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Abstract
Scattering resonances and the complex absorbing potential method
by
Haoren Xiong
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Maciej R. Zworski, Chair

Scattering resonances are the analogues of eigenvalues for problems on non-compact
domains. The real part and imaginary part of the resonances capture the rates of
oscillation and decay of the scattering waves. Hence the location of resonances reflects
the long-time behavior of the waves on non-compact domains.

In this thesis we study a computational technique for scattering resonances, that is
the method of complex absorbing potentials (CAP). We show that the CAP method
for computing resonances applies to the case of scattering by exponentially decaying
potentials. We also show that the CAP method is valid for an abstractly defined
class of black box perturbations of dilation analytic second order differential operators
which is close to the Laplacian near infinity. The black box formalism allows a unifying
treatment of diverse problems ranging from obstacle scattering to scattering on finite
volume surfaces without addressing the details of specific situations.

The black box scattering problem motivates us to study the boundary perturbations in
obstacle scattering. We show that all resonances in obstacle scattering with Dirichlet
boundary condition are generically simple in the class of obstacles with C* (and C'*)
boundaries, k& > 2. This generalizes the case of eigenvalues of second order elliptic
operators on a compact domain that all eigenvalues are simple for a generic compact
domain.
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Chapter 1

Introduction and statement of
results

Scattering resonances are the analogues of eigenvalues for the wave equations on non-
compact domains. Each resonance corresponds to a resonant wave. The local energy
of the wave decays exponentially due to the fact that energy can escape to infinity.
This is in contrast to the case of waves on compact domains where the energy is
conserved. The rate of decay of the resonant wave is determined by the imaginary part
of the resonance, while the frequency of the wave corresponds to the real part of the
resonance. Hence the location of resonances is crucial in understanding the long time
behavior of the wave on non-compact domain.

There are many tools that have been used for computation of scattering resonances:
the method of complex scaling, which will be reviewed in §3.5, has been brought to
computational chemistry by Reinhardt [44]; the method of perfect layer potentials
(PML) has been used in computational physics — see Berenger [4]. In this chapter, we
review another technique for computing resonances — the complex absorbing potential
(CAP) method, first used in physical chemistry — see Seideman—Miller [46], Riss—Meyer
[45], Mandelshtam—Taylor [36] for an early treatment and Jagau et al [29] for some
recent developments. The CAP method is rougher but easier to implement, which
provides an accurate approximation for the location of scattering resonances — see for
instance Figure 1.2. We also review generic simplicity of scattering resonances, which
means that resonances of higher multiplicity are very rare. This property is very useful
when we deal with the difficulties caused by higher multiplicities of resonances. Then
we give a brief introduction to the new results obtained by the author, and introduce
some related open problems. In the last section of this chapter, we give the outline of
this thesis.
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1.1 The complex absorbing potential method

The complex absorbing potential method is based on replacing the Hamiltonian P by
P.:=P —iex®, £>0.

For simplicity, throughout this thesis we shall write

2 i=ai+--+al, zeER"

The potential 22 is an example of a CAP and other potentials have also been used.
The operator P. has discrete spectrum and as € — 0+ the eigenvalues converge to
resonances of P uniformly on compact subsets of some neighborhood of the real axis.
We refer to these limits as viscosity limits by analogy to the case of Pollicott—Ruelle
resonances in Dyatlov—Zworski [13]. In that case, the analogue of P. is given by X +cA
where X (the analogue of our iP) is the generator of an Anosov flow on a compact man-
ifold and A, the Laplace-Beltrami operator for some metric, is an analogue of our z2
(using Fourier transform). This then corresponds to a standard “viscosity /stochastic”
regularization.

We shall mention that fixed complex absorbing potentials have already been used
in mathematical literature on scattering resonances. Stefanov [53] showed that semi-
classical resonances close to the real axis can be well approximated using eigenvalues
of the Hamiltonian modified by a complex absorbing potential. For applications of
fixed complex absorbing potentials in generalized geometric settings see for instance
Nonnenmacher—Zworski [39, 40] and Vasy [56].

Zworski [65] showed that scattering resonances of —A +V, V € L, are limits
of eigenvalues of —A + V — iex? as ¢ — 0+, see Figure 1.1 and 1.2 for a numerical
illustration. The author extends Zworski’s result to dilation analytic potentials [63],
exponentially decaying potentials [62] and black box Hamiltonians [61]. Kameoka
[30] characterized the resonances of Stark Hamiltonians using the complex absorbing
potential method. The analogous results were proved for kinetic Brownian motion by
Drouot [11], for gradient flows by Dang—Riviere [8] (following earlier work of Frenkel—
Losev—Nekrasov [14]), and for Oth order pseudodifferential operators, motivated by
problems in fluid mechanics, by Galkowski-Zworski [17] while the dynamics of viscosity
limits for Oth order pseudodifferential operators were studied by Wang [58]. A very
different example is the Wigner—von Neumann-type Hamiltonian, for instance, P =
—%—kasmx , in which case Kameoka and Nakamura [31] showed that the corresponding

x
limits exist only away from a discrete set of thresholds.

We should point out that results like that of [13] and [11] are not valid for non-
hyperbolic flows. A negative example is the geodesic flow on the torus, T? = S! x St
with the flat metric. The geodesic flow on S*T? =S, xS} x Sj is generated by

V =cos0 0y, +sinf0,,.
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Let P.:=V/i+icA, € > 0, where A is the flat Laplacian, by the Fourier expansion in
xr, we have

Spec(P.) = U Spec(P-(n)), P.(n):= —icDj + |n|cos (6 — tan™" Z—;) — i|n|?%.

Recalling the asymptotic behaviour of the spectrum of these Galtsev—Shafarevitch
operators [18] as ¢ — 0+, we obtain the accumulation points in the case of the generator
of the geodesic flow on T? regularized using the flat Laplacian:

—i[0,00)U | J {z:|Rez| < |n|, Imz = —C|n| + C|Rez|},

neZ2\{0}

which form a discrete set of lines — see [13, Figure 3.], where C' &~ 0.85 is a special
constant — see [18].

Potential

40~ -

20— —

20 —

40 —

Figure 1.1: An example of V € L%, (R) for illustrating the complex absorbing poten-
tial method for P = —&, 4V,

viscosity approximation with e = 0.25
T

o ? °} @ @ @ 7

10 O resonances
#¥  viscosity approximation
[ | 1 |

-50 0 50 100

Figure 1.2: An illustration of the complex absorbing potential method in the case of a
compactly supported potential shown on Figure 1.1. Resonances are computed using
squarepot.m [5].
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1.2 Generic simplicity of resonances

A property that holds on an intersection of open dense sets is called generic. In a famous
paper Uhlenbeck [55] proved generic properties of eigenvalues and eigenfunctions of
second order elliptic operators on a compact manifold. The analogous result was proved
for eigenvalues of the Laplacian on a Riemannian cover by Zelditch [64].

In the case of resonances, Klopp and Zworski [33] showed that a generic potential
perturbation in Euclidean scattering splits the multiplicities of all resonances. That
means that for any r, there exists V C L*(B(0,r);R), an intersection of open dense
sets, such that all resonances of —A + V| V' € V are simple (multiplicity = 1), and
L>(B(0,7); R) can be replaced by other spaces of functions. Their argument in fact
applies to a class of non-self-adjoint Fredholm operators on an abstract Hilbert space
(see for instance §3.3 and §3.4). This result is very useful when we deal with the
difficulties caused by multiplicities of resonances, as many statements about resonances
are easy when there is no multiplicity but become more complicated in the case of
higher multiplicity. Using Agmon’s peturbation theory of resonances [1] instead of the
exterior complex scaling used in [33], Borthwick and Perry [6] extended this result to
scattering on asymptotically hyperbolic manifolds.

Apart from potential perturbations, I also mention that the evolution of eigenvalues
of second order elliptic operators under boundary perturbations have been studied since
Hadamard [24]. Henry [25] developed a general theory on perturbation of domains
for second order elliptic operators. The author [60] studied resonances in obstacle
scattering under generic boundary perturbations.

1.3 Statement of results

In this section, we introduce the main results in this thesis. To describe the convergence
of the eigenvalues of P. as ¢ — 04, we adopt the Hausdorff metric, that is for two non-
empty subsets A, B of C,

dy(A, B) := max {Sup inf |a — b|,sup inf |a — b|} :
peB a€A

acA beB

1.3.1 CAP method for exponentially decaying potentials

We show that the CAP method for computing scattering resonances applies to the case
of exponentially decaying potentials. We consider the following Schrodinger operator:

P = —A+V acting on L*(R"), |V(z)| < Ce 2 for some C,~ > 0.

The exponentially weighted resolvent vV (P — X\?)~'v/V can be meromorphically con-
tinued to the strip Im A > —~, see Froese [15], Gannot [19] and a review in §3.2.
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Resonances of P, denoted by Res(P), are the poles in this meromorphic continuation.
We show the following

Theorem 1. The operator P. .= P—icx?, ¢ > 0, is a non-normal unbounded operator
on L*(R™) with a discrete spectrum. Let

Spec(P.) NC \ e™™[0,00) = {\;(£)*}2 —m/8 < arg\j(e) < Tn/8.

J=1
Then for any 0 < a’ < a < b and v <~ such that the rectangle
Q:=(d,a)+i(—,b) e {Ae€C: —n/8 <arg\ < Tn/8}. (1.3.1)

we have

lim {A;(e)}72; N Q = Res(P) N,

e—0+

where the limit is taken with respect to the Hausdorff metric.

1.3.2 CAP method for black box scattering

We show that the CAP method also applies to an abstractly defined class of black box
perturbations of the Laplacian in R™ which can be analytically extended from R™ to
a conic neighborhood in C™ near infinity. The abstract setting of black box scattering
was introduced by Sjostrand and Zworski in [49]. The black box formalism allows a
unifying treatment of diverse problems ranging from obstacle scattering to scattering
on finite volume surfaces — see Examples 1-3 in §3.4, and we don’t need address the
details of specific situations.

The black box Hamiltonian P is assumed to act on a Hilbert space with an orthog-
onal decomposition:

H =Hp, ® L*R"\ B(0, Ry)).

The orthogonal projections onto Hp, (the black boz) and L*(R™\ B(0, Ry)) are denoted
by 15(0,r,) and 1gn\p(o,r,) respectively. We refer the readers to §3.3 for a more detailed
introduction of the black box formalism.

We do not assume P to be equal to —A near infinity as in [49]. Instead, we follow
Sjostrand [50] and assume that P is a dilation analytic perturbation of —A near infinity,

lpm\B(o,ro) Pu = (— Z O, (97" (2)0,) + c(2)) (ulrm Bo.Ry)), ¥V u € Dom(P),
jk=1
where ¢/, ¢ € C*°(R"; R) with all derivatives bounded satisfying

g =g gk 1Y P& = CTUER Y ¢ @)EE + ) = €, x| = oo,

Ji:k=1 g.k=1
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and there exist 6y € [0,7/8], § > 0, and R > Ry, s.t. ¢°*, ¢ extend analytically
to {sw:w e C", dist(w,S" 1) <6, s€C, |s| > R, args € (—0,0p +6)}
and the second half of (3.4.2) remains valid in this larger set.

The scattering resonances of P are defined by the method of complex scaling — see [49],
[50] and a review in §3.5. We prove the following result:
Theorem 2. The operator P. :== P —ic(1—x(x))x?, ¢ > 0, where x € C>°(R"™) is equal
to 1 near B(0, Ry), is an unbounded operator on H with a discrete spectrum. Denote
by Res(P) the set of resonances of P. Then, uniformly on any precompact open subset
Q of the sector {z € C\ {0} : —260y < argz < 37/2 + 26y},

lim Spec(P.) N = Res(P) N

e—0+

1.3.3 Generic simplicity of resonances for obstacles

An obstacle scattering problem was used in the proof of Theorem 2, which motivates
us to study the behavior of resonances in obstacle scattering under boundary pertur-
bations. Suppose that O C R" is a bounded open set such that O is a C* (k > 2)
hypersurface in R". Let Ap be the self-adjoint Dirichlet Laplacian on R" \ O with
domain

D(Ap) := H*(R"\ O)N Hy(R™\ O). (1.3.2)
The resolvent of —Ap,
Ro(\) :i= (—Ap — \?) 7' LA(R™\ O) = L*(R"\ O), ImA\ >0,
continues meromorphically as an operator from L2, (R™\ O) to L{ (R™\ O) ~ see for
instance Dyatlov—Zworski [12, §4.2], when n is odd the continuation is to A € C and
when n is even to the logarithmic cover of C\ {0}: A = exp™'(C\ {0}). We denote

the set of poles of Ro(A) by Res(O), whose elements are called scattering resonances
for the obstacle O. For A € Res(0O), its multiplicity is given by

mo(A) := rank%R@(OdC,
A
where the integral is over a circle containing no other pole of Rp(({) than A. A resonance
A € Res(0O) is called simple if mp(A) = 1.

Consider a class of obstacles diffeomorphic to a fixed obstacle Oy (for example,
Oy = Bgn(0,1)), that is,
X = a(0y) ® € CF(R™;R") is a C*-diffeomorphism, ®(00) = 0 ®(0O) (133)
and ®(z) =z, V|z| > R, for some R > 0.
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A topology can be introduced to this set using C* norms of the diffeomorphisms, see
Pereira [42]. We show the following result.

Theorem 3. For any fized obstacle Oy and the corresponding family X given by (1.3.3),
there ezists a generic set X C X such that for every O € X, all resonances A € Res(O)
are simple. By a generic set we mean an intersection of open dense sets.

Remark. We should point out that an analogue of this result for Robin boundary
condition (and in particular for the Neumann boundary condition) remains an open
problem — see §1.4.4 for a detailed discussion.

1.4 Open problems

In this section we introduce some open problems.

1.4.1 CAP method on aymptotically hyperbolic manifolds

It remains an open problem whether the CAP method for finding resonances works
for the hyperbolic space and more generally, asymptotically hyperbolic manifolds. The
problem can be formulated as follows: let (M, g) be a complete Riemannian manifold
of dimension n + 1 with boundary OM given by {p = 0} where p : M — [0,00) is a
C*> function such that dp # 0 on OM, and p > 0 on M. Suppose that the metric p*g
extends to a smooth Riemannian metric on M and that |dp|,2, = 1 on OM. Let A, >0
be the Laplace-Beltrami operator for the metric ¢g. Since the spectrum is contained
in [0,00) the operator A, — n?/4 — A? is invertible on L*(M,dvol,) for Im A > n/2.
Consider the resolvent

R(\) := (A, —n?/4 = N*)"1: L*(M,dvol,) — H*(M,dvol,), Im\>n/2.

Let C>°(M) denote functions which are extendable to smooth functions supported in
M. Tt follows from elliptic regularity that R(\) : C>(M) — C>®°(M), Im\ > n/2.
R(\) : C®(M) — C>®(M) continues meromorphically from Im A > n/2 to C with poles
of finite rank, see Mazzeo—Melrose [37], Guillarmou [21], Guillopé-Zworski [22], Vasy
[57], [56] and [12, Chapter 5]. We denote the poles by Res(A,) = {)\;}32,. Does
there exist a function f such that the operator A, — n?/4 —icf, ¢ > 0, has discrete
L*(M, dvol,) spectrum {\;(¢)?} and that

ANi(e) = Aj, ase — 0+7

I would like to mention that for finite volume surface with cusp ends this holds with
f(x) = d(z,z0)* where d is the hyperbolic distance — see [61, Example 3|, and some
inconclusive and simple results are represented in §5.5.
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1.4.2 Hyperbolic analogues of the complex harmonic
oscillator

In [65], the complex harmonic oscillator A — iez?, ¢ > 0 plays an important role as it
is an unbounded operator on L?*(R™) with a discrete spectrum given by

{e7™/e2lal +n):a e NI}, ol i=ay + -+ an,

see §5.1 for more details. It remains an open problem to find an analogue of this
operator in the hyperbolic setting. That is, on a hyperbolic manifold (M, g), I wish
to find a complex-valued function f € C*(M) such that A, + f is an operator on
L*(M,dvol,) with discrete spectrum. f should also be unbounded near infinity like
the function —iexz? in the Euclidean case, which will provide the compactness of the
resolvent (A, — n?/4+ f — 2)~' : L*(M,dvol,) — L*(M,dvol,). A candidate f =
w?tanh? 7 where w € C, r is the hyperbolic radius, has been studied in [59] or §5.5,
but in this case A, + f (the “complex Higgs oscillator”) has both eigenvalues and
resonances.

1.4.3 More general CAPs

A natural question is whether we can use more general complex absorbing potentials
than the quadratic potential 2 for computing resonances. We might expect the com-
plex absorbing potential to have some analyticity. The CAP —icz? has been most
commonly used in the field since the CAP-regularized Laplacian, —A — iex?, is well
understood — see §5.1 and it is convenient for numerical experiments.

1.4.4 Generic simplicity of resonances in Neumann obstacle
scattering

The generic simplicity result for resonances in obstacle scattering with Robin boundary
condition (and in particular the Neumann boundary condition) remains an open prob-
lem. The difficulty was overcome by Uhlenbeck [54] in the case of Neumann eigenvalue
problem in a bounded domain §2 by using Transversality Theorem in infinite dimen-
sions and then deriving a contradiction from the equation Vyqu - Vaqu = Auv on 0f2
where A > 0, u,v € C*(9;R) and uv # 0 on an open dense subset of 9, see also
[25, Example 6.4] for more details. In the case of obstacle scattering with Neumann
boundary condition, this argument does not seem to apply for Vgou - Voqv = zuwv
when u, v are complex-valued and z is a complex resonance.

1.5 Outline

In chapter 2, we briefly review some basic notions and tools in semiclassical analysis
and spectral theory. In §2.3 we introduce the analytic Fredholm theory, which is a
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standard result to show meromorphy of operators; In §2.4 we review the Gohberg—
Sigal theory, which is the central tool for showing convergence of eigenvalues of P. in
Theorem 1 and 2. The estimate of the decay of Green function in §2.5 is needed in the
proof of Theorem 2. §2.6 is a preparation for the discussion in §5.5.

In Chapter 3, we first review various notions about scattering resonances in the
simplest setting of 1D scattering by compactly supported potentials. In §3.2 we define
the resonances for scattering by exponentially decaying potentials. In §3.3 and §3.4,
we introduce the black box formalisms of scattering, which is used to define resonances
in Theorem 3 and 2 respectively. In §3.5, we review the method of complex scaling,
which is used to characterize resonances in black box scattering as eigenvalues. In §3.6,
we adapt Agmon’s theory to obstacle scattering, in which resonances are realized as
eigenvalues of a operator on an abstractly constructed Banach space. In contrast to
complex scaling, Agmon’s method allows us to capture all resonances on the logarithmic
plane in even dimensions.

In Chapter 4, we first study the deformation of obstacle and introduce the deformed
Laplacian outside the obstacle with Dirichlet boundary condition. The variation of
domain is transferred to the coefficients of the deformed operator. In 4.2, we apply
Agmon’s theory to the case of boundary perturbations. In §4.3 we present the proof
of Theorem 3.

In Chapter 5, we study the Hamiltonians modified by CAPs. In §5.1 we review
the properties of CAP-reularized free Laplacian on R™ (we call it Davies harmonic
oscillator). In §5.2 we prove an estimate for the resolvent of Davies harmonic oscillator
with exponential weights, which is the key estimate in the proof of Theorem 1. In
§5.3 we study review the meromorphy of the resolvent of P. in Theorem 1. In §5.4 we
study the CAP-regularized black box Hamiltonian — P. appeared in Theorem 2, and its
complex scaled version. In §5.5, we give a introduction to the complex Higgs oscillator
and represent some numerical results about its spectrum.

In Chapter 6, We represent the proofs of Theorem 1 and Theorem 2. In §6.1 we
complete the proof of Theorem 1 using the estimate obtained in §5.2. §6.2 — §6.6
are devoted to the proof of Theorem 2. In §6.2, an auxiliary obstacle is introduced to
separate the abstract black box from the differential operator outside, we also study the
interior and exterior reference operators associated to the obstacle and the black box
Hamiltonian P. In §6.3, we introduce the Dirichlet-to-Neumann operator associated
to the obstacle, we show that away from a discrete set depending on the obstacle, the
resonances of P and the eigenvalues of P. can be characterized as the eigenvalues of
the Dirichlet-to-Neumann operator. There is a special subset of the discrete set above,
which consists of the embedded eigenvalues with compactly supported eigenfunctions
of P, this set is discussed in §6.4. In §6.5 we show that the obstacle can be chosen so
that the characterization of Res(P) and Spec(P.) through the Dirichlet-to-Neumann
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operator is valid in a neighborhood of Res(P). The proof of Theorem 2 is completed
in §6.6 by obtaining further estimates on the Dirichlet-to-Neumann operators.
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Chapter 2

Preliminaries

In this chapter we give a brief introduction to basic notions or tools in semiclassical
analysis and spectral theory. We refer the reader to Zworski [66], Gohberg—Sigal [20],
[12, Appendix C], and Shubin [47] for a complete treatment.

2.1 Semiclassical Quantization

2.1.1 Symbol classes

We first review the notion of symbols, which are smooth functions on R?*" that can be
quantized to semiclassical pseudodifferential operators.

Definition 2.1.1. A measurable function m : R*™ — (0, 00) is called an order function
if there exist constants C' and k such that for all z,w € R*",

m(z) < C{z — w)m(w).
Examples. The most common examples of order functions are
mz) =1, mlz) = () = (1 + |52,
We also check that if mq, my are order functions, so is mm..

Definition 2.1.2. Given an order function m on R?*", the corresponding symbol class
is defined as follows. (Ng denotes the set of nonnegative integers.)

S(m) :={a € C®°(R*) : for all « € N}, there exists C, so that |0%a| < Cam}.

Remarks. (i) Symbols a(z, ) in S(m) are allowed to depend on the small semiclassical
parameter h, though our notation usually does not show this dependence.

(ii) If @ = a(z,&;h) € S(m) depends on h, we require that the constants C, in the
definition be uniform for 0 < h < hq for some hy > 0.
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2.1.2 Asymptotic series
Next we review infinite sum of symbols.

Definition 2.1.3. Let a; € S(m) for j =0,1,... We say that a € S(m) is asymptotic
to the following series:

an~ Zhjaj in S(m),
=0
if for every N =1,2,...
a— Zhja] Os(m)( (RN,
which means that for each o € Ng”,

N—1
o (a — Z hjaj>
=0

We call ag the principal symbol of a.

S CN,a th

2.1.3 Quantization of symbol

Let a € S(m), we recall the Weyl quantization formula:
a“(z,hD): LR )—)5” R"), S (R") — ' (R"™),

@ (2, hD)u(z) : m 2 [ [ ereroare outy) dyd.

Here . denotes the space of Schwartz functions, and .¥” denotes the space of tempered
distributions.

We recall the following properties:
Proposition 2.1.4. Suppose that a € S(my) and b € S(msy). Then
a“(z,hD) o b (x,hD) = (a#b)"(x, hD),
for the symbol a#b € S(myims)
i/

aftb(x, &) ~ 23-—].!(( e: Dy) — (D, D)) (al@, £)b(y, m))

?

Y=
n=

T
3

<.

where Dy, = flﬁxj.
Proposition 2.1.5. If a € S(1) (we take the order function m = 1), then
a”(z,hD) : L*(R") — L*(R™), ||a¥(x,hD)||p2—z2 < C Z plel/2 sup |0%al,

la|<Mn

where M is a universal constant.
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2.1.4 Semiclassical ellipticity

Definition 2.1.6. The symbol a € S(m) is called elliptic in S(m) if there exists a
constant v > 0, independent of h, such that

la(z,€)| = ym(x,&)  for all (z,€) € R™.

Proposition 2.1.7. Suppose that a € S(m) and that a is elliptic in S(m).
(i) If m > 1, there exist ho, C' > 0 such that for all 0 < h < hy,

|a™ (x, hD)ul|r2 > Cllul|Lz.

(i) If m = 1, there exists hg > 0 such that for 0 < h < hg, a“(z,hD) has a bounded
inverse on L*(R").

To end this section, we explore a concrete example of semiclassical elliptic operator:
—h2A + 22 + 1, which will be used in Chapter 5.

Example 2.1.8. (The quantum harmonic oscillator). H = —h?A + 2% is called
the quantum harmonic oscillator, a closed densely defined operator on L*(R™), equipped
with the domain

D(H) = {u € L*(R") : Hu € L*(R™)}.
H has a discrete spectrum given by
{2la]+n)h:a e Ny, |a] =a; + -+ an}.

Thus —h*A + 22 +1 = H + 1 is invertible. In the following we obtain a semiclassical
asymptotic expansion for the inverse of —h?A + 2% + 1.

Letm = 1+ 22+ €2 be an order function on R*™, we notice that m is also a symbol,
m € S(m), and
m"(z,hD) = —h*A + 2° + 1.

Similarly, m~ € S(m™'), then we compute

(mpm ™) (@, €) = 1+ Wb(z,£), bz, &) = % e 5(1).

Thus m#m=" is elliptic in S(1), by Proposition 2.1.7,
(m#m =N (2, hD) = m"(x, hD) (m~ )" (2, hD)
has an inverse on L?, and we have
m™(z, hD) (m™ )Y (z, hD)[1 + h*b" (z,hD)] ™" = I12_ .
It follows that
(m™ 1Y (x, hD)[1 + h*0™ (2, hD)]™' = m™(z,hD)~" : L* — D(H).
Therefore, we obtain that m™(z,hD)™! = ¢“(x,hD) with ¢ € S(m™") satisfying
qg=m"+hm b+ Og(n-1y(h?).
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2.2 Grushin problems

Suppose that
PIXlﬁXQ, R+2X1—>X+, R,IX,—>X2,

are bounded operators on Banach spaces X7, Xo, X, X_.

Definition 2.2.1. A Grushin problem is a system of equations as follows.

(o) ()= (0) 221)

If (2.2.1) is invertible, we say it is well-posed, and write its inverse as

()= =)0 222)

where B : Xo = X1, B, Xy = X1, B Xo—=> X F X, - X_.

Remarks. Suppose that the Grushin problem (2.2.1) is well-posed. Then
(i) the operators R, , E_ are surjective, the operators R_, E/, are injective;
(ii) the invertibility of P is equivalent to the invertibility of £, and

P'=E-E.E'E., E'=-RP'R_.

We next consider the perturbed Grushin problem. The following result is based on a
Neumann series calculation.

Proposition 2.2.2. Suppose that (2.2.1) is well-posed with the inverse (2.2.2). Let
A X7 — X5 be a bounded operator satisfying

||AEHX2—>X2 <1 and HEAHX1—>X1 <L

Then
(P +A R_

R 0 ) 18 well-posed with the inverse (11:7 EJF ) ,
_l’_

E. E_,

where
o0

E_y=E_—) (-1YE_A(EA)E,.

j=0
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2.3 Analytic Fredholm theory

Definition 2.3.1. (i) A bounded linear operator P : X1 — X5 is called a Fredholm
operator if
ker P := {u € X; : Pu= 0}, and coker P := X,/PXy,

are both finite dimensional.
(ii) The index of a Fredholm operator is

ind P := dim ker P — dim coker P.
Grushin problems and Fredholm operators are connected by the following:

Proposition 2.3.2. (i) Suppose that P : X1 — X5 is a Fredholm operator. Then there
exist finite dimensional spaces X4 and operators R_ : X_ — Xy, Ry : X1 — X, such
that the Grushin problem (2.2.1) is well-posed.

(11) Conversely, suppose that for some Xy and Ry, the Grushin problem (2.2.1) is
well-posed. Then P : X1 — Xy is a Fredholm operator if and only of E_, : X, — X_
1s a Fredholm operator, and we have

indP =indF_,.

Remarks. 1. The set of Fredholm operators is open in £(Xj, X3), and the index is
constant in each component of that set.

2. A bounded linear operator P : X; — Xs is a Fredholm operator if and only if there
exists a bounded linear operator £ : Xy — X; such that

PE =1Ix, + Ky, EP=Ix, +Ky,*
where K : X; — X, are compact operators.

Definition 2.3.3. Suppose that 2 C C s a connected open set, X and Y are Banach
spaces. Then we say that z — A(z) € L(X,Y) is analytic in Q if for any x € X and
y* e Y*, 2z y"(B(z)z) is an analytic function in Q.

Definition 2.3.4. We say that z — B(z) is a meromorphic family of operators (with
poles of finite rank) in S if for any zo € Q) there exist finite rank operators B;, 1 < j <
J, and a family of operators z — By(z), analytic near z, such that

B B
B(z) = By(2) + —— 4+ + —22

72— 2 (Z_—ZO)J, near zg.

B(z) is a meromorphic family of Fredholm operators if for every zy, By(2) is a Fredholm
operator for z near zy. Away from poles, By(z) = B(z).

Theorem 4. (Analytic Fredholm Theory). Suppose that § is a connected open
subset of C and 2 3 z — A(z) is an analytic family of Fredholm operators.

If A(z) is invertible for some zo € Q, then Q > z — A(2)™! is a meromorphic
family of operators with poles of finite rank.
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2.4 Gohberg—Sigal theory

In this section we review some important properties of meromorphic families of Fred-
holm operators introduced in [20]. We start with the following factorization theorem.

Theorem 5. Suppose that ) is a connected open subset of C and that
A= A(N), AeQ,

18 a meromorphic family of operators on a Banach space. If Ay in the Laurent expansion

o0

AN = Z (A=) A;,  near

=17

is of index 0, then there exist analytic families of operators E(X), F(X), invertible near
w, such that A(X) admits a factorization near p:

AN = B(\) (PO +3 (- u)kmpm) F\), ky €2\ {0}, (2.4.1)

m=1

where P,, 0 < m < M are mutually orthogonal projections, P,,, m > 1 are one
dimensional, and I — Py is finite dimensional.

Moreover, A(\)™! exists as a meromorphic family near p if and only if Z%:o P, =
1, in which case

ANt =F(\)! (PO + Z(A - u)—kmpm) E(\)7L

m=1

Remark. This shows that if A()\g)™! exists for some A\ € Q, by the connectedness,
A(XN)~! is a meromorphic family of operators in €2, which generalizes Theorem 4 to the
case where z — A(z) is meromorphic.

The factorization of A()\) allows one to define the null multiplicity at pu:
Definition 2.4.1. In the notation of Theorem 5,

ko if SOP, =1,
NG = | 2 T2

Forn >0
oo, otherwise.

If N(A(p)) < oo, then A(N)™! is meromorphic and
NAW ™ == 3

km <0

We call N(A(p)™') the polar multiplicity of A(\) at p.
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Using Theorem 5, Gohberg and Sigal [20] obtained an operator generalization of
the logarithmic residue theorem for meromorphic functions.

Theorem 6. Suppose that Q C C is open and connected, A(\) and AN\)™1, X € Q are
meromorphic families of Fredholm operators on a Banach space X. Then

][&A(A)A()\)_l d\ is of finite rank and
I

1

omi 7{ DAMNAN) T dA = N(A(w) — N(A() ™).

Here the integral is over a positively oriented circle enclosing p and containing no poles
other than possibly .

Another result is an operator generalization of Rouché’s theorem:

Theorem 7. Let Q be a connected open subset of C. Suppose that A(\) and B(\)
satisfy the assumptions of Theorem 6 and that U € ) is a simply connected open set
with a C* boundary on which A(\) and B()\) are both invertible. If

AN AN = B))llx-x <1, YA€,

then 3" N(A() = N(A(n)™) = 3 N(B() - N(B(w)™).

nel nel

2.5 Decay of the Green function

Let M be a complete Riemannian manifold, dimM = n and d : M x M — [0, 00)
be the Riemannian distance. Let exp, : T, M — M be the usual exponential geodesic
map. For xz € M, we define

Ty i= sup{r : exp, |o,cr, v is a diffeomorphism}.
Then the injectivity radius of M is given by ri,; = inf cps 7. The coordinates
B(0,7) >y~ exp,(y) € M
are called canonical coordinates on U, , = exp,(B(0,7)).

Definition 2.5.1. We say that M is a manifold of bounded geometry if the following
conditions hold:

(Z) Ting > 0,
(ii) [V*R| < Cy, Yk, i.e. all covariant derivatives of the curvature tensor are bounded.
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Examples. A trivial example of manifold of bounded geometry is the Euclidean space.
Other examples include Lie groups and covering manifolds of compact manifolds.

Definition 2.5.2. Suppose that A : C>*°(M) — C>®(M) is a differential operator of
order m. We say A is C*-bounded if in any canonical coordinates

A= Z aa(y)0y, |85aa(y)] < Cus, for all € Nj.
lal<m
Furthermore, A is called uniformly elliptic if there exists constant C' > 0 such that

| Z ao(y)n*| = Cn|™, ¥ (y,n) € T*M.

|a]=m
We recall the following estimate from [47]:

Proposition 2.5.3. Let M be a manifold of bounded geometry and A : C*(M) —
C*®(M) be a C®-bounded uniformly elliptic differential operator. Suppose that A\ ¢
Spec(A) (L? spectrum). Denote by G(X\;x,y) the Schwartz kernel of the resolvent

(A= X1 LA(M) — L*(M).
Then there exists € > 0 such that for every 0 > 0 and o, 5 € Nij, 3Cqp5 > 0 s.1.

0000 G (N2, y)| < Cagse =Y if d(z,y) > 6. (2.5.1)

Sketch of proof. One crucial step is to construct a smooth substitute for the Riemannian
distance d. The conditions in Definition 2.5.1 guarantee that for every p > 0 we can
construct d € C®(M x M; [0, 00)) satisfying

ld(z,y) —d(z,y)| < p, Vz,ye M (2.5.2)

and

sup lajj(x,y)\ <Cq, YaelNy, |a]>1, (2.5.3)
r,yeM

where the derivative 9y is taken with respect to canonical coordinates. For a complete
construction, we refer to Kordyukov [34] or [47, Appendix 1].

Next we introduce exponential weights f., € C>°(M) for any € > 0, y € M:
fey(@) = =), (Fryu)(@) = fey(z)u(z).
It follows from (2.5.3) that

Ay =F.,0A0F, | =A+eB.,,
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where B. , is a uniformly C*-bounded differential operator of order m — 1 (defined by
Definition 2.5.2 with uniform constants C,3 on M). Then for € > 0 sufficiently small,

A., — \is invertible and (A., — \)"': H(M) — H*'"™ (M), Vs € R,

where H*(M) are Sobolev spaces on manifold M. This is obtained by standard elliptic
estimates and the invertibility of A — A. We notice that

CIENG; 2, ) = [y (A= N) 1) (2) = [(Aey = V)M (fed)] ()

where 9§, is the Dirac function supported at y. For every 6 > 0 and z,y € M with
d(x,y) > 0, one can apply the interior elliptic estimate to obtain that

[ feu(DG(A; - y)]

The Sobolev embedding theorem then shows that

H(B(z,/2) < Css, Vs €ER

100G (N z,y)| < C’a,(ge_ad(“”’y) if d(z,y) > 6.
This and (2.5.2) imply (2.5.1) if 8 = 0; the case where 8 # 0 follows from the same
arguments with A replaced by A' (the transpose of A). O]

Proposition 2.5.3 can be adapted to some manifolds that are not complete, for
instance M = R™\ K, where K is a compact set with smooth boundary such that R™\ K
is connected. In this case for each p > 0 we first construct d € C*(R" x R"; [0, 00)) as
a smooth substitute of d = d(z,y) = |x — y|, then restrict d to R™ \ K, thus

|d(z,y) — |z —y|| <p, Va,yeR"\ K, and
sup lﬁgd(x,yﬂ <Cq, VYaelNy, |a]>1.
z,yeM

Therefore, we have

Corollary 2.5.4. Let A: C*(R"\ K) — C*(R™\ K) be a C*®-bounded, second order

uniformly elliptic differential operator. A can be viewed as an operator:
A: L*(R*\ K) — L*(R™\ K) with domain H*(R™\ K) N Hy(R"\ K).

Suppose that X ¢ Spec(A) and let G(\;z,y) be the Schwartz kernel of (A—X)"'. Then
there exists B > 0 such that for each 6 > 0, 3Cs > 0 s.t.

Gz )| < Coe™™ 7 if o —y| > 0,
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2.6 Poschl-Teller potentials

We recall the following definition from Péschl-Teller [43]: the Poschl-Teller potential
is defined on R by
pp+1) v+

Vio(r) = — relR
. ’V( ) sinh? r cosh?r’ ’

V,.» is a real potential if y, v are taken in —1/2 +4(0, 00) U [—1/2, 00). In this section
we will focus on the case in which V), is complex-valued and review some properties
of the Hamiltonian D2 + V,, ,(r) on the half line (0, 00),. The following result is based
on the analysis of D? +V,,,(r) in Guillopé-Zworski [23, Appendix]:

Proposition 2.6.1. The Schridinger operator D? +V,,,, (respectively D? + V;,,) has
R* as continuous spectrum. The determinant of the scattering matriz for D2 +V,,,, is
giwen by the reflection coefficient

LR (p+ v —ik)/2+ DD ((p — v — ik +1)/2)27%*

B = Rt v 2+ DN vt bt )y 26D

and for D? +Vq,, given by

pro o D(ik)?D(v — ik + DI (~v — ik)
s (k) = T(—ik)T (v + ik + V)T (—v + ik) (26.2)

The Schrodinger operator D24V, ,, (resp. D*+ Vo, ) has non-empty discrete spec-
trum if and only if Re(v — p) > 1 (resp. Rev > 0). The discrete spectrum is given

by
o0a(D2+V,,)={-v—-—p—1-2n):neN,2n<Re(v—p—1)}
oa(D?>+ V) ={—(v—n)>:n €N, n < Rev}.

hl/+1

Proof. Through a conjugation by sinh*** r cos r and the change of variable u =

—sinh?r, the Schrédinger equation
DX+ Vb — K =0 (2.6.3)
is reduced to the hypergeometric equation

w(l —w)F"(u) + [(n+3/2) — (n+ v + 3)u] F'(u)
— [((n+v+2)/2)% + (k/2)*]F = 0.

The Schrédinger equation (2.6.3) has the following independent solutions (if 1 # —1):

E,,(k)(r) =sinh""r cosh' ™ r
- : 3, (2.6.4)
XoFi(n+v—1k+2)/2, (u+v+ik+2)/2,p+ o1 — sinh®r),
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E,.(k)(r) =sinh ™ rcosh' ™ r

1
X oF i ((—p+v—ik+1)/2, (—p+v+ik+1)/2, 5 M — sinh?7).
(2.6.5)

The asymptotic expansion of (2.6.4) at infinity is given, if ik is not an integer, by

D(p+ 3/2)T(ik)
Bu(k)(r) = F((p+v+ik+2)/2)T((n—v+ik+1)/2)
X o (n+v—ik+1)/2,(—p+v—ik+1)/2,1 —ik; —sinh™?7)
N D(p+3/2)T(—ik)
F((p+v—ik+2)/2)T((n—v —ik+1)/2)
X oy ((p+v+ik+1)/2, (—pu+ v+ ik +1)/2,1 +ik; — sinh > ),
(2.6.6)

coth”*! r sinh™ r

coth’*! rsinh=* p

recalling the definition of reflection coefficient for potential scattering (see for instance
Dyatlov-Zworski [12, §2.4]), we obtain (2.6.1).

The potential Vj, is smooth on R, the operator D? 4+ V4, can be decomposed
as the sum of the Dirichlet (H?) and Neumann (H2') extensions of D? + V;,. The
eigenfunctions of the spectral resolution of HYY are the Fy, (k) from (2.6.5) and a similar
asymptotic expansion at infinity to (2.6.6) gives the reflection coefficient s(H2). The
scattering coefficient s)7 (k) (2.6.2) is then the product s} (k)s(HY)(k).

The asymptotic properties of the eigenfunctions (2.6.4) and (2.6.5) determine the
discrete spectra. O
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Chapter 3

Review of scattering resonances

3.1 Scattering by compactly supported potentials

In this section we review briefly various notions of scattering theory in the simplest
setting of scattering by compactly supported potentials in dimension one, we refer the
reader to [12, Chapter 2] for a full introduction.

We consider the following operator:
P=D?+V(x), D,=i"'d, actingon L*(R),

Vel

comp

(R;R), suppV C [-R,R|, R>0.
Solutions of the stationary equation
(P=X)u=0

admit the following decomposition outside the support of V:

w(x) = uin(x) + Uout(x), x| > R,
where 4 '

uin(r) = b_e™, v < —R; up(r) =bye ™ >R,

corresponds to incoming waves: @+ g 2 0;

Uyt (2) = a_e™ & < —R; Uy (2) = are™, > R,

corresponds to outgoing waves: @ g 2 0.

The scattering matrix is defined by

S(A) : (ZJ — (Z+) DW=:3
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Figure 3.1: Resonances of scattering by a bump potential shown on the top. Resonances
are computed using splinepot.m [5].

It is well known that S(\) can be meromorphically continued to A € C — see [12, §2.4].
The poles of the scattering matrix are called scattering resonances.

Another way to define the resonances is using the resolvent of P = D? +V
Ry(\) := (D2 +V - X)"' LAR) — L*(R), Im\>0.

Ry ()\) extends meromorphically to A € C as a family of operators: L2 (R) — L2 (R),

comp

see [12, Theorem 2.2]. The resonances are defined as the poles of Ry (A). The multi-
plicity of a resonance \ is given by

m(A) = rank}{Rv(C) g,
A
where the integral is over a small circle enclosing no other poles than A.

One important property of resonances is that they capture the frequencies and rates
of decay of solutions of the wave equation

(O +Pu=0-+V(@)u=0 t>0 z€R,
u(0,7) =0, Owu(0,z) = ¢(x) € L% (R).

comp

(3.1.1)

The solution of (3.1.1) admits a resonance expansion — see [12, Theorem 2.9]. For
simplicity we assume all resonances \; of P are simple, i.e. m();) =1 (this is true for
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a generic potential V' by [33]), then for any A > 0, we have

u(t,z) = Z e*i’\jtuj(x) + Ea(t),

Im)\j>—A

where the sum is finite and u; are called resonant states satisfying (P — A;)u; = 0,
which can be calculated using residues of Ry (\) at A;:

uj(z) = —ie”™' Resyoy, (7 MRy (M) ).
The error term decays exponentially: for any L such that supp¢ C (=L, L),

||EA<t>||H2([—L,L]m) S Ce_At||g0”L2, for some C' = C(L,A)

3.2 Scattering by exponentially decaying
potentials

In this section we consider the Schrodinger operator
P:=—-A+V acting on L*(R"),
where V € L*(R";R) is exponentially decaying
IV (x)] < Ce?! for some C,~ > 0. (3.2.1)
We denote the resolvent of P by
Ry(N) =P - )= (-A+V -2 L= [* Im)>0.

To meromorphically continue Ry () to the lower half plane, we introduce the weighted
resolvent:

VVRy(AMVV i L = L? TmA >0,

where we take the usual branch for the square root such that «/—1 = +i. Following
Froese [15] and Gannot [19], we will show that the weighted resolvent can be mero-
morphically continued to the strip

{AeC:ImA > —v}. (3.2.2)

Resonances of P are the poles in this meromorphic continuation. In fact, one can show
that Res(P) are precisely equal to the poles of the scattering matrix, confirming that
our definition is consistent with the standard definition. We refer the reader to [15] for
a detailed presentation.
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Now we introduce the meromorphic continuation of vV’ RV()\)\/V from the upper
half plane to the strip (3.2.2) under the assumption (3.2.1). Denote by

Ro(\) == (—=A =\ LA(R™) — L*(R™), Im\>0
the free resolvent on R”. For Im A > 0, the resolvent equation
Ro(A) — Rv(A) = Rv(A)VRo(A) =0

implies
’ (I —VVRyMVV)I +VVR(MVV) = 1.

We recall that
[Ro( M)l 2222 = O(JIm A1),

thus for Im A sufficiently large, I + vV Ry(A\)V/V is invertible by a Neumann series
argument. Therefore

I —VVRyWVV = ([ +VVRMNVV)™L, ITmA> 1. (3.2.3)

In the following lemma, we show that the right side of (3.2.3) admits a meromorphic
continuation. Some bounds of the free resolvent with exponential weights are used in
the proof, we refer the reader to [19] for a complete treatment.

Lemma 1. For any a > 0 and v < 7,
A= (I +VVRMWVV)™, Rel>a, ImA> —/,
is a meromorphic family of operators on L?(R™) with poles of finite rank.

Proof. Choose ¢ € C*(R") satisfying p(z) = |z| for large |z|, it is well known that for
each ¢ > 0, the weighted resolvent:

e Ro(\)e~* : L2(R") — L*(R")

extends analytically across Re A > 0 to the strip Im A > —¢, see [19, §1] and references
given there. Moreover, Gannot [19, §1] proved that for any a,c,e > 0and o € N", |a| <
2 there exists C, = Cy(a, ¢, €) such that

1D (e™? Ry(A\)e ™) || 2re < ColA®17L, for ImA > —c+¢, Red >a.  (3.2.4)
In particular, for Re A > a and Im A > —+/,
A e V?Ry(N)e™ ¢
is an analytic family of operators L? — H?. Tt follows from (3.2.1) that

lim |\/V(z)e"¥@] =0

|z|—o0
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thus we have Ve’ : H?2 — L? is compact. Hence,
A s VI Ry AW = Ve #(e% Bo(A)e PIWTer

is an analytic family of compact operators L? — L? for ReA > a, ImA > —+.
Recalling that I + vV Ry(\)V/V is invertible for Im A > 1, then by Theorem 4,

A= (I +VVRMWVV) ™ L2 = L2

is a meromorphic family of operators in the same range of \. O

We shall identify the resonances \;, in the region Q — see (1.3.1), with the poles of
the meromorphic family of operators

Q35 A= ([ +VVRWVV) ™ L? - L2
with agreement of multiplicities. In view of Theorem 6, the multiplicity of resonance

A is given by

m(\) = — tr ]{ (I + VROV (VT R(OVT) dC,  (3.2.5)

27

where the integral is over a positively oriented circle enclosing A and containing no
poles other than A.

3.3 Black box scattering

In this section we will follow [12, §4] to introduce a general class of compactly sup-
ported self-adjoint perturbations of the Laplacian on R"™, which are called black box
Hamiltonians.

Let H be a complex separable Hilbert space with an orthogonal decomposition:
H =Hgr, ® L*(R"\ B(0, Ry)), (3.3.1)

where B(z, R) = {y € R" : |t —y| < R} and Ry is fixed. The corresponding orthogonal
projections will be denoted by

u +— u‘B(O,RO) and u — u‘R"\B(O,Rg),

or simply by the characteristic function 1, of the corresponding set L.

We now consider an unbounded self-adjoint operator

P:H — H with domain D(P). (3.3.2)
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Assume that

D(P)|zm\50,70) € H*(R™\ B(0, Ry)), (3.3.3)
and conversely, u € D(P) if u € H*(R™\ B(0, Ry)) and u vanishes near B(0, Ry);
1p(0,ry) (P +1)~" is compact. (3.34)
We also assume that,
Lrm\ B(0,Re) P = —A(ulrm\p(0,ry)),  for all u € D(P). (3.3.5)

It is well known that the resolvent (P — A*)~', Im A > 0, A* & Spec, o, (P), has a
meromorphic continuation to C when n is odd; to A = exp™!(C\ {0}) when n is even:
as an operator (P — A*)™!' : Heomp — Dioe, see [49, Theorem 1.1] and [12, Theorem
4.4]. However, we need to meromorphically continue (P —\?)~! as an operator between
some Banach spaces to apply Agmon’s method [1] and prove Theorem 3. For that we
define a weighted subspace of H for any large constant A > 0,

HE' = Hp, ® e W L2(R™\ B(0, Ry)), (3.3.6)
and a larger space containing H:

H = Hp, ® LR\ B(0, Ry)). (3.3.7)
The space Di*(P) is defined using (3.3.7),

D (P) :={u € H{: x € CR"), X|Bo,Ry) =1

= xu € D(P), A((1 - x)u) € H{}. (3.38)
We also denote the strips in C by
Ty:={ e C:Im\ > —A}, (3.3.9)
and a family of subsets of A by
Smi={AeA:—mm <arg\ <mm}, meN,, (3.3.10)
Ag:={deA:0<argh<m}U{Ne S |\ < A}
We are now ready to state the main result of this section:
Proposition 3.3.1. Suppose that P is a black box Hamiltonian. Then
R(\) = (P —X)"':H — D(P) is meromorphic for Tm X > 0. (3.3.11)
Moreover, when n is odd, the resolvent extends to a meromorphic family
R\ : HY — DMNP), NeTy. (3.3.12)

When n is even (3.3.12) holds with Ty replaced by Aa.
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The proof is the same as the one of [12, Theorem 4.4]. The only difference is that unlike
the free resolvent Ry(\) := (—=A — A?)~! mermorphically continued as an operator
between L2 (R™) and HZ_(R™) there, we have to show that

comp loc
A= Ro(\) e LA RY) — e L2 (R,
A= [A x]Ro(N) s e AFILA R — L2 (R™), Vy € C®(R"),

comp

(3.3.13)

are meromorphic in A € T4 when n is odd, A € A4 when n is even.

Denote by Ry(A, x,y) the Schwartz kernel of the free resolvent Ry(A), which can be
written in terms of the Hankel functions of the first kind:

_ _n=2
Ro(\, 2, 9) = cu A" 2(Az — y|)~ "2 Hgll(Aym—yy). (3.3.14)

We recall some well known facts about Ry(\, z,y) as follows, see for instance [12, §3.1]
for a detailed account. When n is odd, (3.3.14) admits a finite expansion:

Cn
Ro(\, z,y) = A"~ 2eMle—vl Z o _’y’ (3.3.15)

For x # y this form extends meromorphically to A € C. When n is even, using the
relation:

Ro(e" N\, z,y) — Ro(\, z,y) = cnl(—1)"7 R ]a: —y|~ * Q(Mx —y]), (3.3.16)

where J4(2) is the Bessel function, we see that Ro(\, x,y),  # y extends to A € A. In
view of (3.3.15), when n is odd we have the upper bounds for A € C:

C\)|z—y>™, |z —y] < A7

e . 3.3.17
COYe N\ — 5, o —y = L o)

[Ro(A, 2z, y)| < {

For n even, n # 2, the bounds (3.3.17) hold for —7 < arg A < 2. This follows from the

asymptotics of H 51)(7;), see also Galkowski-Smith [16] for more details. Using (3.3.16)
and the following formulas about J,(2):

1

ZN\d
~——(Z h Z
Ja(2) F(d+1)(2)’ as z — 0, when d € Z,
2 d
Ja(z) = — <cos (z — ; - %) +e|1mz(’)(|z|_1)) , as|z| = oo, |argz| < .

we can extend (3.3.17) to any A € A, arg A < —7 or arg A > 2

CA) |z —y*™, |z =yl < A7

3.3.18
OO eVl |\ — 55, g —y > L oY)

‘RU()U Z, y)‘ < {
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In the case that n = 2, |z — y|* " in (3.3.18) is replaced by —In |z — y| when |z —y| <
|IA|7'. Now we can conclude from (3.3.17) and (3.3.18) that for any (except possible
poles) A € Ty when n is odd, A € A4 when n is even,

sup [ ARz ldy, sup [ e A AV Ry, ) ds < o
n )

x n
Using the formula about derivatives of the Hankel functions

d m
—HD(2) = HY  (2) — =HDY
dZ m (Z) m—l(z) > m (Z)7

we can also conclude from the bounds (3.3.17) that

sup [ |[Ag, xJRo(A 2, y)|eWldy, sup [ [[As, x]Ro(A, 2, y)|eMldz < oo

€z ]R”l Y R”|

Hence (3.3.13) follows by the Schur test.

3.4 Long range perturbations of Laplacian

In this section, we introduce long range perturbations of —A. We modify the black box
formalism in §3.3 and follow [50] to assume that P is a dilation analytic perturbation
of —A near infinity. The black box formalism allows an abstract treatment of diverse
scattering problems without addressing the details of specific situations — see Examples
1-3 later in this section. We recall the setup as follows.

Let H be a complex separable Hilbert space with an orthogonal decomposition:
H =Hr, ® L*(R"\ B(0, Ry)),

where B(z,R) = {y € R" : |z — y| < R} and Ry is fixed. We consider an unbounded
self-adjoint operator P satisfying (3.3.2) — (3.3.4). We also assume that,

Lrm\B(0,R0) Pu = Q(U’Rn\B(O,RO)), for all u € D,

Q=-Y 0.,(¢"(2)d,,) +c(z), ¢ ccCRR).

jk=1

(3.4.1)

Here C;° denotes the space of C* functions with all derivatives bounded. Note that
if ¢ € C;°(R") is constant near B(0, Ry), then there is a natural way to define the
multiplication: H 3 u — Yu € H, and we have yu € D if u € D.
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We make the further assumptions on the coefficients of Q: ¢’%, ¢ are real-valued
functions on R"™ satisfying

" =g" Vi k1D P @)E&l = CEP
j,k=1

> PH @)+ clx) = &, |z — oo

jk=1

(3.4.2)

We will use the method of complex scaling — see §3.5 to define the resonances of P.
For that we follow [50] to make the following assumptions:

There exist 6y € [0,7/8], § > 0, and R > Ry, such that
the coefficients ¢’*(x), c(z) of Q extend analytically in z to
{sw:weC dist(w,S" ') < §, s€C, |s| >R, args € (=6,0)+6)}

and the second half of (3.4.2) remains valid in this larger set.

(3.4.3)

We define the resonances z; of P in C\e~2%[0, 00) as the eigenvalues of P on a suitable
contour in C", this set consists of the negative eigenvalues of P plus a discrete set in
the sector {z € C\ {0} : =26, < argz < 0}, see [49] and §3.5.

Example 1. Obstacle scattering. Suppose that O C B(0, Ry) is an open set
such that 0O is a smooth hypersurface in R™ and that R™ \ O is connected. Let
H = L*(R"\ O), and P = —A|gm\o on the exterior domain realized with any self-
adjoint boundary conditions on 0QO. For instance, the Dirichlet boundary condition

D= {uc H*R"\ O) : ulpo = 0}
or the Neumann/Robin boundary condition
D ={uec H*R"\ O) : d,u+ nulso = 0}

where 0, is the normal derivative with respect to 0O and 7 is a real-valued smooth
function on 0. Theorem 2 shows that the eigenvalues of P — icx? converge to the
resonances of P (the irrelevance of the missing iey(z)z? term comes from continuity
of resonances under compactly supported perturbations — see Stefanov [52]).

Example 2. Scattering on asymptotically Euclidean space. Let M be a real
analytic manifold which is diffeomorphic to R™ near infinity and equipped with a real
analytic metric g which is asymptotically Euclidean. More precisely, let g;; = d;; + hyj
be the metric tensor then we assume that h;;(x) extend analytically in x to

{sw:weC", dist(w,S" ') <6, s€C, |s| >R, args € (5,0, +6)}
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for some 6, € [0,7/8], § > 0, R > Ry, and that h;; — 0 in this larger set. We put P =
—A,, the Laplace-Beltrami operator with respect to the metric g, then all the black
box assumptions are satisfied. Suppose that y € C°(M; [0, 1]) is equal to 1 near some
compact set K and that M \ K is diffeomorphic to R™ \ B(0, Ry). Then the operator
—A, —ie(1 — x(x))z* has a discrete spectrum for ¢ > 0 and the eigenvalues converge
to the resonances of —A, uniformly on compact subsets of —260, < arg z < 37/2 + 26.

Example 3. Scattering on finite volume surfaces. This example was already
discussed in [65] but we will provide a complete proof in the black box setting. Consider
the modular surface

M = SLy(Z)\H?

(or any surfaces with cusps — see [12, §4.1, Example 3]) equipped with the Poincaré
metric g and Ay, < 0 the Laplacian on M. We choose the fundamental domain of
SLy(Z) to be

{r+iyeH*: || <1/2,2° +y* > 1}

then Ay in the cusp y > 1 is given by y*(92 + 7). Let 7 =logy, § = 27, then M in
(r,0) coordinates admits the following decomposition:

M = My UM, (My,g|a,) = ([0,00), x Sp, dr* + (2r) 2" ?"db?), S' = R/2nZ.
We recall the black box setup in this case from [12, §4.1, Example 3]. Let
H = Ho® L*([0,00),dr), Ho= L*(Mp) ®H,
where (with Z* :=7Z\ {0})

H) = {{an(r)}nez* ca, € L*(]0,0)), Z /000 lan (r)2dr < oo} )

nez*

We can identify L?(M) with H via the following isomorphism:

v L2(M) 3 u s (ulng, {e_r/Qun(T)}nEZ*ae_T/QUO(T)) €N,

1 .
up(r) = Py /S1 u(r, 0)e=™dl, r > 0.
Then P := —Ajy — 1/4 is a black box Hamiltonian on H which equals —9? on

L3([0,00), dr) — see [12, §4.1, Example 3|. In the language of Theorem 2 and in (z,y)
coordinates

1/2

P.= Ay —1/4 —ig(1 — x(y)(logy)* Ty, Hou(z,y) = / u(z',y) da'.

1/2
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where x € C°([0,00)), x(y) = 1 for y < 2 and x(y) = 0 for y > 3. The eigenvalues
of P. converge to the resonances of P uniformly on compact subsets of arg z > —7 /4.
Equivalently if we define

s(e) € X. <= s(e)(1 — s(e)) — 1/4 € Spec(F:),

then the limit points of ¥., ¢ — 0+, in Res < 1/2, arg(s — 1/2) # 117/8 are given by
the nontrivial zeros of ((2s) where ( is the Riemann zeta function — see [65, Example
2] and [12, §4.4 Example 3].

3.5 The method of complex scaling

In this section we review the method of complex scaling. Complex scaling has been a
standard technique in resonance theory since the works of Aguilar—-Combes [2], Balslev—
Combes [3] and Simon [48]. Here we follow rather closely the presentation in [50] since
our assumptions on the operator P is weaker than [49].

A smooth submanifold I' C C™ is said to be totally real if T,I' N iT,I" = {0} for
every x € I', where we identify T,.I" with a real subspace of T,,C" ~ C". We say that
I is maximally totally real if I is totally real and of maximal (real) dimension n, the
natural example is [' = R". Let I' C C" be smooth and of real dimension n, then
locally I" can be represented using real coordinates: R" 5 z +— f(z) € I'. Let f be an
almost analytic extension of f so that df vanishes to infinite order on R™. Let z € R™,
then since df(x) is complex linear, i Ty T = df (x)(iT,R"). Hence T is totally real in
a neighborhood of f(z) if and only if df(x) is injective, i.e. detdf(z) # 0.

Let €2 C C™ be an open neighborhood of I' such that I" is closed in €2, and let

1
A(z,D.) = Y au(2)DZ, D., := ~0., DI=Dg DI,

laj<m

be a differential operator on € with holomorphic coefficients. Define Ar : C>*(I') —
C>(T") by
where @ is an almost analytic extension of u, that is, a smooth extension of u to a

neighborhood of I" such that Ot vanishes to infinite order on I'. Ar is then a differential
operator on I' with smooth coefficients, and for the principal symbols we have

ar = a|r=r,

where a is the principal symbol of A.

We recall a deformation result from [49, Lemma 3.1]:
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Lemma 2. Suppose that W C R™ is open and that F: [0,1] x W > (s,2z) — F(s,x) €
C™, is a smooth proper map satisfying for all s € [0, 1]

det 0, F(s,z) #0, and x— F(s,x) is injective,

and assume that v € W\ K = F(s,x) = F(0,x) for some compact K C W.

Let A(z,D,) be a differential operator with holomorphic coefficients defined in a
neighborhood of F([0,1] x W) such that for 0 < s <1 and Iy := F({s} x W), Ar, is
elliptic.

If ug € C*(T'y) and Aryug extends to a holomorphic function in a neighborhood of
F([0,1] x W), then the same holds for uy.

The lemma will be applied to a family of deformations of R"™ in C". We aim to
restrict the operators P., € > 0, to the corresponding totally real submanifolds. For
given ag > 0 and Ry > Ry, we can construct a smooth function

[0,60] > [0,00) 3 (6,) = go(t) € C,

injective for every 6, with the following properties:

1. go(t) =t for 0 <t < Ry,

2. 0<arggy(t) <0, 0Ougo(t) #0,

3. argge(t) < arg drge(t) < arg go(t) + o,

4. go(t) = €t for t > Ty, where Ty depends only on o and R;.
We now define the totally real submanifolds, I'y, as images of R™ under the maps

fo R"szx=tw go(t)w € C", t = |z|.
Then a dilated operator Py can be defined as follows. Let
Hy = Hpr, ® L*(Ty \ B(0, Ry)), (3.5.2)

where B(0, Ry) denotes the real ball as before. If y € C>°(B(0, R;)) is equal to 1 near

B(0, Ry), we put
DQ = {u S H@ RS D7 (1 - X)'LL S H2(F0 \ B(Oa RO))}

Let Py be the unbounded operator Hy — Hy with domain Dy, given by

n

Pou := P(xu) + Qo((1 = x)u),  Qo:=— Y (0:,(¢"(2)0:) + (), (3.5.3)

k=1
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These definitions do not depend on the choice of y.
We recall some properties of the dilated Laplacian from [49, §3]. Let

Ay = (A)|r,, o := 2|r,.
Parametrizing [y by [0,00) x S"™! 3 (t,w) — ga(t)w, we obtain
— D = (g5(t) " D1)* —i(n — 1)(go(t)g5(t) " Di + go(t) D, (3.5.4)

where Dy = —id; and D? = —Agn-1. If w*? denotes the principal symbol of D? and we
let 7 be the dual variable of £, then the principal symbol of —Ay is

o(=9) = Gh() 7% + go(t) 2,

so pointwise on I'y, —Ay is elliptic and the principal symbol takes values in an angle of
size < 2ayp, while globally, o(—Ay) takes values in the sector —20 — 2y < argz < 0.
The basic result based on ellipticity at infinity is

20+ <argz<2mr—20—90, |z|]>0 =

L . (3.5.5)
(=g —2)7" = 05(]2]"=) : L*(Ty) — H'(Ty), j =0,1,2.

This follows from [49, Lemmas 3.2-3.5 and §4] applied with P = —A.

Py, as a perturbation of —Ay, is also elliptic — see [50, §5]. More precisely, choosing
R, large enough, it follows from the assumptions (3.4.2) and (3.4.3) that

In Ty \ B(0, Ry), Py is an elliptic differential operator whose principal
symbol pointwise on I'y takes its values in an angle of size < 3ay, (3.5.6)

and globally in a sector —20 — 3 < arg z < «p.

The coefficients of Py — e 2?(—A) tend to zero when I'y > z — o0, (3.5.7)
where we identify 'y and R”, by means of fj. o

We recall some basic results about Py from [50, §5]:

Lemma 3. If z € C\ {0}, argz # —26, then Py — z : Dy — Hy is a Fredholm operator
of index 0. In particular the spectrum of Py in C\ e %?(0,00) is discrete.

Proof. The first part of the lemma is the same as Lemma 7.3 in the lecture notes by
Sjostrand [51], the corresponding proof can be found there. It remains to show that
Py has a discrete spectrum in C \ e=2?[0, 00). For that, let 2o =4L, L > 1, we put

E(z0) = x1(P — 20) "'x1 + (1 — x0) (=8¢ — 20) (1 — x1), (3.5.8)
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where x; € C°(B(0, Ry)) is equal to 1 near supp xo and xo = 1 on B(0, Ry — 0), for
some 0 > 0 small. Then we have
(7)9 — Zo)E(Z()) =1 + K(Zo) + Kl(ZQ),
where . . .
K(z0) = [P, xa](P — 20) ™ X1 4 [Ag, xo] (A — 20) (1 — x1),
Ki(20) = (Ps — (=04)) (1 = x0) (=8 — 20) ' (1 = x1)-
Choosing R; sufficiently large, we may assume by (3.5.5) and (3.5.7) that
”KI(Z0>||7‘[9—>7‘19 S 1/2, VZO = ZL, L Z 1.
Then we get
(739 - Z())E(Zo)<] + Kl(Zo))_l =1 + K(Z())(I -+ Kl(Z()))_l.
It follows from (3.5.5) that K (iL) = O(L™Y2) : Hy — Hy, then for 2o = iL, L>> 1,
1K (20) (1 + K1(20)) " 220 < 1/2,
thus Py — 29 has a right inverse:
E(20)(I + K1(20)) " (I + K (20)(I + K1(2))™ "),

which implies that Py — z is surjective. Since Py — 2 is a Fredholm operator of index
0, it must also be injective. Hence by the inverse mapping theorem, Py — z; is invertible
and we have

(Py— 20) "' = B(20)(I + K1(20)) " (I + K(20)(I + K1(20))" ") (3.5.9)
Theorem 4 then shows that Py has a discrete spectrum. O
Lemma 4. Assume that 0 < 6, < 0y < 0y and let zy € C\ e 211%21[0, 00). Then

dim ker(Py, — 29) = dim ker(Py, — 2o).

This is identical to [49, Lemma 3.4] and the proof is the same as there using Lemma
2.

Lemma 4 shows that the spectrum in the sector —260, < arg z < 0 is independent
of # in the following sense: We say that z € C\ {0}, =26, < argz < 0 is a resonance
for P if and only if z € Spec(Py) with —20 < argz < 0 for some 6 € (0, 6y]. For such
a resonance z € e~ 2190, 00), the spectral projection

1

Iy (20) = 2—7”}1{ (z —Py) tdz, (3.5.10)

where the integral is over a positively oriented circle enclosing zy and containing no
resonances other than zg, is of finite rank. The restriction of Py — 2o to RanIly(2) is

nilpotent. If 6 € [0, 6] is a second number with z, € e=21%9 (0, 00), then since Lemma
4 can be extended to dim ker(Pp — zp)* = dim ker(P; — 20)" for all k, ITy(z) and IT;(z0)
have the same rank, which by definition is the multiplicity of the resonance zj:

m(zp) := rankIIp(zp), —260 < argzy <0. (3.5.11)
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3.6 Agmon’s perturbation theory of resonances

In this section we adapt Agmon’s perturbation theory of resonances [1] to study res-
onances in obstacle scattering, in which resonances are realized as eigenvalues of a
non-self-adjoint operator on an abstractly constructed Banach space. We remark that
the method of complex scaling is also capable of characterizing resonances in C in
odd dimensions and resonances in the logarithmic plane A in even dimensions with
small argument, but Agmon’s method allows us to prove the generic simplicity of all
resonances in the whole A in even dimensions.

Let O C R™ be an obstacle and Ay be the corresponding self-adjoint Dirichlet
Laplacian on R™ \ O, see §1.3.3 for the definitions. We note that —Ae is a black box
Hamiltonian reviewed in §3.3, whose resolvent admits a meromorphic continuation by
Proposition 3.3.1. More precisely, for any obstacle O and constant A > 0 let

By = e AFILAR™\ 0), B :=ePIL2R"\ 0),
the resolvent of —Ap extends to a meromorphic family
(—Ap — A1 By — Di(O) C B, A€ T, whennodd, A € Ay when n even,
where D;(O) is the same as (3.3.8) except that By replaces H; there:
D1(0) = {u € BN HE(R"\ O) : ulpo =0, Au € By}, (3.6.1)

and T4, Ay are given by (3.3.9), (3.3.10). The poles in this meromorphic continuation
are called scattering resonances for the obstacle O.

We recall the following facts from [12, Theorem 4.19] (for n odd) and Christiansen
[7, §6] (for n even) that:

0 is not a resonance when n is odd;
(3.6.2)

0 is not a limit point of resonances when n is even.
Therefore, resonances lie in T4 \ i[0, 00) when n is odd. We consider the map:
Ta\i[0,00) 2 A =re s 2 =12 = N2 € A,
which is invertible. Throughout this section, we will replace parameter A by z with

z = A? defined above. We introduce the image of T4 \ i[0, 00) or A4 under this map:

(3.6.3)

D. N eA:NeTy\{0}, - <arg) < I} when n is odd;
o {z:0<argz <2n}U{z € Sya) : 2] <A’} when n is even.

We write the resolvent of Ay as follows:

R(z) == (~Ao —2)"': By — B, z¢€ Dy,
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which is a meromorphic family by Proposition 3.3.1. We denote by Res(O), the poles
of R(z), 2 € D, which is also the image of the resonances under the map A — z = \%.

We note that —Aep as an operator acting on B; is closable. Denote by P; the
closure of —Ap in By, by (3.6.1) we have

Pl =—A": Bl — Bl with domain Dl(O) (364)

Let us take B = L*(R*\ O), D = {z € C : Imz > 0}. Then one can check that
P := —Ap satisfies the abstract hypotheses of Agmon’s theory:

Hypothesis 3.6.1. (i) P is a closed, densely defined operator acting in some Ba-
nach space B;

(ii) The resolvent (P —z)~! is a meromorphic family of operators in L(B) for z € D;
(11i) There are two reflexive Banach spaces By and By such that By C B C By;

(iv) P as an operator on By is closable, and denoting the closure of P in By by P,
the resolvent (P; — 2)~! exists for some z € D as an operator in L(By);

(v) The resolvent (P — z)~' admits a meromorphic continuation from D to D, as an
operator in L(By, By).

(iv) can be seen from the following calculation

2Ax'v_(n—1)A

] 2]

e All(—A — 2)edlel = —A — — A% — 2,

which is invertible as an operator from D(Ap) to L*(R™\ O) for z € D, Im z > A?.

Now we fix a resonance zy € Res(O) C D, zp # 0 then choose ¥, a bounded
domain containing zy, with a C'! boundary T, satisfying

(i) X C Dy (i) TNRes(O) =0; (id) XN D # 0. (3.6.5)

Having chosen ¥ we denote by Br, the subspace of By consisting of elements f, ad-
mitting a representation of the form:

F=g+ [ROWOG, g€ B ¢ e CT:By), (3.6:6)
r
We recall [1] that Br is a Banach space with the norm

£ llze = inf(llgllz + lielew;en) (3.6.7)
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where the infimum is taken over all ¢ € By and ¢ € C(T'; By) which verify (3.6.6).
Then By C Br C B; are continuous inclusions. Agmon [1] also introduced a linear
operator Rr(z) on Br associated to any z € ¥\ Res(O),

Re(2)f == R(2)g + / (€~ 2) M (RC) - R(2))p(Q)dC. (3.6.8)

r

where f € Bris given by (3.6.6). Under Hypothesis 3.6.1, Agmon [1] showed that Rr(z)
is a well-defined operator in £(Br), which is actually the resolvent of an operator Pr
acting on Br:

Rr(z) = (Pr—2)' for z€ ¥\ Res(O), (3.6.9)

where Pr is closed linear operator in Br defined as follows:
D(Pp) = Ran RF<U)0), PFU = WU + f (3610)

for w = Rp(wo)f € D(Pr), f € Br. Here wy is a fixed point in ¥ N D. Moreover, P
extends Pr in the sense that

D(PF) C Dl(O), Pru= Pu for u € D(Pp), (3611)
where D(Pr) C D;(0O) is continuous if they are equipped with the graph norms:
lullpepry = llullse + [Prullse;  lullpio) = llulls, + [|Aulls,.
We recall from [1] the following properties that relate Pr to —Ap:

Proposition 3.6.2. Pr has a discrete spectrum in X, given by Res(O) N'X.  Fur-
thermore, let zp € Res(O) N'X be an eigenvalue of Pr, Er(zy) denote the generalized
eigenspace of Pr at zy, then

éxin) = ( # - orac ) () = / RIS ) (Bo) (36.12)

where the integral is over a circle containing no other resonance than zy. In particular,
the multiplicity of zo € Spec(Pr) satisfies

mr(20) = dim Er(20) = mo(Xo), with 2o = A5, (3.6.13)

Let us turn to the perturbation theory for resonances. Let 2 be an open neighbor-
hood of the origin in C. We assume the following:

Hypothesis 3.6.3. There ezists a family of linear operators V(t) : D1(O) — By,
t € Q, with V(0) =0, such that

1 |[V(t)ullB, = O)||ullp, 0y, Yu € Di(O) as 2>t — 0;
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2. Q3 t— V(t)u is an analytic By-valued function, for any u € D1(O).

Then we consider a family of operators on Br:
Pr(t) = Pr+V(t), with domain D(Pr(t)) := D(Pr). (3.6.14)

Since Pr is closed, it follows from the bound in Hypothesis 3.6.3 and a well-known result
by Kato [32] that Pr(t) is also closed in Br provided |¢| sufficiently small. Shrinking
Q) if necessary, we assume from now on that Pr(t) is a closed operator for all ¢t € Q,
then we can apply analytic perturbation theory to the eigenvalues of Pr(t) — see [32,
Chapter VII, §1] for a full treatment.

Fixing a resonance zy € Res(O) N X, we choose X' € ¥ with z5 € ¥/, 2 is also an
eigenvalue of Pr by Proposition 3.6.2. We recall the following perturbation result from
[1, Theorem 7.4]:

Proposition 3.6.4. There exists an open neighborhood of 0 € C, Q¢ C 2, such that
(i) for each t € Qy, Pr(t) has a discrete spectrum in 3';

(ii) the spectrum of Pr(t) depends analytically on t in the following sense: for each
t € Qq, there exist a polynomial q (%), of degree independent of t, with coefficients
analytic in t, such that the zeros of qi (z) in ¥/ coincide with the eigenvalues of
Pr(t) in X', with agreement of multiplicities.

Shrinking € if necessary, we may assume by Hypothesis 3.6.3 that
R(z,t) = (—Ap + V(t) — 2)" " : By — D, (0)

exists for Imz > ¢ > 0 for all £ € Qy. It was shown in [1, Theorem 7.5] that for any
t € Qo, R(z,t) admits a meromorphic continuation with poles of finite rank to z € ¥
given by

R(z,t)f = (Pr(t) —2)"'f, VfE€ By, z€X\ Spec(Pr(t)).

The connection between the poles of z — R(z,t) and the eigenvalues of Pr(t) was
established in [1, Theorem 7.7], which shows that these two discrete sets are identical,
more precisely, the multiplicity of z; as an eigenvalue of Pr(t) equals its rank as a pole
of R(z,t). This correspondence and Proposition 3.6.4 yield the following perturbation
result for resonances — see [1, Proposition 8.1]:

Proposition 3.6.5. Suppose that the multiplicity of resonance zy equals m. Let K C
' be any disc centered at zy containing no other resonances. Then there exists a
neighborhood of 0 € C, Qf C Qq, such that for any t € €Y,

(i) The total rank of the poles of R(z,t) in K is equal to m.
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(11) Denote by z1(t), ..., z,(t) the poles of R(z,t) in K, each repeated with respect to
its rank. Then z;(t) = 29 ast =0, j=1,...,m.

(iii) The average 2(t) :=m~' 31", 2(t) is an analytic function of t in €.
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Chapter 4

Boundary perturbation in obstacle
scattering

4.1 Deformation of obstacle

In this section we study the deformation of obstacle and the corresponding deformed
Dirichlet Laplacian. To describe the deformation of obstacle, we follow Pereira [42]
and introduce a set of C*-smooth mappings (k > 2) which deforms the obstacle O:

. (4.1.1)

and ®(x) =z, V|z| > R, for some R > 0.

DIff(0) — {CID c C*(R™;R") is a C*-diffeomorphism : ®(90) = afb((’)),}

For every ® € Diff(0), ®(O) is a deformed obstacle satisfying all the requirements
in §1.3.3, thus we can define the Dirichlet Laplacian Ag). We conjugate Ago) by
the pullback ®*. This will transform the deformed domain R" \ ®(O) to the original
one. As a result, the variation is transferred to the coefficients of the newly-defined
differential operator. For O, an obstacle, and ® € Diff (O) given in (4.1.1), the pullback
®* is a bounded operator from L?(R"\ ®(0)) to L*(R™\ O), which is invertible with
the inverse (®7!)*. In view of (1.3.2), the restricted map ®* : D(Ag)) — D(Ao)
is also invertible with the inverse (®~1)*, since ®* preserves the Dirichlet boundary
condition. Hence we can define the deformed operator A% of Ay associated to the
deformation ®:

Ag = D" Agp0)(®7")* : L*(R"\ O) — L*(R"\ O), with domain D(Ap). (4.1.2)
Let J¢ () denote [D®(2)~"];;, by a direct calculation we have

AN =D TLTO, Y (02,0 T3 T 0.,

D YT,
ijl ijfmq
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where ®™(z) is the m-th component of ®(z) = (®(x), -+, ®"(z)). Now we define

Vi=A—QA@) = ay(2)d2, + Y bi(x)0a,,
J

7:7‘7.

- o (4.1.3)
where ay; =06, — > JETY, bj=—> (02, @) 3 Ty,
y4 imq
then by (4.1.1) we obtain that for all 1 <i,7 <mn,
ai; € CETYR™), b € CE2(R™),  lagjlloo, [1bjlloe < C[|® —id | c2. (4.1.4)

We note that —Ag ) is a self-adjoint black box Hamiltonian, whose resolvent admits
a meromorphic continuation by Proposition 3.3.1. More precisely,

(=Ago) — AL e LR\ ©(0)) — D1 (2(0)),

is a meromorphic family of operators for A € C when n is odd, A € A when n is even.
Here D;(®(0)) is defined as in (3.6.1). Since ®* gives isomorphisms between

o*

Dy(®(0)) = Dy(0), LR\ 9(0)) = eI L2(R"\ O)

respectively, it follows from (4.1.2) that the resolvent of —A$ also has a meromorphic
continuation given by

(—AG = A =" (—Apo) — A*) @) = &* Ra(0)(A)(@71)7, (4.1.5)
whose poles, denoted by Res(—A®), coincide, with agreement of multiplicities, with
the resonances of (0).

4.2 Agmon’s theory and boundary perturbation

In this section we consider Agmon’s theory for the deformed operators —A%. It follows
from (4.1.2) and (4.1.3) that —A is also closable on B; with the closure

P? = ®*(-A)(® )" =-A+V:B — B with domain D;(0). (4.2.1)

Thus —A® also satisfies the abstract hypotheses of Agmon’s theory reviewed in §3.6.

For a fixed domain ¥ with boundary I' satisfying (3.6.5), by Proposition 3.3.1 we
can assume that

sup || R(C) | 2(Bo,pr(0)) < Cr  for some constant Cr > 0, (4.2.2)
¢er
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where D;(0) is equipped with the graph norm:
[ullp, ) = llulls, + | Aulls,.

Since V' defined in (4.1.3) is a second order differential operator with compactly sup-
ported coefficients, it can be viewed as an operator in L(D;(0), By) satisfying

IViz@i0).80) < Cl|® —id]|c2, (4.2.3)
there exists dor > 0 sufficiently small such that for all ( € T,
@ —id lez < b —> VRO llecoom) < 1/2 (4.2.4)

which guarantees that I+VR(() : By — By is invertible by a Neumann series argument.
Thus we have

Ro(Q) = (=A% — ) = RO+ VR()™, (el (4.2.5)

which can be justified first for ¢ near ' {z : 0 < Im z < 7} and then by meromorphic
continuation. In particular, T' N Res(—A%) = 0. Hence for the same domain ¥ with
boundary I', we can define Br ¢, Rr¢ and Pr g for the deformed operator —A%, as in
(3.6.6), (3.6.8) and (3.6.10) with R(() replaced by Re(().

Now we explore the relationships between Br g, Rre, Pre and Br, Ry, Pr. As-
suming that ||® —id||c2 < dor, by (4.2.5) we have for any f € Br,

f=g+ / R(Q)e(Q)dC = g + / Ra(O)(I + VR(O)p(C)dC.

Since (I + VR(C))p(¢) € C(T'; By), f € Br.o thus we have Br C Brg. Furthermore,
(4.2.4) implies that

3
gllzo + 17+ VR @(Ollemssy = 5915 + [[@llews),

by taking the infimum as in (3.6.7), we obtain that || f||z., < 3/2|f[/s,. Similarly,
for f € Br.¢ we have

—g+/7z¢ dc—g+/R (I + VR(O) " (C)dC € By,

and again by (4.2.4) we can deduce that || f||z. < 2||f[/5;,- Therefore,

Bn@ = BF, || : ||BF,<1> and ” : ||Br are equivalent, if ||<I) —id ||CZ < (51". (426)
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Henceforth, we identify B¢ with Br. Suppose that f = g+ [ Ra(¢)e(¢)d( € Br,
then for wy chosen in (3.6.10), in view of (3.6.8) and (4.2.5) we have

Rio(wo) f = Ra(wo)g + / (€ — w0) " (Ra(C) — Ra(w0))p(C)dC

r

= R(wo)g1 + /(C —wo) " (R(C) — R(wo))1(¢)dC,

r

where ©1(¢) := (I + VR(C)) tp(¢) € C(T; By) and

o= (4 VRQug) g+ [ THRE S U VR0 e g,

r ¢ — wo

Thus Rre(wo)f = Rr(wo)fi for fi := g1 + [ R(Q)¢1(¢)d¢ € Br, which implies that
Ran Rr ¢(wy) C Ran Rr(wp). We can also derive that Ran Rp(wy) C Ran Rp ¢(w) by
similar arguments. Therefore, recalling (3.6.10) we obtain that

D(Ppycp) := Ran Rncp(wo) = Ran Rp(wo) = D(Pp)

We recall [1] that P extends Pr g as in (3.6.11), then for any u € D(Pr), (4.2.1) and
(3.6.11) imply that

Prou = qu’u =Pu+Vu=Pru+Vu (4.2.7)
Hence Pr ¢ and Pr are related as follows
Pro =Pr+V :Br — Br with domain D(F). (4.2.8)
Now we substitute Pr by Pr ¢ in Proposition 3.6.2 and recall (4.1.5) to conclude:

) and suppose that

(4.
Proposition 4.2.1. Let ¥ with boundary I' be chosen as in (3.6.5
(4.2.4), then Pro has a

¢ € Diff(O) satisfies |® — id ||z < dr for some or > 0 in
discrete spectrum in %, given by Res(®(O)) N X.

Furthermore, let z € Res(®(O))NXE be an eigenvalue of Pr g, denote by Ero(2) the
generalized eigenspace of Prg at z, then

Erae)i= (e = 07 ) (B = ( fRo0c) (B0) (129

z

where the integral is over a circle containing no other resonance than z. In particular,
the multiplicity of =z € Spec Pr ¢ satisfies

mr.e(2) == dim&rp(2) = ma@©)(A), with z = \*. (4.2.10)
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4.3 Generic simplicity of resonances in obstacle
scattering

We will follow the strategy of [33] and [6] in the case of potential perturbations to
prove Theorem 3. However we have to overcome the additional difficulties produced
by boundary perturbations using the results obtained in §4.1 and §4.2. For simplicity
we identify C \ i[0,00) with {\ € A : —=37/2 < arg A\ < 7/2} when n is odd. Let X
be the class of obstacles diffeomorphic to a fixed obstacle Oy — see (1.3.3), that is for
some k > 2,

X = {(I)(Oo) NS DIH(OQ)},

with Diff(Qg) defined by (4.1.1). We introduce a topology in this set by defining a
sub-basis of the neighborhoods of any O € X by

V.(0) :={®(0) : ® € Diff(O), || —id ||+ < & with e sufficiently small}.
For any 61,60, € R and r > 1, we define

Spro, =ANE N0 <arg X <0y, 1/r <|A <7},

(4.3.1)
By 6, ={0 € X :mo(\) <1, VA€ Sy 4.}

To prove Theorem 3 it suffices to show that for each 61,60y and r, Ey 4, is open and
dense in X, since we can then obtain the generic set X by taking

X = ﬂ m EN when n is even; X := ﬂ EYN,, . when n is odd.
N=1

—mm,mm 7"}%
m=1N=1

We proceed the proof of Theorem 3 in steps:

Proof of Theorem 3. Step 1. As in §3.6, for O € X we write Res(O) for the image
of resonances under the map A — z = A2, and for any z the multiplicity is given by
mo(z) := mo(\) provided z = A2, Then

Eg 9, = {0eX mp(z) <1, Vze 55517292}.

In view of (3.6.3), we can choose A > 0 large enough, such that 55;1,292 € D, (whenn
is odd, we only need to check for ¢, = —37/2, 85 = 7/2). Suppose that there is exactly
one resonance zg in B(zg,20) C 55517292, where B(zp, ) denotes the disc in C centered
at zo with radius r. For 2 := B(zg,d) we then define

Mo () = —% [ (80— 070 mo(@) = rankTlo(©). (4.3.2)
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Now we choose a bounded domain ¥ containing B(zg,2d) with boundary I' satisfying
(3.6.5). We also assume that ¥ & 55;1’292. By Proposition 3.6.2, elements in Res(O)
coincide with the eigenvalues of Pr in X. In view of (3.6.13), we have the relationship:

() = —% [ (P = 071G, then mr() 1= rankTIp(©) = mo(@). (4.33)

Let U-(O) be a set of deformations defined for small € > 0,
U(O) :={D € DiIff(O) : [|® —id ||cr < €}.

Assuming that ¢ < or for constant dr given in (4.2.4), then for every ® € U.(O)
Proposition 4.2.1 implies that

My o (Q) = —% [ (P =076, mra() = rankIr () = mao)(©). (13.4)

We recall (4.2.8) that Pr¢ = Pr + V with V defined in (4.1.3), then by (4.2.3) we
obtain that if ¢ is sufficiently small, then for ¢ € 9Q and ¢ € U.(O),
(Pro—¢) ' = (- "I+ V(P - )™

and supyegq [|[(Pro — €)' — (Pr — () 'lBr=Br < C(Q)e. Then we can derive that
IIr(©2) and Ip ¢(€2) have the same rank for any ® € U.(O) if ¢ is sufficiently small. We
restate this as follows:

ma(0)(€2) is constant for & € U.(O) if ¢ is sufficiently small. (4.3.5)

Hence O € Ej implies that {®(O) : & € U.(O)} C Ej for some ¢ sufficiently small, in
other words, £ is an open subset of X.

Step 2. It remains to show that Ej is dense in X, which is equivalent to:
VO € X ande >0, I €U (O) such that ®(O) € Ej. (4.3.6)

Since the number of resonances for the obstacle O in Sy, 4, is finite, it is enough to prove
a local statement as it can be applied successively to obtain (4.3.6) (once a resonance
is simple it stays simple under small deformations due to (4.3.5)). We will define Q2 for
any given O and zy € Res(Q) as in Step 1, thus to obtain (4.3.6) it suffices to prove
that for

VO e X, zp €Res(O) and e >0, IPclU.(O) st. mooy(2) <1, VzeQ (4.3.7)

To establish (4.3.7) we proceed by induction. We note that for each O € X, z, €
Res(O), one of the following cases has to occur:

Ve>0, dde Z/[E(O) st. 1< TThp(@)(Z) < M¢(@)(Q), VzeQ, (438)
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or
Je >0, st. VO eU(0), Iz = 2(P) € Q, ma©)(2) = ma)(2) > 1. (4.3.9)

The first possibility means that by applying an arbitrarily small deformation ® to O
we can obtain at least two distinct resonances for ®(QO) in Q. The second possibility
means that under any small deformations the maximal multiplicity persists.

Step 3. Assuming (4.3.8) we can prove (4.3.7) by induction on me(zp). If me(29) =1
there is nothing to prove. Assuming that we proved (4.3.7) in the case mo(zy) < M,
we now assume that me(zp) = M. We note that for any ®; € Diff(O) and ¢, €
Diff(®1(0)), there exists C' = C'(k,n) such that

@20 @1 —id [|ox < C(||P2 —id [|or + || @1 —id [|cr).

In view of (4.3.8) we can find ®, € Diff(O) with [|®¢ — id ||cx < &/(2C)M such that
Mao0)(2) = mo () (using (4.3.5)) and that all resonances in €2, denoted by 21, - -, 2,
satisfy ma,(0)(2;) < M. We now find r; such that

B(Zj, 27“j) C Q, {Z]} = B(Zj, 27“j) N RGS(CI)O(O))a B(Zj, 27”j> N B(ZZ, 27’}) = @

We put §; := B(z;,r;) and apply (4.3.7) successively to ®;_j0---0®(0), j=1,...,¢
with ||®; —id ||cr < €/(2C) 177 (by (4.3.5) we can assume that @, is sufficiently close
to the identity map such that resonances in g, - -+, €2;_; that are already simple stay

simple while total multiplicities in ;41,---, €, are invariant). Then we obtain the
desired ® = ®ypo0--- 0 Oy € U.(O) since (note that £ < M)

€ ¢ €
<e.
(201 +C (20)M = <

¢
[®p0-- 0P —idce < Y CHT
j=1
Step 4. It remains to show (4.3.9) is impossible. For that, we shall argue by contra-
diction. Suppose that there exist an obstacle O € X and a resonance z, € ) with
some disc §2 = B(zp, ) containing no other resonances, such that (4.3.9) holds. In fact
we may assume further that O has C*°-boundary since we can deform O to a smooth
obstacle O through some ® € Diff(O) with ||® —id ||c+ < ¢, decreasing ¢ if necessary,
then (4.3.9) still holds with O and %, = z(®) replacing O and 2. Hence we assume in
the following that O is a smooth obstacle.

Let M = me(€2). Suppose that 3 and I" are chosen as in Step 1. Using (4.3.3) and
(4.3.4) we obtain an equivalent statement to (4.3.9):

de >0, st. VO elU.(O), Tz=2(P) € Q, mro(z) = mre() > 1. (4.3.10)
For ® € U.(O), we define
q(®) :=min{q € N: (Pro — 2(P))IIr o(92) = 0},
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then 1 < ¢(®) < M. It follows from (4.2.8) and (4.1.3) that if ||®; — ®||cenr — 0 and
(Pro, — 2(®;))re,(2) =0, then (Prg — 2(®))re(2) = 0. We now define

qo := max{q(®) : & € U./»(0)},

and assume that the maximum is attained at ®¢ i.e. q(®g) = qo, then there exists
¢’ > 0 such that
”(I) — (I)()”C2M < €I — Q(q)) = (qo-

Therefore, we can choose afi)o € Diff(0) that is in C=(R™; R") with ||®y — o < €.
Replacing O in (4.3.10) by ®¢(O) and decreasing € such that ¢ < £’, we assume in the
following that

V@ € Diff(0), || —id ||cenr <&, F2(P) and 1 < gy < M such that
mre(2(®)) = rank Il () = M > 1, (4.3.11)
(Pr,cp — Z((D))qoﬂnq)(Q) = 0, (an;. — Z((I)))qo_lnn.:p(@) 7& 0.

Zo Pt

Figure 4.1: Deformation ¢! in Diff(O) acting near a fixed point on O, which is used
in Step 5 of the proof of Theorem 3.

Step 5. Before proving (4.3.11) is impossible we introduce a family of deformations in
Diff(O) acting near a point on 0. For any fixed zo € 00O, we consider the normal
coordinates near g, that is there is some U = Bgn (20, 2r9) such that for each x € U
there exist unique (2/,z,) € 00 x R with z = 2’ + z,,v(2’), where v(2’) is the normal
vector at x’ pointing to the interior of O. Let p € C°(R;[0,1]) be a bump function
such that p(0) = 1 and supp p C (—7r¢, 7). Fixing hy > 0 small, we choose a family of
functions y;, € C>*(00; [0, 00)) depending continuously in h € (0, ho] such that

/ xn(x')dS(z') =1, supp xn C Bao(xo,h) CU, Vh e (0,h, (4.3.12)
00
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where Byo(xg,h) is a geodesic ball on 0O with center xy and radius h. For each
h € (0, hy], we construct a smooth vector field V;, € C°(R"™; R") as follows

Vi(z) = xu(2)p(xn)v(2)), for =2’ + x,v(2’) € U,

4.3.13
and Vj,(x) =0 for all x € R" \ U. ( )

Then we introduce a family of smooth deformations produced by V},:
Ol € C*(R™RY), ol'(z) =+ tVy(x). (4.3.14)

It follows from (4.3.13) that for every h € (0, ho| there is ¢ty = to(h) < 1 such that
Vt e (~to,t0), f € Diff(0), [y —id|lcam <e.

Step 6. To show that (4.3.11) is impossible we first assume the case go > 1. We recall

CE(R"\ O) == {f € C*(R") : supp f C R"\ O}

then RanIIp(Q) = Mp(Q)(C®(R™ \ O)) since () is finite rank and C°(R" \ O) is
dense in By. Thus by (4.3.11) we can find w € C°(R™ \ O) such that

u = (Pr— 20)° Mp(Q)w # 0, here 25 = z(id). (4.3.15)

Fixing zo € 90 and h € (0, ho|, we define ¢! as in Step 5 and write &, := ¢},
t € (—to,to). If we set

u(t) = (B 0(t), v(t) = (Pra, — 2())™ Tre,(Qw, 2(t) = 2(®,).  (4.3.16)
Then by (4.3.11) we have for any
Vit e (—to, to), mre,(2(t) =rankllre, () = M, (Pre, — 2(t))v(t) =0. (4.3.17)
Recalling (4.2.1) and (4.2.7), we obtain the equation for u(t):
(A — z(t)u(t) =0 on R"\ &,(0), (4.3.18)

in the sense of L? . functions.

We next aim to show that z(t) is differentiable at 0. For that we extend (4.3.14) to
o, € C*(R",C"), t € C:
Py (z) ==+ tVy(z), teC

We set t; = t;(h) sufficiently small such that for all [t| < ¢; and z € R", D®(z) = I +
tDVj,(x) is invertible. Denoting by Jg () = [D®(x)~'];;, ®}"(x) the m-th component
of ®;(x), we replace ® by ®; in (4.1.3) to define

V(t> = Z aij (ta x)a’ia:] + Z bj<t7 x)azﬂ
i,j J
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where a; = ZJ“ Tho bi== (02,07 T4 Tg Ty

ilmq
Repeating the calculation that yields (4.1.4), we also have for some C' = C(h) > 0,

aij(t,-), bj(t,) € CORY),  llay(t, oo, [105(2 ) lloo < CE]-

It follows that V(t), |t| < t; satisfies Hypothesis 3.6.3. For t € C, |t| < t1, we follow
(3.6.14) to define

Pr(t) = Pr+V(t), with domain D(Pr(t)) := D(FPr).

Recalling Propositions 3.6.4 and 3.6.5, decreasing t, if necessary, for any t € C, |t| < to,
Pr(t) has a discrete spectrum in some neighborhood K of zy and the total multiplicity
of the eigenvalues of Pr(t) in K equals M. Moreover, if we denote by z;(t),. ..,z (%)
the eigenvalues of Pr(t) in K, repeated with multiplicity, then 2(t) = M ! Z]Ail 2;(t)
is an analytic function in t € C, |t| < t5. On the other hand, if we consider real ¢,
t € (—to,to), then (4.1.3) and (4.2.8) imply that

Pp(t):PF—l-V(t):PF@“ —tp <t < tp.

It follows from (4.3.17) that for ¢t € (—tg,ty) the eigenvalues of Pr(t) near z, don’t
split, i.e. z;(t) = 2(t), j =1,..., M. Thus 2(t) = 2(t) when ¢ is real, t € (—to,ty). The
analyticity of 2(t) gives the smoothness of z(¢) on (—tg,ty). As a consequence, u(t)
and v(t) defined in (4.3.16) also depend smoothly on ¢ € (—to, o).

Since ®,(O) C O for t > 0, we can restrict (4.3.18) to the region R" \ O then
differentiate the equation in ¢, by taking ¢t = 0, we obtain that

(—A — 29)0u(0,z) = 2'(0)u(z) on R™\ O. (4.3.19)

We recall (4.3.16) that u(t,x) = v(t,®; " (z)), using u(0,7) = v(0,z) = u(r) and

(4.3.14) we can calculate the derivative in ¢:
Ou(0, ) = O (t, ®; (1)) |1=0 = Ov(0,7) — Opu - Vi ().

In view of (3.6.12) and (4.3.15), u € Er(zp) is a resonant state of —Ap at 2y, thus we
recall [12, Theorem 4.7] that u € C*°(R"™ \ O). Then by (4.3.13) we conclude that
(=A = 2)(9(0,2) — f) = Z'(0)u(z) onR"\ O,

fi=0u-Vi(z) € CXR"\ O),  floo = xnOu. (4.3.20)

It follows from wv(t,x) € D(Pr), t € (—to,to) that dw(0,2) € D(Pr), thus the first
equation in (4.3.20) reduces to

(Pr — 20)00(0,2) = (—A — 20) f + 2 (0)u on R™\ O. (4.3.21)
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We introduce the bilinear form on By x By (no complex conjugation),
(u,v) ::/ wdzr, u€ By, veE By
R™\O

We now apply the projection Il (omitting €2) to both sides of (4.3.21), pair with
(Pr — z0)® 'w € By (since w € CX(R™\ O)), use the fact that (Pr — 20)llpg =
I (Pr — 20)g, Vg € D(Pr) to obtain that

((Pr — 20)Irdy0(0, ), (Pr — 20)* 'w)
= (IIp(=A — 20) f, (Pr — z0)® " 'w) + 2/(0)(u, (Pr — 20)® w).

By Green’s formula, (Prgi, g2) = (g1, Prge) for any g1 € D(FPr), g» € C(R™ \ @)' It
then follows from (4.3.11) and (4.3.15) that

((Pr — 2)Ipow(0, ), (Pr — 2)® 'w) = ((Pp — 20)®1Ip0,w(0, z), w) = 0,

and that
(u, (Pr — zo)q°_1w> = ((Pr — z0)u, (Pr — zo)qo_Qw) = 0.

Since (IIp f1, f2) = (¢ fa, f1) for any fi, fo € By, we conclude that

0= (TIr(—=A — 20)f, (Pr — 20)® 'w)
= ((=A = 20) f, (Pr — z0) ™ 'lrw) = ((—A — z) f, u).

Now we apply Green’s formula and recall (4.3.20) and ugo = 0 to obtain

0= (A — 20)f,u) = / Fouds = / ) @(a) (),

Since the above equation holds for any h € (0, hg], (u is independent of z, and h)
sending h to 0+, by (4.3.12) we can derive that d,u(xo) = 0. We note that z, €
0O can be chosen arbitrarily, thus d,ulso = 0. However, it follows from (4.3.11)
and (4.3.15) that u € D;(O) satisfying (—A — zp)u = 0 on R" \ O. Extending u
into O by u|o = 0, it then follows from (4.3.18) and the boundary values u|sp = 0,
d,ulpo = 0 that u € H (R™) is a weak solution of (—A — z)u = 0 on R™. The unique
continuation property of second order elliptic differential equations shows that v = 0,
which contradicts (4.3.15).

Step 7. It remains to consider the case go = 1 in (4.3.11). Let {w;}}Z, be a set of
vectors in C°(R™\ O) such that {Ilpw;}*L, is a basis for Ran . Since I is symmetric
with respect to the bilinear form (-,-) on By x By, the matrix A, A;; := (Ilrw;, w;) is
a complex symmetric matrix. To see A is nondegenerate, we suppose that

Ele(CM7 <HFU)“Z,CL’JU)J>:O’ 2217’M

J
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Since {IIrw;}}, spans RanIlp, we have (Ilrw, > z;w;) = 0 for all w € By, which
implies that () z;llrw;,w) =0, Vw € By. Hence ) z;lIpw; = 0=z = 0. We apply
the Takagi factorization to the matrix A to obtain that

A =UTDiag(ry,--- ,ra)U, where U is unitary, 7“]2- are the eigenvalues of AA*.

We remark that UT is the real transpose. Then we can write A = BT B, B nonde-
generate due to the nondegeneracy of A. Transforming {w;}}L, by the matrix B and
putting u; := IIrw;, we may assume now that

RanlIlp = span{uj}j]‘il, (uj, w;) = ;.
For any fixed zy € 0O and h € (0, hy|, we define the evolution of each u; as in (4.3.16):
wi(t) = (O, ) v;(t), v;(t) :==pe,(Quw;, 2(t) = 2(B,). (4.3.22)

We note that (4.3.21) still holds with 0,v(0,x),u, f replaced by 0;v;(0,z),u; and f;
defined as in (4.3.20). The same arguments as in Step 6 show that

((Pr — 20)IIrv}(0), w;) = (Hr(=A — 20) fj, wi) + 2'(0)(uy, wy).
Since (Pr — zo)IIr = 0 by (4.3.11) with gy = 1, it then follows that
(A = 20) 5, us) = —2"(0)dy;.
We apply Green’s formula with boundary value of f; like (4.3.20) to obtain that

—Z/(O)(Sij = <(—A — Zo)ui, f]> + /80 fj&,ui dS = o Xh(&,ui)(&,uj) ds.

Since M > 2, for any zy € 0O and h € (0, ho| we have

/ xn(0,u1)?dS = / xn(0,uz)?dS, / X0, u10,us dS = 0.
0 80 80
Sending h — 0+, it follows from (4.3.12) that

(auul (»’Uo))2 = (auu2(950))2, Oy ($0)auu2($0) =0,

thus d,ui(xg) = dyus(zg) = 0. Since zg € IO is arbitrary, d,u; = 0. Hence the same
arguments as in the end of Step 6 show that u; = 0, which gives a contradiction. [
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Chapter 5

The CAP-regularized operator

In this chapter we study the Hamiltonians modified by the complex absorbing potan-
tials.

5.1 The Davies harmonic oscillator

The operator
H.p:=—e A —ice®2? >0, 0<60< /8,

was used by Davies [9] to illustrate properties of non-normal differential operators.
Some known facts about H.y and its resolvent have been reviewed in [65], we recall
those facts here:

Proposition 5.1.1. H. g is a closed densely defined operator on L*(R™) equipped with
the domain H*(R™) N (x)2L*(R™). The spectrum is given by

Spec(H.g) = {e ™/ \e(2lal +n): a € NI}, o] i=a; + -+ an. (5.1.1)

IfQ e {z: —7m/24+20 < argz < —20} \ e7/4[0,00), then there exist constants
C1 = C1(Q) and Cy = C5(QY) such that

_1 _1
016015 : S H(He,9 - 2)71||L2%L2 S 026026 2, S Q. (512)
In addition for any 6 > 0 we have uniformly in € > 0,

(Heg—2)7" = O5(|2|"7) : LA(R") — H/(R"), j=0,1,2,

5.1.3
for =20+ <argz <3m/2+20—6, |z|>4. ( )

Proof. By rescaling y = v/ex, H. o can be viewed as a semiclassical Weyl quantization
of a complex-valued quadratic form, with h = 4/,

Heo=q"(y.hD), q:R} xR —C, (y,n) e > —ie*y,
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which shall be viewed as a closed densely defined operator on L?(R") equipped with the
domain D(H.p) := {u € L*(R") : H.yu € L*(R")}. For the analysis of the spectrum
for general quadratic operators see Hitrik—Sjostrand—Viola [27] and references given
there, in particular we obtain (5.1.1).

Then we show D(H.p) = H*(R™) N (x)"2L*(R"). For u € C*(R"), let f = H. pu,
we integrate by parts to obtain:

(f,u)p2 = e 2P| Dul|2, — ice®®||zul2., (5.1.4)
where (f,u)p2 = fR" dx We also have
1£1122 = [|Au||22 + &% ||2?u||2e — dee™ O (Au, 2%u) 2 + ice®™ (x?u, Au) (5.15)

= ||Aul|2s + £2||z%ul|3s + 2¢ sm49||:BDu||L2 + 4e Im (e (zu, Du)2).
Thus we can conclude a priori estimate from (5.1.4), (5.1.5), that is
lullzz + ella®ull 2 < C(llullz + | Hepullz2), Vu € CP(R). (5.1.6)
It then follows that
u€ L* and H.pu € L’ = u € H? and 2*u € L*.

In other words, D(H. 4) = H*(R") N (z)2L*(R").

The lower bound in (5.1.2) follows from general arguments for operators with ana-
lytic coefficients — see Dencker—Sjostrand—Zworski [10]. The upper bound in (5.1.2) is
obtained and shown to be sharp in [27].

To obtain the bounds (5.1.3), we recall (5.1.4) to write
(Hep — 2)u,u)r2 = e Dul|z2 — iee®”||zuljz — z]luZ..
Since —20 4+ 6 < argz < 3w/2 + 20 — 4, |z| > 0, we have
|2ll[ulle < Csl((Hep — 2)u,u)re] = lullpz < Cole| | Hep — 2)ullzz,  (5.1.7)
which proves (5.1.3) for j = 0. Combining (5.1.6) we conclude that
[ull > < Cllullze + [2llJullze + [[(Hep — 2)ullz2) < Cs|(Hep — 2)ul| L2,

which proves (5.1.3) for j = 2, then the case j = 1 follows by interpolation. O
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5.2 An estimate of the weighted resolvent

In this section we show how exponential weights dramatically improve the estimate
(5.1.2) for the resolvent:

(A —icz® =X)L A e
for © defined in (1.3.1). This will be crucial in the proof of Theorem 1.
Using the Fourier transform Fu(¢) = a(¢) = (2m)~"/? [ e~ ™*u(x) dz, we have
—A, —iex? = FHE: +iele)F.

Inspired by [31] and the earlier work by Nakamura [38], first we introduce a family of
spectral deformations in the Fourier space as follows.

For any fixed Q given in (1.3.1), we choose p € C*([0,00);R) with p = 0 near 0
and p(t) =1 for t > 1 such that

0<p(t) < 'y‘ltang, V>0, Qe{r+iy:z>0,y>—yp(z)}, (5.2.1)
and define the map
YR =R 9(8) = 1€ (€] €, (5.2.2)
then v is smooth with the Jacobian:
Dp(€) = [€]7 p(IENT + (€172 (Ie]) — €172 p(IEN) € - €7 (5.2.3)
Let A be an orthogonal matrix with n-th column [£|7!¢, then we have
ATDY(8) A = diagl €] p(l&]), -, 1€17 p(1€D), £/ (18] ]- (5.2.4)
For § € R, we consider a family of deformations:
wo(&) = &+ 0¥(8), (5.2.5)
and the corresponding unitary operators Uy, 6 € R defined by
Usu(€) := (det Dyg(€))2u(po(€)). (5.2.6)

Using (5.2.4), we can compute det Dyy(€) explicitly, i.e.

Jo(€) = det Dipg(&) = det(I +0Dp(€)) = (1+0p'(1€]) ) (1 +01€1 7 p(I&]) )", (5.2.7)

then by (5.2.1), Uy is invertible as det Dpy(§) # 0 for § € R, |0 < ~, the inverse is
given by )
Uy '0(€) = (det Dopp(i25(€))) 2 v(e05 ™ (€))- (5.2.8)
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Now we consider the deformed operators of £2 4 icA¢:
Qep = Up(& +icAe)Uy "
= 0(€)” — ieJ9(€) 72 De, Y (€) Jo(€) I (€) De Jo (§) 2

where D, = —id,, Jo(§) = det Dpy(€), JY () = [Dee(€)7'];1. To extend Q. to
6 € C, we define

(5.2.9)

D,:={0€C:|Ref|+|Im0| <~}. (5.2.10)

Imé

Ref

In view of (5.2.1) and (5.2.7), Dy, and det Dy extend analytically to 6 € D.,. |
we obtain that Q). g, given by the second equation in (5.2.9), extends analytically to
6eD,.

Then we introduce some preliminary results about the spectrum of ). ¢ :

Proposition 5.2.1. There ezists constant €9 = £0(£2,7) such that for all 0 < ¢ < g
and 0 € D,
Spec(Q.o) N{z€C: 2| >1,m/2 <argz <7} = 0.

Proof. We note that for 6 € D, by (5.2.1),
1—tan% <1101/ ()] < L+ 600 <1+ 0]l0 (1) < 1+tang, Vit > 0.

Thus, (5.2.7) implies that C~' < |Jp(§)| < C for some constant C' > 0. Since

[Dpo(§)]0 = (1 +9(|’T5")) 5+ elé\pf(léylg‘g— Op(l¢])

by (5.2.3), and p’ € C°((0, 00)), together with (5.2.7), we conclude that

§i&

Jo, J, 1, I € CP(R™), 1< 4,1 <n. (5.2.11)
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Here C;°(R") := {u € C>*(R") : |0*u| < C, for all @« € Nj}. Hence we have

Qs,@ = 909(5)2 - ie‘]kj(f)‘]lj (g)ka‘Dfl + 5aj(§)D§j + 5b(§>7 (5'2'12)

where a;, b € Ci°(R™). Let h = /e, then Q.9 = ¢} (§, hD¢) is a semiclassical differential
operator with the full symbol:

q0(€. €% 1) = 9a(€)* — i(Dpe(§)72€") - € + hay ()& + h*b(¢), (5.2.13)
where (£, &*) are coordinates of T*R",
Dpg(€)™ = (Dpp(&) ™) (Do (€) ™)

as Dgg(€) is a symmetric matrix. Choose m(€, &%) = 14 &2 +¢*2 as an order function,
we recall the symbol class S(m):

S(m) = {a €C®:|0%| < Cym for Va € NZ"}. (5.2.14)

Then by (5.2.1), (5.2.5) and (5.2.11), we have gp € S(m). In view of §2.1.4 and Example
2.1.8, we aim to show that there exists constant hg > 0 such that for h < hy,

qp — z is elliptic in S(m) for |z| > 1, 7/2 < argz < 7.
Using (5.2.2) we calculate:

po(§)" = (€ + 00 (€)) - (& +0v(E)) = (1€ +Op(lg]))*. (5.2.15)
Then for 6 € D., by (5.2.1), we have

/4 < arggp(€)? < /4, lpo(©] > (1~ tam %)2 €. (5.2.16)

To obtain similar bounds for the argument and modulus of (Dg(€)72E*) - £*, we recall
(5.2.4) to compute

(D €") - € = (L+0p(EDIEL) 20 + -+ y®) + (L 60/ (1€) 702, (5.2.17)

where n* = AT¢* € R™ with the same orthogonal matrix A as in (5.2.4). By (5.2.1),
for 0 € D.,, we have

+Im >0 = 0 < +arg(l+0p(|¢))|€] ), Targ(1+0p'(|€])) < 7/8,
Hence, for all 0 € D.,,

+Imf >0 = 0< Farg(Dy,*¢") - & < /4, (5.2.18)
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and by applying the following basic inequality with (5.2.1) to (5.2.17),

]rleiel + T2€i02’2 =77+ 15+ 2rry cos(f; — 6y) > (r1+19)%, (5.2.19)

- 11— \cosé@l —65)|

we also obtain that for all 8 € D.,
(Dpy€") - €| = Cln* | = CIE™P. (5.2.20)

Since arg(pg(€)? — 2) € (—7m/2,7/4) for /2 < argz < 7w and arg —i(Dypj, 2*) - £ €
(—=37/4,—7/4) by (5.2.18), using (5.2.19) together with (5.2.16) and (5.2.20), we have

[06(€)" — 2 — i(Dpg*€") - €7 = Clp(€)* — 2| + C| — i(Dy*¢") - €]
> Clpe(8)’| + Clz| + Ol (5.2.21)
> C(1+ £ +[€]?) = Cm.

Then by (5.2.13), we conclude that there exists hg > 0 such that for all 0 < h < hy,
|z| > 1, 7/2 < argz < m, we have |gg — z| > C'm.

Recalling Example 2.1.8 that the principal symbol of m™ (&, hD)~! is m™!, we have
(qy(€,hD) — 2)m™(&,hD)™" = a¥(£,hD), a, is elliptic in S(1).
By Proposition 2.1.7, a¥(¢, hD) has an inverse on L?, thus for & small enough,
(Qeo— 2) ' =m (&, hD) 'a¥ (&, kD)™, h=/z,
which completes the proof. O
Proposition 5.2.2. For any § € (v/,7) satisfying
Qe{r+iy:z>0, y>—PFpx)}, (5.2.22)
there exists eg = £o(£2, v, B) such that for all 0 < € < &,
Spec(Q-—ig) N{N*: A € Q} = 0.

Proof. Let m = 1 + &2 + €2 as in the proof of Proposition 5.2.1, it suffices to show
that there exists hg = ho(£2,7, 8) such that for 0 < h < hy,

q_ip(€, €% h) — A2 is elliptic in S(m) for A € Q.

For a numerical illustration, see Figure 5.1.

Recalling (5.2.18) that

arg —z'(Dgp:?ﬁﬁ*) e [-n/2,—7/4),
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in order to apply (5.2.19), we claim that for all A € Q, £ € R™,
30 > 0s.t. arg(p_ip(€)> =N <m/2 -5 or >3m/4+6. (5.2.23)
In view of (5.2.15) We have for [¢] > 1,
pois()* = (1€l —iB)" = arg(p-is(€)* — \*) € (—7/4,0),

in other words, there exists some large R such that (5.2.23) holds for |[¢] > R with
6 = m/2. It remains to show that (5.2.23) holds for all [{] < R and A € Q. We
argue by contradiction: if it does not hold, there must exist A € €2, & € R™ such that

arg(p_is(£)* — \?) € [1/2,37/4], i.e.
0 < —Re(([g] = iBp([€]))* = N*) < Im ((|¢] — iBp(€]))* — X%),
which immediately implies Im A < 0. Let ¢t = |£| and write A = x — iy, then we have

2 —y? — 12+ B%p(t)? < 2zy — 2Btp(t) (5.2.24)
Btp(t) < zy (5.2.25)

Since x > 0 and 0 < y < fBp(x) by (5.2.22), then (5.2.24) implies that
w® = 2Bxp(x) — Fp(x)’ < = 26tp(t) — Fp(t)*.

Let S(x) = 2* — 2Bzp(z) — B?p(x)?, by (5.2.1),

§(2) = 2 (1 62 _ (@) - g2 Bp’(w))

> 2x <1—2tang—tanzg) =0,

thus S(z) < S(t) = =z < t. Recalling that p is non-decreasing, we have Stp(t) >
Bxp(x) > xy, which contradicts (5.2.25). Hence (5.2.23) holds, using (5.2.19) and
(5.2.20), we obtain that

[p-i5(6)" = A —i(Dp=35€") - €1 = CO)(I(IE] — iBp(I€]))* — N+ [€7F).
Since for |£] > 1,
(1€ = iBp(Ie]))* = N[ = [([§] = iB)* = N*| = [€]* — B* — |,

there exists R = R(£2, ) > 0 such that |(|¢| — iB8p(|¢]))* — A?| > (1 + |£[*)/2 whenever
|€] > R. We also note that, by (5.2.22),

dist ({t —iBp(t) : t > 0}, £02) > C = C(Q,v,5) > 0,
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thus for [{] < R,

(€] = iBp(IE))? = A?*| > C* > C*(1 + R*) 71 (1 + [¢]?).
Hence for some constant C' > 0 determined by €2, ~, £,

lo-ia(€)* — X — i(Dp=i5€") - €1 = C(L+ [€]° +1€7).

Then by (5.2.13), we conclude that there exist hg = ho(Q2,7, ) and C = C(Q,~,5) >0
such that
for all 0 < h < hg, A €, |q_is(&,E5Rh) — A*| > Cm. (5.2.26)

Let b =m/(q_ip — \*) € S(1), then there exists r € S(1) such that
(Y56, hD) — X*)m™ (&, hD) "0 (&, hD) = I + hr™ (&, hD).
We may assume that ho(£2, v, B)||rV|| r2—r2 < 1/2, then for all 0 < h < hy,
(0¥35(&, D) = N*)~1 = m™ (&, hD)~'b™ (&, D) (I + hr™ (&, hD))™",
which completes the proof. O
Now we state the main result of this section:
Lemma 5. For any 0 < d’ < a <b and v < such that the rectangle
Q:=(d,a)+i(—,b) e {\eC: —n/8 <arg\ < Tn/8},

there ezist constant C' = C(2,v) > 0 and g9 = €o(2,7) > 0 such that uniformly for
0 <e <eg,

e (A —dex? — A\2)"te ol 2. <O YAEQ.
Proof. We consider the matrix element
B;,Q(A) = <€_’Y|£|(_A - ’i€l’2 - /\2)_16_’Y|x|f7 g>L%7 for f7 g e LQ(Rn)7

where (u,v)r2 = [p, uvdz is the standard L? inner product. It suffices to show that
there exist ', ey such that uniformly for 0 < € < &,

|B§’g()\)| < Ofllz2llgllze, forall f,g € L Xe Q. (5.2.27)

Recalling (5.1.1), both —A, — iex? — A\? and £? 4 icA¢ — A? are invertible for A € Q.
Then we have

B3 ,(A)

((=A, —icx? — X)) telelyf) e*'y“”|g>L3
(FUE +iehe = N) ' Fe Wl f e Wlg) (5.2.28)
= (& +iehe = X)) F(e 7 f)(©), }—(eﬂmlg)(ﬁ)hg



CHAPTER 5. THE CAP-REGULARIZED OPERATOR 61

Numerical range of ( c_b_Mi(E}z -i (@-0.4;(&)}-25*2 )12
0.5F ' ' ' '

y =-0.4p(x)

x = Rel\

Figure 5.1: An illustration of the ellipticity of the deformed operator in the case of
dim = 1, f§ = 0.4, which shows that the numerical range of the principal symbol of
ih? A¢+]€)? is compressed to avoid the region {\? : A € Q}. We choose p(-) = 0.4 tanh(-)
for calculation.

Let F, (&) := F(e Ml £)(¢) and G, (€) := F(e*lg)(€), recalling the formula

Fle ™€) = ca(1+ )75, .= @m)i0((n+1)/2)r "%,

_ntl

then F, = K, * f and G, = K, * §, where K. (£) = ¢,y (72 + €)%
First we consider, for § € R, || < v and Uy defined by (5.2.6), the integral kernel
of the map Uy o (K, * ):

K(€,1;0) := (det Dy (€))7 K, (po(€) — 1), &€ R

We claim that K(&,7;6) has an analytic extension to 6 € D,. Since K, extends
analytically to the strip {£ € C" : | Im¢| < ~}, it suffices to show that | Im(pe(§)—n)| =
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| Im 69(€)| < 7, which is a direct consequence of § € D., and [¢(§)] < 1 by (5.2.2).
Then for 6 € D,, using (5.2.1) and (5.2.7), we can estimate K (&, 7;6) as follows:

K (&,m0)] < Cyn? + (6 +0u(€) —n)?| %
< Oy |y = | 0P (E)]* + (€ — 0 + Rebyp(€))2| "+

_n+1

< Cy (v = |[ImP” + (| —n] — |Red])*) 2

thus
max { sup [ [K(&,n;0)|dn, sup [ |K(§,n;0)|dS}

£eR™ JRn ner? JRrn

(5.2.29)
gm/ (72— [Tm 6 + (|2] — | Re6])?)“Fdu < C(+.6).
T ERM

Hence, by Schur’s criterion, Uy o (K, * ), first defined for # € D, NR, with the integral
kernel K (&,m;6), extends to § € D, as an analytic family of operators L? — L% In
particular,

D, 30— UgF, = Ug(K, % f) and UpG., = Uy(K., % §),
are two analytic families of functions in L?(R").

Now we define
B5 (% 0) = ((Qep — X*) 'UgF, UsG,)

for 6 € D, with Q. given by (5.2.9), where we write UsG., instead of UyG.,. Then by
Proposition 5.2.1, there exists g = €o(€2,7) such that for all 0 < € < &g, and |A\| > 1
with 7/4 < arg A\ < /2,

D, 3 0~ Bj,(A;0) is analytic.
However, for § € D, NR, since Uy is unitary, by (5.2.28) we have

B (N 0) = (Uyg(& + icAe — X) U, ' U Fy, UpGy)
= <U6(€2 +iel¢ — )‘2)_1Fw UsG)
= ((&+icAe = N)7'F,, G,) = B ,(\).

Thus by analyticity, B} ,()\;0) = B} (), V0 € D, whenever [A\| > 1, 7/4 < arg\ <
7/2. In particular, for fixed 8 € (v, ) satisfying (5.2.22),

B3 ,(\) = B} ,(\; —if8) whenever [A\| > 1, m/4 < arg A < 7/2.

In view of Proposition 5.2.2 and (5.1.1), both B3 (A) and B5 ,(\; —if3) are analytic in
Q). Without loss of generality, we may assume that a > 1 in (1.3.1), then

QN{X: A > 1,7/4 <arg\ < 7w/2} # 0,
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where B5 ()\) and B5 (\; —if) coincide. Hence by analyticity, we conclude that for
each 0 < g < gy,

B} ,(\) = B} (A —if8) = ((Qc,—ip — N)TW_igFy, UipGy), YAe. (5.2.30)

By the elliptic theory of semiclassical differential operators introduced in §2.1, (5.2.26)
implies that there exists g9 = €¢(€2,, #) such that for all 0 < ¢ < &,

1(Qe—ip = M) Hlzzsre < C(Q,7,8), VAeQ (5.2.31)

Recalling (5.2.29), by Schur’s criterion, we obtain that

U5 F,llz2 = 1U-i5 © (K % P2 < Oy, B)lIfllzz = C (v, BN fll 2
1UisGo > = [Uig © (K5 * )l < Cly, Bllgllc2 = C v, B)llgll 2

Combining (5.2.30), (5.2.31) and (5.2.32), also noticing that § can be determined by
Q, v, we obtain (5.2.27) with C' = C(, ), which completes the proof. ]

(5.2.32)

5.3 The regularized operator with exponentially
decaying potential

In this section we study the regularized operator
P.= —-A+V —ica?,

where |V (z)| < Ce?/#l for some constants C,~y > 0.

We will review the meromorphy of the resolvent
Ry.(\) == (P.—\)™, e>0,

in a similar form to the meromorphic continuation of v/V Ry (\)vV given by (3.2.3).
First we write R.(\) := (—A —iex? — A\?)~! then

(P. — M)R.(\) =1 +VR.(\), —7n/8<arg)\<7r/8. (5.3.1)

Since R.(\) : L? — H? is analytic in {\ : —7/8 < arg\ < 7n/8}, see (5.1.1), V :
H? — L? is compact by (3.2.1), we have

A= VRN : L = L —7n/8<arg)\ < 7r1/8,

is an analytic family of compact operators. Using (5.1.3) (with 8 = 0), I + V R.()) is
invertible for 7/4 < arg A < 7/2, |A| > 1. By Theorem 4,

A= (I+VR ) L2 = L —n/8<arg) < 7n/8,
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is a meromorphic family of operators. Using (5.3.1), we conclude that
RV,&()‘) = Ra()‘)(l + VRF.‘()\))_I

is meromorphic for —7/8 < arg A < 77/8 (in fact Ry,()) is meromorphic for A € C by
Theorem 5). The poles of Ry, (A) are {);(e)}32, where

Spec(P.) NC \ e ™[0, 00) = {\;(£)*}2 —7m/8 < arg A\j(e) < Tm/8. (5.3.2)

j=1
Then we have
Lemma 6. For each € > 0,

A (I+VVRWVV)™,  —n/8 <arg < Tr/8,

is a meromorphic family of operators on L*(R™) with poles of finite rank. Moreover,

mo(\) = — tr 75 (I + VVR(OVV) 0 (VT R.(OVT) dC. (53.3)

211

where the integral is over a positively oriented circle enclosing X and containing no
poles other than possibly X\, satisfies

mo(\) = - tr ]{ (2 — P) 2 dc. (5.3.4)

271

Remark. The multiplicity of an eigenvalue A\? of P. can be defined by the right side
of (5.3.4), thus Lemma 6 implies that the poles of (I + vV R.(A)vV)~! coincide with
{Ai(e)}32, given in Theorem 1, with agreement of multiplicities.

Proof. Following the above argument, it easy to see that A — V. RE()\)\/V is an
analytic family of compact operators for —7/8 < arg A < 77/8. Then

A= (I +VVR.AVV)L, —n/8 < arg\ < Tn/8,

is a meromorphic family of operators, since I 4+ vV R.(A)V/V is invertible for 7/4 <
arg\ < m/2, |A| > 1 by (5.1.3). In this range of A, I + VR.()) is also invertible by
the Neumann series argument, thus we have

(P. = X)) ' =R NI +VR(\)!

o0

= RN >_ (=1 (VR ()Y

) (5.3.5)
— RO = VV S (1 (VV RV VVR.(N)

= R.N)[I = VV({I +VVR.O)VV)"WVR.(\)].
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Since both sides of (5.3.5) are meromorphic for —7/8 < arg A < 77 /8, by meromorphy,
we conclude that (5.3.5) holds for all —7/8 < arg A < 77/8, as an identity between
meromorphic families of operators.

To obtain the multiplicity formula, we fix any A with —7/8 < arg A < 77/8, then
there exists a neighborhood A € U in this half plane and finite rank operators A;,
1 < j < J such that

J
(I+VVR(OVV)™ - Z G fj)\)j is analytic in ¢ € U.
j=1

Let C, C U be a positively oriented circle enclosing A and containing no poles of
(I++vVR.(¢)VV)~! other than possibly A, thus it also contains no poles of (¢ — P.)~*
other than possibly A as a consequence of (5.3.5). On the one hand, we can compute

me(N) =~ tr / (1 4+ VVRAOVV) VT ROV 20 dC

21 Cy

2m /6sz \/_R 22N_ dq (5.3.6)
igk,]_l_ HG =T VY RO T (RAQ0)VV.
On the other hja_nd,_by (5.3.5), we have
(2 P) e
-5 t/ci; = )QC«“fV—Aif i (5.3.7)
= EJj > m tr o (R(O20VV ANV OER-(C).

Now we compare (5.3.6) and (5.3.7), since each A; has finite rank, we can apply cyclicity
of the trace to obtain the multiplicity formula (5.3.4). O

5.4 The regularized black box Hamiltonian and its
analytic distortion

In this section we study the CAP-regularized black box Hamiltonian. We take P to be
a long range perturbation of —A introduced in §3.4, that is

P:H —H with domain D(P),
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which satisfies (3.3.2) — (3.3.4) and (3.4.1) — (3.4.3). Let
P. =P —ig(1 — x(x))2?, >0, (5.4.1)

where y € C°(R") is equal to 1 near B(0, Ry), 2% = 22 + - - - + 22. We show that P. is
an unbounded operator on H with a discrete spectrum and that the spectrum of P. is
invariant under complex scaling.

Choosing Ry such that supp x C B(0, R;) when we construct the complex contours
[y in §3.5, the CAP —ig(1— x(z))x? can be analytically extended to 'y, thus it defines
a multiplication on the following subspace of Hy (with Hy given by (3.5.2)):

ﬁg = HRO s> |$9|_2L2(F9 \ B(O, RO)),
where xy := fy(x) denotes the parametrization of I'y.
We now introduce the analytic distortion of P. on I'p, 6 € [0, 6)):
P.g =Py —ic(1 — x(z4))z;, with the domain Dy := Dy N Hy. (5.4.2)

It follows from (3.5.7) that P. near infinity is close to the Davies harmonic oscillator
introduced in §5.1, . .
H.g= —e WA — ey,

Using Proposition 5.1.1 we show that P. 4 is a Fredholm operator for z ¢ e~7/4[0, c0).

Lemma 7. If z € C\ {0}, argz # —n/4, then for each ¢ > 0 and 0 < 0 < 6,
P-o — 2z : Dy — Hy is a Fredholm operator of index 0. In particular the spectrum of
P.g in C\ e/4[0,00) is discrete.

Proof. We choose x; € C*(I'p), j = 0,1,2,3, such that x; = 1 near supp x;_1 and
that xo(ge(t)w) = 1 for any ¢ < Tj, thus 1 — x; are supported in the region where
[y > 29 = €z, x € R". Lemma 5.1.1 then shows that if arg z # —7/4,

(1—x0)(Hepg —2)" (1 — x1) : Ho — Dy.

Now we fix z € C\ {0} with arg z # —x /4. Using (3.5.7) we may assume that supp xo
is large enough so that

1(Pp — Hep)(1 = x0)(Hep — 2) 7 (1 = x1)latpom, < 1/2.
Then we choose zy = iL, L > 1 using (3.5.9) such that
ell(xs = x)75(Po — 20) " lwg—mo < 1/2,
thus I —ie(xs — x)25(Ps — 20) " is invertible and

(Po —ie(xs — X)75 — 20) " = (Po — 20) (I —ie(xs — x)25(Po — 20)") ™" (5:4.3)
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exists. We put
E(z) = x2(Po — ie(xa — X)75 — 20) " x1 + (1 = x0) (Hep — 2) 7 (1 = x1)-
Then we get
(P.y — 2)E(z) = I + K(2) + Ki(2),

where
K(2) = ((20 — 2)x2 + [Pa, x2]) (Ps — ie(xs — X)25 — 20) ' xa

+[e A, xol (Hep — 2) (1 = x1)
Ki(2) = (Pep — Hep)(1 = X0)(Hep — 2) 7 (1 = x1).
Recalling that || K;(2)||n,—n, < 1/2, we obtain that I + K;(2) is invertible, thus
(Pep — 2)E(2)(I + Ki(2))™" = T+ K(2)(I + Ky (2)) 7"
Since (Py — 20)"! : Hg — Dy, we conclude that K(z) is compact: Hy — Hy. Hence
E(z)(I + K;(z)) is an approximate right inverse of P,y — 2.
As an approximate left inverse, we put
F(z) = x1(Po — ie(xz — X)x5 — 20) "' x2 + (1 = x1)(Hep — 2) 7' (1 = X0)-
Then
F(2)(P.g—2) =1+ L(z) + Li(2),

where
L(z) = x1(Ps — ie(xs — x)x5 — 20) " ((20 = 2)x2 — [Po, x2])
—(1=x1)(Hep — 2) 7 e A, xo]
Li(2) = (1= x1)(Hep — 2) 71 (1 = x0)(Pep — He)
We may assume again by (3.5.7) that || L1(2)|5, 5, < 1/2, then

(I 4+ Li(2) ' F(2)(Pep — 2) = T+ (I + Li(2)) ' L(2).

Using (3.3.3), we see that [e 2 A yq] is compact: Dy — Hy, thus L(z) is compact:
Dy — Dy, (I + Li(2)) ' F(z) is an approximate left inverse.

In view of the remarks after Proposition 2.3.2, P.g — 2 : 159 — Hp is a Fredholm
operator. This operator depends continuously on (0, z), thus the index is constant
under deformation in (6, z). Deforming z into i and € down to 0, we see that the index
of P.g — z is equal to the index of P, — 1 : D H (where we omit the subscript 0).
Repeating the arguments above, we can also show that for every v € [0, /2],

P+e (1 —x(z))a* —i: D — H is a Fredholm operator.
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Deforming v from 7/2 (that is for P.) to 0, it follows that the index of P. — i is equal
to the index of P + (1 — x(x))x? — 4, which is 0 since P + (1 — x(z))z* : D — H is
self-adjoint, see [27, §1]. Hence we conclude that P.y — z is of index 0.

It remains to show that P., has a discrete spectrum in C \ e=*"/4[0, 00). Recalling
first (5.4.3) and then (3.5.8), (3.5.9), || K (20)||#,—#, can be controlled by
(=29 — 20) l2@ymey,  (Heo — 20) 2@ —mr@n),
and  [[(1 = x0)(P = 20) " st (-
It then follows from (3.5.5) and (5.1.3) that K (iL) = O(L™2) : Hy — H,. Hence for
20=14L, L> 1, I+ K(20)(I + K1(2))™" is invertible and we have
(Pe — 20) E(z0) (I + K1(20)) (I + K(20)(I + K1(2)) ™) =1,

which implies that P,y — 2o is surjective. Since P.y — 2o is a Fredholm operator of
index 0, it must also be injective. Thus Py — 2 is invertible by the inverse mapping
theorem. Theorem 4 then shows that Py has a discrete spectrum. O

Lemma 8. For each 0 < 6 < 6y and e > 0, let ¢ € CX(B(0, Ry);[0,1]) be equal to 1
near B(0, Ry) so that v is a function on Ty and defines a multiplication on He. Then
we have, meromorphically in the region —m /4 < argz < Tr /4,

V(P —2) " =¢p(Pey — 2) . (5.4.4)
Proof. We modify the proof of [65, Lemma 2]. It is sufficient to show that for 0 < 6, <
0y < By, ‘61 — 92| < 1,
V(Peg, — 2) 0 = h(Peg, — 2) 1. (5.4.5)
It is also enough to establish this for z € e/(=21+7/2)(1 o0) as then the result follows
by analytic continuation. For that we show that for any

f € Hr, ® L*(B(0,Ry) \ B(0, Ry)) C Ho,, j=1,2,

there exists U holomorphic in a neighborhood 2y, 4, of
U @0\ B, Ry) c T
01<0<02
such that
U|1"9j (2) = [(Peo, — 2) "0 f](z), Vaz €Ty \ B(0,Ry). (5.4.6)

To show the existence of U such that (5.4.6) holds we apply Lemma 2 to a modified
family of deformations, which is obtained as follows. Let p € C>°((1,6); [0, 1]) be equal
to 1 near [2,4], and put for T' > 1,

991,927T(t) = 9o, (t) + p(t/T) (992 (t) — 96, (t))v
F91,6’2,T = {g91792,T(t)w it e [0, OO), w € Snil} C Cc".
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We can apply Lemma 2 to the family of totally real submanifolds interpolating between
Ly, and Ly, g7, [0,1] > 5 = 'y, (1-5)0,4s0,,7- 1t follows that there exists a holomor-
phic function U? defined in a neighborhood of the union of these submanifolds which
restricts to uy := (P.g, — 2) ' f € Hg,. Varying T we obtain a family of functions
agreeing on the intersections of their domains and that gives a holomorphic function
U defined in the neighborhood €y, g,.

It remains to show that U restricts to uy € Hy, (the equation (P.g, — 2)us = ¢ f is
automatically satisfied). For T large we put

Ql(T) = {Z ceC".T< |Z| < 6T} N F91,927T D F91792,T \ F917
Q(T) ={z€C":T/2< |2| <8T} MLy g1, W(T)\U(T) C RY,

and choose xr € C®(Q2(7);[0,1]) such that xr = 1 on Q;(7T") with derivative bounds
independent of 7. We recall the following estimate from the proof of [65, Lemma 3]:
for u e C*(To, 0,1), 7> 1,

(= Alry, gz — i8]0y, 4,2)° =i 2T u,u) | > ([Jullf2 + || DullZ2)/C,
with C' > 0 independent of 7, T, here (-,-) is the L? inner product on Ty, g, 7. Writing
Pey 001 = P’F91,02,T - i€<x’F61,02,T)27

it then follows from (3.4.1) that

((Peoroor = (=Alry, g, r — 12(2lry, g, 0) ) 1) = / (9" = 0"%)Oudyii + clul”.

T, 097
In view of (3.4.2) and (3.4.3), we obtain that for T" sufficiently large,

[ {(Pegy oo — i€ 1) xr U xrU) | 2 (IxzUlZ2 + 1D (xrU)I[72) /€,
thus ||x7U||2 < C||(P-gy 601 — i 21 7)xrU| 2. We note that

(Pepr oo — i€ 2N T)UT =0 = (Pepor — i€ 2 7)x0U = [Peg, 001, 1)U,
which is supported on Qo(7T") \ Q1(7") C T'y,. Hence,
Lor<pzicar w2l Zay, ) < ClPegr oo xrlUNZ2 < Clllrpcizi<sr willing,,)-

We now take 7= 2/ and sum over j, it follows that uy € Hy,. O
Lemma 9. For 0 < 0 < 0y, € > 0, the spectrum of P.y is independent of 0. More

precisely, for any z € C\ e™"/4[0, 00) we have

meg(20) 1= rank% (P.y— 2) 'dz = rankf (P. — 2)" ' dz, (5.4.7)

z20 20

where the integral is over a positively oriented circle enclosing zy and containing no
poles other than possibly z.
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Proof. Lemma 7 shows that

1
Mog(20) = —=— @ (P.p — 2) dz, (5.4.8)

21 J,,

is a finite rank projection which maps Hy to the generalized eigenspace of P,y at z.
In view of Lemma 8, it suffices to show that for each 0 < 0 < 6,

rank I1. g(2) = rank ¢II, o(z0)?.

First we show that rankII, y(zo) = rank Il. 9(2)1, which is equivalent to show that
rank 11, g(z0)* = rank Il (29)*, since the adjoint of a finite rank operator is of finite
rank with the same rank. For that we shall argue by contradiction. Suppose that
rank 11, o(20)* < rankIl o(z0)*, there would exist 0 # v € Ranll. p(20)* satisfying
Y0 = 0. Note that II. 4(2p)" is also a projection of the form (5.4.8) except that P7,
and Zzp replace P,y and z, there, we may assume

(Pig—2)0=0, :=(Piy—2)"'0#0, forsomek>1.
But that would mean that @ can be identified with an element of H?(T'y) satisfying

(QLg—Z0)u =0, dlpory) =0, Qeg:=Q—ic(l—x(ws))rs.
Since Q4 is elliptic, unique continuation results for second order elliptic differential

equations — see Hormander [28, Chapter 17| show that @ = 0, thus a contradiction.

It remains to show that rank Il g(2)1 = ranklIl, y(zp)1). Otherwise there would
exist solutions v € Dy to (P.y — 20)v = 0, u := (P-g — 29)" tv # 0 with v = 0. It
follows that u can be identified with an element of H?(I'y) satisfying

(Qep — 20)u =0, ulpo,r,) =0.

Again by the unique continuation results for second order elliptic differential equations,
we obtain that v = 0, thus a contradiction. O

The next lemma shows that the spectrum of P,y must stay close to the spectrum
of Py when ¢ is sufficiently small:

Lemma 10. Suppose that 0 < 0 < 6y and that Q € {z: —20 < argz < 3w/2 + 20} is
disjoint with Spec(Py), then there exist g = £o(€2) and C = C(2) such that, uniformly
in 0 <e<eg, Spec(Pep) N =0 and

1(Pep = 2) " llrgsm, <C, 2 €Q
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Proof. We follow closely the proof of [65, Lemma 5] except that Py replaces —Ay there.
Let x; € C(]0,00);[0,1]) be equal to 1 on [0, Ry] and satisfy x; = 1 near supp x;—1,
j = 1,2. Parametrizing T'y by fp : [0,00) x S"! 3 (t,w) > go(t)w € Ty, we define
functions x" € C°(Ty) by

go(t)w) == x;(th), 0<h<1,
For z € Q) we put
Elg(2) = x5(Po — 2)7'X1 + (1= xg) (Hep — 2)7H (1 = X1),
so that (P.g — 2)Eg(2) = I + K!'y(2), where
K24(2) = —ie(1 = )i (Po — 2) 7' X4 + [Po, x81(Po — 2) 7 'x4

+ (Pey — Hep)(1 — X)) (Hep — 2) 71 (1 — X1)
— [Po.x01(1 = x0) (Hep — 2) (1 = 1)

Using (3.5.7) and (5.1.3) we see that for h small enough,

1(Pep = Hep) (L = x0) (Hep — 2) 7 (1 = X1)lz2we)22rs) < 1/4

Noticing that

1[Qo, X2l 111(r) = 22(r0) = O(h) and [|x5x5 || 2rg) =221 = O(R7?),

we can first choose h sufficiently small then take €y = g¢(h, §2) small enough so that
for all & < go(h, Q) and z € Q, [|K25(2)|2,—n, < 1/2, thus I 4+ K”4(2) has a uniformly
bounded inverse and

(Pep—2)"" = Ege(z)(—, + K29<3))_1-

It follows from (5.1.3) that there exists C' = C(£2) independent of € such that for z € €,
1E2 () |13y, < C, which completes the proof. O

5.5 Complex Higgs oscillators

The Higgs oscillator [26] (see also Pallares-Rivera—Kirchbach [41]) is considered as an
analogue of the quantum harmonic oscillator on the hyperbolic plane. In this section
we discuss its complex version, in analogy to the complex harmonic oscillator in the
Euclidean space studied by, among others, Davies [9].

As discussed in §1.4.2, for a hyperbolic manifold (M, g), we aim to find a complex-
valued function f € C>(M) such that A, + f is an operator on L*(M,dvol,) with
discrete spectrum. Ideally, we should also require f to be unbounded near infinity like
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the function —icz? in the Euclidean case, which would provide the compactness of the
resolvent (A, —n?/4+ f —z)~' : L*(M,dvol,) — L*(M,dvol,). However, it is hard
to find a function f satisfying all the requirements above. We will explore a candidate
f = w?tanh?® r where w € C, r is the hyperbolic radius. The operator Ay +w? tanh?r is
called the Higgs oscillator in the hyperbolic space, whose spectrum and resonances can
be explicitly computed, see [41] for more details. The drawback of this candidate is the
boundedness of f thus we lose the compacteness of the resolvent (A, —n?/4+ f—z)~ L.
We remark that it is still an open problem to find an ideal analogue of the complex
harmonic oscillator in the hyperbolic setting. We hope that the following introduction
could popularize this natural problem.

5.5.1 Complex Higgs Oscillator on the Hyperbolic Plane
We consider the hyperbolic plane
H:= {(z,y) € R* : y > 0}

with the Poincaré metric y~—2(dx? + dy?). Instead of coordinates (x,y), we will use the
geodesic normal coordinates for hyperbolic metrics. These are coordinates (r, ) for
which the r-coordinate curves are unit speed geodesics and the p-coordinate curves are
geodesic circles. The Laplacian is given by

Ape = y*(D2 + D;) = D} —icothrD, + sinh ™ rD2,
where D, = i719,. Ay is through conjugation by sinh/?r, equivalent to
D? +sinh™? (D] — 1/4) + 1/4.
Now we define the complex version of Higgs Oscillator by
Agz + w?tanh®r, w € C,
which is through the same conjugation as above, equivalent to the operator

D? —1/4 w? 1
> =1/ _ N R

D? +
" sinh? r cosh? r 4

on L?*((0,00), x S}D, drdyp). We can expand this in terms of the eigenfunctions on S;

to obtain ) 14 ) .
m? — w

D? + — +w’+ -

SEBZ " sinh? r cosh? r 4

This decomposition leads to the one-dimensional Schrodinger operator with Poschl—
Teller potential — see §2.6, as follows.

DX+ V,,, p=m|—1/2, v=+/w?+1/4-1/2.
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It follows from Proposition 2.6.1 that
Spec(DZ+V,,)={(v—p—1-2n)*:neN,2n < Re(v—pu—1)}

Hence we obtain the eigenvalues of Agz + w? tanh?® r:

1 1 1
{wQ—l—Z—( w2+1—m—1—2n)2:m,neN,2n<Re\/w2+Z—m—1}.

The scattering matrix (2.6.1) gives the resonances of Agp + w? tanh®r:

1 1
{w2+1—( w2+é—l—m—1—2n)2:m,n€N}.

5.5.2 Complex Higgs Oscillator with an Eckart barrier

We consider the one-dimensional Eckart barrier V = acosh™2r, a@ > 0. The complex
Higgs oscillator with an Eckart barrier is given by

D3+V—|—w2tanh2r:Df+(a—w2)cosh*27‘+w27 weC.

This can be viewed as a Schrodinger operator with Poschl-Teller potential

/ 1 1
. v - 2 — - — —.
})r—l—[/m 14 w O{—|—4 5

It follows from Proposition 2.6.1 that the discrete spectrum of the complex Higgs
oscillator with a Eckart barrier is given by

1 1 1 1
{wQ—(\/w2—a+1—§—n)2:neN,n<Re\/w2+z—l—§}.

And the scattering matrix (2.6.2) gives the resonances in this case:

1 1 2
2 _ 2 _ - - .
{w (y/w a+4 5 n) .nEN}.

5.5.3 Complex Higgs Oscillator on hyperbolic half-cylinder
Another interesting example is the hyperbolic half-cylinder

Yo~ (0,00), x (R/IZ),,
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Spectrum of Higgs oscilator on hyperbolic plane with w? = -100i
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Figure 5.2: The spectrum of the complex Higgs osicllator on the hyperbolic plane. The
red dots are the eigenvalues of Agz + w? tanh? r with w? = —100i while the black dots
are the resonances. We also plot the resonances of Ayz, which are the blue dots on the
real axis. This shows the deformation of resonances.

with the metric
g = dr?® 4 cosh® rd6?.

The Laplacian with Dirichlet boundary condition on {r = 0} is given by
Ay, = Df —itanhrD, + cosh™2 Ar/iz,
which is, through a conjugation by cosh'/? r, equivalent to the operator

A +1/4 1
pry Swet1/ 1
cosh”r 4

Using the same conjugation, the complex Higgs oscillator

Ay, + w? tanh®’r, w € C,
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is equivalent to the operator

WQ—A]R 12—1/4 1
D? - / +wl
" cosh? r 4

which admits the following expansion:

— (2 1)*—1/4 1
@DQ w? 7Tm/2) / N
cosh” r 4
mEZ
The corresponding one-dimensional one-dimensional Schrodinger operator is D + V4,
on (0, 00) with Dirichlet boundary condition, where we put v = \/w? — (2rm/1)2 —1/2.

Hence by Proposition 2.6.1 the discrete specrtum of Ay, + w? tanh?r is

(W2 +1/4 — (V2 = 2rm/l)? —2n - 3/2)° :m € Z,
n €N, 2n < Rey/w? — (2rm/1)? — 3/2},

while the analysis of (2.6.1) gives the resonances:

{w? +1/4 — (Vw? — (2mm/1)? —2n—3/2)2:m€Z,n€N}.

Remark. The explicit formulae and the figures show that the resonances in all cases
are deformed and some do become eigenvalues. However, in this setting we cannot
obtain the original resonances for w = 0 by taking limits of these eigenvalues as w — 0,
as one would want for the CAP method. In fact, for w € C with small modulus there
are no eigenvalues for the complex Higgs oscillators at all.
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Spectrum of Higgs oscilator on hyperbolic half cylinder with =27 and w? = -100i

0 ¢ o ¢ o sem ee cigenvalues 7
03 * o -
L ]
200 ® e N
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m=0 oo hd ¢ o
L] . .
-400 . ° resonances ¢ e .
° L ] L ]
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-600 m=10 o . ]
L ]
-800 ¢ 7
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-1000 | . ]
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400 -300 -200 -100 0 100 200 300 400

Figure 5.3: The spectrum of the Higgs osicllator on hyperbolic half-cylinder with pa-
rameter [ = 27 and w? = —100i. We only plot the spectrum with respect to the Fourier
modes m = 0, 10, 20 for illustration. Here the red dots are eigenvalues and the black
dots are resonances. We also plot resonances for w = 0 (blue dots) with respect to the
same Fourier modes to show the deformation of resonances.
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Chapter 6

Resonances as viscosity limits

6.1 The CAP method for exponentially decaying
potentials

In this section, we prove Theorem 1. The proof is mainly based on Lemma 1, Lemma
6, with an application of Theorem 7. We first state a more precise version of Theorem
1 involving the multiplicities given in (3.2.5) and (5.3.3) as follows:

Theorem 8. For any Q given in (1.3.1), there exists 69 = 6o(S2) satisfying the follow-
ing: for any 0 < § < 0y, there exists e5 > 0 such that for any A € Q with m(X\) > 0,

#{Ni(@) )21 N B\, 6) =m(A), forall0 <e < e,

where {\;(€)}52, given in (5.3.2) is counted with multiplicity, B(\,d) = {z € C:
|z — A\l < 6}.

Proof. In view of Lemma 1, the poles of (I ++vV Ry(A\)vV V)" are isolated in the region
{Ae€ C:ReX >0, ImA > —~}, thus there are finitely many A €  with m(\) > 0,
denoted by Ay, ..., A;. We choose 6y > 0 such that B();,d0), j =1,...,J are disjoint
discs in €, then for any fixed 0 < 0 < dy and each A € 2 with m(\) > 0, we have

(I + VVR(OVV) Y122 < C(6), V¢ € OB(A,0),

for some constant C'(6) > 0.

In order to apply the Theorem 7, we need to estimate :

||\/VR5<C)\/V - \/VRO(C)\/V”L2—>L27 for any C € Q.
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1. Choose y € C*(R"™) satisfying y = 1 in Bga(0,1) and supp x C Bgn(0,2), here
Bga(0,7) := {x € R": |z| < r}, we define xg(z) = x(R 'x) and write
VVR(OVV = VVRy(OVV
= (VVRAOVV = xaVVRA(OxrVV)
+ VVxa(R(¢) = Ro(¢))xaVV
— (VVRo(QOVV = xrVVRy(OxrVV).

(6.1.1)

2. The first term can be written as
(1 = xR)VVRAOVV + xeVVR(O) (1 = xp)VV.
Let 4 = (v +14/)/2, then
(1 = xR)VVR(OVY = (1 — xp)VVell (el R_(¢)e T/ Vel

3.2.1) implies that [\/V(z)e*| < Ceti=ll = Ce=(r=1)121/2 By Lemma 5, there
( y
exists g9 = €o(2,y) such that

le T R(¢))e M| 1oy 2 < C(,7), for any 0 < & < &.
We conclude that
1(1 = xXg)VVRAOVV || 1252 < C(Q2,7)e” 0782 for any 0 < € < &.

Similarly, we can bound ||x vV R:(¢)(1—xr)V V|| 12— 12 by the right side above. Hence
there exists C' = C(€2,7) such that for any 0 < e < &y,

IVVRAOVV = XaVVRAOXrVV |22 < Ce”0R2  yee Q. (6.1.2)

3. We can estimate the third term in (6.1.1) by a similar argument. It follows from
(3.2.4) that ~ ]
le™ " Ro(Q)e ™ | amsre < C(Q,7), ¥(EQ.

Hence, arguing as above, we obtain that
IVVRo(OVV = XeVVRy(OXRVV |22 < Ce 072 e e (6.1.3)
4. We note that
Xr(R=(C) = Ro(Q))xr = i xr(—A —ica® — (*)7'a*(A = (*) "'xa,
and recall [65] that there exists C' = C(€, xg) (independent of €) such that

IxXr(—A — jex? — §2)_1x2(A — C2)_1XR||L2QL2 <C, V(e e>0,
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which is proved using the method of complex scaling — see §3.5. Hence

IVVXR(RC) = Ro(O)xaVV 22 < C(Qxp)e, V(EQe>0.  (6.14)
By (6.1.2) and (6.1.3), we can first fix R sufficiently large such that

IVVRAOVV — xaVVRAOXaVV 1212 < 1/(3C(5), VCeEQ, 0<¢e <<
Then by (6.1.4), there exists €5 > 0 such that for all 0 < & < &,
IVVXR(RAQ) = Ro(O)xaVVIli2srz < 1/(3C(5)), V(e Q.

We may assume that g5 < €, thus by (6.1.1), we conclude that for each 0 < € < ¢y,

I+ VVR(OVV) I+ VVRAOVV = (I + VVR(OVV) )llr2r2 < 1,
on 0B(A,0).

Now we apply Theorem 7 to obtain that

) = gt [ IV R(OVT) O (VTR (OVT ) de
OB(\0)

271

Ly / (I + VVRAOVV) 0 (VVROVV) e,
OB()\,6)

2me
for each 0 < & < 5. Denote by Ai(¢), ..., Ak (e) the distinct poles of
B(X6) 3 (= (I+VVR(OVV) T,

then we have

]~

m()) = tr f VROV 0 VRV ac

1
271
1

i

] =

me(Ae(€)).

B
Il
—

Therefore, with Lemma 6 and (5.3.4), we obtain that
#{ ()52, NB(X,6) =m(}), V0 <e<e,

which completes the proof. O
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complex scaled region

: B(0, Ry) |

90

Figure 6.1: An auxiliary obstacle separating the black box from the differential operator
outside.

6.2 An auxiliary obstacle problem

To prove Theorem 2 (the black box case) we cannot use the strategy of [65] which
covers the case P = —A+V, V € L, . Instead we introduce an auxiliary obstacle to
separate the abstract black box from the differential operator outside. By an obstacle
we mean a bounded open set O in R™ with smooth boundary, that is 90 is a C*>-
hypersurface in R”. We shall assume that B(0, Ry) C O C B(0, Ry), where B(0, Ry)
denotes the black box and B(0, R;) lies in the flat region of the complex contour I'y —

see §3.5. We also assume that the cutoff function y in (5.4.1) be equal to 1 near O.

We first introduce a reference operator P associated with the obstacle O. In the
notation of (3.3.1), we put

HO == Hp, ® L*(O\ B(0,Ry)). (6.2.1)
The corresponding orthogonal projections are denoted by

u = 1p(0,Ry) U = UlB(0,Ry), U LO\B(0,Ry) U = U|O\B(0,Ro)-
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Let P be a long range perturbation of —A introduced in §3.4, that is
P:H —H with domain D(P),
which satisfies (3.3.2) — (3.3.4) and (3.4.1) — (3.4.3). Then we define

D° = {uecH® ¢ €C*(0), ¥=1near B(0,Ry) =

, ; (6.2.2)
Yu € D(P), (1—-¢)ue H(O)N Hy(O)}
and, for any ¢ with the property (6.2.2),
PO . D% — HO,
(6.2.3)

POu = P(ypu) + Q((1 — ¥)u).

It follows from assumptions (3.3.3), (3.4.1) that these definitions are independent of
the choice of the cutoff function .

We recall some basic properties of the reference operator from [49, §7]:

Proposition 6.2.1. Suppose that O C R™ is an open set containing B(0, Ry) such
that 0O is a smooth hypersurface in R™. Let P® be the reference operator defined in
(6.2.3). Then, with H® given by (6.2.1),

PO . H° %’HO,

is a self-adjoint operator with domain D° defined in (6.2.2). Furthermore, the resolvent
(PO +1i)71 is compact and thus P° has discrete spectrum which is contained in R.

For the proof we refer to [12, Lemma 4.11] and we remark that the arguments there
is still valid if we replace the assumption there: P = —A in R™\ B(0, Ry), by the
assumption (3.4.1).

Let Py be the complex scaled P defined in (3.5.3). In parallel with the reference
operator, we now introduce the restriction of Py to I' \ O with Dirichlet boundary
condition. Outside the black box, Py is equal to a differential operator — see (3.5.3),

n

Qo= 3 (0,(6™(2)0.,) + (=)l

k=1
We define
Q9 : LT\ 0) = LA(T,\ 0), with D(QF) = H(Ty \ ©) 1 HA(Ty\ O),

Q5w = Qou, Yu € D(QF). (624
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And the CAP-regularized version is defined by

0t Lo\ 0) = L*(T \ 0), with D(QZ,) = D(QF) N el *L*(Ty \ O),

6.2.5
Qgeu = qu —ie(1— x)zgu, Yu € D( gg). ( )

We remark that Qf can be viewed as QS (8 = 0) being complex scaled, while QS being
a long range perturbation of —A introduced in §3.4. Similarly, Qge is the complex
scaled version of ng which is QS being CAP-regularized — see §5.4. Therefore, we
conclude from Lemma 3 and Lemma 7 that

9 L*(Ty\ O) = L*(Ty\ 0), >0,

has a discrete spectrum in the range {z € C: —20 < arg z < 37/2 + 26}.

6.3 Dirichlet-to-Neumann operator

In this section we use a different method from [65] and §5.3 to characterize the eigen-
values of P, g, € > 0. We introduce the Dirichlet-to-Neumann operator associated with
the obstacle O — see Figure 6.1. For that let v(x) be the Euclidean normal vector of
00 at z pointing into O, we put

V() = (¢7%(2))nxn - v(2), € OO, (6.3.1)

where g’% are the coefficients of Q satisfying (3.4.1) — (3.4.3).

First we introduce the interior Dirichlet-to-Neumann operator of P:

ou (P—2)u=0in O
where u solves .

Np(z)e = vy’ u = on 00

(6.3.2)

The boundary value problem in (6.3.2) has a unique solution if z is not an eigenvalue
of PY introduced in §6.2. More precisely, if we set E'™ : H3/2(00) — H?*(O) as a linear
bounded extension operator such that

EMpla0 = ¢ and supp EMp € O\ B(0, Ry), V¢ € H¥*(00),
then for z ¢ Spec(P?), the unique solution to (6.3.2) can be written as
u=E" — (P —2)71(Q - 2)Ep.

It follows that ' ' ‘
NP (2)e = 0,,(E™p — (P° — 2)71(Q — 2)E™p), (6.3.3)

thus z +— NB(2) : H¥2(00) — HY?(00) is a meromorphic family of operators on C
with poles contained in Spec(P?).
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Similarly, we can define the exterior Dirichlet-to-Neumann operator of P; g for every
0<6<byande>0:

ou (Qep—2z)u=0inTy\ O
= where u solves .

= 6.3.4
vy’ u = on 00 (6.3.4)

The existence and uniqueness of the solution to the exterior boundary value problem
in (6.3.4) follows if z is not an eigenvalue of Q%, defined in (6.2.5) with —20 < arg z <

3m/2 +20. In fact let B : H32(00) — H?(T'y \ O) be a linear bounded extension
operator such that

E°"p|s0 = ¢ and supp E°%p € Ty \ O, Vo € H¥?(00).
Then we have a more explicit expression for N2j*(2):
NEG(2)p = 8y, (B0 — (Qp — 2) T (Qep — 2) B ). (6.3.5)

Hence z — N2'(z) : H32(00) — H'*(9O) is a meromorphic family of operators in

the region —20 < arg z < 37/2 + 20, with poles contained in Spec(Q%y).

Now we put

Neo(2) := ;gt(z) — N2 (2). (6.3.6)
The following lemma shows that N »(z) is a Fredholm operator for suitable z.

Lemma 11. Suppose that 0 < 0 < 6y, ¢ > 0 and that —20 < argz < 3mw/2 + 20
with z ¢ Spec(P®) U Spec(QSy), then Noy(z) : H¥2(00) — HY?*(0O) is a Fredholm

operator of index 0.

Proof. Let Q) and N{'(z) be the the reference operator and the interior Dirichlet-
to-Neumann operator associated with @, defined as in (6.2.3) and (6.3.2) respectively
except that @) replaces P there. Suppose that

20 ¢ Spec(QF) U Spec( g(,) U Spec(Qcp). (6.3.7)
Then N2 (20) and N5 (o) are well-defined. We claim that
N2y (z0) — NG (20) = HP?(00) — HY?(d0) is invertible. (6.3.8)

To show injectivity, we argue by contradiction. Suppose that 0 # ¢ € H*?(00)
satisfies N2§'(z0) = N5 (20), it follows from (6.3.2) and (6.3.4) that

Juy € H*(O) and uy € H*(Ty \ O) (|wg|*uy € L*(Ty \ O) when & > 0) such that

(Q — zo)u; =0in O (Qeo — 20)ue =01in 'y \ O
and

6.3.9
u; = @ on 00 uy = @ on 00 ’ ( )
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and that 0,,u; = 0,,uy. Let
u=lous + lpy)o ug,

we aim to show that u € H?(T'y). For that it suffices to show the regularity of u near
00. For any xy € 00, we choose By, := B(xo,r) C B(0, R;) such that Q.y = @ in
B,, and put v € C°(B,,). Then we integrate by parts to obtain:

/ (Z ¢ 0, ud,,v + cuv) dx
Bay

J,k=1

n

= / (Z 97 0 w1 05,0 + cuw) dr + / (Z G0 20,0 + cu2v> dx
BupO \ /i1 Bup\O

jk=1

= / v Quidr — / v Oy, urdS(z) + / v Quadx + / v Oy, u1dS ()
Ba(yNO dONBy, ‘ By \O dONBg, ‘

= / ZoU1v dx —I—/ ZoUaU dx = / Zouv dx.
ByyNO Bu\O B

0

Hence u is a weak solution of (Q — zo)u = 0 in B,,, the regularity results for second
order elliptic differential equations show that u is H? near xo, thus u € H?(Ty). It then
follows from (6.3.9) that u solves the equation (Q. 9 — 20)u = 0, thus 2y € Spec(Q: ),
which contradicts (6.3.7).

To show surjectivity, we first choose a linear bounded operator L, : H 12(00) —
H?(0) satisfying the following:
L,p :=v, wherev € H*(O)N Hy(O) satisfies

_ e (6.3.10)
suppv C O\ B(0, Ry) and 9,,v = ¢, ¢ € H'/*(00).

For any ¢ € HY2(00), let v := L,p, f = (QY — z)v € L*(0). By (6.3.7) we can
define
ui=(Qecp— 20) "of and ¢ :=ulpp € HY*(0),

where 2 : L?(O) < L*(Ty) denotes the extension by zero. Then

(Q —20)u1 =01in O

uy = lpu — v satisfies
! © u; = ¢ on 00

(Qep — 20)us =0in Ty \ O

Uy =1 u  satisfies
? Fo\D us = @ on 00

Hence we have

./\/z‘alt(zo)go — ./\fén(zo)go = Oy, Ir,\ou — Oy, (lou —v) = 9,,v = @.
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After proving (6.3.8), we now show that N2 (z) — N2§*(z0) and Np'(2) — N5 (20)
are compact: H3/?2(00) — H'Y?(00). Using (6.3.5) we have for any ¢ € H32(0),

out out

e (2)p = N2y (20)
= 0,,((Qy — 20) ™ Q= — 20) = (QF — 2) 7 (Qep — 2) E™¢
= (2= 20)0,,(Q% — 20) "' (I = (QZy — 2) 7 (Qep — 2) E™"p € HY2(90),

thus No'(z) — N2o'(z0) : H¥Y2(00) — H**(00) C HY*(0O) is compact since the
last inclusion map is compact. It remains to show that

NB(2) = N&(20) - H*?(00) — HY*(00) is compact.

For that let ¢ € C>°(O) be equal to 1 near B(0, Ry), ¢ € HY?(0), there exist u and v
satisfying:
(P—2zu=0in O (Q—2)v=0in O

d
u = on 00 o v=pond0d

recalling (6.2.2) that (1 —¢)u € H*(O), thus we have
(VB (2) = NG (20))p = 00y (1 = )u — (1 =)o),
Using (3.4.1) we can show that (1 — )u — (1 —v¢)v € H?(O) N HY(O) satisfies:
QUL =d)u— (1 =9)v) =1 =¢)Pu—[PYlu—(1-¢)Qu+[Q,¢Jv
= 2(1 —)u — 2(1 — ¥)o — [P, glu + [Q, ¢]v € HY(O),

then we conclude from the regularity results for second order elliptic differential equa-
tions that (1 — ¢)u — (1 — ¢)v € H*(O), thus (Np'(z) — N5'(20))e € H32(00).
Therefore, NP (z) — N (zo) : H¥*(00) — H3/2(00) C HY/?(90O) is compact.

So far we have shown that there exists a compact operator
K(2) = N2 (2) = N2§'(20) = VB (2) = NG (20)) : HY*(80) — H'*(90),
such that M. g(2) = N2 (29) — N'(20) + K(2). Using (6.3.8) we can write
Neo(z) = (NZ5(20) = NG (20)) (1 + (NZ5' (20) = NG (20)) T K (2)),

it is a product of an invertible operator and a Fredholm operator of index 0, thus
N 4(z) is also a Fredholm operator of index 0. O

Remark. The compactness of N2§*(z) — N2§*(z0) and Np'(z) — N (2) can also be
proved using the facts that the principal symbols of N2§*(2) and Out(zo) are identical,
same for N3*(2) and N3 (zo) — see for instance Lee-~Uhlmann [35] for a detailed account.



CHAPTER 6. RESONANCES AS VISCOSITY LIMITS 86

In order to work on a single Hilbert space, we introduce
Neg(2) = (Dao) "Neg(z) : H¥2(00) — H¥*(90), (6.3.11)

where (Dgo) = (1 — Aso)'/? is the standard isomorphism between Sobolev spaces
H*(00) and H*"(90O). The following lemma shows that the eigenvalues of P, g, € > 0,

can be characterized as the poles of z +— /\7’679(2)*1, with agreement of multiplicities.

Lemma 12. Suppose that 0 < 0 < 6y, € > 0 and that
Q€ {z:—20 < argz < 3m/2+ 20} is disjoint from Spec(P?) U Spec(QYy).
Then R
Z = -/\/;:,G(Z)_la KAS Qv
is a meromorphic family of operators on H>?(00) with poles of finite rank. Moreover,

neo(z) = — tr ?f N (0) 0N g (w) diwo = e o(2), (6.3.12)

2

where the integral is over a positively oriented circle enclosing z and containing no poles
other than possibly z and m.g(z) is given by (5.4.7) (and by (3.5.11) when e =0).

Proof. 1. Suppose that z € € is an eigenvalue of P; y, we choose u € ker(P.y — 2z) and
let ¢ = ul|so, then by (6.3.2) and (6.3.4),

25 (2)e = NP (2)p = 0y, (Iry o 1) — Oy, (Lo u) = 0.

We note that ¢ # 0 otherwise lpu € D(P?), (P° — 2)lpu = 0, implies that z €
Spec(P?). Thus 0 # ¢ € ker/\/;g( ).

On the other hand, suppose that 0 # ¢ € ker./\Afag(z), the same arguments as in the
proof of Lemma 11 show that z € Spec(P.y). Hence

2 € Spec(P.y) <= ker N.g(2) # {0}, (6.3.13)

and we conclude from Lemma 11 that J\A/;79(z) is invertible for z € Q\ Spec(P.p).

Theorem (4) then shows that Q 3 z — N ¢(z)~! is a meromorphic family of operators
on H*?2(00) with poles of finite rank.

2. Since (6.3.13) proves (6.3.12) in the case m.y(z) = 0, we now assume that
meg(z) = M > 1, and that P,y has exactly one eigenvalue z in

D(z,2r):={C € C,|¢ —z| < 2r}.

We note that z is not a compactly supported embedded eigenvalue of P, by which we
mean an eigenvalue admitting a compactly supported eigenfunction — see (6.4.1). This
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is because if (P—z)u = 0 for some 0 # % € Deomp, then u must vanish identically outside
B(0, Rp) by unique continuation results for second order elliptic differential equations,
thus u € DO. It follows that 2 € Spec(P®) which contradicts our assumption on €.
Then we claim that for any ¢ > 0 there exists V € C*(O\ B(0, Ry); R) with ||V ]|o < ¢
such that

rank/ (P.y+V —w) dw = M,
0D(z,r)

and that all the eigenvalues of P. p+V in D(z,r) are of multiplicity 1. This follows from
the results of [33] (see also [12, Theorem 4.39]) and we omit the proof here. Replacing
P by P+V in (6.3.2), we can define Ae‘fa for P.y+ V asin (6.3.6) and (6.3.11). Note
that JV&(; has no kernel except at z in D(z,2r) by (6.3.13), using (6.3.3) we can choose
d small enough such that for ||V« < 0,

1Nz o(w) "Nz p(w) — Ny |20y 320y < 1, Yw € D(2,7).

It then follows from Theorem 7 that

1
—.tr/ Ny (w) 10Ny (w) dw = neg(z).
oD(zr) ’

271

Hence it is enough to prove (6.3.12) in the case m.(z) = 1 with P.y replaced by
73579 + V.

3. Now we assume that m.g(z) = 1. In view of (6.3.13), K@,g(w)*l has a pole at z,
it remains to show that z has polar multiplicity 1 — see Theorem 6. For any w near z
and ¢ € HY2(90O), we recall (6.3.10) that L,p € D, then (P° — w)L,p € H®. Now
we put
ui= (Poy —w) (P° —w)Ly@, ¢ :=ulso,

where 2 : H® < H, is the extension by zero. Following the arguments in the proof of
Lemma 11 while P replacing @ there, we can show that N g(w)p = ¢, thus

A~

Neo(w) '@ = ((Pog — w) "o(PC — w)Ly((Doo)@))loo, V¢ € H*(DO).

We note that z is a pole of w + (P.g—w) ™! with polar multiplicity 1 due to m. ¢(z) = 1.
It follows from the expression above that n. ¢(z) < 1, but (6.3.13) and m. ¢(z) = 1 imply
that n.p(2) > 0, thus n.g(2) = 1. O

6.4 Compactly supported embedded eigenvalues

It has been shown that by introducing an auxiliary obstacle O, we can characterize
the eigenvalues of P.y, € > 0, as the poles of z — M (2)"'. The drawback of

this characterization is that ./\75,9(2) can only be defined away from Spec(P?) and
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Spec( ga)- Therefore, we wish that we can always choose the obstacle O carefully

according to the location of resonances of P, so that Spec(P?) and Spec(QY,) stay away
from the resonances. This is almost true except the fact that there is a special subset

of resonances lying in Spec(P?) for any O containing B(0, Ry), that is Speceyp,(P) —
the compactly supported embedded eigenvalues of P, defined by

SPeCeomp(P) :={A € C: 30 # u € Deomp such that (P — A)u = 0}, (6.4.1)
where Deomp := {u € D(P) : ulgm\ B0,r0) € Heomp(R™ \ B(0, Ry))}.

Remark. Since Q(u|lr\B(0,r,)) = 0, by the unique continuation results for second
order elliptic differential equations, w in (6.4.1) must vanish on R™\ B(0, Ry), thus
u € D° for any O containing B(0, Ry), which implies that Spec,,,,(P) C Spec(P?).

Now we introduce a strategy to overcome the difficulty caused by Spec gy, (P).
Suppose that Q € {z: —20 < argz < 37/2 + 20}. We define

Vo :={u € Deomp : (P — z)u = 0 for some z € 2}, (6.4.2)

Vo consists of compactly supported eigenfunctions corresponding to eigenvalues in €2,
thus V4 is finite dimensional. By the remark above, V; is a subspace of Hp, given in
(3.3.1), H admits the following orthogonal decomposition:

H=Vy® Hr, ® L*(R"\ B(0, Ry)). (6.4.3)

Let IIy : H — V4 be the orthogonal projection, Iy is also a spectral projection for P,
thus PIIy = Iy P. If we replace ‘H by

H = Hp, ® L*(R™\ B(0,Ry)),
and define
P :H — H, with domain D := (I —II,)D, Pu= (I —1IIy)Pu,

then we have (P+i)~' = (I —I)(P+1i)~'(I —II,) and the assumptions (3.3.3), (3.3.4)
and (3.4.1) are still satisfied. We remark that

SPECeomp(P) N Q= 0.
Let Py be the complex deformed P on the contour I'y, with
Hy = Hp, ® L*(Ty \ B(0, Ry)),
then for any z ¢ Spec(Ps),
(Po—2)" = (I —Ty)(Py — 2)~' - Ho — Hy. (6.4.4)
In addition, let P, := P — (1 — x(z))z?, then

(P.—2) ' = (I =) (P.—2)" - H = H. (6.4.5)
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6.5 Eigenvalues and obstacle deformation

In this section we show that the eigenvalues of Q5 and P? other than SPeCeomp (P) can

be moved by deforming the obstacle O while we always assume that B(0, Ry) C O C
B(0, Ry). To describe the deformations of obstacles, we modify (4.1.1) to define

P € C*(R™;R") is a diffeomorphism : ®(00) = 8(I><O)’} (6.5.1)

O(z) =2, forall |z| < Ryor |z| > Ry.

Diff(O) := {

We note that ® € Diff(O) only deforms the region {z € R™ : Ry < |z| < R}, then
it also defines a diffeomorphism of I'y, 0 < 6 < 6y. The pullback ®* gives an isomor-
phism between L?*(Ty \ ®(O)) and L*(Ty \ O), which also restricts to an isomorphism

between D(Qg)(o)) and D(QF) given in (6.2.4) since it preserves the Dirichlet boundary
condition. Hence we can define

QS = Q' (@), with D(QFg) = D(QY), (6.5.2)

which is considered as the deformed operator of QF under the deformation ®. The
Fredholm properties of Q(I> —z immediately show that Qe o — % 1s a Fredholm operator
of index 0 for —260 < argz < 37/2 + 26, and (6.5. 2) implies that the spectrum of QFs

in this region is identical to the spectrum of Qo . Moreover, Qe,cp can be viewed as
a restriction of Qp g = ®*Qy(P*)™! to I'y \ O with Dirichlet boundary condition. A
direct calculation shows that

Ap =" Qp(P") ' = Q=P Q(2) ' —Q = aalx (6.5.3)

|| <2
where the coefficients a, are supported in B(0, R;) \ B(0,R;) C I'y. We note that
aalloo < Cl|® —id||c2, thus Ag = O(||® — id||¢2) : H*(Ty) — L*(Ty).
Now we show that Spec(Q§) can be moved by deforming the obstacle:
Lemma 13. Suppose that the obstacle O C B(0, Ry) contains B(0, Ry) and that —26 <

arg zop < 3m/2 + 20, then for any 6 > 0 there exists € Diff(O) with ||® —id||c2 < §
such that zy ¢ Spec(Qg)(O)).

Proof. We may assume that zyp € Spec(QY), otherwise we can take ® = id. Suppose
that Qf has exactly one eigenvalue in D(z,2r). For D := D(z,r) we define

Mo (D) = —— [ (@@= 07C mo(D) = rankTlo(D). (6.5.4)

i

then mo (D) = me(20), where mo(zy) denotes the multiplicity of zy € Spec(QS).
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For § > 0 small, we put
Z/[5(O> = {CI) S lef(@) : ||<I) —id ||02(Rn\(')) < (5}

It follows from (6.5.3) that Qg — QF = O([|® —id||c2) : H*(Ts \ O) = L*(Ty \ O),
thus for ® € Us(O) with § sufficiently small,

Qs — )7 =(Q7 — Q7'+ (QFs —QQF —O™H)™!, (€D,

exists and sup;eop [(Qfe — )7 = (QF — O) 2w 0)— 1200y < C(2)5. We define

[g(D) := —2%, aD(Qg?q, —¢)7'd¢,  me(D) = rank (D), (6.5.5)

then I1g (D) and I1p(D) have the same rank for any ® € Us(O) if § is sufficiently small.
Since mq (D) = ma(o)(D) by (6.5.2), we conclude that

ma(o)(D) is constant for & € Us(O) if 0 is sufficiently small. (6.5.6)
We note that for every O and zj, one of the following cases has to occur:
Vo>0, dde Ug(@) such that m¢(o)(z0) < mq>(@)(D), (657)

or

34 >0, such that V@ € Us(O), ma©0)(20) = mao)(D). (6.5.8)
The first possibility means that by deforming O under an arbitrarily small ®, we can
obtain at least one eigenvalue of Q;b(o) other than zy. The second possibility means

that under any small deformation ®, 2, is the only eigenvalue of QE(O) in D and the
maximal multiplicity persists.

Assuming (6.5.7) we can prove the lemma by induction on me(z). If mo(z0) = 1,
(6.5.6) shows that mge)(D) = 1 for @ € Us(O) with § small. It then follows from

(6.5.7) that we can find ® € Us(O) such that me)(20) < 1, ie. 2z ¢ Spec(QS(O)).
Assuming that we proved the lemma in the case mo(zp) < M, we now assume that
mo(z0) = M. We note that for any ®; € Diff(O) and &, € Diff(®,(0O)),

[@20 @1 —id[|c2 < C([|®1 —id ||z + [|P2 —id ||¢2),

where C'is a constant depending only on the dimension n. For any 6 > 0, (6.5.7) implies
that we can find ®; € Diff(O) with [|®; —id||c2 < §/2C such that me,)(20) < M.
It then follows from our induction hypothesis that there exists ®, € Diff(®,(O)) with
|®2 —id ||z < 6/2C such that zy ¢ Spec(Qg)Q(q)l(O))). We now take ® = &5 o ¢y, then
¢ € Us(O) and 2 ¢ Spec(Qéq)(O)).
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It remains to show that (6.5.8) is impossible. For that, we shall argue by contra-
diction, assume that me(D) = M and that (6.5.8) holds. For ® € Us(O), we define

k(®) := min{k : (Qfe — 20)"ls(D) = 0},

then 1 < k(®) < M. It follows from (6.5.2) and (6.5.5) that if ||®; — ®|/c2sr — 0 and
(Q(?,@j — 2)"g, (D) = 0, then (QFq — 20)*Ile(D) = 0. We now put

ko := max{k(®) : ® € Us/»(O)},

and assume that the maximum is attained at ®y € Us/2(O) i.e. k(®g) = ko, then there
exists 0’ > 0 such that [|® — ®yl[cenr < 0" = k(P) = ko. Henceforth, we can replace
our original obstacle O with ®4(QO), decrease § and then assume by (6.5.8) that

(Qfe — 20)™Me(D) =0, (Qfe — 20)* 'Ta(D) # 0,

6.5.9
me(z) = rank g(D) = M, Y& € Diff(0), ||® — id |cen < 0. (6.5.9)

Before proving that (6.5.9) is impossible we introduce a family of deformations in
Diff(O) acting near a fixed point on 0O. For any fixed 2y € O and some hy > 0 small

we can choose a family of functions yx;, € C*(90;[0,00)) depending continuously in
h € (0, ho] with

/ Xn(z)dS(x) =1, suppxn C Bso(zo,h), Vh € (0,hol, (6.5.10)
80

where Byo(xg, h) denotes the geodesic ball on 9O with center zy and radius h. For
each h € (0, hy], we construct a smooth vector field V,, € C°(R"; R") with some small
constant &, = O(h?*"~1) such that

Vi(x) = dpxn(2)vy(z), Vo € 00, ||[Villcem < g/2,

6.5.11
supp Vi, C Bgn(xg, Ch) for some C > 0, ( )

where v,(x) is defined by (6.3.1). Let ¢} : R" — R" be the flow generated by the
vector field Vj,. Tt follows from (6.5.11) that for every h € (0, ho| there exists tg > 0
such that

oh € Diff(0), |l¢h —id||cen <6, YVt € (—tg,to).

Assuming (6.5.9) we can find w € L?(I'p\O) so that u := (Qf —2)*lp(D)w # 0.
For any fixed oy € 00 and h € (0, hgl, we take @, := @}, t € (—to,t9) and put

u(t) = (@) (1), v(t) = (Qfa, — 20" Ty, (D)w.
In view of (6.5.2), (Qf, — 20)v(t) = 0 implies that

(Qo — zo)u(t) =0 in Ty \ &,(0). (6.5.12)
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Since ®,(O) C O fort > 0, we can restrict (6.5.12) to the region I'y\ O then differentiate
it in ¢, by taking t = 0, we obtain that

(Qo — 20)u'(0) =0 inTy\O. (6.5.13)

Recalling that u(t

,x) = v(t, ;) and u(0) = v(0) = u, we conclude from the flow
equation that v/(0) = 1

v(
v'(0) — Oy - V3, thus by (6.5.11) we have
u'(0) = —0pxn(x)0y,u, on JO. (6.5.14)

We now multiply (6.5.13) by w then integrate it on I'p \ O, then

0= /F o u (Qp — zo)u’(0)
- /1“9\(9 u'(0) (Qo — zo)u + / Z 8j(u/(0)gjkaku — ug’ ' (0)) (6.5.15)

'O 7
_ / (i (0) 8,1 — ud, 1 (0)) dS.
o0

It then follows from u|sp = 0 and (6.5.14) that

0= [ xala)(@,utw)Fas),

sending h — 0+, we conclude from (6.5.10) that d,,u(xo) = 0. We note that z, € 00
can be chosen arbitrarily, thus 8l,gu|3@ = 0. Putting @ := 1o - 0 + Ir,\0 - u, the same
arguments as in the proof of Lemma 11 show that @ € H?(Ty) and (Qy — z0)a = 0
on I'y. But unique continuation results for second order elliptic differential equations
show that u = 0, thus a contradiction. O

Now we consider the behavior of Spec(P®) under the deformations of O. In the
notation of §6.2, for & € Diff(O), the pullback ®* gives an isomorphism between H(©)
and H®, which also restricts to an isomorphism between D*(©) and D®. Like (6.5.2)
we define the deformed operator of P® associate with ®:

PP = &*P*©(®*)"! with domain DC. (6.5.16)

Since (P*©) 4 4)~! is compact by Proposition 6.2.1, the same holds for P, it fol-
lows that P§ has a discrete spectrum. Moreover, Spec(PS) must be identical to
Spec(P?©)) which lies in R due to the self-adjointness of P®(©),

The next lemma shows that any eigenvalue of P® other than those compactly
supported embedded eigenvalues of P can still be moved by deforming the obstacle:
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Lemma 14. Suppose that the obstacle O C B(0, Ry) contains B(0, Ry) and zy €
Spec(PP)\Speceomp(P), then for any 6 > 0 there exists ® € Diff (O) with ||®—id ||c2 <
§ such that zy ¢ Spec(P®©)).

Proof. The proof is similar to Lemma 13 except that we need a different approach from
(6.5.15) since the integration by parts is not available inside the black box. Suppose
that zy € Spec(P?) with multiplicity m5(zp) and that P has exactly one eigenvalue
in D(zg,2r). For D := D(zy,r) we put

5(D) := L (P° —¢)7'd¢, mb(D) := rankI5(D).

21t Jop

Using (6.2.3) and (6.5.3) we can deduce that 9D > ¢ +— (PS —()~! exists for ® € Us(O)
with 0 small enough, then we define

1
Mg(D) = 5 aD(Pq? —¢)7'd¢,  mg(D) = rank I3 (D) = mge)(D).

We remark that m{5(D) is also invariant under small deformations of obstacles:
mg(o)(D) is constant for ® € Us(O) if 0 is sufficiently small. (6.5.17)
In view of the proof of Lemma 13, it is enough to exclude the following case:
36 >0, such that V® € Us(O), miye(20) = M) (D). (6.5.18)

Again we argue by contradiction, assume that (6.5.18) holds and m5(D) = M > 1.
We remark that unlike the proof of Lemma 13, the self-adjointness of P®©) implies
that (P®(©) — 2115, (D) = 0 thus (Pg — 20)IIg (D) = 0 for any & € Us(O). We now
choose w € HY such that u := II5(D)w # 0. For any fixed xp € 9O and h € (0, ho),
we set @, := ¢! where ¢l is the flow generated by V}, given in (6.5.11), there exists
to > 0 such that &, € Us(O) for all —ty < t < to. Let

o(t) =11} (D)w € D, u(t) == (@, ') v(t),

we have (P§ — zo)v(t) = 0, thus (P®"©) — z)u(t) = 0. Recalling (6.2.3) we obtain
that for some 1 € C°(O), ¥» = 1 near B(0, Ry) and ¢y, > 0 small enough,

Vte (—toto), Pu(t))+Q((1—v)u(t)) —zu(t) =0 in &,(0). (6.5.19)

Since ®,(0O) D O for t < 0, we can restrict (6.5.19) to O and differentiate it in ¢, by
taking t = 0, we have

P (0)) + Q((1 — ) (0)) — 2u'(0) =0 in O. (6.5.20)



CHAPTER 6. RESONANCES AS VISCOSITY LIMITS 94

Next we compute the inner product of the left hand side and u on the Hilbert space

HO defined by (6.2.1). For that, choose 1; € C>(O), ¢; = 1 near B(0, Ry), so that

11 = 1 near supp?, 1 =1 near supp ¥s. (6.5.21)

Then we have, using the self-adjointness of P,

(P(u'(0)), uyyo = (P(ypu'(0)), hruy = (Pu'(0), P(t1u))a,
and
Q1 = ¥)u'(0)), wypo = (Q((1 — )u'(0)), (1 — ¥h2)u)r2(0)-
Recalling (6.5.14), integration by parts as in (6.5.15) shows that
QUL = v)u'(0)), (1 = ¥2)u)r2(0) — (1 = ¥)u'(0), Q(L = ¥h2)u)) r2(0)
= /Ozaj((l — ) (0)g" (1 — o)) — (1 — tho)ag”* Op((1 — ¢)u'(0)))
= /ao —u'(0)9,,u + ud,,u'(0) = / 5 Xn| O, ul.

00

It follows from (6.2.3) and (6.5.21) that

(' (0), P(ru))a = (@/(0), 9 (PPu — Q((1 — ¢1)u)))po = (u'(0), P Pu)yo;
and that

(1 =)' (0), Q((1 = ¥2)u)) 120y = (u'(0), (1 = ¥)(Pu — P(ypau)))y0
= (W/(0), (1 = ¥) PPu)yo.

We now conclude from (6.5.20) and all the calculation above that

0 = (u/(0), (PO — 29)u) o + /

5hXh|3ugU|2=/ Snxn|0v,ul>.
20 20

It follows that d,,u(x¢) = 0. Since 2y € JO can be chosen arbitrarily, we obtain that
Oy, ulpo = 0. Putting @ := lpu+1gm -0, the same arguments as in the proof of Lemma
11 show that @ € D and (P — z)@ = 0, which would imply that 2y € Spec,,,,(P), a
contradiction. O
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6.6 The CAP method for black box scattering

Before proving the convergence of eigenvalues of P. to resonances as € — 0+, we recall
the decay of the Green function of QY off the diagonal {(z,z) : x € Ty \ O}.

Lemma 15. Suppose that the obstacle O C B(0, Ry) contains B(0, Ry) and that z ¢
Spec(Qf) with —20 < argzy < 3w/2 + 20. The Schwartz kernel of the resolvent
(QF — 2)7t : L2(Tp \ O) — L3(Ty \ O) is denoted by G(zo; w9, ), where xg = fo(x)
18 the parametrization on I'y. Then there exists B > 0 such that for every 6 > 0 there
exists Cs > 0 such that

|G (205 fo(x), fo(y))| < Cse P if o —y| > 6.

Proof. Identifying I'y and R™ by means of fy, the pullback f; gives an isomorphism
between L?(Ty \ O) and L?*(R" \ O) since there exists C' > 0 such that

C™ <[ detdfy(z)] = |z "|go(|z)|" gp(l2D)] < C,  for all .

Let Q9 := frQS(f3)~': L2 (R*\ O) — L*(R"™\ O) then QF is uniformly elliptic — see
Definition 2.5.2, and equipped with the domain H*(R"\ O) N Hj(R™ \ O). Moreover,
(QY — 29) 7t exists and we denote its Schwartz kernel by G(z0; x,9), z,y € R*\ O, i.e.

G(z0;,y) = [(QF — 2)7'8,(-)](z) where §, is the Dirac function supported at y.

Corollary 2.5.4 shows that there exists 5 > 0 such that for every § > 0 there exists
Cs > 0 such that )
G (z0;2,y)| < Cse P9l if |z —y| > 6.

Using (QS — 20)~" = £2(QF — 2)~'(f;)~! we obtain that
G(20; fo(@), fo(y)) = (detdfy(y)) "' G (z0; 7, y), @,y €R"\ O,
the desired estimate of G/(zo; g, ys) then follows from the estimate of G(z;z,y). [
Now we state a more precise version of Theorem 2:

Theorem 9. Suppose that Q € {z : —20y < argz < 37w/2 + 20y}. Then there exists
do = 60(2) > 0 such that V0 < 0 < g, &5 > 0 such that

J
0<e<es = Spec(P.)NQs C U D(z;,96), (6.6.1)
j=1
where Qs == {z € Q : dist(z,09) > 0} and zy,--- ,zy are the resonances of P in Q.

Furthermore, for each resonance z; with the multiplicity m(z;) given by (3.5.11),
# Spec(P:) N D(z;,0) =m(z;), V0 <e<ey, (6.6.2)

where the eigenvalue in Spec(Ps.) is counted with multiplicity defined in (5.4.7).
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Proof. First we put dy = 3 min;<;<; dist(z;,9Q) and fix 6 € [0, ;) such that Q € {z :
—20 < argz < 31/2+ 20}. To prove (6.6.1) we argue by contradiction. Suppose that
there exist some § < §p and a sequence £, — 04 such that

J
32 € Spec(P-,) N Qs \ | J D(2;,0), k=1,2,-

Jj=1

Then there exists a subsequence z,, — 2o, as k — 0o, for some 25 € Q5 \ szl D(z;,9).
Since zy € §2, we see that zy is not a resonance, thus Py — zq is invertible by definition.
We may assume that D(zg, ) is disjoint with Spec(Py) for some r > 0, it then follows
from Lemma 10 that Spec(P. ) N D(2g,7) = 0 for £ small enough. However, Lemma 9
shows that

Zn, € Spec(PSnk,g), while z,, — 2o as g, — 0+

which gives a contradiction.

It remains to prove (6.6.2). For each resonance z;, let
Vi :={u € Deomp : (P — z;)u = 0},
then we have for Vj defined by (6.4.2),
Vor=Vid -V

Let P and Py be defined as in §6.4. Recalling (3.5.10) and (3.5.11), it follows from
(6.4.4) that

m(zj) = rank% (z — Pp)~tdz 4 dim V.
Note that V; # {0} implies that z; € Spec(F:) for every ¢ > 0. For P. defined in §6.4,
(6.4.5) implies that

# Spec(P.) N D(z;,8) = # Spec(P-) N D(z;,0) +dimV;, Ve >0,
while both sides are counted with multiplicities. Hence it is enough to establish (6.6.2)

for P. In other words, it suffices to prove (6.6.2) in the case that P has no compactly
supported embedded eigenvalues in 2.

Now we assume that Spec ., (P) N Q = (). Lemma 13 and Lemma 14 show that

there exists an obstacle O C B(0, Ry) containing B(0, Ry) such that y in (5.4.1) is
equal to 1 near O and that z; ¢ Spec(P®) U Spec(QY), 5 = 1,---,J. Then we can
decrease & such that Spec(P?) and Spec(QY) are disjoint with U;.Izl D(z;,2dy). For
each ¢ € (0,0p), we can also decrease €5 in (6.6.1) such that

J
V0 <e<ey, U D(z;,26) N Spec( 29) = 0.

J=1
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This follows from Lemma 10 applied with Py = Qf and Q = U;-le D(z;,25). Hence

the Dirichlet-to-Neumann operators ./\A/;ﬂ(z), 0 < e < g4 introduced in §6.3, are well-
defined for z € U‘j]:1 D(z;,26). In view of (6.6.1), Lemma 9 and Lemma 12 imply
that R

OD(z;,8) 3 w — N_g(w) ! exists,

and that forall 0 <e <es, j=1,---,J,

1 N N
4 Spec(P.) N D(25,8) = —— tr / N (w) 00N o (w) (6.6.3)
m dD(z,0)
In order to apply Theorem 7, we need the estimate:
VO<e<es, [Neg(w)—No(w)lysporsmsmeo) <1, w € dD(2;,68),  (6.6.4)

here we write J\A/'g(-) = /\70,9(-) for simplicity. To obtain this estimate, we first choose
E°" in (6.3.5) such that

x = 1 near supp E®p, V¢ € H*2(00),
then (6.3.5) reduces to
N2 (2)0 = 0, (B — (Q25 — 2) 1 (Q — 2) E™™p).
Therefore,
(Neg(w) — No(w)) = (Dao) ™0,,((QF — w) ™" = (QF) — w) ™) (Q — w) E™p.

Choosing 1 € C®°(Ty \ O) such that ¢ = 1 near supp E°"¢, Vo € H*?(00) and that
X = 1 near supp ¢, (6.6.4) then follows from the following estimate: for w € dD(z;,9),

(QF —w)™ = (QFy —w) ™) = Os(e) : L*(Tg \ O) = H*(Ty \ O). (6.6.5)

To obtain (6.6.5), we denote the Schwartz kernel of the operator (1—x)z3(Q% —w) ™'
by K(w;xg,ys). In the notation of Lemma 15, we have

K(w; fo(@), fo(y)) = (1 = x(2)) fo(2)* G (w; fo(x), fo(y))¥(y)-

It follows from Lemma 15 that there exists 85 > 0 such that for all w € 9D(z;,9),
j=1--,J, [K(w; fo(x), fo(y))| < ClaPePlvlp(y), thus

sup / K (w; 0, y0)l|dys| < Cs,  sup / (K (w; 20, y0)||do] < C.
T'e\O To\O

T Yo
The Schur test shows that (1 — x)z3(QS —w) ' = Os(1) : L*(y\ O) — L*(T\ O).

Hence we can write

(QF —w) ™ = (Qp — w) )¢ = —ie(QFp — w) (1 = x)75(QF — w) ™'
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It remains to show that for 5 > 0 small enough,

( ge —w) ' =0s(1): L*(Tp\ O) = H*(Ty\ O), w € U 0D(z,0), 0 < & < &s.

J=1

This follows from Lemma 10 with Py = Q5 and Q = Uj=1 0D(z;,0). Using (6.6.5) we
can decrease €5 such that (6.6.4) holds for j = 1,---,J. Now we apply the Gohberg—

Sigal-Rouché theorem to conclude that for all 0 <e <esand j=1,---,J,
1 ~ ~ 1 ~ ~
— tr/ N o(w) P OWN p(w)dw = — tr/ Noy(w) ™ 0Ny (w)dw.
2w Jap(z;.5) 2w Jap(z;.5)

Finally, using Lemma 12, (6.6.3) and the equation above, we obtain (6.6.2). O
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