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INSTABILITY OF AN ALTERNATING- CURRENT POSITIVE COLUMN
: IN A MAGNETIC FIELD*

Henry F, Rugget- and Robert V, Pyle
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University of California ' ' S
" Berkeley, California S ~ -

October v31. 196‘3\ ’
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ABSTRACT

The positive column of a glow discharge in a magnetic field is I;nown to
become macroscopically unstablé at some critical x‘nagnetic/ field. The driving »'
mechanis;n proposed by Kadomtsev and Nedospasov for the growth of a hehcal
(m = 1) perturbation is such tha.t the periodic reversal of the axial electric’ fxeld
at a £requency greater than a critical frequency would be expected to lead to
stability. This critical frequency is expected to be approximately the e-folding
rate. An experimental study has been made m dc and half-wave rect).fxed-
current diachargea and in square and sinusoidal ac glow discharges in dz. D2

5e$-

e ‘He, Ne, and Ar at frequep;:ies as hxgh as 70 ke, Over a wide range of ;frequenmes o
the half-wave rectiéied discharges yielded iﬁsiabilities whose onset and helical "
nature duplicate’d"thc.o,ae of the dc cases. However, the instability in the ac |
discharges was indeed suppressed as the freqﬁancy of electric field reversal

was increased. The frequency-dependent‘auppréssion of the instfibility is com=
pared with theoretic#l growth rates.” The effect of including several m modes is
calculated and good Qu'alitat_i\\'re agreement is obtaine‘d_ with the Kadomtsev and
Nedospasov model. | 'However.v better qua.ntitative agreemeﬁt is.obtr;xined}when the
Johnson and Jerde modification is employ‘ed.\' |

4.
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-ferent assumed distributions and boundary conditions.
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1. INTRODUCTION

In 1955 Bickerton and von Engel investigated the positive column of a
helium discharge in a longitudinal magnetic field, inak‘mg the Aischarge long
enough to avoid end effects. ! The maximum field strength was approximately
600 gauss,{}. As the magnetié field increased in strength, the loss of charged
particles to the wall, and henée the electric field necessary to maintain thé dis~
charge, was observed to decrease monotonically, as expected. This work was
extended by Lehnert? and Hoh and Lehnert, 3 who ééplie;.d larger ;na.gneti.c fields
in a similar geofne_try-. Above a critical magnetic field‘. BC. the ég;ial eléc;ric
£:1eld increased markedly, indicating an increased loss of pa.rticlesv.to the wall. -

Extamination of this phenomenon by Allen et al. , 4 and by Paulikas iand
Pyle, 5 showed that at Bc a macroscopic instability appears in the coblumn:i,“
transforming the azimuthally .symmetric discharge into a rotating helix, The
rotational frequency and wavelength of the helix as well as the critical magnetic
ﬁeld_ strengths were documen;ed as functions of the discharge parameters,

The generally accepted theory has been given by Kadomtsev and Nedospasov
(hereafter referred to as K-“N). who considered the growth of a screw-shaped
perturbation superimposed on a stationary electron density and potential distri-
bution. 6 Using the same bé.sic model, others have investigated the effect of dif-
7-9 "

According to the ‘K-N model, .the driving term of the instability is such
that one would expect that .the inétability could not grow if the axial electric field
were reversed at a sufficiently high frequency, for example before the perturbation
could more-tha\n e-fold. Because the growth rate of the instability increases with

increasing magnetic¢ field, we would expect that higher and higher reversal fre-

quencies would be required as - B becomes larger. Our experiment documents

K
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the onset of the instability as a function of the discharge parameters, including
the ac frequency. Sine-wave and square-wave currents were employed, the
latter being most amenable to a theoretical coméarison, i.e., producing a dis-
charge in which the plasma ISa.krameters (except for the direction of the electric
field) are approximately independent o_f time., A compa}rison is then made be-"
tween expefime;mtal results and quantiﬁ'es calculfzted from the dc theory of
Kadomtsev and Nedoépasov and a moslification‘ of this theory by Johnson and,
Jerde (J-.J). 8 |

The basic mechanism may not be restricted to a positive column. Simon
and Guest have shown that instability can develop ir\x the absence of an externally
applied electric field, because of unequal strea.niing rates of ions and electrons,
in the direcfion of the magnetic field. 10 Since the proposed instability mei!ghaniam
is not very sensitive to the degree of ionization, Hoh suggests it may also ée
operative in highly ionized plasmas such as those in the Stellarator and Zeta
machines. 7 The applicability of the model to fully ionized gases has also been -
demonstrated by Lehnert, 1_1 . Similar instabilitiecs have been observed in a highly .
“ionized cesium'pl_a.tsma.12 aﬁd in the electron-hole plasma of a semiconductor. 13
The theory of the latter has been given by _Glivcksmavnf 14
| Previous ,ac glow-discharge work in this fréquency_range (below 100 kc)
is very Sparse;‘ a fairly complete summary of the existing information is!given by{v

Francis. 15

'
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II. THEORY
Thé axial electric field in é. uniform steady-state positive column is‘
such that the numEer of clectrons and ions produced per second e;cactly balances

the loss rate to the walls. Making the usual assumptions, 16 the radial density

distribution is given by ’ .
a(r) = n(0)J (-Z-—f*- r\g X TS
0 R, / F ;. _

The ai'gument of the Bessel function has been determined by assuming the Schottky
condition (a = 0 at the wall), Similarly the potential distribution as a function of

radius is given by

| ' 2% T+ ) :
1 Bl = -
S <*‘- T, > Y S
Vi = — e (&))@
1+pr B v B

In thé above expressions b, are the electron and ion mobilities at B =0, R is
the. radius of the discharge chamber, JO is the zero-\order Bessel function of the .
first kind, V, is the electric potential, and T is temperature.

| Kadomtsev ?nd Nedospasov uise a p_erturb‘ationk analysis in the approximation '
that Q_ 'r.__'> >4 >'> _Q+7+, D+ =0, and 1/7+ > > w, where 3'2:E and‘.'r;i‘ are re-
spectively the ion and electron cyclotron frequencies and the mean times between

collisions with neutrals, w is the frequency of the oscillations, and D is the

~ diffusion coefficient, They assumed perturbations of the form

n(r,t) = n(0)7, [ (2.4/R)r] + 0,7, [(3.83/R)r] oH{MFhz=ct)

NE

and

Vir,t) = V(r) + VI, [(3.83/R)r] o} lmerka-t). @
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Expressions (3) and (4) were inserted in the equations of motion and continuity |
for electrons and ions, the resulting equations were lineariZed. ;xﬂmulfiplied by
weighting factors 11(3.83 r/R), and integrated over r to obtain the dispersion
relation for the frequency w as a function of the wave number, k = 2n/\. The

kN

real part at B = Bc is given by : | | e .
Re(w) = [ 3u,D_(3.83/R)]/Lp_(2_7_)] (0.6 # x%) . - (5)

The expression for the ima.gix;a.ry part of w, is .

\2 D.
3.83 - 1
Im(w) = ( R ) T T B \Z 2 p 292
~ (2 7). [0.33 - 4ty kT - R
) y - - ( -'r_mp+ * y * 679 By 3.83

- {~ m-%i:zsyji xt o2 _y)xz. ._o.iz@:. %éi‘-é) - 0.6(1 +y) + 0.2xyv'm % } ()
where x = kQ_ 7_R/3.83, v*? v_zR/2.4D_ , and y = (p+/p~) (Q_'r_)2 . The |
instability grdwth rate-s that are giiren later in this paper were calc'ulated‘iromj:‘itc-;
Eq. (6). For stability we have Im(w)<0. | )

The si}gn of the right side of Eq. (6) depends only lon the terms in the braces.
Instability will occur whehl the driving term that contains the léngitudinal electric
field [v* = p_E.zR/Z;‘}D_] ﬂexceeds the four stabilizing terms. Note that the last
‘term can always be positive, independent of the direction of Ez. because x(k)
can be positive or négative. Equation {6) shows that ‘aix instability can occur only
for m > 0. ' A qualitative picture of the onset of this instability h'as been given by
floh and Lehnert, who discussed the charge separation and drifts of a screw-

shaped (m = %) perturbation. _7‘ 17 .
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, The choice of Vi(r). which leads to V,(R) = 0 at the wall [Bq. (9)], was
"made to simplify the calculation, é.lthough it was known to be physicaliy unrealistic,
Hoh haé é.ssumed a squared-parabolic density distribution, which is very similar
to the K-N perturbed distribution, and has showed how the perturbed radial po-
tential can be related to the perturbed density. 7 The resulting value of Vi. is finite
at the wall, thus eliminating an objection to the K-N analysis. Hoh obtained values
of Bc quite close to those calculated from the\ KeN theory.

| Johnson and Jerde have attempted to p\lxt the K-N analysis on a firmer physical
and mathematical basis by iﬁcluding the éffect of thle m‘agneticlﬁeld on the ions and

solving the resulting equations rigorously. 8 No assumptions are made regarding

the form of the perturbed radial density distribution or the potential distribution,

“

0 i

reproduce here and the reader is referred to Reference 8. They obtained an ixifinjte

except that n, and n, are zero at the wall, The formalism is too complex to’

determinant of eigenvaiues, w(k), for the diépersion relation, of which only'the first
term is retained to give ar; approximate solution. They were unable to show the con-
vergence of the whole series, but estimated that the next-ox;der terms amount to
about a 6% correction. The effect of including thelé% correction terms would be to .
reduce slightiy the calculated Qalues of Bc. They obtained a density p‘erturbatién
identical to that of JKadomfsev and Nedospasov, but their perturbed potential has
the form J’i(3.831"/R)/J0(2.4r/R),'which is finite at the wall, |

Ecker has treated the problem of the critical magnetic field9 by a method
similar to that of K-N, However, he avoids the'uaé of a2 weighting factor for
averaging and applies the physically .meaningful boundary conditi.on that the positive
and negative particle currents must be equal‘ at the wall. This prescribes the po;-
tential gradient at the wall, Intré_ducing different forms for "the trial solution, he

demonstrates that the critical magnetic field is quite sensitive to the trial function.

[
1
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III. EXPERIMENTAL PROCEDURE

The experimental arrangement is shown in Fig. 1. The disch;rges were
produced in Pyrex tubes 306 cm in length and 1.27 and 2,75 cm 11;1 radius, Electrodes
containing tungsten filaments were inserted in each end of the tube and were run
space~charge limited. Two \;aria.ble-frequency ac power sources were used_ in‘v.
the experiment., One was a 5-kW sine-wave oscillator that could supply 100 mA i
to 2 A rms in the frec}uency range from 7 to 70 ke; the other was a square-wave
amplifier that ‘produced 100 mA to 1"A in the frequency ré.nge froxl'n‘O to 50 kc.
. Thje maéhetic field was provided with ten water-cooled coils v9‘—in. ‘i.d. and 6 in,
wide, spaced 2.25 in."apart to permit space for streak photography and photo-
;xmultiplier monitoring of the plaéma. >T1:1e field strengths ;ould be continuouéiy"
varied fzjdm 0 to 7 kG, The base pressure of the vacuum was 10-7 mm Hg, and
gases were continuously bled through the tube durix;g an experimental run.ﬁ Prior’
.to a run the tube was cieaned by flushing the gystem with: the proper gas and L
‘running the discharge for a few hours. |

Two Langmuir-type wall probes were used to monitor the axial electric
field. They xl;vere 20 cm apart-and were m‘iide from 0.5-mm-diameter tﬁngsten
rod protrudin‘g approximately 1 mm'into the discharge. The probe signals weré
amplified in a high;gain differential preamplifier anci displayed on an oscilloscope.
~In addition, the ciifferential signal was rectified and the amplitude was plotted on_
an X-Y recorder as a function of magnetic field strength. The total voltage across
the tube and the discharge current were éontinuéusly x;zonitored on an oscilloscope,
the current being kept constant during an experiméntal run. The total voltage
across the tube vs magnetic field could be plotted on the X-Y recorder in the |
same manner as the probe signals. Space-iand time-resolved information on the
luminous structure of the plasma were obtained with stereo rotating-mirror
.streak-ca’mer.a pho;pgrap};a; The time-varying light intensity was mor':itored with _
a photomultiplier and the signal displayed on an osci.lloscope. This .e;}abled us to

determine the wave shapeé &f 18 émitted light below the critical magnetic field
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for compariaoﬁ with the tube voltage and discharge-current wave shapes. The
onset of the instability could be seen quite plainly as a sharp increase in the light

intensity, and was accompanied by a signal at the rotation frequency of the spiral.

~IV. RESULTS
After ma}cing the qualitative observation that the critical magnetic field
indeed increased as the discharge fréquency.im’:rease_d, it was necessary to do
some auxiliary expériments to lay the ground work for a quantitative comparison
: _ o, B ‘
~ with theory. -Measurements of critical magnetic field and rotat‘iohv frequency were
| obtaw;.ned in dc disclluarge as a kunction of gas, tube radius, andlp'ressu,re; these .
measurements agreed very well with previous results. 3 |
Flectron temperatures just below the critical magnetic field must be known
in order to calculate properly the onset of the instability, because Bc i'si.quite
~ sensitive to Te ~— approximately directly proportional. Previouq e_xperi‘x"nente;sb
vwho have compared their results with the K«N theory have used temperatures
that were calculated from the electric-field values at B = Bcf 2,3 or were
calculated from the modified Schottky theory, 2 or have been extrapolated from .
previcus experimental measurements at B = 0, 6 In the present work many tem- |
perature measurements were ixiade‘ with single and double probes in niagnetic fields
slightly weaker than the critical magnetic field. Theae values agreed to within
10 to 20% withl calculations from the modified Schottky theory; the uhcertainty in
B shoulé be of approximately the same magnitude. The ff{b'&'iufi»éd“Séhotfky' |
theo-r;r is used m lat;r caiculations for simplicity and consistency. -~
The question éa to whether the ac coiumn can be described prope'rly by -
the dc theory must Be considered. The ac case is very complex, but some in-

sight can be obtained from a comparison of the electron density and temperature-

relaxation times with theAperiod of the applied ac current. For ex'a.mplg.' if the

€t



-8« UCRL-10698 Rev.
half-cycle time is much larger than the relaxation times we have a quasi-
stationary state, and the K-N (dc theory) results are directly applicable. In

"the other limit, at very high frequencies, the stationary solution of the column
gives a practically time-independent density distribution that is very close to t;he

Bessel-function solution for the dc¢ ‘case, J0§Z.4r//R). Here, the relation be-* '

tween the effective electric field and T_is more coxriplicated than in the dc
column, but the necessary conditions for the in;tability mechanism are met an‘d_
the K-N model should again apply. \

In our experiments, the oscillation times are often coinparable to the
ambipolar diffusion times at magnetic fields close to Bc‘ ’ For square-wave |
currents, the density distﬂbution cannot change appreciably during the short
time required for current reversal, and the dc theory should apply. In the
sine-wave case wé can expect the K-N ana,lysia to be at least semiquantit}ativelr
correct, but appeal to the following auxiliary experiment to reinforce this'con-
‘ clusion. | |
We investigated experimentally whether the c:.ritical magnetic field was .
affected by the modulation of a unidirectional current. The discharges were made -
to run in a half-walve rectified mode by turning off the heating current to the fila= ‘
ment at one endt Ez ve .B curves showed that at all But thé highest freéuencies
the critical magnetic field was the same as the dc critical field. Streak photo-
~ graphs taken with these pulsed unidirectional currents showed that dﬁring the
current pulse instabilities develop with the same characteristics ;8 those de~
veloped in the dc case. The agreement between the dc and half-wave rectified
results indicates that time-dependent fluctuations do not appreciably affect the

properties of this instability, and tends to confirm the validity of the comparison

between the predictions of the dc¢ theory and the ac measurements,
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- o
Alternating current measurements of B ve frequency were made in

the 1.27 and 2.75-cm radius tubes with HZ’ DZ' He. Ne, and Ar at preaaures

v

ranging from 0.05 to 2.0 torr, Examplee of reaulta obtained in the larger tube :

1 [

with square-wave currents are shown in Fig. 2. Similar results; were obtained n

with sine waves, and many other examples are glven in Ref. 18. ‘l

] % jj ‘ ’ f

£
The critical magnetic field at which the mstabxlxty occur *could be fl.'
4:1

measured by recording the axial electric-field dependence on B or the total - s
voltage across the discharge vs B, or the variation in the txme-averaged llght.

intensity as the magnetic field was changed. The three me-thoda. were not always

" it
' . ¥ P it
employed simultaneously, but when they were, exact agreement:as to the onset

of the instability was obtained | "
The E_ vs B curves, as extended above the dc 1nstab1hty magnetxc
fields by operation at sufficiently high frequencies, are seen from Fig. Z(a) and (c)
to be in fairly good agreement with dc(E ve B) curves baaed on calculations of
E vs T_for He and Ar (Ref. 19) and electron temperatures calculated from the
modified Schottky theory. It might seem more desirable to baae the Ez vs B
calculations on experimentally obtained dc rel_ationsl'lips between T_.‘ the ioni-
zation rate as; a function of T_. Vi(T-)’ and Ez/p. but such data are not available ;
for the conditions of our eatperiment.‘ -
The atreak-.ca:‘nera photograpns show that once the instability-'sets in the
rotational f}'equency of the spiral is in good agreement with the value obtained
from the dc¢ expression, Eq. (5), even though there is no 39_51_9'_1-_5 reason to ex-
pect the frethency of .the’ iully. developed helix to be predicted by the small-amplitude
theory.’ At magnetic fzelds ‘much stronger than the critlcal ﬁeld. the streak photo=

I . P

graphs indxcate a chaotlc light dxstributlon. and photomultxplier traces also show

; PR S . R
Sy AT -
e . ° B
v " N )
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that the light emission is hashy. This may be compared with the K-N theory,l |
which shows that many higher m-value modes are unstable above Bc'

In order to verify that .the onset of the instability in the ac discharges
is suppfessed until the growth rate exceeds the current-reversal frequency, we '
compare (a) the calculated growth rates ve magnetic field: with (b) the experi«
mental current-reversal frequency vs critxcal-magnetxc fxeld in Fxg. 3, The m
values are shown on the curves and the experxm’ental points are indicated by dot;s.

By méaus of an IBM 7090 co;nputer. the theor‘eticai glrowih rates from
both theories were calculated for‘ seQeral values of m. .For the K-N case, Eq. (6) ,‘
gave the growth rAate. Im(w). Tbe wave nuxhbere k(B) were obtained fiom Eq. (6)
and the conditions that Im(w) = 0 'and 8/9k Im(w) 2 0 at B In the J-J case toe
- growth rate was calculated from Eqgs. (19), (25), (26), (28). and subsxdxa.x'y

20 .

equations of Ref. 8. The wave numbers were obtained from Eq. (33).

The solution of the varions equatxons required values of axial elect;xc |
field, electron temperature. and electron and ion mobihtlea. The axial electrvi."ct_
fields were obtained from the ac experiments or from the corresponding dc
values, which generally agreed to within about 10%. Tho electron temperatures
as a function of magnetic field were calculated from the modified Schottky theory,
which had been shown to agree well wu:h the experimental temperatures obtained -
from the dc experxmenta. Ion and electron mobilities were obtained from the
"'summa.ryr by Brown, 41 except for HZ+ and’ D2+‘9 which were obtained from |
Chanin, 22 The same values of these parameters were used in both sets of cal- |
culations, ‘In éach case oaICulations were made for both atomic and molecular
ions, but the K-N model is relatively insens@tive to tho value of the ion mobility. |
(The dc .oritical magnetic fie;d turns out to be approximately 10% weaker for
the molecular ion case than for the _atomio ioo_case, whe7reas the growth rates
are somewhat larger.)

It can be seen from Fig. 3 that the m =N,1 mode becomes unstable first,

_followed at higher magnetic fields by higher’ m' modes. In addition, above the
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dc» critical magnetic field the the'ox:etical growth rates of thelhigher "m-vailue
modes may exceed those for m = 1, Hence if for a given frequency the onset of
instability is suppressed up to a magnetic field 'at which a mode withm > { has
the largest growth rate, this.mode should become unstable first, possibly followeci
closely by the other modes that correspond to values of Im(w) > 0., The streak-.
camera photographs do not contradict this idea,, but individual m > 1 mo&es
have not been identified. Following fhis liﬁe of reasoning we wou}d expect the
experimental points, plotted as gﬁrrent-reversal freqﬁency ve m-magnetic |
£ie1d; to fall on the envelope of the theoretical growth rates vs magnetic field
for all values of m. We assume here that the quasi-dc approach is valid, and.
that an instability occurs if the density perturbation grows by a factor of e in.
one-half cycle of the d{scharge. This particuiar criterion seems reasongple’_;
although somewhat arbitrary. We see from Fzg 3 that this hypothesis see‘m‘si
to be borne out quite' well.

The results for the HZ and D2
agreement with the K-N or >J~J analyses, the experimental and theoretical

discharges (not shbwn) are in generai

growth rates being an order of magnitude larger than they are for He. The rapid
'growth rates and the large power required to operate the hydrogen dis;hargea
made it impossible to rAake measurements over a large range in B,

Stabilization of a positive column above the dc critical-magnetic field
can be achievéd in other ways. Johnson énﬁ Jerde have demonstrated experi-
mentally and theoretically that the azimuthal electric field induced by a rising
longitudifxal magnetic _fi'eld can delay the onset of the helical instaBility by an
arbitrarily large'factor. 23 In addition, von Gierke and Wohler have changed
Bc by superimposing a 4 mc rf field ona dc¢ discharge.:‘& The resulting heating
of the electrons decreased the axial electric field and incre\ased Bc; in agree-

inent with the Kadomtsev and Nedospasov model.

{

.
e



-12- o UCRL-10698 Rev,

V. CON]CLUSIONS

b
It has been shown that the instability of a positive column in a strong

magnetic field is suppressed when the discharge current is reversed at a fre-
§ , | |
"'quency greater than the calcq}até’d growth rate for the instability. The onset

of the mstabxhty is pushed to higher magnetic fields as the ac frequency is m-i

creased, in agreement with our interpretation of the Kadomtsev-Nedospasov
Fd :

instability model Quantitatively the Johnson and Jerde theory gives better ‘

agreement thh both the dc cnncal magnetxc fields a,nd for the growth rates,

It might be expected that the K-N calculatxon would be in poorer agreement in .
general, because of the physically unrealistic form of the perturbed potential,

and because of the neglect by the magnetic-field efﬂect on the ions; thi_f:s effect
! Lo o

is not negligible at the stronger magnetic fields employed in this expe?imentg L
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FIGURE CAPTIONS

Fig. 1. Schematic diagram of the experimental apparatus,

) and theoretical ( - « - - ) curves for various

«

Fig. 2. Experimental (
' gases of E, vs B, allat R=2.75¢cmand 1= SOOImA square wave. °
(a) He ‘aﬁ 0;6 torr; (b) Ne at 0.48 torr (no dafa availidble for a theoretical
curve); {(c) Ar at 0,20 torr. ’ | | ' |
Tig. 3. Curvés showing growth gat;, Im(w), and curren&-reveré‘al frequency,
f, v¢ B for various gaséa. allat R=2.75 ¢cm, I =500 mA square wave.

(a) He+ ions in He -at p = 0.6 torr; (b)" Ne*.ions in Ne at p = 0.18 torr;

(c) Ar® ions in Ar at p = 0.20 torr.
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