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Abstract of the Dissertation

Transport phenomena in liquid foams and liquid

marble colloids

by

Joseph Ahmed Attia

Doctor of Philosophy in Mechanical Engineering

University of California, Los Angeles, 2016

Professor Laurent Pilon, Chair

Liquid foams consist of randomly packed bubbles separated by a thin liquid fluid. They

can be found in various industrial applications including separation processes, oil recovery,

water treatment, food, and material processings. They are also being considered as

coolant in heat exchangers systems for heat transfer enhancement compared with single-

phase air. Similarly, liquid marbles, a phase inversion of liquid foams, consisting of a

liquid core stabilized by closely packed solid hydrophobic particles, have shown significant

promise as functional materials exploiting their photoresponsive behavior. In all of the

above mentioned applications, it is necessary to further the current understanding of

transport phenomena, such as heat, mass, and radiation transfer, in liquid foam and

liquid marble systems.

First, the effects of Ostwald ripening or inter-bubble gas diffusion on the steady-state

thickness of aqueous foams were investigated. The governing equation for the time rate

of change of bubble radius in the liquid foam accounting for Ostwald ripening was derived

and non-dimensionalized. A dimensionless similarity parameter representing the ratio of

the average contact time between bubbles to the characteristic time for gas permeation

was identified. This dimensionless number was combined with two previously identified

dimensionless numbers accounting for viscous, gravitational, and capillary forces. A semi-

empirical model predicting the steady-state height of liquid foam was developed based
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on experimental data for liquid foams generated by sparging different gases through a

porous frit into an aqueous surfactant solution contained in a glass column.

Moreover, the stability of liquid foams exposed to normally incident thermal radiation

was experimentally investigated. Here again, liquid foams were generated by injecting

air into an aqueous surfactant solution contained in a glass column. Results demon-

strated that the steady-state foam height decreased with increasing radiative heat flux.

This was attributed to the effects of the foam temperature-dependent thermophysical

properties and to liquid evaporation at the top of the foam layer. In addition, a one-

dimensional reduced-order thermal model accounting for combined conduction and radia-

tion within the steady-state foam agreed reasonably well with temperature measurements

taken across the foam layer.

Furthermore, experimental data and scaling analysis for laminar forced convection of

liquid foams flowing in circular and rectangular tubes as well as in tube bundles were

reported. First, aqueous solutions of surfactant Tween 20 with different concentrations

were used to generate microfoams with various porosity, bubble size distribution, and

two-phase pseudoplastic (shear thinning) power-law fluid behaviors. These different mi-

crofoams were flowed laminarly in uniformly heated circular tubes of different diameter

instrumented with thermocouples. A wide range of heat fluxes and flow rates were ex-

plored. Experimental data were compared with analytical and semi-empirical expressions

derived and validated for single-phase power-law fluids. These correlations were extended

to two-phase foams by defining the Reynolds number based on the effective viscosity and

density of microfoams. However, the local Nusselt and Prandtl numbers were defined

based on the specific heat and thermal conductivity of water. Indeed, the heated wall

was continuously in contact with a film of water controlling convective heat transfer

to the microfoams. Overall, good agreement between experimental results and model

predictions was obtained for all experimental conditions considered. Finally, the same

approach was shown to be also valid for experimental data reported in the literature for

laminar forced convection of microfoams in rectangular minichannels and of macrofoams
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across aligned and staggered tube bundles with constant wall heat flux.

Finally, the radiation characteristics of liquid marbles made of an aqueous core

stabilized by a coating of highly hydrophobic and closely packed monodisperse non-

absorbing or absorbing particles were predicted numerically using the superposition T-

matrix method and the geometric-optics surface-waves (GOS) method. Particular atten-

tion was paid to the effects of the liquid marble’s core and coating optical properties,

size parameter, and core-to-coating particle radii ratio on their absorption and scattering

cross-sections and on the asymmetry factor. Results were compared with predictions by

the Lorenz-Mie theory for (i) the water core alone, (ii) the volume and projected area

equivalent coated sphere, and (iii) the dimensionally equivalent coated sphere.
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CHAPTER 1

Introduction

This chapter highlights the motivations for this study. First, it provides a background

on traditional liquid foams and microfoams, including how they are generated, their

prevalence in industrial applications, and potential areas where they may also be uti-

lized. Similarly, liquid marble colloids are presented as well as applications using their

unique optical radiative properties. Finally, the chapter concludes with a brief statement

regarding the specific objectives of the study and the organization of this document.

1.1 Motivations

1.1.1 Liquid foams

Liquid foams are a random assembly of gas bubbles separated by a thin film of liquid.

They can be generated by injecting gas bubbles into a foaming solution. Bubbles can also

be generated chemically within the foaming solution and then rise to its surface where

they accumulate. The bubbles within the foam can assume polyhedral or spherical shapes

of different sizes. The shape and size of bubbles in foams are affected by various physical

phenomena including (i) liquid drainage under the effect of gravity and capillary pressure,

(ii) bubble coalescence, and (iii) interbubble gas duffusion also known as Ostwald ripening

or coaresning. In fact, small bubbles tend to be spherical and located at the bottom of

the foam while large bubbles tend to be polyhedral and located at the top. As bubbles

rise through the foam, they may coalesce with adjacent ones. In addition, Ostwald

ripening results in large bubbles growing at the expense of smaller adjacent ones. This
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phenomenon become important in foams made of low viscosity liquid where liquid films

separating the bubbles tend to be thin, particularly near the top, as illustrated in Figure

1.1.

Liquid foams are an important component of numerous technologies including petro-

chemical [17], pharmaceutical [18], food [19, 20], and water treatment [21], as well as

glass [22], iron, and steel manufacturing [23–25]. Depending on the application, foams

may prove either beneficial or detrimental. In water treatment, for example, foam is

generated by injecting gas bubbles into wastewater and is collected to separate organic

waste (i.e., proteins) or impurities from water streams [21]. In such separation processes,

foaming agents are typically utilized to achieve faster separation and easier waste dis-

posal [21]. Understanding foam formation and stability is essential for predicting and

controlling foam behavior in these various processes.

Figure 1.1: Photograph of aqueous foams (courtesy of D. Durian, UPenn, USA).

Microfoams are another class of liquid foams consisting of tightly packed spherical

bubbles with diameter between 10 and 100 µm and porosity of up to 70% [26]. These
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microfoams can be produced by spinning a disk at 5,000 to 10,000 rpm in an aqueous

surfactant solution contained in a baffled beaker at room temperature [26]. Such micro-

foams have also been termed colloidal gas aphrons (CGA) [26]. However, the multiple

surfactant-shell structure forming around individual bubbles proposed by Sebba [26] has

not been directly and unequivocally observed [27]. Microfoams have found numerous

applications including separation processes [28,29], soil remediation [30,31], water treat-

ment [32,33], and biotechnology [34]. These applications take advantage of (i) their large

interfacial area, (ii) the adsorption of particles at the microbubble interfaces, and (iii)

their stability for enhanced mass transfer [35]. Traditional macrofoams are commonly

used as fire suppressant [36]. But microfoam made from mixtures of anionic and cationic

surfactants have also been shown to spread over a pool of burning gasoline and to ex-

tinguish fire [26]. Therefore, for these applications, understanding the effects of radiant

heating on the stability of liquid foams is essential.

Moreover, liquid foams have also been used as a fracturing fluid for improved oil

recovery. Here, convective heat transfer takes place between the hot rock formation and

the colder injected foams [37]. They have also been considered as a working fluid in heat

exchangers to take advantage of the fact that the associated heat transfer coefficient is

significantly larger than that achieved using air for the same conditions [14,15]. This could

reduce the size and mass of air-based heat exchangers. However, in order to effectively

implement this approach, it is necessary to develop models for accurately predicting

convective heat transfer complicated by the fact that liquid foams are two-phase shear-

thinning pseudoplastic fluids.

1.1.2 Liquid marbles

A phase inversion of traditional liquid foams, is known as “liquid marbles.” Liquid marbles

are liquid droplets stabilized by a coating of highly hydrophobic and closely packed

monodisperse particles [38]. Liquid marbles act as soft solids with excellent non-wetting

and non-adhesive properties relative to various surfaces [38–40]. In certain instances, they
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exhibit near powder-like fluid properties such as in the case of water droplets stabilized

by silica particles also known as dry water [41, 42] as illustrated Figure 1.2. They can

be formed by mixing hydrophobic particles in a liquid or by rolling a droplet of liquid

across a bed of hydrophobic particles [38, 40, 43, 44]. The liquid marble core diameter is

typically on the order of 1 mm while the spherical particles, constituting the coating, are

0.1 - 100 µm in diameter [43].

Liquid marbles have been synthesized with a variety of particle coatings including

lycopodium powder, silica, latex, carbon black, carbon nanotubes, and polymer lattices

[16, 38]. They can be adapted to a variety of liquid cores for various applications by

selecting the material and size of the coating particles.

Figure 1.2: Photograph of liquid marbles about 1 mm in diameter (courtesy of S. Fujii,

Osaka Institute of Technology, Japan).

A number of stimuli-responsive liquid marbles have emerged in recent years for sens-

ing and delivery applications [16, 45–47]. Fujii et al. [46] prepared liquid marbles from

pH-responsive sterically stabilized latex particles. The authors prepared the liquid mar-

bles by rolling water droplets, 15 µL to 2 mL in volume, on a bed of pH-responsive

polystyrene latex monodisperse particles, approximately 0.44 µm in diameter. The liq-

uid marbles remained stable when placed on the surface of a liquid with pH > 8. By

contrast, they disintegrated when placed on acidic liquid solutions. Another class of
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liquid marbles include photoresponsive liquid marbles wherein the hydrophobic coating

becomes hydrophillic when irradiated with ultraviolet, visible, or near-infrared radia-

tion [39, 48–50]. Recently, Tan et al. [39] exploited the photocatalytic behavior of TiO2

to create liquid marbles that disintegrated when irradiated with ultraviolet radiation.

The same authors have also explored visible light-responsive liquid marbles [39]. Other

functional photocatalytic materials, such as WO3, CeO2, and ZnO can be readily used

to create photoresponsive liquid marbles for delivery and sensing applications or droplet

manipulation in optofluidic systems [50].

The majority of liquid marble systems reported in the literature possess an aqueous

liquid core. However, liquid metal cores have also recently been explored [51,52]. Tang et

al. [52] demonstrated photochemical actuation of liquid metal marbles formed by encasing

a liquid metal droplet of galinstan with WO3 nanoparticles. The liquid metal marbles

were placed in a hydrogen peroxide (H2O2) solution, and exposed to ultraviolet radiation.

The photocatalytic behavior of the WO3 coating led to decomposition of H2O2 and the

generation of oxygen bubbles in the immediate vicinity of the illuminated area on the

liquid metal marble surface. The oxygen bubbles induced a rolling motion of the liquid

metal marble, pushing it away from the light source.

Moreover, Taylan and Berberoğlu [42] investigated thermal radiation transport in dry

water systems considered for fire suppression applications. The authors approximated a

dry water particle consisting of an aqueous core of radius Rw coated with hydrophobic

silica particles of radius rs as a coated sphere with a core of radius Rw and a shell of radius

Rw+2rs. The absorption and scattering cross-sections and the scattering phase function

of the dry water particles were calculated from Lorenz-Mie theory for coated spheres [53].

Although intuitive, this dimensionally equivalent coated sphere approximation has not

been rigorously validated.

In all of the above applications, understanding and predicting radiation transfer in

liquid marbles is important for designing and controlling their behavior and performance.
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1.2 Objectives of present study

Liquid foams are already present in a wide range of industrial applications and could

be used in other areas such as heat exchanger systems. Likewise, liquid marbles present

themselves as a novel functional photoresponsive material for sensing and opto-fluidic

applications. The main objective of the present study is to develop predictive and exper-

imentally validated physical models for transport phenomena in liquid foams and liquid

marble colloids, including mass, heat, and radiation transfer. This includes (i) developing

a physical model for predicting the steady-state height of low viscosity foams affected

by Ostwald ripening, (ii) assessing the effects of thermal radiation on transient and

steady-state aqueous foams, (iii) developing a thermal model for predicting convective

heat transfer in liquid foams in pipes and tube bundles, and (iv) numerically predicting

radiation characteristics of liquid marbles of various morphologies and optical properties.

1.3 Organization of this document

Chapter 2 presents a dimensional analysis of the governing equation for the time rate of

change of bubble radius in liquid foams accounting for Ostwald ripening leading to the

prediction of the steady-state thickness of foams made of low viscosity liquids. Chapter

3 presents experimental measurements and thermophysical modeling of the height and

temperature profile in steady-state aqueous foams exposed to thermal radiation. Chap-

ter 4 presents experimental measurements and dimensional analysis for laminar forced

convection of liquid foams and microfoams flowing in circular pipes, rectangular pipes,

and across different tube bundle arrangements. Chapter 5 presents detailed numeri-

cal simulations of light scattering and absorption by liquid marbles stabilized by either

non-absorbing or absorbing coatings exposed to visible and infrared radiation. Finally,

Chapter 6 summarizes the main contributions of this work.
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CHAPTER 2

Scaling Laws in Steady-State Aqueous Foams

Including Ostwald Ripening

This chapter presents scaling laws governing the steady-state behavior of pneumatic

foams produced by injecting gas in low viscosity surfactant solutions under isothermal

conditions and subjected to Ostwald ripening.

2.1 Introduction

Numerous physical phenomena occur in liquid foams such as liquid drainage, bubble

coalescence, Ostwald ripening, and even liquid evaporation [8, 54]. Liquid drainage is

typically driven by gravitational forces acting on the liquid phase in the foam and is

opposed by viscous forces at the plateau borders. Moreover, liquid drainage eventually

subsides when capillary forces balance with the effects of gravity. Bubble coalescence

and Ostwald ripening are most dominant in aqueous foams due to their relatively low

viscosity.

Figure 2.1 summarizes the main phyiscal phenomena occuring in liquid foams. Low

viscosity (i.e. ≤ 1.0 mPa/s) foams tend to have bubbles separated by thin and unstable

liquid films, making them more susceptible to bubble coalescence and Ostwald ripening

[55–58]. The combination of these two phenomena has been termed “foam coarsening.”

On the one hand, bubble coalescence occurs when two adjacent bubbles merge as a result

of rupture of the films separating them [59].
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Interbubble

gas diffusion Bubble coalescence

Liquid drainage

Figure 2.1: Different physical phenomena occurring in liquid foams, namely (a) liquid

drainage, (b) bubble coalescence, and (c) interbubble gas diffusion.

This process simultaneously increases the mean bubble size while decreasing the number

of bubbles and the liquid-gas interfacial area. On the other hand, Ostwald ripening, also

called interbubble gas diffusion or disproportionation, describes mass transfer from small

bubbles with higher internal pressure to large bubbles at lower pressure [60]. It causes

larger bubbles to grow at the expense of smaller ones. These larger bubbles are less stable

and separated by thinner liquid films, making them more prone to coalesce [56–58]. They

then burst and discharge the liquid contained in the film which drains through the foam.

Ostwald ripening is enhanced when the solubility and the diffusion coefficient of the gas

in the liquid phase are large [57,60,61].

At early times in the foam’s life, bubbles accumulate at the liquid surface surrounded

by relatively thick liquid films. The foam grows at its largest rate as no bubble burst at

the top. In this phase, mass balance of the gas phase in the foams leads to the following
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expression for the transient foam thickness H(t) [1]

H(t) =
j

ϕ̄
t with ϕ̄(t) =

1

H(t)

∫ H(t)

0

ϕ(z, t)dz (2.1)

where j is the superficial gas velocity (in m/s) and ϕ̄ is the average foam porosity while

ϕ(z, t) is the local foam porosity at height z and time t [1]. The latter was suggested

to be taken as 0.82 for all practical purposes [1]. As the foam ages and liquid drainage

takes place, adjacent bubbles are more prone to coalesce when the film separating them

is thin and more likely to rupture. This phenomenon dominates at the top of the foam

column where the bubbles are the oldest and the foam is dry [62]. Soon after the first

bubbles burst at the top of the foam which reaches a steady-state height H∞ when the

incoming flow of gas at the bottom of the foam matches the amount of gas released by

bubbles bursting at the top.

Moreover, Pilon et al. [55] investigated the behavior of liquid foams formed by inject-

ing gas bubbles into viscous fluids under steady-state and isothermal conditions. The

authors performed a scaling analysis of the governing equation for the time-dependent

foam thickness [62]. The model accounted for the effects of viscous, gravitational, and

capillary forces. However, it neglected both bubble coalescence and interbubble gas dif-

fusion because the viscosity of the fluid was large and the films separating the bubbles

was consequently thick and relatively stable. Two dimensionless numbers were identi-

fied as describing the steady-state behavior of liquid foams generated from high viscosity

liquids [55],

Π1 =
ρgr20

µ(j − jm)
and Π2 =

µH∞(j − jm)

σr0
(2.2)

where ρ and µ are the fluid density and dynamic viscosity, respectively. The average

bubble radius at the bottom of the foam and the steady-state foam thickness are denoted

by r0 and H∞, respectively, while j is the superficial gas velocity and jm is the minimum

superficial gas velocity for onset of foaming [63]. The dimensionless parameter Π1 can

be interpreted as the ratio of the gravitational force to the viscous force on an average

bubble of radius r0 having a velocity (j − jm). Similarly, Π2 corresponds to the ratio
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of the viscous force to the surface tension force multiplied by the ratio H∞/r0 scaling

the steady-state foam height by the average bubble radius. The relationship between

Π1 and Π2 was assumed to follow the power-law relation Π2 = KΠn
1 where empirical

coefficients K and n were found to be 2905 and −1.8, respectively, from more than 120

experimental data points for foams formed from high viscosity liquids such as water

containing glycerine, molten slag, and glass [55]. Bubbles were formed by injecting

nitrogen, air, or argon through single, multi-orifice nozzles, or a porous medium. The

experimental data featured a wide range of physicochemical properties, types of gas,

bubble radius, and gas flow rates. Comparison between the developed semi-empirical

correlation and the experimental data yielded reasonable agreements given the broad

bubble size distribution around the mean value as well as uncertainties in H∞, and in the

thermophysical properties. For low viscosity fluids (e.g., aqueous surfactant solutions),

however, the above correlation was shown to be inappropriate [2, 3]. Interestingly, the

parameter K changed with the type of gas while n was almost the same and equal to

−1.8 for all gases. Deviations from the correlation developed for highly viscous fluids

was attributed to foam coarsening that becomes significant for low viscosity fluids but

was neglected in the formulation of the governing equations leading to the definition of

the dimensionless numbers Π1 and Π2.

The present study aims to demonstrate the existence of a third dimensionless simi-

larity parameter governing steady-state aqueous foams accounting for Ostwald ripening.

It will enable one to predict the steady-state thickness of aqueous foams from thermo-

physical properties of the liquid and gas phases and the operating conditions.

2.2 Experiments

Figure 2.2 depicts the experimental setup used in this study. Foam was generated by

continuously injecting air through a fritted disc into a vertical glass column (Wilmad-Lab

Glass) of diameter 50.8 mm and height 30.0 cm. The fritted disc located at the bottom
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of the glass column was 4 mm thick, had coarse porosity (10-15 µm), and spanned the

entire column cross-section. The aqueous surfactant solution was made by mixing sodium

dodecyl sulfate (SDS) surfactant (99%, Fisher Scientific) in deionized water to achieve

SDS mass fraction of 0.4 wt.% or 19.9 mg/l of water.

Superficial
gas velocity,  j

Fritted 

disk

Aqueous 

surfactant 

solution

Steady-state 

foam height, 

H
∞

Gas 

bubble of 

radius, r0

Rotameter

Glass 

column

50.8 mm

30 cm

Gas 

cylinder

Figure 2.2: Schematic of the experimental setup used in this study to investigate aqueous

foams.

The column and the fritted disc were thoroughly washed and the inner walls of the column

were wetted before each measurement to ensure uniform wall conditions and remove any

impurity that could obstruct the growth of the foam in the column. The column was filled

with 136 mL of aqueous surfactant solution and dry air was bubbled through for several

minutes to saturate the solution before starting the measurements. All measurements

were performed at room temperature. The air flow rate was measured using an Omega

FT-042-15-G1-VN rotameter. The foam height H(t) was visually measured as a function

of time using a laboratory grade scale mounted along the glass column. Photographs
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of the gas bubbles at the bottom of the foam were taken with a Nikon D90 DSLR

camera with a Nikon 55-200 mm VR lens. Image processing software (ImageJ) was

used to determine the bubble size distribution at the bottom of the foam column. The

associated experimental uncertainties were estimated to be (i) ± 13 mm for foam height

H(t) and H∞ measurements and (ii) ± 0.1 mm for the bubble radii. Measurements of

the foam thickness and bubble radius were repeated at least three times for each value

of superficial gas velocity considered.

2.3 Analysis

Liquid drainage, bubble coalescence, and Ostwald ripening must take their course before

the foam reaches a steady state. Experimentally it takes typically dozens of minutes

to several hours to achieve steady-state conditions when generating foam in a bubble

column [2, 64]. This time scale is on the same order of magnitude as the characteristic

time for Ostwald ripening [60]. On the other hand, the characteristic time for coalescence

is on the order of 1-10 minutes [60]. Experimental observations have also demonstrated

that the type of gas had significant effect on the steady-state thickness of foams made

from aqueous surfactant solutions [3]. These observations indicate that Ostwald ripening

is an essential phenomenon controlling the steady-state foam thickness. The following

assumptions were made in developing a physical model and the associated scaling analysis

accounting for Ostwald ripening (1) isothermal conditions were maintained in the foam,

(2) thermophysical properties of the gas and liquid phases remained constant within the

foam, (3) the bubbles within the foam were treated as spherical.
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2.3.1 Governing equation

The pressure difference between the gas inside a bubble of radius r and the liquid within

the foam can be expressed as [58],

pg − pl = 2σ

(
1

rm
− 1

r

)
, (2.3)

where pg and pl are the pressures in the gas and liquid phases, respectively. Here, r is

the radius of the bubble of interest and rm is the mean bubble radius defined as [58],

rm(t) =

∞∫
0

r2f1(r, t)dr

∞∫
0

rf1(r, t)dr

, (2.4)

where f1(r, t) is the bubble size distribution within the foam at time t. Bubble growth or

shrinkage is determined from the difference between r and rm, i.e., if r > rm the bubble

grows while if r < rm the bubble shrinks.

Moreover, the molar mass transfer rate from a bubble of radius r to the liquid phase

can be expressed as [58],
dN

dt
=

kA

RT
(pg − pl), (2.5)

where N represents the number of moles of gas within a bubble of radius r, while k is the

effective gas permeability expressed in m/s. The surface area of the bubble is A = 4πr2,

while R = 8.314 J/mol.K is the universal gas constant and T is the absolute temperature.

Combining Equations (2.3) and (2.5) yields,

dN

dt
=

8πkσ

RT

(
r2

rm
− r

)
. (2.6)

Assuming that the gas inside the bubbles behaves as an ideal gas, the number of moles

within a spherical bubble can be expressed as,

N =
4πr3pg
3RT

. (2.7)

Assuming that pg is constant and slightly above atmospheric pressure, as suggested by

Lemlich [58], and combining Equations (2.6) and (2.7) yields,

dr

dt
=

2kσ

pg

(
1

rm
− 1

r

)
. (2.8)
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The effective gas permeability k from bubbles across liquid films was defined by Princen

and Mason [65] and expressed in terms of the thermophysical properties of the gas and

liquid phases as,

k =
DSO

δf + 2D/kml

, (2.9)

where kml is the permeability of a monolayer of surfactants surrounding the bubble and

δf is the thickness of the liquid film separating two adjacent bubbles. The diffusion

coefficient of the gas in the liquid phase is denoted by D and is assumed to be constant.

The Ostwald coefficient of solubility is denoted by SO (dimensionless) and is defined as

the volume of saturated gas absorbed by unit volume of pure liquid at given temperature

and pressure [66].

Princen and Mason [65] simplified Equation (2.9) for two limiting cases: (i) when

gas permeation is controlled by the surfactant monolayer, i.e. δf << 2D/kml and (ii)

when gas permeation is controlled by the liquid layer or δf >> 2D/kml. In the first

case, the diffusivity or effect of interbubble gas diffusion is negligible. This is contrary

to the pronounced effects of the gas type on the foam behavior observed in low viscosity

fluid foams [3, 58]. Instead, one can assume that gas permeation is controlled by the

liquid layer, i.e., δf >> 2D/kml. The effective gas permeability k, therefore, simplifies to

k = DSO/δf . Then, the time rate of change in bubble radius is expressed as,

dr

dt
=

2DSOσ

pgδf

(
1

rm
− 1

r

)
. (2.10)

Note that Equation (2.10) is similar to the expression for the time rate of change in

bubble radius due to interbubble gas diffusion proposed by Lemlich [58] as,

dr

dt
=

2JσRT

pg

(
1

rm
− 1

r

)
, (2.11)

where J is the effective gas permeability and was defined in terms of the volumetric frac-

tion of liquid in the foam, the second and third moments of the bubble size distribution,

the diffusion coefficient, and Henry’s law constant [58].
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2.3.2 Dimensional analysis

In order to scale Equation (2.10), the following independent dimensionless variables were

introduced

r∗ =
r

r0
, σ∗ =

σ

p0r0
, δ∗f =

δf
r0
, p∗g =

pg
p0
, and t∗ =

t

τc
=

t

r0/(j − jm)
(2.12)

where r0 is the average bubble radius at the bottom of the foam layer [55] taken as the

characteristic length, τc = r0/(j − jm) is the characteristic contact time between a rising

bubble and a bubble at rest in the foam, and p0 is the atmospheric pressure. Substi-

tuting Equation (2.12) into Equation (2.10) yields the following dimensionless governing

equation,

dr∗

dt∗
=

2DSO

r0(j − jm)

[
σ∗

p∗gδ
∗
f

(
1

r∗m
− 1

r∗

)]
. (2.13)

Then, a third dimensionless number Π3 accounting for interbubble gas diffusion can be

identified as,

Π3 =
DSO

r0(j − jm)
=

τc
τd

(2.14)

This dimensionless number can be interpreted as the ratio of the average contact time

between bubbles in the foam τc = r0/(j − jm) and the characteristic permeation time

defined as τd = r0
2/(DSO). It could also be expressed as Π3 = SO/Per0 where Per0 is

the Péclet number for mass transfer defined as the the ratio of advection and diffusion

mass transfer rates.

The Buckingham-Pi theorem provides an alternative way of identifying Π3. This

approach is analogous to the treatment undertaken by Lotun and Pilon [67] in modeling

slag foaming where the steady-state thicknessH∞ was assumed to depend on six variables

namely ρ, g, µ, σ, (j − jm), and r0. Their analysis led to four dimensionless numbers

which can be combined to yield Π1 and Π2 given by Equation (2.2). Here, two additional

variables, D and SO, were introduced to account for Ostwald ripening. Two dimensionless

groups were identified, in addition to the four dimensionless numbers derived by Lotun

and Pilon [67]. The first new dimensionless group was identified as Π5=SO and the second
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was Π6=
D

r0(j − jm)
. Multiplying these two new dimensionless groups yields Π3 given by

Equation (2.14). Thus, both approaches give consistent dimensionless numbers. Finally,

the relationship between Π1, Π2, and Π3 is assumed to follow a power-law relation given

by

Π2 = LΠn
1Π

m
3 , (2.15)

where L, n, and m are semi-empirical constants determined from experimental data.

2.4 Results and discussion

2.4.1 Experimental results

Figure 2.3 plots the temporal evolution of the average foam height for superficial gas

velocity j equal to 0.015 and 0.018 mm/s. Each data point represents the average of

at least three independent runs for each value of j. The error bars correspond to 95%

confidence interval and indicate that measurements were reproducible from the transient

foam growth to its steady state. Figure 2.3 also plots the transient foam height predicted

by Equation (2.1) using ϕ̄ = 0.82.

Good agreement between experimental data and model predictions was observed early

in the foaming process. As previously mentioned, Equation (2.1) is based on the assump-

tion that gas accumulates but does not escape the control volume defined by the foam.

Despite interbubble gas diffusion, the gas remains within the foam. Thus, Ostwald ripen-

ing does not affect the early foam growth rate. However, it affects the time at which

bubbles start bursting at the top of the foam. In fact, experimental data deviated from

the model predictions as the foam approached its steady-state height H∞. Moreover,

the average residence time of a bubble in the foam can be estimated as H∞/j which was

equal to more than 2 hours for j=0.015 and 0.018 mm/s. This time scale confirms that

Ostwald ripening played an important role in the steady-state behavior of the aqueous

foams investigated.
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Eq. (2.1), j = 0.015 mm/s

Eq. (2.1), j = 0.018 mm/s

Eq. (2.1), j = 0.015 mm/s

Eq. (2.1), j = 0.018 mm/s

Figure 2.3: Evolution of foam height as a function of time and superficial gas velocity.

Solid and dashed lines represent transient foam height model [1] as a function of superficial

gas velocity.

2.4.2 Scaling analysis

The steady-state foam thickness data collected in the present study along with those

reported in the literature [2–8] for foams made by injecting oxygen, nitrous oxide, nitro-

gen, xenon, air, or carbon dioxide gases into various aqueous surfactant solutions were

used to validate the previously described scaling analysis. Table 2.1 summarizes the ex-

perimental conditions and the liquid and gas properties corresponding to these various

studies. The viscosity of water at room temperature was estimated from the DIPPR

database. The surface tension of the 0.4 wt.% SDS aqueous solution was reported to be

40.8 mN/m [68]. The Ostwald coefficient of solubility SO for each gas in water at 293
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K was reported by Hartland et al. [3]. The gas diffusion coefficient in water D was also

reported by Hartland et al. [3] and calculated from the correlation developed by Wilke

and Chang [69] accounting for the viscosity, temperature, and molecular weight of the

gases. Additionally, the diffusion coefficient of carbon dioxide in water was reported by

Feitosa et al. [4]. The properties of air were approximated as those of nitrogen.

Overall, the experimental data covered a wide range of physical parameters associated

with the foam formation process, i.e., 0.02 ≤ j ≤ 0.78 mm/s, 0.0 ≤ jm ≤ 0.1 mm/s, 0.1

≤ r0 ≤ 2.5 mm, 1.26×10−9 ≤ D ≤ 1.8×10−9 m2/s, 0.02 ≤ SO ≤ 0.92, and 31.1 ≤ σ

≤ 41.1 mN/m corresponding to H∞ varying between 26 and 1390 mm. Note that the

experimental data considered focused exclusively on aqueous foams and do not present

any significant fluctuations in viscosity (µ ≈ 1.22 mPa/s) and density (ρ ≈ 1014 kg/m3).

A total of 51 different data points were collected resulting in dimensionless numbers Π1

ranging from 602 to 122,625, Π2 varying between 3×10−4 and 2.1×10−2, and Π3 from

1×10−5 to 6.2×10−2.

Figure 2.4 plots Π2 versus Π1 for foams made by injecting various gases in aqueous

surfactant solutions [2–8]. Unlike what was observed for high viscosity fluids [55], exper-

imental data for aqueous foams did not collapse on a single line. However, the different

data sets shows similar trend expressed as Π2 = K(Π3)Π
n
1 where the semi-empirical func-

tion K(Π3) depends on Π3, i.e., K(Π3) = LΠm
3 . Our previous study [55] estimated n to

be -1.8 not only for both high viscosity fluids but also for low viscosity fluids albeit for a

subset of the experimental data considered in the present study [2,3]. Here, the datasets

considered is much larger and broader and least squares fitting also yielded a value of n

close to -1.8.
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Figure 2.4: Relationship between Π2 vs. Π1 for aqueous foams made from different

surfactant solutions and gases measured in the present study and reported in the lit-

erature [2–8]. Experimental conditions and fluid properties are summarized in Table

2.1.

Moreover, Figure 2.5 plots Π1.8
1 Π2 versus Π3 for the same data shown in Figure 2.4.

Equation (2.15) appears to fit experimental data over a wide range of thermophysical

properties with the parameters L = 118 and m = −0.96 with a coefficient of determina-

tion R2
corr = 0.95. Figure 2.5 also shows the 95% confidence and prediction intervals for

the derived power-law relationship. Note that the derived correlation spans four and five

orders of magnitude in terms of Π1.8
1 Π2 and Π3, respectively. Furthermore, the average

relative error between model predictions given by Equation (2.15) and the 95% confidence

and prediction intervals was less than ±4% and ±10%, respectively. Such spread is ex-
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pected in two-phase flow, particularly for foams given (1) their inherent metastability, (2)

the different interdependent physical phenomena (i.e., drainage, Ostwald ripening, and

bubble coalescence) and (3) the resulting experimental uncertainty. Differences between

experimental data and power law predictions can be attributed to two primary factors:

(i) the limited amount of data available for steady-state thicknesses of foams generated

with low viscosity solutions and (ii) the uncertainties of the actual measured physical

quantities (i.e., r0, H∞, D) used to estimate the dimensionless number Π1, Π2, and Π3.

[2]

[2]

[2]

[2]

[3]

[3]

[3]

[3]

[4,5]

[6]
[7]

[7]
[7]

[8]

Figure 2.5: Correlation between dimensionless numbers Π2Π
1.8
1 and Π3 for aqueous foams

made from different surfactant solutions and gases as summarized in Table 2.1. The same

data sets were presented in Figure 2.4.

For instance, typical uncertainties include ±5% for the variation in measured foam thick-

ness [2], and ±10% for the diffusion coefficient estimated by the model presented by Wilke

21



and Chang [69]. Additionally, measurements of bubble radius, particularly, in cases where

the radius is visually determined, have been shown to be a significant source of experi-

mental uncertainty [70]. Furthermore, due to increased interbubble gas diffusion in lower

viscosity fluids, the use of the average radius r0 in the dimensional analysis is clearly a

first order approximation as bubbles change size as they rise through the foam. Lastly,

as pointed out in previous studies [55], differences between correlation predictions and

experimental data were larger in cases when the superficial gas velocity approached jm

corresponding to smaller foam thicknesses.

In order to identify the significant physical phenomena influencing the steady-state

foam thickness, Equation (2.15) can be expressed in dimensional form as,

H∞ = 118
σ

r1.640

µ0.8(j − jm)
1.76

(ρg)1.8(DSO)0.96
. (2.16)

The effects of gravity, liquid viscosity, and density captured by Π1 and Π2 have been

discussed previously and need not be reported [55]. Only the effects of parameters ap-

pearing in Π3 should be discussed. Equation (2.16) indicates that the steady-state foam

thickness decreases as either the Ostwald solubility coefficient SO or the diffusion co-

efficient D increases. As previously discussed, coarsening destabilizes the foam and is

enhanced by larger values of D and SO. In addition, the steady-state foam thickness

increases with increasing superficial gas velocity j. This is consistent with experimental

observations [2,3,55]. Foam thickness has also been shown to be significantly dependent

on bubble radius r0 [2] as evidenced by the associated exponent of 1.7 in Equation (2.16).

Moreover, Ogawa et al. [71] experimentally established that the bubble radius is linearly

proportional to surface tension σ. Therefore, Equation (2.16) suggests that increasing σ

causes the ratio σ/r1.640 , and therefore H∞, to decrease.

2.5 Chapter summary

This chapter presented a dimensional analysis of the governing equation for the time rate

of change of bubble radius in foams accounting for Ostwald ripening. It led to the defini-
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tion of a dimensionless number accounting for the effects of both the diffusion and solu-

bility of the gas from the bubbles to the liquid phase identified as Π3 = DSO/(j − jm)r0.

It represents the ratio of the average contact time between bubbles to the characteristic

time for gas permeation. This number was combined with the dimensionless numbers

Π1 and Π2 identified by Pilon et al. [55] and accounting for viscous, surface tension, and

gravitational forces. Note that the same dimensionless number was also obtained by ap-

plying the Buckingham-Pi theorem to the relevant variables associated with steady-state

foam thickness. A new power-law relation between Π1, Π2, and Π3 was determined as

Π2 = 118Π−1.8
1 Π−0.96

3 based on experimental data reported in the literature [2–8]. These

results can be used in a wide range of applications such as petrochemical, pharmaceutical,

food, and water treatment processes.

23



NOMENCLATURE

A Surface area of bubble in foam (m2)

D Diffusion coefficient (m2/s)

f1(r, t) Bubble size distribution in the foam (m)

g Specific gravity (m/s2)

H(t) Transient foam thickness (m)

H∞ Steady-state foam thickness (m)

J Effective gas permeability [Equation (2.11)]

j Superficial gas velocity (m/s)

jm Superficial gas velocity for onset of foaming (m/s)

k Effective gas permeability [Equation (2.9)]

kml Monolayer gas permeability or bubble lamella permeability (m/s)

K, L, m, n Semi-empirical constants

N Number of moles of gas inside a bubble (mol)

pg Pressure in the gas bubble (Pa)

pl Pressure in the liquid phase (Pa)

R Universal gas constant (=8.314 J/mol.K)

r Bubble radius in the foam (m)

rm Mean bubble radius in the foam (m)

r0 Average bubble radius at the bottom of the foam (m)

SO Ostwald solubility coefficient

T Temperature (K)

t Time (s)

Greek symbols

δf Thickness of the fluid region bounded by Plateau borders (m)

µ Dynamic viscosity of the liquid phase (Pa· s)

Πi Dimensionless similarity parameters, i=1, 2, 3
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ρ Density (kg/m3)

σ Surface tension (N/m)

τc, τd characteristic times of contact and permeation between bubbles (s)

Superscript

∗ Refers to dimensionless properties
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CHAPTER 3

Effect of Radiation on the Stability and Temperature

Profile of Aqueous Foams

The present chapter experimentally and theoretically investigates the stability and tem-

perature profile within aqueous foams exposed to normally incident infrared radiation.

3.1 Introduction

3.1.1 Background

As discussed in Chapter 1, aqueous foams are an excellent fire protection material due

to their thermal insulating properties [54]. In addition, when aqueous foam coat a flame,

liquid drainage douses the fire; liquid drainage rates are faster in low viscosity foams be-

cause of reduced shearing between bubbles and the adjacent liquid. In these applications

it is important to understand the various transport phenomena in foams and the effects

of incident thermal radiation on foam stability and heat transfer.

3.1.2 Radiation transfer in liquid foams

Boyd and Di Marzo [54] studied the effect of thermal radiation incident on fire-protection

foam. They assumed that all the incident radiation was entirely absorbed by the aqueous

foam and treated it as a cold medium. They also assumed the foam was gray, i.e., its

radiation characteristics were independent of wavelength. They solved the steady-state

radiative transfer equation (RTE) for a gray, homogeneous absorbing, scattering, but
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non-emitting medium governing the radiation intensity I(r̂, ŝ) at spatial location r̂ in the

direction ŝ and expressed as [72]

ŝ · ∇I(r̂, ŝ) = −βI(r̂, ŝ) +
σs

4π

∫
4π

I(r̂, ŝ)Φ(r̂, ŝi → ŝ)dŝi. (3.1)

Here, β denotes the effective extinction coefficient of the foam defined as the sum of its

absorption coefficient κ and the scattering coefficient σs. The scattering phase function

Φ(r̂, ŝi → ŝ) is defined as the probability that radiation from direction ŝi will be scattered

in direction ŝ. Additionally, they demonstrated that heat transfer by convection in the

bubbles and conduction across the foam were minimal compared with radiative heat

transfer in standing foams exposed to thermal radiation [54]. However, heat transfer

by evaporation contributed on a similar order to that of radiative heat transfer in the

overall energy transfer [54]. The authors used Beer-Lambert’s law to predict the radiation

intensity as a function of depth in the foam column. However, Beer-Lambert’s law is

the solution of the RTE if single scattering prevails and if the foam boundaries are

non-reflecting [72]. These conditions are not satisfied in moderately thick foams where

multiple scattering is significant. Another approach, albeit more rigorous, involves solving

the RTE using the Schuster-Schwartzchild two-flux approximation [72]. For example,

Fedorov and Viskanta [73] used the two-flux approximation to solve the RTE to determine

expressions for the internal reflectance, transmittance, and absorbance of a plane-parallel

foam slab.

Let us consider a plane-parallel foam slab as shown schematically in Figure 3.1. Pot-

tier et al. [74] provided an analytical solution for the spectral fluence rate Gλ in a one-

dimensional absorbing and scattering medium of thickness H∞ with a transparent face

and a reflecting back of reflectivity ρλ based on the two-flux approximation for normally

incident irradiance Gin,λ given by

Gλ(z)

Gin,λ

= 2
[ρλ(1 + αλ)e

−δλH∞ − (1− αλ)e
−δλH∞ ]eδλz + [(1 + αλ)e

δλH∞ − ρλ(1− αλ)e
δλH∞ ]e−δλz

(1 + αλ)2eδλH∞ − (1− αλ)2e−δλH∞ − ρλ(1− α2
λ)e

δλH∞ + ρλ(1− α2
λ)e

−δλH∞
.

(3.2)
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Here, αλ and δλ are expressed as [74]

αλ =

√
C̄abs,λ

C̄abs,λ + 2bλC̄sca,λ

and δλ = NT

√
C̄abs,λ(C̄abs,λ + 2bλC̄sca,λ) (3.3)

where C̄abs,λ and C̄sca,λ are the average effective absorption and scattering cross-sections

of bubbles in the foam, respectively. Here, NT is the total number of bubbles per unit

volume of foam and bλ is the backward scattering fraction defined as

bλ =
1

2

∫ π

π/2

Φλ(θ) sin θdθ. (3.4)

0

z

H
∞

Transparent surface

Reflecting back surface, ρλ

Gas bubbles

Liquid phase

Incident radiation, Iin,λ

Figure 3.1: Schematic of the plane-parallel slab representative of radiation intensity

incident on semi-transparent media containing bubbles.

3.2 Experiments

3.2.1 Experimental setup

Figure 3.2 depicts the experimental setup used in the present study. Aqueous foam was

generated by injecting air into an aqueous surfactant solution contained in a vertical glass

column (Wilmad-Lab Glass) of diameter 5.1 cm and height 30.0 cm.
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Figure 3.2: Schematic of the experimental apparatus used for determining thickness and

temperature profiles of aqueous foams exposed to different incident irradiance.

The aqueous surfactant solution was made by mixing sodium dodecyl sulfate (SDS)

surfactant of purity ≥99 % in deionized water with mass fraction equal to 0.4 wt.%.

Sub-millimeter size bubbles were formed by constantly injecting air through a fritted

disk with pore diameter ranging from 10-15 microns located at the bottom of the glass

column. An incandescent heat lamp (Sylvania 175W/PAR38/HEAT120V) connected to

a variable power supply was mounted and centered over the glass column. An aluminum

sheet with a 6.0 cm diameter aperture was placed between the heat lamp and the glass

column in order to collimate the incident radiation onto the foam surface.
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3.2.2 Experimental procedure and data reduction

The applied power to the heat lamp generating the incident radiation was varied between

0 and 181 W. The air volumetric flow rate was measured using an Omega FT-042-15-G1-

VN rotameter and was kept constant such that the superficial gas velocity remained equal

to 0.015 mm/s. The foam steady-state height was visually measured using a laboratory

grade scale mounted against the glass column. Photographs of the gas bubbles at the

bottom of the foam were taken with a Nikon D90 DSLR camera equipped with a Nikon

55-200 mm VR lens. Image processing software ImageJ was used to determine the bubble

size distribution at the bottom of the foam column. The temperature along the foam layer

for different incident irradiances were measured by immersing a thin type-K thermocouple

into the foam after it had reached a steady-state height. Note that the foam remained

stable and its height did not change during the temperature profile measurements. The

viscosity of the water in the foam at different temperatures was estimated from the

DIPPR database. The viscosity of the liquid phase in the foam varied between 0.73 and

0.93 mPa/s as a function of the average temperature in the foam at different steady-state

thicknesses. The surface tension of the aqueous SDS solution was reported by Zhao et

al. [75] as 40.82 mN/m. Finally, measurement uncertainties for the gathered data were (i)

± 13 mm for foam height measurements, (ii) ± 2◦C for foam temperature measurements,

(iii) ± 0.6 W for power measurements, and (iv) ± 0.1 mm for the bubble radius.

3.3 Thermal analysis

3.3.1 Assumptions

In developing the governing equation for predicting the temperature profile along the

steady-state foam column the following assumptions were made: (1) convective heat

transfer was negligible, (2) there was no viscous dissipation within the foam, (3) steady-

state conditions prevailed, (4) evaporative heat transfer was considered small compared to
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radiative heat transfer, (5) the bubbles were assumed to be spherical, (6) thermophysical

properties of the gas phase remained constant within the foam.

3.3.2 Governing equations

The two-flux approximation solution for the RTE given in the form of the analytical

expression for the fluence rate [Equation (3.2)] can be further simplified by assuming

that the bubbles in the aqueous foam layer scatter strongly in the forward direction.

Then, bλ approaches zero and therefore, αλ approaches unity. Additionally, in the case

of wet foams the refractive index mismatch at the aqueous liquid solution-foam interface

at the bottom of the steady-state foam column is minimal and therefore, ρλ ≈ 0. Then,

Equation (3.2) reduces to

Gλ(z) = Gin,λe
−δλz with δλ = NT C̄abs,λ = κλ. (3.5)

3.3.3 Energy balance

Given the above assumptions, the one-dimensional steady-state energy conservation equa-

tion can be expressed as
d

dz

(
keff

dT

dz
− qr

)
= 0. (3.6)

Where keff is the foam effective thermal conductivity assumed to be independent of

temperature and identical throughout the foam. The spatial derivative of the radiative

heat flux term qr is related to the local fluence rate according to [72]

dqr
dz

=

∫ ∞

0

κλ[4πIb,λ(T )−Gλ(z)]d.λ (3.7)

Moreover, the foam was assumed to be a cold medium so that Equation (3.7) reduced to

dqr
dz

= −
∫ ∞

0

κλGλ(z)dλ. (3.8)

The total incident irradiance Gin on the steady-state foam was estimated by treating
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the incandescent lamp as a blackbody source and given by

Gin = π

∫ ∞

0

Ib,λ(Tb)dλ = σT 4
b . (3.9)

The operating temperature of the lamp Tb was assumed to vary between 2800 and 3000

K for the power considered in this study [76].

Let md = nd − ikd and mc = nc − ikc be the complex indices of refraction of the

dispersed phase and of the continuous phase, respectively. Hale and Querry [77] reported

the spectral complex indicex of refraction of water. The peak intensity of the incandes-

cent heat lamp occured at wavelength of about 1 µm and thermal radiation emission

from the lamp was concentrated in the near-infrared region [76]. Therefore, calculations

were carried out in the wavelength region of 750 nm to 2 µm. This wavelength band cap-

tures over 90% of the spectral emission from the incandescent lamp used in the present

experiment. Therefore, Equation (3.8) was approximated as

dqr
dz

= −κ̄

∫ 2000

750

G(z)dλ (3.10)

where κ̄ is the average absorption coefficient within the spectral band ranging from 750

nm to 2 µm.

The combined Equations (3.5), (3.6), and Equation (3.10) were solved analytically

subject to experimentally determined boundary conditions specifying the temperature at

the air-foam and at the foam-liquid interfaces given by

T (z = 0) = T0 and T (z = H∞) = Tf . (3.11)

Then, the temperature profile across the foam column was expressed as

T (z) =
Gin

keff κ̄

(
1− e−κ̄z

)
+

z

H∞

[
Tf − T0 +

Gin

keff κ̄

(
e−κ̄H∞ − 1

)]
+ T0. (3.12)

3.3.4 Constitutive relationships

First, the effective thermal conductivity of the foam keff was estimated using the series

model [78] and expressed as

keff = (1− fv)kc + fvkd (3.13)
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where the subscripts ”d” and ”c” refers to the dispersed (bubble) and the continuous

(liquid) phase, respectively.

The total number of bubbles per unit volume of foam NT at the bottom of the foam

is given by

NT =
3fv
4πr30

(3.14)

where fv is the foam porosity and r0 is the average bubble radius. The radius r0 was

measured experimentally while the porosity, ϕ was taken as 0.70 for the aqueous foam

generated in the present study [79].

The effective scattering and absorption coefficients of the foam were estimated based

on the analysis by Fedorov and Viskanta [73]. Assuming all the bubbles have uniform

radius r0, the effective absorption and scattering coefficients of the foam were expressed

as [73]

κλ = κc
λ − π

[
Qc

abs,λ(r0)−Qd
abs,λ(r0)

]
r20NT (3.15)

σs,λ = πQd
sca,λ(r0)r

2
0NT (3.16)

where Qabs,λ(r0) and Qsca,λ(r0) denote the absorption and scattering efficiency factors,

respectively.

Moreover, the gas bubbles in the foam layer were considered weak absorbers and pri-

marily act as strong radiation scatterers. Therefore, based on the anomalous diffraction

approximation, the extinction efficiency factor for a weakly absorbing sphere was given

as [73]

Qj
ext,λ(ρj,mj) = 2− 4

cos(gj)

ρj
×

[
e−ρj tan(gj) sin(ρj − gj)

]
+

4

(
cos(gj)

ρj

)2

×
[
cos(2gj)− e−ρj tan(gj) cos(ρj − 2gj)

] (3.17)

where ρj = 2(nj − 1)(2πr0/λ) and gj = arctan[kj/(nj − 1)] are the van de Hulst’s

normalized size and absorption parameters [80], respectively, such that ρj × tan(gj) gives

the energy absorbed along the axial ray within the sphere. Here the subscript j refers

to the dispersed or continuous phase optical properties denoted by subscripts d or c,
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respectively. The absorption and scattering contributions to the extinction efficiency

factor for a weakly absorbing sphere used in Equation (3.15) and (3.16) were expressed

as

Qj
abs,λ(ρj,m) = 1 +

e−ρj tan(gj)

ρj tan(gj)
+

e−ρj tan(gj)−1

2 [ρj tan(gj)]
2 (3.18)

and

Qj
sca,λ(ρj,m) = Qj

ext,λ(ρj,m)−Qj
abs,λ(ρj,m). (3.19)

Figure 3.3 plots the effective (a) absorption and (b) scattering coefficients predicted

by Equations (3.15) and (3.16) of the aqueous foam as a function of wavelength spanning

the near-infrared spectrum between 750 and 2000 nm, respectively. It is evident that the

effective scattering coefficient of the foam is nearly independent of the wavelength for

the ranges considered. Indeed, Vera et al. [81] analyzed the transport mean free path of

photons in aqueous foam and determined that wavelength dependence of the scattering

coefficient was minimal. Interestingly, the effective absorption coefficient of the aqueous

foam was nearly constant across the near-infrared region except around 2000 nm, where

it increased by one order of magnitude. This increase can be attributed to the fact

that water strongly absorbs at wavelengths above 2000 nm [77]. The average effective

scattering and absorption coefficients σ̄s and κ̄, respectively, are also shown in the figure.
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Figure 3.3: Effective spectral (a) absorption κλ and (b) scattering σs,λ coefficients of

aqueous foam with 70 % porosity calculated from Equations (3.15) and (3.16). Horizontal

lines indicate the mean effective absorption κ̄ (=3.3 cm−1) and scattering σ̄s (=110 cm−1)

coefficients.
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3.4 Results and discussion

3.4.1 Foam morphology

Figures 3.4a and 3.4b show photographs of the foam generated experimentally under

applied lamp power of 128 and 181 W, respectively. It indicates that the bubbles at the

top of the foam layer are smaller under 128 W than under 181 W. This can be attributed

to larger evaporation rates of liquid between adjacent bubbles associated with higher

lamp power settings. Larger evaporation rates lead to increased bubble coalescence or

the merging of bubbles to form larger bubbles.

Figure 3.5 plots the temporal evolution of the foam height under different incident

irradiances. It indicates that the foam thickness increased nearly linearly before reaching

a plateau corresponding to the steady-state thickness, H∞. Figure 3.5 also shows a model

for the transient foam thickness develop by Pilon et al. [1] and expressed as

H(t) =
jt

ϕ
(3.20)

Equation (3.20) agrees well with experimental data at and early stage the transient foam

growth for all incident irradiances supplied by the incandescent lamp.
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(a) (b)

Figure 3.4: Pictures of steady-state aqueous foam generated during experimentation and

exposed to irradiation from an incandescent lamp at (a) 128 W and (b) 181 W.
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Figure 3.5: Temporal evolution of the height of aqueous foams generated by injecting

air in a foaming solution at superficial gas velocity of 0.015 mm/s for different incident

irradiances supplied by an incandescent heat lamp. The solid line represents the transient

foam height model given by Equation (3.20) [1].

Figure 3.6 shows the average steady-state thickness of the foam as a function of

the incident irradiance on the foam. It is evident that the steady-state foam thickness

decreased as the incident irradiance increased. This can be attributed to the evaporation

of fluid between adjacent foam bubbles that destabilizes the liquid film separating the

bubbles at the surface. This results in bubble coalescence and/or bursting and ultimately

in a thinner foam layer. In fact, the top surface of the steady-state foam featured a

parabolic shape for low incident irradiance, whereas it was nearly flat for larger incident

irradiance. The average bubble radius measured at the bottom of the steady-state foam

column was found to be 0.125 mm for all incident irradiances.
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Figure 3.6: Steady-state height H∞ of aqueous foams as a function of incident irradiance.

Error bars correspond to uncertainty in steady-state height measurements, i.e. ± 13 mm.

3.4.2 Comparison with steady-state foam thickness model

Steady-state foam thickness measurements under both isothermal conditions and radia-

tive heating were compared with the steady-state foam thickness predicted by Equation

(2.16) discussed in Chapter 1. In the absence of radiative heating, Equation (2.16)

predicted the foam thickness within 10 %. These results were very good given the exper-

imental uncertainty associated with r0 and H∞. However, under radiative heating the

differences between the predicted and experimental steady-state foam height were very

large and increased with increasing incident irradiance. This is mainly attributed to the

temperature dependence of thermophysical properties of the aqueous foam that was not
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considered in the model given by Equation (2.16).

3.4.3 Temperature profile

The temperatures at different points along the steady-state foam layer were found to

vary between 23 and 40◦C depending on the incident irradiance.
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Equation (3.12) for applied lamp power settings of (a) 83 W, (b) 128 W, and (c) 181 W.

Error bars correspond to experimental uncertainty estimated to be i.e. ± 2.0◦C.
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Figure 3.7 shows the measured temperature profiles across the steady-state foam

thickness for heat lamp power levels of (a) 83 W, (b) 128 W, and (c) 181 W, respec-

tively. It is evident that the temperature decreased from the top (z =0) to the bottom

(z = H∞) of the steady-state foam layer. Additionally, good agreement was observed

between the experimental data and the model predictions of Equation (3.12). Here, de-

viations between the experimental data and the model predictions could be attributed

to evaporative heat transfer that was not accounted for in the thermal model.

3.5 Chapter summary

The present chapter measured the evolution of aqueous foam exposed to normally in-

cident thermal radiation. Aqueous foams were generated by injecting air bubbles into

an aqueous surfactant solution made of 0.4 wt.% SDS. Steady-state foam thickness was

found to decrease with increasing incident irradiance. Additionally, temperature profiles

across the steady-state foam was measured for different incident irradiances. Experimen-

tal data agreed well with predictions from an analytical one-dimensional thermal model

accounting for combined conduction and radiation through foam treated as a gray and

cold medium. The radiation model was based on the two-flux approximation. Future

studies should focus on incorporating the effects of temperature-dependent thermophys-

ical properties and evaporation in both the physical model governing the steady-state

foam thickness and in the thermal model for the temperature profile.
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NOMENCLATURE

bλ Backward scattering fraction

C̄abs Average bubble absorption cross-section (m2)

C̄sca Average bubble scattering cross-section (m2)

fv Foam porosity

Gλ Spectral fluence rate (W/m2)

g Specific gravity (m/s2)

gj van de Hulst normalized absorption parameter

H∞ Steady-state foam thickness (m)

Iλ Spectral radiation intensity (W/m2 · sr · µm)

j Superficial gas velocity (m/s)

k Absorption index

keff Effective foam thermal conductivity [Equation (3.13)] (W/m/K)

m Complex index of refraction, m = n - ik

n Refraction index

NT Total number of bubbles per unit volume of foam (1/m3)

Q Efficiency factor

qr Radiative heat flux (W/m2)

r0 Average bubble radius (m)

ŝ Direction vector (m)

T Temperature (K)

t Time (s)

z Axial distance along foam column (m)

Greek symbols

αλ Parameter defined in Equation (3.3)

βλ Spectral extinction coefficient (1/cm)

δλ Parameter defined in Equation (3.3)

42



θ Angle between incident and scattered directions (rad)

κ̄ Average absorption coefficient (1/m)

κλ Spectral absorption coefficient (1/m)

ρ Density (kg/m3)

ρj van de Hulst normalized size parameter (=2(nj-1)/(2πr0/λ))

ρλ Reflectivity of aqueous surfactant solution

σ Liquid/gas interface surface tension (N/m)

σs,λ Spectral scattering coefficient (1/cm)

Φ Scattering phase function

ϕ Azimuth angle (rad)

Ω̂ Solid angle (sr)

Subscript

0 Refers to lower limit boundary condition

abs Refers to absorption

in Refers to incident radiation

sca Refers to scattering

b Refers to blackbody condition

f Refers to upper limit boundary condition

λ Refers to spectral properties

Superscript

c Refers to continuous phase (liquid) in foam

d Refers to dispersed phase (bubble) in foam
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CHAPTER 4

Convective Heat Transfer in Foams Under Laminar

Flow in Pipes and Tube Bundles

As previously discussed in Chapter 1, liquid foams represent a complex two-phase pseu-

doplastic fluid consisting of tightly packed bubbles of various diameter separated by a

thin film of liquid. They have found applications in separation processes, oil recovery,

water treatment, food processing, as well as in fire fighting and heat exchangers. In many

of these applications, it is necessary to understand convective heat transfer in flowing liq-

uid foams. This chapter reports experimental data and dimensional analysis for forced

convection of foams and microfoams in laminar flow in circular and rectangular tubes as

well as in tube bundles.

4.1 Background

4.1.1 Microfoam rheology

The rheological behavior of foams and microfoams can be described by the pseudoplastic

power-law model expressed as [79],

τw = KP γ̇n
w = K ′

P γ̇
n
a = µf γ̇a (4.1)

where τw is the wall shear stress, γ̇w is the true wall shear rate, and γ̇a is the apparent shear

rate while the effective foam viscosity is denoted by µf . The empirical constants KP and

n are the so-called flow consistency and flow behavior index, respectively. The true wall

shear rate γ̇w can be derived from γ̇a through the Rabinowitsch-Mooney relationship [82],
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γ̇w =

(
3n+ 1

4n

)
γ̇a and K ′

P = KP

(
3n+ 1

4n

)n

. (4.2)

Recently, Larmignat et al. [79] investigated the rheology of microfoams flowing through

cylindrical pipes. Experimental data were collected for aqueous solutions of non-ionic

surfactant polyoxyethylene (20) sorbitan monolaurate (Tween 20) with mass fraction

ranging from 0.03 to 9.96 wt.%. The authors defined the volume equalized dimensionless

shear stress and Capillary number as

τ ∗ =
τwr32
σϵ

and Ca∗ =
µwr32γ̇a

ϵσ
(4.3)

where r32 is the Sauter mean bubble radius, σ is the surface tension, µw is the viscosity

of water, and ϵ is the specific expansion ratio defined as the ratio of the densities of

the liquid phase and microfoam. Experimental data established that τ ∗ = C(χ)(Ca∗)2/3

where C(χ) is an empirical function dependent on the surfactant mass fraction χ (in

wt.%). In practice, microfoams made with aqueous solutions of Tween 20 can be treated

as a shear-thinning fluid with an effective viscosity given by [79],

µf = µwC(χ)(Ca∗)−1/3 with C(χ) = 0.4 + 0.8(1− e−χ/0.018) (4.4)

These results were in good agreement with the model developed by Denkov et al. [83,84]

for foams with porosity larger than 90% made of fluids with low surface dilatational mod-

ulus resulting typically in tangentially mobile bubble surface. They were also confirmed

by experimental measurements for anionic and cationic surfactants including hexadecyl-

trimethyl-ammonium bromide (CTAB) and sodium lauryl sulfate (SDS) [68].

4.1.2 Convective heat transfer in power-law fluids in circular pipes

Bird [11] derived an analytical solution predicting the local Nusselt number in the entry

region Nu∗
x and in the thermally fully developed region Nu∗

∞ for single phase power-law

fluids with flow behavior index n flowing through circular pipes subject to constant wall

45



heat flux as,

Nu∗
x =

hxDh

k
= 1.41

(
3n+ 1

4n

)1/3(
2

x+

)1/3

and Nu∗
∞ =

8(5n+ 1)(3n+ 1)

31n2 + 12n+ 1
.

(4.5)

Here, Dh is the hydraulic diameter of the wetted perimeter, k is the thermal conductivity

of the power-law fluid, and hx is the local heat transfer coefficient. The dimensionless

axial length x+ is defined as x+ = 2x/DhReDPr where x is the axial location measured

from the heated pipe entrance. The Reynolds and Prandtl numbers respectively denoted

by ReD and Pr were defined as,

ReD =
4ρQ̇

πDhµ
and Pr =

cpµ

k
. (4.6)

where cp is the specific heat of the power-law fluid, ρ is the fluid density, µ is the fluid

effective dynamic viscosity, and Q̇ is the volumetric flow rate.

Alternatively, Joshi and Bergles [12] applied a non-Newtonian correction factor de-

veloped by Mizushina et al. [85] to the correlation for Newtonian fluids proposed by

Churchhill and Usagi [86]. For constant fluid thermal properties this model is expressed

as [12],

Nu∗
x = 4.36

(
3n+ 1

4n

)1/3 {
1 +

[
0.376(x+)−0.33

]6}1/6

. (4.7)

The authors experimentally validated this model with a single-phase power-law fluid

made from 0.9 and 1.0 wt.% aqueous solution of hydroxy ethyl methyl cellulose (HEMC)

flowing through a circular pipe subject to constant wall heat flux. Note that thermally

fully developed flow is reached when the dimensionless axial length x+ is greater than

0.1 [87]. In addition, for flow behavior n = 2/3, such as that exhibited by microfoams

[68,79,83,84], the local Nusselt number predicted by Equations (4.5) and (4.7) falls within

10% of each other in the entry region and within 4% in the fully developed region.

Furthermore, Tseng et al. [13] experimentally investigated both the rheology and

convective heat transfer of microfoams made of Tween 20 in horizontal minichannels

with a rectangular cross-section and heated from three walls. The authors found that
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the local heat transfer coefficient and Nusselt number for microfoams under imposed

heat flux and laminar flow conditions were independent of mass flow rate and heat flux.

These results were similar to observations and theory for Newtonian fluids under the same

conditions [88]. They also determined that the heat transfer coefficient for microfoams

made of aqueous surfactant solutions was smaller than for single-phase water due to the

microfoams’ large porosity and low thermal conductivity.

More recently, Gylys et al. [14, 15] investigated convective heat transfer in dry aque-

ous foams with porosity of 99.6%, 99.7% and 99.8% and velocities between 0.14 m/s

and 0.32 m/s. The authors reported the local heat transfer coefficient as a function of

fluid velocity for upward and downward vertical aqueous foam flow across staggered and

aligned tube bundles of diameter D =0.02 m at different tube locations. Foams were

generated by injecting gas in an aqueous surfactant solution through a perforated plate

with 1 mm holes. Unfortunately, (i) the type of surfactant used to make the foam, (ii)

the surface tension of the air/solution system, and (iii) the average bubble radius were

not reported. Therefore, it was impossible to estimate the foam’s effective viscosity and

capillary number. Gylys et al. [14, 15] derived an empirical correlation for predicting

the local Nusselt number, based on the effective foam thermal conductivity given by the

parallel model. The average Nusselt number was expressed as a function of the gas phase

Reynolds number for foam flow across staggered tube bundles [15]. The average heat

transfer coefficient was given as a function of foam porosity and velocity for foam flow

across the aligned tube bundle [14]. Unfortunately, these correlations were derived from

a limited data set with specific geometric features and therefore the validity of these

correlations for other tube bundle dimensions and different foam properties is unknown.

4.1.3 Convective heat transfer in rectangular channels

Lee and Garimella [89] derived a generalized correlation for predicting the local Nusselt

number Nux,4 for convective heat transfer of laminar Newtonian flow in rectangular
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microchannels with constant wall heat flux from all four sides. It is expressed as [89]

Nux,4 =
hxDh

k
=

1

C1(x+/2)C2 + C3

+ C4 (4.8)

Here C1, C2, C3, and C4 were empirical constants depending on the aspect ratio α of the

rectangular channel (1≤ α ≤ 10) and given by Equation (12) in Ref. [89]. Secondly, the

dimensionless axial length x+ is defined as previously using ReD based on the hydraulic

diameter of the channel Dh.

For constant wall heat flux from three sides with one adiabatic side, Phillips [90]

introduced a correction factor to express the Nusselt number as,

Nux,3 = Nux,4 ×
(
Nu∞,3

Nu∞,4

)
(4.9)

Here, Nu∞,3 and Nu∞,4 are the fully developed Nusselt number for three and four sided

uniform wall heat flux boundary conditions, respectively expressed as [91]

Nu∞,3 = 8.235

(
1− 1.883

α
+

3.767

α2
− 5.814

α3
+

5.361

α4
− 2.0

α5

)
(4.10)

and

Nu∞,4 = 8.235

(
1− 2.0421

α
+

3.0853

α2
− 2.4765

α3
+

1.0578

α4
− 0.1861

α5

)
(4.11)

4.1.4 Convective heat transfer in tube bundles

Khan et al. [92, 93] presented an analytical correlation for single phase convective heat

transfer in laminar flows across aligned and staggered tube bundles under constant tem-

perature and wall heat flux. The average Nusselt number over the entire tube bundle in

the fully developed region was expressed as

N̄uD,th = C1Re
1/2
D,maxPr1/3 (4.12)

where C1 is a constant depending on the tube arrangement while the Reynolds number

ReD,max was defined based on the maximum fluid velocity Umax as [93]

ReD,max =
ρUmaxD

µ
(4.13)
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The maximum velocity in the minimum flow area is denoted by Umax and expressed

as [93]

Umax = max

(
lT

lT − 1
Q̇f/A,

lT
lD − 1

Q̇f/A

)
(4.14)

where A is the cross-sectional area of the test section and lD =
√
l2L + (lT/2)2 while lT

and lL are the dimensionless longitudinal and transverse pitches defined as [93]

lL = sL/D and lT = sT/D (4.15)

Here, sL and sT are the interaxial distance between tubes of diameter D in the direction

of the flow and normal to the flow, respectively.

Finally, the above correlations [Equations (4.5) and (4.7)] have been validated and

used for single-phase power-law fluids. However, it is not clear whether they are valid

for two-phase fluids such as foams and microfoams. To the best of our knowledge, no

experimental data and analysis have been reported for forced convective heat transfer in

microfoams flowing in cylindrical pipes.

4.2 Experiments

4.2.1 Experimental setup

In the present study, microfoams were generated by continuously stirring an aqueous

surfactant solution with a Silverson L4RT mixer at 7,000 rpm in a baffled container as

described in detail in Refs. [68,79]. The aqueous surfactant solutions were made by mixing

Tween 20 purchased from USB Corp. (USA) in deionized water with mass fraction χ

equal to 0.22, 0.55, 2.17, and 4.23 wt.%. The container was placed in a large tank of

water acting as a thermal reservoir to maintain the microfoam at constant temperature.

Type-T thermocouples were used to monitor the microfoam and water temperatures.

The microfoam was continuously produced and pumped into the test section to ensure

that it had the same inlet morphology, porosity, and temperature. The foam porosity,

Sauter mean bubble radius, and surface tension of the solution/air system were reported
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in Table 1 of Ref. [79].

Figure 4.1: Schematic of the experimental test section used along with dimensions and

locations of the thermocouples.

The experimental setup was typical of a pipe flow experiment and consisted of (i) a

supply tank, (ii) a volumetric pump (Cole-Parmer, model 75225), (iii) a data acquisition

system (IOTECH DAQTEMP 14 A) connected to a personal computer, and (iv) a test

section shown in Figure 4.1. The test section consisted of a 0.305 m long stainless steel

304 cylindrical pipe tightly fitted through a copper rod. The pipes had inner diameter

equal to 1.52 mm or 2.41 mm with corresponding outer diameter equal to 1.78 mm or

3.15 mm. Sealing was achieved by soldering the steel pipe and the copper rods. The

latter was then screwed into Teflon rods used to connect the test section with the rest of

the experimental setup. A differential pressure sensor (Omega PX26-015DV) was used

to measure the pressure drop between the inlet and outlet of the pipe (Figure 4.1). The

pressure drop was corrected for minor losses due to sudden expansion and contraction

in the test section (Figure 4.1). Microfoam rheology was discussed in details in Ref. [79]

and need not be repeated. The test section was heated by connecting the leads of a

Sorensen DCS8-125E power supply to the copper rods thereby flowing a constant current

and thus creating a constant wall heat flux along the stainless steel pipe (Figure 4.1). The

microfoam temperatures at the inlet and outlet of the test section were measured by type-
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K thermocouples. Likewise, seven type-K thermocouples were mounted axially along the

top of the stainless steel pipe’s outer wall with high thermal conductivity cement. The

seven thermocouple axial locations xi measured from the channel entrance were x1=0.027

m, x2=0.056 m, x3=0.078 m, x4=0.118 m, x5=0.157 m, x6=0.197 m, and x7=0.260 m as

illustrated in Figure 4.1. The test section was supported by G10 slabs placed above and

underneath the pipe to ensure that it remained straight and horizontal. The heated pipe

was also thermally insulated from the surroundings by several centimeters of fiberglass

insulation to minimize heat losses.

Finally, the volume of microfoam Vf (t) flowing out of the test section between times 0

and t was determined by using either a graduated Kimax 100 mL cylinder or a Nalgene 1 L

beaker while the time t was measured by a stop watch. Simultaneously, the corresponding

mass of microfoam Mf (t) was measured by using a compact digital bench Ohaus Scout

Pro SP401 scale. The plots of Vf (t) and Mf (t) as functions of time were linear and

their slopes were the volumetric flow rate Q̇f and the mass flow rate ṁf of microfoam,

respectively. The microfoam density ρf was experimentally determined by dividing the

mass flow rate ṁf by the volumetric flow rate Q̇f , i.e., ρf = ṁf/Q̇f . The microfoam

porosity, defined as the ratio of the volume of gas to the total volume of foam, was

estimated by [13]

ϕ = 1− ṁf

ρwQ̇f

= 1− ρf
ρw

(4.16)

where ρw is the density of water.

4.2.2 Experimental procedure and data reduction

The parameters measured experimentally for different values of flow rate and heat input

were (i) the pressure drop along the cylinder, (ii) the inlet and outlet temperatures Tin and

Tout, (iii) the local temperatures along the outer pipe wall Twall(xi), (iv) the volumetric

flow rate Q̇f , (v) the mass flow rate ṁf , and (vi) the microfoam density ρf and porosity

ϕ.
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Prior to collecting the data, the microfoam was flowed through the heated pipe for

5-10 minutes to ensure that a steady state had been reached. Then, the temperature

readings were recorded for 1 minute and averaged. In addition, micrographs of the mi-

crofoam were taken at the inlet and outlet of the test section to verify that the microfoam

morphology did not change significantly as it was flowed and heated in the pipe. Note

that the residence time of the microfoams in the heated pipe was less than 3 seconds for

the volumetric flow rates considered. Given the short residence time in the connecting

pipes and in the test section, flow stratification caused by liquid drainage between the

microfoam generation point and exit of the test section was assumed to be negligible.

The total power input was determined as the product of the current I and voltage ϑ

applied across the test section,

qtotal = ϑI. (4.17)

The actual heat input from the wall to the microfoam qf was determined from an energy

balance on the microfoam given by,

qf = ṁfcp,f (Tout − Tin) (4.18)

where cp,f is the specific heat of microfoam at the average temperature expressed as [13]

ρfcp,f = ρw(1− ϕ)cp,w + ρgϕcp,g. (4.19)

Here, ρg and cp,g are the density and specific heat of air, respectively, while ρw and cp,w

are those of water.

The heat losses to the surroundings were quantified by subtracting the total heat input

from the actual input into the microfoam, i.e., qloss = qtotal − qf . In the present study,

approximately 90% of the total electric power consumed was transferred to the microfoam

flowing in the test section, i.e., heat losses from the test section to the surroundings were

about 10%.

Finally, the wall heat flux q
′′
w was calculated from the heat input qf to the microfoam

according to,

q
′′

w = qf/πDhL (4.20)
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where L is the length of the heated test section.

Furthermore, the cylinder inner wall temperature Ti(xi) at specified axial locations

(xi)1≤i≤7 were determined from temperature measurements at the outer wall Twall(xi) by

correcting for radial heat conduction through the pipe according to [13]

Ti(xi) = Twall(xi) + ln(ro/ri)q
′′

wri/kpipe (4.21)

where kpipe (=14.9 W/m.K [88]) is the thermal conductivity of the stainless steel pipe

used in the experiment and ri and ro are its inner and outer radii, respectively. The local

temperature of the microfoam, Tf (x) at different axial locations was estimated based on

an energy balance given by [88],

Tf (xi) = Tin +

(
Tout − Tin

L

)
xi. (4.22)

Then, the local heat transfer coefficient at location xi was expressed as [13]

hx(xi) =
q
′′
w

Tf (xi)− Ti(xi)
. (4.23)

Finally, measurement uncertainties associated with the data were (i) ± 5 mL for

volume Vf , (ii) ± 1.0 g for mass Mf , (iii) ± 5% for the volumetric flow rate Q̇f , (iv)

± 0.01 V for the voltage ϑ, (v) ± 0.01 A for the current I, and (vi) ± 0.2 ◦C for the

temperature measurements Tin, Tout, and Twall(xi). All properties were evaluated at the

arithmetic mean of the inlet and outlet temperatures.

4.3 Results and discussion

4.3.1 Validation

The experimental procedure and data reduction were validated with single-phase deion-

ized water flowing in 2.4 mm diameter pipe under laminar flow conditions with constant

wall heat flux. Analytical expressions for the local Nusselt number Nux as a function

of dimensionless axial length of the pipe x+ = 2x/DhReDPr for these conditions were

reported in Equation (8-42) in Ref. [9] and Equation (6.137) in Ref. [10].
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Figure 4.2 compares Nux versus x+ predicted by these expressions with our experi-

mental data obtained with deionized water for wall heat transfer rate ranging from 74 to

125 W and Reynolds number between 727 and 1362. The dimensionless numbers were

estimated using fluid properties [94] determined at (Tin + Tout)/2. It is evident that the

local Nusselt number decreased in the entry region as the thermal boundary layer devel-

ops. It reached a constant value independent of heat flux and Reynolds number in the

thermally fully developed region where Nux = 4.36 [88]. These results establishes the

validity of the experimental setup and data analysis.
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Figure 4.2: Comparison of the local Nusselt number as a function of dimensionless axial

length of the pipe x+ = 2x/DhReDPr between experimental measurements and pre-

dictions from correlations given by Equation (8-42) in Ref. [9] and Equation (6.137) in

Ref. [10] for laminar flow of single-phase deionized water under constant heat flux in 2.4

mm diameter pipe.
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4.3.2 Dimensional analysis for convective heat transfer in foams

The dimensionless numbers ReD, Nux, and Pr used in correlations for single-phase

power-law fluids were given by Equations (4.5) and (4.6). However, for microfoams

it remains unclear what expressions and fluid properties ρ, µ, cp, and k should be used.

One could treat microfoams as a homogeneous fluid with some effective properties esti-

mated using an effective medium approximation (EMA). For example, a wide variety of

EMAs exist for estimating the effective thermal conductivity kf of heterogeneous mate-

rials including the series and parallel models [78] as well as Russel [95], son Frey [96],

Rayleigh [97], De Vries [98], Maxwell [99], Bruggeman [100], and the dispersion thermal

conductivity [101] models. However, no specific model has been validated for the thermal

conductivity of microfoams. Note that experimental measurements are made difficult by

the foam metastability and relatively rapid decay.

Alternatively, Lévêque’s approximation [102], commonly applied to power-law fluids,

assumes that at the wall the temperature boundary layer is controlled by a thin layer

of fluid. In the case of aqueous foams, the heated wall is in direct and continuous

contact with a thin layer of water separating the bubbles from the wall [83, 84] and

controlling the overall convective heat transfer from the wall to the foam. In addition,

based on dimensional analysis of the boundary layer equations, the Nusselt number can be

interpreted as a dimensionless temperature gradient at the fluid/wall interface [88]. Thus,

it is reasonable to define the Nusselt and Prandtl numbers based on the thermal properties

of water, namely cp,w and kw, as opposed to the effective properties of foams. However,

from a rheological point of view, microfoams and macrofoams were showed to flow like a

single-phase power-law fluid with some effective viscosity and density [68, 79, 83]. Then,

the Reynolds number can be defined based on the effective physical properties of the

microfoam, namely ρf and µf . In summary, for forced convection in foams, we define the

dimensionless numbers Nu∗
x, Re∗D and Pr∗, respectively, as,

Re∗D =
4ρfQ̇f

πDhµf

, Nu∗
x =

hxDh

kw
, and Pr∗ =

cp,wµf

kw
. (4.24)
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4.3.3 Results

The experimental data collected covered a broad range of microfoam properties as well as

hydrodynamic and thermal conditions. In fact, the surfactant mass fraction ranged from

0.22 to 4.23 wt.% resulting in microfoams density between 254 kg/m3 and 422 kg/m3

corresponding to a porosity ϕ between 0.58 and 0.74. The microfoam volumetric flow

rate Q̇f varied between 0.336 cm3/s and 1.46 cm3/s. As a consequence, the effective

viscosity µf of the microfoam varied from 0.005 N·s/m2 to 0.022 N·s/m2. Finally, the

wall heat flux q
′′
w was varied between 4,360 W/m2 and 21,380 W/m2. In all cases (i)

the microfoam Reynolds number was less than 1000 so that the flow was laminar and

(ii) the dimensionless axial length x+ reached at least 0.1 to ensure that thermally fully

developed conditions were reached by the end of the test section. The uncertainty in the

temperature measurements contributed an average of ± 7% error to the experimentally

determined Nusselt number.

First, Figure 4.3 shows the measured heat transfer coefficient hx estimated using

Equation (4.23) versus the axial location x for microfoams made of surfactant solution

with concentration 2.17 % flowing in pipes with diameter 1.5 mm and 2.4 mm under

various wall heat fluxes and mass flow rates. It indicates that the heat transfer coefficient

decreased along the channel length and reached a plateau for large enough values of x.

Figure 4.4 shows the local Nusselt number Nu∗
x versus the dimensionless axial length

x+ = 2x/DhRe∗DPr∗ obtained with microfoams for all Tween 20 mass fractions, heat

fluxes, and flow rates considered. The dimensionless numbers Nu∗
x, Re∗D, and Pr∗ were

defined according to Equation (4.24). Figure 4.4 indicates that Nu∗
x decreased in the

entry region and reached a constant in the fully developed region. The spread in the

experimental data can be attributed to differences in porosity, bubble size distribution,

and viscosity caused by differences in surfactant concentrations and flow rates. Such a

spread in experimental data is typical of two-phase flow heat transfer experiments as

reviewed in Ref. [103] and references therein.
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Figure 4.3: Local heat transfer coefficient calculated from Equation (4.23) versus axial

length x for microfoam made from Tween 20 aqueous solution with concentration χ=2.17

wt.% flowing in 1.5 and 2.4 mm diameter tubes under different heat transfer rates qf and

mass flow rates Q̇f .

Overall, the data appeared to be consistent and overlap relatively well despite the large

variation in microfoam morphology, rheological behavior, as well as imposed flow rates

and heat fluxes. It is important to note that poor agreement was observed when defining

Nu∗
x and Pr∗ using the effective thermal properties cp and k of the microfoam given

by previously mentioned EMAs. This indicates that the expression of the dimensionless

numbers Nu∗
x, Re∗D, and Pr∗ given by Equation (4.24) properly captured the phenomena

taking place in convective heat transfer in microfoams flowing in uniformly heated pipes.
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[11]

[12]

Figure 4.4: Comparison between experimental data and model predictions for the

local Nusselt number Nu∗
x = hxDh/kw as a function of dimensionless axial length

x+ = 2x/DhRe∗DPr∗ for microfoams with different surfactant mass fractions flowing

in uniformly heated pipes. The dimensionless numbers were defined in Equation (4.24)

while the models derived by Bird [11] and Joshi and Bergles [12] were given by Equations

(4.5) and (4.7), respectively.

Moreover, Figure 4.4 also plots the analytical expressions of Nu∗
x for power-law fluids

given by Equations (4.5) and (4.7) proposed by Bird [11] and Joshi and Bergles [12],

respectively. Here, the index n was taken as 2/3. Given the experimental uncertainty,

the experimental data for the Nusselt number are in good agreement with the model

predictions for all microfoams and test conditions investigated. In fact, the average

deviation between the fully developed Nusselt number Nu∗
∞ = 4.55 or 4.56 predicted by
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Equations (4.5) and (4.7), respectively and the experimental values of Nu∗
∞ was less then

18%.

Finally, we speculate that the same results will be valid for microfoams made with

other surfactants (e.g., CTAB, SDS) by analogy with previous isothermal rheological

studies [68, 79]. However, it is unclear if the same approach would prevail for laminar

forced convection under constant wall temperature, for turbulent convective heat transfer,

and forced convection in different geometries such as rectangular channels and tube

bundles. If so, existing correlations for single-phase pseudoplastic fluids could be easily

extended to two-phase pseudoplastic fluids such as foams by defining the dimensionless

numbers according to Equation (4.24) and using the non-Newtonian correction factor

introduced by Mizushina et al. [85] and successful used by Joshi and Bergles [12] to

account for the non-Newtonian behavior of microfoams. The next two sections aims to

demonstrate the validity and generality of this approach.

4.3.4 Application to convective heat transfer to microfoams in rectangular

minichannels

In order to apply the correlation giving Nu∗
x,3 for single-phase Newtonian fluid flowing

in laminar flow in rectangular pipes heated from 3 walls to the data reported by Tseng

et al. [13], Equations (4.9) and (4.10) were modified with the non-Newtonian correction

factor [(3n+1)/4n]1/3 so that

Nu∗
x,3 =

hxDh

k
= Nux,3

(
Nu∞,3

Nu∞,4

)(
3n+ 1

4n

)1/3

(4.25)

and

Nu∗
∞,i = Nu∞,i

(
3n+ 1

4n

)1/3

with i = 3 or 4 (4.26)

where Nux,3 and Nu∞,3 are given by Equation (4.9) and (4.10) for Newtonian fluids while

Nu∗
x,3 and Nu∗

∞,3 are their counterparts for pseudoplastic fluids. Note that Nu∗
∞,3/Nu∗

∞,4

= Nu∞,3/Nu∞,4.
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4.25)

4.26)

Figure 4.5: Comparison between experimental data and model predictions for the local

Nusselt number Nu∗
x,3 = hxDh/kw as a function of dimensionless axial length x+/2 for

aqueous microfoams made with Tween 20 and flowing through a rectangular mini-channel

heat from three surfaces under different imposed heat fluxes and flow rates [13]. The

dimensionless numbers were defined in Equation (4.24) while the models modified to

account for non-Newtonian fluids were given by Equations (4.25) and (4.26).

Figure 4.5 shows the local Nusselt number Nu∗
x,3 versus the dimensionless axial length

x+/2 = x/DhRe∗DPr∗ obtained with microfoams flowing in rectangular minichannels

(α = 2.08) heated from three sides under various heat fluxes and flow rates as reported

by Tseng et al. [13]. Here also, the dimensionless numbers Nu∗
x,3, Re∗D and Pr∗ for

microfoams were defined according to Equation (4.24). Figure 4.5 indicates that Nu∗
x,3

decreased in the entry region and rapidly reached a constant value in the fully developed
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region. Furthermore, it is evident that the experimental data overlap quite well in the

fully developed region thus further confirming that the expressions for the dimensionless

numbers given by Equation (4.24) properly capture the phenomena occurring in convec-

tive heat transfer in microfoams under laminar flow conditions. Figure 4.5 also plots the

modified correlations for convective heat transfer of pseudoplastic fluids under laminar

flow in rectangular channels for both the local and fully developed Nusselt number given

by Equations (4.25) and (4.26), respectively. Here also, the flow index n was taken as

2/3 [68,79,83,84]. Given the experimental uncertainty and the accuracy of the empirical

correlations, the predictions of the modified correlations were in reasonable agreement

with experimental data for the broad range of physical conditions considered.

4.3.5 Application to convective heat transfer to macrofoams in tube bundles

In this section, the data reported by Gylys et al. [14, 15, 104] and previously discussed

were used. In their measurements, the cross-sectional area A was equal to 0.02 m2 while

lT = lL = 1.5 for the aligned tubes and lT = 3.5 and lL = 0.875 for the staggered tubes.

Figures 4.6(a) and 4.7(a) plots the average heat transfer coefficient versus Umax re-

ported for foam flows across aligned and staggered arrangements, respectively [14,15,104].

They indicate that the heat transfer coefficient increases with increasing flow velocities.

Note that the measured heat transfer coefficients were independent of tube location for

tubes A4, B4, and C4 in aligned tube bundles and for tubes A3 and C3 in staggered

tubes. Then, the flow was thermally fully developed.

Moreover, by analogy with the previous analysis for convective heat transfer in mi-

crofoams, the experimental average Nusselt number was defined based on the thermal

conductivity of water in contact with the tubes as [93]

N̄u
∗
D,exp =

hD

kw
. (4.27)
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Figure 4.6: (a) Average heat transfer coefficient as a function of maximum velocity Umax

measured by Gylys et al. [14] and (b) average experimental Nusselt number defined

in Equation (4.27) versus ReD,max,f = ρfUmaxD/µw for downward flowing foams across

tubes A4, B4, and C4 in aligned tube bundles.
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Figure 4.7: (a) Average heat transfer coefficient in the fully developed region as a function

of maximum velocity Umax measured by Gylys et al. [15] and (b) average experimental

Nusselt number defined in Equation (4.27) versus ReD,max,f = ρfUmaxD/µw for down-

ward flowing foams across tubes A3 and C3 in staggered tube bundles.
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Similarly, the Reynolds and Prandtl numbers for macrofoams in tube bundles were de-

fined as

Re∗D,max,f =
ρfUmaxD

µf

and Pr∗ =
cp,wµf

kw
(4.28)

where ρf and µf are the foam density and viscosity while kw and cp,w are the water

thermal conductivity and specific heat, respectively. If the conclusions for microfoams

can be applied to convective heat transfer macrofoams, the correlation developed by

Khan et al. [93] for Newtonian fluids could be extended to macrofoams and expressed as

N̄u
∗
D,th = C1C(χ)−1/6(Ca∗)1/18

(
ρfUmaxD

µw

)1/2

Pr1/3w

(
3n+ 1

4n

)1/3

(4.29)

where Prw is the Prandtl number of water while the term [(3n+ 1)/4n]1/3 is the non-

Newtonian correction factor introduced by Mizushina et al. [85]. The effective foam

viscosity µf given by Equation (4.4) as well as C(χ) and Ca∗ could not be estimated

from the data provided by Gylys et al. [14, 15]. However, the term C(χ)−1/6(Ca∗)1/18

appearing in the above equation is constant for a given surfactant mass fraction used to

make the foaming solution.

Figures 4.6(b) and 4.7(b) plot the experimental average Nusselt number N̄u
∗
D,exp

given by Equation (4.27) versus ρfUmaxD/µw for the same locations in the aligned and

staggered tube bundle arrangements as those shown in Figures 4.6(a) and 4.7(a). It

is evident that the data collapse on a single line indicating the dimensionless numbers

N̄u
∗
D,exp and Re∗D,max,f capture the physical phenomena occurring in the macrofoam flow

across the tube bundles. The slight spread in the data can be attributed to variations in

foam porosity, bubble size distribution, rheological behavior, as well as in imposed flow

rates and temperature. Finally, in order to fully validate Equation (4.29), and in partic-

ular the non-Newtonian correction factor and the term C(χ)−1/6(Ca∗)1/18, experiments

with foams made from solutions with different surfactants and/or fluids other than water

should be performed. Their bubble radius, surface tension, and effective viscosity should

also be known or measured.
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4.4 Chapter summary

The study outlined in this chapter collected and analyzed experimental data for con-

vective heat transfer of microfoams in laminar flow condition in circular tubes under

constant wall heat flux. Microfoams were made from aqueous solutions with Tween 20

surfactant concentrations with mass fraction ranging from 0.22 to 4.23 wt.%. A wide

range of porosity, viscosity, flow rate, heat flux, and two different pipe diameters were

explored. The results were compared with existing analytical and semi-empirical dimen-

sionless correlations developed and validated with single-phase power-law fluids. Here,

the Reynolds number Re∗D was defined using the effective density and viscosity of mi-

crofoams. However, the dimensionless numbers Nu∗
x and Pr were defined based on the

thermal properties of water. This can be justified by the fact that the heated pipe wall

was in direct and continuous contact with a thin layer of water which controlled con-

vective heat transfer to the foam. Good agreement was observed between the model

predictions and experimental data when defining Nu∗
x, Re∗D and Pr∗ according to Equa-

tion (4.24). The same approach was successfully applied to experimental data collected

for laminar flow of microfoams in rectangular minichannels heated from three walls and

macrofoams across aligned and staggered tube bundles [14,15]. Finally, it remains to be

determined whether this simple and convenient approach can be extended to convective

heat transfer in foams made of different fluids under different geometries and/or flow and

boundary conditions.
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NOMENCLATURE

A Cross-sectional area of test section (m2)

Ca∗ Volume equalized capillary number, Eq. (4.3)

C(χ) Empirical function, Eq. (4.4)

cp Specific heat (J/kg·K)

Dh Hydraulic diameter (m)

hx Local heat transfer coefficient (W/m2·K)

I Current (A)

k Thermal conductivity (W/m·K)

Kp Flow consistency constant

L Length of the test section (m)

lL Dimensionless longitudinal pitch, Eq.(4.15)

lT Dimensionless traverse pitch, Eq.(4.15)

ṁ Mass flow rate (kg/s)

Mf Mass of microfoam (Kg)

n Flow behavior index

Nux Local Nusselt number, Nux = hxDh/k

NuD,exp Experimental local Nusselt number for tube bundles, Eq.(4.27)

Nu∞ Nusselt number for thermally fully developed conditions

Pr Prandtl number, Pr = cpµ/k

Q̇ Volumetric flow rate (m3/s)

qf Actual heat input to the microfoam (W)

qloss Heat loss to the surrounding (W)

qtotal Total power input (W)

q
′′
w Wall heat flux (W/m2)

ReD Reynolds number, Re = ρQ̇/1
4
πDhµ

ReD,max Reynolds number for flows across tube bundles, Eq. (4.13)
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ri Inner pipe radius (m)

ro Outer pipe radius (m)

r32 Sauter mean bubble radius (m)

Tf (xi) Average local temperature of microfoams (K)

Tin Microfoam temperature at test section inlet (K)

Tout Microfoam temperature at test section outlet (K)

Ti(xi) Inner wall temperature at location xi (K)

Twall(xi) Outer wall temperature at location xi (K)

t Time (s)

Umax Maximum velocity in minimum flow area (m/s)

ϑ Voltage (V)

Vf Volume of microfoams (mL)

Vp Volume of tube bundles (m3)

x Dimensional axial length (m)

xi Thermocouple location from pipe entrance (m)

x+ Dimensionless axial length for cylindrical pipe, x+ = 2x/DhReDPr

Greek symbols

α Rectangular channel aspect ratio, (α =width/height)

χ Surfactant mass fraction (wt.%)

ϵ Specific expansion ratio

ϕ Microfoam porosity

γ̇a Apparent shear rate (1/s)

γ̇w Wall shear rate (1/s)

µ Dynamic fluid viscosity (Pa·s)

σ Surface tension (N/m)

τw Wall shear stress (Pa)

τ ∗ Dimensionless shear stress

Subscript
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f refers to microfoam or foam property

g refers to air in microfoam

pipe refers to stainless steel pipe property

w refers to water property or wall shear

3, 4 refers to rectangular channels heated from 3 or 4 walls

Superscript

∗ refers to power-law fluid dimensionless numbers and correlations
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CHAPTER 5

Absorption and Scattering by Liquid Marble Colloids

As discussed in Chapter 1, photoresponsive liquid marbles are a novel material that

can be used as functional materials in sensing, delivery, and optofluidic applications

[39,48–50]. In order to develop and optimize their use in these applications, it is necessary

to understand their interaction with electromagnetic waves, and develop accurate and

efficient means for predicting their radiation characteristics. As previously mentioned, the

geometry and structure of a liquid marble consists of a spherical liquid core surrounded

by a large number of small solid particles. A priori, the interaction of electromagnetic

waves with liquid marbles depend on marble morphology, size, and on the materials used

for the core and coating particles and their respective optical properties. This chapter

reports predictions of the radiation characteristics of liquid marbles made of an aqueous

core stabilized by a coating of highly hydrophobic and closely packed monodisperse non-

absorbing or absorbing particles. It also discusses approximate methods based on simpler

equivalent geometries for estimating the integral radiation properties of liquid marbles.

5.1 Background

5.1.1 Scattering matrix

The intensity and polarization of an electromagnetic wave are described by the Stokes

vector, consisting of the four Stokes parameters I, Q, U , and V [105]. The Stokes vector

of the radiation incident on a scatterer of arbitrary shape and orientation in direction

ŝi is given by Iinc(r, ŝi) = (Iinc, Qinc, Uinc, Vinc)
T . The incident Stokes vector is related
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to the scattered Stokes vector Isca(r, ŝ) = (Isca, Qsca, Usca, Vsca)
T via the Mueller matrix

[Z(Θ)] according to [106]

Isca(r, ŝ) =
1

r2
[Z(Θ)]Iinc(r, ŝi). (5.1)

Here, r is the norm of the location vector r corresponding to the distance between the

particle center and the observation point. The scattering angle Θ is defined as the angle

between the incident ŝi and scattered ŝ directions. For randomly oriented aggregates of

particles it is more convenient to use the normalized or Stokes scattering matrix [F(Θ)]

given by [105]

[F(Θ)] =
4π

Csca

[Z(Θ)] (5.2)

where Csca is the scattering cross-section of the aggregate. It is defined as the energy of

the incident electromagnetic (EM) wave falling on the area Csca. Similarly, the absorption

cross-section Cabs of the aggreage represents the energy of the incident EM wave falling

on the area Cabs. Finally, the extinction cross-section is defined as Cext = Cabs + Csca.

For a randomly oriented aggregate, the normalized scattering matrix is expressed as

[F(Θ)] =


F11(Θ) F12(Θ) 0 0

−F12(Θ) F22(Θ) 0 0

0 0 F33(Θ) F34(Θ)

0 0 −F34(Θ) F44(Θ)

 . (5.3)

Here, F11(Θ) represents the scattering phase function normalized according to [105]

1

4π

∫
4π

F11(Θ)dΩ = 1 (5.4)

where Ω is the solid angle around the scattering angle Θ. The asymmetry factor g is

defined as

g =
1

4π

∫
4π

F11(Θ) cosΘdΩ. (5.5)

It describes the shape of the scattering phase function. It is equal to 0, -1, and 1

for isotropic, purely backward, and purely forward scattering scatterers, respectively

[53]. Moreover, the scattering matrix element F12/F11 represents the degree of linearly
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polarized scattered radiation for a particle exposed to unpolarized radiation [107]. In

addition, the sphericity of the particle is identified by the ratio F22/F11 [107]. The ratio

F34/F11 represents the fraction of obliquely polarized light at 45◦ that is transformed into

circularly polarized radiation [107]. Finally, for spherical scatterers, F22(Θ) = F11(Θ) and

F33(Θ) = F44(Θ), i.e., F22/F11 = F33/F44 = 100%.

5.1.2 Superposition T-matrix method

The superposition T-matrix provides an accurate method for numerically determining the

radiation characteristics of multisphere clusters including Cabs, Csca, g, and the scattering

matrix coefficients Fij [108]. Given a cluster or aggregate of spheres, the superposition

T-matrix estimates the scattered EM field of the aggregate as the sum of the EM fields

scattered by each sphere. These interacting fields are transformed into a system of sphere-

centered equations and inverted to obtain the T-matrix [109]. Then, the absorption Qabs

and scattering Qsca efficiency factors, and the scattering matrix elements are obtained

from simple operations on the T-matrix [109].

Mackowski [110] successfully utilized the superposition T-matrix method to predict

absorption and scattering cross-sections of soot particles modeled as fractal aggregates

of carbon spherical nanoparticles. This method has been used in a variety of other

applications including (i) plasmon resonance in aggregates of gold [111] and silver [112]

nanoparticles, (ii) interpretation of solar radiation scattered by cometary dust [113], (iii)

and radiation characteristics of filamentous cyanobacteria [114, 115] and of bispheres,

quadspheres, and rings of spheres [116]. More recently, Mishchenko et al. [117] used

the superposition T-matrix to predict the absorption and scattering cross-sections, the

asymmetry factor, the single-scattering albedo, and the scattering matrix elements of

external, semi-external, and internal mixtures of micrometer-sized water droplets and

containing soot particles. The authors demonstrated that the absorption cross-sections

were highly dependent on the spatial arrangement of the soot particles. The absorption

cross-section was larger when the soot particles were uniformly mixed within the water
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droplet and smaller when the soot particles were aggregated. This was attributed to

shading effects by the strongly absorbing soot particles.

5.1.2.1 Geometric-optics surface wave method

Alternatively, the geometric-optics surface-wave (GOS) method provides a means of pre-

dicting the absorption Qabs and Qsca efficiency factors, and the asymmetry factor g for

spherical aggregates and spheres with spherical inclusions with overall size parameter

χ larger than 2.0 [118–120]. First, the scattering and absorption efficiency factors are

computed from the ray-by-ray integration algorithm developed for cases when geometric

optics prevails, i.e., for χ >> 1 [118, 121]. Then, following the work of Nussenzveig and

Wiscombe [122], the extinction and absorption efficiency factors are computed for surface

waves accounting for the interaction of waves at grazing angles near the periphery of a

spherical particle. The extinction efficiency factors computed by the geometric optics

method and for surface waves are added to predict the integral radiation characteristics

of the aggregate [118].

5.1.3 Equivalent scatterers

A number of studies have focused on the development of approximate methods for pre-

dicting the radiative characteristics of aggregates of spherical particles by approximating

these aggregates as equivalent scatterers with simpler geometries. For example, La-

timer [123] approximated randomly oriented fractal aggregates of latex spherical particles

of radius rs in water as coated spheres in which the core and the coating had the complex

index of refraction of the water and latex, respectively. Here, the inner rL,i and outer

rL,o radii of the coated sphere were defined as [123]

rL,i = N
1/3
s,L rs

(
1− 1

F 1/3

)
and rL,o =

(
r3sNs,L

F

)1/3

(5.6)

where Ns,L refers to the number of particles in the aggregate. Here, F is the ratio of the

total volume of particles and the volume of the smallest sphere enclosing the aggregate
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expressed as a function of fractal dimension Df as [123]

F = N

(
1− 3

Df

)
s,L . (5.7)

Good agreement between the equivalent coated sphere predictions and experimental re-

sults of scattering intensities were observed for scattering angles between 0◦ and 15◦.

However relative errors reached up to 80% for scattering angles greater than 90◦ [123].

Taylan and Berberoğlu [42] approximated dry water particles as coated spheres for

determining their radiation characteristics. For a given liquid marble particle with a water

core of radius Rw stabilized by spherical silica particles of radius rs, the dimensionally

equivalent coated sphere had inner and outer radii given by

rR+2r,i = Rw and rR+2r,o = (Rw + 2rs). (5.8)

More recently, Heng et al. [116] demonstrated that the scattering and absorption

cross-sections and asymmetry factor of randomly oriented and optically soft bispheres,

quadspheres, and rings of spheres could be approximated by an equivalent coated sphere

with identical volume and average projected area. Similarly, Kandilian et al. [124] showed

that this coated sphere approximation was also valid for the absorption and scattering

cross-sections and the asymmetry factor of randomly oriented fractal aggregates of spher-

ical monomers.

Mishchenko et al. [117] approximated a spherical water droplet containing randomly

distributed spherical carbon particles as a volume equivalent homogeneous sphere with

effective refractive and absorption indices computed from the Maxwell Garnett Theory

(MGT) for two-phase mixtures. The absorption and scattering cross-sections, the single-

scattering albedo, and the asymmetry factor predictions by Lorenz-Mie theory for the

volume equivalent homogenous sphere were in good agreement with the predictions by

the superposition T-matrix method.

The present study aims to accurately predict the radiation characteristics of liquid

marbles using the superposition T-matrix method. It also aims to assess whether liquid
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marbles can be approximated by simpler geometries for the purpose of determining their

radiation characteristics in an accurate and computationally inexpensive manner.

5.2 Analysis

5.2.1 Modeling liquid marbles

Liquid marbles made of aqueous cores and stabilized by either latex or TiO2 monodisperse

spheres of various sizes exposed to monochromatic EM waves with wavelength were

investigated. Liquid marbles can be geometrically described as a spherical core of radius

Rw coated by highly-ordered tangential monodispere spheres of radius rs, as illustrated

in Figure 5.1b [38, 43]. Figure 5.1c shows two adjacent and identical spheres of radius

rs tangential to the spherical core of radius Rw whose center coincides with the origin

in the spherical coordinate system. The angle ∆θ of the sector defined by the centers of

two adjacent coating spheres and the center of the liquid marble core can be determined

from the law of cosines as

∆θ = cos−1

(
1− 2r2s

R2
t

)
. (5.9)

Here, Rt is the sum of the core radius Rw and the coating radius rs, i.e., Rt = Rw + rs.

Then, the number of spheres along a meridian between the North and South poles of the

spherical core of radius Rw is given by p = π/∆θ. Note, here the value of p was rounded

down to the nearest integer to ensure that there is no sphere overlap or partial spheres.

Moreover, there is a complete ring of spheres coating the core whose centers follow the

same parallel increment ∆θ. For example, the center-to-center distance between an

arbitrary sphere at index i = 0 and a sphere at the ith level is given by

µi = Rt sin θi with θi = i∆θ for i = 0, 1, 2, ...p.

Figure 5.1d shows a top view of a liquid marble indicating that the centers of the

spheres form a polygon that is a function of the number of spheres at a given level i.

Once again, the law of cosines can be employed to determine the minimum angle between

74



the centers of two adjacent spheres ∆ϕi at the ith level given as

∆ϕi = cos−1

(
1− 2rs

µi

)
. (5.10)

Δθ 

R
w 

r
s r

s 

R
t 
=

 
R

w
+r

s 

μi 

2r
s 

μ
i 

Δϕ 

(a) (b) 

(c) (d) 

North 

South 

Figure 5.1: (a) Micrograph of liquid marble consisting of a water droplet coated with

monodisperse polystyrene latex particles, 0.44 µm in diameter [16]. (b) General, (c) side,

and (d) top view of simulated liquid marble along with geometric parameters.
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Therefore, the number of spheres coating the core at the ith level making up a complete

ring of spheres is given by

q(i) =
2π

∆ϕi

. (5.11)

Then, in the spherical coordinate system, the coordinates of the centers of the tangential

spheres, in terms of the azimuthal increment j and the ith level is given by

(r, θ, ϕ) = (Rt, (i∆θ)0≤i≤p, (j∆ϕ)0≤j≤q(i)). (5.12)

5.2.2 Modeling liquid marbles as equivalent coated spheres

Consider a liquid marble of core radius Rw coated with monodisperse spheres of radius

rs, as shown in Figure 5.1. Then, the volume equivalent radius of a liquid marble can be

expressed as

rv,eq = (R3
w +Nsr

3
s)

1/3 (5.13)

where Ns =
p∑

i=0

q(i) refers to the total number of spheres coating the spherical core of

radius Rw. The corresponding volume equivalent size parameter is given as

χv,eq =
2πrv,eq

λ
(5.14)

where, λ represents the wavelength of the incident EM wave.

Furthermore, the projected area of a liquid marble particle is defined as the sum of

the projected area of the spheres coating the core Ap,s and of the spherical core Ap,w

expressed as [116]

Ap = Ap,s + Ap,w = 2pπr2s + πR2
w. (5.15)

Then, the inner and outer radii of the volume and projected area equivalent coated sphere

are respectively given by

rV+Ap,i = [(Ap/π)
3/2 − 2pr3s ]

1/3 and rV+Ap,o = (2pr2s +R2
w)

1/2. (5.16)
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5.2.3 Radiation characteristics

First, the absorption Qabs and scattering Qsca efficiency factors, and asymmetry factor g

of aqueous liquid marbles stabilized by latex or TiO2 particles were computed using the

superposition T-matrix method and the GOS method. The computer code implementing

the superposition T-matrix method developed by Mackowski and Mishchenko [125] and

that implementing the GOS method developed by Liou et al. [119,120] were used. Both

codes utilize (i) the spatial coordinates of the sphere centers given by Equation (5.12), (ii)

the relative complex refractive index mr,w = mw/nm of the spherical core with respect to

the surrounding medium and (iii) the relative complex index of refraction mr,s = ms/nm

of the Ns spheres of radius rs coating the core, and (iv) the size parameters of the core

and coating spheres expressed, respectively, as

χs =
2πrs
λ

and χw =
2πRw

λ
(5.17)

where, λ represents the wavelength of the incident EM wave. Due to limitations of the

superposition T-matrix code in handling large size parameters, only size parameters, χs

and χw ranging from 0.01 to 10 were examined using the superposition T-matrix method.

Alternatively, the GOS method allowed for size parameters χw and χs, between 2 and

10,000 such that χv,eq > 10.

The optical properties of the liquid water core and of the latex or TiO2 coating spheres

were obtained from Refs. [77, 126–128]. Here, the refraction index of the surrounding

medium was taken to be that of air, nm = 1, i.e, mr,w = mw and mr,s = ms. At

wavelength of 500 nm, latex and TiO2 can be treated as non-absorbing [127,128]. Then,

the complex index of refraction of water was taken as mw = 1.33 + i10−9 [77], that of

latex as ms = 1.6 + i0.0 [126], and that of TiO2 as ms = 2.16 + i0.0 [127, 128]. Finally,

at wavelength of 300 nm, the relative complex index of refraction of water and TiO2

were taken as mw = 1.35 + i10−8 [77] and ms = 2.31 + i0.27 [127, 128], respectively.

The simulated liquid marbles featured a wide range of radii and size parameters. The

spherical core and stabilizing spherical particle radii varied between 8.0 nm and 800 µm
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and between 0.8 nm and 72 µm, respectively. This corresponds to size parameters χw and

χs between 0.1 and 9,000 and 0.01 and 900, respectively. Three values of core-to-coating

radii ratio Rw/rs were considered, namely 10, 50, and 75.

The scattering and absorption efficiency factors obtained from the superposition T-

matrix method and from the GOS method were converted to absorption Cabs and scatter-

ing Csca cross-sections by multiplying them by the projected surface area of the volume

equivalent sphere πr2v,eq [125], i.e.,

Cabs = πr2v,eqQabs and Csca = πr2v,eqQsca. (5.18)

Alternatively, the absorption and scattering cross-sections of (i) volume and projected

area equivalent coated spheres and (ii) dimensionally equivalent coated sphere with inner

and outer radii rR+2r,i = Rw and rR+2r,o = Rw + 2rs, respectively, were calculated from

Lorenz-Mie theory [129, 130] with the Matlab R⃝ code obtained from Ref. [131]. The

scattering and absorption efficiency factors were computed based on the inner χV+Ap,i

and outer χV+Ap,o size parameters corresponding to the inner and outer radii rV+Ap,i
and

rV+Ap,o given by Equation (5.16) and expressed as

χV+Ap,i =
2πrV+Ap,i

λ
and χV+Ap,o =

2πrV+Ap,o

λ
. (5.19)

Then, the absorption Cabs,V+Ap and scattering Csca,V+Ap cross-sections of the volume and

projected area equivalent coated spheres were calculated according to

Cabs/sca,V+Ap = πr2V+Ap,oQabs/sca(mw,ms, χV+Ap,i, χV+Ap,o). (5.20)

The Lorenz-Mie theory for coated spheres was also used to determine the cross-

sections of dimensionally equivalent coated spheres with respective core and coating shell

radii rR+2r,i = Rw and rR+2r,o = Rw + 2rs according to

Cabs/sca,R+2r = πr2R+2r,oQabs/sca(mw,ms, χR+2r,i, χR+2r,o). (5.21)

Furthermore, for the sake of comparison, the absorption Cabs,w and scattering Csca,w

cross-sections of the liquid marble were also compared with those of the aqueous core

alone for cases when the coating particles were non-absorbing, i.e., at λ = 500 nm.
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5.3 Results and discussion

5.3.1 Absorption cross-section

Figure 5.2 plots the absorption cross-sections Cabs of liquid marbles made of an aqueous

core stabilized by (a) latex or (b) TiO2 coating particles for λ = 500 nm and by (c)

TiO2 coating particles for λ = 300 nm, as functions of their respective volume equivalent

size parameter χv,eq. Several values of core-to-coating radii ratio Rw/rs were considered

namely 10, 50, and 75. The absorption cross-section was predicted by the superposition

T-matrix method for χw and χs ranging from 0.01 to 10 and by the GOS method for χw

and χs between 2 and 10,000. In all cases, it is evident that the absorption cross-sections

increased monotonously with increasing volume equivalent size parameter χv,eq. Figures

5.2a and 5.2b establish that the absorption cross-sections at 500 nm of liquid marbles

stabilized with either latex or TiO2 particles were independent of the ratio Rw/rs and

identical to one another.

Indeed, at this wavelength both latex and TiO2 particles are non-absorbing and the

absorption was only due to the aqueous core. In fact, Figures 5.2a and 5.2b also show the

absorption cross-section of the liquid marble aqueous core alone predicted by the Lorenz-

Mie theory for size parameter χw. Figure 5.3a and 5.3b plot the ratio of the absorption

cross-sections Cabs predicted by the superposition T-matrix or GOS methods and the

absorption cross-section Cabs,w estimated from Lorenz-Mie theory for the liquid marble

core alone as a function of the liquid marbles volume equivalent size parameter χv,eq.

They show good agreement between the exact predictions of the liquid marbles absorption

cross-section and those estimated from Lorenz-Mie theory for the liquid marbles core. In

fact, the results agreed on average within 10% of the superposition T-matrix method

predictions for χv,eq ϵ [0.1,10] and within 20% with the GOS method predictions for χv,eq

ϵ [10,10,000]. In other words, the refracting but non-absorbing coating particles had no

significant effect on the absorption cross-section of the liquid marbles. Note also that

predictions for (i) the dimensionally equivalent coated spheres and (ii) for the volume
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and projected area equivalent coated spheres did not provide better predictions of Cabs.
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Figure 5.2: Absorption cross-sections predicted by the superposition T-matrix method

and the GOS method for liquid marbles with core and coating particle complex index

of refraction (a) mw = 1.33 + i10−9 and ms = 1.60 + i0.0, (b) mw = 1.33 + i10−9 and

ms = 2.16 + i0.0, and (c) mw = 1.35 + i10−8 and ms = 2.31 + i0.27. Also shown

are predictions of Cabs for the liquid core alone and for the volume and projected area

equivalent coated sphere, and a dimensionally equivalent coated sphere.

Finally, in the asymptotic case when χv,eq << 1, the absorption cross-sections were
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proportional to χ3
v,eq according to Rayleigh scattering for a spherical water droplet [53].

On the other hand, Figure 5.2c establishes that the absorption cross-section of liquid

marbles stabilized by TiO2 particles was much larger at 300 nm than at 500 nm due to

the fact that, at this wavelength, not only the core but also the coating particles absorbed

the EM waves. In addition, for absorbing coating particles, the liquid marble absorption

cross-section Cabs increased with decreasing ratio Rw/rs. Indeed, in the case considered,

the coating particles absorbed much more strongly than the water droplet. Therefore,

the absorption cross-section of the liquid marble increased with increasingly large coating

particles, i.e, decreasing ratio Rw/rs. However, here also, the absorption cross-sections

was proportional to χ3
v,eq for χv,eq << 1 with a coefficient of proportionality depending

on Rw/rs.

Figure 5.2c also compares the absorption cross-section predicted by the superposi-

tion T-matrix and GOS methods with the cumulative absorption cross-section of the

liquid marble constituents, namely the aqueous core and the Ns(Rw/rs) coating particles

expressed as

Cabs,t = Cabs,w +Ns(Rw/rs)× Cabs,s. (5.22)

Here, Cabs,w and Cabs,s are the absorption cross-sections of the aqueous core and of a

single coating particle predicted by Lorenz-Mie theory, respectively.

Figure 5.3c plots the ratio of the superposition T-matrix or GOS predicted absorption

cross-sections Cabs and the absorption cross-section Cabs,t estimated by Equation (5.22).

Figure 5.3c shows good agreement between predictions by Equation (5.22) and those

by the superposition T-matrix method for volume equivalent size parameter χv,eq < 1.

Unfortunately, poor agreement was observed between predictions for Cabs by the GOS

method and by Equation (5.22). Finally, here again, predictions by the volume and

projected area and dimensionally equivalent coated spheres did not agree with neither

predictions by the superposition T-matrix or by the GOS methods and were not shown.
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Figure 5.3: Ratio of absorption cross-sections predicted by the superposition T-matrix or

GOS method and Lorenz-Mie theory for the liquid marble’s aqueous core Rw for liquid

marbles with core and coating particle complex index of refraction (a) mw = 1.33+ i10−9

and ms = 1.60 + i0.0, (b) mw = 1.33 + i10−9 and ms = 2.16 + i0.0, and (c)

mw = 1.35 + i10−8 and ms = 2.31 + i0.27.
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5.3.2 Scattering cross-section

Figure 5.4 plots the scattering cross-sections Csca of liquid marbles made of an aqueous

core stabilized by (a) latex or (b) TiO2 coating particles for λ = 500 nm and by (c) TiO2

coating particles for λ = 300 nm, as functions of their respective volume equivalent size

parameter χv,eq. They corresponded to the same liquid marbles considered in Figure 5.2

for Cabs. Here also, the core-to-coating radii ratio Rw/rs was taken as 10, 50, and 75.

In all cases, it is evident that the scattering cross-sections increased monotonously with

increasing volume equivalent size parameter χv,eq. Figures 5.4a to 5.4b establish that the

scattering cross-sections of liquid marbles stabilized with non-absorbing latex or TiO2

particles were independent of the ratio Rw/rs. In addition, for a given volume equivalent

size parameter χv,eq, the scattering cross-section of the liquid marbles stabilized with

TiO2 particles was larger than that of the latex particles. This was attributed to the

larger index of refraction mismatch between the non-absorbing coating particles with

respect to the aqueous core ns/nw and to the surrounding air ns/nm. Interestingly, the

liquid marbles stabilized by absorbing TiO2 particles at wavelength of 300 nm, had the

smallest scattering cross-section despite having the largest refractive index mismatch

relative to the aqueous core and surrounding medium (ns =2.31). This was due to the

fact that, at 300 nm, the TiO2 particles were strongly absorbing (ks = 0.27). Moreover,

in the asymptotic regimes when χv,eq << 1 and χv,eq >> 1, the scattering cross-sections

for all liquid marble considered were proportional to χ6
v,eq and χ2

v,eq. These results were

analogous to Rayleigh scattering (χv,eq <<1) and geometric optics theory (χv,eq >>1)

for homogeneous spherical particles [53].

Additionally, Figures 5.4a to 5.4c plot the liquid marbles scattering cross-section

estimated for (i) the liquid marbles aqueous core of radius Rw, (ii) the volume and

projected area equivalent coated sphere, and (iii) the dimensionally equivalent coated

sphere computed by Lorenz-Mie theory.

83



10-9

10-7

10-5

10-3

10-1

101

103

105

107

10-1 100 101 102 103 104

S
ca

tt
er

in
g

 c
ro

ss
-s

ec
ti

o
n

, 
C

sc
a

(µ
m

2
)

Volume equivalent size parameter,  χv,eq

6

2

10-10

10-8

10-6

10-4

10-2

100

102

104

106

10-1 100 10-1 102 103 104

S
ca

tt
er

in
g

 c
ro

ss
-s

ec
ti

o
n

, 
C

sc
a

(µ
m

2
)

Volume equivalent size parameter,  χv,eq

6

2

m
s

= 1.60 + i0.0
m
w

= 1.33 + i10-9
m
s

= 2.16 + i0.0

m
w

= 1.33 + i10-9

m
w

= 1.35 + i10-8
m
s

= 2.31 + i0.27

(a) (b)

(c)

10-9

10-7

10-5

10-3

10-1

101

103

105

107

10-1 100 101 102 103 104

S
ca

tt
er

in
g

 c
ro

ss
-s

ec
ti

o
n

, 
C

sc
a

(µ
m

2
)

Volume equivalent size parameter,  χv,eq

6

2

Spherical core, R
w

R
w
/r
s

T-matrix

GOS

(V+Ap)
(Rw+2rs)

Figure 5.4: Scattering cross-sections predicted by the superposition T-matrix method

and the GOS method for liquid marbles with core and coating particle complex index

of refraction (a) mw = 1.33 + i10−9 and ms = 1.60 + i0.0, (b) mw = 1.33 + i10−9 and

ms = 2.16 + i0.0, and (c) mw = 1.35 + i10−8 and ms = 2.31 + i0.27. Also shown

are predictions of Csca for the liquid core alone and for the volume and projected area

equivalent coated sphere, and a dimensionally equivalent coated sphere.

Figures 5.5a to 5.5c plot the ratio of the liquid marbles scattering cross-sections predicted

by the superposition T-matrix or GOS methods and those estimated from Lorenz-Mie the-

ory for an equivalent coated sphere that had identical volume and projected area. Good
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agreement is observed between the predictions of the superposition T-matrix method and

the volume and projected area equivalent coated sphere for liquid marbles stabilized by

non-absorbing coating particles.
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Figure 5.5: Ratio of the scattering cross-sections [Csca]/[Csca,V+Ap ] for the liquid marbles

and their volume and projected area equivalent coated sphere with core and coating

particle complex index of refraction (a) mw = 1.33 + i10−9 and ms = 1.60 + i0.0, (b)

mw = 1.33+i10−9 and ms = 2.16+i0.0, and (c) mw = 1.35+i10−8 and ms = 2.31+i0.27.

In fact, the volume and projected area equivalent coated sphere predictions agreed on
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average within 15% of the superposition T-matrix method predictions of liquid marbles

stabilized by non-absorbing coating particles for χv,eq ϵ [0.1,10]. On the other hand,

estimates using the liquid marbles aqueous core and the dimensionally equivalent coated

sphere did not agree with the predictions from the superposition T-matrix nor with the

GOS results.

5.3.2.1 Asymmetry factor

Figure 5.6 plots the asymmetry factor g corresponding to the liquid marbles discussed in

the previous section as a function of the volume equivalent size parameter χv,eq. In all

cases, the liquid marbles exhibited forward scattering up to χv,eq ≈ 6.0. The inflection

in g(χv,eq) may be attributed to waveguide-like effects created in the region bounded

by adjacent coating particles and the aqueous sphere [132]. Here again, the asymmetry

factors were shown to be independent of the core-to-coating ratio Rw/rs and nearly

identical to one another for non-absobring coated spheres and a given liquid marble

volume equivalent size parameter χv,eq. Then, the scattering behavior of the liquid marble

was dictated by its larger core dimensions, and the effect of the coating particles was

minimal.

Figure 5.6 also plots the asymmetry factor estimated by Lorenz-Mie theory for the

volume and projected area and dimensionally equivalent coated sphere approximations.

The asymmetry factor predicted by the superposition T-matrix method and that pre-

dicted by the Lorenz-Mie theory for the volume and projected area equivalent coated

sphere fell within 16% of each other for liquid marbles such that χv,eq < 10. However,

the asymmetry factors estimated from Lorenz-Mie theory for the dimensionally equiva-

lent coated sphere did not agree with the predictions by either the superposition T-matrix

or the GOS methods
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Figure 5.6: Asymmetry factor predicted by the superposition T-matrix method and the

GOS method for liquid marbles with core and coating particle complex index of refraction

(a) mw = 1.33+ i10−9 and ms = 1.60+ i0.0, (b) mw = 1.33+ i10−9 and ms = 2.16+ i0.0,

and (c) mw = 1.35+ i10−8 and ms = 2.31+ i0.27. Also shown are predictions of g for the

liquid core alone and for the volume and projected area equivalent coated sphere, and a

dimensionally equivalent coated sphere.
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5.4 Chapter summary

This chapter predicted the integral radiation characteristics of liquid marbles made of

an aqueous core stabilized by either absorbing or non-absorbing particles. Liquid mar-

bles were modeled as a spherical core of radius Rw coated by highly-ordered tangential

monodisperse spheres of radius rs and were geometrically simulated according to core-

and-coating radii ratioRw/rs = 10, 50, and 75, and volume equivalent size parameter χv,eq

ranging from 0.1 to 10,000. The liquid marble’s absorption and scattering cross-sections

were shown to be independent of the core-to-coating radii ratio Rw/rs and identical for

cases where the stabilizing coating particles were non-absorbing. Furthermore, the ab-

sorption cross-sections of all the simulated liquid marbles were shown to be proportional

to χ3
v,eq for χv,eq << 1 corresponding to the absorption behavior of a single sphere in

the Rayleigh scattering regime. Similarly, the scattering cross-section was proportional

to χ6
v,eq for χv,eq << 1 and χ2

v,eq for χv,eq >> 1 corresponding to the limiting cases of

Rayleigh scattering and geometric optics theory, respectively, for a single sphere. Addi-

tionally, the liquid marble predicted asymmetry factors were found to be independent of

Rw/rs, and in fact nearly identical for a given χv,eq, implying that the scattering phase

function of liquid marble was dictated by the large core and that the influence of the

small coating particles was minimal.

Finally, the absorption cross-section Cabs of liquid marbles stabilized by non-absorbing

coating particles was shown to agree well with that of the aqueous core alone predicted by

Lorenz-Mie theory. On the other hand, the scattering cross-section Csca and asymmetry

factor g for liquid marbles stabilized by non-absorbing coating particles were shown

to agree well with those of the volume and projected area equivalent coated sphere

approximation for volume equivalent size parameter χv,eq ≤ 10.
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NOMENCLATURE

Ap projected area (µm2)

C absorption or scattering cross-section (µm2)

Df fractal dimension

F ratio of total volume of particles to that of smallest sphere in an aggregate of particles

Fij scattering matrix elements

g asymmetry factor

k imaginary part of complex refractive index

m complex refractive index, m = n+ ik

Ns total number of spherical particles necessary to completely coat the core

Ns,L total number of particles in an aggregate

n real part of complex refractive index

p total number of spheres coating the core along the core meridian

Q absorption or scattering efficiency factor

q(i) total number of spheres coating the core at the ith layer

Rw sphere core radius (nm)

Rt total aggregate radius, Rt = Rw + rs (m)

rs sphere coating radius (m)

r position vector

ŝ direction vector

Greek symbols

∆θ latitudinal angle between adjacent spheres coating the core (rad)

∆ϕ longitudinal angle between adjacent spheres coating the core (rad)

Θ scattering angle (deg)

λ wavelength (m)

µi distance between spheres positioned at the North pole and the ith level (m)

χ size parameter
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Ω solid angle (sr)

Subscript

abs refers to absorption

ext refers to extinction

i index along the elevation direction of the spherical core, i = 0, 1, 2, ...p

j index along the azimuthal direction of the spherical core, j = 0, 1, 2, ...q(i)

m refers to the surrounding medium

min minimum value

s refers to the coating spheres

sca refers to scattering

w refers to the water spherical core
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CHAPTER 6

Summary

The objective of the study was to develop further understanding of various transport

phenomena in liquid foams and liquid marbles given their current availability in industry

and potential for application in other industrial avenues. To this aim, identifying and

developing governing equations and parameters that describe their mass, momentum,

and thermal and radiative transport are requisite. The following summarizes the work

undertaken to meet this objective.

The governing equation for the bubble radius time rate of change accounting for

Ostwald ripening in foam was non-dimensionalized, yielding a dimensionless similarity

parameter representative of the ratio of the average contact time between bubbles to

the characteristic time for gas permeation was identified. Furthermore, building on the

work of Pilon et al. [55], a semi-empirical model for predicting the steady-state height

of liquid foams that accounts for Ostwald ripening or inter-bubble gas diffusion, derived

from experimental data in this work and the literature, was developed.

Then, the stability of liquid foams generated by injecting air in aqueous surfactant so-

lution contained in a glass column exposed to normally incident infrared radiation was ex-

perimentally investigated. Experimental results demonstrated that the steady-state foam

height decreased with higher incident radiation intensities. Secondly, a one-dimensional

reduced-order thermal model accounting for combined conduction and radiation in the

foam layer was shown to agree reasonably well with temperature data taken across the

steady-state foam layer.

Furthermore, experimental data for laminar forced convection of liquid foams flowing
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in circular pipes was reported. This experimental data and data reported in the literature

for foams flowing laminarly in rectangular pipes and across tube bundles was compared

to analytical and semi-empirical models governing heat transfer in single-phase power-law

fluids. These models were extended and shown to agree well with the experimental foam

data by defining the foam’s momentum properties (i.e. Reynolds number) in terms of

the effective foam properties and the foam thermal properties (i.e. Nusselt and Prandtl

numbers) in terms of the foam’s liquid phase properties. This approach was based on the

fact that in liquid foam flows a thin layer of liquid is in contact with the heat transfer

boundary thus controlling convective heat transfer to bulk foam.

Finally, the integral radiative properties of liquid marbles stabilized by either absorb-

ing or non-absorbing coatings and exposed to visible and infrared radiation were reported.

Numerical data was acquired via the superposition T-matrix and GOS computational al-

gorithms that were a function of the liquid marble optical properties, geometry, size,

and spatial coordinates. A code was developed to retrieve the spatial coordinates of the

liquid marble constituents that was modeled as a spherical core coated by highly-ordered

tangential monodisperse spheres. The numerical results demonstrated that the liquid

marbles absorption and scattering cross-sections were independent of the number coat-

ing particles used to stabilize the liquid marble when the coatings were non-absorbing.

Secondly, the liquid marbles absorption cross-sections were shown to behave like a single

sphere’s absorption in the limiting case of Rayleigh scattering. Likewise, the scattering

cross-sections were demonstrated to to be akin to the behavior of a single sphere in the

limits of Rayleigh scattering and geometric optics theory. In fact, the asymmetry factors

were also shown to be independent of the number of coating particles used to stabilize

the liquid marble; indicating the effect of the coating particles was minimal. Secondly,

for liquid marbles stabilized by non-absorbing coatings, the absorption cross-section cal-

culated from the superposition T-matrix and GOS algorithms were shown to agree well

with data obtained from Lorenz-Mie theory for a single sphere that only accounted for

the liquid marble’s core geometry and optical properties. Similarly, for liquid marbles
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stabilized by non-absorbing coatings and of small size parameter, the scattering cross-

section and asymmetry parameter were shown to agree well with data obtained from

Lorenz-Mie theory for a volume and projected area equivalent coated sphere.

Overall, with respect to liquid foams, these results can be used to predict steady-state

height foam generation and their response to infrared radiation in industrial settings

where foam is either an undesirable byproduct of a manufacturing process or utilized as

part of a process. Likewise, the results provide theoretical framework for modeling and

potential usage of liquid foams in heat exchanger systems as well as for other applications

involving convective heat transfer of liquid foams. Lastly, numerical data of the integral

radiation properties governing electromagnetic wave interaction with liquid marbles pro-

vide insight on how they can be most efficiently used as a functional material. Finally,

approximate modeling of liquid marbles via simplified equivalent geometries provide a

computationally inexpensive means of identifying their integral radiation characteristics

for use as a photoresponsive functional material or in optofluidic applications.
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