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ABSTRACT OF THE DISSERTATION

Exact Analysis of Inverse Problems in High Dimensions

with Applications to Machine Learning

by

Parthe Pandit

Doctor of Philosophy in Electrical and Computer Engineering
University of California, Los Angeles, 2021

Professor Alyson K. Fletcher, Chair

Modern machine learning techniques rely heavily on iterative optimization algorithms
to solve high dimensional estimation problems involving non-convex landscapes. However,
in the absence of knowing the closed-form expression of the solution, analyzing statistical
properties of the estimators remains challenging in most cases. This dissertation provides
a framework, called Multi-layer Vector Approximate Message Passing (ML-VAMP), for
analyzing optimization-based estimators for a broad class of inverse problems. This framework
is based on new developments in random matrix theory. Importantly, it does not rely on
convex analysis and applies more broadly to non-convex optimization problems. The ML-
VAMP framework enables exact analysis in a certain high dimensional asymptotic regime
for several problems of interest in machine learning and signal processing. In particular, the
following problems have been explored in some detail,

1. Reconstruction of signals from noisy measurements using deep generative models,

2. Generalization error analysis of learned generalized linear models,
to demonstrate the analytical capabilities of the framework. Using this framework we can
analyze the effect of important design choices such as degree of overparameterization, loss
function, regularization, initialization, feature correlation, and a mismatch between train and

test data in several problems of interest in machine learning.
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Chapter 1

Introduction

Throughout history, data analysis has played an integral role in science, engineering, business,
and governance. In the past, collecting and analyzing data was extremely costly. However,
we are now able to collect, model, and analyze vast amounts of data, at a fraction of the cost.
Consequently, there is rising demand for sophisticated techniques to interpret and extract
information from complex datasets. It is no surprise that the techniques for data analysis
have changed drastically in its scale, and are evolving rapidly. Among these techniques,

Machine Learning has received a lot of attention recently from academia and industry.

A key feature of contemporary techniques in machine learning and signal processing is
their massive scale, both in terms of the number of model parameters as well as the size of
the datasets used for training them. Models in recent developments in deep learning [80],
for example, employ billions of parameters with hundreds of layers [143]. Signal processing
tasks have evolved into estimation problems over millions of variables (e.g. pixels in a high
resolution image or video). Using advances in convex and non-convex optimization techniques,
large-scale learning and inference algorithms have demonstrated super-human performance

on several perception tasks.

A general design principle practiced by machine learning engineers is, vaguely: general

purpose models (neural networks), trained with general purpose iterative optimization



algorithms (stochastic gradient descent), can work well-enough when trained on large-enough
datasets. Here, general-purpose usually means that application-specific knowledge is not
incorporated — at least not explicitly — during modelling or training. In coarse terms, this
practice is called deep learning. The past decade has seen a dramatic rise in the application

of deep learning to a variety of areas of science and engineering.

Yet, from a theoretical perspective, the properties of deep learning as well as many other
methods in machine learning are largely unresolved. Although designed as general-purpose
solutions, in reality, the performance of the learned models is often highly sensitive to the
training procedure and the numerous hyperparameters involved. Locating the sweet-spot in
the space of hyperparameters in which a method succeeds (or fails), and how this depends
to the properties of the data distribution remains a mystery. In order to make machine
learning truly general-purpose, it is important to build a principled understanding for such

dependencies.

Unconstrained, convex and non-convex optimization problems play an important role
in modelling in present-day machine learning methodology. Typical training procedures for
these models deploy iterative, large-scale optimization algorithms such as stochastic gradient

descent (SGD), Adam, and their variants.

With the goal to better understand the theoretical foundations and fundamental limits of
the methodology in machine learning and signal processing, in this dissertation we present a
statistical framework which enables an exact tractable analysis of optimization based estima-
tors in a certain high dimensions. We call this framework Multi-Layer Vector Approximate
Message Passing (ML-VAMP). It is based on a class of iterative estimation algorithms whose

iterations possess an equivalent scalar representation for large random problem instances.

The regime of statistical analysis that this dissertation will focus on is the proportional
asymptotic regime. In this regime, the number of known quantities (measurements/observations)

and the number of unknown (variables/parameters) grow to infinity but with a fixed ratio.

In the rest of this chapter, we introduce inverse problems and put in perspective the



roles of optimization and high dimensional statistics in modern machine learning and signal

processing.

1.1 Inverse Problems

Inverse problems are a set of well studied techniques in applied mathematics, with a rich
history. In essence, inverse problems enable us to specify phenomena without describing them
explicitly, but by providing a model for how the phenomenon manifests into an observation.

While there may be deeper philosophical, cognitive, and linguistic implications of inverse
problems to learning and intelligence, we restrict our focus to a subset of inverse problems
that have received a lot of attention in signal processing and machine learning over the past
few decades.

The class of inverse problems we focus on can be stated as:
Find the unknown signal @ from measurements y = ¢(Ax;¢) (1.1)

where ¢ is an unknown noise. The tuple (¢, A) is the model, where ¢ is a known nonlinear

operator and A is a known linear operator. We refer to the proposed solution as Z.

1.1.1 Performance analysis: Accuracy and Efficiency

Suppose the unknown signal £ € X C R" and measurements y € ) C R™. The performance
of a reconstruction technique can be measured in several ways. To do so, one often starts by
assuming that there exists a ground truth signal x*, which led to the measurements y. One

popular metric for performance analysis is the mean-squared error (MSE) or the normalized

MSE:

1 z — x|

MSE(Z, x*) := NHEE—:{:*HQ NMSE(Z, z*) := ” T (1.2)



More generally, this metric could be arbitrary and specific to the application. For e.g. the
metric using in image denoising is often peak signal to noise ratio (PSNR).

The quantity M can be thought of as a measure of the cost of acquisition, whereas dim(X)
indicates the complexity of the signal. A desirable property of any solution procedure is
its ability to deal with high complexity X with low cost of acquisition. The above notion
of cost can be called statistical efficiency. Similarly, there is a notion of computational
efficiency which relates to the computational cost of achieving a desired level of performance.
Consequently, from the point of view of design, we are interested in the most computationally

efficient way of finding « given some constraints on the level of performance.

1.1.2 Optimization based solutions

There are several methodologies for solving inverse problems. One such technique is the level
set method. A realization of this approach is to formulate the proposal Z as the solution to
an optimization formulation, so that the proposed solution minimizes a data fitting term that
depends on the model (¢, A) and observations y.

For example, a common solution concept for the linear model ¢(u,v) = u + v is the

ordinary least squares (OLS) solution:
minimize ||y — Az|’ (OLS)

A common theme in the theory of inverse problems is that the problem is ill-posed or
under-determined, i.e., there is no unique solution to the observations. However, we are
interested in certain structured proposals Z which can best explain y. For example, if © € RV
and y € RM with N < M, and «* is a minimizer of (OLS), then * + tA is also a minimizer
for any t € R and any A € null(A), which is non-empty when N < M.

To solve ill-posed problems, a common approach is to add a penalty term to the objective

function of the minimization that penalizes large parameters. A popular solution is called

4



Tikhonov regularization, or ridge penalty:
minimize 1 ly — Az||* + Xz (1.3)

where A is the strength of the penalty. The solution for the above problem can be written in

closed form as
Zy:=(ATA+ M) ATy (1.4)

For A — 0, the solution to the above problem converges to the Afy where A' is the pseudo-
inverse of A. We can then perform analysis of this solution since we know it in closed

form.

In imaging related problems, there are settings where the desired solution Z is sparse, i.e.,
has few non-zero elements compared to the dimension of the ambient space. Another popular
technique in imaging related problems is often called compressive sensing where the following

optimization problem is solved:
minimize Ty — Ax|] + )|z, (LASSO)

This optimization problem is convex, but non-smooth, and is often referred to as the LASSO,

short for least absolute shrinkage and selection operator.

An immediate challenge with this formulation is that we do not know the solution to
(LASSO) in closed form in terms of (y, A). Consequently analysis is challenging. Our main
focus will be on understanding properties of the solutions to (1.1) for large random operators
A. Several problems in machine learning can be expressed in their simplest form in (1.1) as

described in the following section.



1.2 Analysis of Optimization in Machine Learning

We briefly introduce supervised machine learning and relate it to inverse problems. A typical
characteristic in modern data analysis methodology is access to large sample sizes (n) with
large number of covariates (p). In supervised machine learning, we are provided a sample of
response-covariate pairs {y;, ;}1'_; and we wish to learn a function that predicts & — y.

A simple way in which one can pose the learning problem as an inverse problem is to

propose that the responses and covariates satisfy:

y = ¢(X0;¢)

where y is a vector of responses y; and X is a matrix with covariates x; as rows. Thus the

learning problem is to find the unknown 6. Observe that the above equation resembles (1.1).

1.2.1 Classical statistical estimation and analysis

A classical method in statistical estimation is the maximum likelihood estimator (MLE),

which in an overwhelming number of scenarios can be expressed as:

~ 1 <&
Omle = argmin — Z L(0;x;, ;) (MLE)
=1

fcrr N .

where 0 — L(60,x;) is a negative-log-likelihood function, and {z;,y;}, is a generic sam-
ple. This minimization is equivalent to maximizing 6 — Py({x;, y;}I ;) — the likelihood of
observations.

Traditional statistical methods such as the MLE are, under mild regularity assumptions,
statistically consistent if p = O(log(n)) < n. Note we are using the “big-Oh” notation'.
Moreover, applying the central limit theorem shows that the deviations \/ﬁ(é\nﬂe — 0*) weakly

converge to N'(0, I(9*)~1) where I(6*) is called the Fisher information matrix. This weak

!see Section 2.1 for a recap



convergence essentially provides the characterization,

o1
lim —
n—oo N,

> (0 Omie) = B (07, 0° + Z) (1.5)
=1

for a broad class of distortion metrics 1) (continuously bounded functions). Note Z ~
N(0,1(0*)~1) and the right-hand side can be evaluated using simulation methods like the
Markov Chain Monte Carlo (MCMC), when p is small. The above result is often referred to
as the asymptotic noramlity property of the MLE.

The idea of MLE was generalized to M-estimators, short for “maximum-likelihood type”,
by Huber [66,67] leading to the rich area of Robust Statistics.

We would like to note that, in the context of machine learning, the function L is called a
Loss-function, and the objective function of (MLE) is seen as the plug-in for, or empirical
version of, the Risk function which is Ep, £(6, z). Consequently the estimator (MLE) is called

the Empirical Risk Minimization (ERM) problem.

1.2.2 High-dimensional statistics: M-estimation and Regularization

If we were to directly apply the MLE from equation (MLE) when p <€ n, then we need
n = Q(eP) for statistical consistency, which is often referred to as the curse of dimensionality.
In what follows, we refer to p € n as the high-dimensional regime.

In several problems of interest however, even though the model parameter 6 lies in a large
ambient space RP, i.e., when p is large enough, § may often lend itself to a parsimonious
representation. Some examples are 6 is sparse, i.e., has very few non-zero entries, or is sparse
in a basis, i.e., # = Dwu for a sparse uw and dictionary D. In such scenarios, a modification of

problem (MLE) performs well:

~ 1 <
gr—me = in — L 0, iy Ui )\nR 0 1.6
| arg;mnnz (6; @i, i) + A R(0) (1.6)

i=1
where R is a regularization function, which encourages a certain structure for the solution.

7



Some examples of R are:
(i
(ii

Hard sparsity (||, = >>7_; (o220},
Ridge regularization 1 [|0]|* = 1 10517,

(iii

LASSO (0], = Y_, 16,1,

(v

(vi

Smooth, convex penalties [|0[|7 = >_%_, 0;]%, for ¢ > 1,

Non-smooth, Non-convex sparsity penalties [|0]|7 = >-"_, [6;]7, for ¢ < 1,

)
)
)
(iv) Elastic-Net (1 —a) |0, + < 110]1%,
)
)
)

(vii) R(Dwu) + 6(9=pu} for representations in span(D).

1.2.3 Interpretations of problem (1.6):

Observe that when n — oo, while keeping p fixed we have A, — 0, and we recover the
estimator (MLE). But for finite n, (1.6) serves as an approximation to (MLE). Often for
finite n, (MLE) may not be identifiable, while (1.6) always exists under mild conditions.

A Bayesian interpretation is that R(6) is the negative-log prior distribution, whereby
the objective in (1.6) is negative-log posterior, i.e., —log P(0|{x;,v;}!~,) and O,—_mie is the
mazximum a-posteriort estimator, which is the mode of the a-posteriori distribution of the
unknown random parameter 6. The hyperparameter ), is interpreted as the inverse of the
scale parameter of the prior distribution.

Another interpretation is that £ is a data-fitting term that measures how well a proposed
parameter 6 fits the data, and the regularization R is a penalty term to enforce a structure so
that the inverse problem is well-posed even when p < n. The hyperparameter ), is interpreted
as the inverse of the signal-to-noise-ratio (SNR).

In statistical physics, the objective of (1.6) is often termed the Gibbs Free energy, with the
first term referred to as the average potential energy of n particles, whereas the second term
R being the entropy of the configuration #, and the hyperparameter A, as the temperature
of the system.

To contextualize in the vocabulary pertinent to machine learning theory, problems of the



form (1.6) are also called Structural Risk Minimization (SRM) and are a generalization of

ERM.

1.2.4 Appeal of M-estimators in high dimensions

Optimization as a numerical technique has advanced significantly over the past few decades.
Arguably the most important innovation in optimization has been the free and open access
to automatic differentiation libraries in high level programming languages, which has enabled
the development of a large class of first and second order optimization algorithms. Example
libraries in the Python programming language include Autograd, Caffe, Tensorflow, Pytorch,
JAX, MNNet among others. This has led to developments such as stochastic, distributed
algorithms for optimizing general non-convex differentiable/sub-differentiable functions. With
affordable access to graphical processing units (GPU) via cloud computing services, large-scale

optimization algorithms have also become efficient due to parallel computing.

There are two main advantages to regularized M-estimation, i.e., estimators specified as
solutions to optimization problems of the type (1.6). First is interpretability; a solution of
the form (MLE) allows specifying a concept or an estimator as a variational formulation,

which makes the model extremely interpretable by choosing an appropriate loss function.

Second, in the Bayesian setup, under some mild regularity conditions in low dimensions,

we have that the mode of a distribution is close to the mean of the distribution, whereby

~

O, _mie is somewhat close? to the posterior mean or the Bayes estimator:

. n 1
Opaves := BON@iryi}ina] = 7o = 55
1y J1Si=1

/8 Po({xi,y:}) Ao

2The closeness between the mode and mean may not always hold in high dimensions. However, computa-
tionally, finding the mode is much more tractable than numerically evaluating the integral, for which the
computational complexity can be exponential in p. See Section 2.3 for a more detailed discussion.



1.2.5 Consistency in high dimensions

A large body of work on high-dimensional statistical analysis is now well-established for non-
asymptotic error bounds on the mean-squared error when the regularizer R is decomposable,
i.e., it is a sum of functions of individual coordinates of the input. A generic consistency
result in this literature (see [105] for a detailed result, and its follow-up works) is of the

following nature:

~

2
er—mle - 0" 5 AZ\IJ(Q*) + An(D(Q*) (17)

The first term W(6*) is the estimation error. The second term ®(6*) is an approzimation

error, which is the error resulting from the regularization penalty R not accurately capturing
the structure of 6*. This vanishes if the model does not suffer from mis-specification.

In general A\, = (ﬁ) yields the parametric rate n=! when there is no model mis-
specification. The optimal value of the quantity A, also depends on p, and is typically related

to square-root, of some notion of the size of the set to which 8* belongs. For example if 6*

belongs to the space of s— sparse vectors in R?, then A\, = Q(y/slog(p)/n).

1.2.6 Brief History of Non-convex M-estimation

During 2000-2010, much the modelling aspect of machine learning algorithm was based on
the dominant choice of the training procedure — convex optimization. This not only enabled
providing rigorous guarantees for the performance of the estimators, but also came with
off-the-shelf algorithms to solve the estimators.

Following the empirical success of non-convex optimization based estimators such as
deep neural networks however, the focus of modelling has shifted to models which may need
solving a non-convex optimization problem as its training procedure. This has also led to
significant advances in our understanding of non-convex optimization formulations such as

matrix factorization and matrix completion which were previously considered “hard” due to

10



the non-convexity. Results such as those by [49] showed that any local optima is a global
optimal for a large class of non-convex optimization problems of broad interest in machine
learning.

During 2010-2020, the increased comfort in working with non-convex optimization formula-
tions has led us back to faithful modelling, which incorporates application-specific information
into the design of the model, without requiring convexity of the optimization problem. While
this may make models more interpretable, unlike convex optimization however, the analysis
frameworks are specialized and problem-specific and hence may not apply from one class of

problems to another.

1.2.7 Challenges in analyzing high-dimensional M-estimators

While results of the type (1.7) have furthered our understanding of what type of models are
tractable statistically as well as computationally in the high dimensional setting, the analysis
framework has some limitations as described below.

First, the analysis framework in [105] relies heavily on the convex geometry of the objective
function. Hence there are immediate challenges for non-convex optimization formulations
even if the problems have unique solutions or no spurious local minima. The reliance on
the convex analysis precludes our ability to understand more complex structures such as
optimization problems involving deep neural networks.

Second, while the non-asymptotic results are extremely powerful, they are qualitative in
nature. The unknown universal constants hidden in the inequality < add a major barrier to
directly applying these results from theory to practice.

Third, these results also depend on the structure of the ||| for which the bound is provided.
Consequently, analyzing the distortion arbitrary metrics as in the low-dimensional case (1.5),
is in general hard. This poses serious challenges from the practicality of the results since the
distortion metrics often vary by not just the application but also often by business needs,

regulation constraints, etc.
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Fourth, the optimization problems — even for convex formulations — are never solved
exactly till convergence, and often rely on an iterative algorithm. The analysis being purely
based on KKT conditions of the solution is agnostic to the dynamics of the optimization
algorithm used to find the solution. This precludes understanding the so-called implicit bias

of M-estimation arising out of algorithmic choices made during the iterative optimization.

Finally, results of the type (1.7) suggest that the generalization error of an estimator has
the classical U-shaped curve similar to the bias-variance tradeoff. However, recent empirical
results, such as the so called double-descent phenomenon, in the context of overparameterized
modelling suggests that the story behind the performance of M-estimators, even for convex
formulations, may not be as straightforward. While such behaviour isn’t contradictory to
results by [105], the framework certainly does not aid the discovery of such phenomena due

to the lack of precise characterizations of distortions.

1.3 Analysis Framework

Our analysis framework is based on a class of iterative decoding algorithms called Vector
Approximate Message Passing (VAMP). The key property that these algorithms possess is
a weak convergence of iterations to a scalar nonlinear dynamical system, called the State

Evolution. Such a weak convergence result is similar in spirit to the asymptotic normality of

the (MLE).

The weak convergence result enables exact analysis of the proposed solutions for a large
class of metrics. We can provide a formula for the distortion between a model for the ground
truth and the proposed solution. This formula is exact, i.e., without any large unknown
universal constants, or without any inequalities or bounds. Such an exact analysis enables a
more fine-grained analysis of estimators, with tight characterization of several phase-transition

phenomena related to the success or failure of the estimators.
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1.3.1 Contributions to high dimensional statistics:

Our framework tries to bridge the gap between theory and practice by focusing on a smaller

regime, called the proportional asymptotic regime. In this regime we have

lim £ = 3 € (0,00) (1.8)

n—oo N,

for some constant 5. Using the ML-VAMP framework, we can make precise predictions
about a broad class of error metrics, similar to equation (1.7). A typical result using the
ML-VAMP framework will apply to a sequence of problems, with (z°(n),z'(n)) € RP" so
that (1.8) holds, we have

iy = > 0l (n). 31(0) — BU(X", X (1.9)
" oi=1

where X°, X* are low-dimensional random variables with known probability distributions,
whereby the RHS can be calculated with relative ease. We also provide detailed assumptions
under which such a result would hold. Here ¢ is the number of iterations for which the VAMP

iterative algorithm is run.

1.3.2 Relation to Replica Method from Statistical Physics

The replica method has a rich history in the field of statistical physics of spin glasses. However
these results are derived from a heuristic derivation called the replica trick, and lack rigorous
theoretical justifications. In several cases, the predictions made by the replica method match
our predictions; however the assumptions under which an exact equivalence holds between
the predictions made by these two methods, remains unclear. While the replica theoretic
framework typically assumes random matrices are entrywise i.i.d. random, the ML-VAMP
framework applies more broadly to the class of rotationally invariant random matrices. This

class of random matrices includes matrices which can have arbitrary laws of singular values
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which enable modelling of more general problems in machine learning such as those considered

in Chapter 5.

1.4 Organization of the dissertation

The rest of this dissertation is organized as follows: Chapter 3 states a general multi-layer
inverse problem that the ML-VAMP framework is based on. Chapter 4 generalizes this
framework to a broader class of problems involving matrix variables. These two chapters
discuss the reconstruction of vector and matrix valued signals using deep generative models
from noisy nonlinear measurements. Chapter 5 provides an application of the framework
to analyzing some problems in machine learning, and provides a precise characterization of
generalization error in learned models. All proofs are deferred to the corresponding appendices,
and all chapters are self-contained. Results from Chapter 3 appeared in [43,112,115|, those
from Chapter 4 appeared in [116,117| and were coauthored with Mojtaba Sahraee-Ardakan,
Sundeep Rangan, Philip Schniter and Alyson Fletcher. Contents of Chapter 5 were published
as [39] and were coauthored with Melikasadat Emami, Mojtaba Sahraee-Ardakan, Sundeep

Rangan and Alyson Fletcher.

14



Chapter 2

Background and Preliminaries

In this chapter we review some related concepts necessary to develop our framework.Let us

start by setting up notation for the rest

2.1 Notation

Matrices are denoted by boldfaced uppercase letters A. A;. denotes the i® row and A,; the
5™ column. Vectors are denoted by boldfaced lowercase letters a and a; is the i*" coordinate
of @, whereas a subvector of a indexed by § C {1,2,...,dim(a)} is denoted as ag. Norms

without subscripts are 2-norms for vectors and Frobenius norms for matrices.

We assume that densities exist for the probability distributions being discussed. In case
of discrete/hybrid distributions, with some abuse of notation, a point mass at points * € X,
is represented by the term d,-. We omit the subscripts from probability densities px(x),
px|y(x|y), pxy(x,y) and denote them as p(x), p(x|y) and p(x,y) respectively, unless
disambiguation is needed. Unless specified otherwise, for subsets of R, the base measure is

the Lebesgue measure.

For a probability density function ¢ : X — R, and a function f : X — R, we use the
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notation

E[flq] == /X f(@)q()de

to denote the expectation w.r.t. density ¢, while E[z|y| := E[x|pxy] =: E[z|p(x|y)]. Closely

related is the notation for beliefs, or unnormalized densities b, where we use the notation

E[x|b] = E[x| IXI;((Z)) 7). For the variance terms,

V {flq} = /X (f(z) — Elflq)q(@)dz

denotes the variance calculated under the density ¢, while V{z|y} = V{z|pxy} =:
VA{z|p(x|y)}. When using the notation for E and V, it is implicitly assumed that these
quantities are well defined or that the necessary moments exist and are finite.

We use the standard “big-Oh” notation. For some universal constants C;, N; below:

fn 5 n = fn - O(gn> = fn < Clgn for all n > Nl;

o2 gn = fo=Qgn) = fn > Cag, for all n > Ns,
In

fo=o0(gy) = lim = =0,
n—oo gn

fu=w(gy) = lim 2 =0
n—oo fn

2.2 Useful results from Probability theory

We will review concepts such as convergence in probability, almost sure convergence, and

convergence in distribution, via the statements of the laws of large numbers. To that end, let

SZ' — Z?:l Xz

Theorem 1 (Weak Law of Large Numbers). If {X;} are centered i.i.d. random variables,

with a law satisfying the tail condition P(|X;| > x) = o(2), then

T

Sp/n — 0, in probability.
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which means lim,,_,o P(]S,,/n| > €) = 0 for all € > 0.

Theorem 2 (Strong Law of Large Numbers). If {X;} are centered pairwise independent

integrable random variables, i.e., E|X;| < oo, then
Sn/n =0, almost surely (a.s.)

which means that P(lim,,, |S,,/n| > €) = 0 for all € > 0. Notice this is a stronger statement

than the weak law because of the order of the limit and the integral.

Theorem 3 (Central Limit Theorem). If {X;} are centered i.i.d. random variables with

variance E|X;|? = 0% < oo, then
S,/vn = N(0,0%)

where the above convergence is in distribution. This means that for any bounded
continuous function f, we have Ef(S,/v/n) — Ef(S), where S ~ N(0,0?). This is the
weakest form of convergence. However, it holds even when S,,/n is not a continuous random
variable, i.e., has a domain which is a strict subset of R. Other stronger forms of convergence

may not make sense under such a discrepancy in the domains of the random variables.

2.3 Approximate Bayesian Inference

Consider an unknown signal @ € X with prior distribution having density p(x), and let
x be observed in a representation y € ) through a measurement channel which induces a
conditional density p(y|x), also referred to as the likelihood function of x. The density of the

posterior distribution over @ is given by the Bayes rule

p(zly) = )



Z(y) = [ p(a)p(yla’)dx’ is called the evidence, or model likelihood, or partition function. It
is a normalizing factor to make the quantity p(x|y) defined above a valid probability density
function.

Bayesian inference deals with decision making based on statistics of the posterior dis-
tribution. The statistic of choice could differ based on the application. For example, point
estimates such as the posterior mean (also called MMSE estimator) Zmmse = E[x|y], or the
posterior mode (also called MAP estimator) Zmap = argmaxp(x|y), or other quantities such
as uncertainty reports in the form of conditional VariancewV {x|y}. These are often of interest
in signal processing and machine learning applications. On the the other hand, several
applications in computer science, could in general demand marginal densities {p(x.|y)}, of

the posterior distribution for some subvectors {z,}.

2.3.1 The need for approximate inference

Exact inference of quantities related to the p(x|y) is in general difficult or computationally
intractable, and several approximation strategies have been proposed in the last few decades.
When X C R¥ is high dimensional, ie, N > 10? which is typically the case in modern
signal processing problems, a major computational challenge in dealing with the posterior
distribution explicitly lies in the computation of the partition function Z(y). The high
dimensional integral is in general computationally intractable, and may require summing over
the support of X which could be exponential in N. This is often colloquially called the curse
of dimensionality. Hence estimators involving statistics of the posterior distribution often try

to circumvent having to evaluate the partition function explicitly.

2.3.2 Approaches to Approximate Inference

One line of attack to approximating inference is via stochastic simulation, also called the
Markov chain Monte Carlo (MCMC) methodology, which revolves around obtaining samples

{z;}Y | drawn from a reliable proxy density 7(x) =~ p(x|y) so as to approximate E[g(zx)|y] ~
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N

Z(:)‘lcher deterministic approaches revolve formulating an appropriate optimization problem
the exact solution to which is the quantity to be estimated. Approximating the optimization
problem by either approximating the objective function or the constraint set is strategy to
perform approximate inference. This circumvent having to sample from a distribution, by
approximating p(x|y) with an approximate density function.

Variational inference (VI) is an important framework of this type that encapsulates a
large body of deterministic strategies for approximate inference. For example, the methods
Variational Bayes, Mean Field Approximations, Free Energy minimization and Belief Propa-
gation, Expectation Propagation, and Expectation Consistent Approximate Inference can all

be understood as special instances of VI. We briefly review the setup for VI below.

2.3.3 Variational Inference

Much of what has been discussed here can be thought of a summarization of [158], [118§]
and [15], which are themselves definitive resources on historical developments on this topic.

Variational inference is a deterministic approach which provides a complementary alterna-
tive to MCMC based approximation methods for inference in large-scale statistical models.
The key idea in variational inference is to generate an approximation to a target density
function by considering an optimization problem in the space of density functions, referencing
the paradigm of infinite dimensional optimization also called calculus of variations. Note that
the computation most often happens on a cogent finite dimensional representation of these
density spaces. Of particular interest in Bayessian inference is approximating the posterior
density p(x|y) as discussed in the preamble but the ideas discussed here are more generally
about approximating a target density function, say p*(a) which is factorizable as [, fa(®aa)

as is often the case in probabilistic graphical models.

Let Q C {¢: X = Ry, [ ¢(x)dz = 1} be a subset of valid probability density functions.
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Consider the optimization problem below for approximating a density function p*,
¢* € argmin Dy (¢ | p"). (2.1)
qeQ

Owing to the fact that the KL-divergence is a metric, it is always non-negative, and vanishes
only when both arguments are identical, (2.1) makes sense, and if p* € Q we have ¢* = p*.
Otherwise, we get an approximation of p*, in fact, ¢* is a projection of p* into Q in the
KL-metric sense. We also remark that ¢*(x) = 0 whenever p*(x) = 0 due to the absolute
continuity requirement of the KL-divergence to be finite. We note that the name variational
inference would perhaps also hold if the metric of choice is one other than the KL-divergence,
for example, the Wasserstein family of distances, or even other f-divergences, as considered
in [3,130]. However, the KL-divergence has perhaps received most of the attention from the
community, potentially due to the decomposability of the KL-metric for product-factorizable

densities, also known as the chain rule of relative entropy.

Dy (91 (x1)g2(x2)

fl(wl)f2($2)) = DuL (91(931)

f1($1)) + Dxv (92(5132)

f2($2)>

This decomposability is amicable for optimization, and can also for analytical purposes. We
refer the reader to [118] for a concise review of ideas in variational inference as applied to

signal processing applications.

2.4 Denoising

Denoising refers to the problem of recovering @ from observations @ + w, where w is some

noise with a distribution p(w).
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2.4.1 The Proximal Denoiser

For a function f : RY — R, the proximal operator with parameter 7 € R, is given by

) 1
prox, (y: 7) = argminf(x) + o &~y 22)

For a proper! convex f, prox f (y; 7) is unique due to the strong convexity of the objective

function.

The probabilistic interpretation for this operator is that it corresponds to the MAP
estimator Zm,p, i.e., the mode of the posterior distribution p(x|y) corresponding to a prior
p(xz) o< e /@) and AWGN measurements y = x + w with w ~ N(0, 71) is additive white
gaussian noise. Hence it is often called a denoiser. For general f, the uniqueness of f is
not guaranteed. However, the proxf(') posses certain computational advantages such as

decomposability, for e.g.,

f@) =" falwa), — [prox;(y; 7)|a = prox; (Ya; ).

for non-overlapping subvectors {x,} of @, which follows readily from the definition of prox(-)

above.

We also note generalizations of the proximal denoiser. For a function f : RX — R, and a

symmetric positive semidefinite matrix G € R?OXK , define

prox;(r; G) = argﬂrﬂninf(:c) + |z —7r|g (2.3)

where the norm ||z — 7|5 :== /(x —7)TG(z — 7).
For more general choice of p(w), the proximal denoiser is often called the Bregman-

proximal operator.

Lf(x) > —oo for all ¢, and f has a non-empty effective domain, i.e., {x : f(z) < 0o} # ¢
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2.4.2 The MMSE denoiser

Having considered the MAP denoising interpretation of the proximal operator, we look at the
MMSE denoiser as well. Consider the mean squared error (MSE) loss, {(x, Z) = ||z — Z|*.

Let Zmmse denote the bayes optimal estimator with respect to the MSE loss, i.e.,

B = 7, wheref*(y) = argin / Iz — /()| plaly)de
y):fEF

where F is the set of all measurable functions J — &X. Under certain mild assumptions such

as existence of the second moment?, this estimator has another form given by,

Tmmse(Y) = E[z|y],

owing to the projection interpretation of the conditional expectation. Observe also that the

minimum mean squared error is thus the posterior variance, i.e.,

MMSE(y) = V{z|y} = E[(Z — Zmmse(y))?|y].

2.4.3 The LMMSE denoiser

Consider the same optimization problem as above with the constraint set of functions restricted

to Fr, the set of linear operators from ) — X,

Bimse = 7, where f(y) = sogmin [ Iz = 1w plaly)ia
y):feFL
ZLimmse = W, where W* = argmin / |z — Wy|\2p(w|y)da:,
WGRNXM X

2which are implicitly satisfied here since the MSE is meaningless otherwise

22



Setting the gradient of the above objective w.r.t. W to zero, we get the identity,

Wryy' =E[z|yly"

2.4.4 Generalized Proximal Denoiser

For a matrix M € 8} and we define the generalized proximal
prox;(r; M) = argmin f(x) + ||z — (%, (2.4)
xr
For the special case of M = %I we get the standard proximal operator in (2.2)

2.4.5 Mean divergence

For an almost everywhere differentiable operator g : RY — R¥, the Jacobian is a matrix

valued function denoted Jg(x) € RV*N and defined as [Jg(x)];; = 2%

Ox;

. We denote by

(g'(x)) € R the mean divergence given by

dg;
ox;

2

T

(g'(x)) = %trace (Jg(x)) = %Z

Two important mean divergences worth noting are those of the prox,; and the E[z|y]
operators. Note that one can show that the mean divergence for the function g(y) := E[x|y]

is the average conditional covariance, + V {z|y}.

2.5 Probabilistic Graphical Models

Graphical models combine two powerful tools of graph theory and probability theory for
sophisticated statistical modeling in large-scale systems. The idea is to represent a probability
distribution on a graph, such that the structure of the graph captures the essence of the

structured randomness of the underlying variables. Let xs € X for all s € {1,2,...,|V]|} = V.
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2.5.1 Markov Random Fields (MRF) and Gibbs Fields

For an undirected graph G = (V| E), with vertices s € V' corresponding to variables x, and

(s.0) ¢ E i
rs L x| 2y (s, (2.5)

i.e., rs and x; are conditionally independent given the other variables in the graph. Any
distribution that satisfies this conditional independence relationship is called a Markov random

field (MRF) of that graph.

Conversely, for a graph G, a way to define a structured probability distribution is a joint

density over the variables {z;} which can be written as

pla, . ap) o< [ velzeo), (2.6)

cecC

where C is the set of all maximal cliques of the graph GG. The resulting joint distribution is
called a Gibbs Field or Gibbs distribution. The question regarding whether the two concepts of
MRFs and Gibbs fields are equivalent was resolved by the Hammersley-Clifford theorem. They
showed that every Gibbs field for a given graph always satisfies the conditional independence
relationship (2.5); whereas, if an MRF exists with full support (all configurations on X! are
possible), then one can rewrite every MRF over this graph as the product of maximal clique

potentials as in (2.6) thus defining a Gibbs field.

2.5.2 Directed Acyclic Graphs (DAG)

DAGs are another form of graphical models where edges (s — t) € E are directed. Denote

by 7(s) the parent set of vertex s, i.e., m(s) := {t | (t = s) € E}. A DAG corresponds to a
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probability distribution given by

p(z1,...,xy)) = Hp(ms|{xt ctem(s)})

seV

2.5.3 Factor Graph

For large graphs, the factorization of the joint probability distribution is not easy to visualize
from the usual depictions in MRFs or DAGs. Factor graph representations emphasize the
factorization of the Gibbs distribution. For a density p(x) = [], ¥a(®s.), a factor graph
is a representation for ¢ as a bipartite graph G = (V| F, E), with partition F' consisting
of factor nodes f,, while the other partition V' consists of variable nodes x;. These could
be a single variable or a cluster of variables based, and the choice of grouping variables
into clusters may result in simpler graphical structures for G, (see [63, Fig. 2|). Here

Oa = {i| fo depends on x;}. Similarly define 0i = {« | f, depends on x;}.

2.6 Large System Limit Analysis: Proportional Asymp-

totics

We describe the setting for the high dimensional limit under which certain convergence

properties related to the AMP algorithms hold. In general for each N, a sequence of problems
y(N) = A(N)x(N) + &(N)

is considered, where y(N) € R and limy_o 3 — 6 € (0,00). A(N) is drawn from an
ensemble of M x N matrices. We skip the dependence on N wherever it is unambiguous.

For a p > 1, a transform f : R® — R" is said to be pseudo-Lipschitz continuous of order p

if

If(@) — f®)] < Llla—b] (1+ |a|’™ + "), for some L >0
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We say f is uniformly Lipschitz continuous in a at ¢ if for some Ly, Lo, €1, €2 > 0 we have,
1. ||f(a,c) — f(a',o)|| < Li||la — d/|, for a,a’ € dom(f) and |c —¢| < ¢

2. [|f(a,c1) — fa, )| < La(1+]a|)|c1—c2l, for @ € dom(f) and max{|c; —¢, |c2—7¢|} <

€2

A sequence of vectors {a(N)} with growing dimensions is said to converge empirically with

p™ order moments to A, denoted in short as a ng) A, if the following conditions hold:

1. E|JAP < o0
N
2. £ fla;) =E f(A) for all f € C,U{(-)7},

where (), denotes the set of bounded continuous functions. Note that due to the addition
of the function (-)?, the above condition is stronger than convergence in distribution, i.e., it
holds for a larger class of functions. A consequence of the above two COI]\lfditiOIlS is that if
a Pip) A, then for any pseudo-Lipschitz function f of order p, we have % Z fla;) =E f(A).
If the components of a(N) are random, then we need additionally that thei:l;st equality hold

almost surely, since the quantity on the left is random while the quantity on the right is

deterministic.

2.6.1 Empirical Convergence of Vector Sequences

Definition 1 (Pseudo-Lipschitz continuity). For a given p > 1, a function f : R? — R™ is

called Pseudo-Lipschitz of order p if

[£(x1) — £(xo)

< Cllxa = ol (14 [l " + [Ix2 ") (2.7)

for some constant C' > 0.
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Observe that for p = 1, the pseudo-Lipschitz is equivalent to the standard definition of

Lipschitz continuity.

Definition 2 (Uniform Lipschitz continuity). Let ¢(x, ) be a function on r € R? and
0 € R*. We say that ¢(x,0) is uniformly Lipschitz continuous in x at 6 = 0 if there exists

constants Ly, Ly > 0 and an open neighborhood U of 0 such that
[p(x1,0) — d(x2,0)|| < Lallx1 — xal| (2:8)
for all x;,x, € R? and 0 € U; and
[6(x, 01) — ¢(x,02)[| < L (14 [1x]]) |61 — 2], (2.9)

for all x € R? and 6,,60, € U.

Definition 3 (Empirical convergence of a sequence). Consider a sequence of vectors x(IN) =

{x,(N)}N_, with x,,(N) € R So, each x(N) is a block vector with a total of Nd components.

n=1

For a finite p > 1, we say that the vector sequence x(N) converges empirically with p-th

order moments if there exists a random variable X € R? such that
(i) E[X]}? < oo; and

(i) for any f: R? — R that is pseudo-Lipschitz continuous of order p,

]}gnw%Zf(Xn(N)) =E[f(X)]. (2.10)

In this case, with some abuse of notation, we will write

lim {x,} "2 x, (2.11)

N—o0

where we have omitted the dependence on N in x,(N). We note that the sequence {x(V)}
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can be random or deterministic. If it is random, we will require that for every pseudo-Lipschitz
function f(-), the limit (A.2) holds almost surely. In particular, if x,, ~ X are i.i.d. and
E[|X|[? < 0o, then x empirically converges to X with p'™ order moments.

PL(p) convergence is equivalent to weak convergence plus convergence in p moment [10],
and hence PL(p) convergence is also equivalent to convergence in Wasserstein-p metric (See

Chapter 6. [157]). We use this fact later in proving Theorem 10.

2.7 Belief propagation

Belief propagation is an algorithm [Pearl, Galager| for obtaining marginal densities of ¢* for
subvectors x; without having to solve (2.1) directly. It proceeds by propagating messages on

a factor graph.

Sum Product Algorithm

In its standard form, belief propagation appears as the sum-product algorithm,

M i(x;) :/fa(a:) H Misa(x;)dxsan: (algo: Sum-Product)

jEda\i

Mi—)a(xi): H Mﬁ—n‘(fﬂi)

Bedi\a

From these messages, beliefs (or unnormalized densities) are computed as

g(a;) = [ Moi(e)

Bedi

q(xo) = folx) H Mi%a(‘vj)

jEd

The sum product algorithm was shown to be exact [120] for computing marginal densities
for factor graphs which are forests, i.e., a disjoint union of trees, and converges in a single

round of message passing, whereby it is also called sometimes referred to as the forward-
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backward algorithm. In fact, in the tree case, BP is closely related to a dynamic programming

algorithm.

More more general graphs, i.e., graph with loops, the BP algorithm can be applied for a
few iterations and has demonstrated remarkable success in communication [48], [30], [146].

However, in general the resulting solution is sub-optimal, see [158, Ex. 4.3|, and [101].

Max-Product (or Min-Sum) Algorithm

We note that while belief propagation was introduced for finding marginal densities over a
factor graph, one can also consider finding the mode of a factorizable density using a similar
message passing approach. Factor graphs also appear in the literature on optimization and

distributed optimization. Where an objective function of the form

Z Co(Tsa) + Z Ci(x;)

is to be minimized. The same factor graph can now be used to cut down computation, which
again is interpretable as a form of variable elimination for forest graphs. In this case however,
the product in the aggregation of messages is replaced with a sum while the integral (or sum)

is replaced with a minimization step, which gives the min-sum algorithm.

Tomi(xi) = minfa(:c) + Z Jisal(Tj)dToa; (algo: Min-Sum)
oo j€da\i

ji—m(mi) = Z jﬁ—n’(ﬂ?i)
Bedi\ev
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From these messages, the costs are computed as

q(x;) = Z Tp—i(x;)

Bedi

q(xo) = folx) Z $Ha<wj)

jEI

Belief propagation has also been applied to cases where the factor graph is not necessarily
tree structured. This was called generalized or loopy belief propagation (LBP). Originally the
LBP applications were restricted to sparse graphs which may have loops in them. [98] talks
in detail about the various approximations to understand LBP and the approximation gap.
Interestingly, for discrete distributions, max-sum LBP corresponds to an integer programming
problem.

LBP when applied to non-sparse, i.e., dense graphs is essentially the basis for the original
derivation of the Approximate Message Passing algorithm [33]. See 2.1 for the factor graph
used in deriving the AMP.

2.8 Review of Approximate Message Passing algorithms

We are interested in recovering an unknown signal * € X C R¥ to be reconstructed from
observations y € Y C R™. The signal is assumed to be drawn from a prior density p(zx), and
the measurement model y = M(x) induces a conditional distribution p(y|x), which is the
likelihood function of . Consequently by the Bayes rule, the posterior p(x|y) « p(x)p(y|z).
In many signal processing applications where Bayesian inference is applied, point estimates
are of interest rather than marginal probability densities. We focus on two point estimators,
namely, the “Bayes optimal estimator” or Zmmse, which correspond to the posterior mean,
and the MAP estimator Zmap which is a mode of the posterior density.

In the generalized linear model (GLM) for measurements, we are interested in recon-

structing an unknown signal * € X C R¥ from observations or measurements y € ) given
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y=a¢h¢g), h=Az

where ¢ : RM — Y C RM is an elementwise function which could in general be non-linear,
ie., [@(x)]; = (x;) for i € [n]; and the matrix operator A € RM*V is called the measurement
matrix or design matrix; and b € RM an intermediate variable. The quantity £ is noise, but
is assumed to be coordinatewise drawn from the same distribution iid. We remark that one
can think of the GLM as a single layer neural network with bias vector 0, weight matrix A,
and activation ¢. This can later be extended to multi-layer measurement models. The goal is
to estimate  when {y, A, ¢} are known. We consider a unified treatment for the Zm,, and
Tmmse €Stimators.

The randomness in & induces a conditional density or likelihood function given by,

p(ylh) = Hp(yilhi)-

For example, the randomness in ¢ could be due to some quantization noise, or finite numerical
precision errors. Here, we introduce methods for reconstruction of & with i.i.d. priors, or

equivalently separable penalty functions, whereby

However, we later comment on the extensions to non-iid priors.

2.8.1 The Standard Linear Model

The GLM has a special case called the Standard Linear Model (SLM), where ¢(h, &) = h+¢&
where £ is additive white gaussian noise. This is perhaps the simplest model that also captures

the effect of the mizing due to A in the presence of noise. For the SLM p(y|x) o< § ||y — Az,
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where v is the scalar precision of the noise &, i.e., &€ ~ N(0,1/v). This model is easier to
analyze due to its relation to least squares problems, a class of problems which has arguably
received most of the attention in the theory on vector space methods [85, Chap. 4]. The
SLM provides incredible insights into the success or failure of a general approximate inference

procedure.

In what follows, we consider the likelihood function and prior given by

plyle) o exp(—5 lly — A|*).  p() o [Jexp(—f(),

whereby the MAP estimator is the mode of the posterior, or the minimizer of the negative

log-posterior given by
y N
Tmap = argmin§ |y — Az|®> + Z f(zi),
z i=1

whereas the MMSE estimator does not have a closed-form variational expression in general,

but is given by

N
. 1 / v 2
Tmmse = ——— xexp | —= ||y — Ax|]” — f(z;) | dx
7 e ( 7 Iy —Ael” =35 >)

In the context of the SLM, the Approximate Message Passing (AMP) algorithm [33] was
introduced to improve the accuracy of fast iterative algorithms in compressive sensing. The
fast algorithms based on iterative thresholding offered worse sparsity-undersampling tradeoffs
than convex formulations, whereas the latter were computationally expensive. The AMP
algorithm demonstrated the ability to achieve the same accuracy in terms of achieving the
sparsity-undersampling tradeoff which is achievable by the convex formulations for large iid

random Gaussian matrices.

A remarkably fascinating property of the AMP algorithm is that in a certain high

dimensional limit, a scalar-valued recursion called the State Evolution (SE) given below, can
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track bulk statistics such as the mean squared error of reconstruction of the iterates,

E(e, k) = Elg(X + N (0, 7); %)), X ~p(X) oce /) (2.12a)

N
Tep =V + Mg(%, Th), (2.12b)

and one can show rigourously that &(vk, %) = lmy_eo = || Tk — z*|* a.s., for A drawn
from certain random matrix ensembles. The SE is an incredible tool, since it can provide
analytical expressions such as the formula [33, eqn. 5| for the boundary of sparse recovery, a
quantity of significant interest for which convex formuations do not provide cogent analytical
characterizations.

The AMP algorithm derives its name from a loopy belief propagation based derivation
over a dense factor graph. We state the AMP algorithm and its briefly describe its derivation.
Similar to AMP, based on belief propagation on another factor graph, albeit with vector-
valued nodes, the vector approximate message passing (VAMP) algorithm was proposed
by [126]. The VAMP algorithm also posses a SE of its own, which holds for a much larger
class of random matrices than the i.i.d. Gaussian ensemble. This makes the VAMP attractive
as an analytical tool just like the AMP, while being more robust to the failure modes of AMP.
The VAMP algorithm is almost equivalent to several other algorithms proposed recently, such
as Turbo-signal recovery [87,138|, and expectation consistent (EC) inference [72,110| with
mild differences. We discuss the VAMP algorithm, and its state evolution while contrasting

it with the other algorithms similar to it.

2.8.2 Approximate Message Passing algorithm

The AMP algorithm was introduced in [33|. It can be summarized by the following sequence
of iterations given in Algorithm 1
It can be derived as loopy belief propagation on the bipartite factor graph shown in Fig.

2.1. For non-sparse matrices A, notice that the graph is dense. While performing loopy belief
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Algorithm 1 Approximate Message Passing

Require: Data {y, A}, denoiser g(-), number of iterations Kj;, denoiser parameter {fyk}é{;tl >
0
1: Initialize o = 0
2: for k=0,1,...,K;; — 1 do
3 = gk )
4 g = (g (rr; )
5: V=Y — A{D\k + %O&k’vk,1
_ & T
6 Tht1 = g + A'v,
7: end for

(11 — Apx)? T (Yo — Agi)? T (ym — Ar)?
f(x1) f(x) f(zN)

Figure 2.1: Factor graph for the loopy belief propagation derivation of the AMP

propagation on this factor graph, the factor-to-variable messages M,_,; approximated as
Gaussian densities. Intuitively, one can think of the Gaussian approximation as the second
order Taylor expansion of the negative log density.

A detailed derivation is provided in [98, Sec 5.2| for MAP inference, which corresponds
to max-product (or min-sum) AMP, and in [35] for MMSE inference, which corresponds to
sum-product AMP. The only difference lies in the denoisers g for the two estimators. For
the MAP case, the denoiser is the proximal operator of f, whereas for the MMSE case, the

denoiser g is a componentwise extension of the scalar denoiser g given by

g(a,c) = ﬁ / v-exp (~f(z) — S(x —a)?) da.

where Z(c,a, f) = [y exp (—f(z) — £(z — a)?) dz is the normalizing factor.

The term %akvk_l is called the Onsager correction term. The idea behind this term is
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that it causes r; to be a noisy version of x*, i.e.,
TR T+ Tw, (2.13)

where w ~ N (0, ), (see [98, Fig. 6] for an empirical demonstration). This justifies naming

the elementwise operation g(+) to be a denoiser.

2.8.3 Relation to Iterative First Order Optimization methods

In the absence of the Onsager correction term, i.e., when a5 = 0, the MAP version of the
AMP algorithm is exactly the proximal gradient descent algorithm. For example, for the ¢,
penalized MAP problem, also called the LASSO problem [56] the proximal operator is the
soft-thresholding operation [28], [21]. In this case, the AMP algorithm is exactly the iterative
shrinkage and thresholding algorithm (ISTA).

An alternative way to understand the Onsager correction term is as a momentum term,
often used to speed up first order optimization algorithms to achieve the fastest possible
rate O(k~?) for convex problems [106]. However, in understanding the AMP through this
lens, the stepsize in the momentum «y, is adaptive and is strongly linked to the curvature of
denoiser at its input 7. This adaptation significantly speeds up the convergence, (see the

plot [98, Fig. 7]).

In fact, due to the regularized least squares interpretation of the MAP inference problem,
minl |y — Az|” + &(z),

the properties of the AMP algorithm in solving these problems have also been studied for

non-separable convex penalty functions @, see [90]
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2.8.4 Limitations of AMP

The AMP algorithm is not robust to general measurement matrices A. For deviations from
the entrywise i.i.d. ensemble, the AMP iterations are known to diverge. We refer the reader
to [128] and [20] as well as comparative figures in [126]. The key failure modes of the AMP are
that the algorithm does not seem to converge for non-zero mean of A;; and ill-conditioning.

Some issues have been addressed by a technique in optimization called damping, see [156].

2.8.5 Vector Approximate Message Passing algorithm

The VAMP algorithm [126], considered a simpler factor graph shown below with vector valued

nodes, To describe the message passing derivation briefly, the approximate beliefs at variable

f(x1) o(xy — @) ly — Az|’

(@) I(V'w - 2) ly — 52|’

Figure 2.2: (top) Factor graph used in the original derivation of VAMP given in Algorithm 2.
(bottom) Alternative factor graph for VAMP. The output-side denoiser for message passing
on this factor graph is Gg, whereas it is go for the factor graph on top. This factor graph is
implicitly used in analysis in [126]. It is more conducive to extension to GLMs and multi-layer
models.

nodes x; are assumed to be Gaussian with mean and precision parameters (Z;,n;I) ; and the
factor-to-variable messages M_,4. (@;) are assumed to be Gaussian with means and precision
parameters (r;,v;I), where 7;,; are scalars. When message passing proceeds, the updates
for the parameters for these Gaussian distributions are obtained by moment-matching. The

iterations are given in Algorithm 2.
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The denoiser gs(72;72) corresponds to the LMMSE denoising. For both the MAP and

MMSE case this denoiser is given by

. v _
8o(1r2;70) = argming ly — Az||” + % |z —r||” = (WATA + %) (WA y + vor)

(2.14)

Using the “full” SVD of A = USV " with square matrices U and V', and a rectangular

matrix S, the denoiser gs given in (2.15) can be rewritten as

22(12;72) = VGa(V 795 72) (2.15a)

Go(a;c) = (vS* +cI) ' (vSy + ca). (2.15Db)

Observe that G is an elementwise operator. This fact is used in the State Evolution analysis

of the algorithm later. Since the AWGN is isotropic, we can rewrite y = Ax + £ as
g=Sz+E¢,

where y and g are rotated vectors U "y and U "€ respectively, and z := V "x. Notice that S
is an elementwise operator. The posterior for this problem can be given by the factor graph
in the bottom panel of Fig 2.2. The resulting approximate message passing on this factor

graph is used implicitly during the analysis of VAMP in [126].

2.8.6 Extensions to the Generalized Linear Model

Note that in general, the AWGN may be restrictive since the domain ) of the observed variable
is implicitly assumed to be RM | it may often not make sense due to the physical constraints of
the system, or the interpretation of the observed variables, for e.g., ) = {Yes, No} indicating
binary choice variables, or ) = [a,b], or Y = {0,1,2,...} such as in count data, and so

on. Fortunately, much of what applies for the AWGN channel can be extended to other
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Algorithm 2 Vector Approximate Message Passing

Require: Denoiser g;(-), LMMSE denoiser gs(-) from (2.15), number of iterations Kj
1: Initialize 719 = 0, 190 > 0
2: fort=0,1,...,K;;y — 1 do
3: // Denoising

Ty, = g1("1k; Y1)

ar = (81 (T 71k))

Mk = Yik/ 1k

Yok = Mk — Yk

ok = (N1k — VikT1k) [ Yok

10: // LMMSE

11: Xo, = Tk Vor)
12: g = (g5(Tok; Yor))
13: Nop = yor/ 2k

14: Yig+1 = M2k — V2k

15: g1 = (Maror — YouTor)/ ik
16: end for

exponential family distributions. Keeping in fashion with the nomenclature for the GLM, the
prefix generalized in this context is indicative of an extension of a signal recovery method to
other exponential family distributions. The generalized versions of the previously mentioned
iterative algorithms have been considered in GAMP [122], GVAMP [139], GTurbo [84]| and
GEC [44,60].

The GAMP algorithm by [122] performs approximate message passing on the factor graph
with scalar valued variable nodes shown in the top panel of Fig. 2.3. Note that this is also a
bipartite graph. Similarly, the VAMP algorithm was extended to the GLM by [139]. One
can show that their algorithm can be derived from the factor graph over vector valued nodes
shown in the bottom panel of Fig 2.3. Although the algorithm stated in [139] is more compact,
the factor graph stated in the bottom panel of Fig. 2.3 is more conducive to extension to

multi-layer models.
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f(x) (Vi — z))

1821 — 2|’

5(UZ2 — Zg)

p(yl23)

Figure 2.3:  Factor graphs for deriving (top): the GAMP algorithm [122], and (bottom):

GVAMP [139] or the more general GEC algorithm [44], [60].
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2.8.7 State Evolution of AMP Algorithms

One of the remarkable properties of the Approximate Message Passing algorithms is that
certain bulk statistics such as mean squared error of its iterates {Z;} can be shown to
evolve according to a set of scalar iterations in a certain high dimensional asymptotic setting
described in Section 2.6. This scalar iteration is called the state evolution (SE) and is given

by equations (2.12).

Specifically, one can show rigorously, that for an average of a pseudo-lipschitz function ¢

of order p, the following convergence holds as the dimension N — oo,

~ 1 ~ S
(xy, ") = ~ Zl/)(I’(fl),[L’j) — E(Xi; X*)  a.s.
For instance in the expression above, we could have ¢ (&, z*) = + || Z — x*|?, i.e., the mean
squared error or reconstruction, which is pseudo Lipschitz of order 2. Note here that the

quantity to which the average converges is the expectation of scalar random variable, where
X' np(X)oce ™ Xy = g(X v mZiw), Z~N(0,1),  ZLX

and T} is given by the scalar recursive equation (2.12).

A very nice intuitive understanding for the state evolution is provided in [33|. In essence,
the effect of multiplication by a large i.i.d. Gaussian matrix A and AT cause the output to
be componentwise i.i.d. Gaussian. Note that this does not necessarily hold if the input to
the matrix is correlated with the matrix. The Onsager correction term however, decorrelates

the input and allows the Gaussianizing property in equation (2.13) to hold.

We consider the state evolution of the VAMP algorithm due to the ease in exposition.
The proof technique used in [126] generalizes the same idea of Bolthausen conditioning from

i.i.d. Gaussian matrices A to orthogonally invariant matrices A.
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2.8.8 Sketch of the proof

w ()
@ @
wy — F, F, - wy W, H H W,

| | |

a, = (hy,(p, wp, 7)) (2.162)  @p = ER(P,W,,7,) (2.17a)

Y = T'(7g, p) (2.16Db) ¥, =T(7,, ) (2.17b)

F, = C(oy) (hy(p, wp, 7,) — ) fp = C(@,) (hp<P> Wp?ﬁp) - aJDP)
(2.16¢) (2.17¢)

Qg = <h/q(q7 wq77q)> (2.16d) ay = Ehy(Q, Wy, 7,) (2.17d)

Yo = T(7p; ) (2.16e) Vg = F(7p7ap) (2.17e)

F, = C(ay) (hy(q, wg,7,) — Q) fe=Clay) (hq(Q7 an7q) - an)
(2.16f) (2.17f)

Figure 2.4: High dimensional error system in RY (left) with an equivalent univariate error
system (right). The blocks V', VT are pre-multiplications, where V'€ R¥*¥. The block N
outputs a sample from a Gaussian distribution with the same mean and variance as the input.
The functions F,, F, are componentwise functions based on h, and h,. f, and f; are defined
using h, and h,. hy,, h, are componentwise extensions of h,, h,. The quantities w,, w, and
W,, W, are extrinsic inputs.

Consider a dynamical system system shown in the left panel of Fig. 2.4. We skip the
dependence on iteration number k, since it is unambiguous. One can show that the VAMP
in Algorithm 2 is a special case of these iterations, with p=7r, —x*,t=7r, —x*,q=V 't
and u = VT p, extrinsic quantities w, = * and w, = {g, S}, where E:: UTE. Recall that

A =USV' is the full singular value decomposition of A, whereby the dynamical system is
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in RY. The componentwise functions

ho (D, Wy, Yp) = g1 (P + Wy, Yp) — Wy (2.18a)
vs€ + 74

h =— 2.18b

o0, e ) 1= 5 - (2.18b)

The parameters (o, as,y1,72) correspond to (a,, gy, Vp,Vq)- The following theorem shows
that the bulk statistics of the dynamical system in RY can be given by expectations of

random variables in the scalar dynamical system in the right panel of Fig. 2.4.
Theorem 4. Assume that

1. w, sz) Wy, wy sz) W, and initialization satisfies ug sz) Uy

2. Update functions C,I'1,T'y are continuous.

3. hp, hy, by, by are uniformly Lipschitz continuous at @, @, ¥, 7,

Then for any fized k we have

1. (wp, Po,P1,---,Pk) Pﬂz) (Wy, Po, Pr,..., Py), where (Py, Py,...,Py) is a zero mean

Gaussian random vector independent of W,.

PL(2 ;
2. (wq7 90,41, - - - 7qk) 4) (WQ7 Q07 Qh ) Qk); where (Q(b Qh ) Qk) s a zero mean

Gaussian random vector independent of W,.

3. (o, 7p) — (ap77p) and (ag,v,) — (aq77q>

The full proof of Theorem 4 has been provided by [126] and [144]. The key idea in proving

this result is a trick called Bolthausen conditioning described below.

Bolthausen Conditioning A challenging part in the proof is to evaluate the distribution
of {p;} and {¢;} in each iteration conditioned on values in preceding iterations which can be

expressed as affine equation of V', as (V') = k. It can be shown that the linear, noiseless,
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and compressed observation of V' is equivalent to observing part of the columns in V. Since
any Haar matrix is unitarily invariant [64], the distribution of V' is the same as the original
one. Thus, evaluating the conditional distribution of V' reduces to analyzing the conditional

distribution of a Haar matrix given part of its columns.

Specifically, the effect of V' on a vector after k iterations can be separated into two parts,
one random and one deterministic. The deterministic part can be calculated exactly in the
limit, and the random part can be simulated independently from another rotation matrix 1%

drawn uniformly from the set {V | (V') = k}.

2.8.9 Fixed points of VAMP

In a remarkable works by [161] and [62], a variational principle was given to fixed points of
Loopy Belief Propagation algorithms, i.e., it was shown that the fixed points of these iterative
update rules correspond to stationary points of a certain constrained energy minimization
problem, where the objective function is called the Bethe Free Energy (BFE). See [128], [124]
and [20] for a discussion on the fixed points of AMP and GAMP and the discussion the Bethe

Free energy.

[110] considered the MMSE problem for the GLM. [44] extended this to the MAP inference
problem and gave several generalizations and convergence properties of EC approximate
inference. The VAMP algorithm can also be considered as a special case of expectation
consistent (EC) inference [110] and [44] with “uniform diagonalization”. To be concise, the
general EC algorithm allows for the precision matrices of the Gaussians to be arbitrary

symmetric positive semidefinite matrices, however VAMP uses only 7l parameterizations.

We briefly describe EC below.

Recall the variational optimization problem for exact recovery of the posterior density (2.1)

which recovers the posterior density. However, due to the factorization p(x|y) « p(z)p(y|z),
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the variational problem (2.1) is equivalent to

q = argnéian(ql |p(x)) + Da(a: | p(ylz)) + H(gs)  st. a1 =qz = gs,
q;<

using the chain rule for relative entropy. Relaxing the constraints of this optimization problem

gives a strategy to approximate inference

q; = azggﬂDkl(ql | p(x)) + Du(q: || p(y|x)) + H(gs) (EC)

st. Egqx =72, By lz|*=7

The solution corresponding to the above approximation is called Expectation Consistent (EC)

inference, since the density matching conditions are relaxed to moment-matching conditions.

Several other approximate inference algorithms [72], [60], [84] with different intuitions
for their derivation have been proposed in the last few years. However, they can all be
rewritten as special instances of the GEC algorithm. The derivation provides a variational
interpretation to the quantities in the algorithm. Specifically, it enables the interpretation of
the quantities {r;,v;} as scaled versions of Lagrange multipliers of an expectation consistent

optimization problem.

Assuming v;7; and .7, are Lagrange multipliers for the constraints Eq x = Eg, 2 and
Eq,@ = Eq,a respectively, whereas 4, and 7, are multipliers for the constraints Eq, ||| =

Eq ||z]° and Ey, ||x]|* = Eq, ||2||* respectively, the KKT equations for the problem EC give
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the following conditions

¢i(@) o< pl@) exp(— @ — 7).
¢3(@) o< plylz) exp(— & — 7).
gi(@) o< exp(—1 [}z - &),

Egx =Egx =z,

E z||> = Ny,

2
|| :Eq§

a3y

One can easily show that these are satisfied for any fixed points of the VAMP algorithm
with Z; = Zy =: @ and 7; = 75 =: . Thus the VAMP algorithm is a Lagrangian method
for reaching first order stationary points of the expectation consistent optimization problem

(EC).

2.9 Marchenko-Pastur distribution

The Marchenko-Pastur law appears often in the literature on Approximate Message Passing.
This is the distribution of the square of singular values of a random rectangular matrix with
i.i.d. entries. Let U = V1SV, be such a random rectangular matrix with i.i.d. Gaussian
entries, and its singular value decomposition.

We describe the random variable Sy, whereby S? = has a rescaled Marchenko-Pastur
distribution. Notice that the positive entries of s,,, are the positive eigenvalues of UTU (or
uu’n).

Observe that U;; ~ N (0, }D), whereas, the standard scaling while studying the Marchenko-
Pastur distribution is for matrices H such that H;; ~ N(0, %) (for e.g. see equation (1.10)
from [151] and the discussion preceding it). Also notice that /83U has the same distribution
as H. Thus the results from [151] apply directly to the distributions of eigenvalues of SUTU

and SUUT. We state their result below taking into account this disparity in scaling.
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The positive eigenvalues of SUTU have an empirical distribution which converges to the

following density:

/JJB(JJ) _ \/(bﬂ — ;2(—2: - aﬁ)+ (2.19a)
ag=(1—+/B)? b= (1+/B)> (2.19b)

Similarly the positive eigenvalues of SUUT have an empirical distribution converging to the

density Buz. We note the following integral which is useful in our analysis:

1

Go:= lim E 1
o1= lim By Lisuon)

bg 1 ﬁ
= li dr = ———. 2.20
o as x/ﬂ—z'uﬁ(x) . |68 —1] (2:20)

More generally, the Stieltjes transform of the density is given by:

Gnpl2) = B Y (221)
mZ:—]]_SmPOZ/ pa(x)dr 2.21

P Sglp—z{ >0} ay T/B—2

2.9.1 Properties of Marchenko-Pastur Law

If A e RN and a;; ~ N(0,+) iid., and A = USVT with 8 = limy_,e0 2. If {8},
converge in the PL(2) sense to S then - S? obeys the Marchenko pastur law with density

function:

Pyse(t) = (1 - %) Solt) + Al ag}:ﬁibﬂ mE (2.22a)
+
where ag=(1—+/B)? and  bg=(14+/B)? (2.22b)
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Lemma 1.

S(u) = ]ES2“+ —=1-% (\/bﬁ F Bu—/ag + BU)Q (2.23)
) —E O 1 _ 1 1
S =g = (\/b5+6u \/ag—l—b’u) <\/a5+ﬁu ¢bﬂ+5u> (2.24)
Proof.
_ L @, FGh .,

where the LHS of (a) is the n—transform (see [151, Sec. 2.2.2]). The RHS of (a) is given
in [155, pg. 303]:

Flx,z) = (\/x(l +Vz)?2+1-— \/x(l —V2)2 + 1>2 (2.26)
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Chapter 3

Inference with Deep Generative Models

Deep generative priors offer powerful models for complex-structured data, such as images,
audio, and text. Using these priors in inverse problems typically requires estimating the input
and/or hidden signals in a multi-layer deep neural network from observation of its output.
While these approaches have been successful in practice, rigorous performance analysis is
complicated by the non-convex nature of the underlying optimization problems. This paper
presents a novel algorithm, Multi-Layer Vector Approximate Message Passing (ML-VAMP),
for inference in multi-layer stochastic neural networks. ML-VAMP can be configured to
compute maximum a priori (MAP) or approximate minimum mean-squared error (MMSE)
estimates for these networks. We show that the performance of ML-VAMP can be exactly
predicted in a certain high-dimensional random limit. Furthermore, under certain conditions,
ML-VAMP yields estimates that achieve the minimum (i.e., Bayes-optimal) MSE as predicted
by the replica method. In this way, ML-VAMP provides a computationally efficient method
for multi-layer inference with an exact performance characterization and testable conditions

for optimality in the large-system limit.

This work was published in [113,115] and was coauthoer with Mojtaba Sahraee-Ardakan, Sundeep
Rangan, Philip Schniter, and Alyson K. Fletcher
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3.1 Introduction

3.1.1 Inference with Deep Generative Priors

We consider inference in an L-layer stochastic neural network of the form

z2) =Wz} + b+ &, (=1,3,...,L—1, (3.1a)

z?:¢€(zg—1’££>7 62274%"7[/7 (31b)

where z{ is the network input, {z?}f; i are hidden-layer signals, and y := 29 is the network
output. The odd-indexed layers (4.1a) are (fully connected) affine linear layers with weights
W,, biases by, and additive noise vectors €,. The even-indexed layers (4.1b) involve separable
and possibly nonlinear functions ¢, that are randomized! by the noise vectors €,. By
“separable,” we mean that [¢s(z,&)]; = ¢e(z;, &) Vi, where ¢, is some scalar-valued function,
such as a sigmoid or ReLLU, and where z; and &; represent the ith component of z and §. We
assume that the input 29 and noise vectors £, are mutually independent, that each contains
i.i.d. entries, and that the number of layers, L, is even. A block diagram of the network is
shown in the top panel of Fig. 3.2. The inference problem is to estimate the input and hidden

signals {z,}/~; from an observation of the network output y. That is,
Estimate {zg}fgol given vy, {ng,l,bgk,l,@k}éﬁ. (3.2)

For inference, we will assume that network parameters (i.e., the weights Wy, biases by, and
activation functions ¢) are all known, as are the distributions of the input z{ and the noise
terms &,. Hence, we do not consider the network learning problem. The superscript “0” on
z{ indicates that this is the “true" value of 2y, to be distinguished from the estimates of 2

produced during inference denoted by z,.

!The role of the noise & in ¢, is allowed to be generic (e.g., additive, multiplicative, etc.). The
relationship between z{; and z{, ; will be modeled using the conditional density p(z{,;|z(, ;) = [ (27, —

be(204 5 €04))p(Eei) e
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Generative model layers

Figure 3.1: Motivating example: Inference for inpainting [16,163]. An image x° is modeled
as the output of a generative model driven by white noise z{, and an occluded measurement
y is generated by one additional layer. Inference is then used to recover the image « from
the measurement y.

The inference problem (3.2) arises in the following state-of-the-art approach to inverse
problems. In general, solving an “inverse problem" means recovering some signal « from
a measurement y that depends on . For example, in compressed sensing (CS) [38], the
measurements are often modeled as y = Ax + £ with known A and additive white Gaussian
noise (AWGN) &, and the signal is often modeled as a sparse linear combination of elements
from a known dictionary, i.e., * = Wz for some sparse coefficient vector z. To recover x, one
usually computes a sparse coefficient estimate z using a LASSO-type convex optimization [148]

and then uses it to form a signal estimate Z, as in
z =Wz for z=argmin iy — A¥z|* + ||z, (3.3)
z

where A > 0 is a tunable parameter. The CS recovery approach (3.3) can be interpreted as
a two-layer version of the inference problem: the first layer implements signal generation
via @ = Wz, while the second layer implements the measurement process y = Az + &.
Equation (3.3) then performs maximum a posteriori inference (see the discussion around

equation (3.6)) to recover estimates of z and .

Although CS has met with some success, it has a limited ability to exploit the complex

structure of natural signals, such as images, audio, and video. This is because the model
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“x = Wz with sparse z” is overly simplistic; it is a one-layer generative model. Much more
sophisticated modeling is possible with multi-layer priors, as demonstrated in recent works on
variational autoencoders (VAEs) [77,133], generative adversarial networks (GANs) [121,135],
and deep image priors (DIP) [153,154]. These models have had tremendous success in

modeling richly structured data, such as images and text.

A typical application of solving an inverse problem using a deep generative model is shown
in Fig. 3.1. This figure considers the classic problem of inpainting [14], for which reconstruction
with DIP has been particularly successful [16,163]. Here, a noise-like innovation signal z)

0. The generative network

drives a three-layer generative network to produce an image x
would have been trained on an ensemble of images similar to the one being estimated using,
e.g., VAE or GAN techniques. The measurement process, which manifests as occlusion in the
inpainting problem, is modeled using one additional layer of the network, which produces
the measurement y. Inference is then used to recover the image x° (i.e., the hidden-layer
signal z3) from y. In addition to inpainting, this deep-reconstruction approach can be applied
to other linear inverse problems (e.g., CS, de-blurring, and super-resolution) as well as
generalized-linear 92| inverse problems (e.g., classification, phase retrieval, and estimation

from quantized outputs). We note that the inference approach provides an alternative to

designing and training a separate reconstruction network, such as in [17,95,100].

When using deterministic deep generative models, the unknown signal £° can be modeled
as ' = G(z]), where G is a trained deep neural network and z{ is a realization of an i.i.d.
random vector, typically with a Gaussian distribution. Consequently, to recover ° from a

linear-AWGN measurement of the form y = Ax® + &, the compressed-sensing approach in

(3.3) can be extended to a regularized least-squares problem [22] of the form
T =G(2), Zo:=argming |y — AG(2)|*+A|z[". (3-4)

In practice, the optimization in (3.4) is solved using a gradient-based method. This approach
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can be straightforwardly implemented with deep-learning software packages and has been
used, with excellent results, in [16,53,73,97,142,150, 163]. The minimization (3.4) has also
been useful in interpreting the semantic meaning of hidden signals in deep networks [88,165].
VAEs [77,133] and certain GANs [37] can also produce decoding networks that sample from
the posterior density, and sampling methods such as Markov-chain Monte Carlo (MCMC)
algorithms and Langevin diffusion [23,160] can also be employed. We note that while the
weight matrices in the motivating example in Fig. 3.1 are constant, during analysis we assume
that they are instances of random matrices drawn from a general distribution of random

matrices.

3.1.2 Analysis via Approximate Message Passing (AMP)

While reconstruction with deep generative priors has seen tremendous practical success, its
performance is not fully understood. Optimization approaches such as (3.4) are typically
non-convex and difficult to analyze. As we discuss below, most results available today only
provide bounds, and these bounds are often be overly conservative (see Section 3.1.4).

Given a network architecture and statistics on the unknown signals, fundamental information-
theoretic questions include: What are the precise limits on the accuracy of estimating the
hidden signals {29}/ from the measurements y? How well do current estimation methods
perform relative to these limits? Is it possible to design computationally efficient yet optimal
methods?

To answer these questions, this paper considers deep inference via approximate message
passing (AMP), a powerful approach for analyzing estimation problems in certain high-
dimensional random settings. Since its origins in understanding linear inverse problems in
compressed sensing [31,32], AMP has been extended to an impressive range of estimation and
learning tasks, including generalized linear models [123], models with parametric uncertainty
[46], structured priors [40], and bilinear problems [137]|. For these problems, AMP-based

methods have been able to provide computationally efficient algorithms with precise high-
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dimensional analyses. Often, AMP approaches yield optimality guarantees in cases where all

other known approaches do not. See [8] for a detailed discussion on the optimality of AMP.

3.1.3 Main Contributions

In this work, we develop a multi-layer version of AMP for inference in deep networks. The
proposed approach builds on the recent vector AMP (VAMP) method of [127], which is itself
closely related to expectation propagation (EP) [96,145|, expectation-consistent approximate
inference (EC) [45,111], SSAMP [19], and orthogonal AMP [86]. The proposed method is
called multi-layer VAMP, or ML-VAMP. As will be described in detail below, ML-VAMP
estimates the hidden signals in a deep network by cycling through a set of relatively simple
estimation functions {gF }%_,. The information flow in ML-VAMP is shown in the bottom
panel of Fig. 3.2. The ML-VAMP method is similar to the multi-layer AMP method of [89]
but can handle a more general class of matrices in the linear layers. In addition, as we will
describe below, the proposed ML-VAMP algorithm can be configured for either MAP or
MMSE estimation. We will call these approaches MAP-ML-VAMP and MMSE-ML-VAMP.

We establish several key results on the ML-VAMP algorithm:

e We show that, for both MAP and MMSE inference, the fixed points of the ML-VAMP
algorithm correspond to stationary points of variational formulations of these estimators.
This allows the interpretation of ML-VAMP as a Lagrangian algorithm with adaptive
step-sizes in both cases. These findings are given in Theorems 5 and 6 and are similar

to previous results for AMP [78,129]. Section 3.3 describes these results.

e We prove that, in a certain large system limit (LSL), the behavior of ML-VAMP is
exactly described by a deterministic recursion called the state evolution (SE). This SE
analysis is a multi-layer extension of similar results [10,70,127| for AMP and VAMP.
The SE equations enable asymptotically exact predictions of macroscopic behaviors of

the hidden-layer estimates for each iteration of the ML-VAMP algorithm. This allows
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us to obtain error bounds even if the algorithm is run for a finite number of iterations.
The SE analysis, given in Theorem 9, is the main contribution of the paper, and is

discussed in Section 3.4.

Since the original conference versions of this paper [42,112], formulae for the minimum
mean-squared error (MMSE) for inference in deep networks have been conjectured
in [7,47,131]. As discussed in Section 3.4.3, these formulae are based on heuristic
techniques, such as the replica method from statistical physics, and have been rigorously
proven in special cases [6,132]. Remarkably, we show that the mean-squared-error

(MSE) of ML-VAMP exactly matches the predicted MMSE in certain cases.

Using numerical simulations, we verify the predictions of the main result from Theorem
9. In particular, we show that the SE accurately predicts the MSE even for networks
that are not considered large by today’s standards. We also perform experiments with
the MNIST handwritten digit dataset. Here we consider the inference problem using
learned networks, for which the weights do not satisfy the randomness assumptions

required in our analysis.

In summary, ML-VAMP provides a computationally efficient method for inference in deep

networks whose performance can be exactly predicted in certain high-dimensional random

settings. Moreover, in these settings, the MSE performance of ML-VAMP can match the

existing predictions of the MMSE.

3.1.4 Prior Work

There has been growing interest in studying learning and inference problems in high-

dimensional, random settings. One common model is the so-called wide network, where

the dimensions of the input, hidden layers, and output are assumed to grow with a fixed

linear scaling, and the weight matrices are modeled as realizations of random matrices.

This viewpoint has been taken in [24,51,54,103], in several works that explicitly use AMP
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methods [47,82,89,131], and in several works that use closely related random-matrix tech-

niques [108, 141].

The existing work most closely related to ours is that by Manoel et al. [89], which
developed a multi-layer version of the original AMP algorithm [31]. The work [89] provides a
state-evolution analysis of multi-layer inference in networks with entrywise i.i.d. Gaussian
weight matrices. In contrast, our results apply to the larger class of rotationally invariant
matrices (see Section 3.4 for details), which includes i.i.d. Gaussian matrices case as a special

case.

Several other recent works have also attempted to characterize the performance of
reconstruction using deep priors in random settings. For example, when z) € R* and
A € R™™ is a realization of an ii.d. Gaussian matrix with m = Q(kLlogn), Bora et
al. [16] showed that an L-layer network G with ReLU activations can provide provably
good reconstruction of £° € Range(G) from measurements y = Ax® + €. For the same
problem, [53| and [65] show that, for W, € RNe*Ne-1 generated entrywise i.i.d. Gaussian and
Ny = Q(Ny_1log Ny_1), one can derive bounds on reconstruction error that hold with high
probability under similar conditions on m. Furthermore, they also show that the cost function
of (3.4) has stationary points in only two disjoint regions of the z, space, and both are closely
related to the true solution z{. In [81], the authors use a layer-wise reconstruction scheme to
prove reconstruction error bounds when N, = Q(N,_;), i.e., the network is expansive, but

with a constant factor as opposed to the logarithmic factor in [65].

Our results, in comparison, provide an asymptotically exact characterization of the
reconstruction error—not just bounds. Moreover, our results hold for arbitrary hidden-
dimension ratios Ny/N,_1, which can be less than, equal to, or greater than one. On the
other hand, our results hold only in the large-system limit, whereas the other results above
hold in the finite-dimensional regime. Nevertheless, we think that it should be possible to
derive a finite-dimensional version of our analysis (in the spirit of [134]) that holds with high

probability. Also, our experimental results suggest that our large-system-limit analysis is a

95



o o
0 0 0 0

20 21 Z9 z3 y
O—— Wy, by ————{ ¢2(-) —————| W3, bg ————— ¢4(-) ———O
2+ko TI:_U 2ljl TI—Q 2+k2 "°l—:2 21?3 7'1_;3
. 0 . 0 . 0 . 0 - y
g () | gr()| [T || T &0 T |&e()F—0O
O] O O O
Tro  Zko T 21 Tro  Zka Tr3 23

Figure 3.2: Top panel: Feedfoward neural network mapping an input 2y to output y = 29 in

the case of L = 4 layers. Bottom panel: ML-VAMP estimation functions g7 (-) and estimation
quantities T'kiZ and Ekie at iteration k.
good approximation of behavior at moderate dimensions.

Some of the material in this paper appeared in conference versions [42,112], Theorems
5 and 9 were stated in [112], whereas Theorem 8 was stated in [42]. The current paper
includes all the proofs, simulation details, and provides a unified treatment of both MAP

and MMSE estimation. Additionally, Theorem 6 and its proof are new results.

3.2 Multi-layer Vector Approximate Message Passing

3.2.1 Problem Formulation

We consider inference in a probabilistic setting where, in (4.1), z3 and {£,}-, are modeled
as random vectors with known densities. Due to the Markovian structure of {z,} in (4.1),

the posterior distribution p(z|y), where 2z := {zy}/=5, factorizes as

p(zly) < p(z,y) = p(z, z1) = p(z0) | | p(ze]2e1) (3.5)

where the form of p(z¢|z.) is determined by W, b,, and the distribution of &, for odd ¢;
and by ¢, and the distribution of &, for even . We will assume that z, € RVt where N, can

vary across the layers ¢.
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Similar to other graphical-model methods [159]|, we consider two forms of estimation:
MAP estimation and MMSE estimation. The maximum a priori, or MAP, estimate is

defined as

Zmap 1= argmax p(z|y). (3.6)

Although we will focus on MAP estimation, most of our results will apply to general M-

estimators [68] of the form,

L
2m-est = argmin {D%O(ZO) + Z D%(Zz, zf—l)}

(=1

for loss functions .%,. The MAP estimator then corresponds to loss functions %, =
—Inp(z¢|zeq) and £ = —Inp(zp).

We will also consider the minimum mean-squared error, or MMSE, estimate, defined as

Bmmee = El2]y] = / 2 p(zly) d. (3.7)

To compute the MMSE estimate, we first compute the posterior marginals p(z/|y). We
will also be interested in estimating the posterior marginals p(z|y). From estimates of the
posterior marginals, one can also compute other estimates, such as the mininum mean-absolute

error (MMAE) estimate, i.e., the median of the posterior marginal.

3.2.2 The ML-VAMP Algorithm

Similar to the generalized EC (GEC) [45] and generalized VAMP [140] algorithms, the
ML-VAMP algorithm attempts to compute MAP or MMSE estimates using a sequence of
forward-pass and backward-pass updates. The updates of the algorithm are specified in
Algorithm 3. The quantities updated in the forward pass are denoted by superscript +, and
those updated in the backward pass are denoted by superscript —. The notation on lines

11 and 23 means (Of (z*)/0z) := 3" | Of;(x;)/0x; evaluated at & = x*, where © € R”
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Algorithm 3 Multi-layer Vector Approximate Message Passing (ML-VAMP)

Require: Estimation functions g, g7, and {g7 };~}
1: Set 7, = 0 and initialize 0, for £ =0,1,...,L— 1.
2: for k=0,1,...,N;y — 1 do

3: // Forward Pass
/\_i_

4 Zko 80 (T40: 010)

5oy = <8g0 (T30, 00) /O >

6: = (Zlh — afyri)/(1—afy)

7. for/=1,...,L—1do

8: 2 = 8 ("'M"’“u 1 0)

9 ity = (98] (T i1, O) /Oy )
10: T = (- 0‘7&%@)/(1 Qgp)
11:  end for
12:

13:  // Backward Pass
W 2 =8 (i 0
150 oy g = <0g2<7'1—:,L—1> ek_L)/arlj,L—1>

16: Ty = (El;L—l - O‘l;L—lrlj,L—l)/(l - Oél;,L—l)
172 for/=L-1,...,1do

18: sk_,ﬁfl =8 ("'k_ﬂ,e’ ’rl—:,éflv Ore)

19: Qpyr o1 = <8g£_(7“k_+1 z»r;e 1 00) /0T 1>
20: Thy -1 = (%Ze 1T Qg 17'k£ )/ (1 ak,z—1)
21:  end for

22: end for

and f : R" — R" acts componentwise. The update formulae can be derived similar to those
for the GEC algorithm [45], using expectation-consistent approximations of the Gibbs free

energy inspired by [111].

The ML-VAMP algorithm splits the estimation of z = {z,},~; into smaller problems
that are solved by the estimation functions {ggt f;, gt and g;. (See Figure 3.2, bottom
panel.) As described below, the form of g;t depends on whether the goal is MAP or MMSE
estimation. During the forward pass, the estimators g, are invoked, whereas in the backward
pass, g, are invoked. Similarly, the ML-VAMP algorithm maintains two copies, 2+ and 2~
of the estimate of z. For £ =1,2,..., L—1, each pair of estimators (g;, g, ) takes as input

rS, and r, to update the estimates 2 and z, |, respectively. Similarly, g and g; take
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inputs 7, and 7}, to update z° and z, |, respectively. The estimation functions also take

+
parameters 0.

3.2.3 MAP and MMSE Estimation Functions: {g,}

The ML-VAMP algorithm is an iterative application of estimation functions g}t which take
as input (r,,r},) and output (z,,%, ). During the forward pass the output z, , is dropped
whereas in the backward pass z, is dropped. These estimation functions can take arbitrary

parametric forms.

The form of the estimation functions {gf}f:_ é depends on whether the goal is to per-

form MAP or MMSE estimation. In either case, we restrict ourselves to the following

parameterization
Ok = Yros 0k = (Vaes 72:@1)»
(3.8)
O = 71?,&1 Ore = (%11,0 7]::8—1)’
where ’ykie and 77;2 are scalars updated at iteration £k > 0 and all / =0,1,..., L—1 as follows:
+ + — — — +
Yie = Me = Voo Vit e = M1, = Vro
" i (3.9)
e = Vel e Mes1e = oo U

while the updates of o@ are explicitly given in lines 11 and 23 of Algorithm 3.  The

parameters 7,:5 and n,ﬁj respectively, represent estimates for precision (inverse variance) of

the input ra and output ’z\,fg to the estimation functions gf They can also be interpreted as

surrogates for curvature information (or second-order information) of the loss function. The
+

quantities o;;, € (0, 1) couple the forward and backward iterations via the so-called Onsager

correction terms in line 12 and 24.

Given these parameters, both the MAP and MMSE estimation functions are defined from
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the belief function over (zy, zp):

be(Ze, zea|Py o)y Ve Vi) X P(Ze| Ze1) X

- —2 s 2
o e e e PR (3.10)
+
for £ = 1,2,...,L—1. Similarly, by(zr,24) o p(y|zra)exp(—5 ||z — rf, %), and

bo(z0, 2-1) x p(z0) exp(—%Hzo — 75 ||?). When performing MMSE inference, we use
(’/Z\E'_7 ’/Z\Zil)mmse = ngmmse(ré_7 T‘Zl; 76_7 ,YZI)

= E[(Zg,Zg_l)|bg], (3.11)

where E[-|b¢] denotes expectation with respect to the (normalized) distribution b,. Similarly,

for MAP inference, we use

(2;) 27—1)"‘5‘P = meap(TZ7 r;—l; 7[’ th)
= argmax by(zy, z¢1). (3.12)
20,201

Notice that (3.12) corresponds to the proximal operator of —Inp(z/|z,y). We will use
“MMSE-ML-VAMP” to refer to ML-VAMP with the MMSE estimation functions (3.11), and
“MAP-ML-VAMP” to refer to ML-VAMP with the MAP estimation functions (3.12).

3.2.4 Computational Complexity

A key feature of the ML-VAMP algorithm is that, for the neural network (4.1), the MMSE
and MAP estimation functions (3.11) and (3.12) are computationally easy to compute. To
see why, first recall that, for the even layers ¢ = 2,4, ... L, the map ¢, in (4.1b) is assumed
separable and the noise &, is assumed i.i.d. As a result, z, is conditionally independent given
zZeq, 1e., p(zelzea) = [ p(204|2¢a,:). Thus, for even /¢, the belief function b in (4.12) also
factors into a product of the form b,(2¢, 2e1) = [ [, be(204, 2¢4,:), implying that the MAP and
MMSE versions of g}t are both coordinate-wise separable. In other words, the MAP and

MMSE estimation functions can be computed using N, scalar MAP or MMSE estimators.
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Next consider (4.1a) for ¢ = 1,3,...,L—1, i.e., the linear layers. Assume that & ~
N(0, Iv; ") for some precision (i.e., inverse variance) vy > 0. Then p(z¢|ze1) o % || 20 — Wizeq — be||.
In this case, the MMSE and MAP estimation functions (3.11) and (3.12) are identical, and
both take the form of a standard least-squares problem. Similar to the VAMP algorithm [127],
the least-squares solution—which must be recomputed at each iteration k—is can be efficiently
computed using a single singular value decomposition (SVD) that is computed once, before

the iterations begin. In particular, we compute the SVD
W, = V; Diag(s,) Vi, (3.13)

where V, € RNNe and V,; € RN¥er*New are orthogonal and Diag(s,) € RNNew i g
diagonal matrix that contains the singular values of W;. Let by := WTbg. Then for odd ¢,
the updates (3.11) and (3.12) both correspond to quadratic problems, which can be simplified

by exploiting the rotational invariance of the 5 norm. Specifically, one can derive that

=8l k)
= VZG;(VZTZ_7V£—1TZD§&BE7/yf_a’y@—tl)a (314&)
Z., = ge_(re_vTZ1v'Yz_77Z1>

= V}—lGZ_ (VZTZ_7 Vf—lr[tla gf) Béa 75_7 7Z1>7 <314b)

where transformed denoising functions G (-) are componentwise extensions of G7 (-), defined

as
-1

Gf Sy Yt v, we+veby
“l= ‘ ‘ (3.15)

- + 2 + 7
G, Yo tVeS;  —ViSe Vi We — VeSeby

Note that G} and G are functions which take inputs (ug, ue, s¢, b, v, ,7,) and output
the expressions on the RHS. A detailed derivation of equations (3.14) and (3.15) is given
in [41, Appendix B]. Note that the argument S, in (3.14a) is N, dimensional, whereas in
(3.14b) it is Ny dimensional, i.e., appropriate zero-padding is applied. Keeping this subtlety

in mind, we use S, to keep the notation simple.
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From Algorithm 3, we see that each pass of the MAP-ML-VAMP or MMSE-ML-VAMP
algorithm requires solving (a) scalar MAP or MMSE estimation problems for the non-linear,
separable layers; and (b) least-squares problems for the linear layers. In particular, no

high-dimensional integrals or high-dimensional optimizations are involved.

3.3 Fixed Points of ML-VAMP

Our first goal is to characterize the fixed points of Algorithm 3. To this end, let 7,7, , 2,
with parameters o), a;,7,,7, , 7 be a fixed point of the ML-VAMP algorithm, where we
have dropped the iteration subscript k. At a fixed point, we do not need to distinguish

between 2/ and z,, nor between 1/ and 7, , since the updates in (3.9) imply that

= =0+ =

B ) (3.16)
ajz%, aé_:%, and ozZqLoze_ =1.
Applying these relationships to lines 12 and 24 of Algorithm 3 gives
+ ot —
grog = T TN g (3.17)
Ye Y

3.3.1 Fixed points of MAP-ML-VAMP and connections to ADMM

Our first results relates the MAP-ML-VAMP updates to an ADMM-type minimization of the
MAP objective (3.6). For this we use variable splitting, where we replace each variable z,

with two copies, z; and z,. Then, we define the objective function

L1
F(z*,27) == —lnp(zd) =Y  Inp(zf |z, ) —Inp(ylz; ;)
=1
over the variable groups z* := {z/}/~' and z~— := {2z, }}~;'". The optimization (3.6) is then
equivalent to
I_‘T_lirl F(z",z7) st. zf=2z;,, Y{=0,...,L—1. (3.18)
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Corresponding to this constrained optimization, we define the augmented Lagrangian

L1
- Te _
+ D mst (2 —z) + 7 — 2|, (3.19)
=0

where s := {s,} is a set of dual parameters, 7} > () are weights, and 7, = v, + 7, . Now, for

=1,...,L— 2, define
Loz, 2tsat s m seais0) = —npla o) + mslaf
+ —
T _— = — 2 2l =112
— sz + 5hllze — 20 1P+ S llE - |
which represents the terms in the Lagrangian £(-) in (3.19) that contain z, , and z;. Similarly,

define Lo(-) and L7 4(+) using p(zd) and p(y|z]_,), respectively. One can then verify that

L—1
L(z",z",s) = Zﬁg(zg__l,zf;zz_l,ze_,w,bSg).
=0
Theorem 5 (MAP-ML-VAMP). Consider the iterates of Algorithm 3 with MAP estimation
functions (3.12) for fixed %ft > 0. Suppose lines 11 and 23 are replaced with fixed values

aj, = o € (0,1) from (3.16). Let spy == ajiy(Zy 1, — Tyy) and siy = ag,(vf, —Zf,). Then,

for ¢ =0,...,L—1, the forward pass iterations satisfy

/\+ o . —_ + . /\+ A~ + —
— Zge = algininl Loz 120 25015 2105 Skp1> Ske) (3.20a)
(z 1,20 )
I S —
Ske = See + g (2 — 21y ), (3.20b)

whereas the backward pass iterations satisfy

P . . —_ +' /\+ AN + —_
Zpoy — = arigmin Li(zy 4,2, 72k 019 Zkps S e Sk+1,z) (3.21a)
(Ze,1 yZy )
Sii,e1 = Sk T Qg (Zk,e—1 - Zk,e—l)- (3.21b)

Further, any fixed point of Algorithm 1 corresponds to a critical point of the Lagrangian

(3.19).
Proof. See Appendix A.3 O
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Theorem 5 shows that the fixed-{a;} version of ML-VAMP is an ADMM-type algorithm
for solving the optimization problem (3.18). In the case that o = «, this algorithm is
known as the Peaceman-Rachford Splitting variant of ADMM and its convergence has been
studied extensively; see |58, equn. (3)] and [59], and the references therein. Different from
ADMM, the full ML-VAMP algorithm adaptively updates {ai;} in a way that exploits the
local curvature of the objective in (3.12). Note that, in (3.20a) and (3.21a), the “_” notation
means that we compute the joint minimizers over (z/,,z,), but only use one of them at a

time for the update step.

3.3.2 Fixed Points of MMSE-ML-VAMP and Connections to Free-

Energy Minimization

Recall that z := {z,}.-) and let B denote the set of density functions b(z) factorizable as
fo(zo) fr(zo-1) T1+=) fe(2e, zo-1). Notice that the true posterior p(z|y) from (3.5) belongs to
this set. Essentially, this B captures the chain structure of the factor graph visible in the top
panel of Fig. 3.2. For chain-structured (and, more generally, tree-structured) graphs, one can

express any b € B as [162] (see also [119, Sec. IIT C] for a succinct description)

_ 1= fo(ze, ze1)
TTe=7 qe(ze)

where { fy(z¢, ze1)} and {qs(2¢)} are marginal density functions of b(z). As marginal densities,

b(2) , (3.22)

they must satisfy the consistent-marginal equations

b(ze) = /fz(zz>zz1)dzel

(3.23)
= qu(z0) = /fm(zéﬂ,ze) dzey, VL=1...L-1
Because p(z|y) € B, we can express it using variational optimization as
p(zly) = argmin D (b(2)]p(2[y)). (3.24)
S
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where Dgy (b(2)|[p(2ly)) := [ b(2)

into (3.24), we obtain

(z) from (3.22)

p(zly) —arbgréun{ DKL (fe(ze, ze1)[[p(2e)20-1))
€

ol (3.25)
+ h(Qg(Zg))} subject to (3.23),
=0
where h(qe(z0)) == — [ qi(2z¢) In go(2¢) dz¢ is the differential entropy of ¢,. The cost function

in (3.25) is often called the Bethe free energy [162]. In summary, because B is tree-structured,

Bethe-free-energy minimization yields the exact posterior distribution [162].

The constrained minimization (3.25) is computationally intractable, because both the opti-
mization variables {f,, ¢/} and the pointwise linear constraints (3.23) are infinite dimensional.
Rather than solving for the exact posterior, we might instead settle for an approximation
obtained by relaxing the marginal constraints (3.23) to the following moment-matching

conditions, for all £ =0,1,... L—1:

Elzelq) = Elzel fe],  Elllzell lae) = Elllzell | £2),
(3.26)

Elze|ge) = Elzel fea], Elllzell” lae) = E[lzell” | fen]-
This approach is known as expectation-consistent (EC) approximate inference [111|. Because
the constraints on f, and ¢, in (3.26) are finite dimensional, standard Lagrangian-dual
methods can be used to compute the optimal solution. Thus, the EC relaxation of the Bethe

free energy minimization problem (3.25), i.e.,

L-1
minmax{ ZDKL(fg(Zg, zo—1)||p(2e| 2e-1))
fe ae = (3.27)

L-1

+ Z h<Qg(Zg))} subject to (3.26),

=0

yields a tractable approximation to p(z|y).

We now establish an equivalence between the fixed points of the MMSE-ML-VAMP

algorithm and the first-order stationary points of (3.27). The statement of the theorem uses
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the belief functions b, defined in (4.12).

Theorem 6 (MMSE-ML-VAMP). Consider a fived point ({r;},{Z:},{7;"}) of Algorithm 3
with MMSE estimation functions (3.11). Then {~,/r/, %7 YTy %}, are Lagrange multipli-
ers for (3.26) such that KK'T conditions are satisfied for the problem (3.27) at primal solutions
{fr.q;}. Furthermore, the marginal densities take the form f7(-) o< be(:|7; 7 1o v0 s Ve s Vi)

and q; = N(Zy, I/ng), with 2, and n, given in (3.16)-(3.17).

Proof. See Appendix A.3. 0

The above result shows that MMSE-ML-VAMP is essentially an algorithm to iteratively
solve for the parameters ({r;}, {Z¢}, {7; }) that characterize the EC fixed points. Importantly,
q;(z¢) and f*(zy, z¢—1) serve as an approximate marginal posteriors for z, and (2, zy—1). This
enables us to not only compute the MMSE estimate (i.e., posterior mean), but also other
estimates like the MMAE estimate (i.e., the posterior median), or quantiles of the marginal
posteriors. Remarkably, in certain cases, these approximate marginal-posterior statistics

become exact. This is one of the main contributions of the next section.

3.4 Analysis in the Large-System Limit

3.4.1 LSL model

In the previous section, we established that, for any set of deterministic matrices {W,},
MAP-ML-VAMP solves the MAP problem and MMSE-ML-VAMP solves the EC variational
inference problem as the iterations k — oco. In this section, we extend the analysis of [10,127]
to the rigorously study the behavior of ML-VAMP at any iteration k for classes of random
matrices {W,} in a certain large-system limit (LSL). The model is described in the following

set of assumptions.
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System model We consider a sequence of systems indexed by N. For each N, let z, =
2)(N) € RN«(N) be “true” vectors generated by neural network (4.1) for layers £ =0, ..., L,
such that layer widths satisfy limy_,, N/(N)/N = 3, € (0,00). Also, let the weight matrices
W/, in (4.1a) each have an SVD given by (3.13), where {V;} are drawn uniformly from the set
of orthogonal matrices in RV*N¢ and independent across ¢. The distribution on the singular

values s, will be described below.

Similar to the VAMP analysis [127], the assumption here is that weight matrices W,
are rotationally invariant, meaning that VW, and W,V are distributed identically to W/.
Gaussian i.i.d. Wy as considered in the original ML-AMP work of [89] satisfy this rotationally
invariant assumption, but the rotationally invariant model is more general. In particular, as
described in [127], the model can have arbitrary coniditoning which is known to be a major

failure mechanism of AMP methods.

ML-VAMP algorithm We assume that we generate estimates Ekie from the ML-VAMP
algorithm, Algorithm 3. Our analysis will apply to general estimation functions, g(-), not
necessarily the MAP or MMSE estimators. However, we require two technical conditions: For
the non-linear estimators, ggt for ¢ =2,4,...L — 2, and g, g, act componentwise. Further,

. . o ogS og, ogl O0g;
these estimators and their derivatives =L 5 “€o L
0z, '0z,,’ 0zy '0z]_,

are uniformly Lipschitz continuous.
The technical definition of uniformly Lipschitz continuous is given in Appendix A.1. For the
linear layers, £ = 1,3, ... L—1, we assume we apply estimators g7~ of the form (3.14) where G
act componentwise. Further, Gzi along with its derivatives are uniformly Lipschitz continuous.
We also assume that the activation functions ¢, in equation (4.1b) are componentwise
separable and Lipschitz continuous. To simplify the analysis, we will also assume the

estimation function parameters 92} converge to fixed limits,

lim 0%(N) = 0, (3.28)

N—oo
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—+ . . . o
for values 6,,. Importantly, in this assumption, we assume that the limiting parameter values
—+
0, are fixed and not data dependent. However, data dependent parameters can also be

modeled [127].

Distribution of the components We follow the framework of Bayati-Montanari and

describe the statistics on the unknown quantities via their empirical convergence — see

Appendix A.1. For £ = 1,3,... L—1, define by := V/b, and &, := V]&,. We assume that
0

the sequence of true vectors z;, singular values s,, bias vectors by, and noise realizations &,

empirically converge as

{z0n} PL® Zy, {&n} PL® =, V¢ even, (3.29a)

PL(2)

{(stmsben.E0n)} = (Se, Be,Zp), V{ odd, (3.29b)

to random variables 70, Z,, Sy, By, Z;. We will also assume that the singular values are

bounded, i.e., sp, < Sy max V. Also, the initial vectors r, converge as,

_ PL(2)
{[roz_Z?]n} :()Qoga (=0,2,...,L,
(3.30)

_ PL(2) _
{[WT(TOE_Z?)]'H«} = QOEv 621737"'7-[/_]—7

where (Qqy, Q1p - - - Qp 1) 1s jointly Gaussian independent of 73, {Z,}, {Sy, By, =4}

State Evolution Under the above assumptions, our main result is to show that the asymp-
totic distribution of the quantities from ML-VAMP algorithm converge to certain distributions.
The distributions are described by a set of deterministic parameters {K;,, 7oy, @ips Vigs Tag)-
The evolve according to a scalar recursion called the state evolution (SE), given in Algorithm

6 in Appendix A.2. We assume a;, € (0,1) for all iterations k and £ =0,1,... L—1.

3.4.2 SE Analysis in the LSL

Under these assumptions, we can now state our main result. Let S? denote the space of symmet-

. o . . . dxd N - 4+ - 4 —+ 4+ L-1
ric positive definite matrices in R**¢. The deterministic quantities {K},, T, @hps Vies Mot Yoo
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referenced in the theorem below are defined in an iteration called the State Evolution given

in Algorithm 6 (see Appendix A.2 of Supplementary materials).

Theorem 7. Consider the system under the above assumptions. There exist deterministic
parameters {Kif,, Top, @rp Vo T oo With Ky € 2,74, > 0,75, > 0,75, > 0,0 € (0,1)
such that the following convergence holds. For any componentwise pseudo-Lipschitz function

Y of order 2, iteration index k, and layer index ¢ = 2,4,... L — 2,

. 0 - a.s.
lim <¢ (zéflvzk,E—D/z\Jrkﬁ) > =

N—o0
E[ (A 67 (C+ 0u(A Z0), B+ A T 7). (3.31)
G (C+ (A Z0), B+ AT T )|
dim (920, 255)) = B [0(Z0, 98 (F + 25,75)] (3.32)
dim (9(z] 1,2, 1,)) = Ev(D, g, (E+D,71,)), (3.33)

where (A,B) ~ N(0,K} ;) and C~ N(0,7,) are mutually independent and independent of
Ze; (D,E) ~ N(0,K} ) is independent of 2, and F ~ N(0,7) is independent of Zg.
Similarly for any layer index £ =1,3,..., L—1, we have
A (W (Veaze, Va2, Vi 200)) =
E [qp (A, Gy (C+D,B+A, S0, Be, Ty 7). (3.34)
GH(C+D,B+A S, BT 7)) |

where (A,B) ~ N(0,K} ;) and C~ N(0,7,) are mutually independent and independent of
(SK,EZ,Eg), and D = SZA + Eg + Eg.

Furthermore, ifﬁfe,ﬁfé, are defined analogous to (3.9) using &,fe, then for all ¥,

lim (ozie,'ya,n,ie) = (@tf,ﬁkfz,ﬁ@). (3.35)

N—oo

Proof. See Appendix A.4. O

The key value of Theorem 9 is that we can exactly characterize the asymptotic joint
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distribution of the true vectors z and the ML-VAMP estimates z,. The asymptotic
joint distribution, can be used to compute various key quantities. For example, suppose
we wish to compute the mean squared error (MSE). Let (2%, 2) = (2° — 2)?, whereby
(P(20,2,)) = + |20 —/Z\ZHQ. Observe that ¢ is a pseudo-Lipschitz function of order 2,
whereby we can apply Theorem 9. Using (3.31), we get the asymptotic MSE on the k-

iteration estimates for ¢ = 2,4, ... L—2:

T [ N
Nes Boo Nt 1%k 1

E [ (67 (C+ 66,20, B+ AT T t) — A

. 2 a.s.
lim 52 — 2=
Nz—}()o NZ Zkg ZZ

E [ (97 (C+ 0u(A,Z0), B+ AT T ) — 66(AZ0)°]

where we used the fact that ¢, is pseudo-Lipschitz of order 2, and z) = ¢,(20,,&,) from

(4.1b). Similarly, using (3.34), we get the kth-iteration MSE for ¢ =1,3,... L—1:

. o~ 2 o~ 0 2
i e 2l = o Ve 0]
No o0 Noy k1 —1 Ney ( k1 Zfl)

a.s. — n ~ ~ 2
=E [(Gz (C+D,B+A,S, Bl,’Y;,za'Yk,e—l) - A) ] :

Jim (125 = 2] = 5 [V E - =)

“R, [(GZ(C +D,B+A, S, Bo, Vi Vi) — D)Q] ’

I

where D = S)A + B, + Z,. Here we used the rotational invariance of the ¢, norm, and the
fact that equation (4.1a) is equivalent to V," 20 = Diag(s,;) V129, + by using the SVD (3.13)

of the weight matrices W,.

At the heart of the proof lies a key insight: Due to the randomness of the unitary matrices
Vi, the quantities (27,7, — z¢, 7., — 27,) are asymptotically jointly Gaussian for even
¢, with the asymptotic covariance matrix of {(z{y ., 75 4 = 204n Them — Z0n)} given by

+
[K,cz 0

o T;JJ , where K, € R?*2 and T, is a scalar. After establishing the asymptotic Gaussianity

0 — 0 + 0 . o A~ . . . .
of (27,7 — 20,71 — %04), since z; and Z,; are componentwise functions of this triplet,
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we have the PL(2) convergence result in (3.31). Similarly, for odd ¢, we can show that
(Ve 2l Veary o, V,"r;,) is asymptotically Gaussian. For these ¢, ViiZ,,, and V, 'z}, are
functions of the triplet, which gives the result in (3.34).

Due to the asymptotic normality mentioned above, the inputs (r,, 7, ;) to the estimators
g are the true signals (29, 2?) plus additive white Gaussian noise (AWGN). Hence, the
estimators g}t act as denoisers, and ML-VAMP effectively reduces the inference problem 3.2
into a sequence of linear transformations and denoising problems. The denoising problems

are solved by g;t for even ¢, and by G;t for odd /.

3.4.3 MMSE Estimation and Connections to the Replica Predic-

tions

We next consider the special case of using MMSE estimators corresponding to the true
distributions. In this case, the SE equations simplify considerably using the following MSE
functions: let z;,, z; be the MMSE estimates of z{) ; and z) from the variables r,, r; under

the joint density (4.12). Let £%(-) be the corresponding mean squared errors,

1 ~
& 7L ) = lim B |12 -2 |,

o o (3.36)

E (T e ) = A}linoo NE Hzg—l - Zé_—lH :
Theorem 8 (MSE of MMSE-ML-VAMP). Consider the system under the assumptions of
Theorem 9, with MMSE estimation functions gzt, ga, g, from (3.11) for the belief estimates in

(4.12) with v, = 7;;2, from the state-evolution equations. Then, the state evolution equations

reduce to
T
k™ ot~ At kO
& Vo Vi
¢ (Ve Vi) (3.37)
Vir1,e = ! ~ The
T (Ve Vi)
where 1/7}, = 5;(7,&,7;[_1) is the MSE of the estimate z),.
Proof. See Appendix A.4. O
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Since the estimation functions in Theorem 8 are the MSE optimal functions for true
densities, we will call this selection of estimation functions the MMSE matched estimators.
Under the assumption of MMSE matched estimators, the theorem shows that the MSE error
has a simple set of recursive expressions.

It is useful to compare the predicted MSE with the predicted optimal values. The
works [47,131] postulate the optimal MSE for inference in deep networks under the LSL
model described above using the replica method from statistical physics. Interestingly, it
is shown in {131, Thm.2| that the predicted minimum MSE satisfies equations that exactly
agree with the fixed points of the updates (3.37). Thus, when the fixed points of (3.37) are
unique, ML-VAMP with matched MMSE estimators provably achieves the Bayes optimal
MSE predicted by the replica method. Although the replica method is not rigorous, this
MSE predictions have been indepedently proven for the Gaussian case in [131] and certain
two layer networks in [47]. This situation is similar to several other works relating the MSE
of AMP with replica predictions [6,79,132]. The consequence is that, if the replica method is
correct, MLL-VAMP provides a computationally efficient method for inference with testable

conditions under which it achieves the Bayes optimal MSE.

3.5 Numerical Simulations

We now numerically investigate the MAP-ML-VAMP and MMSE-ML-VAMP algorithms
using two sets of experiments, where in each case the goal was to solve an estimation problem
of the form in (3.2) using a neural network of the form in (4.1). We used the Python 3.7
implementation of the ML-VAMP algorithm available on GitHub.?

The first set of experiments uses random draws of a synthetic network to validate the
claims made about the ML-VAMP state-evolution (SE) in Theorem 9. In addition, it
compares MAP-ML-VAMP and MMSE-ML-VAMP to the MAP approach (3.4) using a

standard gradient-based solver, ADAM [76]. The second set of experiments applies ML-

2See https://github.com/GAMPTeam/vampyre.
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VAMP to image inpainting, using images of handwritten digits from the widely used MNIST
dataset. Here, MAP-ML-VAMP and MMSE-ML-VAMP are respectively compared to the
optimization approach (3.4) using the ADAM solver, and Stochastic Gradient Langevin

Dynamics (SGLD) [160], an MCMC-based sampling method that approximates E[z|y].

3.5.1 Performance on a Synthetic Network

We first considered a 7-layer neural network of the form in (4.1). The first six layers,
with dimensions Ny = 20, N; = Ny = 100, N3 = N, = 500, N5 = Ng = 784, formed a
(deterministic) deep generative prior driven by i.i.d. Gaussian zJ. The matrices W1, W3, W
and biases by, bz, bs; were drawn i.i.d. Gaussian, and the activation functions ¢s, ¢4, @g
were ReLLU. The mean of the bias vectors b, was chosen so that a fixed fraction, p, of
the linear outputs were positive, so that only the fraction p of the ReLU outputs were
non-zero. Because this generative network is random rather than trained, we refer to it as
“synthetic.” The final layer, which takes the form y = Az0 + &4, generates noisy, compressed
measurements of zJ. Similar to [125], the matrix A € R™*Ms was constructed from the
SVD A = U Diag(s)V'T, where the singular-vector matrices U and V' were drawn uniformly
from the set of orthogonal matrices, and the singular values were geometrically spaced
(i.e., s;/si—1 = Kk Vi) to achieve a condition number of s;/s); = 10. It is known that such
matrices cause standard AMP algorithms to fail [125], but not VAMP algorithms [127].
The number of compressed measurements, M, was varied from 10 to 300, and the noise
vector £ was drawn i.i.d. Gaussian with a variance set to achieve a signal-to-noise ratio of
101og o (E[| 429 /E[€]12) = 30 dB.

To quantify the performance of ML-VAMP, we repeated the following 1000 times. First,
we drew a random neural network as described above. Then we ran the ML-VAMP algorithm
for 100 iterations, recording the normalized MSE (in dB) of the iteration-k estimate of the
network input, zi;:

~ zo _ 21|: 2
NMSE(z) := 101log,, l%} '

73



N — actual . — actual

o I R s [ S RO

T —= pred cl =— pred

w —_— w —10}

s =

o] - —15

(] (]

N N

‘© © —

g g 20

_ _

= 225

-25 ‘ ‘ ‘ ‘ -30 ‘ ‘ ‘ ‘ ‘
0 20 40 60 80 100 0 50 100 150 200 250 300

Half iteration Num measurements

Figure 3.3: NMSE of MMSE-ML-VAMP and its SE prediction when estimating the input to
a randomly generated 7-layer neural network (see text of Section 3.5.1). Left panel: Average
NMSE versus half-iteration with M = 100 measurements. Right panel: Average NMSE verus
measurements M after 50 iterations.
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Figure 3.4: Simulation with randomly generated neural network with MAP estimators from
equation (3.12). Left panel: Normalized mean squared error (NMSE) for ML-VAMP and the
predicted MSE as a function of the iteration with M = 100 measurements. Right panel: Final

NMSE (50 iterations) for ML-VAMP and the predicted MSE as a function of the number of
measurements, M. p = 0.9

Since ML-VAMP computes two estimates of z{ at each iteration, we consider each estimate

as corresponding to a “half iteration.”

Validation of SE Prediction For MMSE-ML-VAMP, the left panel of Fig. 3.3 shows
the NMSE versus half-iteration for M = 100 compressed measurements. The value shown
is the average over 1000 random realizations. Also shown is the MSE predicted by the
ML-VAMP state evolution. Comparing the two traces, we see that the SE predicts the actual

behavior of MMSE-ML-VAMP remarkably well, within approximately 1 dB. The right panel

74



—<— MAP-Adam
_5 VAMP-MAP (sim)
+— VAMP-MAP (SE)

0 50 100 150 200 250 300
Num meas

Figure 3.5: Simulation with randomly generated neural network with MAP estimators from
equation (3.12). Final NMSE for (a) MAP inference computed by Adam optimizer; (b) MAP
inference from ML-VAMP; (c) State evolution prediction.

shows the NMSE after k& = 50 iterations (i.e., 100 half-iterations) for several number of
measurements M. Again we see an excellent agreement between the actual MSE and the SE
prediction. In both cases we used the positive fraction p = 0.4. Analogous results are shown
for MAP-ML-VAMP in Fig. 3.4. There we see an excellent agreement between the actual

MSE and the SE prediction for iterations £ > 15 and all values of M.

Comparison to ADAM We now compare the MSE of MAP-ML-VAMP and its SE
to that of the MAP approach (3.4) using the ADAM optimizer [76], as implemented in
Tensorflow. As before, the goal was to recover the input z{ to the 7-layer synthetic network
from a measurement of its output. Fig. 3.5 shows the median NMSE over 40 random
network realizations for several values of M, the number of measurements. We see that,
for M > 100, the performance of MAP-ML-VAMP closely matches its SE prediction, as
well as the performance of the ADAM-based MAP approach (3.4). For M < 100, there is a
discrepancy between the MSE performance of MAP-ML-VAMP and its SE prediction, which
is likely due to the relatively small dimensions involved. Also, for small M, MAP-ML-VAMP
appears to achieve slightly better MSE performance than the ADAMP-based MAP approach
(3.4). Since both are attempting to solve the same problem, the difference is likely due to
ML-VAMP finding better local minima.
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3.5.2 Image Inpainting: MNIST dataset

To demonstrate that ML-VAMP can also work on a real-world dataset, we perform inpainting
on the MNIST dataset. The MNIST dataset consists of 28 x 28 = 784 pixel images of
handwritten digits, as shown in the first column of Fig. 3.6.

To start, we trained a 4-layer (deterministic) deep generative prior model from 50000
digits using a variational autoencoder (VAE) |77]. The VAE “decoder” network was designed
to accept 20-dimensional i.i.d. Gaussian random inputs zg with zero mean and unit variance,
and to produce MNIST-like images x. In particular, this network began with a linear layer
with 400 outputs, followed by a ReLU activations, followed by a linear layer with 784 units,
followed by sigmoid activations that forced the final pixel values to between 0 and 1.

Given an image, X, our measurement process produced y by erasing rows 10-20 of x, as
shown in the second column of Fig. 3.6. This process is known as “occlusion.” By appending
the occlusion layer onto our deep generative prior, we got a 5-layer network that generates an
occluded MNIST image y from a random input zy. The “inpainting problem” is to recover
the image & = z4 from the occluded image y.

For this inpainting problem, we compared MAP-ML-VAMP and MMSE-ML-VAMP to the
MAP estimation approach (3.4) using the ADAM solver, and to Metropolis-Adjusted Langevin
Algorithm (MALA) [104,160], an MCMC-based sampling method that approximates E[z|y]
by using discrete Langevin dynamics to generate proposal samples for Metropolis-Hastings
algorithm [57|. Example image reconstructions are shown in Fig. 3.6. There we see that the

qualitative performance of ML-VAMP is comparable to the baseline solvers.

3.6 Discussion

Inference using deep generative prior models provides a powerful tool for complex inverse
problems. Rigorous theoretical analysis of these methods has been difficult due to the

non-convex nature of the models. The ML-VAMP methodology for MMSE as well as MAP
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Figure 3.6: MNIST inpainting: Original 28x28 images of handwritten digits (Col 1), with
rows 10-20 are erased (Col 2). Comparison of reconstructions using MAP estimation with
ADAM solver (Col 3), MAP estimation with ML-VAMP algorithm (Col 4), MMSE estimation
with the Metropolis Adjusted Langevin Algorithm (Col 5), and MMSE estimation with
ML-VAMP algorithm (Col 6).
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estimation provides a principled and computationally tractable method for performing the
inference whose performance can be rigorously and precisely characterized in a certain
large system limit. The approach thus offers a new and potentially powerful approach for

understanding and improving deep neural network based models for inference.
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Chapter 4

Multi-Layer Inverse Problems over

Matrices

In this chapter we generalize the setup of Chapter 3 to the case where each of Z, are
matrix valued.

We consider the problem of estimating the input and hidden variables of a stochastic
multi-layer neural network from an observation of the output. The hidden variables in each
layer are represented as matrices with statistical interactions along both rows as well as
columns. This problem applies to matrix imputation, signal recovery via deep generative
prior models, multi-task and mixed regression, and learning certain classes of two-layer neural
networks. We extend a recently-developed algorithm — Multi-Layer Vector Approximate
Message Passing (ML-VAMP), for this matrix-valued inference problem. It is shown that the
performance of the proposed Multi-Layer Matrix VAMP (ML-Mat-VAMP) algorithm can be
exactly predicted in a certain random large-system limit, where the dimensions N x d of the
unknown quantities grow as N — oo with d fixed. In the two-layer neural-network learning

problem, this scaling corresponds to the case where the number of input features as well as

This work was published in [116] and was coauthoer with Mojtaba Sahraee-Ardakan, Sundeep Rangan,
Philip Schniter, and Alyson K. Fletcher
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training samples grow to infinity but the number of hidden nodes stays fixed. The analysis

enables a precise prediction of the parameter and test error of the learning.

4.1 Introduction

Consider an L-layer stochastic neural network given by

7)) =W,Z), + B, + &), (=1,3,...,L—1, (4.1a)
Z) = (27 1, BY), (=24,...,L, (4.1b)
where, for £ =0,1,..., L, we have true activations Z) € R™"*4¢ weights W, € R™*"1 bias

matrices B, € R™*?, and true noise realizations 2. The activation functions ¢, : R™1*¢ —
R™*? are known non-linear functions acting row-wise on their inputs. See Fig. 4.1 (TOP).
We use the superscript © in Z9 to indicate the true values of the variables, in contrast to
estimated values denoted by Z, discussed later. We model the true values Z$ as a realization
of random Z,, where the rows z ;. of Zg are i.i.d. with distribution po: p(Zo) = [} po(2o.::)-
Similarly, we also assume that Z) are realizations of random Z, with i.i.d. rows EZZ.:. For odd
¢, the rows &, ;. are zero-mean multivariate Gaussian with covariance matrix N, ! € R4,
whereas for even £, the rows §,; can be arbitrarily distributed but i.i.d.

Denoting by Y := Z9 € R"*4 the output of the network, we consider the following

matrix inference problem:

Estimate Z := {Z/}/2} given Y := Z9 and {Wy,_1, Boy_1, 6o }223. (42)

A key feature of the problem we consider here is that the unknowns, Z,, are matriz-valued with
d columns with statistical dependencies between the columns. As we will see in Section 4.2,
the matrix-valued case applies to several problems of broad interest such as matrix imputation,
multi-task and mixed regression problems, sketched clustering. We also show that via this
formulation we can analyze the learning in two layer neural networks under some architectural

assumptions.
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Figure 4.1: (TOP) The signal flow graph for true values of matrix variables {Z9}3_,, given in
eqn. (4.1) where Z9 € R™*4. (BOTTOM) Signal flow graph of the ML-MVAMP procedure
in Algo. 4. The variables with superscript + and - are updated in the forward and backward
pass respectively. ML-MVAMP (Algorithm 4) solves (4.2) by solving a sequence of simpler
estimation problems over consecutive pairs (Zy, Zs ).

In many applications, the inference problem can be performed via minimization of an
appropriate cost function. For example, suppose the network (4.1) has no noise E, for all
layers except the final measurement layer, ¢/ = L. In this case, the Z9 | = g(Z{) for some
deterministic function g(-) representing the action of the first L—1 layers. Inference can then

be conducted via a minimization of the form,
ZL—I =g (argmin HL<Y, ZL—l) + H()(ZO), Subject to ZL—I = g(Zo)) (43)
Zg

where the term Hp(Y,Zj ;) penalizes the prediction error and Hy(Zg) is an (optional)
regularizer on the network input. For maximum a posteriori (MAP) estimation one takes,
H(Y,Z1 1) = —logp(Y|Z1 1), and Hy(Zo) = —logp(Zy), where the output probability
p(Y|Z 1) is defined from the last layer of model (4.1b): Y = Z; = ¢1(Z1,2). The
minimization (4.3) can then be solved using a gradient-based method. Encouraging results
in image reconstruction have been demonstrated in [16,53,73,97,142,150,163|. Markov-chain
Monte Carlo (MCMC) algorithms and Langevin diffusion [23,160] could also be employed for

more complex inference tasks.

However, rigorous analysis of these methods is difficult due to the non-convex nature of

the optimization problem. To address this issue, recent works [42,89, 115| have extended
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Approximate Message Passing (AMP) methods to provide inference algorithms for the multi-
layer networks. AMP was originally developed in [10, 31,32, 71| for compressed sensing.
Similar to other AMP-type results, the performance of multi-layer AMP-based inference can
be precisely characterized in certain high-dimensional random instances. In addition, the
mean-squared error for inference of the algorithms match predictions for the Bayes-optimal
inference predicted by various techniques from statistical physics [7,47,131]. Thus, AMP-based
multi-layer inference provides a computationally tractable estimation framework with precise
performance guarantees and testable conditions for optimality in certain high-dimensional

random settings.

Prior multi-layer AMP works [42,61,91, 115] have considered the case of vector-valued
quantities with d = 1. The main contribution of this paper is to consider the matriz-valued
case when d > 1. To handle the case when d > 1, we extend the Multi-Layer Vector
Approximate Message Passing (ML-VAMP) algorithm of [42,115] to the matrix case. The
ML-VAMP method is based on VAMP method of [127], which is closely related to expectation
propagation (EP) [96,145]|, expectation-consistent approximate inference (EC) [45,111], S-
AMP [19], and orthogonal AMP [86]. We will use “ML-Mat-VAMP” when referring to the
matrix extension of ML-VAMP.

Contributions: First, similar to the case of ML-VAMP, we analyze ML-Mat-VAMP in a
large system limit, where n, — oo and d is fixed, under rotationally invariant random weight
matrices W,. In this large system limit, we prove that the mean-squared error (MSE) of the
estimates of ML-Mat-VAMP can be exactly predicted by a deterministic set of equations called
the state evolution (SE). The SE describes how the distribution of the true activations and
pre-activations of the network as well as the estimated values generated by ML-Mat-VAMP
evolve jointly from one iteration of the algorithm to the other. This extension of the SE
equations to the matrix case is not trivial and requires considering correlation across multiple

vectors. Indeed, in the case of MLL-VAMP, the SE equations involve scalar quantities and
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2 x 2 matrices. For ML-Mat-VAMP, the SE equations involve d x d and 2d x 2d matrices.
Second, we show that the method can offer precise predictions in important estimation
problems that are difficult to analyze via other means. The ML-VAMP was focused on deep
reconstruction problems [16,163]. The matrix version here can be applied to other classes of
problems such as multi-task regression, matrix completion and learning the input layer of a
neural network. Even though these networks are typically shallow (just L = 2 layers), there
are no existing methods that can provide the same types of precise results. For example, in
the case of learning the input layer of a neural network, our results can exactly predict the
test error as a function of the noise statistics, activations, number of training sample and

other key modeling parameters.

Notation: Boldface uppercase letters X denote matrices. X,,. refers to the n'* row of X.

Random vectors are row-vectors. For a function f : RY>™ — R¥_its row-wise extension is

represented by f : RV*™ — RN** e [f(X)],. = f(X,..). We denote the Jacobian matrix of
o

f by %(m) € R™* 5o that [%(m)]ij = %(m) For its row-wise extension f, we denote by

2 (X)) the average Jacobian, i.e., + Zﬁf:l aaT{u(X”i) € Rmxk

4.2 Example Applications

As we describe next, the matrix estimation problem 4.2 is of broad interest and several
interesting applications can be formulated under this framework. We share a few examples

below.

4.2.1 Multi-task and Mixed Regression Problems

A simple application of the matrix-valued multi-layer inference problem (4.2) is for multi-task

regression [109]. Consider a generalized linear model of the form,

Y = ¢(XF; ), (4.4)
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where Y € RV*4 is a matrix of measured responses, X € RV*? is a known design matrix,
F € RP*? are a set regression coefficients to be estimated, and Z is noise. The problem can
be considered as d separate regression problems — one for each column. However, in some
applications, these design “tasks” are related in such a way that it benefits to jointly estimate
the predictors. To do this, it is common to solve an optimization problem of the form
d N P
argmiﬂ{ DO Ly, [XFliy) + A p(Fy) }, (4.5)
F j=1 i=1 k=1

where L(-) is a loss function, and p(-) is a regularizer that acts on the rows Fy. of F to couple
the prediction coefficients across tasks. For example, the multi-task LASSO [109] uses loss
L(y, 2) = (y — 2)? and regularization p(Fy.) = ||F.||2 to enforce row-sparsity in F. In the
compressive-sensing context, multi-task regression is known as the “multiple measurement
vector” (MMV) problem, with applications in MEG reconstruction [25], DoA estimation [152],
and parallel MRI [83]. An AMP approach to the MMV problem was developed in [167].
The multi-task model (4.4) can be immediately written as a multi-layer network (4.1) by
setting: Zo :=F, Wy :=X,Z; := WyZy = XF,Y =Z, := ¢(Z;,E). Also, by appropriately
setting the prior p(Zg), the multi-layer matrix MAP inference (4.3) will match the multi-task

optimization (4.5).

In (4.5), the regularization couples the columns of F but the loss term couples its rows.
In mized regression problems, the loss couples the columns of F. For example, consider

designing predictors F = [f}, £5] for mized linear regression [164], i.e.,
yi = qx i+ (1 — g)x] £+ v, i €{0,1}, (4.6)

where ¢ = 1,..., N and the ith response comes from one of two linear models, but which
model is not known. This setting can be modeled by a different output mapping: As before,
set Zg :=F, Z; = XF and let the noise in the output layer be 2y = [q, v| which includes the
additive noise v; in (4.6) and the random selection variable ¢;. Then, we can write (4.6) via

an appropriate function, y = ¢1(Z1,E1).
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4.2.2 Sketched Clustering

A related problem arises in sketched clustering [74], where a massive dataset is nonlinearly
compressed down to a short vector y € R”, from which cluster centroids f, € RP, for
k=1,...,d, are then extracted. This problem can be approached via the optimization [75]

2
gl>iIO1mFin Yoy v — Z;l:l ozjeﬁxinj where x; € RP are known i.i.d. Gaussian vectors. An
AMP approach to sketched clustering was developed in [18]. For known «a, the minimization
corresponds to MAP estimation with the multi-layer matrix model with Zy = F, W; =X
Z, = XF and using the output mapping, ¢;(Z;,E) := Z?Zl ozjeﬁzlﬂj + &, where the
exponential is applied elementwise and Z is i.i.d. Gaussian. The mapping ¢; operates

row-wise on Z; and Z.

4.2.3 Learning the Input Layer of a Two-Layer Neural Network

The matrix inference problem (4.2) can also be applied to learning the input layer weights
in a two-layer neural network (NN). Let X € RV*¥in and Y € RN*New be training data

corresponding to N data samples. Consider the two-layer NN model,
Y = O'(XFl)FQ + E, (47)

with weight matrices (F}, F3), componentwise activation function o(+), and noise 2. In (4.7),
the bias terms are omitted for simplicity. We used the notation “F,” for the weights, instead
of the standard notation “W,;,” to avoid confusion when (4.7) is mapped to the multi-layer
inference network (4.2). Now, our critical assumption is that the weights in the second layer,
F,, are known. The goal is to learn only the weights of the first layer, F} € RNm*Nnia from a

dataset of N samples (X,Y).

If the activation is ReLU, i.e., o(H) = m{axH, 0} and Y has a single column (i.e. scalar
output per sample), and Fy has all positive entries, we can, without loss of generality, treat

the weights F as fixed, since they can always be absorbed into the weights F}. In this case,
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y and Fy are vectors and we can write the ith entry of y as

d d
= Fyo(XFy) +& =) o([XF;Fy) + & (4.8)
7=1

7=1

Thus, we can assume, without loss of generality, that Fs is all ones. The parameterization
(4.8) is sometimes referred to as the committee machine [149]. The committee machine
has been recently studied by AMP methods [5] and mean-field methods [94] as a way to

understand the dynamics of learning.

To pose the two-layer learning problem as multi-layer inference, define Z, := F|, W, :=
X, Z,:=XF E,;:=E&, thenY = Z,, where Z, is the output of a 2-layer inference

network of the form in (4.1):
Y = Z; = ¢2(Z1,Bs) := 0(Z1)F> + Es. (4.9)

Note that W is known. Also, since we have assumed that F, is known, the function ¢, is
known. Finally, the function ¢, is row-wise separable on both inputs. Thus, the problem of

learning the input weights F} is equivalent to learning the input Zj of the network (4.9).

4.2.4 Model-Based Matrix completion

Consider an observed matrix Y = Z; € RV*? with missing entries Q¢ € [Nz] x [d]. The
problem is to impute the missing entries of Y. This is an important problem in several
applications ranging from recommendation systems, genomics, bioinformatics and more
broadly analysis of tabular data. There have been several approaches to solving this data
imputation problem, right from 0 imputation and mean imputation to more sophisticated

techniques based on generative models.

Consider a generative model based on a multi-layer perceptron as in (4.1) such that the
output Zj ; models the uncorrupted data matrix. Then the imputation problem can be

posed as the solution of the MAP optimization problem:
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minimize |Y — Zy 4§, — log P(Zr4,Z1 2, - -, Zo) (4.10)

tre=0
where |Y — Zp4|5 = > pea(Y)i — (Z11)ij)* One can also similarly construct Bayes

estimators such as E[Z;4|Z,].

Traditional approaches to matrix completion have looked at regularized convex minimiza-
tion schemes just like (4.10) where —logP(Z ) = ||Z1+||,, which is the nuclear norm, or
some other structure inducing convex norms. While the term —logP(...) in (4.10) can be
thought of as a more general regularization term, this formulation allows for more general

application problems with heterogeneous variables.

For example, in imputation of tabular data, it is often the case that some columns
correspond to continuous valued variables, whereas other variables are discrete valued modeling
Yes/No answers or count data. In such scenarios the —logP(Zy, 4, ...) allows more flexibility
towards modeling using GLMs and other exponential family distributions for every column
separately. One simple instance of (4.10) would be a generative model —logP(Zy 4, ..., Z)
which is trained on some fully observed data Zj_; using unsupervised learning methods such

as Variational Autoencoders (VAE) and Generative Adversarial Networks (GAN).

4.3 Multi-layer Matrix VAMP

4.3.1 MAP and MMSE inference

Observe that the equations (4.1) define a Markov chain over these signals and thus the
L-1

posterior p(Z|Zy,) factorizes as p(Z|Z1) x p(Zy) Hp(Zg\Zg_l)p(Y\ZL_l). where recall the

=1
notation Z from (4.2). The transition probabilities p(Z,|Z.1) above are implicitly defined in

equation (4.1) and depend on the statistics of noise terms Z,. We consider both maximum a
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posteriori (MAP) and minimum mean squared error (MMSE) estimation for this posterior:

A~ ~

Tnep — argmax p(ZIZ1)  Zimee = E|ZIZ1] = / Zp(Z|Z,) A7 (4.11)
Z

4.3.2 Algorithm Detalils

The ML-Mat-VAMP for approximately computing the MAP and MMSE estimates is similar
to the ML-VAMP method in [42,112]. The specific iterations of ML-Mat-VAMP algorithm
are shown in Algorithm 4. The algorithm produces estimates by a sequence of forward and
backward pass updates denoted by superscripts * and ~ respectively. The estimates th are
constructed by solving sequential problems Z = {Z@}Z (1) into a sequence of smaller problems
each involving estimation of a single activation or preactivation Z, via estimation functions
{G7(-)};=! which are selected depending on whether one is interested in MAP or MMSE
estimation.

To describe the estimation functions, we use the notation that, for a positive definite
matrix T, define the inner product (A, B) := Tr(ATBT') and let ||Al|p denote the norm

induced by this inner product. For ¢ =1,..., L — 1 define the approximate belief functions

~Uze-r; |2 =L Zea—RE ||
b€<Zf7ZZ*l’RZ7RZ+_1>I‘g_7I‘Zl> OCp(Zg‘Zg,l)e || o HFZ H ‘ ¢ Hretl7 (412)

where Zy, Ry € R"*? and T € R™9 for all £ = 0,1,... L. Define by(Zo|Ry,T;) and
br(Zr1|R; |, T} ) similarly. The MAP and MMSE estimation functions are then given by

the MAP and MMSE estimates for these belief densities,

Gf . =(Z},Z;,) = argmax by(Zy, Zey) G, = (Z7,Z;) = E[(Z, Zey)|be]  (4.13)

f,map — f,mmse —

where the expectation is with respect to the normalized density proportional to b,. Thus,
the ML-Mat-VAMP algorithm reduces the joint estimation of the vectors (Zy,...,Zr_1) to
a sequence of simpler estimations on sub-problems with terms (Z,, Z;). We refer to these
subproblems as denoisers and denote their solutions by Gzt, so that 2} =G/ and 2;_1 =G,

corresponding to lines 9 and 21 of Algorithm 4. The denoisers G¢ and G, which provide
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updates to Z(J{ and Z;_l, are defined in a similar manner via by and by, respectively.

The estimation functions (4.13) can be easily computed for the multi-layer matrix network.
An important characteristic of these estimators is that they can be computed using maps
which are row-wise separable over their inputs and hence are easily parallelizable. To simplify

notation, we denote the precision parameters for denoisers Gf in the k' iteration by

@24 = (L, FKH), O, = (Fl;Jrl,Z? I‘Zu)a @20 = I O, = FZF,LA- (4.14)

Non-linear layers: For ¢ even, since the rows of E, are i.i.d., the belief density by(Z¢, Z¢ 1|-)
from (4.12) factors as a product across rows, b(Zy, Ze1) = [1,, 0¢([Ze)n:, [Zea]n:). Thus, the
MAP and MMSE estimates (4.13) can be performed over d-dimensional variables where d is

the number of entries in each row. There is no joint estimation across the different n, rows.

Linear layers: When ¢ is odd, the density by(Zs, Z,1|-) in (4.12) is a Gaussian. Hence,
the MAP and MMSE estimates agree and can be computed via least squares. Although
for linear layers (G, G, (R, ,R/},,©,) is not row-wise separable over (R, ,R.1), it can
be computed using another row-wise denoiser [éj, ég] via the SVD of the weight matrix

W, =V, Diag(S,) V. as follows. Note that the SVD is only needed to be performed once.:

[GZ_7 Gé_](Rﬂv Rf—lv G)f) - a;grznax ||Zf - szf—l - Be”zNg + HZE - RK_H?"; + HZK_I - RZl“iZ
6L ) -

@ argmax VI Z; - Diag(S)VerZes — VB[, + [[VIZ = VIR [h + [VerZes = VeuRE |7

Zy,Zp

o [VZC‘J, Ve—lég_] (Vi'R¢, ViaRe, ©y)

where (a) follows from the rotational invariance of the norm, and (b) follows from the
definition of denoiser [é?, éﬂ(f{g_, fizl, ©,) given below

2

[G/,G,] := argmax Hie — Diag(S¢)Zes — ﬁe’ (4.15)
Z

2,2y

Zg—f{;‘

2 ~ ~
-,
FZ

Tt

2
N -

Note that the optimization problem in (4.15), is decomposable accross the rows of variables

Zg and Zg_l, and hence [é;, é;] operates row-wise on its inputs.
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Fixed Points: We note that the fixed points of the ML-Mat-VAMP algorithm can be
shown to be KKT points of the variational formulations of (4.11), omitted here due to lack of
space. This is a direct extention of results from Section 3 of [115]. In particular, we can show
that the ML-Mat-VAMP in the MAP inference case is a preconditioned Peaceman-Rachford

splitting ADMM type algorithm [147].

4.4 Analysis in the Large System Limit

We follow the analysis framework of the ML-VAMP work [42,112|, which is itself based on the
original AMP analysis in [10]. This analysis is based on considering the asymptotics of certain
large random problem instances. We essentially show that under certain assumptions, as the
dimension goes to infinity the behavior of the ML-Mat-VAMP algorithm can be characterized
by a set of equations that describe how the distribution of rows of hidden matrices evolve
at each iteration of the algorithm for all the layers. Specifically, we consider a sequence of
problems (4.1) indexed by N such that for each problem the dimensions n,(/N) are growing
so that limy_,o 5 = B¢ € (0, 00) are scalar constants. Note that d is finite and does not

grow with N.

Distributions of weight matrices: For / =1,3,...,L — 1, we assume that the weight
matrices W are generated via the singular value decomposition, W, = V, Diag(S,) V. where
V, € R™*™ are Haar distributed over orthonormal matrices and Sy = (s, ..., sz’min{nwu}).

We will describe the distribution of the components S, momentarily.

Assumption on Denoisers: We assume that the non-linear denoisers Gfk act row-

wise on their inputs (R,,, R, ;). Further these operators and their Jacobian matrices

9G4, 0G,, 8GT 090G

— + — +
IR, 7 ORyy 7 ORy T OR

vided in B.2.

are uniformly Lipschitz continuous, the definition of which is pro-
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Assumption on initialization, true variables: The distribution of the remaining vari-
ables is described by a weak limit: For a matrix sequence X := X (N) € R¥*? by the
notation X = X we mean that there exists a random variable X in R¢ with E|| X||? < oo
such that NhLHOO + SV (X)) = Eb(X) almost surely, for any bounded continuous function
Y : R — R, as well as for quadratic functions &' Pz for any P € R%d. This is also referred
to as Wasserstein-2 convergence [99]. For e.g., this property is satisfied for a random X with
i.i.d. rows with bounded second moments, but is more general, since it applies to deterministic

matrix sequences as well. More details on this weak limit are given in B.2.

Let By := V/By, and S; € R™ be the zero-padded vector of singular values of W, and let

Ty € R%d. Then we assume that the following empirical convergences hold.(Z,, Ry, — Z) EN

2

(Z¢,Qy) for even ¢ and (S, By, =y, V) (Ry, — Z9)) = (Si, By, Z¢,Qp), for odd (. Here
S¢ € Rsg is bounded, B, € R? is bounded, Zg,; ~ N(0,N},), and Q,, ~ N(0,T,), for
¢=0,1,...,L — 1 are all pairwise independent random variables. Additionally, we assume
that ZQ 2, 7° and that the sequence of initial matrices {T'o,} satisfies the following pointwise

convergence

Ty,(N)—=Ty, (=01,...,L—1 (4.16)

4.4.1 Main Result

The main result of this paper concerns the empirical distribution of the rows [/Z\zt]n, R,
of the iterates of Algorithm 4. It characterizes the asymptotic behaviour of these empirical
distributions in terms of d-dimensional random vectors which are either Gaussians or functions
of Gaussians. Let G denote maps R'*? — R4 gsuch that (4.13), i.e., [GF (R, , R}, ©)],. =
GT (R, Jn:s R ]n:, ©). Having stated the requisite definitions and assumptions, we can now

state our main result.

Theorem 9. For a fized iteration index k > 0, there exist deterministic matrices K, €
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R25<24 g ng,FZz and Ty, € RE such that for even (:
~ ~ 2 ~ ~ T T A T, T
(zg_l, AN/ de) = (A, A G (C+AB+AT, T ) GI(C+AB+AT, FZm))

where (A,B) ~ N(0,K; ), C~ N(0,7,), A = ¢4(A,Z,) and (A,B),C are independent.
For ¢ =0, the same result holds where the 15 and 3'% terms are dropped, whereas for { = L,

the 2 and 4™ terms are dropped. Similarly, for odd ¢:
~ ~ 2
<V2——1Z2—17 Vg-—lzgv Vézk,e—p szzz) =
(A7 ;AV\, GZ(C + Z‘a B + A7TI;£7FI-:,Z—1)> GZ(C + 'Ka B + Aafgﬁafzé—l))

where (A,B) ~ N'(0,K; ), C~ N(0,7,), A = S, A+By+Z, and (A,B), C are independent.

Furthermore for £ =0,1,...L — 1, we have

a.s. Q= ——=*
(FfevAfe) — (D Agr)-

The parameters in the distribution, {K;},T;é,f:g,xfé} are deterministic and can be
computed via a set of recursive equations called the state evolution or SE. The SE equations
are provided in B.1 The result is similar to those for ML-VAMP in [42,115] except that the
SE equations for ML-Mat-VAMP involve d X d and 2d x 2d matrix terms; the ML-VAMP SE
only requires scalar and 2 x 2 matrix terms. The result holds for both MAP inference and
MMSE inference, the only difference is implicit, i.e., the choice of denoiser Gy(-) from eqn.

(4.13).

The importance of Theorem 9 is that the rows of the iterates of the ML-Mat-VAMP
Algorithm (2,;571, 2,& in Algorithm 4) and the rows of the corresponding true values, Z9 |, Z?,
have a simple, asymptotic random vector description of a typical row. We will call this
the “row-wise" model. According to this model, for even ¢, the rows of Z) ; converge to a
Gaussian A € R? and the rows of Z? converge to the output of the Gaussian through the
row-wise function ¢y, A= ¢e(A,=Z¢). Then the rows of the estimates 2,&_1, 2,& asymptotically

approach the outputs of row-wise estimation function G~(-) and G*(-) supplied by A and A
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Figure 4.2: Test error in learning the first layer of a 2 layer neural network using ADAM-based
gradient descent, ML-Mat-VAMP and its state evolution prediction.
corrupted with Gaussian noise. A similar convergence holds for odd /.

This “row-wise" model enables exact an analysis of the performance of the estimates at
each iteration. For example, to compute a weighted mean squared error (MSE) metric at

iteration k, the convergence shows that,

7 2 a.s. N x
Zt, — 2} “SE|IGH(C+AB+A Ou) - Al

1
ng
for even ¢ and any positive semi-definite matrix H € R%?. The norm on the left-hand
above acts row-wise, || Z||f := >, ||Z:||f. Hence, this asymptotic MSE can be evaluated via

expectations of d-dimensional variables from the SE. Similarly, one can obtain exact answers

for any other row-wise performance metric of {(2,@,, 7))}, for any k.

4.5 Numerical Experiments

We consider the problem of learning the input layer of a two layer neural network as described
in Section 4.2.3. We learn the weights F) of the first layer of a two-layer network by solving
problem (4.9). The large system limit analysis in this case corresponds to the input size n;,
and number of samples N going to infinity with the number of hidden units being fixed. Our
experiment take d = 4 hidden units, Ny, = 100 input units, Ny = 1 output unit, sigmoid
activations and variable number of samples N. The weight vectors F; and Fy are generated

as i.i.d. Gaussians with zero mean and unit variance. The input X is also i.i.d. Gaussians
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with variance 1/Nj, so that the average pre-activation has unit variance. Output noise is
added at two levels of 10 and 15 dB relative to the mean. We generate 1000 test samples
and a variable number of training samples that ranges from 200 to 4000. For each trial and
number of training samples, we compare three methods: (i) MAP estimation where the MAP
loss function is minimized by the ADAM optimizer [76] in the Keras package of Tensorflow;
(ii) Algorithm 4 run for 20 iterations and (iii) the state evolution prediction. The ADAM
algorithm is run for 100 epochs with a learning rate = 0.01. The expectations in the SE are
estimated via Monte-Carlo sampling (hence there is some variation).

Given an estimate F; and true value FY, we can compute the test error as follows: Given
a new sample x, the true and predicted pre-activations will be z; = (F?)Tx and z; = FIx.
Thus, if the new sample x ~ N(0, Niinl), the true and predicted pre-activations, (z,2;), will
be jointly Gaussian with covariance equal to the empirical 2d x 2d covariance matrix of the
rows of F¢ and F:

K:= g Smuiug, uy = [Fl,k: ﬁl,k:] (4.17)

From this covariance matrix, we can estimate the test error, E|y —y|> = E|F3 (0(z1) — 0(z1))?,
where the expectation is taken over the Gaussian (z;,z;) with covariance K. Also, since
(4.17) is a row-wise operation, it can be predicted from the ML-Mat-VAMP SE. Thus, the
SE can also predict the asymptotic test error. The normalized test error for ADAM-MAP,
ML-Mat-VAMP and the ML-Mat-VAMP SE are plotted in Fig. 4.2. The normalized test
error is defined as the ratio of the MSE on the test samples to the optimal MSE. Hence, a
normalized MSE of one is the minimum value.

Note that since ADAM and ML-Mat-VAMP are solving the same optimization problem,
they perform similarly as expected. The main message of this paper is not to develop an
algorithm that outperforms ADAM, but rather an algorithm that has theoretical guarantees.
The key property of ML-Mat-VAMP is that its asymptotic behavior at all the iterations

can be exactly predicted by the state evolution equations. In this example, Fig. 4.2 shows
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that the normalized test MSE predicted via state evolution (plotted in green) matches the
normalized MSE of ML-Mat-VAMP estimates (plotted in orange).

4.6 Discussion

We have developed a general framework for analyzing inference in multi-layer networks with
matrix valued quantities in certain high-dimensional random settings. For learning the input
layer of a two layer network, the methods enables precise predictions of the expected test
error as a function of the parameter statistics, numbers of samples and noise level. This
analysis can be valuable in understanding key properties such as generalization error, for
example using ML-VAMP, Emami et al. [39] characterizes the generalization error of GLMs
under a variety of feature distributions and train-test mismatch. Future work will look to

extend these to more complex networks.
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Algorithm 4 Multilayer Matrix VAMP (ML—Mat—VAMP)

Require: Estimators G§, G}, {G/};
. Set Ry, = 0 € R4 and initialize {Foe e R
for k=0,1,..., Ny —1
// Forward Pass
ZZO = Gg (R, o) )
G - -\ -

A:o = <ﬁ(Rk0arko)> Fk,ov
Lo =Moo —Tho
Rk+0 (Z:OA;O R;Z,oF;Z,o)(FZo)’l
foaé =1,...,L-1do

Zzé = GZ(REZ’ R;:,e-h Ly, FZ_,Z—l)

G -1

10 Af, = <8R§(. . .)> s,
1 T =AL—Ty
122 R, = (ZL,AL, — R T (L)
13: end for
14:
15: // Backward Pass
16: Zy 4 = GZ(Riilfp Fl-:,L—l)

_ 0GT
17: Akz,L—l = <3R—£1(R2_,L—17I‘2_,L—1)> F;L—u

- A +
18 Iy =AM — Ty

_ o —>_ _ + N
19: Rk+1,L—1 = (Zkz,L—lAk,L—l - Rz,ork,o)(rk,o) !
20: for { =L—1,...,1do

77— - (- + - +
21: Zpn =Gy (R o Ry Ui Tr)

_ 71
_ lel
220 Ay = <_3Rf ()> | B
23 D= Ay - L3
_ _ + _ _

20 Ry, = (ZkZAkZ R ) (T )7
25: end for
26: end for
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Chapter 5

(Generalization Error of Learning in

(Generalized Linear Models

At the heart of machine learning lies the question of generalizability of learned rules over
previously unseen data. While over-parameterized models based on neural networks are
now ubiquitous in machine learning applications, our understanding of their generalization
capabilities is incomplete and this task is made harder by the non-convexity of the underlying
learning problems. We provide a general framework to characterize the asymptotic general-
ization error for single-layer neural networks (i.e., generalized linear models) with arbitrary
non-linearities, making it applicable to regression as well as classification problems. This
framework enables analyzing the effect of (i) over-parameterization and non-linearity during
modeling; (ii) choices of loss function, initialization, and regularizer during learning; and (iii)
mismatch between training and test distributions. As examples, we analyze a few special
cases, namely linear regression and logistic regression. We are also able to rigorously and

analytically explain the double descent phenomenon in generalized linear models.

This chapter is based on the work [39] coauthored with Melikasadat Emami, Mojtaba Sahraee-Ardakan,
Sundeep Rangan and Alyson K. Fletcher, and was published at ICML 2020.
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5.1 Introduction

A fundamental goal of machine learning is generalization: the ability to draw inferences about
unseen data from finite training examples. Methods to quantify the generalization error are
therefore critical in assessing the performance of any machine learning approach.

This paper seeks to characterize the generalization error for a class of generalized linear

models (GLMs) of the form

Yy = ¢Out(<x, W0>,d), (5.1)

where x € RP is a vector of input features, y is a scalar output, w’ € RP are weights to
be learned, ¢oui(+) is a known link function, and d is random noise. The notation (x, w°)
denotes an inner product. We use the superscript “0" to denote the “true" values in contrast
to estimated or postulated quantities. The output may be continuous or discrete to model
either regression or classification problems.

We measure the generalization error in a standard manner: we are given training data
(x4,9i), © = 1,..., N from which we learn some parameter estimate w via a regularized

empirical risk minimization of the form
w = argminF,(y, Xw) + Fj,(w), (5.2)

where X = [x; X5 ... Xy]|T, is the data matrix, F,, is some output loss function, and Fj, is
some regularizer on the weights. We are then given a new test sample, X, for which the true

and predicted values are given by

Yts = ¢out(<xtsa W0>> dts)7 /y\ts = ¢(<th> \/7\\/>), (53)

where dys is the noise in the test sample, and ¢(+) is a postulated inverse link function that
may be different from the true function ¢, (-). The generalization error is then defined as

the expectation of some expected loss between ys and ;s of the form

]Efts(yts’,@\ts)a (54)

for some test loss function fis(+) such as squared error or prediction error.

98



Even for this relatively simple GLM model, the behavior of the generalization error is not
fully understood. Recent works [29,93,99, 136] have characterized the generalization error
of various linear models for classification and regression in certain large random problem
instances. Specifically, the number of samples N and number of features p both grow without
bound with their ratio satisfying p/N — 5 € (0, 00), and the samples in the training data x;
are drawn randomly. In this limit, the generalization error can be exactly computed. The
analysis can explain the so-called double descent phenomena [11]: in highly under-regularized
settings, the test error may initially increase with the number of data samples N before

decreasing. See the prior work section below for more details.

Summary of Contributions. Our main result (Theorem 10) provides a procedure for
exactly computing the asymptotic value of the generalization error (5.4) for GLM models
in a certain random high-dimensional regime called the Large System Limit (LSL). The
procedure enables the generalization error to be related to key problem parameters including
the sampling ratio § = p/N, the regularizer, the output function, and the distributions of the

true weights and noise. Importantly, our result holds under very general settings including:
(i) arbitrary test metrics fis;
(ii) arbitrary training loss functions Fy, as well as decomposable regularizers Fi;
(iii) arbitrary link functions @ou;
(iv) correlated covariates x;
(v) underparameterized (8 < 1) and overparameterized regimes (4 > 1); and
(vi) distributional mismatch in training and test data.

Section 5.4 discusses in detail the general assumptions on the quantities fis, Fous, Fin, and

¢out under which Theorem 10 holds.
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Prior Work. Many recent works characterize generalization error of various machine
learning models, including special cases of the GLM model considered here. For example, the
precise characterization for asymptotics of prediction error for least squares regression has
been provided in [12,55,102]. The former confirmed the double descent curve of [11] under a
Fourier series model and a noisy Gaussian model for data in the over-parameterized regime.
The latter also obtained this scenario under both linear and non-linear feature models for
ridge regression and min-norm least squares using random matrix theory. Also, [1] studied

the same setting for deep linear and shallow non-linear networks.

The analysis of the the generalization for max-margin linear classifiers in the high
dimensional regime has been done in [99]. The exact expression for asymptotic prediction
error is derived and in a specific case for two-layer neural network with random first-layer
weights, the double descent curve was obtained. A similar double descent curve for logistic
regression as well as linear discriminant analysis has been reported by [29]. Random feature
learning in the same setting has also been studied for ridge regression in [93]. The authors
have, in particular, shown that highly over-parametrized estimators with zero training error
are statistically optimal at high signal-to-noise ratio (SNR). The asymptotic performance
of regularized logistic regression in high dimensions is studied in [136] using the Convex
Gaussian Min-max Theorem in the under-parametrized regime. The results in the current
paper can consider all these models as special cases. Bounds on the generalization error of
over-parametrized linear models are also given in [9,107].

Although this paper and several other recent works consider only simple linear models
and GLMs, much of the motivation is to understand generalization in deep neural networks
where classical intuition may not hold [13,107,166|. In particular, a number of recent papers
have shown the connection between neural networks in the over-parametrized regime and
kernel methods. The works [26,27| showed that gradient descent on over-parametrized neural
networks learns a function in the RKHS corresponding to the random feature kernel. Training

dynamics of overparametrized neural networks has been studied by (2,4, 36, 69|, and it is
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shown that the function learned is in an RKHS corresponding to the neural tangent kernel.

Approximate Message Passing. Our key tool to study the generalization error is ap-
proximate message passing (AMP), a class of inference algorithms originally developed
in [10,32,34| for compressed sensing. We show that the learning problem for the GLM can
be formulated as an inference problem on a certain multi-layer network. Multi-layer AMP
methods [42,61,91,114] can then be applied to perform the inference. The specific algorithm
we use in this work is the multi-layer vector AMP (ML-VAMP) algorithm of [42,114]| which
itself builds on several works [19,45,86,111,127|. The ML-VAMP algorithm is not necessarily
the most computationally efficient procedure for the minimization (5.2). For our purposes,
the key property is that ML-VAMP enables exact predictions of its performance in the
large system limit. Specifically, the error of the algorithm estimates in each iteration can be
predicted by a set of deterministic recursive equations called the state evolution or SE. The
fixed points of these equations provide a way of computing the asymptotic performance of
the algorithm. In certain cases, the algorithm can be proven to be Bayes optimal [7,47,131].

This approach of using AMP methods to characterize the generalization error of GLMs
was also explored in [7] for i.i.d. distributions on the data. The explicit formulae for the
asymptotic mean squared error for the regularized linear regression with rotationally invarient
data matrices is proved in [50]. The ML-VAMP method in this work enables extensions to

correlated features and to mismatch between training and test distributions.

5.2 Generalization Error: System Model

We consider the problem of estimating the weights w in the GLM model (5.1). As stated in the
Introduction, we suppose we have training data {(x;, y;) }}*, arranged as X := [x; X5 ... x| €

RY*P y = [y yp...yn]" € RY. Then we can write
y = ¢Out(XW07 d)v (55)
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where ¢o, (2, d) is the vector-valued function such that [¢ou: (2, d)]n = dous(2n, d,) and {d, }_,

are general noise.

Given the training data (X,y), we consider estimates of w’ given by a regularized
empirical risk minimization of the form (5.2). We assume that the loss function F,; and

regularizer F}, are separable functions, i.e., one can write
p

Fout(YaZ) = Zfout(ynazn)’ E (W) = Zfin(wj)’ (56)

i=1

for some functions foy : R?> — R and fi, : R — R. Many standard optimization problems in
machine learning can be written in this form: logistic regression, support vector machines,

linear regression, Poisson regression.

Large System Limit: We follow the LSL analysis of [10] commonly used for analyzing
AMP-based methods. Specifically, we consider a sequence of problems indexed by the number
of training samples N. For each N, we suppose that the number of features p = p(N) grows

linearly with N, i.e.,

_ p(N)
iy (5.7)
for some constant § € (0,00). Note that 5 > 1 corresponds to the over-parameterized regime

and § < 1 corresponds to the under-parameterized regime.

True parameter: We assume the true weight vector w® has components whose empirical

distribution converges as

lim {w®} "2Y WO, (5.8)
N—o0

for some limiting random variable W°. The precise definition of empirical convergence is
given in Appendix 2.6.1. It means that the empirical distribution 110 | 0y, converges, in the
Wasserstein-2 metric (see Chap. 6 [157]), to the distribution of the finite-variance random
variable W°. Tmportantly, the limit (5.8) will hold if the components {w?}?_, are drawn i.i.d.

from the distribution of W with E(W?°)? < co. However, as discussed in Appendix 2.6.1,

the convergence can also be satisfied by correlated sequences and deterministic sequences.
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Training data input: For each N, we assume that the training input data samples,
x; € RP,i=1,...,N, are i.i.d. and drawn from a p-dimensional Gaussian distribution with
zero mean and covariance X, € RP*P. The covariance can capture the effect of features

being correlated. We assume the covariance matrix has an eigenvalue decomposition,
Y = %V(-)rdlag(sgr)v(b (59)

where s are the eigenvalues of 3, and V; € RP*? is the orthogonal matrix of eigenvectors.

|?, does not grow with N.

The scaling % ensures that the total variance of the samples, E||x;
We will place a certain random model on s;, and Vy momentarily.

Using the covariance (5.9), we can write the data matrix as
X = U diag(sy) Vo, (5.10)

where U € RY*? has entries drawn i.i.d. from N(0, %) For the purpose of analysis, it is

useful to express the matrix U in terms of its SVD:

diag(smp) O

U= VQSmpV17 Smp = (511)
0 *
where Vi € RN and V, € RP*P are orthogonal and S,,, € RV*? with non-zero entries
minN,p}
Smp € 21 : only along the principal diagonal. s, are the singular values of U. A

standard result of random matrix theory is that, since U is i.i.d. Gaussian with entries
N(0, %), the matrices V; and V, are Haar-distributed on the group of orthogonal matrices
and s, is such that

. PL(2)
]\}E%O{Smp,i} = Sup; (5.12)

where Sy, > 0 is a non-negative random variable such that Sﬁlp satisfies the Marcencko-Pastur

distribution. Details on this distribution are in Appendix 2.9.

Training data output: Given the input data X, we assume that the training outputs

y are generated from (5.5), where the noise d is independent of X and has an empirical
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distribution which converges as

lim {d;} "2¥ D. (5.13)

N—o0

Again, the limit (5.13) will be satisfied if {d;}¥, are i.i.d. draws of random variable D with

bounded second moments.

Test data: To measure the generalization error, we assume now that we are given a test
point X, and we obtain the true output y,s and predicted output yis given by (5.3). We

assume that the test data inputs are also Gaussian, i.e.,
x[. = u' diag(s) Vo, (5.14)

where u € RP has i.i.d. Gaussian components, N (0, %), and s¢ and Vi are the eigenvalues
and eigenvectors of the test data covariance matrix. That is, the test data sample has a

covariance matrix

By = £V diag(si,) Vo. (5.15)

In comparison to (5.9), we see that we are assuming that the eigenvectors of the training and
test data are the same, but the eigenvalues may be different. In this way, we can capture
distributional mismatch between the training and test data. For example, we will be able to
measure the generalization error when the test sample is outside a subspace explored by the
training data.

To capture the relation between the training and test distributions, we assume that

components of si, and sis converge as

lin {(Sors S166)} = (Sers Sts), (5.16)

N—oo

to some non-negative, bounded random vector (Si, Sis). The joint distribution on (Si;, Ss)
captures the relation between the training and test data.

When S}, = Sis, our model corresponds to the case when the training and test distribution
are matched. Isotropic Gaussian features in both training and test data correspond to

covariance matrices 3, = iafrl, Y = ]%UESI, which can be modeled as S, = 04, Sis = Ots.
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We also require that the matrix Vj is uniformly distributed on the set of p x p orthogonal
matrices.

Generalization error: From the training data, we obtain an estimate w via a regularized
empirical risk minimization (5.2). Given a test sample x5 and parameter estimate w, the true
output ys and predicted output g, are given by equation (5.3). We assume the test noise is
distributed as dis ~ D, following the same distribution as the training data. The postulated

inverse-link function ¢(-) in (5.3) may be different from the true inverse-link function ¢ous(-).

The generalization error is defined as the asymptotic expected loss,

& = lim Efts(@\tsayts)7 (5-17)
N—oo

where fi5(+) is some loss function relevant for the test error (which may be different from the
training loss). The expectation in (5.17) is with respect to the randomness in the training as
well as test data, and the noise. Our main result provides a formula for the generalization

error (5.17).

5.3 Learning GLMs via ML-VAMP

There are many methods for solving the minimization problem (5.2). We apply the ML-
VAMP algorithm of [42,112]|. This algorithm is not necessarily the most computationally
efficient method. For our purposes, however, the algorithm serves as a constructive proof
technique, i.e., it enables exact predictions for generalization error in the LSL as described
above. Moreover, in the case when loss function (5.2) is strictly convex, the problem has a
unique global minimum, whereby the generalization error of this minimum is agnostic to the
choice of algorithm used to find this minimum. To that end, we start by reformulating (5.2)

in a form that is amicable to the application of ML-VAMP, Algorithm 5.

Multi-Layer Representation. The first step in applying ML-VAMP to the GLM learning

problem is to represent the mapping from the true parameters w® to the output y as a certain
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Figure 5.1: Sequence flow representing the mapping from the unknown parameter values w’
to the vector of responses y on the training data.

multi-layer network. We combine (5.5), (5.10) and (5.11), so that the mapping w" — y can

be written as the following sequence of operations (as illustrated in Fig. 5.1):

zg = WO, pg = VOZ&
Z(1) = ¢1(p87£1)7 p? = Vlz(1J7
(5.18)
Zg = ¢2(p(1]7£2)7 pg = VQZ(2J7
23 = ¢3(Py, &) =V,
where £, are the following vectors:
€1 ‘= Str, €2 ‘= Smp, 53 = d, (519)

and the functions ¢,(-) are given by
le (pO: Str) = diag(str)p07
¢2(p1; Smp) = Smpph (520>

¢3(p2a d) = ¢out(p27 d)

We see from Fig. 5.1 that the mapping of true parameters w®

=z to the observed response
vector y = zJ is described by a multi-layer network of alternating orthogonal operators V,
and non-linear functions ¢,(-). Let L = 3 denote the number of layers in this multi-layer

network.

The minimization (5.2) can also be represented using a similar signal flow graph. Given a
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parameter candidate w, the mapping w — Xw can be written using the sequence of vectors
Zoy = W, Po := V2o,
z1 = SuPo, P1:= Vizi, (5.21)
Zy := SmpP1, P2 = Vazy = XW.

There are L = 3 steps in this sequence, and we let
z ={20,21,%2}, P = {Po,P1,P2}

denote the sets of vectors across the steps. The minimization in (5.2) can then be written in

the following equivalent form:

Hzlipn F0<Z0) + Fl(p07 Zl) + F2(p17Z1) + F3(p2)

(5.22)
subject to py;=Vyzy, (=0,1,2,
where the penalty functions F, are defined as
FO() =5 ()7 Fl(" ) :5{21=Strpo}('7 s
(5.23)

F2('7') = 5{22:Smpp1}('7')a FB() :Fout(Y7')7
where 04(+) is 0 on the set A, and +oo on A°.

ML-VAMP for GLM Learning. Using this multi-layer representation, we can now apply
the ML-VAMP algorithm from [42,112] to solve the optimization (5.22). The steps are
shown in Algorithm 5. These steps are a special case of the “MAP version" of ML-VAMP
in [112], but with a slightly different set-up for the GLM problem. We will call these steps
the ML-VAMP GLM Learning Algorithm.

The algorithm operates in a set of iterations indexed by k. In each iteration, a “forward
pass" through the layers generates estimates zy, for the hidden variables z), while a “backward
pass" generates estimates Py for the variables pY. In each step, the estimates zy, and Py

are produced by functions g, (-) and g, (+) called estimators or denoisers.

For the MAP version of ML-VAMP algorithm in [112], the denoisers are essentially

107



Algorithm 5 ML-VAMP GLM Learning Algorithm
: Initialize vy, > 0, ry, =0for £ =0,...,L—1

1

2:

3: for k=0,1,... do

4:  // Forward Pass

5 for(=0,...,L—1do
6

7

8

9

if / =0 then
Zko = 8o (Tr0s Vo)
else
: Zpe = gZ (r;z—p Typs 72_,6—17 Vi)
10: end if
11: O‘l:ﬁ = <(9/z\kg/8r,;€>
1o, v VilZre — o)
: e = T
13: Ve = (1 ay = Dy
14: end for
15:

16: // Backward Pass
17 for{=1,...,1do

18: if / = L then
-~ oo (ot +
19: Pk, = 8 (rk,L—lv 7]<;,L—1)
20: else
. ~ . —_ + —_ J’_ —
21: Pke1 = 8 (rk,éfprk+1,£77k,27177k+1,£)
22: end if
- /an +
23: Qg = <apk,€fl/arkx—1>
V] Priea — o i1 ,4)
. _ Ve Pk ke1Tg e
24: Thpra = o
k-1
, - _ - +
25: Ve1,1 = (1/041@,@1 - 1)’71{,[71
26: end for
27: end for

proximal-type operators defined as
prox,. (w) 1= argmin F(x) + 3 [|x — ull®. (5.24)

An important property of the proximal operator is that for separable functions F' of the form
(5.6), we have [proxp,.(u)]; = prox; . (u;).

In the case of the GLM model, for £ = 0 and L, on lines 7 and 19, the denoisers are
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proximal operators given by

gs (5,7 ) = proxg, ;.- (rg), (5.25a)
g5 (r3.y,% ) = proxg, . +(r3). (5.25b)
Note that in (5.25b), there is a dependence on y through the term Fyu(y, ). For the middle

terms, £ = 1,2, i.e., lines 9 and 21, the denoisers are given by

~

gZ(rZ_p rg_a 72;17 7[) = 2y, (526&)
g (v, 17 v v0) = Pea, (5.26b)

where (pg1,2¢) are the solutions to the minimization

(Ber, &) = argmin Fy(per, z0) + ||z — 17|
(PALZZ)

72_1
+ T_HPH -5 (5.27)

The quantity (Ov/Ou) on lines 11 and 23 denotes the empirical mean + SN v,/ Ouy.
Thus, the ML-VAMP algorithm in Algorithm 5 reduces the joint constrained minimization
(5.22) over variables (zg, z1,z2) and (po, P1, P2) to a set of proximal operations on pairs of
variables (pei,z¢). As discussed in [112], this type of minimization is similar to ADMM with
adaptive step-sizes. Details of the denoisers ggt and other aspects of the algorithm are given

in Appendix C.1.

5.4 Main Result

We make two assumptions. The first assumption imposes certain regularity conditions on
the functions fis, @, dous, and maps gei appearing in Algorithm 5. The precise definitions of
pseudo-Lipschitz continuity and uniform Lipschitz continuity are given in Appendix 2.6.1 of

the supplementary material.

Assumption 1. The denoisers and link functions satisfy the following continuity conditions:
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(a) The proximal operators in (5.25),

gl (ry. v ) &5 (rs,y. 1),

are uniformly Lipschitz continuous in r, and (rj,y) over parameters v, and 75 .

(b) The link function @ou(p, d) is Lipschitz continuous in (p,d). The test error function

fis(0(2), out (2, d)) is pseduo-Lipschitz continuous in (Z, z, d) of order 2.

Our second assumption is that the ML-VAMP algorithm converges. Specifically, let
X = Xi(N) be any set of outputs of Algorithm 5, at some iteration k and dimension N. For

example, x; (V) could be Z,(N) or pre(N) for some ¢, or a concatenation of signals such as
{ZQ(N) Eu(N)] ‘

Assumption 2. Let x4 (V) be any finite set of outputs of the ML-VAMP algorithm as above.

Then there exist limits

x(N) = lim x;(N) (5.28)
k—o0
satisfying
1
lim lim —|xx(N) —x(N)||* = 0. (5.29)

k—oo N—oo N

We are now ready to state our main result.

Theorem 10. Consider the GLM learning problem (5.2) solved by applying Algorithm 5 to
the equivalent problem (5.22) under the assumptions of Section 5.2 along with Assumptions 1

and 2. Then, there exist constants 7,77 > 0 and M € RE$? such that the following hold:

(a) The fized points {Ze, Pe}, € = 0,1,2 of Algorithm 5 satisfy the KKT conditions for the
constrained optimization problem (5.22). Equivalently W :=zq is a stationary point of

(5.2).

(b) The true parameter w° and its estimate W empirically converge as

lim {(w?, @)} T2 (WO W), (5.30)

N—oo
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where W is the random variable from (5.8) and

—~

W = proxfin/ﬂ(l/VO +Qp ), (5.31)

with Qy = N(0,75) independent of W°.

(c) The asymptotic generalization error (5.17) with (yis, Yis) defined as (5.3) is given by

E = E fis(0oulZis: D), 6(Z)) (5.32)

where (Zys, Z\ts) ~ N (02, M) and independent of D.

Part (a) shows that, similar to gradient descent, Algorithm 5 finds the stationary points
of problem (5.2). These stationary points will be unique in strictly convex problems such
as linear and logistic regression. Thus, in such cases, the same results will be true for any
algorithm that finds such stationary points. Hence, the fact that we are using ML-VAMP is
immaterial — our results apply to any solver for (5.2). Note that the convergence to the fixed

points {z,, p¢} is assumed from Assumption 2.

Part (b) provides an exact description of the asymptotic statistical relation between the
true parameter w” and its estimate w. The parameters 7, ,74 > 0 and M can be explicitly
computed using a set of recursive equations called the state evolution or SE described in

Appendix C.2 in the supplementary material.

We can use the expressions to compute a variety of relevant metrics. For example, the

PL(2) convergence shows that the MSE on the parameter estimate is
|
. 0 ~\2 0 T17\2
lim N nE:1(wn —w,)" =EW" —-W)=~ (5.33)

The expectation on the right hand side of (5.33) can then be computed via integration over
the joint density of (W?, /W) from part (b). In this way, we have a simple and exact method
to compute the parameter error. Other metrics such as parameter bias or variance, cosine
angle or sparsity detection can also be computed.

Part (c) of Theorem 10 similarly exactly characterizes the asymptotic generalization error.

In this case, we would compute the expectation over the three variables (Z, 7 , D). In this
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way, we have provided a methodology for exactly predicting the generalization error from
the key parameters of the problems such as the sampling ratio § = p/N, the regularizer, the
output function, and the distributions of the true weights and noise. We provide several
examples such as linear regression, logistic regression and SVM in the Appendix C.6. We

also recover the result by [55] in Appendix C.6.

Remarks on Assumptions. Note that Assumption 1 is satisfied in many practical cases.
For example, it can be verified that it is satisfied in the case when fi,(+) and fou(+) are convex.
Assumption 2 is somewhat more restrictive in that it requires that the ML-VAMP algorithm
converges. The convergence properties of ML-VAMP are discussed in [45]. The ML-VAMP
algorithm may not always converge, and characterizing conditions under which convergence
is possible is an open question. However, experiments in [127] show that the algorithm does
indeed often converge, and in these cases, our analysis applies. In any case, we will see below
that the predictions from Theorem 10 agree closely with numerical experiments in several

relevant cases.

In some special cases equation (5.32) simplifies to yield quantitative insights for interesting

modeling artifacts. We discuss these in Appendix C.6 in the supplementary material.

5.5 Experiments

Training and Test Distributions. We validate our theoretical results on a number of
synthetic data experiments. For all the experiments, the training and test data is generated
following the model in Section 5.2. We generate the training and test eigenvalues as i.i.d.

with lognormal distributions,
S2 = AQ0)*1, S = A(10)1,
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where (uy,, uis) are bivariate zero-mean Gaussian with

L p

cov (U, Uts) = 03

p 1
In the case when o2 = 0, we obtain eigenvalues that are equal, corresponding to the i.i.d.
case. With 62 > 0 we can model correlated features. Also, when the correlation coefficient
p =1, Sy = Sis, so there is no training and test mismatch. However, we can also select p < 1
to experiment with cases when the training and test distributions differ. In the examples

below, we consider the following three cases:
(1) ii.d. features (o, = 0);

(2) correlated features with matching training and test distributions (o, =3 dB, p = 1);

and

(3) correlated features with train-test mismatch (o, = 3 dB, p = 0.5).

For all experiments below, the true model coefficients are generated as i.i.d. Gaussian
w) ~ N(0,1) and we use standard L2-regularization, fi,(w) = Aw?/2 for some A > 0. Our
framework can incorporate arbitrary i.i.d. distributions on w; and regularizers, but we will

illustrate just the Gaussian case with L2-regularization here.

Under-regularized linear regression. We first consider the case of under-regularized
linear regression where the output channel is ¢ou(p,d) = p + d with d ~ N (0, 03). The noise
variance o7 is set for an SNR level of 10 dB. We use a standard mean-square error (MSE) output
loss, fout(y,p) = (y — p)?/(203%). Since we are using the L2-regularizer, fi,(w) = Aw?/2, the
minimization (5.2) is standard ridge regression. Moreover, if we were to select A = 1/E(w})?,
then the ridge regression estimate would correspond to the minimum mean-squared error
(MMSE) estimate of the coefficients w®. However, to study the under-regularized regime, we
take A = (10)~*/E(w)>.

Fig. 5.2 plots the test MSE for the three cases described above for the linear model.

In the figure, we take p = 1000 features and vary the number of samples n from 0.2p
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Figure 5.2: Test error for under-regularized linear regression under various train and test
distributions

(over-parametrized) to 3p (under-paramertrized). For each value of n, we take 100 random
instances of the model and compute the ridge regression estimate using the sklearn package
and measure the test MSE on the 1000 independent test samples. The simulated values in
Fig. 5.2 are the median test error over the 100 random trials. The test MSE is plotted in a

normalized dB scale,

E As - Yts 2
Test MSE (dB) = 101log,, <(yt—2yt)) .
Eyts
Also plotted is the state evolution (SE) theoretical test MSE from Theorem 10.

In all three cases in Fig. 5.2, the SE theory exactly matches the simulated values for the

test MSE. Note that the case of match training and test distributions for this problem was
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studied in [55,93,99] and we see the double descent phenomenon described in their work.
Specifically, with highly under-regularized linear regression, the test MSE actually increases
with more samples n in the over-parametrized regime (n/p < 1) and then decreases again in
the under-parametrized regime (n/p > 1).

Our SE theory can also provide predictions for the correlated feature case. In this
particular setting, we see that in the correlated case the test error is slightly lower in the
over-parametrized regime since the energy of data is concentrated in a smaller sub-space.
Interestingly, there is minimal difference between the correlated and i.i.d. cases for the
under-parametrized regime when the training and test data match. When the training and
test data are not matched, the test error increases. In all cases, the SE theory can accurately

predict these effects.

Logistic Regression. Fig. 5.3 shows a similar plot as Fig. 5.2 for a logistic model. Specifi-
cally, we use a logistic output P(y = 1) = 1/(1 + e™?), a binary cross entropy output loss
fout(y, p), and fo-regularization level A so that the output corresponds to the MAP estimate
(we do not perform ridgeless regression in this case). The mean of the training and test
eigenvalues ES2 = ES2 are selected such that, if the true coefficients w were known, we
could obtain a 5% prediction error. As in the linear case, we generate random instances of the
model, use the sklearn package to perform the logistic regression, and evaluate the estimates
on 1000 new test samples. We compute the median error rate (1— accuracy) and compare
the simulated values with the SE theoretical estimates. The i.i.d. case was considered in [136].
Fig. 5.3 shows that our SE theory is able to predict the test error rate exactly in i.i.d. cases

along with a correlated case and a case with training and test mismatch.

Nonlinear Regression. The SE framework can also consider non-convex problems. As

an example, we consider a non-linear regression problem where the output function is
Gous(p; d) = tanh(p) +d, d ~ N(0,07). (5.34)
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Figure 5.3: Classification error rate with logistic regression under various train and test
distributions

The tanh(p) models saturation in the output. Corresponding to this output, we use a

non-linear MSE output loss

Fouy —p) = 2%,3@ ~ tanh(p))?. (5.35)

This output loss is non-convex. We scale the data matrix so that the input E(p?) = 9 so that
the tanh(p) is driven well into the non-linear regime. We also take o3 = 0.01.

For the simulation, the non-convex loss is minimized using Tensorflow where the non-linear
model is described as a two-layer model. We use the ADAM optimizer [76] with 200 epochs
to approach a local minimum of the objective (5.2). Fig. 5.4 plots the median test MSE for

the estimate along with the SE theoretical test MSE. We again see that the SE theory is
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Figure 5.4: Test MSE under a non-linear least square estimation.
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able to predict the test MSE in all cases even for this non-convex problem.

5.6 Discussion

In this paper we provide a procedure for exactly computing the asymptotic generalization
error of a solution in a generalized linear model (GLM). This procedure is based on scalar
quantities which are fixed points of a recursive iteration. The formula holds for a large class
of generalization metrics, loss functions, and regularization schemes. Our formula allows

analysis of important modeling effects such as

(i) overparameterization,
(ii) dependence between covariates, and

(iii) mismatch between train and test distributions,

which play a significant role in the analysis and design of machine learning systems. We
experimentally validate our theoretical results for linear as well as non-linear regression and
logistic regression, where a strong agreement is seen between our formula and simulated

results.
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Chapter 6

Conclusion

In this dissertation we have developed a general framework for analyzing multi layer inverse
problems. Such problem are ubiquitous in signal processing and machine learning. A new set
of algorithms based on Vector Approximate Message Passing are proposed which are equipped
to solve the multi layer versions of linear inverse problems. We name these algorithms
Multi-Layer Vector Approximate Message Passing (ML-VAMP). Several important properties
of these algorithms have been explored in detail, with rigorous proofs for the mathematical
claims.

These algorithms can be configured to solve the optimization based MAP estimation as
well as the approximate Bayes estimation. We also present a matrix version of ML-VAMP
called ML-Mat-VAMP which can solve generalizations of the multi-layer inverse problem
involving matrix-valued unknown variables.

The fixed points of these iterative algorithms have been characterized even for non-convex
problems, which ensures that they are accurate at convergence. Several important connections
are drawn to contemporary literature on iterative optimization methods such as the Peaceman-
Rachford Splitting ADMM algorithm. This interpretation of the algorithm provides a new

line of attack for the exact analysis of proximal algorithms for non-convex problems.

Just like Vector Approximate Message Passing, these algorithms also possess a large
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system limit analysis in the proportional asymptotic regime. In this high dimensional space,
the iterations of our iterative algorithms can be exactly tracked via an equivalent scalar
model: the so-called State Evolution.

This enables understanding the statistical properties of the solutions to multi layer inverse
problems. Moreover, this analysis is exact and has been verified to empirically hold for large
random instances of the problems.

Our numerical experiments further illustrate that these algorithms are not just good for
analysis but are also computationally efficient and can provide solutions which are perceptually
comparable to off-the-shelf optimization solvers such as Adam as well as MCMC based solvers
such as MALA.

To demonstrate the analytical power of the ML-VAMP framework, we have applied
the ML-VAMP algorithm to solve some important practical problems in machine learning.
This class of problems include learning generalized linear models, 1-layer and 2-layer neural
networks. The key idea here is to pose these learning problems as equivalent multi-layer
inverse problems. The resulting analysis allows machine learning researchers to understand

the effects of several key training and modelling hyperparameters such as
1. Degree of overparameterization,
2. Covariance of features,
3. Mismatch between training and test distributions,
4. Choice of loss function,
5. Choice of regularization function, and
6. Choice of regularization strength.

Another noteworthy feature of this analysis is that it does not rely on convex analysis and
hence is suitable for understanding non-convex optimization and its impact on learning and

generalization.
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Our framework thus provides a new set of tools to rigorously understand the behaviour of
elementary models, their training procedures, and the several intermediate design choices, in

contemporary machine learning and signal processing applications.
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Appendix A

Proofs from Chapter 3

Organization Appendix A.1 describes the definitions needed to define the State Evolution
and introduces the framework for LSL analysis introduced by [10]. Appendix A.2 provides
the State Evolution equations for the ML-VAMP algorithm. Appendix A.3 provides proofs
for the fixed point results — Theorems 5 and 6. Appendix A.4 provides proofs for the large
system limit of the ML-VAMP algorithm as stated in Theorems 9 and 8; these results are
the consequence of a more general result — Theorem 12 — stated in Appendix B.4 and proved

in Appendix B.5.

A.1 Empirical Convergence of Vector Sequences

We follow the framework of Bayati and Montanari [10], which models various sequences as
deterministic, but with components converging empirically to a distribution. We start with a
brief review of useful definitions. Let x(N) = (x3,...,xy) be a block vector with components
x, € R’ for some r. Thus, the vector x(N) is a vector with dimension rN. Given any

function g : R — R?, we define the componentwise extension of g(-) as the function,
g(x) = (9(x1), ..., 9(xn)) € R, (A1)
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That is, g(-) applies the function g(-) on each r-dimensional component. Similarly, we say

g(x) acts componentwise on x whenever it is of the form (A.1) for some function g(-).
Next consider a sequence of block vectors of growing dimension,
x(N) = (x1(N),...,xn(N)), N=12 ...,

where each component x,(/N) € R". In this case, we will say that x(N) is a block vector
sequence that scales with N under blocks x,(N) € R". When r = 1, so that the blocks
are scalar, we will simply say that x(V) is a vector sequence that scales with N. Such
vector sequences can be deterministic or random. In most cases, we will omit the notational
dependence on N and simply write x.

Now, given p > 1, a function f: R" — R? is called pseudo-Lipschitz continuous of order

p, if there exists a constant C' > 0 such that for all x;,x, € R",
1f(x1) = f(x2)|| < Cllxa — x| [+ [l [P~ + [Ix2 P71 -

Observe that in the case p = 1, pseudo-Lipschitz continuity reduces to usual Lipschitz
continuity. Given p > 1, we will say that the block vector sequence x = x(N) converges

empirically with p-th order moments if there exists a random variable X € R" such that
(i) E[X] < oo; and
(ii) for any f: R" — R that is pseudo-Lipschitz continuous of order p,

N—o0

lim ) f(xa(N) =E[f(X)]. (A.2)

In (A.2), we have the empirical mean of the components f(x,(/V)) of the componentwise
extension f(x(V)) converging to the expectation E[f(X)]. In this case, with some abuse of

notation, we will write

lim {x,} 2" X, (A.3)

N—oc0

where, as usual, we have omitted the dependence on N in x,(N). Importantly, empirical

convergence can be defined on deterministic vector sequences, with no need for a probability
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space. If x = x(NN) is a random vector sequence, we will often require that the limit (A.3)
holds almost surely.

Finally, we introduce the concept of uniform pseduo-Lipschitz continuity. Let ¢(r,7) be a
function on r € R" and 6 € R*. We say that ¢(r, 0) is uniformly Lipschitz continuous in r at

6 = 0 if there exists constants L1, L, > 0 and an open neighborhood U of 6 such that
||¢(I'1,0) — QS(I'Q,@)H S L1||I'1 — I'Q”, ‘v’rl,rg € RT,H eU (A4a)

l6(x,61) — G(r.02)| < Lo (L+ [lel]) 61 — 6al], Ve € R,61,6, € U. (A.4D)

A.2 ML-VAMP State Evolution Equations

The state evolution (SE) recursively defines a set of scalar random variables that describe the
typical components of the vector quantities produced from the ML-VAMP algorithm. The
definition of the random variables are given in Algorithm 6. The algorithm steps mimic those
in the ML-VAMP algorithm, Algorithm 3, but with each update producing scalar random

variables instead of vectors. The updates use several functions:

Jo (wo) = w, Fe Wy, we) == fP(pa. &) = de(pls, &), €=2,4,...,L, (A.5a)
FE W, we) = (0, (50,00,&0)) = Sepy_y +be+ &, (=1,3,...,L—1, (A.5b)
he (D)1 i1 @7 we, ) = 97 (a7 + 40, pf  + )1, 0k), (=2,4,...L—2, (A.5¢)
hy (D)1, i1 @ we, ) = Grlay + 40,0l + )1, 0k), (=1,3,...L—1, (A.5d)

h5r<qaaw061j0) = 93(‘107 + wo, eijo)a hi(p%flypﬂpwu HIZL) = gZ(pJqu +p%717 91&)7 (A.5e)

Jo" (40, wo, o) 1= == [ (a9 wo, Byp) — wo — evfoqg | (A.5f)
Fi e piy @ we A) o= o (A (0 pls 4 wes 6) — @) — gl | (A.5g)
fr (p%ﬁlvpfﬁl?wb App) = 1,—2& [hz (p?ﬁlvp}rfpwb Or) — Pra— OCI;L—lpzrﬁl} , (A.5h)
fo (pS_l,pr Gy s we, Nyy) = ﬁ [he_ (Pg—plea G, we, Opy) — Pla — O‘E,HPL] : (A.51)
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In addition define the perturbation random variables W, (recall from (3.29)) as
Wo =25, W, = Z,, (=2,4,...,L—2, (A.6a)

W, = (S, By, Zy), (=1,3,...,L—1. (A.6b)

A.3 Proofs of ML-VAMP Fixed-Point Theorems

A.3.1 Proof of Theorem 5

The linear equalities in defining Skié can be rewritten as,

1 1
+ ot + - -
Trp = Zpe + ——Spps Tev10 = Ziy TSk, (A7)
Qg Qg

Substituting (A.7) in lines 12 and 24 of Algorithm 3 give the updates (3.20b) and (3.21b)
in Theorem 5. It remains to show that the optimization problem in updates (3.20a) and
(3.21a) is equivalent to (3.12). It suffices to show that the terms dependent on (2, |, 2, ) in
by from (3.12), and L, from (3.20a) and (3.21a) are identical. This follows immediately on
substituting (A.7) in (4.12). Thus there exists a bijective mapping between the fixed points
{z,7", 77} (of Algorithm 3) and {2, s} (of Theorem 5).

It now remains to be shown that any fixed point of Algorithm 3 is a critical point of
the augmented Lagrangian in (3.19). To that end, we need to show that there exists dual
parameters s, such that for all ¢ =0,...,L—1,

z, =7,, 0,+L(Z",27,8)20, 0,-L(z",27,8)20, (A.8)
where £(-) is the Lagrangian in (3.19). Primal feasibility or z; =z, was already shown in
(3.17). As a consequence of the primal feasibility z; = 7, , observe that

s; —s;, =(af + o)z — afr; —a,v/ =0, (A.9)
where we have used (3.16). Define s :=s™ = s~. To show the stationarity in (A.8) it suffices
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Algorithm 6 State Evolution for ML-VAMP

Require: f2(-), fi-(-) and hF(-) from eqn. (A.5) and initial random variables: Z3, {W, Qg }

from Section 3.4 and (A.6)
1: // Initial pass
2: Qg = Zl())v 7-(()) = E(Q8)2 and POO NN<077-([))>
3: for/=1,...,L—1do
Qg f?(Péol’ W@)
P) ~N(0,77), 7 = E(Q7)?

end for

for k=0,1,... do
// Forward Pass
10: Qko h+(Qk0> WO’HkO))
@ = B Qs Wo b)) Ko = (@, Oi)
12: Qko = fJ(Q(;? WO’KZ—O)
13: (P(?a PII)) ~ N(0, KZO)? KZO = COV(an Q%)
14: for/=1,...,.L—1do
15: Qfy = h+(PL917 Pl Qe We,0y)

-+ ot
16: @y = E(aQ (Pys Bl Qe W u)) Ao = (@1 Ore)
17: Que =1/ (Peo—la Py Ques W, A
18: (PP, P) ~ N(0,K},), K}, := Cov(QY,Q},)
19: end for
20: // Backward Pass
21: PIQALA = hy, (PLO—17P:1A’WL’91€+1L)
ohy — __ -
220 Qg = E(a—pJH (PL()A? Pk,L_p Wi, ek-&-l,L))? Ak+1,L = (%H,p 9k+1,L)
23: Pk:—LL—l = f[j(PlOfla PI:L—D WL? AI;—I,L)
24: QI;—H,L—l ~ N(0, Tl;rl,L—1>7 Tt 11 “= E(Pl;i-l,L—l)Q
25: for/=L—-1,...,1do
26: ijrl,m = he_(Peolv Plje 1 We, 9k+1 0)
__ oh, - -
2T Xpt10 = E<3p+[ (Peop sz 13 va k1, e)) Ak+1,e = (ak+1,£7 9k+1,e)
28: Prnea = fo (P 17P1je 1 Qi e We Ayy)
29: Qi1 ~NO, T 1) Trne = E(Pey oq)?
30: end for
31: end for
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to show that s, is a valid dual parameter for which the following stationarity conditions hold,
azzilﬁg(/z\g_,la/z\z_;/z\zllv/z\é_vS€—17Sf) > 0? 8ze+£f(/z\ﬁ_fl’/z\€i_;/z\zll7/z\€_785_1756) > 0’ (AlO)

Indeed the above conditions are the stationarity conditions of the optimization problem in

(3.20a) and (3.21a). Hence (A.8) holds.

A.3.2 Proof of Theorem 6

Observe that the Lagrangian function for the constrained optimization problem (3.27) for

this specific choice of Lagrange multipliers is given by

Lo} Aa Ard 3 Ar b e D) = D D (felze ze0)|Ip(2zel ze-1)) + X_:H(qé)

+ Z very | (Blzel fo — Blzdad) + v v T (Elzel fea) — Elzeoalq])

+Z” [zl 1£2] = Elllzel® e]) + % {26l | fer] — Elll2ell )

Notice that the statlonarlty KKT conditions V£ = 0 and V,, L = 0 give us the relation

7@1

[EEE (A.11a)

2) (A.11b)

where notice that f; = by from (4.12). The primal feasibility KKT conditions (3.26) result in

fi (e 2e1) o< plaalze)exp (=% [z — i ||* =

— ot
q; (z¢) x exp (—%

e
v+

" Yo Ty T ’Yz T,
E [z f;] = E [z¢|b)] = ——F
¢ Y + 'Yg

E [lzelI” /7] = E [llzell” be] = (vp +~) "
where we have used the Gaussianity of ¢, from (A.11b) and relation of f; = b, from (A.11a)
and (4.12). The quantity on the right is exactly 2z, for any fixed point of MMSE-ML-VAMP

as evident from (3.17). The claim follows from the update (3.11).
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A.4 Proofs of Main Results: Theorems 9 and 8

Recall that the main result in Theorem 9 claims the empirical convergence of PL(2) statistics of
iterates of the ML-VAMP algorithm 3 to the expectations corresponding statistics of random
variables given in Algorithm 6. We prove this result by applying the general convergence
result stated in Theorem 12 which shows that under Assumptions 5 and 6, the PL(2) statistics
of iterates of Algorithm 10 empirically converge to expectations of corresponding statistics of
appropriately defined scalar random variables defined in Algorithm 11.

The proof of Theorem 9 proceeds in two steps. First, we show that the ML-VAMP
iterations are a special case of the iterations of Algorithm 10, and similarly Algorithm 6 is
a special case of Algorithm 11, for specific choices of vector update functions, parameter
statistic functions and parameter update functions, and their componentwise counterparts.
The second step is to show that all assumptions required in Theorem 12 are satisfied, and

hence the conclusions of Theorem 12 hold.

A.4.1 Proof of Theorem 9

We start by showing that the ML-VAMP iterations from Algorithm 3 are a special case
of the Gen-ML recursions from Algorithm 10. Consider the singular value decompositions
W, = V,; Diag(s,)V;_; from equation (3.13). Then the true signals z{ in equation (4.1) and
the iterates {'rét, 22'[} of Algorithm 3 can then be expressed via the transformed true signals
defined below,

qQ=2), p):=Vz (=02... L

(A.12)
qQ=V}z), pl=2) (=1,3,... L-1
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These signals can be see in the (TOP) of Fig. A.1. Next, for £ =0,2,..., L — 2, define:

gt — 7t .+ 0 ot . yT o= £ yT (E 0
iy ‘= Zpy, Qpp = Tpp — 2y, qk’gﬂ = Vg+1zk,e+1> qk,ZJrl T V£+1 (rk,éﬂ - ZZ—H)
(A.13a)
5t . V,pt + . £ _ 0 S+ o + . .* 0
Pie = Viziy, Prp = Vilrig — 20), Pren "= Zigts Pren = Toga — Zgas  (A.13D)

The vectors g, and P, represent the estimates of q) and p{ defined in (A.12). These are
outputs of the estimators g}t and G;t. Similarly, the vectors qu and p,fg are the differences
rfe — 79 or their transforms. These represent errors on the inputs rkig to the estimators ggt()

(even £) and GF (odd /). These vectors can be seen in the (MIDDLE) panel of Fig. A.1

Lemma 2 (ML-VAMP as a special case of Gen-ML). Consider Algorithms 10 and 11 with

1. Initial functions £) and vector update functions fei gwen by componentwise extensions

of f{ and fgt respectively from equation (A.5). Parameter statistic functions ¢} and

- . . : oft of
¢, be given by componentwise extensions of aqLZ* and pf
14 —

5 respectively. Parameter
1

updates Ti5(+) applied so that 115, = o, and A3, = 05, with 05, given in equation (3.8).

2. Perturbation vectors wy given by wy = 2z, Way = €9 and wop_1 = (821, bay_1,€5_1)

for € =1,2,... L Perturbation random variables W, given by (A.6).
Then we have that

1. Lines 2-6 of Algorithm 10 are equivalent to equation (4.1) with definitions of pY, q}
given in equation (A.12). Lines 8-35 of Algorithm 10 are equivalent to the ML-VAMP

iterations in Algorithm 3 with definitions of pF, Dy, qF,q;, given in equation (A.13).
2. Algorithm 11 is equivalent to Algorithm 6.

Lemma 3. Assumptions 5 and 6 are satisfied by the conditions in Theorem 9.

The lemmas follow from the direct substitution of the quantities keeping in mind (3.13).
As a consequence of the lemmas, we can apply the result of Theorem 12 under the conditions

given in Theorem 9. The convergence of (o@, 7;;, 772[@) follows from the convergence of Akig.
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Theorem 12 leads to the conclusion that the following triplets are asymptotically normal

(zg—l’ thl - 22—1’ T, — Z?) = (pg—hpzllv qf_)a V € even,
(W—lz2—1a Via(rf, =20,V (r; — Z?)) = (P)_1, P/ 1,47 ); v £ odd.
The results in Theorem 9 follows from the argument definition of PL(2) convergence defined

in Appendix A.1

A.4.2 Proof of Theorem 8

Recall the update equations for (@i, 75, 7;;) analogous to (3.9). Fix the iteration index k

and let ¢ be even. We showed earlier after stating Theorem 9 that

. —_ 2 —
NLZ qu - zeH e E gz C +¢£( a‘—‘ﬂ)v B_’_A?’Ykéa’y]j,f—l) - ¢Z(Aa:£)) = 5;(7/6@772:#1)

We also know that 7, == 7, = lk‘ We need to show that the two limits coincide or

ke
+
equwalently 25— EF (Vs Wio—1)- In case of MMSE estimation, where g from (3.7) is
applied, we can snnplify aﬁ. From line 11 of Algorithm 6, then we have
. Ohf £ 29

Qpp = E@@é (Pe 1 u 17lev Wy, ke) 3624

) o o7 Vi o
=E—— /p( E‘Z‘”) exp ( — M(Zg Q, — QZ) _ kil (201 — sz ) Pz 1) )ngngZg_l,
0Q, 2 2

1
—(Q + Q7. Py 1 T P10k

for a normalizing factor Z. The last expectation above is with respect to the density of
(P, By_y, Q) which are Gaussian and Qf = ¢¢(P;-1,Z,). Exchanging the order of the

integration and the partial derivative, gives the desired expression for &,

A.5 General Multi-Layer Recursions

To analyze Algorithm 3, we consider a more general class of recursions as given in Algorithm 10
and depicted in Fig. A.1. The Gen-ML recursions generates (i) a set of true vectors ¢} and
pY and (ii) iterated vectors qff and pﬁ. The true vectors are generated by a single forward

pass, whereas the iterated vectors are generated via a sequence of forward and backward
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Figure A.1: (TOP) The equations (4.1) with equivalent quantities defined in (A.12). f)
defined using (A.5a) and (A.5Db).

(MIDDLE) The GEN-ML recursions in Algorithm 10. These are also equivalent to ML-VAMP
recursions from Algorithm 3 (See Lemma 7) if p*, g& are as defined in equations (A.13) and
£ given by equations (A.5f-A.51).

(BOTTOM) Quantities in the GEN-ML-SE recursions. These are also equivalent to ML-
VAMP SE recursions from Algorithm 6 (See Lemma 7)

passes through a multi-layer system. In proving the State Evolution for the ML-VAMP
algorithm, one would then associate the terms q,fe and pﬁ with certain error quantities in the
ML-VAMP recursions. To account for the effect of the parameters ’ykig and o@ in ML-VAMP,
the Gen-ML algorithm describes the parameter update through a sequence of parameter lists
Afg. The parameter lists are ordered lists of parameters that accumulate as the algorithm
progresses. The true and iterated vectors from Algorithm 10 are depicted in the signal flow
graphs on the (TOP) and (MIDDLE) panel of Fig. A.1 respectively. The iteration index k
for the iterated vectors g, pre has been dropped for simplifying notation.

The functions £9(-) that produce the true vectors q?, p? are called initial vector functions

and use the initial parameter list Ay,. The functions fZ;(-) that produce the vectors qi; and
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pfe are called the vector update functions and use parameter lists Akil. The parameter lists are
initialized with Ag; in line 2. As the algorithm progresses, new parameters )\kig are computed
and then added to the lists in lines 12, 18, 25 and 31. The vector update functions f3;(-)
may depend on any sets of parameters accumulated in the parameter list. In lines 11, 17,
24 and 30, the new parameters )\fé are computed by: (1) computing average values ufe of
componentwise functions ¢35 (-); and (2) taking functions T;5(-) of the average values yi.
Since the average values ufg represent statistics on the components of Lpfg(), we will call
©5(+) the parameter statistic functions. We will call the T:5(+) the parameter update functions.

The functions f}, f,;;, cpzt also take as input some perturbation vectors w,.

Similar to our analysis of the ML-VAMP Algorithm, we consider the following large-system
limit (LSL) analysis of Gen-ML. Specifically, we consider a sequence of runs of the recursions
indexed by N. For each N, let N, = N;(N) be the dimension of the signals pgt and q;t as we
assume that ]\}1_13%o &t = By € (0,00) is a constant so that N, scales linearly with N. We then
make the following assumptions. See Appendix A.1 for an overview of empirical convergence

of sequences which we use in the assumptions.
Assumption 3. For vectors in the Gen-ML Algorithm (Algorithm 10), we assume:
(a) The matrices V, are Haar distributed on the set of N, x N, orthogonal matrices and

are independent from one another and from the vectors ¢, qg,, perturbation vectors

Wy.

(b) The components of the initial conditions qg,, and perturbation vectors w, converge

jointly empirically with limits,

) _ |\ PLO) _ , PL(2)
Jim {gg,,,} =7 Qo lim {wen) = W, (A.14)
where ), and W, are random variables such that (Qg, - - - , Qo ;1) is a jointly Gaussian
random vector. Also, for £ =0,..., L—1, the random variables Wy, P} ; and Q, are

independent. We also assume that the initial parameter list converges as

lim A (N) 225 Ay, (A.15)

N—o0
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to some list Ay;. The limit (B.11) means that every element in the list A(N) € Ay, (N)

converges to a limit A(N) — X as N — oo almost surely.

(¢) The vector update functions £5(-) and parameter update functions @,(-) act compo-
nentwise. For e.g., in the k" forward pass, at stage ¢, we assume that for each output

component n,

[fé;(Pg—p lecr,e—p Q) We, A:e)] n f;:é(pg_l,n, p;:,f—l,n? Qht.> Wens A&)
[‘P;:e(pg—p p:,e—p Qpp) We, Ali_é)} n 9024 (Pg—l,na p;:,f—l,m Tt Wens AZ@%
for some scalar-valued functions f;(-) and ¢;,(-). Similar definitions apply in the

reverse directions and for the initial vector functions f(-). We will call f(-) the vector

update component functions and gpa() the parameter update component functions.

Next we define a set of deterministic constants {K;, Tk’é,ﬁfe,xi, 72} and scalar random
variables {QY, P, sz, Pei} which are recursively defined through Algorithm 11, which we call
the Gen-ML State Evolution (SE). These recursions in Algorithm closely mirror those in the
Gen-ML algorithm (Algorithm 10). The vectors q,fz and pfz are replaced by random variables
Qfe and ijé; the vector and parameter update functions f,?z(-) and gokie(-) are replaced by
their component functions fi5(-) and ¢35 (+); and the parameters \i, are replaced by their
limits X:Z We refer to {QY, P2} as true random variables and {QF,, P} as iterated random
variables. The signal flow graph for the true and iterated random variables in Algorithm 11
is given in the (BOTTOM) panel of Fig. A.1. The iteration index k for the iterated random
variables {Q3,, P&} to simplify notation.

We also assume the following about the behaviour of component functions around the
quantities defined in Algorithm 11. The iteration index k has been dropped for simplifying

notation.

Assumption 4. For component functions f, ¢ and parameter update functions T" we assume:

(a) T (1, -) are continuous at i, = fii,
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- f
(b) f,:}(pg_l,p;g,l, qke»wa:e) Ere (pé 1apu 1 Qe we, Ay) and i, (p) 1apu 1 Qres Wes AL 1)
are uniformly Lipschitz continuous in (p)_,, p;’ 15 Gy We) At A, = AM7 A, = Ak,e—r

o,

Similarly, fk+1 e(pe 1apke 1 ey, o We, Ay, ap—(Pe 17Pke 1 i1, o we, Ayy), and

gokg(pgfl,pk’m, Gy 1,00 Wes Ak+1,€+1) are uniformly Lipschitz continuous in

0 + - - AT A- A
<p£—17pk,€—17 Qiv1.05 we) at Ay, = Ay, Ak+1,€+1 = Ak+1,£+1‘

(c) fP(pey,we, Agy) are uniformly Lipschitz continuous in (py ., we) at Ay, = Ay -

(d) Vector update functions flj; are asymptotically divergence free meaning

. oft, -+ . of,,
lim < (Pt Ao Wes g )>:O7 lim <apk (PLe 1>qk+1e>W€vA )>:0

N—oo \ 94, N—oo
(A.16)

We are now ready to state the general result regarding the empirical convergence of
the true and iterated vectors from Algorithm 10 in terms of random variables defined in

Algorithm 11.

Theorem 11. Consider the iterates of the Gen-ML recursion (Algorithm 10) and the corre-
sponding random variables and parameter limits defined by the SE recursions (Algorithm 11)

under Assumptions 5 and 6. Then,
(a) For any fived k > 0 and fivzed ¢ = 1,...,L—1, the parameter list A}}, converges as
: s
j\}lj)noo N = Mg (A.17)

almost surely. Also, the components of Wi, Py, A9, Py gy, ---»Presy and ay, -9y

almost surely jointly converge empirically with limits,

. _ PL(2) _
]\}l_rgo {(pgfl,n7p;,r€—1,n’ qj@,n’ qg,n7 q;%,n)} = (Pf[il’ PiJ,rE—D Qj(’ Qg’ ;r€>7 <A18>
for all 0 < i,j < k, where the variables P},, P}, e and @, are zero-mean jointly

Gaussian random variables independent of W, and with covariance matriz given by

COV(P&, PfL‘J,re—l) = K;,rz—p E(Q;e)z =Tio E(Pfe—lQ;e) =0, E(PZ%Q;@) =0
(A.19)
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(b)

and QY and Qj@ are the random variable in line 19:

Qg = fZO(PZO—DWK)’ ]Z - ff (PZ 1) j[ 17Q]£’W€7 ]K) (AQO)

An identical result holds for £ = 0 with all the variables p;,, and P, removed.

For any fized k > 1 and fixed { = 1,..., L—1, the parameter lists A, converge as

lim A, = A, A.21
N B ke ( )
almost surely. Also, the components of wy, pY,, poij, e >p§1,ef1: and Qgy, - - -, iy

almost surely jointly converge empirically with limits,

, L PL(2) o
]\}g{l)o {(pg—map:eq,nvqje,napj,eq,n)} = (Pegl,fD:H?Qjean,EA), (A.22)
for all 0 < i < k—1 and 0 < j < k, where the variables P}, P;fé_l and Q;, are

zero-mean jointly Gaussian random variables independent of W, and with covariance

matriz given by equation (B.15) and P}, is the random variable in line 32:

Py =1 (P, P 1g 17Q337We, it)- (A.23)

An identical result holds for £ = L with all the variables q;, and @}, removed.

For k=0, Ag; = Ay, almost surely, and {(wen, p_, ., o)} empirically converge to

independent random variables (Wy, Py, Qo)

Proof. Appendix B.5 in the supplementary materials is dedicated to proving this result. [

A.6 Proof of Theorem 12

A.6.

1 Overview of the Induction Sequence

The proof is similar to that of [127, Theorem 4|, which provides a SE analysis for VAMP

on a single-layer network. The critical challenge here is to extend that proof to multi-layer

recursions. Many of the ideas in the two proofs are similar, so we highlight only the key

differences between the two.
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Similar to the SE analysis of VAMP in [127], we use an induction argument. However, for
the multi-layer proof, we must index over both the iteration index k£ and layer index ¢. To

this end, let H;}, and H;, be the hypotheses:
e 7, ;: The hypothesis that Theorem 12(a) is true for a given k and ¢, where 0 < ¢ < L—1.

e H,,: The hypothesis that Theorem 12(b) is true for a given k and ¢, where 1 < ¢ < L.

We prove these hypotheses by induction via a sequence of implications,
{H&}Ll = HI;I = Hk+0 == ’HZ,H = ,Hl;-l,L == ,Hl;—i—l,l =, (A-24)

beginning with the hypotheses {Hg,} forall ¢ =1,..., L—1.

A.6.2 Base Case: Proof of {H,,}},

The base case corresponds to the Hypotheses {#,,},. Note that Theorem 12(b) states that
for k = 0, we need Ag; — Ay, almost surely, and {(wen, p_; ., Gj.,,)} empirically converge to
independent random variables (W, P |, Qy,). These follow directly from equations (B.10)

and (B.11) in Assumption 1 (a).

A.6.3 Inductive Step: Proof of H;, ,

Fix a layer index £ = 1,..., L—1 and an iteration index £ = 0,1, .... We show the implication
- = H; ., in (B.20). All other implications can be proven similarly using symmetry

arguments.

Definition 4 (Induction hypothesis). The hypotheses prior to ”H,& 1 in the sequence (B.20),

but not including #/ ,,,, are true.

The inductive step then corresponds to the following result.

Lemma 4. Under the induction hypothesis, H;ZH holds
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Before proving the inductive step in Lemma 9, we prove two intermediate lemmas. Let us
start by defining some notation. Define P}, := [pg, - - p;] € RV ™) be a matrix whose
columns are the first k+1 values of the vector p;. We define the matrices Py, Q}, and Q,,
in a similar manner with values of p,,q; and q, respectively.

Note that except the initial vectors {wy, qq,}f;, all later iterates in Algorithm 10 are
random due to the randomness of V. Let (’5@ denote the collection of random variables

associated with the hypotheses, H,fg That is, for ¥ =1,...,L—1,

&y = {Wz,p?_l,P,tZ,l,qS, Qe Q:e} , By, = {W&Pg—laPL,@pqg» lee»PE,H} . (A.25)
For ¢ =0 and ¢ = L we set, & := {wo, Qp, Qfy}, &, = {wL,pgﬁl,Pz_l,H,P,;H} .
Let 6; be the sigma algebra generated by the union of all the sets Qﬁ,f,g, as they have
appeared in the sequence (B.20) up to and including the final set &;,. Thus, the sigma
algebra 5,; contains all information produced by Algorithm 10 immediately before line 20
in layer ¢ of iteration k. Note also that the random variables in Algorithm 11 immediately
before defining P,;f , in line 20 are all @zg measurable.
Observe that the matrix V, in Algorithm 10 appears only during matrix-vector multi-
plications in lines 20 and 32. If we define the matrices, Ay = [p}, Pl P.], B :=
[qg, Q:fl,é Q,;A , all the vectors in the set 62@ will be unchanged for all matrices V, satisfying

the linear constraints

Ay = VB (A.26)

Hence, the conditional distribution of V, given @;:e is precisely the uniform distribution on
the set of orthogonal matrices satisfying (B.21). The matrices Ay, and By, are of dimensions

Ny x 2k + 2. From [127, Lemmas 3,4, this conditional distribution is given by
V4|6§e < AM(A&AM)_IBZE + UAigvaEé_f (A.27)

where Up 1 and Ug. are Ny x (N, — (2k + 2)) matrices whose columns are an orthonormal
basis for Range(Ag)t and Range(By,)L. The matrix V, is Haar distributed on the set of

(Ny — (2k 4+ 2)) x (Ny — (2k + 2)) orthogonal matrices and is independent of @,;.
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Next, similar to the proof of [127, Thm. 4|, we can use (B.22) to write the conditional

distribution of p;, (from line 20 of Algorithm 10) given @; as a sum of two terms

Plilsr = Vilgr ol = P +pir™, (A.28a)
P = A (Bl,Br) "By, (A.28b)
pz_eran : UBkﬂN’JUL?q;g- (A.28c¢)

“+ran

where we call p}; det the deterministic term and p;; " the random term. The next two lemmas

characterize the limiting distributions of the deterministic and random terms.

Lemma 5. Under the induction hypothesis, the components of the “deterministic” term erdl‘3t

along with the components of the vectors in 6; converge empirically. In addition, there exists

constants 3y, . . ., By, such that

. oty PL(2) .
dim {pit} =" Pt = ﬁ?PwrZﬁijg, (A.29)

where Pk;det is the limiting random variable for the components of pist.

Proof. The proof is similar that of [127, Lem. 6], but we go over the details as there are
some important differences in the multi-layer case. Define 15;_176 = [pY, P;_M] ’Q;—l,ﬁ =
[qg, Qz—m} , which are the matrices in RV*(*+1  We can then write Ay, and By, from

(B.21) as
Ape = [f);—l,é P;&] , Brei= |:Q$—1,£ Q;Ze] : (A.30)

We first evaluate the asymptotic values of various terms in (B.23b). By definition of By, in
(B.25),
. (Qia) Qe (Qd) Qe
BBre = TO T
Q)" Qe (Qu)' Qe
We can then evaluate the asymptotic values of these terms as follows: For 0 <i,5 <k —1

the asymptotic value of the (i + 2, j + 2)" entry of the matrix (Q;ﬁ_l g)TQ,j_l , is given by

. @ . 1
hm N, (Qk 1€>TQI<: 1,0 = lim (qzé) qj_é lim _Zqunqﬂn - [Q ]

N-ooo N i+2,5+2 N—o0 N N—
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where (a) follows since the (i +2)™ column of Q;;M is q;;, and (b) follows due to the empirical

convergence assumption in (B.14). Also, since the first column of Qz_l ¢ is ¢, we obtain that

: L (OF TO+ _ R+ : 1 \TO- — R-
leliﬂoo m(Qk—l,e) Qk—u = Rk—l,é and Nlelgloo E(le) Q. =Ry
where R, |, is the covariance matrix of (Q%,Qd, ..., Q) ,,), and R;, is the covariance

matrix of the vector (Qy, ..., Q). For the matrix (Qz_l’g)TQ,;Z, first observe that the limit

of the divergence free condition (B.12) implies

_ - _ -+
9 z’JZF(IDiTZ—D Qiea We, Ai@) — Lm 8f;(p;f€_1, Qe We, Aw) _ (A 31)
4q;, Ny—o00 da;, ’ '
for any 7. Also, by the induction hypothesis

for all 0 <,5 < k. Therefore using (B.16), the cross-terms E(Q&QJ}) are given by

S

E(fz‘;<P£Ofla Pz'J,ré—h Q;b Wi, Kzf)Q;e)

8f;£(P£717Pi+2_17Q2'_[7WZ1X;) 0 —
B | Sy E(PL, Q)

of (P PY P, QW

Pl Qi Weiiy) - 11 (P21 Pty 3 Qi We Kit) PN
Ll Q] ) 4 [N gz W g
(A.33)
(a) follows from Stein’s Lemma; and (b) follows from (B.27), and (B.28). Consequently,

+E

. 1 T R‘Z_—l,é 0 . b;:f
nglinoo 7, BreBre = RE and nglin Bkqug , (A.34)
where b, := [E(Q4,Q},), E(Q1,Q%), - ,E(Qz_MQ;&)}T , is the vector of correlations. We

again have 0 in the second term because E[Q;Qﬂf] =0 for all 0 <i,j < k. Hence we have

. B !
lim (Bngké) Bke%e* , Bi= { “4 b/, (A.35)

Ny—o00 0

+det

Therefore, p,,; " equals

Ak@(BZZBkZ)_lngng = [f);—l,f P,;Z} 5(];; + 0 ( ) epz + Zﬁ Pj} + O ( )

where 37 and ;) are the components of 3}, and the term O(NL) means a vector sequence,
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&(N) € R such that limy_o +[|€(N)||*> = 0. A continuity argument then shows the

empirical convergence (B.24). O

Lemma 6. Under the induction hypothesis, the components of the “random” term p;;*"

along with the components of the vectors in @; almost surely converge empirically. The

components of p;;*" converge as

. —+ran PL_(Q)
]\}l_r)noo{pke,n =" Ups, (A.36)

where Uy 1s a zero mean Gaussian random variable independent of the limiting random

variables corresponding to the variables in EZE
Proof. The proof is very similar to that of [127, Lemmas 7,8|. O
We are now ready to prove Lemma 9.

Proof of Lemma 9. Using the partition (B.23a) and Lemmas 10 and 11, we see that the
components of the vector sequences in @Zg along with p}, almost surely converge jointly

empirically, where the components of p;, have the limit
k1
lim {pf, } = lim {pict 4 prn 1 "E) 5o po EPE 4+ Uy = Py, A.37
Nglgloo {pkz,n} N,}Lnoo {pke,n + pkz,n} By Py + ; By Py + Uke ke ( )
Note that the above PL(2) convergence can be shown using the same arguments involved

in showing that if Xy|F =% X|F, and Yy|F =% ¢, then (Xy, Y)|F == (X, c)|F for
some constant ¢ and sigma-algebra F.

We first establish the Gaussianity of P,. Observe that by the induction hypothesis, Hien
holds whereby (P, Pyy, ..., Py Qogar - - - » Qpgsa) 18 jointly Gaussian. Since Uy, is Gaussian
and independent of (P), Fyy,..., Py, Qg p1»- - » Qpes), We can conclude from (B.34) that

(P, P, ..., Pl P Qo5 Qreny) 18 jointly Gaussian. (A.38)

We now need to prove the correlations of this jointly Gaussian random vector as claimed by
Hf oy Since Hyy,y is true, we know that (B.15) is true for alli = 0,...,k—land j = 0,...,k

and ¢ = ¢ + 1. Hence, we need only to prove the additional identity for ¢+ = k, namely the

141



equations: Cov(Py, Pj)? = K, and E(P},Q; ;) = 0. First observe that

B Y Jim el 2 Jim S-lal? 2 E QL)
where (a) follows from the fact that the components of p;, converge empirically to Py; (b)
follows from line 20 in Algorithm 10 and the fact that V/, is orthogonal; and (c) follows from
the fact that the components of g, converge empirically to @}, from hypothesis 'H,&. Since
p) = V,q°, we similarly obtain that E(P)P}) = E(QYQ5,), E(PP)?* =E(QY)?, from which
we conclude

Cov(P), P) = Cov(QY, Q) =: K, (A.39)

where the last step follows from the definition of K}, in line 20 of Algorithm 11. Finally, we

observe that for 0 < j7 <k
k-1

_ (a) _ _ _ (a)
E(PQ5en) = BIE(P)Q5 ) + Y BE(PF Q5 ) + E(UkQ ) = 0, (A.40)

1=0

where (a) follows from (B.34) and, in (b), we used the fact that E(P)Q;,,) = 0 and
E(P;Q; ) = 0 since (B.15) is true for i < k—1 corresponding to H; .y and E(UkeQ5 o) = 0
since Uy is independent of 6&, and @}y, is 6;{; measurable. Thus, with (B.35) and (B.36),
we have proven all the correlations in (B.15) corresponding to Hli_,é 1

Next, we prove the convergence of the parameter lists Altg 4 to K,:;Z 41+ Since A, — Kze due
to hypothesis H,, and ¢}/ ,,, (-) is uniformly Lipschitz continuous, we have that imy e 1 4

from line 17 in Algorithm 10 converges almost surely as

: _ —+ _ —+ _
Jvh—r>noo <‘Plj,z+1(P2a Pres Ago 10 Wes Ak€>> -k [S"Km(P?v P Qv Wenns Ag) | = T g

(A1)
where 77, is the value in line 17 in Algorithm 11. Since T, (-) is continuous, we have

that A}, in line 18 in Algorithm 10 converges as imy o0 Af oy = Ty (ﬁ;M,K,L) =: X,J;ZH,

from line 18 in Algorithm 11. Therefore, we have the limit

) . — ~—+ —+
A}gnoo A;eﬂ = ]\}ﬂom;ea )‘Zm) = (Ak,€7 )‘k,Z—H) = Ak,é—i—lv (A.42)

which proves the convergence of the parameter lists stated in 7—[,:4 1 Finally, using (B.38),
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the empirical convergence of the vector sequences p), p;, and q; , 1 and the uniform Lipschitz

continuity of the update function f,j 01(-) we obtain that limy_, {q,i@r1 n} equals
(O - 0 p— - AT .
{flj,-é—s-l (Pe,mpkma Qi p11,n) Wi m, Azm)} = fl:,_é-i-l(PE s P Qk7e+1v Wen, Ak,m) = szv

which proves the claim (B.16) for 7-[,& +1- This completes the proof. O
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Algorithm 7 General Multi-Layer (Gen-ML) Recursion

Require: Initial vector functions f?, vector update functions fkig(-), parameter statistic

DN DN NN DD DD DN DN DN DN = = e e e e e e

30:
31:
32:
33:

functions ¢, (-), parameter update functions 755 (-), orthogonal matrices V,, disturbance
vectors W?:.
// Initialization
Initialize parameter list Ay; and vectors p§ and qg, for £ =0,...,L—1
dp = f§(wo), pj = Voay
for/=1,...,L—1do
qg = ftp(pg—lv we, Agy)
pi = Viqp
end for

for k=0,1,... do
// Forward Pass
Mo = To (o, Aaw)s 1o = (o (Ao, Wos Agy))
AlJcro = (Aip /\ﬁo)
Ao = Fro(dros Wo, Afy)
P = Vody
for/=1,...,L—1do
)‘Zz = TI:;(:“Z& AKH)a u& = <‘Pze(P2—1> p;,z—p Qpps We AZ,Z—1>>
A;e = (A;:,Z—D )‘;e)
Ay = F (P74, PZHa Ao W, Ay
pi—:g = Vﬁng
end for

// Backward Pass

N = Ton(ps ML)y e = <<P1;L(P;1f17 wr, Al—:,lﬁl)>

AI;LLL = (AZ_,L—D )‘:+1,L)

P = fr (Pl pZ,L—D Wi, AJ;LLL)

ql;-l, 1 — V—|L—_1pk+1,L—1

for{=L-1,...,1do
>‘12+1,e = Ty (e Al;rl,éﬂ)? Hpp = <901;2(ng17 p;f—l’ Qi1 00 We, Al;+1,£+1>>
Ai;+1,e = (Az§+1,e+17 )‘1;+1,z>
Prret = fee(Plas Prets Qoo Wer Ay )

—_ _ T —_
ii1e1 = VeaPra e
end for

end for
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Algorithm 8 Gen-ML State Evolution (SE)

Require: Vector update component functions fJ(-) and f,j;(), parameter statistic component

NN NN N N NN = = = e e e e

RN

30:
31:

functions ¢ (+), parameter update functions 755;(-), initial parameter list limit: A, initial
random variables Wy, Qo,, £ =0,...,L—1.
// Initial pass
Qg :f([))(WoaAm)a P(? NN(077—(§))7 7—(()) :E(Qg)Q
for/{=1,...,L—1do
Q) = [Py, We, Agy), PP~ N(0,7)), 70 = E(Qr)?
end for

for k=0,1,... do
// Forward Pass
igp = TE(_)_(ﬁI—CE)JFA(;k)? ﬁzo - E(@ﬁo(@ﬁm Wo, A(;k:))
Ao = (Ak17 >‘k0)
Qo = [ Qi Wo, Kyo)
(P(?v Pk%) ~ N<07 K;0)7 KI—:O = COV(Q87 2_0)
for/=1,...,.L—1do
N = T M)y Tl = B0 (P, Py Qs Wes Rigr)
K:Z = (K;r,z—lang)
Qe = Fid(PLy Py, Qi We Ky)
(PZO’ PI:D ~ N(0, K;:Z% K;:Z = COV(Q?? Q;:e)
end for

// Backward Pass

- P __ _ —+
)‘k-i-l,L = Ty (Fyp,» Ak,L—l)? Hrpr = ]E(SpkL(PLO—p Piilﬁp Wi, Ak,L—l))
- -+  ~+

Ak+1,L = (Ak,L—h )‘k-i-l,L)

Pl;ruﬁl = fk_L(Pg—la Plj,_blv WLvKl;rl,L)
QIZH,Ifl ~ N(OJIQA,LA)? T L1 = E(PI;LLLAV
for {=L-1,...,1do
Xl;rl,é = Do (T Mpaor)s Fing = By (P24, P 1> Qoo Wes Apren))
KIZH,E = (KI:H,@H? Xl;rl,f)
Pl;-l,f—l = fk_e(PeO—p P;Ie_p Ql;-l,b Wﬁ?K}Z—H,E)
Q1;+1,e—1 ~ N(O, 7'1@1,5—1)7 Tht1, 61 = E<P1;r1,£—1>2

end for
end for
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Appendix B

Proofs from Chapter 4

B.1 State Evolution Equations

The state evolution equations given in Algo. 9 define an iteration indexed by k of constant
matrices {K;, T,;l,f:l}f:o. These constants appear in the statement of the main result in
Theorem 9. The iterations in Algo. 9 also iteratively define a few R'*? valued random
vectors {QY, P, sz, ij;} which are either multivariate Gaussian or functions of Multivariate
Gaussians. In order to state Algorithm 9, we need to define certain random variables and
functions appearing therein which are described below. Let Logq = {1,3,...,L — 1} and
Loven = {2,4,...,L —2}.

Define {@Z} similar to @3, from equation (4.14) using {f@}. Further, for ¢ =1,2,..., L—
1 define

—+ —t =+ ==, =— —+ - =
Qi = (Mg, Ty Trp), Qg 1= (Ak,é—h Fk:,Z—lv Fk,e—1)a

and ﬁZo and Q, ;. Now define random variables W, as
WO = Z(?, Wi = (K EL)) WK = Eg, Vie Levem

Wy = (Se, Be, Zy), VUl € Loqa.
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Algorithm 9 State Evolution for ML-Mat-VAMP (Algo. 4)
Require: Functions {f?} from (B.2), {h;} from (B.3), and {f;"} from (B.4). Perturbation
random variables {W;} from (B.1). Initial random vectors {Qy, }+=) with Initial covariance

matrices {7, }i-) from Section 4. Initial matrices {T'y,}}, from (4.16).

// Initial Pass
QY = Wy, ) = Cov(Q}) and P ~ N(0, 7))
for/=1,...,L—1do
QY = (P, W)
B~ N0, )= Cov(@))
end for

for k=0,1,... do
// Forward Pass
@;0 = h(T(@Em WO=@ZO)
100 A, = (E%)—T;O
11 Ty =A - Ty
12: Q;o - f(;r(QIZOa WO,ﬁZo)
13 (P, Pp) ~N(0.Kjp), K == Cov(Q5, Q)

o

14: for/=1,...,L—1do
~ _ =+
15: QZ—E - hz_(PZOA: Pl:,_e—la Qs Wo, O)
: At @\ 1
16: Ay = (Ean) Ty

—+ —t —

_ —+
18: Qre = fi (PLas Pty Qs W, Q)

19: (Peov Pk—;) ~ N(O’ KZ_Z% Kl—:f = COV(Q?: Q&)
20: end for

21:  // Backward Pass
22: ijrl,[ﬁl = hZ (APB—D Pl:[ﬁp Wi, @k+1,L)
oP,

A _ ke, L1\ — 17~ T
23 Ay = (E 8;;1 )i

—— - =+
240 Dy = Mg — D
- _ t—(pO + o
25: Pk+1,L—1 = fL (PL—lv Pk;,L—p Wi, Qk+1,L)
26: Ql;—l,L—l ~ N(0, 7'1;+1,L—1)7 T, 11 = COV(PI;A,L—1)
27 for/=L-2,...,0do

: —  _3—(p0 pt+ - a
28: Pre =y (Pf P Qi Wes O )
A BPI;LI,Z 1T
29: Ak+17£ - (E 8PII£ ) Fk,é
— — —+
30: Coio=MNeyro— T
. — = (p0 pt - o
31: et = Jo (B0 Prgy Qo1 Wes Qi1 )
32: Qe ~NO, T ,),  Trae = Cov(Py, )

33:  end for

34: end for 147




Define functions {ff}%_, as
SOy, W) == SyP) | + By + 2y, V€ Loag, 6.
JO(PLL W) := ¢p(PL,B0), VL E Leven U{L}. |
and using (4.14) define functions {hF, }r_ |, hy and h; as
hy (g, Py, Qp We, ©59) = G (Qp + Q0 Py + PLy, ©y), VL E Leven,
hi (P, PEy Qp We, ©5) = GE(Qp + Q). PEy + PPy, ©5), WUE Loas 53
h (Qo s Wo, ©r) = G (Qy + Wo, ©j),
hy (Bl PE WL ©5) = (P + P, ©).

Note that [G},G;] and [G/,G;] are maps from R'*? — R™? such that their row-wise

extensions are the denoisers |G/, G, | and [éj, é;] respectively. Using (B.3) define functions
{fiYe5 f and fr as

Fi (P PL Qe We, ) = [(h = QF) Ay = QT (T3) ™

Jo (P Pl Qe W ) = [(hy = Bh) Aes = PAT ] (Do) ™

fJ(Qoﬂ Wo, QI::FO) - [(hg o WO) Azo - Qal“/?o} (Fﬁo)flv

fZ(Poulv P[tl? WL, ) = [(hZ - onﬁl) Al;L—l - PLEF:,LA] (Fl;,lﬁ1>71'

(B.4)

B.2 Large System Limit Details

The analysis of Algorithm 4 in the large system limit is based on [10] and is by now standard
in the theory of AMP-based algorithms. The goal is to characterize ensemble row-wise
averages of iterates of the algorithm using simpler finite-dimensional random variables which
are either Gaussians or functions of Gaussians. To that end, we start by defining some key

terms needed in this analysis.

Definition 5 (Pseudo-Lipschitz continuity). For a given p > 1, a map g : R4 — R is

called pseudo-Lipschitz of order p if for any r,r, € R? we have,

lg(r1) — g(r2)| < Cllrs — raf| (1 + [lraf[~ + [fr2]"7)
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Definition 6 (Empirical convergence of rows of a matrix sequence). Consider a matrix-
sequence {XM}le_ | with X ¢ RV¥*4 For a finite p > 1, let X € (R% R?) be a R%-
measurable random variable with bounded moment E[| X [P < co. We say the rows of matrix
sequence { XM converge empirically to X with p'" order moments if for all pseudo-Lipschitz

continuous functions f(-) of order p,

lim — 3" FXY) = E[f(X)] as (B.5)

Note that the sequence {X®™)} could be random or deterministic. If it is random, however,
then the quantities on the left hand side are random sums and the almost sure convergence
must take this randomness into account as well.

The above convergence is equivalent to requiring weak convergence as well as convergence
of the p'" moment, of the empirical distribution % 25:1 5X$L]:\7) of the rows of X) to X. This
is also referred to convergence in the Wasserstein-p metric [157, Chap. 6].

In the case of p = 2, the condition is equivalent to requiring (B.5) to hold for all

continuously bounded functions f as well as for all f,(z) = " Qz for all positive definite

matrices Q.

Definition 7 (Uniform Lipschitz continuity). For a positive definite matrix M, the map
o(r; M) : R? — R? is said to be uniformly Lipschitz continuous in r at M = M if there
exist non-negative constants Ly, Ly and Ls such that for all r € R?
[o(r1; Mo) — ¢(re; Mo)|| < Liflry — rof]
[o(r; M) — ¢(r; Ma)|| < Lo(1 + [[r|[)p(My, My)
for all M; such that p(M;, M) < L3 where p is a metric on the cone of positive semidefinite

matrices.

We are now ready to prove Theorem 9.
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B.3 Proof of Theorem 9

The proof of Theorem 9 is a special case of a more general result on multi-layer recursions
given in Theorem 12. This result is stated in B.4, and proved in B.5. The rest of this section

identifies certain relevant quantities from Theorem 9 in order to apply Theorem 12.
Consider the SVD given of weight matrices W, of the network given by,
W, = V,diag(S,)V, — 1

as explained in Section 4 of the main paper. We analyze Algo. 4 using transformed versions
of the true signals Z9 and input errors Ry — Z9 to the denoisers G;. For £ =0,2,...L — 2,
define

qg = Zg q2+1 = VZ+1Z2+1 (B.6a)

pg = ngg P2+1 = Z2+1 (B-6b)
which are depicted in Fig. B.1 (TOP). Similarly, define the following transformed versions of

errors in the inputs RF to the denoisers G
q =R, — Z; Qi1 = V2T+1(RZ+1 - Zgﬂ) (B.7a)
p; = ViR —Zj) P =Ry, — Zis (B.7b)
These quantities are depicted as inputs to function blocks fF in Fig. B.1 (MIDDLE). Define
perturbation variables w, as
wo=2Z), w,=(Y,E,), w,=E,, VIl € Leyen (B.8a)
w; = (Sy, B, Ey), YVl € Logq (B.8b)
Finally, we define q) and p, for {=1,2,...,L —1 as
q = (Pr-1, P 1 We, Q) (B.9a)
P = fz_(Pg—hPZflv q; s we, (), (B.9b)
which are outputs of function blocks in Fig. B.1 (MIDDLE). Similarly, define the quantities

qS_ = fa_(qaa ZO? QO) and pz-l = fZF(P%—h PI—17Y» QL)
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Lemma 7. Algorithm 4 is a special case of Algorithm 10 with the definitions {q), pY, qzt, pjc }é“:_ol
given in equations (B.6),(B.7), and (B.9), functions £ are row-wise extensions of f;* defined

using equations (B.4) and (B.3).

Lemma 8. Assumptions 5 and 6 required for applying Theorem 12 are satisfied by the

conditions in Theorem 9.

Proof. The proofs of the above lemmas are identical to the case of d = 1, which was shown

in [114]. For details see [114, Appendix F]. O

B.4 General Multi-Layer Recursions

To analyze Algorithm 4, we consider a more general class of recursions as given in Algorithm 10
and depicted in Fig. B.1. The Gen-ML recursions generates (i) a set of true matrices qj and
p) and (ii) iterated matrices qi, and py,. Each of these matrices have the same number of
columns, denoted by d.

The true matrices are generated by a single forward pass, whereas the iterated matrices
are generated via a sequence of forward and backward passes through a multi-layer system.
In proving the State Evolution for the ML-Mat-VAMP algorithm (Algo. 4, one would then
associate the terms qu and p,fé with certain error quantities in the ML-Mat-VAMP recursions.
To account for the effect of the parameters I'y, and Afg in ML-Mat-VAMP, the Gen-ML
algorithm describes the parameter updates through a sequence of parameter lists ng. The
parameter lists are ordered lists of parameters that accumulate as the algorithm progresses.
The true and iterated matrices from Algorithm 10 are depicted in the signal flow graphs
on the (TOP) and (MIDDLE) panel of Fig. B.1 respectively. The iteration index k for the
iterated vectors qg¢, pre has been dropped for simplifying notation.

The functions f}(+) that produce the true matrices gy, p} are called initial matriz functions

and use the initial parameter list Tp;. The functions f;(+) that produce the matrices q;, and
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Figure B.1: (TOP) The equations (4.1) with equivalent quantities defined in (B.6), and f}
defined using (B.2).

(MIDDLE) The Gen-ML-Mat recursions in Algorithm 10. These are also equivalent to
ML-Mat-VAMP recursions from Algorithm 4 (See Lemma 7) if qF, p* are as defined as in
equations (B.7) and (B.9), and f given by equations (B.4) and (B.3).

(BOTTOM) Quantities in the GEN-ML-SE recursions. These are also equivalent to ML-Mat-
VAMP SE recursions from Algorithm 9 (See Lemma 7)

The iteration indices k have been dropped for notational simplicity.

p,, are called the matriz update functions and use parameter lists Tfl. The initial parameter
lists T;; are assumed to be provided. As the algorithm progresses, new parameters /\,fg are
computed and then added to the lists in lines 12, 18, 25 and 31. The matrix update functions
f,j;() may depend on any sets of parameters accumulated in the parameter list. In lines 11,
17, 24 and 30, the new parameters A, are computed by: (1) computing average values 3, of
row-wise functions ¢, (+); and (2) taking functions T5;(-) of the average values 1. Since the
average values (i, represent statistics on the rows of o3 (+), we will call i, (-) the parameter
statistic functions. We will call the Ti5(+) the parameter update functions. The functions

£ f,jjg, cp}t also take as input some perturbation vectors wy.

Similar to the analysis of the MLL-Mat-VAMP Algorithm, we consider the following large-
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system limit (LSL) analysis of Gen-ML. Specifically, we consider a sequence of runs of the
recursions indexed by N. For each N, let N, = Ny(N) be the dimension of the matrix signals
pzt and qz,t as we assume that A}l_rgo % = G € (0,00) is a constant so that N, scales linearly
with N. Note however that the number of columns of each of the matrices {q?, p}, ai, Py}
is equal to a finite integer d > 0, which remains fixed for all N. We then make the following

assumptions. See B.2 for an overview of empirical convergence of sequences which we use in

the assumptions described below.

Assumption 5. For vectors in the Gen-ML Algorithm (Algorithm 10), we assume:

(a) The matrices V, are Haar distributed on the set of N, x N, orthogonal matrices and
are independent from one another and from the matrices qfj, qg,, perturbation variables

Wy.

(b) The rows of the initial matrices qg,, and perturbation variables w;, converge jointly
empirically with limits,

Qo = Qo We = Wi, (B.10)

where @, are random vectors in R*¢ such that (Qg, - - , Q. 1) is jointly Gaussian.
For £ =0,...,L—1, the random variables W;, P} ; and Q,, are all independent. We

also assume that the initial parameter list converges as

lim Ty, (N) <= Ty, (B.11)

N—o0

to some list T;. The limit (B.11) means that every element in the list A\(N) € Tg;(N)

converges to a limit A(N) — A € Ty, as N — oo almost surely.

(¢) The matriz update functions f5(-) and parameter update functions i,(+) act row-wise.

For e.g., in the k' forward pass, at stage ¢, we assume that for each output row n,

400 - + (0 + — +
[fke(pé_p Pr 15 Ages Wes Tkz)} n fke(pf—l,nsv Prean e Wenss Tké)
+.0 - + o F (0 + - +
[‘Pu(pz—la P15 Ager Wes Tke)] o ‘Pke(pé—mn Pre1.n Dien:s Wen:s T
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for some R'*?-valued functions f,},(-) and ¢},(-). Similar definitions apply in the reverse
directions and for the initial vector functions £)(-). We will call f3(-) the matriz update

row-wise functions and gpfe(-) the parameter update row-wise functions.

Next we define a set of deterministic constants {K},, T,;Z,ﬁﬁ,_kl, 79} and R™4-valued
random vectors {QV, P?, Qi,, P;*} which are recursively defined through Algorithm 11, which
we call the Gen-ML-Mat State Evolution (SE). These recursions in Algorithm closely mirror
those in the Gen-ML-Mat algorithm (Algorithm 10). The matrices qu and pfe are replaced
by random vectors Qi, and P; the matrix and parameter update functions £(-) and ¢75(-)
are replaced by their row-wise functions fi5(-) and ¢35 (-); and the parameters Ay, are replaced
by their limits X;. We refer to {QY, PP} as true random vectors and {Qi,, P&} as iterated
random vectors. The signal flow graph for the true and iterated random variables in Algorithm
11 is given in the (BOTTOM) panel of Fig. B.1. The iteration index k for the iterated

random variables {Q3;,, Pq } to simplify notation.

We also assume the following about the behaviour of row-wise functions around the
quantities defined in Algorithm 11. The iteration index k has been dropped for simplifying

notation.

Assumption 6. For row-wise functions f, ¢ and parameter update functions 7' we assume:

(a) T (1, ) are continuous at i, = iy,

_ aft _
(b) fl:é(p?—l’pz_z—l? o> Wes Ty, aqkl (py- 1’pke 1+ Qs We, Tpy) and 90;2(172—1’192@—17 Qo> We, Tzz—l)

are uniformly Lipschitz continuous in (p?_ 1,pH s Qg We) at T, = TM, TH | = TM 1-

. _ _ .\ Ofy _
Similarly, fk+1’£(pe_1,pk7£_1,qu’g,we,Tkg), W(pé—lvpk,é—hqk—i—l,bwf?Tké) and

0P 1Dy Qey1.00We, Tiyq 4q) are uniformly Lipschitz continuous in

0 + - - ™M e -
<p£—17pk,£—17 Qiv1,05 we) at Ty, =Ty, T1~c+1 o1 = Yhy1 o1

(c) f2(ply,we, Tgy) are uniformly Lipschitz continuous in (pf i, we) at Ty, = Ty e
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(d) Matrix update functions f,?z are asymptotically divergence free meaning

. ot _ ~+ . of, _ ~—
]\}I_I;%o <3q]gZ (p;;éfla Aror Wes Tk€)> = 07 ]\}I_Igo <Wi(pzfla qk+1,€a Wy, Tkﬁ)> =0
(B.12)

We are now ready to state the general result regarding the empirical convergence of
the true and iterated vectors from Algorithm 10 in terms of random variables defined in

Algorithm 11.

Theorem 12. Consider the iterates of the Gen-ML recursion (Algorithm 10) and the corre-
sponding random variables and parameter limits defined by the SE recursions (Algorithm 11)

under Assumptions & and 6. Then,

(a) For any fived k > 0 and fivzed £ = 1,...,L—1, the parameter list T}, converges as

_l’_

lim T, =T B.1
A ke ke (B.13)
almost surely. Also, the rows of wy, pY,, q?, p&_l, e ,p,tg_l and q(jfé, e ,qff almost
surely jointly converge empirically with limaits,
_ 2 _
(pgfhpz‘fﬂ—la qjé? qgv q;%) = (Péglu Pi,?—l’ Qj[a Q27 jé)? <B14)

for all 0 < i,j < k, where the variables P}, Pl.;_l and @}, are zero-mean jointly
Gaussian random variables independent of W, and with covariance matriz given by
COV(PEO—I’ P@'—;fl) = K:ﬂfl’ E(QJ_Z)Q = Tj_éa E(Pz—,?IlQ]_E) =0, E(PZO—I j_é) =0,
(B.15)

and QY, j@ are the random variable in lines 4, 19,i.e.,

— +
Qg = ftp(PZO—th)v j_z = j—;(PZO—DPj—j_Zfl?QjZ?vaTjK)' (B'16)

An identical result holds for ¢ = 0 with all the variables p:L,_l and P;”e_l removed.

(b) For any fixed k£ > 1 and fixed ¢ =1,..., L—1, the parameter lists T,, converge as

lim Y, =T, (B.17)

N—oo
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almost surely. Also, the rows of wy, pY |, p(?efp e ,pil 1, and qg, ..., q,, almost

surely jointly converge empirically with limits,
o 2 o
(P, pZe—p e pj,é—l) = (P, P;,re—p Qe Pj,é—l)? (B.18)
forall0 <¢ < k—1and 0 < j < k, where the variables Pe(l 15 P;}}fl and QJ_@ are zero-mean

jointly Gaussian random variables independent of W, and with covariance matrix given

by equation (B.15) and P, is the random variable in line 32:
jz = f]}(PéOfb Pjtl,f—lv Q;Zv Wa, T]_f) (B'19>
An identical result holds for £ = L with all the variables q;, and (), removed.

For k = 0, Tg; — Ty, almost surely, and the rows {(Wen:, D)y . Q) ey €mpirically

converge to independent random variables (W, P |, Qq,)-

Proof. B.5 is dedicated to proving this result. ([l

B.5 Proof of Theorem 12

The proof proceeds using mathematical induction. It largely mimics the proof for the case of
d = 1 which were the convergence results in [114, Thm. 5]. However, in the case of d > 1, we
observe that several quantities which were scalars in proving [114, Thm. 5] are now matrices.
Due to the non-commutativity of these matrix quantities, we re-state the whole prove, while

modifying the requisite matrix terms appropriately.

B.5.1 Overview of the Induction Sequence

The proof is similar to that of [127, Theorem 4|, which provides a SE analysis for VAMP
on a single-layer network. The critical challenge here is to extend that proof to multi-layer
recursions. Many of the ideas in the two proofs are similar, so we highlight only the key

differences between the two.
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Similar to the SE analysis of VAMP in [127], we use an induction argument. However, for
the multi-layer proof, we must index over both the iteration index k£ and layer index ¢. To

this end, let H;;, and H;, be the hypotheses:
e 7, ;: The hypothesis that Theorem 12(a) is true for a given k and ¢, where 0 < ¢ < L—1.
e H,,: The hypothesis that Theorem 12(b) is true for a given k and ¢, where 1 < ¢ < L.

We prove these hypotheses by induction via a sequence of implications,

Hoter = Hp=>Hig= = Hira = Hiap = = Hpan =, (B.20)

beginning with the hypotheses {Hg,} forall ¢ =1,..., L—1.

B.5.2 Base Case: Proof of {H,,}/,

The base case corresponds to the hypotheses {#,,}-,. Note that Theorem 12(b) states that for
k =0, we need Yg; — T, almost surely, and {(Wen:, D)1 .., Q.. o2, empirically converge
to independent random variables (W, P} |, Qg,). These follow directly from equations (B.10)

and (B.11) in Assumption 1 (a).

B.5.3 Inductive Step: Proof of H, ,

Fix a layer index £ = 1,..., L—1 and an iteration index £ = 0,1, .... We show the implication
- = H; ., in (B.20). All other implications can be proven similarly using symmetry

arguments.

Definition 8 (Induction hypothesis). The hypotheses prior to ”H,& 1 in the sequence (B.20),

but not including #/ ,,,, are true.

The inductive step then corresponds to the following result.

Lemma 9. Under the induction hypothesis, H;ZH holds
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Before proving the inductive step in Lemma 9, we prove two intermediate lemmas. Let us
start by defining some notation. Define P}, := [pg, - - - pj,] € RV** ™14 be a matrix whose
column blocks are the first k+1 values of the matrix p;. We define the matrices P,,, Q},
and Q;, in a similar manner with values of p,,q; and q, respectively.

Note that except the initial matrices {wy, qq,}f;, all later iterates in Algorithm 10 are
random due to the randomness of V. Let (’5@ denote the collection of random variables

associated with the hypotheses, H,fg That is, for ¥ =1,...,L—1,

&y = {Wz,p?_l,P,ig,l,qS, Qs Q:e} ’ &, = {Wfapg—lvPL,qu(t}? QEZaPE,H} .
For ¢ =0 and ¢ = L we set, & := {wo, Qp, Qfy}, &, = {wL,pgﬁl,Pz_l,H,P,;H} .

Let 6; be the sigma algebra generated by the union of all the sets Qﬁ,f,g, as they have
appeared in the sequence (B.20) up to and including the final set &;,. Thus, the sigma
algebra 5,; contains all information produced by Algorithm 10 immediately before line 20
in layer ¢ of iteration k. Note also that the random variables in Algorithm 11 immediately
before defining P,;f , in line 20 are all @zg measurable.

Observe that the matrix V, in Algorithm 10 appears only during matrix-vector multi-
plications in lines 20 and 32. If we define the matrices, Ay = [p}, Pl P.], B :=
[qg, Q:fl,é Q,;A , all the matrices in the set 6& will be unchanged for all matrices V, satisfying

the linear constraints

Ay = VB (B.21)

Hence, the conditional distribution of V, given @;:e is precisely the uniform distribution on
the set of orthogonal matrices satisfying (B.21). The matrices Ay, and By, are of dimensions
Ny x (2k + 2)d. From [127, Lemmas 3,4, this conditional distribution is given by

V4|6§e < AM(A&AM)_IBZE + UAigvaEé_f (B.22)

where U, and Ugy are Ny X (Ng — (2k + 2)d) matrices whose columns are an orthonormal
basis for Range(Ag)t and Range(By,)L. The matrix V, is Haar distributed on the set of

(Ne — (2k 4 2)d) x (Ny — (2k + 2)d) orthogonal matrices and is independent of @Zg.
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Next, similar to the proof of [127, Thm. 4|, we can use (B.22) to write the conditional

distribution of p;, (from line 20 of Algorithm 10) given @; as a sum of two terms

d € ran
Pils: = Vil daf = pic™ +pi™, (B.23a)
p&det = Ak@(Bzszé)_lBquz_e (B.23b)
pZ‘eran = UBkLVZUL?q;:@' (B.23C)

d

where we call p}; Fran

°* the deterministic term and p;,;*" the random term. The next two lemmas

characterize the limiting distributions of the deterministic and random terms.

Lemma 10. Under the induction hypothesis, the rows of the “deterministic” term p;}det along

with the rows of the matrices in 6:2 converge empirically. In addition, there exists constant

d x d matrices By, ..., By, such that

k-1
€ 2 €
pi = P = PB + ) P B, (B.24)
=0

where P,:édet € R4 js the limiting random vector for the rows of p{s’.

Proof. The proof is similar that of [127, Lem. 6], but we go over the details as there are some
important differences in the multi-layer matrix case. Define f)ktl,z = [p?, Piy] >Q:71,£ =
[a), Q:—M} , which are the matrices in RV*#+1d  We can then write Ay, and By, from

(B.21) as

Ao = [f)i—;l,e P;Zz] , Bre:= [QLJ QE@] ) (B.25)

We first evaluate the asymptotic values of various terms in (B.23b). By definition of By, in

(B.25),

T (QL,@)TQLM (Q:—LHTQE@

BB = -
Q)T k+—1,z (Qr) Qe

We can then evaluate the asymptotic values of these terms as follows: For 0 <14,7 <k —1
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the asymptotic value of the (i + 2, j + 2)"? d x d block of the matrix (Q;l,z)TQZA,e is

- L O+ \TO+ (@) LS s
Jim & [(Qk—u) Qk—u] ogva 1\}520 ﬁ(%z) Qe
Ny
:]\}E}I;O_Z[qu] [qﬂ] [Q ]

n=1

where (a) follows since the (i 4+ 2)™ column block of Q:fl,f is q;;, and (b) follows due to the
empirical convergence assumption in (B.14). Also, since the first column block of Qk!,e is q¥,

we obtain that

lim NA(QZ;I é)TQitl =Ry and
Nemroo T ’ ’ ’ (B.26)
— T p—
Nhinoo (le) Qe = Ry,
where R,iu € REFDIx(HDd g the covariance matrix of [QY QF, ... szl,é]’ and R;, €
RFDAx (DA g the covariance matrix of [Qy, @7, -.. Q). For the matrix (QX_M)TQ,&,
first observe that the limit of the divergence free condition (B.12) implies
_ =t
7 szr( §,0—17 Qzé’ Wg, ) — lim af;ﬁr (pj,f—l’ Qs Wes Tzﬁ) -0 (B 27)
0Q; Ne—o0 dq;, ’ '
for any 7. Also, by the induction hypothesis H;,
E(PLQ;) =0, E(P5Q;) =0, (B.28)
for all 0 <,5 < k. Therefore using (B.16), the cross-terms E(Q*TQJ.}) are given by
— Y2 — (a) ( i 0—1 Ql W, T —
B (PR, P, Qs We To) Q) © B [ MR QT Ty
( —177 4,41 Q1 W ) —
+ i | ULROID g T gn)  (Ba9)

( 1 Pj@ 1 Q,Lg W, Tz[)

+E { 2Q,, } E(Qi' Q)

(a) follows from a multivariate version of Stein’s Lemma |7, eqn.(2)]; and (b) follows from

@,

(B.27), and (B.28). Consequently,

. 1 T R‘li_fl,é 0 . 1 b;z
th 7, BeeBre = , and lim BMqM : (B.30)
00 O RI;E Ng—> 0
where b}, := [E(Q4, Qi) E(QF, Qi) - EQ] 10 M)}T, is the matrix of correlations. We
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again have 0 in the second term because E[Q;TQJ_@] =0 for all 0 < 4,5 < k. Hence we have

B -
th (BiBi) 'Bia), = , B = [RZM} b (B.31)
£—>00 0
Therefore, p; /" equals

B . 1B
Aw(BLBr) 'Blaq, = [PL,@ Pk,e] +0 <N%,)
0 (B.32)

k—1
= pist + X bl L0 (%),

where 3 and ;) are d x d block matrices of 3;, and the term O( ) means a matrix sequence,
@(N) € RN such that limy_o +[l(N)||* = 0. A continuity argument then shows the

empirical convergence (B.24). O

Lemma 11. Under the induction hypothesis, the components of the “random" term p;;*"

along with the components of the vectors in @Zg almost surely converge empirically. The
—+ran

components of p,,"" converge as

Pzgmn = Uk, (B.33)

where Uy is a zero mean Gaussian random vector in RY? independent of the limiting random

variables corresponding to the variables in @:@.
Proof. The proof is identical to that of [127, Lemmas 7,8]. O
We are now ready to prove Lemma 9.

Proof of Lemma 9. Using the partition (B.23a) and Lemmas 10 and 11, we see that the
components of the vector sequences in 6,; along with p;, almost surely converge jointly

empirically, where the components of p;, have the limit
k-1

Pi, = Pl + Pt = PB + Z Py By + Uy =t B (B.34)
1=0
Note that the above Wasserstein-2 convergence can be shown using the same arguments

involved in showing that if Xy|F SN X|F, and Yn|F =% ¢, then (Xn, YN)|F SN
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(X, ¢)|.F for some constant ¢ and sigma-algebra F.

We first establish the Gaussianity of P,. Observe that by the induction hypothesis, Hien
holds whereby (P, Pyy, ..., Py Qoags - - - » Qpgpn) 18 jointly Gaussian. Since Uy, is Gaussian
and independent of (P}, Py, ... >P1;t1,e7 Qoeas- > Qpep)s We can conclude from (B.34) that
(PP, Pops - Py g Pl Qo - -+ Qpgyy) 18 jointly Gaussian.

We now need to prove the correlations of this jointly Gaussian random vector are as
claimed by H;,.,. Since M, is true, we know that (B.15) is true for all i = 0,...,k—1
and j = 0,...,k and ¢ = ¢+ 1. Hence, we need only to prove the additional identity for

i = k, namely the equations: Cov(Py, Py,;)* = K;, and E(P;Q; ) = 0. First observe that

—

a) .. (b) (C
E(PJJQTP&)Q = Nlélm N, p&szz hm _q&Tq@ (QkTQkZ)

where (a) follows from the fact that the rows of p;, converge empirically to P; (b) follows
from line 20 in Algorithm 10 and the fact that V, is orthogonal; and (c) follows from the
fact that the rows of qj, converge empirically to Q5 from hypothesis H;,. Since py = V,q°,
we similarly obtain that E(P)TP),) = E(QYTQY,), E(P)TPY) =E(QY'QY), from which we
conclude

COV(PKO, Pljé) = COV(Q?, Q;}) =: K;}, (B.35)

where the last step follows from the definition of K}, in line 20 of Algorithm 11. Finally, we

observe that for 0 < 57 <k
k-1

_ (@) _ _ _ (b)
E(P Qi) = B E(PT Qi) + Y B E(PT Qi) + E(USQ5 ) = 0, (B.36)

=0
where (a) follows from (B.34) and, in (b), we used the fact that E(POTQj e1) = 0 and

E(PJTQ;M) = 0 since (B.15) is true for 7 < k-1 corresponding to H,_,,, and E(U},Q; ;) = 0
since Uy is independent of 62@» and @}, is @ZZ measurable. Thus, with (B.35) and (B.36),
we have proven all the correlations in (B.15) corresponding to ’HZF’Z 1

Next, we prove the convergence of the parameter lists Y, to TZJ L1 Since T, —

TZE due to hypothesis H},, and ¢}/, (-) is uniformly Lipschitz continuous, we have that
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limpy o0 ,u,tprl from line 17 in Algorithm 10 converges almost surely as

Jim (s (00,0 G s West Ti) ) = B [ e (P, Py Qs Wern, Th) | = 7
(B.37)

where 77 ., is the value in line 17 in Algorithm 11. Since T}/, (-) is continuous, we have

that A}, in line 18 in Algorithm 10 converges as Hmy o0 Af oy = Th oy (ﬂ;’m,?;) =: X,J;EH,

from line 18 in Algorithm 11. Therefore, we have the limit

) ) ~+ ~+ =+
]\}lféo Tz_,f—i-l = A}g{l)o(TZza AZ@-{—l) = (Tk,b /\k,e+1) = Tk,mu (B.38)

which proves the convergence of the parameter lists stated in H;, +1- Finally, using (B.38),
the empirical convergence of the matrix sequences pY, p;, and q;, ¢ and the uniform Lipschitz

continuity of the update function f,: 21(+) we obtain that qzz 1 equals

+ 0 = ~— + 2, ¢+ 0 p— - rr . OF
fk,€+1(p£7 Pre) Qi o1, Wen, Tk,£+1) = fk,£+1(P£ s Py Qk,e+1a W, Tk,m) = Qk,ma

which proves the claim (B.16) for HZZ +1- This completes the proof. O

An overview of the iterates in Algorithm 10 is depicted in (TOP) and (MIDDLE) of Figure
B.1. Theorem 12 shows that the rows of the iterates of Algorithm 10 converge empirically

with 2°¢ order moments to random variables defined in Algorithm 11. The random variables

defined in Algo. 11 are depicted in Figure B.1 (BOTTOM).
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Algorithm 10 General Multi-Layer Matrix (Gen-ML-Mat) Recursion
Require: Initial matrix functions {f?}. Matrix update functions {f;;(-)}. Parameter statistic
functions {7,(-)}. Parameter update functions {7:5(-)}. Orthogonal matrices {V,}.

Perturbation variables {w;}. Initial matrices {qy,}. Initial parameter list Yy;.

1: // Initial Pass

2 qp = f5(wo), P§ = Vo]
3: for/{=1,...,L—1do

4 dy =) (py, we, Tgy)

5. py = V]

6: end for

T

8 for k=0,1,... do

9: // Forward Pass

10: N = Tio (ks Yor)

1 pfy = (oA wo, Top))
122 Ty = (T M)

13 ay = £ (e, Wo, Tlo)

14 ply=Voajy

15: forl{=1,...,L—1do
16: Moo = T (e, TZ,E—l)
17 tie = (Pl (P, pl—:,f—h Qo> We, TZ£—1)>
18: T = (T;Hv Afe)

19: (ﬁe = f&(p?_l, p;,efp Qo> We, T&)
20: Py, = Viay,
21:  end for

22:  // Backward Pass

23: )‘I;-H,L = Tyr(Hger» TZF,L—I)

240 gy, = <SOI;L(p2_,L—17 Wi, T;L—1)>

25: Tl;rl,L = (TLAa /\I—C‘FH,L)

26: Prppa = fk_L(p(l)ﬁla p;,[ﬁp Wi, TI;H,L)

27 Qg = VL1pk+1,El
28: for/=L-1,...,1do

29: Mottt = Too(rgs Tiia o)

30: tre = {Pre(Plas pij,mv Qo1 00 Wes TI;+1,£+1)>
3L T = (Tiaens M)

32: Prt.ea = Fre(PY, pZ,e_p Aa s We, Lipy )
33: Q1,1 = VeT—1p1;+1,e—1

34: end for

35: end for
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Algorithm 11 Gen-ML-Mat State Evolution (SE)
Require: Matrix update row-wise functions f9(-) and f;(-), parameter statistic row-wise

functions ¢ (+), parameter update functions Ti;(-), initial parameter list limit: T,
initial random variables Wy, Qg £ =0,..., L—1.

1: // Initial pass
2: Qg :f(g)(WmT(;l)? P(S) NN(OﬂT(()))u T(()) :E(Qg)Q
3 for{=1,...,L—1do
4: Q? - f?(PeO—pWZaT(i)
5 PP ~N(0,7), 7=Cov(Q?)
6: end for
7
& for k=0,1,... do
9: // Forward Pass
100 Mo =T (@, Tor)
1L E%Q = E(_Sp_;o(_gl;m Wo, Tor,))
122 Tyg = (Tpy, Apo)
13 Q= fibo(Qior Wo, To)
14: (P(?v Pk%) ~ N<07 K;0)7 Kli—o = COV(Q87 2_0)
15: for/=1,...,L—1do
16: Mo = T iy T—I:,é—l)
17 ﬁ;e = E(sok?(Pélp Péfzfp Qe WbTZ,H))
18: TZZ = (T;Z—DXZZ)
19: Qe = fro(PLy Pl Qs We, Tre)
20: (Pﬂov Pk—;) ~ N(O’ K?ﬁ)? Kljé = COV(Q% Q;z)
21:  end for

22:  // Backward Pass

23: XI;-LL = Tk_L (/j]:La TI—:L—l)

24: i, = B(ep (Pra, Pl:[ﬁp WL7T;L—1))
25: T;;LLL = (TZL—DX;—LL)

26 Py = fin (Pl Pl W, T )

21 QI;H,Ifl ~ N(Oﬂ-kjrl,[ﬁl)? Tt 1 = COV(PIQA,[A)
28: for/=L-1,...,1do

29: Xl;rl,é = Ty (Fies Tos 1)

30: e = Bl (PLy, Py Qs Wle;rl,zﬂ))

3L Tite = (T e M)

32: Pk:jrl,m = fk_é(PZO—I’ P/IH) Q/;H,m WZ’TI;FM)

33: Ql;rl,e—l ~ N(0, Tk:-l,f—l)’ Th1, 01 = COV(PI;-I,K—I)
34: end for

35: end for
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Appendix C

Proofs from Chapter 5

C.1 ML-VAMP Denoisers Details

Related to Sy, and sy, from equation (5.11), we need to define two quantities s, € R and

smp € R? that are zero-padded versions of the singular values s, so that for n > m{inN D},

mp

we set sg,,,, = 0. Observe that (s, ))* are eigenvalues of UUT whereas (s;,,)? are eigenvalues

mp,n mp

of UTU. Since s, empirically converges to Sy, as given in (5.12), the vector s, empirically
converges to random variable S$p whereas the vector s, empirically converges to random

variable S

mps Where a mass is placed at 0 appropriately. Specifically, i has a point mass

of (1 — )1d0y when 3 < 1, whereas S, has a point mass of (1 — %)JF(S{O}, when 5 > 1. In
Appendix 2.9 (eqn. (2.19)), we provide the densities over positive parts of Sff and S_ .

A key property of our analysis will be that the non-linear functions (5.20) and the denoisers
g7 (-) have simple forms.

Non-linear functions ¢y(-): The non-linear functions all act componentwise. For example, for

¢1(+) in (5.20), we have

7z, = ¢1 (p07 Str) = diag(str)pO — Z1n = ¢1 (pD,na str,n)a
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where ¢;(+) is the scalar-valued function,
¢1(pos s) = spo. (C.1)
Similarly, for ¢o(-),
Zy = $2(P1,Shp) = Z2m = G2(P1 s Smpm)s <N
where p; € RY is the zero-padded version of py, and

b2(p1,8) = sp1- (C.2)

Finally, the function ¢3(-) in (5.20) acts componentwise with

¢3(p27 d) = (bout(pQ; d) (03)

Input denoiser gj (+): Since Fy(zo) = Fin(2o), and Fi,(-) given in (5.6), the denoiser (5.25a)

acts componentwise in that,

Zo =g (rg. 7% ) <= Zow = 9§ (ron> 70 )

where gg () is the scalar-valued function,

_ . Yo _
g¢ (ro ;70 ) == argmin fi,(20) + %(zo -5 )% (C.4)
20
Thus, the vector optimization in (5.25a) reduces to a set of scalar optimizations (C.4) on

each component.

Output denoiser g5 (+): The output penalty F3(p2,y) = Fout(P2,y) Where Fou(p2,y) has the

separable form (5.6). Thus, similar to the case of go(-), the denoiser gs(-) in (5.25b) also acts

componentwise with the function,

. +
95 (13,75, y) = argmin fou(p2,y) + Z-(p2 — 73)° (C.5)

p2

Linear denoiser g=(-): The expressions for both denoisers gi and g5 are very similar and can

be explained together. The penalty Fj(-) restricts z; = S Po, where Sipace 1S @ square matrix.

Hence, for ¢ = 1, the minimization in (5.27) is given by,
A~ . + - —
Po := argmin - [po — vy || + 3-[[Supo — ry [, (C.6)
Po

and z; = Si;pg. This is a simple quadratic minimization and the components of py and z;
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are given by

pO,n =0 (Toma r17n7 Yo V1 str,n)

2 (et — At oA
Z1n = 91 (To,na T1n Yo N1 , Str.n)s

where

+,.+ -
Y To TSN

1 T+7T_7 +7 _75 = C7a
91 (o, 7157 » Y1 5 ) %;r ¥ sty ( )
+.+ -

oo o+ = slre ts1r)
gl (TO ’rl 770 7’71 75) L "}/8_ + 82"}/1_ (C?b)

Linear denoiser g5 (-): This denoiser is identical to the case gi(-) in that we need to

impose the linear constraint z; = S,,,p1. However S, is in general a rectangular matrix

and the two resulting cases of 5 < 1 needs to be treated separately.

Recall the definitions of vectors sf ) and s at the beginning of this section. Then, for

¢ = 2, with the penalty F5(p1,22) = 0{z,=8,,,p:}> the solution to (5.27) has components,

ﬁl,n = g; (Tir,rw Tin, 7f7 72+7 S;p,n> (CS&)
22,71 - g;<rtn7 T2—,n7 7;’_7 7;7 S$p,n>7 (C8b)
with the identical functions g, = g; and g5 = g; as given by (C.7a) and (C.7b). Note that

in (C.8a),n=1,...,pand in (C.8b), n=1,..., N.

C.2 State Evolution Analysis of ML-VAMP

A key property of the ML-VAMP algorithm is that its performance in the LSL can be exactly
described by a scalar equivalent system. In the scalar equivalent system, the vector-valued
outputs of the algorithm are replaced by scalar random variables representing the typical
behavior of the components of the vectors in the large-scale-limit (LSL). Each of the random
variables are described by a set of parameters, where the parameters are given by a set of

deterministic equations called the state evolution or SE.

The SE for the general ML-VAMP algorithm are derived in [112] and the special case
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Algorithm 12 SE for ML-VAMP for GLM Learning

e e e e e e e T

DO =
@ L X

[\]
—_

22:

23:
24:
25:
26:
27:
28:
29:

30:
31:
32:

33:
34:
35:

36:

37:

38:
39:
40:

// Initial
Initialize 7, = 7, from Algorithm 5.
Qop ~ N(0,7,,) for some 75, > 0 for £ =0,1,2
Zy=w"
for /=0,...,L—1do
P = N(0, Te) 7 = var(Z})
Zz+1 = ¢en (P}, Zen)
end for

for k=0,1,... do
// Forward Pass
for /=0,...,L—1do
if / =0 then
51?0 =7 + Qo
Zro = 90 (Rios Vo)
else
R, , =P, +P . R,=279+Q;
! 1 k10 Tligg ¢ ke
Zklf =9 (Ru 15 Rgeﬁ&qﬁ&a Zr)
end if
af, = E@ZM/(?Q,;Z
Z —Zy — O‘M ke

+ _
ke 1—aj,
The = ( : — 1)

é
(Pé ) Pk—;) N(O’ Kli—é) K;:Z - COV(ZEv kﬁ)
end for

// Backward Pass
for /=1L,...,1do
if / = L then
}EZLA = Pg—l + PI:,_Lﬁl
Prra = QZ(RI:[A,W;LA) Zg)
else
51?,@—1 =P+ Pl Ry = Z0 + Qi
kaffl =90 (RZ,E—D Rl;—i—l,é? 7;4—1771;-117 Ef)
end if
Ay = EOPy s JOPF,,
ﬁk,é—l — Py —a, ., Py

P =
K01 1— T s
Vi1 = <52e ) 1)7@—1
QkJrl,Z 1 (0, The1 0 1) Th1 = E(Pi;q,é—1)2
end for
end for
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of the updates for ML-VAMP for GLM learning are shown in Algorithm 12 with details of
functions gei in Appendix C.1. We see that the SE updates in Algorithm 12 parallel those
in the ML-VAMP algorithm Algo. 5, except that vector quantities such as Z, Pre, 17, and
r,, are replaced by scalar random variables such as Z\M, ﬁkg, R}, and R;,. Each of these
random variables are described by the deterministic parameters such as Ky, € Riff, and 77,
T € Ry

The updates in the section labeled as “Initial”, provide the scalar equivalent model for the
true system (5.18). In these updates, =, represent the limits of the vectors &, in (5.19). That
is,

El = Stry EQ = Srjlp? Eg = D. (Cg>

Due to assumptions in Section 5.2, we have that the components of &, converge empirically

as,
PL(2) -

lim {&.} =" E, (C.10)
N—oco

So, the =y represent the asymptotic distribution of the components of the vectors &,.

The updates in sections labeled “Forward pass" and “Backward pass" in the SE equations
in Algorithm 12 parallel those in Algorithm 5. The key quantities in these SE equations are

the error variables,

+ . .t 0 - i 0
Pre ‘= Ype — Pys Qe = Tpp — Zy,

which represent the errors of the estimates to the inputs of the denoisers. We will also be

interested in their transforms,
+ _vTnt - _ -
Qe = ViPrers  Pre = Vel

The following Theorem is an adapted version of the main result from [112] to the iterates of

Algorithms 5 and 12.

Theorem 13. Consider the outputs of the ML-VAMP for GLM Learning Algorithm under

the assumptions of Section 5.2. Assume the denoisers satisfy the continuity conditions in
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Assumption 1. Also, assume that the outputs of the SE satisfy
@ € (0,1),

for all k and £. Suppose Algo. 5 is initialized so that the following convergence holds

PL(Q) Q,
0¢

I _
Ngnoo{roz zy }
where (Qoy, Qo1 Qo) are independent zero-mean Gaussians, independent of {=,}. Then,

(a) For any fized iteration k > 0 in the forward direction and layer ¢ = 1,...,L—1, we

have that, almost surely,

Nh_1>n (’YM 1 Vke) = (’Vke 1> YVee)s  and, (C.11)

Jin {022 117}

PL(2) _
(ZI;;?ZK’PK 1aR:l 1aRz) (C'12)

where the variables on the right-hand side are from the SE equations (C.11) and (C.12)
are the outputs of the SE equations in Algorithm 12. Similar equations hold for ¢ = 0

with the appropriate variables removed.

(b) Similarly, in the reverse direction, For any fized iteration k > 0 and layer ¢ =1,...,L—

2, we have that, almost surely,

]\}l_r}n (’Vke 10 Vit ) = (’W 19 Vi, (), and (C.13)

lim {(13;47@—1 ) Z? ) pg—l’ r?,g_l ) r/;—l,f)}

PL(2)
(PI:HZ 1vZ£>P€ 1>leé 17Rk+le) (0-14)

Furthermore, (P, P/, ) and Q;, are independent.

Proof. This is a direct application of Theorem 3 from [114] to the iterations of Algorithm
5. The convergence result in [114] requires the uniform Lipschitz continuity of functions
gzt(-). Assumption 1 provides the required uniform Lipschitz continuity assumption on gg (-)
and g (-). For the "middle" layers, £ = 1,2, the denoisers g (+) are linear and the uniform

continuity assumption is valid since we have made the additional assumption that the terms
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str and s, are bounded almost surely. OJ

A key use of the Theorem is to compute asymptotic empirical limits. Specifically, for
a componentwise function (-), let (¢)(x)) denotes the average SV 4(z,) The above
theorem then states that for any componentwise pseudo-Lipschitz function v(-) of order 2, as

N — oo, we have the following two properties

m (P2, 27, Pr e, T 10T7)

= Ew(zl:_b Z?’ Péo—lﬁ RI—;E—D RZ_)

hm< D 20 pl. ., T >
e ¢(Pk+1,£—1’ Py T 15 Ty p)

D 0 po —
= E¢(R§1,e-1= Zy, Py, RZe—p Rk+1,£)‘
That is, we can compute the empirical average over components with the expected value of

the random variable limit. This convergence is key to proving Theorem 10.

C.3 Empirical Convergence of Fixed Points

A consequence of Assumption 2 is that we can take the limit k& — oo of the random variables
in the SE algorithm. Specifically, let x; = x;.(N) be any set of d outputs from the ML-VAMP
for GLM Learning Algorithm under the assumptions of Theorem 13. Under Assumption 2,

for each N, there exists a vector

x(N) = lim xx(N), (C.15)

k—o0

representing the limit over k. For each k£, Theorem 13 shows there also exists a random vector

limit,

Jim {x,,(V)} " X, (C.16)

representing the limit over V. The following proposition shows that we can take the limits of

the random variables Xj.

Proposition 1. Consider the outputs of the ML-VAMP for GLM Learning Algorithm under
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the assumptions of Theorem 13 and Assumption 2. Let x; = Xx;(N) be any set of d outputs
from the algorithm and let x(N) be its limit from (C.15) and let Xy be the random variable
limit (C.16). Then, there exists a random variable X € R® such that, for any pseudo-Lipschitz

continuous f : R* — R,
lim Ef(X,) = Ef(X) = Jim 3" f(z(N)) (€17)
Jim. k) = = lim - ' T . .
In addition, the SE parameter limits &y, and 7, converge to limits,
lim o, =aF, lim 75, =77 1
L Qg = Qs UL Yy = (C.18)
The proposition shows that, under the convergence assumption, Assumption 2, we can
take the limits as k — oo of the random variables from the SE. To prove the proposition we

first need the following simple lemma.

Lemma 12. If ay and B; € R are sequences such that

lim lim |ay — G| =0, (C.19)

k—o00 N—oo

then, there exists a constant C' such that,

lim ay = klim B = C. (C.20)

N—o0

In particular, the two limits in (C.20) exist.

Proof. For any € > 0, the limit (C.19) implies that there exists a k(1 oo as € | 0) such that

for all k > k.,
]}i_{noo lan — Bi] <,

from which we can conclude,

liminfay > 6, — €
N—oo

for all k > k.. Therefore,

liminf ay > sup By — €.
N—oo k>ke
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Since this is true for all € > 0, it follows that

liminf ay > lim sup S;.
N—o0 k—o00

Similarly, lim supy_,., oy < infis. O + €, whereby

lim sup ay < liminf 5.
N—o0 k—o0

(C.21)

(C.22)

Equations (C.21) and (C.22) together show that the limits in (C.20) exists and are equal. [

Proof of Proposition 1 Let f : R — R be any pseudo-Lipschitz function of order 2,

and define,

ay = %Z f@i(N)), B = Ef(X).

Their difference can be written as,

where

ay — B = Ani + By,

Since {zy;(N)} converges PL(2) to X}, we have,

For the term Ay,

A, Bve =0

(a) 1 &
|Ang| < J\}lilgo N Z |f(x:(N)) = f(xn,i (V)]
=1

(C.23)

(C.24)

(C.25)

(C.26)

(C.27)

(C.28)



where (a) follows from applying the triangle inequality to the definition of Ay in (C.25);
(b) follows from the definition of pseudo-Lipschitz continuity in Definition 1, C' > 0 is the
Lipschitz contant and

agi(N) == [|x5i(N) = x:(N)||2,

and (c) follows from the RMS-AM inequality:

By (5.29), we have that,
lim lim ey (N) = 0.

k—o00 N—o0

Hence, from (C.28), it follows that,

k—o00 N—o0

Substituting (C.27) and (C.29) into (C.24) show that ay and fj satisfy (C.19). Therefore,
applying Lemma 12 we have that for any pseudo-Lipschitz function f(-), there exists a limit

®(f) such that,

N—o0 k—o0

ol |
lim N;f(xi(]\f)) = lim Ef(X,) = ®(f). (C.30)

In particular, the two limits in (C.30) exists. When restricted to the continuous, bounded
functions with the ||f||o norm, it is easy verified that ®(f) is a positive, linear, bounded
function of f, with ®(1) = 1. Therefore, by the Riesz representation theorem, there exists a
random variable X such that ®(f) = Ef(X). This fact in combination with (C.30) shows
(C.17).

[t remains to prove the parameter limits in (C.18). We prove the result for the parameter
a,. The proof for the other parameters are similar. Using Stein’s lemma, it is shown in [112]

that
_+ _ E(ZuQy)

Qg = Q) (C.31)
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Since the numerator and denominator of (C.31) are PL(2) functions we have that the limit,

E(ZuQ;,
@j = lim a& = lim —( M_QM>
k—o0 k—o0 E(le)Q
_ E(ZQy) (C.32)
E(@Q)*
where Z and @), are the limits of Zd and @,,. This completes the proof. n

C.4 Proof of Theorem 10

From Assumption 2, we know that for every N, every group of vectors x; converge to limits,
X := limy_ oo X. The parameters, 72}, also converge to limits ﬁt = limy oo 7;; for all /. By
the continuity assumptions on the functions gzt(-), the limits x and Vzt are fixed points of

the algorithms.

A proof similar to that in [114] shows that the fixed points z, and p, satisfy the KKT

condition of the constrained optimization (5.22). This proves part (a).

The estimate w is the limit,

\/’\\f = /Z\() = lim /Z\k().
k—o0

Also, the true parameter is z) = w’. By Proposition 1, we have that the PL(2) limits of

these variables are

PL(2)

lim {(W, wg)} (W, Wo) = (Zo, 20).

N—oo

From line 15 of the SE Algorithm 12, we have

—~

W = Zo = g§ (Ry 7o) = prox;, = (W°+ Q).
This proves part (b).
To prove part (c), we use the limit
Tim {p,. o} "= (B, o), (C.33)
Since the fixed points are critical points of the constrained optimization (5.22), pg = Vw.
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We also have p§ = Vow". Therefore,
[zt(sN) 2@} .= u' Diag(si) Vo[w" W]
= u' Diag(si)[P) Po)- (C.34)

Here, (N) in the subscript denotes the dependence on N. Since u ~ N(0, %I), 2 2] s a

S

zero-mean bivariate Gaussian with covariance matrix

2 0 .0 2 0
M(N) o Z Sts,npo,npo,n Sts,np(),npom

SR

n=1 | Sts nPonP0on  StsnP0nPon

The empirical convergence (C.33) yields the following limit,

Jim M) = M = E 2 szig ]i?]jo . (C.35)
PP, BB
It suffices to show that the distribution of [zt(év ) Et(év )] converges to the distribution of
[Zs ZS] in the Wasserstein-2 metric as N — oco. (See the discussion in Appendix 2.6.1 on the
equivalence of convergence in Wasserstein-2 metric and PL(2) convergence.)

Now, Wassestein-2 distance between between two probability measures v, and v, is defined

as

1/2
WQ(I/17 VQ) = (%/ngIf-‘E’y ||X1 — X2||2) y (036)
where I' is the set of probability distributions on the product space with marginals consistent
with v; and vp. For Gaussian measures v; = N (0,%;) and v, = N(0, X3) we have [52]
W2 (11, v5) = trace(S; — 2(S1 25,532 4+ 5,).

Therefore, for Gaussian distributions VfN) = N(0,M™) and v, = N(0, M), the convergence

(C.35) implies W2<V§N), vs) — 0, i.e., convergence in Wasserstein-2 distance. Hence,
(87 20) T (Zis, Zis) ~ N (0, M),

where M is the covariance matrix in (C.35). Hence the convergence holds in the PL(2)
sense (see discussion in Appendix 2.6.1 on the equivalence of convergence in W5 and PL(2)

convergence).
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Hence the asymptotic generalization error (5.17) is

Eis = ]\}im Efts(g//\tsayts)
—00
(é) ]\}Hn Efts((bout('zt(sN)v D)? gb(/z\t(sN)))
—00
O fio(dout (Zis, D), 6(Zss)). (C.37)

where (a) follows from (5.3); and step (b) follows from continuity assumption in Assump-

tion 1(b) along with the definition of PL(2) convergence in Def. 3. This proves part (c).

C.5 Formula for M

For the special cases in the next Appendix, it is useful to derive expressions for the entries
the covariance matrix M in (C.35). For the term myy,
my = ES2(PY)? =ES2E(PY)? =ES2 - ki, (C.38)
where we have used the fact that P 1L (Sis, Strace). Next, mip = E S2 Pgﬁo. where,
Py =gi (P + By, 27 + Q1,75 . 77 S&)
_ o _0+ + t;zl_Ql P, (C.39)
Yo + S&T
where (PJ, P,F,Qy) are independent of (Sirace, Sts). Hence,
Svo

mip =ES2 - -E(P)? +E E[P’ P
o =E 5% B(P) + B2 EIRRy]
SZyd
=my +E (%) < k1o, (C.40)
’78_ + St2race’71

since E[PYQ7] = 0 and K{ is the covariance matrix of (P, P;") from line 23.

178



Finally for msyy we have,

TMos — E Sgsﬁoﬁo
Sts_+ ?

Yo + Strfyl
StsStrace’yl 2 —\2
E({ ——— | E
i (‘* s, ) 9
‘*SES
7 Sthace
Sts_+ ?
= koo [ —2810
. (‘* - S%‘)

StsStr
4 TfE (_:—s t ac;ezl_
+ Str/yl

+ESLE(P))? + 2E -E PP

2
> — M1 + 2mas. (C41)

C.6 Special Cases

C.6.1 Linear Output with Square Error

In this section we examine a few special cases of the GLM problem (5.2). We first consider
a linear output with additive Gaussian noise and a squared error training and test loss.
Specifically, consider the model,

y =Xw’+d (C.42)

We consider estimates of w” such that:
W = argmin 1 |ly — Xw]|* + % [w||? (C.43)

The factor 5 is added above since the two terms scale with a ratio of 5. It does not change
analysis. Consider the ML-VAMP GLM learning algorithm applied to this problem. The

following corollary follows from the Main result in Theorem 10.

Corollary 1 (Squared error). For linear regression, i.e., ¢(t) = t, ¢out(t,d) = t+d, fis(y,7y) =
(yts - j/\ts)27 Fout<p2> N ||y ng we have

2 2
Sts ~y Stracests — 2
ER_F (2= ) k E(A—="=) oy

ts ++52 71 2 + 7++Strace71 1 + d

trace V1
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The quantities ks, 7, ,7%¢,7; depend on the choice of regularizer A and the covariance

between features.

Proof. This follows directly from the following observation:
ESR — B(Zis + D — Zis)? = B(Zys — Zis)? + E D?
= My + Moy — 2Mas + 0.

Substituting equation (C.41) proves the claim. d

C.6.2 Ridge Regression with i.i.d. Covariates

We next the special case when the input features are independent, i.e., (C.43) where rows of
X corresponding to the training data has i.i.d Gaussian features with covariance Py i, = UT?rI
and Sy = oy,

Although the solution to (C.43) exists in closed form (XTX + A\I)~!X Ty, we can study
the effect of the regularization parameter A on the generalization error & as detailed in the

result below.

Corollary 2. Consider the ridge regression problem (C.43) with reqularization parameter
A > 0. For the squared loss i.e., fis(y,7) = (y —4)?, i.i.d Gaussian features without train-test
mismatch, i.e., Sirace = Sts = Tirace, the generalization error StF;R is given by Corollary 1, with

constants

kay =V (W?), To = M8,

1 A
a - Ut2race /B < 1

=4 2 L
g raceﬁ G UQraCeﬁ
t )\t /8 > 1

+
G UET&CG/S

where G = Gmp(—ﬁ), with G given in Appendix 2.9, and 7, = E(P;)? where P; is

given in equation (C.55) in the proof.

Proof of Corollary 2. We are interested in identifying the following constants appearing in

180



Corollary 1:
K§, 70,987
These quantities are obtained as fixed points of the State Evolution Equations in Algo. 12.
We explain below how to obtain expressions for these constants. Since these are fixed points
we ignore the subscript k corresponding to the iteration number in Algo. 12.
In the case of problem (C.43), the maps prox; and proxy ., i.e., gy and g5 respectively,

can be expressed as closed-form formulae. This leads to simplification of the SE equations as

explained below.

We start by looking at the forward pass (finding quantities with superscript "+’) of Algo-
rithm 12 for different layers and then the backward pass (finding quantities with superscript
") to get the parameters {K/, 7, ,a;, 77} for £ =0,1,2.

To begin with, notice that fi,(w) = 3w?, and therefore the denoiser g7 (-) in (C.4) is

simply,

— + —
+ -\ __ Yo — Jg 0o __ Yo
r = — r and =% = —
9 (ro> %) o +x/B 07 arg vy +A/B

Using the random variable R, and substituting in the expression of the denoiser to get Z\O,

we can now calculate @ using lines 20 and 22,

Similarly, we have fou(p2) = %(pg — y)?, whereby the output denoiser g5 (+) in the last

layer for ridge regression is given by,

Yy 4y

s (rd v y) = . C.45
93( 2572 y) ’y;r—l—l ( )

By substituting this denoiser in line 30 of the algorithm we get ﬁ{ and thus, following the

lines 35-38 of the algorithm we have
=t
a, = 22— whereby 7, = 1. (C.46)

— 2
2 A

Having identified these constants ag, 7, @, , 7, , we will now sequentially identify the
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quantities
(@ 70) = K§ = @70 = Ki = @.75) = K
in the forward pass, and then the quantities
T @) e @) e 1 e (@7
in the backward pass.

We also note that we have

a +a, =1 (C.4T)

Forward Pass: Observe that K§ = Cov(Zy, Qd). Now, from line 21, on simplification we
get Qf = —W_) whereby,
+ o |1 1
K, = var(W®) : (C.48)
-1 1

Notice that from line 23, the pair (PY, Py}) is jointly Gaussian with covariance matrix K.
But the above equation means that Py" = —P), whereby Ry = 0 from line 17.

Now, the linear denoiser g; () is defined as in (C.7a). Note that since we are considering
i.i.d Gaussian features for this problem, the random variable Si,.c. in this layer is a constant

Otrace- L herefore, similar to layer £ = 0 by evaluating lines 17-23 of the algorithm we get

Qf = —ZY, whereby

2 = ~+
—+ __ Tirace V1 =+ _ Yo — A + 2 +
o] = = — = = o"—, K = 04... K - C.49
1 Vg+at?race71 ’ 71 Ugrace Ut?raceﬁ7 1 trace 0 ( )

Observe that this means

P =-P. (C.50)

Backward Pass: Since Y = ¢o(Py, D) = Py + D, line 36 of algorithm on simplification

yields P, = D, whereby we can get 7, ,

7, = E(Py,)* = E[D? = o2 (C.51)
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Next, to calculate the terms (a7 ,7; ), we use the decoiser g, defined in (C.7a) for line 33

of the algorithm to get P,

P, = YR +SmpTs Ry Smp(Sp PP +Q3) (C.52)
¥y +(Smp) 272 3 +(Smp)?

where we have used 7, = 1, Rf = P + P;" = 0 due to (C.50), and R, = Z2 + Q, =

St PP + Q3 from lines 17, 32 and 4 respectively.

Then, we calculate a; and 7, as o] = Eag2 = E**H—S)' This gives,
1
ﬁG 5 <1
al— — trace (053)

(13 + 557,50 621
Here, in the overparameterized case (3 > 1), the denoiser g, outputs R; with probability

1—= and G with probability 1 3

trace

Next, from line 37 we get,

1 A
— 1 —+ 5 N Ugraceﬁ /B < 1
=G O = Al A (C.54)
Utraéeﬁl G (;\traceﬂ ﬂ > 1
G +Utraceﬁ

Now from line 36 and equation (C.47) we get,

afPr =P P —a; PP —atp?
— ot -
(2 )\Smpsmp _ 051 PO + )\% Q; (055)
Utraccﬁ—‘r( mp) Utracc6+( mp)
A B

where (a) follows from (C.50) and (C.47), and (b) follows from (C.52). From this one

can obtain 7, = E(P;)? which can be calculated using the knowledge that PP, Q, are

independent Gaussian with covariances E(P))? = o2, .V (W?), E(Q5)? = o3. Further,

PP, Qy are independent of (Sf,, S5.)-

mp>?
Observe that by (C.55) we have

1

= @re <E(A2)otraceV (W + E(B2)a§> . (C.56)
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with some simplification we get

A e, (C.57a)

G, (C.57h)

where G = Gpp(—225

B)’ with Gy, given in Appendix 2.9, and G’ is the derivative of Gy

calculated at ——2-.
Utr

Now consider the under-parametrized case (5 < 1):

Let u = —ﬁ and z = Gyp(u). In this case we have

A

Oty

Note that,
G l(z)=u @R (z)—l—lzu
mp mp =
b 1 I
= T + = (C.59a)

where Rpp(.) is the R-transform defined in [151] and (a) follows from the relationship between

the R~ and Stieltjes-transform and (b) follows from the fact that for Marchenko-Pastur

distribution we have Rp,,(2) = ﬁ Therefore,
Gmp(l_—lﬁz + %) .
= Gyl +3) =6 = (g)% (C.60)
For the over-parametrized case ( > 1) we have:
ot = 31+ 250) = 1_7“2 (C.61)

In this case, as mentioned in Appendix 2.9 and following the results from [151], the measure

pp scales with B and thus Ry,(z) = 2-. Therefore, similar to (C.59a), = satisfies

1—2z"

1 1
15 +-=u :>G':—5 - (C.62)
—F 22 =2

Now 7, can be calculated as follows:

=7 <u2220t2rvar(W0)(/i — 1) + o3z(uzk + 1)) (C.63)
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where

1 B<1 2(1#2)22 B<1
n= (1+wuz) 7 o — Bz2—(1-z) (064)
)2
(l—uz) 6 Z 1 BZZ(I_(l)_Z)2 /B Z 1

and z is the solution to the fixed points

1_152 + % =u f<1
(C.65)

B 1 _
17z+2_u 521

C.6.3 Ridgeless Linear Regression

Here we consider the case of Ridge regression (C.43) when A — 07. Note that the solution to
the problem (C.43) is (XTX + AMI)"'X Ty remains unique since A > 0. The following result
was stated in [55], and can be recovered using our methodology. Note however, that we
calculate the generalization error whereas they have calculated the squared error, whereby we
obtain an additional additive factor of 3. The result explains the double-descent phenomenon

for Ridgeless linear regression.

Corollary 3. For ridgeless linear regression, we have
02 g <1

Proof of Corollary 3. We calculate the parameters 5, ¥, , k2o and 7, when A — 0. Before

starting off, we note that

L <1
Gp = lim Gpp(—2) = , (C.66)

+
z2—0 8

= fg>1

as described in Appendix 2.9. Following the derivations in Corollary 2, we have

T =AB, ka=V W) (C.67)
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Now for A — 0", we have

1 B<1 L 15 5o

1-— a; - ) 7; = “ ’ ) (C68)
1 A
B /8 Z 1 (B_ )Utraceﬁ /6 > 1

Using this in simplifying (C.55) for A — 07, we get
OsGo g<1

BoiGo+ 05 Y WO)(B—1) B2>1

Smp

2
,+—_2> , for the case of 8 > 1, we need to account for
71 +(Smp)

where during the evaluation of E <

the point mass at 0 for S, with weight 1 — 3.

Next, notice that
a = ﬁa_a—trace 0 B <1

—ﬁ:
Yo T 7104
0 17 trace (1_%)Utrace 52 1

and,
b = _—+71_it2_racg = 1 6 < 1 ,
70 + V1 Otrace % 6 Z 1
Thus applying Corollary 1, we get
5t§R = a’kyy + V1] + 05
ﬁaﬁ <1

ot (L= D)o, V) B>1

This proves the claim. [l

C.6.4 Train-Test Mismatch

Observe that our formulation allows for analyzing the effect of mismatch in the training
and test distribution. One can consider arbitrary joint distributions over (Siace, Sts) that

model the mismatch between training and test features. Here we give a simple example which
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highlights the effect of this mismatch.

Definition 9 (Bernoulli e-mismatch). (Sis, Sirace) has a bivariate Bernoulli distribution with

° Pr{strace:Sts:O} - IF>{Strauce:‘5'ts:1} - (1 - 5)/2

o Pr{Strace:O> Sts: 1} = ]P){Strace: 1a Sts:()} - 5/2

Notice that the marginal distribution of the Si;ace in the Bernoulli e—mismatch model
is such that P(Syace # 0) = % Hence half of the features extracted by the matrix Vj are
relevant during training. Similarly, P(Si # 0) = 3. However the features spanned by the test
data do not exactly overlap with the features captured in the training data, and the fraction
of features common to both the training and test data is 1 — . Hence for £ = 0, there is no
training-test mismatch, whereas for € = 1 there is a complete mismatch.

The following result shows that the generalization error increases linearly with the

mismatch parameter ¢.

Corollary 4 (Mismatch). Consider the problem of Linear Regression (C.43) under the
conditions of Corollary 1. Additionally suppose we have Bernoulli e-mismatch between the
training and test distributions. Then

Ee=22((1—ey+e)+ T (1 =)l —2) + 03,
where v* := % The terms koo, 1 ,v* are independent of €.
0 1
Proof. This follows directly by calculating the expectations of the terms in Corollary 1, with

the joint distribution of (Siace, Sts) given in Definition 9. O

The quantities ko2 and 7; in the result above can be calculated similar to the derivation
in the proof of Corollary 2 and can in general depend on the regularization parameter A and

overparameterization parameter 3.
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C.6.5 Logistic Regression

The precise analysis for the special case of regularized logistic regression estimator with i.i.d

Gaussian features is provided in [136]. Consider the logistic regression model,

P(yz = 1‘XZ) = p(X;I—W) for 1 = 1’ . 7]\/

where p(z) = 5 Jé,x is the standard logistic function.

In this problem we consider estimates of w" such that

W = argminl' log(1 + e*V) — y " Xw + Fj,(w).

w

where F}, is the regularization function. This is a special case of optimization problem (5.2)
where

Foui(y, Xw) = 1T log(1 4+ *%) — y " Xw. (C.69)

Similar to the linear regression model, using the ML-VAMP GLM learning algorithm, we
can characterize the generalization error for this model with quantities K, 7,54 ,7; given

by algorithm 12. We note that in this case, the output non-linearity is

(bout(an d) = ﬂ{p(p2)>d} (C70)

where d ~ Unif(0, 1). Also, the denoisers g;, and g5 can be derived as the proximal operators

of Fi,, and Fyy defined in (5.25).

C.6.6 Support Vector Machines

The asymptotic generalization error for support vector machine (SVM) is provided in [29].
Our model can also handle SVMs. Similar to logistic regression, SVM finds a linear classifier
using the hinge loss instead of logistic loss. Assuming the class labels are y = +1 the hinge

loss is

Chinge(y, ) = max(0,1 — y7). (C.1)
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Therefore, if we take

out Y7 XW Z max - szZW)v (C72>

where X; is the i row of the data matrix, the ML-VAMP algorithm for GLMs finds the SVM
classifier. The algorithm would have proximal map of hinge loss and our theory provides
exact predictions for the estimation and prediction error of SVM.

As with all other models considered in this work, the true underlying data generating
model could be anything that can be represented by the graphical model in Figure 5.1, e.g.
logistic or probit model, and our theory is able to exactly predict the error when SVM is

applied to learn such linear classifiers in the large system limit.
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