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Abstract: The growth and saturation of spontaneous emission and 

coherent radiation in a long undulator are studied using the 3-D 

Maxwell-Klimontovich equation. Electron correlation, transverse radia-

tion profiles, spectral features, transverse coherence, and intensity 

characteristics are discussed. The results, which agree with recent 

microwave experiments, are applied to proposed schemes for generation of 

short wavelength coherent radiation. 



Coherent radiation entering a periodic magnetic structure (an undu-

lator) along with a beam of electrons is amplified by a process which 

may be called coherent amplification (CA) which is the basis of the free 

1 electron laser (FEL). It is then natural to expect the undulator radi-

ation, the spontaneous emission due to periodic motion of discrete elec-

trons, to be modified by the CA process and, under certain cir-

cumstances, to lead to a radiation with different characteristics which 

may be called self-amplified spontaneous emission (SASE).2 Qualitative 

arguments have shown that SASE from long undulators and high-density 

electron beams could be quite intense, providing a potential source of 

. 3 
broadly tunable, coherent radiation at wavelengths below 1000 A. In 

4 
this Letter a self-consistent, 3-D analysis of SASE is presented. At 

the same time, the problem of finding in three dimensions an explicit 

expression for the amplified radiation in terms of the initial ampli-

tude, is solved. 

It is convenient to choose z, the distance from the undulator 

entrance, as the independent variable. The transverse coordinates are 

given by a two dimensional vector x. The dynamical variables describing 

the electron motion are the phase 8 and the relative energy deviation ry. 

Here 8 is roughly the electron coordinates with respect to beam center 

in unit of Al/2~ where Al is the radiation wavelength. These variables 

satisfy the well-known pendulum equations. S 

To properly analyze SASE, it is important to account for the 

discreteness of the electrons. This is achieved by utilizing the Kli-

6 montovich distribution function F(8,ry,x;z) given by, 

-1 
2~(nAl) t 6(8-8 i ) 6(ry - ryi) 6(x ~ xi)' Here, n is the line density of 
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electrons and 0., .. , are the instantaneous coordinates of i-th electron. 
1. 

All electrons are assumed to move parallel to the z axis; the effects of 

electron wiggle is taken into account in the pendulum equations and the 

generalization to include a beam divergence is discussed later. F is a 

sum of two parts, f and ~F. Here the background distribution f is 

obtained from F by a two step averaging process, an ensemble average to 

remove particle fluctuations and an average over 0 to remove the 

wavelength scale density modulation arising from the interaction with 

radiation. The electron beam is assumed to be long, so that end 

effects can be neglected, and the density to be uniform in O. ~F con-

tains only high frequency parts responsible for radiation and can be 

regarded small compared with f. Its Fourier transform is 

-~ J illO h(II,~,x;z) - (2~) dO e ~F (O,~,x;z). 

The radiation field is represented by a complex amplitude a(lI,x;z), 

which is the slowly varying part of the full amplitude. II is the nor-

malized frequency, w/wl' where w
l 

is the resonance frequency given by 

2 2 
2ck ~ /(1 + K /2). H . h b .. f 2 ere ~ 1.S t e average earn energy 1.n un1.ts 0 mc 

u 0 o 

(m - electron mass, c - velocity of light), k - 2~/A ,A is the undu-u u u 

lator period length, and K is the magnetic deflection parameter. S The 

wavelength and wave number corresponding to the frequency w
l 

are denoted 

by Al and kl , respectively. It is a good approximation to assume that II 

is close to an odd integer, which in the following is taken to be 22 + 

1. Maxwell's ~quation, assuming slowly varying amplitude and phase, 

becomes 

[:z - i611k 
u 
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Here ~v is the frequency shift v - 2~ - 1, ~1 = e K~n/4~o€ock1' €o is 

the vacuum dielectric constant, and K~ = (-l)~K[JJ], where [JJ] is a 

shorthand expression involving the difference of two Bessel functions.
S 

The continuity equation for K1imontovich distribution function can 

be separated into two parts, one describing the high frequency interac-

tion of h and a, and one describing the slow, non linear evolution of I, 

as follows: 

eW
1 

2 2 I 
2~ mc ~ 

o 

a -
K~ a ary f - 0 , 

In Eq. (3), L is the length of the electron beam, the asterisks 

indicate complex conjugate~, and the angular brackets represent the 

(2) 

(3) 

ensemble average. The function I varies slowly in z and, for the pur-

pose of Eq. (2), is replaced by the initial distribution I(ry,x; z = 0) 

2 
V(ry)U(x)/G

A
, where G

A 
- I U(x)d x is the cross sectional area of the 

electron beam. The functions are normalized by I dryV(ry) 1 and U(O) 

1. 

Eqs. (1) and (2) are linear coupled equations and can be solved by 

suitable method. An important parameter characterizing the solution is 

the dimensionless quantity,2 p 

-3 is typically of order 10 for the cases considered here. When pN, 

where N is the number of the undulator periods, is much smaller than 

unity, the solution can be expanded in a pertubation series, reproducing 

the known formula for both undulator radiation and also the small signal 
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FEL gain. The solution for the more general case is obtained by Van 

Kampen's methods 7 which is an eigenfunction expansion applicable to 

non-Hermitian operators. In the high gain limit, the resulting expres-

sion for the radiation amplitude is 

-2i~k pz I 2 . I 
a(v,x;z) _ A(x) e u d YA(y)(a~v,~;O) ~~ d~h(v,y,~;O)/T(~,~» 

I d yA (y)(l + U(y)dZ(~)/d~) 

V'(~) - dV(~)/d~ and A and ~ are, respectively, the eigenfunction and 

eigenvalue of 

where a - 1/2pkl kuv. Eq. (5) is essentially that derived and studied 

earlier by Moore, 8 except that the effects of,.momentum spread are 

(4) 

(5) 

included. In one dimension it becomes the dispersion relation studied 

by several authors.
9 

There are, in general, a discrete set of complex 

eigenvalues, as well as a continuum of real ones. However, the behavior 

in the high gain limit is governed by eigenvalue ~ with the largest 

positive imaginary part. In Eq. (4), the term containing h(;O) 

describes SASE. The term containing the input amplitude a(;O) describes 

CA and represents the solution of the initial-value problem8 in three 

dimensions. 

Taking into account the trajectory excursion due to electrons' 

angular spread, the eigenvalue equation is similar to Eq. (5), with the 

last term replaced by 

-5-



2 f d'7 f d x' 
o 
f dr e rT V' ('7) u(x,x' )A(x) , (6) 

where r - -2ikuPz, x(z)=cos(k~z) + (x'/k~) sin(k~z), and x'(z) 

xk~sin(k~z) + x'cos(k~z), k~ being the betatron wave number and u(x,x') 

giving the phase-space distribution of the electrons. Although the new 

eigenvalue equation has not been studied in detail yet, the basic 

results in this Letter are probably not affected by this generalization. 

The transverse behavior in Eq. (4) is completely specified by the 

mode function A(x). Thus, the radiation in high-gain FELs is guided, as 

discussed recently in the literature.S,IO In addition, it follows from 

the explicit form of the solution that the radiation is fully coherent 

transversely. This result is somewhat surprising for SASE and should be 

compared with the properties of the usual undulator radiation, which is, 

in general, partially coherent transversely, the degree of coherence 

being determined by the ratio of electron beam to radiation phase space 

11 
areas. It also follows from the solution that the CA power is maximum 

* when a(v,x;O)~A (x). This means in particular that the curvature of the 

input phase front is of the same magnitude but opposite sign as that of 

the output. 

2 The power is proportional to the ensemble average of lal . The 

interference between the SASE and CA amplitudes clearly vanishes, and 

the ensemble average of the SASE term can readily be performed assuming 

that electrons are not correlated initially. The intensity growth and 

the spectral characteristics are mainly determined by the imaginary part 

JjI of Jj. L h . m f A et t e max~mum JjI 0 JjI occur at uV - flv
m

· 

then maximum at a frequency given by w
l
(2i + I + flv

m
). 

-6-
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is found to be negative. The behavior of the J1.
1 

about t:.v
m 

determines 

the spectral shape. In this way, one obtains the power spectrum, 

dP 
dw 

m 2 2 
where r - 8 1!'J1.1 pN, t:.w - W - wm' S(x) - exp (-x / 2at:. ), and gA and gs 

are quantities of order unity. The first term in Eq. (7) gives the 

(7) 

power spectrum for CA, and one finds the growth of the input power spec-

trum (dP/dw) to be exponential. The power spectrum for SASE is given 
o 

by the second term, which exhibits the same exponential growth, with the 

input replaced by the effective noise power spectrum pE /211', where E is 
o 0 

the average beam energy. The function S describes the frequency depen-

dence of the gain for CA, as well as the spectral shape of the SASE 

radiation. In one dimension, for zero momentum spread, one obtains gA 

gs - 1/9 and the bandwidth 

~ 
at:. - (9p/21!' J3 N) . 

For momentum spread much larger than p, the eigenvalue J1. is real and 

there is no exponential growth. The total SASE power, obtained by 

integrating over the frequency, is 

(8) 

(9) 

where Pb is the kinetic power in the beam (equal to E I/e, where I = earn 0 

-~ beam current) and Nic ~ nA l (21!') fat:. is the number of electrons in one 

coherence length. 

From t:.F one obtains information on electron distribution and corre-

lation. For CA the single particle distribution function develops a 
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coherent modulation. For SASE the modulation occurs in the two particle 

correlation function. The correlation, defined as the excess probabil-

ity of finding two particles compared with the uncorrelated case, is 

modulated with the periodicity of the radiation wavelength and extends 

to a distance of one coherence length. 

The slow variation of f with respect to z is determined by substi-

tuting the solution of the linear equations into Eq. (3) - a procedure 

known as the quasi-linear approximation in plasma physics. 12 From the 

resulting nonlinear Fokker-Planck equation, one finds that the average 

value of ~ must decrease so as to conserve the total energy of the 

radiation-beam system. In addition the rms spread a of ~ is found to 
~ 

. 2 2 T/N 
~ncrease as a z p g en' 

~ S .tc 
Since the growth rate becomes negligible 

T when a »p, the exponential growth will stop when the factor g e 
~ s 

becomes about N'c .13 Th t t t' b .. f E .t e power a sa ura ~on ecomes ~n v~ew 0 q. 

(9), about PPb . For parameters considered here, the saturation earn 

occurs at N z lip. In view of Eq. (8), the bandwidth at saturation is 

w/~w - N, which is the same as the bandwidth of the spontaneous radia-

tion from an undulator with the same N. 

Figure 1 shows data from the microwave FEL experiment at Lawrence 

14 Livermore National Laboratory. For this experiment, the l-D theory is 

appropriate, and the growth rate is calculated to be 42.1 dB/m. The 

observed growth rate was 35 dB/m; the discrepancy may be due to space-

charge effects. Taking the observed growth rate and computing the coef-

ficient in Eq. (8), one obtains the dotted line in Fig. 1. The agree-

ment is encouraging. 
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A long undulator in a special by-pass of an optimized storage ring 

is a promising SASE source for broadly tunable high-power radiation at 

3 short wavelengths. In a recent design of such a system for 400 A radia-

tion, -3 15 
p is about 10 for a 750-MeV, 200-A electron beam. About 100 

MW of transversely coherent power, with a bandwidth of about 10-3 , will 

emerge from an undulator of about 1000 periods. 

A more detailed account of this work will be presented elsewhere . 

. 1 thank C. Pellegrini, S. Krinsky, T. Scharlemann for useful dis-

cussions. 
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FIGURE CAPTION 

Figure 1. Data from Ref. 14 (courtesy of T. Orzechowski) compared with 

the prediction. 
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