loop. We
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Figure 2.3: One-loop diagrams generating a non-zero EDM for the d quark in the
presence of soft breaking of generalized parity through non-hermitian vector-like mass
matrices for the SU(2)-singlets. The leading contribution arises from the diagram
where A/, and the heavy mirror quarks, D;, propagate inside the loop. Analogous
diagrams are present in both the up-quark and lepton sectors.

present a detailed calculation in appendix A.2.1. For any of the light SM fermions, we

find

dy  nyQpmy [AM]
e =3z * O\ ) (2.43)

where ny is the number of mirror fermions appearing at the see-saw scale in each fermion
sector (i.e. ng = n. = 3, and n, = 2), and |[AM)| refers to the typical size of the entries
in the AM matrix.

Taking the soft-breaking through AM to be O(1), we find, parametrically,

2
dy,dg ~ 10728 (40 TeV) e - cm. (2.44)

M

In turn, this will translate into an EDM for the neutron of approximately the same
size. For illustration, we have normalized the above expression to a value of M that is
roughly a factor of two larger than the current lower bound on v’. The corresponding
result lies two orders of magnitude below the current experimental bound on d,,, and
could fall within reach of future experiments depending on the value of the see-saw scale
(see e.g. [85] for a survey of prospective molecule-based searches promising orders-of-
magnitude improvement in sensitivity to hadronic CPV).

The see-saw mechanism must also be implemented in the charged lepton sector. If it

were not, the mirror partner of the SM electron would appear at a scale my ~ m, x v' /v,
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which would be as low as ~ 40 MeV for the least fine-tuned version of the model where
v’ >~ 18 TeV. Since mirror fermions carry the same electromagnetic charge as their SM
counterparts, this possibility is obviously ruled out. As a result, a non-zero electron EDM

is also a generic prediction of this class of theories. Parametrically

90 TeV '\
d, ~ 1072 (Te) e - cm, (2.45)

where we have chosen the see-saw scale in the lepton sector so as to saturate the current
upper bound on the electron EDM, which is |d.| < 1.1-107% e - cm [86].

Although an EDM is generated at one loop for the various elementary fermions, 6
remains zero at this order. At tree-level, it is easy to see that § = 0, even in the presence
of non-hermitian vector-like mass matrices. Working in the flavor basis, the full 6 x 6

mass matrices in both the up- and down-quark sectors are only modified with respect to

Eq.(2.12) by replacing My with M/, in the bottom-right block. We then have

W R
det My = det 3T ‘/iy/f o det (y}*y?) for f=u,d, (2.46)
Y My

which is real regardless of M, since y} = y;. This is clearly an accidental consequence of
the zero appearing in the upper-left corner of the quark mass matrix — the gauge struc-
ture of the theory does not allow for relevant operators with the appropriate quantum
numbers to fill that block. The vanishing of @ at one-loop is less immediately obvious.
The relevant calculation was performed in [22], and it is also apparent as a byproduct
of our EDM calculation in appendix A.2.1. As already emphasized in [22], a non-zero
correction to @ could appear at the two-loop order, and would lead to an additional
contribution to the neutron EDM that could be comparable in size to the one discussed

here.
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2.4.2 Spontaneously broken parity and C'P

Perhaps more compellingly — and necessarily, if parity is a gauge symmetry — the
breaking of parity can be accomplished through the vacuum expectation value of an
additional field. The most minimal realization actually entails the breaking of both
parity and C'P through the vev of a pseudo-scalar field ¢. The soft term in Eq.(2.13) is

generated by pseudo-scalar couplings to the Higgs sector, of the form
VO psd(|HI? = [H'[") + Xo¢®(|HI” + [H']?) . (2.47)

The first term above splits the two vevs, and to obtain v’ > v entails
[pVg ~ KU . (2.48)

A natural possibility is to take vy ~ py ~ ', with K = O(1). However, k < 1 is
also possible, especially since this coupling breaks the otherwise accidental SU(4) global
symmetry of the scalar potential in Eq.(2.13). Indeed, the quartic coupling of the SM-like
Higgs is Agpr ~ 2k, suggesting £ < 0.1 and thus a pseudo-scalar vev v, that is numerically
somewhat smaller than v'.

Crucially, there is an additional operator consistent with all symmetries that involves

¢ and the SU(2)-singlet fermions, of the form [74]:

and similarly for up-type quarks and leptons. The ¢y matrices must be hermitian in
order to respect generalized parity. When ¢ gets a vev, this term breaks both parity
and C'P. In the notation of section 2.4.1, a non-hermitian contribution to the vector-like
masses in the fermion sector is generated, of the form AM; = y;vs. More importantly,
new interactions involving the pseudo-scalar lead to a non-zero contribution to  already

at one loop, which sets stringent constraints on the size of these couplings. The relevant
140



CHAPTER 2. P NOT PQ

diagrams are those on the left of figure 2.3, minus the external photon line, and allowing
for ¢ to propagate inside the loop. In appendix A.2.2, we present a detailed calculation,
performed in the mass eigenbasis, of the one-loop correction to the quark mass matrix,
and the corresponding correction to 6, in the context of left-right models with a see-saw
fermion structure. In the remainder of this section, we will reproduce the parametric
contribution to @ from the down-quark sector using a spurion analysis that the reader
might find more instructive.

If we parametrize the one-loop correction to the 6 x 6 mass matrix in the down-quark

sector in terms of 3 x 3 blocks, as follows

A/ A//
AMy = [ 7 T (2.50)

Apqs App
then the corresponding contribution to # from the down-quark sector can be written as
0, = arg det (My + AM,)

~ Im Tr (M;'AM,)

—1 —1 —1
= ImTr {— (%/U,y&*Mglyg> Aga+ (%yép) Apg + (;—%y&*) Ad//:)/} .
(2.51)
Notice that the App block does not contribute to 6; at this order, which again is a
consequence of the zero in the upper-left corner of M.
We will now estimate the size of the A matrices appearing in Eq.(2.51) through a
spurion analysis, as follows. The lagrangian will remain invariant under SU(3) flavor

transformations on the various quark fields, of the form
d — Red, d — Rod, and D — RpD, D' — Rp D', (2.52)

provided the various Yukawa couplings, as well as the vector-like mass matrix, similarly

transform in an appropriate manner. The correct transformation rules for these objects
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are given by

i = Rpys Ry | v = RoyiRY
(2.53)
Mg — R MGRE, Ja — RpiaRL, .

On the other hand, the A matrices of Eq.(2.51) must similarly transform as follows:
Ad/d — R*Q/Ad/ng , Ad/D’ — R*Q/Ad/D/RTD, s and ADd — R*DADdRZQ . (254)

It is now straightforward to identify the leading objects that transform as in Eq.(2.54)

and contain a single insertion of ;. These are of the form

VU'VS 1k
Agq ~ Tﬂ'f (yfi Md lyde 1y§) ) (2-55)
whereas
Vs e 1o V0 1 T
Agpr ~ 1672 (yd My yd) ) and Apg ~ 1672 (yde yd) : (2.56)

We have also included numerical factors to account for the loop suppression, as well as to
take into account that the contribution to § must not diverge in the limits where either
v or v' vanish. Plugging this back into Eq.(2.51), we find that all three terms give a

contribution of the same size. Parametrically:

Vs 1 |Galvs
Oa~ 753 (M) ~ 1577 (2.57)

This result is consistent with the more detailed calculation of the contribution to § from
the quark sector presented in appendix A.2.2.
Requiring that < 107'9 sets an upper bound on the typical size of the entries of the

y matrices in the quark sector, of the form
M
7 <1078 — <1076, (2.58)

where in the last step we have assumed that vy ~ v', and have taken into account the

upper bound on the see-saw scale M as given in Eq.(2.18).
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This result bring us to the following conclusion: if the spontaneous breaking of parity
also implies breaking C'P, then any interaction between the quark and symmetry breaking
sectors must be extremely weak. Fortunately, if = 0 at tree-level, a non-zero value of
y will not be generated radiatively. Indeed, y and the vector-like mass matrices M are
the only two parameters that violate the Zs symmetry acting on the matter fields of the
mirror sector. The breaking through M, however, is soft, and therefore will not translate

into a non-zero ¥ at the loop order. In this sense, a vanishing ¥ is technically natural.

2.4.3 Spontaneously broken parity alone

A less minimal possibility is to spontaneously break parity while preserving C'P
through the addition of two scalar fields, o and ¢’, whose vevs differ. This can be

achieved if this symmetry breaking sector has a scalar potential of the form

2

A A
V, = —%(02 +0") + Zl(az +0”?)? + fUzU/Q : (2.59)

where for simplicity we have forbidden cubic terms by imposing an additional Zy sym-
metry. If Ay > 0, the vacua lie at (o) =0, (¢’) = +£41/m2/\; and viceversa. This option
is not viable for the Higgs potential itself, which requires both v and v' to be nonzero,
but is perfectly adequate for an additional scalar sector.

Parity breaking can then be translated into the Higgs sector by writing appropriate

couplings of the form
VDo (JQIHIQ + 0’2\H’|2) + N (d?|H|? + o*|H')?) . (2.60)

These terms are compatible with the generalized parity introduced in section 2.2, acting
additionally as o <> ¢’. Provided A\, # A_, this will generate the soft term in Eq.(2.13)
proportional to A\, — A.. For example, in the vacuum with (¢’) # 0, v' > v corresponds

to

(AL = A) {0V ~ kv (2.61)
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As this scenario breaks P without breaking C'P (and the additional Zy symmetry acting
on the os forbids marginal couplings between o,¢’ and fermion bilinears), there are
no significant additional contributions to the neutron EDM. There is, of course, the
possibility of collider signatures coming from the Higgs portal coupling in Eq.(2.60),
most notably mixing between the Higgs and the scalar that acquires a vev, as well as
invisible decays of the Higgs if kinematically allowed. The two scalars acquire masses
of order v/2X;(¢’) ~ /Av' and \/F/Z(a’) ~ /MU', respectively, and it is certainly

possible for one to be lighter than half the Higgs mass depending on the values of A; 5.

2.5 Strong CP and quantum gravity

As we discussed in the Introduction, the strong CP problem arises out of the difficulty
of reconciling the smallness of § with the O(1) violation of both parity and C'P by the
electroweak sector. In turn, all attempts to address this puzzle are themselves based
on the introduction of an additional symmetry beyond those of the SM. However, there
is strong evidence that within a theory of quantum gravity, global symmetries cannot
be exact — they must be either broken, or gauged. The origin of this statement goes
back a long way [38—46], and to some extent it has recently been established [47,48]. Of
course, the single most pressing issue for phenomenology is to establish a lower bound
on the amount of global symmetry violation that must be present in the IR. Attempts at
finding such a “universal” lower bound have been made [49,50], but a fully satisfactory
answer remains elusive. Absent a full understanding of how quantum gravity affects
global symmetries at low energies, we can at least attempt to assess the robustness of an
EFT against global symmetry violation by considering the impact of HDOs suppressed
by the appropriate power of Mp;. This both constrains the viable parameter space of

parity solutions to strong CP and illustrates the sense in which P, rather than U(1)pq,
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provides a solution to the strong CP problem that is robust against the expected intrusion
of quantum gravity. Beyond imposing constraints, these higher-dimensional operators
also lead to new experimental signatures associated with the spontaneous breaking of

parity, which we explore in section 2.5.2.

2.5.1 Constraints from Planck-suppressed operators

The observation that the breaking of global symmetries by quantum gravity can have
a profound impact on the validity of the QCD axion solution to strong CP was first made
in [58-61]. Planck-suppressed HDOs that violate the U(1)pg symmetry carried by the

field ®, the phase of which is the axion, are of the form

Ui
d—4
Pl

LD

|| d" 4 h.c. (2.62)

Here, d is the operator dimension, n its units of U(1)pg charge (so n > 1 in order to
break the symmetry), and 1 a coupling that will in general feature arbitrary real and
imaginary parts. HDOs of this form contribute to the axion potential, and, in general,
will displace the axion vev away from the value leading to a small §. Following [59],
requiring that the shift in the axion vev is small enough so as not to spoil the solution

to strong CP translates into the following upper bound

fa a —81p —91
|77| ( <1079 <1077, (2.63)
V2Mp) ™ ~

where f, is the scale of U(1)pg spontaneous symmetry breaking (alternatively, the axion
decay constant), which is experimentally constrained to be between 10® and 10'7 GeV [84].

Focusing on operators of dimension d = 5, this translates into an upper bound on the

102GeV\® / 0
< —55 - 7
In| < 10 ( - ) (1010) . (2.64)

size of n, of the form
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In other words, for all experimentally allowed values of the axion decay constant, the
U(1)pg symmetry must remain an approximate global symmetry to an exceptional de-
gree. This is clearly one of the most significant drawbacks of the axion solution to strong
CP.

In the remainder of this section we study the effect of Planck-suppressed HDOs on
parity solutions to the strong CP problem. We consider separately the cases where parity
is global or gauged. The nature of the HDOs under consideration will be different, but
in both cases we will see that even O(1) coefficients are compatible with solving strong

CP.

Parity as a global symmetry

If we regard parity as a global symmetry, then we must consider the effect of HDOs
that explicitly violate P. The relevant dimension-5 HDOs were already identified in [87],

and they are of the form

LS M%l ()i (H'Q)(HQ;) + ()i (HTQS)(H'Q;)] + hec. (2.65)

Notice that if ay = a} then the above terms would be parity-symmetric. In general,
however, the a’s will not be hermitian, and it is under this assumption that we proceed.

Setting the Higgs to their vevs, Eq.(2.65) leads to a correction to the quark mass
matrix that, for arbitrary a;’s, does not respect generalized parity. The leading contri-
bution to @ will come from the contributions to the up- and down-quark masses, which

are of the form

v ()11 v (g 11
oMy, o~ ———— d omg o2 —————. 2.
m S an mq M, (2.66)
In turn,
Im(dm,)  Im(dmy) 5 o]
0, ~ ~ 10 2.67
e My, + mq 2Mp;’ ( )
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where in the last step we have used m, /v ~ mg/v ~ 107°. Requiring that the above
contribution is smaller than the current bound on @ translates into an upper bound on

the parity breaking scale:

20 TeV 0
v < o] <10_10> : (2.68)

Notice this upper bound is (just) compatible with the lower bound v" 2 18 TeV from
direct searches of W' gauge bosons, as discussed in section 2.3.1. As a result, if global
generalized parity is responsible for solving strong CP, an O(1) violation of the symmetry
due to gravitational effects would imply a contribution to 6 accessible in near-future

experiments.

Parity as a gauge symmetry

If parity is instead a gauge symmetry of the underlying theory, HDOs that explic-
itly violate P are therefore not allowed. Planck-suppressed operators such as those in
Eq.(2.65) might still be generated, but only with ay = a}, and therefore will not con-
tribute to 0. Instead, the operators of interest must be proportional to the source of
spontaneous symmetry breaking. If the latter takes place via the vev of a pseudo-scalar,
as discussed in section 2.4.2, then there are two dimension-5 HDOs that satisfy this

requirement, namely:

¢065 a~va
Longy T <G G ) , (2.69)
and
Z’ / / ! / !
LD M_(iz (Cu)ijQiHU; + (C'/u)ijQiH/UJ/' + (<d>inTQiDj + (Cd)inTQin} +h.c., (2.70)

with ny € R, and (} = (} so as to satisfy generalized parity.
The operator of Eq.(2.69) will generate a contribution to 6, after spontaneous sym-
metry breaking, of the form
g, ~ 1Y (2.71)

Mp,
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Assuming that vy ~ o', demanding that this contribution is smaller than the current

bound on @ leads to an upper bound on the parity breaking scale

10° GeV [ 6
vy ~ VS . . (1010> : (2.72)

which is clearly well above current bounds on v'.

At the same time, once ¢ gets its vev, the operator of Eq.(2.70) leads to an extra
contribution to the Yukawa couplings of the up- and down-type quarks in the SM and
mirror sectors that are mot parity-symmetric. In turn, this will lead to an additional
contribution to the mass eigenvalues of the light quarks which will in general contain an

imaginary component. For example, in the down quark sector

g (yd)i}(Cd)z‘j} o [Galvg

ixls 2.73
Vi el (@7

Im(dmy,) ~ vv' Im {

where |(y4)ix| refers to the typical size of the entries in the i-th row of the y; matrix. The

leading contribution to 6, will come from the up and down quarks. In total:

Im(dm,) = Im(0 "Gl (Yu

6, ~ m(dm,) n m(dma) Vs W0 [ |Gul (Yu)1x n |Gal (ya) 1+ . (2.74)
my, mgq Mpl M my, mq

Taking into account the upper bound on the entries of the Yukawa couplings necessary to

reproduce the light quark masses (see Eq.(A.12)), as well as the requirement that o' < M

in order to implement the see-saw mechanism, the previous equation implies

Oy S 102—@: , (2.75)

where we have set m, /v ~ mg/v ~ 107°, and have assumed that |(,| ~ |¢4]. In turn,

taking vy ~ v', this sets an upper bound on the scale of spontaneous symmetry breaking:

,_107GeV [ 0
vy ~ U S " (1010> . (2.76)

As before, this is fully compatible with current experimental bounds on the parity-

breaking scale, even for O(1) coefficients of the corresponding HDOs.
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2.5.2 Gravitational waves from the spontaneous breaking of
parity

Beyond providing additional constraints on the parameter space of parity solutions
to strong CP, the expected effects of gravity also introduce new experimental signatures.
Here we highlight one possibility, namely the impact of HDOs when parity is a spon-
taneously broken global symmetry. The spontaneous breaking of discrete symmetries
can lead to the formation of a network of domain walls in the early universe, provided
the reheating temperature after inflation is above the scale of spontaneous symmetry
breaking [88] . If the spontaneously broken symmetry is global, but otherwise exact, a
domain wall configuration interpolates between two distinct vacua that are degenerate,
making these defects topologically stable objects. The formation of such networks can
be fatal on two grounds. On the one hand, the energy density in domain walls redshifts
slower than that of matter or radiation, and would eventually dominate the universe’s
energy budget. If this happened before the current epoch, the rapid expansion of the
subsequent domain-wall-dominated era would be at odds with observation. On the other
hand, even if only a subdominant component of the total energy density was in the form
of domain walls today, their effect on large-scale density fluctuations rules out defects
with characteristic scales above ~ 1 MeV [91]. These considerations are often referred to
as the “domain wall problem” of theories with spontaneously broken discrete symmetries.

These problems are largely solved when we take into consideration that, within a the-
ory of quantum gravity, we expect all symmetries to be either broken or gauged [38-48]
— an expectation that includes spacetime symmetries [47,48]. In this context, the do-

main wall network is unstable, rendering its earlier formation largely unproblematic (see

9This statement relies on the restoration of the spontaneously broken symmetry at high temperatures.
Scenarios where symmetry restoration does not take place have been explored in [89,90]. In these cases,
topological defects would not form via the mechanism of [88].

149



CHAPTER 2. P NOT PQ

e.g. [92], and also [89,90]). Moreover, the significant amount of gravitational radiation
emitted in the process results in a stochastic gravitational wave background that may
be within reach of current and future observatories. We discuss this possibility in the
remainder of this section.

We will focus first on the scenario where parity is a global symmetry that is only
explicitly broken by gravitational effects. At low energies, the symmetry-breaking dy-
namics will enter the effective potential for ¢ through HDOs that violate parity. One
such operator is of the form

VDoe—. (2.77)

This breaks the degeneracy between the two previously degenerate vacua, corresponding

to (¢) = tv,. Parametrically, the energy difference now reads

5
€U¢

5V~ —L (2.78)
Pl

If the reheating temperature is above the scale of spontaneous symmetry breaking,
then we expect that a network of domain walls will be formed once the temperature of
the universe drops bellow T" ~ v, [88]. Numerical [93-97] and analytical [98,99] studies
suggest that, shortly after formation, the network evolves according to a scaling solution,
with ppw(t) =~ o /t, and typical domain wall size comparable to the Hubble scale H ()~
o corresponds to the tension of the domain walls, which in our model is of the form
o~ \/m_d)v;, where k4 refers to the quartic coupling in the ¢ potential. Two competing
effects determine the network’s subsequent evolution. On the one hand, the pressure
difference between the two vacua exerts a force per unit area of order ~ V. On the
other, the tension per unit area acting on a wall with curvature radius R is ~ o/R. In
the scaling regime, R(t) ~ H(t)™! ~ ¢ (assuming the universe is radiation dominated),

and therefore the effect of tension decreases with time. Eventually, the pressure difference
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Figure 2.4: Constraints on the size of the coefficient of the Planck-suppressed HDO
of Eq.(2.77), as a function of the scale of spontaneous symmetry breaking, vs. The
region vy S 18 TeV (green) is in conflict with direct bounds on the mass of W’
and Z' resonances, under the assumption that vs ~ v', as discussed in section 2.3.1.
Values of e that are too small (blue) do not destabilize the domain wall network early
enough to either avoid a domain-wall-dominated era, or to ensure collapse before
the onset of BBN, and are therefore ruled out. The region of parameter space in
pink is experimentally allowed, but the level of fine-tuning in the electroweak sector
worsens as vy is increased (corresponding to a darker shade). The dashed line at
vy =~ 3.5-10% TeV corresponds to a fine-tuning of O(10719) in the electroweak sector.
(For illustration, we have set the quartic coupling in the pseudo-scalar potential to be
kg = 1 in this plot.)

between the two vacua dominates, causing the network to collapse at a time of order

o \/KJqﬁMPl
teoll, ¥ ===~ ——— . 2.79
sV ey, (2.79)

Clearly, the domain wall network could be very long-lived if ¢ <€ 1. The requirement
that collapse takes place either before the universe becomes domain wall dominated,
or before the start of BBN (so as to avoid energy injection into the SM plasma that
would disrupt light element formation), sets a lower bound on € as a function of the
spontaneous symmetry breaking scale. This is depicted in figure 2.4, where the BBN
and domain-wall-domination restrictions dominate for values of v, below and above ~ 73
TeV respectively. As can be appreciated in the figure, in the region of parameter space
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where the fine-tuning is better than 1071 (that is, vy ~ v' < 3.5-10* TeV), € may be as
small as O(1071%).

The collapse of a domain wall network leads to the production of gravitational
waves [100,101]. On dimensional grounds, one would expect the energy density in gravi-
tational radiation to be of the form pg, ~ Gno? (the mandatory power of Gy times the
necessary factors of ¢ to make up dimensions), an expectation that is largely upheld by
numerical analysis [102-105]. The resulting gravitational wave spectrum has an extended
shape, peaking at a frequency corresponding to the Hubble size at the time of collapse
(corresponding to the typical size of the domain walls), and falling off as 1/f for larger

frequencies. At the present epoch, the peak frequency of the gravitational wave signal is

_ Tcoll. Gx (Tcoll.) 1/6
. ~10°H
4 g <102 GeV> < 10

given by

2.80
v e N1z [/ 1\ ( )
i) () ()
18 TeV/ \10-12 Kg
and the energy density in gravitational radiation at frequency peak reads [106]
2 9 4 4/3
1 1
i 2 070 T (G (10
(20 Tev) Tcoll. Gx (Tcoll.> (2 8].)

~ 10710 ( Vo )2 (10_12)2 <@)2

18 TeV € 1/ 7

where T, refers to the temperature of the SM plasma at a time t.,., and we have
assumed that network collapse takes place during radiation domination.!”

Figure 2.5 shows the region that can be spanned by the peak of the stochastic grav-

itational wave background in the f. vs. Qgh?(f.) plane, together with the sensitivity

curves of a number of gravitational wave experiments. The lower bound on € depicted in

figure 2.4 translates into a lower bound on f, for each value of the symmetry breaking

10Tn the second steps of Eq.(2.80) and (2.81), we have substituted Teop1. by the corresponding expression
in terms of the model’s fundamental parameters, while ignoring a weak dependence on g,.
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Figure 2.5: In blue, region of parameter space where the frequency peak of the
stochastic gravitational wave signal, f., as well as the corresponding energy density,
ngh2( fx), can fall in light of the experimental constraints on the various model pa-
rameters summarized in figure 2.4. Dotted lines correspond to constant €. The region
to the right of the dashed line corresponding to vg = 3.5 - 10* TeV features a level of
fine-tuning worse than 1 part in 10'°, and it is therefore less attractive. Sensitivity
curves for a variety of gravitational wave experiments are shown, including the pulsar
timing arrays EPTA [109], NANOGrav [108], SKA [107] (observation time of 5, 10
and 20 years as indicated), as well as the space-based interferometers LISA [110], and
DECIGO [111]. (For illustration, we have set the quartic coupling in the pseudo-scalar
potential to be x4 = 1 in this plot.)

scale (e.g. f. = 107 Hz for v, ~ 18 TeV). As can be seen in figure 2.5, a region of pa-
rameter space with low v’ falls within reach of gravitational wave observatories probing
the low frequency regime such as SKA [107], NANOGrav [108], and the EPTA [109]. As
€ is increased, the collapse of the domain wall network occurs earlier, further suppressing
the current value of the energy density in gravitational radiation by the corresponding
redshift factor.

Our discussion so far applies in the context of global discrete symmetries provided
that they either do not descend from a continuous symmetry, or that, if they do, the
symmetry breaking scale of the continuous factor is above the reheating temperature, so

that a network of cosmic strings is not formed in the early universe. On the other hand,
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if the reheating temperature is larger than the scale set by the tension of the strings,
1, then a string network will be formed first, with the strings later joined by domain
walls. The entire string-wall network now evolves together, and the problem features an

additional time scale, given by

0
te ~ — . 2.82
: (2:82)

At t ~ t,, the force per unit length on a string of radius R(t) ~ t, given by ~ u/t,
becomes comparable to the wall tension. The system then becomes dominated by the
tension of the domain walls, causing the network to shrink, and break down into pieces
that will further decay into gravitational waves (or, potentially, also massive particles,
depending on their size and the relevant particle spectrum) [100, 101]. If this timescale
is shorter than t.,., the earlier destruction of the network of defects could move any
potential gravitational wave signal into an unobservable regime.

The discussion of the previous paragraph is especially relevant if parity is instead
realized as a gauge symmetry, for which explicit breaking is no longer allowed. Naively,
one would hope that the gauge case would be cosmologically more benign: the gauge
equivalence of the two vacua makes them no longer distinct, eliminating the topological
stability of the domain walls. Indeed, domain walls can be destroyed by a process in
which a string loop is nucleated on the wall, further growing to destroy the entire defect.
However, the corresponding nucleation probability is proportional to e=H /o [112], which
will be exceedingly small for any reasonable separation of scales between the string and
wall tensions, therefore rendering gauge domain walls effectively stable. It is therefore
crucial that the reheating temperature is above the string tension scale, so that a string
network is formed that can later result in the entire collapse of the subsequent string-
wall network. The cosmological implications, as well as potential gravitational wave

signatures, of a discrete parity symmetry that is gauged will be further explored in
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future work.

2.6 Conclusions

The strong CP problem remains one of the great naturalness problems of the Standard
Model, and is perhaps the most compelling in light of its resistance to straightforward
anthropic explanations. Fully satisfying solutions to the problem remain elusive given
the expected violation of global symmetries in a theory of quantum gravity, which de-
mands extensive effort to protect the Peccei-Quinn symmetry underlying axion-based
approaches. In this work we have pursued a possibility that is more transparently robust
against the effects of quantum gravity, revisiting parity-based solutions to the strong CP
problem. Our approach highlights the experimental signatures associated with the most
natural regions of parameter space in these models, as well as ancillary signatures that
are dependent upon the detailed mechanism of parity breaking.

The notion of naturalness within this parameter space is governed by the tuning
associated with the separation of scales of SU(2), and SU(2)r breaking, which are
related by generalized parity. Given this tuning, “see-saw” vector-like masses for the
SU(2)-singlet fermions play a key role in allowing the scale of SU(2)r breaking to be
lowered toward its most natural value consistent with experimental constraints. Within
this framework, the LHC provides the strongest test of natural parity-based solutions to
the strong CP problem, probing the scale of SU(2)g breaking through searches for W’
and Z' vector bosons as well as vector-like quarks and additional Higgs bosons. This
leaves parity solutions tuned at the ~ 1073 level, which while not fully natural remains
a significant improvement in explaining the observed # < 107!°. The extended reach
for heavy resonances at future colliders such as FCC-hh will decisively test these parity

solutions at the level of ~ 107° tuning. Constraints on new sources of flavor violation
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play a complementary role, with additional sensitivity to the scale of vector-like fermions
and the underlying model of flavor.

The detailed mechanism of parity breaking gives rise to additional signatures within
reach of near-future tabletop experiments and gravitational wave observatories. Soft par-
ity and C P-violating terms give rise to EDMs for elementary fermions at one-loop, both
quarks and charged leptons, which provide a pathway to discovery in precision searches
for C'P-violation in molecular systems. Spontaneous violation of parity and C'P through
the vev of a pseudo-scalar gives rise to additional one-loop contributions to #, which
provides an additional pathway to discovery and already requires the source of parity vi-
olation to be sequestered from the quark sector (albeit in a technically natural way). The
expected violation of global symmetries in a theory of quantum gravity further shapes
the viable parameter space and potential experimental signatures through the impact
of various Planck-suppressed operators whose form depends on the underlying parity-
breaking mechanism. If parity is a global symmetry that is broken both spontaneously
(by a pseudo-scalar vev) and explicitly (by gravitational effects), collapse of the domain
wall network associated with the spontaneous breaking of parity can generate a gravity
wave signal accessible at low-frequency gravitational wave observatories. In this respect,
the violation of global symmetries by gravitational effects is a feature of parity-based so-
lutions to the strong CP problem, rather than a bug. Taken together, these experimental

opportunities warrant further exploration of generalized parity as a solution to strong

CP.
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Chapter 3

Dark Matter in a Mirror Solution to

the Strong CP Problem

3.1 Introduction

The nature of DM and the strong CP problem are two of the most compelling puzzles
of particle physics. In the last decades, cosmological observations of the cosmic microwave
background (CMB), distant supernovae, large samples of galaxy clusters, and baryon
acoustic oscillations have firmly established a standard cosmological model in which DM
accounts for about 85% of the matter content of the Universe, and about 27% of the
global energy budget [113]. Another puzzle stems from the observational absence of the
neutron electric dipole moment, d,, < 10726 e - cm [114], which constrains the amount of
CP violation in the strong interactions. (C stands for charge conjugation, P for spacetime
parity and CP for their combination.) In the QCD Lagrangian, there is only one CP
violating term [115],

2

n 9s a /ya,pv
’ 1
LD QQCD 39,2 G“VG R (3 )
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where G* is the gluon field strength tensor, gs the strong coupling constant, G(W,, =
%ewaﬁGgﬁ and §QCD is an angle € [0,27]. In the SM, H_QCD combines the bare f-angle
fqgcp with an anomalous contribution from the quark mass matrix M into a flavor-
invariant quantity, fqcp = fqcep + argdet(M). The constraint above results in the
upper limit fgcp < 1071 [116-118], so that fqcp is by far, and inexplicably, the smallest
dimensionless parameter of the SM. This strong CP problem is made even more surprising
by the fact that weak interactions violate CP with a phase of order unity.

Three approaches to this problem have received considerable attention in the liter-
ature: a massless colored fermion [119-122] which makes fqcp unphysical (and whose
minimal incarnation is now excluded by lattice data [123]), spontaneously broken P or
CP symmetries [21,22,25,26] that fix fqcp = 0 in the UV and rely on its extremely
suppressed renormalization [71,124-127], and a spontaneously broken global anomalous
symmetry a la Peccei-Quinn [51,52] which relaxes fgcp to 0 through the QCD-induced
dynamics of the predicted QCD axion [53,54]. The QCD axion additionally turns out
to be a natural DM candidate [128-130]. (See Ref. [131] for a review on the QCD axion
and a large set of references.)

It was recognized in the 1970s already that parity might solve the strong CP prob-
lem [24,132], and several models have been analyzed in the literature since then (see
e.g. [21-23,28,29,133-140]). Those models require extending the gauge group and par-
ticle content of the SM. However, unlike the QCD axion, the presence of a good DM
candidate is not guaranteed by a suitable choice of parameters and cosmological history,
as P relates the additional couplings and masses to the SM ones so that there is little
freedom to find an appropriate parameter space. Extra fields can be added to play the
role of DM [134, 135], while within minimal models the possibility that DM is made
out of the mirror neutrinos or mirror electrons predicted by parity has been explored

in Refs. [141,142] and [136], respectively. For mirror neutrinos, justifying the necessary
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small parameters requires extra ingredients, while only non-thermal production mech-
anisms were known to work for mirror electrons. In this work, we study whether it is
possible to thermally produce DM within a minimal setup where, as with the axion, its
mass and abundance can be computed in terms of parameters already required to solve
the strong CP problem.

Concretely, we analyze the model proposed by some of us in Ref. [143], based on a
mirror copy of the SM. In the process, we automatically explore other setups studied in
the literature [23,136], to which our model reduces in the appropriate limit. Parity fixes
almost all coefficients given the measured SM parameters, so that one can genuinely scan
the full parameter space. Generically, the only DM candidate is the mirror electron €',
i.e. the new fermion paired with the SM electron by parity. We argue that production
from a dark sector in thermal equilibrium with the SM is not allowed by experimental
constraints. Moreover, the only viable thermal production mechanism from the SM bath,
that can adequately suppress the dangerous relic abundance of mirror up quarks o/, is
(sequential) freeze-in'. Mirror up quarks are electrically neutral and colored and hence
can bind into fractionally-charged exotic hadrons. We perform a thorough numerical
analysis and identify the range of model parameters where one finds consistent ¢/ DM.
This fixes all scales of the model within a few orders of magnitude, dramatically increasing
the predictivity beyond the constraints from parity alone.

As we were completing this work, a different cosmological history for the same model
was presented in Ref. [139], where ¢/ DM is obtained through freeze-out and subse-
quent dilution, while fractionally-charged exotic hadrons are argued to be sufficiently
suppressed. While the bounds on such hadrons [136] are based on fluxes that have un-

certainties [145], they appear to exclude this cosmological scenario by several orders of

Freeze-in of mirror electron DM has been considered in Twin Higgs models [144]. There, neutral
naturalness does not lead to dangerous exotic hadrons and freeze-in through kinetic mixing is allowed.
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magnitude, calling into question its viability.

The paper is organized as follows. In Sec. 3.2, we summarize the relevant features
and mechanisms of the model proposed in Ref. [143] to solve the strong CP problem. In
Sec. 3.3, we discuss the running of masses and gauge couplings in this model, while in
Sec. 3.4 we study the induced kinetic mixing between the SM and mirror photon, which
strongly impacts the direct detection (DD) prospects of the model. In Sec. 3.5 we explore
whether this model provides a solution to the DM problem, and in Sec. 3.7 we comment
on the compatibility between DM and the Higgs parity mechanism, which allows parity
to be exact instead of softly broken in the UV without adding new degrees of freedom.
Finally, we conclude in Sec. 3.8. In App. B.1, we compute the freeze-in distribution of

mirror photons, allowing us to compute the ¢/ DM abundance in Sec. 3.5.

3.2 Mirror Solutions to the Strong CP problem

Here, we summarize the model presented in Ref. [143].

The full SM gauge group is mirrored to SU(3) x SU(2) x U(1)y x SU(3) x SU(2)" x
U(1)’, and the matter content is doubled to include mirror copies of the fermion and Higgs
fields. One set of particles has the usual SM quantum numbers under SU(3) x SU(2) x
U(1)y and is a singlet of SU(3)" x SU(2)" x U(1)’, while the converse is true for the other
set. Each of the two Higgs fields is responsible for the breaking of the electroweak sector
of its own “world”. This setup can solve the strong CP problem when the two worlds are
related via a Zy symmetry composed with the usual action of P, so that the (C)P-odd 6
angles of SU(3) and SU(3)’ satisfy the relation § = —¢'. In Ref. [143], it was shown that
breaking the two SU(3) gauge groups to their diagonal subgroup, which is identified with
SU(3)qcep, provides a solution to the strong CP problem, as one finds gcp = 6 + 6. In

the limit of exact or softly broken P in the UV, the two 6 angles cancel completely. In
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the IR, despite P being broken, fqcp receives negligible corrections.

The mirror Higgs acquires a vacuum expectation value (VEV) v > v, where v
denotes the SM Higgs VEV, which breaks P spontaneously. A phenomenologically-viable
vacuum is achieved either by a soft P breaking term in the tree-level scalar potential or
by radiative corrections at the scale v’ [29]. In the latter case, v’ cannot be chosen
arbitrarily and depends on the other couplings of the model. We discuss it further in
Sec. 3.7. In the rest of this paper, we treat v" as an independent parameter, which can for
instance be achieved through the aforementioned soft breaking of parity. In either case,
the theory does not address the hierarchy problem. Moreover, in this paper, we consider
the simplest SU(3) x SU(3)" — SU(3)qcp breaking mechanism, provided by the VEV
of a bifundamental scalar field ¥. Although the solution to the strong CP problem does
not depend on the specific breaking mechanism (see Ref. [143] for additional examples),
the phenomenology of the model is sensitive to it. This will be commented on when
necessary.

The interest of mirror solutions to the strong CP problem stems from their simplicity
and predictivity: since the gauge and Yukawa couplings are fixed by P, the only two free
parameters with respect to the SM are v" and vs, the energy scale at which SU(3) x SU (3)’
is broken. The constraints on the parameter space of this setup from collider searches
and from the requirement that it solves the strong CP problem are shown in Fig. 1 of

Ref. [143]. The allowed region roughly reads

2-10%GeV <o/ <10 GeV; vy > 5TeV. (3.2)
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3.3 Masses, couplings and their running

As alluded to above, parity forces the gauge and Yukawa couplings in the two worlds

to be equal at scales above v/,

gar =9 , Y =Yg, (3-3)

where G = 1,2,3 denotes a simple factor of the SM gauge group of coupling g5 and
similarly for the mirror gauge couplings g¢r, while y; are the SM Yukawa couplings in
the up, down and charged lepton sectors and similarly for the mirror Yukawa couplings
yp. The breaking of parity will generate deviations from these relations below v’ in a
calculable fashion. Knowing the precise values will be of extreme importance for the
discussion of DM below, so we discuss here the renormalization group equations (RGEs)
of our model.

For a choice of v" and w3, the values of the parameters at all scales and in both worlds

can be found. Indeed, the solution to the RGEs is fully fixed by the following constraints:
1. Matching to the measured SM parameters at low energies,

2. Continuity at vs, except for

1 1 1
=— 4= (3.4)
aQCD Qg Qg

"
(plus possible threshold corrections at loop level), where V) = % with ggl) the

(mirror) color coupling constant above vs,
3. Parity at ¢/, i.e. the relations of Eq. (3.3).

For given v" and v3, these constraints constitute sufficient boundary data to fix all inte-
gration constants in the RGEs. We focus on the one-loop RGEs [146] and use the values
in the modified minimal subtraction (MS) scheme given in Ref. [147]. We have checked

that using the two-loop RGEs for the strong couplings affect the result at the percent
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level, yielding a smaller source of uncertainty than that on the SM up quark mass (see
below). The same applies to the use of the pole mass instead of the MS mass. In this pa-
per, we use the latter everywhere. We also include the effect of the bifundamental scalar
field ¥ on the RGEs. For simplicity, we assume that all components of that scalar field
acquire masses of order vs (this can be achieved upon suitably choosing the parameters
of its scalar potential).

The most straightforward case is when the lightest colored mirror fermion, namely the
mirror up quark u’, is heavy. Specifically, when m,, > v3. In this case, the modification of
the SM RGEs is minimal all the way to v": One simply needs to replace agep — o, and
add the contribution of three flavors of fundamental scalars to the SU(3) running. One
can then pick a random value of a,(vs) (which lies between? agep(vs) and 2aqep(vs)),
run the SM world couplings to v/, fix the mirror world parameters at v and run them
down to vz to check whether the relation of Eq. (3.4) holds. Spanning over all (or many)
choices of a,(v3), one can identify the appropriate value.

When m,, < vs, the situation is more intricate. The boundary values for the mirror
quark masses depend on the SM quark masses, which depend on the running of the QCD
coupling constant, which itself depends on the mirror quark masses and their contribution
to the § function. In this case, one needs to numerically solve the full system of RGEs of
the two coupled mirror worlds. In practice, we implement this for all values of m, /v,
and we cross-check the results with the previous method when applicable. We checked
that our numerical precision is such that the constraints imposed by matching at v and
parity at v’ are satisfied at the sub-per-mille level. We illustrate some results of this
procedure in Fig. 3.1. In the right panel, we see that the loop correction to the ratio of

My t0 M, the mirror electron ¢’ mass, depends on vz and can be noticeable, which will

2The lower bound directly follows from Eq. (3.4), while the upper bound also takes into account the
fact that the mirror gauge coupling runs faster at lower energies, since the mirror fermions are heavier.
Therefore, since the two gauge couplings are equal at v', as(vs) < al(vs).
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Figure 3.1: MS running parameters for v’ = 10° GeV and two choices of v3, to which
the red vertical lines correspond. Left panel: running gauge couplings of the color
groups. Right panel: ratios of the «' and e’ masses. The curves stop at pu = me (p),
and the running of m,, is frozen below p = my/(u).

prove crucial when we discuss DM later on.

The outputs of this procedure are the running gauge couplings and fermion masses.
They are used as inputs in a second step in which we compute the running kinetic mixing
and Higgs quartic, which we discuss below. The RGEs of the gauge couplings and of the
Higgs potential have been studied using similar techniques in Ref. [139].

A further comment on the input value for m,, is in order. In the following, we find the
DM production to be extremely sensitive to m,s/m., whose value is obtained from the
low energy determination of the SM up-quark and electron masses, as described above.
The electron mass is known with the astonishing precision of ~ 0.1 ppb, while the PDG
reports m,(2GeV) = 2.167092 MeV [148]. This is the largest source of uncertainty
in our result, as discussed in Sec. 3.5. The central value is used for the right panel
of Fig. 3.1. Note, that a recent combination of lattice determinations of m, reports a
smaller uncertainty of ~ 4% [123], but is not without controversy and remains under

active investigation.
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3.4 Kinetic Mixing

Parity is compatible with a kinetic mixing between the gauge boson of U(1)y and its

mirror copy,

LD eF™F!, . (3.5)

This term was not relevant for the solution to the strong CP problem in Ref. [143], but
it constitutes an important source of cosmological constraints on the parameter space of
the model. Indeed, once this term is introduced, all fermions charged under U(1)" become
charged also under U(1)y. If this is the case for DM, very stringent constraints on its
charge from direct detection experiments apply. Anticipating the discussion in Sec. 3.5,
the mirror electron is the only DM candidate of the model and kinetic mixing plays an
important role in assessing its viability.

Removing the tree-level contribution to the kinetic mixing is a reasonable assumption.
For instance, in UV completions where one U(1) belongs to a larger gauge group, the
interaction term in Eq. (3.5) is not allowed by gauge invariance. Therefore, it vanishes
above the scale at which the two U(1) gauge theories emerge. However, it will be gener-
ated at loop-level below that scale. In the current setup, the first loop-level contribution
to this term arises at 4-loop [136], and could be further suppressed by an appropriate
arrangement of the energy scales of the model, which we will discuss next. Nevertheless,
due to the tight constraints, it is worth studying in detail the 4-loop contribution to €,
as it depends only on the two free parameters of the model, v" and vs.

The leading diagram is shown in Fig. 3.2. As noted in Ref. [136], the renormalization
group equation of the kinetic mixing parameter can be read off from the four-loop beta

function of QCD [149], yielding

de e2g" 1760 1280
- (R ) Cad (3.6)
(]

ding — (47)8 27
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It is clear that this contribution is only present below vz, as above that scale the internal
gluons do not couple simultaneously to SM and mirror quarks. Above vs, we need higher-
loop diagrams to connect v and «/, which are further suppressed. Moreover, below their

q q

Figure 3.2: 4-loop diagram contributing to kinetic mixing.

Figure 3.3: Diagram contributing to kinetic mixing below the lightest mirror quark mass.

masses, the mirror quarks are integrated out at one-loop and the three-loop diagram of
Fig. 3.3 arises, where the effective vertex on the left connects one mirror photon to three
gluons® and is therefore suppressed by 1/m?, (note that, due to parity, m,, is the smallest

mass scale among the UV fields). Dimensional analysis dictates that such contributions

must come with an extra factor ~ (-£-)* where p is the largest momentum flowing in the

Myt

quark loops, while one retains the e?¢% and four-loop suppression (one for the one-loop
matching at u ~ m,, and three for the diagram in the IR theory). Therefore, one can
safely neglect the running below m,. In conclusion, 4-loop contributions to the kinetic
mixing are relevant below the scale v3 and when there is at least one mirror quark below

that scale.

3There is no effective operator connecting one mirror photon to any combination of two gauge fields,
due to symmetry (see the discussion on the “X3” class of operators in section 5 of [150]).
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3.5 Dark Matter

Given the unbroken mirror QED symmetry of the model of Ref. [143], it is natural
to expect the presence of a good DM candidate. However, it turns out that this happens
only in a specific region of parameter space and through a non-standard production
mechanism. This is the topic of this section.

Although little is known about the particle nature of DM, a good DM candidate must:

1. Have a relic abundance today that matches the observed value Qpy = ppar/perit =
0.265(7), where pei; = 8.5(1) x 1073 gem ™3 is the critical density of the Uni-

verse [148],

2. Be cosmologically stable so as to agree with current experimental observations [151—

154,

3. Become non-relativistic well before matter-radiation equality, as required by the

formation of large scale structures in the Universe [155-157],

4. Have zero, or very small, electromagnetic charge, as required by searches for stable

charged particles [158, 159],

5. Have limited self-interactions, constrained by the observed DM halo profiles, cluster

collisions and the CMB spectrum [160].

In the present model, all mirror particles are electrically neutral, up to kinetic mixing.
Through mirror Yukawa and electroweak couplings fixed by parity, the mirror particles
have decay channels similar to their SM counterparts, hence the only stable massive
particles are the mirror electron ¢ and up quark u’. They cannot decay to the SM
because of the unbroken mirror electromagnetic charges that they carry. The mirror

photon remains massless and contributes to dark radiation (by an amount far below
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current limits in the scheme to be described), whereas mirror neutrinos are heavy but
quickly decay to the SM unless further model building is invoked, as we discuss below.
Finally, the physical components of the bifundamental scalar field ¥ which breaks the
color groups are generically of mass ~ vz and quickly decay to quarks and gluons [161].

Being the lightest stable mirror fermion, and charged only under mirror gauge groups,
the mirror electron is the best DM candidate in this class of models. However, in Sec. 3.3
we have seen that the ' has a mass close to the ¢/, and so its abundance has to also be
carefully considered. This will turn out to be of utmost importance for the viability of a
DM production mechanism, given the bounds on the u’ relic density. Another important
constraint on the cosmology stems from the fact that the potential of ¥ displays an
accidental Zs symmetry, leading to domain walls (DWs) if the universe is reheated above
the phase transition temperature ~ v3. (This symmetry appears to be accidental to all
mass dimensions, preventing one from introducing a bias to collapse the domain walls.)
However, over most of the parameter space, this requirement is weaker than the one

associated with the relic density of w’.

3.5.1 Bounds on mirror quarks

An extensive discussion of the cosmological history of the mirror quarks in these
models can be found in Ref. [136]. The heavier mirror quarks decay into the lighter
ones, while the latter hadronize after the QCD phase transition, forming bound states by
combining with other colored particles. Rearrangements mediated by scattering processes

then lead to the presence of two kinds of exotic bound states:
1. Hadrons made of w' and SM quarks: u/qq, v'u'q, v'g. We denote these by h'.

2. Hadrons made of three '.
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The abundance of these states, relative to the abundance of ', has been estimated in

Ref. [136],
(
Y / Yait Y < Yerit
Yarww = Yo % ,
1 Y > Yait
)
1 Yo < Yari (37)
Y, ~ Y, x ,
K}/crit [Yuw Y > Yo
Vorie 222X 107 (520)° Yo

While bound states made of only u’ can in principle be a component of DM, the abun-
dance of b’ is strongly constrained by searches for nuclear and electric recoil at deep
underground detectors [162—-164], and by tracks of ionizing particles in bulk matter, on
earth [165-168] as well as in meteorites [169]. Again we refer the reader to the discussion
in Ref. [1306].

Collider bounds on fractionally charged heavy stable states give m,, = 1.5TeV [143],
while bounds from higher dimensional operators that can spoil the solution to the
strong CP problem imply m, < 10° TeV. In this mass range, one obtains Y}, <
(107 — 107%] Ypu from the bounds of the MACRO [166], ICRR [167] and Baksan
experiments [168], as well as Y, < m,/GeV 107 Ypy from searches of ionizing tracks
in the Hoba meteorite [169]. The lower bound on m,, and the definition of Y imply
that Y = 4 x 1077 Ypu, hence Yy, < Y given the bounds above. This shows that the
only viable scenario is

Y2
chrit

Yu’ < Y;:rim Yh’ = Yu’a Yu’u’u’ = (38)

In the literature, it has been debated whether strongly interacting particles can reach
terrestrial experiments such as MACRO, ICRR and Baksan, because of their interac-

tions in the Earth’s atmosphere and crust. However, even assuming a geometrical cross
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section for DM-nucleus scattering (which is the largest possible value for such a cross
section? [170]), it has been shown that this is the case for neutral DM bound states [171]
as well as charged ones [136]. The determination of the A’ flux in the galactic disk from
its charged massive particle nature [145] is not straightforward, hence the systematic
errors on the bounds for Y}, are difficult to estimate. Therefore, in the following, we
show different exclusion scenarios. Nonetheless, the constraints are so stringent that,
even taking a conservative stand, they play an important role in our results.
Concerning bound states made of only «’, one finds from the relations above that

Yoyww <2 x 10710 Yy, and the DM fraction of fully mirror bound states is negligible.

3.5.2 Bounds on ¢ DM

Since bound states of mirror quarks are constrained to provide only an extremely
small contribution to DM, we are left with the possibility of mirror electron DM. We
remind the reader that in this model the mirror electron is charged only under the mirror
gauge groups SU(2) x U(1)" and has a mass larger than ~ 750 GeV®°. Before studying
the production mechanism in the early universe, we discuss the bounds from DM direct
and indirect searches.

Being coupled with the mirror photon, the e’ experiences a long-range force. However,
its mass is too heavy to appreciably self-scatter and disrupt the DM halo profile [160] nor
the spectrum of the CMB. On the other hand, the kinetic mixing discussed in Sec. 3.4
leads to an interaction with SM particles and can produce an observable signal. The

strongest bound comes from searches for DM-nucleus scattering. The results of the

4A larger cross section can be obtained through long range interaction or, in the case of composite
DM, by the presence of resonances or threshold bound states [170].

5This limit is obtained from the bound on the mirror quark masses which, due to parity, implies a
bound on the mirror electron mass with a mild dependence on the parameters of the model.
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Figure 3.4: Limit on € vs v’ from DM direct searches (blue region) from XENONIT
[163] (solid line), XENONNT [172] (dashed line) and LUX-ZEPLIN [173] (dotted line)
together with predictions for different values of v3/v’.

experiment XENONIT [163] can be recast [136] into the bound

2
6 €
Mme > 10 GeV(10_8> . (3.9)

Results from XENONnT [172] and LUX-ZEPLIN (LZ) [173] lead to similar bound, up to
the respective replacement of 10 by 1.5 x 10% and 3 x 10°. Since the mass of the mirror
electron depends only on the VEV of the mirror Higgs with a very good precision, this
limit translates into a bound on € and ', as shown in Fig. 3.4. The same figure also
shows the predictions of e for different values of vs, assuming no UV kinetic mixing as
discussed in Sec. 3.4. As anticipated there, the smaller v3, the weaker the bound on v'.
For v3 below the lightest mirror quark mass, the kinetic mixing is extremely suppressed
and this bound disappears. For very low values of v3 (above m,/), we find the lower limit
v 2 1011 GeV. This complements the other bounds on the parameters of the model. In
fact, Ref. [143] finds the bound v < 10 GeV from higher-dimensional operators that

can spoil the solution to the strong CP problem. Therefore, in the scenario vg > m.,
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Figure 3.5: Most relevant tree-level diagrams for the production of € and u’ in the
early universe when the temperature is smaller than vs.

this leaves only 2-3 orders of magnitude for v'.

3.5.3 Freeze-out

The most relevant processes for the interaction of ¢’ and " with the thermal bath are
shown in Fig 3.5 when the temperature is smaller than vs. At temperatures higher than
its mass, € is efficiently produced by/annihilated into two mirror photons. In the freeze-

ﬁ) and the point in parameter

out scenario, the resulting e’ yield reads Y, ~ YDM(
space which reproduces the right DM abundance is already excluded by collider searches,
as mentioned in Sec. 3.2. Refs. [139, 174] studied the possibility of heavier €', whose
abundance is diluted trough the decay of the mirror neutrinos. However, we discussed
the running of the mirror fermion masses in Sec. 3.3 and we saw that the ratio m.,, /me
can be at most as large as ~ 2 for m,s close to v3. This implies that the abundance of

¢/ and v’ would be similar. Indeed, for «' the mirror photon channel is also active, but

it is even dominated by the production/annihilation through gluons or SM quarks. For
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a temperature above vs, the gluons become mirror gluons, and the bifundamental scalar
Y] is also in equilibrium and can annihilate into a «’ pair. It then appears to us that the
bounds discussed in Sec. 3.5.1 are too strong and prevent the freeze-out scenario from
being viable. Weakening the bounds on the u’ abundance by a few orders of magnitude

to account for the large uncertainties is not sufficient to change the conclusion.

3.5.4 Freeze-in

We therefore need to assume that the mirror fermions are never in thermal equilibrium
and are produced through a freeze-in mechanism. If m,, > m. > T, a factor of a few in

the mass leads to an exponential suppression in the abundances, Y,/ /Y, ~ exp(™<="<)

due to the Boltzmann suppression of the thermal bath particles which are energetic
enough to produce €' and .

In the following, we assume that the reheating temperature at the end of inflation, T,
is the highest temperature T,,.x reached in the cosmological history of the universe and is
smaller than m.,. We are thus adding a new parameter to the model, whose cosmology is
now determined by three quantities: v/, v3, Tr. In addition, we need to assume that the
inflaton does not directly decay to mirror fermions, or with a very reduced rate, and that
it does not produce too many mirror photons either, as those would subsequently generate

6. None of this happens if we assume that the inflaton

a population of mirror fermions
primarily decays to the SM sector, or that it mostly produces gluons and mirror gluons.
The former is not in contradiction with exact parity due to the different electroweak
VEVs in the two sectors, for instance if the inflaton couples to matter through a parity-

symmetric Higgs portal [175]. For a P-odd inflaton, such a coupling and an inflaton

VEV can generate a soft P breaking leading to asymmetric electroweak scales in the

6We note that an initial population of mirror photons is an interesting possibility, but we choose to
focus here on the minimal, purely thermal DM production from the SM bath.
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two sectors, even though a severe tuning is needed. We elaborate on our assumptions
regarding reheating in Sec. 3.5.5.

In this setup, the only mirror species that can ever be in thermal equilibrium with
the SM is the mirror photon, which, below v3, interacts with the SM gluons through the
1-loop diagrams in Fig. 3.6. Again, the relevant production processes for ¢’ and u’ below
vy are shown in Fig. 3.5. Above v3, ¥ thermalizes gluons and mirror gluons, so that the
relevant diagrams become those of Fig. 3.6 and Fig. 3.5 where gluons are replaced by

mirror ones.

~" in thermal equilibrium

The cross sections for the processes in Fig. 3.6 read

B §6/483 84

Oggryry = 8 x 1078 e+ 0 <m19) , (3.10)
6,/2.3 4
_g g€ °s S

Oggsgy = 7.5 x 1078 T + O(m_3§> : (3.11)

where s = (p; + p2)? and p; 5 are the four-momenta of the external gluons. In the center

of mass frame s = 4F; Fs.

Following Ref. [176], the rate for these processes is’

[ ovme e BT e BT @3p, dPp,

Iy =n, f e~ E1/Te=E2/T B3, d3py .
(946/4 —|—g6€/2) T9 (3 )
~1.5x 107°-=2 = :
mu/
and the condition for having 4/ in thermal equilibrium is
T2 Ty 8/7
Iy 2>H~— =Tz >26GeV| — : 3.13
PR == Tz 2V (1) (3.13)

"Note that we integrated over all energies in Eq. (3.12) although we used the simple formulae of
Egs. (3.10)-(3.11) which are not valid at energies larger than m, . The exponential suppression above
E ~ T ensures that the result is not noticeably affected. For instance, accounting for resonant u'a’
bound states formation [177-180] yields an increase in the actual cross section that is comparable to
that obtained from Egs. (3.10)-(3.11) when s ~ m2,. We checked that this region and larger energies
essentially do not contribute to the result.
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Figure 3.6: 1-loop portal between SM gluons and ~+'.

The power of m,, indicates that Tg grows faster than m,, (i.e., than v') and tends to
bring mirror fermions in thermal equilibrium, which is problematic as shown above. With

this result, it is actually impossible to find a region of parameter space which gives the
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correct relic abundance for €. In fact, we find

e/ e/ T T
xe,z”; <38 (eV) . (3.14)

R My My

As mentioned above, collider bounds require m,, > 1.5TeV, implying that v" > 2 x 108
GeV. For such values, we find numerically that the ratio m.//m,, is such that z. < 16 all
over the allowed parameter space, bringing the mirror electrons in thermal equilibrium
with the mirror photons and overshooting the DM relic abundance by several orders of
magnitude. (For instance, v' = 10° GeV and v3 = 10° GeV yield z. close to the maxi-
mal value, as can be seen in Fig. 3.1.) We verified this estimate solving the Boltzmann
equation numerically, and we indeed found that the mirror electrons reach thermal equi-
librium. Importantly, the result holds even assuming a large uncertainty O(20%) on m,

in which case ., remains smaller than ~ 22.

~" out of equilibrium

To reduce the abundance of ¢ and even further of u’, Tk needs to be lower than the
limit in Eq. (3.13). This implies that also 7/ are out of equilibrium and DM is produced
via a sequential freeze-in process [181,182]. In App. B.1 we describe how to solve the
Boltzmann equation for the momentum distribution of the mirror photons. We were able
to solve it analytically in the limit where the number of degrees of freedom is constant and
for high-energy mirror photons (i.e. E, > T). These are consistent assumptions: the
SM degrees of freedom are all in the bath until much lower temperatures than T where
most of the ¢’ are produced, and making ¢’ (such that m. > Ty for freeze-in) requires
highly energetic photons. Soft photons do not contribute to this process since they need
to scatter with a very energetic one, whose number density is extremely suppressed. We
checked the consistency of this argument, as detailed in App. B.1.

With the mirror photon distribution, we then numerically solve the Boltzmann equa-
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tion for ¢ and u/, making no further assumption and using the full non-thermal distribu-
tions of the mirror photons obtained in App. B.1. Fig. 3.7 and Fig. 3.8 show our results
in the v — Tr/v" plane, for two benchmark cases: when vz > v', and when v3 has the
smallest value allowed by collider searches (v3 = 5TeV), respectively. We discuss the ex-
trapolation of intermediate cases later on, while for v3 > v’ the result is independent of vs.
(We fixed it to be 10" in our code to generate Fig. 3.7. The actual value of v3 > v’ only
matters for kinetic mixing, whose RG running kicks in below v3 as explained in Sec. 3.4.)
The points which provide the right yield of ¢’ are shown with a solid orange line. The
blue solid and dotted lines show the experimental bounds on ', discussed in Sec. 3.5.1.
Given the uncertainty on these bounds, we show two benchmarks: Y}, < 1078 Yy (solid
blue) and Yy < 1072 Ypy (dotted blue). For comparison, the region where the mirror
photons are in equilibrium is shown in green, confirming that it is incompatible with ¢’
DM. Moving to the right of the plot, the ratio Tr/v" increases as well as the abundances
of both ¢ and u/. A few values of m, /m. are also shown along the DM line, from
which one sees that the conservative bounds on the u' abundance give the constraint
My /me 2 1.6 — 1.7 (with a small dependence on the value of v3) to get a viable DM
model. In the two figures, this translates to v’ <5 x 101°GeV and T < 5TeV. Such a
low reheating temperature raises the question of the baryogenesis mechanism at play in
the early universe. We discuss this point in Sec. 3.6.

Anticipating the results of the numerical analysis for all values of v’ and ws, the
prediction for the kinetic mixing in Fig. 3.4 then suggests that models with vz 2 m,,
do not contain a good DM candidate produced by freeze-in. This applies in particular
to the models of Refs. [23,136] (which can be obtained from ours in the v3 — oo limit),
and it can be seen in Fig. 3.9, which shows the ratio m, /m. as a function of v3 and

v’. The observed trend is understood as follows: the ratio is larger for smaller m,, i.e.

smaller v/, as the u’ feels the effect of a larger strong coupling constant which grows in
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Figure 3.7: Values of Tk and v’ reproducing the correct DM relic abundance
for e (solid orange line) in the scenario vs > v'. Requiring Y < 1078 Ypu
(Y < 1072 Ypy) rules out the blue region to the right of the solid blue (dotted
blue) line. The region where the mirror photons distribution is thermal is shown in
green. Dashed lines are analogous to solid ones, but using a 20% higher value for m,,.
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Figure 3.8: Values of Tk and v’ reproducing the correct DM relic abundance for
e’ (solid orange line) in the scenario vs = 5TeV. Requiring Yy < 1078 Ypum
(Y, < 10712 Ypyp) rules out the blue region to the right of the solid blue (dotted
blue) line. The region where the mirror photons distribution is thermal is shown in
green. Dashed lines are analogous to solid ones, but using a 20% higher value for m,,.

The gray region is such that Tr > v3 and DWs are expected to form in the X field.
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the IR. Similarly, the smaller vs, the larger its effect on the running of m,s since strong
couplings are typically larger above vs, as illustrated in Fig. 3.1. This effect competes
with the fact that larger couplings make m, run faster, and that the RG running of the
strong couplings above v3 is steeper than the one below. Numerically, we find that the
ratio m,s /me is maximized for points where m,, ~ v3, corresponding to the peaks in
the contour plot of Fig. 3.9. The bound from DM direct detection is also shown as a
shaded region. It arises from the kinetic mixing between v and 7’ as discussed in Sec. 3.4

and prevents the possibility of having DM for large values of v3. We can make the trend

My / My

1014

1013

10* 10° 10% 1010 1012 10t
v3 [GeV]

Figure 3.9: Ratio m,//me as a function of v' and vs. In the shaded region, ¢’ DM is
excluded by the irreducible kinetic mixing and its impact on direct detection signals
at XenonlT (darker region) and LZ (lighter region).

displayed in Fig. 3.9 sharper by running our RGEs and Boltzmann codes for all values of
v and v3. The result is shown in Fig. 3.10, where we therefore identify a precise region of

parameter space where the model explains the observed DM abundance while satisfying
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all other constraints:

Parameters for Viable DM
10°GeV <o/ <101 GeV,
(3.15)

5x103GeV Sw3 <1072 0,

Tr~10""0".

In this parity solution to the strong CP problem, the mirror electron is a good DM
candidate with a mass in the range [5 TeV, 250 TeV]. We stress that the requirement
of DM greatly reduces the large ranges for v and vs that solve the strong CP problem,
shown in Eq. (3.2).

We also investigated the impact of a large error, O(20%), on the IR value of m,,. As
commented in Sec. 3.3, this is the major source of uncertainty in our result. The results of
our numerical analysis are represented by the dashed blue lines in Figs. 3.7 and 3.8. These
lines can be roughly reproduced upon rescaling the bounds (solid blue lines) through a
20% shift in Tgr/v". (This amounts to assuming a O(20%) shift on m,,.) Note however
that the DM line shifts to slightly higher Tx (a ~ 5% effect) (dashed orange lines), due
to the dependence of the mirror photon production cross section on m,,. Numerically,
we find that increasing m,, by 20% extends the ¢/ DM region to v' < 2 x 10 GeV and
Tr < 25TeV. In addition, the lower bound on the ratio m,//m. becomes larger as the
bound on Y, becomes stronger. However, for low v3 most of this region is excluded by
the presence of ¥ domain walls.

On the other hand, lowering m, by 20% gives stronger bounds, as expected, con-
straining v" between 10° GeV and 10'° GeV and Tk below 10° GeV. Overall, this doesn’t

change the main picture of our result. The summary of results in the (v3,v’) plane can
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be found in Fig. 3.10 below.

Finally, a non-thermal population of mirror photons remains until today, but it is far
beyond observational prospects. Being more suppressed than thermal at Tk and being
subsequently diluted by the SM thresholds, it gives a very small contribution to dark
radiation, ANz < 7 x 1079, which is saturated for the smallest reheating temperatures

that allow e’ DM.

3.5.5 Comments on Inflation and Reheating

Given the non trivial set of constraints which make DM viable in this model, we
briefly comment on their impact on cosmological inflation and the subsequent reheating
period. The following conditions are assumed in the predictive scenario for e’ production

presented above.

e At the end of reheating, when the universe enters a period of radiation domination,
only the SM sector is populated and in thermal equilibrium at a temperature Tx
in the range [0.1 - 5] TeV. Higher Ty would not generate an appropriate €’ relic

density (see Figs. 3.7 and 3.8).

o Tp < O(0.1) me and my S mes, where my, is the mass of the inflaton. The former
implies that our freeze-in calculation is applicable and that we do not freeze-out
(hence overproduce) €’ and u'. The latter prevents the inflaton from directly decay-
ing to ¢’ and v/, or its high-energy decay products from scattering and producing

e or .

e During reheating, when the universe is dominated by the energy density of the
inflaton field which is transferred to radiation, the temperature cannot be larger

than Tk to avoid populating the mirror sector®.

8Calling Tinax the maximum temperature reached by the plasma during reheating, one may wonder if
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Furthermore, we require T < w3 to avoid domain walls for ¥. It is clear that the
possibilities for a viable inflationary model are strongly constrained.

A thorough analysis of inflation and reheating models is beyond the scope of this work;
here we just note a few promising possibilities. The requirement that the maximal tem-
perature reached during reheating is T is fulfilled in the limit of instantaneous reheating,
i.e. when the universe transitions from inflation to a phase of radiation domination in
less than a Hubble time. For instance, this is achieved if the inflaton potential makes
an almost discontinuous change from being very flat to be very steep. Alternatively, one
can deal with a smoother reheating if the temperature of the SM bath increases (or stays
constant) throughout this phase, reaching a maximum at Tx. Scenarios of this kind,

using dissipative processes other than decays, have been discussed in Ref. [183].

3.6 Mirror neutrinos and leptogenesis

Finally, we discuss mirror neutrinos, which are electrically neutral. In our minimal
model, the neutrino masses must arise from Weinberg-type operators. Due to parity,
one finds two independent coupling matrices x,, x/,, the former being symmetric and the

latter hermitian [141],

Ly ij 'T";,i j
L, = FIHL)(HL;) + 532 (H'L)(H'LS)
' (3.16)
i (gL (H'L
+ A ( z)( j) .

a qualitatively similar DM production could be performed if me > Tiax > Tr. In that case, €’ freeze-in
happens during (inflaton) matter domination, and a large enough e’ relic density needs to be frozen-in in
order to compensate the subsequent dilution. This implies that the Boltzmann factor e~ /Tmax should
be increased with respect to the e=<'/Tr evaluated in Sec. 3.5.4. However, the correlated e /Tmax
will also be increased, leading to u’ overproduction. In summary, €’ freeze-in at Tyax > Tr does not
work in this model.

182



CHAPTER 3. DARK MATTER IN A MIRROR SOLUTION TO THE STRONG CP PROBLEM

Below v/, H' is frozen to its vev and the mirror neutrinos acquire a mass matrix, m,,
and Yukawa coupling matrix to LH, vy, of
,U/2 , ,U/
My = x5——, L =T, — . 3.17
= Yo =T, (3.17)
It is convenient to work in a basis where m, is real and diagonal. Below the electroweak

scale a mass matrix arises also for the SM neutrinos:

my _
m, = v ( oz Y m;} y,,T> ) (3.18)

The spontaneous breaking of parity at scale v leads to a “direct” neutrino mass term

proportional to m,, as well as a conventional “seesaw” mass term proportional to 1/m,.

/
vyij

If z,;; and z,,; are comparable, as expected for example from approximate flavor sym-
metries, then the direct and seesaw contributions to the light neutrino masses will also
be comparable, so that neutrino physics differs from that of just adding right-handed
neutrinos to the SM.

With ¢/ DM from sequential freeze-in, the cosmological effects of the mirror neutrinos
are highly dependent on the coupling matrices x, 2’ and the scale A. For example, if the
matrix elements of z, 2’ are order unity, and v’ is of order 10'° GeV, the observed neutrino
masses require the scale A to be of order 10'® GeV. In this case the mirror neutrinos have
masses of order 10° GeV, well above the reheating temperature of 10* GeV, so the mirror
neutrinos are not made in the thermal bath and play no cosmological role.

For other parameters the mirror neutrinos are light enough to be produced at reheat-

ing, and they decay via the Yukawa coupling y, v/LH to LH with decay rate

1

Could such decays lead to the cosmological baryon asymmetry via thermal leptogenesis

[184]7 If there is no degeneracy among mirror neutrinos, the answer is no: for this case
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Ref. [140] finds that thermal leptogenesis requires v’ > 102 GeV to avoid fine tuning in
the SM neutrino masses; Fig. 3.10 shows this is inconsistent with ¢/ DM, even allowing for
a large uncertainty in the up quark mass. Furthermore, thermal leptogenesis without v/
degeneracy requires the lightest v/ to be heavier than 10° GeV, many orders of magnitude
above Tkg.

However, it is well known that degeneracy among v/ produces the observed baryon
asymmetry for much lower values of m,, [185]. In this case, in theories with neutrino
masses arising from (3.16), leptogenesis can occur for lower values of v': Fig. 5 of
Ref. [140] shows that degeneracies in the range of 1072 —107°, resulting from approximate
flavor symmetries, gives successful leptogenesis throughout the allowed range of v/ ~
(107 — 10™) GeV required by ¢’ DM.

An important feature of ¢/ DM from sequential freeze-in, relevant for leptogenesis,
is that it requires a very low reheat temperature, T ~ 1070 ~ (10% — 10*) GeV.
Interestingly, this is above the electroweak scale, so any lepton asymmetry produced can
be processed to a baryon asymmetry via electroweak sphalerons. A key question is the
size of m,, relative to Tg. If m,; > Tg, thermal production of v;, which occurs via
the inverse of the decay process (3.19), will be highly Boltzmann suppressed, leading
to a negligible lepton asymmetry. On the other hand, if m,,; < Tk the produced lepton
asymmetry will be strongly erased by rescatterings involving v4, which is degenerate with
v;. Avoiding such strong washout requires reducing the Yukawa coupling coupling of v/}
to the point that, at these low values of m,,, the production of the asymmetry in v}
decays is too small, unless it is boosted by a degeneracy of at least 107%. This exceeds
the natural limit of degeneracy in this theory, 1079, set by radiative corrections from the
tau coupling [140].

Thus the only possibility is that v, have masses close to Tx, but sufficiently above

that a near thermal abundance of v/| can be produced at reheating, while rescattering via
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virtual v/} leads to little washout of the asymmetry. We conclude that thermal leptogenesis
may occur in the same minimal theory where €' from sequential freeze in accounts for
dark matter, but only if v, are highly degenerate with mass several times larger than
Tr ~ 107" ~ (10 — 10*) GeV.

Other possibilities for leptogenesis exist. The effective theory below v may contain
the coupling ¢v'v/, allowing the inflaton ¢ to decay to mirror neutrinos as well as SM
particles. Non-thermal leptogenesis then occurs in v/ decays before they thermalize.
Even though strong washout may be avoided by having m,, > Tg, some degeneracy
among v/ is still required for a sufficient baryon asymmetry. If the mirror neutrino is the
lightest mirror fermion, inflaton decays to other mirror fermions may be kinematically
forbidden, so that our previous calculations of the ¢’ and ' abundance still applies.
Another possibility is to augment the SM sector with gauge single fermions N and, by
parity, SM’ is augmented by N’. In this case thermal leptogenesis can result purely in
the SM + N sector via N decay, as in conventional minimal leptogenesis. The low reheat
temperature again requires significant N degeneracy, but this is much less constrained
by radiative corrections. The breaking of parity by ¢’ can lead to N’ coupling to v/ in

pseudo-Dirac states much heavier than the reheat temperature.

3.7 Higgs Parity

Models that implement a parity solution to the strong CP problem break parity
either explicitly, via a soft breaking term in the potential, or spontaneously, with a
vacuum having v’ >> v stabilized by Coleman-Weinberg radiative corrections [29]. The
latter mechanism, dubbed “Higgs Parity”, explains why the SM quartic coupling vanishes
when evolved to a high energy scale, and implies that the new physics at this scale is

that of parity restoration.
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Figure 3.10: In the DM region, there exists a Tgr for which €' constitutes all

of DM while the u' relics pass the experimental constraints. The solid, dashed

and dotted curves assume that those constraints take the form Yj, < xYpym with

r = 107810719 10712 respectively. The dark (light) gray-shaded region is excluded

by direct detection searches for ¢/ DM by XenonlT [163] (LZ [173]), and the black-

-shaded one by the presence of 3 domain walls. In the Higgs parity region, the Higgs

quartic coupling vanishes at the scale v/ for some values of ag and m; within their 20

contours at mz. The dashed red line assumes central values for ag and my, the solid

line that they saturate their 20 contours (in the direction of large m; and small ayg),

and the dotted one that m; takes its central value while ag is increased to saturate

its 20 contour.

As described in Refs. [136,174], the tree-level parity symmetric potential for H and
H’ has an important feature: in the limit that v < v" is imposed, an accidental U(4)
global symmetry emerges, with H = (H, H') forming a fundamental representation so
that an SU(2) x SU(2)" subgroup is gauged. When H gets a VEV, (H) = (0,0,0,v'),
the U(4) is spontaneously broken to a U(3), H' acquires a mass and at tree-level the SM
Higgs arises as a massless Nambu-Goldstone boson. However, radiative corrections to the
scalar potential (the leading contribution coming from the SM and mirror top quarks)

break explicitly the U(4) global symmetry, giving radiative contributions to the SM Higgs

mass and quartic coupling. The large hierarchy v’ /v results mainly from fine-tuning and
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the SM Higgs quartic coupling A at the scale v' takes a small value. At lower energies,
quantum corrections within the SM renormalize A so that it grows logarithmically. In
this section, we discuss whether the condition A(v") ~ —0.001 [136] is compatible with
the parameter space giving rise to ¢/ DM.

The leading contributions to the RGE for A below the scale v" are

dh 2407 +12)\y7 — 6y A (3oq 4+ 9as)
dinp 1672 4

9 (3.20)
+ gOé% + gag + Zala? s

where v, is the top Yukawa. The couplings y;, oy and sy are computed at all scales, for

any given vz and v’, as discussed in Sec. 3.3. Hence, starting with the low energy value of

A, known from the Higgs boson mass, its value at higher energies is computed in terms

of v3 and v'. The input parameters, in the MS scheme, that we use here are [147]

A(mz) = 0.13947 4 0.00045 ,
ag(mz) = 0.1179 £ 0.0009 , (3.21)

my(mz) = (168.26 + 0.75) GeV.
The region of the (v, v’) plane consistent at 20 with A(v") = 0 is shown in red in Fig. 3.10.
That it shuts off for small v5 is understood as follows. Low w3 increases the strong coupling
constants at a given scale, thereby enhancing the running of y;, making it decrease faster
in the UV than in the SM, hence reducing its impact on A, which ends up not crossing zero
when g, runs too fast. One can see that, for the central values in Eq. (3.21), the condition
A(v") = 0 can be satisfied only for v3 = 10 GeV and v > 6 x 101 GeV. Varying the
input parameters within their 20 uncertainty, A(v') = 0 can be obtained with v3 as low as
~ 10" GeV. These conditions for Higgs Parity are however incompatible with the results
obtained for ¢ as DM candidate, using the central value of m,, as shown by the blue
region of Fig. 3.10. (Compare with Eq. (3.15)). As already discussed, a value for m,

larger by 20% would weaken the bounds in Fig. 3.7 and Fig. 3.8, which is however not
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sufficient to reconcile Higgs parity and ¢/ DM, as shown by the green region of Fig. 3.10.
Higgs Parity in this model would therefore require that measured SM parameters deviate
significantly from their central values. Fig. 3.10 neglects the threshold corrections to the
quartic at v’, but it is found to be very small and negative [136], making the situation
slightly worse for Higgs parity. Decreasing the theoretical uncertainty on our prediction
through the use of two-loop RGEs would be interesting as well, although we do not expect
a different conclusion; we leave this for future work.

A non-minimal theory, with additional heavy fermion states coupled to the Higgs, with
mass well below v/, would allow A(v') = 0 to be consistent with ¢/ DM from sequential
freeze-in. Thus parity could be spontaneously broken by the radiative Higgs Parity
mechanism in non-minimal theories. Froggatt-Nielsen type theories of flavor contain
such heavy fermions; if their masses are well below v’ the scale of spontaneous flavor

symmetry breaking is relatively low.

3.8 Conclusion

We have shown that certain models based on Parity solutions to the strong CP prob-
lem have a DM candidate already embedded in their particle spectrum. Having as a
benchmark the model detailed in Ref. [143], where the full gauge group of the SM is
copied. We have discussed the parameters of the model, stressing that Parity leaves little
freedom, making the model very predictive. There are two free parameters in addition
to the SM ones: the scale at which parity is broken, v’, which is also the scale of mirror
electroweak symmetry breaking, and the scale v3 at which the two color group break to
their diagonal subgroup. We computed the impact of broken parity on the RGEs of the
model, and we then studied the unavoidable kinetic mixing between the SM U(1)y gauge

group and its mirror copy, which plays a relevant role for DM direct detection.
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We identified the mirror electron €’ as a good DM candidate, while the mirror up quark
u' can form fractionally charged bound states with SM quarks after QCD confinement,
being therefore excluded by several experimental searches. The closeness in mass of ¢’
and u' strongly determines the DM production mechanism. We find that production of
¢/ DM from the SM bath, with a sufficiently suppressed u' abundance, can occur via
a sequential freeze-in mechanism through an out-of-equilibrium bath of mirror photons.
This can occur only in the blue wedge-shaped region in the (vs,v') plane of Fig. 3.10.
Hence, the mass of the mirror electron is in the range [5—250] TeV and the SU(3)x SU(3)’
breaking scale is in the range [5 — 500] TeV. At any point in this blue wedge region, the

reheating temperature must be close to 107/,

and hence is predicted to be low, in the
range [0.1—5] TeV. We noted that knowing the mass of the up quark with good precision
is crucial to make a robust prediction, therefore we commented on the possibility that
the precision of lattice determinations is underestimated.

The blue wedge-shaped region of Fig. 3.10 for ¢/ DM is not large and has several
observational signals associated with it. Near the vertical edge of the wedge, at v3 =5
TeV, there are colored states associated with SU(3) x SU(3)" breaking that may be
accessible to future collider experiments, as discussed in [143]. Close to the long sloped
edge of the wedge, ¢ DM may be discovered by direct detection, via kinetic mixing of
our photon with the mirror photon. Higher in the wedge v’ increases and the u’/e’ mass
ratio falls; the abundance of the fractionally charged hadrons h, containing u' increases,
leading to signals of this exotic DM component as discussed in [145]. Finally, throughout
the wedge, ¢/ DM is self interacting, with a long-range mirror electromagnetic force that
is precisely predicted, and this may lead to future observational signals in large scale
structure.

The low reheating temperature requires a late production of the cosmological baryon

asymmetry. The theory satisfies two key requirements for leptogenesis: heavy neutral
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fermions (v') with Yukawa couplings to SM leptons, and a reheat temperature above the
electroweak phase transition. Generating sufficient baryons at such late times requires v/
degeneracy, to enhance the asymmetry, and v/ masses somewhat larger than the reheat
temperature.

Finally, we discussed whether the mechanism of Higgs Parity, which provides the
spontaneous breaking of exact parity, can be realised in these models and is compatible
with the parameters leading to a good DM candidate. We showed that the current central
values for m; and ag clearly exclude this possibility. Stretching these values within their
20 confidence intervals gets one closer to the region of parameter space where e’ can
be DM, but overlap also requires a large uncertainty in the up quark mass. If parity is
broken spontaneously, either SM parameters are far from their central values, the Higgs
Parity theory contains couplings of the Higgs to exotic fermions, or the breaking occurs
first in some other sector of the theory and appears as soft breaking in the electroweak

sector.
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Chapter 4

Gravitational Waves from Stochastic

Scalar Fluctuations

4.1 Introduction

The fluctuations observed in the cosmic microwave background (CMB) and large-
scale structure (LSS) have given us valuable information about the primordial Universe.
As per the standard ACDM cosmology, such fluctuations were generated during a period
of cosmic inflation (see [15] for a review). While the microphysical nature of inflation
is still unknown, well-motivated single-field slow-roll inflationary models predict an ap-
proximately scale-invariant spectrum of primordial fluctuations, consistent with CMB
and LSS observations. These observations have enabled precise measurements of the
primordial fluctuations between the comoving scales k ~ 10~* — 1 Mpc™'. However, the
properties of primordial density perturbations are comparatively much less constrained
for K > Mpc™'. In particular, as we will discuss below, the primordial curvature power
spectrum A? can naturally be much larger at such small scales, compared to the value
AZ =~ 2 x 107 observed on CMB scales [186].
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Scales corresponding to k > Mpc™! are interesting for several reasons. First, they
contain vital information regarding the inflationary dynamics after the CMB-observable
modes exit the horizon. In particular, they can reveal important clues as to how inflation
could have ended and the Universe was reheated. An enhanced power spectrum on such
scales can also lead to overabundant dark matter (DM) subhalos, motivating novel probes
(see [187] for a review). Furthermore, if the enhancement is significant, AZ 2 1077, the
primordial curvature fluctuations can induce a stochastic gravitational wave background
(SGWB) within the range of future gravitational wave detectors [188]. For even larger
fluctuations, A7 2 1072, primordial black holes (PBH) can form, leading to interesting
observational signatures [189,190]. Given this, it is interesting to look for mechanisms
that can naturally lead to a ‘blue-tilted’, enhanced power spectrum at small scales.

In models involving a single dynamical field during inflation, such an enhancement can
come, for example, from an inflection point on the inflaton potential or an ultra-slow roll
phase [191-195]." However, for any generic structure of the inflaton potential, a power
spectrum that is blue-tilted at small scales can naturally arise if there are additional
light scalar fields other than the inflaton field. One class of such mechanisms involves a
rolling complex scalar field where the radial mode ¢ has a mass of order the inflationary
Hubble scale H and is initially displaced away from the minimum [197]. As ¢ rolls down
the inflationary potential, the fluctuations of the Goldstone mode o (H/¢)? increase
with time. This can then give rise to isocurvature fluctuations that increase with k., i.e.,
a blue-tilted spectrum. This idea was further discussed in [198] to show how curvature
perturbations can be enhanced on small scales as well, and lead to the formation of PBH.
For further studies on blue-tilted isocurvature perturbations, see, e.g., [199-202]. Other
than this, models of vector DM [203], early matter domination [204], and incomplete

phase transitions [205] can also give rise to enhanced curvature perturbation at small

1See also [196] for PBH formation in a multi-field ultra-slow roll inflationary model.

192



CHAPTER 4. GRAVITATIONAL WAVES FROM STOCHASTIC SCALAR FLUCTUATIONS

scales.

In this work, we focus on a different mechanism where a Hubble-mass scalar field
quantum mechanically fluctuates around the minimum of its potential, instead of being
significantly displaced away from it (as in [197,198]).? Hubble-mass fields can naturally
roll down to their minimum since the homogeneous field value decreases with time as
exp(—m?t/(3H)), where m is the mass of the field with m < H. Given that we do not
know the total number of e-foldings that took place during inflation, it is plausible that
a Hubble mass particle was already classically driven to the minimum of the potential
when the CMB-observable modes exit the horizon during inflation. For example, for
m?2/H? = 0.2, the field value decreases by approximately a factor of 103, for 100 e-
foldings of inflation prior to the exit of the CMB-observable modes. For any initial field
value @i < 103(p), this can then naturally localize the massive field near the minimum
(p). However, the field can still have quantum mechanical fluctuations which tend to
diffuse the field away from (p). The potential for the field, on the other hand, tries to
push the field back to (¢). The combination of these two effects gives rise to a non-trivial
probability distribution for the field, both as a function of time and space.

We study these effects using the stochastic formalism [207,208] for light scalar fields in
de Sitter (dS) spacetime. In particular, such stochastic effects can lead to a spectrum that
is blue-tilted at small scales. While we carry out the computation by solving the associ-
ated Fokker-Planck equation in detail below, we can intuitively understand the origin of a
blue-tilted spectrum as follows. For simplicity, we momentarily restrict our discussion to
a free scalar field o with mass m such that m? < H2. The fluctuation oy (t), corresponding
to a comoving k-mode, decays after horizon exit as o4 (t) ~ H exp(—m?*(t — t.)/(3H)),

where ¢, is the time when the mode exits the horizon, & = a(t,)H. We can rewrite

2For scenarios where the spectator field fluctuates around the minimum and gives rise to dark matter
abundance, see, e.g., [206].
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Figure 4.1: Schematic of the mechanism. The comoving horizon 1/(aH) decreases

during inflation and increases after that. Any k-mode carries a fluctuation of order

H/(2m) at the time of mode exit. However, modes with larger k (red) exit the horizon

later and encounters less dilution compared to modes with smaller k (blue), since

t. > t.. Consequently, modes with larger k source stronger gravitational waves upon

horizon re-entry (shown via square box). We also depict the fact that o carries

an energy density oc H* during inflation, and dilutes as matter (for our benchmark

choices) after inflation ends.
the above by noting that physical momenta redshift as a function of time via k/a(t) =
Hexp(—H(t —t,)). Then we arrive at, o4(t) ~ H(k/(aH))™/®H*)  Therefore, the di-
mensionless power spectrum, |o;|?k* o (k/(aH))?>™*/G3H*) has a blue tilt of 2m?/(3H?).
Physically, modes with smaller values of k£ exit the horizon earlier and get more diluted
compared to modes with larger values of k, leading to more power at larger k, and thus
a blue-tilted spectrum. This qualitative feature, including the specific value of the tilt
for a free field, is reproduced by the calculation described later where we also include the
effects of a quartic self-coupling. We summarize the mechanism in Fig. 4.1.

We note that if m is significantly smaller than H, the tilt is reduced and the ob-
servational signatures are less striking. On the other hand, for m 2 H, the field is
exponentially damped, and stochastic effects are not efficient in displacing the field away
from the minimum. Therefore, it is puzzling as to why the particle mass, a priori ar-

bitrary, could be close to H in realistic scenarios. However, a situation with m ~ H

can naturally rise if the field is non-minimally coupled to gravity. That is, a coupling
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L D cRo?, where R is the Ricci scalar, can uplift the particle mass during inflation
m? = (¢/12)H?, regardless of a smaller ‘bare’ mass. Here we have used R = (1/12)H?
during inflation, and we notice for ¢ ~ O(1), we can have a non-negligible blue-tilted
spectrum.

The way the spectrum of ¢ affects the curvature perturbation depends on the cosmol-
ogy, and in particular, the lifetime of o. During inflation, the energy density stored in o is
of order H*, as expected, since o receives H-scale quantum fluctuations. This is subdom-
inant compared to the energy stored in the inflaton field ~ H 2M§1. This implies o acts as
a spectator field during inflation, and through the stochastic effects, o obtains isocurva-
ture fluctuations. After the end of inflation, ¢ dilutes as matter while the inflaton decay
products dilute as radiation. Therefore, similar to the curvaton paradigm [209-212], the
fractional energy density in ¢ increases with time. Eventually, ¢ decays into Standard
Model radiation, and its isocurvature perturbations get imprinted onto the curvature
perturbation. Different from the curvaton paradigm, in our scenario, o does not domi-
nate the energy density of the Universe, and also the fluctuations of the inflaton are not
negligible. In particular, on large scales, observed via CMB and LSS, the fluctuations
are red-tilted and sourced by the inflaton, as in ACDM cosmology. On the other hand,
the blue-tilted o fluctuations are subdominant on those scales, while dominant at smaller
scales < Mpc. These enhanced perturbations can source an SGWB, observable in future
gravitational wave detectors, as we describe below.

The rest of the chapter is organized as follows. In section 4.2, we describe the evolution
of the inflaton field and ¢ along with some general properties of curvature perturbation in
our framework. In section 4.3, we compute the stochastic contributions to o fluctuations
to obtain its power spectrum. We then use these results in section 4.4 to determine
the full shape of the curvature power spectrum, both on large and small scales. The

small-scale enhancement of the curvature power spectrum leads to an observable SGWB
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and we evaluate the detection prospects in section 4.5 in the context of p-Hz to Hz-scale
gravitational wave detectors. We conclude in section 4.6. We include some technical

details relevant to the computation of SGWB in appendix C.1.

4.2 Cosmological History and Curvature Perturba-
tion

We now describe in detail the cosmological evolution considered in this work. We
assume that the inflaton field ¢ drives the expansion of the Universe during inflation and
the quantum fluctuations of ¢ generate the density fluctuations that we observe in the
CMB and LSS, as in standard cosmology. We also assume that there is a second real
scalar field o which behaves as a subdominant spectator field during inflation, as alluded

to above. We parametrize its potential as,

1 1
V(o) = §m202 + Z)\a‘l. (4.1)

The o field does not drive inflation but nonetheless obtains quantum fluctuations during
inflation. In particular, o obtains stochastic fluctuations around the minimum of its
potential, as we compute in section 4.3. After the end of inflation, the inflaton is assumed
to reheat into radiation with energy density p,., which dominates the expansion of the
Universe.

We have ignored the interaction between ¢ and o. First, the two fields could be
part of completely different sectors with no mediators that can couple the two sectors.
Second, the inflaton can be modeled as a (pseudo)-Goldstone boson so that there is an
approximate shift symmetry ¢ — ¢ + constant. This shift symmetry is necessary to
explain the lightness of the inflaton field. Furthermore, this approximate shift symmetry

leads to an almost scale-invariant power spectra on large scales, observed in the CMB.
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In the presence of this symmetry, the leading operator that couples the two fields is of
the type (0¢)20%/A? with some effective theory cutoff scale A. Here we are assuming a
o — —o symmetry which is present in the potential V(o) (4.1). The cut-off scale can be
high, for example, of the order of the Planck scale. This interaction can then be safely
ignored.

The evolution of the o field depends on its mass m, interaction A, and its frozen
(root mean squared) displacement o during inflation. As long as the ‘effective’ mass
of o: m? + 3\o?, is smaller than the Hubble scale, o remains approximately frozen at
0o. However, after the Hubble scale falls below the effective mass, o starts oscillating
around its potential. The evolution of its energy density p,, during this oscillatory phase
depends on the values of m and \. If the quartic interactions dominate, with Ao? > m?,
po dilutes like radiation [213]. Eventually, the amplitude of o decreases sufficiently, so
that Ao? < m?, following which p, starts redshifting like matter. We illustrate these
behaviors in Fig. 4.2.

Similar to the curvaton paradigm [209-212], during the epoch p, is diluting as matter,
its fractional energy density, f,(t) = p,(t)/p-(t), increases linearly with the scale factor
a(t). For our benchmark parameter choices, we assume o to decay into SM radiation
while f,(t4) ~ 1, where t; denotes the time of o decay. After ¢4, the evolution of the
Universe coincides with standard cosmology.

With this cosmology in mind, we can track the evolution of various cosmological per-
turbations using the gauge invariant quantity (, the curvature perturbation on uniform-
density hypersufaces [214],

5
C=—— H?p. (4.2)

Here ¢ is a fluctuation appearing in the spatial part of the metric as, dg;; = —2a¥d;; (ig-

noring vector and tensor perturbations), Jp denotes a fluctuation around a homogeneous
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Figure 4.2: Time evolution of scalar field energy density p,(t). In scenarios where
the quartic term dominates the initial evolution (dashed red), the field dilutes as
radiation (dot-dashed olive), p,(t) oc 1/a(t)*. Eventually, the mass term becomes
important, and the behavior becomes p,(t) o 1/a(t)3. The benchmark choices in this
work will mimic the blue curve where the evolution of p,(t) is always dominated by
the mass term with a matter-like dilution. For both the blue and the red curves,
t = 1 corresponds to the moment when the Hubble scale is approximately equal to
the effective mass and the field starts oscillating.
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density p, and an overdot denotes a derivative with respect to physical time ¢t. We assume
that the decay products of ¢ do not interact with ¢ during their cosmological evolution.
Since there is no energy transfer between the two sectors, their energy densities evolve
as,

pr=—4Hp,, po = —3Hp,, (4.3)

where we have focused on the epoch where o dilutes like matter. For the benchmark
parameter choices discussed below, the matter-like dilution for o onsets soon after infla-
tion. Similar to eq. (4.2), we can parametrize gauge invariant fluctuations in radiation

and ¢ with the variables,

10p, 16p,
==+ 3 G= =t (4.4)
4 p, 3 Po
In terms of the above variables, we can express eq. (4.2) as,
4 3f, fo
= . =0+ —=—5,. 4.5
=i Tarsn e T T ayay (45)

Here S, = 3((, — (,) is the isocurvature perturbation between radiation and ¢ perturba-
tions. In the absence of any energy transfer, . and (, are each conserved at super-horizon
scales [215]. As a result, the evolution of ( is entirely determined by the time-dependent
relative energy density of between radiation and o, f, = p,/p,. Since ¢, and S, are uncor-
related, the power spectrum for curvature perturbation (((k)¢(k')) = (2m)*0(k+k') P (k)

is determined by,

2
Py = P+ (125 ) P, (46)
or equivalently,
2
A2(k) = A2 (k) + LR N (k) (4.7)
¢ Cr 4+3f, So )

where AZ(k) = k*P(k)/(2n%), with AZ (k) and A% (k) defined analogously.
To compute the spectral tilt, we denote the comoving momentum of the mode that

enters the horizon at t4, the time of o decay, as kg which satisfies kg = a(tq)H (tq).
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For t > t;, ¢ remains conserved with time on superhorizon scales. Correspondingly, for

k < kg4, the spectral tilt is given by,

o dAYR) A2 (k) dIn A (k)
T Tdlmk AXk)  dlnk s
(S \AL (k) dIn A, (k) |
4+3f,) A2k)  dlnk

We will consider scenarios where the radiation energy density p, originates from the
inflaton, and therefore, dIn A? (k)/dInk =~ —0.04 determines the spectral tilt observed
on CMB scales [186]. On the other hand, o acquires stochastic fluctuations to give
rise to a blue-tilted power spectrum with dIn A% (k)/dInk ~ 0.3, as discussed next
in section 4.3. Since we will be interested in scenarios with f, < 1, ie., (f,/(4 +
3f5))? < 0.02, we require A% (k)/AZ(k) < 1 on CMB-scales to be compatible with CMB
measurements of n,. We can also compute the running of the tilt,

dn, N( f )QAzc,(k)(dlnA%g(k)f (4.9)
dink ~ \4+3f,) A¥(k) dInk ' |

Our benchmark parameter choices, discussed above, thus also satisfy the CMB constraints

on dng/dInk [186].

4.3 Review of the Stochastic Formalism

A perturbative treatment of self-interacting light scalar fields in de Sitter (dS) space-
time is subtle due to infrared divergences. A stochastic approach [207,208] can be used
to capture the nontrivial behavior of such fields in dS. In this formalism, the super-
horizon components of the fields are considered classical stochastic fields that satisfy
a Langevin equation, which includes a random noise originating from the sub-horizon
physics. This gives rise to a Fokker-Planck equation for the probability distribution

function (PDF) of the stochastic field, which can be used to calculate correlation func-
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tions of physical observables. We now review these ideas briefly while referring the reader

to refs. [207,208,216-219] for more details.

4.3.1 Langevin and Fokker-Planck Equations

The stochastic approach provides an effective description for the long-wavelength,
superhorizon sector of the field theory by decomposing the fields into long-wavelength
classical components and short-wavelength quantum operators. For instance, a light
scalar field can be decomposed as

Tiot. (X, 1) = 0(x, 1)

3
+ / %Q(k — ea(t)H)e_ik'x(akuk + aiku};),

where 6(-- ) is the Heaviside step function, a is the scale factor, H is the Hubble scale,

(4.10)

and € < 1 is a constant number (not to be confused with the slow-roll parameter) which
defines the boundary between long (k < ea(t)H) and short (k > ea(t)H) modes. We
have also denoted the classical part of the field as o(x,t). The quantum description of
the short modes is characterized by the creation and annihilation operators ay, alt along
with the mode functions wug(t), ui(t).

For a light field with |V”(0)] < H?, it can be shown [207,208,216,217] that the

classical part of the field, o(x,t), follows a Langevin equation

5(x,1) = —3LHV'(U) e t). (4.11)

Here an overdot and a prime denote derivative with respect to time and the field, respec-

tively. The noise £ arises from short-scale modes,

d3k ,
£(x,t) = eaH? / (2%)35(1{ — eaH)e > (qeuy, + al L ul), (4.12)
with a correlation
H3 ,
(€(x1, t)E (%2, t2)) = 750t — t2)jo(eat[x1 — Xa), (4.13)
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where jo(x) = sinz/z is the zeroth order spherical Bessel function. We see that the noise
is uncorrelated in time (i.e., it is a white noise), but also it is uncorrelated over spatial
separations larger than (eaH ).

The Langevin equation (4.11) gives rise to a Fokker-Planck equation for the one-point

PDF

?

ot 3H
Vio(x,t)) &  H? 9

3SH 90 @ 82907

0P (t,0(x,1)) {V”(a(x, t))

(4.14)
} Pep(t,0(x,1)).
Here Prp(t,0(x,t)) is the PDF of the classical component to take the value o(x,t) at time
t. Thus the Fokker-Planck equation describes how an ensemble of field configurations
evolves as a function of time, according to the underlying Langevin equation. In this
equation, the first and second terms on the right-hand side represent classical drift terms
that depend on the potential V(o). The third term represents a diffusion contribution
from the noise £&. While the classical drift tries to move the central value of the field
towards the minimum of the potential, the diffusion contribution pushes the field away
from the minimum. An equilibrium is achieved when these two effects balance each other.
This equilibrium solution can be obtained by setting 0Pyp/0t = 0 in (4.14), and is given
by

1 82
Piraq(0) = 37 0D (—3—;‘/(0)) , (4.15)

where N is a normalization constant. Upon a variable change

Pen(t,0) = exp (4%3#) Pep(t,0), (4.16)

eq. (4.14) can written as

0Pp(t,0) H3 1, 1627 -
ot T 42 {_5 (U —v ) + 2902 Peo(t,0), (4.17)
Do
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with v(o) = 472V (0)/(3H*). We can recast the above as an eigenvalue equation. To
that end, we write

Peplt,0) = ane ™", (0), (4.18)

n

where 1, (o) satisfies the equation

472

Da"vbn(a) = _ﬁAnd]n(o—) (419)
The eigenfunctions 1, (0) form an orthonormal basis of functions and a,’s are some
arbitrary coefficients.

This time-independent eigenvalue equation (4.19) can be solved numerically for a
generic potential V (o), as we discuss below with an example. By definition, and inde-

pendent of the form of the potential, the eigenfunction vy corresponding to the eigenvalue

Ao = 0, determines the equilibrium distribution. Solution of the eq. (4.19) for Ag = 0 is

given by
1 42
Yo(o) = \/—N,exp <_WV(O)> : (4.20)
Thus comparing to eq. (4.15) we get,
Prp oq(0) = tho(0)?. (4.21)

4.3.2 Two-point Correlation Function and Power Spectrum

We are interested in calculating the two-point correlation functions of cosmological
perturbations. Any such two-point correlation function depends only on the geodesic
distance s between the two points. Given the coordinates of the two points (x;,?;) and

(x2,1s), this distance can be parametrized by z = 1 + H?s?/2 with

1
z = cosh H(t; —ty) — éeH(“*tQ) (H|x1 — x3])°. (4.22)

203



CHAPTER 4. GRAVITATIONAL WAVES FROM STOCHASTIC SCALAR FLUCTUATIONS

To understand the significance of the variable z, we first write the two-point correlation

function for an arbitrary function of o, g(o), as

Gy(x1,t1; %2, t2) = (g(0(x1,11))g(0(x2, t2)))- (4.23)

To compute this, it is more convenient to calculate the temporal correlation first, and then
use the fact that equal-time correlations over spatially separated points are related to
the temporal correlation through the de Sitter-invariant variable z (4.22). In particular,
for coincident points G is a function of (¢; — ¢2) only, which can be expressed in terms

of z for large |z| as,
G,(t —t) = G, (H ' In|2z|). (4.24)
However, for an equal time correlation function we can also write,
22| ~ (Hef'|x; — x5])?, (4.25)

which gives,

In |2z 2
Gyt —t2) G, ( T > ~ G, <Eln(aH|X1 - x2])) : (4.26)
where the approximations hold as long as |z| > 1 and we used a(t) = exp(Ht).

Now we aim at formally calculating G,(t) in terms of solutions of the Fokker-Planck

equation. The temporal correlation can be written as (see, e.g., [207,208,219])

Gy(t) = /dO'/dO‘OPFp,eq(O'O)g(O'O)H(t,0'; 00)g(0), (4.27)

where I1(t, 0; 0¢) is the kernel function of the time evolution of the probability distribution
function, i.e., if the probability distribution is §(c — 0g) at t = 0 it would be TI(¢, ; 0¢)

at time t. In particular, it is defined by

Pep(t;0) = /dJOH(t,J;JO)P(O; 09)- (4.28)
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In terms of re-scaled probabilities, we can rewrite the above as,

Pip(t;0) = /daoﬁ(t,a; 00)Per(0; 00) (4.29)
I(t, 05 00) = e *O1(t, 0; o) e (). (4.30)

It follows that II satisfies the same Fokker-Planck equation as Ppp (4.17). Therefore, the

solutions can be written as
I(t;0,00) = Y _ talo)e b (0), (4.31)

which obeys the initial condition I1(0; o, 09) = (0 — ) is satisfied. Therefore, according

to (4.27) we have?

Gy(t) = Z/dUo%(00)9(00)¢n(00)6_/\"t

< [ dovn(@lgtorinto) = Y ge (4.32)
where
g = / Aot () g(0) o (). (4.33)

We see that in late times the correlation is dominated by the smallest A,, # 0.

We can now present the equal-time correlation function by combining (4.26) and

(4.32) [207,208,219]:

2
In

We note that this depends on the physical distance between the two points at time
t, namely, a|x; — x3|. This correlation function has the following dimensionless power

spectrum [219],

A2(k) = Ly (k) L / dPre TGy (r)

or2” 9 - 272
9242 9\, A, AN
= %r (2 - ) sin (”H ) (a—H) (4.35)

3Note that PFP,eq(UO) _ w0(00)2 _ wO(UO)IIJ}O(0)647‘-2‘/(6)/3]146747T2V(UO)/3H4'
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where I' denotes the gamma function. This expression is valid in the limit £ < aH.
So far our discussion has been general and is valid for any potential under the slow-roll
approximation and the assumption of a small effective mass, |V”(0)| < H%. In the next

section, we discuss a concrete example with V(o) given in eq. (4.1).

4.4 Large Curvature Perturbation from Stochastic
Fluctuations

We focus on the potential in eq. (4.1) to demonstrate how large curvature perturbation
can arise from stochastic fluctuations. We first describe various equilibrium quantities
and how to obtain the power spectra Pg_, and consequently evaluate P which determines

the strength of the GW signal.

4.4.1 Equilibrium Configuration

The normalized PDF for the one-point function is given by eq. (4.15). For conve-

nience, we reproduce it here

Prpeal0) = - exp (—8”—”“)) | (436)

with

2v/2VA

exp (5575) mK 1 (5i7f)

N =

(4.37)

Here K, (x) is the modified Bessel function of the second kind. The mean displacement

of the field can be computed as,

N : Ky (25)
o) = doo? Pyp oq(0) = mol + — SZ;\ 4.38
,eq mam
0 2\ Ki (3H4,\)
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In the appropriate limits, this can be simplified to,
3H*

(o?) T S (4.39)
5 /3 TB/MA)
S \/;F(l/él)wH ! (4.40)

matching the standard results [208]. We can also compute the average energy density of

the field as,

<V®w-Awdﬂ40ﬂhmJ®

| (st amt et K (55) 44D
"ol Ty T x

reducing to,

3H*
V = — 4.42
Ve = G (1.42)
3H*
174 = ) 4.43
V)| = (443
To ensure that o does not dominate energy density during inflation, we require
(V(0)) < 3H?M. (4.44)
Finally, we compute (VV”(0)) to check the validity of slow-roll of the o field,
(V@) = [ doV"(0)Pepa(o)
0
mn? 4.45
- A N
2 K 3 (3H4,\)
which reduces to,
V") = m? (4.46)
A—=0
3v3I(3/4
(V"(0)) = M\/XH2 ~ 0.4V H?. (4.47)
moo  V2rD(1/4)
To ensure slow-roll, we require
(V"(0)) < H?. (4.48)
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4.4.2 Power Spectrum

To obtain isocurvature power spectrum, Ps_, we need to compute the two-point func-

tion of dp,/p,. We can write this more explicitly as,

0ps(%) _ po(X) = (po(X)) _ po(x) | (4.49)

Po (po(x)) (po(x))

where we can approximate p, ~ V(o), since (V (o)) is approximately frozen, as long

as eq. (4.48) is satisfied. Referring to eq. (4.33) and eq. (4.35), the relevant coefficient g,

for p, is determined by,

_ fdawn<0)pa¢0(0)
deZUO(U)Pa%(U).

For n > 0, the last term in eq. (4.49) does not contribute because of the orthogonality

9n (4.50)

of the eigenfunctions.
The eigenfunctions v, and the eigenvalues A,, relevant for eq. (4.35) can be obtained
by solving the eigensystem for the potential eq. (4.1). In terms of variables, z = A\Y/4o/H

and o = m?/(v/AH?), the eigenvalue eq. (4.19) can be written as [219)],

2 2\ 2 2
aaj;n + <— (4%) (z + 2°)° + 4%(04 + 322)> Vn

B _87T2An¢
VAH T

Given the potential in eq. (4.1), the eigenfunctions are odd (even) functions of o for odd

(4.51)

(even) values of n. Since p, is an even function of o, eq. (4.50) implies g; = 0, and
therefore, the leading coefficient is g, with the eigenvalue A, determining the first non-
zero contribution to the spectral tilt. We show the numerical results for the eigenvalues
for some benchmark parameter choices in Table 4.1.

The curvature power spectrum A? depends on both A and f,, as in eq. (4.7). With
the values of g,, A, in Table 4.1, we can compute the dimensionless power spectrum

A% using eq. (4.35), where we can evaluate the factor of aH at the end of inflation.
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m?/H* | X | No/H | g3 | M/H | g}

0.2 0.05| 0.16 | 1.99 | 0.37 | 0.03

0.2 0.07 | 0.17 | 1.98 | 0.40 | 0.05

0.2 0.1 | 018 | 1.98| 0.44 | 0.07

025 [005| 019 | 199 ] 042 |0.02

0.25 007 020 | 199 045 |0.03

0.25 0.1 | 021 |1.98| 0.49 | 0.05

0.3 0.05 ] 0.22 | 199 | 0.48 | 0.01

0.3 0.07] 023 | 1.99| 0.51 | 0.02

0.3 0.1 | 024 |1.99| 0.54 | 0.03

Table 4.1: Eigenvalues for some benchmark parameter choices corresponding to the
potential in eq. (4.1).

Furthermore, for our benchmark parameter choices, only the eigenvalue Ay is relevant.

Therefore, eq. (4.35) can be simplified as,

2g2 2A2 . 7TA2 k 202/H
2 ~ 292 _ 4 4.52
Ag (k) - r (2 7 ) sin ( Vi ) (k?end) , (4.52)

where kong = Gend Hend-

The precise value of kg depends on the cosmological history after the CMB-observable
modes exit the horizon. It is usually parametrized as the number of e-foldings N (k) =
In(@ena/ax), where ay, is the scale factor when a k-mode exits the horizon during inflation,
defined by k& = a,H;. Assuming an equation of state parameter w between the end of

inflation and the end of the reheating phase, we can derive the relation [220,221],

ko_ v Ty o NK) Vk1/2 PRH Eag)
aoHo 9014 H, 1/4Mp1 Pend

Pend
1/3 1/4
g*7s,Og*,RH
1/3
g*,s,RH

(4.53)
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Here g, ru and g, s g are the effective number of degrees of freedom in the energy density
and entropy density, respectively, at the end of the reheating phase; Vj, is the inflationary
energy density when the k-mode exits the horizon; pe,q and pry are the energy densities
at the end of inflation and reheating, respectively. Plugging in the CMB temperature T

and the present-day Hubble parameter H,, we arrive at

k A
N(k:)%67—ln( )+1n 1/5—
aoHD pend]\4p1
1/4
1-— ¥
I 3w In (pRH> tln 9+« RH .
2+ o) o) T,

Significant sources of uncertainty in N (k) comes from Vj, pend, pru, and w. Furthermore,

(4.54)

eq. (4.54) assumes a standard cosmological history where following reheating, the Uni-
verse becomes radiation dominated until the epoch of matter-radiation equality. We now
consider some benchmark choices with which we can evaluate N (k). We set k = aoHy,
assume Vkl/ = 1016 GeV, close to the current upper bound [186], pena ~ V%/100, mo-
tivated by simple slow-roll inflation models, and w =~ 0 [222-224].* Then depending on
the reheating temperature, we get

62, TRH =6 X 1015 GeV,
N(k) = (4.55)

59, TRH = 1011 GeV.
For the first benchmark, we have assumed an instantaneous reheating after inflation,
while for the second benchmark, the reheating process takes place for an extended period
of time. For these two benchmarks, kenq & 4 x 102 Mpc™! and 10%2 Mpc ™, respectively.

To determine AZ(k), we also need to evaluate f, as a function of time. We can

4The precise value of w is model dependent, see, e.g., [225-230] and [231] for a review. However, this
does not affect the superhorizon behavior of (. and S, that we described above. Instead, w primarily
affects the number of e-foldings N(k) in (4.54). For example, using w = 0.2(0.1) makes a 0.5%(0.2%)
change in N(k) for Try = 6 x 10 GeV in (4.55). For Try = 10'! GeV, using w = 0.2(0.1) makes a
3%(2%) change in N (k). Given these changes are less than 5%, we will use w = 0 in the rest of the
analysis.
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express the time dependence of f,, in terms of k in the following way. A given k-mode re-
enters the horizon when k = a,Hj, and assuming radiation domination, we get k/keng =
Aend/ag. Since f, increases with the scale factor before o decay, we can express f,(t) =
fo(ta)(ka/k), for t < t4, where k4 and k are the modes that re-enter the horizon at time
tq and t, respectively. Therefore, the final expression for the curvature power spectrum

at the time of mode re-entry follows from eq. (4.7),

2
Agr<k) + (4-{@}?@4)) A%g(k)v k< kda

AX(k) = (4.56)

2
fo(ta)(ka/k)
Agr(k?) + <m> A%ﬁ(l{?), k > k?d.
To determine the scale k4, we consider the benchmarks discussed above, along with

some additional choices for other parameters.

Benchmark 1. We focus on the first benchmark in eq. (4.55). For m? = 0.2H? and
A=~ 0.05—0.1, we get (V (o)) =~ 0.02H* from eq. (4.41), implying (V(0))/Vi ~ 3 x 10712
for H = 5 x 10'3 GeV. Assuming instantaneous reheating, and pe,q ~ Vi/100, we see
fr = 1 for a ~ (1/3) x 10%a,q. As benchmarks, we assume o decays when f, = 1
and 1/3. Using kenq =~ 4 x 102 Mpc™!, we can then evaluate k; ~ 10" Mpc ' and
kq =~ 3 x 10 Mpc™!, respectively. The result for the curvature power spectrum with

these choices is shown in Fig. 4.3 (left).

Benchmark 2. We now discuss the second benchmark in eq. (4.55). We again choose
m? = 0.2H? and A ~ 0.05 — 0.1, for which we get (V (o)) ~ 0.02H* from eq. (4.41).
This implies (V(0))/Vi &~ 3 x 107!2 for H = 5 x 10'3 GeV, as before. The rest of
the parameters can be derived in an analogous way, with one difference. During the
reheating epoch, with our assumption w =~ 0, f, does not grow with the scale factor

since the dominant energy density of the Universe is also diluting as matter. Accounting
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Figure 4.3: Power spectrum of curvature perturbations for the benchmarks discussed
above. Stochastic effects lead to a blue-tilted spectrum of o, with larger m and A
corresponding to larger tilts, leading to faster decay as k gets smaller. The blue-tilt
is eventually cut off at kg, the k-mode that reenters the horizon at the time of o
decay. For k larger than kg, the fractional energy density in ¢ at the time of mod-
e-reentry is smaller. Correspondingly, Ag gets suppressed. Eventually, for very large
k, the effects of o become negligible, and Ag reverts back to its standard, slightly
red-tilted behavior. A smaller value of f,(kq), the fractional energy density at the
time o decay, suppresses the effect of o to Ag, and hence leads to a suppressed peak.
This mechanism predicts signatures in CMB spectral distortion measurements [232],
especially in Super-PIXIE [233], along with Pulsar Timing Array (PTA) probes for
enhanced DM substructure [234], and precision astrometry probes (AstroM) [235].
We also show constraints from FIRAS [236] and non-observation of primordial black
holes (PBH) [189].
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for this gives kg ~ 8 x 10" Mpc™! and kg =~ 3 x 10'2 Mpc™*, for f, = 1 and 1/3,

respectively, with the resulting curvature power spectrum shown in Fig. 4.3 (center).

Benchmark 3. This is same as the first benchmark discussed above, except we focus
on m? = 0.25H? and 0.3H? along with f, = 1. The result is shown in Fig. 4.3 (right).
We note that for all three cases, the power spectrum does not become as large as
to give rise to PBH. It can also be checked that the correction to the large-scale power
spectrum, relevant for the CMB, from the enhanced small-scale power spectrum, is small.

In fact, repeating the argument of [237], we find

5L p(ky). (4.57)
For A? ~ 107 and k, ~ 10" Mpc!, as in Fig. 4.3 (left), we have
§P:(kr) ~ 107" Py (kz), (4.58)

for ky, ~ 107! Mpc™! and AZCMB ~ 107? (corresponding to a typical scale probed by the
CMB).

4.5 Gravitational Wave Signature

4.5.1 Secondary Gravitational Waves from Scalar Curvature

Perturbation

We now review how large primordial curvature perturbations can source GW at the
second order in perturbation theory [238-241] (for a review see [188]). We then evaluate
the GW spectrum sourced by Ag computed in section 4.4. We start our discussion with a

brief review of the essential relations, following [242], and expand the discussion further
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in appendix C.1. For some recent work on scalar-induced gravitational waves, see, e.g.,
Refs. [243,244].

We can write a tensor perturbation in Fourier space as,

hi (7, X) Z / e™*e (k)ha (T, k) , (4.59)

A=+, X

where e’\ s (k) are polarization tensors:

(eri(k)er (k) — ezi(k)es;(k)), (4.60)

(eri(k)es (k) + eai(k)en;(k)), (4.61)

with e; o the orthonormal bases spanning the plane transverse to k. The equation of

motion determining the generation and evolution of GW is given by
RY (7, k) + 2HhA\(7,K) + k*ha(T, k) = 48\(7, k), (4.62)

where ’ denotes derivative with respect to the conformal time 7 and H = d'/a is the
conformal Hubble parameter. The second-order (in scalar metric perturbation ®) source

term is given by®

_ [ &q¢ Qi(k,q)
Sy (7, k) = / (2@33& o) [2(5+3w)q>p D,

(4.64)
+ 72(1 + 3w)?*®, O, + 27(1 4 3w)(Pp Pl + Dp Py |-
We have defined p = k — q, & = ®(7,k), and a projection operator @, (k, q):
Ok, q) = €] (K)gig; - (4.65)
5We parametrize the scalar metric fluctuations, for vanishing anisotropic stress, as
ds? = — (1 +2®) dt* + a® (1 — 2®) §;;dz"dz’ (4.63)
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The metric perturbation ®(7,k) can be written in terms of the primordial curvature

perturbation ((k),
3+ 3w

®(r.k) = 5+ 3w

To(kT)((k), (4.66)

via a transfer function T (k7) which depends on w. With the above quantities, one can

now solve eq. (4.62) using the Green function method,’

hy(1,k) = % /T d7Gy (7, T)a(T)SA(T, k) . (4.67)

Using the solutions of eq. (4.62), the power spectrum P, (7, k), defined via,
(ha (7, .1 P, (7, ko)) = (2)%03,0,8° (k1 + ko) Py, (7, k1) (4.68)
can be written as,
(ha (7. k1) o, (T, ko)) =
16/ (i(_])l?,%Qxl(khQ1)Qx2(k27Q2)](|k1 —ail,q1,71) (4.69)
x I(lks — qz, g2, 72)(C(au)¢ (ki — ai)¢(q2)¢ (k2 — q2)) -

Here
1 [ N _
I(p,q,7) = @) /TO d7 Gy(7,7)a(T) f(p, ¢, T) , (4.70)
and
gf—%ﬂp, q,7) = 2(5 4 3w)Ts(pr) To(q7)

+ 72(1 + 3w)* Ty (pr) T (qT) (4.71)
+27(1 + 3w) [Ta (p7) T (q7) + To (p7) Ta(gr)] -
where Ty (pr) = 0Te(p7)/0T. We note that the power spectrum is sourced by the four-

point correlation function of super-horizon curvature perturbations, and is further mod-

ified by the sub-horizon evolution as encapsulated in I(p,q, 7).

6Scale factors appearing in the I integral as a(7)/a(r) are the artifact of Gy (7,7) being Green’s
function of the new variable v(7, k) = ah(7, k) and not h) itself; see Appendix C.1.2.
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The four-point function in eq. (4.69) has both disconnected and connected contri-
butions, from the scalar power spectrum and trispectrum, respectively. The connected
contribution usually contributes in a subdominant way compared to the disconnected
piece in determining total GW energy density; see [245] for a general argument.” There-
fore, in the following, we focus only on the disconnected contribution, which can be

written as

PA(T, k?)

= 32/ %@(k, a)*I(fk —al, ¢, 7)° (4.72)

X Pe(a)Pe([k —al) .

For a derivation of this formula see appendix C.1.3.
GW signal strength can be characterized by SGWB energy density per unit logarith-

mic interval of frequency and normalized to the total energy density [248],

L dpaw
Ptot d log f

W2y = (4.73)

where the present day Hubble parameter is given by Hy = 100h km/s/Mpc and pyor =
3M3 H§ is the critical energy density in terms of the reduced Planck mass My, ~ 2.4 x

108 GeV. The total energy density pew is given by,

M? k3
Paw = Tp/dlnkmﬂx

' . 2 (4.74)
57 ((tiste J0iate, 10 + 5 ks 1,10 )

A

with the primes denoting the fact that momentum-conserving delta functions are factored
out, (hy(t,k)ha(t,K)) = (27)38%(k + K')(ha(t, k) ha(t, —k))". Approximating hy(t, k) ~

(k/a)hy(t, k), we can simplify to get,®

1 k ? )
Qow = 13 (W) Z AT, k), (4.75)

A=+, X

"See also [242,246,247] for examples where the connected contribution can be important.

8Note that we are using the convention at which the spatial part of the metric is given by a2(6ij +
hij/2)dz'dz?. If we were using an alternative convention a?(d;; + h;j)da’dz?, then the factor of 1/48
would be replaced by 1/12 as in refs. [240, 248].

216



CHAPTER 4. GRAVITATIONAL WAVES FROM STOCHASTIC SCALAR FLUCTUATIONS

where A3 (7, k) = (k*/(27%)) Pa(7, k).

The above expression can be rewritten in form convenient for numerical evaluation

(see appendix C.1.4 for a derivation),’

2

Qaw(k) = 4802

/000 dt / s Ka(u, 0) Ad(uk) Ac(vk) (4.76)

where u = |k — q|/k = p/k,v = q¢/k,s = u—v,t = u+ v —1, and K4 is the kernel
function following from manipulating the integrand of eq. (4.72). This kernel function is
illustrated in fig. 4.4a.

We now focus on the scenario where GW is generated during a radiation dominated

epoch and set w = 1/3. We can then write (see Appendix C.1.1 for details),

9v/3 ( kr kT kT)

T@(k)T) = W —

Sin — — ——= CoS 4.77
V3 V3 3 (4.77)

and plot this function in fig. 4.4b. We note that after entering the horizon, modes start to
oscillate and decay, and as a result, the sub-horizon modes do not significantly contribute
to GW generation. In fig. 4.4c, we confirm that at any given time f(p, ¢, 7) is suppressed
for shorter modes that have re-entered the horizon earlier. Finally, the green function is

given by (see appendix C.1.2 for details)

sin[k(r — 7)] .

Gk(7-7 71) = k_

(4.78)

With these expressions, we can obtain a physical understanding of GW generation via
eq. (4.72). The Green function, given in eq. (4.78), is an oscillatory function of time whose
frequency is k. The quantity f(p, ¢, 7) is also an oscillatory and decaying function of time
(see fig. 4.4c), inheriting these properties from the transfer function (4.77). Therefore,
the dominant contribution to the integral (4.70) is a resonant contribution when the

momentum of the produced GW is of the same order as the momentum of the scalar

9Note that the integration variable v and v are swapped with ¢ and s since in the t — s space,
integration limits are independent of the integration variables.
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Figure 4.4: (a) The kernel function from eq. (4.76). We note a clear resonance contri-
bution from ¢ ~ 0.7 corresponding to u + v ~ v/3. (b) The transfer function Ts. (c)
Function f(p,q,7) as in eq. (4.71). We see that for the scalar modes that enter the
horizon earlier, with p,q > k, this function is more suppressed as expected from the
behavior of the transfer function.
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modes, i.e., k ~ p ~ ¢. In particular, the resonant point is at u 4+ v ~ /3 [245] as
shown in fig. 4.4a. GW generation is suppressed in other parts of the phase space. For
example, the source term, which contains gradients of the curvature perturbation [239],
is suppressed by small derivatives if any of the wavenumbers p, ¢ of ¢ is much smaller
than k. On the other hand, if p, ¢ are much larger than k, then the scalar modes would
have decayed significantly after entering the horizon by the time k& ~ H, and thus the
production of GW with momentum £ gets suppressed.

To obtain the final result for Qgw, we note that the GW comoving wavenumber £ is

related to the present-day, redshifted frequency f of the generated GW via

=1 (Z—O) - % ~ 1.5 mHz (W) , (4.79)
where f, and a, are respectively the frequency and the scale factor at the time of GW
generation. Using these expressions, we arrive at our final result, shown in Fig. 4.5, for
the same benchmark choices discussed in Fig. 4.3. We see that stochastic effects can
naturally give rise to a large enough SGWB, within the sensitivity range of DECIGO,
BBO, p-Ares, and Ultimate DECIGO [249-251].

4.6 Conclusion

In this work, we have discussed an early Universe scenario containing a light spectator
field, along with an inflaton field. The fluctuations of the inflaton are red-tilted and
explain the observed fluctuations in the CMB and LSS. On the other hand, the spectator
field o naturally acquires a blue-tilted power spectrum. This blue-tilted power spectrum
is eventually cut-off at very small scales since when such small-scale modes enter the
horizon, the spectator field contributes subdominantly to the total energy density. As

a consequence, primordial black holes are not produced in this scenario. Overall, this
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Figure 4.5: Gravitational wave spectrum for the benchmarks discussed in Fig. 4.3. We
notice that the number of e-folds after CMB-observable modes exited the horizon de-
termines the peak frequency of the spectrum, and correspondingly, different detectors
can be sensitive to the signal. Although a similarly peaked spectrum would appear
in the context of cosmological phase transitions (PT), the low-frequency tail of this
GW spectrum is different from the usual f3 tail. While in the context of PT the f3
scaling originates due to causality and superhorizon behavior of fluctuations, in our
scenario, the f-scaling is determined by ¢ mass. The differing frequency dependence
can then be used to discriminate between the two classes of signals.
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mechanism of generating a blue-tilted spectrum works for any generic inflaton potential
and does not require any particular fine-tuning or structure such as an inflection point
or a bump on the potential or an ultra slow-roll phase.

The blue-tilted spectrum gives rise to large curvature perturbations at small scales.
These, in turn, source a stochastic gravitational wave background (SGWB) when the
perturbations re-enter the horizon. Focusing on some benchmark choices for the number
of e-foldings and spectator field potential, we have shown that this scenario predicts
observable gravitational waves at future detectors operating in 107° Hz to 10 Hz range,
with strengths Qqwh? ~ 10720 — 10715,

There are various interesting future directions. In particular, we have worked in a
regime where o does not dominate the energy density during the cosmological history.
It would be interesting to explore the consequences of an early matter-dominated era
caused by the o field. We have also seen that the low-frequency scaling of the SGWB
spectrum depends on the mass and coupling of ¢ and is generally different from the
f3-scaling expected in the context of cosmological PT, or f*3-scaling expected in the
context of binary mergers. This different frequency dependence can be used to identify
the origin of an SGWB, and distinguish between various cosmological or astrophysical
contributions. Along these lines, it would be interesting to carry out a quantitative
analysis to understand how well we can separate any two frequency dependencies, for

example, by doing a Fisher analysis.

Note Added

While we were finishing this work, results from NANOGrav [252], EPTA, InPTA [253,
254], PPTA [255], CPTA [256] appeared. Secondary gravitational waves from the scalar

perturbation can in principle give rise to the signal [257,258]. Such scalar perturbations
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could be generated in a model similar to the one considered in this paper. However,
the frequency dependence of Qgwh? determined by the NANOGrav result is [252] 1.8 +
0.6. We note that for a free field with mass m, the frequency dependence of Qqwh? is
given by, 4m?/(3H?). So for the central value, one would naively infer m?/H? = 1.4.
Therefore to interpret it in terms of a free field, we require a mass bigger than the Hubble
scale. However, since for larger than Hubble-scale masses, the stochastic effects are not
efficient, one may have to go beyond the stochastic scenario to explain the NANOGrav
observations. We could instead consider a regime in which the misalignment contribution

is important [197,198]. We will leave a detailed analysis of this scenario to future work.
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Chapter 5

An Effective Cosmological Collider

5.1 Introduction

Local effective field theory (EFT) provides a powerful way to parametrize the effects of
ultraviolet physics in a model-independent way. It has been employed with great success
across a wide range of physical settings, from chiral perturbation theory and heavy quark
effective theory to the EFT of inflation and the Standard Model (SM) EFT (see [259]
and references therein for recent reviews). However, the simple recipe for constructing
these EFTs — by assembling the set of local, higher-dimensional operators consistent
with the symmetries and field content of the infrared theory — is often complicated
by a vast redundancy of description associated with the insensitivity of observables to
parameterizations of the fields.

Such redundancies are typically accommodated by identifying a ‘basis’ of operators
that is minimal, independent, and non-redundant with respect to the observables of
interest. Operators outside the chosen basis can be expressed in terms of operators within
the basis (or in some cases be eliminated entirely) in a variety of ways. For example,

integration-by-parts (IBP) can be used to write certain operators in terms of others,
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dropping the boundary terms provided that fields vanish at spacetime infinity. Operators
that differ by the lowest-order classical equations of motion (EOM) can be exchanged
at linear order when on-shell quantities are concerned [260-263]. In flat space, the LSZ
reduction formula renders S-matrix elements insensitive to general field redefinitions.
Reducing the scope of allowed EFT operators to a minimal basis with the methods at
hand greatly facilitates the calculation of observables.

The simplifications arising from a minimal operator basis are perhaps most apparent
when computing S-matrix elements in flat space, where EOM and IBP relations lead
to a dramatic reduction in the number of operators at a given order in power counting
[263]. However, important differences arise in a cosmological context, particularly for an
inflationary, quasi-de Sitter (dS) spacetime. In this case, we are interested not in the
S-matrix, but rather in the correlation functions of density perturbations at the end of
inflation. As a result, arbitrary field redefinitions are not allowed (or must be undone
at some stage of the calculation) since such redefinitions would change the correlation
functions. Consequently, only a limited set of transformations can be used to remove
redundant couplings. Furthermore, the correlation functions are computed on a late-
time spatial boundary. As a result, temporal boundary terms may be relevant when
implementing IBP relations.

These subtleties become particularly relevant in the context of primordial non-Gaussianity
(NG). The approximate scale invariance of primordial density perturbations, inferred
through the cosmic microwave background (CMB), indicate that the interactions of the
inflaton preserve an approximate shift symmetry, ¢ — ¢ + constant. This implies both
the self-interactions of the inflaton and interactions of the inflaton with other fields would
involve operators with dimension 5 or higher, necessitating an EFT expansion. The ques-
tion of how to construct a minimal operator basis by eliminating redundant operators

arises immediately. Unsurprisingly, there is a long history of identifying non-redundant
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self-interactions in the various EFTs of inflation [264,265], e.g., [266-279].

In this work, we are interested in inflationary EFTs where additional heavy degrees
of freedom are present. Such EFTs are especially relevant for the ‘Cosmological Col-
lider Physics’ program [17,280] which aims to study oscillatory NG induced by on-shell
particle production during inflation. Particles with masses of order or larger than the
inflationary Hubble scale Hi,s can be produced as the Universe inflates. Following their
production, the heavy particles can oscillate in time, eventually decaying into inflaton
fluctuations. Those real-time oscillations of the heavy particles give rise to an oscilla-
tory, scale-dependent NG. Intriguingly, from the frequency of the oscillations and the
angular dependence of the NG, one can extract the mass and spin of the heavy particle,
respectively. Since Hiyr < 5 x 108 GeV [186], the prospect of doing on-shell mass-spin
spectroscopy of such heavy particles through NG provides a unique opportunity to study
fundamental physics at high energies. For various interesting work on this subject see
Refs. [281-327].

Among the different types of theories that can give rise to a cosmological collider
signal, gauge theories are particularly interesting. Of course, such theories play a central
role in the SM, and (hidden) gauge theories are also ubiquitous in physics beyond the
SM. With this motivation, in the present work we focus on the EFT of a gauge-Higgs
sector coupled to the inflaton [295], where the presence of a Higgs field allows us to
incorporate spontaneous symmetry breaking (SSB) and study NG mediated by gauge
bosons.! Furthermore, we focus on a U(1) gauge theory, as our primary goal will be
to lay out the procedure of operator basis construction in dS spacetime where heavy
fields are present. This can then be generalized to include non-Abelian gauge theories,

which exhibit various interesting phenomena during inflation, such as thermalization and

"'We clarify that by ‘Higgs’ we will mean a generic complex scalar field that is not necessarily the SM
Higgs. It can however be the SM Higgs, for example, if the electroweak scale is uplifted to Hins [295], or
if loop corrections to SM are considered [292].

225



CHAPTER 5. AN EFFECTIVE COSMOLOGICAL COLLIDER

dissipation, as well as fermionic degrees of freedom, e.g., [328-333].

Establishing a minimal basis for the irrelevant interactions between the inflaton and
an additional sector is essential to the determination of observable effects.? In doing
so, one encounters subtleties analogous to those that arise in the study of inflationary
self-interactions. Such a minimal basis relevant to cosmological collider signals was first
developed in Ref. [285] for a heavy real scalar field coupled to the inflaton at lowest
non-trivial order. In this work, we perform a systematic construction of a minimal
operator basis for the more general gauge-Higgs-inflaton EFT by considering operators
up to dimension 9. We impose an exact shift symmetry on the inflaton (discarding
slow roll-suppressed corrections) and consider operators that describe the interactions of
the inflaton with the gauge and the Higgs boson. To remove redundant operators, we
primarily employ EOM and IBP relations. The EOM relations are closely analogous to
those used in flat space [265]. On the other hand, IBP relations at dimension 5 do give
rise to non-zero boundary terms that are a priori relevant. However, we show that such
terms do not contribute to cosmological correlation functions involving heavy particles,
and can be removed via appropriate field redefinitions. Beyond dimension 5, we find
that IBP can indeed be used as in flat space for the operators of interest. One way to
think about the irrelevance of these boundary terms is that they arise from interactions
of the inflaton with heavy fields. The mode functions of the heavy fields decay at late
times, corresponding to the physical effect that heavy particles get diluted as the Universe
expands. Consequently, the temporal boundary terms resulting from IBP relations vanish
for the operators and observables of interest.

To highlight some of our findings, we show that the only dimension 5 operator that

20f course, there are also more direct routes to mapping the space of cosmological observables that
are free of EFT operator redundancies, as in the cosmological bootstrap (see, e.g., [334] for a recent
review). Nonetheless, exploring observables from the standpoint of EFT Lagrangians can be useful for
interpreting the microscopic implications of data and estimating the observability of certain signatures,
motivating the approach taken here.
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is not redundant is an axionic coupling of the inflaton to the gauge field, namely ¢FF.
In particular, by using EOM we find that an operator coupling the Higgs current to the
inflaton is redundant, and the leading Higgs-inflaton coupling arises only at dimension 6.
The same conclusion can be drawn using a field redefinition argument, as we discuss in
an appendix. We also show that in the broken phase of the theory, a quadratic mixing
between the inflaton and the longitudinal mode of the gauge boson, relevant for tree-level
bispectrum signatures, first arises at dimension 9. Finally, we identify new operators
at dimensions 7 and 8 involving the inflaton and gauge boson. These operators are
expected to contribute with similar strengths for NG compared to some other operators
that have been considered in the previous literature. While certain higher dimensional
operators of the gauge-Higgs-inflaton theory have been considered in isolation in the
previous literature, our systematic approach to enumerating an operator basis identifies
additional operators that would be present in a generic EFT and could contribute to NG
signals.

The rest of the chapter is organized as follows: We discuss aspects of the choice of
operator basis on inflationary observables in Sec. 5.2, with a particular emphasis on the
effect of boundary terms generated by integration-by-parts manipulations. In Sec. 5.3 we
introduce an EF'T of the inflaton coupled to an abelian gauge-Higgs theory, enumerating
operators up to dimension 9 and reducing them to a minimal operator basis. Although
boundary terms appear in certain cases, they do not affect the correlation functions of
interest. With the minimal basis at hand, we enumerate interaction vertices and estimate
the leading sizes of non-Gaussianity in Sec. 5.4. We conclude in Sec. 5.5. A number of
general considerations and examples regarding IBP and boundary terms in inflationary

spacetimes can be found in the appendices.
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Notations and Conventions. We follow the ‘mostly plus’ metric signature: (—, +, 4, +).
The operator V, denotes an ordinary covariant derivative, while the operator D, =
V, +1igaA, denotes a gauge covariant derivative. Unless explicitly stated, we will use
units in which the Hubble scale during inflation, H;,; = 1. Factors of Hj, can be restored

using dimensional analysis.

5.2 Inflationary Observables and Operator Bases

The precise nature of cosmic inflation is still unknown. Different classes of mecha-
nisms can explain the homogeneous cosmic expansion and the generation of primordial
fluctuations during inflation. To capture certain model-independent features and signa-
tures, it is therefore useful to construct an EFT consistent with the symmetries and the
particle content of the theory. In this regard, there are two qualitatively different classes
of EFTs relevant during inflation. The more UV-agnostic of the two treats the inflaton as
a Goldstone boson arising from spontaneous breaking of time translation symmetry [264].
In this EFT, Lorentz invariance is (spontaneously) broken and as a result, one can allow
qualitatively new sets of higher dimensional operators, in addition to the ones that follow
from requiring Lorentz invariance.

Another class of EFT [265] is useful if we are to describe both the inflationary fluctua-
tions and the homogeneous inflationary expansion, since the latter is not necessarily part
of the Goldstone EFT [264]. The advantage of this second class of EFTs is that it could
be valid up to a much higher energy scale and can more readily describe how reheating
can happen at the end of inflation. While the Lorentz-breaking, Goldstone EFT would
allow for the greatest generality, for concreteness, in this work we will focus on a Lorentz-
invariant EFT description and assume that inflation is driven by a slowly rolling scalar

field ¢. Taking a bottom-up approach, we will also impose a strict shift symmetry on ¢:
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¢ — ¢ + constant, motivated by the approximate scale invariance of primordial pertur-
bations, and neglect subleading corrections from violation of this symmetry. Therefore,
all the operators involving ¢ that we consider below will have (sometimes implicitly)
derivative coupling V,¢.

Our analysis will also encompass scenarios where the density fluctuations originate
not from the inflaton ¢, but a curvaton field o, as in the curvaton paradigm [209-212]. In
such scenarios, while the spacetime expansion is driven by ¢, the density fluctuations in
the late Universe originate from . However, to obtain (approximately) scale-invariant,
superhorizon fluctuations, the mass of o needs to be much smaller than H;,;. Therefore,
we can still impose a shift symmetry on 0. Consequently, our following analysis will
exactly carry over to the curvaton scenario, with the replacement V,¢ — V,o. With
this in mind, in the rest of the discussion we will focus on the standard inflationary

slow-roll EFT where both the homogeneous expansion and fluctuations are sourced by

0.

5.2.1 Minimal Operator Bases

The approximate shift symmetry acting on the inflaton implies that the couplings
between the inflaton and additional fields are necessarily irrelevant operators that may
be organized systematically according to the relevant power-counting scheme. However,
the full set of irrelevant operators consistent with the symmetries of the EF'T is generally
over-complete, leading to a redundancy of description whose severity depends on the
observables of interest. In flat space where the observables are typically related to S-
matrix elements, the redundancy of description corresponds to the freedom to perform
nearly-arbitrary field redefinitions without altering the S-matrix elements. This can be

used to arrive at minimal, non-redundant operator bases order-by-order in the power
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counting, where the number of operators in a minimal basis is typically much smaller
than the total number of operators consistent with symmetries. In practice, a non-
redundant basis of operators can usually be obtained order-by-order in power counting
by using the lowest-order equations of motion to eliminate operators.®> Operators that
differ by total derivatives can also be exchanged via integration-by-parts (IBP), as both
spatial and temporal boundary terms are assumed to vanish in flat space.

The situation is somewhat different in cosmological contexts. In inflationary scenar-
ios, we are interested in computing cosmological correlation functions at a fixed time
slice towards the end of inflation, or when all the modes associated with the correlation
function have exited the horizon. To be specific, we use the Poincare patch representation
of dS spacetime

_—dp? + dx?

2
ds e

(5.1)

Y

and denote the conformal time on the time slice of interest by n = ny. We then take
1o — 0 limit of the cosmological correlators to obtain the conserved correlation functions.
Compared to the usual Minkowski spacetime, the presence of this boundary at 79, where
we evaluate the correlation functions, requires a reexamination of the standard operator
basis manipulations, in particular those involving IBP. This is because the boundary
terms on the space-like surface at 79 may not vanish in general. The potential importance

of boundary terms is already apparent for a massless free field in dS [266].

3There are various subtleties involved when using equations of motion to eliminate operators, enu-
merated in [335].
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5.2.2 Massless Free Field in dS

Consider the Lagrangian of a free massless field and an equivalent expression obtained

via IBP,

—5 [ Aav=ag V.09, = =5 [ dav=5gV,69,0) + 5 [ atevTge0e, (52

where O¢ = ¢V, V,¢. Using the EOM O¢ ~ 0 (neglecting V' (¢)) and Stokes’ theorem

we arrive at

—5 [ o= 9,0v.0 = = [ Poin(evio) (5.3)

Here the spatial integration is over a space-like surface at 7y and we have assumed the
fields vanish at spatial infinity as well as at very early times when the fields are in their
vacuum states. The vector n, = (1/n,0,0,0) is normal to the space-like surface on which
the induced metric is given by ~;;, with a determinant v = 1/5S. Thus the (on-shell)
action of a massless free field in dS can be written as a boundary term at 7y which can
be simplified as,
LQ / A’z ¢0,0|, = % / A OxOyd—xl, - (5.4)
214 o 2ng ) (2m)? "
To compute correlation functions, we can first derive the associated wavefunction which

can be schematically written as (see [334] for a recent review),

Ui, no] = / DS o giSalom] (5.5)
é(10)=4p,¢(—00)=0

where ¢(n9) = ¢ is the late time boundary condition while ¢(—oc0) = 0 ensures that
the fields are in their vacuum state at early times. We have also evaluated the path
integral using the saddle point approximation, up to a proportionality constant. With

these choices, we can write

(1 — ikn)etkn
1 — ikng)ethmo’
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The classical action is then given by (upon using ¢_x = ¢}.),

1 d3k k2
&;:——/ 2 5.7
=57 | T 57

A correlation function at a late time, 7 is given by

I Dop(ki)p(ks) - - (k) P[0, mo] |
[ Dol ¥, 1] 2 '

(p(ki)p(ks) -+ p(ky,)) = (5.8)

Given the appearance of |¥[p,n0]|?, only the imaginary terms in S, contribute to the
determination of the correlation function. From (5.7), the part that diverges as 7y — 0
then does not contribute and the surviving contribution is given by

Bk ik,
ux [ =5 5.9
sam [ gl 59)

We can now evaluate the two-point function using this wavefunction,
J Dop(ki)p(ka)[¥e, mol”
J Dol ¥, o] |

€X d3k k3 O
I Dpelkipl)exp (< f e l)’ 510

fD(pexp( / (Sf,’% E el )

27'(')3(5(1{1 + kz),

(p(ki)p(ks)) =

= 2_]§i”<
as can also be derived using the standard ‘in-in’ computation (see [294] for a pedagogical
review). This example illustrates that the imaginary part of S is relevant for computing
the correlation function, while the real part drops out from |[¥[p, no]|?.

There is another way to reach the same conclusions as above, highlighting the role
of the boundary. We can treat the fields in (5.4) as quantum operators, instead of
classical functions. The two-point function can then be computed using the standard
‘in-in” approach. Since the correlation functions are evaluated on the spatial surface
and Eq. (5.4) is also evaluated on the same surface, we need to evaluate only equal-time

propagators. We also note that the usual time evolution operator T'(exp(—i [ d¢ H)), with
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H the Hamiltonian, can be schematically written as a boundary term ~ exp(—if(no)).
Thus the time ordering part gives a factor of (—i), while the anti-time ordering part
gives the complex conjugate factor (+i), as in a standard bulk computation. With these

ingredients, the result is given by

' N . :
<(]5(k1)(b(k2)> =2 X (-Z)F—G(l + Zklﬂo)Q(l — Zkl’ﬁo)k%ﬂo + c.c.
Mo 4k
11

= g R (1K) 4 e (5.11)
1

= 2—k% + 0(770)'

Here we have used the standard notation (¢(ki)é(ks)) = (2m)30(ky + ko) (o (k1) p(ka))'.
Further examples of the relevance of boundary terms for massless and massive scalars,
both free and with derivatively-coupled cubic interactions, are presented in Appendix

D.2.

5.2.3 Operators Coupled to the Inflaton

In what follows, we will use arguments similar to those presented above to understand
whether certain boundary terms contribute or not in determining cosmological correla-
tors. While the boundary term was essential in the previous example, in many cases it

can be neglected. In particular, we often encounter operators of the type

/d‘*a;\/Evmv“O, (5.12)

where O is any (composite) operator containing massive fields. Using an IBP we can

write the above as

[ VIl (9 1v,0-0) - 00 0). (5.13)

The second term does not contribute in any vertex for an ‘in-in’ diagram since Jf = 0

where f is a mode function for the inflaton. The first term, on the other hand, can be
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written as

/d% 9, (\/EV% : O) . (5.14)

For the spatial component, i.e., for 4 = i, the above does not contribute under the
assumption that fields vanish at spatial infinity. Therefore, the only potentially non-

trivial term is the one involving time derivatives,

— / d*z 0, (%@@ : (9) : (5.15)

This determines the interacting Hamiltonian of interest,

Hy = /(13;1:&7 (%anqs.(o) : (5.16)

However, since this is a total time derivative, we can evaluate the time evolution operator

T exp (—i /770 dn ]I-]II) = T exp (—i/d% {%&ﬂb : O} ) : (5.17)
—o° 70

The last term is evaluated at 7y and it does not involve any time integrals. Therefore, the

as

time ordering operator acts trivially. We can then conclude that if the term in the square
brackets vanishes at 7, the entire operator does not contribute to correlation functions

involving the massive particle.?

5.3 The Abelian Gauge-Higgs-Inflaton EFT

We're now equipped to construct minimal operator bases in dS for EFTs where a

shift-symmetric inflaton couples to additional fields. For concreteness, in this article we

4A detailed example of the action of the time ordering operator can be found in Appendix D.1, where
we show that while boundary terms can be present in the intermediate stages of a computation, they
do not give a (non-local) cosmological collider signal with the characteristic non-analytic momentum
dependence. Rather, the boundary terms give a local contribution which can be accounted for by
appropriate local field redefinitions.
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will take the additional fields to comprise an abelian gauge-Higgs sector. This theory
is of considerable interest as a benchmark for various cosmological collider signals, and
captures most of the relevant features involved in constructing a minimal operator basis.
A similar procedure can be followed for other effective theories containing different fields,
such as fermions or non-abelian gauge bosons.

The Lagrangian containing the inflaton (¢), a Higgs (H), and a U(1) gauge field A,,,

up to dimension-4 is given by

Lo ‘%Vmw = V(9) = (DyH)'D"H = V([H]) - i b (518)

Here D,H = V,H + igaA,H is the gauge covariant derivative and V(|H|*), V(¢) are
respectively the Higgs and inflaton potentials, whose detailed forms will not be important
for our purposes. We will see in some cases that the surviving contributions from a given
operator are slow roll-suppressed, in the sense of involving dV(¢)/d¢ or d?V(¢)/d¢>.
We will not track such operators explicitly, under the assumption that their slow roll-
suppressed contributions to observables are subdominant to other contributions. We
assume the Higgs potential is such that it can acquire a vacuum expectation value (H) =
v/ V2, so that all states in the abelian gauge-Higgs sector are massive in the broken phase.
Alternately, our results can also be applied to the theory of a shift-symmetric inflaton
coupled to a complex scalar with a global U(1) symmetry by taking the g4 — 0 limit
and assuming (H) = 0.

In reducing the operator basis, we will primarily use the following EOM and also

implement IBP. The EOM for the inflaton is given by,

O¢ = V'(¢), [Inflaton EOM] (5.19)
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where we have denoted [J = V#V,. To obtain the EOM for the Higgs, we first expand

—~(D,H)'D'H = —V HIV*H + iga A HIVPH — iga APHY HT — A AL AP HIH.

(5.20)
The EOM is then given by,
SV, (VM 4 iga AP H) = +igad TH — GANH - VI(HEH,  (5:21)
which can be written in terms of the gauge covariant derivative,
—V,D'H = igsA,D"H — V'(|H|*)H. [Higgs EOM] (5.22)
The EOM for the gauge field is given by
—V,F" =igs (H'D'H — (D"H)'H) . [Gauge Field EOM] (5.23)

The symmetries of the theory forbid relevant or marginal couplings between the in-
flaton and the abelian gauge-Higgs sector, so interactions are necessarily irrelevant. We
assume the gauge-Higgs sector is weakly coupled and the Higgs VEV is parametrically
smaller than the characteristic UV scale A suppressing the irrelevant operators, so that
the natural power counting is in terms of the classical dimension of operators constructed
out of the fields in the unbroken phase.

In what follows, we enumerate operators up to dimension 9, beginning with the
complete set of operators at a given dimension allowed by symmetries, modulo some
operators trivially related by EOM. We then reduce the operators to a minimal basis
at a given order via EOM and IBP relations, taking care to verify that boundary terms
arising from IBP do not contribute to the observables of interest. Since we are taking
a bottom-up approach in which the Wilson coefficients of different operators are free

parameters, we may use the lowest-order EOM to arrive at a minimal basis at a given
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order in power-counting. Although these EOM manipulations do not correctly account
for changes to Wilson coefficients at higher order in power counting, the values of these
coefficients were already arbitrary. In this way, we can fix the operator basis using
the lowest-order EOM by starting at dimension-5 and proceeding to successively higher
dimensions. Note that more care would be required in manipulating operator bases when
matching to a specific UV completion in which all Wilson coefficients take on specific
values [335].

Needless to say, the number of possible operators grows rapidly with operator dimen-
sion. Although it is not too cumbersome to enumerate operators up to dimension-9 by
hand, we have also cross-checked our results against the flat-space operator basis codes

DEFT [336] and Sym2Int [337,338].

5.3.1 Dimension 5

We start our analysis of irrelevant operators at dimension 5. While there are a
number of operators consistent with the assumed symmetries, we show there is only one
operator that contributes non-trivially to cosmological correlators. We first summarize
the operators in Table 5.1. The Wilson coefficient for each operator is taken to be real;
note that operators such as Os; and Os2 can be interpreted as the real and imaginary
parts of a single operator with a complex Wilson coefficient.

We note that Os; can be simplified as

Os1 =V, 0V*(HIH). (5.24)

We can use the EOM (5.23) for the gauge field and subsequently an IBP to write

Osy = givy (F"V,6). (5.25)
A
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Operator Expression

Os, V.6 (HID'H + (D'H)H)

Os2 (—=1)V,uo (HIDFH — (DFH)TH)

Os3 V.oV, F7F

Os.4 <Z5FWFW

Table 5.1: Allowed operators at dimension 5. Here and henceforth, F* = (1/2)etPoF,.

In the process we have dropped a contribution of the type V,V,¢ - F'*” which vanishes
identically for a torsion-free metric. This manipulation also shows that Os 5 is equivalent
to Os 3. To comprehensively study the fate of Os; and O 9, it is useful to consider both
the unbroken and broken phases of the theory.

Unbroken Phase

We start with Os; which after an IBP gives,

The second term vanishes in the limit of vanishing inflaton potential and we will not

consider it further. The first term is a boundary term that reduces to a spatial integral

at 1o,
1
Os1 = / B/ (V6 - HIH) = - / Bxd,p - HIH. (5.27)
0

From (5.6), we note

By e = Ko (5.28)
P = A k) '
Given the late time scaling of H(n, k) ~ 773/ 2y (as can be shown by considering mode

functions of a massive particle, see, e.g., [320]), where u = \/m2/H2; — 9/4 is taken to
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be positive, we have
Os,1 o<y — 0. [Unbroken Theory] (5.29)

Therefore, Os; does not contribute to late-time correlators.

We now consider Os, which is also a boundary term and can be rewritten as,

1 1
O59=— /d3.:1:\/§n,,vu¢F”“ = —— /d?’x@iqum-. (5.30)
ga ga

For an unbroken gauge theory, the physical degrees of freedom are the transverse com-
ponents A which satisfy k;A; = 0. Therefore, O does not contribute to late-time
correlators. Note, that this argument does not rely on the vanishing of the mode func-

tions at late times.

Broken Phase

We now repeat the above analysis for the case of a broken gauge theory starting with

O5.1. We can still implement an IBP to write it as
1 3 t
0571 = —F d a:&,qb -HH. (531)
0

In the broken gauge theory, we can set one of the Higgs to its VEV to obtain a term

quadratic in fluctuations. However, the result still scales as,

Os1 x ne/* = 0 [Broken Theory]. (5.32)

Hence Os; does not contribute in the broken gauge theory as well.

Next we turn to Os 9, which can be written as
1 3 1 3 I
Os0=—— [ @°20i9F,; = —— [ d°20;9(0,4; — 0iAy). (5.33)
ga ga
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However, we need to take into account the longitudinal component of the gauge boson
which is a combination of A, and Ay. The temporal component A, falls as 7]3/ 2ty , with

p=(m?/H;

2. —1/4)Y2 > 0, at late times, as can be seen from the massive gauge boson

mode functions, e.g., [289]. Therefore the term proportional to 0;4, in (5.33) vanishes

in the late time limit. After a spatial IBP, the surviving term can be written as
1
O50 = — / Prpd, Al (5.34)
ga

We can rewrite the above after using the constraint equation for the massive field,

VA" =0 = —n?0,A, + 204, + n?9,Al =0, (5.35)
1 [ 2
05’2 = — d xgzﬁ&, (9771477 - _AT] . (536)
ga n
This can be further simplified by using the EOM for A,,
2 m? + 2
A, — =0,A) — P A, + ——A, =0, (5.37)
n n
2
Osp = ——— / Pz oA, (5.38)
gATly

While this term does not vanish as ny — 0, it does not contribute to a late-time correlation
function. As an example, we can evaluate the contribution to the two-point inflaton

correlation function from Os,. That has a scaling:

(@(k1)¢(kz)) o % X (1 + ko) (1+ Kimg) (=) + (+0) + (+0) (=) + (+i) (=) = 0,
(5.39)

where the last factor in the parenthesis comes from summing over the four ‘in-in’ subdi-

agrams, while the factor of 7§ comes from the massive A, propagator at late times.

More generally, each factor of O, appears in a correlator involving the inflaton field

on the late time surface with a structure

o (=) (1 — i) L2 L iy g gy nlo DL o Walto BL 5
Mo Ul o
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where A, (n,k) = f,(7, k;)bL+f;(77, k)b_y, with f,(n, k) a mode function and b}, a creation
operator, along with their conjugates. The prefactors are (—i) or (+i) depending on
whether the contribution originally came from a time ordering or anti-time ordering
term.” We have also kept only the absolute value | f, (1o, k)| since, in an inflaton correlator
on the late time surface, we always have the combination | f,,(n, k)|* from the longitudinal
mode propagator, so each factor of A, effectively contributes a factor of | f, (1o, k)|. Noting
that | f,(no, k)| ~ ng/ ? for pu > 0, we see Q5 does not contribute to a correlation function
from contractions on the late time surface. It can also be checked that bulk contractions
with the operators in Table 5.5 vanish as 1y — 0. Therefore, Os 5 does not contribute to

cosmological correlation functions overall.

Surviving Contribution at Dimension 5

The above analysis shows that the three operators Os;, Os2, and Os3 are all re-
dundant. The remaining operator is Os4 which is also shift symmetric since FWF v
is a total derivative. This operator is non-trivial and has been discussed extensively in
the context of gauge field production during inflation (see, e.g., [328]), and cosmological

collider [339].

5.3.2 Dimension 6

At dimension 6, we only have one operator coupling the inflaton field to the gauge-

Higgs sector,

Os1 = (V)  HINU. (5.41)

5Since here we are interested in evaluating just surface terms at 7, the action of time ordering or
anti-time ordering is trivial. However, the factors of (—i) or (+¢) are still present depending on whether

terms originally came from time ordering operator T exp(—i [ dt H) or anti-time ordering operator
(T exp(—i [ dt H))T.
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Operator Expression
Or4 1|2V u¢p (HTD*H + (D*H)1H)
Oz [H|*V ¢ (HIDFH — (DFH)TH)
Or3 FrN ¢ (HID,H + (D,H) M)
Ors | (=i)F™V ¢ (H'D,H — (D, H)H)

Table 5.2: Allowed operators at dimension 7.

This term is not reducible to another operator, and it contributes both in the broken and
unbroken phase, via tree and loop-level diagrams, respectively. The associated signatures

have been discussed in [291,295].

5.3.3 Dimension 7

At this dimension, there are four possible operators to start with, as summarized in

Table 5.2. We start the analysis with Oz ; which after IBP can be written as

1 1
Or1 = Vo HIHVH(HH) = évmwmﬁ =5V (1H['V ,.9), (5.42)

where in the last line we have dropped a contribution proportional to [l¢ as that is
slow roll-suppressed. The surviving term is a boundary term, which we can evaluate by
following the procedure detailed in the previous section. On a late time surface at 7, it
scales as
1
Or1 ~ /g™ H[ 0y ~ e Mo % [H|* > . (5.43)
0

Now we need to set at least one of the Higgs to its fluctuation, otherwise we would just

have a dimension 5 operator considered before. Since the H mode function has a scaling

773/ 2, up to oscillatory parts, we see that the entire boundary term vanishes. Therefore

07,1 does not contribute.
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Next we consider O7 5. We can use the EOM for the gauge field to write
O = gi|H|2VM¢VVF”“. (5.44)
A

However, this is equivalent to O7 3. To see this, we write,

Or3 = F“”qubv,,(HT?—[) =V, (F“”Vugzﬁ(?-ﬂ?-l)) -~ V,F*" -V, ¢ - HIH. (5.45)
On the late-time surface, the total derivative term scales as

1
e ngOy Al M. (5.46)
0

We cannot set both the H to their VEVs, otherwise we just go back to a dimension 5
operator considered above. Therefore, since at least one factor of the H fluctuation has
to be present, going as 77(3;/ 2, the entire term scales at least as ny. Thus the total derivative
does not contribute. Finally we consider Oz 4, which upon using the gauge field EOM

becomes

1
Ora = ~Fu V"V, P, (5.47)
A

and can contribute to correlation functions. In total there are two non-redundant oper-

ators at dimension 7, neither of which have yet been considered in the literature.

5.3.4 Dimension 8

Many more operators are allowed at dimension 8, as enumerated in Table 5.3. The
operators Og; — Og ¢ form a non-redundant minimal basis. Of the remaining operators,
Os 7 simply vanishes. To see this, we fix ;1 and v such that they are not identical. If
they are identical, then the associated contribution is already a part of Og,. Then we

can write,

_ 1
E,,F" = 5Fu,,e'mﬁﬂw. (5.48)
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Operator Expression
Os1 Fu F*(V ,0)?
Os Flu F1™ (Y ,6)?
Os 3 1N (V,9)?
Os 4 |DHH(V.9)?
Os5 (D*H)' DY HV 6V ¢
Os6 F,,F""V*V ¢
Os.7 F,,F"*V eV, ¢
Oss 209 2 v V)
Os.9 (HID*H + (DFH)H)V,V, 0V ¢
Os10 | (=) (HID*H — (D*H)TH)V,V,6V" ¢

Table 5.3: Allowed operators at dimension 8.

The index p has to be different from both 1 and v. We denote the two possible values it
can take by v and § where v # §. Then we can rewrite the above,

- 1 1
Byl = §FMWEWO¢5Faﬁ + 575

5 5€°PFL5 [y and 6 are not summed over]. (5.49)

The indices a and 3 can then take values between u, ¢, and ~:

Fup PP = F e F 5 + F5€"7F,

vy (DO summation over any index]|

(5.50)
= Fy Fus(€7M + €7%7) = 0.
Therefore, Og 7 does not contribute.
The operator Og is reducible. To see this we can write,
[ vp 1 vpyd o 1 Y8 v vd (5 51)
FMPF = ZGNP‘lﬁE F F,Yg = 5 (F F755M —2F Fm;) . .

This implies Og g is reducible to Og; and Og.
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Next we focus on Og ¢ which can be written as

1
Osg = VHHIH)V, V.0V ¢ = —§D(HT’H)V,,¢V”¢ + boundary term. (5.52)

where we have used IBP in the last step. Using methods similar to those used earlier, we

/

can show the boundary term scales as né 5 0, and hence is not relevant for cosmological

correlators. The surviving term, however, is equivalent to Og4. To see this, we can use

the EOM (5.21) for H and V,A* = 0 to write,

O(HIH) = 2(D,H) D*H + 2V (|H)?)| 1% (5.53)

The last term determined by the Higgs potential contributes to Og; and Og 3.

Finally, Og 19 can be reduced using similar techniques. First, we can rewrite it using

the EOM (5.23) and an IBP,

1

1
3 VPV (Vud¥V"6) = =5 V.V, P (V,6V"9) + boundary term.  (5.54)
A A

/2 at late times.

Similar as above, one can check that the boundary term vanishes as 773
Noting that V,V ,F* o« R,,F'"* = 0, we conclude that Og ;¢ does not contribute. Thus

we find that there are six non-redundant operators at dimension 8.

5.3.5 Dimension 9

At dimension 9 we start with a set of operators summarized in Table 5.4. Among
these, Oy does not contribute, as can be seen by doing an IBP which gives a vanishing
boundary term, along with a term involving [J¢ which vanishes in the slow-roll limit.
Using IBP, we can also check that Ogs and O3 are equivalent. Og ;7 and Oy oy are
both reducible in terms of other operators. There are a priori other permutations with
three derivatives acting on ¢. Those terms can, however, be reduced by using the fact

that for a maximally symmetric spacetime such as dS, we can write the Riemann tensor
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Operator Expression
Og.1 V,0(HIDFH 4+ (DFH)IH) | H| = Vo VE(HIH) [H*
Oy 2 Vud(=i)(HIDFH — (DFH)H) I = [V .oV, P H|
O3 VY G(HIDFH A (DFH)IH) | HI?F = VYo VH(HIH) | H|?F,
Oos | V'O(=i)(HID"H — (D'H) H) M| F = LV OV o FHHPF,,
Oy 5 Vo o(HIDFH + (DFH)H)Eo Y = NV, oVH(HIH) E o FY
Og 6 V. d(HI D*H + (DFH)H)E,, FY =V , ¢V HIH)F,, F
Oy 7 V. 0(H D*H + (DFH)H)E,, F = YV, 0V (HIH) E,, Fo
Oy Vo(=i) (HID'H — (DFH)H) Fluo Y = 1N, ¢V g FPRE, o F
Ogg Vud(=0)(HIDFH — (DFH)TH) Fo P = LV ¢V g FPHE,, F
Oo10 | Vaud(—i)(HIDFH — (DFH)IH)F,, F = évugbV[gFB”FwFa”
Oy11 Vud(H D' + (DFH)H)(V,0)* = V.oV (HIH)(V,¢)?
Og12 | Vud(=i)(HI'D*H — (D'H)'H)(V,¢)? = ; V.oV FH(V,¢)?
Og.13 VYoV, (HIH)| D, H|?
Og,14 V.oV (HH)(D*H)' D, H
Og.15 V.,V o F|D,H|?
Oo.16 V.,V F(D'H) D, H
Og.17 V., V.0 VHHIH)VY (HIH)
Og.15 V.,V ¢V o FOHN g FPY
Og.19 V, V¢V o FEVY (HIH)
Og.20 V.V, oVEFEN (HIH)

Table 5.4: Allowed operators at dimension 9.
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as Ruvpe X (9up9vs — 9uoGvp). The Bianchi identity for F),, is also useful in reducing
certain terms. All the other terms would contribute to cosmological correlators, albeit
with suppressed contributions compared to operators at lower dimensions, as we will see
in the next section.

However, the operator Oy ;2 is special since it gives rise to a quadratic mixing be-
tween the inflaton and the longitudinal gauge boson. Such an operator is observationally
relevant since it would mediate tree-level NG, and we have seen that no other operator
up to dimension 8 could give rise to such a mixing. To elaborate on this further, we can

rewrite Og 12 after an IBP as, (dropping the gauge coupling)

Og12 =V, [(V,0V?)V .0 F*] — V,(V,0V )V .0 F"H. (5.55)

Here we have used the fact that F"*V,V,¢ = 0.

The Boundary Term. We first consider the boundary term, following an analysis

similar to the above. We can write the boundary term as,

- / B/l [(V,0VP6) V6 F*] (5.56)
ga

Therefore, at late times this term scales as,

1

1
~ Ne0ip % mo Fri — 0. (5.57)
0

Thus this term can be dropped.

The Bulk Term. To obtain the inflaton-gauge boson mixing, we can focus on the F'
component from (5.55). Since our main purpose to illustrate the form of the quadratic
mixing, we will not track the overall numerical and n factors. If we set =17 and v = 0,

then the term would have a g}go, and hence it would be slow-roll suppressed. However, for
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1 =0 and v = 1, we would have a contribution which is quadratic in fluctuations,

(99712 D) gbg(?,ngm (558)

To simplify this further we can do a spatial IBP to write,

Og10 D RO, F™. (5.59)

and use (5.35) and (5.37) to write

(/)9,12 D) ¢gm2£An (560)

Here we have written the inhomogeneous part of the inflaton field: ¢(t,x) = ¢o(t)+£(2, x).
This matches with the conclusion in [295], however only this particular dimension 9

operator was considered in isolation.

5.3.6 Summary and Classification

The non-redundant operators up to dimension-9 are summarized in Table 5.5. In the
third column, we indicate whether the operator contributes to the bispectrum at tree or
loop level. This differs depending on the phase of the gauge theory. For example, O,
can clearly contribute to the bispectrum at tree level in the broken phase, when we can
decompose the Higgs field in unitary gauge as H = (h +v) /v/2, with h an interacting
degree of freedom and v the VEV. In the unbroken phase, this is not possible, and the
operator may only contribute via a loop diagram.

On top of the tree/loop classification of each operator’s contribution to observables, in
weakly coupled UV completions it may also be possible to assign a tree/loop classification
to the operator’s Wilson coefficients [340]. At present the tree/loop classification of
Wilson coefficients has only been extended through dimension-8 [341], and we do not

explicitly classify Wilson coefficients here.
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09,11 = 05,1(Vu¢)2
Og12 = 053(V,.0)?
09,13 - O5,1|Du7_[|2
Og14 = V,0V" (HIH)(DH) D, H
Og.15 = Os3|D,H|?
O16 = V,¢VoF**(D"H) D, H
Oy15 = VyvﬂgbVaF‘Wngﬁ”
Oy19 = VVVWVQFWV”(HT’H)

Dimension Operator Observables
5 Os4 = OF, F* Loop [339]
6 O = (V,u0)*HIH Tree [295] and Loop [292]
7 Ors = [HI’V 0V, F* Loop
Or4 = F,, V'OV F¥ Loop
8 Os1 = F, F*™(V ,0)? Loop [292]
Ogo = FWF‘”’(V,@)z Loop
Os3 = |[H[Y(V,0)? Tree and Loop
Os4 = |D,HI*(V,0)? Loop [292]
Oss = (DFH) DYHV ,¢V ¢ Loop
O = L, F"’"VFOV 0 Loop
9 Oy = [H[*Or, Loop
Qg4 = [H|[?O74 Loop
Qg5 = V, 0V (HIH) F o F7 Loop
Oy = O51F4, F Loop
Og7 = O3 1 Fop I Loop
O = V¥ s FHE, Fe Loop
Oy9 = O5 3L, Loop
Oy.10 = O 3 Fo, I Loop

Tree and Loop
Tree [295] and Loop
Loop
Loop
Loop
Loop
Loop
Loop

Table 5.5: A minimal operator basis up to dimension-9. We have dropped some
overall prefactors to write the operators more compactly in terms of dimension-5 and
-7 operators. Operators with leading effects (as described in Sec. 5.4) are highlighted in
red. The third column indicates whether these operators contribute to the bispectrum
at tree or loop level. Observables highlighted in blue only arise in the broken phase.
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5.4 Observational Implications

Having constructed a minimal basis, we now study the predictions for NG, especially
in the context of the cosmological collider. We first briefly review some aspects that will
also set up the notation. As discussed in the Introduction, particles with masses of order
H;, can be produced as the Universe inflates. After production these particles can prop-
agate on-shell, oscillating in time, and eventually decay into inflaton fluctuations. Such
processes then give rise to non-trivial correlations among different inflaton fluctuations,
in particular, three- and higher-point correlation functions. In this work, we will focus
on the three-point function, i.e., the bispectrum, characterized by three spatial momenta

k17 k27 k3:

(R(k1)R (ko) R (ks)) = (27)2(k; + ko + ks) B(k1, ko, k3). (5.61)

The ¢ function above enforces spatial momentum conservation. We have denoted the
gauge invariant comoving curvature perturbation by R; for a detailed definition and
review see, e.g., [214]. Conventionally, the function B is normalized with respect to the

power spectrum so that there is no overall scale dependence,

B(ky, ks, k3)
Pr(k1)Pr(k2) + Pr(ko)Pr(ks) + Pr(k1)Pr(ks)

5
F(lﬁ, kg, kg) = 6 (562)

It is also a convention to characterize the ‘strength’ of NG, at the equilateral configuration
where k; = ko = ks, in terms of a single number fx;, = F/(k, k,k). In the case of the
cosmological collider, the function F' exhibits oscillations as a function of k3/k;, especially
in the squeezed limit k3 < k1 ~ ky. We will denote the associated strength of NG by a
parameter f,s., defined via:

5 B(ki, ko, ks) ks ) 2
Fy =~ i WAt ST RAC VA | fose| [(—3) + c.c.

12 Pra (k1) Pr (k) b (5.63)
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In the following, we will estimate the parametric dependence of f,s. on various Wilson
coefficients and identify which operators are expected to give a leading signal in a generic

EFT. To that end, we briefly revisit the power counting scheme.

5.4.1 Power Counting

As discussed in Section 5.3, the power counting scheme for the gauge-Higgs-inflaton
EFT can be organized in terms of operator dimension. For simplicity we take operators

to be suppressed by appropriate powers of a common UV scale A with Wilson coefficients

Cn,a;

Cn,a
£> Z An_40n,a- (5.64)

Here n determines the dimension of the operator while the index a runs over all the
operators having the same dimension. The EFT scale has to satisfy certain restrictions.
To control the inflaton derivative expansion in (9¢)?/A?, we require A > \/go [342]. We
also require A > v to control the expansion in v?/A?, i.e., for the EFT to be suitably

organized in terms of the linearly-realized gauge symmetry.

5.4.2 ‘Monochromatic’ Operators

The operators summarized in Table 5.5 contribute to several types of cosmological
correlators. A given diagram could involve either the Higgs or the gauge boson or both.
Diagrams in which both the Higgs and the gauge boson are present can give rise to
interesting signatures. For a recent study outlining the techniques for computing such
diagrams involving more than one massive field, see [343]. However, the ‘monochromatic’

signatures that could let us extract the mass and spin of the boson in the most imme-
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diate manner would involve either the Higgs or the gauge boson, but not both.® With
this in mind, we now highlight which operators would give rise to such monochromatic
signatures.

Note that a given monochromatic signature typically accumulates contributions from
multiple operators at successive orders in power counting, where higher-order contribu-
tions are suppressed by appropriate powers of v/A or Hi,¢/A. In what follows, the leading
monochromatic signatures are those that arise at the lowest order in power counting.

Leading operators are indicated in red in Table 5.5.

Higgs Signature

The leading monochromatic operator involving the Higgs arises at dimension 6, namely
Og,1. In the broken phase, this operator gives rise to tree-level NG, as was studied in
detail in [295]. On the other hand, in the unbroken phase, the operator contributes to
NG at the loop level, as studied in [292].

At dimension 7 there are no monochromatic Higgs operators, since all the non-
redundant operators involve gauge bosons as well. At dimension 8, monochromatic Higgs
signatures arise from Og 3, Og4, Og5. However, we typically expect these contributions
to be suppressed by additional powers of (Hi,s/A) or (v/A) compared to the dimension-
6 contribution. At dimension 9, Og 11, Og13, Oy 14 would contribute, with additional
suppression by powers of (Hins/A) and/or (v/A). In particular, Og13 and Og 14 would

contribute to vertices having at least three Higgs fluctuations.

6If there is a hierarchy between the Higgs and the gauge boson mass, we can integrate out the heavier
particle to effectively obtain a monochromatic contribution for the other particle. Here we instead focus
on the case where both the Higgs mass and the gauge boson mass are comparable.
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Gauge Boson Signature

At loop-level, the leading monochromatic gauge boson signature arises from Oj 4.
This operator has been studied extensively in the context of axion inflation [328], and in
the context of the cosmological collider [339]. The operator Oz 4 can also contribute, but
potentially without the chemical potential-like structure which arises from Os4. There
are multiple possible contributions at dimension 8. For example, the effects of Og; were
computed in [292], while Og o and Ogg would also contribute at the same order in EFT
power counting.

At dimension 9, Oy ;5 is special since it can give rise to a quadratic mixing between
the inflaton and the longitudinal gauge boson, as discussed above. The operator Oy ;g
also contributes, albeit suppressed by powers of (Hi,s/A). There are other operators
at dimension 9 that involve one inflaton with three gauge bosons, and therefore do not

contribute to a three-point function at the one-loop level.

5.4.3 Estimates

The vertices relevant for NG mediated at tree level or at one loop are summarized
in Figs. 5.1 and 5.2. There are four types of vertices, many of which accumulate con-
tributions from more than one operator in Table 5.5, as indicated by the corresponding
Wilson coefficients ¢, ,. For operators involving derivatives, we have estimated the size
of the derivatives to be of order Hi,, as appropriate for scenarios where all the mass
scales are of the order Hiys.

Using these vertices we can construct various tree and loop-level diagrams that can
mediate non-gaussianities. For illustration, we only consider the leading Higgs and gauge-

boson mediated NG.
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Figure 5.1: Higgs-inflaton vertices from various operators present in Table 5.5. The
inflaton (Higgs) is denoted by a thin (solid) line. We have not included vertices with
more than two Higgs fluctuations.
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Figure 5.2: Gauge boson-inflaton vertices from various operators present in Table 5.5.
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Higgs. The signature in the broken phase was discussed in [295]; here we summarize
the main conclusions. The dimension 6 operator Og ; would mediate the leading tree-level
NG through the vertices shown on the first row of Fig. 5.1. The parametric dependence
of NG from the so-called ‘single exchange’ diagram can be estimated as,

140?
R,

inf

inggs
osc,tree

(5.65)

where p? ~ 067@(2) /A? denotes a ‘classical’ correction to the Higgs mass from Og; when
the inflaton is set to its VEV [295]. The total Higgs mass is then given by mj py ~
(P 4+mj, .. Where mj o is the Higgs mass in the absence of any inflaton correction. Since
cosmological collider signatures would be exponentially suppressed for myp sqn > Hint,

Barring any fine-tuning, this would mean p?> ~ HZ; and

mn

we require m3 ., ~ H?

inf*

This implies the going rate for NG is fii%8 ~ (H2.w?)/¢2. For a

2 2
mh,barc ~ H, osc,tree

inf
more detailed numerical computation of the non-gaussianity, see Ref. [295] where the
exponential fall off of the NG as a function of increasing Higgs mass is also computed.

In the unbroken phase, the NG signature arises at one loop, mediated by the right
two vertices in the first row of Fig. 5.1. The corresponding estimate is

. 1 u4
Foshoon ~ - (5.66)
Toop ™ T62 32

For a detailed evaluation see Ref. [292].

Gauge Boson. We first discuss the tree-level signature in the broken phase, which was
also discussed in [295]. For a tree-level signature, an essential ingredient is a quadratic
mixing between an inflaton and the longitudinal mode of the gauge boson. Such a mixing
arises at dimension 9, namely via Oy 12, which also gives a cubic interaction between the

gauge boson and the inflaton. These two vertices can contribute to NG via the so-called
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single exchange diagram:

j4772
fgauge 2 ¢OH (567)

osc,treeN 9,12 A10 .

For A 2 1/¢o, the above becomes fEUE < 5 1,(H?/ $o). For a detailed evaluation see
Ref. [295]. There is another diagram that can contribute to NG, involving the vertices
with ¢7 4 and cg12. The strength can be estimated as,

15

gauge 2 ¢0
osc,tree ™ €7,4C9 12 AL3 (568)

Taking A > /o, the above estimate becomes e S C1aCh15(H/ '3/ %), and therefore
this contribution is expected to be subdominant compared to the previous process medi-
ated purely via cg 12. The dimension-5 operator determined by ¢5 4 can give larger signals,
both because it is a leading operator from an EFT perspective, and also because it can

give a ‘chemical potential’ for gauge boson, potentially leading to exponential particle

production. The cosmological collider signatures were computed in [339].

5.5 Conclusion

A systematic approach to constructing local EFTs entails not only fixing the power-
counting and enumerating operators consistent with the infrared symmetries and fields,
but also accommodating the resulting redundancy of description. This systematic ap-
proach is well-established in flat-space EFTs, where the irrelevance of boundary terms
and invariance of S-matrix elements under field redefinitions make operator redundancies
transparent. The situation is more complicated in cosmological EFTs, where boundary
terms are not always negligible and the observables of interest are sensitive to field redefi-
nitions. While minimal operator bases for inflaton self-interactions have been enumerated
in various inflationary EFTs, much less progress has been made for EFTs of heavy par-

ticles coupled to the inflaton beyond the simplest cases at lowest order.
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In this paper, we have developed a minimal operator basis for an abelian gauge-
Higgs-inflaton EFT up to dimension 9, an archetypal example of a sector of heavy fields
coupled to the inflaton relevant for cosmological collider physics. We have identified
low-dimensional operators that are entirely redundant, as well as new non-redundant
operators with potentially interesting observational signatures. Along the way, we have
identified a number of useful methods for checking boundary terms arising from IBP
relations, which can readily be applied to other EFTs of heavy particles coupled to
the inflaton. The systematic enumeration of minimal operator bases in these EFTs is
invaluable in light of the considerable interest in their cosmological signatures.

There are, of course, a number of interesting future directions. The methods presented
in this paper may readily be generalized to other sectors coupled to the inflaton, including
fermions and non-abelian gauge bosons. While we have focused on a Lorentz-preserving
EFT of inflation with a shift-symmetric inflaton, similar methods may be applied in the
more general Goldstone EFT of inflation [264]. Further, we have enumerated a number
of operators with observational effects at loop-order. The precise computation of these
effects remains important and will be the subject of future work. Finally, it would be very
interesting to extend the general methods developed for operator bases in flat space [263]
to cosmological contexts by accounting for the possible role of boundary terms. More
broadly, we hope that the extensive attention devoted to operator bases in flat space

EFTs may be equally applied to the plethora of EFTs arising in cosmological settings.
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Conclusions

This thesis has covered a wide range of topics in particle phenomenology and cosmology,
and presented new results in building and analyzing parity solutions to solve the strong
CP problem as well as progress in understanding the cosmological consequences of early
universe particle models.

There is much further ground to pursue, both in extending these works and venturing
further into the rich realm of particle theory and phenomenology. It’s an exciting time to
be in particle physics: While recent decades have seen a notable shift in morale following
strings of null experimental results, we have no shortage of ideas to pursue BSM physics
from both a theoretical and experimental lens. On the theory side, advancements in
EFTs, scattering amplitudes, generalized symmetries, and cosmological correlators are
poised to advance our knowledge of what QFT fundamentally is, while building new
structures to simplify existing models and guide the formation of new ones. On the
experimental side, we are still immersed in a golden age of cosmology, with upcoming
gravitational wave experiments and probes of large-scale structure poised to return results
on the tensor-to-scalar ratio, either a detection of primordial non-Gaussianities or new

bound on fyr, and signals of gravitational waves, which may or not be primordial in
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origin. Whether these experiments detect new signatures or not, we will learn something
about how our universe works. Perhaps this will be aligned with some of the ideas
presented in this thesis, or perhaps the field requires a true paradigm shift to make
progress. Either way, there is no shortage of ideas to ponder and work to be done. To
conclude with one of my favorite quotes: “It’s a magical world, Hobbes "ol buddy...let’s

go exploring!”
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Appendix A

Supplementary Material for Chapter
2

A.1 Mass eigenstates

A.1.1 Gauge and Higgs sectors

With the gauge group of Eq.(2.3), and the Higgs sector specified in table 2.1, spon-

taneous symmetry breaking takes place in two steps, as follows
SU(2), x SUQ2)g x U(1)y 225 SU2)L x U()y 2% U(1)gar. (A1)

The physical spectrum contains SM-like Z, W=, and « gauge bosons, as well as exotic
Z' and W'* excitations. At tree-level, no mixing occurs in the charged gauge boson
sector, and the mass eigenstates are given in terms of the gauge eigenbasis by the usual
expression:

W= = %(Wl +iW?) (A.2)

and similarly in the W’ sector. Tree-level masses are of the form my = gv/2 and

my = gv’'/2, where we have assumed that ¢’ = g, as mandated by generalized parity.
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By contrast, in the neutral gauge boson sector mixing between SM and mirror fields takes
place already at tree-level. At zeroth order in a v/v’' expansion, the gauge eigenstates

can be written in the mass eigenbasis as follows

W —VCCC‘)’:;GW —sinf,, tan 6, sin 6, Z,
WS = 0 cos 0, sin 6, R (A.3)
Bu —tanb, — tan 6,4/ cos 20,, v/cos 20, A,

where sin® 6, ~ 0.231 as usual. Corrections to the above expression arise at O(v?/v'?).

Masses for the SM-like Z and mirror Z’ are given by

2 / 2
qgu v gv’ cos 0, v

= O — d ==+ 0(— ). A4

"2 =5 cos 0. + (0’2) ’ o e 2¢/cos 20, * (0’2) (A.4)

After electroweak symmetry breaking, the Higgs sector consists of two real scalar

fields, h and R/, with masses given by my, ~ 2y/kv and my ~ v/2 \'. Rotating from the

gauge to the mass eigenbasis can be performed as follows

h CcoS v sin o h
— : (A.5)

h' —sin CoSs v h'

with mixing angle o ~ v/v'.

A.1.2 Fermion sector

Rotating from the flavor to the mass eigenbasis in the fermion sector requires solving
the eigenvalue problem for the 6 x 6 matrices M}I\\/Jlf, and MfM}, with My as given in
Eq.(2.12). This can be conveniently done as a perturbation expansion in v/M,v'/M < 1.
In this section, we summarize the relevant results of this procedure. We focus first on the
down-quark and lepton sectors (although we will use notation appropriate to the down-
quark sector, we emphasize that identical results apply for leptons). The singularities
of the up sector as related to the top quark merit a separate discussion that we present

later.
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Down-type quarks and leptons

The mass eigenvalues in the down-quark sector can be found by diagonalizing the two

3 X 3 matrices

v'v

7y;*/\4;1y§, and M. (A.6)

In full generality, i.e. without yet imposing generalized parity, the above matrices are not
necessarily hermitian, and two unitary matrices are needed in order to bring them into

real diagonal form. This corresponds to the unitary transformations
d—Old, d - 0OLd, and D—OLD D —OLD. (A.7)

By definition, the rotation matrices are such that

!/

vv .
>0 = 02/ <7y;l*/\/ld1y§> Oz{ = dl&g(TTLdi) , (AS)

and

>p = OpMOh, = diag(mp,) , (A.9)

where mg4, and mp, are the masses of the SM and exotic heavy quarks respectively. As
advertised in section 2.2.3, we will make the simplifying assumption that all three mirror
quarks appear at a common scale mp, ~ M > v,v’. Imposing generalized parity makes
both matrices in Eq.(A.6) hermitian. In this case, a single unitary matrix suffices to
make them diagonal, and we have Oy = O} and Op = O3,

It is convenient to define two new matrices corresponding to the Yukawa couplings in

this new basis

Ja = OyaOb,  and g, = Ogy,0F, . (A.10)

With this definition, the tree-level masses of the SM-like fermions read

' = (07)i(Ua)i; vV = | (Fa)is]?
= A RAT A AT A RALAAL S A1l
Mg, 5 : mp, 9 E mp, ) ( )
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where the last step holds provided we impose generalized parity. From this expression,

we can find an upper bound on the individual entries in the Yukawa matrix, of the form

2 . ,1/2 M 1/2
|<gd>ij|s(w> ~(md% ) . (A.12)

v’ v’
As advertised in section 2.2.3, bringing the full 6 x 6 matrix of Eq.(2.12) into diagonal
form requires a further transformation that mixes the SU(2)-doublet and singlet fields,
as specified in Eq.(2.20). In terms of the g; and ¢/, couplings defined earlier, the 3 x 3

blocks appearing in Eq.(2.20) can be written as

€d = L>Blgj§, and €, = R il (A.13)

V2
whose entries are of O(v/M) and O(v'/M) respectively. When generalized parity is only

broken by the different vev’s in the SM and mirror sectors, we have €, = (v'/v)el.

Up-type quarks

The diagonalization procedure in the up-quark sector is analogous to that for down-
type quarks and leptons, although this time accommodating for the singularities of the
third generation for which the see-saw mechanism cannot be implemented.

As before, at zeroth order in v'") /M, we perform transformations of the form
u— Olu, v - O, and U—OLU U — O],U. (A.14)

On the one hand, the matrices Oy and Oy must be chosen such that the vector-like
mass matrix M, is brought into diagonal form. In this case, we make the assumption
that two of the eigenvalues of M, are my,, my, ~ M, whereas the third one is much
smaller, and for simplicity we will take it to vanish in what follows. On the other hand,
the matrices O, and O, must now be such that

T >0 00 )is = 66 (T >0 T )iy and (Gu)is = (7,)is =0 (A.15)
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1

fori,j = 1,2, and where >,,' = diag(my,, maj, 0), and the g, and g/, matrices are defined

as in Eq.(A.10). Moreover, we define y; = 933, and yy = 45, which we may choose to be
real and positive.
With this preliminaries, the tree-level mass eigenvalues in the top sector read

my = L and  my = ﬂv', (A.16)

V2
with yy = y, if we impose generalized parity. For the first and second generation, we

have instead
2 ~/*

2 ~
o v’ yu iy v’ yu 1]
My, = o = E_: (A.17)

Uj

where the last step holds prov1ded we impose generalized parlty. As before, we can now

obtain an upper bound on the individual Yukawa entries, of the form

2my my \ w M 12
|<gu>ij|5(;l”) ~<ml ) for  d,j=1,2. (A.18)

v’ v’

A further transformation mixing the SU(2)-singlet and doublet components is again
necessary in order to diagonalize the full 6 x 6 mass matrix, which can be written as in

Eq.(2.20). The corresponding ¢, and €, blocks are now given by

ey = —=(55" 7 )i () = Y= T )y
u 1] u 2 mg] 5]5m%

bl

A.19
/ B s mt(y >Ulle) ( )

v -1 *
(€u)ij = E<>Uly/T)ij 5 (€)35 = Y

fori=1,2and j = 1,2,3. Just as in the down-quark sector, if generalized parity is only

broken by the difference between v and v’, we have €, = (v'/v)e

A.2 Radiatively induced EDM

A.2.1 One-loop EDM

We will now present a calculation of the one-loop correction to the EDM of elementary

charged fermions that arises under the assumption that parity is only broken softly, both
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in the scalar potential and through the presence of non-hermitian vector-like masses for
the SU(2)-singlets. The relevant diagrams are those featured in figure 2.3. We will
concentrate first on diagrams where either h or h’ propagate inside the loop.

In full generality, a Dirac fermion f that interacts with another fermion v, and a

neutral scalar ¢ through Yukawa couplings of the form

LD L(frYr)¢ + R(fLir)¢ + hec, (A.20)

will receive a one-loop EDM given by

dy  Qy my .
: 167T2m¢A() m (LR"), (A.21)

where r = m?p / mé, and the loop function A is given by

A(r) = ST i e (3 — 74 ilng : (A.22)

In the model we are considering, the Yukawa interactions involving both light and heavy
fermions can be written as

LD — Z S (CZRﬁSdL + CZRBSDL -+ DR’S/SdL + DRSSDL> + h.C., (A23)

s=h,h

where we are using notation specific to the down-quark sector, but analogous expressions
apply for up-quarks and leptons (although the specific form of the Yukawa matrices will
differ). It will be convenient to write the above matrices as @* = Ry,w" + Ry (for
w = mn,05,7,0), where Rj; = Rgs = cosa and Rjs = —Ry = sina, with a ~ v/
the mixing angle the Higgs sector. For the down-quark sector, the w matrices can be

conveniently written as follows

v V2 2 T2
and
T]h/ _ >4 5}1/ _ g/* "th _ 1 >71y/T>Ul S — U_/ (>71y/Ty/*)
’Ul ) \/57 \/§ D ) 2 D
(A.25)
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The one-loop correction to the EDM of one of the SM-like quarks, d;, is dominated by
diagrams where the heavy mirror quarks propagate inside the loop. Since mp, ~ M >
my, my, we can expand the loop function A(r) in the limit r > 1. Keeping the first two

terms, we find

mg s o8
Z 327T mp, < m%]) Im <Blf7ﬂ) : (A.26)

The last factor in the previous expression can be written as
m(B545) = RusRos (8177 + B1 7)), (A.27)

where we have taken into account that fjfyz, {Lj/’yfi/ € R, so those combinations don’t
appear on the right-hand-side. When summing over s in Eq.(A.26), the contribution
from the leading term in the m3/m7, <1 expansion vanishes since > RisRos = 0. The

leading contribution to dg4, then reads

ddl Qd ms ! '
= 3 RlsRQS Im( nAk + Z%’%)
j7

32w m
OF m3,
~ Z 39,2 h smalm <B” 7ﬂ> ,
J

where in the last step we have neglected the first term in parenthesis since it is suppressed

(A.28)

by a factor of O((vv'/M?)?) with respect to the second, and we have only kept the
contribution from A’, since the contribution from A is suppressed by an additional factor
of m? /m3,.

From Eq.(A.24) and (A.25), we find

1, .
B@j /sz - y;jylj <A29)
When generalized parity is a good symmetry, we have §' = g, and therefore the above
term is real, in turn leading to a vanishing EDM. In the presence of soft breaking through

non-hermitian vector-like masses, the relationship ¢ = ¢ no longer holds, even if the
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Yukawa couplings in the flavor basis remain identical since the breaking is soft. To see
that the equality of the Yukawa couplings in the SM and mirror sectors no longer holds
in the mass basis, it is useful to remind ourselves of the fermion mass diagonalization
procedure discussed in appendix A.1.2. When generalized parity remains unbroken, the
unitary matrices of Eq.(A.7) are such that O = O}, and Oy = O%. However, the non-
hermiticity of the vector-like mass matrix means the unitary matrices needed to bring
the 3 x 3 matrices of Eq.(A.6) into real diagonal form will no longer satisfy this simple
relation. Instead, writing the new vector-like mass matrices as My + iAM, with both

M and AM hermitian, the new unitary matrices are modified as follows

OF/%@F/:OF/—FAF/, OF%@F:O;/—A}/,
] ] (A.30)
Of—>0f:(9f—|—Af, Of/%Of,:O;—A}.
The A matrices arise at O (|[AM|/M), and are given by
. [AM, > plik ; [Am, >l
(Apr);; =i Z W —md (OF )y, and  (Ap),; =i Z oo — (Op)y;» (A31)
k#i i K ki i Jr
where

AM = Op AMOY, and Am = %Q*>}1AM>}1]]T. (A.32)

Using the above expressions in the definition of ¢, it is possible to write
gt =gk + &), (A.33)

where ¢ is a matrix with entries of O(|AM|/M). Explicitly, after some massaging,

~ /% ~x . AM j .U'U/ Zj*ﬂkn AM n
Yij = Zyu ((5zj + szl—l](l —0y) +i— Z ki ! ) ) (A.34)

! ME; 2 ki my, + Mg MEME,
In total:
o~ N AM
I (5377:5) = |9:51> x O (7) . (A.35)
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Plugging this back into Eq.(A.28), we have

dd,- Qd mi, . 1 s~ nde mg, AM
? = ; 3072 m?)D Slnoz§ Im(y@]yzy) = WMQ x O 7 , <A36)

J

with ng = 3 the number of mirror fermions appearing at the see-saw scale in the down-
quark sector. The above expression also applies to the lepton sector, after making the
obvious substitutions. In the up-quark sector, the expressions for the Yukawa couplings
are somewhat different to those in Eq.(A.24) and (A.25), but can be similarly found by
following the flavor-to-mass-basis rotation procedure outlined in section A.1.2. In the
end, diagrams where h’ and the mirror partners of the v and ¢ quarks propagate inside
the loop give the leading contribution to the one-loop EDM. Thus, the above expression
also applies for the up-quark sector, this time with n, = 2 instead.

Additional contributions arise from diagrams where Z and Z’ propagate inside the
loop (see figure 2.3). In this case, the leading contribution arises from diagrams involving
7' as well as heavy mirror fermions. In total, the final result is parametrically the same
as that in Eq.(A.36), except for an additional suppression by a factor of g?sin?6,,.

Although the potential one-loop correction to  that could arise as a result of the soft
breaking through non-hermitian vector-like masses was already shown to vanish in [22],
this can also be seen from the calculation we have just performed. The relevant diagrams
contributing to the quark mass matrix, and therefore to 6, are those of figure 2.3, minus
the external photon line. So although the appropriate loop function will be different, the
overall correction will be similarly proportional to Eq.(A.29). Using Eq.(A.8) to rewrite

7 in terms of ¢, and the diagonal mass matrices, we find
Im(6myg,) o< I (F;355) o< ma, Im((§)ii;)- (A.37)

As a result, the corresponding contribution to § from the down-quark sector reads

> % o Im (Z(g_l)jigij> = 0. (A.38)

% v )
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Notice the sum over quark flavors is crucial in the above cancellation.

A.2.2 One-loop 0

The calculation of the one-loop correction to the quark mass matrix, and, in turn,
to f, proceeds along similar lines to the EDM calculation we have just discussed. The
leading contribution to # comes from corrections to the light quark masses, and it is due
to diagrams where either A’ or ¢ propagate inside the loop.

Rotating from the gauge to the mass basis in the scalar sector requires performing a
transformation s; — R;;s;, with s; = {h, I/, ¢}, and R is a 3 x 3 orthogonal matrix that

we parametrize in terms of the various mixing angles as

CaCp CaSBSy + 8aCy —CaSBCy + SaSy
R= | —s.cs —8a888y + CaCy SaSECy + CaSy (A.39)
53 —CBSy C3Cy

where ¢, = cosa, s, = sinq, etc. Parametrically, we expect ¢, ~ ¢z ~ ¢, = O(1),
whereas s, ~ v/v, sg ~ v/vy, and s, ~ v,/v’. In the down-quark sector, the Yukawa
interactions of Eq.(A.23) need to be extended to include ¢ in the sum, and the @w® matrices

are now given by
&° = Risw" + Rosw" + Rasw? for w=m,03,7,0. (A.40)

The expressions for w" and w" are as in Eq.(A.24) and (A.25), whereas for ¢ we have

w'

0’ = —io- (y >35> 5'97) B = 7 (5" >5'9) ,
(A.41)
(5 _1~T) 5¢ - _Zﬁa
where § = OpyO} v, as usual.
In the notation of Eq.(A.20), the one-loop correction to Im(dmy) is given by
My *
s
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where the loop function F now reads
1 m?2 m2
F(my,my) = —— {mQ <log —2 1> —m3 (log —2_ 1)} . (A.43)
mi _ mi ¥ 112 ¢ 112
For the case at hand, the leading one-loop correction to the mass of the SM-like fermions
involves diagrams where the heavy mirror partners appearing at scale M propagate inside

the loop. Specifically, in the down-quark sector, we have

MDp; Q8 28

Im(0mq,) = |

s7]

In analogy to the discussion in the previous section, the leading term in F in the limit
mp,; > m is independent of my, and its contribution to Im(dmy) vanishes as a result
of the orthogonality of the mixing matrix in the scalar sector. The leading correction to

Im(dmyg,) then reads

m2

2
s ij 28 28
Im(dmyg,) ~ Z log Im(5;7;)

1672mp), m?2

7 (A.45)

2

2
myg mp. ) 6 h
E log —2 Tm(s, 51 Y0 + s+8a05775)
¢167T2ij mg RV YRl iy 1ji)

12

Gs=h',
where in the last step we have neglected the contribution from h, which is suppressed by
a factor of m? /m? compared to that from i’ and ¢. The two terms inside the parenthesis

are given by

0 Ui5 Yk ik Mg,y — VeMy,y
Ko\ _ ij IR It i i
s, Im( ij%'i) =, ~ Sy o
k

, (A.46)

U'2

where in the last step we have substituted s, ~ vs/v’, as we expect when v, < v/, and

¢

VAT May  UVeMa. U
SySa Im(ﬁuyjhl) = S’Ysa_M ~'S 4. ~ 2 dzy' (A47)

Sa
2 mp, K V'

Both terms are therefore of the same order. When v, < ¢/, the contribution from ¢ to
Im(dmy,) is subleading to that from A’. Setting my ~ v2Av' ~ v’, we then have

my, %lgg M2
1672 M m3,’
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and the contribution to # from the down-quark sector reads

- Im(dmy,) 1 o, M?
0~ =~ —1 . A.49
; mg, 1672 M ° m2, ( )

The above expression agrees with the parametric estimate presented in section 2.4.2,

except for the log factor that is not captured in our spurion analysis.

A.3 Kaon mixing

The Amy and |ex| parameters characterizing the kaon sector can be written as

ke Im(mk)|
Amp = 2Re(mk), and ex| = ———1220 A.50
K = el o] = S (450)
where mfy, = 57— (K% Hen|K°), and Heg refers to the effective hamiltonian appropriate

to describe kaon mixing.
In the SM, H.g is generated at one-loop through box diagrams involving two W gauge
bosons. The corresponding contribution reads

2.2
Grmyy,

Hott O == 5

(dyes)(diy"sp) Y AadsF (e, 25) + huc., (A.51)
a,p

where the loop function F is given by [344]

72 log,
(zs — 2a)(1 — 2a)?

e sl Gl

and \, = V,V,,s for a = u, ¢, t. In the present model, the sum over « and /5 in Eq.(A.51)

Tl
F(zg,25) = el

<1—2$5+ >+{xa<—>x5}

(A.52)

must be extended to include the additional members of the up-quark sector. The corre-

sponding couplings can be read off from Eq.(2.39), and are given by

Ao = AV AV, for a=UCT. (A.53)

272



APPENDIX A. SUPPLEMENTARY MATERIAL FOR CHAPTER 2

An additional contribution to Hg arises from diagrams involving one W and one W’.

In this case:

2, 2
GEmiy
472

Heg D — B(drsp)(drsr) Y AFNFEF(B, 24, 25) + hoc, (A.54)

a76

where 8 = mi,/m?, = v?/v”?, and the loop function now reads [345]

F(ﬂvxa’xﬁ) = \/m{(l + 6)[2($a7x575) - (4 + Bxaxﬁ>[1(xavx/3’6)}7 (A'55)

with
B Ty log xy Blog p
B0 20 = 0 Brad e — ) T B B0 Ba)
B 72 log log §
Bl ) = 0 o) e —a) T T T e )

(A.56)
The relevant couplings follow from the interactions in Eq.(2.39) and (2.40). For the u

and ¢ quarks, we have \L® = \EL = )\ whereas for their heavy partners

AL = AV AV

as?

and A= AVEAV,,, for a=U,C. (A.5T)
In the top sector, on the other hand, we have

MR = VEAVL, M = AViVie, and MR = AV, M = VAV, (A58)
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B.1 Freeze-in of ~/

As discussed in Sec. 3.5.3 and Sec. 3.5.4, a thermal population of mirror photon is
not consistent with the mirror electron being DM. If the latter is produced via a freeze-
out mechanism, it leads to an overabundance of mirror up-quarks, forbidden by direct
searches. If the ¢’ is produced via freeze-in, it leads to a yield larger than the observed
one for DM. Therefore, we instead considered a frozen-in population of 4" that re-scatters
into €.

Computing the yield of €’ through this mechanism then requires tracking the distribu-
tion f.,/ (¢, E) of mirror photons as they are produced from gluons thorugh the processes
of Fig. 3.6. Neglecting all terms proportional to f, at leading order, the Boltzmann

equation reads

O Ffor Ofn 1
S _gpdhy 1 / AT, 15T (27)" 6 (py+Pa—Pa—po) [ Masa 21 (£ p1) folts ps)
ot oF E

(B.1)
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with dII; = and p = |p|. In our case, the particles labeled by 1,2 are SM gluons in

)32E
thermal equlhbnum, and 3 is a mirror photon or SM gluon in the final state. Anticipating
that the mirror photons will create heavy €', we focus on high energy mirror photons, and
hence on high energy gluons. In addition, since the gluons are in thermal equilibrium,

we can approximate f;o(t,p) ~ e P/ in the comoving frame. Then, via momentum

conservation, we find

fl(tvpl)f2<tﬂp2) = ei(p3+E)/T : (B2>

Consequently, we can first compute

/dH1dH2 (27)4 5(4)(131 + P2 —P3 — pv’)’M12%3’y’|27 (B-3)

which is Lorentz invariant. In the center of mass frame, it reads

/dcosQE‘M <s t= —g (1 +cos@)> ‘2 . (B.4)

In the present case, we have computed the cross sections to be,

gt (14558651 + 51643353t + 725757s%t2 + 4502545t + 1412561%)

2
[Mago|” = 11430720074m?,
M o g0 (1455865* + 51643353t + 7257575212 + 450254st° + 141256t4)
9997 1219276807*m?,

(B.5)
We integrate over cosf and express the result in terms of s in order to have the ex-
pression in any Lorentz frame, including the comoving frame where we know the gluon

distribution:

| 224881¢"gls! L. 224881englst
' Brazssoooems, . Y99 GsTriora00n,

99 = 'Y

Performing the last integration over ps, we obtain

1536 EATSe—E/T
(2m)”
(B.7)

2E4€_E/T

(2m)”

/dH354€(p3+E)/T = /dpgd cos 0 p3 (1 — cos ) e~ PsTE/T —
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where we have used the rotational invariance of the system to align p,, with the z-axis.

Summing over the two production channels, we find

Ofy _ pp0fy _ 224881¢°g} (16¢” + 15g2) T6E3e*%

- B.8
ot OF 1905120007 7mS, (B8)

We then wish to manipulate this equation into a numerically-friendly form. First, we

convert the time derivative into a temperature derivative using s = %heﬁ‘T 3,

ot 0T 0s ot

af,  dfy OT ds _(8w3)1/2 T3 heg(T) Ofy

= B.9
90 M, gi/Q(T) oT ’ (B.9)

where gi/ = hffg (1 + theﬁ), and we write the Hubble parameter in terms of tem-

9ol Bheg dT
perature,
7T3geff(T> 1/2 T2

H(T) = : B.10
= () (B.10)

The equation becomes

Of of, _
T aJ;Z +a(T)E afbi = —y(T)T*E® e /T, (B.11)
gerr (D) (1) | '/ 22488192 (16 +1562) 4/2(1) [ 90

where we define oy (T') :< S (T) > and ay(T) = TO0ST2000,TmE (T =3 Mp

for simplicity. Because we know that the freeze-in is UV-dominated, we can take a; and

as to be constant, giving us the analytical solution,

3aq+4
31+ AN p(3atd E
T a1 — 1 ’ T

3oq+4 (3041 +4

(6%} E3T_3a1

Ozl—l

f(T7E) =

e (g ) T

TETg )| .
ap—1° . ﬂ

(B.12)

where I' is the so-called incomplete gamma function. In our Boltzmann codes, we are
using the above formula even for energies larger than m,,, although Eqgs. (B.5) only hold
for s < m?,. However, as in footnote 7, energies larger than m,, essentially do not affect

the ' distribution and the resulting €’ relic abundance.
276



Appendix C

Supplementary Material for Chapter
4

C.1 Scalar-induced gravitational waves: technical de-
tails

In this appendix, we review the formalism relevant to computing GW energy density

for the sake of completeness, following the notation and analysis of Ref. [242].

C.1.1 Transfer functions

The equation of motion for the scalar perturbation ® in the absence of isocurvature

perturbations is,

" (1,k) + 3(1 + A)YHP'(1,k) + 2k*®(1,k) =0, (C.1)
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2

where c?

~ w is the sound speed of the fluid. Defining dimensionless parameter y =
VwkT, we rewrite this equation as

@ (y,k) | 6(1+w) 1de(y k)

®(y,k)=0. 2
dy? 1+3w y dy T2y k) =0 (C.2)

A general solution is given by,
O(y, k) =y [Ci(k) Ly (y) + Co(K) Y, (y)] (C.3)

where J, and Y, are spherical Bessel functions of the first and second kind, respectively,

of order v
31+ w)

g L (C.4)

In the radiation dominated era, in which w =1/3 — v =1, we have

D(y.K) = [01<k) (Sizy _ cosy) N

)
Cy(K) (Coys Y 1 sin y) } . (C.5)
We can deduce the initial conditions of this solution by considering the early-time limit
kT < 1,
Smy—cosyzy—2 and w—i—siny:l. (C.6)
3 y y

The first term (o< C) is then constant in this limit, while the second term (o< Cs) decays

as 1/y3 ~ 1/a®. We can therefore assume the initial conditions,
Ci(k) = 2¢(k), Cs(k) =0, (C.7)

which gives a particular solution,

o(7,k) = %C(k)% (sizy — cos y> , (C.8)

resulting in the transfer function, via (4.66),

3 .
To(kt) = m (sm
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We can now see the distinct behavior of super-horizon (k7 < 1) and sub-horizon (k7 > 1)
modes in the radiation dominated era. While the super-horizon modes freeze via our
analysis above, the sub-horizon modes oscillate and damp as ~ cos k7/(kT)>.

In the matter dominated era, w = 0 and the equation of motion for ® becomes,
®"(1,k) + 3HP' (1,k) =0, (C.10)

leading to a constant transfer function.

C.1.2 Green’s function and GW solution

In this subsection, we discuss in detail the solutions to eq. (4.62), which is derived
using the second-order Einstein equation, GE?) = SWGE(J?), for second-order tensor and
first-order scalar contributions. We neglect scalar anisotropic stress, and second-order

vector and scalar perturbations. In other words, we use the following perturbed FLRW

metric in the Newtonian gauge,
1 ) .
ds® = — (14 2®) dt* + o <(1 —20) 4;; + 5mj) da*da?, (C.11)

assuming a perfect fluid energy-momentum tensor with equation of state w. Using lower
order solutions and projecting out spatial indices using polarization tensors, i.e. ef\jT,-j =
T for any tensor T', we recover (4.62). For simplicity, we define a new variable v(7, k) =

ah(7,k), which gives the equation of motion for v(r, k),

" Z—L(T) (7, k) = 4a(7)S\ (T
v (1, k) + {k CL(T>:| (1,k) = 4a(7)S\(7, k) . (C.12)

We need the two homogeneous solutions of this equation v;(7) and vy(7) to construct

the Green’s function,

(C.13)
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For each k we have

a’(7)

a(T)

v15(T) + {kQ - ] v12(T) =0 (C.14)

which, using a o< 7* and z = k7, leads to

d’lé]‘l—:f;x) + |:]_ - %} ULQ(ZE) = 0, (015)

where av = 2/(1 + 3w). The solutions are
v1(x) = Vada—1/2(z) (C.16)
va(x) = VaYa_19(x) (C.17)

where J,_1/2 and Y,_;/» are again spherical Bessel functions of first and second kind,

respectively. We note that

dv Q
d_xl = ﬁ(]a_l/Q(l’) — \/Eja_i_l/Q (C18)
dv Q

2 = —Ya_1/2<$> — \/EYQ+1/2 . (Clg)

de Ve
Now, we can calculate the expression in the denominator of the Green’s function,
Vi (z)ve(x) — vi(z)vy(2) = kx| Jao1jo(x)Yasi o(x)—
Jat172(2)Yo-1/2()
_ _%, (C.20)

The second equality can be checked explicitly via Mathematica. Thus, (C.13) simplifies

to

™

Gy(7,7) = E\/ﬁ Ja—1/2(kT)Yo—12(kT)—
Ja_l/g(k’T)Ya_l/Q(]{ﬂ_') . (021)
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In the radiation dominated era, a = 1, and so,

sink(r — 7)

Gk(T7 7_—) = k 9

(C.22)

where we have used (C.54) to replace Bessel functions of order 1/2. In the matter

dominated era we have a = 2, and so,

Ch(r,7) = % { (T _ T) cos k(T — 7)+

TT

(M) sin k(1 — 7)} : (C.23)

TT

where we have again used (C.54) to replace Bessel functions of order 3/2.

Having calculated the Green’s functions, we can now write the solution for h,(7, k)

in the form of (4.67).

C.1.3 Connected and disconnected 4-point correlation function

The primordial 4-point correlation function of ¢ can be written in terms of discon-

nected and connected pieces

(€ (k)¢ (ko) (k)¢ (Ka)) =(C(ka)C (k2)C(ks)C (ka))a
+ (C(k1)¢ (k)¢ (ks )¢ (Ka))e, (C.24)

where

(C(k1)¢ (k)¢ (k3)C(ka))a =
(2m)%6° (k1 + k2)0° (ks + ky) P (k1) Pe(ks)
+ (2m)°6° (k1 + k3)0% (Ko + k) Pe (k) Pe (ko)

+(2m)883 (K + ka)6® (ko + ko) Pe (k) P (o) (C.25)
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and

(C(k1)¢(k2)¢ (ka)C(ka))e =
(2)26% (ky + ko + ks + ka) T (K1, ko, ks, Ky) . (C.26)

Here, P;(k) and T (k1, ko, ks, k4) are the scalar power spectrum and trispectrum, respec-
tively. We focus on the disconnected contribution below. The relevant 4-point correlation

function for the GW power spectrum (4.69) is

(Clar)¢(ki — ai)¢(az)C(ks — q2))a =
(27)°6° (ky + ko) [53(% +q2) + (ki + a2 — (h)}
X Pe(q1) Pe(lky — aul). (C.27)

The two terms in the above expressions are equivalent when substituted in the integrand

of (4.69). The second term can be manipulated as

0°(ky +k2)0° (k1 + g2 — 1)@, (K1, 41)Qx, (K2, q2)
x I(|ki — ai|, q1, 7)1 (k2 — @2/, g2, 7)

= Qx (ki a)@Qx (ki a1 — ki) I (ki —ai,¢1,7)
x (g1, ki —auf, 7)

= Q)\l(k17 Q1)21(|k1 - Q1|7 q1, 7)2 (0-28)

which is the same result we get from the first term. Here we have used identities given

in eqs. (C.51)-(C.53). Thus, the disconnected GW power spectrum is given by (4.72).

C.1.4 Recasting integrals for numerical computation

Here we provide steps to recast (4.72) into a form suitable for numerical integration.

282



APPENDIX C. SUPPLEMENTARY MATERIAL FOR CHAPTER 4

Change of variables. We perform two successive changes of variables to recast the

integrals. First, we perform the transformation {q, cosf} — {u, v}, where

u5|k;q’, vz%, (C.29)
and the inverse transformation is
q=vk, cost= by —w U;U_ v : (C.30)
The determinant of the Jacobian for this transformation is,
det(J{g.cos 0} {uw}) = —0uq0y oSO = —k;—u ) (C.31)

which implies

00 1 2
/dgq:/ qqu/ dcos@/ do
0 ~1 0
00 1+v 2
:k:3/ dvv/ duu/ do. (C.32)
0 [1—v] 0

Second, we perform {u,v} — {s,t} where
s=u—v, t=utv-—1, (C.33)

and the inverse transformation is

s+t+1 t—s+1
= = .34
u 5 U 5 (C.34)
The determinant of the Jacobian for the second transformation is then
1
det(J{u’v}_){&t}) = 5 (C.35)

Hence, we have!

oo 1+v 1 0o 1
/ dv / du = - / dt / ds. (C.36)
0 [1—v| 2 0 —1

'For v < 1, the lower limit of integration over s is 1 — 2v. However, in this case we already have
1—2v>—1.
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]{?3 00 1 2m
/d3q: 7/ dt/ ds uv/ do. (C.37)
0 -1 0

Above, we express the integrand in terms of u and v for convenience, though the inte-

The final result is

gration itself is done in terms of s and ¢.

Analytic result for the /(p, ¢, 7) function. We summarize the results for a radiation-

dominated universe (for a more in-depth look, see e.g. [240]). At late times, we have

1
I(vk,uk,x/k — o0) = ﬁl(u,v,x — 00)
~ 5 Ta(u,) (o) sine + I cosa) (C.38)
~ 15— dalu,v) (Ip(u,v)sinz + Iocosz ), .
where we define
- 3w +0*—3)
Iy(u,v) = RERE (C.39a)
. 3— (u+v)?
— 2, 2

[B(U, ’U) = —4uv + (U +v° — 3) In m (C39b)
Io(u,v) = —7(u? + 02 — 3)O(u+ v — V3). (C.39¢)

In the last expression, O is the Heaviside theta function. This result redshifts as 1/x

1/a. Using the above definitions, we compute the quantity given in C.28,

Q+<k7q)
C082¢ I(‘k_ q|7Q7T)
o Qx(k,q)
= ka—qwﬁ)

v2k? 4v? — (1 4 v? — u?)?
V2 402

j(u,v) 2
7 kI (uk, vk, z/k), (C.40)

where we have used dimensionless conformal time x = k7 and defined

I(uk, vk, x/k)

Fup) = oA o) (C.41)
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When computing the GW power spectrum we are generically interested in the time-

averaged quantity

k2L (1 k, urk, [k — 00)k2I (vok, ugk, x/k — o0) =

ﬁjA(ub v1) 1A (ug, v3)

X IB(Ul,Ul)]B(UQ,’UQ) —l—Ic(ul,Ul)lc(Ug,Ug) . (042)

Azimuthal angle integration. In the disconnected contribution (4.72), the only ¢-
dependent factors in the integrands are sin2¢ and cos 2¢, coming from @), factors. For

each polarization, we then have

21 21
/ d¢sin?(2¢) = / de cos?(2¢) = 7. (C.43)
0 0

Finally, we are ready to numerically compute the GW energy density (4.75) which is

defined in terms of the dimensionless polarization-averaged GW power spectrum

ZN 7, k) 71'2 ZPA 7, k). (C.44)

Using our recasted variables, the result is
2 (K
L 48a2 (2_7r2>

oo 1
/ dt/ dsuv T (u,v)*14(u,v)? {jzg(u, v)?
0 -1

+ Io(u, U)Q} Py (uk) Py (vk) (C.45)

Qaw(k)

More compactly,

Qe () /0 "t /_ s Ko (1, ) A (k) AX(0k) (C.46)

J T 482
where we define the following the Kernel functions K4 for simplified notation,

Ka(u,v) = (uww) 2T (u, v)?La(u, v)? [INB(u,v)Q+IC(u,v)2 : (C.A47)
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C.1.5 Useful formula

The projection operator @y (4.65) is defined as,

Qrk, q) = €/ (k)qiq; = —¥ (k) (k — a)iq;, (C.48)

where the second equality follows from ef\](k)k‘l = 0. If we explicitly set k = 2, we
have q = ¢(sin# cos ¢, sin fsin ¢, cos @), where 6 and ¢ are polar and azimuthal angles.
This leads to the expressions,

2

Q+(k,q) = = sin? 6 cos(20) .

V2
2
Q«(k,q) = % sin® 0 sin(2¢) . (C.49)
Since €, (k) is orthogonal to k we have
Qk(ka CI) = Q/\(k7 q+ Ck) ) (050)

for any constant c¢. Qx(k, q) is also symmetric under k — —k and q — —q:

r(k,q) = Qx(—k,q) = Qr(k, —q) = Qx(~k, —q) . (C.51)

Using (4.71) we see that

f(p,a,7) = flq,p,7) (C.52)

and so

I(p.q,7) =1(q,p, 7). (C.53)
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Bessel functions. The following formulae are helpful for computations involving Bessel

functions:

Y1/2($) = - 7r_ Ccos T,
2 (sinx
J30(x) = P ( - cosx) :
2 /cosx )
Ys/0(x) = — — < e smx) . (C.54)
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D.1 1IBP, EOM, and Field Redefinitions in dS: An
Explicit Example

We are interested in computing cosmological correlation functions on a late time slice
at 19. Therefore, the boundary terms that arise while employing IBP can potentially
contribute to such correlation functions. Here we investigate the nature of these boundary
terms by focusing on a concrete example involving a massive field ¢ having a mass m,
defined in terms of the variable p = (m?/H? — 9/4)"/2. In particular, we focus on the

standard quasi-single field operator [280]:

0= 1 [ daV/Il%,0)(7 ) (D.1)

By IBP we can write this as,

0= 3 [ eVl [9,(6V"6 ) = 606 0 - 69"6V,0]. (D2)
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o Mo

N\

Figure D.1: Left. Four point function mediated by O; and Os. Right. Contact
interaction mediated by O 1p.
The term involving [1¢ does not contribute to in-in correlators by virtue of the inflaton
EOM ¢ = 0, where we ignore the contribution from the inflaton potential. We rewrite

the remaining terms as,

1
=— [ d*x V. (VF ). o) —VH QV#U
o 91 [Vu(V4(8) - 0) — VH(6") V0] s

= O21p + O2 Bulk-

O,

Here we have separated the total derivative (TD) and the bulk term. As noted in [285],
the boundary term can be neglected for equal-time correlation functions in the in-in
formalism because such terms are associated with equal-time commutators and can be
removed by a redefinition of the local operators. In what follows, we explore this in great
detail.

We first check that O; and O, give exactly the same contribution to in-in correlation
functions, as they should. Our goal would then be to understand the contribution from
Oz 1p. To that end, we focus on a four point function as shown in the left panel of
Fig. D.1. There are four terms contributing to this four point function. We call the
associated contributions as, Z,,, Z, ,Z ., and Z__, of which the third and the fourth
are the complex conjugates of the second and the first, respectively (the +(—) sign
denotes that the vertex come from a time (anti-time) ordering operator). Therefore, we

only consider Z, ; and Z,_ to show the equivalence of O; and O,. For convenience, we
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write the TD term as,

1 1 1
Oamp = A /d41:(9u (\/ |g|au(¢2) "7> = 7oA dno, (?&7@2) ) U) . (D.4)
In the last equality, we have dropped the spatial boundary terms, assuming fields decay at
spatial infinity. A similar operation can not be naively done for the temporal boundary,

since we are interested in computing the correlation functions on the same boundary.

Contribution via Z, . For Z,_, the leading contribution involves two separate inte-
grals, one for the time ordering, and the other for anti-time ordering. Schematically they

can be written as,

(O1 - ¢(k1)¢(ka)d(ks)d(ks) - O1) and (Oy - d(k1)d(kz)p(ks)o(ka) - Oa). (D.5)

We evaluate these numerically and the comparison between O; and Oy are shown in the
left panel of Fig. D.2. The four point function exhibits oscillations as function of the
ratio of the momentum of the massive o particle, |k; + ks| and the momentum of the
inflaton |k;| = ky. (For this evaluation we set k; = ko.) This confirms a cosmological
collider signature from this operator. We can also check explicitly that Oy rp does not
contribute to Z, _. To see this, note (D.4) implies Z, _ has a contribution from,

x — [8a(¢)0]

" . (D.6)

/

However, this term decays as né ® as 1o — 0, and does not contribute to Z, _.

Contribution via Z,,. Next we discuss Z,; which involves nested time integrals,
originating from the time-ordering operation. Schematically, this has the form

10 n

(I 6k ) (ks )b (ks ) b(k) - / ay Os(1) / d Ou()), (D.7)

—00 —0o0
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Figure D.2: Comparison between the contributions from O; and Oy. Left. The
Z._ contribution evaluated for the configuration |k;| = |ka| = |k3| = |k4| with a
varying |k; + ka|. The contribution from O; and O3 pux match precisely while O3 Tp
does not contribute. Right. The real and imaginary parts of the Z, contribution.
For the imaginary part, O tp does not contribute, and O; and Oj gy match, as
expected. For the real part, 07 matches with the sum of Oy gy and Oz p. The
contribution from Oy tp does not depend upon either the momentum ratio (as seen
here) or the mass parameter i (as can be checked), indicating that it can be thought of
as originating from a ‘local’ contact interaction, such as the one shown schematically
in the right panel of Fig. D.1. For both the panels, we do not track the overall factors
or momentum dependence.
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where we have suppressed the spatial indices. The operator O; also contributes via a
similar form. From the above form, we note that Oy p could contribute to correlation
functions, since the inner integration contributes a non-vanishing integrand for the outer
integral. We evaluate this contribution from Ojrp numerically and indeed find it to
be non-zero, as shown in the right panel of Fig. D.2. There we also find the combined
contributions from Oy p and Oy gy match with O;.

Importantly, the contribution from Oy rp does not vary as a function of |ky + ka|/k1,
unlike the contribution from O puk. We also have checked that the contribution from
Oy p is independent of the mass of o for m > V2H. These facts indicate that the
contribution from Oy rp could be thought of as coming from a contact operator that
does not involve a o exchange. This can be understood in two different ways.

First, instead of using the exact mode functions of o, we can use their sub-horizon,

high-energy limits. In detail, we can express o as,

a(n k) = gk(n)ai + gr(n)a—x, (D.8)
with

gun) = i exp(—im /1) Y exp(ya/2)(~n) 2 B (~h).
(D.9)

_ : . T
gin) = —iexp(him /) L exp(~mya/2)(~n) 2 B (~kn).
Using the high-energy limits of the Hankel functions (see, e.g., [320] for explicit expres-

sions), we can evaluate the contribution of Oy rp. We find,

(6(Ier) 6 ) (ks b(k)) o (—% ; 16|k’“—+k|) | (D.10)

The sub-horizon limit |k; + ko|(—7) > 1, or equivalently |k; + ko| > k; ~ 1/(—n), then
implies the leading contribution is given by the first term in the parenthesis above. This

then exactly reproduces the O, rp contribution in the right panel of Fig. D.2.
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Alternatively, we can construct a contact term that gives the same contribution as

O 1p. To that end, we first do a field redefinition:

0—>0+%¢2. (D.11)

Under this redefinition, the ¢ kinetic term gives rise to,

1 " 1 " C w2 c? 2 Wi 42
5(v,p)(v o) — 5(v,p)(v a)+KvMa-v (?) + va )-VH(¢?). (D.12)

For ¢ = 1/2, we reproduce the form of the bulk term Ojpy. This indicates that the

action of Oy 1p could be the same as the contact operator,

Oecontact = #vmﬂ) - VH(¢?). (D.13)

The temporal component of the above operator gives the same contribution as Oy tp in

Fig. D.2.

D.2 1IBP in Inflationary Spacetime: Examples

In this appendix, we perform some explicit checks of IBP in inflationary spacetimes,
taking into account the necessary boundary terms. We first discuss massless fields (both

free and interacting) and then massive fields.

D.2.1 Massless Scalars
Free Theory

A massless scalar in dS can be expanded in terms of the mode functions as,

¢(n,k) = fu(n)ak + fr(n)a_x, (D.14)
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with

(1 — ikn)eirn (1 + ikn)e=tn

VR3S V2k3

The free theory action, upon using the EOM ¢ = 0, reduces to:

/ dha/[g](V,0)% - / At/ [gV . (6V"9). (D.16)

fe(n) = fu(n) = (D.15)

The = indicates that we are interested in knowing whether both sides of the above
equation would give the same correlation function or not. To that end, we evaluate both
sides on-shell, using the above mode functions of massless fields in dS. The LHS gives
dnd’z ™ dn i i
/ e [—(0,9)” + (0:9)°] —/ e [—(k*n)%e” M k21 —ikn)2e 2’”’} (D.17)
After performing the integrals we arrive at
10 dﬁ /CZ »
/ — [=(8:9)* + (0:9)*] = —— — ik’ (D.18)
—o0 77 Mo

The RHS of (D.16) is a boundary term. We can use Stokes’ theorem to write it as,

/ d'z/]g|V (0 VH ) = / /|y, (oV ). (D.19)

The induced metric on the boundary time slice is denoted by v, with /|| = 1/53, and

n,, is a unit normal vector n, = (1/10,0,0,0). This can then be evaluated as 7y — 0,

2
L) (D.20)

70 "lo

1
_77_8¢8n¢

This matches exactly with the LHS contribution. Note the first term is naively divergent
as n9 — 0. However it does not contribute to correlation functions, which in this context
are the power spectrum. This is because, to evaluate the power spectrum, we need to
multiply the above by (—4) (stemming from the (—i) in exp(—¢ [ dtH)) and sum with its
conjugate. The 1/ng piece then would cancel. The remaining term would contribute to

the power spectrum as expected.
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Interactions

As an example, we consider a massless scalar field ¢ in dS with an interaction term

/d%\/gv V. (D.21)

By IBP we can reduce this as,

/d‘*x\/gv 2)Vhe = /d%\/gv 2Vhp) = /d3x\/|7nu¢ vie.  (D.22)

In the last relation, we have used Stokes’ theorem. We have assumed ¢ vanishes at spatial
infinity and dropped contribution from boundary terms at spatial infinity, keeping only
the contribution from a late time slice at n = ny — 0, as above. We can rewrite the

boundary term as,

(D.23)

/d3:c\/|7n#¢2V“¢ /d3 <__2) ¢28n¢
o

7o

We now compute the contact three-point interaction mediated by this operator and check

the relation (D.22).

LHS. Here we will not write [ d®z explicitly to keep the notation simple, and only

track time integrals. Then we can write the LHS of (D.22) as

o dn
/_ O (-200,00,0 + 200,000 (D.24)

Upon using the mode functions this becomes,

/770 % ([(—=2)(1 — ikyn)k3nkin + perms.] (D.25)
+[(2)(1 = ikyn) (1 — ikon) (1 — iksn)(—Ks - ks) + perms.]) ™" (D.26)

Here we have schematically included other momentum permutations and denoted k; =

k1 + ko + k3. Using momentum conservation ki + ks + k3 = 0, the piece involving spatial
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derivatives can be simplified as,

2

/WOﬁﬂ[a_-Mam(1—i@nxl—4&ka%+k§+k€ﬂe*”- (D.27)

—00

This can be evaluated as,

. ' kiko + kiks + koks  kikok
(+ow%+@+k@{i—kr+12 2 28 12 (D.28)
Mo k;t kt
The part involving time derivatives can be evaluated as,
. 2792 1 kl
(+1)(2k3k3) o + o) + perms.. (D.29)
t ¢

Summing the spatial and temporal contributions we have,

(ki Ry KS) L

; (—i)(k} + k3 +k3).  (D.30)

d
[ 5 (~200,00,6 + 20000,0) —
RHS. The RHS of (D.22) can be evaluated as (we do not write [ d3z for brevity),

1 .
<‘F) (1 — ikym0) (1 — ikano) k3moe™™ + perms.. (D.31)
0

Taking ny — 0 limit,

%+%+@+

p (=) (K3 + kS + k3). (D.32)

1
(_77_) k3 (1 + iksno) + perms. = —
0

This matches exactly with (D.30). Note the 1/ny piece does not contribute to correlation

functions for reasons identical to the free theory case discussed above.

D.2.2 Massive Scalars
Free Theory
We will start with a simple case, the kinetic term

[ a9, (D.33)
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for a massive scalar field 0. The mode functions for a massive scalar in dS are given

n (D.9). We then check whether

/d4x 19(V,.0)? /d?’x\/h n,oVto —/d4x\/|g|0D0, (D.34)

where o = V,V#0o. To that end, instead of using the explicit forms of the Hankel func-

7o

tions, we will include them schematically and that will be sufficient for our purpose. We
will also check the equality (D.34) by analyzing the spatial and the temporal components
separately. The spatial part, again omitting [ d*z and tracking time integrals, is given

by
! dn 2
(8 fhasz) = kalal Jhas (D35)
Inserting the momentum factors, this becomes
d d
[ S f = [ S e (D.36)

The two contributions are equal since momentum conservation forces k; + ko = 0. The

temporal part is given by,

d |
—/n—g (O [, On fr) = (3%) SO fies

d
n n—Z Fu V2 fi, (D.37)

70

where V2 82 8,]. Momentum conservation forces k; = ko, and by doing an explicit
temporal integration-by-parts, we can see the above equality indeed holds.
Interacting Theory

Next, we consider the interaction term

/ d*z/]9|V 4 (¢?) VFo (D.38)

We then follow the same procedure as used in the previous example. To check the validity

of IBP for the case of massive scalars in dS, we consider whether
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[ @i @ vio L [ diay/[glv,@vio) - [ deylgie0o
= /d?’w\/\’y\nuﬁvua - /d4x\/\g\¢2D0. (D.39)
Upon rewriting the boundary term, this condition becomes

/ d'z+/]g0,(¢%) 0" = / A’ (—%) P*Oy0| — / d*z+/|g|¢*To. (D.40)

We first compute the spatial part, again neglecting to write f d3z for brevity. On the

70

70

LHS, this is

d d d
/77—72732‘(9252)3@-0 - —/U—Z(kl ks + ko - k3) fi, froGrs = /n—zkgfklszgksa (D.41)

where we have used momentum conservation k; 4+ ks + ks = 0. We have also considered
a particular permutation of momenta, as this will be sufficient for our purpose. On the

RHS, we have

d d
- n_727¢2ai20-:/n_gk§fk1fk2.gk37 (D42)

which matches with the LHS, as expected.
Now, we consider the temporal component. Starting again with the LHS and following

a similar procedure as shown with the free theory, we have

d
_/n_gan(fk1fk2)an9k3
1 1
= /dn&] (_?fklszangkg) +/d77fk1fk23n (?anng,) (D.43)

2 1
+/d77fk1sz (__38n9k3 + —25291%)
7o n n

1
= —— fr1 fr20n G5
Mo

We identify the first term as the boundary term and the second as the temporal compo-
nent of [o.
In the above two examples — a free theory and an interacting theory — we have seen

that IBP indeed holds for massive scalars in dS for contact diagrams.
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D.3 Dimension 5 Field Redefinition

The fact that Os > does not contribute to cosmological correlation functions can also

be seen by performing a field redefinition. In particular, we can redefine:

Ve

A .
gal

— A

(D.44)

I3 B

Since we are not interested in late-time correlation functions of A,, i.e., A, does not
appear in the external lines, the above field redefinition does not modify inflaton correla-
tors via contact diagrams. It does have an effect on the other vertices. While the kinetic

terms for the inflaton and the gauge boson are unmodified by (D.44),

] ) 2 1
DUH? = | DM+ V6TV, M — LV UM = LA 61 + (V0P HIH
1
= ‘DHHF — 0592+ F(Vﬂ¢)2%TH

(D.45)

Therefore, the field redefinition (D.44) eliminates O5 » and gives a correction to Og ;.
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