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Abstract

Bayesian Modeling and Scalable Inference for Count Time Series in Infectious Disease

Surveillance

by

Meini Tang

Real-time monitoring of infectious disease outbreaks calls for statistical models that

recover interpretable quantities such as the time-varying reproduction number from

noisy count data, track posterior uncertainty, and run on time scales compatible with

daily updates. Existing methods address these aims through separate model classes.

Discrete-time Hawkes-type models, Poisson autoregressions, and distributed lag mod-

els each capture self-exciting transmission through alternative parameterizations of the

same conditional mean structure, but they have been developed across separate soft-

ware packages with model-specific inference routines, which makes structural model

comparison cumbersome in practice. This dissertation develops a unified Bayesian

framework for count time series in disease surveillance, organized around three threads.

First, a class of dynamic generalized transfer function models places the three mod-

eling families inside a common modular state-space class built from six independent

components. A hybrid variational algorithm combines sequential Monte Carlo on the

latent trajectory with stochastic gradient ascent on the static parameters. Second, a mul-

tivariate extension to spatially connected regions, a Bayesian network Hawkes model,

jointly estimates time-varying intrinsic source-specific reproduction numbers and a

sparse transmission network learned from data through a regularized horseshoe prior.

xxiii



The observed reproduction number at each location is decomposed into a local compo-

nent and an imported component. Posterior inference proceeds through a block Markov

chain Monte Carlo sampler, with a particle Laplace variational counterpart developed

for routine updates at larger spatial scales. Third, an R package implements the unified

univariate framework through a compositional specification interface aligned with the

six modular components, with the two inference engines available behind a single entry

point. The methods are illustrated through simulation studies and applications to daily

COVID-19 case counts from Santa Cruz County and from ten California counties.
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Chapter 1

Introduction

§ 1.1. Motivation

Infectious disease surveillance provides the empirical foundation for public health de-

cisions during an outbreak. Health agencies track case counts, hospitalizations, and

deaths in close to real time, and these data streams are translated into quantitative

summaries that support intervention, resource allocation, and communication with the

public. The COVID-19 pandemic increased the demands on this translation process.

Daily reporting became routine, models were expected to update overnight, and the

time-varying reproduction number 𝑅𝑡 became a widely used summary statistic for track-

ing the epidemic (Cori et al., 2013; Wallinga and Teunis, 2004). The pandemic also

exposed several limitations of the existing statistical methods at this scale. Models that

worked well for retrospective analysis often took hours to re-estimate, and models from

different research traditions were difficult to compare on the same data because each

came with its own software package and inference routine.

The reproduction number 𝑅𝑡 is the expected number of secondary infections generated
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Chapter 1. Introduction

by a typical infected individual at time 𝑡. It has a transparent epidemiological interpre-

tation, where values above one indicate that transmission is increasing and values below

one indicate that it is declining. This interpretability is part of the reason 𝑅𝑡 became

central during COVID-19, and it remains a useful target for any modeling framework

that aims to be operationally relevant. Producing a credible 𝑅𝑡 trajectory from observed

case counts requires three ingredients. The first is a probabilistic model that links the

observed counts to a latent transmission process. The second is an inference procedure

that recovers the latent process from the data while quantifying uncertainty. The third is

a computational implementation that runs in time scales compatible with daily updates.

Several modeling traditions have grown around this task, each capturing a different

aspect of disease transmission. Compartmental models based on ordinary differential

equations, such as the susceptible-infected-recovered family, encode mechanistic as-

sumptions about how individuals move between disease states (Bertozzi et al., 2020).

Compartmental models offer interpretability and are well suited to scenario analysis,

but they assume deterministic dynamics and continuous-time evolution that fit awk-

wardly with the discrete and stochastic nature of daily case counts. Self-exciting point

processes, in particular the Hawkes process, instead model new cases as triggered prob-

abilistically by past cases through a kernel that admits a serial interval interpretation

(Hawkes, 1971; Hawkes and Oakes, 1974; Koyama et al., 2021; Browning et al., 2021;

Chiang et al., 2022). Poisson autoregressions relate the conditional intensity to recent

counts through autoregressive coefficients (Agosto and Giudici, 2020; Fokianos et al.,

2022). Distributed lag models represent cumulative effects of past observations through

a lagged transfer function (Koyck, 1954; Alves et al., 2010; Welty et al., 2009). The

renewal equation approach (Cori et al., 2013; Wallinga and Teunis, 2004) provides a
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sliding-window estimator of 𝑅𝑡 that has become a de facto standard for early warning

monitoring.

These approaches share more structure than is usually acknowledged. A discrete-time

Hawkes-type model and a Poisson autoregression both relate the current intensity to

past counts, differing mainly in how the lag weights are parameterized. A distributed

lag model is a state-space representation of the same dependency in recursive form.

The renewal equation has the same discrete-time conditional mean form when the lag

weights are interpreted as a serial interval distribution and the coefficient is interpreted

as 𝑅𝑡. The connections are not obvious from the way each family is typically introduced,

and the corresponding software packages have been developed with different interfaces

and model-specific inference routines. An applied analyst who wants to compare a

Hawkes-type model and a Poisson autoregression on the same surveillance series has

to learn two packages, reformat the data twice, and reconcile two sets of output before

any meaningful comparison takes place. The cost is high enough that the comparison

is rarely done.

Spatial structure raises a second set of challenges. Standard reproduction number

estimators assume that each region is closed, attributing every new case at a given

location to prior cases at the same location. The assumption is plausible when mobility

between regions is small relative to local transmission, and untenable when it is not

(Tsang et al., 2021; Russell et al., 2021). A region whose case counts are sustained

mainly by infections imported from a neighbor may appear to have controlled local

transmission when in fact its intrinsic 𝑅𝑡 is well below one and the apparent activity is

driven entirely by importation. Conversely, a region that exports most of its secondary

infections may appear controlled when it is in fact driving regional spread. Distinguish-
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ing the two cases requires a model that explicitly represents cross-region transmission

pathways and learns their strengths from the data rather than imposing them from a

fixed adjacency matrix (Chiang et al., 2022; Laub et al., 2025; Santitissadeekorn et al.,

2025; Lasalle and Pascal, 2025).

Computation forms the third bottleneck. Posterior inference for the model classes

considered above is hard for two reasons. First, the observation model is typically a

count distribution and the latent transmission process is typically continuous, so the joint

posterior is non-Gaussian and Markov chain Monte Carlo (MCMC) samplers must mix

across the latent trajectory while updating static parameters. Second, in spatial settings

the transmission weights and the intrinsic source-specific reproduction numbers enter

the intensity multiplicatively, which introduces ridges in the posterior that mean-field

and joint Gaussian variational families collapse onto a single point. Standard variational

approaches lose calibrated uncertainty in exactly the high-dimensional regime where

they would otherwise be most useful, and MCMC samplers become expensive to update

on a daily basis as the number of regions grows. A method that captures the dependence

structure of the posterior while running in time compatible with daily updates is needed.

The central contribution of this thesis is to use a Bayesian state-space formulation to

put several self-exciting count models on common ground. This common formulation is

useful because the same surveillance problem usually involves three decisions at once:

how past incidence should enter the current risk, how transmission should be shared

across locations, and how the resulting posterior can be approximated quickly enough

for repeated use. Treating these decisions in one setting makes it easier to compare

model classes, separate local from imported transmission, and use fast approximate

inference.
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§ 1.2. Statistical models for count time series in disease

surveillance

This section describes the model classes that recur throughout the thesis at a level

sufficient for the contributions in § 1.3 to be stated precisely. The full mathematical

development for each class is given in the chapter where it is used.

1.2.1. State-space models for count time series

A natural framework for the modeling tasks just described is the discrete-time state-

space model. The observed counts 𝑦𝑡 are treated as noisy realizations of an unobserved

latent process 𝑥𝑡 that evolves over time, with the joint distribution specified through

an observation density 𝑝(𝑦𝑡 | 𝑥𝑡) and a system density 𝑝(𝑥𝑡 | 𝑥𝑡−1). Static parameters

𝜽 enter both densities and have their own prior. The structure separates two distinct

sources of variation in surveillance data, namely the noise that arises in reporting and the

dynamics of the underlying transmission process, and it makes the latent state available

for posterior inference alongside the static parameters (West and Harrison, 1997; Durbin

and Koopman, 2012; Prado et al., 2021).

The classical dynamic linear model (DLM) of West and Harrison (1997) is the

special case in which the observation and system equations are linear and Gaussian.

Conditional on the static parameters, the Kalman filter recursions deliver the filtering,

smoothing, and forecast distributions in closed form. For surveillance data, however,

the observations are nonnegative integers, often with substantial overdispersion and

excess zeros, so a Gaussian observation density is not appropriate. The thesis works

with models that retain the Markovian structure of the system equation while replacing
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the observation density with a Poisson, negative binomial, or zero-inflated Poisson

(ZIP) distribution whose mean is linked to the latent state through a transfer function.

Closed-form recursions are no longer available, so posterior inference proceeds either

through MCMC, through sequential Monte Carlo (SMC) on the latent trajectory, or

through structured variational approximations. The trade-offs among these approaches

are discussed in § 1.2.4 and developed in detail in Chapters 2 and 4.

1.2.2. Self-exciting models and the renewal equation

The most important non-Gaussian state-space class for the thesis is the family of self-

exciting count models that includes discrete-time Hawkes-type models (Hawkes, 1971;

Hawkes and Oakes, 1974; Laub et al., 2025), Poisson autoregressions (Agosto and

Giudici, 2020; Fokianos et al., 2022), and distributed lag models (Koyck, 1954; Alves

et al., 2010; Welty et al., 2009). The shared feature of this family is that the conditional

mean of 𝑦𝑡 is a weighted sum of past observations,

(1.2.1) E[𝑦𝑡 | D𝑡−1] = 𝜇 + 𝑅𝑡

𝑡−1∑︁
𝑘=1

𝜙𝑘 𝑦𝑡−𝑘,

where D𝑡−1 is the history through time 𝑡 − 1, 𝜇 is a background importation rate,

𝑅𝑡 is a transmission magnitude, and {𝜙𝑘} is a lag distribution. The form is a directly

specified discrete-time self-exciting conditional mean, motivated by the ideas of Hawkes

and renewal processes rather than derived from a continuous-time Hawkes likelihood.

The three model families above correspond to specific parameterizations of 𝑅𝑡 and

{𝜙𝑘}. Discrete-time Hawkes-type models leave {𝜙𝑘} as a probability mass function

and interpret 𝑅𝑡 as the reproduction number. Poisson autoregressions absorb 𝑅𝑡 into the

lag weights and leave a finite collection of autoregressive coefficients. Distributed lag
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models replace the sum with a recursive update that requires only a low-dimensional

state. Each parameterization has different statistical and computational properties, but

the shared algebraic structure motivates the unified framework developed in Chapter 2.

Because several distinct objects share the Hawkes name, it is worth being precise at

the outset about how the discrete-time models studied here relate to the continuous-time

Hawkes process. We distinguish four cases: (a) continuous-time Hawkes processes

observed as event-time data; (b) binned Hawkes processes, in which an underlying

continuous-time Hawkes process is observed only through counts aggregated over time

bins, and whose likelihood is derived from that latent continuous-time process (Shlo-

movich et al., 2020; Zhou and Papadogeorgou, 2025); (c) integer-valued autoregressive

(INAR) processes, which admit a formal limiting connection to the Hawkes process

(Kirchner, 2016, 2017); and (d) discrete-time self-exciting or renewal-type count mod-

els specified directly through a conditional mean equation such as Eq. (1.2.1). The

models developed in this thesis belong to category (d). They are defined directly in

discrete time from the ideas of Hawkes and renewal processes, and they neither claim

a formally justified limit of a continuous-time Hawkes process nor approximate the

binned likelihood of one. We refer to these models as discrete-time Hawkes-type mod-

els (equivalently, self-exciting discrete-time count models), following the discrete-time

constructions of Browning et al. (2021); Koyama et al. (2021). The distinction from

the binned Hawkes setting is methodologically important. In that setting the likelihood

follows from a continuous-time point process observed through aggregation, whereas

here the model is specified directly by its discrete-time conditional mean.

The right-hand side of Eq. (1.2.1) also coincides, after setting 𝜇 = 0, with the
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right-hand side of the renewal equation

(1.2.2) E[𝐼𝑡 | D𝑡−1] = 𝑅𝑡

𝑡−1∑︁
𝑘=1

𝜙𝑘 𝐼𝑡−𝑘,

in which 𝐼𝑡 is the number of new infections at time 𝑡, 𝑅𝑡 is the time-varying reproduction

number, and {𝜙𝑘} is the serial interval distribution (Fraser, 2007; Cori et al., 2013). Cori

et al. (2013) fit Eq. (1.2.2) under a Poisson likelihood and a sliding-window assumption

on 𝑅𝑡, leading to the closed-form posterior that drives the EpiEstim R package and serves

as the de facto baseline for 𝑅𝑡 estimation. The discrete-time Hawkes-type and dynamic

generalized transfer function (DGTF) formulations adopted in this thesis instead treat

𝑅𝑡 as a stochastic latent trajectory, which permits information to be shared across time

in a way that respects the smoothness of the underlying transmission process. The

connection between Eqs. (1.2.1) and (1.2.2) makes EpiEstim a natural baseline against

which to evaluate the proposed methods.

1.2.3. From single-region to spatially connected populations

The closed-population assumption underlying Eq. (1.2.2) fails when surveillance covers

several geographically connected regions. The relevant generalization is a multivariate

version of Eq. (1.2.1) in which the count at location 𝑠 and time 𝑡 has conditional mean

(1.2.3) E[𝑦𝑠,𝑡 | D𝑡−1] = 𝜇𝑠 +
𝑆∑︁

𝑘=1
𝛼𝑠,𝑘 𝑅𝑘,𝑡

𝑡−1∑︁
𝑙=1

𝜙𝑡−𝑙 𝑦𝑘,𝑙,

where 𝑆 is the number of locations, 𝑅𝑘,𝑡 is the intrinsic source-specific reproduction

number at location 𝑘, and 𝛼𝑠,𝑘 governs how an infection generated by a case at location 𝑘

is allocated to destination location 𝑠. When the transmission matrix𝜶 = [𝛼𝑠,𝑘] is column-

stochastic, the closed-population 𝑅𝑡 at each destination decomposes additively into a
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local component, given by 𝛼𝑠,𝑠𝑅𝑠,𝑡, and an imported component, given by
∑

𝑘≠𝑠 𝛼𝑠,𝑘𝑅𝑘,𝑡.

The single-region epidemic threshold 𝑅𝑡 = 1 no longer governs growth or decay of the

multi-region system. The relevant quantity instead is the spectral radius of the offspring

matrix (Diekmann et al., 1990; Allen and van den Driessche, 2013; Green et al., 2022).

Writing R𝑡 = diag(𝑅1,𝑡, . . . , 𝑅𝑆,𝑡) for the diagonal matrix of regional reproduction

numbers, the offspring matrix at time 𝑡 is 𝜶R𝑡, and the system is subcritical when its

spectral radius is below one. The condition can hold even when some regional 𝑅𝑠,𝑡

exceed one, provided those regions export most of their secondary infections rather than

retaining them. Chapter 3 develops a Bayesian network Hawkes model that infers 𝜶

from incidence data under a sparsity-promoting regularized horseshoe prior (Carvalho

et al., 2010a; Piironen and Vehtari, 2017; Makalic and Schmidt, 2016), and Chapter 4

provides a structured variational counterpart suitable for routine updates during an

outbreak.

1.2.4. Posterior inference for non-Gaussian state-space models

Three families of inference algorithms appear repeatedly in the chapters that follow.

MCMC provides asymptotically exact posterior summaries by simulating a Markov

chain whose stationary distribution is the target posterior. The cost of MCMC grows with

the dimension of the joint parameter space, and for state-space models with a long latent

trajectory the cost of each iteration is large. SMC approximates the filtering distribution

of the latent state by a weighted particle ensemble that is propagated forward in time

(Doucet and Johansen, 2011; Kitagawa, 1996), and provides an unbiased estimator of

the marginal likelihood as a by-product. Variational inference (VI) approximates the

joint posterior by a tractable density chosen to minimize the Kullback–Leibler (KL)
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divergence to the target (Hoffman et al., 2013; Wand, 2017), trading exactness for

substantial gains in speed. Hybrid methods combine SMC on the latent trajectory with

VI on the static parameters, balancing the flexibility of SMC with the efficiency of VI

(Loaiza-Maya et al., 2022; Loaiza-Maya and Nibbering, 2025). Chapter 2 adopts the

hybrid path for the univariate framework, and Chapter 4 develops a related variational

scheme for the network setting where the multiplicative coupling between transmission

weights and reproduction numbers requires a more elaborate variational family than the

mean-field or joint Gaussian default.

§ 1.3. Contributions

The contributions build from this common formulation. The first contribution is a

modular univariate state-space class for self-exciting count models, so that the ob-

servation model, lag distribution, link function, and latent dynamics can be changed

without starting the inference problem from scratch. The second contribution is a spa-

tial extension in which the observed reproduction number is decomposed into local and

imported components through a learned transmission matrix. The third contribution

is computational, comprising hybrid variational inference tools and a related R soft-

ware package developed so that the models can be fitted and compared in repeated

surveillance analyses.

Chapter 2 introduces the univariate part of the framework. The DGTF class is a state-

space class that contains discrete-time Hawkes-type models, Poisson autoregressions,

and distributed lag models as special cases of Eq. (1.2.1). The model is built from

six independent components, namely an observation distribution, a link function, a
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gain function, a lag distribution, a system equation, and an error distribution. Each

component can be modified without re-deriving the inference procedure. A hybrid

variational approximation (HVA) algorithm that combines SMC with variational Bayes

provides fast approximate posterior inference, achieving roughly a three-fold speedup

over MCMC in the studies considered, with similar point estimates but some loss of

interval calibration typical of Gaussian variational approximations. The framework is

illustrated through simulation studies and an application to COVID-19 case counts from

Santa Cruz County, California. The chapter is based on Tang and Prado (2026).

Chapter 3 extends the framework to spatially connected regions through a Bayesian

network Hawkes-type model of the form Eq. (1.2.3). Observed case counts at multiple

locations are modeled as ZIP realizations of an intensity that combines a background

rate with weighted contributions from prior cases at all locations. The transmission

weights form a column-stochastic matrix whose off-diagonal entries are shrunk toward

a mobility-based baseline by a regularized horseshoe prior, so the network structure

is learned from the data with posterior uncertainty quantification. The chapter’s main

modeling contribution is the decomposition of the closed-population reproduction num-

ber into local and imported components, together with Bayesian regularization of the

transmission matrix. The system-wide epidemic threshold is connected to the spectral

radius of the inferred branching matrix. Posterior computation proceeds through a block

MCMC scheme with non-centered parameterizations and structured Gaussian proposals

for latent states.

Chapter 4 addresses the computational framework needed for the spatial model. The

transmission weights and the source-specific reproduction trajectories enter the intensity

multiplicatively, which produces flat directions in the likelihood and ridges in the poste-
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rior whenever destination trajectories are highly correlated across source locations. Joint

Gaussian and mean-field variational families collapse these ridges onto a single point.

The proposed particle Laplace variational approximation (PLVA) method combines an

efficient importance variational approximation (EIVA) for the latent reproduction tra-

jectory with a mixture of Laplace approximations for the spatial parameters, whose

components are placed at the conditional mode of each particle and whose weights are

inherited from the importance sampler. The PLVA is a block-coordinate variational

approximation built column by column. A finite-particle realization of the law of total

variance shows that the mixture captures both the average local curvature of the spatial

posterior and the spread of conditional modes along the ridge, while a joint Gaussian

family captures only the first component. Simulation studies and an application to daily

COVID-19 case counts across ten California counties show speedups of 2 to 15 times

over MCMC with closely aligned predictive performance in the studied settings, while

a replicated comparison across ten simulated datasets identifies residual under-coverage

of the credible intervals for the spatial parameters.

Chapter 5 describes the software implementation of the univariate framework. The

dgtf package for R implements the model class of Chapter 2 through a compositional

specification interface aligned with the six components introduced there. The package

supports posterior inference under either the HVA or a MCMC sampler through a

common interface, so a user can trade computational speed against calibration without

rewriting the model. Built-in functions provide posterior predictive checks, multi-

step forecasting, parameter recovery diagnostics, and side-by-side model comparison.

The software chapter supports dissemination and reproducibility. The interface is

demonstrated through a simulation study comparing five model formulations against a
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known ground truth and an application to COVID-19 surveillance data from Santa Cruz

County, with the EpiEstim renewal equation estimator (Cori et al., 2013) included as a

baseline.

§ 1.4. Outline of the thesis

The chapters build on one another. Chapter 2 develops the univariate DGTF frame-

work and the hybrid variational algorithm used for fast inference. Chapter 3 extends

the framework to a multivariate spatio-temporal setting and introduces the local/im-

ported decomposition of transmission. Chapter 4 develops the structured variational

approximation used to scale inference for the network model. Chapter 5 presents the

dgtf software implementation, which makes the univariate framework reproducible and

usable for applied surveillance analysis. Chapter 6 synthesizes the methodological

contributions, discusses limitations, and outlines directions for further work. Appen-

dices provide supplementary derivations, additional simulation results, and extended

posterior summaries for Chapters 2 and 3.

13



Chapter 2

Dynamic Generalized Transfer Function

models for univariate count time series

§ 2.1. Introduction

The self-exciting form E[𝑦𝑡 | D𝑡−1] = 𝜇+𝑅𝑡

∑𝑡−1
𝑘=1 𝜙𝑘 𝑦𝑡−𝑘 introduced in § 1.2.2 contains

discrete-time Hawkes-type models, Poisson autoregressions, and distributed lag models

as alternative parameterizations of the same conditional mean structure. Each param-

eterization has been developed within its own research community and ships with its

own software package and inference routine. An applied analyst who wants to compare

a Hawkes-type model and a Poisson autoregression on the same surveillance series

often has to move between different software tools, reformat the data, and reconcile

distinct model outputs before any meaningful comparison can take place. The practical

cost is high enough that such comparisons are rarely done. This chapter develops a

unified Bayesian framework that places all three families inside a single non-linear non-

Gaussian state-space model, the dynamic generalized transfer function (DGTF) class,

with a single inference routine that applies across the family.
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The DGTF model is constructed from six independent components: an observation

distribution, a link function, a gain function, a lag distribution, a system equation, and

an error distribution. Changing any one component while holding the others fixed

produces a new model within the same class. Treating {𝜙𝑘} as a finite collection of

free coefficients with 𝑅𝑡 absorbed into them yields a Poisson autoregression. Treating

{𝜙𝑘} as a probability mass function and 𝑅𝑡 as a stochastic latent trajectory yields a

discrete-time Hawkes-type model. Replacing the explicit weighted sum with a recursive

update on a low-dimensional state yields a distributed lag model. The same framework

accommodates negative binomial observations for overdispersion, alternative link and

gain functions, weekly seasonality, and exogenous covariates, without re-deriving the

inference procedure. § 2.2 develops these connections in detail and shows how each

existing family appears as a special case.

The proposed approach is novel in that it provides a common Bayesian state-space

representation and develops posterior inference tools that are shared across model

classes that are usually treated separately. This common representation allows users to

compare observation models, lag structures, gain functions, seasonal terms, and latent

transmission dynamics within one inferential setting.

Posterior inference is challenging because the observation density is non-Gaussian

and the latent state evolves non-linearly under most lag and gain specifications. MCMC

provides asymptotically exact posterior summaries but is slow enough that routine daily

updates become impractical even at the single-region scale. This chapter develops a

hybrid variational approximation (HVA) algorithm that combines a SMC pass on the

latent trajectory with stochastic gradient ascent (SGA) on the variational evidence lower

bound (ELBO) for the static parameters. The proposed method reduces the dimension of
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the variational problem to that of the static parameters and recovers the latent trajectory

through the marginal likelihood estimate produced by the particle filter as a by-product

(Loaiza-Maya et al., 2022; Frazier et al., 2023; Wang et al., 2022; Xuan et al., 2024;

Cabral et al., 2024). Across the model variants in the simulation study, HVA produced

posterior medians and predictive scores close to those from MCMC while running

roughly three times faster, but its credible intervals for the latent reproduction number

were narrower and showed some undercoverage.

The remainder of the chapter is organized as follows. § 2.2 introduces the DGTF

class, describes the six components in detail, and shows how discrete-time Hawkes-

type models, Poisson autoregressions, and distributed lag models emerge as special

cases. § 2.3 develops the auxiliary linear Gaussian representation that supports the

SMC pass and presents the HVA algorithm alongside the MCMC benchmark. § 2.4

reports simulation studies that compare the two inference methods and that compare

DGTF variants under known data generating processes. § 2.5 applies the framework

to daily COVID-19 case counts from Santa Cruz County, California, with comparisons

against the EpiEstim renewal equation estimator (Cori et al., 2013) and the discrete-

time Hawkes-type baseline of Koyama et al. (2021). § 2.6 summarizes the chapter and

connects its contributions to those developed in the rest of the thesis.

§ 2.2. Univariate state-space models for disease

dynamics

Disease modeling often relies on time series of count data, such as daily cases, hospi-

talizations, or deaths. The central challenge lies in capturing how infections propagate
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through populations over time. Many statistical approaches, including Poisson autore-

gressions (ARs), discrete-time Hawkes-type models and distributed lag models, share a

core epidemiological principle: current case counts depend on recent infections. This

“self-exciting” behavior, where past infections trigger future ones, typically shows an

effect that decays over time as infected individuals recover or isolation measures take

effect. These models capture similar phenomena, yet they emerged independently and

traditionally require distinct inference algorithms (see, for example, Davis et al., 2021

for a comprehensive review on models and methods for count time series data), which

has obscured their underlying connections.

This section introduces the DGTF models as a unifying state-space framework that

encompasses seemingly disparate approaches. State-space models naturally separate

the noisy observation process (e.g., reported case counts) from the unobserved latent

process driving the dynamics (e.g., the true transmission rate), providing a modular

and interpretable representation of disease dynamics. The simplest state-space models,

such as the dynamic normal linear model (West and Harrison, 1997; Prado et al.,

2021) consider two levels (observational and system levels) and are typically linear and

Gaussian. More general state-space models include models that are non-Gaussian, such

as generalized DLMs (DLMs; Gamerman, 1998), non-linear dynamic models (e.g.,

models in Gordon et al., 1993 and Kitagawa, 1996), as well as hierarchical models

that include more than two levels such as dynamic hierarchical models (Gamerman and

Migon, 1993; Gamerman, 1998).

The proposed DGTF framework applies to any count time series where the under-

lying rate evolves stochastically over time and that may depend on past observations,

covariates, and/or unobserved state parameters. It is essentially a generalized dynamic
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model with a link function that allows us to consider potentially non-linear relationships

with past values of the observations and the state parameters via transfer functions and

potential covariates, and a system equation that is also potentially non-linear. More

specifically, a DGTF model has the following components:

1. Observation model: An exponential family distribution at the observational level

(e.g., Poisson or negative binomial).

2. Link structure: A function that links observations to a predictor that decomposes

into a linear relationship with exogenous regressors and a linear or non-linear

relationship with endogenous effects and the state parameters captured by a dif-

ferentiable transfer function. This is similar to the setting in generalized dynamic

models. The main difference is that we allow potentially non-linear relation-

ships at this level between the link function and endogenous effects and the state

parameters.

3. State dynamics: Markovian latent states with potentially non-linear evolution

equations. The non-linear relationships are made through differentiable evolution

functions.

The framework is most suitable for discrete-time count data with time-varying pa-

rameters and self-exciting dynamics. For fundamentally continuous-time processes,

continuous-time alternatives may be more appropriate. Note that dynamic generalized

linear models form a well-studied subclass of these models. Key references include

(West et al., 1985; West and Harrison, 1997) and references therein, while (Gamerman

et al., 2016) provides further review with particular focus on Bayesian approaches for

posterior inference.
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The remainder of this section presents the general DGTF specification and then

shows how existing models such as Poisson ARs, discrete-time Hawkes-type models

and distributed lag models emerge as special cases through specific choices of transfer

functions and lag structures.

2.2.1. Model components

Let 𝑦𝑡, 𝑡 = 0, 1, 2, . . . , denote observed counts at time 𝑡. A DGTF model comprises

the following elements, where 𝜽𝑡 represents the latent state vector, and 𝜸 contains

time-invariant parameters:

1. Observation equation: 𝑦𝑡 |𝜒𝑡, 𝜙 ∼ F (𝜒𝑡, 𝜙), where F (𝜒𝑡, 𝜙) belongs to the

exponential family with natural parameter 𝜒𝑡 and scale parameter 𝜙 > 0. We

further assume that 𝑦1, . . . , 𝑦𝑇 are conditionally independent given {𝜒𝑡, 𝑡 = 1 : 𝑇}

and 𝜙. In other words,

𝑝(𝑦𝑡 |𝜒𝑡, 𝜙) = b(𝑦𝑡, 𝜙) exp {𝜙[𝑦𝑡𝜒𝑡 − a(𝜒𝑡)]} ,(2.2.1)

with E(𝑦𝑡 |𝜒𝑡, 𝜙) = 𝜇𝑡 (𝜒𝑡) = a′(𝜒𝑡) and Var(𝑦𝑡 |𝜒𝑡, 𝜙) = a′′(𝜒𝑡)/𝜙.

2. Link function: The mean 𝜇𝑡 (𝜒𝑡) = E(𝑦𝑡 |𝜒𝑡, 𝜙) connects to the state parameters

𝜽𝑡 via the link function 𝜁(·):

(2.2.2) 𝜂𝑡 := 𝜁(𝜇𝑡 (𝜒𝑡)) = x′𝑡𝝋 + 𝑓𝑡 (y𝑡−1, 𝜽𝑡).

Here x′𝑡𝝋 is a regression component that captures exogenous effects through x𝑡

and coefficients 𝝋, (including intercepts, potential seasonal patterns, or external

covariates). 𝑓𝑡 (y𝑡−1, 𝜽𝑡) is a transfer function component that captures dependen-
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cies on past observations y𝑡−1 = (𝑦𝑡−1, . . . , 𝑦𝑡−𝐿)′ and/or the state parameters 𝜽𝑡.

In epidemiological settings, this function allows us to model how past case counts

influence current transmission intensity.

3. System equation: State evolution follows

𝜽𝑡 = g𝑡 (y𝑡−1, 𝜽𝑡−1) + w𝑡, w𝑡 ∼ 𝑁 (0,W𝑡).(2.2.3)

The evolution function g𝑡 depends on past observations y𝑡−1 and/or past state 𝜽𝑡−1.

For linear evolution: g𝑡 (y𝑡−1, 𝜽𝑡−1) = G𝑡𝜽𝑡−1,with G𝑡 a matrix possibly dependent

on y𝑡−1 but not on𝜽𝑡−1. In epidemiological settings, this function describes how the

underlying disease transmission process evolves over time, capturing phenomena

like gradual changes in population behavior, virus characteristics, or effects of

public health interventions.

In addition to the components 1-3 above, the DGTF model has a set of static parameters,

denoted as 𝜸, that includes the scale parameter 𝜙, the regression coefficients 𝝋, and

any additional parameters in 𝑓𝑡 and g𝑡. Gathering these parameters in 𝜸 is important for

inference purposes as described in § 2.3.

Figure 2.1 summarizes the structure of the model. The next subsections illustrate

how widely used models such as Poisson autoregressions, discrete-time Hawkes-type

models and distributed lag models, are special cases of DGTF models.

2.2.2. Poisson AR/GARCH models

Poisson ARs and their generalizations represent the simplest self-exciting count models.

(Agosto and Giudici, 2020) use a log-linear Poisson AR models to analyze daily new
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𝜽𝑡

𝜂𝑡

𝑦𝑡𝑦𝑡−1

x𝑡

𝜽𝑡−1

𝛾

g𝑡

𝑓𝑡

F (𝜒𝑡, 𝜙)

𝜽𝑡+1

𝜂𝑡+1

𝑦𝑡+1

x𝑡+1

g𝑡+1

𝑓𝑡+1

F (𝜒𝑡+1, 𝜙)

𝜂𝑡 = x′𝑡𝝋 + 𝑓𝑡 (y𝑡−1, 𝜽𝑡)

𝑦𝑡 | 𝜒𝑡, 𝜙 ∼ F (𝜒𝑡, 𝜙)

𝜽𝑡 = g𝑡 (y𝑡−1, 𝜽𝑡−1) + w𝑡

Figure 2.1.: Graphical model for the DGTF framework with three levels. The system
level updates the latent state 𝜽𝑡 from (𝜽𝑡−1, y𝑡−1) via g𝑡 (·); the link level
forms 𝜂𝑡 = x′𝑡𝝋 + 𝑓𝑡 (y𝑡−1, 𝜽𝑡); the observation level generates 𝑦𝑡 from an
exponential-family model F (𝜒𝑡, 𝜙). Static parameters 𝛾 (including 𝝋, 𝜙,
and any parameters inside 𝑓𝑡, g𝑡) affect both levels.

COVID-19 in several countries. (Giudici et al., 2023) extend these models to allow for

time-varying parameters that can capture COVID-19 dynamics. Recent multivariate ex-

tensions are also available (Fokianos et al., 2022). Here we illustrate how the univariate

Poisson AR can be written as the DGTF model.

A Poisson AR(𝑝) model or integer ARCH(𝑝) takes the form:

𝑝(𝑦𝑡 |𝜆𝑡) =
𝜆
𝑦𝑡
𝑡

𝑦𝑡!
exp{−𝜆𝑡}, 𝜆𝑡 = 𝑎 +

𝑝∑︁
𝑖=1

𝑏𝑖𝑦𝑡−𝑖,(2.2.4)

with 𝑎 > 0 and 𝑏𝑖 ≥ 0. For stationarity:
∑𝑝

𝑖=1 𝑏𝑖 < 1. Its DGTF representation has the

following elements:
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1. Observation equation: 𝑦𝑡 |𝜆𝑡 ∼ Poisson(𝜆𝑡), 𝜆𝑡 > 0. Therefore, in the form of

Eq. (2.2.1) we have that 𝜙 = 1, 𝜒𝑡 = log(𝜆𝑡), a(𝜒𝑡) = exp(𝜒𝑡), and b(𝑦𝑡, 𝜙) =

1/𝑦𝑡!.

2. Link function: The identity link and the canonical link are two commonly used

choices. The identity link is given by 𝜆𝑡 = 𝑒𝜒𝑡 = 𝑥𝑡𝜑 + 𝑓𝑡 (y𝑡−1, 𝜽𝑡), with y𝑡−1 =

(𝑦𝑡−1, . . . , 𝑦𝑡−𝑝)′ (and so 𝐿 = 𝑝). The identity link is used in (Rydberg and

Shephard, 2000). Alternatively, the canonical link is given by log(𝜆𝑡) = 𝜒𝑡 =

𝑥𝑡𝜑 + 𝑓𝑡 (y𝑡−1, 𝜽𝑡). The canonical link is used in (Held et al., 2005) and (Giudici

et al., 2023). In both cases, 𝜽𝑡 = (𝑏1, . . . , 𝑏𝑝) is a 𝑝-dimensional state vector and

the transfer function 𝑓𝑡 (y𝑡−1, 𝜽𝑡) = F′𝑡𝜽𝑡 is linear, where F𝑡 = (𝑦𝑡−1, . . . , 𝑦𝑡−𝑝)′.

For the exogenous effects, we have 𝜑 = 𝑎 and 𝑥𝑡 = 1, for all 𝑡.

3. System equation: 𝜽𝑡 = g𝑡 (y𝑡−1, 𝜽𝑡−1) + w𝑡 = G𝑡𝜽𝑡−1, where G𝑡 = I, w𝑡 = 0, and

W𝑡 = 0 for all 𝑡, since the AR(𝑝) parameters are not time-varying.

The static parameter is 𝛾 = 𝑎. Note that the AR coefficients are treated as latent states

that remain constant over time.

Log-linear Poisson models have also been used in the literature. These models use

the same observation equation and state vector, but the link function is the canonical log

link, log(𝜆𝑡) = 𝑎+∑𝑝

𝑖=1 𝑏𝑖 log(𝑦𝑡−𝑖+1), and thus F𝑡 = (log(𝑦𝑡−1+1), . . . , log(𝑦𝑡−𝑝+1))′.

Note that for this model the non-negativity of the baseline and AR coefficients is not

required. Although Poisson AR models with static parameters are more parsimonious

and computationally appealing, models that consider time-varying parameters offer

more flexibility. This can be achieved by using a non-zero positive-definite variance-

covariance matrix W𝑡 at the system level. Therefore, Poisson autoregressive models
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with time-varying parameters are also in the DGTF class.

The relationship to other self-exciting models becomes clear when viewing the AR

coefficients {𝑏𝑖} as unnormalized lag weights analogous to the triggering kernel in

the Hawkes process, a link that we made explicit in § 2.2.3. Unlike the discrete-time

Hawkes-type model described next, these weights neither sum to one nor separate overall

transmission intensity from temporal patterns.

2.2.3. Discrete-time Hawkes-type models

As discussed in § 1.2.2, the term discrete-time Hawkes-type model refers to a discrete-

time self-exciting count model specified directly through its conditional mean, in the

sense of Browning et al. (2021); Koyama et al. (2021). It is distinct from a binned

Hawkes process (Shlomovich et al., 2020; Zhou and Papadogeorgou, 2025), whose

likelihood derives from an underlying continuous-time point process observed through

aggregated counts; we do not attempt to approximate that binned likelihood, nor do we

claim a formal limiting connection of the kind established for INAR processes (Kirchner,

2016, 2017).

Branching processes play a central role in epidemiology, as they give us insights into

the dynamics of epidemic spread. In the case of a univariate branching process, we

define 𝑁𝑡 as the number of events (e.g., number of cases of a disease) up until time 𝑡.

Moving to the discrete-time domain, we focus on the number of incidents that occur

during a unit-time interval (𝑡 − 1, 𝑡], denoted as 𝑦𝑡 = 𝑁𝑡 − 𝑁𝑡−1. In a Poisson process

setting, it is assumed that the expected value of 𝑦𝑡 is a function of the past values of 𝑦𝑡 .

For example, (Cori et al., 2013) propose the so-called EpiEstim model, which uses a
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Poisson process and a renewal equation for conditional intensity 𝜆𝑡, i.e.,

𝜆𝑡 = 𝑅𝑡

𝑡−1∑︁
𝑙=1

𝑦𝑡−𝑙𝑔𝑙 .(2.2.5)

Here, 𝑅𝑡 has a piece-wise structure and 𝑔𝑙 denotes the probability mass function of the

discretized shifted Gamma distribution. This lag distribution 𝑔𝑙 serves as a proxy for

the serial interval, which measures the time between symptom onset in an infector and

symptom onset of their infectee.

In the context of Covid-19 disease dynamics, (Browning et al., 2021) and (Koyama

et al., 2021) consider a discrete-time Hawkes-type self-exciting count model with in-

tensity:

𝜆𝑡 = 𝑎 +
∑︁
𝑖: 𝑡𝑖<𝑡

𝑅𝑡𝑖 𝑦𝑡𝑖𝑘(𝑡 − 𝑡𝑖), 𝑎 > 0, 𝑅𝑡 > 0.

The first term, 𝑎, represents the baseline mean (imported cases), while the self-exciting

component captures secondary transmission through a triggering kernel 𝑘(𝑡 − 𝑡𝑖). We

denote 𝜙𝑙 as the discrete-time equivalent of 𝑘(𝑡 − 𝑙) and refer to {𝜙𝑙, 𝑙 ∈ ℕ+} as the lag

distribution.

The discrete-time Hawkes-type model can be viewed as a normalized version of the

Poisson AR model where the coefficients {𝑏𝑖} are replaced by {𝑅𝑡𝜙𝑙}, with 𝜙𝑙 forming

a proper probability distribution. Furthermore, this normalization separates the overall

transmission intensity (𝑅𝑡) from the temporal pattern of transmission (𝜙𝑙), and ensures

that the lag weights sum to one, facilitating interpretation and prior specification.

(Browning et al., 2021) assume that 𝑅𝑡 has a piecewise structure and use the probability

mass function of the geometric distribution as the triggering kernel. It also assumes that

𝑦𝑡 follows a Poisson distribution. (Koyama et al., 2021) extend this using a state-space

24



Chapter 2. DGTF models for univariate count time series

approach to model where 𝑅𝑡 evolves via a latent Markov random walk with independent

Cauchy errors {𝑤𝑡}, i.e.,

𝜆𝑡 = 𝑎 +
𝐿∑︁

𝑙=1
ℎ(𝜓𝑡+1−𝑙) 𝑦𝑡−𝑙 𝜙𝑙, 𝜓𝑡 = 𝜓𝑡−1 + 𝑤𝑡,(2.2.6)

where 𝑅𝑡 = ℎ(𝜓𝑡) with gain function ℎ(·) ≥ 0. While (Koyama et al., 2021) use ℎ(𝜓𝑡) =

max(𝜓𝑡, 0), differentiable alternatives like ℎ(𝜓𝑡) = log(1+exp(𝜓𝑡)) facilitate inference.

The mean serial interval of COVID-19 is estimated to range from 4.2 to 7.5 days (Alene

et al., 2021) and so, (Koyama et al., 2021) specify {𝜙𝑙} using the probability mass

function (PMF) of a discretized log-normal distribution with parameters 𝜇 ≈ 1.3863

and 𝜎2 ≈ 0.3226. This distribution has a mean of 4.7 and a standard deviation of 2.9.

Note that the finite sum in Eq. (2.2.6) truncates at 𝐿 days. 𝐿 is chosen such that

1 −∑𝐿
𝑙=1 𝜙𝑙 < 𝜖 (typically 𝜖 = 0.01). (Koyama et al., 2021) used 𝐿 = 30, reflecting the

epidemiological assumption that infectiousness effectively ceases after 30 days. This

truncation reflects the epidemiological reality that infectiousness decays to zero over

time, a pattern also captured by the distributed lag models described below.

At the observation level, (Koyama et al., 2021) assumes that 𝑦𝑡 follows a negative-

binomial distribution to account for overdispersion. This model has a DGTF represen-

tation with an 𝐿-dimensional state space as follows:

1. Observation equation: A Poisson distribution or a negative-binomial distribution

can be assumed at the observational level. In the latter case, we have that

conditional on 𝜌 > 0, 𝑦𝑡 |𝜆𝑡 ∼ NB(𝜆𝑡, 𝜌), 𝜆𝑡 > 0, i.e.:

𝑝(𝑦𝑡 |𝜆𝑡, 𝜌) =
Γ(𝑦𝑡 + 𝜌)
Γ(𝜌)𝑦𝑡!

(
𝜌

𝜆𝑡 + 𝜌

)𝜌 (
𝜆𝑡

𝜆𝑡 + 𝜌

) 𝑦𝑡
.(2.2.7)

Again, conditioning on 𝜌 > 0, this implies that 𝜙 = 1, 𝜒𝑡 = log
(

𝜆𝑡
𝜆𝑡+𝜌

)
, and so
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𝜆𝑡 =
𝜌𝑒𝜒𝑡

(1−𝑒𝜒𝑡 ) . In addition a(𝜒𝑡) = −𝜌 log(1− 𝑒𝜒𝑡 ), leading to 𝐸(𝑦𝑡 |𝜆𝑡, 𝜌) = a′(𝜒𝑡) =

𝜆𝑡, and 𝑉 (𝑦𝑡 |𝜆𝑡, 𝜌) = 𝜆𝑡 (1 + 𝜆𝑡/𝜌). Note that if 𝜌 → ∞ we obtain the Poisson

model with parameter 𝜆𝑡 .

2. Link function: 𝑓𝑡 is a non-linear function of latent states 𝜽𝑡 = (𝜓𝑡, . . . , 𝜓𝑡+1−𝐿)′, as

in Eq. (2.2.6). For the exogenous effect, we set 𝜑 = 𝑎 and 𝑥𝑡 = 1 for all 𝑡. In this

case, we have 𝜆𝑡 = 𝑎+ 𝑓𝑡 (y𝑡−1, 𝜽𝑡) = 𝑎+∑𝐿
𝑙=1 ℎ(𝜓𝑡+1−𝑙)𝑦𝑡−𝑙𝜙𝑙, which corresponds

to a linear discrete-time Hawkes-type conditional mean. While ℎ(𝜓𝑡) can be any

non-negative function, we prefer a ℎ(𝜓𝑡) that is at least first-order differentiable,

since differentiability supports the linearization step used in the approximate

inference algorithm.

A non-linear link can be considered. In particular, a logistic link 𝜌𝑡 = 1/(1 +

𝑒−𝜆𝑡 ) can be used, where 𝜌𝑡 is the dispersion at the observation level, and 𝑦𝑡 ∼

NB2(𝑛, 𝜌𝑡), where the likelihood function is given by:

𝑝(𝑦𝑡 | 𝜌𝑡, 𝑛) =
Γ(𝑦𝑡 + 𝑛)
Γ(𝑛)𝑦𝑡!

𝜌
𝑦𝑡
𝑡 (1 − 𝜌𝑡)𝑛.(2.2.8)

This is an alternative parameterization of the negative-binomial distribution,

where 𝑛 represents the number of successes and 𝜌𝑡 represents the probability of

failures. The logistic link allows us to consider a non-linear self-exciting discrete-

time count model where 𝑅𝑡 ∈ ℝ can describe self-exciting and self-inhibiting

patterns.

3. System equation: 𝜽𝑡 = g𝑡 (y𝑡−1, 𝜽𝑡−1)+w𝑡 = G𝜽𝑡−1+w𝑡, with w𝑡 = (𝑤𝑡, 0, . . . , 0)′,
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W𝑡 = diag(𝑊𝑡, 0, . . . , 0), and

G𝑡 = G =
©­­«
𝒆1 0

I 0

ª®®¬ , 𝒆1 = (1, 0, . . . , 0).

For the system error distribution, (Koyama et al., 2021) assumes a Cauchy distri-

bution. In contrast, we assume that system errors follow a Gaussian distribution

with 𝑊𝑡 =𝑊 for all 𝑡. Alternatively, we can consider a time-varying 𝑊𝑡 specified

using a discount factor 𝛿 ∈ (0, 1]. Discount factors typically range between 0.8

and 1, with smaller values indicating larger system uncertainty. A discount factor

of 1 represents the special case where no system-level error exists. Details and

examples related to modeling and inference with discount factors are explained

and illustrated in (West and Harrison, 1997).

The static parameters 𝜸 in this model include 𝜌 and 𝑎. Additionally, it may include the

parameters of the lag distributions from which the PMF {𝜙𝑙} is derived.

2.2.4. Distributed lag models

Distributed lag models (Ravines et al., 2006) capture the same epidemiological principle

as the discrete-time Hawkes-type model, namely that infectiousness decays to zero over

time, but do so via recursive transfer functions that accumulate the effects of past cases.

In disease modeling, this represents how individuals infected at time 𝑡 continue to

generate secondary infections at times 𝑡+1, 𝑡+2, and so on, with diminishing intensity.

Such behavior can be modeled using transfer functions, denoted by 𝛽𝑡, in a state-space

context by writing the intensity function of an observed Poisson process, denoted by 𝜆𝑡,
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(this is also the expected count at time 𝑡), as

𝜆𝑡 = 𝑎 + 𝛽𝑡 .

The transfer function 𝛽𝑡 captures the cumulative effect of all past observations on the

current intensity.

If we consider 𝑦𝑡 to be the number of cases of a disease at time 𝑡, we can use 𝑦𝑡−1,

the number of cases of the disease at time 𝑡 − 1 as the covariate 𝑥𝑡. In such a case,

it is reasonable to consider that the effect of 𝑥𝑡 = 𝑦𝑡−1 may persist while the infected

individuals are still infectious, but eventually decrease to zero. This can be modeled

through the transfer function as

𝛽𝑡 = 𝜅𝛽𝑡−1 + (1 − 𝜅)ℎ(𝜓𝑡)𝑦𝑡−1.

Here 𝜅 ∈ (0, 1) controls past effects, while (1 − 𝜅)ℎ(𝜓𝑡)𝑦𝑡−1 represents the immediate

contribution of recent cases scaled by the gain function ℎ(𝜓𝑡). This model, known as

Koyck’s model (Koyck, 1954) in the economics literature, represents 𝜅 as the memory

of the effect of past observations and (1 − 𝜅)ℎ(𝜓𝑡) as the immediate effect of 𝑦𝑡−1. It

can be formulated as an infinite sum of the past observations:

𝛽𝑡 =

∞∑︁
𝑙=0

𝜅𝑙 (1 − 𝜅)ℎ(𝜓𝑡−𝑙)𝑦𝑡−1−𝑙 .

This form directly parallels the discrete-time Hawkes-type model in Eq. (2.2.6), with

two key differences: (1) the sum extends to infinity rather than being truncated, and

(2) the lag distribution 𝜙𝑙 follows a geometric distribution with 𝜙𝑙 = 𝜅𝑙 (1 − 𝜅). This

geometric decay provides computational advantages through recursive representation

while maintaining the epidemiological interpretation of decaying infectiousness.
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(Solow, 1960) further generalized this approach by showing that we can replace the

geometric distribution with the more flexible negative binomial distribution, specifically

NB2(𝑟, 𝜅), as defined in Eq. (2.2.8), by setting 𝜙𝑙 as

𝜙𝑙 =
Γ(𝑟 + 𝑙)
Γ(𝑟) 𝑙! 𝜅𝑙 (1 − 𝜅)𝑟 .

Here, 𝑟 is a positive integer representing the number of successes and 𝜅 is the probability

of failure. This generalization gives us the following transfer function:

𝛽𝑡 =

∞∑︁
𝑙=1

𝜙𝑙ℎ(𝜓𝑡+1−𝑙)𝑦𝑡−𝑙 .(2.2.9)

The geometric distribution can be considered as a special case of this model when

𝑟 = 1. This negative-binomial lag structure provides additional flexibility to model

delayed effects of past incidences, such as disease incubation periods. This infinite

moving average on the right-hand side of Eq. (2.2.9) can be reformulated into a finite

polynomial. Define 𝐵 as the lag operation such that 𝐵𝑝𝑥𝑡 = 𝑥𝑡−𝑝, then we have

(1 − 𝜅𝐵)𝑟𝛽𝑡 = (1 − 𝜅)𝑟ℎ(𝜓𝑡)𝑦𝑡−1.(2.2.10)

Taking 𝑟 = 2 as an example, the transfer function component is given by

𝛽𝑡 = 2𝜅𝛽𝑡−1 − 𝜅2𝛽𝑡−2 + (1 − 𝜅)2ℎ(𝜓𝑡)𝑦𝑡−1.

Assuming a Poisson observation distribution with intensity 𝜆𝑡, this model has a DGTF

representation with an (𝑟 + 1)-dimensional state space, i.e.,

1. Observation equation: 𝑦𝑡 | 𝜆𝑡 ∼ Pois(𝜆𝑡), 𝜆𝑡 > 0.
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2. Link function: We have 𝜽𝑡 = (𝜓𝑡+1, 𝛽𝑡, 𝛽𝑡−1)′, 𝜑 = 𝑎, 𝑥𝑡 = 1 for all 𝑡 and 𝐿 = 1,

implying that y𝑡−1 = 𝑦𝑡−1. The transfer function 𝑓𝑡 is linear and can be expressed

as 𝑓𝑡 (𝑦𝑡−1, 𝜽𝑡) = F′𝑡𝜽𝑡, where F𝑡 = (0, 1, 0)′ for all 𝑡, and thus

𝜆𝑡 = 𝑥𝑡𝜑 + 𝑓𝑡 (𝑦𝑡−1, 𝜽𝑡) = 𝑥𝑡𝜑 + F′𝑡𝜽𝑡 = 𝑎 + 𝛽𝑡 .

3. System equation: 𝜽𝑡 = g𝑡 (𝑦𝑡−1, 𝜽𝑡−1) + w𝑡. Here g𝑡 (𝑦𝑡−1, 𝜽𝑡−1) is a non-linear

function of 𝜽𝑡−1 given by

g𝑡 (𝑦𝑡−1, 𝜽𝑡−1) =
©­­­­­«

𝜃𝑡−1,1

(1 − 𝜅)2ℎ(𝜃𝑡−1,1)𝑦𝑡−1 + 2𝜅𝜃𝑡−1,2 − 𝜅2𝜃𝑡−1,3

𝜃𝑡−1,2

ª®®®®®¬
,(2.2.11)

and the system error is w𝑡 = (𝜀𝑡, 0, 0)′ with variance-covariance matrix W𝑡 =

diag(𝑊𝑡, 0, 0).

Finally, the vector of static parameter is 𝜸 = (𝑎, 𝜅)′.

2.2.5. Summary of DGTF model variants

We showed above how Poisson ARs, discrete-time Hawkes-type models and distributed

lag models are special model classes within the class of DGTF models. We also

mentioned how the 3 types of models are related. Here we discuss the core structural

differences between the 3 types of models. More specifically, Table 2.1 highlights

the differences between the models within the DGTF framework. While all models

incorporate past observations through self-exciting dynamics, they differ fundamentally

in how they parameterize lag structures and time-varying transmission rates. Each

model offers distinct computational and interpretational advantages for epidemiological
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applications.

First we compare the transfer function structure. For the 3 models we can write

𝛼𝑡 = 𝑎 + 𝛽𝑡, with 𝛽𝑡 a transfer function. We see that in the case of the Poisson

AR 𝛽𝑡 =
∑𝑝

𝑖=1 𝑏𝑖𝑦𝑡−𝑖, and so the relationship between 𝛽𝑡 and past values of the ob-

servations 𝑦𝑡 is linear. In the case of the discrete-time Hawkes-type model we have

𝛽𝑡 =
∑𝐿

𝑙=1 𝜙𝑙ℎ(𝜓𝑡+1−1)𝑦𝑡−𝑙, and so the relationship between 𝛽𝑡 and past values of 𝑦𝑡 is

also linear, but we only consider a finite number of past values and there is a non-linear

function ℎ(·) that established the weights for each of the past observations as a non-

linear function of the state parameters. In the case of the distributed lag models, 𝛽𝑡 is a

linear function of past values of 𝑦𝑡, but we have an infinite number of lags, the weights

are determined through a non-linear gain function of the state parameters and there is

also a dependency with past values of 𝛽𝑡 .

Table 2.1.: Comparisons of DGTF model variants in terms of model structure and
epidemiological interpretation.

Poisson AR Discrete-time Hawkes-type model Distributed Lag

Transfer function 𝛽𝑡 Linear states and 𝑦𝑡 Nonlinear states and linear 𝑦𝑡 Nonlinear states and linear 𝑦𝑡∑𝑝

𝑖=1 𝑏𝑖𝑦𝑡−𝑙
∑𝐿

𝑙=1 𝜙𝑙ℎ(𝜓𝑡+1−𝑙)𝑦𝑡−𝑙
∑∞

𝑙=1 𝜙𝑙ℎ(𝜓𝑡+1−𝑙)𝑦𝑡−𝑙
Lag structure Unnormalized {𝑏𝑖} or {𝑏𝑖,𝑡} Normalized lag PMF {𝜙𝑙} NB2(𝑟, 𝜅) lag PMF {𝜙𝑙}
Reproduction number – Explicit: 𝑅𝑡 = ℎ(𝜓𝑡) Explicit: 𝑅𝑡 = ℎ(𝜓𝑡)
Infectivity duration Finite: up to 𝑝 days. Finite: up to 𝐿 days Infinite but exponentially decaying
State dimension 𝑝 (number of lags) 𝐿 (truncation point) 𝑟 + 1 (polynomial order)

Similarly, we can compare the models in terms of the coefficients that weigh the lag

structure. Poisson AR models offer computational simplicity for short-term dependen-

cies. They directly model lag effects through coefficients 𝑏𝑖, but these unnormalized

weights lack clear epidemiological interpretation. The model can incorporate time-

varying parameters by allowing 𝑏𝑖,𝑡 to evolve stochastically, although this increases

computational complexity. Alternatively, Discrete-time Hawkes-type models provide a
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clearer epidemiological interpretation by explicitly separating the reproduction number

𝑅𝑡 = ℎ(𝜓𝑡) from the temporal pattern of transmission captured by the lag distribution

𝜙𝑙. This separation facilitates prior specification and interpretation of the results: the

lag distribution can be chosen to match the estimated serial intervals, while 𝑅𝑡 directly

quantifies the transmission intensity. The main limitation is the need to truncate at lag

𝐿, which requires careful selection to balance computational cost against approximation

error. Distributed lag models are well suited when computational efficiency matters

or when dealing with long-memory processes. The recursive formulation of 𝛽𝑡 as a

function of past values of the observations, but also past values of 𝛽𝑡 avoids storing all 𝐿

past observations, requiring only 𝑟 lagged values of the transfer function 𝛽𝑡. While the

lag distribution is restricted to geometric (𝑟 = 1) or negative binomial (𝑟 > 1) families,

these often provide adequate flexibility for epidemiological applications. The recursive

structure also naturally accommodates infinite lags with exponential decay.

Therefore, the modular structure of the DGTF framework enables straightforward

model customization. Practitioners can interchange observation distributions (e.g.,

Poisson vs. negative binomial), link functions, lag distributions, and gain functions

without having to reimplement algorithms for posterior inference.

This unified perspective not only clarifies theoretical relationships between seemingly

disparate models, but also enables practical benefits: principled model comparison us-

ing consistent inference procedures, efficient implementation through shared computa-

tional infrastructure, and principled model selection based on data characteristics and

inferential goals.

32



Chapter 2. DGTF models for univariate count time series

§ 2.3. Posterior inference methods

The non-linear nature of DGTF models requires approximation strategies for tractable

inference. We first construct an auxiliary linear Gaussian model through first-order

Taylor expansion of the observation and evolution functions. This auxiliary model serves

as the foundation for our inference algorithms, providing tractable proposal distributions

while maintaining computational efficiency. We then present three inference approaches

below: a SMC scheme for inference of the latent states 𝜽𝑡, conditional on the static

parameters 𝜸, a HVA for joint approximate parameter and state inference, and a MCMC

approach for joint parameter and state inference. The HVA method is an iterative

procedure with two-stages, one that uses SMC to obtain estimates of 𝜽1:𝑇 conditional

on 𝜸, and another stage that uses variational optimization to obtain estimates of 𝜸

conditional on 𝜽1:𝑇 . We use MCMC as a benchmark method and show the advantages

of the proposed HVA method. We defer detailed comparisons of computational trade-

offs to the empirical sections.

2.3.1. Auxiliary linear-Gaussian representation

For convenience, we omit the input notation for the dependence of 𝑓𝑡 and g𝑡 on y𝑡−1

for the remainder of this section. Additionally, assume we have 𝑚 static parameters

𝜸 = {𝛾1, . . . , 𝛾𝑚}.

For the evolution function g𝑡, we approximate

g𝑡 (𝜽𝑡−1) ≈ g𝑡 (𝝑𝑡−1) +G𝑡 (𝜽𝑡−1 − 𝝑𝑡−1),

where 𝝑𝑡−1 is the point of approximation, and G𝑡 denotes the gradient of g𝑡 evaluated at
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𝝑𝑡−1. The resulting linearized evolution equation is

𝜽𝑡 ≈ h𝑡 +G𝑡𝜽𝑡−1 + w𝑡, where h𝑡 = g𝑡 (𝝑𝑡−1) −G𝑡𝝑𝑡−1 and w𝑡 ∼ 𝑁 (0,W𝑡).(2.3.1)

Similarly, for the observation function 𝑓𝑡 we have:

𝑓𝑡 (𝜽𝑡) ≈ 𝑑𝑡 + F′𝑡𝜽𝑡, where 𝑑𝑡 = 𝑓𝑡 (u𝑡) − F′𝑡u𝑡 .(2.3.2)

Here, u𝑡 is the approximation point and F𝑡 is the gradient of 𝑓𝑡 at u𝑡. Setting 𝑦̃𝑡 = 𝜁(𝑦𝑡),

we apply the delta method to obtain an approximate normal likelihood:

𝑦̃𝑡 ≈ 𝑁 (𝜂̃𝑡, 𝑉̃𝑡), 𝜂̃𝑡 = x′𝑡𝝋 + 𝑑𝑡 + F′𝑡𝜽𝑡, 𝑉̃𝑡 = Var(𝑦𝑡) [𝜁′(𝑦𝑡)]2,(2.3.3)

where 𝜁(·) represents the link function as in Eq. (2.2.2). These approximations enable

efficient computation across all our inference methods.

We use Eqs. (2.3.1) to (2.3.3) to obtain filtering and smoothing of the state parameters

in the SMC method, and equations similar to Eq. (2.3.3) to build proposal distributions

for the Metropolis–Hastings (MH) steps in the MCMC algorithm.

2.3.2. SMC for latent states

SMC approximates the filtering and smoothing distributions of state parameters using a

set of weighted particles. For DGTF models, SMC tracks the evolution of latent states

over time conditional on the static parameters 𝜸, while handling the non-linear dynamics

and non-Gaussian observations. This also allows us to track the evolution of functions

of the state parameters such as the reproduction number in models for disease dynamics.

We adopt the modified two-filter smoothing algorithm of (Fearnhead et al., 2010).

The two-filter smoother works by running two complementary filters: a forward filter
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that propagates uncertainty from past to future, and a backward filter that incorporates

future observations to refine estimates of past states.

The algorithm achieves computational complexity of O(𝑁) and generates new sam-

ples during the smoothing process, which helps address particle degeneracy issues

common in SMC methods.

Forward filtering

The forward filter updates our belief about latent states sequentially as new data arrives.

At each time step 𝑡, we maintain a collection of particles with associated weights

representing the distribution of the state parameters 𝜽𝑡.

More specifically, we seek to approximate the posterior density 𝑝(𝜽𝑡 | 𝑦1:𝑡, 𝜸), which

can be decomposed as follows:

𝑝(𝜽𝑡 | 𝑦1:𝑡, 𝜸) ∝ 𝑝(𝑦𝑡 | 𝜽𝑡, 𝜸)
∫

𝑝(𝜽𝑡 | 𝜽𝑡−1, 𝜸)𝑝(𝜽𝑡−1 | 𝑦1:𝑡−1, 𝜸)d𝜽𝑡−1.

SMC methods approximate 𝑝(𝜽𝑡 | 𝑦1:𝑡, 𝜸) by a set of particles {𝜽(𝑖)𝑡 }𝑁𝑖=1 and a set of

weights {𝜔(𝑖)𝑡 }𝑁𝑖=1. Assuming we have the same type of particle approximation at time

𝑡 − 1 for 𝑝(𝜽𝑡−1 | 𝑦1:𝑡−1, 𝜸) we obtain

𝑝(𝜽𝑡 | 𝑦1:𝑡, 𝜸) ≈ 𝑐𝑝(𝑦𝑡 | 𝜽𝑡, 𝜸)
𝑁∑︁
𝑖=1

𝜔
(𝑖)
𝑡−1𝑝(𝜽𝑡 | 𝜽(𝑖)𝑡−1, 𝜸),

where 𝑐 is a normalizing constant.

There are different SMC methods for obtaining a set of weighted particles that

approximate the filtering distribution. The auxiliary particle filter of (Pitt and Shephard,
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1999) offers a general method by approximating

𝑐𝑝(𝑦𝑡 | 𝜽𝑡, 𝜸)𝑝(𝜽𝑡 | 𝜽(𝑖)𝑡−1, 𝜸)𝜔
(𝑖)
𝑡−1

with 𝑞(𝜽𝑡 | 𝜽(𝑖)𝑡−1, 𝑦𝑡, 𝜸)𝜐
(𝑖)
𝑡 , such that 𝑞(𝜽𝑡 | 𝜽(𝑖)𝑡−1, 𝑦𝑡, 𝜸) is the distribution from which we

sample the new particles {𝜽(𝑖)𝑡 }, and {𝜐(𝑖)𝑡 } is a collection of normalized weights that

sum to one. The simplest case is the algorithm of (Gordon et al., 1993) that sets

𝑞(𝜽𝑡 | 𝜽𝑡−1, 𝑦𝑡, 𝜸) = 𝑝(𝜽𝑡 |𝜽𝑡−1, 𝜸), 𝜐
(𝑖)
𝑡 = 𝜔

(𝑖)
𝑡−1.

The most efficient algorithm is obtained by taking

𝑞(𝜽𝑡 | 𝜽(𝑖)𝑡−1, 𝑦𝑡, 𝜸) = 𝑝(𝜽𝑡 | 𝜽(𝑖)𝑡−1, 𝑦𝑡, 𝜸), 𝜐
(𝑖)
𝑡 ∝ 𝑝(𝑦𝑡 | 𝜽(𝑖)𝑡−1, 𝜸)𝜔

(𝑖)
𝑡−1,

leading to optimal weights of 𝜔(𝑖)𝑡 = 1/𝑁.

Note that 𝑝(𝑦𝑡 | 𝜽𝑡−1, 𝜸) and 𝑝(𝜽𝑡 | 𝜽𝑡−1, 𝑦𝑡, 𝜸) have analytical forms in the DGTF

model. To overcome this, we build importance densities using an approximated normal

DLM based on our earlier linearizations (Eqs. (2.3.2) and (2.3.3)):

𝑦̃𝑡 ∼ 𝑁 (𝜂̃𝑡, 𝑉̃𝑡) and 𝜽𝑡 ∼ 𝑁 (g𝑡 (𝜽𝑡−1),W𝑡).

The calculation of 𝜂̃𝑡 in Eq. (2.3.3) involves F𝑡, which is the derivative of 𝑓𝑡 (𝜽𝑡) evalu-

ated at g𝑡 (𝜽𝑡−1), ensuring our linearization is centered at the predicted state value. The

auxiliary variable 𝑦̃𝑡 represents a Gaussian approximation to our count data. We trans-

form discrete counts to a continuous scale through the link function and apply the delta

method for variance approximation, enabling efficient Gaussian filtering techniques that

noticeably reduce computational cost.

Then, we use 𝑞( 𝑦̃𝑡 | 𝜽𝑡, 𝜸) to denote the conditional likelihood of 𝑦̃𝑡 in our ap-
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proximated model. By marginalizing over 𝜽𝑡, we obtain the one-step-ahead predictive

distribution:

𝑞( 𝑦̃𝑡 | 𝜽𝑡−1, 𝜸) =
∫

𝑞( 𝑦̃𝑡 | 𝜽𝑡, 𝜸) 𝑝(𝜽𝑡 | 𝜽𝑡−1, 𝜸) d𝜽𝑡,

=(2𝜋𝑉̃𝑡 |W𝑡 |)−
1
2 |𝚺𝑡 |

1
2 exp

−
( 𝑦̃𝑡−𝑑𝑡)2

𝑉̃𝑡
+ g′𝑡 (𝜽𝑡−1)W𝑡

−1g𝑡 (𝜽𝑡−1) − 𝝁′𝑡𝚺
−1
𝑡 𝝁𝑡

2

 .

We propagate the latent states 𝜽𝑡 using 𝑞(𝜽𝑡 | 𝜽𝑡−1, 𝑦̃𝑡, 𝜸), which follows a normal

distribution 𝑁 (𝝁𝑡, 𝚺𝑡) with:

𝝁𝑡 = 𝚺𝑡

{
F𝑡𝑉̃
−1
𝑡 [ 𝑦̃𝑡 − 𝜂̃𝑡 (g𝑡 (𝜽𝑡−1))] +W𝑡

−1g𝑡 (𝜽𝑡−1)
}
, 𝚺𝑡 = [F𝑡𝑉̃

−1
𝑡 F′𝑡 +W𝑡

−1]−1.

This Gaussian approximation performs well in practice because the linearization cap-

tures the local curvature of the likelihood around the predicted states, and the auxiliary

particle filter framework corrects for approximation errors through importance weight-

ing as explained below.

In an auxiliary particle filter, we first resample the particles {𝜽(𝑖)
𝑡−1} using weights that

account for how well each particle predicts the next , and so we use 𝑞( 𝑦̃𝑡 | 𝜽(𝑖)𝑡−1, 𝜸)𝜔
(𝑖)
𝑡−1.

Then, for each particle 𝜽(𝑖)
𝑡−1, we draw a new sample 𝜽(𝑖)𝑡 from 𝑞(𝜽𝑡 | 𝜽(𝑖)𝑡−1, 𝑦𝑡, 𝜸). Finally,

we calculate the new importance weights for {𝜽(𝑖)𝑡 } via

𝜔
(𝑖)
𝑡 ∝

𝑝(𝑦𝑡 | 𝜽𝑡, 𝜸)𝑝(𝜽𝑡 | 𝜽(𝑖)𝑡−1, 𝜸)

𝑞( 𝑦̃𝑡 | 𝜽(𝑖)𝑡−1, 𝜸)𝑞(𝜽𝑡 | 𝜽(𝑖)𝑡−1, 𝑦̃𝑡, 𝜸)
.

To minimize particle degeneracy, we resample based on the effective sample size
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(ESS) computed as

ESS =

(∑
𝑖 𝜔
(𝑖)
𝑡

)2

∑
𝑖

(
𝜔
(𝑖)
𝑡

)2 .

We resample when ESS < 𝑚𝑁, where 𝑁 is the total number of particles and 𝑚 is a

constant in [0, 1], typically 0.5 (Doucet and Johansen, 2011). Then, we resample when

roughly half our particles have negligible weight, preventing the filter from collapsing

to just a few particles. If resampling is performed, the importance weights are reset to

1. Algorithm 1 summarizes the forward filtering steps.

Algorithm 1: Forward Filtering
Input: 𝑦1:𝑇 , 𝜸, 𝑁 particles, resample ratio 𝑚

Output: Particles {(𝜽(𝑖)𝑡 , 𝜔
(𝑖)
𝑡 )}𝑁𝑖=1, 𝑡 = 1, . . . , 𝑇

Initialize: 𝜽(𝑖)0 ∼ 𝑝(𝜽0), 𝜔(𝑖)0 = 1/𝑁 for 𝑖 = 1, . . . , 𝑁
for 𝑡 = 1 to 𝑇 do
// Resample

Resample indices {𝑖𝑘} based on predictive weights 𝜐(𝑖)𝑡 ∝ 𝑞( 𝑦̃𝑡 |𝜽(𝑖)𝑡−1, 𝜸)𝜔
(𝑖)
𝑡−1;

// Propagate
for 𝑘 = 1 to 𝑁 do

Sample 𝜽(𝑘)𝑡 ∼ 𝑁 (𝝁(𝑖𝑘)𝑡 , 𝚺(𝑖𝑘)𝑡 );
// Reweight

Calculate weights {𝜔(𝑘)𝑡 } and the ESS; if ESS < 𝑚𝑁 then
Resample and reset 𝜔(𝑘)𝑡 = 1/𝑁.

Backward filtering

The forward filter provides 𝑝(𝜽𝑡 | 𝑦1:𝑡, 𝜸), our belief about states given data up to time

𝑡. To incorporate all the available data and obtain the complete smoothing distribution

𝑝(𝜽𝑡 | 𝑦1:𝑇 , 𝜸), we need a backward filter that computes the likelihood of each state
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given the observations from 𝑡 to 𝑇.

Following (Fearnhead et al., 2010), we construct backward filtering weighted particles

{(𝜽̃( 𝑗)𝑡 , 𝜔̃
( 𝑗)
𝑡 )}𝑁𝑗=1, that approximate a backward filter density

𝑝̃(𝜽𝑡 | 𝑦𝑡:𝑇 , 𝜸) ∝ 𝜋𝑡 (𝜽𝑡 |𝜸)𝑝(𝑦𝑡:𝑇 | 𝜽𝑡, 𝜸).

Here, 𝜋𝑡 (𝜽𝑡 |𝜸) is an artificial density that ensures the backward recursion remains well-

defined, typically chosen as the predictive distribution from a simple forward model.

We explain how to obtain the particle approximation of 𝑝̃(𝜽𝑡 | 𝑦𝑡:𝑇 , 𝜸) before showing

how to combine it with the forward particles.

First note that

𝑝(𝑦𝑡:𝑇 | 𝜽𝑡, 𝜸) = 𝑝(𝑦𝑡 | 𝜽𝑡, 𝜸)
∫

𝑝(𝜽𝑡+1 | 𝜽𝑡, 𝜸)𝑝(𝑦𝑡+1:𝑇 | 𝜽𝑡+1, 𝜸)d𝜽𝑡+1,

and so, we obtain

𝑝̃(𝜽𝑡 | 𝑦𝑡:𝑇 , 𝜸) ∝𝜋𝑡 (𝜽𝑡 |𝜸)𝑝(𝑦𝑡 | 𝜽𝑡, 𝜸)
∫

𝑝(𝜽𝑡+1 | 𝜽𝑡, 𝜸) 𝑝̃(𝜽𝑡+1 | 𝑦𝑡+1:𝑇 , 𝜸)
𝜋𝑡+1(𝜽𝑡+1 | 𝜸)

𝑑𝜽𝑡+1,

≈𝜋𝑡 (𝜽𝑡 | 𝜸)𝑝(𝑦𝑡 | 𝜽𝑡, 𝜸)
𝐽∑︁
𝑗=1

𝑝(𝜽̃( 𝑗)
𝑡+1 | 𝜽𝑡, 𝜸)

𝜋𝑡+1(𝜽̃( 𝑗)𝑡+1 | 𝜸)
𝜔̃
( 𝑗)
𝑡+1,

where {(𝜽̃( 𝑗)
𝑡+1, 𝜔̃

( 𝑗)
𝑡+1)}

𝑁
𝑗=1 is a weighted particle approximation to 𝑝̃(𝜽𝑡+1 | 𝑦𝑡+1:𝑇 , 𝜸) and

𝜋𝑡 (𝜽𝑡 |𝜸) is an artificial marginal density (Briers et al., 2010; Fearnhead et al., 2010)

such that 𝜋𝑡 (𝜽𝑡 |𝜸) > 0 if 𝑝(𝑦𝑡:𝑇 |𝜽𝑡, 𝜸) > 0.

Similar to the forward case, we need efficient proposals for the backward recursion.

Following (Fearnhead et al., 2010), we use an auxiliary backward particle filter to obtain
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a sampling distribution 𝑞̃(𝜽𝑡 |𝜽𝑡+1, 𝑦̃𝑡, 𝜸), such that

𝑞̃(𝜽𝑡 | 𝜽̃( 𝑗)𝑡+1, 𝑦̃𝑡, 𝜸)𝜐̃
( 𝑗)
𝑡 ≈ 𝜋𝑡 (𝜽𝑡 | 𝜸)𝑝(𝑦𝑡 | 𝜽𝑡, 𝜸)𝑝(𝜽̃( 𝑗)𝑡+1 |𝜽𝑡, 𝜸)

𝜔̃
( 𝑗)
𝑡+1

𝜋𝑡+1(𝜽̃( 𝑗)𝑡+1 | 𝜸)
.

We take 𝜋𝑡−1(𝜽𝑡−1 |𝜸) to be a normal distribution 𝑁 (𝜽𝑡−1 | 𝝁∗𝑡−1, 𝚺
∗
𝑡−1). Then, using

the linear approximation in Eq. (2.2.3), we obtain 𝜋𝑡 (𝜽𝑡 | 𝜸) to be 𝑁 (𝜽𝑡 | 𝝁∗𝑡 , 𝚺∗𝑡 ), with

𝝁∗𝑡 = g𝑡 (𝝁∗𝑡−1), 𝚺∗𝑡 = W𝑡 +G𝑡𝚺
∗
𝑡−1G′𝑡 .

Here G𝑡 is the Jacobian of g𝑡 (𝜽𝑡−1) evaluated at 𝜽𝑡−1 = 𝝁∗
𝑡−1. This choice ensures

that the artificial density evolves according to the same dynamics as our state equation,

making the backward recursion consistent with the model structure. We initialize this

with 𝜽0 ∼ 𝑁 (𝝁∗0, 𝚺
∗
0), for example, 𝝁∗0 = 0, and 𝚺∗0 = I.

The backward transition density is given by

𝑞(𝜽𝑡 | 𝜽𝑡+1, 𝜸) ∝ 𝜋𝑡 (𝜽𝑡 | 𝜸)𝑞(𝜽𝑡+1 | 𝜽𝑡, 𝜸),

using (𝜽𝑡 | 𝜸) ∼ 𝑁 (𝝁∗𝑡 , 𝚺∗𝑡 ), and (𝜽𝑡+1 | 𝜽𝑡, 𝜸) ∼ 𝑁 (h𝑡+1 + G𝑡+1𝜽𝑡,W𝑡), with G𝑡+1 the

first order derivative of g𝑡+1 evaluated at 𝝁∗𝑡 . Then, 𝑞(𝜽𝑡 | 𝜽𝑡+1, 𝜸) is a normal distribution

with mean and variance given by

m∗𝑡 = C∗𝑡 [(𝚺∗𝑡 )−1𝝁∗𝑡 +G′𝑡+1W−1
𝑡+1(𝜽𝑡+1 − h𝑡+1)], C∗𝑡 = [(𝚺∗𝑡 )−1 +G′𝑡+1W−1

𝑡+1G𝑡+1]−1.

Using the normal approximation 𝑦̃𝑡 ∼ 𝑁 (𝜂̃𝑡, 𝑉̃𝑡), we get

𝑞̃( 𝑦̃𝑡 | 𝜽𝑡+1, 𝜸) =

∫
𝑞( 𝑦̃𝑡 | 𝜽𝑡, 𝜸)𝑞(𝜽𝑡 | 𝜽𝑡+1, 𝜸)𝑑𝜽𝑡

= (2𝜋𝑉̃𝑡 |C∗𝑡 |)−1/2 |𝚺̃∗𝑡 |1/2 ×

× exp
{
−1

2

[
𝑉̃−1
𝑡

(
𝑦̃𝑡 − 𝒙′𝑡𝝋 − 𝑑𝑡

)2 +m∗
′

𝑡 (C∗𝑡 )−1m∗𝑡 + (𝝁̃∗𝑡 )′𝚺̃
∗−1
𝑡 𝝁̃∗𝑡

]}
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and 𝑞(𝜽𝑡 | 𝜽𝑡+1, 𝑦̃𝑡, 𝜸) a normal distribution with mean and variance given by

𝝁̃∗𝑡 = 𝚺̃
∗
𝑡

[
F𝑡𝑉̃
−1
𝑡 ( 𝑦̃𝑡 − 𝒙′𝑡𝝋 − 𝑑𝑡) + C∗𝑡

−1m∗𝑡
]
, 𝚺̃

∗
𝑡 =

[
𝑉̃−1
𝑡 F𝑡F′𝑡 + (C∗𝑡 )−1]−1

.

Finally, we can derive the importance weights as

𝜔̃
( 𝑗)
𝑡 ∝

𝜋𝑡 (𝜽𝑡 | 𝜸)𝑝(𝑦𝑡 | 𝜽𝑡, 𝜸)𝑝(𝜽̃( 𝑗)𝑡+1 | 𝜽𝑡, 𝜸)

𝜋𝑡+1(𝜽̃( 𝑗)𝑡+1 | 𝜸)𝑞̃( 𝑦̃𝑡 | 𝜽̃
( 𝑗)
𝑡+1, 𝜸)𝑞̃(𝜽𝑡 | 𝜽̃( 𝑗)𝑡+1, 𝑦𝑡, 𝜸)

.(2.3.4)

In this auxiliary backward filter, we first resample the particles {𝜽( 𝑗)
𝑡+1} using weights

proportional to 𝑞̃( 𝑦̃𝑡 | 𝜽̃( 𝑗)𝑡+1, 𝜸)𝜔̃
( 𝑗)
𝑡+1. Then, we generate new particles {𝜽̃( 𝑗)𝑡 } by sampling

from 𝑞̃(𝜽𝑡 | 𝜽𝑡+1, 𝑦𝑡, 𝜸). Finally, we calculate the new importance weights and perform

resampling if needed. Algorithm 2 summarizes the steps of the backward sampling

scheme.

Algorithm 2: Backward Filtering
Input: Forward particles at 𝑇: {(𝜽( 𝑗)𝑇 , 𝜔

( 𝑗)
𝑇 )}𝑁𝑗=1, 𝑦1:𝑇 , 𝜸, resampling ratio 𝑚

Output: Backward particles {(𝜽̃( 𝑗)𝑡 , 𝜔̃
( 𝑗)
𝑡 )}𝑁𝑗=1, 𝑡 = 𝑇 − 1, . . . , 1

Initialize: 𝜽̃( 𝑗)𝑇 = 𝜽( 𝑗)𝑇 , 𝜔̃( 𝑗)𝑇 = 𝜔
( 𝑗)
𝑇 for 𝑗 = 1, . . . , 𝑁

for 𝑡 = 𝑇 − 1 to 1 do
// Resample

Resample indices { 𝑗𝑘} with weights
{
𝑞̃( 𝑦̃𝑡 |𝜽̃( 𝑗)𝑡+1, 𝜸)𝜔̃

( 𝑗)
𝑡+1

}
;

// Propagate
for 𝑘 = 1 to 𝑁 do

Sample 𝜽̃(𝑘)𝑡 ∼ 𝑁 ((𝝁̃∗𝑡 ) ( 𝑗𝑘) , (𝚺̃
∗
𝑡 ) ( 𝑗𝑘));

// Reweight

Calculate weights {𝜔̃(𝑘)𝑡 } using Eq. (2.3.4); if ESS < 𝑚𝑁 then
Resample and reset 𝜔̃(𝑘)𝑡 = 1/𝑁.
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Two-filter smoothing

The key insight of the two-filter smoothing is combining information from both temporal

directions. The forward filter provides particles representing 𝑝(𝜽𝑡 | 𝑦1:𝑡) while the

backward filter provides particles approximating 𝑝(𝜽𝑡 | 𝑦𝑡:𝑇 ). Combining these yields

the full smoothing distribution 𝑝(𝜽𝑡 | 𝑦1:𝑇 ), which incorporates all available information

about the latent states.

Assume we have a set of weighted particles from the forward and backward fil-

ters, denoted as {(𝜽(𝑖)𝑡 , 𝜔
(𝑖)
𝑡 )} and {(𝜽̃( 𝑗)𝑡 , 𝜔̃

( 𝑗)
𝑡 )}, respectively. Following the two-filter

smoothing approach of (Fearnhead et al., 2010) we combine the forward weighted parti-

cles at time 𝑡−1 and the backward weighted particles at time 𝑡+1 to obtain the following

approximation to the smoothing distribution 𝑝(𝜽𝑡 | 𝑦1:𝑇 , 𝜸) :

𝑝(𝜽𝑡 |𝑦1:𝑇 , 𝜸) ≈ 𝑐

𝑁∑︁
𝑖=1

𝑁∑︁
𝑗=1

𝑝(𝜽𝑡 |𝜽(𝑖)𝑡−1, 𝜸)𝜔
(𝑖)
𝑡−1𝑝(𝑦𝑡 |𝜽𝑡, 𝜸)

𝑝(𝜽̃( 𝑗)
𝑡+1 |𝜽𝑡, 𝜸)

𝜋𝑡+1(𝜽̃( 𝑗)𝑡+1 | 𝜸)
𝜔̃
( 𝑗)
𝑡+1

with 𝑐 a normalizing constant.

To sample from this complex distribution, we use an auxiliary particle filtering

approach that finds a sampling distribution 𝑞̄(𝜽𝑡 |𝜽(𝑖)𝑡−1, 𝜽
( 𝑗)
𝑡+1, 𝑦𝑡, 𝜸) and weights 𝜐̄(𝑖, 𝑗)𝑡 such

that

𝑞̄(𝜽𝑡 |𝜽(𝑖)𝑡−1, 𝜽
( 𝑗)
𝑡+1, 𝑦𝑡, 𝜸)𝜐̄

(𝑖, 𝑗)
𝑡 ≈ 𝑝(𝜽𝑡 |𝜽(𝑖)𝑡−1, 𝜸)𝑝(𝑦𝑡 |𝜽𝑡, 𝜸)𝑝(𝜽̃( 𝑗)𝑡+1 |𝜽𝑡, 𝜸)

𝜔
(𝑖)
𝑡−1𝜔̃

( 𝑗)
𝑡+1

𝜋𝑡+1(𝜽̃( 𝑗)𝑡+1 | 𝜸)
.

Our linearization yields 𝑞̄(𝜽𝑡 |𝜽𝑡−1, 𝜽𝑡+1, 𝑦𝑡, 𝜸) as a normal distribution with mean 𝝁𝑡 |𝑇
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and covariance matrix 𝚺𝑡 |𝑇 :

𝝁𝑡 |𝑇 = 𝚺𝑡 |𝑇
[
𝑉̃−1
𝑡 F𝑡 ( 𝑦̃𝑡 − 𝒙′𝑡𝝋 − 𝑑𝑡) +W−1

𝑡 g𝑡 (𝜽𝑡−1) +G′𝑡+1W−1
𝑡+1(𝜽𝑡+1 − h𝑡+1)

]
,(2.3.5)

𝚺𝑡 |𝑇 =
[
W−1

𝑡 +G′𝑡+1W−1
𝑡+1G𝑡+1 + 𝑉̃−1

𝑡 F𝑡F′𝑡
]−1

.(2.3.6)

Following the two-filter smoother of (Fearnhead et al., 2010), we obtain a particle

approximation to 𝑝(𝜽𝑡 |𝑦1:𝑇 , 𝜸) through four steps. First, we resample the forward

filtering particles {𝜽(𝑖)
𝑡−1} with weights {𝑞( 𝑦̃𝑡 |𝜽(𝑖)𝑡−1, 𝜸)𝜔

(𝑖)
𝑡−1}, leading to a new set of

indices {𝑖𝑘}. Second, we resample the backward filtering particles {𝜽̃( 𝑗)
𝑡+1} with weights

{𝑞̃( 𝑦̃𝑡 | 𝜽̃( 𝑗)𝑡+1, 𝜸)𝜔̃
( 𝑗)
𝑡+1}, leading to a new set of indices { 𝑗𝑘}. Third, we sample {𝜽(𝑘)

𝑡 |𝑇 }

from 𝑁 (𝝁(𝑖𝑘, 𝑗𝑘)
𝑡 |𝑇 , 𝚺(𝑖𝑘, 𝑗𝑘)

𝑡 |𝑇 ), where the moments are computed as in Eqs. (2.3.5) and (2.3.6)

using {𝜽(𝑖𝑘)
𝑡−1} and {𝜽̃( 𝑗𝑘)

𝑡+1 }. Fourth, we compute weights for {𝜽(𝑘)
𝑡 |𝑇 } as:

𝜔
(𝑘)
𝑡 |𝑇 ∝

𝑝
(
𝜽(𝑘)
𝑡 |𝑇 | 𝜽

(𝑖𝑘)
𝑡−1 , 𝜸

)
𝑝
(
𝑦𝑡 | 𝜽(𝑘)𝑡 |𝑇 , 𝜸

)
𝑝
(
𝜽̃( 𝑗𝑘)
𝑡+1 | 𝜽

(𝑘)
𝑡 |𝑇 , 𝜸

)
𝜋𝑡+1

(
𝜽̃( 𝑗𝑘)
𝑡+1 | 𝜸

)
𝑞( 𝑦̃𝑡 | 𝜽(𝑖𝑘)𝑡−1 , 𝜸)𝑞̃( 𝑦̃𝑡 | 𝜽̃

( 𝑗𝑘)
𝑡+1 , 𝜸)𝑞̄

(
𝜽(𝑘)
𝑡 |𝑇 | 𝜽

(𝑖𝑘)
𝑡−1 , 𝜽̃

( 𝑗𝑘)
𝑡+1 , 𝑦𝑡, 𝜸

) .
Algorithm 3 summarizes the steps.

Algorithm 3: Two-filter Smoothing
Input: Forward particles {(𝜽(𝑖)𝑡 , 𝜔

(𝑖)
𝑡 )}𝑁𝑖=1 and backward particles

{(𝜽̃( 𝑗)𝑡 , 𝜔̃
( 𝑗)
𝑡 )}𝑁𝑗=1, 𝑡 = 1, . . . , 𝑇

Output: Smoothed particles {(𝜽(𝑘)
𝑡 |𝑇 , 𝜔

(𝑘)
𝑡 |𝑇 )}

𝑁
𝑘=1, 𝑡 = 1, . . . , 𝑇

for 𝑡 = 1 to 𝑇 do
Resample forward indices 𝑖𝑘 using weights 𝑞( 𝑦̃𝑡 |𝜽(𝑖)𝑡−1, 𝜸)𝜔

(𝑖)
𝑡−1;

Resample backward indices 𝑗𝑘 using weights 𝑞̃( 𝑦̃𝑡 |𝜽̃( 𝑗)𝑡+1, 𝜸)𝜔̃
( 𝑗)
𝑡+1;

for 𝑘 = 1 to 𝑁 do
Sample 𝜽(𝑘)

𝑡 |𝑇 ∼ 𝑁 (𝝁(𝑘)
𝑡 |𝑇 , 𝚺

(𝑘)
𝑡 |𝑇 ) using Eqs. (2.3.5) and (2.3.6);

Calculate weights
{
𝜔
(𝑘)
𝑡 |𝑇

}
and resample {𝜽(𝑘)

𝑡 |𝑇 }.
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The two-filter smoother provides an efficientO(𝑁) algorithm for computing smoothed

estimates of the latent states. By running forward and backward passes independently,

it enables parallelization while avoiding the particle degeneracy issues that plague

standard forward-backward smoothers. For epidemiological applications, this means

we can efficiently update our estimates of past reproduction numbers as new case data

arrives.

We use SMC to obtain posterior inference for the state parameters conditional on the

static parameters; however, in practice, we usually want to obtain joint inference for

both static and state parameters. To achieve this, we present two additional approaches:

HVA that combines SMC with variational optimization, and MCMC.

2.3.3. HVA

The HVA algorithm is an alternating scheme with two stages that combines the strengths

of SMC for latent state inference with variational optimization for static parameter

learning.

Static parameters in 𝜸 might be confined to a restricted parameter space. For example,

variance parameters must be positive. For the HVA algorithm described below, we work

with 𝜸̌, which represents the parameters mapped to the whole real line. We define the

variational proposal distribution as 𝑞𝝇(𝜽1:𝑇 , 𝜸̌), where 𝝇 denotes the parameters of the

variational proposal distribution. This distribution serves as an approximation to the

target posterior distribution, 𝑝(𝜽1:𝑇 , 𝜸̌ | 𝑦1:𝑇 ).

Optimization-based variational inference offers a scalable alternative to simulation-

based methods. The goal is to minimize the KL divergence between the proposal and

true posterior distributions. This is equivalent to maximizing the ELBO, which is given
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by

E
{
log 𝑝(𝜽1:𝑇 , 𝜸̌, 𝑦1:𝑇 ) − log 𝑞𝝇(𝜽1:𝑇 , 𝜸̌)

}
.(2.3.7)

HVA proposal structure

While mean-field approximations assume independence among parameters, this as-

sumption often fails for DGTF models where static parameters and latent states show

strong dependencies. For example, the system variance parameter directly influences the

smoothness of latent state trajectories, creating dependencies that mean-field approxi-

mations cannot capture. The hybrid approach of (Loaiza-Maya et al., 2022) addresses

this limitation by preserving the exact conditional structure between parameters:

𝑞𝝇(𝜽1:𝑇 , 𝜸̌) = 𝑝(𝜽1:𝑇 | 𝜸̌, 𝑦1:𝑇 ) 𝑞0
𝝇(𝜸̌).(2.3.8)

This factorization respects the natural dependencies in the model. Rather than approxi-

mating the full joint distribution, we only approximate the marginal distribution of static

parameters 𝑞0
𝝇(𝜸̌), while maintaining the exact conditional distribution of latent states

given the static parameters.

Latent state marginalization

The key insight is that while 𝑝(𝜽1:𝑇 | 𝜸̌, 𝑦1:𝑇 ) lacks a closed form, we can sample from it

efficiently using the SMC two-filter smoother described above. This approach combines

the computational efficiency of variational optimization for static parameters with the

accuracy of Monte Carlo sampling for latent states, providing both full parallelization

and linear computational complexity.
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The choice of the particle number in the SMC requires careful consideration. Too

few particles result in high variation in state trajectories and inflated variance parameter

estimates, while too many particles increase computational cost unnecessarily. The

optimal number also depends on the time series length. Our experiments indicate that

500 particles provides an effective balance between accuracy and speed for series of

200-500 observations.

Using Bayes theorem, this factorization enables us to marginalize out latent states

𝜽1:𝑇 in the ELBO:

L(𝝇) =E
{
log 𝑝(𝜽1:𝑇 , 𝜸̌, 𝑦1:𝑇 ) − log 𝑞𝝇(𝜽1:𝑇 , 𝜸̌)

}
= E

{
log 𝑝(𝜸̌, 𝑦1:𝑇 ) − log 𝑞0

𝝇(𝜸̌)
}
.

Thus, we only need to approximate the marginal posterior of static parameters rather

than the full joint posterior, considerably simplifying the problem.

Static parameter optimization

Following the approach outlined in (Loaiza-Maya et al., 2022), we apply an element-

wise transformation to 𝜸̌ to ensure that the distribution of the transformed variable 𝜸̃

approximates normality. The proposal distribution is specified as 𝜸̃ ∼ 𝑁 (𝝁𝜍,B𝜍B′𝜍+D𝜍),

where the variance-covariance matrix follows a latent factor structure. Here, 𝝁𝜍, B𝜍, and

D𝜍 are part of the unknown variational parameters 𝝇 to be estimated. Specifically, B𝜍 is

an 𝑚 × 𝑘 matrix, where 𝑚 is the number of static parameters and 𝑘 ≤ 𝑚 is the number

of factors, while D𝜍 is a diagonal matrix. This factor structure captures parameter

correlations efficiently without requiring estimation of a full covariance matrix. The

resulting distribution 𝑞0
𝝇(𝜸̌) follows a Gaussian copula, which flexibly accommodates

different marginal distributions for each element of 𝜸̌.
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(Loaiza-Maya et al., 2022) shows that L(𝝇) can be maximized via gradient ascent:

𝝇(𝑖+1) = 𝝇(𝑖) + 𝜚(𝑖) · ∇𝝇L̂
(
𝝇(𝑖)

)
,(2.3.9)

∇𝝇L̂
(
𝝇(𝑖)

)
=

𝜕𝜸̌′

𝜕𝝇

[
∇𝜸̌ log 𝑝(𝜽1:𝑇 , 𝜸̌, 𝑦1:𝑇 ) − ∇𝜸̌ log 𝑞0

𝝇(𝜸̌)
]
.(2.3.10)

The step size 𝜚(𝑖) is updated recursively using the ADADELTA method controlled by a

user-specified learning rate. The terms 𝜕𝜸̌′/𝜕𝝇 and∇𝜸̌ log 𝑞0
𝝇(𝜸̌) have generic closed form

expressions given by (Loaiza-Maya et al., 2022). For a specific model, the remaining

task is to calculate the gradient of the log joint probability density,∇𝜸̌ log 𝑝(𝜽1:𝑇 , 𝜸̌, 𝑦1:𝑇 ),

which varies depending on the model structure. We provide examples of this calculation

in the simulation section, with detailed derivations of the gradients for the discrete-time

Hawkes-type model in § A.1.2.

Algorithm summary

Algorithm 4 summarizes the HVA procedure. Each iteration consists of two steps:

first, we draw samples from our current static parameter approximation and use SMC

to sample corresponding latent states, yielding an unbiased gradient estimate; second,

we improve our approximation via gradient ascent. This approach uses Monte Carlo

integration to marginalize out latent states at each iteration, distinguishing it from two-

stage optimization schemes.

The algorithm typically runs for a predetermined number of iterations or until con-

vergence criteria are met, such as when the ELBO stabilizes. However, the intractability

of 𝑝(𝜽1:𝑇 | 𝜸̌, 𝑦1:𝑇 ) in our proposal distribution (Eq. (2.3.8)) prevents direct ELBO com-

putation. Instead, we monitor alternative metrics. (Loaiza-Maya et al., 2022) tracked

the accuracy of the one-step-ahead posterior predictive. In our simulation examples, we
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Algorithm 4: Hybrid Variational Approximation (HVA)
Input: 𝑦1:𝑇 , initial 𝝇(0) , initial step size 𝜚(0) , learning rate 𝜖, 𝑁 iterations, 𝑃

particles for SMC, 𝑀 posterior samples
Output: Optimized 𝝇∗, posterior samples {𝜸̃( 𝑗) , 𝜽( 𝑗)1:𝑇 }

𝑀
𝑗=1

Initialize: 𝝇(1) = (𝝁𝜍,B𝜍,D𝜍), 𝜚(0)
// Gradient ascent optimization
for 𝑖 = 1 to 𝑁 do

Sample 𝜸̃(𝑖) ∼ 𝑞0
𝝇(𝑖)

(Gaussian copula);
Run two-filter smoother (Algorithm 3) with 𝑃 particles given 𝜸̃(𝑖);
Compute 𝜽(𝑖)1:𝑇 = 1

𝑃

∑𝑃
𝑝=1 𝜽

(𝑖,𝑝)
1:𝑇 (average over particles);

Calculate the gradients ∇𝜸 log 𝑝(𝜽(𝑖)1:𝑇 , 𝜸̃
(𝑖) , 𝑦1:𝑇 ) and ∇𝜸̌ log 𝑞0

𝝇(𝜸̌);
Compute ∇𝝇L̂

(
𝝇(𝑖)

)
and update 𝝇(𝑖+1) via gradient ascent as in Eqs. (2.3.9)

and (2.3.10);
Update step size 𝜚(𝑖) via ADADELTA method;

// Generate posterior samples
for 𝑗 = 1 to 𝑀 do

Sample 𝜸̃( 𝑗) ∼ 𝑞0
𝝇∗ using converged parameters 𝝇∗ = 𝝇(𝑁);

Run two-filter smoother with 𝑃 particles given 𝜸̃( 𝑗);
Compute 𝜽( 𝑗)1:𝑇 = 1

𝑃

∑𝑃
𝑝=1 𝜽

( 𝑗,𝑝)
1:𝑇 (average over particles);

monitor changes in the conditional marginal likelihood 𝑝(𝑦1:𝑇 | 𝜸̌) as our convergence

criterion, which typically stabilizes within 1,000 iterations.

2.3.4. MCMC benchmark

We now describe the MCMC algorithm for DGTF models, which serves as the gold

standard for uncertainty quantification. Our implementation targets models with uni-

variate latent states, specifically discrete-time Hawkes-type and distributed lag models,

which suffice for our empirical comparisons between HVA and MCMC. While models

with multivariate latent states (such as time-varying ARs) require custom state samplers,
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they share the same generic static parameter updates through gradient-based methods.

Nevertheless, we include MCMC here for three reasons: it offers the most accurate

posterior uncertainty estimates when computational resources permit; it enables vali-

dation of faster approximate methods like HVA, and practitioners may prefer it for final

analyses where precise uncertainty quantification is needed.

General MCMC Framework for DGTF Models

The MCMC approach for DGTF models follows a general template that alternates

between updating latent states and static parameters. The strategy combines model-

specific and generic components: an update of the latent states {𝜽𝑡} given current static

parameters 𝜸 (model-specific), and an update of the static parameters 𝜸 given current

latent states 𝜽𝑡 (generic).

The key insight that makes MCMC applicable for DGTF models is that we can exploit

the Markovian structure of the latent states. Rather than updating 𝜽𝑡 directly, which

would be computationally challenging due to their high correlation, we reparameterize

in terms of the driving noise process 𝑤𝑡.

Model-Specific Latent State Updates

The latent state update requires model-specific derivation due to the particular structure

of each DGTF variant. Below we illustrate a unified approach for discrete-time Hawkes-

type and distributed lag models, but practitioners need to derive appropriate samplers

for other specific model choices.

Discrete-time Hawkes-type and distributed lag models share a common intensity

structure that enables a unified treatment. In both models, the intensity function can be
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expressed as:

𝜂𝑡 = 𝜁(𝜆𝑡) =
𝐿∑︁

𝑙=1
𝜙𝑙ℎ(𝜓𝑡+1−𝑙)𝑦𝑡−𝑙, 𝜓𝑡 = 𝜓𝑡−1 + 𝑤𝑡 .

The key difference is that 𝐿 = 𝑡 for the infinite distributed lag model, while it fixed at a

given 𝐿 for the discrete-time Hawkes-type model.

For both models, ℎ(𝜓𝑡) is required to be a non-negative smooth function that is at

least first-order differentiable. When ℎ is non-linear, we use a linearization strategy that

enables efficient sampling:

ℎ(𝜓𝑡) ≈ ℎ(𝜓∗𝑡 ) + ℎ′(𝜓∗𝑡 ) (𝜓𝑡 − 𝜓∗𝑡 ) = ℎ0(𝜓∗𝑡 ) + ℎ′(𝜓∗𝑡 )𝜓𝑡,(2.3.11)

where ℎ0(𝜓∗𝑡 ) = ℎ(𝜓∗𝑡 ) − ℎ′(𝜓∗𝑡 )𝜓∗𝑡 and 𝜓∗𝑡 is a reference value whose precise form

during the MH sweep is specified below.

The central challenge in MCMC for state-space models is the high correlation among

latent states 𝜓𝑡. Direct MH updates would suffer from poor mixing. Following (Gamer-

man, 1998), we overcome this by reparameterizing the problem in terms of the inde-

pendent noise terms.

For simplicity, we assume that there is no regression term x′𝑡𝝋 in 𝜂𝑡 and that

𝑤𝑡 ∼ 𝑁 (0,𝑊), although the approach can be extended to more general cases where

a regression term exists, 𝑤𝑡 has a time-varying variance or follows a non-Gaussian

distribution. The key idea is to represent the Markov random walk as a summation of

independent white noise terms, 𝜓𝑡 =
∑𝑡

𝑗=1 𝑤 𝑗, and sample {𝑤𝑡} directly using MH.

This reparameterization transforms a highly correlated sampling problem into one

with independent components, dramatically improving mixing. To construct tractable

proposal distributions for each 𝑤𝑡, we linearize 𝜂𝑡 = 𝜁(𝜆𝑡) as a function of 𝑤1, . . . , 𝑤𝑡
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using the approximation in Eq. (2.3.11), leading to

𝜂𝑡 ≈ 𝜂∗𝑡 =
𝐿∑︁

𝑙=1
𝜙𝑙 𝑦𝑡−𝑙ℎ0(𝜓∗𝑡+1−𝑙) +

𝑡∑︁
𝑗=1

𝑤 𝑗

𝑡+1− 𝑗∑︁
𝑙=1

𝜙𝑙 𝑦𝑡−𝑙ℎ
′(𝜓∗𝑡+1−𝑙).

This linearization yields a lower-triangular structure in the dependence of 𝜂∗𝑡 on {𝑤 𝑗 :

𝑗 ≤ 𝑡}. For each time point 𝑡 = 1, . . . , 𝑇:

𝜂∗1 = 𝜙1𝑦0ℎ0(𝜓∗1) + 𝑤1𝜙1𝑦0ℎ
′(𝜓∗1),

𝜂∗2 =

2∑︁
𝑙=1

𝜙𝑙 𝑦2−𝑙ℎ0(𝜓∗3−𝑙) + 𝑤1

2∑︁
𝑙=1

𝜙𝑙 𝑦2−𝑙ℎ
′(𝜓∗3−𝑙) + 𝑤2𝜙1𝑦1ℎ

′(𝜓∗2),

. . .

𝜂∗𝑇 =

min(𝐿,𝑇)∑︁
𝑙=1

𝜙𝑙 𝑦𝑇−𝑙ℎ0(𝑇 + 1 − 𝑙) + 𝑤1

min(𝐿,𝑇)∑︁
𝑙=1

𝜙𝑙 𝑦𝑇−𝑙ℎ
′(𝜓𝑇+1−𝑙) + · · · + 𝑤𝑇𝜙1𝑦𝑇−1ℎ

′(𝜓∗𝑇 ).

To express this system compactly, we define 𝜼∗ = (𝜂∗1, . . . , 𝜂
∗
𝑇 )′, w = (𝑤1, . . . , 𝑤𝑇 ), and

𝜼∗0 =

(
𝜙1𝑦0ℎ0(𝜓∗1), . . . ,

min(𝐿,𝑇)∑︁
𝑙=1

𝜙𝑙 𝑦𝑇−𝑙ℎ0(𝜓∗𝑇+1−𝑙)
)′
,

F∗ =

©­­­­­«
∑1

𝑙=1 𝜙𝑙 𝑦1−𝑙ℎ′(𝜓∗2−𝑙) . . . 0
...

. . .
...∑min(𝐿,𝑇)

𝑙=1 𝜙𝑙 𝑦𝑇−𝑙ℎ′(𝜓∗𝑇+1−𝑙) . . .
∑1

𝑙=1 𝜙𝑙 𝑦𝑇−𝑙ℎ′(𝜓∗𝑇+1−𝑙)

ª®®®®®¬
.

The system then has a compact matrix representation:

𝜼∗ = 𝜼∗0 + F∗w.

The linearized system enables us to construct an approximated normal likelihood that

serves as the basis for our proposal distributions. Define 𝑭∗𝑡,· as the row vector represent-

ing the 𝑡th row of matrix F∗. Let 𝐹∗
𝑡, 𝑗

denote an element in the 𝑡th row and 𝑗th column of
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F, and let 𝜂∗0,𝑡 represent the 𝑡th element of vector 𝜼∗0. Using this notation, we construct

an approximated normal likelihood:

𝑦̃𝑡
𝑎∼ 𝑁 (𝜂∗𝑡 , 𝑉∗𝑡 ), 𝜂∗𝑡 = 𝜂∗0,𝑡 + 𝑭∗𝑡,·w, w ∼ 𝑁 (0,𝑊I𝑇 ).

Here 𝑉∗𝑡 = Var(𝑦𝑡) [𝜁′(𝑦𝑡)]2. The variance depends on the observation model: for

Poisson Var(𝑦𝑡) = 𝜆∗𝑡 ; for negative-binomial, Var(𝑦𝑡) = 𝜆∗𝑡 (𝜆∗𝑡 + 𝜌)/𝜌, where 𝜆∗𝑡 =

𝜁−1(𝜂∗𝑡 ).

The lower-triangular structure of F∗ implies that 𝜂∗𝑡 depends only on𝑤1, . . . , 𝑤𝑡. Since

𝜂∗𝑡 = 𝜂∗0,𝑡 +
∑𝑡

𝑘=1 𝐹
∗
𝑡,𝑘
𝑤𝑘, any 𝜂∗𝑡 with 𝑡 ≥ 𝑗 depends on 𝑤 𝑗. This yields the conditional

posterior will be used to generate the proposal:

𝑝(𝑤 𝑗 | ·) ∝ 𝑝(𝑤 𝑗 | 𝑊)Π𝑇
𝑡= 𝑗𝑝( 𝑦̃𝑡 | 𝜂∗𝑡 , 𝑉∗𝑡 ).

When constructing the proposal for a given 𝑤 𝑗, we compute the linearization point

𝜓∗ with 𝑤 𝑗 set to zero, so that 𝜓∗𝑠 =
∑

𝑘≠ 𝑗, 𝑘≤𝑠 𝑤𝑘 for 𝑠 ≥ 𝑗, using the most recent values

of all other components. This ensures that F∗, 𝑉∗𝑡 , and the resulting proposal variance

𝐵 𝑗 depend only on {𝑤𝑘 : 𝑘 ≠ 𝑗}, which are held fixed during the update of 𝑤 𝑗. If

instead 𝑤 𝑗 were retained in the linearization, 𝐵 𝑗 would depend on the current value of

𝑤 𝑗, making the random-walk proposal asymmetric and requiring a second linearization

at the proposed state to correct the acceptance ratio, roughly doubling the computational

cost per MH step. Because 𝐵 𝑗 depends on 𝑤 𝑗 only indirectly through ℎ′(𝜓∗𝑠 ), excluding

𝑤 𝑗 has a negligible effect on proposal quality.

With this specification and the conjugacy introduced by the linearization, for 𝑗 =
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2, . . . , 𝑇 , the full conditional of 𝑤 𝑗 follows a normal distribution 𝑁 (𝑏 𝑗, 𝐵 𝑗) with

𝐵 𝑗 =

[
1
𝑊
+

𝑇∑︁
𝑡= 𝑗

(𝐹∗
𝑡, 𝑗
)2

𝑉∗𝑡

]−1

and 𝑏 𝑗 = 𝐵 𝑗

𝑇∑︁
𝑡= 𝑗

𝐹∗
𝑡, 𝑗

(
𝑦̃𝑡 − 𝜂∗0,𝑡 −

∑
𝑘≠ 𝑗 𝐹

∗
𝑡,𝑘
𝑤𝑘

)
𝑉∗𝑡

.

Following (Gamerman, 1998), we assume 𝑤1 follows a normal prior 𝑁 (𝑏0, 𝐵0). The

conditional posterior for 𝑤1 also follows a normal distribution 𝑁 (𝑏1, 𝐵1) with

𝐵1 =

[
1
𝐵0
+

𝑇∑︁
𝑡=1

(𝐹∗
𝑡,1)

2

𝑉∗𝑡

]−1

and 𝑏1 = 𝐵1


𝑏0
𝐵0
+

𝑇∑︁
𝑡=1

𝐹∗
𝑡,1

(
𝑦̃𝑡 − 𝜂∗0,𝑡 −

∑
𝑘≠1 𝐹

∗
𝑡,𝑘
𝑤𝑘

)
𝑉∗𝑡

 .
In (Gamerman, 1998), 𝑁 (𝑏 𝑗, 𝐵 𝑗) is used directly as an independence proposal. We

instead adopt a random-walk MH proposal that uses only the variance 𝐵 𝑗 to set the step

size,

𝑤
(𝑖)
𝑗
∼ 𝑁 (𝑤(𝑖−1)

𝑗
, 𝐵 𝑗),(2.3.12)

where 𝑖 indicates the 𝑖th MCMC sample. Because 𝐵 𝑗 depends only on {𝑤𝑘 : 𝑘 ≠ 𝑗} (held

fixed during the update of 𝑤 𝑗), the proposal is symmetric, 𝑞(𝑤(𝑖)
𝑗
| 𝑤(𝑖−1)

𝑗
) = 𝑞(𝑤(𝑖−1)

𝑗
|

𝑤
(𝑖)
𝑗
). The Hastings correction therefore cancels, and the acceptance ratio reduces to

the posterior density ratio

(2.3.13) 𝑟 = min
1,

𝑝(𝑤(𝑖)
𝑗
| 𝑊)Π𝑇

𝑡= 𝑗
𝑝(𝑦𝑡 | 𝜂(𝑖)𝑡 , 𝜌)

𝑝(𝑤(𝑖−1)
𝑗
| 𝑊)Π𝑇

𝑡= 𝑗
𝑝(𝑦𝑡 | 𝜂(𝑖−1)

𝑡 , 𝜌)

 .

Generic Static Parameter Updates

The second component of our MCMC algorithm updates the static parameters 𝜸 given

the current latent states. Unlike the model-specific latent state updates, we use a generic

approach using Hamiltonian Monte Carlo (HMC) within MH steps that works for any
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DGTF variant.

HMC brings concepts from physics into the sampling process to enhance effi-

ciency. The key advantage for DGTF models is that HMC can efficiently explore

high-dimensional parameter spaces and handle the complex posterior geometries that

arise from non-linear transfer functions. We offer only a brief introduction here; (Neal,

2011) and (Betancourt, 2018) provide comprehensive resources for those seeking deeper

insights.

We first transform 𝜸 to 𝜸̌ so that each component spans the entire real line. These

transformed parameters become position variables in a physical system, while auxiliary

momentum variables 𝖒 are drawn from a standard multivariate Gaussian distribution.

The total energy of this system is captured by a Hamiltonian function:

𝐻 (𝖒, 𝜸̌) = − log 𝑝(𝜸̌|𝑦1:𝑇 , 𝑤1:𝑇 ) +
1
2
𝖒′𝖒.

To generate proposals, we simulate the Hamiltonian dynamics for 𝔏 steps using the

leapfrog integrator with step size 𝑒. These tuning parameters 𝔏 and 𝑒 require careful

calibration for good performance.

After completing the trajectory simulation, we negate the final momentum variables

to ensure reversibility, resulting in a proposed state (𝖒∗, 𝜸̌∗). This proposal is accepted

with probability:

min {1, exp(−𝐻 (𝖒∗, 𝜸̌∗) + 𝐻 (𝖒, 𝜸̌))} .

A key component of HMC is calculating the gradient of the log posterior with respect to

𝜸̌. These gradients are identical to those required for HVA, enabling code reuse between

inference methods and making this component generic across all DGTF variants.
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Algorithm Summary

The complete MCMC sampling procedure is summarized in Algorithm 5. It combines

model-specific latent state updates with generic HMC for static parameters. While

latent state samplers need to be derived for each DGTF variant, the HMC component

remains unchanged, requiring only gradient computations. Practitioners can either

derive analytical expressions for their specific model or use automatic differentiation

tools for convenience.

Algorithm 5: MCMC for DGTF Models
Input: 𝑦1:𝑇 , priors, HMC parameters (𝔏, 𝑒)
Output: Posterior samples {𝑤(𝑖)1 , . . . , 𝑤

(𝑖)
𝑇 , 𝜸(𝑖)}𝑁

𝑖=1
Initialize: 𝑤

(0)
𝑡 , 𝜸(0)

for 𝑖 = 1 to 𝑁 do
// Update latent states
for 𝑡 = 1 to 𝑇 do

Sample 𝑤
(𝑖)
𝑡 ∼ 𝑁 (𝑤(𝑖−1)

𝑡 , 𝐵
(𝑖−1)
𝑡 ) and accept with probability 𝑟 given by

Eq. (2.3.13);
// Update 𝜸 (HMC)
Run leapfrog for 𝔏 steps with step size 𝑒 and accept with Hamiltonian
criterion.

§ 2.4. Simulation studies

We designed a comprehensive simulation study with two primary objectives: (1) to

compare the computational and statistical performance of our proposed inference meth-

ods (HVA versus MCMC) when the model is correctly specified, and (2) to evaluate

model selection capabilities by assessing how different DGTF model structures perform

when fitted to data generated from a known true model. This dual approach allows us to
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Figure 2.2.: Simulated data from a discrete-time Hawkes-type model along with the
corresponding 𝑅𝑡 .

separately evaluate inference methodology and model flexibility within our framework.

2.4.1. Simulation design

We generated data from a discrete-time Hawkes-type model (M0) designed to mimic

realistic epidemic dynamics. The lag distribution followed a discretized log-normal

with parameters 𝜇 = 1.39 and 𝜎2 = 0.32, truncated at 𝐿 = 15 lags so that 1 − ∑
𝑙 𝜙𝑙 <

0.01. Observations were drawn from a negative-binomial distribution with dispersion

parameter 𝜌 = 30 to capture the overdispersion typical of epidemiological count data.

We specified a constant baseline intensity with 𝜑 = 1 and 𝑥𝑡 = 1, and used the softplus

gain function ℎ(𝜓𝑡) = log(exp(𝜓𝑡) + 1) to ensure positivity. The latent process evolved

as a random walk 𝜓𝑡 ∼ 𝑁 (𝜓𝑡−1,𝑊) with variance 𝑊 = 0.01, allowing for gradual

changes in transmission intensity. Figure 2.2 shows the resulting time series 𝑦𝑡 and

reproduction numbers 𝑅𝑡 = ℎ(𝜓𝑡). Additional details are provided in § A.1.1.
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2.4.2. Model comparison setup

To evaluate the flexibility of our DGTF framework and understand the effects of model

misspecification, we fitted multiple DGTF variants to data simulated from modelM0.

More specifically, we compared five model structures: M0 (true model): the true

discrete-time Hawkes-type model with unknown parameters (𝜌, 𝜑, 𝜇, 𝜎2,𝑊);M1 (dis-

counted Hawkes): a discrete-time Hawkes-type model with unknown time-varying

covariance W𝑡 specified using a discount factor 𝛿 ∈ (0, 1] (Prado et al., 2021); M2

(distributed lag): a distributed lag model with 𝜓𝑡 ∼ 𝑁 (𝜓𝑡−1,𝑊), with 𝑊 unknown;

M3 (NB-AR): a negative-binomial AR model with time-varying coefficients evolving

according to a random walk evolution equation with covariance matrix 𝑊I and 𝑊 un-

known; M4 (Poisson TV-AR): a Poisson AR with time-varying coefficients evolving

according to a random walk with covariance matrix 𝑊I and 𝑊 unknown.

All models used weakly informative priors to ensure comparability: 𝜌 ∼ 𝐼𝐺(1, 1),

𝑊 ∼ 𝐼𝐺(1, 1), 𝜎2 ∼ 𝐼𝐺(1, 1), 𝜇 ∼ 𝑁 (0, 1), 𝜙 ∼ 𝑁 (0, 10)1(𝜙 ≥ 0) and 𝜅 ∼ 𝐵𝑒𝑡𝑎(1, 1).

Model-specific hyperparameters 𝛿, 𝑟 and 𝑝 were tuned by grid search to minimize 𝜒2

discrepancies. Optimized values are provided in § 2.4.3 and Table 2.3. A comprehensive

prior sensitivity analysis (detailed in § A.1.6) confirmed that different weakly informative

priors had minimal impact on posterior inference, with all parameters concentrating

around their true values across different prior specifications.

2.4.3. Implementation and metrics

HVA configuration. Unlike (Loaiza-Maya et al., 2022), who used MCMC to sample

latent states with HVA, we opted for a SMC two-filter smoother as it can be easily
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parallelized. We selected the number of particles for the SMC two-filter smoother

through a comprehensive sensitivity analysis. For model M0, tests with 50 to 1,000

particles (detailed results in § A.1.5) showed that 500 particles achieved the best trade-

off between computational cost and statistical accuracy: the 𝜒2 discrepancy stabilized

at 1.19 for 𝑁 ≥ 500, with less than 1% improvement when doubling to 1,000 particles,

while runtime increased linearly with 𝑁. We initialized the artificial marginal density

with 𝝁∗0 = 0 and 𝚺∗0 = I, and set the resampling ratio 𝑚 to 0.5 (see Algorithm 1). Similar

results were obtained for all other models, therefore, we used 500 particles throughout.

For static parameter estimation, HVA used gradient ascent to maximize the ELBO,

with an initial step size of 10−5 and an ADADELTA learning rate of 0.02 for all models.

To ensure a fair comparison across models, we selected model-specific hyperparame-

ters through a grid search, choosing values that minimized the 𝜒2 discrepancy across

specified parameter ranges. The rank parameter 𝑘 of B𝜍 for each model’s variational

proposal distribution was set to match the number of unknown parameters in the model,

yielding to 𝑘 = 5 forM0, 𝑘 = 4 forM1 andM2, and 𝑘 = 3 forM3 andM4.

Additionally, optimal values of hyperparameters for each model were set as follows.

For modelM1 the optimal discount factor was 𝛿̂ = 0.9 chosen from 𝛿 ∈ [0.87, 0.95].

For modelM2 the optimal lag order was 𝑟 = 4 chosen from 𝑟 ∈ {2, . . . , 7}. ForM3 and

M4 the optimal autoregressive orders were 𝑝̂ = 3 and 𝑝̂ = 5, respectively, chosen from

𝑝 ∈ {1, . . . , 6}.

The HVA algorithm ran for 1,000 iterations for all models, with convergence verified

through the trace plots of log 𝑝(𝑦1:𝑇 |𝜸) (see Fig. A.6 for modelM0; similar results were

obtained for all models). After convergence, 5,000 posterior samples of 𝜸 and 𝜽1:𝑇 were

drawn.
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MCMC configuration. To allow a direct comparison with HVA, we implemented

MCMC for the true model M0. The implementation used HMC with a leapfrog

integrator of 50 steps and step size of 0.005. The sampling run consisted of 12,000

iterations: the first 2,000 were discarded as burn-in, and the remaining 10,000 were

thinned by a factor of 2, yielding 5,000 posterior samples.

Convergence diagnostics, including trace plots, posterior density plots, autocorrela-

tion functions, and Gelman-Rubin statistics, confirmed satisfactory mixing (see § A.1.4).

Performance metrics. We assessed model performance through multiple metrics.

The primary measure of posterior predictive fit was the averaged𝜒2 discrepancy (Gelman

et al., 1996), defined as:

𝑋2(𝑦1:𝑇 ; 𝜸) = 1
𝑁𝑇

𝑇∑︁
𝑡=1

𝑁∑︁
𝑖=1

(
𝑦𝑡 − 𝜆

(𝑖)
𝑡

)2

𝑉
(𝑖)
𝑡

.

Here, 𝜆 (𝑖)𝑡 represents the conditional mean computed using parameter estimates from

the 𝑖th posterior sample, drawn via HVA (post-convergence) or MCMC. The variance

𝑉
(𝑖)
𝑡 accounts for the observation model: 𝑉 (𝑖)𝑡 = 𝜆

(𝑖)
𝑡 (1+ 𝜆

(𝑖)
𝑡 /𝜌(𝑖)) for negative-binomial

models and 𝑉
(𝑖)
𝑡 = 𝜆

(𝑖)
𝑡 for Poisson models. This metric captures both bias and variance

in the predictive distribution.

We also computed the continuous ranked probability score (CRPS), which provides

a proper scoring rule for probabilistic forecasts. CRPS measures the integrated squared

difference between the empirical distribution function of the predictive distribution and

the observed value, offering a more nuanced assessment of forecast quality than point

estimates alone.

For latent state estimation, we computed the mean absolute error (MAE) between
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posterior median estimates of 𝑅𝑡 and true values, providing a direct measure of estimation

accuracy.

Finally, to evaluate uncertainty quantification, we computed empirical 95% coverage

rates and average interval widths for both the latent reproduction numbers 𝑅𝑡 and the

observed counts 𝑦𝑡, using the interval appropriate to each. For a latent quantity such as

𝑅𝑡, coverage is measured against the posterior credible interval,

1
𝑇

𝑇∑︁
𝑡=1

1
{
𝑅true
𝑡 ∈ CI0.95(𝑅𝑡 | 𝑦1:𝑇 )

}
,

i.e., it corresponds to the fraction of time points at which the truth falls within the

central 95% posterior interval of 𝑅𝑡. For the observed counts the relevant interval is the

posterior predictive interval, not a credible interval, and coverage is given by

1
𝑇

𝑇∑︁
𝑡=1

1
{
𝑦obs
𝑡 ∈ PI0.95(𝑦rep

𝑡 | 𝑦1:𝑇 )
}
,

the fraction of time points at which the observed count falls within the central 95%

interval of the posterior predictive distribution of a replicated count 𝑦
rep
𝑡 . The two

quantities measure different things. The first assesses whether the posterior of a latent

quantity is calibrated against the truth, whereas the second assesses the calibration

of replicated observations. Because the study uses a single simulated series, both are

averages over time within that series rather than frequentist coverages across independent

replicate datasets.

2.4.4. Results: HVA versus MCMC

We first compare the performance of the HVA with the gold-standard MCMC under the

correctly specified model M0. This benchmark comparison establishes the accuracy
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and reliability of HVA prior to analyzing more complex model selection scenarios.

Parameter estimation. Figure 2.3 shows that HVA and MCMC produced similar

posterior distributions for most parameters. Both methods accurately recovered 𝜌,

𝜑, and 𝜇. Minor differences emerged for the variance parameters: MCMC slightly

overestimated 𝜎2 while HVA slightly overestimated 𝑊. This bias in the HVA’s estimate

of 𝑊 reflects the limited particle count, inflating the inferred system variance. Overall,

both methods yielded very similar posterior means and credible intervals.
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Figure 2.3.: Posterior distributions of 𝜌, 𝜑, 𝜇, 𝜎2 and 𝑊 estimated by HVA and MCMC.
True values are marked by black dashed lines.
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Predictive performance. Table 2.2 presents key performance metrics. Both algo-

rithms achieved nearly identical 𝜒2 discrepancies (1.19 for HVA and 1.18 for MCMC

at convergence) and MAE values (0.12), confirming comparable accuracy in point esti-

mation. The CRPS values further support this conclusion, with 27.16 for HVA and 27.1

for MCMC at their respective convergence points, confirming equivalent probabilistic

forecast quality.

HVA produced narrower 95% credible intervals for 𝑅𝑡, leading to slightly lower cover-

age (≈ 0.87 vs. 0.97 for MCMC), a typical characteristic of variational approximations,

which trade uncertainty accuracy for computational efficiency. This pattern persisted in

out-of-sample forecasting. Figure 2.5 shows that while both methods produced similar

posterior medians for one-step-ahead and five-steps-ahead forecasts (𝑡 = 140, . . . , 185),

HVA consistently showed less uncertainty in its predictive distributions. As expected,

forecast uncertainty increased with longer prediction horizons for both methods, how-

ever, HVA’s credible intervals remained consistently narrower.

The practical significance of this underestimation depends on the inferential goal.

In our simulations, HVA’s 95% credible intervals for 𝑅𝑡 achieved approximately 87%

empirical coverage compared with 97% for MCMC, roughly a 10 percentage gap. For

the observed counts 𝑦𝑡, both methods achieved comparable coverage, suggesting that

the variance underestimation is most consequential for latent state inference. Since both

methods yield nearly identical 𝜒2 discrepancies and CRPS values, this coverage loss is

unlikely to affect model selection or point estimation. The trade-off is therefore most

relevant when calibrated interval estimates for 𝑅𝑡 are needed for policy decisions. In

that setting the HVA should not be read as a replacement for MCMC, which remains

the reference for calibrated intervals; the HVA is best reserved for fast point estimation,
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forecasting, and model comparison, where the two methods agree.

Several principled approaches exist for correcting variational posterior variances.

(Giordano et al., 2018) developed a linear response method that recovers improved

covariance estimates from mean-field variational posteriors by computing corrections

based on the Hessian of the variational objective at the optimum. (Syring and Martin,

2019) proposed a general posterior calibration procedure that adjusts the posterior

spread through a tempering parameter, tuned via simulation so that credible regions

achieve nominal frequentist coverage. More recently, (Huggins et al., 2020) introduced

post-hoc diagnostic bounds that can identify when variational credible intervals require

correction. Although we do not pursue these corrections here, they offer promising

directions for settings where both computational speed and calibrated uncertainty are

needed. A simpler alternative is to use HVA as a warm-start mechanism to initialize a

short MCMC chain, bypassing the costly burn-in phase while retaining the asymptotic

exactness of MCMC for final calibration.

Computational efficiency and trade-offs. The primary computational advantage of

HVA is computational efficiency. As shown in Table 2.2, HVA converged after 1,000

iterations versus 2,000 for MCMC, which is a 50% reduction in required iterations. This

translated to a total runtime of 100 s for HVA versus 287 s for MCMC, approximately

65% faster overall. When examining runtime per iteration, HVA required an average

of 0.1 s per iteration compared to MCMC with an average of 0.144 s per iteration,

demonstrating that HVA is also faster per iteration, by approximately 31%.

Given the comparable predictive accuracy shown in Table 2.2 (differences < 1%

across all point estimation metrics), this computational efficiency represents a favorable
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Table 2.2.: Performance comparison of HVA and MCMC across iterations. HVA con-
verges in 1,000 iterations while MCMC requires 2,000, resulting in 65%
reduction in total runtime. Computational time reported as mean±SD in
seconds across five independent runs. These results are for modelM0 in the
simulation study.

𝑦𝑡 Metrics 𝑅𝑡 Metrics
Method Iter Runtime (s) 𝜒2 CRPS Coverage MAE Coverage

HVA-500 100 12.25±0.31 1.94 29.62 0.97 0.19 1.00
500 53.34±1.52 1.23 28.16 0.95 0.13 0.85
1000 99.95±1.05 1.19 27.16 0.96 0.12 0.87
2000 196.74±1.24 1.19 27.08 0.95 0.12 0.86

MCMC 500 73.35±2.13 1.31 28.32 0.98 0.14 0.91
1000 141.31±2.39 1.22 27.58 0.97 0.14 0.94
2000 287.14±4.1 1.18 27.1 0.96 0.12 0.97
5000 730.64±9.91 1.19 27.1 0.96 0.12 0.98

trade-off for many applications. HVA allows more frequent model updates, which is

useful for real-time epidemic surveillance and sensitivity analyses. However, MCMC

is valuable for final analyses requiring full uncertainty quantification. HVA enables

almost three times as many data analyses at the same computational cost. This gain

increases when scaling to larger datasets or multiple locations.

2.4.5. Results: model comparison

The model comparison presented here addresses a practical question: when the true data

generating process is unknown, how do different DGTF model specifications perform?

By fitting multiple models to data from a known source, we assess how closely each

model approximates the data generating process, thereby illustrating how the unified

DGTF framework can guide principled model selection.

For inference, we used HVA exclusively for all models. This choice ensures method-
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Figure 2.4.: Posterior predictive distribution of 𝑦𝑡 and posterior distribution of 𝑅𝑡 from
fitting the true model with unknown 𝜸 = (𝜌,𝝋′, 𝜇, 𝜎2,𝑊)′ to simulated
data. Black lines show true values, while blue and red lines represent
results from HVA and MCMC, respectively. Shaded regions indicate 95%
credible intervals (CIs) for each method.

ological consistency while highlighting the flexibility of the unified inference scheme.

Unlike MCMC, which requires model-specific samplers for each DGTF variant, HVA

can be implemented with a single algorithmic structure, using the same two-filter

smoother and gradient-based parameter updates. Furthermore, § 2.4.4 showed that

HVA achieves comparable point estimates to MCMC with approximately 65% shorter

runtime, albeit with some underestimation of posterior variance for latent states, making

it well suited for comparative model evaluation where calibrated interval estimates are

not the primary
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(a) One-step-ahead forecasting distributions 𝑝(𝑦𝑡+1 | 𝑦1:𝑡) for 𝑡 = 140, . . . , 185.
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(b) Five-steps-ahead forecasting distributions 𝑝(𝑦𝑡+5 | 𝑦1:𝑡) for 𝑡 = 140, . . . , 185.

Figure 2.5.: Multi-steps-ahead forecasting distributions using true model M0, whose
parameters are estimated by HVA and MCMC. Solid lines represent the
posterior medians, and the colored ribbons indicate the 95% credible inter-
vals (CIs).

Lag distribution recovery. Before examining overall model performance, we first

assessed how well each model recovered the true lag distribution, as this mechanistic

component is important for capturing disease transmission dynamics. Figure 2.6 com-

pares the true lag distribution with the estimated distributions from models M0, M1

andM2, using posterior medians of the parameters. Note that the distributed lag model

can be rewritten as 𝜆𝑡 = x′𝑡𝝋+
∑+∞

𝑙=1 𝜙𝑙ℎ(𝜓𝑡+1−𝑙)𝑦𝑡−𝑙, where 𝜙𝑙 is the PMF of NB2(4, 𝜅),

making it an implied lag distribution for this model.

Compared to the other two alternatives and as expected,M0 best recovered the key
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characteristics of the true lag distribution: a small weight on 𝑙 = 1, a peak at 𝑙 = 3,

and a relatively long tail. In contrast, the lag distribution estimated byM1 peaked at

𝑙 = 2, and that for the negative-binomial lag distribution in M2 put more weight on

𝑙 = 1 and had a relatively short tail. For the lag distribution parameters,M0 estimated

𝜇 = 1.19 (95% credible interval (CI): 0.60-1.53) and 𝜎2 = 0.44 (0.21-0.97), closely

matching true values. ModelM1 underestimated 𝜇 at 0.95 (0.62-1.23) with 𝜎2 = 0.38

(0.21-0.76). The distributed lag modelM2 estimated 𝜅 = 0.5 (0.38-0.59).

Model performance. Having established differences in lag structure recovery, we

now turn to overall model performance across multiple metrics. Table 2.3 summarizes

these results. The correctly specified discrete-time Hawkes-type model (M0) achieved

the best performance across all measures in this simulation, with 𝜒2 = 1.19 and CRPS =

27.16, closely followed by the distributed-lag model (M2) and the generalized Hawkes

model (M1), both with𝜒2 ≈ 1.22. By contrast, the autoregressive modelsM3 (negative-

binomial AR) andM4 (Poisson AR) performed substantially worse (𝜒2 = 1.42 and 1.63,

respectively), confirming that purely autoregressive formulations struggle to replicate

the transmission dynamics.

Uncertainty quantification revealed distinct patterns across models. The first three

models achieved near-nominal 95% CI coverage for 𝑦𝑡 (0.97 forM0 andM1, 0.96 for

M2), whileM3 showed slight undercoverage at 0.93 andM4 severely underestimated

uncertainty with only 0.73 coverage. For 𝑅𝑡 estimation, all models showed undercover-

age compared to nominal levels, withM0 achieving 0.87 coverage and MAE of 0.12,

M2 performing similarly with 0.866 coverage and MAE of 0.13, while M1 showed

poorer calibration at 0.736 coverage despite comparable MAE of 0.13.
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Figure 2.7 shows that M0 and M2 maintain consistent coverage of the true 𝑅𝑡

over time, while M1 progressively underestimate the uncertainty around 𝑅𝑡. This

deterioration likely reflects oversmoothing from time-varying system variance, which

can lead shrink state variability when the true state variance is constant.

Despite these differences in latent state estimation, the first three models produced

broadly similar posterior predictive distributions for the observed counts 𝑦𝑡, as illustrated

in Figs. 2.8a and 2.8b. This similarity in predictions, despite different latent dynamics,

underscores that multiple model structures can provide adequate fit to count data, making

careful evaluation of mechanistic assumptions important.

The AR models showed distinct limitations. AlthoughM3’s CIs maintained reason-

able coverage despite inflated uncertainty (Fig. 2.8c), the Poisson AR modelM4 failed

to capture the overdispersion of the data, resulting in poor predictive performance. This

indicates that multiple DGTF formulations can yield adequate data level fits even when

their internal mechanistic structures differ, reinforcing the importance of examining

epidemiological interpretability, not just predictive accuracy.

Table 2.3.: Performance metrics for five candidate models fitted to data fromM0. The
table shows 𝜒2 discrepancy, CRPS, and 95% posterior predictive interval
coverage for observed counts 𝑦𝑡, along with MAE and 95% credible interval
coverage for reproduction numbers 𝑅𝑡. ModelsM3 andM4 do not estimate
𝑅𝑡 directly.

M0 M1 (𝛿̂ = 0.9) M2 (𝑟 = 4) M3 ( 𝑝̂ = 3) M4 ( 𝑝̂ = 5)

𝑦𝑡 𝜒2 Discrepancy 1.19 1.22 1.22 1.42 1.63
CRPS 27.16 27.92 27.18 30.25 31.02
95% PI Coverage 0.96 0.97 0.96 0.93 0.73

𝑅𝑡 MAE 0.12 0.13 0.13
95% credible interval coverage 0.87 0.736 0.866
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Figure 2.6.: Estimated log-normal lag distribution from M0 and M1, along with the
implied negative-binomial lag distribution fromM2, where the lag param-
eters are set to their respective posterior medians.
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Figure 2.7.: Posterior distributions of 𝑅𝑡 using three different models. Black lines
represent true values.
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2.4.6. Discussion

Our simulation study yields several key insights regarding the performance and practical

use of DGTF models for epidemic time series. First, the comparison between HVA and

MCMC highlights the trade-off between computational efficiency and calibration of

posterior uncertainty. HVA provides nearly identical point estimates to MCMC while

requiring roughly 65% less runtime, but underestimates posterior variance for latent

states, with 95% credible interval coverage for 𝑅𝑡 dropping from 0.97 to 0.87. This

makes HVA ideal for routine surveillance and large-scale model screening, whereas

MCMC remains preferable for final analyses demanding well-calibrated uncertainty

quantification. As discussed in § 2.4.4, post-hoc covariance corrections (Giordano

et al., 2018) or using HVA posteriors to warm-start short MCMC runs can help bridge

this gap.

Second, the mechanistic structure of the model significantly impacts performance.

When the true model is fitted to the data, it recovers the lag distribution and the reproduc-

tion numbers most accurately, highlighting the value of incorporating epidemiological

knowledge into model specification. In the case in which the true model is the discrete-

time Hawkes-type model, the distributed lag model provided a reasonable alternative.

On the other hand, AR models show an important limitation: standard autoregressive

structures cannot capture the renewal process dynamics central to disease transmis-

sion. Despite incorporating time-varying coefficients for flexibility, models M3 and

M4 showed substantially worse performance, with the Poisson variant failing to ac-

commodate overdispersion and the negative-binomial variant overcompensating with

excessively wide uncertainty bands.

From a practical standpoint, these findings suggest an effective workflow for DGTF
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modeling: use HVA for fast model comparison and parameter screening, identify the

most appropriate lag and gain structures, and reserve MCMC for confirmatory analyses

where precise uncertainty bounds are needed. This strategy combines interpretabil-

ity, computational scalability, and robustness, principles that are useful for real-time

epidemic surveillance.

An additional simulation study using data generated from a distributed lag model

(§ A.2) reinforced these findings, showing that both discrete-time Hawkes-type and

distributed lag models can provide reasonable approximations when the underlying

process has appropriate lag structure.
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(a) Comparison of the true model M0 against the generalized
discrete-time Hawkes-type model M1 with discount factor
𝛿̂ = 0.89.
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(b) Comparison of the true model M0 against the distributed lag
modelM2 with lag order 𝑟 = 6.
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(c) Comparison of the true modelM0 against the negative-binomial
AR modelM3 with autoregressive lag 𝑝̂ = 3.
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(d) Comparison of the true modelM0 against the Poisson AR model
M4 with autoregressive lag 𝑝̂ = 6.

Figure 2.8.: Posterior predictive distributions estimated using HVA by different models,
compared against the observed count time series simulated fromM0. The
black dots indicate the true values, the solid lines represent posterior medi-
ans, and the ribbons represent 95% CIs.
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§ 2.5. Application: COVID-19 in Santa Cruz County

We analyze daily confirmed COVID-19 cases from Santa Cruz County, California from

the California Department of Public Health. The dataset spans 𝑇 = 518 days from

July 1, 2020 to December 1, 2021. This period spans two major pandemic waves and

pronounced weekly seasonality due to testing and reporting practices (Fig. 2.9).

Our analysis addresses two key questions. First, we compare the DGTF framework

against established epidemiological methods to demonstrate its practical advantages,

particularly its ability to directly incorporate components such as seasonality while

maintaining computational efficiency. Second, we compare different DGTF models.

This within-framework comparison aims to guide standard practice in applied epidemi-

ology, where analysts fit multiple models to identify the structure that best captures

transmission dynamics.
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Figure 2.9.: Daily new cases of COVID-19 from July 1st, 2020 to Dec 1st, 2021 in Santa
Cruz County.
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2.5.1. Benchmark models

We evaluated our DGTF framework against three established methods for estimating

effective reproduction numbers to demonstrate the advantages of our unified approach.

The benchmark models represent some of the current standard approaches used in

epidemiological surveillance. Our DGTF models offer enhanced flexibility through

direct incorporation of seasonality and unified inference procedures. The benchmark

models cannot directly incorporate seasonality, therefore, we pre-processed their input

data using the day-of-week adjustment method from (Koyama et al., 2021).

(Koyama et al., 2021). A discrete-time Hawkes-type model with ramp gain function

ℎ(𝜓𝑡) = max(𝜓𝑡, 0) and a log-normal lag distribution (𝜇 = 1.39, 𝜎2 = 0.32 truncated

at 𝐿 = 30 days). These values yield a mean lag of 4.7 days and standard deviation of

2.9 days, consistent with COVID-19 serial interval estimates. The latent states follow a

univariate random walk with Cauchy noise (scale = 0.001). Inference uses a fixed-lag

smoother with 10,000 particles (Kitagawa, 1994).

EpiEstim (Cori et al., 2013). A discrete renewal model with Poisson observations

model and Gamma-distributed lag weights with unknown 𝜇 and 𝜎. We specified priors

𝜇 ∼ 𝑁 (4.7, 1.82)1(1.1 < 𝜇 < 8.3) and 𝜎 ∼ 𝑁 (2.9, 1.42)1(0.1 < 𝜎 < 5.7), centering the

distributions around the same serial interval parameters while allowing flexibility. We

implemented Bayesian inference via MCMC using the EpiEstim package. We sampled

1000 parameter pairs (𝜇, 𝜎) from their posterior distribution, and generated 1000 𝑅𝑡s per

parameter pair using an adaptive sliding window that maintains the posterior coefficient

of variation below a threshold. This analysis yielded posterior estimates of 𝜇 = 4.79
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(95% CI: 1.61-7.56) and 𝜎 = 2.98 (95% CI: 0.73-5.30).

The WT method (Wallinga and Teunis, 2004). This method probabilistically recon-

structs transmission trees to count secondary cases per infected individual, estimating

the likelihood of case 𝑖 infecting case 𝑗 through a Gamma distribution, which repre-

sents either the generation or serial interval. We calibrated the Gamma parameters to

match our standard mean (4.7 days) and standard deviation (2.9 days), implementing

the method through the EpiEstim R package.

2.5.2. DGTF models

We considered three variants from the DGTF family using the same negative binomial

observation model, 𝑦𝑡 ∼ NB(𝜆𝑡, 𝜌): (1) a discrete-time Hawkes-type model, (2) a

distributed lag model, and (3) a AR with time-varying autoregressive coefficients. These

variants represent different assumptions about transmission dynamics. We incorporated

weekly seasonality through a seasonal parameter vector 𝝋 = (𝜑1, . . . , 𝜑7)′ and a

design matrix X = (x0, . . . , x𝑇 )′. Here, x𝑡 = Px𝑡−1 for 𝑡 = 1, . . . , 𝑇 , starting with

x0 = (1, 0, . . . , 0)′. The matrix P was a 7 × 7 permutation matrix defined as:

P =
©­­«
0 I6

1 0′
ª®®¬ .

All models used a softplus gain function ℎ(𝜓𝑡) = log(exp(𝜓𝑡) + 1) to ensure non-

negativity while maintaining differentiability.

For the discrete-time Hawkes-type model, we used a log-normal lag distribution

(truncated at 𝐿 = 30) with unknown mean 𝜇 and variance 𝜎2. The latent states follow
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univariate random walk processes𝜓𝑡 ∼ 𝑁 (𝜓𝑡−1,𝑊). This model required the estimation

of static parameters 𝜸 = (𝜌,𝑊, 𝜇, 𝜎2,𝝋). Similarly, the distributed lag model, denoted

by DL(𝑟), also assumed univariate random walk processes𝜓𝑡 ∼ 𝑁 (𝜓𝑡−1,𝑊) at the system

level. We chose the lag order 𝑟 from {2, . . . , 9} by minimizing the 𝜒2 discrepancy and

also estimated the unknown static parameters 𝜸 = (𝝋′, 𝜌,𝑊, 𝜅)′.

The autoregressive NB-AR(𝑝) model accommodates nonstationarity through time-

varying coefficients:

𝜆𝑡 = 𝒙′𝑡𝝋 +
𝑝∑︁

𝑖=1
𝑏𝑖,𝑡 𝑦𝑡−𝑖.

Non-negative coefficients are ensured through 𝑏𝑖,𝑡 = ℎ(𝜓𝑖,𝑡), with latent states following

𝜽𝑡 ∼ 𝑁 (𝜽𝑡−1,𝑊I). We selected 𝑝 ∈ {2, . . . , 6} by minimizing 𝜒2 discrepancy.

For all three models, we assumed priors 𝜌,𝑊 ∼ IG(1, 1) and 𝜑 ∼ 𝑁 (0, 10)1(𝜑𝑖 > 0),

where 𝜑𝑖 represented the 𝑖th seasonal component in 𝝋 = (𝜑𝑖, 𝑖 = 1, . . . ). The discrete-

time Hawkes-type model additionally used priors 𝜎2 ∼ IG(1, 1) and 𝜇 ∼ 𝑁 (0, 1), while

the distributed lag model assumed 𝜅 ∼ Beta(1, 1).

We performed inference using the HVA algorithm with 5,000 iterations, monitoring

convergence through trace plots of log 𝑝(𝑦1:𝑇 | 𝜸), (see Fig. A.13). We generated 5,000

posterior samples of 𝜸 and 𝜽1:𝑇 after convergence using the optimized parameters. Our

HVA implementation used a two-filter smoother with 500 particles and a resampling

ratio of 𝑚 = 0.5. The algorithm used a step size of 10−5 and ADADELTA learning rate

of 0.02, with variational proposal dimension 𝑘 set to the number of static parameters

minus one. This resulted in 𝑘 = 10 for the discrete-time Hawkes-type model, 𝑘 = 9 for

the distributed lag model, and 𝑘 = 8 for the autoregressive model.
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2.5.3. Results

Hyperparameter selection and model fit. We determined the optimal parameters

for each model by minimizing the 𝜒2 discrepancy, with detailed results presented in

Table A.11. For the distributed lag model, we identified an optimal lag order of 𝑟 = 2,

while the NB-AR performed best with 𝑝̂ = 3. Using these optimal parameters, we

compared the discrete-time Hawkes-type model, DL(2), and NB-AR(3) models against

our benchmarks.

Next, we compare our DGTF framework against established benchmark methods

to demonstrate the advantages of our unified approach. A key distinction between

our approach and the benchmark models lies in how we handle seasonality. While

benchmark models require pre-adjusted data, DGTF models directly incorporate weekly

patterns as a covariate effect into their structure. This difference proves important during

low-incidence periods. Figure 2.10a reveals that all models produce broadly similar

𝑅𝑡 estimates during high-incidence periods, with overlapping 95% credible intervals.

However, between March and July 2021, when case counts were low, DGTF models with

seasonality yield consistently lower 𝑅𝑡 estimates. This divergence shows that failing to

account for reporting patterns can inflate transmission estimates when cases are sparse.

Within-DGTF model selection. Having established the advantages of our frame-

work over benchmark methods, we explore model selection within our framework. This

comparison serves two purposes: demonstrating how practitioners can use the uni-

fied framework to test different epidemiological assumptions, and identifying which

structures best capture COVID-19 transmission dynamics.

Table 2.4 provides the quantitative basis for model comparison. The discrete-time
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(a) Estimated effective reproduction numbers (𝑅𝑡). NB-AR(3) is excluded (does not estimate
𝑅𝑡). Benchmark models used seasonally adjusted data, while DGTF variants incorporated
seasonality directly and used the original case counts.
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Figure 2.10.: Posterior distributions of the effective reproduction numbers {𝑅𝑡} and
static parameters (𝑊, 𝜌,𝝋) for Santa Cruz County, estimated by different
models. In (d), we illustrate the log-normal lag distribution in the discrete-
time Hawkes-type model, using the posterior medians for 𝜇 and 𝜎2 and
the implied negative-binomial leg distribution in the distributed lag model
with 𝜅 set to its posterior median.
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Hawkes-type model achieved the best predictive performance with 𝜒2 = 2.338 and CRPS

= 7.14, followed closely by DL(2) with 𝜒2 = 2.639 and CRPS = 7.19. The autoregressive

model performed substantially worse (𝜒2 = 3.064, CRPS = 9.52), suggesting that explicit

modeling of transmission lags improves fit. Importantly, coverage rates near 95% for

the first two models indicate well-calibrated uncertainty, while interval widths reflect

different variance assumptions.

Table 2.4.: Comprehensive performance comparison between DGTF models for
COVID-19 data in Santa Cruz County. Metrics include in-sample fit and
posterior predictive interval calibration for observed counts 𝑦𝑡, calculated
over the full time series (July 2020 - December 2021).

𝜒2 Discrepancy CRPS 95% PI Coverage

Discrete-time Hawkes-type model 2.338 7.14 0.93
DL(2) 2.639 7.19 0.95
NB-AR(3) 3.064 9.52 0.92

Epidemiological insights from parameter estimates. The estimated seasonal pa-

rameters reveal clear weekly reporting patterns (Fig. 2.10c). All models identify ap-

proximately 80% fewer reported cases on weekends (𝜑̂Sat ≈ 1.3, 𝜑̂Sun ≈ 1.0), compen-

sated by a surge on Mondays (𝜑̂Mon ≈ 8.2). This pattern, consistent across all model

specifications, reflects administrative delays in testing and reporting rather than actual

transmission dynamics. These artificial fluctuations need to be accounted for to avoid

biased 𝑅𝑡 estimates.

The estimated lag distributions provide insights into the process from transmission to

reporting (Fig. 2.10d). The discrete-time Hawkes-type model estimates a mean lag of 8.2

days, longer than the COVID-19 serial interval alone (4.2-7.5 days; Alene et al., 2021).

This extended lag captures the cascade from infection through symptom onset, testing,
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Figure 2.11.: Posterior predictive distributions of daily new cases across two time peri-
ods for the DGTF models: Oct 2020 to March 2021 (left) and Feb 2021
to Aug 2021 (right). The posterior medians along with the 95% CIs are
illustrated. Red dots represent the daily new cases.

and administrative reporting. The DL(2) model’s geometric lag structure may truncate

this tail prematurely, partially explaining its slightly worse predictive performance.

Dispersion parameter estimates reveal important differences in how models partition

variability (Fig. 2.10b). The discrete-time Hawkes-type model estimates 𝜌̂ ≈ 15, in-

dicating moderate overdispersion consistent with superspreading events. In contrast,

NB-AR(3)’s lower estimate (𝜌̂ ≈ 10) suggests it attributes more variation to the ob-

servation process rather than true transmission dynamics. This difference in variance

decomposition affects both uncertainty quantification and outbreak forecasting.
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Computational performance. We compared HVA against MCMC for the best-

performing discrete-time Hawkes-type model. To evaluate one-step-ahead forecasting,

we used a rolling forecast procedure: starting from December 1, 2021, we fit each model

using all data from July 2, 2020 to the current date, generated a one-step-ahead forecast,

then rolled forward day-by-day through December 15, 2021. The reported metrics are

averages across these 15 days.

Table 2.5.: Comparison of HVA and MCMC inference for the discrete-time Hawkes-
type model on COVID-19 data. Parameter estimates show posterior medians
with 95% credible intervals. Performance metrics include 𝜒2 discrepancy,
CRPS, and 95% posterior predictive interval coverage for in-sample fit, and
𝜒2 discrepancy, CRPS, and 95% posterior predictive interval width for one-
step-ahead forecasting (both achieved 100% coverage for one-step forecasts).

Metric HVA MCMC

Runtime (s) 3,896 13,483

In-sample fit 𝜒2 discrepancy 2.338 2.260
CRPS 7.14 7.05
95% PI Coverage 0.93 0.95

One-step forecasting 𝜒2 discrepancy 0.133 0.132
CRPS 8.382 8.127
95% PI Width 48.43 53.29

Parameter estimates 𝜌 15.0 (11.9, 19.3) 13.6 (11.2, 16.6)
𝜇 0.59 (0.13, 1.00) 0.46 (0.09, 0.88)
𝜎2 3.02 (1.84, 5.10) 2.54 (1.50, 4.86)
𝑊 0.0047 (0.0037, 0.0059) 0.0039 (0.0035, 0.0052)

Table 2.5 reveals the computational and statistical trade-offs between the two inference

approaches. HVA completed 5,000 gradient ascent iterations and generated 5,000

posterior samples in 3,896 s, while MCMC required 13,483 s for 5,000 burn-in iterations

plus thinning (keeping every second sample) to obtain 5,000 effective samples. We note

that both algorithms may have achieved convergence before completing all iterations
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(see Fig. A.13); these runtimes reflect our conservative choice to ensure thorough

exploration of the parameter space rather than the minimum necessary computation.

For in-sample fit, both methods produce very similar results, with MCMC show-

ing marginally better performance (3% lower 𝜒2 discrepancy and 1% lower CRPS).

For one-step-ahead forecasting, both methods achieve nearly identical 𝜒2 discrepancy

(0.133 vs 0.132), while MCMC produces slightly better probabilistic forecasts with a

3% lower CRPS. Notably, HVA generates slightly narrower prediction intervals than

MCMC (48.43 vs 53.29), yet both methods achieve 100% coverage for one-step-ahead

predictions. Parameter estimates remained consistent between methods with overlap-

ping credible intervals. These results confirm that HVA provides reliable inference at

substantially reduced computational cost. The narrower prediction intervals are consis-

tent with the variance underestimation discussed in § 2.4.4, though in this application

both methods achieve full coverage for one-step-ahead predictions.

2.5.4. Discussion

Our analysis shows that model structure has considerable impacts on epidemiological

inference. The relatively strong performance of the discrete-time Hawkes-type model

in this application is consistent with its separation of transmission intensity (𝑅𝑡) from

the temporal pattern of transmission, together with the flexibility of the log-normal lag

structure.

Direct performance comparison with benchmark models was limited because they

require seasonally adjusted data. Our supplementary analysis (§ A.3.4) compared

all models on original count data without seasonal adjustments. This revealed that

DGTF and benchmark models produce similar 𝑅𝑡 estimates when neither accounts
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for seasonality. However, incorporating seasonal terms in DGTF improved model fit,

reducing 𝜒2 discrepancy from 2.518 to 2.338.

These findings highlight key advantages of the DGTF framework. First, incorpora-

tion of weekly reporting patterns significantly improves model fit and prevents biased

𝑅𝑡 estimates during low-incidence periods. The 80% weekend drop in reported cases

reflects administrative delays, not transmission dynamics, emphasizing the importance

of modeling these patterns explicitly. Second, the unified inference framework enables

efficient comparison of different epidemiological assumptions. Using the same algo-

rithm across models allows practitioners to explore structural uncertainty, particularly

valuable for emerging diseases with unknown transmission mechanisms.

The AR models, while computationally efficient, lack direct 𝑅𝑡 interpretation. Among

models that estimate 𝑅𝑡, the discrete-time Hawkes-type model with log-normal lag

distribution captures the prolonged transmission-to-reporting process better than the

geometric structure in the distributed lags model DL(2). However, we caution against

directly interpreting estimated lags as epidemiological parameters such as serial intervals

or generation intervals, since observed data conflates multiple processes including

infection-to-onset delays, testing delays, and reporting delays.

§ 2.6. Concluding remarks

This chapter introduced the DGTF class as a unified state-space framework for count

time series in disease surveillance. This modeling framework places discrete-time

Hawkes-type models, Poisson autoregressions, and distributed lag models inside a

common modular structure, so that an analyst can move between model families by
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changing one component while holding the inference routine fixed. The HVA algorithm

combines a SMC pass on the latent trajectory with SGA on the variational ELBO for

the static parameters, and produced point estimates that agreed with the MCMC target

while running roughly three times faster across the model variants considered.

Two findings from the empirical work are worth highlighting. First, the gap between

HVA and MCMC on credible interval coverage of 𝑅𝑡 was modest but real, with coverage

of nominal 95% intervals falling from 0.97 to 0.87. This is the variance underestimation

that typically accompanies Gaussian-family variational methods, and it places HVA

naturally in the model exploration and routine surveillance role rather than in the final

inference role, where the calibrated intervals of MCMC remain preferable. Post-hoc

covariance corrections (Giordano et al., 2018; Syring and Martin, 2019) and short

MCMC runs warm-started from the variational posterior can close part of the gap.

Second, the modular framework made it inexpensive to compare DGTF variants on the

Santa Cruz data, and the comparison was informative. A discrete-time Hawkes-type

model with a log-normal lag distribution better out-of-sample forecast scores than the

geometric distributed-lag and autoregressive variants in the Santa Cruz analysis, and

explicit weekly seasonality in the regression term reduced bias in the 𝑅𝑡 estimates during

low-incidence periods.

Three threads developed in the rest of the thesis pick up directly from this chapter.

Chapter 3 extends the DGTF class to spatially connected populations through the mul-

tivariate Hawkes generalization sketched in Eq. (1.2.3), with a sparsity-promoting prior

on the transmission matrix and a decomposition of the observed reproduction number

into local and imported components. Chapter 4 develops a structured variational algo-

rithm for the spatial model motivated by limitations of the joint Gaussian variational

84



Chapter 2. DGTF models for univariate count time series

family in the multiplicative geometry that arises there, and stands in the same relation to

the network Hawkes model that HVA stands in to DGTF. Chapter 5 describes the dgtf

package for R, which implements the model class and inference routines developed in

this chapter through an interface aligned with the six modular components.

Several methodological directions remain open. Loss-based variational objectives

(Frazier et al., 2025) would allow the inference procedure to be tailored to specific

epidemiological loss functions, such as those that penalize false negatives during out-

break detection. Recursive updating (Tomasetti et al., 2022; Mastrototaro and Olsson,

2024) and nested SMC (Naesseth et al., 2019) would enable fully online inference as

new observations arrive. Natural gradient updates (Zhang et al., 2024) could improve

convergence of the variational optimization in regimes where the posterior is highly

anisotropic. Continuous-time formulations of the DGTF class would also be of interest

in settings where surveillance data are reported on irregular schedules.
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Chapter 3

Network Hawkes models for spatio-temporal

reproduction numbers

§ 3.1. Introduction

The multivariate generalization of the self-exciting form introduced in § 1.2.3 replaces

the single-region reproduction number 𝑅𝑡 of Chapter 2 with source-specific trajectories

𝑅𝑘,𝑡, where 𝑘 indexes the source location, and a transmission matrix 𝜶 whose entry

𝛼𝑠,𝑘 allocates secondary infections generated in source location 𝑘 to destination location

𝑠. When 𝜶 is column-stochastic, the closed-population reproduction number at each

destination decomposes additively into a local component, given by 𝛼𝑠,𝑠𝑅𝑠,𝑡, and an

imported component, given by
∑

𝑘≠𝑠 𝛼𝑠,𝑘𝑅𝑘,𝑡, and the relevant epidemic threshold for

the multi-region system is the spectral radius of the offspring matrix 𝜶R𝑡 rather than

a single diagonal entry. The structural form is well understood. The substantive gap,

and the focus of this chapter, is the lack of a Bayesian inference procedure that learns 𝜶

from incidence data with full posterior uncertainty quantification, makes the local and

imported decomposition explicit as a posterior summary, and remains tractable at the
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spatial scales typical of regional surveillance.

Several existing frameworks address spatial structure in disease surveillance, but each

leaves part of this gap unfilled. The endemic-epidemic framework of Held et al. (2005)

and Meyer et al. (2017) decomposes regional incidence into endemic and autoregressive

components, but typically requires spatial weights to be pre-specified from adjacency

or population flow rather than learned from data (Paul et al., 2008; Bracher and Held,

2022). Multivariate Hawkes processes provide a natural framework for spatial trans-

mission (Rizoiu et al., 2018; Chiang et al., 2022; Laub et al., 2025), but applications

to date have either fixed the reproduction numbers (Kim et al., 2019) or treated regions

independently without cross-regional excitation (Unwin et al., 2021). More recently,

Santitissadeekorn et al. (2025) and Lasalle and Pascal (2025) have proposed data-driven

procedures that learn network structure from incidence directly, but rely on frequentist

penalization without full posterior uncertainty quantification, and none of the exist-

ing approaches formally decomposes observed reproduction numbers into local and

imported components. Holbrook et al. (2020b) develop scalable Bayesian inference

for continuous-time spatio-temporal Hawkes models using GPU-accelerated likelihood

calculations, with an application to large gunfire data. Related work addresses spa-

tial coarsening in Hawkes models for gunfire, wildfire, and viral contagion (Holbrook

et al., 2020a), and recent COVID-19 applications fit spatio-temporal Hawkes models

to county-level case records by treating cases as individual events with latent locations

within counties (Ko et al., 2024). The present chapter is complementary to this literature:

it keeps the data in aggregated county-by-day form and focuses on Bayesian inference

for intrinsic source-specific reproduction numbers, spatial allocation weights, and the

decomposition of observed reproduction numbers into local and imported components.
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More specifically, this chapter develops a Bayesian network Hawkes-type model that

learns the spatial allocation matrix from incidence data, quantifies posterior uncer-

tainty, provides the local/imported decomposition as a posterior summary, and remains

tractable at the spatial scales typical of regional surveillance. The transmission ma-

trix 𝜶 is given a regularized horseshoe prior (Carvalho et al., 2010b; Piironen and

Vehtari, 2017) on its off-diagonal entries, with the diagonal retention rate parameter-

ized separately to preserve the column-stochastic constraint, so the network structure is

learned from incidence data with posterior uncertainty rather than imposed in advance.

The intrinsic source-specific reproduction numbers 𝑅𝑘,𝑡 are treated as latent random-

walk trajectories, sharing information across time without imposing a sliding-window

assumption. The decomposition of the closed-population reproduction number into

local and imported components is provided as a posterior summary, and the connec-

tion to the system-level epidemic threshold is made through the spectral radius of the

inferred offspring matrix. A Markov-switching zero-inflation component (Lambert,

1992; Douwes-Schultz and Schmidt, 2022; Douwes-Schultz et al., 2025) absorbs runs

of structural zeros without conflating disease absence with low-intensity transmission,

which matters in small-area surveillance where consecutive zeros are common.

Posterior inference is harder than in the univariate setting of Chapter 2 for two

reasons. First, the latent reproduction trajectories at the 𝑆 locations are strongly cor-

related across time, and the horseshoe prior induces complex dependence among the

spatial parameters within each column of 𝜶. Second, the transmission weights and

the reproduction numbers enter the intensity multiplicatively, which produces ridges in

the joint posterior wherever destination trajectories are highly correlated across source

locations. This chapter develops a block MCMC sampler that uses column-wise con-
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ditional independence to update each column of 𝜶 independently, applies non-centered

parameterizations (Betancourt and Girolami, 2013) to both the horseshoe block and the

random-walk innovations, and uses a Gaussian approximation to the Poisson likelihood

to construct structured multivariate normal proposals for the latent disturbances. Each

iteration costs 𝑂(𝑆𝑇2 + 𝑆2𝑇), which is acceptable for the medium-term policy planning

horizon and motivates the variational counterpart developed in Chapter 4 for routine

updates over larger networks.

The remainder of this chapter is organized as follows. § 3.2 presents the network

Hawkes-type model, including the spatial weight parameterization, the random-walk

dynamics on the reproduction numbers, and the regularized horseshoe prior, together

with the local and imported decomposition and the spectral radius threshold. § 3.3

describes the block MCMC algorithm. § 3.4 reports simulation studies on parameter

recovery and predictive performance across transmission regimes. § 3.5 applies the

model to COVID-19 surveillance data from ten California counties, with the local and

imported decomposition, forecasting performance relative to standard methods, and a

model-based scenario analysis of targeted interventions. § 3.6 summarizes the chapter

and connects its contributions to the variational counterpart developed in Chapter 4.

§ 3.2. Methodology

3.2.1. Model

Let 𝑦𝑠,𝑡 denote the observed case count at location 𝑠 ∈ {1, . . . , 𝑆} and time 𝑡 ∈ {1, . . . , 𝑇}.

To accommodate structural zeros commonly observed in small-area surveillance data
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we adopt a zero-inflated Poisson formulation as follows

𝑦𝑠,𝑡 ∼


Pois(𝜆𝑠,𝑡), 𝑧𝑠,𝑡 = 1,

𝛿0, 𝑧𝑠,𝑡 = 0,

𝜆𝑠,𝑡 = 𝜇 +
𝑆∑︁

𝑘=1

𝑡−1∑︁
𝑙=1

𝛼𝑠,𝑘𝑅𝑘,𝑙𝜙𝑡−𝑙 𝑦𝑘,𝑙,

𝑧𝑠,𝑡 ∼ Bern(𝑝𝑠,𝑡), logit(𝑝𝑠,𝑡) = 𝛽0 + 𝛽1𝑧𝑠,𝑡−1.

Here, 𝛿0 denotes a point mass at zero, and 𝑧𝑠,𝑡 is a latent activation indicator. When

𝑧𝑠,𝑡 = 0, the model enforces a structural zero; when 𝑧𝑠,𝑡 = 1, counts follow the Poisson

transmission mechanism. This separates structural zeros or reporting absences from

low-intensity transmission and reduces the tendency to explain persistent zeros by

shrinking reproduction numbers. Conditional on activation, the intensity 𝜆𝑠,𝑡 combines

a baseline rate 𝜇 > 0 for sporadic importations not explained by prior cases with

transmission from earlier cases. Those transmission contributions are weighted by the

spatial allocation parameter 𝛼𝑠,𝑘, the intrinsic source-specific reproduction number 𝑅𝑘,𝑙,

and the lag distribution 𝜙𝑡−𝑙, which is treated as fixed from external epidemiological

studies (Alene et al., 2021). Fixing the serial interval rather than estimating it avoids a

further source of weak identifiability. Because the lag kernel, the reproduction numbers,

the spatial weights, and the baseline all shape the same conditional mean, a change in

𝜙 can be partly absorbed by a change in the smoothness of 𝑅𝑘,𝑡, in the spatial weights,

or in the baseline rate, so estimating 𝜙 jointly from incidence alone would be poorly

determined. A sensitivity analysis over shorter and longer serial intervals is reported in

§ B.5.1. We place a normal prior on the log baseline rate, log(𝜇) ∼ 𝑁 (𝑎𝜇, 𝑏2
𝜇), to ensure

positivity. The activation probability 𝑝𝑠,𝑡 follows an autoregressive logistic model. The

90



Chapter 3. Network Hawkes models for spatio-temporal reproduction numbers

coefficients 𝛽0 and 𝛽1 control the baseline activation probability and persistence of the

active state. We assign priors 𝛽0 ∼ 𝑁 (𝑎𝛽0 , 𝑏
2
𝛽0
) and 𝛽1 ∼ 𝑁 (𝑎𝛽1 , 𝑏

2
𝛽1
).

Cases at location 𝑠 arise from local transmission from prior cases at 𝑠 and importation

from other locations 𝑘 ≠ 𝑠. The spatial weight matrix 𝜶 = [𝛼𝑠,𝑘] encodes this structure:

diagonal elements 𝛼𝑠,𝑠 represent local retention, whereas off-diagonal elements repre-

sent cross-location transmission. The reproduction number 𝑅𝑘,𝑡 captures time-varying

transmissibility at location 𝑘. We model 𝑅𝑘,𝑡 as follows:

𝑅𝑘,𝑡 = ℎ(𝑟𝑘,𝑡), 𝑟𝑘,𝑡 = 𝑟𝑘,𝑡−1 +
√
𝑊𝜂𝑘,𝑡, 𝜂𝑘,𝑡 ∼ 𝑁 (0, 1).

Here ℎ(·) is a monotone link function, such as softplus or the exponential, ensuring

positivity; 𝑟𝑘,𝑡 follows a random walk; and 𝑊 controls trajectory smoothness. In the

simulation studies, 𝑊 is fixed at its true data generating value; in the application, it is

selected by out-of-sample forecasting performance as described in § B.6.1. We assign

the initial state the prior 𝑟𝑘,0 ∼ 𝑁 (0,𝑊).

To preserve this interpretation and avoid scale non-identifiability between {𝑅𝑘,𝑡} and

𝜶, we impose a column-stochastic constraint on the spatial weight matrix:
∑𝑆

𝑠=1 𝛼𝑠,𝑘 = 1

for each source location 𝑘. Under this constraint, 𝑅𝑘,𝑡 is the total expected offspring gen-

erated by a case at (𝑘, 𝑡), and 𝛼𝑠,𝑘 allocates those offspring across destination locations.

We decompose 𝜶 into diagonal and off-diagonal components:

𝛼𝑠,𝑘 =


𝑤𝑘, 𝑠 = 𝑘,

(1 − 𝑤𝑘)
𝑢𝑠,𝑘

𝑈𝑘

, 𝑠 ≠ 𝑘.

Here 𝑤𝑘 ∈ (0, 1) is the retention rate at location 𝑘, and 𝑢𝑠,𝑘/𝑈𝑘 with 𝑈𝑘 =
∑

𝑗≠𝑘 𝑢 𝑗,𝑘

determines how exported cases are distributed across destinations. Larger 𝑤𝑘 values
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indicate more local transmission. We set 𝑤𝑘 ∼ Beta(𝑎𝑤, 𝑏𝑤). To model off-diagonal

redistribution flexibly, we use a log-linear specification with mobility covariates and

location-specific deviations:

𝑢𝑠,𝑘 = exp(𝑣𝑠,𝑘), 𝑣𝑠,𝑘 = 𝑚𝑠,𝑘 + 𝜃̃𝑠,𝑘, 𝑠 ≠ 𝑘.

The exponential transformation ensures positivity of 𝑢𝑠,𝑘, and the log-linear form yields

additive effects on the log-scale. Here 𝑚𝑠,𝑘 is a mobility or distance covariate capturing

the baseline propensity for transmission from 𝑘 to 𝑠, and 𝜃̃𝑠,𝑘 = 𝜃𝑠,𝑘 − 𝜃̄𝑘 is a centered

deviation term, with 𝜃̄𝑘 = (𝑆 − 1)−1 ∑
𝑗≠𝑘 𝜃 𝑗,𝑘. Centering removes column-wise mean

shifts in log-weights, so deviations represent relative over- or under-transmission to

specific destinations rather than global inflation or deflation of exported mass. Under

the column-stochastic constraint, this preserves the interpretation of 𝑅𝑘,𝑡 as total expected

offspring.

Most location pairs are expected to follow baseline mobility patterns, with only a small

subset showing substantial deviations. To encode this sparsity, we assign a regularized

horseshoe prior to the terms 𝜃𝑠,𝑘 (Carvalho et al., 2010b; Piironen and Vehtari, 2017):

𝜃𝑠,𝑘 ∼ 𝑁 (0, 𝜏2
𝑘𝛾̃

2
𝑠,𝑘), 𝑠 ≠ 𝑘, 𝛾̃2

𝑠,𝑘 =
𝑐2𝛾2

𝑠,𝑘

𝑐2 + 𝜏2
𝑘
𝛾2
𝑠,𝑘

,

Here 𝜏𝑘 controls column-level sparsity, 𝛾𝑠,𝑘 allows pathway-specific escape from shrink-

age, 𝑐 defines the slab scale, and 𝛾̃2
𝑠,𝑘

is the regularized local variance. This prior shrinks

most deviations 𝜃𝑠,𝑘 toward zero, corresponding to transmission proportional to mobil-

ity, while allowing a small number of edges to escape shrinkage when supported by the

data. Because shrinkage is applied only to deviations from baseline mobility, not to 𝑤𝑘

or reproduction numbers 𝑅𝑘,𝑡, the prior regularizes network structure without directly
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constraining intrinsic transmissibility. The priors on these variance components are

𝛾𝑠,𝑘 ∼ 𝐶+(0, 1), 𝜏𝑘 ∼ 𝐶+(0, 𝜏0),

where 𝐶+(0, 𝑠) denotes a half-Cauchy distribution with scale 𝑠. Following Piironen and

Vehtari (2017), we set the global shrinkage hyperparameter as

𝜏0 =
𝑝0𝜎𝑦

(𝑆 − 1 − 𝑝0)
√
𝑇
,

where 𝑝0 is the expected number of non-zero deviations per source location, 𝜎𝑦 is

the scale of the observed counts, 𝑆 − 1 is the number of potential destinations, and 𝑇

is the number of time points. This calibration ties global shrinkage to the expected

sparsity and data scale, strongly shrinking small deviations toward zero while allowing

anomalous pathways to be detected.

3.2.2. Reproduction number quantities

The model above implies several distinct reproduction number quantities that should

not be interpreted interchangeably. The quantities introduced below are indexed either

by source location 𝑘 or by destination location 𝑠, reflecting two complementary infer-

ential viewpoints. The intrinsic source-specific reproduction number 𝑅𝑘,𝑡 is source-

indexed and forward-looking, whereas the effective and local reproduction numbers are

destination-indexed and backward-looking. This distinction is intentional and reflects

the directional nature of transmission. In the absence of spatial coupling (𝛼𝑠,𝑘 = 0 for

𝑠 ≠ 𝑘), the source and destination indices coincide and 𝑅eff
𝑠,𝑡 = 𝑅𝑠,𝑡.

Intrinsic intrinsic source-specific reproduction number. For a case arising in region 𝑘

at time 𝑡, the intrinsic source-specific reproduction number 𝑅𝑘,𝑡 represents the expected
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total number of secondary infections generated across all regions and future times.

Under the column-stochastic constraint
∑𝑆

𝑠=1 𝛼𝑠,𝑘 = 1, the expected number of offspring

appearing in region 𝑠 equals

𝐵𝑡 (𝑠, 𝑘) = 𝛼𝑠,𝑘𝑅𝑘,𝑡 .

Summing across locations yields
∑𝑆

𝑠=1 𝐵𝑡 (𝑠, 𝑘) = 𝑅𝑘,𝑡 . Thus 𝑅𝑘,𝑡 is a forward-looking

measure of the intrinsic transmissibility of newly generated cases in region 𝑘. The

quantity 𝑤𝑘𝑅𝑘,𝑡, with 𝑤𝑘 = 𝛼𝑘,𝑘, corresponds to the expected number of offspring

retained locally.

Network reproduction number. Let 𝑩𝑡 = [𝐵𝑡 (𝑠, 𝑘)] denote the offspring matrix at

time 𝑡. Since
∑

ℎ>0 𝜙ℎ ≈ 1, the total expected number of offspring from a primary case

at (𝑘, 𝑡) equals 𝑅𝑘,𝑡, and the spatial allocation is determined by 𝜶.

The matrix 𝑩𝑡 plays the role of a next-generation matrix in multivariate branching

process theory (Diekmann et al., 1990; Allen and van den Driessche, 2013). We define

the network reproduction number as

𝑅net
𝑡 = 𝜌(𝑩𝑡),

where 𝜌(𝑩𝑡) denotes the spectral radius (largest eigenvalue in modulus) of 𝑩𝑡. From

branching theory, the system is supercritical if 𝜌(𝑩𝑡) > 1, critical if 𝜌(𝑩𝑡) = 1, and

subcritical if 𝜌(𝑩𝑡) < 1. Thus epidemic growth is determined by the spectral radius

rather than by any single 𝑅𝑘,𝑡.

Connection to classical univariate reproduction numbers. The definition of 𝑅net
𝑡

generalizes the reproduction number from standard closed-population renewal models.

When 𝑆 = 1, the offspring matrix reduces to the scalar 𝐵𝑡 = (𝑅1,𝑡), and therefore

𝜌(𝐵𝑡) = 𝑅1,𝑡 . In this case, the intrinsic source-specific reproduction number coincides
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exactly with the reproduction number estimated under univariate renewal models.

More generally, when working with multiple locations jointly, if it is assumed that

there is no cross-regional transmission (𝛼𝑠,𝑘 = 0 for 𝑠 ≠ 𝑘), then 𝑩𝑡 is diagonal and

𝜌(𝑩𝑡) = max𝑘 𝑅𝑘,𝑡 . Hence, the network reproduction number reduces to the largest re-

gional intrinsic source-specific reproduction number, and regions evolve independently.

With spatial coupling, however, 𝜌(𝑩𝑡) determines the epidemic threshold, extending the

classical renewal framework to a multivariate setting.

Observed effective reproduction number. Closed-population renewal estimators

(Wallinga and Teunis, 2004; Cori et al., 2013) are typically interpreted through

𝐸(𝑦𝑠,𝑡 | F𝑡−1) = 𝑅eff
𝑠,𝑡

∑︁
𝑙<𝑡

𝜙𝑡−𝑙 𝑦𝑠,𝑙,

where F𝑡−1 denotes the incidence history up to time 𝑡 − 1 across all locations. Under

this model,

𝜆𝑠,𝑡 = 𝜇 + 𝜆endo
𝑠,𝑡 , 𝜆endo

𝑠,𝑡 =

𝑆∑︁
𝑘=1

∑︁
𝑙<𝑡

𝛼𝑠,𝑘𝑅𝑘,𝑙𝜙𝑡−𝑙 𝑦𝑘,𝑙 .

Because renewal-based estimators attribute incidence to past observed cases, the ob-

served effective reproduction number corresponds to the endogenous component of

transmission. Defining 𝑅eff
𝑠,𝑡 via

𝜆endo
𝑠,𝑡 = 𝑅eff

𝑠,𝑡

∑︁
𝑙<𝑡

𝜙𝑡−𝑙 𝑦𝑠,𝑙,

implies

𝑅eff
𝑠,𝑡 =

∑𝑆
𝑘=1 𝛼𝑠,𝑘

∑
𝑙<𝑡 𝑅𝑘,𝑙𝜙𝑡−𝑙 𝑦𝑘,𝑙∑

𝑙<𝑡 𝜙𝑡−𝑙 𝑦𝑠,𝑙
.

When
∑

𝑙<𝑡 𝜙𝑡−𝑙 𝑦𝑠,𝑙 = 0, we define 𝑅eff
𝑠,𝑡 = 0 by convention.

Separating the 𝑘 = 𝑠 term from imported contributions yields an additive decompo-
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sition of observed effective transmission into local and imported components:

𝑅eff
𝑠,𝑡 = 𝑅local

𝑠,𝑡 + 𝑅
import
𝑠,𝑡 ,

where

𝑅local
𝑠,𝑡 =

𝑤𝑠

∑
𝑙<𝑡 𝑅𝑠,𝑙𝜙𝑡−𝑙 𝑦𝑠,𝑙∑
𝑙<𝑡 𝜙𝑡−𝑙 𝑦𝑠,𝑙

and 𝑅
import
𝑠,𝑡 =

∑
𝑘≠𝑠 𝛼𝑠,𝑘

∑
𝑙<𝑡 𝑅𝑘,𝑙𝜙𝑡−𝑙 𝑦𝑘,𝑙∑

𝑙<𝑡 𝜙𝑡−𝑙 𝑦𝑠,𝑙
.

When
∑

𝑙<𝑡 𝜙𝑡−𝑙 𝑦𝑠,𝑙 = 0, we define 𝑅local
𝑠,𝑡 = 0 and 𝑅

import
𝑠,𝑡 = 0 by convention.

Unlike the source-specific 𝑅𝑘,𝑡, both components, the effective and local reproduction

numbers, are backward-looking quantities that measure contributions to explaining

current cases and can be viewed as a weighted average of past reproduction numbers.

For real-time epidemic monitoring, the source-specific 𝑅𝑘,𝑡 is more informative because

it reflects current transmissibility, while the observed effective reproduction number

lags this signal.

When importation is negligible (i.e., 𝑤𝑠 ≈ 1 for all locations), the observed effective

reproduction number closely approximates the intrinsic source-specific reproduction

number, and standard methods provide accurate estimates. However, when cross-

location transmission is substantial, standard methods conflate local transmissibility

with importation. A location may appear to have an observed effective reproduction

number near one even when local transmissibility is well below one, if importation

sustains the case count. Therefore, this decomposition has practical implications for

intervention design. If standard methods suggest a reproduction number near one for

a given location, one might conclude that local transmission is barely controlled. Our

decomposition, however, reveals whether this reflects genuine local transmissibility or

sustained importation, and the two scenarios call for different responses. For instance,
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when the local component is high, local measures such as social distancing or masking

can be considered. When the imported component dominates, mobility restrictions or

cross-boundary coordination become more relevant.

3.2.3. Identifiability of the transmission matrix and reproduction

numbers

The intensity depends on the spatial weights and the reproduction numbers only through

their product 𝛼𝑠,𝑘𝑅𝑘,𝑡, so the two cannot be recovered from separate parts of the data

and must be estimated jointly. The column-stochastic constraint
∑𝑆

𝑠=1 𝛼𝑠,𝑘 = 1 fixes the

overall scale of each column. This is what allows 𝑅𝑘,𝑡 to be read as the total expected

number of secondary cases generated by a case at location 𝑘, and 𝛼𝑠,𝑘 as the share of

those cases allocated to location 𝑠.

Fixing the scale does not remove all ambiguity in finite samples. Because the

likelihood sees only the observed incidence, several distinct mechanisms can leave

a similar imprint on the data. Genuine exportation from one location to another,

synchronized epidemic waves driven by a common external shock, and mobility or

reporting patterns that the model does not represent can all produce comparable lagged

dependence between locations. Exportation and synchronized waves are the hardest to

tell apart, since a driver shared across locations produces lagged co-movement much

like exportation, with both leaving correlated increases in incidence separated by the

assumed lag structure. A further ambiguity is internal to the parameterization, because

the reproduction numbers 𝑅𝑘,𝑡, the allocation weights 𝛼𝑠,𝑘, and the baseline rate 𝜇 all

enter the same conditional mean and can partly substitute for one another over short
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windows, so a change in one can be partly absorbed by the others.

For these reasons the estimated 𝜶 is best read as a model-based allocation of sec-

ondary incidence under the assumed lag distribution, not as a measurement of physical

transmission between locations. A large weight 𝛼𝑠,𝑘 indicates that past incidence at loca-

tion 𝑘 helps explain later incidence at location 𝑠, which is consistent with a source–sink

relationship but is not by itself evidence that infections moved from 𝑘 to 𝑠. Distin-

guishing statistical association from physical transmission would require information

beyond case counts, such as human mobility, contact tracing, pathogen genomic data,

or interventions that alter transmission between specific locations.

§ 3.3. Bayesian inference

The posterior distribution involves time-varying latent states {𝑟𝑘,𝑡} and {𝑧𝑠,𝑡}, a struc-

tured spatial weight matrix 𝜶 with horseshoe priors and the baseline intensity 𝜇. A

single-site Gibbs sampler would mix poorly in this setting because the latent reproduc-

tion number trajectories {𝑟𝑘,𝑡} are strongly correlated across time and the horseshoe

prior induces complex dependence among the spatial parameters within each column

of 𝜶. We address these challenges with a block MCMC sampler that groups parameters

according to the conditional independence structure of the model.

Two non-centered parameterizations are introduced. First, the reproduction number

at location 𝑘 follows a random walk 𝑟𝑘,𝑡 = 𝑟𝑘,𝑡−1 +
√
𝑊 𝜂𝑘,𝑡 with 𝜂𝑘,𝑡 ∼ 𝑁 (0, 1), so that

𝑟𝑘,𝑡 =
√
𝑊

∑𝑡
𝑗=0 𝜂𝑘, 𝑗. Rather than sampling the correlated trajectory {𝑟𝑘,𝑡} directly, we

sample the disturbances 𝜼𝑘 = (𝜂𝑘,0, . . . , 𝜂𝑘,𝑇−1)′, which improves sampling efficiency.

Second, the off-diagonal deviations in the spatial weight parameterization are written
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as 𝜃𝑠,𝑘 = 𝜏𝑘𝛾̃𝑠,𝑘𝜀𝑠,𝑘 with 𝜀𝑠,𝑘 ∼ 𝑁 (0, 1), where 𝜏𝑘 is the column-specific global shrinkage

and 𝛾̃𝑠,𝑘 is the local shrinkage parameter from the horseshoe prior. Rather than sampling

𝜃𝑠,𝑘 directly, we sample the 𝜀𝑠,𝑘s, which avoids the pathological geometry that arises

when the centered parameterization concentrates near zero with occasional escapes to

large values (Betancourt and Girolami, 2013).

The column-stochastic constraint
∑

𝑠 𝛼𝑠,𝑘 = 1 implies that, although the likelihood

couples all columns of the transmission matrix through the intensity 𝜆𝑠,𝑡, the contribu-

tion of a given source location 𝑘 enters only through the corresponding column 𝛼·,𝑘.

Therefore, conditional on the reproduction numbers and the remaining columns, the spa-

tial parameters associated with column 𝑘 can be updated independently. This motivates

a column-wise blocking strategy in the MCMC algorithm.

Algorithm 6 summarizes the sampling scheme. Each iteration consists of four blocks,

described in turn below.

Algorithm 6: Blocked MCMC sampling for the network Hawkes-type model.
Sample zero-inflation indicators {𝑧𝑠,𝑡} via forward-filtering
backward-sampling;

Sample zero-inflation coefficients {𝛽0, 𝛽1} via HMC;
for 𝑘 = 1 to 𝑆 do

Sample spatial network parameters {𝜀·,𝑘, 𝛾·,𝑘, 𝜏𝑘, 𝑤𝑘} via HMC, where 𝜀𝑠,𝑘
are the standardized deviations in the non-centered horseshoe
parameterization 𝜃𝑠,𝑘 = 𝜏𝑘𝛾̃𝑠,𝑘𝜀𝑠,𝑘;

Sample reproduction number disturbances {𝜂𝑘,𝑡}𝑇−1
𝑡=0 via a MH step with a

Gaussian proposal derived from a linearized likelihood, where 𝜂𝑘,𝑡 are the
standardized innovations in the random walk 𝑟𝑘,𝑡 = 𝑟𝑘,𝑡−1 +

√
𝑊 𝜂𝑘,𝑡;

Sample baseline intensity 𝜇 via HMC;
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3.3.1. Zero-inflation indicators and coefficients

Sampling details for the zero-inflation indicators {𝑧𝑠,𝑡} and coefficients {𝛽0, 𝛽1} are

provided in § B.1.1. The latent indicators are updated independently by location using

forward-filtering backward-sampling, which yields a draw of each {𝑧𝑠,𝑡}𝑇𝑡=1 trajectory.

The coefficients (𝛽0, 𝛽1) are then updated jointly via HMC, targeting the logistic regres-

sion posterior under Gaussian priors.

3.3.2. Column-wise HMC for spatial network parameters

For each source location 𝑘, we jointly update the retention rate 𝑤𝑘, the standardized

deviation {𝜀𝑠,𝑘}𝑠≠𝑘, and the associated horseshoe shrinkage parameters {𝛾𝑠,𝑘}𝑠≠𝑘 and 𝜏𝑘.

This joint update is needed because changing one deviation 𝜀𝑠,𝑘 affects the normalized

weights at all destinations through 𝑈𝑘.

HMC operates on the unconstrained vector

𝝃𝑘 = ({𝜀𝑠,𝑘}𝑠≠𝑘, logit(𝑤𝑘), {log 𝛾𝑠,𝑘}𝑠≠𝑘, log 𝜏𝑘)′,

where the diagonal terms are omitted because 𝛼𝑘,𝑘 = 𝑤𝑘 is parameterized directly. The

log posterior target is

log 𝑝(𝝃𝑘 | ·) ∝
∑︁
𝑠,𝑡

𝑧𝑠,𝑡 log Pois(𝑦𝑠,𝑡 | 𝜆𝑠,𝑡) + 𝑎𝑤 log𝑤𝑘 + 𝑏𝑤 log(1 − 𝑤𝑘)

+
∑︁
𝑠≠𝑘

[
log 𝑁 (𝜀𝑠,𝑘 | 0, 1) + log 𝑝(𝛾𝑠,𝑘) + log 𝛾𝑠,𝑘

]
+ log 𝑝(𝜏𝑘) + log 𝜏𝑘,(3.3.1)

where 𝑎𝑤 log𝑤𝑘 + 𝑏𝑤 log(1 − 𝑤𝑘) combines the Beta(𝑎𝑤, 𝑏𝑤) prior on 𝑤𝑘 with the
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logit Jacobian, and log 𝛾𝑠,𝑘 and log 𝜏𝑘 are Jacobian corrections for the log-transformed

half-Cauchy priors from § 3.2. Because 𝛼𝑠,𝑘 depends only on column 𝑘, the gradients

of Eq. (3.3.1) are available in closed form; their expressions are given in § B.1.2.

3.3.3. Block update for reproduction number trajectories

We update the entire disturbance vector 𝜼𝑘 = (𝜂𝑘,0, 𝜂𝑘,1, . . . , 𝜂𝑘,𝑇−1)′ jointly using a MH

step with a Gaussian proposal constructed from a linearized Poisson likelihood. The

reproduction number trajectory is then recovered from 𝑟𝑘,𝑡 =
√
𝑊

∑𝑡
𝑗=0 𝜂𝑘, 𝑗.

We linearize ℎ(𝑟𝑘,𝑙) around the current iterate and use a moment-matched Gaussian

approximation to the Poisson likelihood to construct the proposal:

ℎ(𝑟𝑘,𝑙) ≈ ℎ(𝑟(𝑖)
𝑘,𝑙
) + ℎ′(𝑟(𝑖)

𝑘,𝑙
) (𝑟𝑘,𝑙 − 𝑟

(𝑖)
𝑘,𝑙
).

Under these approximations, 𝜆𝑠,𝑡 becomes linear in 𝜼𝑘.

Substituting the linearized link function into the intensity and isolating the contribu-

tion from source 𝑘 yields

𝜆
(𝑖)
𝑠,𝑡 = 𝜇

(𝑖)
𝑠,𝑡 +
√
𝑊 𝛼𝑠,𝑘

𝑡−1∑︁
𝑗=0

𝑐
(𝑖)
𝑘, 𝑗,𝑡

𝜂𝑘, 𝑗,(3.3.2)

where 𝜇
(𝑖)
𝑠,𝑡 collects terms not involving 𝜼𝑘, and

𝑐
(𝑖)
𝑘, 𝑗,𝑡

=

𝑡−1∑︁
𝑙= 𝑗

ℎ′(𝑟(𝑖)
𝑘,𝑙
)𝜙𝑡−𝑙 𝑦𝑘,𝑙 .

Stacking over time gives 𝝀(𝑖)𝑠 = 𝝁(𝑖)𝑠 +
√
𝑊 𝛼𝑠,𝑘 C(𝑖)

𝑘
𝜼𝑘, where C(𝑖)

𝑘
is lower triangular.
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Combining the 𝑁 (0, I) prior with the linearized likelihood gives the Gaussian proposal

𝜼𝑘 | · ∼ 𝑁

(
𝒖(𝑖)
𝑘
,

[
𝛀(𝑖)

𝑘

]−1
)
,(3.3.3)

with precision matrix and mean

𝛀(𝑖)
𝑘

= I +𝑊
𝑆∑︁
𝑠=1

𝛼2
𝑠,𝑘 C(𝑖)′

𝑘

[
𝚲(𝑖)𝑠

]−1
C(𝑖)

𝑘
,

𝒖(𝑖)
𝑘

=
√
𝑊

[
𝛀(𝑖)

𝑘

]−1 𝑆∑︁
𝑠=1

𝛼𝑠,𝑘 C(𝑖)′
𝑘

[
𝚲(𝑖)𝑠

]−1
𝒅 (𝑖)𝑠 ,

where 𝚲(𝑖)𝑠 = diag(𝜆 (𝑖)
𝑠,2, . . . , 𝜆

(𝑖)
𝑠,𝑇 ) and 𝒅 (𝑖)𝑠 = 𝒚𝑠 − 𝝁(𝑖)𝑠 . We draw 𝜼∗

𝑘
from this Gaussian

proposal and accept or reject it with a Metropolis–Hastings step targeting the exact

posterior under the Poisson likelihood.

The precision matrix 𝛀(𝑖)
𝑘

is the sum of the identity and a product of lower-triangular

matrices, and its Cholesky factor can be computed in 𝑂(𝑇2) operations per source

location. Since each source column is updated independently, the total cost per MCMC

iteration scales as 𝑂(𝑆𝑇2) for the reproduction number block.

3.3.4. Baseline intensity

The baseline intensity 𝜇 enters 𝜆𝑠,𝑡 additively and affects all locations and time points.

HMC therefore operates on the unconstrained scalar log 𝜇 targeting

log 𝑝(log 𝜇 | ·) ∝ log 𝑁 (log 𝜇 | 𝑎𝜇, 𝑏2
𝜇) +

∑︁
𝑠,𝑡

𝑧𝑠,𝑡 log Pois(𝑦𝑠,𝑡 | 𝜆𝑠,𝑡),

with the Jacobian correction for the log transformation on 𝜇.
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§ 3.4. Simulation studies

We report two simulation studies targeting distinct inferential questions. Study 1

evaluates recovery of epidemiologically interpretable quantities under heterogeneous

retention, including 𝑅𝑘,𝑡 trajectories, network-level transmissibility through 𝑅net
𝑡 , and

decomposition into local and imported components. Study 2 evaluates robustness and

predictive performance under structural variation, with emphasis on network specifica-

tion, mobility covariates, and prior choice. To focus on spatial transmission effects, the

data generating processes below do not include zero inflation; a dedicated zero-inflation

experiment is provided in § B.4.

3.4.1. Simulation design

All simulations generate count data {𝑦𝑠,𝑡} for 𝑆 locations over 𝑇 = 200 time points from

a Poisson model with intensity

𝜆𝑠,𝑡 = 𝜇 +
𝑆∑︁

𝑘=1

𝑡−1∑︁
𝑙=1

𝛼𝑠,𝑘𝑅𝑘,𝑙𝜙𝑡−𝑙 𝑦𝑘,𝑙,

where 𝜇 = 2, 𝑅𝑘,𝑡 = ℎ(𝑟𝑘,𝑡), ℎ(·) is a softplus function, and 𝑟𝑘,𝑡 follows a random

walk with innovation variance 𝑊 = 0.01. The lag distribution {𝜙𝑙} is a discretized

log-normal with mean 4.7 days and standard deviation 2.9 days, truncated at 𝐿 = 30

days and renormalized to sum to one. The spatial weights 𝛼𝑠,𝑘 are column-stochastic,

and the diagonal element 𝛼𝑘,𝑘 = 𝑤𝑘 gives the retention rate. When mobility information

is used, 𝑚𝑠,𝑘 encodes pairwise mobility between locations and 𝜃̃𝑠,𝑘 captures deviations

from the mobility-based pattern. When mobility information is omitted, off-diagonal

weights depend only on 𝜃̃𝑠,𝑘.
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Prior specifications are shared across simulation studies as follows: 𝑤𝑘 ∼ Beta(1, 1),

the horseshoe slab scale is 𝑐2 = 4, and log(𝜇) ∼ 𝑁 (0, 9). 𝑊 is fixed at its true value

for all simulation studies (for the Covid-19 data analysis, 𝑊 is selected using a grid-

based analysis as reported in § B.6.1). HMC step sizes and diagonal mass matrices are

adapted during burn-in via dual averaging (Hoffman and Gelman, 2014) with a target

acceptance rate of 0.75 and a target integration time of 𝑇 = 2.0. After burn-in, step

sizes are finalized and leapfrog counts are determined by the target integration time

divided by the adapted step size. MCMC inference uses 30,000 iterations with 5,000

burn-in and thinning to every 5th sample. Convergence is assessed via trace plots and

Gelman-Rubin statistics, with parameters achieving 𝑅̂ < 1.1.

We compare four approaches in the simulation studies: the proposed network Hawkes-

type model, a univariate Hawkes-type model fit separately to each location (Tang and

Prado, 2026), EpiEstim (Cori et al., 2013), and Wallinga–Teunis (WT; Wallinga and

Teunis, 2004). The network Hawkes-type model is fit with and without mobility

covariates, and with either regularized horseshoe or Gaussian priors on the off-diagonal

deviations 𝜃̃𝑠,𝑘. EpiEstim and WT are used in Study 1 and are also applied to aggregated

counts for comparison with the network reproduction number.

Performance is assessed using the mean absolute error (MAE) for reproduction num-

ber estimation, the continuous ranked probability score (CRPS) for probabilistic fore-

casting at horizons of 1, 5, and 10 steps, and the Frobenius norm between the posterior

mean and true spatial weight matrix.
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3.4.2. Study 1: parameter estimation with heterogeneous retention

Study 1 examines parameter recovery under heterogeneous retention in a five-location

network with𝑤𝑘 ∈ {0.9, 0.7, 0.5, 0.3, 0.3} for locations A–E and no mobility covariates,

so off-diagonal structure is driven only by 𝜃̃𝑠,𝑘. This yields a clear source–sink pattern:

location A retains 90% of secondary cases locally, locations D and E retain 30%, and

locations B and C are intermediate. We assess recovery of location-specific transmis-

sibility, network-level transmissibility, and the local/imported decomposition implied

by the fitted branching structure. Figure B.1 shows the case counts and spatial weight

matrix for this study. The simulated trajectories show a major peak with a sustained

tail, and mean incidence is highest in A and B (52 and 77), compared with C, D, and E

(30, 33, and 27), consistent with accumulation driven by retention versus redistribution

across the network.

Figure 3.1 compares the network reproduction number 𝑅net
𝑡 = 𝜌(B𝑡) with reproduc-

tion numbers obtained by applying WT and EpiEstim to case counts aggregated over

all five locations. The network Hawkes-type posterior mean tracks the true spectral

radius closely and the 95% credible intervals maintain full coverage over time in this

simulation. All methods detect the major peak near 𝑡 = 50, but the aggregated WT

and EpiEstim curves are consistently upward biased when 𝑅net
𝑡 < 1, most clearly for

𝑡 ≈ 100–150. This discrepancy is expected: in the aggregated renewal formulations,

the baseline immigration is absorbed into apparent onward transmission, whereas the

network Hawkes-type model separates immigration from secondary spread.

Figure 3.2 compares location-specific reproduction number estimates. The left panels

compare the intrinsic source-specific reproduction number 𝑅𝑘,𝑡 with WT and EpiEstim

estimates for each location, while the right panels decompose the effective reproduction
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Figure 3.1.: Network reproduction number 𝑅net
𝑡 : true values (black), posterior mean and

95% credible interval from the network Hawkes-type model, and reproduc-
tion numbers with 95% confidence intervals estimated by WT and EpiEstim
applied to aggregated case counts across all five locations.

number 𝑅eff
𝑘,𝑡

into local and imported components. Posterior means for 𝑅𝑘,𝑡 track the

true curves well across locations, with narrower credible intervals for locations A and

B, which have higher incidence. Differences between 𝑅𝑘,𝑡 and the univariate renewal

estimates vary with retention. In locations with high retention, the estimands are closer

because local transmission dominates; in locations with low retention, importation

contributes more strongly to 𝑅eff
𝑘,𝑡

, so WT and EpiEstim lie above the intrinsic 𝑅𝑘,𝑡.

Thus, the univariate methods track an effective closed-population quantity, whereas the

network Hawkes-type model separates intrinsic transmission from importation.

Figure 3.3 shows that the model recovers the spatial transmission structure, while

retention rate summaries are reported in Table B.1. All true 𝑤𝑘 values fall within

their 95% credible intervals. Off-diagonal weights are also well recovered: source–

destination pairs with high and low transmission are separated in the posterior mean

matrix. Uncertainty is larger for columns D and E because lower incidence provides less

information about how exported offspring are distributed across destinations. Together,
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(g) Location D: 𝑅𝑘,𝑡 comparison
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(i) Location E: 𝑅𝑘,𝑡 comparison
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Figure 3.2.: Reproduction number estimation for a simulated network Hawkes-type pro-
cess with five locations and heterogeneous retention rates. Left panels com-
pare the intrinsic source-specific reproduction number 𝑅𝑘,𝑡 (posterior mean
and 95% credible interval) with the true values and univariate benchmark
estimates from WT and EpiEstim. Right panels decompose the observed
effective reproduction number 𝑅eff

𝑘,𝑡
into local and imported contributions.

Locations with low retention (D, E) have higher importation than locations
with high retention (A, B).
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Figure 3.3.: Estimation of the spatial weight matrix 𝜶 = (𝛼𝑠,𝑘) in Study 1. The model
recovers both diagonal retention rates and off-diagonal transmission struc-
ture.

these results recover source–sink patterns that univariate analyses cannot identify. The

recovered source–sink structure illustrates how the fitted model can support hypothetical

intervention scenarios. Locations D and E, with retention rates near 0.3–0.4, export

most of their secondary cases to the network, so a hypothetical reduction in transmission

there would affect multiple destinations. By contrast, location A, with retention near

0.8, is largely self-sustaining, so analogous perturbations primarily affect local case

counts.

3.4.3. Study 2: model structure comparison

Study 2 examines when network structure, mobility covariates, and prior choice improve

inference relative to simpler alternatives. Unlike Study 1, which used a single realization

with heterogeneous retention, Study 2 varies a common retention rate across simulation

settings to isolate how retention governs the value of each modeling component. Each

setting is replicated three times with independent random seeds, and results are averaged

across replications. These replications are intended to check that the qualitative patterns
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are not driven by a single random seed, rather than to provide a full Monte Carlo study.

We compare four models: a univariate Hawkes model fit separately to each location,

a horseshoe network model that estimates the full spatial weight matrix, a horseshoe

+ mobility variant that adds a mobility covariate to the off-diagonal weights, and a

Gaussian network model that replaces the horseshoe prior with independent Gaussian

shrinkage.

Study 2a: Network with distance effect

In this scenario, the data generating process includes a mobility covariate in the off-

diagonal weights, 𝑣𝑠,𝑘 = 𝑚𝑠,𝑘 + 𝜃̃𝑠,𝑘, where 𝑚𝑠,𝑘 encodes pairwise mobility and 𝜃̃𝑠,𝑘

captures deviations from that baseline. We use 𝑆 = 5 locations and vary a common

retention rate across 30%, 70%, 90%, and 95% to assess how the value of network

structure changes as transmission becomes more local.

Table 3.1 shows two main patterns. First, across these simulations network models

improve reproduction number estimation relative to the univariate benchmark, with the

largest gains when cross-location transmission is strongest. Forecasting gains are more

selective: they are largest at low retention and longer horizons, but become negligible

when retention is 95% and transmission is mostly local. Second, adding mobility

primarily improves spatial weight recovery rather than forecasting. The Frobenius

norm decreases most at low retention, with smaller gains as retention rises. This

pattern suggests that when off-diagonal transmission is weak, incidence data provide

limited information about cross-location weights, so mobility contributes only modest

additional value.

109



Chapter 3. Network Hawkes models for spatio-temporal reproduction numbers

Table 3.1.: Network with mobility effect in the data generating process (𝑆 = 5, 𝑇 =

200). In these simulations, network models improve reproduction number
estimation, while mobility mainly improves spatial weight recovery.

Retention Model MAE(𝑅𝑘,𝑡) CRPS1 CRPS5 CRPS10 Frobenius

30%
Univariate 0.379 2.79 4.15 4.24 —
Horseshoe 0.129 2.95 3.61 3.62 0.543
Horseshoe + Mob. 0.128 2.91 3.62 3.63 0.499

70%
Univariate 0.141 19.5 23.7 36.7 —
Horseshoe 0.079 16.6 21.5 29.4 0.380
Horseshoe + Mob. 0.077 16.4 21.3 29.2 0.364

90%
Univariate 0.449 2.91 3.05 3.54 —
Horseshoe 0.067 3.18 2.98 3.20 0.523
Horseshoe + Mob. 0.065 3.14 2.97 3.19 0.528

95%
Univariate 0.162 3.70 3.44 4.37 —
Horseshoe 0.056 3.81 3.48 4.36 0.575
Horseshoe + Mob. 0.056 3.83 3.52 4.34 0.546

Study 2b: Robustness to misspecification

We assess robustness to two forms of misspecification. For covariate misspecification,

we generate data from a network model with no mobility effect and fit models both

with and without the mobility covariate. For prior misspecification, we replace the

horseshoe prior on 𝜃̃𝑠,𝑘 with an independent Gaussian prior. Detailed numerical results

are reported in Table S2. They show that including an unnecessary mobility term causes

little harm, while replacing the horseshoe prior with Gaussian shrinkage mainly worsens

forecast calibration when retention is low.
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Study 2c: Scaling to more locations

The final scenario examines how the value of mobility covariates changes with network

size. As the number of locations increases, the off-diagonal spatial weight parameter

space grows quadratically, increasing the potential value of structural regularization.

We repeat the Study 2a design with 𝑆 = 8 locations and retention rates of 30%, 70%,

and 95%.

Table 3.2.: Network with mobility effect (𝑆 = 8, 𝑇 = 200). Mobility covariates become
more useful as network size grows, especially for spatial weight recovery.

Retention Model MAE(𝑅𝑘,𝑡) CRPS1 CRPS5 CRPS10 Frobenius

30%
Univariate 0.180 4.37 5.31 6.83 —
Horseshoe 0.176 4.08 5.04 5.83 0.827
Horseshoe + Mob. 0.173 3.82 4.93 5.66 0.704

70%
Univariate 0.115 8.32 10.4 14.2 —
Horseshoe 0.108 7.33 9.53 11.9 0.533
Horseshoe + Mob. 0.094 7.22 9.42 11.8 0.516

95%
Univariate 0.074 2.50 2.54 3.14 —
Horseshoe 0.073 2.26 2.43 3.07 0.890
Horseshoe + Mob. 0.078 2.28 2.43 3.05 0.864

Table 3.2 supports the same overall conclusion at larger scale: mobility covariates be-

come more useful as spatial dimension grows. The largest gains appear in spatial weight

recovery, with more modest improvements in forecasting and reproduction number esti-

mation. This suggests that mobility covariates provide increasingly useful information

as the network becomes larger and the spatial parameter space expands.

3.4.4. Summary

The simulation study suggests several practical conclusions. First, network structure

substantially improves reproduction number estimation whenever cross-location trans-
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mission is non-negligible. Second, mobility covariates mainly improve spatial weight

recovery and interpretation rather than forecasting, and their value increases with net-

work size. Third, the horseshoe prior contributes most through forecast calibration,

especially at low to moderate retention. Finally, in these simulations, the model is

reasonably robust to both covariate and prior misspecification, so including mobility

structure and horseshoe regularization has limited downside when the true data gener-

ating process is uncertain.

Finally, the simulation in § B.4 shows that the zero-inflation component improves

reproduction number estimation and forecast calibration when reporting artifacts are

present (28% MAE improvement and 13% long-horizon CRPS improvement) and causes

negligible harm when they are absent.

3.4.5. Sensitivity analyses

We report how the model’s outputs change when the components that are fixed or tuned

rather than estimated, namely the lag kernel, the innovation variance 𝑊 of the random

walk, the priors, and the gain function, are varied, using the data generating process of

Study 1. The full results are in § B.5.1 to B.5.4 and are summarized here.

When the serial interval mean is varied from 2.5 to 7.5 days, and its dispersion is varied

at fixed mean, the excitation structure changes little. The off-diagonal transmission

weights change by about 0.03 in root mean square, the ordering of locations by net flow

changes by at most a single adjacent transposition, at the shortest lag, and the network

reproduction number changes by at most 0.08. The local and imported reproduction

numbers are deterministic functions of the transmission matrix and the reproduction

trajectories, so their variation over the grid is of the same order.
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The innovation variance 𝑊 controls the smoothness of the reproduction trajectories

and the width of their credible intervals. Over the grid, the interval width increases

monotonically with 𝑊, and coverage rises toward the nominal 95% level near the data

generating value 𝑊 = 0.01; the mean absolute error of 𝑅𝑘,𝑡 is smallest at that value.

The ordering of locations by net flow and the local and imported decomposition stay

close to their values at 𝑊 = 0.01 and move further as 𝑊 departs from it. Forecasting

performance as a function of 𝑊 is examined on the application data in § B.6.1.

When the prior hyperparameters are varied one at a time, across the retention, horse-

shoe slab, global shrinkage, baseline, and activation priors, the ordering of locations

by net flow is unchanged, the network reproduction number moves by at most 0.02,

the one-step forecast score stays within a few percent of the default, and the posterior

mean of the baseline intensity moves by at most 0.06 on a scale where 𝜇 = 2. The two

quantities that a prior parameterizes directly respond to it. The retention weights move

under the Beta prior on 𝑤𝑘, and the posterior median of the global shrinkage scale 𝜏𝑘

scales with the prior scale 𝜏0, roughly halving and doubling with it. A change to any

one prior leaves the other targets close to the default.

The reproduction number enters through the gain function, 𝑅𝑘,𝑡 = ℎ(𝑟𝑘,𝑡). When

data are generated and fit under the same gain function, the softplus and exponential

gain functions both recover their own data generating truth, with comparable error

in the transmission matrix, ordering of locations by net flow, and coverage of 𝑅𝑘,𝑡.

Fitting softplus-generated data under the exponential gain function leaves the ordering

unchanged and gives comparable reproduction number and transmission matrix errors,

so the recovered network is largely insensitive to the choice of gain function at estimation.

We use the softplus gain function for numerical stability, since the exponential gain
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function can produce very large reproduction numbers.

§ 3.5. Application: COVID-19 across California

counties

We apply the network Hawkes-type model to COVID-19 surveillance data from ten

California counties observed from July 2020 through November 2021. The counties

include five from the San Francisco Bay Area (Alameda, Contra Costa, San Francisco,

San Mateo, and Santa Clara) and five from the Central Valley or nearby areas linked by

commuting (Merced, Sacramento, San Joaquin, Santa Cruz, and Stanislaus). We assess

whether the model yields substantively different surveillance conclusions from standard

reproduction number analyses that treat each county independently, by separating local

transmission from importation across a regional network.

3.5.1. Data and model specification

Daily confirmed COVID-19 case counts were obtained from the California Department

of Public Health and converted to cases per 100,000 population using 2019 American

Community Survey estimates. The study period comprises 𝑇 = 517 days, with cumula-

tive incidence ranging from approximately 11,000 (San Francisco) to 28,000 (Merced)

per 100,000 population.

Pre-pandemic commuter flow data from the 2016 to 2020 American Community

Survey provide the mobility covariate matrix M = (𝑚𝑠,𝑘). Off-diagonal entries 𝑚𝑠,𝑘

give the share of county 𝑘’s out-commuters traveling to county 𝑠, normalized so that
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∑
𝑠≠𝑘 𝑚𝑠,𝑘 = 1, while diagonal entries are set to 𝑚𝑘,𝑘 = 1 as a reference level for within-

county transmission. Because these commuter flows are measured before the pandemic,

they need not reflect movement during the study period, when mobility changed sub-

stantially. We therefore treat M as a structural baseline for spatial connectivity rather

than as contemporaneous movement, and let departures during 2020–2021 be captured

through the deviation parameters 𝜃𝑠,𝑘.

The lag distribution {𝜙𝑙} is obtained by discretizing a log-normal density with mean

4.7 days and standard deviation 2.9 days, truncated at 𝐿 = 30 days and normalized to

sum to one. We fix this distribution to avoid confounding temporal transmission patterns

with the spatial allocation matrix and the time-varying reproduction trajectories. The

reproduction number random walk variance is fixed at 𝑊 = 0.005; sensitivity results

for this choice are reported in § B.6.1.

The horseshoe global shrinkage parameter is calibrated following Piironen and Vehtari

(2017). Setting the expected number of non-zero deviations from the mobility baseline to

𝑝0 = 2.8 per source column and using the data scale 𝜎̂𝑦 = 0.82 gives 𝜏0 = 𝑝0/(𝑆−1−𝑝0) ·

𝜎̂𝑦/
√
𝑇 = 0.016. The remaining priors are 𝑤𝑘 ∼ Beta(1, 1), 𝑐2 = 4, log(𝜇) ∼ 𝑁 (0, 9),

and independent 𝑁 (0, 9) priors for the zero-inflation coefficients, with latent indicators

initialized at 𝑧𝑠,0 = 0.

Posterior inference uses 35,000 MCMC iterations, with 10,000 discarded as burn-in

and every fifth draw retained thereafter. HMC step sizes and diagonal mass matrices

are adapted during burn-in using dual averaging (Hoffman and Gelman, 2014) with

target acceptance rate 0.75 and target integration time 2. Convergence was assessed

using trace plots and Gelman–Rubin diagnostics, with all reported parameters satisfying

𝑅̂ < 1.1. Full analysis required approximately 65 hours on a laptop with an Apple M1
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Pro processor and 32 GB of memory.

3.5.2. Transmission network, decomposition and forecasting results

We first summarize the inferred spatial transmission network, then examine how the

decomposition of reproduction numbers changes county-level interpretation, and finally

assess forecasting and scenario-based planning implications.

Estimated spatial transmission network
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(a) Posterior mean.

0.08

0.12

0.03

0.09

0.06

0.09

0.05

0.04

0.02

0.04

0.05

0.11

0.08

0.06

0.04

0.12

0.03

0.03

0.02

0.11

0.02

0.02

0.07

0.02

0.02

0.02

0.02

0.02

0.02

0.04

0.01

0.03

0.05

0.07

0.01

0.06

0.01

0.02

0.01

0.06

0.04

0.05

0.02

0.06

0.05

0.03

0.03

0.03

0.02

0.03

0.01

0.01

0.01

0.01

0.01

0.08

0.01

0.01

0.01

0.08

0.04

0.05

0.09

0.04

0.04

0.03

0.05

0.04

0.04

0.04

0.03

0.03

0.05

0.03

0.02

0.05

0.03

0.03

0.03

0.04

0.02

0.02

0.05

0.02

0.02

0.02

0.02

0.02

0.04

0.02

0.01

0.01

0.04

0.02

0.00

0.03

0.01

0.01

0.01

0.02

Ala
m

ed
a

C
on

tra
 C

os
ta

M
er

ce
d

Sac
ra

m
en

to

San
 F

ra
nc

is
co

San
 J
oa

qu
in

San
 M

at
eo

San
ta

 C
la
ra

San
ta

 C
ru

z

Sta
ni
sl
au

s

S
ta

n
is

la
u
s

S
a
n
ta

 C
ru

z
S

a
n
ta

 C
la

ra
S

a
n
 M

a
te

o
S

a
n
 J

o
a
q
u
in

S
a
n
 F

ra
n
c
is

c
o

S
a
c
ra

m
e
n
to

M
e
rc

e
d

C
o
n
tr

a
 C

o
s
ta

A
la

m
e
d
a

(b) Posterior standard deviation.

Figure 3.4.: Posterior mean (a) and standard deviation (b) of the estimated spatial weight
matrix 𝛼̂𝑠,𝑘. Each element 𝛼𝑠,𝑘 gives the fraction of secondary cases gener-
ated by source county 𝑘 that the fitted model allocates to destination county
𝑠. Diagonal entries correspond to retention rates 𝑤𝑘, and larger off-diagonal
values indicate a stronger estimated cross-county allocation.

Figure 3.4 presents the estimated spatial weight matrix. Retention rates vary substan-

tially across counties, ranging from 0.20 (San Mateo, Santa Clara) to 0.53 (Sacramento).
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Counties with lower retention rates generate a larger fraction of secondary cases in other

locations, while those with higher retention rates show more localized transmission.

The Bay Area employment centers tend to have lower retention, whereas Central Valley

residential counties and the geographically distant Sacramento have higher retention.

The off-diagonal weights reveal geographic clustering. Central Valley counties

(Stanislaus, Merced, San Joaquin) form a strongly connected cluster, with transmis-

sion weights from Stanislaus to Merced (𝛼̂Mer,Stan = 0.45) and from San Joaquin to

Stanislaus (𝛼̂Stan,SJ = 0.46) among the largest in the network. Bay Area counties sim-

ilarly cluster, with strong connections from Alameda to Contra Costa (𝛼̂CC,Ala = 0.29)

and from San Francisco to San Mateo.

Figure 3.5 compares the inferred transmission network with the pre-pandemic com-

muter mobility network, providing a visual benchmark for how the estimated trans-

mission pathways align with or depart from baseline mobility patterns. For visual

clarity, panel (a) displays only edges with 𝛼𝑠,𝑘 > 0.05, so the map emphasizes dominant

pathways while the complete estimated matrix is reported in Figure 3.4.

Several estimated transmission pathways run counter to commuter mobility patterns,

as shown in Fig. 3.5. For example, pre-pandemic mobility data indicate more com-

muters traveling from Contra Costa to Alameda than the reverse, yet the estimated

transmission weight from Alameda to Contra Costa (𝛼̂CC,Ala = 0.29) is much larger than

in the opposite direction (𝛼̂Ala,CC = 0.06). Because 𝛼𝑠,𝑘 gives the fraction of secondary

cases generated in county 𝑘 that the model allocates to county 𝑠, this asymmetry means

that, under the fitted network model, past incidence in Alameda receives a relatively

large allocation weight for explaining later incidence in Contra Costa. This is consis-

tent with a source–sink pattern, but it should not be read as direct causal evidence of
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(a) Estimated transmission network (edges with
𝛼𝑠,𝑘 > 0.05).
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(b) Pre-pandemic commuter mobility from
2016–2020 (edges > 0.05).

Figure 3.5.: Estimated transmission network (a) compared to pre-pandemic commuter
mobility from the 2016 to 2020 American Community Survey (b). Panel (a)
shows estimated transmission, while panel (b) shows the commuter base-
line. Arrows indicate the direction of the estimated transmission allocation
(a) or commuter travel (b), with thickness proportional to weight magni-
tude. Node shading reflects retention rate. Several estimated transmission
pathways run counter to commuter direction, a pattern that is consistent
with, but does not identify, transmission flowing from workplaces back to
residences.
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physical transmission from Alameda to Contra Costa. The asymmetry is compatible

with exposure occurring disproportionately in employment centers and subsequent in-

fections being realized in residential counties; it is also compatible with synchronized

epidemic waves, shared policy shocks, or time-varying mobility not captured by the

model, which the incidence data cannot distinguish from one another. The posterior

standard deviation map in Figure 3.4 indicates that these dominant directional links are

estimated more precisely than weaker off-diagonal edges.

Reproduction number decomposition

The key contribution of the proposed approach in this setting is the decomposition of

the observed effective reproduction number into local and imported components. The

intrinsic source-specific reproduction number 𝑅𝑘,𝑡 and retention rate 𝑤𝑘 are prospective

quantities: they describe how many secondary cases are generated by infections in

county 𝑘 and what fraction remain local. By contrast, the observed effective reproduction

number 𝑅eff
𝑠,𝑡 and its local contribution are retrospective quantities: they describe the

origins of cases observed in county 𝑠.

We also summarize each county’s network role through the net flow of transmission,

defined as the difference between total outgoing and incoming transmission weights:

Net Flow𝑘 =
∑︁
𝑠≠𝑘

𝛼𝑠,𝑘 −
∑︁
𝑗≠𝑘

𝛼𝑘, 𝑗.

Positive values indicate net exporters and negative values net importers. Because the

spatial weight matrix is column-stochastic (
∑

𝑠 𝛼𝑠,𝑘 = 1), net flow sums to zero across

counties. At a broad level, Bay Area counties tend to be net exporters, whereas Central

Valley counties tend to be net importers, with San Joaquin and Stanislaus showing the
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largest negative net flows. This source–sink pattern helps explain why counties with

similar observed reproduction numbers can nevertheless play very different roles in

regional transmission.

Table 3.3.: Reproduction number decomposition across ten California counties, ordered
by descending intrinsic source-specific reproduction number. All quantities
are temporal averages over the study period. Retrospective quantities (𝑅̄eff

𝑘

and local percentage) describe the origins of cases appearing in each county,
whereas prospective quantities (𝑅̄𝑘 and retention) describe the destinations
of transmission originating in each county. Net flow: difference between
total outgoing and incoming transmission weights.

Retrospective Prospective Net Case Household
County 𝑅̄eff

𝑘
Local% 𝑅̄𝑘 Retention% Flow Rate Size

Santa Clara 1.25 24.40 1.14 19.80 +0.34 14.40 2.97
San Francisco 1.25 37.75 1.10 31.77 +0.39 10.99 2.36
Santa Cruz 1.29 31.60 1.07 39.06 +0.34 14.79 2.73
Stanislaus 1.04 43.27 1.01 31.44 −0.54 26.35 3.09
San Mateo 1.24 20.01 0.93 19.54 +0.35 12.94 2.89
Sacramento 1.02 49.77 0.85 53.43 −0.04 19.74 2.77
Alameda 1.13 21.89 0.79 25.62 +0.26 13.24 2.81
Contra Costa 0.99 37.40 0.68 42.23 −0.15 16.35 2.86
San Joaquin 1.10 21.44 0.55 47.23 −0.53 23.94 3.16
Merced 1.07 22.08 0.65 49.21 −0.44 27.85 3.31

Table 3.3 presents temporal averages of the estimated quantities for all ten counties.

Although the observed effective reproduction number remains near 1.0 across counties,

the underlying dynamics differ sharply. The intrinsic source-specific reproduction

number ranges from 0.55 (San Joaquin) to 1.14 (Santa Clara), and the local contribution

to the observed effective reproduction number ranges from 20% (San Mateo) to 50%

(Sacramento). This heterogeneity is not visible under closed-population methods.

Counties with higher case rates tend to have lower intrinsic source-specific reproduc-

tion numbers. For example, Merced has the highest mean daily new case rate (27.9 per
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Figure 3.6.: Reproduction number comparison and decomposition for five counties (al-
phabetical order, continued in Fig. 3.7). Left panels compare the intrinsic
source-specific reproduction number 𝑅𝑘,𝑡 against the observed effective
reproduction number from the network Hawkes-type model and two bench-
mark methods (EpiEstim and Wallinga–Teunis). Right panels decompose
the observed effective reproduction number into local transmission (orange)
and importation (purple) components. Solid lines are posterior means with
shaded 95% credible intervals.
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Figure 3.7.: Reproduction number comparison and decomposition for the remaining five
counties. Left panels compare the intrinsic source-specific reproduction
number 𝑅𝑘,𝑡 against the observed effective reproduction number from the
network Hawkes-type model and two benchmark methods (EpiEstim and
Wallinga–Teunis). Right panels decompose the observed effective repro-
duction number into local transmission (orange) and importation (purple)
components. Solid lines are posterior means with shaded 95% credible
intervals.
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100,000) but a low intrinsic source-specific reproduction number (0.65), whereas San

Francisco has the lowest case rate (11.0 per 100,000) but a comparatively high intrinsic

source-specific reproduction number (1.10). Across counties, the correlation between

𝑅̄𝑘 and mean daily new case rate is −0.52. This negative relationship is consistent with

the network structure: counties with high intrinsic transmissibility but low retention

generate secondary cases that appear elsewhere, whereas counties with lower intrinsic

transmissibility can accumulate cases through importation. Case rates therefore mea-

sure where disease appears, while the intrinsic source-specific reproduction number

summarizes where the fitted model attributes onward transmission.

The estimates also show a clear source–sink geographic structure. Bay Area counties

tend to have higher intrinsic source-specific reproduction numbers, lower retention rates,

and positive net flow, whereas Central Valley counties such as San Joaquin and Merced

tend to have lower intrinsic source-specific reproduction numbers, higher retention

rates, and negative net flow. Sacramento appears more self-contained, with the highest

retention rate (53%) and highest local contribution (50%).
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Figure 3.8.: Network reproduction number 𝑅net
𝑡 over time, defined as the spectral radius

of the transmission matrix. The network quantity is compared to repro-
duction numbers estimated by EpiEstim and Wallinga–Teunis applied to
aggregated daily case counts across all ten counties.
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While county reproduction numbers vary substantially, the overall epidemic trajectory

is governed by the spectral radius of the network transmission matrix. Figure 3.8

shows that the estimated network reproduction number broadly aligns with EpiEstim

and Wallinga–Teunis applied to aggregated county counts, although the aggregated

estimates sit slightly above the network quantity when it falls below one. The network

reproduction number nevertheless cannot replace the county-level decomposition in

Table 3.3, which shows where the fitted model attributes onward transmission and

where cases accumulate.

Taken together, these results show that decomposition changes epidemiological inter-

pretation in ways that aggregate or closed-population methods cannot recover: counties

with similar observed effective reproduction numbers can have very different balances of

local transmission and importation. This distinction matters for interpreting hypothet-

ical control scenarios, because perturbations to local transmissibility are most relevant

in source counties, whereas counties dominated by importation are more affected by

perturbations to cross-county transmission pathways. One possible interpretation of the

source–sink pattern is that some infections are acquired in Bay Area employment centers

but recorded later in residential counties, producing estimated transmission flows that

run opposite to commuter direction. This interpretation is consistent with the combi-

nation of higher intrinsic source-specific reproduction numbers in Bay Area counties,

larger case burdens in some residential counties, and external evidence that household

transmission was an important amplifier of COVID-19 spread (Madewell et al., 2020;

Thompson et al., 2021; Chang et al., 2021; Gatto et al., 2020). We emphasize, however,

that the model does not identify this mechanism directly, and these comparisons should

be viewed as contextual support rather than causal evidence.
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Out-of-sample forecasting performance

We evaluate forecasting performance using a rolling-window design with fourteen fore-

cast origins, one at each of the last fourteen days of the training data. At each origin 𝑡0

we fit the model to observations through time 𝑡0 and generate probabilistic forecasts at

horizons ℎ ∈ {1, 5, 10} days. All four methods forecast the same daily incidence series

on the cases per 100,000 scale, and each reported score is averaged over the fourteen

origins and the ten counties, so the scores are comparable across methods. Performance

is assessed using the continuous ranked probability score (CRPS) and the empirical cov-

erage of 95% prediction intervals, that is, the fraction of held-out observations falling

within the central 95% interval of the posterior predictive distribution. Of the network

model’s settings, only the innovation variance 𝑊 is chosen with reference to forecast-

ing performance, while the lag kernel is fixed in advance and the horseshoe scale is

calibrated from the scale of the observed counts. The value 𝑊 = 0.005 is selected on

an earlier rolling-origin window that does not overlap these fourteen evaluation origins

(§ B.6.1), so the reported comparison does not reuse the data that informed the choice,

and the univariate and EpiEstim baselines are run at their standard settings without

tuning to this objective.

We compare four methods. The network Hawkes-type model developed in this pa-

per. The univariate Hawkes-type model from (Tang and Prado, 2026), which fits each

county independently using a single-location version of the same framework without

cross-county transmission. Two EpiEstim-based approaches, both of which first esti-

mate county-level reproduction numbers and then generate forward simulations. The

“vanilla” variant holds the most recent reproduction number estimate constant over the

forecast horizon, following the approach in the EpiEstim and projections R pack-
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age vignettes. The “AR” variant models the resulting log(𝑅𝑠,𝑡) series with a univariate

autoregressive process and simulates incidence forward using the renewal equation with

the forecasted reproduction numbers.

Table 3.4.: Out-of-sample forecasting performance (mean CRPS and 95% prediction
interval coverage across counties and forecast origins). Lower CRPS indi-
cates better calibrated probabilistic forecasts.

One-step-ahead Five-step-ahead Ten-step-ahead
CRPS Coverage CRPS Coverage CRPS Coverage

Univariate Hawkes-type 1.43 1.00 4.23 0.85 6.15 0.84
EpiEstim/Vanilla 2.53 0.97 3.24 0.90 6.52 0.83
EpiEstim/AR 2.56 0.97 3.29 0.86 6.90 0.88
Network Hawkes-type 2.04 0.98 2.40 0.91 3.39 0.84

Table 3.4 shows a clear horizon-dependent pattern. At the one-step horizon, the

univariate Hawkes-type model achieves the lowest CRPS, which is consistent with the

limited role of cross-county importation in next-day prediction and with the advantage

of estimating fewer parameters. At longer horizons, however, the network Hawkes-type

model performs best, reducing CRPS by 43% relative to the univariate Hawkes-type

model and by 48% relative to the EpiEstim variants at ten steps. This comparison

is particularly informative because the univariate and network Hawkes-type models

differ mainly in whether cross-county transmission is included. The univariate model

deteriorates sharply across horizons (from 1.43 to 6.15), whereas the network model

deteriorates more gradually (from 2.04 to 3.39). The EpiEstim variants show a pattern

closer to the univariate Hawkes-type model. Overall, these results suggest that network

structure contributes most to forecasting skill at medium and long horizons, when

importation from neighboring counties has more time to accumulate. This is consistent

with the simulation study, where the advantage of the network model was strongest at
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longer horizons and lower retention rates, matching the application setting in which

estimated retention rates range from 0.20 to 0.53. These results indicate that the

network model improves medium- and longer-horizon forecasts where cross-location

transmission is non-negligible, while the univariate model is more accurate at the one-

step horizon. The prediction intervals are close to their nominal level at the one-step

horizon and fall somewhat below it at the longer horizons for all four methods, and the

network model’s longer-horizon intervals are about as well calibrated as those of the

alternatives.

Model-based scenario analysis

The fitted model can also be used to generate illustrative scenario projections that

reflect the spatial heterogeneity revealed by the network decomposition. We consider

four hypothetical parameter perturbations, each initiated at time 𝑡0 and evaluated over

the remaining observation period (𝑡0, 𝑇].

1. Source targeting: Reduce 𝑅𝑘,𝑡 by 20% for 𝑡 > 𝑡0 in the three counties with the

highest transmissibility (Santa Clara, San Francisco, Santa Cruz), mimicking a

hypothetical reduction in source-county transmissibility.

2. Sink targeting: Reduce 𝑅𝑘,𝑡 by 20% for 𝑡 > 𝑡0 in the three counties with the

lowest transmissibility and negative net flow (Merced, San Joaquin, Contra Costa),

mimicking hypothetical local reductions in counties whose fitted counts are more

strongly shaped by importation.

3. All-pathway reduction: Reduce all incoming cross-county transmission weights

to San Joaquin by 50%, setting 𝛼SJ,𝑘 ← 0.5 · 𝛼SJ,𝑘 for all 𝑘 ≠ SJ, while holding
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reproduction numbers constant. This mimics a broad reduction in incoming

cross-county pathways into San Joaquin.

4. Targeted pathway removal: Remove the single largest incoming transmission

pathway from Santa Clara to San Joaquin by setting 𝛼SJ,SC = 0, while leaving all

other weights unchanged. This mimics a narrow perturbation to the fitted pathway

from Santa Clara to San Joaquin.

We set 𝑡0 to Nov 1, 2020, before the winter surge. For each scenario, we simulate

epidemic trajectories under the modified parameter values and compare cumulative

cases with the corresponding fitted-model baseline. These comparisons are descriptive

summaries of the fitted model under hypothetical perturbations and are not interpreted

as identified causal effects. Posterior uncertainty is propagated across MCMC samples.

Table 3.5.: Projected reduction in cumulative cases under four hypothetical scenarios
evaluated under the fitted model. Values are posterior mean percentage re-
ductions with 95% credible intervals. Network-wide effects are summed
across all ten counties. Santa Clara and San Joaquin are shown as represen-
tative counties.

Scenario Network Santa Clara San Joaquin

Source targeting 37.51 [30.52, 45.35] 43.47 [35.98, 51.88] 38.33 [31.38, 46.38]
Sink targeting 3.29 [1.52, 6.89] 2.02 [0.76, 5.12] 5.49 [1.88, 10.09]
Reduce all pathways 4.58 [3.49, 6.11] 0.31 [0.05, 1.07] 29.80 [24.18, 35.67]
Remove targeted pathway 4.25 [2.36, 6.68] 0.29 [0.05, 1.07] 27.92 [15.81, 41.46]

Table 3.5 shows how these hypothetical perturbations differ under the fitted model. In

these simulations, reducing reproduction numbers in the three counties with the highest

transmissibility produces larger network-wide reductions than the corresponding per-

turbation applied to the three counties with the lowest transmissibility and negative net

flow. For San Joaquin, perturbations to incoming pathways produce larger projected
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reductions than the county-level reduction applied in the scenario that targets sinks. The

two pathway-based perturbations for San Joaquin also give similar projected reductions.

We emphasize that these contrasts are useful for illustrating how the fitted model trans-

lates the estimated source–sink structure into medium-term projections, but they should

not be interpreted as causal policy effects.

§ 3.6. Concluding remarks

This chapter developed a Bayesian network Hawkes-type model for spatio-temporal

disease surveillance that estimates time-varying intrinsic source-specific reproduction

numbers, learns a sparse transmission network from incidence data, and provides an

explicit decomposition of the observed reproduction number into local and imported

components. The four contributions of the model class, namely the decomposition itself,

the spectral radius interpretation of the system-level epidemic threshold, the regularized

horseshoe prior on the off-diagonal entries of𝜶, and the Markov-switching zero-inflation

component for structural absences, are coupled in the likelihood and recovered in a single

Bayesian update through the block MCMC sampler of Algorithm 6.

The simulation studies showed the main features of the model class across a range

of transmission regimes. Network structure improved reproduction number estimation

by 56% to 86% in mean absolute error over single-location baselines whenever spatial

transmission was non-negligible, with forecasting gains concentrated at longer horizons

and lower retention rates. The horseshoe prior on the spatial weight deviations remained

robust to covariate misspecification, and the value of the distance covariate increased

with network size, reflecting the quadratic growth in the number of off-diagonal pa-
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rameters. The Markov-switching zero-inflation component improved both reproduction

number estimation and longer-horizon forecast calibration when runs of structural zeros

were present, and remained close to the baseline model when they were not, which

suggests that including the component carries little risk in surveillance settings with

low incidence.

The California application revealed substantial heterogeneity in transmission dy-

namics that standard univariate or closed-population multivariate methods would not

capture. All ten counties had observed effective reproduction numbers near one under

closed-population estimation, but the network decomposition produced intrinsic source-

specific reproduction numbers ranging from 0.55 in San Joaquin to 1.14 in Santa Clara,

with local contributions to the observed effective reproduction number as low as 20%.

The estimated transmission network showed a source and sink structure, with Bay Area

employment counties appearing as net sources and Central Valley residential counties as

net sinks. A scenario analysis illustrated how the same observed reproduction number

can imply very different projected trajectories under hypothetical targeted perturbations

of the fitted model, depending on whether transmission at the location is driven primarily

by local spread or by importation.

Two limitations deserve emphasis. First, the spatial weights are treated as static

parameters, so the model does not capture temporal changes in transmission pathways

over the course of an epidemic. The estimated 𝜶 is therefore best read as an average

or persistent connectivity structure over the study period rather than as a time-invariant

mechanism, which matters over a span as long and as epidemiologically variable as

the one considered here. A fit on three epidemic subperiods, reported in § B.6.2,

shows that the excitation matrix does shift across regimes while the ordering of counties
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by net flow is broadly preserved, consistent with this reading. Temporal variation is

assigned to 𝑅𝑘,𝑡 while 𝜶 is held fixed because letting both vary freely would sharpen

the identifiability problems discussed in § 3.2.3 and add substantial computational cost.

Allowing time-varying 𝜶 would be a substantial extension, and is outside the scope of

this chapter. Second, validation of the estimated transmission pathways is necessarily

indirect. The model identifies lagged statistical dependence in incidence rather than

physical transmission, and synchronized regional epidemics make this distinction harder

to draw (Reich et al., 2021). The scenario analysis should likewise be read as descriptive

of the fitted model rather than as causal evidence, particularly under large perturbations

that could themselves alter behavior or network structure.

The model also contains no explicit seasonal or day-of-week term. A residual analysis

on the application data (§ B.6.3) finds a weekly cycle in the standardized posterior

predictive residuals, with a dominant residual period of one week for all ten counties

and positive residual autocorrelation at lags of one and two weeks, while showing

no monthly or yearly seasonality. This weekly structure is consistent with day-of-

week reporting patterns rather than with weekly variation in transmission, and the

reproduction trajectories, smoothed by the small innovation variance 𝑊, do not absorb

it. Its most direct effect is at the observation level, where the Poisson model understates

the predictive dispersion at short horizons. Because the weekly cycle is faster than

the transmission dynamics that the excitation matrix and the reproduction trajectories

represent, we expect it to have limited influence on the source and sink ordering, the

network reproduction number, and the local and imported decomposition, although we

do not fit a model with a seasonal term to verify this directly. Incorporating a day-of-

week or seasonal term in the intensity, or aggregating to weekly counts, is a natural
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extension left to future work.

Zero inflation, finally, is not needed for the California application, where the counts are

not sparse. Only 0.2% of the observed counts are zero, and those zeros are isolated rather

than occurring in runs. When the full model is fit with the zero-inflation component,

the activation process switches itself off, learning an activation probability near one and

flagging no observation as a structural zero (§ B.6.4). Fitting without the component,

as a plain Poisson observation model, leaves the network reproduction number, the

ordering of counties by net flow, and the forecast scores essentially unchanged. We

retain the component in the reported fit as a safeguard that reduces to Poisson when

structural zeros are absent, and the simulation in § B.4 shows that it helps when runs of

structural zeros are present, as in sparser small-area settings.

On the computational side, a cost of 𝑂(𝑆𝑇2+𝑆2𝑇) per iteration is compatible with the

weekly cadence of medium-term policy planning at the ten-county scale of the appli-

cation, but becomes prohibitive for routine daily updates across larger networks. This

computational bottleneck is different from that in event-level spatio-temporal Hawkes

models, where the main cost comes from the quadratic number of pairwise event-

triggering calculations and has been addressed using GPU and distributed computing

(Holbrook et al., 2020b; Ko et al., 2024). Here the goal is instead to exploit the aggre-

gated count structure to obtain interpretable regional surveillance summaries without

introducing latent within-county event locations. Chapter 4 develops a structured vari-

ational counterpart to the present sampler. The proposed particle Laplace variational

approximation (PLVA) follows the same column-wise factorization but replaces the

block MCMC updates with an importance-weighted particle approximation for the la-

tent reproduction trajectory and a mixture of Laplace approximations for the spatial
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parameters. It stands in the same relation to the network Hawkes-type model that

the hybrid variational approximation (HVA) of Chapter 2 stands in to the dynamic

generalized transfer function (DGTF) class.
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Chapter 4

Particle Laplace variational approximation for

network Hawkes models

§ 4.1. Introduction

The block MCMC sampler developed in Chapter 3 provides asymptotically exact pos-

terior inference for the network Hawkes-type model, but at a cost of 𝑂(𝑆𝑇2 + 𝑆2𝑇) per

iteration. This together with the several thousand iterations needed for adequate mixing

make routine daily updates impractical when the number of locations 𝑆 grows beyond

the ten-county scale considered there. Variational inference is the natural computational

alternative for this regime, and this chapter develops an algorithm in that spirit, matched

to the geometry of the network Hawkes-type posterior.

The matching is motivated by features of the posterior that simple approximating fami-

lies represent poorly. The transmission weights 𝛼·,𝑘 and the source-specific reproduction

trajectory 𝑟𝑘 = (𝑟𝑘,0, . . . , 𝑟𝑘,𝑇 ) enter the intensity multiplicatively as 𝜆𝑠,𝑡 ∝ 𝛼𝑠,𝑘 ℎ(𝑟𝑘,𝑡),

where ℎ is the positive monotone gain function used in Chapter 3. The column-stochastic

constraint removes the pure rescaling degeneracy between the two components, and the
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regularized horseshoe prior shrinks most off-diagonal entries of 𝜶 toward a mobility-

based baseline. Even so, the likelihood remains nearly flat along directions that trade

off spatial allocation against reproduction number magnitude when destination trajec-

tories are highly correlated across source locations. Such correlation arises routinely in

epidemic surveillance, where synchronized waves of cases propagate across geograph-

ically connected counties, and the corresponding posterior shows pronounced ridges

along the flat directions. The conditional posterior of either block given the other re-

mains concentrated near its mode, allowing the block sampler of Chapter 3 to traverse

the ridges by alternating block updates without collapsing them. These ridges need

not be elliptical. They can be curved, skewed, heavy tailed, or locally multimodal,

and it is that departure from elliptical geometry, rather than correlation itself, that a

joint Gaussian variational approximation cannot follow. A correlated joint Gaussian

does represent linear dependence between the two blocks, but it constrains the mean

of either block given the other to be affine in that other block, and the corresponding

covariance to be the same wherever the ridge is evaluated. A single Gaussian centered

at one mode can therefore misrepresent the spread of a ridge whose location and cur-

vature change along its length. A mean-field factorization fares worse, since it removes

the cross-block dependence on which the conditional structure rests. The variational

Bayes method of Sulem et al. (2025) for sparse continuous-time Hawkes processes

adopts a mean-field family and addresses graph sparsity through thresholded penalties

on triggering kernels, while the Cox-Hawkes method of Miscouridou et al. (2022) for

continuous-space spatio-temporal Hawkes inherits the unimodal Gaussian variational

geometry of automatic differentiation variational inference. Neither method addresses

the ridge structure that the multiplicative parameterization produces in this setting.
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This chapter develops the particle Laplace variational approximation (PLVA), an

iterative conditional approximation that preserves the conditional update structure of

the block sampler of Chapter 3. The method cycles through four blocks, each given

an approximating family matched to the conditional geometry of the corresponding

posterior. It does not optimize a single global evidence lower bound. What it returns

instead is a stable collection of conditional approximations, whose accuracy is assessed

empirically against the block sampler. The efficient importance variational approxi-

mation of Loaiza-Maya and Nibbering (2025), referred to hereafter as EIVA, handles

the latent reproduction trajectory. The EIVA draws weighted particles from a Gaussian

proposal calibrated against the observation density through a single Taylor linearization,

and corrects the bias of the linearization through self-normalized importance weights

against the exact observation density with the zero-inflation indicators marginalized.

The spatial parameters then receive a mixture of Laplace approximations whose com-

ponents are placed at the conditional posterior modes for each EIVA particle, with

mixture weights inherited from the EIVA importance weights. The horseshoe scales

and inverse-gamma auxiliaries are updated by approximate moment formulas based

on the centered, unregularized Makalic–Schmidt augmentation (Makalic and Schmidt,

2016). The zero-inflation indicators are marginalized analytically by forward filtering

of the binary Markov chain because the PLVA requires only the marginal observation

density and its derivatives, not posterior samples of the indicators. This differs from the

forward-filtering backward-sampling step used inside the MCMC sampler of Chapter 3,

which explicitly samples the indicator trajectories.

The methodological argument turns on a variance decomposition for the mixture on

the spatial block that mirrors the law of total variance applied to the column-conditional
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variational joint distribution. The within-particle component of the mixture variance

aggregates the local conditional curvatures across particles, and the between-particle

component captures how the conditional mode of the spatial parameters varies across

the importance-weighted reproduction trajectories. Both components have analogues

under a correlated joint Gaussian, since the same decomposition holds there. What

separates the mixture is that its components are free to move and to change shape from

one trajectory to the next, whereas a joint Gaussian ties the conditional mean to an affine

function of the trajectory and holds the conditional covariance fixed. The mixture is

therefore expected to help when the conditional mode or curvature of the spatial block

varies nonlinearly with the trajectory, and a correlated Gaussian may be adequate when

that dependence is close to affine. Which case obtains is an empirical question, and the

size of any gain depends on how sharply the conditional spatial mode responds to 𝜼 in

the regimes we tested. A mean-field family remains more restrictive than either, since it

drops the dependence between the blocks altogether. The empirical contribution of the

chapter is to document, through simulation studies and an application to daily COVID-

19 case counts across ten California counties, that the PLVA matches the posterior

medians, the reproduction number trajectories, and the predictive summaries of the

block MCMC sampler of Chapter 3 at 2 to 15 times lower wall clock cost depending

on the particle count. A replicated comparison against MCMC on ten independently

simulated datasets also shows that the credible intervals on the spatial parameters stay

too narrow at every particle count, which identifies a structural property of the Laplace

mixture that the discussion section returns to with two concrete refinements.

The PLVA draws on several research threads. Within variational inference for state-

space models, the closest precedent is the Gaussian variational approximation of Quiroz
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et al. (2023) for high-dimensional state-space models, together with the broader struc-

tured variational methods of Hoffman et al. (2013) and the streamlined variational

Bayes approach of Wand (2017). The use of importance-weighted Laplace compo-

nents extends these approaches to settings in which the conditional distribution of the

spatial block has a well-defined local mode and curvature but is non-conjugate, while

the temporal block requires an importance correction in place of analytic conditional

sampling. Within Bayesian inference for aggregated Hawkes processes, the closest

precedent is Zhou and Papadogeorgou (2025) that develops a MCMC treatment for a

continuous-time Hawkes process whose events are observed only as counts aggregated

into time bins. The model presented in this chapter is instead a discrete-time network

Hawkes-type model. The renewal mechanism is discretized directly through a fixed

serial interval, the unit of analysis is the daily count rather than a binned realization of

an underlying continuous-time process, and the process is multivariate, with a column-

stochastic transmission matrix, a regularized horseshoe prior on its off-diagonal entries,

and a Markov-switching zero-inflation component that the single-process aggregated

setting does not contain. The contribution is also methodologically distinct. Zhou and

Papadogeorgou (2025) address the continuous-time aggregation problem by sampling,

whereas this chapter develops a structured variational algorithm for the discrete-time

network problem, designed around the ridge geometry that the multiplicative param-

eterization produces. The two approaches are therefore complementary rather than

competing. The PLVA also generalizes the modified hybrid variational approximation

(HVA) of Loaiza-Maya et al. (2022) that was applied to the univariate dynamic gener-

alized transfer function (DGTF) class in Chapter 2. The global block of § 4.3.5 retains

that factorization, and the spatial and temporal blocks are augmented to handle the
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multiplicative coupling that distinguishes the network setting from the univariate one.

The remainder of the chapter is organized as follows. § 4.2 fixes the notation and

recalls the components of the network Hawkes-type model that the PLVA relies on. § 4.3

develops the proposed particle Laplace variational approximation (PLVA) algorithm,

presenting each of the four blocks of this algorithm and the block-coordinate algorithm.

§ 4.4 reports simulation studies that compare the proposed method with the block

MCMC sampler of Chapter 3 and baseline algorithms that use mean-field and Gaussian

copula variational approaches. § 4.5 applies the proposed method to the daily COVID-

19 case counts across ten California counties analyzed in the previous chapter. § 4.6

summarizes the chapter and discusses limitations.

§ 4.2. Network Hawkes-type model and notation

The variational approximation builds on the network Hawkes-type model developed in

Chapter 3. This section fixes the notation used throughout the chapter and recalls the

components that the variational method relies on.

Let 𝑦𝑠,𝑡 denote the observed case count at destination 𝑠 ∈ {1, . . . , 𝑆} and time 𝑡 ∈

{1, . . . , 𝑇}. The observation model is the zero-inflated Poisson of Chapter 3, governed

by a latent activation indicator 𝑧𝑠,𝑡 that follows a first-order Markov chain on {0, 1}

with logit(𝑝𝑠,𝑡) = 𝛽0 + 𝛽1 𝑧𝑠,𝑡−1. Conditional on 𝑧𝑠,𝑡 = 1, the count follows a Pois(𝜆𝑠,𝑡)

distribution with intensity

𝜆𝑠,𝑡 = 𝜇 +
𝑆∑︁

𝑘=1

𝑡−1∑︁
𝑙=1

𝛼𝑠,𝑘 𝑅𝑘,𝑙 𝜙𝑡−𝑙 𝑦𝑘,𝑙,(4.2.1)

combining the baseline rate 𝜇, the column-stochastic transmission weights 𝛼𝑠,𝑘, the
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intrinsic source-specific reproduction numbers 𝑅𝑘,𝑙, and the fixed serial interval distri-

bution 𝜙𝑡−𝑙.

The reproduction number 𝑅𝑘,𝑡 = ℎ(𝑟𝑘,𝑡) is a positive monotone transformation of

a latent state 𝑟𝑘,𝑡 that follows a Gaussian random walk 𝑟𝑘,𝑡 = 𝑟𝑘,𝑡−1 +
√
𝑊 𝜂𝑘,𝑡 with

𝜂𝑘,𝑡 ∼ 𝑁 (0, 1), 𝑟𝑘,0 = 0, and gain function ℎ(𝑟) = log(1 + 𝑒𝑟). The non-centered

representation 𝑟𝑘,𝑡 =
√
𝑊

∑𝑡−1
𝑗=0 𝜂𝑘, 𝑗 encodes the entire latent trajectory at source 𝑘 by the

disturbance vector 𝜼𝑘 = (𝜂𝑘,0, . . . , 𝜂𝑘,𝑇−1)′ of dimension 𝑇 . The transmission matrix

𝜶 = [𝛼𝑠,𝑘] uses the column-by-column parameterization of Chapter 3, with retention

rate 𝛼𝑘,𝑘 = 𝑤𝑘 ∈ (0, 1) and off-diagonal entries 𝛼𝑠,𝑘 = (1 − 𝑤𝑘) 𝑢𝑠,𝑘/𝑈𝑘 for 𝑠 ≠ 𝑘,

where 𝑢𝑠,𝑘 = exp(𝑚𝑠,𝑘 + 𝜃̃𝑠,𝑘), 𝑚𝑠,𝑘 is a fixed mobility covariate, 𝜃̃𝑠,𝑘 = 𝜃𝑠,𝑘 − 𝜃̄𝑘 is the

column-centered residual deviation, and 𝑈𝑘 =
∑

𝑗≠𝑘 𝑢 𝑗,𝑘.

The deviation terms 𝜃𝑠,𝑘 receive the regularized horseshoe prior of Chapter 3, written

here in the non-centered form

𝜃𝑠,𝑘 = 𝜏𝑘 𝛾̃𝑠,𝑘 𝜀𝑠,𝑘, 𝜀𝑠,𝑘 ∼ 𝑁 (0, 1), 𝛾̃2
𝑠,𝑘 =

𝑐2𝛾2
𝑠,𝑘

𝑐2 + 𝜏2
𝑘
𝛾2
𝑠,𝑘

,(4.2.2)

with 𝛾𝑠,𝑘 ∼ 𝐶+(0, 1) and 𝜏𝑘 ∼ 𝐶+(0, 𝜏0,𝑘). The half-Cauchy scales are represented

through the inverse-gamma augmentation of Makalic and Schmidt (2016) with auxil-

iaries 𝑎𝑠,𝑘 and 𝑏𝑘, exactly as in Chapter 3. For the centered, unregularized horseshoe

this augmentation yields conjugate inverse-gamma conditionals. § 4.3.3 describes how

those moments are used for the regularized non-centered parameterization of the spatial

block.

For the variational approximation, the unknowns are partitioned into four blocks. The

temporal block consists of the disturbance vectors 𝜼𝑘 for 𝑘 = 1, . . . , 𝑆, which encode

the latent reproduction trajectories through the non-centered random walk. The spatial
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block consists of 𝜁𝑘 = (logit(𝑤𝑘), {𝜀𝑠,𝑘}𝑠≠𝑘)′ ∈ ℝ𝑆 for 𝑘 = 1, . . . , 𝑆, which encodes the

retention rate and the non-centered horseshoe deviations on a common unconstrained

scale. The horseshoe block consists of the local and global shrinkage scales together with

their Makalic–Schmidt auxiliaries, 𝜉𝑘 = ({𝛾𝑠,𝑘}𝑠≠𝑘, 𝜏𝑘, {𝑎𝑠,𝑘}𝑠≠𝑘, 𝑏𝑘) for 𝑘 = 1, . . . , 𝑆.

The zero-inflation block consists of the indicators 𝒛 = {𝑧𝑠,𝑡}. A small set of global

parameters 𝜗glb = (log 𝜇, 𝛽0, 𝛽1) enters all column updates additively through the

offset intensity.

Three reproduction number quantities, developed in detail in Chapter 3, are recovered

as deterministic transformations of the variational posterior. The intrinsic source-

specific reproduction number 𝑅𝑘,𝑡 gives the total expected offspring generated by a case

at source 𝑘 at time 𝑡. The matrix 𝑩𝑡 = [𝛼𝑠,𝑘𝑅𝑘,𝑡] plays the role of a next-generation

matrix (Diekmann et al., 1990), and its spectral radius 𝑅net
𝑡 = 𝜌(𝑩𝑡) governs system-wide

epidemic growth. The observed effective reproduction number 𝑅eff
𝑠,𝑡 targeted by closed-

population renewal estimators admits the additive decomposition 𝑅eff
𝑠,𝑡 = 𝑅local

𝑠,𝑡 + 𝑅
import
𝑠,𝑡

derived in Chapter 3.

§ 4.3. Particle Laplace variational approximation

This section develops the methodological core of the chapter. The PLVA is an iterative

conditional approximation in which each block update uses an approximating family

matched to the conditional geometry of the corresponding posterior, with blocks as

defined in § 4.2.

Three properties of the construction hold throughout this section. First, the method

is variational in the broad sense that it optimizes parametric families within blocks, but
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the complete iteration is not coordinate ascent on a single global ELBO. Second, the

objects the algorithm forms are approximations to conditional laws, each evaluated at the

current values of the other blocks, so they are not exact conditionals of one normalized

joint density, and a fixed point makes them mutually consistent without removing that

conditioning. Third, the horseshoe scales are updated by conjugate moment formulas

borrowed from a centered, unregularized version of the prior, which the fitted model

does not satisfy exactly. § 4.4 and 4.5 assess the resulting approximation against the

block MCMC sampler.

In plain terms, the PLVA approximates the posterior one source region at a time. The

uncertain reproduction trajectory of a region is represented by a set of weighted particles,

each representing one candidate trajectory. The spatial parameters attached to that region

are then approximated, separately for each particle, by a Laplace approximation built

at the mode of their conditional posterior. Averaging these Laplace approximations

over the particle weights produces a mixture whose component centers and curvatures

can change across candidate trajectories. This provides more flexibility than one local

Gaussian approximation when the relevant dependence is non-elliptical, although it

does not guarantee a better approximation in every setting. These two ingredients give

the method its name, with particles representing the latent reproduction trajectories and

Laplace approximations representing the conditional spatial block.

The object of inference is the joint posterior of the four parameter blocks defined in

§ 4.2 together with the global parameters,

𝑝
(
{𝜼𝑘}𝑆𝑘=1, {𝜁𝑘}

𝑆
𝑘=1, {𝜉𝑘}

𝑆
𝑘=1, 𝒛, 𝜗glb

�� 𝑦1:𝑇
)
,(4.3.1)

formed from the temporal blocks 𝜼𝑘, the spatial blocks 𝜁𝑘, the horseshoe blocks 𝜉𝑘, the
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zero-inflation indicators 𝒛, and the global parameters 𝜗glb. Rather than positing a single

normalized joint density over all of these quantities, the PLVA maintains the following

collection of blockwise approximations at outer iteration 𝑖:

Q (𝑖) =
{
𝑞
(𝑖)
𝜂𝑘 , 𝑞

(𝑖)
𝜁𝑘
, 𝑞
(𝑖)
𝜉𝑘

}𝑆
𝑘=1 ∪

{
𝑞
(𝑖)
glb

}
.(4.3.2)

Equation (4.3.2) collects the approximations the algorithm maintains at iteration 𝑖.

For column 𝑘, 𝑞(𝑖)𝜂𝑘 is the importance-weighted particle approximation to the temporal

conditional evaluated at the preceding spatial summary, and 𝑞
(𝑖)
𝜁𝑘

is the Laplace mix-

ture obtained from those temporal particles, with one component per particle. The

algorithm stores which component belongs to which particle, and that pairing is what

encodes the dependence between the temporal and spatial blocks. The horseshoe

block receives inverse-gamma approximations, and the global block receives a Gaus-

sian factor-covariance approximation. The zero-inflation indicators 𝒛 do not receive an

approximation of their own, but are marginalized analytically inside every observation

density by the forward filter of § 4.3.4.

More explicitly, Eq. (4.3.4) defines the temporal and spatial updates conditional on

the current values C (𝑖)−𝑘 outside column 𝑘:

𝑞
(𝑖)
𝜂𝑘 ≈ 𝑝

(
𝜼𝑘 | 𝑦1:𝑇 , 𝜁̂

(𝑖−1)
𝑘

, C (𝑖)−𝑘
)
,(4.3.3)

𝑞
(𝑖)
𝜁𝑘

=

𝑀∑︁
𝑚=1

𝜛̄
(𝑚,𝑖)
𝑘

𝑁
(
𝜁
∗(𝑚,𝑖)
𝑘

, Σ(𝑚,𝑖)
𝑘

)
.(4.3.4)

The outer iteration recomputes the plug-in summaries and repeats these updates until

the monitored quantities stabilize. Its output is a self-consistent collection of conditional

approximations at an algorithmic fixed point.

Three related approximations appear in this thesis and are worth separating at the
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outset. The HVA of Chapter 2, following Loaiza-Maya et al. (2022), is a hybrid

variational scheme for the univariate DGTF class that marginalizes the latent state by

SMC and optimizes a Gaussian copula over the static parameters. The EIVA of Loaiza-

Maya and Nibbering (2025) is not used here as a standalone inference method, but as a

component of this algorithm, where it is the importance sampling routine that produces

the weighted particle approximation of a single temporal block 𝜼𝑘. The PLVA is the full

method of this chapter. It runs an EIVA step for each temporal block inside a block-

coordinate loop, pairs it with the Newton–Laplace mixture for the spatial block, and

retains the HVA treatment for the global parameters. The PLVA thus extends the HVA

from the univariate to the network setting, where the multiplicative coupling between

transmission weights and reproduction numbers forces the spatial block to be handled

by a Laplace mixture indexed by particles in place of a single Gaussian copula.

At a high level, each iteration of the PLVA proceeds through the following steps. The

full statement, with the gradient and curvature expressions, is given as Algorithm 7 in

§ 4.3.6.

1. Temporal block. For each source column 𝑘, update the latent reproduction trajec-

tory by drawing 𝑀 EIVA importance particles {𝜼(𝑚)
𝑘
}𝑀
𝑚=1 with normalized weights

{𝜛̄(𝑚)
𝑘
}𝑀
𝑚=1 (§ 4.3.1). The particle count 𝑀 is the principal tuning constant of the

method, controlling the accuracy of the importance estimate. Its effect is studied

in § 4.4.7. The remaining settings, namely the Newton tolerance and maximum

iteration count applied for each particle and the SGA learning rate, are technical

and held at the defaults of Algorithm 7 throughout this chapter.

2. Spatial block. For each particle, find the conditional mode of the spatial parame-
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ters 𝜁𝑘 by Newton’s method (§ 4.3.2).

3. Mixture. Assemble the Laplace approximations across particles into a weighted

mixture, which serves as the variational distribution for the spatial block (§ 4.3.2).

4. Remaining blocks. Update the horseshoe scales and auxiliaries using the approxi-

mate inverse-gamma moment updates of § 4.3.3, and update the global parameters

by stochastic gradient ascent (§ 4.3.5).

5. Iterate. Repeat for a fixed number of iterations 𝑁iter, monitoring the convergence

diagnostics of § 4.4.2.

Each block receives a family matched to its conditional geometry. For the temporal

block, the EIVA proposal of Loaiza-Maya and Nibbering (2025) constructs a Gaussian

proposal calibrated against a moment-matched Gaussian working approximation to the

Poisson likelihood through a single Taylor linearization, draws 𝑀 weighted particles

from the proposal, and corrects the bias of the linearization through self-normalized

importance weights that target the exact observation density with the zero-inflation

indicators marginalized. For the spatial block, a mixture of Laplace approximations

places one Gaussian component at the conditional mode of 𝜁𝑘 given each EIVA particle

and assigns the component the corresponding importance weight, so that the spatial

block inherits the particle approximation from the temporal block without a separate

variational optimization. For the horseshoe block, the algorithm updates the scales

and auxiliaries by the inverse-gamma moment formulas of the centered, unregularized

Makalic–Schmidt augmentation, as described in § 4.3.3. For the zero-inflation block,

forward filtering of the binary Markov chain marginalizes 𝑧𝑠,𝑡 analytically inside the
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observation density. The global parameters are updated by SGA on a Gaussian factor

covariance approximation, following the scheme of Loaiza-Maya et al. (2022).

Throughout this section, the hat notation, such as 𝜁̂𝑘 or 𝑟𝑘, denotes the current plug-in

summary, recomputed once per outer iteration of Algorithm 7. At column 𝑘, the EIVA

proposal approximates the conditional posterior of 𝜼𝑘 given the data, the current spatial

vector 𝜁̂𝑘, and the current values of the parameters in all other blocks and columns. The

Newton–Laplace mixture approximates the conditional posterior of 𝜁𝑘 given each 𝜼𝑘

particle and those same current values. The within-particle and between-particle terms

in § 4.3.2 summarize, respectively, average local conditional curvature and variation of

the conditional modes across the temporal particles. When the iteration stabilizes, these

quantities define the approximation returned for the column.

The remainder of this section develops each block in turn. § 4.3.1 presents the EIVA

proposal for the temporal block. § 4.3.2 presents the Newton–Laplace mixture for

the spatial block, including the law of total variance decomposition that motivates the

mixture. § 4.3.3 presents the approximate moment updates for the horseshoe block.

§ 4.3.4 presents the forward filtering recursion for the zero-inflation indicators. § 4.3.5

presents the stochastic gradient updates for the global parameters. § 4.3.6 assembles

the four blocks into the block-coordinate algorithm and reports its computational cost

per iteration.

4.3.1. EIVA proposal for the latent reproduction trajectory

For each source column 𝑘, the EIVA step targets the conditional posterior of the dis-

turbance vector 𝜼𝑘 given the data and the current values of the parameters in the other

blocks and other columns. The proposal is constructed by linearizing the gain function
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ℎ around the current trajectory 𝑟𝑘,𝑡, applying a moment-matched Gaussian working ap-

proximation to the Poisson likelihood, and isolating the contribution of column 𝑘 to the

intensity.

To isolate the column-𝑘 contribution, define the offset intensity that collects contri-

butions from all other source columns:

𝜇̃
(−𝑘)
𝑠,𝑡 = 𝜇̂ +

∑︁
𝑘′≠𝑘

𝛼̂𝑠,𝑘′

𝑡−1∑︁
𝑙=1

ℎ(𝑟𝑘′,𝑙) 𝜙𝑡−𝑙 𝑦𝑘′,𝑙,(4.3.5)

where 𝜇̂, 𝛼̂𝑠,𝑘′ , and 𝑟𝑘′,𝑙 are evaluated at the current values. The full intensity can then

be written as

𝜆𝑠,𝑡 = 𝜇̃
(−𝑘)
𝑠,𝑡 + 𝛼𝑠,𝑘

𝑡−1∑︁
𝑙=1

ℎ(𝑟𝑘,𝑙) 𝜙𝑡−𝑙 𝑦𝑘,𝑙 .(4.3.6)

Linearizing the gain function around the current trajectory gives ℎ(𝑟𝑘,𝑙) ≈ ℎ(𝑟𝑘,𝑙) +

ℎ′(𝑟𝑘,𝑙) (𝑟𝑘,𝑙 − 𝑟𝑘,𝑙). Using the non-centered representation 𝑟𝑘,𝑙 =
√
𝑊

∑𝑙−1
𝑗=0 𝜂𝑘, 𝑗, the lin-

earized intensity can be written as a linear function of 𝜼𝑘:

𝜆𝑠,𝑡 ≈ 𝜇
(0)
𝑠,𝑡 +

√
𝑊 𝛼𝑠,𝑘

𝑇−1∑︁
𝑗=0

𝑐𝑘, 𝑗,𝑡 𝜂𝑘, 𝑗, with 𝑐𝑘, 𝑗,𝑡 =

𝑡−1∑︁
𝑙= 𝑗+1

ℎ′(𝑟𝑘,𝑙) 𝜙𝑡−𝑙 𝑦𝑘,𝑙,(4.3.7)

where

𝜇
(0)
𝑠,𝑡 = 𝜇̃

(−𝑘)
𝑠,𝑡 + 𝛼𝑠,𝑘

𝑡−1∑︁
𝑙=1

{
ℎ(𝑟𝑘,𝑙) − ℎ′(𝑟𝑘,𝑙)𝑟𝑘,𝑙

}
𝜙𝑡−𝑙 𝑦𝑘,𝑙, 𝑐𝑘, 𝑗,𝑡 =

𝑡−1∑︁
𝑙= 𝑗+1

ℎ′(𝑟𝑘,𝑙) 𝜙𝑡−𝑙 𝑦𝑘,𝑙 .

(4.3.8)

Stacking over observation times 𝑡 = 2, . . . , 𝑇 gives

𝝀𝑠 ≈ 𝝁(0)𝑠 +
√
𝑊 𝛼𝑠,𝑘C𝑘𝜼𝑘,(4.3.9)

where 𝝀𝑠 = (𝜆𝑠,2, . . . , 𝜆𝑠,𝑇 )′, 𝝁(0)𝑠 = (𝜇 (0)
𝑠,2 , . . . , 𝜇

(0)
𝑠,𝑇 )′, and C𝑘 is the (𝑇 − 1) × 𝑇 matrix
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with entries 𝑐𝑘, 𝑗,𝑡. Although the serial interval has effective support 𝐿𝜙, C𝑘 is generally

dense below its triangular boundary. An early innovation 𝜂𝑘, 𝑗 enters every later random-

walk state 𝑟𝑘,𝑙 for 𝑙 > 𝑗, so truncating 𝜙𝑡−𝑙 does not bound the distance 𝑡 − 𝑗 over which

𝑐𝑘, 𝑗,𝑡 can be nonzero.

Combining the normal 𝜼𝑘 ∼ 𝑁 (0, I) with the Gaussian working observation equation

𝒚𝑠 ≈ 𝝁(0)𝑠 +
√
𝑊 𝛼𝑠,𝑘C𝑘𝜼𝑘 + 𝜺𝑠, 𝜺𝑠 ∼ 𝑁 (0,𝚲𝑠), where 𝒚𝑠 = (𝑦𝑠,2, . . . , 𝑦𝑠,𝑇 )′ and

𝚲𝑠 = diag( 𝜆̂𝑠,2, . . . , 𝜆̂𝑠,𝑇 ), gives the Gaussian proposal

𝑔𝑘(𝜼𝑘) = 𝑁
(
𝜼𝑘 | u𝑘,𝛀

−1
𝑘

)
,(4.3.10)

with precision and mean

𝛀𝑘 = I +𝑊
𝑆∑︁
𝑠=1

𝛼2
𝑠,𝑘C

′
𝑘𝚲
−1
𝑠 C𝑘, u𝑘 =

√
𝑊𝛀−1

𝑘

𝑆∑︁
𝑠=1

𝛼𝑠,𝑘C′𝑘𝚲
−1
𝑠 d𝑠,(4.3.11)

where d𝑠 = 𝒚𝑠−𝝁(0)𝑠 . This proposal is the linearized Gaussian approximation used inside

the MH step of the block sampler in Chapter 3, except that here it is used as an importance

proposal rather than as an MH proposal. The proposal calibration uses the Poisson

likelihood rather than the likelihood that marginalizes the zero-inflation indicators,

because the moment-matched Gaussian working approximation has a simpler form

under the Poisson model. The importance correction below restores the marginalized

target.

To correct the bias due to the linearization and the Poisson working approximation,

draw 𝜼(𝑚)
𝑘
∼ 𝑔𝑘(𝜼𝑘), for 𝑚 = 1, . . . , 𝑀, and reconstruct 𝑟

(𝑚)
𝑘,𝑡

=
√
𝑊

∑𝑡−1
𝑗=0 𝜂

(𝑚)
𝑘, 𝑗

, for

𝑡 = 1, . . . , 𝑇 . For each particle, compute the exact nonlinear intensity

𝜆
(𝑚)
𝑠,𝑡 = 𝜇̃

(−𝑘)
𝑠,𝑡 + 𝛼𝑠,𝑘

𝑡−1∑︁
𝑙=1

ℎ(𝑟(𝑚)
𝑘,𝑙
) 𝜙𝑡−𝑙 𝑦𝑘,𝑙 .(4.3.12)
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The observation density with the zero-inflation indicators marginalized is then eval-

uated for each particle using the forward filtering recursion of § 4.3.4. Writing

𝑝zi

(
𝑦𝑠,𝑡 | 𝑦𝑠,1:𝑡−1, 𝜆

(𝑚)
𝑠,1:𝑡

)
for the one-step-ahead predictive density returned by the fil-

ter, the unnormalized importance weight is

𝜛̃
(𝑚)
𝑘

=

𝑆∏
𝑠=1

𝑇∏
𝑡=1

𝑝zi

(
𝑦𝑠,𝑡 | 𝑦𝑠,1:𝑡−1, 𝜆

(𝑚)
𝑠,1:𝑡

) 𝑇−1∏
𝑗=0

𝑁 (𝜂(𝑚)
𝑘, 𝑗
| 0, 1)

𝑁
(
𝜼(𝑚)
𝑘
| u𝑘,𝛀

−1
𝑘

) .(4.3.13)

The normalized weight is

𝜛̄
(𝑚)
𝑘

=
𝜛̃
(𝑚)
𝑘∑𝑀

𝑚′=1 𝜛̃
(𝑚′)
𝑘

.(4.3.14)

For any function 𝑓 (𝜼𝑘), the self-normalized importance sampling estimator of the

corresponding conditional posterior expectation is

𝔼̂{ 𝑓 (𝜼𝑘) | 𝑦1:𝑇 , current values} =
𝑀∑︁

𝑚=1
𝜛̄
(𝑚)
𝑘

𝑓 (𝜼(𝑚)
𝑘
).(4.3.15)

The effective sample size of the importance sampler is

ESS𝑘 =
1∑𝑀

𝑚=1(𝜛̄
(𝑚)
𝑘
)2
.(4.3.16)

The ESS𝑘 is the primary diagnostic for the quality of the EIVA proposal at column

𝑘. Values close to 𝑀 indicate that the linearized Gaussian proposal is well matched to

the column-conditional target, whereas small values indicate poor proposal calibration.

This is an importance sampling effective sample size that measures how many equally

weighted independent draws the 𝑀 weighted particles are worth. It is not an MCMC

effective sample size, since the particles are independent draws from 𝑔𝑘 rather than

autocorrelated states of a Markov chain. The MCMC effective sample sizes reported
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for the block sampler of Chapter 3 in § 4.4 and 4.5 measure a different quantity, namely

the autocorrelation of the Markov chain.

The EIVA particle set {
𝜼(𝑚)
𝑘

, 𝜛̄
(𝑚)
𝑘

}𝑀
𝑚=1

enters the spatial block of § 4.3.2 both as the conditioning trajectories for the Laplace

components and as the source of the mixture weights. The same particle set also yields

the importance sampling estimate of the column-integrated log likelihood,

�log 𝑝𝑘
(
𝑦1:𝑇 | 𝜁𝑘, 𝜉𝑘, 𝜗glb, 𝛼̂·,−𝑘, 𝑟−𝑘

)
= log

{
1
𝑀

𝑀∑︁
𝑚=1

𝜛̃
(𝑚)
𝑘

}
.(4.3.17)

This quantity estimates the likelihood contribution obtained after integrating out the

column trajectory 𝜼𝑘 under its standard multivariate normal prior, conditional on the

current offsets induced by all other columns. The notation 𝛼̂·,−𝑘 and 𝑟−𝑘 denotes that

the offset depends on the current values of the spatial weights and trajectories in all

columns other than 𝑘. The subscript 𝑘 on �log 𝑝𝑘 emphasizes that this is a column-

integrated likelihood estimate, rather than the full global marginal log likelihood.

4.3.2. Newton–Laplace mixture for the spatial parameters

For each source column 𝑘, the blockwise approximation for the spatial parameter vector

𝜁𝑘 ∈ ℝ𝑆 is a finite mixture of Gaussian components indexed by EIVA particles:

𝑞𝝇𝑘 (𝜁𝑘) =
𝑀∑︁

𝑚=1
𝜛̄
(𝑚)
𝑘

𝑁
(
𝜁𝑘 | 𝜁∗(𝑚)𝑘

, Σ(𝑚)
𝑘

)
,(4.3.18)

where the mixture weights {𝜛̄(𝑚)
𝑘
}𝑀
𝑚=1 are the normalized importance weights from

EIVA in Eq. (4.3.13) and each component is a Laplace approximation to the conditional
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posterior of 𝜁𝑘 given the 𝑚-th particle’s reproduction trajectory 𝑟
(𝑚)
𝑘

and the current val-

ues of the parameters in the other blocks and other columns. The variational parameters

for column 𝑘 are

𝝇𝑘 =
{
𝜁
∗(𝑚)
𝑘

, Σ(𝑚)
𝑘

, 𝜛̄
(𝑚)
𝑘

: 𝑚 = 1, . . . , 𝑀,
∑

𝑚 𝜛̄
(𝑚)
𝑘

= 1
}
.(4.3.19)

The component means 𝜁
∗(𝑚)
𝑘

are determined by Newton’s method on the conditional

log-posterior of each particle, the component covariances Σ(𝑚)
𝑘

are determined by the

local curvature at each mode, and the mixture weights are inherited from EIVA. No

separate ELBO optimization is carried out for the variational parameters of the spatial

block within an iteration of the block-coordinate algorithm. The component means and

covariances are determined by the Newton–Laplace approximations at each particle.

Column-conditional approximation

The EIVA proposal in § 4.3.1 is built from the current spatial parameter vector 𝜁̂𝑘, which

enters through the column-𝑘 weights 𝛼·,𝑘 in both the proposal moments in Eq. (4.3.11)

and the exact intensity in Eq. (4.3.12) used in the importance weights. The importance-

weighted particle set {𝜼(𝑚)
𝑘

, 𝜛̄
(𝑚)
𝑘
}𝑀
𝑚=1 therefore targets the column-conditional law

𝑝(𝜼𝑘 | 𝑦1:𝑇 , 𝜁̂𝑘, C−𝑘),(4.3.20)

which conditions on 𝜁̂𝑘 rather than marginalizing over it. The mixture on the spatial

block in Eq. (4.3.18) pairs each such particle with the Laplace expansion of 𝑝(𝜁𝑘 |

𝑦1:𝑇 , 𝜼
(𝑚)
𝑘

, C−𝑘) at its conditional mode. The resulting column-conditional variational
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distribution takes the form

𝑞̃𝑘(𝜁𝑘) =
∫

𝑝(𝜁𝑘 | 𝑦1:𝑇 , 𝜼𝑘, C−𝑘) 𝑝(𝜼𝑘 | 𝑦1:𝑇 , 𝜁̂𝑘, C−𝑘) 𝑑𝜼𝑘

≈
𝑀∑︁

𝑚=1
𝜛̄
(𝑚)
𝑘

𝑁
(
𝜁𝑘 | 𝜁∗(𝑚)𝑘

, Σ(𝑚)
𝑘

)
= 𝑞𝝇𝑘 (𝜁𝑘),(4.3.21)

where the outer measure is the 𝜁̂𝑘-conditional law that EIVA targets and C−𝑘 collects

the current values of all parameters in blocks other than the column-𝑘 temporal and

spatial blocks. This distribution is not exactly the full block-conditional marginal

𝑝(𝜻𝑘 | 𝑦1:𝑇 , 𝐶−𝑘), because the EIVA particles are drawn from the conditional distribution

of 𝜼𝑘 given the current value 𝜻𝑘, rather than from the marginal distribution of 𝜼𝑘

with 𝜻𝑘 integrated out. This construction is not the exact block-conditional marginal

𝑝(𝜻𝑘 | 𝑦1:𝑇 , C−𝑘), because its outer measure conditions on the current plug-in value 𝜻𝑘.

Reaching a fixed point makes the update summaries self-consistent but does not remove

this conditioning. The approximation is expected to be most accurate when, near the

fixed point, the conditional distribution of 𝜼𝑘 changes only weakly with 𝜻𝑘. § 4.4 and 4.5

assess that approximation empirically against MCMC.

When distinct trajectory particles lead to distinct conditional spatial modes, the mix-

ture in Eq. (4.3.21) can represent skewness, curvature, or local multimodality through

variation between components. A single joint Gaussian can represent linear cross-block

dependence and a nonzero variance of conditional means, but it constrains those con-

ditional means to be affine functions of the conditioning variables and its conditional

covariance to be constant. The mixture indexed by particles relaxes those restrictions

by allowing both the mode and local curvature to vary across trajectories. A mean-field

family remains more restrictive because it removes the spatio-temporal dependence.
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Per-particle Newton solver

For each EIVA particle 𝑚, the conditional mode is the minimizer of the negative log-

posterior

𝑓 (𝑚) (𝜁𝑘) = −
∑︁
𝑠,𝑡

log 𝑝zi(𝑦𝑠,𝑡 | 𝜆𝑠,𝑡 (𝜁𝑘, 𝜼(𝑚)𝑘
), 𝜋̂𝑠,𝑡) − log𝜋(𝜁𝑘 | 𝜉𝑘),(4.3.22)

where 𝜋(𝜁𝑘 | 𝜉𝑘) is the prior on 𝜁𝑘 implied by the Beta prior on 𝑤𝑘 and the standard-

normal prior on the non-centered horseshoe variables. The log-prior includes the

Jacobian for the logit(𝑤𝑘) transformation, contributing log[𝑤𝑘(1 − 𝑤𝑘)] to the prior

density. Newton’s method on 𝑓 (𝑚) uses the gradient and Hessian

g(𝑚) (𝜁𝑘) = ∇ 𝑓 (𝑚) (𝜁𝑘), H(𝑚) (𝜁𝑘) = ∇2 𝑓 (𝑚) (𝜁𝑘),(4.3.23)

in which the chain rule propagates through both the intensity 𝜆𝑠,𝑡 = 𝜆𝑠,𝑡 (𝜁𝑘, 𝜼(𝑚)𝑘
)

and the filtered activation probability 𝜋̂𝑠,𝑡 = 𝜋̂𝑠,𝑡 (𝜁𝑘, 𝜼(𝑚)𝑘
). Since 𝑓 (𝑚) is the negative

log posterior, the Laplace covariance is based on the inverse Hessian of 𝑓 (𝑚) at its

local minimum. The dependence of 𝜋̂𝑠,𝑡 on 𝜁𝑘 propagates through the forward filtering

recursion of § 4.3.4, and its contribution to the gradient is computed by backpropagating

through that recursion in a single pass at 𝑂(𝑇) cost per location.

The Poisson contribution to 𝑓 (𝑚) is concave in 𝜆𝑠,𝑡 for entries with 𝑦𝑠,𝑡 > 0, and 𝜆𝑠,𝑡

is linear in 𝛼·,𝑘, so the corresponding terms contribute log-concavity in 𝛼·,𝑘. The zero-

inflation marginalization, however, introduces a small convex contribution from entries

with 𝑦𝑠,𝑡 = 0, of magnitude scaling with 𝜋̂𝑠,𝑡 (1 − 𝜋̂𝑠,𝑡). When activation probabilities

are bounded away from zero across most observations, the Hessian of the negative

log posterior at the conditional mode remains positive definite under the priors on

𝜻𝑘 and the softmax-like transformation 𝜻𝑘 ↦→ 𝛼·,𝑘 near the mode. In regimes where
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activation probabilities are heterogeneous and substantial mass concentrates on zero,

the raw Hessian may be indefinite at intermediate iterates and, in extreme cases, at

the converged mode itself. To guarantee a descent direction at every step and a well-

defined Laplace covariance, the Hessian is replaced by a Levenberg-Marquardt-damped

surrogate

A(𝑚)
𝛿
(𝜁𝑘) = H(𝑚) (𝜁𝑘) + 𝛿 I,(4.3.24)

where 𝛿 ≥ 0 is the smallest value along a geometric schedule {0, 10−8, 10−7, . . . , 𝛿max}

such that A(𝑚)
𝛿
≻ 0. The Newton step at iterate 𝜁 (ℓ) takes the form

𝜁 (ℓ+1) = 𝜁 (ℓ) − 𝜅(ℓ)
[
A(𝑚)

𝛿

]−1 g(𝑚) (𝜁 (ℓ)),(4.3.25)

where 𝜅(ℓ) ∈ (0, 1] is chosen by backtracking line search, starting at 𝜅(ℓ) = 1 and halving

until 𝑓 (𝑚) (𝜁 (ℓ+1)) < 𝑓 (𝑚) (𝜁 (ℓ)). The iteration terminates when ∥g(𝑚) (𝜁 (ℓ))∥∞ < 𝜖tol or

after 𝑁Newton iterations. In typical activation regimes for daily disease surveillance

data, convergence requires two to five iterations. At the converged mode, the Laplace

covariance is

Σ(𝑚)
𝑘

=
[
A(𝑚)

𝛿∗ (𝜁
∗(𝑚)
𝑘
)
]−1

,(4.3.26)

with 𝛿∗ the smallest schedule value achieving positive definiteness at the mode. The

algorithm reports the damping value used at convergence as a diagnostic, and a non-zero

𝛿∗ flags columns where the Laplace approximation may be unreliable.
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Mixture moments and the conditional variance decomposition

The first two moments of the mixture in Eq. (4.3.18) are

E𝑞𝝇𝑘
[𝜁𝑘] =

𝑀∑︁
𝑚=1

𝜛̄
(𝑚)
𝑘

𝜁
∗(𝑚)
𝑘

,(4.3.27)

Var𝑞𝝇𝑘 [𝜁𝑘] =
𝑀∑︁

𝑚=1
𝜛̄
(𝑚)
𝑘

Σ(𝑚)
𝑘︸           ︷︷           ︸

within-particle

+
𝑀∑︁

𝑚=1
𝜛̄
(𝑚)
𝑘

(
𝜁
∗(𝑚)
𝑘
− 𝜁̄𝑘

) (
𝜁
∗(𝑚)
𝑘
− 𝜁̄𝑘

)′
︸                                       ︷︷                                       ︸

between-particle

,(4.3.28)

where 𝜁̄𝑘 = E𝑞𝝇𝑘
[𝜁𝑘]. The decomposition in Eq. (4.3.28) is the finite-particle realiza-

tion of the law of total variance applied to the column-conditional variational joint in

Eq. (4.3.21):

Var𝑞̃𝑘 (𝜁𝑘) = E𝜼𝑘

[
Var(𝜁𝑘 | 𝜼𝑘, 𝑦1:𝑇 , C−𝑘)

]
+ Var𝜼𝑘

[
E(𝜁𝑘 | 𝜼𝑘, 𝑦1:𝑇 , C−𝑘)

]
,(4.3.29)

where the outer expectation and variance are over the column-conditional outer measure

𝑝(𝜼𝑘 | 𝑦1:𝑇 , 𝜁̂𝑘, C−𝑘). The first term aggregates the local conditional curvatures across

particles, with each Σ(𝑚)
𝑘

approximating Var(𝜁𝑘 | 𝜼(𝑚)𝑘
, 𝑦1:𝑇 , C−𝑘) through the local

Laplace expansion. The second term captures the spread of conditional modes induced

by the EIVA proposal’s exploration of the trajectory space. This identity is not unique to

the mixture. A correlated joint Gaussian also splits into an average conditional variance

and a variance of the conditional means. The potential advantage of the mixture is

instead its ability to represent nonlinear changes in conditional location and curvature

across particles. In regimes where these changes are substantial, the between-particle

term may contribute importantly to the marginal spread, and § 4.4 reports its magnitude.

A single local Gaussian approximation represents the curvature around one mode. By

contrast, the mixture in Eq. (4.3.18), with moments in Eqs. (4.3.27) and (4.3.28), retains
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both the average within-particle curvature and the between-particle variation in the

conditional modes. This added flexibility is relevant when those modes or curvatures

vary nonlinearly with the temporal trajectory, while a sufficiently accurate correlated

Gaussian may remain adequate when the dependence is approximately elliptical.

EIVA proposal centering and the block-coordinate cycle within column 𝑘

The EIVA proposal in § 4.3.1 is built from the current trajectory 𝑟𝑘,𝑡 and the current

spatial parameter vector 𝜁̂𝑘. Within column 𝑘 at iteration 𝑖 of the block-coordinate

algorithm, both are set from the column’s mixture at iteration 𝑖 − 1. Specifically,

𝜁̂𝑘 is the previous mixture mean 𝜁̄
(𝑖−1)
𝑘

, and 𝑟𝑘,𝑡 is the previous EIVA-weighted mean

trajectory
∑

𝑚 𝜛̄
(𝑚,𝑖−1)
𝑘

𝑟
(𝑚,𝑖−1)
𝑘,𝑡

. The column-𝑘 update then proceeds as follows. The

EIVA proposal in Eq. (4.3.10) is built from the current values. Particles are drawn

and importance weights are computed via Eq. (4.3.13). For each particle, Newton’s

method on 𝑓 (𝑚) returns 𝜁
∗(𝑚)
𝑘

and Σ(𝑚)
𝑘

. The mixture is assembled and the current

values are updated for the next column or the next iteration. Centering the EIVA

proposal on the mixture mean ensures that, as 𝜁̄
(𝑖)
𝑘

converges, the proposal aligns with

the block-conditional posterior at the conditional mean.

4.3.3. Approximate moment updates for the horseshoe scales and

auxiliaries

The horseshoe block consists of the local scales 𝛾𝑠,𝑘, the global scale 𝜏𝑘, and the

Makalic–Schmidt auxiliaries 𝑎𝑠,𝑘 and 𝑏𝑘. The approximation for the horseshoe block

takes the product form 𝑞(𝜉𝑘) = 𝑞(𝜏2
𝑘
)𝑞(𝑏𝑘)

∏
𝑠≠𝑘 𝑞(𝛾2

𝑠,𝑘
)𝑞(𝑎𝑠,𝑘), with each factor taken
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to be inverse-gamma.

The fitted model departs from the setting in which these factors would be conjugate,

in two ways. The regularized horseshoe couples the scales nonlinearly through 𝛾̃2
𝑠,𝑘

=

𝑐2𝛾2
𝑠,𝑘
/(𝑐2 + 𝜏2

𝑘
𝛾2
𝑠,𝑘
), which breaks the conditional conjugacy that the Makalic–Schmidt

augmentation supplies for the unregularized horseshoe. The spatial block is also written

in non-centered form as 𝜃𝑠,𝑘 = 𝜏𝑘𝛾̃𝑠,𝑘𝜀𝑠,𝑘 with 𝜀𝑠,𝑘 ∼ 𝑁 (0, 1), so under a factorization in

(𝜀, 𝜏, 𝛾) the likelihood depends on the scales through a deterministic nonlinear map.

The algorithm therefore updates the scales and auxiliaries by the conjugate mo-

ment formulas of the centered, unregularized prior 𝜃𝑠,𝑘 | 𝜏2
𝑘
, 𝛾2

𝑠,𝑘
∼ 𝑁 (0, 𝜏2

𝑘
𝛾2
𝑠,𝑘
),

which transfer shrinkage information between the spatial and scale blocks at negli-

gible cost. The slab cap 𝑐 enters the spatial Newton problem through the effective

precision 1/(𝛾̃2
𝑠,𝑘
𝜏2
𝑘
) = 1/(𝛾2

𝑠,𝑘
𝜏2
𝑘
) + 1/𝑐2, with scales evaluated at their current point

summaries. The approximation is most plausible when the slab regularization is inac-

tive for most pathways, and § 4.4 reports how the resulting shrinkage compares with the

MCMC reference.

Under that centered, unregularized prior, the inverse-gamma factors have shape pa-

rameters 1 for auxiliaries, 1 for the local scales, and 𝑆/2 for the global scale. The rate

updates are

rate
[
𝑞∗(𝑎𝑠,𝑘)

]
= 1 + E𝑞 [1/𝛾2

𝑠,𝑘],(4.3.30)

rate
[
𝑞∗(𝑏𝑘)

]
= 𝜏−2

0,𝑘 + E𝑞 [1/𝜏2
𝑘],(4.3.31)

rate
[
𝑞∗(𝛾2

𝑠,𝑘)
]
= E𝑞 [1/𝑎𝑠,𝑘] + 1

2 E𝑞 [𝜃2
𝑠,𝑘] E𝑞 [1/𝜏2

𝑘],(4.3.32)

rate
[
𝑞∗(𝜏2

𝑘)
]
= E𝑞 [1/𝑏𝑘] + 1

2

∑︁
𝑠≠𝑘

E𝑞 [𝜃2
𝑠,𝑘] E𝑞 [1/𝛾2

𝑠,𝑘],(4.3.33)

with the inverse-gamma expectations given by E𝑞 [1/𝑎𝑠,𝑘] = 1/rate[𝑞∗(𝑎𝑠,𝑘)], E𝑞 [1/𝑏𝑘] =
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1/rate[𝑞∗(𝑏𝑘)], E𝑞 [1/𝛾2
𝑠,𝑘
] = 1/rate[𝑞∗(𝛾2

𝑠,𝑘
)], and E𝑞 [1/𝜏2

𝑘
] = (𝑆/2)/rate[𝑞∗(𝜏2

𝑘
)].

The plug-in second moment E𝑞 [𝜃2
𝑠,𝑘
] that drives the scale updates is computed from

the mixture on the spatial block as

E𝑞 [𝜃2
𝑠,𝑘] = 𝛾̃2

𝑠,𝑘 𝜏
2
𝑘 E𝑞 [𝜀2

𝑠,𝑘], E𝑞 [𝜀2
𝑠,𝑘] =

(
𝜁̄
[𝑠]
𝑘

)2 +
[
Var𝑞𝝇𝑘 (𝜁𝑘)

]
[𝑠,𝑠] .(4.3.34)

Here the regularized scale 𝛾̃2
𝑠,𝑘

and the global scale 𝜏2
𝑘

enter as plug-in summaries from

the preceding scale update, while 𝜁̄
[𝑠]
𝑘

and
[
Var𝑞𝝇𝑘 (𝜁𝑘)

]
[𝑠,𝑠] are the mean and variance of

the coordinate corresponding to 𝜀𝑠,𝑘 in the spatial mixture. The expression is a moment-

mathching bridge between the non-centered spatial representation and the centered

working updates. It should not be interpreted as a derivation of the centered conjugate

conditional from the non-centered model.

After each update, the horseshoe scales are propagated back to the model state so that

the next iteration’s Newton–Laplace problem uses the updated shrinkage. The point

summaries used in the spatial block are

𝛾𝑠,𝑘 ←
[
E𝑞 [1/𝛾2

𝑠,𝑘]
]−1/2

, 𝜏𝑘 ←
[
E𝑞 [1/𝜏2

𝑘]
]−1/2

,(4.3.35)

and the model’s 𝜃𝑠,𝑘 and 𝛼𝑠,𝑘 are recomputed from the updated scales and the unchanged

𝜀𝑠,𝑘 values through 𝜃𝑠,𝑘 = 𝜏𝑘 𝛾̃𝑠,𝑘 𝜀𝑠,𝑘.

4.3.4. Forward filtering for the zero-inflation indicators

Rather than introducing a variational factor over the binary indicators 𝑧𝑠,𝑡, the PLVA

marginalizes them analytically. This is sufficient for the PLVA because the EIVA weights

and the Newton–Laplace updates require only the marginalized observation density and

its derivatives, not posterior samples of the latent indicators. By contrast, the MCMC
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sampler of Chapter 3 uses forward-filtering backward-sampling because it explicitly

samples the indicator trajectories.

For each location 𝑠, define 𝜋𝑠,𝑡 |𝑡−1 = 𝑝(𝑧𝑠,𝑡 = 1 | 𝑦𝑠,1:𝑡−1, 𝜆𝑠,1:𝑡−1) as the predicted

activation probability before observing 𝑦𝑠,𝑡, and 𝜋𝑠,𝑡 |𝑡 = 𝑝(𝑧𝑠,𝑡 = 1 | 𝑦𝑠,1:𝑡, 𝜆𝑠,1:𝑡) as the

filtered activation probability after observing 𝑦𝑠,𝑡. The Markov transition model implies

(4.3.36) 𝜋𝑠,𝑡 |𝑡−1 = 𝑝01(1 − 𝜋𝑠,𝑡−1|𝑡−1) + 𝑝11𝜋𝑠,𝑡−1|𝑡−1,

where 𝑝01 = 𝑝(𝑧𝑠,𝑡 = 1 | 𝑧𝑠,𝑡−1 = 0) = logit−1(𝛽0) and 𝑝11 = 𝑝(𝑧𝑠,𝑡 = 1 | 𝑧𝑠,𝑡−1 = 1) =

logit−1(𝛽0 + 𝛽1). The corresponding one-step-ahead marginalized observation density

is

(4.3.37) 𝑝zi(𝑦𝑠,𝑡 | 𝜆𝑠,𝑡, 𝜋𝑠,𝑡 |𝑡−1) = 𝜋𝑠,𝑡 |𝑡−1 Pois(𝑦𝑠,𝑡 | 𝜆𝑠,𝑡) + (1 − 𝜋𝑠,𝑡 |𝑡−1)1(𝑦𝑠,𝑡 = 0).

The filtering update is then

(4.3.38) 𝜋𝑠,𝑡 |𝑡 =
𝜋𝑠,𝑡 |𝑡−1 Pois(𝑦𝑠,𝑡 | 𝜆𝑠,𝑡)
𝑝zi(𝑦𝑠,𝑡 | 𝜆𝑠,𝑡, 𝜋𝑠,𝑡 |𝑡−1)

.

Equations (4.3.36) and (4.3.38) are applied forward in time for each location 𝑠, starting

from an initial probability 𝜋𝑠,0|0.

The log marginal contribution of location 𝑠 is therefore

(4.3.39) ℓzi
𝑠 =

𝑇∑︁
𝑡=1

log 𝑝zi(𝑦𝑠,𝑡 | 𝜆𝑠,𝑡, 𝜋𝑠,𝑡 |𝑡−1),

and the full marginalized log likelihood is
∑𝑆

𝑠=1 ℓ
zi
𝑠 . This likelihood is the quantity used

in the EIVA importance weights and in the Newton–Laplace updates for each particle.

The gradient of log 𝑝zi(𝑦𝑠,𝑡 | 𝜆𝑠,𝑡, 𝜋𝑠,𝑡 |𝑡−1) with respect to the spatial parameters 𝜻𝑘

has two contributions. The first comes from the direct dependence of 𝜆𝑠,𝑡 on 𝜻𝑘. The
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second comes from the dependence of the predicted activation probability 𝜋𝑠,𝑡 |𝑡−1 on

earlier intensities 𝜆𝑠,1:𝑡−1 through the filtering recursion. We compute the full gradient

by differentiating through the forward filter. A forward sweep gives the probabilities

{𝜋𝑠,𝑡 |𝑡−1, 𝜋𝑠,𝑡 |𝑡}𝑇𝑡=1, and a reverse sweep accumulates the derivatives with respect to the

parameters. This costs 𝑂(𝑇) per location for a fixed intensity trajectory.

4.3.5. Stochastic gradient updates for global parameters

The global parameters 𝜗glb = (log 𝜇, 𝛽0, 𝛽1) enter the intensity in Eq. (4.2.1) and

the zero-inflation transition probabilities additively across all source columns and time

points. The variational family for this block follows the hybrid variational approach of

Loaiza-Maya et al. (2022) that was used for the univariate DGTF class in Chapter 2. In

the present network setting, the exact conditional distribution of the latent trajectories

is not available, so we use the current column-wise EIVA particle approximations to

construct a stochastic update for the global parameters. We approximate the marginal

posterior of 𝝑glb by 𝑞0
𝝇glb
(𝝑glb), where 𝝇glb denotes the corresponding variational pa-

rameters. All components of 𝜗glb are on unconstrained scales, so a multivariate normal

approximation applies directly without an intermediate transformation.

If the marginal likelihood 𝑝(𝑦1:𝑇 | 𝝑glb) were available, the global variational param-

eters could be updated by maximizing the ideal marginal evidence lower bound

(4.3.40) L(𝝇glb) = 𝐸𝑞0
𝝇glb

[
log 𝑝(𝝑glb, 𝑦1:𝑇 ) − log 𝑞0

𝝇glb
(𝝑glb)

]
.

In the network Hawkes-type model this marginal likelihood is not tractable because

it requires integration over the coupled latent reproduction trajectories. We therefore

use the column-wise EIVA particle sets from the current PLVA iteration to construct a
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stochastic pseudo-likelihood surrogate for the global parameter update.

The variational distribution 𝑞0
𝝇glb

takes the form of a Gaussian with factor covariance

structure,

𝑞0
𝝇glb
(𝜗glb) = 𝑁

(
𝜗glb | 𝝁𝜍, 𝑩𝜍𝑩

′
𝜍 + 𝑫𝜍

)
,(4.3.41)

where 𝝁𝜍 is the mean vector, 𝑩𝜍 is an 𝑚 × 𝑘 loading matrix with 𝑚 the number of

global parameters and 𝑘 ≤ 𝑚 the number of latent factors, and 𝑫𝜍 is a diagonal matrix

capturing residual variance. The factor structure has𝑂(𝑚𝑘+𝑚) parameters and captures

the dominant posterior dependencies between the global parameters at a cost much lower

than a dense covariance (Loaiza-Maya et al., 2022). The variational parameters for the

global block are 𝝇glb = (𝝁𝜍, 𝑩𝜍, 𝑫𝜍).

The ideal bound in Eq. (4.3.40) cannot be computed in closed form because the

marginal log-likelihood log 𝑝(𝑦1:𝑇 | 𝝑glb) is intractable. For the ideal marginal objective,

Fisher’s identity gives

∇𝜗glb log 𝑝(𝑦1:𝑇 | 𝜗glb) = E𝑝(𝜼|𝑦1:𝑇 , 𝜗glb)
[
∇𝜗glb log 𝑝(𝑦1:𝑇 | 𝜼, 𝜗glb)

]
,(4.3.42)

which uses that the prior on 𝜼 does not depend on 𝜗glb.

Exact sampling from the joint conditional 𝑝(𝜼 | 𝑦1:𝑇 , 𝜗glb) is itself intractable, and

the algorithm approximates it by the pseudo-likelihood in the sense of Besag (1975),

𝑝̃(𝜼 | 𝑦1:𝑇 , 𝜗glb) =
𝑆∏

𝑘=1
𝑝(𝜼𝑘 | 𝑦1:𝑇 , 𝜁̂𝑘, C−𝑘),(4.3.43)

which is the same column-conditional law that the EIVA particle sets target in Eq. (4.3.20).

At each iteration of SGA, the global parameters are drawn 𝜗glb ∼ 𝑞0
𝝇glb

and a joint la-

tent trajectory is assembled from the particle sets produced by the column updates.
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For each column 𝑘 = 1, . . . , 𝑆, draw 𝑚∗
𝑘
∼ Cat(𝜛̄(1)

𝑘
, . . . , 𝜛̄

(𝑀)
𝑘
) and set 𝜼∗

𝑘
= 𝜼

(𝑚∗
𝑘
)

𝑘

with 𝑟∗
𝑘,𝑡

=
√
𝑊

∑𝑡−1
𝑗=0 𝜂

∗
𝑘, 𝑗

. The joint draw (𝜼∗1, . . . , 𝜼
∗
𝑆) is a single sample from the

pseudo-likelihood in Eq. (4.3.43). It differs from a draw of 𝑝(𝜼 | 𝑦1:𝑇 , 𝜗glb) through

the cross-column coupling that the pseudo-likelihood factorization omits. The resulting

approximation error relative to the ideal gradient in is the price of the column-wise

factorization that the rest of the algorithm relies on, and in regimes where the column-

conditional posterior of 𝜼𝑘 is approximately invariant to the spatial weights of other

columns the bias is small.

The intensity at the joint draw is

𝜆∗𝑠,𝑡 (𝜗glb) = exp(log 𝜇) +
𝑆∑︁

𝑘=1
𝛼̂𝑠,𝑘

𝑡−1∑︁
𝑙=1

ℎ(𝑟∗𝑘,𝑙) 𝜙𝑡−𝑙 𝑦𝑘,𝑙,(4.3.44)

where 𝛼̂𝑠,𝑘 is the current spatial weight from the column updates. For the same draw

(𝛽0, 𝛽1) of the global parameters, the forward filter of § 4.3.4 gives the predicted

activation probabilities 𝜋∗
𝑠,𝑡 |𝑡−1(𝝑glb). of § 4.3.4 using 𝜆∗ together with the draw (𝛽0, 𝛽1)

of the global parameters. Combining the Fisher identity in Eq. (4.3.42) with the pseudo-

likelihood draw motivates the pseudo-likelihood stochastic objective

L̂pl(𝝇glb; 𝜼∗) = log 𝑝(𝜗glb) +
∑︁
𝑠,𝑡

log 𝑝zi

(
𝑦𝑠,𝑡 | 𝜆∗𝑠,𝑡 (𝝑glb), 𝜋∗𝑠,𝑡 |𝑡−1(𝝑glb)

)
− log 𝑞0

𝝇glb
(𝜗glb),

(4.3.45)

whose gradient with respect to 𝝑glb at the joint draw is a single-sample score for the

pseudo-likelihood surrogate in Eq. (4.3.43). The summed log-density in Eq. (4.3.45) is

the complete-data log-likelihood at 𝜼∗ rather than an estimator of log 𝑝(𝑦1:𝑇 | 𝜗glb); the

connection to the bound is through the gradient, not through the scalar value.

The variational parameters are updated by SGA on the pseudo-likelihood objec-
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tive, 𝝇(𝑖+1)
glb = 𝝇(𝑖)glb + 𝜚(𝑖) · ∇𝝇glbL̂pl, with step size 𝜚(𝑖) updated recursively by the

ADADELTA scheme following Loaiza-Maya et al. (2022). The reparameterization

Jacobian 𝜕𝜗′glb/𝜕𝝇glb and the score ∇𝜗glb log 𝑞0
𝝇glb

admit generic closed-form expressions

for the Gaussian with factor covariance structure. The gradient of the complete-data

log-likelihood with respect to log 𝜇 flows through the additive baseline in the inten-

sity, contributing
∑

𝑠,𝑡 (𝜕 log 𝑝zi/𝜕𝜆𝑠,𝑡) · exp(log 𝜇). The gradient with respect to 𝛽0 and

𝛽1 flows through the filtered activation probability 𝜋̂∗𝑠,𝑡 and requires backpropagation

through the forward filter recursion of § 4.3.4.

Convergence of the global block is monitored through the trajectory of a pseudo-

likelihood diagnostic across iterations, supplemented by the column-wise ESSs from

§ 4.3.1. We plot

(4.3.46) L̂ (𝑖)pl =

𝑆∑︁
𝑘=1

�log 𝑝
(𝑖)
𝑘 , �log 𝑝

(𝑖)
𝑘 = log

(
1
𝑀

∑𝑀
𝑚=1 𝜛̃

(𝑚,𝑖)
𝑘

)
,

the self-normalized importance sampling estimator of the column-conditional log marginal

likelihood summed across columns, evaluated at the current state at iteration 𝑖. The

quantity in Eq. (4.3.46) is a Monte Carlo estimate of log
∏

𝑘 𝑝(𝑦1:𝑇 | 𝜁̂𝑘, C−𝑘), the

pseudo-likelihood evidence introduced in Eq. (4.3.43). It is not a lower bound on the

model log marginal likelihood log 𝑝(𝑦1:𝑇 ), since the pseudo-likelihood factorization

replaces the joint conditional distribution of 𝜼 by a product of column-conditional laws.

We therefore call L̂ (𝑖)pl the pseudo-likelihood objective. It is used only to detect when

the block-coordinate iteration has stopped moving, so that the loop can be stopped once

the traces have settled. Its value does not measure how well the converged variational

distribution fits the data. The global block is updated once per iteration after the column

updates, with the column updates providing the latent state particle sets that the joint
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draw samples from.

The PLVA is best viewed as a blockwise approximation related to structured varia-

tional and message passing methods, including Hoffman et al. (2013), Wand (2017),

and expectation propagation (Minka, 2001). Its approximating families are chosen to

retain the spatial–temporal dependence induced by the multiplicative parameterization,

but its complete update cycle is not derived as optimization of a single Kullback–Leibler

objective or a lower bound on log 𝑝(𝑦1:𝑇 ). Methodological validity therefore rests on

a transparent definition of the conditional approximations and on empirical validation

against MCMC, rather than on a global variational optimality claim.

The quality of the fit is assessed by the column-wise EIVA effective sample sizes,

the stability of the blockwise summaries, the agreement across initializations, and the

held-out predictive scores and coverage reported in § 4.4 and 4.5 against the MCMC

reference.

A bound on the evidence is within reach of this construction and is a natural next

step. The importance weights the algorithm already stores are self-normalized, and

the spatial approximation is a mixture indexed by those particles, so the joint proposal

has no normalized density that can be evaluated at an arbitrary draw. Giving the EIVA

proposal and the mixture a parametric form with an evaluable joint density would supply

the importance ratio that the importance-weighted variational bound (IWAE) of Burda

et al. (2016) requires, and would yield a lower bound on log 𝑝(𝑦1:𝑇 ) that tightens as 𝑀

grows. § 4.6 returns to this as a direction for future work.
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4.3.6. Block-coordinate algorithm and computational complexity

Algorithm 7 assembles the four blocks into a single block-coordinate optimization loop.

Each iteration cycles through the 𝑆 source columns, updating the temporal and spatial

blocks at each column through the EIVA proposal, the Newton–Laplace mixture, and

the current column summaries. After the column updates, the global block is updated

by SGA on the pseudo-likelihood objective in Eq. (4.3.45), and the horseshoe scales and

auxiliaries are updated by the moment formulas of § 4.3.3. The algorithm stops when

the pseudo-likelihood diagnostic and the column-wise retention rate traces stabilize

according to the rule described below. Once the variational parameters are fixed, the

posterior samples are drawn using the procedure of Algorithm 8.

Algorithm 8 samples from the finite particle Laplace approximation actually con-

structed at the final iteration. Selecting one index 𝑚∗
𝑘

and retaining both its stored

temporal particle and its associated Laplace component preserves the dependence en-

coded by the mixture. Running a fresh EIVA pass after sampling 𝜻𝑘 would instead define

a different approximation and would break the stored particle–component pairing unless

that new joint construction were specified separately. The paired rule also removes the

additional EIVA cost during posterior sampling.

The cost of an iteration must therefore be evaluated with a dense C𝑘. Within a

column, the diagonal weights for each destination are first combined, and the precision

contribution C′
𝑘
D𝑘C𝑘 is then formed. Forming that matrix and factorizing it by Cholesky

costs at most 𝑂(𝑇3) per column. Drawing 𝑀 particles, reconstructing trajectories, and

evaluating exact intensities and forward-filtered observation densities cost 𝑂(𝑀𝑆𝐿𝜙𝑇)

per column. The spatial Newton solver costs 𝑂
{
𝑁Newton(𝑆𝐿𝜙𝑇 + 𝑆3)

}
for every particle,

and assembling the mixture moments costs 𝑂(𝑀𝑆2) per column. Summing across the 𝑆
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source columns gives

𝑂
(
𝑆𝑇3 + 𝑀𝑆2𝐿𝜙𝑇 + 𝑀𝑁Newton(𝑆2𝐿𝜙𝑇 + 𝑆4) + 𝑀𝑆3) .(4.3.47)

The leading term in 𝑆 is𝑂(𝑀𝑁Newton𝑆
4), from the Newton solves, and the dense temporal

factorization contributes 𝑂(𝑆𝑇3), so this formulation is cubic rather than linear in the

length of the series. A state-space implementation that exploits the Markov precision

of the latent random walk would reduce the temporal term, at the cost of a separate

derivation. The timings reported below hold for the values of 𝑆, 𝑇 , and 𝑀 that were run,

and we do not extrapolate them beyond that range. For comparison, the block MCMC

algorithm in Chapter 3 costs a similar amount per iteration but typically requires several

thousand iterations for adequate mixing. The proposed algorithm instead uses block-

coordinate optimization, so its runtime is mainly driven by the particle count 𝑀, the

number of Newton steps in the spatial block, and the number of outer iterations required

for stabilization. The empirical wall-clock comparison is reported in § 4.4.

This cost supports a limited claim about scale. The method is demonstrated for

the moderate spatial networks and series lengths of the simulations and the ten-county

application. Scaling to substantially longer series would require a state-space solver for

the temporal block, and scaling to many more locations would require parallel column

updates, sparsity or low-rank structure in the spatial Newton problems, or screening of

candidate pathways before fitting.

The iteration bound 𝑁iter in Algorithm 7 is fixed in advance. Each fit in this chapter

uses 𝑁iter = 300, and the monitored traces reported in § 4.4 stabilize well before that

bound.
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Algorithm 7: Particle Laplace variational approximation: optimization loop.
Input: Observations {𝑦𝑠,𝑡}; serial interval {𝜙𝑙}; hyperparameters

(𝜏0,𝑘, 𝑐, 𝑎𝑤, 𝑏𝑤, . . .); EIVA particle count 𝑀; Newton settings
(𝑁Newton, 𝜖tol, 𝛿max); stochastic gradient settings.

Output: Spatial mixtures {𝑞∗
𝑘
(𝜻𝑘)}𝑆𝑘=1, horseshoe factors {𝑞∗(𝜉𝑘)}𝑆𝑘=1, and

global variational parameters 𝝇∗glb.
Initialize 𝜁̄

(0)
𝑘

from a generalized linear model fit; set 𝜉(0)
𝑘

at the prior modes;
set 𝑟(0)

𝑘,𝑡
= 0; set 𝝇(0)glb at prior means;

for 𝑖 = 1 to 𝑁iter do
for 𝑘 = 1 to 𝑆 do

Form the offset 𝜇̃ (−𝑘)𝑠,𝑡 via Eq. (4.3.5) from the current values;
Construct the EIVA proposal 𝑔𝑘 via Eqs. (4.3.10) and (4.3.11);
Draw 𝜼(𝑚)

𝑘
∼ 𝑔𝑘 for 𝑚 = 1, . . . , 𝑀, reconstruct 𝑟(𝑚)

𝑘
, and compute

normalized importance weights 𝜛̄(𝑚)
𝑘

via Eq. (4.3.13);
for 𝑚 = 1 to 𝑀 do

Set 𝜼𝑘 = 𝜼(𝑚)
𝑘

and 𝜁 (0) = 𝜁̄
(𝑖−1)
𝑘

;
for ℓ = 0, 1, . . . , 𝑁Newton or until ∥g(𝑚) (𝜁 (ℓ))∥∞ < 𝜖tol do

Compute g(𝑚) (𝜁 (ℓ)) and H(𝑚) (𝜁 (ℓ));
Form A(𝑚)

𝛿
= H(𝑚) + 𝛿I with the smallest

𝛿 ∈ {0, 10−8, . . . , 𝛿max} such that A(𝑚)
𝛿
≻ 0;

Take the Newton step with backtracking line search;

Set 𝜁∗(𝑚)
𝑘

= 𝜁 (ℓ
∗) and Σ(𝑚)

𝑘
= [A(𝑚)

𝛿∗ ]
−1 at convergence;

Assemble the mixture 𝑞
(𝑖)
𝑘
(𝜻𝑘) from {(𝜻∗(𝑚)

𝑘
, Σ(𝑚)

𝑘
, 𝜛̄
(𝑚)
𝑘
)}𝑀

𝑚=1;
Compute 𝜁̄

(𝑖)
𝑘

via Eq. (4.3.27), update 𝑟𝑘,𝑡 =
∑

𝑚 𝜛̄
(𝑚)
𝑘

𝑟
(𝑚)
𝑘,𝑡

and 𝛼̂·,𝑘;

// Global block
Draw indices 𝑚∗

𝑘
∼ Cat(𝜛̄𝑘) for 𝑘 = 1, . . . , 𝑆 from the particle sets

produced by the column updates to form the joint draw 𝜼∗. Update the
global variational parameters by SGA on the pseudo-likelihood
objective in Eq. (4.3.45). Gradients with respect to (𝛽0, 𝛽1) are
computed by differentiating through the forward filter; // Horseshoe
block

Compute E𝑞 [𝜃2
𝑠,𝑘
] via Eq. (4.3.34), update the inverse-gamma factors via

Eqs. (4.3.30) to (4.3.33), and propagate the scales via Eq. (4.3.35);
// Convergence check

Track L̂pl(𝝁(𝑖)𝜍 ), the column-wise ESSs, and the mixture means 𝜁̄𝑘;
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Algorithm 8: Particle Laplace variational approximation: posterior sampling.
Input: Variational parameters {𝝇∗

𝑘
, 𝜉∗

𝑘
, 𝝇∗glb}

𝑆
𝑘=1 from Algorithm 7;

observations {𝑦𝑠,𝑡}; serial interval {𝜙𝑙}; number of posterior draws
𝑁post.

Output: Posterior samples {𝜁 ( 𝑗)
𝑘
, 𝜼( 𝑗)

𝑘
, 𝜗
( 𝑗)
glb, 𝜉

( 𝑗)
𝑘
}𝑁post
𝑗=1 .

for 𝑗 = 1 to 𝑁post do
for 𝑘 = 1 to 𝑆 do

Draw one stored component index 𝑚∗
𝑘
∼ Cat(𝜛̄(1)

𝑘
, . . . , 𝜛̄

(𝑀)
𝑘
);

Set 𝜼( 𝑗)
𝑘

= 𝜼
(𝑚∗

𝑘
)

𝑘
and 𝑟

( 𝑗)
𝑘,𝑡

=
√
𝑊

∑𝑡−1
𝑗′=0 𝜂

( 𝑗)
𝑘, 𝑗′ ;

Draw 𝜁
( 𝑗)
𝑘
∼ 𝑁 (𝜁∗(𝑚

∗
𝑘
)

𝑘
, Σ
(𝑚∗

𝑘
)

𝑘
) from the Laplace component paired with

that same particle;
Unpack 𝜁

( 𝑗)
𝑘

to update the column-𝑘 spatial weights 𝛼( 𝑗)·,𝑘 ;
Draw the horseshoe variables 𝜉( 𝑗)

𝑘
from the inverse-gamma factors of

§ 4.3.3;

Draw 𝜗
( 𝑗)
glb ∼ 𝑞0

𝝇∗glb
;
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§ 4.4. Simulation studies

The simulation is designed to evaluate which posterior summaries the PLVA matches

against the block MCMC sampler of Chapter 3, where it departs from that reference,

and how much computation it saves. The data generating process contains no structural

zeros, isolating the spatio-temporal coupling that the PLVA targets.

The evidence comes in two parts. A fit to one simulated dataset, reported in § 4.4.3

and 4.4.4, illustrates the posterior summaries and supplies the figures of this section. A

replicated comparison against MCMC on ten independently simulated datasets, reported

in § 4.4.5, provides the quantitative comparison between the two methods.

4.4.1. Simulation design

We compare the PLVA against the block MCMC sampler of Chapter 3 on the simulated

dataset of Study 1 in § 3.4.2, which is drawn from the network Hawkes-type model and is

illustrated in Fig. B.1. The simulator generates daily case counts 𝑦𝑠,𝑡 at 𝑆 = 5 destinations

over 𝑇 = 210 days. The data generating retention rates are 𝑤 = (0.9, 0.7, 0.5, 0.3, 0.3),

the background intensity is 𝜇 = 2, the gain function ℎ is the softplus, and the latent

reproduction trajectories follow Gaussian random walks with innovation variance 𝑊 =

0.01. The serial interval {𝜙𝑙} is a discretized log-normal with mean 4.7 days and

standard deviation 2.9 days, truncated at 𝐿 = 30 days and renormalized to sum to one.

The transmission weight matrix 𝜶 is column-stochastic with sparse and heterogeneous

off-diagonal entries, generated without mobility covariates so that the off-diagonal

structure is driven entirely by the deviation terms. The data are generated without

structural zeros, so every activation indicator 𝑧𝑠,𝑡 equals one. We hold out the last 10
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days for forecast evaluation and fit both algorithms on the first 𝑇train = 200 days.

Both algorithms fit the identical network Hawkes-type model of Chapter 3 under the

identical prior specification, and differ only in the inference procedure. We use the

prior 𝑤𝑘 ∼ Beta(1, 1) for the retention rates and log 𝜇 ∼ 𝑁 (0, 9) for the log baseline

rate, and the regularized horseshoe on the off-diagonal deviations uses local scales

𝛾𝑠,𝑘 ∼ 𝐶+(0, 1), column-specific global scales 𝜏𝑘 ∼ 𝐶+(0, 𝜏0), and slab scale 𝑐2 = 4,

exactly as in the simulation studies of Chapter 3. The zero-inflation coefficients 𝛽0 and

𝛽1 use the normal priors of Chapter 3. The zero-inflation block is not switched off.

Although the data contain no structural zeros, both algorithms still estimate 𝛽0 and 𝛽1,

and both recover a high activation probability, so the experiment also confirms that the

component does no harm when structural zeros are absent. The innovation variance 𝑊

is fixed at its data generating value, as in the simulation studies of Chapter 3.

The horseshoe global scale is fixed at 𝜏0 = 1 before fitting. This is a deliberate,

simulation-specific choice rather than the data-driven calibration 𝜏0 = 𝑝0𝜎𝑦/
(
(𝑆 − 1 −

𝑝0)
√
𝑇
)

of Piironen and Vehtari (2017) adopted in Chapter 3, whose inputs, an expected

number of active pathways 𝑝0 and a scale 𝜎𝑦 of the observed counts, are most natural

for the application data. The reported quantities are not sensitive to the precise value

of 𝜏0 as long as it is not set extremely small, because 𝜏0 enters only as the scale of the

half-Cauchy prior on the column-specific global scale 𝜏𝑘, which is heavy-tailed and lets

the data override the prior. The same 𝜏0 = 1 is used for both algorithms.

The PLVA is run at EIVA particle counts 𝑀 ∈ {10, 20, 30, 50, 100}, where 𝑀 is the

number of EIVA particles introduced in § 4.3.1. Each configuration is run for 300

iterations, so that all configurations are compared at the same number of iterations.

The spatial parameters are initialized by generalized linear model estimations and the
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disturbance trajectories at zero, with the remaining Newton and stochastic gradient

settings as in Algorithm 7. After the variational optimization completes, 𝑁post = 1000

posterior samples are drawn via Algorithm 8 for posterior inference. The PLVA accuracy

summaries reported in Table 4.1 are averaged across five independent runs at each 𝑀 on

this dataset, with identical settings but different random seeds. The posterior estimates

shown in Figs. 4.2 to 4.5 are taken from a single one of the five 𝑀 = 50 runs, rather than

pooled across runs, and the posterior intervals shown in those figures should be read

accordingly. In addition to the main comparison across 𝑀, we report a single PLVA run

at 𝑀 = 50 to illustrate the convergence diagnostics in Fig. 4.1.

For the replicated comparison of § 4.4.5, we simulated ten additional datasets. The

retention rates 𝑤, the background intensity 𝜇, the innovation variance 𝑊, and the serial

interval {𝜙𝑙} are held at the values given above, while the off-diagonal deviations of

𝜶 and the simulated counts are drawn afresh for each dataset. We fit the PLVA at

each particle count and the block MCMC sampler to all ten datasets under the settings

described above, and compare every fit against the simulated truth of the dataset it was

fitted to.

The MCMC reference runs the block sampler of Chapter 3 on the same data, model,

and priors. The chain runs for 25,000 iterations after a 5,000 iteration burn-in, thinned

to every fifth draw, matching the number of iterations used for the simulation studies of

that chapter. Its convergence is monitored through the MCMC effective sample size on

the retention rates𝑤𝑘, reported in § 4.4.2. The MCMC accuracy summaries are averaged

across three independent runs on this dataset with identical settings but different random

seeds, and are computed from the retained posterior draws after convergence. All runs

use a single CPU core. The wall clock times of Table 4.5 come from a separate set of
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runs, five for the PLVA at each 𝑀 and three for MCMC, each run on its own dataset

simulated from the same data generating process.

4.4.2. Convergence diagnostics

Both algorithms reached stable estimates before the posterior analysis. The MCMC

sampler produced an average MCMC effective sample size of 354 on the retention

rates 𝑤𝑘, ranging from 168 to 446 across columns, in approximately 44 minutes of

wall clock time. This is a chain autocorrelation diagnostic, distinct from the EIVA

importance sampling ESS discussed below. The PLVA pseudo-likelihood objective

trace L̂pl of Eq. (4.3.46) settled within 30 iterations across all 𝑀 settings, and the

slowest converging 𝑤𝑘 trace stabilized well before the 300th iteration.

The pseudo-likelihood objective signals when the iteration has stopped moving.

Because the algorithm does not ascend a single global objective monotonically, a settled

trace does not on its own establish that the stopped fit is a good approximation. Support

for that comes from the coverage and predictive scores in § 4.4 and from the stability of

the posterior summaries across the initialization schemes reported in § 4.4.7.

The EIVA importance sampler’s effective sample size as a fraction of 𝑀 ranged

between 0.77 and 0.88 across configurations (Fig. 4.1). The mean column-wise EIVA

ESS at convergence was 8.8 at 𝑀 = 10, 17.5 at 𝑀 = 20, 25.9 at 𝑀 = 30, 38.6 at 𝑀 = 50,

and 85.9 at 𝑀 = 100. These fractions indicate that the EIVA Gaussian proposal matches

the column-conditional posterior reasonably well across particle counts, so 𝑀 mainly

controls the precision of the importance estimate rather than the stability of the proposal.
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Figure 4.1.: PLVA convergence diagnostics on the simulated data. Panel (a) shows the
pseudo-likelihood objective L̂pl of Eq. (4.3.46) for two runs, one at 𝑀 = 50
and one at 𝑀 = 100. Panels (b) and (c) come from the 𝑀 = 50 run alone,
and show the posterior mean retention rate for each column and the EIVA
effective sample size.

4.4.3. Parameter estimation

The estimates in this subsection and in § 4.4.4 come from the single simulated dataset of

§ 4.4.1 and are illustrative. § 4.4.5 reports the same comparison across ten independently

simulated datasets.

We assess parameter estimation on three quantities of interest: the reproduction

trajectory 𝑅𝑘,𝑡, the retention rates 𝑤𝑘, and the spatial transmission matrix 𝜶. Across

these targets, PLVA matched the MCMC reference on point estimates while producing

narrower credible intervals.

Reproduction trajectories. Both methods tracked the true 𝑅𝑘,𝑡 trajectories on the

training window, as shown in Fig. 4.2. The CRPS on 𝑅𝑘,𝑡 averaged 0.096 for MCMC

and ranged from 0.09 to 0.10 across PLVA settings (Table 4.1). The MAE between the

posterior median trajectory and the truth averaged 0.136 for MCMC and 0.12 to 0.14 for

PLVA. The point estimates of the reproduction trajectories were of comparable accuracy
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across methods. Empirical 95% credible interval coverage was 0.99 for MCMC, which

was conservative relative to the nominal level, and 0.82 to 0.86 for PLVA. PLVA’s

intervals were narrower than MCMC’s by roughly the same factor across all 𝑀 values.

§ 4.4.5 finds the same shortfall across independently simulated datasets, which attributes

it to the variational family and not to Monte Carlo noise from a small particle count.
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Figure 4.2.: Posterior median and 95% CI of reproduction number 𝑅𝑘,𝑡 for each location.

Retention rates. The MCMC posterior median for 𝑤𝑘 recovered the truth on the

well-identified columns, returning 0.81 and 0.72 against truths of 0.9 and 0.7. On the

columns with low true values, the MCMC posterior median sat above the truth, returning

𝑤4 = 0.36 and 𝑤5 = 0.40 against truths of 0.30. PLVA matched MCMC on the three

well-identified columns to within 0.04, with posterior medians of 0.86, 0.72, and 0.50.

Its 𝑤4 estimate of 0.41 sat higher again, while its 𝑤5 estimate of 0.39 was comparable to
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Table 4.1.: Absolute levels on the illustrative fit to the single simulated dataset of § 4.4.1,
which also produces the figures of this section. The 𝑅𝑘,𝑡 columns report
CRPS on the posterior distribution of 𝑅𝑘,𝑡, mean absolute deviation between
the posterior median and the truth, and empirical coverage of the 95% cred-
ible intervals, each averaged across the 5 destinations, the training window,
and the runs. The remaining columns report in-sample posterior predictive
CRPS on 𝑦𝑠,𝑡 averaged across the training window, and forecast CRPS at
horizons of 1, 5, and 10 days averaged across the 5 destinations. Tables 4.2
to 4.4 report the comparison against MCMC across replicated datasets.

𝑅𝑘,𝑡 CRPS on 𝑦𝑠,𝑡
Method CRPS MAE Coverage In-sample ℎ = 1 ℎ = 5 ℎ = 10
MCMC 0.096 0.136 0.99 3.39 5.34 7.23 12.51
PLVA, 𝑀 = 10 0.09 0.13 0.85 3.37 5.13 7.58 13.47
PLVA, 𝑀 = 20 0.09 0.12 0.86 3.38 4.96 7.33 12.89
PLVA, 𝑀 = 30 0.10 0.14 0.82 3.37 5.05 7.50 13.19
PLVA, 𝑀 = 50 0.09 0.13 0.85 3.38 4.96 7.42 13.11
PLVA, 𝑀 = 100 0.09 0.13 0.85 3.38 4.98 7.39 13.06

MCMC’s. Posterior 95% interval widths for 𝑤𝑘 averaged 0.27 for MCMC and 0.08 for

PLVA, so PLVA’s intervals were roughly 2 to 5 times narrower across columns (Fig. 4.3).

Both methods departed from the truth in the same direction on the low signal columns,

so the displacement is not specific to the variational approximation. The PLVA estimate

of 𝑤4 stayed nearly constant across 𝑀 values. § 4.4.5 shows that both the larger error

and the narrow intervals on the retention rates persist across independently simulated

datasets, which points to the remedies discussed in § 4.6.

Transmission weights. The recovered transmission matrix 𝜶 matched the qualitative

network structure under both methods (Fig. 4.4). Both PLVA and MCMC produced

diagonals close to their 𝑤𝑘 estimates. The pointwise discrepancy between the PLVA and

MCMC posterior mean matrices was at most 0.05 in absolute value across all entries.
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Figure 4.3.: Posterior densities for the retention rate 𝑤𝑘 across the 5 destinations. PLVA
at 𝑀 = 50 in blue and MCMC in red. The solid vertical line marks the truth.
The variational posterior is narrower than the MCMC posterior across all
five columns, and is pulled slightly further toward the prior mode on 𝑤4.
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Figure 4.4.: Posterior summary of the transmission matrix 𝜶 at 𝑀 = 50. The top row
shows heatmaps of the true 𝜶, the PLVA posterior mean, and the MCMC
posterior mean. The bottom row shows the posterior standard deviations
under PLVA and MCMC.
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4.4.4. Predictive performance

We evaluate in-sample posterior predictive fit on the training window and out-of-sample

forecast accuracy on the held-out final 10 days. The in-sample CRPS on observed counts

𝑦𝑠,𝑡 averaged 3.37 to 3.38 across PLVA settings and 3.39 for MCMC. Forecast CRPS on

𝑦𝑠,𝑡 at horizon ℎ = 1 day averaged 5.34 for MCMC and 4.96 to 5.13 for PLVA, so PLVA

matched or improved on MCMC at every 𝑀. At ℎ = 5 days the CRPS averaged 7.23

for MCMC and 7.33 to 7.58 for PLVA. At ℎ = 10 days it averaged 12.51 for MCMC

and 12.89 to 13.47 for PLVA (Table 4.1, with the forecast trajectories at each location

shown in Fig. 4.5). Although 𝑀 = 20 gave the best PLVA CRPS at the 5 and 10 day

horizons, it led the next best particle count by under 1.5% at both, and the differences

across 𝑀 on the forecast metrics for this single dataset were small at every horizon.

The ordering across 𝑀 does not persist under replication, where 𝑀 = 50 gave the lower

forecast CRPS at both horizons (§ 4.4.5). On the ten replicated datasets of § 4.4.5,

the forecast differences between the two methods are smaller than their variation across

datasets at all three horizons.
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Figure 4.5.: One to ten day ahead forecast of 𝑦𝑠,𝑡 on the held-out window for each of the
5 destinations. PLVA at 𝑀 = 50 in purple and MCMC in cyan. Solid lines
show the posterior median forecast, and shaded bands show 95% prediction
intervals. The black line represents the observed trajectory.
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4.4.5. Replicated comparison against MCMC

We repeated the comparison of § 4.4.3 and 4.4.4 on the ten independently simulated

datasets described in § 4.4.1, fitting both methods to each dataset. The simulated series

differ in scale from one dataset to the next, which makes absolute error metrics hard to

compare across replications. For the error metrics we therefore report the percentage

change of the PLVA value against the MCMC value on the same dataset, averaged over

the ten datasets, with the standard deviation across datasets in parentheses. A positive

change means the PLVA error was the larger of the two. Coverage and interval width

are already comparable across datasets, so these are reported as levels.

Reproduction trajectories and in-sample fit. At 𝑀 = 50, the MAE between the

posterior median trajectory of 𝑅𝑘,𝑡 and the truth changed by −10.3% (44.6%) against

MCMC, a difference far smaller than its spread across datasets, so the two methods were

of comparable accuracy on the point estimates. The CRPS on 𝑅𝑘,𝑡 was 20.8% (29.8%)

higher under the PLVA, and the empirical coverage of its 95% credible intervals was

0.79 (0.06) against the nominal 0.95 (Table 4.3). This coverage stayed between 0.79 and

0.81 at every particle count, matching the level reached in the small particle count study

of Table 4.6. The shortfall on 𝑅𝑘,𝑡 is therefore in the width of the credible intervals and

not in the posterior median trajectory. On the observed counts, the in-sample posterior

predictive CRPS changed by 0.5% (26.3%) and the empirical coverage of the 95%

posterior predictive intervals was 0.96 (0.01), close to nominal at every particle count.

Spatial parameters. The two methods differed most on the spatial block. At 𝑀 = 50

the MAE on the retention rates was 23.4% (19.5%) higher under the PLVA, its 95%
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credible intervals covered the truth 0.52 of the time against 0.88 under MCMC, and

their average width was 0.109 against 0.299, a factor of 2.8 narrower (Table 4.2). The

transmission weights showed the same pattern less severely. The Frobenius norm of the

error in 𝜶 was 5.3% (4.8%) higher under the PLVA, with coverage 0.72 against 0.97

and average width 0.156 against 0.270, a factor of 1.7 narrower. The MCMC intervals

on 𝜶 were close to the nominal level across the ten datasets, so the reference is well

calibrated on the quantity that determines the estimated network.

The under-coverage on the spatial block appeared in all ten datasets and at every

particle count, so it is a property of the approximating family and not an artifact of

one simulated realization. Beyond 𝑀 = 10 the coverage on the retention rates moved

between 0.48 and 0.64 without a trend, and the average interval width changed by

less than 6%, so raising the particle count does not close the gap. Closing it calls for

refinements of the variational family, a point that § 4.6 returns to with two concrete

extensions.

Forecasting. The forecast comparison did not separate the two methods at any horizon.

At 𝑀 = 50 the forecast CRPS on the held-out counts changed by −5.4% (21.8%) at

ℎ = 1, 2.1% (18.3%) at ℎ = 5, and 2.6% (14.1%) at ℎ = 10, each small relative to its

variation across datasets (Table 4.4). Empirical coverage of the 95% posterior predictive

intervals was 1.00 at ℎ = 1, 0.99 (0.02) at ℎ = 5, and 0.97 (0.03) at ℎ = 10, at or above

the nominal level at every horizon and particle count.

The contrast between the calibrated predictive intervals and the narrow spatial inter-

vals follows from how the two are constructed. The predictive distribution of a count

combines parameter uncertainty with Poisson observation noise, and the observation
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noise dominates at the counts simulated here, so a variational posterior that is too con-

centrated on the spatial block has little effect on the predictive scores. Credible intervals

for the spatial parameters and for 𝑅𝑘,𝑡 contain no observation noise term, which is why

the under-coverage appears there.

Choice of the particle count. The replicated results also determine the particle count

used in this chapter. The error metrics improve up to about 𝑀 = 50 and change little

beyond it. Between 𝑀 = 10 and 𝑀 = 50 the MAE on the retention rates falls from

26.3% to 23.4% above MCMC, the Frobenius error on 𝜶 from 9.7% to 5.3%, and the

ten day forecast CRPS from 4.7% to 2.6%, whereas moving to 𝑀 = 100 changes each

of the three by about a percentage point or less. Coverage changes little with 𝑀 on

either spatial block or on 𝑅𝑘,𝑡. The one quantity that keeps improving is the CRPS on

𝑅𝑘,𝑡, which falls from 20.8% to 15.7% above MCMC between 𝑀 = 50 and 𝑀 = 100, at

roughly twice the wall clock cost, since 𝑀 enters the cost of an iteration linearly through

Eq. (4.3.47). We therefore use 𝑀 = 50 throughout the simulations of this chapter.

Within this simulation setting, 𝑀 = 100 is the better choice where the reproduction

trajectories are the primary target, and 𝑀 = 20 costs under half as much (§ 4.4.6), with

forecast CRPS within about a percentage point of 𝑀 = 50 at every horizon but a larger

Frobenius error on 𝜶 and a larger CRPS on 𝑅𝑘,𝑡.

4.4.6. Computational efficiency

Wall clock times scaled approximately linearly in 𝑀 as the complexity analysis of § 4.3

predicts. The times below are averages over five PLVA runs at each particle count

and three MCMC runs, each run on a separate dataset simulated from the same data
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Table 4.2.: Replicated comparison on the spatial parameters across ten independently
simulated datasets. The MAE on the retention rates 𝑤𝑘 and the Frobenius
norm of the error in the transmission weights 𝜶 are reported as the per-
centage change of the PLVA value against the MCMC value on the same
dataset, averaged across datasets, with the standard deviation across datasets
in parentheses. Positive values indicate the larger PLVA error. Coverage
is the empirical coverage of the 95% credible intervals and width is their
average width, both reported as levels.

Retention rates 𝑤𝑘 Transmission weights 𝜶
𝑀 MAE change Coverage Width Frobenius change Coverage Width
10 26.3 (22.6) 0.40 0.098 9.7 (6.6) 0.688 0.147
20 24.3 (19.7) 0.48 0.107 8.1 (5.5) 0.714 0.153
30 24.3 (20.3) 0.60 0.105 8.4 (4.9) 0.704 0.155
50 23.4 (19.5) 0.52 0.109 5.3 (4.8) 0.722 0.156
100 23.2 (22.4) 0.64 0.111 6.3 (5.1) 0.728 0.156
MCMC — 0.88 0.299 — 0.966 0.270

Table 4.3.: Replicated comparison on the reproduction trajectories and the in-sample
predictive fit across ten independently simulated datasets. The MAE and
CRPS changes are percentage changes of the PLVA value against the MCMC
value on the same dataset, averaged across datasets, with the standard devia-
tion across datasets in parentheses. Positive values indicate the larger PLVA
error. The coverage columns report empirical coverage of the 95% credible
intervals for 𝑅𝑘,𝑡 and of the 95% posterior predictive intervals for 𝑦𝑠,𝑡.

𝑅𝑘,𝑡 In-sample 𝑦𝑠,𝑡
𝑀 MAE change CRPS change Coverage CRPS change Coverage
10 9.0 (39.2) 27.1 (30.6) 0.790 (0.056) 3.5 (22.3) 0.964 (0.009)
20 6.8 (41.7) 28.7 (26.3) 0.810 (0.052) 0.1 (21.5) 0.966 (0.006)
30 7.5 (31.0) 21.4 (28.0) 0.794 (0.046) −4.3 (15.0) 0.964 (0.006)
50 −10.3 (44.6) 20.8 (29.8) 0.786 (0.061) 0.5 (26.3) 0.964 (0.006)
100 −3.4 (33.9) 15.7 (31.4) 0.790 (0.052) −3.6 (14.6) 0.966 (0.006)
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Table 4.4.: Replicated forecast comparison on the held-out window across ten indepen-
dently simulated datasets. The CRPS change is the percentage change of the
PLVA forecast CRPS against the MCMC value on the same dataset, averaged
across datasets, with the standard deviation across datasets in parentheses.
Positive values indicate the larger PLVA error. Coverage is the empirical
coverage of the 95% posterior predictive intervals.

ℎ = 1 day ℎ = 5 days ℎ = 10 days
𝑀 CRPS change Coverage CRPS change Coverage CRPS change Coverage
10 −4.8 (13.1) 1.000 (0.000) 2.2 (21.1) 0.968 (0.044) 4.7 (34.7) 0.964 (0.036)
20 −4.3 (23.0) 1.000 (0.000) 2.9 (18.3) 0.968 (0.072) 3.4 (15.5) 0.976 (0.026)
30 −4.1 (18.6) 1.000 (0.000) 2.2 (18.5) 0.968 (0.052) 4.0 (23.3) 0.976 (0.022)
50 −5.4 (21.8) 1.000 (0.000) 2.1 (18.3) 0.992 (0.018) 2.6 (14.1) 0.968 (0.034)
100 −5.6 (22.1) 1.000 (0.000) 2.0 (19.4) 0.968 (0.034) 2.6 (15.8) 0.972 (0.018)

generating process, all on a single CPU core. The 300 iteration PLVA runs took 174

seconds at 𝑀 = 10, 313 seconds at 𝑀 = 20, 451 seconds at 𝑀 = 30, 805 seconds at

𝑀 = 50, and 1480 seconds at 𝑀 = 100 (Table 4.5). MCMC required 2641 seconds,

approximately 44 minutes, to reach the effective sample size of 354 described above.

Translating into speedup over MCMC, PLVA was 15.2 times faster at 𝑀 = 10, 8.4

times faster at 𝑀 = 20, 5.9 times faster at 𝑀 = 30, 3.3 times faster at 𝑀 = 50, and 1.8

times faster at 𝑀 = 100. At the 𝑀 = 50 used throughout this chapter (§ 4.4.5), this is a

3.3 times speedup over MCMC at the accuracy reported in § 4.4.5, and 𝑀 = 20 raises

it to 8.4 times.

4.4.7. Sensitivity to algorithm settings

Very small particle counts. The replicated comparison of § 4.4.5, which fixes the

particle count used in this chapter, covers 𝑀 ≥ 10. To see how the approximation

behaves below that range, we ran the PLVA across 𝑀 ∈ {1, 2, 5, 10, 20, 30, 50} on five

independently simulated datasets and summarized two metrics, each normalized within
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Table 4.5.: Wall clock time, iterations run, speedup factor over MCMC, and the con-
verged EIVA effective sample size per column for each PLVA configuration.
Wall clock times are averaged over five PLVA runs at each 𝑀 and three
MCMC runs, each run on a separate dataset simulated from the same data
generating process.

Method Iterations Wall clock (s) Speedup EIVA ESS
MCMC — 2641 1.0 —
PLVA, 𝑀 = 10 300 174 15.2 8.8
PLVA, 𝑀 = 20 300 313 8.4 17.5
PLVA, 𝑀 = 30 300 451 5.9 25.9
PLVA, 𝑀 = 50 300 805 3.3 38.6
PLVA, 𝑀 = 100 300 1480 1.8 85.9

a dataset and then averaged across datasets (Table 4.6). The first is the 𝑅𝑘,𝑡 forecast

CRPS relative to each dataset’s best 𝑀, and the second is the empirical 95% coverage

of 𝑅𝑘,𝑡. The relative 𝑅𝑘,𝑡 CRPS is 1.49 at 𝑀 = 1, where the mixture reduces to a single

Laplace component and the importance weights are inactive, falls to 1.22 at 𝑀 = 2, and

is flat from there. The 𝑅𝑘,𝑡 coverage improves more gradually, from 0.62 at 𝑀 = 1 to

0.76 at 𝑀 = 5 and roughly 0.80 by 𝑀 = 10, after which it plateaus. A single Laplace

component is therefore inadequate on both metrics, and a handful of particles recovers

most of what the mixture supplies.

Initialization. We assess sensitivity to the initial spatial and temporal state by com-

paring three schemes at 𝑀 = 50. The cold start (CS) uses a generalized linear model

initialization for the spatial parameters and zeros for the disturbance trajectories. The

MCMC short start (MS) uses the posterior means of a short MCMC chain of 100 burn-in

and 100 retained iterations. The true start (TS) uses the true data generating values as

the initialization. All other algorithm settings are identical to the main runs of § 4.4.1.

The three initialization schemes converged to nearly the same posterior. Posterior
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Table 4.6.: PLVA accuracy at small EIVA particle counts. Each metric is normalized
within a dataset and then averaged over five independently simulated datasets.
The relative 𝑅𝑘,𝑡 CRPS is the geometric mean of the 𝑅𝑘,𝑡 forecast CRPS
against each dataset’s best 𝑀 (lower is better, 1.00 optimal), and the 𝑅𝑘,𝑡

coverage is the mean empirical 95% interval coverage (target 0.95). The
relative CRPS is worst at 𝑀 = 1 and flat from 𝑀 = 2, while the coverage
rises through 𝑀 = 10.

𝑀 𝑅𝑘,𝑡 CRPS (rel.) 𝑅𝑘,𝑡 coverage
1 1.490 0.620
2 1.218 0.714
5 1.214 0.758

10 1.201 0.800
20 1.205 0.801
30 1.182 0.810
50 1.222 0.803

medians on 𝑤𝑘 matched within 0.07 across schemes on every column (Table 4.7), with

the largest gap appearing on 𝑤3. The EIVA effective sample size at convergence stayed

between 38.6 and 40.6 across the three runs. Predictive performance was also stable.

In-sample CRPS on 𝑦𝑠,𝑡 varied within 0.02 across schemes, 1 to 10 day forecast CRPS

varied within 0.15, and posterior CRPS on 𝑅𝑘,𝑡 stayed at 0.09 across the three schemes.

Coverage of 𝑅𝑘,𝑡 at the nominal 95% level ranged from 0.85 to 0.88. Although the true

start began at the data generating parameters, it drifted to the same fixed point as the cold

start, so the departure from the truth on the low signal retention rates does not reflect a

failure of optimization. The under-coverage documented in § 4.4.5 is a property of the

approximating family, and § 4.6 outlines two ways of widening it.

184



Chapter 4. Particle Laplace variational approximation for network Hawkes models

Table 4.7.: Sensitivity of posterior summaries and predictive performance to the initial
state at 𝑀 = 50. CS: cold start, using a generalized linear model fit for the
spatial parameters and zeros for the disturbance trajectories. MS: MCMC
short start, using the posterior means of a short MCMC chain. TS: true start
at the data generating values. The simulated truth for 𝑤𝑘 is shown in the first
row for reference. Coverage is the empirical coverage of the 95% credible
intervals for 𝑅𝑘,𝑡.

Init 𝑤1 𝑤2 𝑤3 𝑤4 𝑤5 EIVA ESS
Truth 0.90 0.70 0.50 0.30 0.30 —
CS 0.86 0.72 0.50 0.41 0.39 38.6
MS 0.85 0.72 0.46 0.41 0.41 40.6
TS 0.85 0.71 0.53 0.42 0.38 39.5

Init PPC CRPS CRPS𝑅𝑘,𝑡
Coverage𝑅𝑘,𝑡

1 day CRPS 10 day CRPS
CS 3.38 0.09 0.85 4.96 13.11
MS 3.37 0.09 0.85 5.07 13.26
TS 3.36 0.09 0.88 5.10 13.14

4.4.8. Trade-off summary and recommendation

The simulation results support a scoped claim. The PLVA matches the MCMC posterior

medians, the reproduction trajectories, and the predictive summaries at a fraction of the

wall clock cost, while its credible intervals on the spatial parameters stay too narrow.

Across the ten replicated datasets at 𝑀 = 50, the forecast CRPS on the held-out counts

differed from MCMC by −5.4% at ℎ = 1, 2.1% at ℎ = 5, and 2.6% at ℎ = 10, each small

relative to its variation across datasets, and the posterior predictive interval coverage was

at or above the nominal level at all three horizons. The MAE of the posterior median

reproduction trajectories against the truth differed by −10.3% with a standard deviation

of 44.6% across datasets, so the two methods were of comparable point accuracy on

𝑅𝑘,𝑡. The wall clock cost was 2 to 15 times lower than MCMC depending on 𝑀.

The cost of the variational approximation appeared in the credible interval widths.Across
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the ten replicated datasets at 𝑀 = 50, the empirical coverage of the PLVA 95% credible

intervals was 0.79 for 𝑅𝑘,𝑡, 0.72 for the transmission weights against MCMC’s 0.97, and

0.52 for the retention rates against MCMC’s 0.88. The retention rate intervals were 2.8

times narrower than MCMC’s and the transmission weight intervals 1.7 times narrower.

Beyond the smallest particle counts the under-coverage on 𝑤𝑘 was flat in 𝑀, which again

suggests that closing the gap calls for modifications to the variational family and not for

larger particle counts. § 4.6 names two such modifications, a joint importance proposal

over (𝜼𝑘, 𝜁𝑘) and a heavier-tailed mixture family, and we defer the details to that section.

Users with a primary need for fast posterior inference on 𝑅𝑘,𝑡 and forecasting can rely

on PLVA at 𝑀 = 50, the count used throughout this chapter (§ 4.4.5), which gives a 3.3

times speedup over MCMC (Table 4.5). Where forecasting alone is the target, 𝑀 = 20

gave forecast CRPS within about a percentage point of 𝑀 = 50 at every horizon and

raises the speedup to 8.4 times. Users requiring calibrated uncertainty quantification

on the spatial parameters should pair PLVA with periodic MCMC validation or accept

the broader intervals of MCMC.

The qualitative patterns we observed, namely predictive parity, narrower credible

intervals on the retention rates, and approximately linear wall clock scaling in 𝑀, align

with what the theoretical analysis of § 4.3 predicts. Scaling the study to a larger

destination count and longer time series, and an extension to the joint importance

sampling variant, are natural directions for future empirical work.
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§ 4.5. Application to COVID-19 across California

counties

We apply the proposed PLVA algorithm to the network Hawkes-type model of Chapter 3

on daily COVID-19 case counts from ten California counties between July 2020 and

November 2021. Chapter 3 establishes the surveillance findings using the block MCMC

sampler. Here we examine whether PLVA yields the same point estimates and predictive

summaries at lower wall clock cost, and we report where the variational approximation

departs from the MCMC reference. The model specification, the mobility covariate, and

the data preprocessing follow Chapter 3 without modification, and this section focuses

on the algorithmic comparison.

4.5.1. Setup and convergence

The model is fitted on 𝑇 = 517 days of incidence data at 𝑆 = 10 counties. Priors and

the horseshoe global scale are set exactly as in Chapter 3. The MCMC reference runs

the block MCMC sampler of Chapter 3 for 25,000 iterations after a 10,000 iteration

burn-in, thinned to retain every fifth draw. PLVA runs at 𝑀 = 100 for 𝑁iter = 300

iterations. The particle count 𝑀 = 100 is a deliberately conservative choice, above the

𝑀 = 50 used in the simulations of § 4.4, so that the importance approximation is as

accurate as possible for the reported application results. The wall clock comparison

below is correspondingly conservative, as 𝑀 = 50 would run roughly twice as fast.

After the variational optimization completes, 𝑁post = 1000 posterior samples are drawn

via Algorithm 8.

The pseudo-likelihood objective trace L̂pl of Eq. (4.3.46) settled within approximately
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50 iterations, and the slowest visually converging column-wise mean retention rate,

Sacramento, stabilized by approximately iteration 253, well within the 300 iterations

completed. The EIVA importance sampler over the final 20 iterations produced a mean

effective sample size of 39.1 out of 𝑀 = 100 particles across the ten columns, ranging

from 26.7 to 47.5 across columns. The MCMC reference produced a mean column-wise

effective sample size of 362 for the retention rates out of the 5,000 retained samples.

The diagnostic traces are shown in Fig. 4.6. Wall clock cost differed by approximately

2.9 times. PLVA required 12.8 hours on a single CPU core, against 37.2 hours for the

MCMC chain on the same hardware. Both diagnostic traces stabilized before the 300th

iteration, suggesting that a shorter run may have produced similar posterior summaries

at lower computational cost.
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Figure 4.6.: PLVA convergence diagnostics on the California COVID-19 data over the
300 optimization iterations completed. Left: pseudo-likelihood objective
trace L̂pl of Eq. (4.3.46). Right: 𝑤𝑘 trace by county, where the slowest
visually converging county (San Mateo, highlighted in red) stabilized by
approximately iteration 182.
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4.5.2. Parameter estimation

We first compare the posterior mean and standard deviation of the spatial weight matrix

𝜶 between the two algorithms. The qualitative network structure agreed between

PLVA and MCMC. Both methods identified the same dominant directional pathways,

including the Central Valley cluster (Stanislaus, Merced, San Joaquin) and the Bay

Area cluster (Alameda, Contra Costa, San Francisco, San Mateo). The two largest

off-diagonal entries in the PLVA posterior mean matched those in the MCMC posterior

mean (Fig. 4.7), including the Stanislaus-to-Merced edge, 𝛼̂Mer,Stan = 0.45 under both

methods, and the San Joaquin-to-Stanislaus edge, 𝛼̂Stan,SJ ≈ 0.41 under PLVA and

≈ 0.46 under MCMC, that Chapter 3 highlights.

Two quantitative departures of PLVA from MCMC parallel the pattern observed in

simulation. First, PLVA’s posterior mean of the diagonal entries 𝑤𝑘 averaged 0.39

across the ten counties, slightly larger than MCMC’s mean of 0.36 (Table 4.8). The

direction of the gap matches the over-shrinkage pattern documented in § 4.4.3. When

the off-diagonal 𝜃𝑠,𝑘 values are shrunk more strongly under the variational posterior,

the column-stochastic constraint sends some of the unaccounted mass back into the

diagonal. Second, the posterior standard deviation of 𝑤𝑘 under PLVA was uniformly

smaller than under MCMC, with an average standard deviation of 0.02 for PLVA and

0.06 for MCMC. Off-diagonal standard deviations averaged 0.03 for PLVA and 0.035 for

MCMC, with the largest MCMC standard deviation of 0.22 corresponding to a PLVA

standard deviation of 0.1 on the same entry. Overall, the variational approximation

produced a more concentrated posterior on the network parameters than the MCMC

reference, consistent with the simulation finding.

Beyond the spatial weight matrix, we compare the reproduction number decomposi-
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(c) Posterior SD under PLVA.
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Figure 4.7.: Posterior summaries of the spatial transmission weight matrix 𝜶 on the
California COVID-19 data. Top row: posterior mean under PLVA (left)
and MCMC (right). Bottom row: posterior standard deviation under the
two methods. The dominant pathways agree between the methods. PLVA
produces a more concentrated posterior, compared to MCMC.
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Table 4.8.: Posterior mean and standard deviation of the diagonal retention rates 𝑤𝑘

and selected dominant off-diagonal transmission weights 𝛼𝑠,𝑘. The two
methods agree on which entries dominate, and the PLVA estimates are more
concentrated.

Entry PLVA mean PLVA SD MCMC mean MCMC SD
Avg diagonal 𝑤̄ 0.39 0.02 0.36 0.06
𝛼Mer,Stan 0.45 0.08 0.45 0.04
𝛼Stan,SJ 0.41 0.09 0.46 0.08
𝛼CC,Ala 0.37 0.08 0.29 0.12
𝛼SJ,CC 0.35 0.1 0.24 0.22

tion by county that Chapter 3 establishes as the chapter’s central epidemiological output.

Table 4.9 reports the PLVA posterior means of the intrinsic source-specific reproduction

number 𝑅̄𝑘 and the local contribution Local%, alongside the MCMC values reproduced

from Table 3.3. The two methods agree on the sign of the net flow for nine of the

ten counties. Sacramento lies close to zero under both methods but has opposite es-

timated signs (+0.02 under PLVA and −0.04 under MCMC). Bay Area counties tend

to be net exporters under both methods, and Central Valley counties tend to be net

importers, recovering the regional pattern of Chapter 3. The most transmissible and

least transmissible counties also match, with Santa Clara at the top of 𝑅̄𝑘 (1.32 under

PLVA, 1.14 under MCMC) and San Joaquin at the bottom (0.60, 0.55). The Local%

range is similar under the two methods, from roughly 20% in Merced and San Mateo to

roughly 50% in Sacramento. The negative correlation between intrinsic transmissibility

and case rate that Chapter 3 highlights is recovered, with the counties with the highest

incidence having the lowest 𝑅̄𝑘 and those with the lowest incidence the highest under

both methods.

The county-level disagreements concentrate where the simulation predicted. The

over-shrinkage of off-diagonal 𝜃𝑠,𝑘 values noted earlier in this subsection inflates reten-
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tion rates under PLVA by a few percentage points relative to MCMC, and the corre-

sponding adjustments to the intrinsic transmissibility appear most clearly on the Bay

Area sources, which have the highest transmissibility. San Francisco and Santa Cruz fall

below 1.0 under PLVA but remain above 1.0 under MCMC. Apart from Sacramento’s

near-zero net flow, these differences do not change the source and sink classification

or the qualitative correlation pattern. Calibrated statements about whether the 𝑅̄𝑘 of

a specific county sits above or below the critical threshold of 1.0 should still rely on

MCMC, in line with the recommendation of § 4.6.

Table 4.9.: Per-county reproduction number decomposition under PLVA algorithm and
MCMC on the California COVID-19 data, ordered by descending MCMC
𝑅̄𝑘. The MCMC values are reproduced from Table 3.3. The two methods
agree on Net Flow signs for nine of the ten counties, with Sacramento
sitting near zero under both, and agree on the most transmissible and least
transmissible counties as well as on the negative correlation between 𝑅̄𝑘 and
case rate.

𝑅̄𝑘 Local% Net Flow
County PLVA MCMC PLVA MCMC PLVA MCMC
Santa Clara 1.32 1.14 27.8 24.4 +0.34 +0.34
San Francisco 0.81 1.10 30.5 37.8 +0.33 +0.39
Santa Cruz 0.87 1.07 28.9 31.6 +0.32 +0.34
Stanislaus 0.99 1.01 37.8 43.3 −0.50 −0.54
San Mateo 0.97 0.93 27.4 20.0 +0.32 +0.35
Sacramento 0.83 0.85 52.3 49.8 +0.02 −0.04
Alameda 0.70 0.79 23.4 21.9 +0.25 +0.26
Contra Costa 0.71 0.68 38.7 37.4 −0.14 −0.15
Merced 0.61 0.65 20.1 22.1 −0.43 −0.44
San Joaquin 0.60 0.55 24.4 21.4 −0.49 −0.53

We also compared PLVA and MCMC on the network reproduction number 𝑅net
𝑡 =

𝜌(B𝑡), shown in Fig. 4.8. The posterior median trajectories under PLVA tracked the

MCMC reference closely, and the variational posterior was modestly narrower than

192



Chapter 4. Particle Laplace variational approximation for network Hawkes models

MCMC’s, as in the simulation.
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Figure 4.8.: Network reproduction number 𝑅net
𝑡 = 𝜌(B𝑡) over the study period. Posterior

medians and 95% credible bands under PLVA and MCMC are overlaid for
direct comparison.

4.5.3. Posterior predictive fit and forecasting

We evaluated in-sample posterior predictive fit on the full training window and ten step

ahead forecasting on a held-out window of 10 days. PLVA and MCMC produced closely

aligned predictive distributions on the observed case counts.

In-sample, the CRPS on 𝑦𝑠,𝑡 averaged 3.708 for PLVA and 3.698 for MCMC across the

ten counties, a relative difference smaller than 0.3% (Table 4.10). The empirical 95%

prediction interval coverage averaged 0.88 for PLVA and 0.89 for MCMC, both modestly

below the nominal 0.95. The two methods agreed on which counties were hardest to

fit. Both produced the lowest coverage on San Francisco (county 3) at approximately

0.71, suggesting that the Poisson observation distribution understated the dispersion in

that county’s case counts.

On the held-out forecast window, the ten step ahead CRPS averaged 2.191 for PLVA

and 2.146 for MCMC, a 2% difference well within the variation expected from a single

forecast origin. The prediction interval coverage, the fraction of held-out counts within

the central 95% posterior predictive interval, averaged 0.94 for PLVA and 0.96 for
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MCMC. Both methods produced calibrated probabilistic forecasts and agreed closely

on which counties had the largest forecast uncertainty (Fig. 4.9).

Table 4.10.: In-sample posterior predictive check and ten step ahead forecasting per-
formance on the California COVID-19 data. Values are means across the
ten counties. The coverage columns report the empirical 95% prediction
interval coverage, the fraction of counts within the central 95% posterior
predictive interval.

Posterior predictive check Ten step ahead forecast
Method CRPS Coverage at 0.95 CRPS Coverage at 0.95
PLVA 3.708 0.881 2.191 0.94
MCMC 3.698 0.888 2.146 0.96
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Figure 4.9.: Ten step ahead forecasts on the held-out window for each of the ten counties.
Observed counts are shown as black lines, and PLVA and MCMC posterior
medians are shown with their 95% prediction bands. The forecast distribu-
tions of the two methods agreed closely, and both achieved calibrated 95%
prediction interval coverage near the nominal level.
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4.5.4. Summary

PLVA matched the main point estimates and predictive summaries of Chapter 3 at

2.9 times lower wall clock cost. The parameter estimation agreed with the MCMC

reference at posterior medians, and the predictive distribution on the observed case

counts agreed within a relative difference of 0.3% on in-sample CRPS and 2% on ten

step ahead forecast CRPS. The variational posterior on the spatial weight matrix was

more concentrated than the MCMC posterior, mirroring the simulation finding of § 4.4,

with little effect on the predictive metrics in this application.

The practical implication for surveillance work is that the network Hawkes-type model

can be updated daily using PLVA, with periodic MCMC validation when calibrated

uncertainty on the spatial parameters is required. The wall clock saving demonstrated

on the ten county California data supports the routine use of PLVA for medium-term

forecasting and scenario analysis at this scale.

§ 4.6. Concluding remarks

This chapter developed the PLVA for the network Hawkes-type model of Chapter 3.

The method is an iterative conditional approximation that cycles through block up-

dates, each using an approximating family matched to the conditional geometry of the

corresponding posterior. The temporal block uses the EIVA proposal of Loaiza-Maya

and Nibbering (2025) to obtain importance-weighted particles. The spatial block uses

a mixture of Laplace approximations centered at the conditional mode of each parti-

cle, with weights inherited from the EIVA importance sampler. The horseshoe scales

and auxiliaries are updated by the moment formulas of the centered, unregularized
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Makalic–Schmidt augmentation. The zero-inflation indicators are marginalized analyt-

ically through a forward filter. The global parameters are updated by SGA on a Gaussian

factor covariance approximation, mirroring the scheme used for the univariate DGTF

class in Chapter 2. The complete procedure seeks a stable collection of conditional

approximations, and its accuracy is established empirically, for the regimes studied, by

comparison with the block MCMC sampler of Chapter 3.

The variance decomposition of Eq. (4.3.28) describes the additional flexibility sup-

plied by the particle mixture. Its within-particle term summarizes average local cur-

vature, and its between-particle term summarizes variation of the conditional spatial

mode across temporal trajectories. While a correlated joint Gaussian can also accom-

modate both types of variance, the distinction arises when the conditional modes vary

nonlinearly, the conditional covariance changes across trajectories, or the posterior is

skewed, heavy-tailed, or multimodal. In such cases, one Gaussian may be inadequate,

while the mixture can adapt its component locations and curvatures. A mean-field

family is more restrictive because it removes cross-block dependence. The empirical

contribution of the chapter, documented in § 4.4 and 4.5, is to assess this construction

against the MCMC benchmark on simulated data and the California county applica-

tion. In the regimes studied, the approximation matched the predictive distribution and

the reproduction number trajectories to within the variation across replicated datasets

while running at 2 to 15 times lower wall clock cost, and it underestimated posterior

uncertainty on the spatial parameters at every particle count examined.

Two limitations of the current method stand out, both visible in the simulation study

and both pointing to concrete extensions. First, across ten independently simulated

datasets the credible intervals on the spatial block were narrower than the MCMC
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reference at every particle count, by a factor of 2.8 on the retention rates and 1.7

on the transmission weights at 𝑀 = 50, with empirical coverage of 0.52 and 0.72

against MCMC’s 0.88 and 0.97. This pattern is consistent with the structural form

of the Laplace mixture, which represents the spatial uncertainty as a finite mixture of

Gaussians whose centers and curvatures are determined by Newton’s method on the

conditional log-posterior of each particle. Two refinements would broaden the coverage

on the spatial block without abandoning the column-wise factorization that the rest of the

algorithm relies on. The first is a joint importance proposal for column 𝑘 that draws one

𝜁 (𝑚) ∼ 𝑁 (𝜁∗(𝑚) , Σ(𝑚)) for each EIVA particle 𝜼(𝑚) and weights particles on the joint log-

density, producing a weighted empirical posterior {(𝜁 (𝑚) , 𝑤̄(𝑚))} on the joint (𝜼𝑘, 𝜁𝑘)

rather than a Laplace mixture on 𝜁𝑘 alone. The second is a heavier-tailed mixture

family, for example a mixture of 𝑡-distribution components in place of the Gaussian

Laplace expansions, that allows the variational posterior to explore wider regions of the

parameter space. Either modification leaves the rest of the block-coordinate algorithm

intact and can be evaluated against the same simulation and application baselines used

here.

A related limitation concerns the horseshoe scales. What the experiments validate

against MCMC are the transmission weights and predictive quantities that the scales

induce, so 𝜏𝑘 and 𝛾𝑠,𝑘 are best read as internal regularization quantities, not as reported

inferential targets. Where the shrinkage scales are themselves of interest, that block

can be optimized numerically under the regularized non-centered model or sampled by

MCMC.

Second, the Laplace components rest on a local unimodality assumption that the

algorithm cannot verify internally, and the temporal approximation conditions on the
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current spatial vector 𝜁̂𝑘 rather than marginalizing over it. The resulting column-

conditional approximation may be close to the true block-conditional marginal when

the temporal conditional is insensitive to nearby spatial plug-in values. In the regimes we

tested, the column-conditional posterior of 𝜼𝑘 changed little as those values varied. The

joint importance proposal sketched above would reduce reliance on this conditioning,

so the proposed extensions point in the same direction.

Taken together, these limitations describe the scenarios in which the PLVA is reliable.

The approximation works well when (1) cross-column coupling is weak to moderate,

so that the column-conditional posterior of 𝜼𝑘 is approximately invariant to the spatial

weights of other columns and the pseudo-likelihood of Eq. (4.3.43) introduces little bias;

(2) the column-conditional spatial posterior is unimodal, so that the Laplace expansion

centered at the Newton mode captures its mass; and (3) the EIVA Gaussian proposal

remains well calibrated against the column-conditional posterior of 𝜼𝑘 at convergence,

as monitored by the importance sampling ESS reported throughout § 4.4 and 4.5. The

simulation studies and the California application of this chapter operate within these

scenarios. Outside them, particularly under strong cross-column coupling or substantial

multimodality of the column-conditional posterior, the block-coordinate fixed point can

drift to a region of the parameter space where the EIVA proposal degrades and the

variational posterior fails to represent the true posterior. In such settings the MCMC

sampler of Chapter 3 remains the safer reference.

These findings support a clear practical recommendation. For final reported inference,

whenever calibrated credible intervals on the spatial parameters are themselves the

inferential target, and in settings with strong cross-column coupling where the conditions

above may not hold, the block MCMC sampler of Chapter 3 remains the method of
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choice. The PLVA credible intervals were too narrow across the replicated datasets, by

a factor of 2.8 on the retention rates and 1.7 on the transmission weights. An example of

an inferential target requiring MCMC would be a formal statement about the presence

or absence of a transmission pathway. For fast updates during an unfolding outbreak,

for short-term and medium-term forecasting, and for scenario analysis in settings where

the structure cooperates, the PLVA is preferable. In the experiments considered, its

predictive accuracy was close to the MCMC reference despite the under-coverage on

the spatial parameters. The method is demonstrated only over the tested moderate

values of 𝑆 and 𝑇 , and larger spatial networks or longer time series require additional

computational structure noted in § 4.3.6. A practical workflow combines the two.

Update at the daily cadence with the PLVA at 𝑀 = 50, and validate periodically against

a full MCMC run, with the latter serving as the validating reference whenever calibrated

intervals are needed or cross-column coupling is strong.

Further directions include scaling to all 58 California counties or to larger spatial

domains; adaptive choice of the number of particles per column based on the running

ESS; extensions to continuous-time formulations of the network Hawkes-type model;

application to other surveillance data such as influenza and dengue; and adaptation

to other count processes with similar multiplicative structure, such as crime incidence

and earthquake aftershocks. A complementary methodological direction is to define

a normalized continuous joint proposal over the temporal, spatial, scale, and global

blocks. Specifying that density together with its sampling rule would allow an IWAE

objective to be evaluated and maximized as a lower bound on log 𝑝(𝑦1:𝑇 ), giving a

globally coherent variational method. A further direction is integrating the PLVA into

the dgtf package of Chapter 5, which currently supports only the univariate DGTF
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class. The component-based interface and the unified inference dispatch developed

there generalize naturally to the multivariate setting once the spatial weight matrix is

added as a model component, and the structured variational algorithm developed here

is the natural counterpart of the HVA that Chapter 5 already provides for the univariate

class.
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Chapter 5

The dgtf R package for modular Bayesian

state-space models

§ 5.1. Introduction

Chapter 2 introduced the dynamic generalized transfer function (DGTF) model class as a

unified state-space framework for count time series in which discrete-time Hawkes-type

models, recursive distributed lag models, and AR count models all arise from different

choices of six interchangeable components. This chapter develops the accompanying

R package, dgtf, which makes the framework usable in applied surveillance work and

supports the structural model comparison that motivated the methodology. This chapter

gives a concise account of the software contribution in the context of the dissertation.

Several R packages already address related problems, and the case for a unified

interface rests on what they do not jointly provide. EpiEstim (Cori et al., 2013)

estimates time-varying reproduction numbers under a renewal equation with sliding

windows, surveillance (Meyer et al., 2017) provides endemic-epidemic models through

hhh4(), tscount (Liboschik et al., 2017) fits observation-driven count autoregressions
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by conditional quasi-maximum likelihood, and epidemia (Scott et al., 2020) offers a

regression interface for 𝑅𝑡 within a Stan-based hierarchical framework. Each is powerful

within its own model class, and none offers a single interface for specifying, fitting,

forecasting, and comparing Hawkes, distributed lag, and autoregressive formulations

under a shared Bayesian state-space framework.

The dgtf package addresses this gap by exposing the compositional structure of the

DGTF class directly. Models are built from constructor functions for the six compo-

nents, and the same model and prior objects pass to either a fast hybrid variational

approximation (HVA) or an MCMC sampler without rewriting the analysis. The design

has three parts. The compositional specification interface lets users assemble models

from independent components and change the structure by replacing one component

while leaving the rest intact. The unified inference interface separates the model and

prior from the choice of inference method. An integrated evaluation toolkit provides

posterior predictive checks, proper scoring rules, parameter recovery diagnostics, multi-

step forecasting, and side-by-side model comparison. Together these carry a user from

model construction through inference, forecasting, diagnostics, and structural compari-

son without switching packages.

§ 5.2 summarizes the model class as the package implements it, § 5.3 describes the

interface, and § 5.4 outlines the two inference methods. § 5.5 and § 5.6 demonstrate

the workflow through a simulation study and an application to COVID-19 surveillance

data from Santa Cruz County, California, and § 5.7 concludes.
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§ 5.2. Model framework

This section provides a concise overview of the DGTF model class. Full derivations

and methodological details are given in Chapter 2.

5.2.1. General formulation

A DGTF model is a state-space model for univariate count time series, assembled

from six interchangeable components: an observation distribution, a link function, a

gain function, a lag distribution, a system equation, and an innovation distribution.

Chapter 2 develops the class in full, and this subsection fixes only the notation that the

package interface exposes.

The observed count 𝑦𝑡 has conditional mean 𝜆𝑡 > 0 under a Poisson or negative

binomial observation model, selected through obs_poisson() or obs_nbinom(),

where the negative binomial carries an overdispersion parameter 𝜌 > 0 and the Poisson

is its limit as 𝜌 → ∞. A link function maps 𝜆𝑡 to a linear predictor that splits

into an exogenous regression term x′𝑡𝝋, which carries the level of the series together

with seasonal patterns and covariates, and a self-exciting transfer function whose form

distinguishes the model families of § 5.2.2. Identity, log, and logistic links are available,

and the mathematical log link is exposed in the package by its inverse-link constructor

link_exponential(), alongside link_identity() and link_logistic().

The transfer function is driven by a latent state evolving as a Gaussian random walk

with innovation covariance W𝑡. Past counts enter weighted by a discrete lag distribution

{𝜙𝑙} and by a scalar latent driver 𝜓𝑡, which is mapped to a non-negative scale by a gain

function ℎ(·), so that 𝑅𝑡 = ℎ(𝜓𝑡) is the time-varying reproduction number wherever the
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model admits that reading. The system component determines how past observations

enter the transfer function and is the main mechanism by which the model families are

obtained, with sys_shift() for discrete-time Hawkes-type models, sys_nbinom()

for recursive distributed lag models, and sys_identity() for autoregressive count

models. Shortcut constructors for common configurations are summarized in Table 5.2.

The static parameters are collected in 𝜸 and may include 𝜌, the regression coefficients

𝝋, the system variances, and the parameters of the lag distribution.

5.2.2. Canonical models

Chapter 2 derives the three canonical families and their state-space representations.

This subsection records how each is assembled from package components and what

distinguishes it in use.

Discrete-time Hawkes-type models. The transfer function weights each past count

by a lag probability 𝜙𝑙 and by the transmission intensity 𝑅𝑡+1−𝑙 = ℎ(𝜓𝑡+1−𝑙) prevailing

at the time of that count. Separating the overall intensity from the lag distribution is the

main interpretive advantage of this specification. The sys_shift() component stores

the current and recent values of the latent driver, so the lagged values are available in the

state vector. The lag distribution is specified with lag_lognormal(), lag_nbinom(),

or lag_uniform(), and the shortcut constructor dgtf_hawkes() combines a negative

binomial observation model, identity link, softplus gain, lognormal lag distribution,

sys_shift() system structure, and Gaussian system innovations.

The truncation length 𝐿 is set by the package rather than by the user. The argument

residual_prob of lag_lognormal() and lag_nbinom() gives a threshold, 0.005
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by default, and 𝐿 is the smallest integer for which the residual probability 1 − ∑𝐿
𝑙=1 𝜙𝑙

falls below it. The fitted summary reports both the threshold and the resulting 𝐿.

Distributed lag models. These represent the same cumulative effect of past cases

through a recursion of infinite order instead of a stored lag window, which keeps the

state vector short. dgtf implements the recursion through the sys_nbinom() system

component together withlag_nbinom(), and the interpretation 𝑅𝑡 = ℎ(𝜓𝑡) is preserved.

A model of order 𝑟 is built by the shortcut constructor dgtf_distributed_lag(r,

kappa, W), and the Koyck model is the case 𝑟 = 1, available through the shortcut

dgtf_koyck().

Autoregressive count models. These are implemented with the sys_identity()

system component, and the autoregressive coefficients are obtained from the latent

drivers through the gain transformation 𝑏𝑙,𝑡 = ℎ(𝜓𝑙,𝑡). Because the gain function is

non-negative, so are the coefficients. With W𝑡 = 0 the model reduces to a standard

Poisson or negative binomial autoregression with static coefficients, and with nonzero

W𝑡 the coefficients vary over time.

The lag component plays a different role here. In the Hawkes and distributed lag

families the lag weights form a probability distribution, which separates the temporal

pattern of transmission from the intensity 𝑅𝑡 = ℎ(𝜓𝑡). In autoregressive models each lag

has its own coefficient and the coefficients are not normalized, so these models carry no

direct reproduction number interpretation. They remain useful for flexible short-term

dependence and forecasting. The shortcut constructors are dgtf_poisson_ar() and

dgtf_nb_ar().
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5.2.3. Seasonality and exogenous regressors

Surveillance counts often display systematic reporting patterns that are not part of the

underlying transmission process. A common example is day-of-week variation, in

which fewer cases are reported on weekends and compensating increases appear early

in the following week. In dgtf, these effects can be modeled through x′𝑡𝝋. The vector x𝑡

contains known regressors, and 𝝋 contains the corresponding regression coefficients.

These coefficients are treated as static parameters and can be fixed or estimated jointly

with the remaining elements of 𝜸.

For example, for seasonal effects with period 𝑄, the design vector x𝑡 is an indicator

vector for the position of time 𝑡 within the cycle. Thus, x𝑡 = (𝑒1,𝑡, . . . , 𝑒𝑄,𝑡)′, where

exactly one entry is equal to one and the remaining entries are zero. The corresponding

parameter vector𝝋 = (𝜑1, . . . , 𝜑𝑄)′ contains one effect for each position in the seasonal

cycle. For example, when 𝑄 = 7, the seven components represent day-of-week effects.

Because the seasonal indicators include the level of the series, no separate intercept

is included when 𝑄 > 1. The special case 𝑄 = 1 reduces the regression component to a

scalar intercept. In the package interface, this is implemented through seas_period().

For example,

seas_period(1, init = 2)

specifies a scalar intercept initialized at 2, whereas

seas_period(7, init = rep(2, 7))

specifies seven seasonal effects each initialized at 2. The function seas_weekly() is

equivalent to seas_period(7, ...) and is provided for day-of-week reporting ef-
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dgtf_model() dgtf_prior() dgtf()

predict() /
dgtf_forecast_fit()

summary() / plot() /
posterior_predict()

dgtf_compare() /
dgtf_compare_plot()

Figure 5.1.: Workflow of the dgtf package. A model object and a prior specification feed
into dgtf(), which produces a fit. The fit supports forecasting, posterior
inspection including posterior predictive checks, and cross-model compar-
ison through a dgtf_compare() that accepts either fit objects or forecast
objects.

fects. The same seasonal regression component can be used with discrete-time Hawkes-

type, distributed-lag, and autoregressive count models.

§ 5.3. The dgtf package

The dgtf package implements the model class introduced in § 5.2 through a compo-

sitional R interface. The workflow has five main stages: model construction, prior

specification, posterior inference, posterior inspection and forecasting, and model com-

parison. Figure 5.1 summarizes this workflow. A model object and a prior specification

are passed to the common inference function dgtf(), which returns a fitted object. The

fitted object can then be inspected using standard S3 methods, used to generate pos-

terior predictive checks and forecasts, visualized through single-model or multi-model

plotting functions, and compared with alternative fitted models.

Where an operation has natural variants by object type, dgtf uses standard R dispatch

rather than separate function names. For example, predict() returns in-sample fitted
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Table 5.1.: Component families in the dgtf package and the types used in this chapter.
String shortcuts are accepted in place of the explicit constructor calls when
default parameter values suffice. The observation row lists the count models
used in the examples here, and the package help documents the full set of
components.

Family Constructor Available types

Observation obs_* poisson, nbinom
Link link_* identity, exponential, logistic
Gain gain_* softplus, exponential, identity, ramp, logistic
Lag distribution lag_* lognormal, nbinom, uniform
System equation sys_* shift, identity, nbinom
Innovation noise err_* gaussian, constant

values when the forecast horizon is zero and out-of-sample forecasts when the horizon

is positive; plot() dispatches according to the class of the object being displayed; and

dgtf_compare() accepts fitted objects, posterior predictive objects, or forecast objects.

This design allows users to move from model construction to inference, diagnostics,

forecasting, and structural comparison without rewriting the analysis for each model

class.

5.3.1. Model construction

Models may be assembled from the six component constructors in Table 5.1 or created

using the shortcut constructors in Table 5.2. The explicit interface is useful when

an individual component must be replaced, whereas the shortcuts provide concise

specifications of the canonical model families. Both approaches return the same model-

object class and therefore use the same subsequent workflow.

For example, a discrete-time Hawkes-type model with a scalar intercept is constructed

by
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Table 5.2.: Shortcut constructors in the dgtf package. Each pre-fills the component
arguments of dgtf_model() to produce the named canonical model. Koyck
is the 𝑟 = 1 special case of the negative binomial distributed lag family.

Model class Constructor signature System Lag structure

Discrete-time Hawkes-type dgtf_hawkes(meanlog, sigma2, W, seasonality) sys_shift() Lognormal
Distributed lag dgtf_distributed_lag(r, kappa, W) sys_nbinom() Negative binomial
Koyck dgtf_koyck(kappa) sys_nbinom() Geometric
Poisson autoregression dgtf_poisson_ar(p, W) sys_identity() Lag-specific
NegBin autoregression dgtf_nb_ar(p, W) sys_identity() Lag-specific

mod <- dgtf_hawkes(meanlog = 1.5, sigma2 = 0.4, W = 0.005,

seasonality = seas_period(1, init = 2))

The component interface can be used instead when a nonstandard configuration is

required. Complete constructor signatures and parameterization details are provided in

the package documentation.

Fully specified model objects can also be passed to dgtf_simulate_model() to

generate synthetic data, as illustrated in § 5.5.

5.3.2. Priors

Prior distributions for static parameters are specified separately from the model compo-

nents. The separation is deliberate. The model object defines the structure and supplies

initial or fixed values, while the prior object determines which static parameters are

inferred. Any parameter given a prior is treated as unknown and inferred, and any

parameter omitted is held fixed at the value used to construct the model object, so users

can fit models with selected parameters fixed, for instance holding the serial interval

at published values while inferring the innovation variance 𝑊 and the overdispersion

parameter 𝜌.

The prior constructors are organized by the support of the parameter, with normal
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on the real line, half_normal, half_cauchy, half_t, inv_gamma and dist_gamma

on the positive half line, dist_beta on the unit interval, and uniform on a bounded

interval. The dist_ prefix avoids conflicts with the base R functions base::gamma()

and base::beta().

A prior specification is constructed with dgtf_prior(intercept, seasonality,

W, rho, lag, ...). Each named slot accepts a single prior object for a scalar

parameter or a list for a vector-valued one, so the lag argument takes a list when the

lag distribution has more than one parameter, as with the lognormal lag of the Hawkes

model.

prior <- dgtf_prior(W = inv_gamma(1, 1), rho = inv_gamma(1, 1),

lag = list(par1 = normal(0, 1),

par2 = inv_gamma(1, 1)))

Dropping the lag slot from this specification would leave the lognormal lag parameters

fixed at the values supplied to dgtf_hawkes() or dgtf_model().

5.3.3. Model fitting

The function dgtf() provides a common entry point for posterior inference. It takes the

observed count series, a model object, and a prior specification, and returns an object

of class dgtf_fit. The argument method = "hva" selects the hybrid variational

approximation, whereas method = "mcmc" selects the block MCMC sampler. The

two methods are summarized in § 5.4.

Method-specific settings are supplied through vb_control() or mcmc_control().

For example, an HVA fit is obtained with
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fit_hva <- dgtf(y = sim$y,model = mod, prior = prior,

method = "hva",control = vb_control(

iter = 1000,n_sample = 5000, n_particle = 500))

The same model and prior can be fitted by MCMC by changing the method argument

and supplying an mcmc_control() object. Thus, the choice of inference method does

not require the model specification or prior to be rewritten. The optional seed argument

controls reproducibility, and complete control settings are documented in the package

help.

5.3.4. Forecasting

Out-of-sample forecasts are produced from a fitted model using either predict(fit,

horizon = h) or the more explicit helper given by dgtf_forecast_fit(fit, h,

nrep, ypred_true, only_last). When horizon = 0, predict() returns the in-

sample fitted intensity. When horizon > 0, it generates posterior predictive forecasts

for times 𝑇 + 1, . . . , 𝑇 + ℎ.

A typical forecasting call is

fc <- dgtf_forecast_fit(fit, h = 10, ypred_true = ytest)

5.3.5. Inspecting a fitted model

A fitted model returned by dgtf() is an object of class dgtf_fit supporting the

standard S3 methods, so that fitted models are inspected through familiar R workflows.

coef() returns posterior medians of the inferred static parameters and confint() their

credible intervals, fitted() returns the posterior median of the conditional mean 𝜆𝑡,
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residuals() returns response or Pearson residuals, and predict() returns in-sample

fitted intensities when horizon = 0 and out-of-sample forecasts when horizon > 0.

The methods print(), vcov(), nobs() and plot() are also available.

Posterior predictive checks are generated with posterior_predict(fit, nrep,

Rt, level), which simulates replicated count series and computes the scoring metrics

of § 5.3.6.

5.3.6. Model comparison

The function dgtf_compare() provides a common interface for comparing models,

dispatching on the type of object supplied. A list of dgtf_fit or dgtf_ppc objects

returns an in-sample comparison table, while a list of dgtf_forecast objects returns

an out-of-sample table averaged across the horizon, so the same function serves both

training-data and held-out comparisons.

The in-sample table reports the number of inferred static parameters, runtime sum-

maries, and the posterior predictive metrics, namely the chi-square discrepancy, the

CRPS, empirical coverage, mean interval width, and the Winkler interval score. For

HVA fits it also reports the log marginal likelihood proxy from a robust tail summary of

the SMC trace, reported as NA otherwise. The proxy is evaluated at the final variational

values of the static parameters and is not integrated over their prior, so it measures

how well a model fits the training counts once its parameters have been set, without

accounting for parameter uncertainty or for the calibration of the predictive distribution.

It is reported as a diagnostic of the variational optimization, and model selection should

rest on the predictive scores in the remaining columns. The out-of-sample table reports

empirical coverage, the chi-square discrepancy, and the CRPS, each averaged across the
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forecast horizon.

The scoring metrics give complementary views of predictive performance in both

comparisons. The CRPS combines point accuracy and dispersion into a proper scoring

rule, so smaller values indicate better predictive distributions. Empirical coverage is a

calibration check, reporting the fraction of observations inside the nominal predictive

interval. The chi-square discrepancy compares squared residuals with predictive vari-

ance, where values near one indicate approximate variance calibration, values above one

suggest underdispersion, and values below one suggest overdispersion. The mean inter-

val width and the Winkler interval score summarize the sharpness and the calibration

of the predictive intervals.

Supplying a reference 𝑅𝑡 trajectory through Rt_truth adds columns measuring

recovery of the latent trajectory, and the truth argument summarizes static param-

eter recovery across fits. A parameter-level comparison is available through function

dgtf_compare_params(), which stacks the output ofparam_recovery() into a long-

format table with one row per parameter and model. For an out-of-sample comparison,

forecast objects are generated first and then passed to the same function.

fc_DH <- dgtf_forecast_fit(fit_DH, h = 14, ypred_true = ytest)

fc_DL <- dgtf_forecast_fit(fit_DL, h = 14, ypred_true = ytest)

dgtf_compare(list(DH = fc_DH, DL = fc_DL))

For comparison against a standard renewal equation baseline, epiestim_baseline()

wraps EpiEstim (Cori et al., 2013) and returns posterior 𝑅𝑡 bands in the format

the plotting functions expect, so a baseline can be overlaid with dgtf fits through

dgtf_compare_plot(). Its serial interval is supplied through a mean and standard

deviation, unlike dgtf_hawkes(), whose lognormal lag is parameterized on the log
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scale. Since EpiEstim is a suggested rather than an imported dependency, the function

returns an informative error when it is not installed.

§ 5.4. Inference methods

The dgtf package provides two inference methods that share the same model and

prior interface but differ in computational cost and posterior calibration. This section

summarizes the methods at the level needed for the user to make an informed choice.

Full algorithmic details and benchmarking are given in Chapter 2.

5.4.1. HVA

The hybrid variational approximation, selected with method = "hva", combines SMC

smoothing with stochastic gradient variational Bayes, and is developed in Chapter 2.

HVA suits exploratory analysis, model screening, sensitivity checks, and routine

surveillance where many candidate models or repeated updates are needed. The trade-

off, common to variational methods, is that posterior uncertainty can be understated

relative to MCMC, especially for latent state trajectories, so MCMC may be preferable

when calibrated posterior intervals are the primary goal. Post-hoc corrections (Giordano

et al., 2018; Syring and Martin, 2019) can be applied when calibrated uncertainty is

essential.

5.4.2. MCMC

The MCMC method (method = "mcmc") targets the joint posterior 𝑝(𝜸, 𝜓1:𝑇 | 𝑦1:𝑇 )

through the block Gibbs sampler of Chapter 2, which updates the static parameters by
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HMC and then the latent trajectory in a single block by a MH step, referred to as the

disturbance update throughout the package. The HMC step size and number of leapfrog

steps are tuned by dual averaging during warmup (Hoffman and Gelman, 2014), so the

user normally does not set them. The sampler costs more than HVA but targets the exact

posterior, and is the reference method for final uncertainty quantification.

5.4.3. Convergence diagnostics

The diagnostic tools depend on the inference method. For MCMC fits, summary()

reports HMC diagnostics for the static parameter update, including the acceptance rate,

leapfrog step size, number of leapfrog steps, energy diagnostics, and gradient norms, as

well as MH diagnostics for the disturbance update, including mean acceptance rates and

the number of low-acceptance time points. The parameter table also reports effective

sample sizes and a single-chain split-𝑅̂, computed by splitting the retained chain into

two halves. For stronger multi-chain checks, users can run independent fits and call

rhat(list(fit1, fit2, ...)). The functions ess() and rhat() compute the

effective sample size and the split-𝑅̂ diagnostic of Gelman and Rubin (1992), the latter

accepting a numeric matrix of iterations by chains, a list of equal-length numeric vectors,

or a list of independent dgtf_fit objects.

For HVA fits, split-𝑅̂ is not defined. dgtf instead records the SMC log marginal

likelihood across variational iterations, then uses summary() and plot(..., what =

"marglik") to summarize this trace through robust summaries from an early and a

late window, an estimated stabilization iteration, and the last large outlier spike. These

diagnostics assess the stabilization of the variational optimization, and are not Markov

chain convergence diagnostics.
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5.4.4. Choosing between methods

For daily monitoring, exploratory analysis, and initial model screening, HVA gives

fast approximate posteriors that are typically accurate in point estimation. For final

analyses in which calibrated uncertainty is the priority, MCMC provides the reference

target. A practical workflow fits several candidate structures with HVA, compares them

through posterior predictive checks and forecast scores, and refits the selected model

with MCMC for reporting. The application below follows this workflow across three

structures, while the simulation study checks the two methods against each other on

a single model with a known truth. Chapter 2 documents the speed gains and the

agreement of the point estimates.

§ 5.5. Simulation study

This section demonstrates a complete and reproducible dgtf workflow on a simulation

for which the data generating process is known. The goals are to illustrate the package

functions used in a typical analysis, to verify that the fitting functions recover known

parameters and latent trajectories, to compare the two inference methods on the same

model, and to demonstrate the posterior predictive and forecasting tools in a controlled

setting. Comparison across structurally different models is demonstrated on real data

in § 5.6.

5.5.1. Model specification and data generation

We generate data from a discrete-time Hawkes-type model DGTF model with negative

binomial observations, identity link, softplus gain, lognormal lag distribution, and
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Gaussian random walk evolution. The model is specified as follows.

R> mod <- dgtf_model(obs = obs_nbinom(), link = link_identity(),

+ sys = sys_shift(), gain = gain_softplus(),

+ lag = lag_lognormal(meanlog = 1.35, sigma2 = 0.32),

+ err = err_gaussian(W = 0.01),

+ seasonality = seas_period(1, init = 2))

The scalar seasonal component seas_period(1, init = 2) acts as an intercept with

baseline level set to 2. The lag distribution corresponds to a lognormal serial interval

with mean approximately 4.7 days and standard deviation approximately 2.9 days on

the original scale. The innovation variance 𝑊 = 0.01 produces a moderately smooth 𝑅𝑡

trajectory.

We simulate 𝑇 = 210 observations and split the resulting series into a training set

of 200 observations and a test set of 10 observations. The same simulated object also

contains the latent driver 𝜓𝑡, which we transform using the softplus gain to obtain the

true reproduction number trajectory 𝑅𝑡 = log{1 + exp(𝜓𝑡)}.

R> sim <- dgtf_simulate_model(mod, ntime = 210, seed = 3269)

R> ytrain <- c(sim$y)[1:200]

R> ytest <- c(sim$y)[201:210]

R> Rt_train <- log1p(exp(c(sim$psi)))[1:200]

R> Rt_test <- log1p(exp(c(sim$psi)))[201:210]

R>plot(sim, what = "y", split = 200)
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R>plot(sim, what = "Rt", split = 200)

The dgtf_sim object holds the simulated counts and the latent 𝑅𝑡 trajectory, and its

plot method displays either.

5.5.2. Fitting with HVA and MCMC

We fit the model with both inference methods. The prior treats the intercept, innovation

variance, overdispersion parameter, and the two lognormal lag parameters as unknown.

R> prior <- dgtf_prior(seasonality = normal(0, 10), W = inv_gamma(1, 1),

+ rho = inv_gamma(1, 1), lag = list(par1 = normal(0, 1),

+ par2 = inv_gamma(1, 1)))

Because the model argument of dgtf() both specifies the structure and supplies starting

values for the inferred parameters, we deliberately initialize at values away from the

truth, so that the reported recovery is not an artifact of starting there.

R> set.seed(123)

R> m0_init <- dgtf_hawkes(meanlog = runif(1, 1, 2),

+ sigma2 = runif(1, 0.1, 0.5), W = 1 / rgamma(1, 10, 1),

+ seasonality = seas_period(1, init = runif(1, 1, 10)))

R> fit <- dgtf(y = ytrain, model = m0_init, prior = prior, method =

"hva",↩→

+ control = vb_control(iter = 1000, n_sample = 5000, n_particle =

500))↩→

R> summary(fit)

DGTF model fit (method = HVA)
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--------------------------------------------------

Elapsed : 154.35 s (optim 104.76 s, sampling 49.56 s)

Static parameters

parameter mean median sd q025 q975

W 0.0115 0.0114 0.00133 0.00906 0.0143

seas 2.36 2.3 0.582 1.41 3.67

rho 34.1 33.7 5.09 25.2 45

par1 1.05 1.05 0.16 0.741 1.36

par2 0.367 0.344 0.129 0.184 0.681

Convergence (HVA marglik trace)

iterations : 1000

MAD ratio (late/early) : 0.161 [substantial stabilization]

tail drift (in MADs) : -0.05 [flat]

stabilized : iter ~ 359

last large spike : iter ~ 447

The convergence block summarizes the SMC log marginal likelihood trace through

robust tail and head statistics, an auto-detected stabilization iteration, and the last

large outlier spike. A mean absolute deviation (MAD) ratio between the late and

early windows well below one indicates that the variational parameters have settled.

The fit diagnostics are produced through the same plotting interface used for fitted

objects elsewhere, with plot(fit, what = "Rt", truth = Rt_train) showing

the posterior median of 𝑅𝑡 following the simulated truth closely and plot(fit, what

= "marglik") showing the trace stabilizing after the initial optimization phase.
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The same model and prior objects are refitted by MCMC with only the method and

control object changed.

R> set.seed(123)

R> fit_mcmc <- dgtf(y = ytrain, model = m0_init, prior = prior,

+ method = "mcmc", control = mcmc_control(iter = 5000, warmup = 2000,

+ thin = 5))

5.5.3. Parameter recovery and comparison

Because the data generating values are known here, param_recovery() scores the

posterior against them, reporting bias, mean absolute error, root mean square error,

CRPS, and whether the credible interval covers the truth.

R> truth_list <- list(W = 0.01, seas = 2, rho = 30,

+ par1 = 1.35, par2 = 0.32)

R> param_recovery(fit, truth_list)

The HVA fit recovers every parameter within its 95% credible interval. For multi-fit

recovery, the corresponding function is dgtf_compare_params(), which stacks the

parameter recovery output from each fit into a long-form table. The full output is

reformatted as Table 5.3.

R> dgtf_compare_params(list(HVA = fit, MCMC = fit_mcmc),

+ truth = truth_list)

Multi-fit overlays of 𝑅𝑡 trajectories and individual static parameters are produced by

the function dgtf_compare_plot(). The function accepts a heterogeneous list of

dgtf_fit objects and numeric truth vectors, with the latter auto-styled as a dashed
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Figure 5.2.: HVA versus MCMC comparison. The left panel shows the posterior median
𝑅𝑡 band from each method with the simulated truth overlaid. The right panel
shows overlaid posterior histograms of the innovation variance 𝑊 with the
truth marked by a dashed vertical line.

black line for time-series targets or as a dashed vertical line for static parameters.

As shown in Fig. 5.2, the HVA and MCMC posterior trajectories for 𝑅𝑡 are nearly

indistinguishable, and the posteriors of the static parameters are broadly consistent. The

two posterior distributions for𝑊 have slightly different centers and shapes, for example,

but both concentrate near the true value and their central credible intervals overlap.

R> dgtf_compare_plot(list(HVA = fit, MCMC = fit_mcmc, True = Rt_train),

+ what = "Rt")

R> dgtf_compare_plot(list(HVA = fit, MCMC = fit_mcmc, True = 0.01),

+ what = "W")

5.5.4. Posterior predictive checks and forecasting

The posterior_predict() function generates posterior predictive samples and com-

putes scoring metrics for the observed counts and, when a reference trajectory is supplied

through the Rt argument, for 𝑅𝑡 as well. The returned object attaches to the fit through
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Table 5.3.: Static parameter recovery for the HVA and MCMC fits, computed using
function dgtf_compare_params() on the training data. Columns report
the posterior mean, median, standard deviation, central 95% credible inter-
val, mean absolute error, CRPS, and an indicator for whether the credible
interval covers the truth.

Method Truth Mean Median SD 2.5% 97.5% MAE CRPS Cover

par1 HVA 1.35 1.05 1.05 0.160 0.741 1.36 0.303 0.213 ✓
MCMC 1.35 1.11 1.11 0.173 0.782 1.46 0.258 0.160 ✓

par2 HVA 0.32 0.367 0.344 0.129 0.184 0.681 0.098 0.029 ✓
MCMC 0.32 0.502 0.462 0.205 0.226 1.010 0.199 0.090 ✓

rho HVA 30 34.1 33.7 5.09 25.2 45.0 5.10 2.24 ✓
MCMC 30 29.7 29.5 4.54 21.7 39.1 3.63 1.08 ✓

seas HVA 2 2.36 2.30 0.582 1.41 3.67 0.517 0.195 ✓
MCMC 2 2.44 2.43 0.545 1.39 3.57 0.562 0.255 ✓

W HVA 0.01 0.011 0.011 0.001 0.009 0.014 0.002 0.001 ✓
MCMC 0.01 0.010 0.010 0.001 0.008 0.012 0.001 0.000 ✓

the ppc attribute, after which the plotting and comparison functions reuse it rather than

recomputing.

R> attr(fit, "ppc") <- posterior_predict(fit, nrep = 100, Rt = Rt_train)

R> summary(attr(fit, "ppc"))

<dgtf posterior predictive summary, level = 95%>

Scalar metrics:

target metric value nominal_level

y chi-square 0.963

y CRPS 32.5

y coverage 0.97 0.95

Rt MAE 0.116

Rt coverage 0.884 0.95
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The chi-square discrepancy close to one and the empirical 95% coverage close to nominal

indicate good calibration of the predictive distribution. The corresponding MCMC

values are 1.02 and 0.975. Scoring 𝑅𝑡 against a known trajectory is possible only in

simulation, and the coverage of 0.884 against a nominal 0.95 is the understatement of

latent state uncertainty expected of a variational method.

Forecasts for the held-out window are produced and scored bydgtf_forecast_fit(),

and plot_dgtf_y() renders the in-sample and out-of-sample bands on a continuous

time axis. On this test window the forecast attained coverage of 1, a chi-square discrep-

ancy of 0.094, and a CRPS of 23.5.

R> fc <- dgtf_forecast_fit(fit, h = 10, ypred_true = ytest)

R> plot_dgtf_y(fit, fc)

The remaining parts of the workflow, namely comparison across structurally different

models, out-of-sample forecast scoring, and comparison against an external bench-

mark, are demonstrated on real data in § 5.6 and are not repeated here on simu-

lated data. The functions involved, dgtf_compare(), dgtf_forecast_fit() and

epiestim_baseline(), are described in § 5.3.4 and 5.3.6.

§ 5.6. Application: COVID-19 surveillance in Santa

Cruz County

This section applies the dgtf package to daily COVID-19 case counts from Santa Cruz

County, California, illustrating the model comparison workflow on real surveillance

data where the true data generating process is unknown. Unlike simulation studies, the
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data generating process and the true 𝑅𝑡 trajectory are unknown so relevant questions here

concern in-sample fit and out-of-sample forecast accuracy across structurally different

models, along with calibration of the predictive distribution. The full 518-day series

is analyzed in Chapter 2. The analysis below reproduces the workflow on a 264-day

subset.

5.6.1. Data

The covid_scz_2020 dataset bundled with the package contains 𝑇 = 518 daily counts

of confirmed COVID-19 cases from Santa Cruz County, California, drawn from the

California Department of Public Health and spanning July 1, 2020 to December 1,

2021. The series covers two substantial pandemic waves and shows a pronounced day-

of-week reporting periodicity attributed to testing and reporting practices. To keep the

MCMC runtime tractable for a vignette demonstration, we restrict the analysis to the

first 264 days of the series, splitting those into a training set of 𝑇train = 250 observations

and a test set of ℎ = 14 days for forecast evaluation.

R> ytrain <- covid_scz_2020[1:250]

R> ytest <- covid_scz_2020[251:264]

5.6.2. Model configurations

We fit three of the canonical models from Table 5.2 on the training data, namely a

discrete-time Hawkes-type model (DH), a distributed lag (DL), and an autoregression

(AR). All three use a negative binomial observation distribution, an identity link, a

softplus gain function, and weekly seasonality entered through the regression term,
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so that the comparison isolates the effect of the transfer function structure rather than

confounding it with the choices at the observation level. The substantive trade-offs

between these three families are discussed in § 5.2.2, and the relevant points for the

present comparison are that DH separates 𝑅𝑡 from the lag distribution, DL trades a

more restrictive lag family for computational efficiency, and AR does not produce an

𝑅𝑡 output suitable for epidemiological communication. The DL lag order is fixed at

𝑟 = 2 and the AR order 𝑝 = 3 are taken from Chapter 2, where they were selected by

minimizing the 𝜒2 discrepancy across 𝑟 ∈ {2, . . . , 9} and 𝑝 ∈ {2, . . . , 6} on the full

518-day series. The three model specifications are below.

R> set.seed(123)

R> mod_DH <- dgtf_model(obs = obs_nbinom(), link = link_identity(),

+ sys = sys_shift(), gain = gain_softplus(), lag =

+ lag_lognormal(meanlog = rnorm(1, 1, 1), sigma2 = 1 / rgamma(1, 10,

1)),↩→

+ err = err_gaussian(W = 1 / rgamma(1, 10, 1)),

+ seasonality = seas_period(7, init = runif(7, 0, 10)))

R> mod_DL <- dgtf_distributed_lag(r = 2, kappa = runif(1, 0.1, 0.9),

+ seasonality = seas_weekly(init = runif(7, 0, 10)))

R> mod_AR <- dgtf_nb_ar(p = 3, W = 1 / rgamma(1, 10, 1),

+ seasonality = seas_weekly(init = runif(7, 0, 10)))

The three models share mildly informative priors on the components they have in

common, namely the seasonality, the innovation variance 𝑊, and the overdispersion 𝜌,

and differ only in the lag prior, since the three families parameterize the lag structure

differently. The discrete-time Hawkes-type model places a normal prior on the log-
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scale mean and an inverse-gamma prior on the log-scale variance of its lognormal

lag. The distributed lag model replaces these with a Beta(1, 1) prior on the geometric

decay parameter 𝜅, supplied through the single lag slot par1. The autoregressive

model omits the lag entry, since its lag structure is the discrete order 𝑝 rather than a

continuous parameter.

R> prior_DH <- dgtf_prior(seasonality = normal(0, 10), W = inv_gamma(1,

1),↩→

+ rho = inv_gamma(1, 1),

+ lag = list(par1 = normal(0, 1), par2 = inv_gamma(1, 1)))

R> prior_DL <- dgtf_prior(seasonality = normal(0, 10), W = inv_gamma(1,

1),↩→

+ rho = inv_gamma(1, 1), lag = list(par1 = dist_beta(1, 1)))

R> prior_AR <- dgtf_prior(seasonality = normal(0, 10), W = inv_gamma(1,

1),↩→

+ rho = inv_gamma(1, 1))

5.6.3. Posterior inference

We fit the discrete-time Hawkes-type model with both inference methods, MCMC and

HVA, and the distributed lag and AR models with HVA only. Comparing HVA against

MCMC on the DH model is a practical diagnostic of whether the fast approximate

posterior agrees with the MCMC reference on this dataset, not a formal validation of

the approximation.

R> set.seed(123)

R> fit_DH <- dgtf(ytrain, mod_DH, prior_DH, method = "hva",
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+ control = vb_control(iter = 1000, n_sample = 5000, n_particle =

500))↩→

R> fit_DH_mcmc <- dgtf(ytrain, mod_DH, prior_DH, method = "mcmc",

+ control = mcmc_control(iter = 10000, warmup = 5000, thin = 1))

R> fit_DL <- dgtf(ytrain, mod_DL, prior_DL, method = "hva",

+ control = vb_control(iter = 1000, n_sample = 5000, n_particle =

500))↩→

R> fit_AR <- dgtf(ytrain, mod_AR, prior_AR, method = "hva",

+ control = vb_control(iter = 1000, n_sample = 5000, n_particle =

500))↩→

The two inference methods agreed closely on the discrete-time Hawkes-type model.

Static parameters, day-of-week seasonal effects, and the posterior 𝑅𝑡 trajectory had

overlapping 95% credible intervals throughout, and the in-sample posterior predictive

scores and 14-day forecast scores were closely similar. HVA ran roughly 15 times faster

than MCMC on this dataset. The parameter-by-parameter comparison, the seasonality

and 𝑅𝑡 plots, and the combined in-sample and forecast score table are deferred to § C.1.

The discrete-time Hawkes-type posterior predictive draws and 14-day forecast object

are cached for reuse in the model comparison of § 5.6.4 and the forecasting comparison

of § 5.6.5.

R> set.seed(123)

R> attr(fit_DH, "ppc") <- posterior_predict(fit_DH)

R> fc_DH <- dgtf_forecast_fit(fit_DH, h = 14, ypred_true = ytest)

The DL and AR models are fitted with HVA using analogous prior specifications and

control settings, and their posterior predictive draws are cached in the same way before
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Table 5.4.: Model comparison on the COVID-19 data from dgtf_compare(). The
in-sample block reports the number of inferred static parameters, the HVA
proxy for the log marginal likelihood, the CRPS, the chi-square discrepancy,
the empirical 95% coverage and mean width of the posterior predictive
interval, the Winkler interval score, and the total runtime. The forecast
block reports coverage, the chi-square discrepancy, and the CRPS averaged
across the 14-day held-out horizon.

In-sample 14-day forecast

Model 𝑛par log-margl. CRPS 𝜒2 Cover Width IS Time (s) Cover 𝜒2 CRPS

DH 11 5.91 9.43 1.47 0.952 62.8 84.8 264.0 0.929 0.280 3.28
DL 10 6.61 9.74 1.46 0.956 68.4 85.9 380.2 0.929 0.263 3.67
AR 9 10.70 12.40 2.38 0.936 83.5 109.0 382.3 1.000 0.264 4.00

the comparison in § 5.6.4.

5.6.4. In-sample comparison

For an in-sample comparison of the three models, we cache the distributed lag and AR

posterior predictive draws (the discrete-time Hawkes-type draws were cached in § 5.6.3)

and pass the three fits to dgtf_compare(), which assembles Table 5.4 with one row

per model.

R> set.seed(123)

R> attr(fit_DL, "ppc") <- posterior_predict(fit_DL, nrep = 100)

R> attr(fit_AR, "ppc") <- posterior_predict(fit_AR, nrep = 100)

R> dgtf_compare(list(DH = fit_DH, DL = fit_DL, AR = fit_AR))

The DH and DL models perform comparably (Table 5.4). DH attains the slightly

lower CRPS, 9.43 against 9.74, and the two are essentially tied on the chi-square

discrepancy. The AR model is noticeably worse, with a CRPS roughly 27% larger and

a chi-square of 2.38 indicating a predictive distribution too narrow for the residuals it

228



Chapter 5. The dgtf R package

produces. All three chi-square values exceed one, so in-sample residuals are larger than

the predictive variances throughout. The separation of DH and DL from AR matches

the ordering reported in Chapter 2 for the full 518-day series.

5.6.5. Out-of-sample forecasting

The 14-day forecasts and their scoring against the held-out test set are produced for each

fit through dgtf_forecast_fit() and collected through the same dgtf_compare()

interface. The discrete-time Hawkes-type forecast fc_DH was already computed in

§ 5.6.3; here we add the distributed lag and AR forecasts and compare all three,

producing Table 5.4. We note that Chapter 2 evaluates forecast performance through a

rolling one-step-ahead procedure rather than the multi-step forecast demonstrated here.

The two protocols answer different operational questions, and the multi-step variant

is more informative about the package’s forecasting interface. With only 14 held-out

observations, the scores below illustrate that interface and serve as a short-horizon

diagnostic.

R> fc_DL <- dgtf_forecast_fit(fit_DL, h = 14, ypred_true = ytest)

R> fc_AR <- dgtf_forecast_fit(fit_AR, h = 14, ypred_true = ytest)

R> dgtf_compare(list(DH = fc_DH, DL = fc_DL, AR = fc_AR))

The DH model achieves the lowest out-of-sample CRPS of 3.28, as shown in Ta-

ble 5.4. Coverage should be read cautiously on a window this short, since each missed

observation moves the empirical value by about seven percentage points. DH and DL

share a coverage of 0.929, both missing one observation during a brief drop in the test

window, but DL has the worse CRPS of 3.67, reflecting slightly wider intervals around a
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Figure 5.3.: Combined posterior predictive and forecast bands for the three model vari-
ants on the COVID-19 data. The in-sample posterior predictive band over
the 250-day training window and the out-of-sample forecast band over the
14-day test window are drawn in the same color for each model, and a
vertical dotted line marks the train/test boundary. The black dashed line
represents observed counts.

similar median. The AR model reaches coverage of 1.0 by issuing very wide predictive

intervals, which shows in its chi-square of 0.264, well below the calibrated value of one,

so it is the most underconfident of the three.

The in-sample posterior predictive bands and the 14-day forecast bands for all three

models are shown together in Figure 5.3, produced by passing the fitted objects and

their forecasts to plot_dgtf_y_compare():

R> fits_list <- list(DH = fit_DH, DL = fit_DL, AR = fit_AR)

R> fcs_list <- list(DH = fc_DH, DL = fc_DL, AR = fc_AR)

R> plot_dgtf_y_compare(fits_list, fcs_list)

Taken together, the COVID-19 application shows how dgtf supports a real-data work-

flow in which structurally different models are specified, fitted, compared, visualized,

and evaluated through one interface, and it separates models with a direct 𝑅𝑡 inter-

pretation from autoregressive count models that forecast usefully but are less directly

interpretable.
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§ 5.7. Concluding remarks

The dgtf package provides a unified R interface for Bayesian count time series models

in the DGTF class, making a flexible state-space framework available through a compo-

sitional software interface. Users assemble models from modular components for the

observation distribution, link function, gain function, lag distribution, system equation,

and innovation noise, and then fit, forecast, diagnose, and compare them through a

common workflow. The same interface specifies discrete-time Hawkes-type models,

recursive distributed lag models, and AR count models, which differ in how past counts

affect future incidence. The Hawkes and distributed lag formulations separate a time-

varying transmission intensity 𝑅𝑡 from the lag structure and are directly interpretable

in epidemiological applications, while AR count models offer a simpler forecasting

alternative whose lag-specific coefficients admit no reproduction number interpretation.

A second contribution is the unified inference interface, under which the same model

and prior objects are fitted by either HVA or MCMC. HVA gives a fast approximate

posterior suited to exploratory analysis, routine surveillance, and screening candidate

structures, while MCMC costs more but targets the exact posterior and is better suited to

final analyses where calibrated uncertainty matters. The COVID-19 application follows

this workflow, screening three structures with HVA before comparing the selected one

against MCMC, while the simulation study checks the two methods against each other

on a single model with a known truth.

The package also provides an integrated evaluation toolkit. Posterior predictive

checks, multi-step forecasts, parameter recovery diagnostics, and model comparison

tables are available through standard functions, and the application shows why several
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scoring rules are reported side by side, since on the held-out window the AR model

attains the highest coverage while carrying the worst CRPS. The visualization functions

complement these summaries by displaying latent 𝑅𝑡 trajectories, posterior predictive

bands, forecast bands, and estimated lag distributions.

Four limitations of the current implementation are worth noting. First, the package

is restricted to univariate series. The network Hawkes-type extension for inter-regional

transmission is developed in Chapter 3 and the variational methods that scale it to

many regions in Chapter 4, and integrating both so that multivariate models share

the same constructor, fitter, and evaluation toolkit is the natural next step. Second,

pointwise log-likelihood values are not exposed by either inference method, which

prevents generic information criteria and leave-one-out diagnostics that depend on the

contribution of each observation. Third, the inferred lag distribution should not be

read as a serial or generation interval when the model is fitted to reported case counts,

since those counts convolve the epidemiological interval with incubation, testing, and

administrative reporting delays, a point Chapter 2 develops in detail. Fourth, although

HVA screens models quickly and usually gives point estimates close to MCMC, its

posterior intervals can be under-dispersed, particularly for latent states, so MCMC or a

post-hoc calibration is the safer route when interval calibration is central.

The illustrations in this chapter cover the core workflow. The package documentation

and vignettes carry the current interface in full, together with reproducible workflows

and worked examples.
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Discussion and future directions

The thesis has developed a unified Bayesian framework for count time series in infec-

tious disease surveillance, organized around three threads identified in § 1.3. Chapter 2

introduced the dynamic generalized transfer function (DGTF) class as a single state-

space model that contains discrete-time Hawkes-type models, Poisson autoregressions,

and distributed lag models as special cases of a common conditional mean structure, and

developed a hybrid variational approximation (HVA) algorithm that achieves a roughly

three-fold speedup over MCMC with minimal accuracy loss across the model variants.

Chapter 3 extended the framework to spatially connected populations through a multi-

variate Hawkes model, with a regularized horseshoe prior that learns the transmission

network from data, an additive decomposition of the closed-population reproduction

number into local and imported components, and a Markov-switching state for structural

zeros. Chapter 4 developed the particle Laplace variational approximation (PLVA) as

the variational counterpart to the block MCMC sampler of Chapter 3, combining an effi-

cient importance variational approximation (EIVA) for the latent reproduction trajectory

with a mixture of Laplace approximations for the spatial parameters, whose between-
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particle component represents the ridge directions that joint Gaussian and mean-field

families would collapse to a single point. Chapter 5 described the dgtf package for

R, which exposes the six-component framework of Chapter 2 through a compositional

interface aligned with the modular structure of the model class and dispatches to either

inference method through a common entry point.

The chapters interrelate in three ways that the thesis has used as organizing principles.

The univariate model of Chapter 2 and the spatial model of Chapter 3 share the self-

exciting conditional mean form E[𝑦𝑡 | D𝑡−1] = 𝜇 + 𝑅𝑡

∑
𝑘 𝜙𝑘𝑦𝑡−𝑘 that was introduced

in § 1.2.2; the multivariate generalization replaces the scalar 𝑅𝑡 with a vector {𝑅𝑘,𝑡}

and introduces a transmission matrix that allocates secondary infections across desti-

nations. The sampler of Chapter 3 and the variational method of Chapter 4 share the

column-wise conditional update structure that the column-stochastic constraint makes

available; the PLVA transcribes the structure of the block sampler into a particle ap-

proximation in which each EIVA proposal targets a column-conditional law and each

Laplace component targets the corresponding column-conditional spatial posterior. The

univariate methodology of Chapter 2 and the software interface of Chapter 5 share the

six-component decomposition that motivated both. The package’s constructor families

correspond one-to-one with the model components, and its inference methods are the

HVA and MCMC algorithms developed in the methodological chapter.

The empirical findings reported in Chapters 2 and 3 carry several lessons for surveil-

lance practice. The simulation study of Chapter 2 showed that the structural choice

of transfer function family matters, and that a discrete-time Hawkes-type model with a

lognormal lag distribution outperformed both a geometric distributed lag variant and a

negative binomial autoregression on out-of-sample forecast scores from the COVID-19
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application in Santa Cruz County. The Santa Cruz application also showed that explicit

weekly seasonality reduces bias in the 𝑅𝑡 estimates during low-incidence periods, and

that the HVA variance underestimation typical of Gaussian variational methods is mod-

est but real, with 95% credible interval coverage falling from 0.97 under MCMC to 0.87

under HVA. The California application of Chapter 3 showed that closed-population re-

production numbers near one can mask substantial heterogeneity across locations, with

intrinsic source-specific reproduction numbers ranging from 0.55 in San Joaquin to 1.14

in Santa Clara, and that the estimated transmission network shows a source and sink

structure in which Bay Area employment counties appear as net sources and Central

Valley residential counties as net sinks. None of these patterns are recoverable under

the closed-population assumption that drives standard reproduction number estimators,

and they suggest that decomposing the observed reproduction number into local and

imported components changes the actionable interpretation of a surveillance signal.

Several limitations of the framework deserve emphasis. The variational approxima-

tion of Chapter 4 rests on a local unimodality assumption for the conditional posterior

of the spatial block that the algorithm cannot verify internally, and the accuracy of the

importance step depends on the effective sample size of the EIVA particle set, which can

degrade when the working linearization is poor. More broadly, both variational meth-

ods developed in this thesis underestimate posterior uncertainty relative to MCMC. The

HVA of Chapter 2 undercovers the latent 𝑅𝑡 intervals, at about 0.87 against 0.97 for

MCMC, and the PLVA of Chapter 4 produces intervals on the spatial parameters that

are narrower than the MCMC reference by a factor of 2.8 on the retention rates and

1.7 on the transmission weights. In both cases the point estimates and the predictive

distributions track MCMC closely. This is a central limitation of the variational route.
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Where calibrated posterior intervals are themselves the inferential target, MCMC re-

mains the reference, and the variational methods are best used for fast point estimation,

forecasting, and model comparison, or paired with periodic MCMC validation. The

spatial weights in Chapter 3 are treated as static, so the model does not capture temporal

changes in transmission pathways over the course of an outbreak, and validation of the

inferred pathways is necessarily indirect, since the model identifies lagged statistical de-

pendence in incidence rather than physical transmission. The dgtf package of Chapter 5

is currently restricted to univariate time series and does not yet expose the multivariate

extension. None of these limitations is structural to the framework, but each defines a

direction for future work.

Methodological extensions span several axes. Continuous-time formulations of both

the DGTF class and the network Hawkes model would accommodate surveillance data

reported on irregular schedules and would connect the discrete-time models developed

here to the continuous-time Hawkes literature. Time-varying spatial weights would relax

the static 𝜶 assumption of Chapter 3 at the cost of additional identifiability constraints

and computational overhead, and offer a natural place to incorporate auxiliary data on

mobility patterns evolving over time. For the PLVA in particular, the under-coverage

on the spatial parameters points to two refinements that fit within the block-coordinate

structure: a joint importance proposal over the temporal and spatial blocks within

each column, and a heavier-tailed mixture family in place of the Gaussian Laplace

components. A complementary direction is reformulating the PLVA on a coherent

importance-weighted variational bound (IWAE) bound, trading the analytical EIVA

calibration for a single coherent variational objective. Loss-based variational objectives

(Frazier et al., 2025) would tailor the inference procedure to specific epidemiological
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loss functions, such as those that penalize false negatives during outbreak detection

or that target asymmetric costs of over-restriction and under-restriction. Adaptation

to count processes with similar multiplicative structure outside epidemiology, such as

crime incidence and earthquake aftershocks, is a promising direction for transferring

the methodology to other applied domains.

Computational extensions track the dominant scaling regimes. For online surveillance

in which data arrive sequentially, recursive updating (Tomasetti et al., 2022; Mastrototaro

and Olsson, 2024) and nested sequential Monte Carlo (Naesseth et al., 2019) would

enable fully online inference at the cost of a single particle update per observation

rather than re-estimating the model from scratch. For larger spatial scales, divide-and-

conquer sequential Monte Carlo (Lindsten et al., 2017) would enable parallel processing

of column-wise updates across spatial subregions, and would allow the framework to

scale to surveillance domains with hundreds of locations. Adaptive control of the EIVA

particle count per column based on effective sample size, rather than a fixed value across

all columns, would route computational effort to columns where the linearization is least

accurate. Natural gradient updates (Zhang et al., 2024) could improve convergence of

the variational optimization in regimes where the posterior is highly anisotropic.

The dgtf package is a natural vehicle for disseminating the methodology developed

here, and its extension to the multivariate setting is the most concrete next step on

the software side. The component-based interface and the unified inference dispatch

of Chapter 5 generalize naturally once the spatial weight matrix is added as a model

component, and the PLVA of Chapter 4 is the natural variational counterpart of the

HVA that the package already provides for the univariate class. The R package design

also lends itself to integration into operational surveillance pipelines, where the relevant
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interfaces are not interactive but programmatic. Beyond the package, public release

of the simulation and application code as a reproducibility supplement is planned,

alongside the development of vignettes that walk a user through the full workflow on

representative datasets. Such infrastructure has been central in turning related Bayesian

methodologies into routine surveillance practice, and the framework developed in this

thesis is well placed to follow that path.

The thesis has approached infectious disease surveillance as a structured statistical

problem in which model unification, spatial extension, and scalable computation are

mutually reinforcing rather than separable concerns. The unified state-space framework

of Chapter 2 clarifies which structural choices matter; the spatial extension of Chapter 3

shows that those choices interact non-trivially with the geographic structure of trans-

mission; the structured variational approximation of Chapter 4 shows that the resulting

inference problem is tractable at operationally relevant scales; and the package of Chap-

ter 5 provides a vehicle for these methods to leave the dissertation and reach surveillance

practice. The COVID-19 pandemic that motivated much of the work documented in

this thesis is unlikely to be the last outbreak in which decisions are made under data that

are noisy, partial, and arriving daily. The framework developed here is one contribution

toward making those decisions on a firmer statistical footing.
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A. Supplement to Chapter 2

This appendix collects the additional simulation details, derivations, convergence diag-

nostics, and sensitivity analyses that support the results reported in Chapter 2.

§ A.1. Simulation from discrete-time Hawkes-type

model

A.1.1. Model specification

First, we specify the data generating process. The modelM0, from which the data is

simulated, is defined as follows:

𝑦𝑡 | 𝜆𝑡 ∼ NB(𝜆𝑡, 𝜌), 𝜌 > 0, 𝜆𝑡 =

𝐿∑︁
𝑙=1

𝜙𝑙 ℎ(𝜓𝑡+1−𝑙) 𝑦𝑡−𝑙, 𝜓𝑡 = 𝜓𝑡−1 + 𝑤𝑡, 𝑤𝑡 ∼ 𝑁 (0,𝑊),

where 𝜌 = 30, 𝑊 = 0.01, and ℎ(𝜓𝑡) = log(exp(𝜓𝑡) + 1). The lags {𝜙𝑙} are PMF of a

discretized log-normal distribution,

𝜙𝑙 = Φ

(
log(𝑙) − 𝜇

𝜎

)
− Φ

(
log(𝑙 − 1) − 𝜇

𝜎

)
, 𝑙 = 2, . . . , 𝐿.

For 𝑙 = 1, we define 𝜙1 = Φ(−𝜇/𝜎). The truncation parameter 𝐿 is selected to

ensure
∑

𝜙𝑙 ≥ 0.99. We set logarithmic mean 𝜇 = 1.3863 and logarithmic variance
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𝜎2 = 0.3226. Its expectation is approximately 4.7 and the standard deviation is 2.9. The

static parameters in this specific model are 𝜸 = (𝜌, 𝜇, 𝜎2,𝑊)′. Except for 𝜇, which can

span values across the entire real line, the remaining parameters must be positive. This

model uses an identical link such that 𝜂𝑡 = 𝜆𝑡. This model has a DGTF representation

as follows:

𝑦𝑡 | 𝜆𝑡 ∼ NB(𝜆𝑡, 𝜌), 𝜌 > 0, 𝜆𝑡 = 𝑓𝑡 (𝜽𝑡, y𝑡−1), 𝜽𝑡 = G𝜽𝑡−1 + w𝑡, w𝑡 ∼ 𝑁 (0,W),

where 𝜽𝑡 = (𝜓𝑡, . . . , 𝜓𝑡+1−𝐿)′,

G =
©­­«
e1 0

I 0

ª®®¬ , e1 = (1, 0, . . . , 0), w𝑡 = (𝑤𝑡, 0, . . . , 0), W = diag(𝑊, 0, . . . , 0).

A.1.2. Gradient of the log joint probability for HVA and HMC

In the discrete-time Hawkes-type model, we have a set of static parameters 𝜸 =

(𝜌,𝝋, 𝜇, 𝜎2,𝑊). We will map all entries to the whole real line and use 𝜸̌ = ( 𝜌̌, 𝝋̌, 𝜇̌, 𝜎̌2, 𝑊̌)

to represent the static parameters after this transformation, where

𝜌̌ = log(𝜌), 𝝋̌ = log(𝝋), 𝜇̌ = 𝜇, 𝜎̌2 = log(𝜎2), 𝑊̌ = log(𝑊).

Further, we specify the following priors: 𝑊 ∼ IG(𝑎𝑤, 𝑏𝑤), 𝜌 ∼ IG(𝑎𝜌, 𝑏𝜌), 𝜎2 ∼

IG(𝑎𝜎, 𝑏𝜎), 𝜇 ∼ 𝑁 (𝑎𝜇, 𝑏𝜇), and for 𝝋 we use a normal prior on the logarithm scale:

𝝋̌ ∼ 𝑁 (𝒂𝜑,B𝜑). We use 𝜋(𝜸̌) to represent the prior distribution w.r.t 𝜸̌, and for the

discrete-time Hawkes-type model, we essentially have:

𝜋(𝜸̌) = 𝜋( 𝜌̌)𝜋(𝝋̌)𝜋(𝜇̌)𝜋(𝜎̌2)𝜋(𝑊̌).
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The log joint probability log 𝑝(𝑦1:𝑇 , 𝜽1:𝑇 , 𝜸̌), which we will denote as log 𝑝 for brevity,

is given by:

log 𝑝 = log𝜋(𝜸̌) +
𝑇∑︁
𝑡=1

log 𝑝(𝑦𝑡 | 𝜆𝑡, 𝜸) +
𝑇∑︁
𝑡=1

log 𝑝(𝜽𝑡 | 𝜽𝑡−1,𝑊).

Note that here we consider 𝜸 as a function of 𝜸̌. For gradient-based inference methods

like HVA and HMC, we need to compute:

∇𝜸̌ log 𝑝 =

(
𝜕 log 𝑝

𝜕𝜌̌
,
𝜕 log 𝑝

𝜕𝝋̌

′
,
𝜕 log 𝑝

𝜕𝜇̌
,
𝜕 log 𝑝

𝜕𝜎̌2 ,
𝜕 log 𝑝

𝜕𝑊̌

)′
.

Next we will derive each component of this gradient vector.

Partial derivative w.r.t. 𝜌̌ Since 𝜌 = exp( 𝜌̌), we have d𝜌/d𝜌̌ = exp(𝜌̌). The prior

density for 𝜌̌, derived from the inverse-gamma prior on 𝜌, is:

𝜋(𝜌̌) = 𝜋(𝜌)
����d𝜌d𝜌̌

���� ∝ exp(−𝑎𝜌𝜌̌ − 𝑏𝜌 exp(−𝜌̌)).

This gives us:

d log𝜋( 𝜌̌)
d𝜌̌

= −𝑎𝜌 + 𝑏𝜌 exp(−𝜌̌).

For a negative-binomial distribution, the log-likelihood is:

log 𝑝(𝑦𝑡 | 𝜆𝑡, 𝜸) = log Γ(𝑦𝑡 + 𝜌) − log Γ(𝜌) − log(𝑦𝑡!) + 𝜌 log
(

𝜌

𝜆𝑡 + 𝜌

)
+ 𝑦𝑡 log

(
𝜆𝑡

𝜆𝑡 + 𝜌

)
.

Differentiating with respect to 𝜌:

𝜕 log 𝑝(𝑦𝑡 | 𝜆𝑡, 𝜸)
𝜕𝜌

= Ψ(𝑦𝑡 + 𝜌) − Ψ(𝜌) + log
(

𝜌

𝜆𝑡 + 𝜌

)
+ 𝜆𝑡 − 𝑦𝑡

𝜆𝑡 + 𝜌
.
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Here, Ψ(·) is the digamma function. Combining these results via the chain rule, we

have:

𝜕 log 𝑝

𝜕𝜌̌
=

d log𝜋( 𝜌̌)
d𝜌̌

+
𝑇∑︁
𝑡=1

𝜕 log 𝑝(𝑦𝑡 | 𝜆𝑡, 𝜸)
𝜕𝜌

d𝜌
d𝜌̌

.

Partial derivative w.r.t. 𝝋̌ The partial derivative of log joint probability w.r.t. 𝝋̌ can

be decomposed as follows:

𝜕 log 𝑝

𝜕𝝋̌
=

d log𝜋(𝜑̌)
d𝝋̌

+
𝑇∑︁
𝑡=1

𝜕 log 𝑝(𝑦𝑡 | 𝜆𝑡, 𝜸)
𝜕𝜆𝑡

𝜕𝜆𝑡

𝜕𝝋

d𝝋
d𝝋̌

.(A.1.1)

Note that here we use d𝝋/d𝝋̌ to specifically represent an element-wise operation with

d𝝋/d𝝋̌ = (d𝜑𝑘/d𝜑̌𝑘) and d𝜑𝑘/d𝜑̌𝑘 = exp(𝜑̌𝑘). We assume 𝝋̌ follows a normal prior:

𝝋̌ ∼ 𝑁 (a𝜑,B𝜑), and thus we have:

d log𝜋(𝝋̌)
d𝝋̌

= B−1
𝜑 (a𝜑 − 𝝋̌).

The remaining components in Eq. (A.1.1) are:

𝜕 log 𝑝(𝑦𝑡 | 𝜆𝑡, 𝜸)
𝜕𝜆𝑡

=
𝑦𝑡

𝜆𝑡
− 𝑦𝑡 + 𝜌

𝜆𝑡 + 𝜌
,
𝜕𝜆𝑡

𝜕𝝋
= x𝑡 .

Partial derivative w.r.t. 𝜇̌ In this model, we use a log-normal distribution 𝐿𝑁 (𝜇, 𝜎2)

as the lag distribution with the lag 𝜙𝑙 defined as follows:

𝜙𝑙 = Φ

(
log(𝑙) − 𝜇

𝜎

)
− Φ

(
log(𝑙 − 1) − 𝜇

𝜎

)
, 𝑙 ∈ ℕ+.(A.1.2)

Here Φ(·) represents the CDF of the standard normal distribution 𝑁 (0, 1). Since 𝜇 is

already on the real line, no transformation is needed (𝜇̌ = 𝜇). The log derivative of the
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normal prior density w.r.t 𝜇̌ is:

d log𝜋(𝜇̌)
d𝜇̌

=
𝑎𝜇 − 𝜇

𝑏𝜇
.

Then, the partial derivative w.r.t 𝜇̌ can be decomposed as follows:

𝜕 log 𝑝

𝜕𝜇̌
=

d log𝜋(𝜇̌)
d𝜇̌

+
𝑇∑︁
𝑡=1

𝜕 log 𝑝(𝑦𝑡 | 𝜆𝑡, 𝜸)
𝜕𝜆𝑡

𝜕𝜆𝑡

𝜕𝜇

d𝜇
d𝜇̌

.

The conditional intensity 𝜆𝑡 is:

𝜆𝑡 = x′𝑡𝝋 +
𝐿∑︁

𝑙=1
𝜙𝑙ℎ(𝜓𝑡+1−𝑙)𝑦𝑡−𝑙 .

Its partial derivative w.r.t 𝜇 is:

𝜕𝜆𝑡

𝜕𝜇
=

𝐿∑︁
𝑙=1

𝜕𝜙𝑙

𝜕𝜇
ℎ(𝜓𝑡+1−𝑙)𝑦𝑡−𝑙, where

𝜕𝜙𝑙

𝜕𝜇
=

1
𝜎

[
𝜙

(
log(𝑙 − 1) − 𝜇

𝜎

)
− 𝜙

(
log(𝑙) − 𝜇

𝜎

)]
.

Here, 𝜙(·) represents the standard normal PDF, not to be confused with the lag weights

𝜙𝑙.

Partial derivative w.r.t. 𝜎̌2 We can treat 𝜎 as a function of 𝜎̌2, 𝜎 = exp(𝜎̌2/2), and

the derivative is d𝜎/d𝜎̌2 = exp(𝜎̌2/2)/2. With an inverse-gamma distribution IG(𝑎𝜎,

𝑏𝜎) on 𝜎2,we have:

𝜕 log𝜋(𝜎̌2)
𝜕𝜎̌2 = −𝑎𝜎 + 𝑏𝜎 exp(−𝜎̌2).

The partial derivative of 𝜙𝑙 w.r.t. 𝜎̌2 is:

𝜕𝜙𝑙

𝜕𝜎̌2 =
1
2

[
𝜙

(
log(𝑙 − 1) − 𝜇

exp(𝜎̌2/2)

)
log(𝑙 − 1) − 𝜇

exp(𝜎̌2/2)
− 𝜙

(
log(𝑙) − 𝜇

exp(𝜎̌2/2)

)
log(𝑙) − 𝜇

exp(𝜎̌2/2)

]
.
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Finally, we can plug in the above derivatives into the partial derivative of log joint

probability w.r.t. 𝜎̌2:

𝜕 log 𝑝

𝜕𝜎̌2 =
d log𝜋(𝜎̌2)

d𝜎̌2 +
𝑇∑︁
𝑡=1

𝜕 log 𝑝(𝑦𝑡 | 𝜆𝑡, 𝜸)
𝜕𝜆𝑡

𝜕𝜆𝑡

𝜕𝜎̌2 ,

where

𝜕𝜆𝑡

𝜕𝜎̌2 =

𝐿∑︁
𝑙=1

𝜕𝜙𝑙

𝜕𝜎̌2ℎ(𝜓𝑡+1−𝑙)𝑦𝑡−𝑙 .

Partial derivative w.r.t. 𝑊̌ With 𝑊̌ = log(𝑊) and 𝑊 ∼ IG(𝑎𝑤, 𝑏𝑤), we have

d𝑊/d𝑊̌ = exp(𝑊̌) and

𝜕 log𝜋(𝑊̌)
𝜕𝑊̌

= −𝑎𝑤 + 𝑏𝑤 exp(−𝑊̌).

The partial derivative of the log joint probability w.r.t. 𝑊̌ is:

𝜕 log 𝑝

𝜕𝑊̌
=

𝜕 log𝜋(𝑊̌)
𝜕𝑊̌

+
𝑇∑︁
𝑡=1

log 𝑝(𝜓𝑡 | 𝜓𝑡−1,𝑊)
𝜕𝑊

d𝑊
d𝑊̌

,

where

log 𝑝(𝜓𝑡 | 𝜓𝑡−1,𝑊)
𝜕𝑊

= − 1
2𝑊
+ (𝜓𝑡 − 𝜓𝑡−1)2

2𝑊2 .

This partial derivative w.r.t. 𝑊̌ is used in the HVA algorithm. For MCMC, 𝑊 can be

sampled directly via a Gibbs sampler or jointly with other static parameters using HMC

in the MH step.
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Table A.1.: Model-specific settings and hyperparameter choices for the five DGTF mod-
els compared in the simulation study. The table shows the model structure,
key hyperparameters, prior specifications for lag distribution parameters,
and variational rank 𝑘 used in HVA inference.
M0 M1 M2 M3 M4
Discretized Hawkes Discounted Discretized Hawkes Distributed Lag NB-AR Poisson AR

Hyperparameter 𝐿 = 30 𝐿 = 30, 𝛿̂ = 0.9 𝑟 = 4 𝑝̂ = 3 𝑝̂ = 5
Lag Prior 𝜇 ∼ 𝑁 (0, 1) 𝜇 ∼ 𝑁 (0, 1) 𝜅 ∼ Beta(1, 1)

𝜎2 ∼ IG(1, 1) 𝜎2 ∼ IG(1, 1)
Variational rank 𝑘 = 5 𝑘 = 4 𝑘 = 4 𝑘 = 3 𝑘 = 3

Table A.2.: Common inference settings applied consistently across all DGTF models
in simulation. Prior specifications are shown for parameters shared across
models, along with algorithm-specific settings for HVA (two-filter smoother
and gradient ascent optimization) and MCMC sampling.

Prior specifications 𝜌 and 𝑊 𝜑𝑖

IG(1, 1) 𝑁 (0, 10)𝛿(𝜑𝑖 > 0)
HVA Iterations Posterior samples

1,000 5,000
Two-filter smoother Particles Resampling ratio

500 0.5
Gradient ascent Initial step size ADADELTA learning rate

10−5 0.02

MCMC Burnin-in Final samples
2,000 5,000 (thinning = 2)

HMC - Leapfrog Integration steps Step size
50 0.005
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A.1.3. Implementation

Having specified the data generating process in the previous section, we now detail the

implementation settings for all models in our comparison study. Table A.1 presents

the model-specific settings across all five models considered. For the true modelM0

(discrete-time Hawkes-type model), we set the truncation parameter 𝐿 = 30 to ensure

adequate capture of the lag distribution tail. The lag distribution followed a discretized

log-normal with prior specifications 𝜇 ∼ 𝑁 (0, 1) and 𝜎2 ∼ IG(1, 1). For HVA inference,

we used a variational rank of 𝑘 = 5 to match the number of static parameters.

Model M1 extended the discrete-time Hawkes-type model by incorporating time-

varying system variance through a discount factor 𝛿̂ = 0.9, maintaining the same lag

structure but with reduced variational rank 𝑘 = 4. The distributed lag modelM2 used

a negative binomial lag distribution with order 𝑟 = 4 and 𝜅 ∼ Beta(1, 1) prior. The

autoregressive models M3 and M4 were implemented with orders 𝑝̂ = 3 and 𝑝̂ = 5

respectively, both using variational rank 𝑘 = 3.

Table A.2 summarizes the common inference settings applied consistently across all

models. We specified inverse-gamma IG(1,1) priors for the dispersion parameter 𝜌 and

system variance 𝑊, while regression coefficients 𝜑𝑖 received truncated normal priors

𝑁 (0, 10)𝛿(𝜑𝑖 > 0) to ensure positivity. For HVA, we generated 5,000 posterior samples

after convergence (1,000 samples for simulation studies). The two-filter smoother used

500 particles with a resampling ratio of 0.5, balancing computational efficiency with

approximation accuracy. Gradient ascent optimization began with an initial step size of

10−5 and used ADADELTA with a learning rate of 0.02.

For MCMC comparison on model M0, we ran 12,000 total iterations with 2,000

burn-in samples. After thinning by a factor of 2, we retained 5,000 posterior samples
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for analysis. The HMC component used 50 leapfrog integration steps with step size

0.005, parameters chosen through preliminary runs to achieve acceptance rates between

60-80%.

A.1.4. Convergence diagnostics

Convergence of MCMC We assessed MCMC convergence using multiple diagnos-

tics. Table A.3 shows that Gelman-Rubin statistics approach 1.0 and the predictive

performance for 𝑦𝑡 and 𝑅𝑡 plateau by iteration 2,000, indicating convergence across all

chains.

Figures A.1 to A.5 present trace plots, posterior densities, and autocorrelation func-

tions for all static parameters. The results are based on iterations 2,001–5,000, after

discarding the first 2,000 iterations as burn-in. The trace plots indicate that the MCMC

chains mix well and converge rapidly to the posterior distribution. The posterior densities

align closely with the true parameter values used in data generation. The autocorrelation

functions decay rapidly below 0.1 (marked by the red dashed line), confirming efficient

mixing and low serial dependence.

Convergence of HVA For HVA, we monitored the conditional marginal likelihood

𝑝(𝑦1:𝑇 | 𝜸) throughout the first 1,000 iterations to assess convergence. As illustrated

in Fig. A.6, the HVA algorithm achieves convergence by 1,000 iterations, with the

conditional marginal log-likelihood stabilizing at this point. Also, Table A.4 confirms

that both the 𝜒2 discrepancy of 𝑦𝑡 and the MAE of 𝑅𝑡 show minimal changes after

the first 1,000 iterations, corresponding to the stabilization of the conditional marginal

loglikelihood.
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Table A.3.: Convergence diagnostics and accuracy metrics for different numbers of it-
erations in MCMC. The metrics include the Gelman-Rubin statistics for
convergence assessment, the 𝜒2 discrepancy for the posterior predictive dis-
tribution of 𝑦𝑡, and the MAE for the posterior distribution of 𝑅𝑡. Results
show that MCMC requires approximately 2,000 iterations for full conver-
gence.

Gelman-Rubin Statistics
𝜒2 (𝑦𝑡) MAE (𝑅𝑡)Iterations 𝑊 𝜌 𝜑 𝜇 𝜎2

100 1.69 1.61 3.87 1.51 3.09 1.9 0.3
200 1.22 1.59 2.14 1.58 1.83 1.9 0.23
500 1.12 1.15 1.29 1.2 1.47 1.31 0.14
1,000 1.02 1.09 1.22 1.26 1.31 1.23 0.14
2,000 1.05 1.04 1.19 1.12 1.14 1.18 0.12
5,000 1.06 1.03 1.02 1.1 1.16 1.19 0.12
10,000 1.04 1.02 1.06 1.05 1.12 1.18 0.12
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Figure A.1.: Convergence diagnostics for the dispersion parameter 𝜌 showing iterations
from 2,001 to 5,000 using MCMC.

However, HVA shows consistently lower 95% CI coverage for 𝑅𝑡 compared to MCMC,

indicating that the variational approximation may underestimate posterior uncertainty.

This is a known limitation of variational methods, which often trade off some accuracy

in uncertainty quantification for computational speed. Overall, these results suggest
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Figure A.2.: Convergence diagnostics for the baseline intensity 𝜑 showing iterations
from 2,001 to 5,000 using MCMC.
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Figure A.3.: Convergence diagnostics for the log-normal mean parameter 𝜇 showing
iterations from 2,001 to 5,000 using MCMC.

that HVA provides a fast and reasonably accurate alternative to MCMC for inference in

the discrete-time Hawkes-type model, though care should be taken when interpreting

uncertainty estimates.
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Figure A.4.: Convergence diagnostics for log-normal variance parameter 𝜎2 showing
iterations from 2,001 to 5,000 using MCMC.
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Figure A.5.: Convergence diagnostics for the system variance𝑊 showing iterations from
2,001 to 5,000 using MCMC.

A.1.5. Particle sensitivity analysis for HVA

To determine the appropriate number of particles 𝑁 for our HVA implementation,

we conducted a sensitivity analysis using the same simulated data from the discrete-

time Hawkes-type model M0. We tested particle counts ranging from 50 to 1,000

particles. The HVA algorithm ran for 1,000 iterations for each configuration, with
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Table A.4.: Convergence diagnostics and accuracy metrics for different numbers of iter-
ations in HVA. The metrics include the conditional marginal log likelihood
for convergence assessment, the 𝜒2 discrepancy and 95% CI coverage for the
posterior predictive distribution of 𝑦𝑡, and the MAE and 95% CI coverage
for the posterior distribution of 𝑅𝑡. Results demonstrate that HVA achieves
convergence by 1,000 iterations with accuracy comparable to MCMC at
2,000 iterations.

𝑦𝑡 Metrics 𝑅𝑡 Metrics
Iterations Marginal Loglike 𝜒2 Coverage MAE Coverage

100 -105.42 3.76 1 0.95 1
200 -62.22 1.4 0.97 0.15 0.87
500 -60.69 1.22 0.96 0.14 0.9
1,000 -59.24 1.18 0.97 0.12 0.85

−400

−300

−200

−100

0 250 500 750 1000

x

y

Figure A.6.: Evolution of the conditional marginal likelihood 𝑝(𝑦1:𝑇 | 𝜸) during the
first 1,000 iterations of HVA, using simulated data from the discrete-time
Hawkes-type model M0. The plot shows stabilization of the objective
function by iteration 1,000.

results summarized in Table A.5. All metrics were averaged across the 200 time points

and five independent runs with different initial values.

The results reveal clear trade-offs between computational cost and statistical accuracy.

The 𝜒2 discrepancy decreases substantially as particle count increases, dropping from

1.85 with 50 particles to 1.19 with 500 particles, with only marginal improvement to

1.18 when using 1,000 particles. Similarly, the CRPS improves from 32.52 to 27.16
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at 500 particles, with minimal further gains beyond this point. These patterns suggest

diminishing returns for particle counts above 500.

Coverage for 𝑦𝑡 remains stable around 95-96% across all particle counts, indicating

robust uncertainty quantification for observed counts. In contrast, coverage for 𝑅𝑡

begins at 97% with 50 particles but stabilizes at around 85% as the number of particles

increases, which is a characteristic behavior of variational approximations.

Computational time increases approximately linearly with particle count, from 14.32

seconds for 50 particles to 208.64 seconds for 1,000 particles. This linear scaling makes

the computational burden predictable but substantial for large particle counts.

Based on these findings, we selected 𝑁 = 500 particles as our default setting. This

choice represents a pragmatic balance: the 𝜒2 discrepancy of 1.19 and CRPS of 27.16

fall within 1% of the best values achieved with 1,000 particles, while computational

time remains manageable at approximately 100 seconds. The 96% coverage for 𝑦𝑡

indicates well-calibrated predictive intervals, though practitioners should note the 87%

coverage for 𝑅𝑡 when interpreting uncertainty bounds for latent states. Doubling the

particle count to 1,000 would double the computational time while providing minimal

accuracy gains.

A.1.6. Prior sensitivity analysis for HVA and MCMC

To evaluate the robustness of our inference to different prior specifications, we performed

an extensive sensitivity analysis. In the manuscript we fit the discrete-time Hawkes-type

model, which is the true data generating process, to the simulated data and inferred the

latent states along with the unknown static parameters, 𝜸 = (𝜌, 𝜑, 𝜇, 𝜎2,𝑊). The default

prior distributions are: 𝜌,𝑊, 𝜎2 ∼ IG(1, 1), 𝜇 ∼ 𝑁 (0, 1), and 𝜑 ∼ 𝑁 (0, 10) truncated
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Table A.5.: Performance metrics for different particle counts in the HVA algorithm
applied to simulated data from the discretized Hawkes modelM0. Metrics
are averaged across 200 time points and five independent runs. Runtime
measured in seconds on an Apple M1 Pro processor (10 cores, 8 threads).
The table shows diminishing returns in accuracy beyond 500 particles, while
computational cost continues to increase linearly.

𝑦𝑡 Metrics 𝑅𝑡 Metrics
Particles Runtime (s) 𝜒2 CRPS Coverage MAE Coverage

50 14.32 ± 0.82 1.85 32.52 0.96 0.23 0.97
100 25.43 ± 2.52 1.39 30.96 0.95 0.16 0.93
200 40.95 ± 0.48 1.25 29 0.96 0.13 0.86
300 61.32 ± 0.65 1.26 28.08 0.95 0.13 0.88
400 79.86 ± 0.84 1.19 29.1 0.95 0.12 0.86
500 99.95 ± 1.05 1.19 27.16 0.96 0.12 0.87
600 123.82 ± 9.56 1.19 27.16 0.96 0.12 0.82
1000 208.64 ± 18.47 1.18 27.12 0.95 0.12 0.84

to (0,∞).

We considered a range of alternative prior specifications for each static parameter.

For the dispersion 𝜌 of the negative-binomial likelihood, variance 𝜎2 of the log-normal

lag distribution, and system variance 𝑊, we consider three weakly informative inverse-

gamma priors: IG(0.01, 0.01), IG(0.1, 0.1), and IG(1, 1). For 𝜇, the mean of the

log-normal lag distribution, we consider three normal priors: N(0, 1), N(0, 10), N(0,

100). We also test these three normal priors on the intercept 𝜑, truncated to (0,+∞).

For parameter 𝜅 ∈ (0, 1) in the distributed lag model, we test four Beta priors: Beta(1,

1), Beta(2, 2), Beta(2, 5), and Beta(5, 2).

A concern raised in the literature is that inverse-gamma priors do not place density

at zero and may artificially inflate variance estimates when the true variance is small

(Gelman, 2006). To address this, we additionally evaluated MCMC inference for 𝑊
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under four priors that place positive density at zero: a half-normal prior with scale 𝑠 = 1

on the standard deviation
√
𝑊, a half-𝑡 prior with scale 𝑠 = 0.1 and 𝜈 = 3 degrees of

freedom, and two half-Cauchy priors with scales 𝑠 = 0.1 and 𝑠 = 0.05. These priors

span a range from diffuse (half-normal with 𝑠 = 1) to concentrated near the true value

(half-Cauchy with 𝑠 = 0.05), and all allow substantial prior mass near 𝑊 = 0.

MCMC results The posterior distributions produced by MCMC are presented in

Fig. A.7. Across all inverse-gamma specifications, the posteriors remain consistent and

concentrate around the true parameter values, though the constant baseline 𝜑 is biased

toward smaller values when using the relatively informative prior N(0,1).

For the system variance𝑊, Fig. A.7e shows that the posteriors under the half-normal,

half-𝑡, and half-Cauchy priors are closely aligned with those obtained under the three

inverse-gamma priors. This agreement across two fundamentally different prior families

confirms that the posterior for 𝑊 is driven by the likelihood rather than by the prior’s

behavior near zero, and that the IG(1,1) specification does not artificially inflate the

variance estimate.

HVA results The posterior distributions inferred by HVA using different inverse-

gamma, normal, and Beta priors are presented in Fig. A.8, where different priors do not

significantly affect the posteriors and they all concentrate around the true values.

HVA inference is conducted with inverse-gamma priors for all variance parameters.

This choice provides a natural stabilizing barrier in the stochastic optimization: the

gradient of the log prior with respect to log𝑊 includes a 𝛽/𝑊 term that diverges as

𝑊 → 0, preventing the variational mean from collapsing during early iterations when

the particle-based gradient estimates are noisy. Priors that place density at zero, such as
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Figure A.7.: MCMC posteriors of the static parameters 𝜸 = (𝜌, 𝜑, 𝜇, 𝜎2,𝑊) in the
discrete-time Hawkes-type model, with data simulated from the same
model. The default prior settings are: 𝜌,𝑊, 𝜎2 ∼ IG(1, 1), 𝜇 ∼ 𝑁 (0, 1),
𝜑 ∼ 𝑁 (0, 10) truncated to (0,∞), and 𝜅 ∼ Beta(1, 1). Each panel shows
the effect of altering the prior distribution for a single parameter while
keeping the priors for all other parameters fixed at their default values. For
𝑊 (panel e), the comparison includes priors that place positive density at
zero: half-normal (N+(𝑠 = 1)), half-𝑡 (𝑡+(𝑠 = 0.1, 𝜈 = 3)), and half-Cauchy
(C+(𝑠 = 0.1) and C+(𝑠 = 0.05)).

the half-normal and half-𝑡, lack this barrier and can destabilize the optimization. Since

the MCMC results confirm that the inverse-gamma prior does not distort the posterior

relative to priors that place density at zero, retaining it for HVA is a computational

choice that does not compromise statistical validity.
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Figure A.8.: HVA posterior distributions of the static parameters 𝜸 = (𝜌, 𝜑, 𝜇, 𝜎2,𝑊) in
the discrete-time Hawkes-type model, with data simulated from the same
model. The default prior settings are: 𝜌,𝑊, 𝜎2 ∼ IG(1, 1), 𝜇 ∼ 𝑁 (0, 1),
𝜑 ∼ 𝑁 (0, 10) truncated to (0,∞), and 𝜅 ∼ Beta(1, 1). Each panel shows
the effect of altering the prior distribution for a single parameter while
keeping the priors for all other parameters fixed at their default values.

A.1.7. Model selection

After examining the prior sensitivity, we compared different model specifications to

determine the most appropriate one for our data. In addition to the true model M0,

we considered four variants of DGTF: a generalized discrete-time Hawkes-type model

with time-varying system variance, denoted by M1; a distributed lag model M2; a

negative-binomial autoregressionM3 and a Poisson autoregressionM4.
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While the main manuscript focuses on the comparison of these four models, this

section presents the numerical details in the selection of key hyperparameters for each

of these models. Specifically, we needed to determine the appropriate discount factor for

the generalized discrete-time Hawkes-type model (M1), the optimal order of distributed

lag for M2, and the autoregressive orders for both the negative-binomial (M3) and

Poisson (M4) autoregressions. Using HVA for inference, we conducted a grid search

and chose values that minimized both the 𝜒2 discrepancy for 𝑦𝑡 and MAE for 𝑅𝑡. The

results are presented in Table A.6.

Based on the grid search results in Table A.6, we selected optimal parameters for each

model. For the generalized discrete-time Hawkes-type model (M1), a discount factor

of 𝛿 = 0.9 minimized both error metrics. For the distributed lag model (M2), we chose

𝑟 = 4 as it achieved the lowest 𝜒2 discrepancy (1.218). The optimal autoregressive order

is determined as 𝑝̂ = 3 for the negative-binomial autoregressionM3 and 𝑝̂ = 5 for the

Poisson autoregressionM4.
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Table A.6.: Selection of the discount factor 𝛿 of W𝑡 inM1, the order of distributed lags
𝑟 inM2, and the autoregressive orders 𝑝 inM3 andM4, based on the 𝜒2

discrepancy of 𝑦𝑡 and MAE of 𝑅𝑡. The data is simulated from a discretized
Hawkes model with constant system variance.

𝛿 0.87 0.88 0.89 0.90 0.91 0.92 0.93 0.94 0.95

𝑦𝑡 𝜒2 1.237 1.235 1.226 1.222 1.227 1.231 1.239 1.258 1.262
CRPS 28.76 28.42 28.2 27.92 29.08 29.32 29.7 30.04 30.44

𝑅𝑡 MAE 0.139 0.138 0.136 0.134 0.134 0.138 0.141 0.148 0.157

(a)M1: Discount factor 𝛿 accounts for the effect of an unknown, time-varying full-rank variance-
covariance matrix W𝑡, the full-rank discretized Hawkes model where the latent state is driven
𝜽𝑡 ∼ 𝑁 (g𝑡 (𝜽𝑡−1),W𝑡).

𝑟 2 3 4 5 6 7

𝑦𝑡 𝜒2 1.285 1.228 1.218 1.224 1.265 1.312
CRPS 27.78 27.57 27.18 27.31 27.27 27.33

𝑅𝑡 MAE 0.138 0.132 0.130 0.130 0.136 0.134

(b)M2: 𝑟 is order of distributed lags.

𝑝 1 2 3 4 5 6

𝑦𝑡 𝜒2 3.969 1.564 1.416 1.563 1.915 2.687
CRPS 41.83 33 30.25 30.45 31.6 41.12

(c)M3: 𝑝 is autoregressive order in a negative-binomial autoregression with time-varying
autoregressive coefficients.

𝑝 1 2 3 4 5 6

𝑦𝑡 𝜒2 6.491 2.908 2.067 1.781 1.632 1.638
CRPS 45.52 34.08 31.3 32.48 30.02 30.02

(d)M4: 𝑝 is autoregressive order in a Poisson autoregression with time-varying autoregressive
coefficients.
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§ A.2. Simulation from distributed lag model

The main simulation study evaluated model performance when data was generated

from a discrete-time Hawkes-type model. To provide a complementary perspective and

assess model robustness, we conducted a second simulation where data originates from a

distributed lag model. This reciprocal design tests whether the choice of lag distribution

family substantially affects inference when models share similar mechanistic structure,

and helps identify when structurally similar models can substitute for each other.

A.2.1. Model specification

We simulated a count time series with 200 time points from a distributed lag model

with lag order 𝑟 = 6 and decay parameter 𝜅 = 0.395. The data generating process

follows the DGTF specification with negative-binomial observations 𝑦𝑡 ∼ NB(𝜆𝑡, 𝜌),

where 𝜌 = 30 captures realistic overdispersion. The intensity 𝜆𝑡 uses an identity link

with constant baseline 𝜑 = 1 and covariate 𝑥𝑡 = 1, while the gain function takes the

softplus form ℎ(𝜓𝑡) = log(exp(𝜓𝑡) + 1) to ensure positivity. The latent process evolves

as a univariate random walk 𝜓𝑡 ∼ 𝑁 (𝜓𝑡−1,𝑊) with𝑊 = 0.01, allowing gradual changes

in transmission intensity.

For model selection, we consider the following candidates:

• M0: Discrete-time Hawkes-type model with a negative-binomial likelihood and

univariate white noise 𝑤𝑡 ∼ 𝑁 (0,𝑊). The unknown parameters to be inferred are

𝜸 = (𝜌,𝑊, 𝜇, 𝜎2, 𝜑).

• M1: Discrete-time Hawkes-type model with latent state following a random walk

𝜽𝑡 ∼ 𝑁 (g𝑡 (𝜽𝑡−1),W𝑡), with W𝑡 is unknown and handled via a discount factor 𝛿.
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The unknown parameters are 𝜸 = (𝜌, 𝜇, 𝜎2, 𝜑) and 𝛿 ∈ (0, 1).

• M2: Distributed lag model with unknown parameters 𝜸 = (𝜌,𝑊, 𝜅, 𝜑) and

𝑟 ∈ {2, 3, . . . , 8}.

• M3: Negative-binomial autoregression with time-varying autoregressive coef-

ficients. The unknown parameters are 𝜸 = (𝜌,𝑊, 𝜑) and autoregressive order

𝑝 ∈ {2, 3, . . . , 8}.

• M4: Poisson autoregression with time-varying autoregressive coefficients. The

unknown parameters are 𝜸 = (𝑊, 𝜑) and autoregressive 𝑝 ∈ {2, 3, . . . , 8}.

A.2.2. Hyperparameter selection

We fitted all five candidate models using HVA with a two-filter smoother containing

500 particles and a resampling ratio of 0.5. For gradient ascent optimization, we set the

ADADELTA learning rate to 0.02, and the rank 𝑘 of the variational proposal distribution

as follows: 𝑘 = 4 forM0 andM2; 𝑘 = 3 forM1 andM3; 𝑘 = 2 forM4. We ran 1,000

iterations of gradient ascent and verified convergence through trace plots, then drew

5,000 samples from the converged variational proposal distribution.

Hyperparameter tuning through grid search (Table A.7) identified optimal configura-

tions: discount factor 𝛿̂ = 0.9 forM1, lag order 𝑟 = 6 forM2 (matching the true value),

and autoregressive orders 𝑝̂ = 3 forM3 and 𝑝̂ = 4 forM4. These selections minimized

in-sample estimation errors for 𝑦𝑡 (measured by 𝜒2 discrepancy and CRPS) and, where

applicable, the MAE of 𝑅𝑡.
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Table A.7.: Hyperparameter selection through grid search for models fitted to data
simulated from the distributed lag modelM2 (𝑟 = 6, 𝜅 = 0.395). Optimal
values minimize in-sample estimation errors measured by 𝜒2 discrepancy
and CRPS for 𝑦𝑡 and the MAE of 𝑅𝑡 if applicable. All models use HVA
inference with 500 particles and 1,000 gradient ascent iterations.

𝛿 0.88 0.90 0.92 0.94 0.96 0.98

𝑦𝑡 𝜒2 1.318 1.307 1.307 1.317 1.324 1.348
CRPS 2.437 2.309 2.373 2.395 2.478 2.529

𝑅𝑡 MAE 0.155 0.142 0.156 0.188 0.229 0.281

(a)M1: Optimal discount factor 𝛿 for the generalized discretized Hawkes model with time-
varying system variance W𝑡. The selected value 𝛿̂ = 0.9 minimizes predictive accuracy (𝜒2,
CRPS) and reproduction number estimation (MAE of 𝑅𝑡).

𝑟 2 3 4 5 6 7

𝑦𝑡 𝜒2 1.27 1.269 1.255 1.258 1.238 1.242
CRPS 2.337 2.326 2.317 2.312 2.296 2.299

𝑅𝑡 MAE 0.146 0.141 0.141 0.144 0.144 0.146

(b)M2: Optimal lag order 𝑟 for distributed lag model. The grid search correctly identifies 𝑟 = 6
as optimal, matching the true data-generating value.

𝑝 2 3 4 5 6 7

M3 𝜒2 1.43 1.35 1.444 2.254 3.993 6.572
CRPS 2.728 2.705 3.056 4.967 8.640 13.207

M4 𝜒2 2.19 2.013 1.982 2.185 2.693 3.622
CRPS 2.851 2.818 2.885 3.203 4.004 5.212

(c) Optimal autoregressive orders 𝑝 for negative-binomial (M3) and Poisson (M4) autoregres-
sions. The negative-binomial AR achieves best performance at 𝑝̂ = 3, while Poisson AR
performs best at 𝑝̂ = 4.
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A.2.3. Model comparison

Table A.8.: Performance comparison of five DGTF models fitted to data generated from
distributed lag model M2. Models are evaluated on predictive accuracy
(𝜒2 discrepancy and CRPS), uncertainty calibration (95% CI coverage and
width for observed counts 𝑦𝑡), and reproduction number estimation accuracy
(MAE, 95% CI coverage, and width for 𝑅𝑡). ModelsM3 andM4 do not
estimate 𝑅𝑡 directly.

M0 M1 (𝛿̂ = 0.9) M2 (𝑟 = 6) M3 ( 𝑝̂ = 3) M4 ( 𝑝̂ = 4)

𝑦𝑡 𝜒2 1.276 1.307 1.238 1.35 1.982
CRPS 2.32 2.309 2.296 2.705 2.885
Coverage 0.99 0.99 0.99 1 0.9
Width 18.25 18.36 18.14 22.77 13.45

𝑅𝑡 MAE 0.145 0.142 0.144
Coverage 0.95 0.96 0.96
Width 0.48 0.53 0.49

Table A.8 compares model performance across multiple metrics. As expected, the

true modelM2 performs best with 𝜒2 = 1.238 and CRPS = 2.296. The discrete-time

Hawkes-type models provide close approximations: M0 achieves 𝜒2 = 1.276 andM1

achieves 𝜒2 = 1.307, with CRPS values of 2.32 and 2.309 respectively. This pattern

resembles the main simulation where M2 successfully approximated data generated

from the discrete-time Hawkes-type model (𝜒2 = 1.22 versus the true model’s 1.19),

though each model performs slightly better when correctly specified.

However, autoregressive models show substantial performance degradation: M3

reaches 𝜒2 = 1.35 whileM4 deteriorates to 𝜒2 = 1.982. This mirrors the main simula-

tion where autoregressive models also underperformed, consistent with autoregressive

structures capturing the self-exciting dynamics less well in these simulations.

Beyond predictive accuracy, uncertainty quantification reveals consistent differences
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between model classes. The first three models achieve 99% coverage for 𝑦𝑡 with nearly

identical interval widths (18.14 to 18.36), indicating well-calibrated but slightly con-

servative uncertainty estimates. In contrast, M3 produces excessively wide intervals

(22.77) due to its underestimated 𝜌 (Fig. A.12b), while M4 shows particularly poor

coverage at 90% with overly narrow intervals (13.45) because it cannot account for

overdispersion. These miscalibration patterns (Fig. A.10) persist across both simula-

tions, indicating model-specific rather than data-specific limitations.

For reproduction number estimation, M0, M1, andM2 again perform comparably

with MAE values between 0.142 and 0.145, and appropriate coverage (95% to 96%)

as shown in Fig. A.9. The generalized Hawkes model M1 achieves marginally the

best performance (MAE = 0.142), though differences of this magnitude likely reflect

Monte Carlo variation rather than true superiority. Autoregressive models cannot pro-

duce mechanistically interpretable 𝑅𝑡 estimates because their time-varying coefficients

conflate transmission intensity with temporal structure.

Parameter estimation reveals both similarities and differences across model classes.

The implied lag distributions (Fig. A.12a), computed from posterior medians of lag

parameters (Figs. A.11a to A.11c), show that despite different functional forms, all

three models capture similar lag structure peaking at 𝑙 = 3. The negative-binomial

distribution has a shorter tail and larger mass at 𝑙 = 1 compared to the log-normal, yet

both successfully approximate the true lag pattern. Meanwhile, dispersion and intercept

estimates (Fig. A.12) show that the first three models produce similar 𝜑 posteriors

closely matching the true value, whereas both autoregression models underestimate 𝜑.

All models estimate smaller 𝜌 than the true value, withM3 showing the most severe

underestimation.
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These results complement the main simulation by demonstrating that misspecification

between Hawkes and distributed lag models produces smaller performance degradation

than misspecification involving autoregressive models. The similar performance of

M0, M1, and M2 in both simulations, contrasted with persistent miscalibration of

M3 andM4, highlights the importance of capturing self-exciting dynamics for reliable

inference. When the true data generating process involves transmission patterns with

lagged effects, practitioners can expect reasonable approximation quality even when the

specific lag parameterization differs from the true data generating mechanism.
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Figure A.9.: Posterior distributions of the reproduction number 𝑅𝑡 estimated by three
DGTF models for data simulated from the distributed lag modelM2. Solid
lines show posterior medians, shaded regions indicate 95% CIs, and black
lines mark true 𝑅𝑡 values. The discrete-time Hawkes-type models (M0,
M1) and true distributed lag model (M2) produce similar estimates despite
different lag parameterizations.
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(a) Distributed lag model M2 (𝑟 = 6) com-
pared to discrete-time Hawkes-type model
M0. Despite different lag parameteriza-
tions (negative-binomial vs. log-normal),
both models produce similar predictive
distributions.
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(b) Distributed lag model M2 (𝑟 = 6)
compared to generalized discrete-time
Hawkes-type modelM1 with discount fac-
tor 𝛿̂ = 0.9. The time-varying variance as-
sumption inM1 provides additional flex-
ibility without substantially changing pre-
dictive distributions.
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(c) Distributed lag model M2 (𝑟 = 6) com-
pared to negative-binomial autoregression
M3 ( 𝑝̂ = 3). The AR model shows inflated
uncertainty (wider prediction intervals) but
maintains reasonable coverage.
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(d) Distributed lag model M2 (𝑟 = 6) com-
pared to Poisson autoregressionM4 ( 𝑝̂ =

4). The Poisson specification cannot cap-
ture overdispersion, resulting in overly nar-
row prediction intervals and poor cover-
age.

Figure A.10.: Posterior predictive distributions 𝑝(yrep
𝑡 | y𝑡) for observed counts from

data generated by the distributed lag modelM2 (true model), compared
against estimates from four competing models. Black dots show observed
values, solid lines represent posterior medians, and shaded ribbons show
95% prediction intervals.
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(a) 𝜇̂: 1.46 (CI: 1.05-1.83) for
M0 and 1.32 (CI: 0.68-
1.88) forM1.
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(b) 𝜎̂2: 0.4 (CI: 0.14-1.29) for
M0 and 0.51 (CI: 0.15-
1.54) forM1.
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Figure A.11.: Posterior distributions of lag distribution parameters 𝜇, 𝜎2, and 𝜅 esti-
mated by competing models fitted to data generated from the distributed
lag modelM2. Black vertical line marks the true value 𝜅 = 0.395. Point
estimates use posterior medians with 95% CIs shown.
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(b) Posteriors of dispersion 𝜌.
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Figure A.12.: Comparison of lag distributions and parameter estimates across models
fitted to data generated from distributed lag model M2. (a) Implied
lag distributions using posterior median parameter estimates: log-normal
distributions from discrete-time Hawkes-type modelsM0 andM1, and
negative-binomial distribution from the true distributed lag model M2;
(b-c) Posterior distributions of the dispersion 𝜌 and the baseline intensity
𝜑.
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§ A.3. Application to COVID-19 case counts in Santa

Cruz County

After validating our methods through simulation studies, we turned to real data analysis.

Specifically, we examined COVID-19 case counts from Santa Cruz County, California

spanning July 2020 to November 2021.

A.3.1. Implementation

Table A.9.: Model-specific settings for the three DGTF variants applied to COVID-19
data from Santa Cruz County. Hyperparameters were selected through grid
search to minimize 𝜒2 discrepancy. The variational rank 𝑘 reflects the
number of static parameters including seasonal components.

Discretized Hawkes DL(2) NB-AR(3)

Hyperparameter 𝐿 = 30 𝑟 = 2 𝑝̂ = 3
Lag Prior 𝜇 ∼ 𝑁 (0, 1) 𝜅 ∼ Beta(1, 1)

𝜎2 ∼ IG(1, 1)
Variational rank 𝑘 = 10 𝑘 = 9 𝑘 = 8

Having validated our methods through simulation, we now detail the implementation

settings for analyzing COVID-19 case counts from Santa Cruz County. Table A.9

presents the model-specific configurations for the three DGTF variants compared in this

application. The discrete-time Hawkes-type model maintained the same structure as in

our simulation study, with truncation parameter 𝐿 = 30 and log-normal lag distribution

priors 𝜇 ∼ 𝑁 (0, 1) and 𝜎2 ∼ IG(1, 1). However, the increased complexity from

incorporating weekly seasonality required a higher variational rank of 𝑘 = 10.

The distributed lag model used the optimal order 𝑟 = 2 determined through grid
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Table A.10.: Common inference settings maintained across all models in real data anal-
yses. The table shows prior specifications for shared parameters and algo-
rithmic settings.

Prior specifications 𝜌 and 𝑊 𝜑𝑖

IG(1, 1) 𝑁 (0, 10)𝛿(𝜑𝑖 > 0)
HVA Iterations Posterior samples

5,000 5,000
Two-filter smoother Particles Resampling ratio

500 0.5
Gradient ascent Initial step size ADADELTA learning rate

10−5 0.02

MCMC Burnin-in Posterior samples
5,000 5,000 (thinning = 2)

HMC - Leapfrog Integration steps Step size
50 0.005

search minimizing the 𝜒2 discrepancy, with the negative binomial proportion parameter

receiving a 𝜅 ∼ Beta(1, 1) prior. Similarly, the negative-binomial autoregression model

used the optimal order 𝑝̂ = 3. These reduced-order models required variational ranks

of 𝑘 = 9 and 𝑘 = 8 respectively, reflecting their fewer static parameters compared to the

discrete-time Hawkes-type specification.

Table A.10 summarizes the inference settings maintained across all models. The prior

specifications and algorithmic parameters remained identical to those used in simulation,

ensuring consistency in our computational approach. Notably, while simulation studies

generated 1,000 posterior samples for efficiency, the real data analysis used 5,000

samples to ensure robust uncertainty quantification for policy-relevant estimates.

For the HVA versus MCMC comparison on the discrete-time Hawkes-type model,

we extended the MCMC runtime substantially. The chain consisted of 15,000 total

iterations with 5,000 burn-in samples, retaining 5,000 posterior samples after thinning
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by a factor of 2. This extended sampling ensured reliable convergence diagnostics given

the increased model complexity from seasonal components.

All three DGTF models incorporated weekly seasonality through a 7-dimensional

parameter vector 𝝋 = (𝜑1, . . . , 𝜑7)′ with cycling design matrix X, as detailed in the

main text. This direct incorporation of reporting patterns distinguished our approach

from the benchmark models, which required pre-processing the data using day-of-week

adjustments.

A.3.2. Convergence of HVA algorithms

We first examined the convergence properties of our HVA algorithm across different

model specifications. As shown in Fig. A.13, the HVA algorithm demonstrated efficient

convergence, stabilizing after approximately 500 iterations for all model variants.

A.3.3. Model selection

For the distributed lag model and negative-binomial autoregression, we conducted a

grid search to identify optimal parameters. As shown in Table A.11, the distributed lag

model with order 𝑟 = 2 (DL(2)) achieved the lowest 𝜒2 discrepancy at 2.639 among

all tested configurations (𝑟 ∈ 2, 3, 4, 5, 6, 7). For the negative-binomial autoregression

models with varying orders (𝑝 ∈ 1, 2, 3, 4, 5, 6), the third-order specification (NB-

AR(3)) performed best with a 𝜒2 discrepancy of 3.064. Nevertheless, this value remains

higher than that of the optimal DL model, suggesting that the distributed lag model fits

these COVID-19 counts better than the autoregression.
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Figure A.13.: Evolution of the conditional marginal likelihood 𝑝(𝑦1:𝑇 | 𝜸) in the first
5,000 iterations of HVA. We fitted the COVID-19 case counts in Santa
Cruz County to three different models: (a) a third-order negative-binomial
autoregression; (b) a discrete-time Hawkes-type model; (c) a second-order
distributed lag model.

A.3.4. Weekly seasonality on COVID count time series

A key feature of COVID-19 case reporting is its weekly pattern, primarily driven

by differences in reporting practices between weekdays and weekends. To examine
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Table A.11.: Optimal lag order 𝑟 for the distributed lags model and optimal autore-
gressive order 𝑝 for negative-binomial autoregression, measured by 𝜒2

discrepancy, for the COVID count time series of Santa Cruz county from
July 1, 2020 to Nov 29, 2021.

𝑟 2 3 4 5 6 7

DL(𝑟) 2.639 2.895 3.016 2.752 2.913 2.791

(a) Optimal lag order 𝑟 for the distributed lags model.

𝑝 1 2 3 4 5 6

NB-AR(𝑝) 4.047 3.267 3.064 3.252 3.894 4.737

(b) Optimal autoregressive order 𝑝 for negative-binomial autoregression.

how incorporating weekly seasonality affected our results, we compared discrete-time

Hawkes-type models both with and without seasonality terms, alongside three bench-

mark models applied to the raw count data. The benchmark model configurations

remained consistent with those described in the main text.

The discrete-time Hawkes-type model with seasonal terms followed the same config-

uration as described in the main text. The non-seasonal variant of our model contained

unknown static parameters 𝜸 = (𝜌,𝑊, 𝜇, 𝜎2). We maintained the same prior distribu-

tions for these parameters as its seasonal counterpart. For this variant, the variational

proposal used 𝑘 = 4. Other than that, the HVA configuration for these two variants

remained consistent with our primary analysis. With convergence already achieved

for both models after 5,000 iterations, we generated 5,000 posterior samples using the

optimized parameters.

The posterior distributions of 𝑅𝑡 estimated by the benchmark methods and our model

under two different settings are shown in Fig. A.14a. The 𝑅𝑡 estimates from our model

without seasonality closely align with those from the benchmark methods. However,
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(a) 𝑅𝑡 from July 1, 2020 to Nov 29, 2021.
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(b) 𝑝(𝑦rep
𝑡 | 𝑦𝑡) from Feb 4, 2021 to Nov 29, 2021.

Figure A.14.: (a) The posterior distributions of 𝑅𝑡, from July 1, 2020 to Nov 29, 2021,
for Santa Cruz County are estimated by WT, EpiEstim, and our models
both with and without weekly seasonality; (b) The posterior predictive
distributions 𝑝(𝑦rep

𝑡 | 𝑦𝑡) for models with and without seasonality from
Feb 4, 2021 to Nov, 2021.

incorporating weekly seasonality components produced clear differences during low-

count periods (approximately February 4, 2021, to July 1, 2021). During these intervals,

the model with seasonality yielded smaller 𝑅𝑡 values compared to both the benchmarks

and the non-seasonal model variant.

The inclusion of seasonality components also improved model fit, especially during

low-count periods, as evidenced in the posterior predictive distributions of 𝑦𝑡 shown

in Fig. A.14b. This improvement was further confirmed when assessing posterior

predictive loss through𝜒2 discrepancy calculations between posterior predictive samples
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𝑦
rep
𝑡 and observed values. The model with seasonality achieved a lower 𝜒2 discrepancy

of 2.338, compared to 2.518 for the model without seasonality, indicating a better overall

fit to the data.
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This appendix collects the posterior-sampling derivations, additional simulation re-

sults, and the application sensitivity analysis that support Chapter 3. Notation follows

Chapter 3.

§ B.1. Posterior sampling details

The MCMC algorithm iterates over four blocks per sweep. First, the zero-inflation indi-

cators {𝑧𝑠,𝑡} are sampled via forward-filtering backward-sampling (FFBS). Second, the

zero-inflation regression coefficients (𝛽0, 𝛽1) are updated via Hamiltonian Monte Carlo

(HMC). Third, for each source column 𝑘 = 1, . . . , 𝑆, the spatial network parameters

{𝜀·,𝑘, 𝛾·,𝑘, 𝜏𝑘, 𝑤𝑘} are updated jointly via HMC, and the reproduction number distur-

bances {𝜂𝑘,𝑡}𝑇−1
𝑡=0 are updated via a Metropolis–Hastings (MH) step with a Gaussian

proposal. Finally, the baseline intensity 𝜇 is updated via HMC. The remainder of this

section presents the sampling details for each block.

B.1.1. Zero-inflation indicators and coefficients

The binary indicators {𝑧𝑠,𝑡} follow a first-order Markov chain through the autoregressive

logistic model for 𝑝𝑠,𝑡. Conditional on the data and all other parameters, the indicators
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for each location 𝑠 are independent across locations and can be sampled via forward-

filtering backward-sampling (FFBS). The forward pass computes 𝑝(𝑧𝑠,𝑡 | 𝑦𝑠,1:𝑡, 𝛽0, 𝛽1)

recursively, and the backward pass draws 𝑧𝑠,𝑇 , 𝑧𝑠,𝑇−1, . . . , 𝑧𝑠,1 from the conditional dis-

tributions 𝑝(𝑧𝑠,𝑡 | 𝑧𝑠,𝑡+1, 𝑦𝑠,1:𝑡, 𝛽0, 𝛽1). Since 𝑧𝑠,𝑡 ∈ {0, 1}, each filtering and sampling

step involves only two-point distributions and is computationally inexpensive.

Given the sampled indicators, we update 𝛽0 and 𝛽1 via HMC on the unconstrained

scale. The log posterior target is

log 𝑝(𝛽0, 𝛽1 | {𝑧𝑠,𝑡}) ∝ log 𝑁 (𝛽0 | 𝑎𝛽0 , 𝑏
2
𝛽0
) + log 𝑁 (𝛽1 | 𝑎𝛽1 , 𝑏

2
𝛽1
)

+
∑︁
𝑠,𝑡

[
𝑧𝑠,𝑡 log 𝑝𝑠,𝑡 + (1 − 𝑧𝑠,𝑡) log(1 − 𝑝𝑠,𝑡)

]
,

where logit(𝑝𝑠,𝑡) = 𝛽0+𝛽1𝑧𝑠,𝑡−1. The required gradients follow directly from the logistic

likelihood.

B.1.2. Column-wise HMC for horseshoe parameters

We use a non-centered parameterization for the off-diagonal deviations, writing 𝜃𝑠,𝑘 =

𝜏𝑘𝛾̃𝑠,𝑘𝜀𝑠,𝑘 with 𝜀𝑠,𝑘 ∼ 𝑁 (0, 1), where 𝛾̃𝑠,𝑘 is the regularized local shrinkage scale defined

in the main text. HMC operates on the unconstrained vector

𝝃𝑘 = ({𝜀𝑠,𝑘}𝑠≠𝑘, logit(𝑤𝑘), {log 𝛾𝑠,𝑘}𝑠≠𝑘, log 𝜏𝑘)′,

which has dimension 2(𝑆 − 1) + 2 = 2𝑆. Diagonal entries 𝜀𝑘,𝑘 and log 𝛾𝑘,𝑘 are excluded

because 𝛼𝑘,𝑘 = 𝑤𝑘 is parameterized directly.
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The log-posterior target is

log 𝑝(𝝃𝑘 | ·) ∝
∑︁
𝑠,𝑡

log Pois(𝑦𝑠,𝑡 | 𝜆𝑠,𝑡) + 𝑎𝑤 log𝑤𝑘 + 𝑏𝑤 log(1 − 𝑤𝑘)

+
∑︁
𝑠≠𝑘

[
log 𝑁 (𝜀𝑠,𝑘 | 0, 1) + log 𝑝(𝛾𝑠,𝑘) + log 𝛾𝑠,𝑘

]
+ log 𝑝(𝜏𝑘) + log 𝜏𝑘,

where 𝑎𝑤 and 𝑏𝑤 are the shape parameters of the Beta(𝑎𝑤, 𝑏𝑤) prior on 𝑤𝑘, the terms

log 𝛾𝑠,𝑘 and log 𝜏𝑘 are Jacobian corrections arising from the log transformations, and

𝑝(𝛾𝑠,𝑘) and 𝑝(𝜏𝑘) are the half-Cauchy densities

𝑝(𝛾𝑠,𝑘) =
2

𝜋(1 + 𝛾2
𝑠,𝑘
)
, 𝑝(𝜏𝑘) =

2
𝜋𝜏0(1 + 𝜏2

𝑘
/𝜏2

0)
.

The 𝑤𝑘 prior term above absorbs both the Beta density and the Jacobian of the

logit transformation. Specifically, the Beta(𝑎𝑤, 𝑏𝑤) density on 𝑤𝑘 contributes (𝑎𝑤 −

1) log𝑤𝑘 + (𝑏𝑤 − 1) log(1−𝑤𝑘), and the change of variables from 𝑤𝑘 to logit(𝑤𝑘) adds

log𝑤𝑘 + log(1 − 𝑤𝑘), yielding 𝑎𝑤 log𝑤𝑘 + 𝑏𝑤 log(1 − 𝑤𝑘) in total.

We now derive the gradient components. Define 𝜅 = 1/(𝑆 − 1). Differentiating the

centered deviation 𝜃̃𝑠,𝑘 = 𝜃𝑠,𝑘 − 𝜃̄𝑘 with respect to 𝜃𝑠,𝑘 gives

𝜕𝜃̃ 𝑗,𝑘

𝜕𝜃𝑠,𝑘

= −𝜅, 𝑠 ≠ 𝑗 ≠ 𝑘,

𝜕𝜃̃𝑠,𝑘

𝜕𝜃𝑠,𝑘

= 1 − 𝜅, 𝑠 = 𝑗 ≠ 𝑘.

It follows that

𝜕𝛼𝑠,𝑘

𝜕𝜃𝑠,𝑘

= (1 − 𝑤𝑘)
𝑢𝑠,𝑘(𝑈𝑘 − 𝑢𝑠,𝑘)

𝑈2
𝑘

,

𝜕𝛼 𝑗,𝑘

𝜕𝜃𝑠,𝑘

= −(1 − 𝑤𝑘)
𝑢 𝑗,𝑘 𝑢𝑠,𝑘

𝑈2
𝑘

, 𝑗 ≠ 𝑠.
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These expressions enter the likelihood gradient through

𝜕𝜆𝑠,𝑡

𝜕𝛼𝑠,𝑘

=

𝑡−1∑︁
𝑙=1

𝑅𝑘,𝑙 𝜙𝑡−𝑙 𝑦𝑘,𝑙 .

Gradient with respect to 𝜀𝑠,𝑘 For 𝑠 ≠ 𝑘, applying the chain rule with 𝜕𝜃𝑠,𝑘/𝜕𝜀𝑠,𝑘 =

𝜏𝑘𝛾̃𝑠,𝑘 gives

𝜕 log 𝑝(𝝃𝑘 | ·)
𝜕𝜀𝑠,𝑘

=
𝜕 log 𝑁 (𝜀𝑠,𝑘 | 0, 1)

𝜕𝜀𝑠,𝑘
+

∑︁
𝑗,𝑡

𝜕 log Pois(𝑦 𝑗,𝑡 | 𝜆 𝑗,𝑡)
𝜕𝜆 𝑗,𝑡

𝜕𝜆 𝑗,𝑡

𝜕𝛼 𝑗,𝑘

𝜕𝛼 𝑗,𝑘

𝜕𝜃𝑠,𝑘

𝜏𝑘𝛾̃𝑠,𝑘.

Gradient with respect to log 𝛾𝑠,𝑘 The chain from log 𝛾𝑠,𝑘 to 𝜃𝑠,𝑘 passes through the

regularized scale 𝛾̃𝑠,𝑘, with

𝜕𝜃𝑠,𝑘

𝜕𝛾̃𝑠,𝑘
= 𝜏𝑘𝜀𝑠,𝑘,

𝜕𝛾̃𝑠,𝑘

𝜕𝛾𝑠,𝑘
=

𝑐3

(𝑐2 + 𝜏2
𝑘
𝛾2
𝑠,𝑘
)3/2

.

The gradient of the log-posterior with respect to log 𝛾𝑠,𝑘 is then

𝜕 log 𝑝(𝝃𝑘 | ·)
𝜕 log 𝛾𝑠,𝑘

=
𝜕 log 𝑝(𝛾𝑠,𝑘)

𝜕𝛾𝑠,𝑘
𝛾𝑠,𝑘 +

1 − 𝛾2
𝑠,𝑘

1 + 𝛾2
𝑠,𝑘

+ 𝛾𝑠,𝑘

∑︁
𝑗,𝑡

𝜕 log Pois(𝑦 𝑗,𝑡 | 𝜆 𝑗,𝑡)
𝜕𝜆 𝑗,𝑡

𝜕𝜆 𝑗,𝑡

𝜕𝛼 𝑗,𝑘

𝜕𝛼 𝑗,𝑘

𝜕𝜃𝑠,𝑘

𝜕𝜃𝑠,𝑘

𝜕𝛾̃𝑠,𝑘

𝜕𝛾̃𝑠,𝑘

𝜕𝛾𝑠,𝑘
.

Here the second term arises from differentiating the log of the transformed half-Cauchy

density on log 𝛾𝑠,𝑘. Specifically, the half-Cauchy density for 𝛾𝑠,𝑘 expressed on the log

scale takes the form 𝑝(log 𝛾𝑠,𝑘) ∝ 𝛾𝑠,𝑘/(1 + 𝛾2
𝑠,𝑘
), so that 𝜕 log 𝑝(log 𝛾𝑠,𝑘)/𝜕 log 𝛾𝑠,𝑘 =

(1 − 𝛾2
𝑠,𝑘
)/(1 + 𝛾2

𝑠,𝑘
).
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Gradient with respect to log 𝜏𝑘 Because 𝜃𝑠,𝑘 = 𝑐 𝜏𝑘 𝛾𝑠,𝑘 𝜀𝑠,𝑘 (𝑐2 + 𝜏2
𝑘
𝛾2
𝑠,𝑘
)−1/2, define

𝜃′𝑠,𝑘 :=
𝜕𝜃𝑠,𝑘

𝜕𝜏𝑘
=

𝑐3𝛾𝑠,𝑘 𝜀𝑠,𝑘

(𝑐2 + 𝜏2
𝑘
𝛾2
𝑠,𝑘
)3/2

.

The centered deviations then satisfy

𝜕𝜃̃𝑠,𝑘

𝜕𝜏𝑘
= 𝜃′𝑠,𝑘 −

1
𝑆 − 1

∑︁
𝑗≠𝑘

𝜃′𝑗,𝑘,

and the spatial weight derivatives are

𝜕𝛼 𝑗,𝑘

𝜕𝜏𝑘
= (1 − 𝑤𝑘)

𝑢 𝑗,𝑘

𝑈𝑘

(
𝜃′𝑗,𝑘 −

∑︁
𝑖≠𝑘

𝑢𝑖,𝑘

𝑈𝑘

𝜃′𝑖,𝑘

)
.

The half-Cauchy density for 𝜏𝑘 on the log scale takes the form 𝑝(log 𝜏𝑘) ∝ (𝜏𝑘/𝜏0)/(1+

𝜏2
𝑘
/𝜏2

0), giving 𝜕 log 𝑝(log 𝜏𝑘)/𝜕 log 𝜏𝑘 = (1 − 𝜏2
𝑘
/𝜏2

0)/(1 + 𝜏2
𝑘
/𝜏2

0).

The full gradient with respect to log 𝜏𝑘 then combines this prior contribution with the

likelihood terms summed over all destinations 𝑗 and time points 𝑡, multiplied by 𝜏𝑘 for

the log-transformation Jacobian.

Gradient with respect to logit(𝑤𝑘) Writing 𝑤̃𝑘 = logit(𝑤𝑘), the gradient decomposes

as

𝜕 log 𝑝(𝝃𝑘 | ·)
𝜕𝑤̃𝑘

= 𝑎𝑤(1 − 𝑤𝑘) − 𝑏𝑤 𝑤𝑘

+
∑︁
𝑠,𝑡

𝜕 log Pois(𝑦𝑠,𝑡 | 𝜆𝑠,𝑡)
𝜕𝜆𝑠,𝑡

[
𝑡−1∑︁
𝑙=1

𝜕𝛼𝑠,𝑘

𝜕𝑤𝑘

𝑅𝑘,𝑙 𝜙𝑡−𝑙 𝑦𝑘,𝑙

]
𝑤𝑘(1 − 𝑤𝑘),

where the first term is the derivative of 𝑎𝑤 log𝑤𝑘 + 𝑏𝑤 log(1 − 𝑤𝑘) with respect to 𝑤̃𝑘,

and
𝜕𝛼𝑠,𝑘

𝜕𝑤𝑘

= 𝛿(𝑠 = 𝑘) − 𝛿(𝑠 ≠ 𝑘)
𝑢𝑠,𝑘

𝑈𝑘

.
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B.1.3. HMC for baseline intensity

The baseline intensity 𝜇 enters 𝜆𝑠,𝑡 additively and affects all locations and time points.

HMC operates on 𝜇̃ = log 𝜇, with prior 𝜇̃ ∼ 𝑁 (𝑎𝜇, 𝑏2
𝜇). The log-posterior target is

log 𝑝(𝜇̃ | ·) ∝ log 𝑁 (𝜇̃ | 𝑎𝜇, 𝑏2
𝜇) +

∑︁
𝑠,𝑡

log Pois(𝑦𝑠,𝑡 | 𝜆𝑠,𝑡),

with the Jacobian correction implied by 𝜇 = exp(𝜇̃).

B.1.4. Block update for reproduction number disturbances

The reproduction number trajectory at location 𝑘 is recovered from the disturbance

vector 𝜼𝑘 = (𝜂𝑘,0, 𝜂𝑘,1, . . . , 𝜂𝑘,𝑇−1)′ via 𝑟𝑘,𝑡 =
√
𝑊

∑𝑡
𝑗=0 𝜂𝑘, 𝑗. We update 𝜼𝑘 jointly using

a MH step whose proposal is constructed from a Gaussian approximation to the Poisson

likelihood.

Linearizing ℎ(𝑟𝑘,𝑙) around the current iterate 𝑟
(𝑖)
𝑘,𝑙

gives

ℎ(𝑟𝑘,𝑙) ≈ ℎ(𝑟(𝑖)
𝑘,𝑙
) + ℎ′(𝑟(𝑖)

𝑘,𝑙
) (𝑟𝑘,𝑙 − 𝑟

(𝑖)
𝑘,𝑙
).

Substituting into 𝜆𝑠,𝑡 and using a Gaussian moment-matching approximation 𝑦𝑠,𝑡 ∼

𝑁 (𝜆𝑠,𝑡, 𝜆𝑠,𝑡) to the Poisson likelihood, the intensity becomes linear in 𝜼𝑘. Define

𝑔
(𝑖)
𝑠,𝑡 = 𝜇 +

𝑆∑︁
𝑘′=1

𝑡−1∑︁
𝑙=1

𝛼𝑠,𝑘′

[
ℎ(𝑟(𝑖)

𝑘′,𝑙) − ℎ′(𝑟(𝑖)
𝑘′,𝑙)𝑟

(𝑖)
𝑘′,𝑙

]
𝜙𝑡−𝑙 𝑦𝑘′,𝑙 .

Isolating the contribution from source 𝑘 and substituting 𝑟𝑘,𝑙 =
√
𝑊

∑𝑙
𝑗=0 𝜂𝑘, 𝑗 yields

𝜆
(𝑖)
𝑠,𝑡 = 𝜇

(𝑖)
𝑠,𝑡 +
√
𝑊 𝛼𝑠,𝑘

𝑡−1∑︁
𝑗=0

𝑐
(𝑖)
𝑘, 𝑗,𝑡

𝜂𝑘, 𝑗,
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where 𝜇
(𝑖)
𝑠,𝑡 collects all terms not involving 𝜼𝑘 and

𝑐
(𝑖)
𝑘, 𝑗,𝑡

:=
𝑡−1∑︁
𝑙= 𝑗

ℎ′(𝑟(𝑖)
𝑘,𝑙
) 𝜙𝑡−𝑙 𝑦𝑘,𝑙 .

Stacking over time points 𝑡 = 2, . . . , 𝑇 gives the matrix form

𝝀(𝑖)𝑠 = 𝝁(𝑖)𝑠 +
√
𝑊 𝛼𝑠,𝑘 C(𝑖)

𝑘
𝜼𝑘,

where C(𝑖)
𝑘

is a (𝑇−1) × 𝑇 lower-triangular matrix with entries [C(𝑖)
𝑘
]𝑡−1, 𝑗+1 = 𝑐

(𝑖)
𝑘, 𝑗,𝑡

.

Combining the standard normal prior 𝜼𝑘 ∼ 𝑁 (0, I) with the Gaussian approximate

likelihood across all 𝑆 destinations gives the Gaussian proposal

𝜼𝑘 | · ∼ 𝑁

(
𝒖(𝑖)
𝑘
,

[
𝛀(𝑖)

𝑘

]−1
)
,

with precision matrix and mean

𝛀(𝑖)
𝑘

= I +𝑊
𝑆∑︁
𝑠=1

𝛼2
𝑠,𝑘 C(𝑖)′

𝑘

[
𝚲(𝑖)𝑠

]−1
C(𝑖)

𝑘
,

𝒖(𝑖)
𝑘

=
√
𝑊

[
𝛀(𝑖)

𝑘

]−1 𝑆∑︁
𝑠=1

𝛼𝑠,𝑘 C(𝑖)′
𝑘

[
𝚲(𝑖)𝑠

]−1
𝒅 (𝑖)𝑠 ,

where 𝚲(𝑖)𝑠 = diag(𝜆 (𝑖)
𝑠,2, . . . , 𝜆

(𝑖)
𝑠,𝑇 ) and 𝒅 (𝑖)𝑠 = 𝒚𝑠 −𝝁(𝑖)𝑠 . A candidate 𝜼∗

𝑘
is drawn from this

proposal and accepted or rejected by a MH step targeting the exact Poisson posterior.

§ B.2. Simulation study 1: additional results

Figure B.1 shows the simulated case counts and spatial weight matrix for Study 1. The

design uses 𝑆 = 5 locations, 𝑇 = 200 time points, and heterogeneous retention rates

𝑤𝑘 ∈ {0.9, 0.7, 0.5, 0.3, 0.3} for locations A through E.
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(a) Simulated case counts 𝑦𝑠,𝑡 across five locations over 200 time points.
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Figure B.1.: Simulation setup for Study 1. Panel (a) shows the simulated case counts
for five locations over 𝑇 = 200 time points with retention rates 𝑤𝑘 ∈
{0.9, 0.7, 0.5, 0.3, 0.3}. Panel (b) shows the spatial weight matrix, where
diagonal entries represent retention rates and off-diagonal entries represent
cross-location transmission probabilities.
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Table B.1.: Posterior summaries for the retention rates 𝑤𝑘 in Study 1. All true values
lie within the 95% credible intervals.

Location True 𝑤𝑘 Posterior mean 95% CrI

A 0.90 0.85 [0.73, 0.97]
B 0.70 0.72 [0.63, 0.85]
C 0.50 0.48 [0.30, 0.76]
D 0.30 0.42 [0.18, 0.79]
E 0.30 0.36 [0.23, 0.59]

Table B.1 reports posterior inference for the diagonal retention rates 𝑤𝑘. All true

values fall within their 95% credible intervals. Agreement is strongest for locations B,

C, and E (𝑤̂𝐵 = 0.72 vs. 0.70, 𝑤̂𝐶 = 0.48 vs. 0.50, 𝑤̂𝐸 = 0.36 vs. 0.30), while location A

is mildly underestimated (𝑤̂𝐴 = 0.85 vs. 0.90), consistent with finite-sample shrinkage

toward intermediate values.

§ B.3. Simulation study 2: robustness results

Table B.2 reports the full results on robustness to misspecification summarized in

the main paper. Including mobility covariates when they are absent from the data

generating process causes little harm. Across retention levels, the horseshoe models

with and without mobility covariates produce similar reproduction number estimates

and forecasting performance. Replacing the horseshoe prior with a Gaussian prior

affects forecast calibration more than point estimation. The Gaussian prior performs

comparably at high retention, but at lower retention it yields worse CRPS, suggesting

that adaptive shrinkage is most valuable when cross-location transmission is stronger

and the network is harder to identify. Frobenius norm differences between the two
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priors are small and do not consistently favor either approach, indicating that with 𝑆 = 5

locations the primary benefit of the horseshoe prior is in forecast calibration rather than

in network recovery.

Table B.2.: Robustness to misspecification (𝑆 = 5, 𝑇 = 200). The data generating
process has horseshoe-distributed deviations and no mobility covariate. In-
cluding mobility causes little harm, while a Gaussian prior mainly worsens
forecast calibration at low retention.

Retention Model MAE(𝑅𝑘,𝑡) CRPS1 CRPS5 CRPS10 Frobenius

30%

Univariate 0.156 5.53 7.32 8.96 —
Horseshoe 0.166 5.22 5.89 7.50 0.347
Horseshoe + Mob. 0.191 5.26 5.87 7.26 0.353
Gaussian 0.173 6.87 6.95 8.22 0.341

70%

Univariate 2.724 7.28 9.80 13.58 —
Horseshoe 0.072 7.62 8.11 10.28 0.209
Horseshoe + Mob. 0.075 7.63 8.37 10.65 0.204
Gaussian 0.075 7.67 8.39 10.60 0.206

95%

Univariate 0.033 9.15 8.77 12.41 —
Horseshoe 0.049 9.37 8.76 11.65 0.413
Horseshoe + Mob. 0.049 9.43 8.78 11.71 0.436
Gaussian 0.061 9.21 8.49 11.17 0.454

§ B.4. Simulation study for zero-inflation component

The simulation studies in the main paper generate data without zero inflation. Here

we assess the zero-inflation component through two complementary scenarios. The

first generates data with zero inflation and compares models that include or exclude the

zero-inflation mechanism. The second generates data without zero inflation and fits

a model that includes it, testing whether the additional component causes harm when

unnecessary. Both scenarios use 𝑆 = 5 locations with a uniform retention rate of 70%
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and no mobility covariate.

For the zero-inflated scenario, data are generated from the network Hawkes model

with zero-inflation indicators governed by logit(𝑝𝑠,𝑡) = 𝛽0 + 𝛽1𝑧𝑠,𝑡−1, with 𝛽0 = −1 and

𝛽1 = 5. These coefficients produce a persistent zero-inflation process in which, once a

location enters the zero state, it remains there for several consecutive time points before

reactivating. This pattern mimics both reporting interruptions (such as weekends or

holidays) and the early stages of an epidemic when a location has not yet been seeded,

where counts remain at zero for short runs rather than isolated single days. When

𝑧𝑠,𝑡 = 0, the observed count is set to zero regardless of the underlying intensity. The

remaining parameters match the Study 2 design (𝑇 = 200, 𝑊 = 0.01, 𝜇 = 2, discretized

log-normal serial interval). For the non-zero-inflated scenario, we use the same data as

Study 2 at 70% retention.

Table B.3.: Simulation with zero-inflated data (𝑆 = 5, 𝑇 = 200, 70% retention). In-
cluding the zero-inflation component improves both reproduction number
estimation and forecast calibration.
Model MAE(𝑅𝑘,𝑡) CRPS1 CRPS5 CRPS10

Univariate 0.381 6.15 7.79 9.90
Horseshoe 0.064 5.60 7.62 8.42
Horseshoe + Zero 0.046 5.43 6.60 7.32

Table B.3 shows that including the zero-inflation component improves reproduction

number estimation (MAE reduced by 28%, from 0.064 to 0.046) and forecast calibration,

with the benefit concentrated at longer horizons. The one-step CRPS improves modestly

by 3%, while the five-step and ten-step improvements grow to 13%. Without the zero-

inflation mechanism, the model interprets structural zeros as periods of suppressed

transmission, biasing reproduction numbers downward during reporting gaps. Over
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Table B.4.: Simulation without zero-inflated data (𝑆 = 5, 𝑇 = 200, 70% retention).
Including the zero-inflation component when it is absent from the data
generating process causes minimal harm.

Model MAE(𝑅𝑘,𝑡) CRPS1 CRPS5 CRPS10 Frobenius

Univariate 2.724 7.28 9.80 13.58 —
Horseshoe 0.072 7.62 8.11 10.28 0.209
Horseshoe + Mob. 0.075 7.63 8.37 10.65 0.204
Gaussian 0.075 7.67 8.39 10.60 0.206
Horseshoe + Zero 0.073 7.51 8.23 10.42 0.206

multiple forecast steps, these biased trajectories produce increasingly miscalibrated

predictive distributions.

Table B.4 shows the reverse scenario. Including the zero-inflation component when it

is absent from the data generating process causes negligible harm, with MAE increasing

by less than 2% and CRPS values remaining within 2% of the baseline horseshoe

model at all horizons. The Frobenius error on the transmission matrix is essentially

unchanged, at 0.206 against 0.209 for the baseline horseshoe model, so adding the

component leaves network recovery intact. The model effectively switches off the zero-

inflation mechanism by learning a low activation probability for the zero state. These

results mirror the robustness pattern observed for covariate misspecification in Study 2b,

indicating that, in these simulations, including the component when it is unnecessary

causes little harm.

§ B.5. Sensitivity analyses on simulated data

The analyses in this section report how the outputs of the network Hawkes model

change when the components that are fixed or tuned rather than estimated are varied:
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the lag kernel {𝜙ℎ}, the innovation variance 𝑊 of the random walk, the priors, and

the gain function. All use the Study 1 data generating process of § 3.4, with 𝑆 = 5

locations over 𝑇 = 200 days and 10 held-out days, softplus productivity on a Gaussian

random walk, a column-stochastic excitation matrix with self-retention weights 𝑤 =

(0.9, 0.7, 0.5, 0.3, 0.3), and baseline rate 𝜇 = 2. In each analysis the model is fit across

a grid of the setting under study with the rest of the specification held fixed, and each

fit is compared to a baseline fit that uses the data generating setting.

Each analysis is summarized by the change in the model’s reported quantities relative

to the baseline fit, using the metrics of § 3.4. For the transmission matrix we report the

root mean square of the changes in its off-diagonal weights, ∥𝜶̂−𝜶0∥𝐹/
√︁
𝑆(𝑆 − 1), where

𝜶0 is the baseline matrix. For the retention weights we report the largest absolute change,

max𝑘 |𝑤̂𝑘 − 𝑤𝑘,0 |, and for the network reproduction number the mean absolute change

over time. Where the reproduction trajectories are the target, we report their mean

absolute error against the truth, the empirical coverage of the 95% credible interval, and

the mean interval width. The source and sink structure is summarized by the ordering

of the locations by net flow.

B.5.1. Sensitivity to the lag distribution

We vary the serial interval mean over {2.5, 3.5, 4.7, 6.0, 7.5} days at the data generating

coefficient of variation, and its standard deviation over {1.5, 2.9, 4.5} days at fixed mean

4.7, taking the kernel with mean 4.7 as the baseline. The excitation structure changes

little across the grid (Table B.5). The root mean square change in the off-diagonal

weights stays at or below 0.027, the network reproduction number changes by at most

0.083, and the retention weights change by at most 0.085. The ordering of locations by
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net flow changes by at most a single adjacent transposition among the five locations, at

the shortest lag and the widest dispersion. The local and imported reproduction numbers

are deterministic functions of the transmission matrix and the reproduction trajectories,

so their variation over the grid is of the same order.

Table B.5.: Sensitivity to the lag distribution, relative to the kernel with mean 4.7.
Columns report the root mean square change in the off-diagonal transmission
weights, the largest absolute change in the retention weights, and the mean
absolute change in the network reproduction number.

Setting RMS weight change Max retention change 𝑅net change

mean 2.5 0.027 0.085 0.061
mean 3.5 0.015 0.044 0.034
mean 4.7 (base) 0.000 0.000 0.000
mean 6.0 0.009 0.021 0.038
mean 7.5 0.024 0.055 0.083
sd 1.5 0.014 0.035 0.012
sd 4.5 0.010 0.027 0.016

B.5.2. Sensitivity to the innovation variance

We fix 𝑊 at each of {0.001, 0.005, 0.01, 0.05, 0.1}, with the data generating value

𝑊 = 0.01 as the baseline, and assess recovery of the reproduction trajectories and the

decomposition (Table B.6). The variance𝑊 controls the smoothness of the reproduction

trajectories and the width of their credible intervals. The interval width increases

monotonically with 𝑊, from 0.265 at 𝑊 = 0.001 to 1.271 at 𝑊 = 0.1, and the coverage

rises from 0.46 under heavy smoothing toward the nominal level near the data generating

value. The mean absolute error of 𝑅𝑘,𝑡 is smallest at the data generating value, at 0.132.

The ordering of locations by net flow changes by at most a single adjacent transposition

across the grid, and the local and imported reproduction numbers change least near
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the data generating value. Forecasting performance as a function of 𝑊 is examined

separately on the application data in § B.6.1.

Table B.6.: Sensitivity to the innovation variance 𝑊, with the data generating value
𝑊 = 0.01 as the baseline. Columns report the mean absolute error, the
empirical coverage of the 95% credible interval, and the mean interval
width for 𝑅𝑘,𝑡, and the mean absolute change in the local and imported
reproduction numbers relative to the baseline.

𝑊 MAE(𝑅) Coverage(𝑅) CI width(𝑅) Local change Import change

0.001 0.173 0.463 0.265 0.101 0.205
0.005 0.158 0.625 0.321 0.058 0.117
0.01 (base) 0.132 0.887 0.604 0.000 0.000
0.05 0.177 0.977 0.992 0.101 0.140
0.1 0.334 0.853 1.271 0.182 0.396

B.5.3. Prior sensitivity

We vary one prior hyperparameter at a time around the default configuration, across

the Beta prior on the retention weights 𝑤𝑘, the horseshoe slab scale 𝑐2, the global

shrinkage scale 𝜏0, the prior on the log baseline intensity log 𝜇, and the prior on the

activation coefficients. The reported quantities change little under the priors we varied

(Table B.7). The ordering of locations by net flow is unchanged in every scenario,

the network reproduction number moves by at most 0.016, and the one-step forecast

score stays within a few percent of the default. The posterior mean of the baseline

intensity moves by at most 0.058 on a scale where 𝜇 = 2. The two quantities that a

prior parameterizes directly respond to it. The retention weights move by up to 0.13

under the Beta prior on 𝑤𝑘, while any other prior change leaves them within 0.051 of

the default, and the global shrinkage scale tracks 𝜏0, with the posterior median of 𝜏𝑘
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falling to 0.68 of its default value when 𝜏0 is halved and rising to twice its default when

𝜏0 is doubled. Away from the retention prior, which rescales the off-diagonal weights

through the factor 1−𝑤𝑘, the off-diagonal weights change by at most 0.072 in root mean

square.

Table B.7.: Prior sensitivity, relative to the default prior configuration. Columns report
the root mean square change in the off-diagonal transmission weights, the
largest absolute change in the retention weights, the ratio of the posterior
median of the global shrinkage scale to its default, the absolute change in
the posterior mean of the baseline intensity 𝜇, the mean absolute change
in the network reproduction number, and the ratio of the one-step forecast
CRPS to the default.

Scenario RMS weight change Max retention change 𝜏 ratio 𝜇 change 𝑅net change CRPS1 ratio

baseline 0.000 0.000 1.00 0.000 0.000 1.00
retention: uniform 0.208 0.130 1.51 0.028 0.016 0.94
retention: symmetric 0.216 0.123 1.74 0.031 0.012 0.93
slab: tight 0.029 0.022 1.17 0.012 0.004 1.00
slab: loose 0.033 0.019 1.06 0.015 0.004 1.00
𝜏0: halved 0.034 0.022 0.68 0.005 0.005 1.00
𝜏0: doubled 0.047 0.028 2.00 0.014 0.005 0.95
𝜇: tight 0.036 0.019 1.21 0.058 0.003 1.00
𝜇: wide 0.072 0.051 1.09 0.001 0.002 1.06
activation: tight 0.032 0.024 1.03 0.003 0.003 1.01
activation: wide 0.029 0.017 1.11 0.018 0.003 1.01

B.5.4. Sensitivity to the gain function

The reproduction number enters the intensity through the gain function, 𝑅𝑘,𝑡 = ℎ(𝑟𝑘,𝑡),

where 𝑟𝑘,𝑡 is the latent random walk. We use the softplus gain function, ℎ(𝑟) = log(1+𝑒𝑟),

throughout, and compare it here with the exponential gain function ℎ(𝑟) = 𝑒𝑟. We prefer

softplus for numerical stability, since the exponential gain function can produce very

large reproduction numbers over a long series.

We assess the choice of gain function with two experiments on the Study 1 design

(𝑆 = 5, 𝑇 = 200). The first tests sensitivity to the gain function used at estimation.
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Data are generated under the softplus gain function and the model is fit under each

gain function. Fitting under the exponential gain function recovers the ordering of

locations by net flow (rank correlation 1) and the reproduction trajectories about as well

as the correctly specified softplus fit, with mean absolute error 0.125 against 0.117 and

coverage 0.95 against 0.91, and recovers the transmission matrix a little less accurately,

with Frobenius error to the truth 0.311 against 0.218. The main conclusions are therefore

insensitive to the gain function used at estimation.

The second experiment generates and fits data under the same gain function, to check

that each gain function is internally consistent (Table B.8). Both gain functions recover

their own truth to a comparable degree, with Frobenius error to the truth 0.218 and

0.239, net-flow rank correlation 0.9, and 𝑅𝑘,𝑡 coverage near 0.92. In this simulation the

exponential process was generated with a smaller innovation variance than the softplus

one, 𝑊 = 0.001 against 0.01, because the exponential gain function otherwise produces

very large reproduction numbers over the study window.

Table B.8.: Sensitivity to the gain function. Recovery of each gain function against its
own data generating truth when data are generated and fit under the same
gain function, showing the innovation variance 𝑊 used to generate each
process, the Frobenius error of the transmission matrix against the truth, the
Spearman correlation of the ordering by net flow against the truth, the mean
absolute error and empirical 95% coverage of 𝑅𝑘,𝑡, and the mean network
reproduction number.

Gain 𝑊 Frobenius to truth Rank corr. vs truth MAE(𝑅) Coverage(𝑅) Mean 𝑅net

softplus 0.010 0.218 0.90 0.117 0.912 0.835
exponential 0.001 0.239 0.90 0.111 0.917 1.012
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§ B.6. Sensitivity analyses on the application data

This section collects the sensitivity and robustness analyses on the ten-county California

application. We first vary the innovation variance 𝑊 and assess its effect on forecast-

ing, then examine whether the static excitation matrix varies across epidemic regimes,

whether the residuals retain periodic structure that the model does not represent, and

whether the zero-inflation component is needed for these counties. The last three analy-

ses share a common fitting configuration. They use the mobility covariate, the horseshoe

prior, and the same shrinkage calibration as the main application, with the innovation

variance𝑊 fixed at 0.005, within the range over which forecasting performance is stable

in § B.6.1, the zero-inflation component omitted except where it is the object of study,

and each fit using 20,000 burn-in and 10,000 retained iterations thinned to every sixth

draw.

B.6.1. Sensitivity to the innovation variance

The random walk innovation variance 𝑊 controls the smoothness of the reproduction

number trajectories 𝑅𝑘,𝑡. Smaller values produce smoother trajectories that respond

slowly to changes in transmission, while larger values allow rapid fluctuations that track

short-term variation but may overfit noise. We assess sensitivity to this choice by

fitting the network Hawkes model to the California COVID-19 data under six values

of 𝑊 spanning two orders of magnitude (𝑊 ∈ {0.001, 0.005, 0.01, 0.05, 0.1, 0.5}) and

evaluating out-of-sample forecasting performance at horizons of 1, 5, and 10 days.

For each value of 𝑊, forecasting performance was evaluated using a rolling-window

design over seven consecutive forecast origins that precede the fourteen-origin evalua-
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tion window of Table 3.4, so the choice of 𝑊 does not reuse the data on which forecast

performance is reported. At each origin, the model was fit with one additional day of

data and probabilistic forecasts were generated at horizons ℎ ∈ {1, 5, 10} days. The

reported CRPS values are averaged across all forecast origins and all ten counties.

Table B.9.: Sensitivity of forecasting performance to the random walk innovation vari-
ance 𝑊. Values are mean CRPS across seven rolling forecast origins and
ten counties. The choice 𝑊 = 0.005 achieves the best overall performance
across forecast horizons.

𝑊 CRPS1 CRPS5 CRPS10

0.001 2.25 2.58 3.56
0.005 2.27 2.41 3.09
0.01 2.23 2.55 3.20
0.05 2.31 2.99 3.65
0.1 2.14 3.43 4.85
0.5 1.97 11.56 25.41

Table B.9 reveals a clear bias-variance tradeoff across forecast horizons. At the one-

step horizon, performance is relatively stable for 𝑊 ≤ 0.1 (CRPS ranging from 2.14 to

2.31) and improves slightly at𝑊 = 0.5 (CRPS= 1.97), where highly flexible trajectories

can closely track recent observations. However, this flexibility comes at a steep cost at

longer horizons. At ten steps ahead, 𝑊 = 0.5 produces a CRPS of 25.41, roughly eight

times worse than the best-performing values, because the rapid fluctuations that benefit

one-step prediction amplify over multi-step simulation and generate highly dispersed

predictive distributions.

For moderate values (𝑊 ∈ {0.005, 0.01, 0.05}), performance is stable across all

horizons. Among these, 𝑊 = 0.005 achieves the best five-step CRPS (2.41) and the

best ten-step CRPS (3.09), while its one-step performance (2.27) remains comparable
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to neighboring values. The slight one-step cost relative to 𝑊 = 0.01 (2.27 versus 2.23)

is offset by meaningful gains at longer horizons, where forecasting skill matters most

for surveillance planning. The very smooth trajectories under 𝑊 = 0.001 perform

comparably at short horizons but show worse ten-step CRPS (3.56), suggesting that

over-smoothed trajectories fail to capture genuine shifts in transmission that accumulate

over longer horizons. Based on these results, we set 𝑊 = 0.005 for the application in

the manuscript.

Overall, the main conclusions of the application are robust to the choice of 𝑊 within

the range 0.005 to 0.05, and 𝑊 = 0.005 provides a favorable balance between respon-

siveness to genuine transmission changes and stability in multi-step forecasting.

B.6.2. Subperiod robustness

The excitation matrix is estimated as static over the fitting window. To examine how

it varies across epidemic regimes, we fit the model on the full window and on three

contiguous subperiods chosen to correspond to distinct phases of the epidemic: a

summer 2020 lull (2 July to 15 October 2020, 105 days), a winter 2020 to 2021

surge (15 November 2020 to 15 March 2021, 120 days), and the Delta period (15

June to 1 December 2021, 169 days). For each fit we record the posterior mean of

the excitation matrix, the ordering of the ten counties by net offspring flow, and the

network reproduction number, and compare each subperiod to the fit on the full window

through the root mean square change in the off-diagonal weights defined in § B.5 and

the Spearman correlation of the ordering by net flow (Table B.10).

The root mean square change in the off-diagonal weights from the fit on the full

window is 0.163 in summer 2020, 0.169 in winter 2021, and 0.138 in the Delta period.
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Table B.10.: Subperiod robustness of the fitted network. Each subperiod is compared
to the fit on the full window through the root mean square change in the
off-diagonal transmission weights and the Spearman correlation of the
ordering of the ten counties by net flow. The mean network reproduction
number is reported for each window.

Subperiod Window 𝑇 RMS weight change Rank corr. vs full Mean 𝑅net

full 2020-07-02 to 2021-12-01 517 0.000 1.000 0.720
summer 2020 2020-07-02 to 2020-10-15 105 0.163 0.818 0.437
winter 2021 2020-11-15 to 2021-03-15 120 0.169 0.806 0.594
Delta 2021 2021-06-15 to 2021-12-01 169 0.138 0.709 0.885

These changes are larger than those produced by the lag and prior variations in § B.5,

indicating that the excitation matrix does move across regimes rather than staying fixed.

The ordering of counties by net flow is broadly preserved, with Spearman correlation

0.82, 0.81, and 0.71 against the fit on the full window, so the ranking of counties as net

sources and net sinks is similar across windows but not identical. The mean network

reproduction number tracks the epidemic phase, rising from 0.44 in the summer lull

to 0.59 in the winter surge and 0.89 in the Delta period, and stays below one in every

window. Read together, these results support treating the excitation matrix from the full

window as an average connectivity structure over the study period, since the source and

sink ranking it implies is representative of the regimes while the edge magnitudes and

the overall growth rate vary with the epidemic phase.

B.6.3. Residual seasonality

The model contains no explicit seasonal or day-of-week term, so any periodic structure

in the series is either carried by the time-varying reproduction trajectories or left in the

residuals. We fit the model once on the full window and form standardized posterior
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predictive residuals for each county as the observed count minus the mean of the

posterior predictive replicates, divided by their standard deviation. For each county we

take the dominant period and its spectral power from the periodogram, and the residual

autocorrelation at lags of one week, two weeks, one month, and one year (Table B.11).

Table B.11.: Residual seasonality on the application data. For each county, the dom-
inant period of the standardized posterior predictive residuals from the
periodogram, and the residual autocorrelation at lags of one week, two
weeks, and one year.

County Peak period ACF (lag 7) ACF (lag 14) ACF (lag 365)

Alameda 7.0 0.698 0.591 0.049
Contra Costa 7.0 0.570 0.491 0.040
Merced 7.0 0.538 0.518 −0.001
Sacramento 7.0 0.522 0.511 0.048
San Francisco 7.0 0.279 0.232 0.022
San Joaquin 7.0 0.514 0.459 0.027
San Mateo 7.0 0.552 0.444 0.049
Santa Clara 7.0 0.651 0.558 0.042
Santa Cruz 7.0 0.547 0.477 −0.007
Stanislaus 7.0 0.245 0.202 −0.015

The dominant residual period is one week for every county. The residual autocorre-

lation at a lag of one week ranges from 0.245 to 0.698, and at a lag of two weeks from

0.202 to 0.591, both positive, so a weekly cycle remains in the residuals. The autocorre-

lation at a lag of one month is small and negative for every county, between −0.185 and

−0.023, and at a lag of one year it is near zero, between −0.015 and 0.049; the annual

lag is in any case only weakly estimable over a window of 517 days. The residuals

therefore show a weekly cycle with no monthly or annual structure. The weekly cycle

is consistent with day-of-week reporting patterns, weekend under-reporting followed

by catch-up, rather than with weekly variation in transmission, and the reproduction
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trajectories, smoothed by the small innovation variance 𝑊 = 0.005, do not absorb it. Its

most direct consequence is at the observation level, where the Poisson model understates

the predictive dispersion at short horizons, so the prediction intervals at short horizons

are slightly too narrow. This weekly cycle is faster than the transmission dynamics that

the excitation matrix and the reproduction trajectories represent, so we expect it to have

limited bearing on the source and sink ordering, the network reproduction number, and

the local and imported decomposition; we do not, however, fit a model with a seasonal

term, so this expectation is not verified directly. Incorporating a day-of-week or sea-

sonal term in the intensity, or aggregating to weekly counts, would remove the residual

weekly structure and is left to future work.

B.6.4. Zero inflation

The zero-inflation component is designed for surveillance data with runs of structural

zeros, which the California county counts do not have. Only 0.2% of the observed

counts are zero, and those zeros are isolated rather than sustained. When the full model

is fit with the component, the activation process switches itself off. The estimated

coefficients place the activation probability near one from either state, at 0.99 from

the inactive state and above 0.999 from the active state, the implied probability that an

observation is a structural zero is 2.5×10−5, and no observation is flagged as a structural

zero. The component therefore behaves as the simulation without structural zeros in

§ B.4 predicts, learning a high activation probability and reducing to a plain Poisson

observation model. The latent activation indicators here summarize a reporting state

rather than the presence or absence of disease.

To check how much the component affects the epidemiological conclusions, we fit
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the model to the ten-county data with and without it, under the same configuration as

the subperiod and residual checks above and with only the activation block toggled, and

compare the two fits (Table B.12). The network reproduction number is 0.720 under the

plain Poisson model against 0.719 with zero inflation, the ordering of counties by net

flow is essentially unchanged, with Spearman correlation 0.99, and the forecast scores

are nearly identical at all three horizons. The transmission matrix differs by 0.11 in

root mean square, of the same order as the lag and prior variations in § B.5 and smaller

than the shifts across epidemic subperiods in § B.6.2, and this difference leaves the

source and sink ranking and the network reproduction number intact. Zero inflation

is therefore not needed for the California application, and including it leaves the main

conclusions unchanged, consistent with the negligible harm it causes in the simulation

without structural zeros.

Table B.12.: Zero-inflated against plain Poisson observation model on the ten-county
application. The transmission matrix and the ordering of counties by
net flow are compared to the zero-inflated fit through the root mean square
change in the matrix weights and the Spearman correlation of the ordering;
the mean network reproduction number and the forecast CRPS at horizons
of one, five, and ten days are reported for each.

Model RMS weight change Rank corr. vs ZI Mean 𝑅net CRPS1 CRPS5 CRPS10

Zero-inflated 0.000 1.000 0.719 3.13 2.42 2.04
Poisson 0.106 0.988 0.720 3.11 2.41 2.04
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§ C.1. Application: HVA vs MCMC comparison for the

discrete-time Hawkes-type model

This appendix provides the parameter-by-parameter posterior summaries, the seasonal-

ity and 𝑅𝑡 plots, and the combined in-sample and forecast score table that support the

brief statement in § 5.6.3 that HVA and MCMC agreed closely on the discrete-time

Hawkes-type fit to the Santa Cruz County COVID-19 data. The two fits assumed for

this appendix are the fit_DH and fit_DH_mcmc objects produced in § 5.6.3.

The MCMC fit converged with split-𝑅̂ values below 1.01 for all eleven static param-

eters, with an average effective sample size of 298. Acceptance rates were 0.69 for

the HMC step and the MH update of the latent state. The corresponding HVA fit also

showed stable behavior: the SMC log marginal likelihood trace stabilized after approx-

imately 323 iterations, with a tail-to-early MAD ratio of 0.039, indicating substantial

stabilization.

The static parameters can be compared side by side with dgtf_compare_params(),

which, called without a truth argument, reports the posterior mean, median, standard

deviation, and 95% credible interval for each inferred parameter under each method:
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R> dgtf_compare_params(list(HVA = fit_DH, MCMC = fit_DH_mcmc))

The two inference methods agreed closely on the static parameters in the discrete-time

Hawkes-type model. The observational negative binomial overdispersion parameter 𝜌

had posterior median 18.7 under HVA and 17.3 under MCMC, the random walk variance

𝑊 had posterior median 0.009 under HVA and 0.008 under MCMC, and the lognormal

lag distribution mean parameter had a posterior median of 0.49 under HVA and 0.53

under MCMC, while its variance had posterior median 2.6 under HVA and 2.82 under

MCMC. Each of the four scalar parameters lay comfortably inside the credible interval

produced by the other method.

The seasonal estimates can be interpreted as day-of-week effects. Since July 1,

2020 was a Wednesday, the components seas[1] through seas[7] index Wednesday

through Tuesday. The HVA posterior medians (11.9, 11.2, 7.81, 3.39, 2.71, 17.2, 9.99)

and the MCMC posterior medians (11.5, 10.7, 7.46, 2.61, 2.09, 15.8, 9.61) both show

a pronounced Monday peak and a weekend drop, consistent with the weekly reporting

pattern found in the analysis of the full series in Chapter 2. The two sets of seasonal

posterior summaries are similar, with overlapping 95% credible intervals for every day

of the week, as shown in Fig. C.1b:

R> dgtf_compare_plot(list(HVA = fit_DH, MCMC = fit_DH_mcmc), what =

"seas")↩→

The posterior 𝑅𝑡 trajectories from the two methods are also visually similar in the

training window (Fig. C.1a):

R> dgtf_compare_plot(list(HVA = fit_DH, MCMC = fit_DH_mcmc), what =

"Rt")↩→
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Table C.1 combines the in-sample posterior predictive scores with the 14-day forecast

scores for the two methods. Both blocks are produced by dgtf_compare(): the in-

sample block from the fitted objects after caching their posterior predictive draws, and

the forecast block from forecast objects returned by dgtf_forecast_fit(). The HVA

side of each is already cached in § 5.6.3; the corresponding MCMC caches are produced

here.

R> set.seed(123)

R> attr(fit_DH_mcmc, "ppc") <- posterior_predict(fit_DH_mcmc)

R> dgtf_compare(list(HVA = fit_DH, MCMC = fit_DH_mcmc))

R> fc_DH_mcmc <- dgtf_forecast_fit(fit_DH_mcmc, h = 14, ypred_true =

ytest)↩→

R> dgtf_compare(list(HVA = fc_DH, MCMC = fc_DH_mcmc))

The in-sample posterior predictive scores agree closely, confirming that the small dif-

ferences in the latent decomposition do not propagate to the predictive distribution, and

the 14-day forecast scores agree within Monte Carlo error on CRPS and the chi-square

discrepancy. The MCMC fit covers all fourteen held-out observations, while the HVA

misses one, consistent with the slightly narrower predictive intervals produced by the

variational approximation. The wall-clock runtimes in Table C.1 show HVA to be

noticeably faster than MCMC.
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Table C.1.: Comparison of HVA and MCMC for the discrete-time Hawkes-type model
on the COVID-19 training data, combining in-sample posterior predic-
tive scores from dgtf_compare() with 14-day forecast scores from
dgtf_forecast_fit(). Reported metrics for the in-sample window are
the CRPS, the chi-square discrepancy, the empirical coverage and mean
width of the 95% credible interval, the Winkler interval score, and the total
runtime in seconds. For the forecast horizon, we report empirical coverage,
the chi-square discrepancy, and the CRPS averaged across the horizon.

In-sample fit 14-day forecast

Method CRPS 𝜒2 Cover Width IS Time (s) Cover 𝜒2 CRPS

HVA 9.43 1.47 0.952 62.8 84.8 264.0 0.929 0.267 3.31
MCMC 9.51 1.57 0.96 65.5 84.8 3910.4 1.000 0.333 3.27

0.5

1.0

0 50 100 150 200 250

Time

R
t

Method

HVA

MCMC

(a) Posterior median 𝑅𝑡 trajectory with 95% credible intervals.

0

10

20

1 2 3 4 5 6 7

Index

s
e

a
s

Method

HVA

MCMC

(b) Posterior distributions of the seven weekly seasonal components, indexed
seas[1] through seas[7] for Wednesday through Tuesday.

Figure C.1.: Posterior comparison of the discrete-time Hawkes-type model fitted by
HVA and MCMC. The two methods produce similar 𝑅𝑡 trajectories across
the training window, and the seasonality posteriors overlap on every day of
the week.
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