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ABSTRACT 

With the assumption that the unperturbed amplitude is known 

-1 
ND representation, equations are derived for calculating 

the pertlirbed amplitude as a function of the variations of the left-

hand singularities and the unitarity cuts. Ex!ict formu.las for mass 

and coupling-constant shifts of bound states of the unperturbed 

amplitude are given, and the equations are then iterated to yield 

a perturbation theory. I 
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A systematic assault on the total bootstrap problem seems 

impossible at present. Hm.rever, approximations based on the concept 

of supermultiplets of strongly interacting particles reduce the 

problem into more manageable units. After rough calculations :b..a ·ve 

been performed with the supermultiplets, it is possible to induce 

symmetry breaking within the multiplet to obtain finer details. 1 -3 

Computations are not too difficult if the symmetry breaking is 

2 treated in a first-order S-matrix perturbation theory. The useful-

ness of the linearized theory is well demonstrated in the theory of 

octet enhancement.3 

The perturbation consists of variations of the left- and· 

right-hand singularities of the partial-wave amplitude. The Dashen-

2 Frautschi theory describes the mass and coupling shifts of a 

dynamically bound state as a linear function of these variations. 

The linear theory is capable of calculating small shifts when the 

bound-state pole remains on a given Riemann sheet of the scattering 

amplitude. However, if the pole changes sheets, or if it executes a 

large motion on a single sheet, the linear theory is not adequate. 

For these and for mathematical reasons it is desirable to have a 

more complete theory of perturbed amplitudes and of mass and coupling 

shifts of bound states. 

Equations for the perturbed amplitude, and for the mass and 

coupling shiftsJ have been derived by M. Kt~ler for single-channel 

4 
potential theory where only the left-hand singtuarities are varied. 
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Using a Castillejo-Dalitz-Dyson (CDD) pole in his perturbed-amplitude 

equations, Kugler 4· then recovers the potential-theory analog of the 

Dashen-Frautschi mass-shift formula. The ~nclusion of many channels 

in his formalism is trivial. Hm·rever, the generali.zation to the 

relativistic case in which the unitarity cuts are also varied is 

less simple. 

In Section II, we propose a set of exact nonsingular equations 

for the perturbed amplitude. The input into these equations is the 

unperturbed amplitude in the form ND-l and a pertl.U'bation rcpresenLed 

by variations of the exchange and unitarity cuts. It is clear that 

this is sufficient information to calculate the total amplitude. 

Moreover, in a hro-body elastic-unitary formalism, it is consistent 

with thebootstrap philosophy to use the change of the unitarity 

cuts as input, since without three-bo~y intermediate states it is 

impossible to determine whether an external particle is a bound state 

or "elementary." At the end of Section II we show that the perturbed 

amplitude equations can account for the appearance of a stable-particle 

pole on the physical sheet, when the perturbation supplies the 

necessary additional binding force. 

In Section III we findthe mass shifts and the coupling-constant 

perturbations of a bound state when the unperturbed amplitude already 

has a pole on the same sheet. These are given in terms of the 

solutions to the equations derived in Section II. To describe the 

mass shift of a bound state, we note that the unperturbed and total 

amplitudes must each have simple pole, but located at different values 

of s . Thus, the perturbed amplitude must have two poles: one to 
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cancel the pole in .. the unperturbed amplitude and the other to corres11ond 

to the bound. state of the total amplitude. It is possible to achieve 

this effect mathematically by reinterpreting the dynamical bound 

state of the unperturbed amplitude as a.n elementary particle for the 

calculation of the perturbed ampltiude. 

The most obvious application of the mass- and coupling-shift 

formulas of Section III is a perturbation expansion for these 

quantities. In Section IV, which is divided into three subsections, 

we derive formulas for the first-order nv.1.ss shift, the first-order 

coupling shift, and the second-order mass shift. The first-order 

results are identical to those of Dashen and Frautschi.
2 

The second-

order coupling shifts and higher order terms in the perturbation 

expansions are easy to derive, but the complicated results are 

probably of little use in numerical calculations. 
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II. EQUATIONS FOR 'l'EE PERTURBED AMPLITUDE 

Suppose the many-channel partial.:.•~ave scattering amplitude, 

A(s), can be •·rritten as a sum of tvro terms, 

A(s) (2 .1) 

where we shall call A
0

(s) the "unperturbed e.mplitude" and A1 (~) 

the "perturbed amplitude." Restricting ourselves to ti-ro-body 

channels and two-body unitarity, we ass1.m1e that A
0 

is knovn in 

·the form 

The discontinuity relations for N(s) and D(s) are the usual 

ones: D(s) has only a right-hand cut, 

[D(s)]R - (2i)~l (D(s + iE) - D(s - iE)) = 

and N(s) has only left-hand singularities, 

[N(s))L - (2ir
1 

(N(s - iE) - N(s + iE)) = V0 (s) D(s) • 

Moreover, A(s), A
0

(s), and A
1 

(s) are symmetric and Hermitian 

· analytic. 

(2 .2) 

(2 .)a) 

(2. 3b) 

The input for the calculation of the perturbed amplitude is 

the crange of the unitarity cuts, 
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5p(s) = p(s) - p0 (s) , 

where 

and the change of the left-hand singularities, 

V'(s) = v(s) - v0 (s) , 

with 

[A(s)]
1 

= V(s) . 
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(2.4a) 

(2. Lrb) 

(2.4c) 

(2.4d) 

Neither V'(s) nor 5p(s) is assu.med to be small in this section. 

Tb derive equations for ~(s) , it is convenient to define2 

J(s) = 
~ 

D(s) ~ (s) D(s) . (2.5) 

The tilde signifies matrix transpose. Since J(s) has separate left 

and right singularities, it can be factored into the form 

J(s) = n(s) d-1 (s) . (2.6) 

The discontinuity relation for J(s) is sufficiently compli­

cated that if all the right cuts are put into d(s) and all the 

left cuts are put into n.(s) , then the equations for n(s) C!Jld d(s) 

are nonlinear. To preserve the linearity of the equations, n(s) must 

contain some of the right cuts. The equations for n(s) and 

d( s) are then singular, but the:>' are very similar to the three-body 
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ND-l equations derived by Mandelstam.5 By follovring Mandelstam' s · 

analysis, we use the standard techniques6 for reducing the Cauchy-

singular equations to nonsingular equations. 

The d.iscontinui ty of A1 ( s) on the right is needed for 

deriving the discontinuity relation for J(s) . From Eqs. (2.1), 

(2.3), and (2.4), we find 

In transforming Eq. (2.7) into a discontinuity relation for J(s) , 

we use the fact that J is hermitian analytic,? 

(2.8) 

Substitute Eqs. (2.5) and (2.8) into Eq. (2.7), multiply on the left 

by Dt and on the right by D , then use the relation, 

(2 .9) 

The discontinuity of J across the right cuts is then 

= + BJ + T ' (2.10a) 

where 

G = 
,.._-lt ,._.._1 
D p D 

t "-"-1 
B = N 5p D 

' 
(2.10b) 

T = Nt 5p N 
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The discontinuity of J across the left cuts follovrs from Eq. (2.4), 

== 
,..-.; 

L - D V' D . (2.10c) 

To obtain linear equations for n and d in Eq. (2.6), the 

last two terms of Eq. (2.10a) are put into the discontinuity of n 

The coupled equations for n and d are 

d(s) 
1 1 ds' G(s') n(s') 1 1 ds' Bt(s') d{s' ~ 

I -- J 
1( s' - S - iE 

1( s 1 - S - iE 
R '· R 

lf( (2.lla) 

n(s) 1 J ds 1 L(s') d(s 1
) 

+ 
1 1 ds 1 

T( s I ) . d( s I ) 

== -
1( S I - S + iE 

1( S I - S - iE L R 

1 1 ds 1 B(s 1
) n(s 1

) (2 .llb) + -
1( sl - S - iE 

R 

The exact limits of integration are obvious from the discontinuity 

relations, Eq. (2.10). 

Equations (2.lla) and (2.llb).are both Cauchy singular. The 

reader who is uninterested in the technical details of finding 

equivalent nonsingular equations should now turn to the text below 

Eq. (2.19b). Equations (2.lla) and (2.llb) are conveniently reduced 

to nonsingular equations if we first remove the d term from the 

right-hand side of Eq. (2 .lla) and the n term from the right-hand 

side of Eq. (2.llb). This can be done by defining 
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d(s) = m(s) f(s) 
' 

(2.l2a) 

n(s) = t(s) u(s) (2 .l2b) 

where m(s) and t(s) satisfy the equations, 

m(s) I 
l J ds' Bt(s' 2 m(s') 

(2.13a) 
' rr s' s - iE -R 

t(s) I +·! J ds' B(sL t(s') 
(2.13b) 

rr s' - S - iE 
R 

Equations (2.13a,b) are Cauchy singular, but are easily reduced to 

nonsingular equations. (We do this later). To find equations for 

f and u, compare the discontinuities of Eq. (2.12) and (2.11). 

The formula for finding the discontinuity in f is 

(2.14) 

The integral representation of f (or u) is easily constructed. 

The equations for f and u in matrix form are 

(
f(s))\ ~ 
u(s) 

I l J ds' 

J ds' 

+ -
t..(s') f(s') rr s' - s - iE: 

R 

L 
s' - s + iE: 

. ( 0 · -y(s' 0) (r(s') 

•(s'} 0 · \u(s') 
' 

(2.15a) 



.• 

where 

A.(s) = 

y( s) 

-r( s) = 

-:9-

[ t (-) -1 (s)] L(s) m(s) 

[m(-) (s)]-l G(s) t(s) 

[t(-) (s)]-l ~(s) m(s) 

' 
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(2.15b) 

All four equations for m , t , f , and u are Cauchy singular. 

Equation (2.13a) is reduced to a nonsingular equation by operating 

on both sides of the equation fro~ the left vith5 

( ds' 
) 

R 
S 1 

- s + iE 

The nonsingular equation for m(s) is 

m(s) I - [I + 21 Bt(s) f 1 I b(s) 

+ ~ 1 ds ' b (- ) ( s I ) - b (- ) ( s ) 

s' - s 
R 

where 

b(s) 
1 J ds' Bt(s') 

= -
rr S I - s - iE 

R 

The operator f9r reducing Eq. (2.13b) is 

I + ! J ds' 

R 

B( s') 

s' - s + iE 

The nonsingular equation for· t(s) is 

(2.16a) 

(2.16b) 
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t( s) 
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I + [I- 2i B(s)]-l fb1(s) 
L 

- ; J b (-)(s')- b (-)(s) J 
--=1=------=1

--- B( s' ) t ( s' ) 
s' - s 

ds' 

R 

ds' B( s') 

R 
s' - s - iE 

The reduction of the coupled equations for f and u is 

facilitated by the matrix notation in Eq. (2.13c). Operate on 

both sides of the equation from the left with 

1 J ds' (,~s') -y( s'} ) I + -
T( s' + iE 0 

R 
- s 

The reduced equations are 

(2.17a) 

(2 .17b) 

f(s) - I + 2i y(s) u(s) J 
y (-)(s') - y (-)(s) 

= ; ds ' I I -r ( s ' ) f ( s ' ) 
s' - s 

R 

r·(-)(s') - y (-)(s) 
I I ;._ ( s ' ) f ( s ' ) , ( 2 .18a) 

s' - s 

1 J ds' + -
rc 

L 

y ·I(s) 
1 J ds' 
rc 

R 

r.( s') (2 .18b) 
S' - S - iE 



u(s) - 2i -r(s) [f(s) - I] 

ds' 

R 
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:>-(s') f(s') 

t (-)(s') - T (-)(s) 
--:I:...._ ____ r;:;..___ r( s, ) u ( s , ) ' 

s' - s 
(2.19a) 

= 1 r 
J1 J 

R 

ds' T (S 1
) .(2.19b) 

s' - s - iE 

Our final set of Cauchy-singularity-free equations for the 

perturbed amplitude is Eqs. (2.16) through (2.19). The integrals 

of Eqs. (2.18) and (2.19) are linear in the perturbation, and the 

kernels of Eqs. (2.16) and (2.17) are already of second order. Thus, 

simply expanding n and d in. a Neumann series will lead to a J(s) 

which is the ratio of two power series in a parameter describing the 

perturbation. It is then possible for J(s) to develop poles as 

the perturbation is changed. Even in a first-order iteration of 

d , this gives a mechanism for describing the binding of a resonance 

into a stable-particle pole, i.e., the appearance of a pole at 

threshold on the physical sheet. The emergence of resonance poles 

onto the unphysical sheet is·described in the same way, but Eq. (2.11) 

must be continued onto the second sheet. (The details of a similar 

analytic continuation are found in Sec. III.) 

Kugler
4 

has studied in single-channel potential theory8 

the appearance of poles at threshold when the perturbation supplies 

the fin.'ll binding force. IHth an effective range formula, he fOlmd 
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that the first iteration of f correctly described the motion of the 

:pole as it moved a ~tray from threshold. In the next section, 1ve assume 

the :pole is already :present in the unperturbed &~:plitude, and that 

the perturbation merely shifts the position of the pole on the same 

sheet. 
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III. MASS AND COUPLING-CONSTANT SKI.FTS OF BOUND STATES 

The 
-1 

ND tecbniq_ue is freq_uently used in dynamical calcula-

tions to find the masses and coupling constants of the composite 

:rarticles communicating 1-1ith a given set of channels and generated 

by a certain set of input forces. The mass of the bound state 

·satisfies 

(3 .1) 

Since the eq_uations of Sec. II are readily continued to the unphysical 

sheet (see below) 1 we use the term "bound state" to mean either a 

stable :rarticle or a resonance pole. However} we now restrict the 

perturbation so that the pole will remain on the same sheet. The 

case in which the pole does change sheets was briefly discussed at 

the end of the preceding sectlon. 

We now derive exact mass- and coupling-shift formllias. Let 

Eq. (3.1) have only one physical solution. Since the pole in A 

is shifted with respect to the pole in A0 1 the amplitude A1 must 

have two poles: one to cancel the pole in A0 and the other to 

represent the particle in the total amplitude. From Eq_s. (2~) and 

(3.1), it is clear that the pole in A0 can be cancelled only if 

(3 .2) 

is a simple zero. Since det [D(s)] also has a simple zero at 

will hn.W! a slmple polr.: r.tt 0 :::: 
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Formally, "l·re can satisfy Eq. (3.2) by utilizing the CDD 

ambiguity in the n d~l equations of Section II. A CDD pole 

is inserted into Eq. (2.11) to force the occurrence of a zero at 

The 
-1 equations for J s - s n d are - B 

d(s) 1 r ds' G(s') n(s') 1 r Bt(s') d( sf ) 
I -- J ) ds' 

rr s' - s - iE rr s' - S - iE 
R R 

r 
' s - SB 

n(s) 1 J ds' 
;, L(s') d(s') 1 J ds' T(s') d(s') + -p rr •!'·s' - S + iE rr s' - S - iE L R 

1 J ds' B(s') n(s') 
+ -

' rr s' - S - iE R 

(3.3a) 

(3. 3b) 

where d(s) now satisfies an equation with one CDD pole. The residue 

of the CDD pole is denoted by r ; the remaining terms are defined 

in Section II. A cancellation between the CDD pole and the remainder 

of the right side of Eq. (3.3a) will cause a pole in J(s) The 

location of the new pole satisfies 

Thus, the zero imposed on J(s) by the CDD pole can be used to 

cancel the pole in A
0 

, and the pole generated by the CDD pole at 

sB' in A1 (s). represents the particle when 5p and V' are 

nonzero. The restriction to.one bound state in the unperturbed 

amplitude is trivially overcome by inserting several CDD poles into 

· Eq . ( 3 . 3a) . 
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T'.ne situation for shifts of resonance poles on the second 

sheet is similar except that Eq. (3.3) must be analytically 

continued far enough onto the second sheet that the resonance 

region is exposed. ~~e correct continuation consists of re-

dravring tbe contours denoted by R so tha~ they go belo1·r sB . 

Then the position of the resonance pole in the unperturbed amplitude 

is explicitly· exposed, and the CDD pole can be inserted as in the 

case of a stable bound state. The proof that this is the correct 

continuation is somewhat complicated by the fact that some of the 

right cuts beg:in at the unperturbed threshold and others begin at 

the perturbed threshold. If op were zero, then this vr::mld 

certainly be the correct continuation. However, when op f 0 , 

it would appear that the sB that solves Eq. (3.1) would not be 

on the sheet specified by the deformed cuts. This Oakes-Yang9 

type dile~na is resolved by noting that there exists a family 

of poles on the sheets connected by the. perturbed threshold. Con-

sequently there is a resonance pole in the resonance region of 

the perturbed amplitude. Locating the CDD at this point would then 

have the same consequences as in the case of a stable boQnd state. 

Thus Eq. (3.3) is correct for the resonance case, except that R 

represents contours that go below sB , rather than just along the 

real axis. 

It is clear that the CDD pole gives the proper mathematical 

behavior. We nmv give a m.Jre physical interpretation of the CDD 

pole. The existence and properties of the particle were calculated 
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in finding A0 . In the unperturbed amplitude 7 the particle-pole 

represents a dynamical bound state. Hm·rever, the particle w-ill be 

"elementary" in any further calcu1ation. In this sense, an 

e1ementary particle is one whose existence and quantQm numbers 

are availab1e for further computation. Thus, the purpose of the 

CDD pole is to reinterpret the composite particle of the unperturbed 

amplitude as input (i.e., an elementary partic1e) for the calculation 

of the perturbed amplitude. 

We determine r from the form of A
0

(s) near s sB , 

where R is the factorizable matrix of unperturbed channel-bound-state 

coupling constants. Since there exists a pole in A
1

(s) that cancels 

the pole in A0 , ~(s) is 

(3-5b) 

It follows from Eqs. (3.3), (3.5), (2.5) and (2.6) that 

r 

Tne total amplitude has a simple pole at s 

assumed well-behaved at 
. I 

s == SB J 

(3.5c) 

where H' ir. the new·coupllng matrix. 

In order to find a coiwenient for;nula for the mass shift, we 



define 

F( s) = 
l 

I - -
rr J ds 1 

R 

! f ds
1 

R 

·-17-
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) n(s 1
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s 1 
- s - ic 

S
1 

- s - ic 
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(3-7) 

F(s) is not simply related to d(s) in Eq. (3.3) since the solution 

to the 
-1 

nd equations vrithout CDD poles is not simply related to the 

solution of the equations with CDD poles. To evaluate F(s) , Eq. (3.3) 

must first be solved, then the solution inserted into the defining 

equation for F( s) . 

Equation (3.4) is equivalent to 

-1 
det [5sB- F (sB 1

) r] 0 J (3.8) 

where 

= 

is just the mass shift of the bound state. Equation (3.8) has the 

F-l(s·) appearance of an eigenvalue equation except that is 

evaluated at the unknown value of s = sB 1 
• H01vever, it is extremely 

convenient to analyze Eq. (3.8) formally as an eigenvalue equation, 

Tnen there are n values (n is the nQ~~er of channels) of 5 sB 

which solve Eq. (3.8). Thus, n-1 of these must be zero for 5 sB 

to be unique. The derivation of this result relies on the pole-

factorization theorem for the bound-state pole residues, 

- g. g .. 
~ J 

(3.9) 

From the Laplace expansion of Eq. (3.8), it follows by induction 

· that 

sB - tr(F-
1

(sB 1
) I') J • 

(3.10) 
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We emphasize that no approximation has been made. Equation (3.10) 

follows directly from the factorizability of F-l ( sB') r . Con­

sequently, 

Equation (3.9) aids in writing another expression for 5 sB , 

T · where g ·(g ) is a column (row) vector whose elements are gi - -
the coupling constant of the bound state to channel i 

Equation (3.12) can be rewritten in terms of 

6 = lim (s - sB) D-1 (s) . 
s ~ SB 

Then we find that 

g = 

so that substituting Eq. (3.13b) into Eq. (3.12) yields a formula 

for 5 sB of similar form to the first-order mass shift formula 

derived by Dashen and Frautschi. 2 

We find R' by calculating the residue of A1 (s) at 

s = s ' 
B ' 

(3.11) 

(3.12) 

is 

(3.13a) 

(3.14) 



with 

K lim 
s ~ s ' 

B 
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(s- s ') [F(s)- (s- s )-l r]-l 
B B 

The pole--factorization theorem has again been used in obtaining 

Eq. (3.15b) fromEq. (3.15a). Equation (3.7) relates F(s) to 

n(s) and d(s) . 

The factorization theorem satisfied by R' is 

!Di .,/, 

R. ' -G. G. 
lj l J 

The coupling shift is h if G = g + h . Setting R' equal to 

the ~ight side of Eq. (3.14) yields an equation that contains zeroth-

order terms. It is difficult to solve for h since the equation is 

not linear. However, a m-:>re useful equation for application to a 

perturbation expansion of the coupling shifts can be obtained by 

substituting the mass-shift formula into Eqs. (3.14) and (3.15). 

We also set 

(3.17) 

where 13(s) is the background term, i.e., it is the unperturbed 

amplitude minus the pole at sB . It is of order R . The zeroth-

order terms cancel and after some manipulations) we find 

. I 

I 



+ (l-X
1
)b.' g. +b.' b., 

l J l J 

where 

b' 
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(3.18a) 

(3.18b) 

(3.18c) 

(3.18d) 

The leading terms of x
1 

, x2 , E , and b' are first order in the 

perturbations. 

Equations (3.12) and (3.18) are the exact mass- and coupling-

shift formulas when the pole position does not change sheets under 

the influence of the perturbation. 

/ 
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Equations (3.12) and (3.18), along 1rith the equations of 

Section II, are sufficient to generate a perturbation ex·_pansion for 

the mass and coupling shifts. The zeroth-order iteration of the 

perturbed amplitude equations leads to results \·rhich are identical 
, 2 

to the first order Dashen-Frautschi formulas. The first order 

iteration of the perturbed amplitude equations is used in the . 

second-order mass and coupling shifts. vie only display the second-

order mass-shift formula since it is straightforvrard to derive 

other terms in the ~.'xpansion. The higher-order terms in the ex-

pansions are probably of little use in numerical calculations. 

The application of the reduction procedure of Section II to 

Eq. (3.3) yields a set of non-Cauchy-singular equations that are 

identical to Eqs. (2.16) through (2.19), except that the term, 

( (-) ( . )]-1 ( )-1 -m s rs-s B . B (4.la) 

must be added to the right side of Eq. (2.18a), and the term, 

l 

' 
(4.lb) 

:rr 
R 

must be added to the right side of Eq. (2.19a) 

To generate a perturbation series for 5 sB , we need the first 

several iterations of Eq. (2.18a) and (2.19b) , 

f(s) + •.• (4.2a). 

u( s) = w(s) + u(
2
)(s) + ··· ( ~ .2b) 

i; 
' . ; 

I, 
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where and u(j)(s) 

and u(l) (s) 

are of j-the order in the perturbations 

op and V' 
' 

is denoted by w(s) . 

1. First-Order Mass Shift. 

Since Eq. (2.19) is already first order in the perturbation, 

the first-order mass shift is simply 

where 

w( s) 1 J ds' D(s'·} V' (s'} D(s') 
J( s' - S + iE 

L 

J 
,., 

1 ds' N(s')op(s') N(s') 
+ -

11 s' S - iE R -

The Dashen-Frautschi result2 is recovered by inserting Eq. (3.13b) 

for 

2. 

T 
g and g 

First-Order Couuling Shift. 

As in Reference 2, we define 

D.' = 

= 

d 
ds 

d 
ds 

The first order, Eq. (3.18) becomes 

g.h. + g.h. 
1 J J 1 
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The first-or.der Dashen-Frautschi result ;fo11oi·TS fram Eq •. ( 4. o) as 

shovm in. footnote 8 of Ref. 2, 

3. Second-Order 1-Iass Shift. 

+ 

The second-order mass shift is 

. ·.T----.-1( )i1 r = g N s . - · 
-· B rr J 

. L 

ds 1 L(s 1
) 

r(1) ] 1 J 
--+ rr _ds~ 
(s' - s - iE) (s' - s ) B . B R 

L s' - s 
B 

1 ( 
rc j ds' 

R 

..-v /t.·-1 7 
N(s 1

) 5p(s') D (s 1
) w(s') ~ 

s' - s - iE 
B J 

where 

s' - s 
B 

T( s') 

(4.8) 

U(s) ;J 
R 

ds' D-1 t(s') 

S 1
• - S - iE 

[() ( s 1 
) 1)-1 ( s' ) w( s 1 

) + 5p ( s 1 
) N ( s' ) ] , 

(4.9a) 

(4.9b) 

L(s) D(s) V' (s) D(s) (4.9c) 

T(s) N(s) 5p(s) N(s) . (4.9d) 
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Equation (4.8) is the second-order mass shift for both stable 

particles and resonances. In the case of a resonance shift, R is 

a set of contours that goes below sB . 

AI 
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