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Filtering higher-order laser modes using leaky plasma channels

B. Z. Djordjevié,"? C. Benedetti,? C. B. Schroeder,? E. Esarey,? and W. P. Leemans’*?
'Department of Physics, University of California, Berkeley, California 94720, USA
’BELLA Center, Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA

(Received 22 September 2017; accepted 1 December 2017; published online 2 January 2018)

Plasma structures based on leaky channels are proposed to filter higher-order laser mode content.
The evolution and propagation of non-Gaussian laser pulses in leaky channels are studied, and it is
shown that, for appropriate laser-plasma parameters, the higher-order laser mode content of the
pulse may be removed while the fundamental mode remains well-guided. The behavior of multi-
mode laser pulses is described analytically and numerically using envelope equations, including
the derivation of the leakage coefficients, and compared to particle-in-cell simulations. Laser pulse
propagation, with reduced higher-order mode content, improves guiding in parabolic plasma
channels, enabling extended interaction lengths for laser-plasma accelerator applications.
Published by AIP Publishing. https://doi.org/10.1063/1.5006198

I. INTRODUCTION

An understanding of the non-idealized evolution of short
and intense laser pulses in a plasma is of great importance
for the field of laser-plasma interactions. Various applica-
tions and areas of research for these interactions can be
found in advanced laser-fusion schemes,' higher harmonic
generation,” and x-ray free electron lasers.” Of primary inter-
est here are laser-plasma accelerators (LPAs),4 in which
intense laser pulses have been shown experimentally to
accelerate electron bunches to GeV energies.5 © In an LPA, a
plasma wakefield is generated by the driving laser using the
ponderomotive force to create charge separation. LPAs are
able to produce acceleration gradients in excess of 100
GV/m, while the maximum gradient in conventional acceler-
ators based on radio frequency cavities is on the order of 100
MV/m. It has been shown that poor laser guiding, as a result
of the presence of higher-order laser modes, can have an
adverse effect on an LPA.’

Laser pulse propagation is optimized when the pulse
enters the gas-filled discharge channel with a flat phase front.
Under such conditions, we can achieve what is called
“matched” guiding, in which the laser spot size remains con-
stant (ry; = rp, where ry is the initial spot size), e.g., a Gaussian
pulse injected into a properly shaped parabolic channel.
The critical channel depth for matched guiding is given by
An. = (71}’61‘(2))71 or  An.(cm™3) = 1.13 x 10 /rZ(um),
where r, = e?/m,c? is the classical electron radius, e and m,
are the electron charge and rest mass, and c is the speed of
light. The production of high quality beams from LPAs
requires the laser pulse to maintain a high, constant intensity
over multiple Rayleigh ranges, where the Rayleigh range is
Zr =mr/A and A is the wavelength of the laser pulse.
However, guiding can be compromised in several ways.
Channel characteristics (e.g., the channel radius, density) may
not be optimally matched to the pulse at focus, leading to mis-
matched pulse propagation, i.e., poor guiding. Likewise, real-
istic pulses,5 © which are often super-Gaussian in the
transverse direction in the near field after amplification, tend
to develop Bessel-like sidelobes at focus, which do not guide
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according to the intended Gaussian description. Oscillations
due to mismatching and non-Gaussian pulse profiles can be
deleterious to LPA applications, leading to non-optimal accel-
eration or electron bunch loss. The decrease in laser amplitude
induces a reduction of the wakefield size and the bunch finds
itself in the defocusing phase of the wake. In addition to mis-
matching, the higher-order modes leak out more readily from
guiding structures, which can cause damage to the structure,
notably in the case of discharge capillaries.

Guiding of a non-Gaussian pulse in a parabolic channel is
challenging. One possible solution is to use a complicated
plasma channel structure that is better matched to the pulse.
Theoretically, in the low-intensity, low-power regime, one can
guide a pulse using a transverse density profile of the form

o1 (S0 ),

ny koo \ ai(r)

where ng is the on axis density of the plasma channel,
a, (r) = eA,(r)/m.c?* is the normalized transverse compo-
nent of the laser field vector potential, and k, = a)po/c,
where w2, = 4mnge? /m, is the plasma frequency.” Equation
(1) is derived from the steady state form of the paraxial wave
equation, as discussed below. An analogous tailoring of the
radial profile of the refractive index in fiber optics has been
used to guide an Airy-type pulse, but at much lower laser
intensities than that required in LPA experiments.®
Complicated pulse or channel profiles do not readily give
solutions that are experimentally tenable. Experimentally, a
ceramic aperture has been used to filter out sidelobes in the
far-field.” While this is quite feasible, a significant amount of
energy is lost in the main-lobe, a few to tens of percent, and
the main-lobe still remains somewhat non-Gaussian. The
solution proposed in this paper is to use a leaky channel to
guide the primary Gaussian mode and to leak out the disrup-
tive higher-order modes.

Tailored plasma structures for the purpose of controlling
the evolution of laser pulses are well established,® notably
those of parabolic and leaky channels. Leaky channels may

Published by AIP Publishing.
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be made using the hydrodynamic shock (hydroshock) tech-
nique or clustered gas jets.''? In both techniques, an
axicon-formed pump laser is used to ionize a stream of gas
and a channel is formed after several nanoseconds of evolu-
tion that is approximately parabolic near the axis of propaga-
tion and sharply truncated after several pulse-widths. Leaky
channels have been previously studied for a variety of appli-
cations, such as the minimization of instabilities (e.g., for-
ward Raman scattering).'® The approach used in our study
draws on the source dependent expansion (SDE) formal-
ism,M_17 which has been shown to effectively model the
evolution of Laguerre-Gaussian (LG) modes, as well as the
Wentzel-Kramers-Brillouin (WKB) approximation'®'?
evaluate mode leakage in the channel.

This paper is organized as follows: in Sec. II, we discuss
the general behavior and consequences of multimode laser
pulses in a plasma channel. We are interested in pulses that
have a jinc-type transverse profile, as well as pulses com-
posed of Laguerre-Gaussian modes similar in profile to a
jinc. In Sec. III, we model the effects of leaky channels using
the WKB theory. In Sec. IV, we present the paraxial solution
to the wave equation and its decomposition into LG modes
via the SDE. Using particle-in-cell (PIC) simulations, in Sec.
V, it is shown that the inclusion of a leakage rate coefficient
in the SDE accurately models the secular evolution of the
laser pulse which is in agreement with PIC simulations.
Also, we provide numerical examples of sharply truncated as
well as exponentially decaying leaky channels in the quasi-
linear regime to further corroborate the concept. A summary
and conclusion are presented in Sec. VI. Throughout this
paper, we use the PIC code INF&RNO?*?! to simulate LPA
systems in 2 D, axisymmetric geometry.

to

Il. NON-GAUSSIAN TRANSVERSE PULSE PROFILES
AND PLASMA GUIDING STRUCTURES

When treated theoretically, laser pulses are generally
modeled as having Gaussian profiles in the transverse direc-
tion, a, (r) = apexp (—r?/r3), where ao is the initial, on-axis
laser amplitude for a Gaussian pulse, but this is not a realistic
description of an experimental pulse. For example, if the laser
profile at the surface of a focusing optic is a flat top, then at
focus the laser profile can be better approximated by a jinc
profile than a Gaussian, i.e., jinc(r) = 2Jy(xr/ro)/(xr/ro),
where J;(r) is the first order Bessel function of the first kind
and x = 2.74331 is a scale parameter so that the jinc
profile has the same Full-Width Half-Maximum (FWHM) as
the Gaussian pulse. For analytical tractability, we can
decompose a jinc pulse into Laguerre-Gaussian (LG) modes,
L (2r%/r}g)exp (—1?/ri), where the Laguerre polynomials
Ly(x) =4 (4 — 1)"x™ is the Laguerre polynomial of order m
and the first three polynomials are Lo(x) =1, Li(x) = 1 — x,
and Ly(x) =1 —2x + %xz, and r g = 1.144r, for three modes
when matching the FWHM of the superposition of the three
modes to a Gaussian as well as a jinc profile. Note, in this
instance, since g # ro, each individual LG mode is inher-
ently mismatched if the channel depth is chosen to be matched
for the Gaussian. Theoretically, it would simplify the problem
to pick r g =ro for the LG decomposition; however, this
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decomposition choice reflects the experimental practice of
defining the pulse by the FWHM of the main-lobe regardless
of modal content (which is not the correct pulse-width to
which we should match a parabolic channel for guiding). For
simplicity, only azimuthally symmetric modes are considered.
In our simulations we use three LG modes (LG3) because, up
to a radius of 250 um, a typical radius for a capillary channel
used for guiding, three appropriately matched LG modes accu-
rately model the main lobe and first sidelobe of a jinc pulse,
while accounting for 94% of the power content. The initial val-
ues of the LG decomposition are chosen by using a nonlinear
fit to match the peak, the FWHM of the main lobe, and the first
zero of the jinc pulse. Gaussian, jinc, and LG3 pulse profiles
are shown in Fig. 1. The presence of sidelobes in a jinc profile,
or higher-order modes in an LG decomposition, can be shown
to lead to mode beating that causes significant oscillations in
the pulse intensity and poor guiding.

As a demonstration of the behavior of realistic pulse
propagation, we compare the evolution of a Gaussian, jinc,
and LG3 pulse in a matched parabolic channel, given by the

following equation:
4 r2]
I+——

n(r) = no

— 2
(kp0R>2 r(z) 9 ( )

where R is the characteristic radius of the channel, and for
matched propagation R =ry. In Fig. 2 it is demonstrated that,
where an ideal Gaussian pulse with a Rayleigh length of Zp =
1.083 cm would be guided, the presence of sidelobes causes
the pulse to suffer from significant beating between the
modes. Even though individual LG modes are guided by a
parabolic channel, the superposition of multiple modes causes
beating of the form ~2ay,(z)a,(z)cos|p,,(z) — ¢, (z)].
where a,, and ¢,, are the amplitude and phase, respectively, of
the corresponding LG mode. For linearly polarized LG modes,
one has ¢,, — ¢, = kvearz, Where kpeay = 2(m — n) /Zg.

In order to offset the negative influences of sidelobes,
we propose the use of plasma structures such as leaky chan-
nels. The application of plasma lenses and filters can com-
pensate for the constraints of the optical systems,*
providing additional pulse tuning after amplification or com-
pression. In this paper, we investigate the effects of plasma
structures, more specifically leaky channels, on multimode

1.0 = |inc
—0sl N Gaussian | |
% ' -= LG3
T 06}
2
g o4t
<

0.0 0.5 1.0 15 2.0 2.5 3.0 3.5 4.0
Radius r/ry

FIG. 1. Comparison of a Gaussian pulse with o = 53 um, a jinc-type profile,
and a superposition of three LG modes. For the jinc profile, x = 2.74331
and for the LG3 profile, 3> anln(2r%/rig) exp (=12 /rig), where the
mode amplitudes are ap = 0.729, a; = 0.418, and a, = —0.146 and the
LG3 matched radius is r g = 1.144r.
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FIG. 2. Evolution of the normalized laser amplitude a for a non-Gaussian
pulse in a parabolic channel with R = r(. The blue line corresponds to a for a
Gaussian pulse, the red line to a jinc pulse, and the green line to an LG3
pulse, i.e., 33| Ly (272 /r2g) exp (=2 /ri;). The simulation parameters
are rg = 1.144r9, ro =53 um, and Zg = 1.083 cm, initial amplitude
a,(0) = 0.1, ng = 107 cm™ *, mode amplitudes ag = 0.729, a; = 0.418,
and a; = —0.146, an LG3 matched radius of 1.144r, and a jinc matching
parameter of k = 2.74331. (Pulse profiles shown in Fig. 1.).

laser pulses for the purpose of improving laser guiding and
evolution. In our analytic formulation, we assume the low
intensity limit ¢ < 1, which neglects nonlinear effects such
as self-focusing and wakefield generation. These results are
compared to fully nonlinear simulations for cases where
a~1.

We generally focus on sharp truncations in the plasma
density profile as seen in Fig. 3 (solid blue curve), analytically
expressible by multiplying the density profile by a Heaviside
function O (rey — 1), where r¢y is the truncation radius of the
channel. Also analytically tractable are leaky channels with
linearly or exponentially decaying density gradients, where
we multiply the density function n(r) by the factor exp
(—r?/r&p) (dotted and dashed-dotted curves), where rgp is a
constant and the effective channel radius near the axis is

~1/2

kyoroR\
Rut =R|1— (ﬁ) . 3)
2rED

lll. WKB METHOD

A general treatment of the power loss from the leaky
plasma channel can be achieved via the WKB method.
Heuristically, we do this by assuming first that modal power
loss is given by

4.0 T T
35 — |inc
----- Rop=27
£3.0 S
>~ Repp=49pum
& 25 1
= —_— T =219
S 2.0
=
2 1.5
8 1.0 . .
0.5 e, .
0.0 L ! L !
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

Radius r/ry

FIG. 3. Examples of theoretical models used in simulating truncated plasma
channels relative to a Gaussian pulse with ry = 53 um: sharp truncation at
reat = 219 (solid curve), exponentially decaying walls with a matched effec-
tive radius, i.e., Rer = 1o (dash-dotted curve), and exponentially decaying
walls with a mismatched effective radius (dotted curve).
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dP, = —),,Pmdz, “)

where P, is the modal power contribution, 9,, = T/Zn,
where T, is the transverse leakage (tunneling) rate per mode
m and Z,, is the characteristic propagation distance. In the
case where 9,, does not depend on the propagation distance
Z, We can write

Pn(z) = Pp(0) exp [—7,,2]- (5)

In order to calculate Z,, and T,,, we use the WKB for-
malism.”® Given a wave equation of the form

(V3 +K*(r)]¥(r) =0, 6)

where K2(r) ~ w?*/c* — k;(r) —k? is the general leaky
channel wavenumber, o = kc = 2nc/A is the frequency of
the laser, k(r) = k;o%) is the wavenumber corresponding
to plasma oscillations, k, ~ »?/c* — klz;o —42m+1)/r} is
the axial wavenumber, and W(r) is a generalized potential
field. For the Helmholtz equation (6), we can write down the

WKB solution for an arbitrary density profile

-
0 = —e—e | KOW|. @)
VK(r)

where C is a coefficient to be determined and the integration
takes place between the turning points of K>,

In the WKB formulation, we can describe the transverse
profile with respect to incident (), reflected (r), and transmit-
ted (#) local plane waves, which are, respectively, distin-
guished by different coefficients C;, C,, and C,, as well as
integration limits: r < r, for the incident/reflected waves,
where 7y, is a turning point for |K |2 =0 and r > rqy for the
transmitted waves. In the region ry, <r <rey, the field is
evanescent and decreases exponentially with r, which in turn
is characterized by C..

Using the standard connection formulas for the
WKB theory, by which we can write C;=C,,C,;
= C, exp[— KP‘ K|dr], the transmission coefficient®> for the
transverse laser profile is

_ ks _ cf? _
k7T

2] ®

Tip

and the propagation distance between turning points along a
ray path is

Tip

Zn = 2kZJ K| 'dr ~ nZg. )

0

While T, is an accurate calculation of the leakage rate, it

neglects the effect of multi-mode interference, which is not

explored in this paper but has been explored in other fields.?’
For the m-th order LG mode propagating in a sharply

truncated parabolic channel, the leakage rate is defined as'?

127
Tcut r2
T, = | (e
KR\ (uR)
5 1/2
Teut T
X exp | —2 —at 1 , (10)
1 (e’
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FIG. 4. Leakage coefficients (7,,) estimated with the WKB theory for the
first three modes (m = 0—red, m = 1—blue, and m =2—green) for varying
channel radii (R /ro = 0.95—dashed, 1.0—solid, and 1.05—dotted).

where u = +/2m + 1. Figure 4 shows T, for modes m =0, 1,
and 2, and channel radii R/ro = 0.95, 1.0, 1.05. Higher-order
modes leak out at a much faster rate than the fundamental
for all cutoff radii and higher-order modes are more sensitive
to deviations in the characteristic guiding radius of the chan-
nel. Likewise, all leakage coefficients saturate to a value of
one below a certain cutoff radius, i.e., the vacuum diffraction
rate. The channel parameters can be chosen using Fig. 5,
where the white line governs the maximum leakage coeffi-
cient T} for the m =1 LG mode for varying channel parame-
ters. Higher-order modes will have a shallower slope since
they will leak out even faster. Wider truncation radii allow
for a lower Ty /T ratio but slower overall leakage.

IV. SOURCE DEPENDENT EXPANSION

A useful way to describe pulse propagation in an infinite
parabolic channel is the SDE.'*!> Below, we will extend the
SDE to truncated channels by incorporating our results from
the WKB approximation. The full wave equation for the
transverse vector potential is

1 0°A,

2 —
Vv Al — EW = —,LL()J

10VOD
+E—8t , 11

14 BT
12 0.912
0.792
1.0
0.672
=08
~
~
06
0.4
0.2
0.0
0.0 0.5 1.0 15 2.0 25

Teut/To

FIG. 5. Leakage coefficient ratio Ty /T for varying rey/ro and R /ro.
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where J is the source current and @ is the scalar potential of
the laser field. In Eq. (11), we proceed to neglect the scalar
potential contribution, since it is generally small within the
laser pulse,”® and we write the vector potential in the follow-
ing form:

A (ryz,t) = A(r,z,t) exp [i(kz — wr)], (12)

where A is the amplitude and k and o are the wavenumber
and frequency of the laser pulse. After inserting (12) into
(11), and making the slowly-varying envelope assumption

|k %A > ‘g‘? , we obtain the paraxial equation

L 0A .
VA + 2ik—= = =i, (13)

where V2 = (1/r)d,(rd,) in polar coordinates and J is the
fast part of the source current.

In the SDE, where we work with the normalized
vector potential a = eA /mec?, we are only considering
the transverse field. We parameterize the pulse
as Q(r,2) = 3, an(2)Ln[27 /r()lexp { (1 — ia(2)]r /2,
where dp(z) = Cp(z) exp [ig,,(z)], rs(z) is the pulse spot
size, o(z) is the inverse radius of curvature, Cy,(z) and ¢,,(z)
are the mode-specific amplitude contribution and phase. For
this problem, in the axisymmetric case, we are solving the
reduced wave equation, i.e., the paraxial equation

10 o 01 —
L_E <, 5) + 2lka]a(r,z) = —j(r,z). (14)

In order to account for the truncated plasma channel, we
may consider the source function as truncated itself,
j(r,z)=j(&,z) = kﬁo';(T?(D(écm —&)a(é,z), where y=v/1+a?
~ 1 since we are only considering low-power laser pulses in
this paper, ¢ =2r%/r2, and &, corresponds to the truncation
radius r¢y. This in theory will give an exact description of the
laser pulse evolution, however, only if a sufficient number of
modes are included.

The SDE method is well suited to describe the propaga-
tion and evolution of near-Gaussian pulses, since only a few
LG modes are needed in the SDE expansion. This is the case
for an idealized (infinite) parabolic channel. For a leaky
channel, the SDE method becomes problematic, since a sig-
nificant portion of the laser power can exist outside the chan-
nel, resulting in laser profiles consisting of a near-Gaussian
core superimposed on a low amplitude radial quasi-plateau
that extends to large radii and represents the leaked power
outside the channel. In order to describe the low amplitude
wings of the leaked laser field, the SDE method would
require the retention of hundreds of LG modes.

Alternatively, to describe laser power loss in a leaky
channel, we can modify the SDE equations by heuristically
including a power loss damping coefficient, as determined
from the above WKB theory, in the wave operator of the par-
axial wave equation. Based on comparisons to simulations of
the full Maxwell-plasma equations, it is found that by includ-
ing this damping term, pulse evolution in a leaky channel
can be modeled with the modified SDE equations using only
a small number of LG modes.
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In this approach, we equate the power for the LG modes,
which conserve energy over all space, to a separate solution
with an exponentially decaying component, that is

an(z)” & au(z)’ exp (—,2), or
am(z) & am(z) exp (=9,,2/2), (15)

and insert this into Eq. (14), giving us an additional term in
the paraxial wave equation proportional to 9,,a. In this case,
the source term is that of the infinite channel, i.e., no
Heaviside function, and for which the LG modes are the
proper eigenfunctions.

In the low-power limit @ < 1, analytical solutions can
be derived for pulse decompositions of a few lower-order
modes. Integrating the paraxial Equation (14) with respect to
¢, gives a series of decoupled equations for each of the LG
modes by using the orthogonality property of the Laguerre
polynomials. For the m-th radial mode

(0.4 +Am)am —imBay_ —i(m+1)B* @y =—iF,, (16)

where Ym = ?m/z’

r 1+ o
An(@) =2 riem )| ST s 2
(2) rs+l(m+) kr? ars+2
(1= A7 o
B(Z)i—drfz—kirsz+05/2—l Fz_zrr% s

where the prime ’ corresponds to the derivative with respect
to z, and

Fu(z) = : J:Cj(f)Lm[ﬂexp [—(1 + iw)¢/2]dé.

2%

For three modes, assuming |a,,| < 1 for m > 3, there are
four separate equations

(0. + yo + Ao)ao — iB*ay = —iFy,

(0. + 7, +A1)a) — iBag — 2iB*a;, = —iFy,
(0. + y, + Az)as — 2iBay = —iF,,

—3iBa, = —iFj;.

a7

The first three equations govern the evolution of the ampli-
tude coefficients and phases. Using the relative smallness of
the highest order terms, we obtained a fourth equation to pro-
vide closure for an initially over-determined three mode sys-
tem and effectively describe the evolution of 7 and o.

The SDE is a powerful tool which allows for rapid
modeling and assessment of LG laser modes in a parabolic
channel. However, in order to get a more full description of
laser pulse evolution, it is necessary to turn to numerical
techniques, as described in Sec. V.

V. NUMERICAL RESULTS

In this section, we compare our analytic approximations
with numerical analyses of multimode LG pulses propagat-
ing through leaky plasma channels. This includes comparing
numerical results of the SDE equations to results from the

Phys. Plasmas 25, 013103 (2018)
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FIG. 6. PIC modeling results comparing the evolution of a jinc pulse with
K = 2.74331 and ry = 53 um in a matched, truncated parabolic channel with
Feut = 219, Zg = 1.083 cm, and ny = 10" cm’3, to three LG modes of
amplitude ap = 0.729, a; = 0.418, and a, = —0.146, for which we normal-
ize the initial sum such that a, (0) = 0.1.

particle-in-cell (PIC) code INF&RNO.2%2! Of particular
interest is whether the LG decomposition is sufficient to
describe a jinc pulse in a leaky channel. As seen in Fig. 6,
which shows results from the PIC code INF&RNO, there is a
close correlation between the two even when only using an
LG3 pulse. In this case, we are propagating the jinc and LG3
pulses through a leaky channel with an on axis density of
ny = 107 cm’ and a truncation radius of Teut = 219, wWhere
ro = 53 um and the jinc matching parameter is k = 2.74331.
The numerical parameters used in the following
simulations are propagation step size kpAz =1,
plasma grid kyArpasma = 1/10 and  kpoAlpiasma = 1/20
(where { = z — ct is the comoving coordinate of the pulse),
and laser grid kpoAriaser = 1/20 and koAl = 1/15. In the
simulations we take r g = r¢ so that individual modes are
matched to the channel. The parabolic profile is character-
ized by R =r. In this simulation, we chose to match the jinc
and LG3 pulse with respect to the on-axis amplitude a, there-
fore, the main difference between the two is that the jinc has
more energy overall so, as the fundamental evolves, it also
effectively extracts energy from the higher-order modes.
Otherwise, the pulse evolutions are similar.

In Fig. 7, we can see the relative effectiveness of the
SDE formulation, in which we are solving the system of Eqgs.
(17), relative to the PIC simulations. In this figure, we are
comparing the SDE and PIC results for three different cutoff
radii: (@) rey = 379, (b) rey = 2.25r9, and (c) reye = 1.75r9.
This is for a sharply truncated parabolic channel with ny =
10'7 ¢cm™ * and R = r,. In addition, we use an exponentially
decaying numerical filter near the boundaries of the simula-
tion to gently eliminate radiation leaked from the channel
before it can be numerically reflected back into the channel.
The threshold for relativistic self-focusing of a linearly
polarized Gaussian laser pulse is given by the relation
P/P. = (kporoao)2 /32, and a system is generally only sig-
nificantly affected by self-focusing when P/P,, > 1. In this
case for ¢ <03 and rp =53 wm as seen in Fig. 7,
P/P. < 0.06, so self-focusing is not an important contribu-
tion to pulse evolution. It is evident that, as the cutoff radius
decreases, the SDE is less able to model the evolution of the
pulse in a leaky channel. However, the greatest discrepancy
is near pulse injection and, as the pulse propagates, the
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FIG. 7. Comparison of numerical PIC results with the SDE including trans-
verse transmission coefficients calculated via the WKB theory. Three
injected modes with equal initial amplitudes ap = a; = a, = 0.1, with a
pulse radius of 7o = 53 um and a matched parabolic density profile R =r,
Zr = 1.083 cm, with cutoff radii of (a) rey = 3.0rg, (b) rey = 2.25r¢, and
(¢) reut = 1.75rp. The WKB transmission coefficients provide accurate mod-
els of the pulse evolution for r¢y > 21, but for the rq, < 2rp mode, excita-
tion leads to a discrepancy.

higher-order modes leak out faster and the SDE and PIC
begin to agree again as the evolution of the fundamental
mode begins to dominate. We believe that the discrepancy at
the beginning of pulse evolution, most noticeable in Fig.
7(c), to be due to the coupled excitation of different modes
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due to back reflection from the sharp truncation, which is not
accounted for in our model.

Numerical simulations show that as the pulse stabilizes,
the contribution of the fundamental mode (m = 0) dominates
and higher-order mode content leaks out and/or changes
phase. This can be seen in Fig. 8, where a sharply truncated
parabolic channel is used to filter a jinc pulse. Using the
same numerical parameters as before, here, we have a filter
that is 16 cm = 14.8 Z; in length with a 0.5cm gap before
the pulse is injected into an “infinite” parabolic channel
(rcur = 81p). The purpose of this gap is to facilitate injection
of the filtered pulse into the parabolic capillary discharge
channel with a flatter phase front assisted by simple vacuum
diffraction. In Fig. 8(a), we plot the normalized amplitude a
in red while comparing it to an identical pulse injected only
into an infinite parabolic channel. We can see once again
how the jinc pulse will undergo much more severe oscilla-
tions if the sidelobes are not removed. The energy content of
the pulse is plotted in blue and falls to about 75%. This is a
significant loss, however, the Gaussian mode accounts for
68% of the initial pulse. We are mainly losing energy from
the higher-order modes as shown in Fig. 8(b).

In Fig. 8(b), we show a modal decomposition of the
pulse during filtering, focusing primarily on m =0, 1, and 2,
and can see how the higher-order modes leak out, leaving
what is effectively just the O-th and 1st order modes. We can
extract the individual mode content numerically by exploit-
ing the orthogonality property of the LG modes

0.0}

n(z) = J (2, E)n(&) exp (—E)dE,

0

where a,,(z) is the individual mode amplitude coefficient and
the sum over ay is the total, numerical transverse lineout of
the PIC-generated pulse at peak field intensity.
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FIG. 8. A truncated leaky channel (rey = 2.25r0, ngijer = 10" cm >, and length of 16 cm), acting as a filter, precedes a parabolic capillary discharge channel
with ng = 3 x 10'7 em ™ and R = 1.1ry um separated by a 0.5 cm gap. (a) The laser amplitude propagating through the filter into a parabolic channel is in red,
an unfiltered jinc pulse propagating just through a matched infinite channel (black), and the energy content of the filtered pulse (blue). (b) Modal decomposition
of intensity. The color lines represent the fundamental (red), 1st (blue), and 2nd (green) higher-order modes on the basis of an LG decomposition. (c¢) The ini-
tial, unfiltered pulse profile (red) and the filtered pulse profile (black), where a, (0) = 0.5, ro = 53 um, Zg = 1.083 cm, and x = 2.74331.
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A comparison of the transverse profiles of the initial
(red) and filtered (black) pulses can be seen in Fig. 8(c). In
addition to filtering, the sharp cutoff of the filter leads to
strong internal reflection and mode excitation, which means
that even for a perfect, Gaussian pulse on entry, there will be
modest but noticeable generation of higher-order modes.
This can be seen in the transverse profile of the filtered pulse,
where it has small but long lived wings. Likewise, the sharp
truncation requires significantly long filters, on the order of
20 cm, before filtering out the initial higher-order mode con-
tent. This is challenging in present experiments, as
experimentally-demonstrated gas jet generated leaky chan-
nels are thus far at most 5-7 centimeters in length by
concatenating several such jets. However, if one was to use a
discharge capillary that was designed and prepared for
energy to be leaked out, then such long, sharply truncated
leaky channels could be realized.

A solution to mode excitation and slow filtering of the
truncated channel is to use a channel that is tailored to leak
out higher-order modes faster, as well as not generate them
as strongly. A simple analytical candidate for this is an expo-
nentially decaying parabolic channel, which comes about
naturally in the earlier evolution of a hydroshock generated
channel, which is visualized in Fig. 3. This can be seen in
Fig. 9(a), where a parabolic channel with exponentially
decaying walls is used to guide a laser pulse (red). Once
again, we compare it to a pulse injected directly into a
matched parabolic channel (black), and we can see the stark
difference in terms of mismatched guiding. The laser energy
depletion is similar to that of a sharp truncation. We are
using the same numerical parameters as in the sharply trun-
cated channel, except now the filter length is 6.5cm =6 Zp
and is characterized by k,orep = 3.86 and a slight channel
mismatching with R = 0.856r.

It has been found that leaky channels with steeper walls,
i.e., smaller than matched channel radii, e.g., Reir = 27 um
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for ry = 53 um, where R.¢; comes from the Taylor-expansion
of n(r) as seen in Eq. (3), both guide the main lobe and leak
out higher-order modes more efficiently. In this case, how-
ever, the effective radius approximates a mismatched plasma
channel, which here causes the pulse to focus. When
Reir < 19, we get greater leakage rates of all modes, which
leads to a faster filtering of the injected pulse, although steep
density profiles are more difficult to practically achieve in
experiment.

In Fig. 9(b), it appears that only a marginal amount of
higher-order mode content is leaked out. However, this
modal decomposition is done for the laser intensity and so
does not account for a change in sign in the individual mode
coefficients, which in turn minimizes the presence of side-
lobes. Once again, we see that the sidelobes, i.e., the higher-
order modes, are minimized when we compare the initial
transverse pulse profile to that of a filtered pulse, of Fig.
9(c). An important advantage of the exponentially decaying
leaky channel is that the simulated plasma filter is only sev-
eral centimeters in length, which has a notably faster filtering
in comparison to the sharply truncated leaky channel. This is
likely due to two factors: the effectively thicker wall of the
exponentially decaying channel reduces the leakage rate of
confined modes, but the negative density gradient outside the
channel effectively acts as a diffracting lens for the laser
content that has already leaked out.

VI. SUMMARY AND CONCLUSIONS

In this paper, we have investigated the application of
leaky channels to mode filtering non-Gaussian laser pulses
for potential use in LPAs. Realistic, experimental pulses are
super-Gaussian after pumping and focus down to a near jinc
profile with the sidelobes at focus. A jinc type pulse, which
can be expressed as a superposition of LG modes, leads to
mode beating and in turn to poor guiding, which can lead to
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FIG. 9. An exponentially decaying leaky channel (k,orep = 3.86, R = 0.856r0, nijer = 10" em ™3, and length of 6.5 cm), acting as a filter, precedes a para-
bolic capillary discharge channel with g = 3 x 107 cm™ and R =30 um. (a) The laser amplitude propagating through the filter into a parabolic channel
(red), an unfiltered jinc pulse propagating just through an approximately matched infinite channel (black), and the energy content of the filtered pulse (blue).
(b) Modal decomposition of intensity. The color lines represent the fundamental (red), 1st (blue), and 2nd (green) higher-order modes on the basis of an LG
decomposition. (¢) The initial, unfiltered pulse profile (black) and filtered pulse profile (red), where a, (0) = 0.5, rp =53 pm, Zg = 1.083 cm, and
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electron bunch loss in a laser-plasma accelerator. We have
demonstrated using the WKB method that we can accurately
calculate the leakage rate of LG modes. Likewise, we can
couple the WKB result via a leakage coefficient to the SDE
formalism that allows for us to accurately model the evolu-
tion of multi-mode LG pulses in leaky channels. The accu-
racy of the SDE method was verified by comparisons to full
PIC simulations. Numerically, we investigated both a sharply
truncated as well as exponentially decaying channels. Both
are able to filter out higher-order modes, but the latter is able
to do so more rapidly, especially when mismatched. The two
forms of leaky channels tested are based on laser-ignited
hydrodynamic shock expansion at different points of the
plasma channel evolution.

Implementation of leaky channel plasma structures and
potentially mode transforming filters to generate single-
mode Gaussian pulses have the potential to greatly improve
future LPA experiments that rely on laser guiding in para-
bolic plasma channels. Two specific examples were exam-
ined in which a leaky channel was placed immediately in
front of an idealized parabolic channel in order to improve
guiding (reduce mismatch, spot size oscillations, and
improve pulse evolution) in the parabolic channel. In the first
case, a 16 cm long leaky channel with a sharp truncation was
used. Matching in the parabolic channel was greatly
improved due to the preferential loss in power for the higher
order modes compared to the fundamental Gaussian in the
leaky channel. Approximately 75% of the initial laser power
was coupled into the parabolic channel in a near-matched
mode. In the second case, a 7cm-long leaky channel with
exponential truncation was used. Matching into the parabolic
channel was improved due to a rephasing of the higher-order
modes in the leaky channel. Over 70% of the initial laser
power was coupled into the parabolic channel in a near-
matched mode. This improvement in matched propagation
will greatly improve the performance of laser-plasma
accelerators.

In prior experimental work, leaky channels have been
produced in gas jet plasmas with lengths on the order of a
few centimeters. Longer channels may be created in capil-
lary discharges using laser-assisted heating.”’ A secondary
problem not considered in this work is the potential damage
by and containment of this leaked energy, as several Joules
of laser energy (for a GeV LPA) would be leaked into the
walls of a capillary based structure. Another possibility is to
incorporate a gas jet earlier in the chirped pulse amplification
process altogether. Placing a leaky channel immediately
after the power amplifiers, where the flat-top profile origi-
nates and a higher order mode content is primarily intro-
duced, but before compression, can take advantage of the
long pulse, low fluence properties of the laser pulse at this
point. Here, the laser pulse can be focused to a very small
spot size, thereby, shortening the Rayleigh length and so the
length of the filter, while also allowing one to completely
neglect plasma wake effects. This would have the advantage
that the filtered pulse would then put a lesser strain on the
compression gratings used in the amplification process, as
well as resulting in a more Gaussian pulse in the end.
However, the effect of long-pulse laser-plasma instabilities
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(e.g., Raman backward scattering) during uncompressed-
laser propagation would need further investigation.
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