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Exploiting Symmetry in Dynamics for
Model-Based Reinforcement Learning with
Asymmetric Rewards

Yasin Sonmez, Neelay Junnarkar, Student Member, IEEE, and Murat Arcak, Fellow, IEEE

Abstraci— Recent work in reinforcement learning has
leveraged symmetries in the model to improve sample ef-
ficiency in training a policy. A commonly used simplifying
assumption is that the dynamics and reward both exhibit
the same symmetry; however, in many real-world environ-
ments, the dynamical model exhibits symmetry indepen-
dent of the reward model. In this paper, we assume only
the dynamics exhibit symmetry, extending the scope of
problems in reinforcement learning and learning in control
theory to which symmetry techniques can be applied. We
use Cartan’s moving frame method to introduce a technique
for learning dynamics that, by construction, exhibit speci-
fied symmetries. Numerical experiments demonstrate that
the proposed method learns a more accurate dynamical
model.

Index Terms— Symmetry, neural networks, reinforce-
ment learning.

[. INTRODUCTION

Major research area in reinforcement learning (RL) is

improving sample efficiency, the amount of interaction
with the environment needed to learn a good policy. While
model-free methods such as [[I]-[3] have shown the ability
to achieve high rewards in many complex environments,
they require many environment interactions. Model-based re-
inforcement learning (MBRL) methods, on the other hand,
have shown promise in learning policies quickly relative to
the number of environment interactions. This improvement in
sample efficiency confirms that models contain a great deal of
information useful for improving policies [4].

One idea gaining recent attention in RL methods is to
integrate symmetries into model-based information. Using
knowledge of symmetries, one can extrapolate observed be-
havior to other scenarios. Recent work has leveraged symme-
tries via equivariant networks [5]], [6]], which enforce certain
transformation relationships on the inputs and outputs, and via
data augmentation [7]], where artificial data is created based
on observed data and known transformations for training.
However, a limitation of equivariant networks is that they
must be designed for the particular group of symmetries to
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which they are equivariant. Unlike the above methods, which
assume that the symmetries are known apriori, [7] learns
symmetries from data and augments the training data using
these symmetries.

Methods that leverage symmetry have also been explored
for control design and verification. Reference [8]] uses sym-
metry to deduce the structure of the optimal controllers for
nonlinear systems. Reference [9] uses symmetry to improve
the convergence of observers. Reference [10] explores the use
of symmetry for reducing the dimension of variables involved
in dynamic programming, accelerating the computation of
control policies. Reference [11]] uses symmetry reduction to
accelerate reachability computations. References [12] and [[13]]
use symmetry in accelerating safety verification.

A common assumption when using symmetry in RL and
optimal control is that both the dynamics and reward (or
cost) function exhibit the same symmetries, which results in
the optimal policy (or control law) likewise being symmetric
[10]], [14]]. The symmetric policy structure is exploited for
Markov Decision Processes (MDPs) and RL in [5], [6],
[[14f], [15]], and for dynamic programming in [10]. In many
scenarios, however, symmetries in the dynamical model are
not necessarily applicable to the reward model. For example,
multiple tasks might be executed in the same environment,
where the same dynamical symmetries exist, while the reward
model changes from task to task. Exploiting symmetries only
in the dynamical model widens the scope of RL problems to
which symmetry can be applied.

Motivated by commonly encountered translation and ro-
tation symmetries in dynamics, we consider a method of
enforcing continuous symmetries through transformation into
a reduced coordinate space. For example, the dynamics of
the cart-pole system, commonly used for control systems
pedagogy, are invariant to the position of the cart. This fact can
be exploited when learning the system dynamics by simply
removing the position data from the training dataset. It is,
however, less clear how to account for symmetries that involve
more complex transformations.

In this paper, we present a method to learn dynamical
models that are, by construction, invariant under specified
continuous symmetries. This enables encoding apriori known
symmetry structure when learning a dynamical model. To
address a large class of symmetries, we use Cartan’s moving
frame method [16]], which simplifies models by adapting
moving reference frames to the structure of the space.



This paper is organized as follows: in Section[[I] we provide
background information on symmetries, and then use Cartan’s
method of moving frames to relate a symmetrical dynamical
model to a function operating on an input space of reduced
dimension. In Section we use the result of Section [ to
learn a dynamical model that, by construction, satisfies speci-
fied symmetries. In Section [[V| we apply symmetry reduction
to learn dynamical models for two examples.

[I. SYMMETRIES IN MODEL DYNAMICS

Consider the deterministic discrete-time system

Tpy1 = F(xg, ug) )

where x;, € X = R" is the state, u, € U = R™ is the control
input, and £ € N denotes the time step. Symmetry refers to
a structure of the dynamical system such that transformations
of the input (zy,uy) to F result in corresponding, known,
transformations to the output ;. We formalize this notion
with Lie transformation groups, an introduction to which can
be found in [17] and [18]].

Definition 1 (Lie Transformation Group): Let G be a Lie
group acting on a smooth manifold . Denote the group action
by w(g, o) — g-o. The group G is a Lie transformation group
if w: G x XY — X is smooth.

Important properties of the group action are:

e ¢-0 = o for all o where e is the identity of group G.

e g1-(g2-0) = (g1 %xg2) -0 forall g1,90 € G,o0 € %,
where g * go denotes the group operation, which we will
denote by g; g2 henceforth.

We represent symmetries of (I)) with an r-dimensional Lie
group G which is a Lie transformation group of both X' and
U. Assume r < n. For notation, we consider the maps ¢, :
X — X defined by x — g - and v, : U — U defined by
u +—> g - u. Since the group actions are smooth, both of these
maps are smooth for all g € G. Further, they have smooth
inverses ¢, ' = ¢g-1 and ;! = 1hy-1.

We next define dynamics invariant to symmetry:

Definition 2 (Invariant Dynamics): The system is G-
invariant if F(¢4(z),¥g(w)) = ¢4(F(x,u)) for all g € G,
ze X, uecl.

The premise of our method is to transform (z,u)
to its canonical form, corresponding to an element of
{(¢g(x),1g(u)) | g € G}. When F in (I) is G-invariant, we
parameterize it by a function that operates on these canonical
forms, which reside in a lower-dimensional space.

A. Cartan’s Moving Frame

We use Cartan’s moving frames [16] to construct a map
from elements of the state space to their canonical forms. What
follows is a brief recap of Cartan’s method based on [9], [11]],
[19]. Note that, in general, this method constructs a map which
exists only locally, due to the use of the implicit function
theorem. On many practical examples, such as those in this
work and [[11f], the map exists over all X except a lower-
dimensional submanifold. Thus, in our presentation, we will
focus on transformations within a single smooth chart. Refer
to [19] for a thorough treatment of the subject.

Consider the Lie group G and its action on X as before.
Assume X can be split into X* and X® with » and n — r
dimensions respectively such that, for some zy € X, the map
from ¢g € G to the projection of g - zy onto X' is invertible.
Pick ¢ € X* in the range of this map. For all g € G, let
o5+ X — X and (bz : X — X’ denote the compositions of
¢4 and the projections onto X' and X b respectively. Assume
that, for all x € X, there exists a unique g € G such that
¢g(x) = c. The set C = {z[¢¢(z) = c} is an n—r dimensional
submanifold of X called a cross-section. We can then define
the unique map v : & — G, such that ¢.,(,)(z) € C. This 7 is
called a moving frame. Using v, we define the map p: X —
X® from elements in X to their canonical forms:

p(x) £ 6L 1 (2). )

This p is invariant to the action of G on the state, as shown
in the following lemma adapted from [9].
Lemma 1: For all g € G and = € X, p(¢4(x)) = p(x).
Proof: Let g € G. Then, p(¢4(x)) = gzbf’y(%(r))(d)g(m)) =
(;S’jy(%(x))g(a:). From the definition of ~, we have that
both ¢f,) (x) and qbi(%(x))(qbg(x)) equal ¢. Note that
qﬁ‘}{(%(m))(gbg(x)) = ¢f‘;(¢g(w))g(x). Since y(x) is the unique
group element h such that ¢f(x) = ¢, we have that
Y(pg(x))g = ~(z). Plugging this into the expression for
ply(x)) gives pldy(z) = &, (x) = p(a). =
Example 1: In this example, we demonstrate solving for the
moving frame for a system with both translation and rotation
symmetries. Consider a car with state z = (y, 2, vy, vz, by, hz)
where y and z correspond to positions in a plane, v, and v,
correspond to velocities along the y and z directions, and hy,
and h, correspond to the cosine and sine of the heading angle
(and thus h2 4 h2 = 1). Since we assume the dynamics of the
car are both translation- and rotation-invariant, we consider
the special Euclidean group G = SE(2), and parameterize it

by a translation (7, Z) and a rotation 6. Then, with rotation

matrix Rz = z:’;g ’Czisnée] , we define the action of GG on the
state space by
R; 0 0 [ﬂ
Sgzp(@) =0 Rs 0o+ Ll O
0 0 Ry 0

We now derive v and p. Let X“ be the projection of
X onto the (y,z,hy,h.) components. Pick ¢ = (0,0,1,0),
representing a position at the origin with a heading angle of
0. There exists a unique (g, 2, é) to transform each x € X into
the cross-section defined by C. We solve the following system
of equations to find the moving frame:

0 i (0 Yy

0] & Rz 0O z z

1| =%@@ =10 gy 0| |0

0 h 0

This gives the solution
g _yhy_th
W)= |2 = | who—shy, | @

0 |arctan2(—h., hy)




We can then compute the group inverse of () as:

)
v(z)~t = z : (5)
arctan2(h., hy)

Substituting v(z) into the definition of p from (2), we get:

| hyvy + hyv,
pla) = |yt lee ©

B. Dimension Reduction

Using the map p from elements in X to their canonical
forms, we show that the dynamics in (I} are equivalent to a
function operating on a lower-dimensional input space.

Theorem 1: F : X x U — X in system (I)) is G-invariant
if and only if there exists F : X® x U — X such that

forallz € X and u € U.

Proof: Assume that the dynamics F' are G-invariant.
Note that p restricted to C is invertible. Define F by F(Z,u) =
F(p|lz*(%),u). Letting * = p|z*(Z), this can equivalently
be written as F(p(z),u) = F(x,u) when x € C. Since
F is G-invariant, ¢7(1)(F(x,u)) = F(gﬁv(I)(x),z/}W(l)(u))
Note that ¢.(,)(z) € C. This can be rewritten in terms of
F as F(p(¢r(a)(2)), ¥y(a) (). By Lemma 1] this equals
F(p(x),Yy(z)(w)), as desired.

To prove the reverse direction, assume F : X® x U — X

exists such that holds for all z € X, u € U. Let g € G.
Then,

F(éf’g(fl?)ﬂ/)g(U))
= 6 (o) (F(P(89(2)), 059, 27) (19 (1))
= 06, () (F(P(2), U6, ()9 ()

From the proof of Lemma (1| we know ~y(¢4(z))g = v(z).
Therefore, the above can be simplified to

F(y(2), 9 (1)) = 670+ (F(p(), 10y ()
= ¢g(¢'y(m)*1 (¢7($) (F(.’E, u))))
= ¢g(F(,u)).

Thus, F' is G-invariant. [ |

[1l. LEARNING MODEL DYNAMICS

A critical part of the theory in Section [II| is that the only
knowledge of system dynamics required is that of the state
space, the control input space, and the system symmetries.
We leverage this to learn a dynamical model that is invariant
to a given transformation group using Theorem [I} Unlike a
standard formulation, which would learn the model F' : X x
U — X, we learn a function F : X x U — X and construct
F from:

Fa,u) £ 670 (F(p(a). 1 o (). ®)

Note that, in this section, we use (z,u,z’) to denote a state,
an action applied to the state, and the next state.

Fig. 1. Relationship between F and F.

The relationship between F' and I is depicted in Figure
From Theorem [I} F' is, by construction, G-invariant. A side-
benefit is that training is done with a lower dimensional input
space (X° x U instead of X' x U). To learn this function F,
given a dataset D consisting of tuples (z,u,2’), we train F
to map (P(@v%(z) (u)) to (/j)v(z) (37/)

Note that, in practice, it is typical to learn a function which
maps (z,u) to ' — x instead of 2’ directly. To do this, we
learn AF to map (p(x)ad)’y(r) (u)) to d)’y(x) (1’/) - Qb’y(x) (SL’)
Then, we construct F' by

This construction for F' is G-invariant since it is equivalent
to using F(z,u) & AF(z,a) + p|z ' (), which satisfies the
condition in Theorem [l| Finally, AF(z,u) can be defined as
AF(x,u) 2 F(z,u) — x to provide the same z’ — x interface
expected by many libraries. This construction for AF' in terms
of AF expands as follows.

AF(z,u) 2 670 (AF(p(@), y(a) (1) + by (2)) = (9)

One special case where this simplifies is when ¢, is a
homomorphism with respect to + for all g € G. Then, (9
simplifies to

An example where this occurs is when ¢, is linear.

V. EXPERIMENTS

In this section, we demonstrate the performance of this
method on two numerical examples involving learning the
dynamics of a system. The two environments that we used
were “Parking” from “Highway-env” [20] and ‘“Reacher” from
OpenAl Gym [21]. These exhibit rotational and/or transla-
tional symmetry, as depicted in Figure[2] In “Parking” there are
two controlled vehicles that we need to park to corresponding
parking spots, and in “Reacher” we control a robot arm with
2 joints to reach to a target position. To be able to compare
our method fairly to a baseline we generated a static dataset
of transitions (z,u, z’), and we learn a dynamical model from
this dataset. Consequently, the comparison between the two
methodologies was centered on their respective capabilities in
dynamics learning rather than policy generation. This approach
ensures a fair comparison, as it relies on the same offline
dataset for both methods, avoiding discrepancies that may arise
from online training and dataset variations.

The dataset is constructed by training an agent using Soft
Actor-Critic [2]], a model-free reinforcement learning method.



Fig. 2. Experimental environments included: (1) “Reacher” on the left,
featuring two rotating controlled joints that exhibit rotation symmetry with
the objective of reaching a target point, and (2) “Parking” on the right,
involving two controlled vehicles maneuvering to park in designated
spots without collision, demonstrating both rotational and translational
symmetry in dynamics.

We use D3rlpy to train dynamical models from the
pre-collected dataset. We implement the symmetry method
discussed above using (EI) where F' is the neural network
whose parameters are trained. The observation error (on the
test dataset) of this dynamical model is compared against the
observation error of learning F' directly. We further compare
these methods (with and without symmetry) across a variety
of parameter sizes. The rollouts from the resulting policy, the
datasets used in this work and the code to reproduce the results

are available in a GitHub repositoryﬂ

A. Two Cars Parking Scenario

We use the parking environment from with two cars
with separate goal positions. The aim is to park the two cars
at their goal spots by controlling them separately and not
allowing them to crash into obstacles or to each other. The
dynamics of each car are translation- and rotation-invariant,
but the reward function (relating to the location and orientation
of the parking spot) is not. Therefore, methods that assume
both the dynamics and the reward function satisfy the same
symmetries are not applicable.

The state of this parking environment is 24-dimensional,
with the first 6 states corresponding to the first car, the second
6 states corresponding to the second car, the third 6 states
corresponding to the first car’s goal, and the final 6 states
corresponding to the second car’s goal. The state incorporates
the two car models and two goal models. The goals follow
the model grx+1 = gi. We include the goal states in the
state representation because it aligns with the conventional RL
framework where all states are utilized directly in the training
process without explicit distinction. We apply the method
presented in Sections [[I] and [[T]] to construct transformation
groups for each of the four systems. The joint system then
satisfies the transformation group formed as the product of
the individual transformation groups.

Each car has state « = (y, 2, vy, 5, hy, h.), corresponding
to the y position, z position, y component of velocity, z
component of velocity, cosine of heading angle, and sine of
heading angle. We use the group G = SE(2) to represent the
symmetries. See Example [I] for the action of G on the state
space and the solutions for v and p. The action of G on the
control input space is the identity: 14(u) = u for all g € G.

Ihttps://github.com/YasinSonmez/symmetry-cs285
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Fig. 3. lllustration of translational and rotational invariance in car
dynamics. By applying Cartan’s moving frame method, coordinates are
transformed to position the car at the origin with a neutral orientation.
The function p reduces the system’s state to a lower-dimensional
space, without losing essential dynamics information. The dynamics
are learned in these modified coordinates via a smaller neural network
(bottom) compared to the usual NN (middle). The NN’s output is then
reconverted to original coordinates using ¢;1m . As usual, the neural

network training is simplified by outputting the difference between the
next and current states, represented as AF(x,u) and AF (x,u) in
Section m This is an illustration of a single car. In the experiments,
additional symmetries are observed due to the presence of two cars;
however, the second car has been omitted here for clarity.

The goal dynamical model satisfies the trivial transformation
group (RS, +) which acts on the goal by ¢5(g) = g+4. There
is no input to act on. The a component of ¢ has 6 components,
leaving the b component with 0.

Using the above transformation groups applied to each car
and goal, the transformation group applied to the joint state
of the environment gives a p which transforms the input state
from a 24-dimensional vector to a 4-dimensional one. Thus,
we learn a neural network with significantly reduced input size.
Note that the computation of these functions only depends on
the symmetry and not on the dynamics. The dynamical model
need not be known apriori and can be learned using the data;
see Figure 3]

The three neural network configurations used in the ex-
periments are: 1 hidden layer with size 128, 2 hidden layers
with size 128, and 3 hidden layers with size 128. When using
symmetry, the input size is 8 (reduced coordinate size for each
car of 2 and control input size of 2 for each car), and the output
size is 24. In the method not using symmetry, the input size
is 28 (state space size of 24 and control input size of 2 for
each of the two cars), and the output size is 24.

The results of observation error vs. number of parameter
updates are shown in Figure 4 At the lower number of
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Fig. 5. Comparison of learning the dynamics with and without using symmetry in reacher environment with different NN architectures. The y-axis
(observation error) is the error on the test dataset. Mean and standard deviation reported over 4 runs.

parameters, the dynamical model training with symmetry out-
performs the default method without symmetry by achieving a
lower observation error. When there are two hidden layers, the
method with symmetry learns faster than the default method
without symmetry, although eventually the method without
symmetry catches up in performance. When there are three
hidden layers, the method without symmetry exceeds the
performance of the method with symmetry. This suggests
that the relative benefit of leveraging symmetry compared to
the benefit from the number of parameters diminishes as the
number of neural network parameters increases. One possible
cause for this is that our method of leveraging symmetry
removes redundant information. This redundant information
is a transformed version of the other available information, and
might be more immediately useful to the network. As a result,
the neural network does not have to learn these transformations
on its own, making the redundant information beneficial when
a sufficiently high number of parameters is available.

B. Reacher

In this experiment, we consider the standard reacher en-
vironment in OpenAl Gym. The dynamics exhibit rotational
symmetry with the first joint angle, but the dynamics of the
target do not since the target is fixed. We use symmetry re-
duction to learn model dynamics which are rotation-invariant.

The state of the reacher is 11-dimensional, with x; and zo
representing the cosines of the first and second joint angles,
xs and x4 representing the sines of the joint angles, x5 and
¢ representing the x- and y-coordinates of the target, xr

and zg representing the angular velocities of the first and
second arm, zg and x1( representing the distance between the
reacher fingertip and the target along the x- and y-axes, and
x11 equaling 0, representing the z coordinate of the fingertip.

We now describe the transformation group applied to learn
a rotation-invariant dynamical model. For x5, ¢, and z11, we
apply the same symmetry used in Section to describe
constants. Let G be parameterized by g = (#', 81, 62, 93) € R4,
where 0’ represents the angle by which the reacher is rotated,
and J represents translations of the target position and x7.
We define the action of G on the state space as:

cos(8)x1 — sin(0’)xs
T2
sin(6")xq + cos(0)x3
Tq
cos(8) (x5 + 01) — sin(6)(xe + d2)
sin(H’)(x:; + 51) + COS(&’)(IG —+ 52)
T
s
cos(0')(xg — 01) — sin(0") (10 — d2)
sin(0")(xg — 01) + cos(0')(z19 — d2)
x11 + I3

(10)

The action of G on the control input is the identity: 14 (u) =
u for all g € G. We define C by the states x for which z; = 1,
x3 =0, 25 =0, g = 0, and x11 = 0. The solution for the



moving frame ~(z) is
arctan2(—x3, 1) ]
— —Ts5
() = e
—T11
and the solution for the group inverse of ~(x) is

arctan2(xs, r1)]
7(x)‘1 _ | *T1®s + x3%6
—Z3%5 + T1T6
T11

We now plug ~ into @) to solve for p:

X2

Ty

g

T
$1(5E9 + x5) + £E3(l‘10 + 176)
—x3(xg + x5) + w1 (710 + T6)

plx) = (11

Using this symmetry group, the input size of the neural
network is 8 (reduced coordinate size 6 and control input size
of 2), and the output size is 11. When not using symmetry,
the input size is 13 (state space size of 11 and control input
size of 2), and the output size is 11. The three neural network
configurations that we used in our experiments are: 1 hidden
layer with size 64, 2 hidden layers with size 64, and 3 hidden
layers with size 64. We used 64 neuron size compared to 128
in “Parking” because of the simplicity of this problem.

The results of observation error vs. number of parameter
updates are shown in Figure [5] In all cases, the dynamical
model training with symmetry achieves slightly better perfor-
mance than the default method without symmetry by achieving
a lower observation error at the end of the training. This is
most evident when the neural network has the least number
of parameters, in the 1-layer case.

V. CONCLUSION

This study highlights the benefits of exploiting symme-
try when learning dynamical models. By focusing on the
symmetry inherent in dynamics, independent of the reward
function, we broaden the range of problems where symmetry
can be effectively utilized. We investigated symmetries such as
rotation and translation symmetries through Cartan’s method
of moving frames and our proposed method proves to be
effective in leveraging these symmetries to learn more accurate
models, particularly at low numbers of model parameters. The
experiments confirm the potential of our approach to enhance
learning efficiency. Future work involves training policies
using the proposed symmetry-enhanced method and evaluating
their performance. Additionally, a theoretical framework that
includes discrete symmetries can be developed.
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