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A nuclear reaction can bs divided into two essentially independent phases. The first
phase is the interaction of the incident particle (proton, nsutron, deuteron, ete.)
with the nucleus. This can lead to the immediate absorption of the incident partiocle;
or for sufficiently high ensrgies the incident nucleon can produse a number of high
energy nucleons through a series of individual mucleon-mcleon collisions. In either
case the mucleus will be left with a certain excitation energy. The sscond phase is
the degradation of this excitation ensrgy through the emisaion of musleons. This
phase can bs considered as independent of the first phase. That is, the mode of decay
- of the excited nuclaus bears no relationship to the mode of excitation except in so
-far as general conservation theorems hold. This conespt is based on the assumption
of strong interactions of short range between the particles of the nucleus. The
enérgy vhich is transferred to the nmucleus is quickly transferred through the nucleus
as a vholes and the nucleus must go through many periods of motion bafors enough
energy is again localized on a given particle for it to escaps. Bscause this period
of time before which a particle will be emitted occupies many nuclear periods, it is
assumed that any phase relationships which might have existed initially are averaged
out. Thus the nucleus "forgets" how it was excited.

The purpose of this paper is to investigate this seconid phase as it applies to

uranium, For a given excitation energy we will caleulate the mumber and kind of

- nucleons emitted and their energy distribution. To do this we will make use of the
existing theories on the enission or avaporation of nucleons from an excited nucleus.

11. E_._‘zgpggatgon Theory
A_‘I'ho purpoae of this ssction is to sketch m'iefly the theory of muclear evaporation.

I"or very low axcitation energies of the micleus, the nucleus possesses rather well
defined energy lévels which deéay by Y<ray emission. For high excitation energies,
however, the levels becoms very closely spaced with large widths and decay principally
by particle emission. For this region of closely spaced levels the basic approach
is to use statistical considerationé. One assumss the existence of the average
values of certain quantities over small energy intervals. It is assumed that these
. quantities will be slowly varying functions of the energy. This can be expected to
be so 4f the energy interval for averaging can be taken much smaller thafn the excita~
tion energy. Thie will be so.for a sufficilently dense distribution of levels. For
the heavy nuclel this would correspond to an excitation energy of about 10 Mev sbove
the ground state (or to an incident neutron of 3 or A Mev).

. a more thorough presentation of the materia.l of this section the following
re@eﬂnces can be consulted:
V. F. Weieskopf, Phys. Rev. 52, 295 (1937) -
V. F. Weisskopf and D. H, Ewving, mm. Rev. 57, 4724 935 (191.0)
K. Js LeCouteur, Proc. P).'N,B«.o 503 p y 498 1950)

'--s-. 2.

“4-‘.1-.'»

Sﬂ}HRHiNfOR _QN
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1 wu P(EMB r sent thé number of mxm;meﬁ‘of a muoleus in the energy mmrval

'} dB for an exvitation energy E. Tue principle of detailed balancing then yields the -

1 = amg of miﬁ‘beﬂ particle

follw‘.tng oqua.‘tian of the probability of the emission of a particle with energy

1. bem - end € 4d€ fram an exclited moleus with exoitation energy By«

, w(na,e)ae - v%—ﬁs €ae - | )"

=  DECLASSIFIED

| P A‘EL) - 1m1~aena1ty of the initial nmusleus

- PB(EB) = lavel demsity of the restdusl mncleus

| By ='nttta) excitation onergy

L FrB‘S By - B~ € = exoltation energy of residusl moleus
| B bmaing enarw ot emitted particle to initial mcleus
6 » kinat:c énergy cf emi tted partﬂ;cle ., P

BE %— oty €).

€428 +1 uhere S ta the aptn of. emttted partinle

(8 (EA' €) 1s the erons mtion for the inverse m'ocess; that 4s, the cross section

. for the abaorpwan of the same nucleon with erergy € by the mucleus B with excitation
: mrgﬁaﬁoyiela nugleus A with exeitation energy Ey e En ¢ B4+ €4 For € cfafem
- Mevy 0 may be taken o be the nuclear cross ssction = #R2,

-Having Fg. (1) ths problem 18 to relate P (E) to the speciffe nuclear properties. To

do this one must construct a-specific miuclear model and caleulate P(E). Hovever,

e [one ¢an proceed seversl steps further before specialising.
] s Antroduce the ﬁmm:s.om Samd T shich are defined by the equations

S(E) ] ,Qn E’(E) - . (2a)

..%. | ' (2b)

| = auaol@; witn themmamics we identify S with the entropy and T with temperature

€ + V vhere V 1s the potential

“Far oharged particles the faotor € is
bmi*er. "In that case € > V. . v -h
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of the mucleus. In terms of G Eq. (1) becones |
WEg € ME = vohEA) * SBBBlege,
NowBp =Ey «B=€ amd if €<< (B - B), ve tan expand Sp:

| SB(EB)'SB(E“B)'[—EEFEBE“B? 4 e (&) |
Neglecting higher povers of € and ustng Eq. (2b), this bacomss
| ' .. Sp(Bg) = Sp(Ey = B) = -?&-i-—:-é-)- o ‘ — (5)

Eaa'fB) bacomes then - - | : ; |
- | , Sy By ) = BulEs « B) |~ =75 .
Wy EME = : A? S_B(Av Veo TE-D e, ()

The ensrey spactrun thus exhibits the Maxvellisn form

- &
e Tde $

shere, however, it is to be no‘béd, the tempsratures is that of the residual rusléus
for an excitation energy (Ey - B). The above is of course only valid for latge..
excitation energles and small € . Yowaver, the contribution for large € is so zmall
that the above expression can be congidsred walid for all € for sufficiently large
excitation enargies. . : : -

It remains now to adopt a specific nuclear model which will relate S, T, and E. The
most usual model to adopt for the present purposes is that of the Fermi degenerate
 gas for the nucleus. The nucleus 1g regarded as being made up of a collection of
independent partislea moving in a potential well, which represents the average effect
of all rmcleons upon one another: The ¢ollection of particles is taken to be com-
pletely degenerate~~the mucléus is at temperature T = 0 in the ground state. For an
exaitation energy B, the relation between E and T 4s given by’ .

,_f% .2 A2.2 : .

-E',ET TT (7)
Azaﬁ
€0

where A is the mmber of muclear particlse and £ o 48 the Fermi energy of the d1stri-
bution. For the ground state, £, ~20 or 30 Me¥ vhich yields
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1 whish neme, by ustog Eqe (7)5

54 AVE - | ) (8)

"Summm Eq‘ (a) in‘bo Eqe (1),

T (e ne am“'SA(EA) ’\BVE‘L Be€ cqc . |  {9)

How hecausa of the radical on the exponent, Eq. (9) is rather troublesoms to handlej
on the other hand Eq..(6) 18 comparatively simple, Eq. (6) 1s valid for € << E, ~ B.

/| We:widl so evaluste the average snergy of emisgion € acsording to Eqe (9) in order
| vto ob’tainamtarion for the validity of Eq. (6) eia glven YW |

© g
- eu(e e

. 4 =B '
fs w(e)de
7 S ° . ,
‘and one obteins , L
‘ eﬁ 2TEA~B d—é- ——— “é a——" - tse (10)

/\132 AP VEy = B

viare TEAaB is tha tmperat\n-e of the vesidual muclous vith excitation energy

| By~ B ?orheavymwlei /\~2.0andthusfor T>1/2Mw,

521‘3_3 - ‘ v : (11)

For TE _,,B~l/2.EA”’1S Mav. Thus, ninoe € << Ep « B for Ep greater than 15 or 20

"ﬁw, EQ¢ {6) will gerve as an sdsquate representation of Ehe energy syectrun if we
. are m'imipany camrnea with Jm-ge axcitation ensrgs.es.

t

*. For the oase of charged particles € = 2T & v,
- **. Actually Eq. (6) Beens to be in better Mﬁtﬁ experinent for low excita~
ﬁon energles thm 4. (9} the move pagh’ ‘aaarion_. L

- -
-G -.’ B
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‘ energies.

1t s apparent in the above dimsiommt A 48'a fundamentel parameter

in the theory. Although the walue of A has been calculated theoretically, it is

| better for purposes of spplication to regard it as an empiricsl parameter to be fixed
by expériment. It is found, for instanee, for low excitation eergies that A2 does
not show the aimple variation with A that the theory indicates, although the shape

-of the energy spectrunm of emitted particles does a@ae with the Maxwellien form given

in Eq. (6). The ¥ulue that has been indicated for A2 for uranivm does agree approxi-

1 mately with the low snergy date and such hﬁ.gh energy data as is interpretable.

: Accuvaﬁ.nglyuuwin take the value of/\ to be given by

;zg—i-g_ | o (12)

for the very heavy miolet.

It has been indicatad in the previous discussion how the theory was to be modified
for the ease of charged particlesi The. height of the potential barrier is given by

.VQA‘%g' - i ' . (13)

) Kwaver, thare 1s some turneling through tha barrier when the energy of the charged
particles is less than this (€ < V). This effeoct can be taken into account approxi-
1 mately by defining an effective potential barriar which will be lower than that given
_ by Eq. (13). Letting the effective lmrier s V', then 4t can be shown that

v! SKV | ‘ (14)

- vhefe K= 0-‘7‘ for protons’

) o ® 0,77 for deuterons
a2 166 for alpha partieles
2 08 for 13
w16 for He3,

"Rédefining the' potential barrier in this fashion will yield a better value for the
. mrobability of charged particle emissions it will on the other hand leave the shape
of the low eénérgy end of the energy spéctrum of charged particles somewhat in error.

Am*bher effest of importance is the variation in height of the potential barrier with

excitation energy. For large excitation ensrgies, the potential barrier shows a

marked decreass in hsight, which increases the probability of c¢harged particle emis-

| sioh and shifts the energy spsctra of charged particles to lower energies. The effect

| seems to be marked for excitation energies as low as 200 Mey. However, since we will

b.tiziséomémd mainly with lower éxecitation mrgies, this effect will be naglected in
repar'a

A mra detailed ealculation ehows that A2 dapends also on the nsutron excess
- However, this does not change ths variation with A to any great extent. It would
also be expected to show a variation from even~even. to even-—odd for low excitation
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The pmbability of emission of a given kind of particle from an execited nucleus is
-givan by :

E,~B | | ‘
L - L' W(Ey, €)a 6 | (15)

[« traﬁsition probabillty (in energy units)
V' = sffestive potential barrier; for neutrons V' = O.

N

' Using Eq. (9), this becomes

; AA'% ‘SA(EA)*SB(R) o _ o ‘(1‘6)

 RaE-B-7.
The ratio of emission proba‘biuﬁies for two particles x and y 18

Ty vy A(ﬁ-ﬁ;) - o '
R oot o ol J | : | 17)
Ty SR
whers any difference betwaen /\,3x and /\p, has been mgleeted.

- If particle x is a neutron. and particle y a charged partiele thep, beﬁmae of the
coulomb potential, it will usually be true that R > 1. It is true that if a suf-
ficiant difference in binding energies exiaﬁed then R could be less than 1s

Eqe (17) has been plotted in Figs. 1 _and 2 for the ratio of neu:tron emission to that
of protons, deuterons, alphas and He? and for the two eases A = 238, 2 = 92 and
A =228, 7 =92, The variation of the potential barrier with excitation energy has
been neglected. The inelusion of this variation would have a marked inﬂuame on
| these ratios above 200 Mev exeitation ensrgy.

For thase values of A and Z the ratio of neutron emission to charged particla enisaion
i3 generally >> 1 for not too large excitation energles (<200 Mev). However, it is
also true that as A becomss smaller for s given Z and a given excitation energy the
charged particle emission becomes more and more probable. If A is reduced sufficiently
for constant 2, vharged particle emission will become more favorable, since the binding
energy of the neutron will be constantly increasing while that of the charged particles
will be deereasing. -

For 0238 it can be concluded that for not too high excitation ensrgies, only neubron
emission will effectively take place. A more quantitative. oriterion for this can be
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obtained easily. An examination of the bi.nding end )
A (constant Z = 92) shows that the effective binding ens - (bindmg energy and
coulomb barrier height) of protons énd alpha particles does not become equal to that
~ of the neutrons until A is about 224. This is 14 neutrons less than natural uranium.
Now the averape binding energy of noutrons in this region is about 6.5 Mev and the
average kinetic energy carried out dy a neutron is about 3 or 4 Mev for excitation
efiergios of the order of 100 Mev. Thus if the excitation energy 1a 14 x (6.5 ¢ 3.5) =
140 Mav, we oan expect that the prineipal contribution to particle emiselon will be
noutrons and that we can safely neglect charged particle emission. Since we can
expect a spread about the average mumber of neutrons emitted, a more reasommble
eriterion on the excitation energy for considering only neutron emission. 1s 100 Mev.

To sum up the above considerations, the picture of particle emission that is indicated |
is the following. Foer not too high excitation energies—-gay of the order of a few
hundred Meve—uranium will first emit a sequence of noutrons. After this initial
sequence of noutron emispion, charged particle emission besomes favorable and the
remaining excitation energy will be degraded through charged particle and neutron
enission together. This may be a sequence of alpha particles or a proton-neutron
sequence. The general course of this émission process is sketched in Fig. 3.

(A) Before considering ths detailed solution of the problem, the average mmber of
nsutrons emitted from uranium, neglecting charged parbicle emission, will be
caleulated. ,

The avorage change in excitation energy of the mucleus when a neutron is evaporated
4is given by :

L.2T+8 | (18)
and since

E = -%%Te KATZ',‘

% ® e@T %.E- + I;’C'i’.. (19)

Combining Eqs. (18) and (19),

A, T .. 20
A Be2T -RT? : (20)
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| The solution of Eq. (20) is
[x -zT -3 (t -x) ‘C’+y) AR 1)
|_1:"c'22 21’ B 7

xa.:ﬁx:ﬁ..l 5 T, = initisl temperaturs

y,.m-z, 5 A =Mtia1massmn‘5w.

For ’L" = 0, Eq. (18) yielda the mass number of the final nucleus. For this case .
Eq; {21) becomes o

,.ﬁﬁ(tia oT B((T } - }35
Ap B ) 0 } Lo 'C o +y
For K~ 1/10 and B = 6 Moy, the average number of neutrons evaporated is giwn in
the following teble. It will be noted that the mverage mumber of neutrons boiled
off L& not quite proportional to the excitation energy but increases somawhat less
rapidly. The average mumber given for E = 200 4s not to be taken seriously since
charged particle emission would 'oake place after the initial sesquence of neutron

mpoz*ation. :

(B) The distribution in nutber of evaporatad neuf.rons and their energy distribution
| for a given initial excitation energy will now be galculated. Instead of an analyt-
ieal treatment of the problem, the ealculation will be done using the Monte Carlo
method of solution. We will sonfine ocur attention to exsitation energies of 50 and
100 Mev so that charged partisle emieaigm ean be neglected..

For the Monte Oarlo method for this problem one follows the sequence of neutron
evaporation in detail. For a given excitation ensrgy, the energy that the first
noutron carries off is determined directly from the probabﬂiny distribution of
emisgion energies (Eq. (6)) by a cholce of a random number. This energy is noted.
Then for the residval nucleus, the excitation energy is E ~ B -~ T vhere T is the
kinstic energy carried off (we are using T instead of € in this section). Then

the kinetic energy of the second neutron is determined as before. One contimues in
this fashion step by step unt4l the excitation energy is insufficient to emit another

=&EC .
SECURITY lNFORP»“ATI@N
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nsutron (E< B)., This whole process is then ropeatad '. times as neceasery to
obtain good statistics on the distributien in ramber and snargy of the emitted

neutrona .

This mode of ealculation will now be discussed in detail. ‘l‘he amg diatribution
for neutrons evaporated from a nucleus with excitation energy E is given by

Te-%d'it‘

where T is the neuﬁ*on energy
tion energy E - B (p. 3).
of this equation is

and T 48 the tempsrature corrsapending to the excita~
For large enough excitation energies, the normalized form

o P(T)ar = & o “F Qg-" | - S (@)
which can be written as | o
.P(t)ax =z g% ax ,

T
The probability that x ldes betwesn %y and X443 18

A o

X141 '
Pi. ﬁ"/ X ‘eﬁx éx »
x4

Dividing the total range of x into incromesnts X = Kqo x2 = %y9 X3 = Xps wesy
Xy4q * X{s e+vy Gne-can associate a P, with each incremsnt of x. We gay then that
the pmbabﬂi‘by of havdmg the valus of x equal to

,{;.sﬁ.lﬁ..; 15 Py o

At'this stage a comef'xondame between the integers 1y 25 35 son » By sss o N axd
the 2,_'8 45 ‘wade in the following mammer. Starting with Xor ond associates the

fiz*at nﬁ mﬁegers with Xqs Where ng, 1a chos‘an to be proportionai to Pge Ths next
thé parti 6aﬂa at hami, we ehose t‘ha smalleat valua of x3 to b O..l, and the

smauaat undt af m‘o’babni to be 0.1, This is consistent with limiting ourseives .
to the first 100 dntegers (N = 100)S=The oomspondm&a botwosn these Sm.egara and

the x;'s 1g givendn 'l‘a.ble I. :

. x ¥

P * _“. '- oy

ks 3 '\\_j s
- b
d

x=% . . - ~ (24)

\

. Ecungg@gMAmN

“ ey X4 4'
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noutron (E< B). This vhole process is then repoated as hsny. timas as nesessary to
obtain good statistics on the distribution in nmumber and energy of the emitted
neutrons. L . S .

This mede of ealeulation will now be discussed in dotail. The energy distributicn
for neutrons ovaporated from a nucleéus with exeitation energy E is given by

T;%’cﬁ' | S

vhore T is the neutron encrgy and T is the wnparatm eori-eapbﬁdihg to ‘bhuc:"wita--
tion energy E - B (p. 3). For largo enough excitation energies, the normelised form
of this equation ia 4 - .

S P(ﬂr;)dh%;%%,'
which can be written as -
Pixlax = x 0 * ax ,
’ T

E
The prodability that x lies betwoen xy and x;4q a8

* .

- {23)

(24)

Dividing the total range of x into inoremonts x; = X, x2 “ X4y Xg = Xpp veey
R34 = Xgs e+v) ONG 0GR associate a Py with cach incremont of x. Wo sy thon that
tho probability of having the valus of x oqual to ‘

o am.
):‘Qk?iﬂ 15Pi .

At this stage a corvospondence betweon the intogers 1y 2, 35 ees » Byy pop o ¥ axfd
the siy's 48 'mado in the following mammer. Starting with x,, ond associates the
firnt ny intogors with x,, whore n, is chosen to b proportional to Pye Tho noxt
m dntcgord aro associated with By, whero m is proportional to Py, and 46 on. For
tho partioules ¢as0 ot hand, wo chooe the smallost valus of xy to bo Oy ard tho

goalloot undt nf)pa-obabm? to by 0,1, This 15 consistont with limiting ourselvon
to tho £irot 200 intogors (N = 100)5xThe eorrospondomes batwoon thoso intogors ard
tho x;'s is givon dn Tablo I. . == A :

1
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emoitaticm energr E+ Sineo R

i

this is easily accomplished and the nomograph is given in Fig. 4. Thus, if ono lmows
x and B, T i3 found by laying a straight-edge across the figure for a givéen x and B
vhich then seleots the proper T.

In construoting the nomograrh wo have taken the average value of B which is given by
6.3 Mav in this region. A is defined by

£e5-4

vhere we choose A = 233 as representing the average valus of A,

With the correspondence between the x3's and the integers ostablished and tho nomo-
graph preparsd, the neutron spsetrum ¢an be solved for. We will start with the

i.ni.tial extoitation energ'#wo ¥Mav, We now seldct from the group of integers one of

them in a random fashion. This will corrospond to a cortain x. For this x ond

E = 100; wo determine Ty from the nomograph. This 1s the onergy with which the first

neutron iz boiled off. This is noted. Tho exeitation onergy for tho rosidual

auolous 48 now E = B « Ty, Wo melect another mmbor in a random fashion which gives

us another x. For this x and the oxcitation emergy E - B - Ty, wo can determino T,
This noted, and the excitation enorgy of tho rosidmal mucleus 48 E - 2B - Ty « Tye

We then procesd until the excitation enorgy is too small to boil off another neutron.
We will have obtained them the number of neutrons boiled off by this nucleus and the
enorgy of each neutron. 7This whole proesss iz thon repsatod for another nucleus with
100 Mav axeitation and so on. It was found necomsary to repsat the process about
200 timos to obtain adequate statiastics.

Plgs. 5 and 6 give the distribution in mmber of neutrons ovaporated for excitation
energles of 50 and 100 Mev. Fig. 7 gives the distribution in kinetic energy of the
noutrons for excitation energies of 50 end 100 Mav. The curves given in Fig. 7
reprosent a loast square fit to the data.

It was poted that if the neutron energy spsctrum for excitation emergies 50 and 100
Mav ware plotted on the same graph as functions of x = T/T,, vhore T, is the initial

tenparature, the two spsctra were similar. This is givon in Pig. 8. It is not known
at the msant time whothor this is accidental or not. Howover, this suggests that

# mandm, M. G.,Tablos of Random Sampling Fumbors, London University, Depte of
Statiptions, Tracts for Computors, No. 24 (1939)
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in the region of excitation anorgies of 50 and 100 Mév,“the neutron ohargy épanti'a
can be considered as a fumetion of x = T/ 7T, o 0NV

The distribution in £inal excitation ensrglos (E< B) is given in F:lg. 9 T!ﬁa
distribution may be of assistancs in determining the probability that the final
mcleus fissions. It should bs recognised however that Mdcause of the approximn
tions made and inadequacies of the theory for low excitation energiss, this diawbu-
tion in final oxcitation energy nay ba considorably in orror. .

It should be noted that the great simplicity of this treatmont was made posasible by
two faotors. The first is that the energy distribution of avaporated neutrons gould
be writton as a funotion of (T/7T) and secondly, that T did not vary from muolous
to melaus in the evaporation chain (an averago A and B was taken). Those two
factors mado it posaible to set up the probabdlity distribution and the nomograph
for all nuclei. If this had not been the case the problem could still hawve boon
solved by the Monte Carlo methed, of coursas, but not with the gamo dispatoh.

!

The mothod muld now be extendsd. to take into accomt chargcd particlie emlsaion. It

i3 only necossary to establish at each point in the soquones what typo of particlo is

emdttcd. This is done by caleulating the emission probabilities (Eq. 16) and then

~ deciding by s cholce of random pumbers what typs of partiolo is amitted at cach stap.
Excopt for this modification tho procedure 18 tho gamy as bofors. Tho prinedpal

difriculty facing this procodurs at the moment :La lack of knmﬂadge of the binding

energlon far off the rogion of stability (Fig. 3).

Another point to considor ia that fission may algo play a role m thase eonsﬁom-
tionas. This could be taken into account oasily emough if ono know the fission
probability as a funetion of excitation enorgy. This of cowrsme 1o not knowm. Magh
probably, howevor, fission wlll only play a role for the lowor axcitation onorglos.
This would have the effact of modifying the low emdrgy ord of the njutren spiotrim
on Figs. 6 and 8, by reduoing the contribdution from the ovaporatien precosa ond edde
ing to it tho contribution from the fisoion procsss, The high endrgy ond (to tho
right of the pask) would romain essontially the sams.

Pinally, it should ba notod that those quantitative rcaulta mmt b cmpemd ‘
diroctly with oxporiment (owcopt in a qualitativo way). It would first bs nocossary
to analyze tho first phaso of the mucloar rosation=eiso., tho intorastion of ¢thoe -
inofdort partielo with tho nuclous. This would lead to an cxproasion for the dio-
teibution in exoitotion anorgy of the muelous. That rosult combdncd with tho- abovo -
rosults would lead then to a completo doscripuon of the nualoar reastion.
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ENERGY SPECTRUM OF BOIL-OFF NEUTRONS -

- A-50 MEV EXCITATION ENERGY; E = 2.05 MEV

20— B- 100 MEV EXCITATION ENERGY;E =3.04 MEV-‘

r/j’ -

AREA UNDER EACH CURVE IS PROPORTIONAL L=
TO TOTAL NUMBER OF PARTICLES EMITTED =
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ENERGY SPECTRUM OF BOIL -OFF NEUTRONS
PLOTTED AS FUNCTION OF x=%

To =INITIAL TEMPERATURE OF NUGCLEOUS

CURVES NORMALIZED TO UNITY o

A. 50 MEV EXCITATION ENERGY

B: 100 MEV EXCITATION ENERGY.
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