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Abstract 

The Lighthill transformation is used to calculate limiting rates 

of mass transfer to a rotating sphere on the basis of shear-stress calcula-

tions found, in the literature. . 
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Chin has recently 1  calculated rates of mass transfer to a 

rotating sphere on the basis of calculated velocity profiles from the 

literature. Near the poles of the sphere, the situation is essentially 

identical to a rotating disk. Chin has calculated also the next term in 

an expansion for small values of 0, the angle from the pole. He takes 

the Schmidt number to be large, a good approximation for electrolytic 

solutions. 

This is an excellent situation in which to use the Lighthill 

transformation 24  to calculate the mass-transfer rate at angles 0 which 

need not be small. For high Schmidt numbers, the diffusion layer is much 

thinner than the hydrodynamic boundary layer, and the shear stress or the 

velocity derivative at the wall 

= _~_r r r 	 (1) 

provides sufficient information about the velocity profiles to permit the 

calculation of a first approximation to the mass-transfer rate. For 

axisymmetric bodies, this result takes the -forTn4  

icD.c ,q/1 	X 	
11/3 

s.r(4/3) 

/ L9  J•' 	dx] 	, 	 (2) 

where x is the distance along the electrode from its upstream end, 	x) 

is the normal distance of the surface from the axis of symmetry, and s 

is the stoichiometric coefficient of the limiting reactant in the 

electrode reaction 
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Z. 

EsM ' 	ne (3) 

Thisresult applies at high Schmidt nuibers to the limiting 

current,density in  when the effect of ionic migration on the limiting 

reactant can be ignored. 	Thus, the concentration of the limiting reactant 

is zero at the electrode surface and equal toc 	in the bulk solution out- 

side. the diffusion layer. 	. 

For a sphere, 

r 	sin 0 	and 	x= rO 	. . 	 (4) 

if we define a dimensionless shear-stress distribution B(0) according to 

B(0) = 8vu/2/rl13'2 (5) 

then equation 2 can be written as 

2rs.i 	. 	 . 	 1 1 2 	1/3 o i n 	2/B sinO Re 	Sc 

sine sin 
, 	 (6) Nu(0) 	nFDc 	

= r()[9 	/B 	0 do] 1/3 

where Nu(0) is the local Nusselt number, Re = r 2  li/v is the Reynolds 

number, and Sc = v/D. is the Schmidt number. 	For an electrode extending 

from the pole to the angle 0, we can define the average Nusselt number 

NUavg analogously in terms of the average current density. 	Appropriate 

integration of equation 6 yields 
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31/3 Re  1/2 1/3 1 0 	2/3
Sc 

NUavg = r(4/3)(l-cose) 	{fv'iino sinO dO] 	 (7) 

Banks 5  has solved the boundary-layer equations for a rotating 

sphere and expresses the shear-stress distribution in an expansion for 

small 0: 

B(6) = 0.51023 0 - 0.221296 + 0.02071 0 - 0.00189 0 	(8) 

Manohar 6  has solved the boundary-layer equations numerically and gives 

a graph of the shear-stress distribution. 	His results should.be better 

than those of Banks when the angle 0 is not small. 

On the basis of these results, we have expressed B as 

B(0) =0.51023 0 - 0.1808819 63- 0.040408 sin 3O 	, 	(9) 

as shown in figure 1. For small values of 0, this reduces to 

B(0) = 0.51023 0 - 0.22129 	+ 0.020204 0 - 0.00438 6 + O(0) (10) 

and approximates well Banks's expression 8 for the first three terms. 

Figure 1 can be compared with the graph given by Manohar. 6  

The local and average Nusselt numbers are now obtained from 

equations 6 and 7 by carrying out the integration with B(0) given by equation 

9. The results are shown in figure 2 along with Chin's result for the local 

Nusselt number. Chin obtained correctly the first two terms for the local 

Nusselt number in an expansion for small values of 0. However, he predicts 

too high a mass-transfer rate near the equator of the sphere. Thus, his 
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Figure 1. Dimensionless velocity derivative on the surface of a rotating 
sphere. 
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Figure 2. Local and average Nusselt numbers for a rotating sphere at high 
Schmidt numbers, calculated from the shear stress results of 
Manohar. The local Nusselt numbers obtained from Chin's analysis 
are shown for comparison. 
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value of 0.474 for Nuavg/2R! l/2sc 1/3  for a sphere or a hemisphere should 

be replaced by the value 0.4508. 

• 	The boundary-layer results do not predict that the shear stress 

goes to zero at the equator, as it must. 	Thus, there must be a small region 

near the equator where B goes from the value predicted by boundary-layer 

theory to zero at the equator itself. 	This will lower the mass-transfer 

rates predicted for this region. 

These results can be extended to metal deposition on a rotating 

sphere at the limiting current from a solution of a single electrolyte by 

redefining the local Nusselt number as 

•(l-t)2ri 
Nu(0) = 
	zFDc 	 (11) 

Go 

and replacing the Schmidt number by Sc = v/D, where 0 is the diffusion 

coefficient of the electrolyte and z 	and •t 	are the charge number and 

transference number of the reacting cation. 
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Nomenclature 	 • 

B 	• dimensionless velocity derivative at the surface 

cco 	 bulk concentration of the limiting reactant, mole/cm 3  

D 	diffusion coefficient of single electrolyte, cm 2 /sec 

D. 	diffusion coefficicnt of limiting reactant, cm2/sec 



-8- 

e symbol for the electron 

F Faraday's constant, 96,487 C/equiv 

i n  limiting current density, A/cm2  

M1  symbol for the chemical formula of species i 

n number of electrons transferred in the electrode reaction 

Nu(0) local Nusselt number 

Nu a'ierage Nusselt number avg 

r radialdistance, cm 

radius of sphere, cm 

Re . Reynolds number. 

normal •distance of surface from axis of symmetry, cm 

s 1  stoichiometric coefficient of species i in the electrode ieaction 

Sc Schmidt number 	. 	. 	 . 

t •cation transference number 

v0  velocity in the O-direction, cm/sec 

x distance along electrode from its upstream end, cm 

21 charge number of species i. 

velocity derivative at the surface, sec 	. 	 . 	 . 

(4/3) 0.89298, the gamma function of 4/3 

0 angle from the pole of.the sphere 

v kinematic viscosity of the fluid, cm 2/sec 

rotation speed of sphere,. radian/sec 
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