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Abstract

A p-adic Analytic Brauer Group

by
Deewang Bhamidipati

This dissertation introduces and studies the p-adic analytic Brauer group, a coho-
mological invariant that provides an analytic perspective on the classical theory
of central simple algebras over p-adic fields. For a p-adic field F with absolute
Galois group Gr, we define this invariant as the continuous Galois cohomol-
ogy group H?(Gp, C}'), where Cr is the completion of an algebraic closure of F.
Our central result establishes that this analytic group is canonically isomorphic
to the prime-to-p part of the classical Brauer group of F. Consequently, while
division algebras of p-power index over F are trivial in H*(Gg, C; ), we provide
an analytic construction for every such division algebra by demonstrating that

they arise from Cr-semilinear representations.
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Chapter 1

Introduction

The Brauer group, first defined in the 1930s, has been a cornerstone in the study
of division algebras and has deep connections to class field theory. The Brauer
group of a field K, denoted Br(K), classifies the central simple algebras over K
up to an equivalence relation. This provides a meaningful invariant for fields.
For a non-archimedean local field F, this theory is particularly elegant, culmi-

nating in the isomorphism Br(F) = Q/Z.

In this dissertation, we explore an analytic counterpart to this classical alge-
braic structure. We introduce and study what we term the p-adic analytic Brauer
group, defined from a cohomological perspective as the continuous Galois co-
homology group H?(Gp, C;). Here, Gr is the absolute Galois group of a p-adic
tield F, and Cr is the field of p-adic complex numbers—the completion of an
algebraic closure of F. This group arises naturally when one considers twisted
forms of matrix algebras not over algebraic extensions, but over the transcen-

dental extension Crf.

The central investigation of this work revolves around understanding the struc-
ture of this analytic Brauer group and its relationship to the classical Brauer

group. By leveraging the tools of p-adic Hodge theory, particularly Sen’s the-
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ory of Cr-semilinear representations of Gr, we establish a fundamental struc-
tural result. We show that the cohomological p-adic analytic Brauer group

H?(Gg, C}) is isomorphic to the prime-to-p part of the classical Brauer group.

The p-primary information is not lost in the analytic setting but rather relo-
cated. It manifests in the Azumaya sense through Cr-semilinear representa-
tions, where it naturally embeds within a larger p-adic family inherent to the

p-adic analytic setting.

This work is structured as follows:

¢ Chapter 2 provides a comprehensive review of the necessary preliminar-
ies. This includes the theory of local fields, ramification, local class field
theory, and the classical theory of Brauer groups from a cohomological

perspective.

¢ Chapter 3 delves into the foundational results of Sen’s theory on the de-
completion and descent of Cr-semilinear representations. We extend this

framework to central simple algebras.

¢ Chapter 4 introduces the main object of study: the (cohomological) p-adic
analytic Brauer group H?(Gr, C; ). We show that it is isomorphic to the

prime-to-p part of the classical Brauer group of F.

¢ Chapter 5 applies these results to study division algebras of p-power in-
dex. We demonstrate that every such class arises from an analytic object—
a Cr-semilinear representation—despite being trivial in the (cohomologi-

cal) p-adic analytic Brauer group.



Chapter 2

Preliminaries

2.1 Local Fields

Our work is in the context of local fields, specifically a p-adic field. In this
section, we review some facts about p-adic fields that will be used in the sequel.
Hereafter, we fix a prime p. Denote by Q, the field of p-adic numbers, by Z,

the ring of p-adic integers, and by [F,, the prime field of characteristic p.

Definition 2.1.1 (p-adic fields). A p-adic field F is a finite extension of Q,,.

The p-adic field F comes equipped with a discrete valuation v: F* — R, i.e., its
value group v(F*) is a discrete subgroup of R. We extend v to F by declaring
v(0) = oo. Moreover, F is complete with respect to v.

Its valuation ring O = {x € F : v(x) > 0}, also referred to as the ring of integers
of F, is a local ring. The valuation ideal mp = {x € F : v(x) > 0} is its unique
maximal ideal, and the group of units 6 = O \ mp = {x € F : v(x) = 0}.
The residue field of O (or F) is kr := Op /mp = [F;, where g is some power of p.
The ideal mr is principal, and any generator of mr is called a uniformiser of

F. In particular, if @ € F is a uniformiser, then we may write any x € F* as
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X = a)l’(x)u, where u € @FX. That is, there exists a short exact sequence

which splits non-canonically, depending on a choice of uniformiser.

We fix, for the remainder of Section 2.1, a p-adic field F and assume that its
valuation v is normalized, i.e., v(F*) = Z. Let Of be its valuation ring, mr its

valuation ideal and kp its residue field.

In this section, we discuss the theory of local fields that will be the most rele-

vant, all of which can be found in [Ser79].

2.1.1 Field Extensions

Let E|F be an algebraic extension. There is a unique extension of v to a valuation
vg: E— RU{oo} on E. Denote by 6 = {x € E : vg(x) > 0} its valuation ring
which is local, by mg = {x € E : vg(x) > 0} its valuation ideal, by kg = O /mg
its residue field.

Assume E|F is Galois. Then for any ¢ € Gal(E|F), the valuation vg o ¢ is an-
other extension of v to E. Uniqueness of vg forces v = vg o 0, i.e., v is Galois-
equivariant, where we let the value group vg(E*) be a trivial Galois module.
Moreover, this implies Gal(E|F) acts on E isometrically, i.e., ve(o(x) — o (y)) =
ve(x —y) for all possibly x,y € E and ¢ € Gal(E|F). Hence, in particular,

Gal(E|F) acts on E continuously.

Definition 2.1.2 (Residue Degree & Ramification Index). Assume E|F is finite,
and let n = [E : F| be its degree. In this instance, v is a discrete valuation and

E is complete with respect to vg. Furthermore, mg is also principal.



Necessarily, kg|kr is a finite extension and we call f = f(E|F) = [kg : k] the
residue degree of E|F.

Let @g and @r be uniformisers of E and F respectively; the ramification index
of E|F is the unique positive integer e = ¢(E|F) such that vg (@) = ¢ - vg(@g).
Equivalently, it is the unique positive integer such that mrOr = m%. Equiva-
lently, the value group vg(E*) = (1/e)Z.

One has, in general, that n = ef.

Definition 2.1.3 (Unramified Extensions). Assume E|F is finite with residue de-
gree f and ramification index e. We say E|F is unramified if e = 1. Equivalently,
if wehave [E : F| = f = [kg : k] or mpOr = mg. In particular, any uniformiser

of F continues to be a uniformiser of E.

We can completely characterise finite unramified extensions of local fields.

Proposition 2.1.4. For any f > 1, there exists a unique, up to isomorphism, unrami-
fied extension E|F with [E : F| = f. Moreover, this extension is Galois and the natural
map Gal(E|F) — Gal(kg|kg) is an isomorphism.

Therefore Gal(E|F) is cyclic, generated by a canonical element denoted Frobgp and
called the (arithmetic) Frobenius element. The latter is characterized by the congruence
Frobg p(x) = 7 mod mg for all x € Of.

In particular, E|F is an abelian extension of F.

Definition 2.1.5 (Ramified Extensions). Assume E|F is finite with residue de-

gree f and ramification index e. We say E|F is ramified if e > 1.

A ramified extension E|F is said to be tamely ramified if e is coprime to p, and

wildly ramified otherwise.



We say E|F is totally ramified if the residue degree f = 1, or equivalently if we
have [E : F] = e, the ramification index. That is, the ramification index is as

large as it can be. In particular, kg = kr.

Example 2.1.6. Let {,r denote a primitive p’-th root of unity in an algebraic
closure of Q,. Then the field Q,({,) is a totally ramified extension of Q,. In
general, for any p-adic field F, the extension F({,r) is a totally ramified exten-

sion of F.

Remark 2.1.7. An infinite extension E|F is said to be unramified (resp. tamely,
wildly, totally ramified) if every intermediate finite extension over F is unram-

ified (resp. tamely, wildly, totally ramified).

Example 2.1.8. The field Q;(pp~) = U;0Qp({pr) is an infinite totally ramified

extension of Q. So is F(uy~)|F, for any p-adic field F.

Example 2.1.9. For any local field F, we may consider its maximal unramified
extension FY, which is the compositum of all finite unramified extensions of F,
in a fixed algebraic closure of F. By Proposition 2.1.4, we conclude that F"" is

an unramified Galois extension.

2.1.2 p-adic Logarithm & Exponential

We will now introduce the p-adic logarithm and exponential functions on an
algebraic extension E|F. In this p-adic setting, the logarithm function is better

behaved than the exponential function.
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Definition 2.1.10 (Principal Units). The subgroup of n' principal units of 6} is
defined to be Uén) = 1+ m§, for n > 1. We often refer to Ug) simply as the

subgroup of principal units. These groups provide a filtration of U,(SO) = 0f
Ug)) ) Ug) o...

The canonical surjection O — kg, gives us U%O) / Ug) = ki,

In the case when E|F is finite, we also get a good description of successive quo-

tients in the filtration above. Let @f be a uniformiser of E, then the following

Ug)/UgH) — (kg, +): x — * l.
W

mod mg

is an isomorphism of groups; this isomorphism is independent of @g. In partic-

(0)

ular, when E|F is finite, the above filtration of Uy’ = 07 exhibits it as a profinite

group.

The following can be done for any extension E|F, but we specialise to the case
E=F, an algebraic closure of F. We let v = v, and we observe that k¢ is an

algebraic closure of kr, and therefore kg = F,.

Remark 2.1.11. As we mentioned previously, the reduction map 6z — kz gives

us the following short exact sequence

(1) . @ X X .
1—>Uf GF ,kf 1

This short exact sequence canonically splits by identifying k; = qu with i,
the subgroup of prime-to-p roots of unity in 6, using Hensel’s lemma. Hence,
OF =y - U(fl). That is, we may write any z € 6 uniquely as z = {z(1 +mz),

where (., € Wy and m; € mg.



Definition 2.1.12 (p-adic Logarithm). We define the p-adic logarithm series for-

mally as as follows

log(1 + x) converges whenever x € my and hence we obtain the p-adic loga-

rithm function log: U(f1 ) _5 F, which is continuous.
We extend the function to 6 by setting log() = 0 for every { € py, and we

will continue to refer to this extension also as log.

Definition 2.1.13 (p-adic Exponential). We define the p-adic exponential series

formally as
o Xn

xp(X) =)

n=0
Proposition 2.1.14. exp(x) converges in F if and only if v(x) > e/(p — 1), where

e = e(F|Qy) is the absolute ramification index of F.

Proof. Since we have assumed the valuation v on F to normalised, we have
v(p) = e = e(F|Qp). Let v, be the valuation on Q, such that v is its unique
extension to F, in particular, one has v(n!) = e-vy(n!). Legendre’s formula

tells us that

= | n n en
vp(n!) ; L J —T therefore v(n!) -

A similar calculus gives you

n en
vp(n!) > o1 Llogp n|, therefore v(n!) > o1 eLlogp nj

where log,, is the usual real logarithm in base p. Taking these two inequalities



we compute the radius of convergence of exp(x), concluding that it converges

exactly for those x such thatv(x) >e/(p —1). O

The p-adic logarithm and the exponential satisfy expected properties.

Proposition 2.1.15. Let x,y be elements in the domain of definition of log, and let s

and t be in the domain of definition of exp. Then exp and log are continuous and
(a) exp(s+1) = exp(s) - exp(t) (b) log(xy) = log(x) + log(y)
(c) exp(log(1+s)) =1+ sandlog(exp(s)) =s.

Proof. These can all be verified formally. O

Corollary 2.1.16. Forany n > e/ (p — 1), the maps log and exp give an isomorphism

() and m™.

of topological groups between U F

Proposition 2.1.17. There is a short exact sequence
« log —
I — poo — 0 — F — 1
where yo denotes the subgroup of all roots of unity.

Proof. We first prove the surjectivity of log. Consider any x € F and choose
n > 0 such that p"x is in the radius of convergence of exp. Then, z = exp(p"x)
is such that log z = p"x. Since F is algebraically closed, there exists a p"-th root

z!/P" € F of z, and necessarily log z!/?" = x; showing the surjectivity of log.

Letz € U(f1 ) be such that logz = 0, then choose 1 >> 0 such that z" € U for

F
(i)

some i where log is an isomorphism on Uz". Then, log zV" =0givesusz/" =1

using the exponential. Hence, z € yy~, finishing the proof. O
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Remark 2.1.18. If we restrict log and exp to F itself, we obtain an isomorphism

analogous to the one in Corollary 2.1.16,

log

U(”) — m"
Foop MF

forn >e/(p—1).

2.1.3 Ramification Theory

Let E|F be a Galois extension. The considerations below hold more generally:
they do not depend on the specific choice of F as the base field, and remain true

if we replace F with any finite extension.

Definition 2.1.19 (Higher Ramification Groups). Assume E|F is finite and let
G = Gal(E|F) be its Galois group. For i > —1, define the i ramification group
as

Gi = {0 €G:o(x)=xmodm:, forall x € O}

In particular, G_; = G and Gy is the inertia subgroup of G. We obtain the follow-

ing filtration of G, called its ramification filtration

G=G_12G2G1 2 D {*}

We have that G; = {x} is trivial for i > 0.

Remark 2.1.20. Each G; is normal in G; in particular, we have G/ Go = Gal(kg|kr).
Moreover, Gg/ Gy naturally embeds into k; and thus is cyclic of order prime to
p, and for i > 0, the quotient G;/G; 1 embeds into m% / m?l, a kg-vector space,

thus is an abelian p-group killed by p. This exhibits G as a solvable group.

10



The ramification filtration detects the ramification of the extension E|F. In par-
ticular, one has that Gp = {*} if and only if E|F is unramified, and G; = {x} if

and only if E|F is tamely ramified.

The ramification filtration we have defined behaves well when restricted to
subgroups of G, but does not behave well when we pass to its quotients. How-
ever, we can recover compatibility with quotients by appropriately reindexing

the filtration.

Definition 2.1.21 (Upper Numbering). For any t € Ry, let G == Gpy). We

define the Herbrand function ¢gp: [—1,00) — [~1,00) as

v dt
per) = [ g
This function is continuous, piecewise linear, increasing, and concave, and sat-
isfies for ggp(u) = u foru € [-1,0].
Consequently, it admits an inverse yg|p : [~1,00) — [—1, 00) which is continu-
ous, piecewise linear, increasing, and convex.

For u € [—1,00), we define the ramification groups in upper numbering as

G = Gy r(u)

Remark 2.1.22. Ramification groups in upper numbering G* and lower number-
ing G dictate each other. Observe that the knowledge of the upper numbering

allows us to define g r:

per(t) = [ 167 G

which is, in particular, continuous and increasing. This allows us to define its

inverse ¢ r, and obtain G; = Goer(),

11



Both ¢ and ¢ enjoy pleasant composability conditions: let Eq, E; be Galois ex-

tensions of F with E; C E,, then

PE,|F = PE|F © PE,|E,

and therefore, taking inverses, we obtain
Ve, |F = YE,|E, © YR IF

We obtain the following compatibility with quotients with upper numbering.

Proposition 2.1.23 (Herbrand). Let Eq, E; be Galois extensions of F with E; C Ej,

then the canonical surjection Gal(E|F) — Gal(E1|F) restricts to a surjection
Gal(E2|F)” - Gal(E1 |F)u

forany u > —1.

Definition 2.1.24. We define the lower (resp. upper) ramification breaks of G as the

values of u for which G, # Gy (resp. G* # G**¢) for all ¢ > 0. By definition,

the lower ramification breaks are integers, while the upper ramification breaks

are only guaranteed to be rational numbers.

Theorem 2.1.25 (Hasse-Arf). Let E|F be an abelian extension, i.e., G = Gal(E|F) is

an abelian group. Then the upper ramification breaks of G are integers.

Assume now that E|F is an infinite extension, then recall that

— 1 /
Gal(E|F) = 1<£n Gal(E'|F)

12



where E’ ranges over all finite Galois extensions of F contained in E. As a
profinite group, Gal(E|F) is equipped with the profinite topology, also referred

to as the Krull topology. In this way, we always view Gal(E|F) as a topological
group.
Theorem 2.1.26 (Infinite Galois Correspondance). We have the following inclusion-

reversing correspondence for an infinite Galois extension E|F. Let G = Gal(E|F),

{closed subgroups of G} +— {extensions of F contained in E}
H+~—— EH

Gal(E|F') «+— F

In particular, open subgroups in G are precisely those closed subgroups that have finite

index in G and thus correspond to finite extensions of F contained in E.

Proposition 2.1.23 allows us to define the ramification filtration in upper num-
bering for infinite extensions.

Definition 2.1.27 (Upper Numbering for Infinite Extensions). Let E|F be an
infinite Galois extension, and u € [—1, ). Define

u ._ 13 / u
Gal(E|F)" = 1<£n Gal(E'|F)

where E’ ranges over all finite Galois extensions of F contained in E.

2.1.4 Local Class Field Theory

In this section we recall statements related to Local Class Field Theory, which
gives a satisfactory description of abelian extensions of F. References for this

theory are [Ser79, Guil8, Mil20].

13



Let Gr = Gal(F|F) be the absolute Galois group of Gr, and let G¥° be its max-
imal abelian quotient. Equivalently, G2 = Gal(F2?|F), where F3 denotes the

maximal abelian extension of F contained in F.
Theorem 2.1.28 (Local Reciprocity Law). There exists an injective homomorphism
0r : F* — Gal(F®|F),

called the local reciprocity map, such that for every finite abelian extension E|F it

factors as
F* » Gal(F2®|F)

l |

FX/NE‘F(EX) e Gal(E‘F)

Ok |F

where O, p is an isomorphism called the local reciprocity isomorphism for E|F, and

N, is the field norm from E to F. In particular, [F* : Ngp(E*)] = [E : F].

From Theorem 2.1.28 we obtain the following fundamental correspondence.

Denote N p(E*) by N(E*).

Theorem 2.1.29 (Fundamental Correspondence & Local Existence Theorem).

The map

{finite abelian extensions of F} <— {finite index open subgroups of F* }

E+— N(E™)
is an inclusion-reversing bijection, and

N((E-E')*) = N(E) "N(E') N(E* NE™) =N(E*)-N(E™)

The local reciprocity map enjoys the following functoriality property

14



Theorem 2.1.30 (Functoriality of Local Reciprocity Law). Assume E|F is any fi-

nite extension, then the following diagram commutes

EX % Gal(E®|E)

Ng Fl lRes

X —— Gal(F??|F)
F

where Res: Gal(E?®|E) — Gal(F?|F) is the restriction map.

Proposition 2.1.31. Forany u € [0,c0), let Ul(cu) = Ugﬂ). Then the local reciprocity
map Or maps UI(E”) isomorphically onto Gal(F?®|F)*, the u'" ramification group in
upper numbering.

In particular, given a finite abelian extension E|F the local reciprocity isomorphism

O induces an isomorphism UI(TM)/(UI(E”) NN(E*)) = Gal(E|F)".

Remark 2.1.32. Let F"" be the maximal unramified extension of F. A conse-
quence of Proposition 2.1.4 is that it is an abelian extension with Gal(F""|F) =
Gal(kr|kr) = Z, and is therefore contained in F?°. We have the following map

of short exact sequences

0 > OF s FX LA > 0
| S
2 0
i}
0 —— Gal(F?|F") —— Gal(F?°|F) sy 7 > 0

The Local Reciprocity Law and Existence Theorem, Theorems 2.1.28 and 2.1.29
respectively, tells us that the bottom row is the profinite completion of the top
row. The short exact sequences split non-canonically, depending on the choice

of a uniformiser. Observe that the vertical isomorphism on the left is the iso-
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morphism specified in Proposition 2.1.31 for u = 0 as Gal(F?*|F'") is exactly

the inertia subgroup of Gal(F2°|F).

We specialise the previous remark to the case when F = Q. That is, we make

the local reciprocity map explicit for F = Q,

Remark 2.1.33. When F = Qj, local Kronecker-Weber gives us F?* = Q, (o0,
where Q, (i) is the field obtained by adjoining all roots of unity. Moreover,
by Hensel’s lemma, one has F** = Q,(p,r), where Qp (1) is the field obtained
by adjoining all roots of unity whose order is prime-to-p. Therefore, one may

write

b _
F® = F, . Fu

where F, = Qp(pp~) is the field obtained by adjoining all roots of unity whose

order is a power of p, as seen in Example 2.1.8. Therefore, one has
Gal(F®°|F'") = Gal(F,|F) = Z;

Hence, the local Artin map g, restricted to Z; induces the following isomor-

phism, corresponding to the vertical isomorphism on the left in Remark 2.1.32,

. X X
OQP'ZP —>Zp

which we define as §@p (a) = a1, thereby explicitly describing fg,.

2.1.5 The Cyclotomic Character

In this section, we will define a fundamental (semi-)linear algebraic object which

will be an important tool in the sequel.
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For our p-adic field F, consider the totally ramified extension F({,), where {,r

is a primitive p"-th root of unity, chosen such that ¢ ZV = (1. The extension

p
F(Z,r)|F is Galois, and its Galois group Gal(F({,r)|F) canonically embeds into

(2/p"Z)* through the map
Xxr: Gal(F(¢pr)|F) = (2/p'2)"

defined by the relation o({,r) = g;f: @) for any o € Gal(F(gpr)|F). The character

Xr in general is not surjective, but it is for all  when F = Q,,.

The field F({p=) = U;»oF({pr) is an infinite totally ramified Galois extension

of F. We denote by I' = T'r = Gal(F({p~)|F).

Definition 2.1.34 (p-adic Cyclotomic Character). The group I has a natural ac-
tion on the group of p-power roots of unity, seen via each x,. This gives rise to
the following embedding

Xoo: I = Z;
defined by the relation ¢({ym) = Q;f,f(a) for any o € I'. The character X« is an
open embedding, with respect to the natural profinite topologies on the source
and target.

The character xr: Gr — Z, is obtained by inflating X, i.e., it is obtained as

the following composition

Gp —%55 Tp 2=, zy

is a continuous character of Gr called the p-adic cyclotomic character. We will

abuse notation and conflate o with xF.
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Remark 2.1.35. By construction, ker x corresponds to F({~), while the group

ker(xr mod p") precisely corresponds to F(,r).

Remark 2.1.36. We may identify Gr and I'r as subgroups of Gqg, of 'y, com-
patibly. With this identification, we have the following diagram

XF

Gr » I'r 5 Z;

[

Ga, — o, — Z;

\_/

Xap

p

giving us xr = xa, |G,
Remark 2.1.37 (Interaction with the Reciprocity Map). Let xq,: I'q, = Z,. We

observed in Remark 2.1.33 that fora € Zy, we have

(xa, ©fa,)(a) =a"

where 0q, is the local reciprocity map for Q,. Hence, for any 7 € I'r, we have

6a, (XF(7)) =17,

for a p-adic field F.

2.1.6 p-adic Complex Numbers

An infinite extension E|F is not complete with respect to vg. In our context,
where E has characteristic 0, this can be shown by using Krasner’s Lemma. For

a proof in the case E = F, an algebraic closure of F, see [Kob84, Theorem 12].
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Moreover, the valuation 7 = vz on F is not discrete: its range is Q U {co}. We

also make the observation that k7 is an algebraic closure of kr.

Definition 2.1.38 (The p-adic Complex Numbers). The field of p-adic complex
numbers Cr is the completion of F with respect to 7. There is a unique extension
of v to Cr that we denote 7, and Cr is complete with respect to v. The range of
v continues to be Q U {oo}.

The valuation ring of Cr is the subring Oc, = {x € Cr : (x) > 0}. It is local

with the unique (non-principal) maximal ideal m¢, = {x € Cr : V(x) > 0}.

Remark 2.1.39. Consider any x € @gF = Oc, \ m¢,. Since by construction Fis
dense in Cr, we may find a y € F such that x —y € m¢,. Thus, we observe
that 7(y) = v(y) = 0. This shows that the canonical map 0z/mz — Oc,/mg; is

surjective. Hence, the residue field k¢, = O¢c,/mc, = kz = k.

Theorem 2.1.40. Cr is algebraically closed.

Proof. Appropriately scaling coefficients, it suffices to prove that every non-
constant monic polynomial in Oc,[X] has a root in Oc,. Consider such a poly-
nomial

FX) =X 4+ag 1 X o X +ag

We will approximate f(X) by a sequence of polynomials in Oz[X]. By density,

we may find polynomials
fr(X) = X+ ag 1 (X 4+ ()X + ag(r) € Op[X]
such that f — f, € p76¢,[X]. Since f,’s are monic, they split over Op.

19



Let a, € OF be a root of f,. By construction, f,11 — f; € p?0¢,[X] and therefore

fri1(ay) € p6c, for all r. Writing

fr1(X) = (X = Bry11) - (X = Bry1,4),

the product (a — B,411) - (& — Bry14) are divisible by p?". Hence, neces-
sarily, there exists some 1 < i < d such that a, — B, is divisible by p". Let
i1 = Priai

In this way, proceeding by induction, we have constructed a Cauchy sequence
(a)y in Of and define & = lim; ;0 &y € Oc,. By construction, we observe that

fr(a) € p"Oc,, and since f, — f, we conclude that f(a) = 0. O

Remark 2.1.41. Let Gr = Gal(F|F) be the absolute Galois group of F, then Gp
acts continuously on Cr. It is sufficient to observe that Gr acts isometrically on

F, as we did at the beginning of Section 2.1.1.

The following theorem can be seen as a transcendental Galois correspondance

Theorem 2.1.42 (Ax-Sen-Tate). Let H < Gr be a closed subgroup corresponding to

an extension E|F contained in F. Then CH = E. In particular, CS* = F.

Proof. Let H be as in the statement of the theorem and E = F". 1tis clear from
density of E in E that E C CH. Consider any x € CH. We will show that it a
limit of some sequence in E. By density, we may consider a sequence (x;,), in

F such that x, — x and ?(x, — x) > n.

For any ¢ € H, observe that

V(o (xn) — xn) = V(o (xp — x) — (xn — X))

> min {V(o(x, — x)),V(xy —x)} =V(xp —x) = n
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By [LB10, Théoréme 1.7], which improves [Ax70, Proposition 1], for every n,
there existsa y, € E = F such that

~ 1

V(xn—yn) > n—ﬁ

Since x,, — x, we necessarily obtain that y, — x. Thus, x € E. O

We end the section by remarking that since the p-adic logarithm and expo-
nential are continuous functions, we may extend them to Cr. In particular, all
results (including definitions) in Section 2.1.2 remain true when F is replaced

by Cr and v by ¥, since Cr is algebraically closed.

2.2 Semilinear Algebra & Cohomological Descent

2.2.1 Semilinear Representations

The reference for this section is [Car19]. Throughout this section, fix a topolog-
ical group G and B a topological field. Assume B is equipped with a continuous
action of G, i.e., the map G x B — B: (0, b) — o - b is continuous where G x B
has the product topology. Additionally, we require the action to commute with

the addition and multiplication structures of B.

Definition 2.2.1 (Semilinear Representation). A B-semilinear representation of G
is a topological vector space W over B equipped with a continuous action of G

such that
clx+y)=c(x)+o(y) and c(A-x)=0(A) o(x)

foralloc € G, A€ Band x,y € W.
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Observe that if G acts trivially on B, then a B-semilinear representation of G is

equivalent to the usual notion of a B-linear representation of G.

Definition 2.2.2 (Trivial Semilinear Representation). By definition, B, endowed
with its G-action, is a B-semilinear representation of G itself. We can similarly
turn B™ into a B-semilinear representation by letting G act coordinate-wise.

This is called the trivial (semilinear) representation of dimension m.

Notation 2.2.3 (Category of Semilinear Representations). We introduce the cat-
egory Repp(G) which has as objects B-semilinear representations of G. Mor-

phisms in Repg(G) are B-linear maps which are G-equivariant.

Repp(G) is straightforwardly seen to be an abelian category, and moreover it
comes with a notion of tensor product and internal hom: if W; and W, are
objects in Repg(G), then Wy ®@p W, is an object in Repg(G) equipped with the
diagonal action 0 - (x ® y) = 0 -x ® ¢ -y, and Homp(W;, W,) is an object in
Repg(G) equipped with the action (0 - ¢)(x) = - @(c~! - x). Let Reph(G) be
the full subcategory consisting of objects that are finite dimensional B-vector
spaces; in particular, this category contains the trivial semilinear representa-

tions.

Remark 2.2.4 (Scalar Extension). Let C be a closed subfield of B which stable
under the action of G. Therefore the notion of C-semilinear representations of

G makes sense and we have the following functor
B ®c —: Repc(G) — Repp(G)

In particular, assume that we are given a (topological) field F and we have G

and B such that B is an F-algebra and the action of G on F is trivial. Then
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Repp(G) is just the category of F-linear representations of G, and given any

such representation V, then W = B ®f V is a B-semilinear representation of G.

Specializing to the case of linear characters x: G — F*, we will denote by
B(x) = B ®r x the 1-dimensional semilinear representation generated by a
vector e, on which G acts as 0 - ¢, = x(0) - ¢y for all ¢ € G. By semilinearity,

we then have
o(bey) = (0-0)(x(0) - ex)

foralloc € Gand b € B.

We give the following example, which is situated in the exact context in which

we wish to apply the theory in this section.

Example 2.2.5 (Tate Twists & Hodge-Tate Representations). Assume F is a p-
adic field and Gr its absolute Galois group. Then Repr(Gr) is the the category
of continuous F-linear representations. We have already introduced a funda-
mental object in this category: the p-adic cyclotomic character x = xr on F; see

Definition 2.1.34.

For any integer 1, by x" we mean the character defined as x"(c) := x(c)". For

any field extension E|F, we define the n'-Tate twist of E as
E(n) = E(x") € Repg(Gr).
These objects have the following properties:
E(n)Y = E(—n) and E(m)®gE(n) = E(m+ n)

where (—)V = Homg(—, E), the internal hom in Repg(Gr).
The representation @©!" | E(i)" is called a Hodge-Tate representation of E of weight
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n = (n,...,ny). In particular, the n'"-Tate of twist E(n) of E is a Hodge-Tate

representation of weight n.

2.2.2 Continuous Cohomology

Throughout this section, fix a topological group G and X a topological group,
not necessarily abelian, on which G acts continuously. For ¢ € Gand a € X,

denote by “a € X the element obtained by the left-action of ¢ on a.

Definition 2.2.6 (Continuous Cohomology). We define H’(G, X) := XC.

A (continuous) 1-cocycle of G valued in X is a continuous function G — X: o —

ag such that a;r = ag - “a.. Letting o = 15, we have that a;, = 1x.

Let Z!(G, X) be the set of all 1-cocycles. A pair ¢,c’ € Z1(G, X) is considered

cohomologous, denoted ¢ ~ ¢/, if there exists an x € X such that

clo)y=x""-c(0)-%x, forallc €G

This defines an equivalence relation on Z!(G, X), and
H'(G, X) :== Z(G,X)/~

is the first cohomology set of G with coefficients in X. It is a pointed set as it
comes equipped with a distinguished base point: the class of the trivial cocycle
o+ 1x, denoted B!(G, X). Elements of this class are called 1-coboundaries and

are 1-cocycles of the form o — x~! - “x, for some x € X.

Assume for the next definition that X is abelian, written additively for nota-

tional clarity. A (continuous) 2-cocycle is a continuous function c: G x G — X
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such that

C((71<72, (73) - C((T1,(72(73) = 0(01,02) — 01 C(Uz, 03)

for any o1, 02,03 € G. A 2-cocyle is a 2-coboundary if
c(oy,02) = agyo, — 0y — Ay, foralloy,on € X,

for some continuous function ¢ — a,. The collection of 2-cocycles is denoted
as Z?(G, X) and is an abelian group under pointwise addition. The collection
of 2-coboundaries forms a subgroup and is denoted B?(G, X). We define the

second cohomology group, an abelian group, as

H2(G, X) := Z*(G, X) /B?*(G, X)

Remark 2.2.7. When X is abelian, then Z! (G, X) is an abelian group and B!(G, X)
is a subgroup. In particular, H' (G, X) = Z'(G, X)/B!(G, X), an abelian group.

Definition 2.2.8. Let X, Y, Z be topological groups where X is abelian and Y
and Z are not necessarily abelian. Then the following sequence of topological

groups with continuous group homomorphisms

15xhysz51

is called short exact if

e fisa closed embedding.
* im f is a normal subgroup of Y.
e imf =kerg

* ¢ issurjective, and induces a homeomorphism g : Y/ im f = Z.
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Furthermore, suppose X,Y and Z come equipped with a continuous action
of a topological group G. Then a short exact sequence will always have G-

equivariant continuous group homomorphisms.

Proposition 2.2.9. Let G be a topological group and

1oxhy&z 51

a short exact sequence of topological groups equipped with a continuous G-action.

Then, there exists an exact sequence of pointed sets
1 X6 - Y6 - 76 4 HY(G,X) — HY(G,Y) — H(G, Z2) & HA(G, X)

Proof. The proof in [GS17, Proposition 4.4.1] goes through without change. In
particular, the construction of the connecting maps J goes without change,

while the other morphisms are induced by f and g. O

Remark 2.2.10. If Y and Z are abelian, we can extend the exact sequence given

in Proposition 2.2.9 using f and g since H?>(G, Y) and H?(G, Z) is defined.
. 5 HY(G,Z) S H2(G, X) — H(G,Y) — H2(G, Z)

Throughout this dissertation, we employ this concrete version of group coho-

mology as that is enough for our purposes.

Assume now that we are given a closed normal subgroup N of G, then the
subgroup of N-fixed points XV of X naturally has a continuous action of G/N,
given the quotient topology. Then, we have the following operations on 1-

cocycles.
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Definition 2.2.11 (Inflation & Restriction). Consider a 1-cocyclec: G/N — XN,

Then the inflation of c is the function Inf(c): G — X given by
G—»G/NS XN — X

which is straightforwardly seen to be a 1-cocycle. Now Suppose we have a
1-cocycle ¢’: G — X. Then the restriction of ¢ is the 1-cocycle ¢'|y: N — X.

These maps give a well-defined sequence

HY(G/N,xN) -ty HI(G, X) 25 HY(N, X)

Proposition 2.2.12 (Inflation-Restriction Sequence). There is an exact sequence
1 —— HYG/N,xN) -, H(G, x) &5 HY(N, X)

of pointed sets. That is, Inf is injective and ker Res = im Inf. By ker Res we mean the

classes that get mapped to the class of the distinguished base point under Res.

Proof. Consider 1-cocycles c1,cr: G/N — XN such that Inf(c1) and Inf(cy) are

cohomologous in H!(G, X). That is,

c1(oN) = Inf(cq) () = x 1 - Inf(c)(0) - “x = x - cp(¢N) - T (%)
for every o € G, for some x € X. As a cocycle, since N is the unit of G/N, we
have that c1(N) = c(N) = 1x. Therefore, for any 7 € N, we have

-1

1y =x - x

That is, x is fixed by the action of N, and therefore we have x ¢ XN and hence
(*) shows that ¢; and c; themselves are cohomologous and thus Inf is injective.

It is straightforward to see that imInf C ker Res. Now, consider a 1-cocycle
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c: G — X such that Res(x) is a 1-coboundary in H'(N, X). So, ¢(y) =y~ 1 - Ty
for any 7 € N, for some y € X. Let x = y !, and define a 1-cocycle ¢’ : G — X

as

By definition, we have [c] = [¢/], and /() = 1x for all € N. Consider any
n € N and ¢ € G, then by normality of N, we observe that 7o = o7’ for some

" € N. Then, we observe that
c'(ne) = c'(y)-"c'(e) =" ()

and
(o) =c'(oy') = '(0) - "' () = (o)
From this, we obtain that ¢/(¢) is fixed by the action of N and hence ¢(c) € XN

for any o € G. Moreover, since ¢’(07') = ¢’(c) we also obtain that ¢’ is constant

on the coset ¢ N. Thus, let us define
&: G/N — XN, &(oN) = (o).

One verifies that ¢ is a 1-cocycle and therefore we have [Inf(¢)] = [¢/] = [c], and

hence ker Res C im Inf. O

When X is abelian, a similar argument gives us the following

Proposition 2.2.13 (Inflation-Restriction Sequence). There is an exact sequence
1 —— H2(G/N,XN) 24, 12(G, x) 25 H2(N, X)

of abelian groups.
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2.2.3 Cohomological Descent

We formalise a connection between semilinear representations and continuous
cohomology. Let G and B be as in Section 2.2.1. The reference for this section is

[BCO9, Exercise 14.4.1]

Remark 2.2.14. There is a natural topology on GL,,(B) that makes it a topolog-
ical group. For our purposes, we describe this topology in a hands-on manner;

for a more functorial approach, see [Con12, §2].

Topologise GL,(B) using the subspace topology from M,,(B)? via the anti-
diagonal map g > (g,¢~!). One quickly verifies that this makes GL,,(B) into a
topological group, as the continuity of the inversion map g + ¢! is clear from

definition. In particular, the topology of B* is the one on GL;(B).

The continuous action of G on B extends to an action of G on GL,,(B) where for
A € GLy(B), one has (“A);; == 0(A;;). To see that the action of G on GL;,(B)

is continuous, it is enough to conclude that the following maps are continuous
(0,A) = c(Aj;) and (0, A) — (T(Agl),

which they are since they are compositions of certain projections and the con-

tinuous G-action on B.

Let V € Reph(G) be free of rank . Choosing a B-basis e = (ey, ..., ey) of V, we
topologise V via the isomorphism V = @;Be; = B™. We note that this topology
is independent of the choice of basis. We define a function U, : G — GL,(B),

where Ue(0) = (bf’j((f)) is the matrix such that



Lemma 2.2.15. Ue is a continuous 1-cocycle and if £ is another B-basis of V, then Ug

is cohomologous to Uk.

Proof. Leto, T € G. One has T(ej) = Y, _; Ue(T)y; - €. By semilinearity,

wmmzédmmmvm>
= 2 (kmzl ue(a)ik : U(ue(T)k]) - €

Therefore, by definition, we obtain

mm%:émmwﬂmmm

That is, Ue(0T) = Ue(0) - “Ue(T), and hence U is a 1-cocycle. The continuity
of U, follows from an observation similar to the one made towards the end of
Remark 2.2.14.

Let f be another B-basis of V and let P € GL,,(B) be the change-of-basis matrix

from f to e, then one shows directly that
Ug(c) = P71 -Ue(c)-7P, foreveryo € G
Hence U, and Uy are cohomologous. O

Let Rep?(G) be the set of B-linear isomorphism classes of objects in Rep§(G)
of rank m. This is a pointed set, with the base point given by the class of the
trivial semilinear representation B"'. Observe that, the trivial semilinear repre-
sentation with the standard basis 1 produces the trivial cocycle Uy : o +— Id;

here Id,;, is the m x m identity matrix.
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Theorem 2.2.16. The map (V, e) — U, yields a isomorphism of pointed sets
®cp: Rep(G) = H'(G,GLy(B))

Proof. Lemma 2.2.15 tells us that the map (V,e) — U, gives a well-defined

map of pointed sets
® : Rep(G) — H'(G,GLy(B))

We sketch the inverse. Let U: G — GL,,(B) be a 1-cocycle, and let Vi; = B™ be

equipped with the following action of G: for ¢ € G, define

U1 o(01)
ol | =U(o)
U o(Um)
That this is a semilinear action is clear from the definition, and its continuity
follows from the continuity of U and the action of G on B. A straightfoward

computation shows that this map is well-defined and descends to a map of

pointed sets ¥ : H'(G, GL(B)) — Rep} (G), and that it is the inverse of ®. [

Remark 2.2.17. The isomorphism in Theorem 2.2.16 is natural in G and B. Let
G’ be another topological group and C a topological ring with a continuous
action of G'. Assume that there exist continuous homomorphisms ¢ : G — G’

and ¢ : C — B. These morphisms induce a functor
Asc: Rep-(G') — Repp(G), W — B®c W.

We describe how one views B ®c W as a B-semilinear representation of G: let

0 € G, thenc(w®b) = ¢(0)(w) ® c(b). This restricts to a functor and map of
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pointed sets
Asc: Repl-(G') — Reph(G) and  Ascy: Rep™(G') — Rep(G)

respectively. This generalises the early discussions in Remark 2.2.4.

These morphisms also induce a map on cohomology sets
Ascg rcp: HY(G,GLy(C)) — HY(G,GLy(B)), [U] = [GLy(y) o U o ¢)]

Since @ is defined explicitly in Theorem 2.2.16, it is easily shown that the fol-

lowing diagram of pointed sets commutes
meeny  26lc 1!
Repl(G') ———— H'(G',GL,(C))
Ascy, ASCE,G/,C,B

Repy (G) —5— H'(G,GL,(B))

G,B

If N is a closed normal subgroup of G (with the subspace topology), then the
subring of N-fixed points BN naturally has a continuous action of G/N. Us-
ing Remark 2.2.17 with N < G — G/N, where G/N is given the quotient

topology, and BN < B we obtain the following sequence of cohomology sets

Ascy

H'(G,GL,(B)) —= H'(H,GL,,(B))

Ascy
—

H!'(G/N,GL,,(BY))

where Ascy = Ascg g,y pv g and Ascy = Ascy G,B,B-

We can get rid of this clunky notation by observing that since GL,,(BY) =
GL,;(B)N, the above sequence is precisely the inflation-restriction sequence

from Proposition 2.2.12 with Ascy = Inf and Ascy = Res. This gives us

32



Corollary 2.2.18 (Inflation-Restriction Sequence). There is an exact sequence

1 —— HY(G/N,GL,(BN)) - H(G,GL,(B)) -2 H(N,GL,(B))

We have the following functors
(=)™ Repy(G) — Reppn(G/N)
B ®gn —: Repgn(G/N) — Repg(G)
Lemma 2.2.19. Forany W € Rep%N (G/N), the canonical map
W= (Wepn BN, w—wel
is an isomorphism.

Proof. Easily follows once a basis has been chosen. O

On the other hand, for any V € Repg(G), one has the map
ay:Bogy VN =V, b®@ v — bo
Assuming V has rank m, it determines a cohomology class &y € H!(G, GLy,(B)).
Proposition 2.2.20 (Cohomological Descent). The following are equivalent:
(a) wy is an isomorphism;
(b) Res(&y) = [1], the class of the trivial cocycle;
(c) Gy is in the image of Inf.

If any of these conditions are satisfied, one says that V descends to BY.
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Proof. Observe that equivalence of (b) and (c) follows from Proposition 2.2.12,
the inflation-restriction sequence. Assume that (a) holds, therefore V has an
N-invariant basis, say e, and hence gy is represented by the cocycle U,, which

by construction is such that U, |y = 1, the trivial cocycle. Thus, Res(y) = [1].

Assume now that (b) holds, then Res({y ) is represented by a 1-coboundary
U.: N — GLy(B), n— P~1.7P,

for some P € GL,,(B), where e is a basis of W. The basis e’ := Pe is such that
Ué, = 1 is trivial, and therefore the basis ¢’ is N-invariant, and hence we use it

to conclude ay is an isomorphism. O

Corollary 2.2.21 (Cohomological Descent). B ®@pn —: Rep%N (G/N) — Reph(G)
is an equivalence with quasi-inverse (—)N: Rep§(G) — RepfBN (G/N) if and only if

the map Inf: H'(G/N,GLy,(BN)) — HY(G,GLy,(B)) is an isomorphism.

2.3 Brauer Groups

In this section we fix a perfect field K. We do so to conflate algebraic and sep-
arable extensions to simplify the exposition, although all results in this section

hold for general fields after adding some separability assumptions.

Assume throughout that all K-algebras under consideration are non-zero and
tinite dimensional over K. We will often refer to K-algebras as algebras over K.

References for this section include [GS17, Guil8].
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2.3.1 Central Simple Algebras

Definition 2.3.1 (Central Simple Algebra). A K-algebra A is simple if it has no

non-trivial two-sided ideals. We call a K-algebra central if its centre Z(A) = K.

Example 2.3.2. A division algebra D over K is clearly simple, and since its cen-

tre Z(D) is necessarily a field, it is central over Z(D) D K.

Example 2.3.3. If D is a division algebra over K, then the algebra M, (D) of
n x n matrices over D is simple for all n > 1. Similarly, one may also verify
that Z(M, (D)) = Z(D), i.e., the centre consists only of scalar multiples of the

identity with scalars in Z(D). Therefore, M,,(D) is central over Z(D).

The following classical theorem states that our examples above are essentially

the only examples there are.

Theorem 2.3.4 (Wedderburn). Let A be a finite dimensional simple algebra over
K. Then there exists a unique positive integer n and a unique, up to K-isomorphism,

division algebra D over K such that A = My, (D) as K-algebras.

Definition 2.3.5 (Splitting Fields). Given a central simple K-algebra A, we say
a finite extension L|K is a splitting field of A if A ®g L = M,(L), as L-algebras,
for some n. In particular, K is a splitting field of A if and only if A = M, (K), as

K-algebras, for some 1; we call such central simple algebras split.

The following theorem tells us that splitting fields exist and we can take them

to be Galois.
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Theorem 2.3.6. A K-algebra A is central simple if and only if there exists an n > 1
and finite Galois extension L|K such that A @ L = M,,(L) as L-algebras.

Proof. [GS17, Theorem 2.2.1] shows that a splitting field for A exists, this fol-
lows from Theorem 2.3.4 and the fact that A is finite-dimensional over K. A
result of Noether and Kothe [GS17, Proposition 2.5] tells us that a splitting field

for A which is Galois exists. O]

Remark 2.3.7. Let K be an algebraic closure of K. Then Theorem 2.3.6 tells us

that, in particular, we have A ®x K = M,,(K), as K-algebras.

Corollary 2.3.8. If A is a central simple algebra over K, its K-dimension is a square.

Definition 2.3.9 (Degree & Index of a CSA). For a central simple K-algebra A,
its degree is the number deg, A = \/dimg A.

By Theorem 2.3.4, one has A = M, (D), for some n and some central simple

K-division algebra D. Then indk (A), the (Schur) index of A, is degy D.

Definition 2.3.10 (Brauer equivalence). Let A and B be central simple algebras
over K. We say A and B are Brauer equivalent if A ®x M,(K) = B ®@x Ms(K) for

some integersr,s > 1.

Remark 2.3.11. Theorem 2.3.4 tells us that any central simple algebra over K is
Brauer equivalent to a division algebra over K. Moreover, since M,(D) ®g L =

M, (D ®k L), we conclude that splitting fields only depend on the Brauer class.
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Definition 2.3.12 (Brauer group). The Brauer group of K is the set of all Brauer
classes of all central simple algebras over K, which is denoted as Br(K). This is
indeed a group, where the group operation is given by ®x and the unit is the
class [K], which consists of all split central simple algebras. The inverse of a

class [A] is the class [A°P] represented by the opposite algebra of A.

The fact that for a class [A] € Br(K), its inverse is given by the class [A°P] is a

consequence of the following result which we record for future use.

Proposition 2.3.13. Let A be a finite dimensional K-algebra. Then A is a central

simple algebra over K if and only if the map
¢: A®g A" — Endg(A), a®@b— (@gp : x — axb)
is an isomorphism.

Proof. For the forward direction, see [GS17, Proposition 2.4.8]. For the con-
verse, it suffices to assume ¢ is surjective and we observe then that im ¢ =
Endg(A) = Mgeg A (K), a central simple algebra over K.

Let I be a non-trivial two-sided ideal of A, then I ®x A°P is non-trivial two-
sided ideal in A ®g A°P, and therefore so is | = ¢(I ®x A°P) in the image of
¢. Since im ¢ is simple, we conclude that | = im ¢ = Endg(A) by surjectivity
of . Hence, ida = ¢(X/L1yi ® b;) = Yy ¢y, 5, where y; € I and b; € A°P.
Therefore, for any a € A, we have

n n
a= ; Py, b () = ;yi“bi el

since I is a two-sided ideal of A. Hence I = A, and thus A is simple.

Letz € Z(A), thenz®1 € Z(A ®k A°) and hence ¢(z ® 1) € Z(img¢) =
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K -id 4, by assumption. Let ¢(z ® 1) = Aid 4, for some A € K, and we note that
z=¢(z®1)(1) = A. Thus, Z(A) C K, and thus A is central. O

Remark 2.3.14. By Remark 2.3.11, we can identify Br(K), as a set, with the set
of isomorphism classes of division algebras that are K-central. Moreover, we

observe that the index (Definition 2.3.9) is a well-defined function on Br(K).

Since splitting fields only depend on the Brauer class of a central simple alge-
bra, we give the following result on splitting fields of division algebras. For a

central simple algebra, we may replace degree with index.

Proposition 2.3.15. Assume D is a division algebra of degree n over K, then D has a
splitting field of dimension n over K, and the dimension of any splitting field of D over

K is a multiple of n.

Proof. See [Guil8, Corollary 6.39]. ]

Example 2.3.16. We note that Theorem 2.3.6 tells us that Br(K) is trivial if K is
algebraically (or separably) closed. This can also be shown directly by using
Remark 2.3.14 and showing that the only division algebra that is central over

an algebraically closed field K is K itself.

Definition 2.3.17 (Relative Brauer group). For any extension L|K, the map
Br(K) — Br(L): [A] — [A ®k L]

is well-defined and a group homomorphism. The kernel of this map is called

the relative Brauer group of E|K and denoted Br(L|K).
Observe that [A] € Br(L|K) if and only if L is a splitting field of A.
In particular, one has Br(K) = Br(K|K).
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Remark 2.3.18. Combining Definition 2.3.17 with Theorem 2.3.6 we observe
that the Brauer group Br(K) is the union of all its subgroups of the form Br(L|K)
with LK finite and Galois. In particular, if L'|K is a Galois extension containing
L, thenip = (—)®p L": Br(L|K) — Br(L'|K) is injective and all such i}/; form

a directed system that Br(K) is a colimit of.

2.3.2 Cohomological Descent Revisited

We recall definitions and results from Sections 2.2.2 and 2.2.3 and apply them
to the case where G = Gy is the absolute Galois group of K equipped with its
profinite (Krull) topology, while B = K, an algebraic closure of K, equipped
with the discrete topology. In this set-up, the cohomology groups and sets we

consider are termed Galois cohomology. A standard reference is [Ser(02].

Below we give a useful characterisation of cohomology in this context.

Proposition 2.3.19. Let G be a profinite group and X a discrete group, not necessarily
abelian. Write G = 1<£n Gy, where G, is finite. Then we consider U, = ker 1, where
ta: G — Gy is the canonical projection; Uy is an open normal subgroup. Define
Xy = XY, which is naturally equipped with a continuous Gy-action, where Gy is

given the discrete module. Then,
HY(G, X) = lim H'(G,, X,)
—

where the directed system is given by inflation maps. Moreover, if X is abelian, we also
have

H2(G,X) = lim H2(Gy, Xz)
where once again the directed system is given by inflation maps.
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Proof. This is well-known, see [Sta25, Tag 0DVG]. O

Remark 2.3.20. Applying Proposition 2.3.19 to Gk tells us that given a discrete

group X with a continuous action of Gx, we have
i _1; i Gr,

(fori = 1,2, where for i = 2 we assume X is abelian)

where the limit is over finite Galois extensions L|K contained in K. Here we
identify G| with the subgroup Gal(L|K) in Gk, and we denote G x = Gal(L|K),

the cokernel of G; — Gg.

This tells us that we can restrict our focus on finite Galois extensions of K, and

cohomology of finite groups.

The following example illustrates Remark 2.3.20 where X = GL, (K)

Proposition 2.3.21 (Hilbert’s Theorem 90). Let L|K be a Galois extension, then
H' (Gk, GLi (K)) = {*}
Proof. We show that for any finite Galois extension L|K, one has
Hl(GL|K1GLm(L)) = {*}.

We invoke Proposition 2.2.20. Let V be a finite-dimensional L-vector space with

a semilinear action of G = Gy g, and consider the canonical map
ay: Lo Ve -V

We show that ay is an isomorphism. The proof of surjectivity does not require

V to be finite-dimensional, only that [L : K] < co. Let¢y,..., &, be a K-basis of
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L, then by Artin’s independence of characters there exist Ay,..., A, € L such
that) ! ; Ajo(e;) = 1if o € Gis the identity and 0 otherwise. Consider the trace
function T: V — V, x — Y ,cc 0(x), and observe that im T C V. Finally, we

observe that for any v € V, we have

i)‘iT(siv) =) Z,)\i(f(ei)ff(v) =7,

showing the surjectivity of ay. The proof of injectivity is similar to the proof of
Artin’s independence of characters. Observe that it is enough to show that ev-
ery finite family of vectors in VC, linearly independent over K, remain linearly
independent over L. Assume {v1,...,v,} is one such family in V¢ and assume

the following is a non-trivial linear dependence relation over L

with A; € L. Assume that this is a relation such that the number of A;’s which
are non-zero is minimal. We may assume, upto reindexing and rescaling, that

A1 = 1. Then, applying ¢ — 1 to the relation above, for any ¢ € G, gives us
(c(A2) —A)va+ -+ -+ (c(Ay) —Ar)v, =0

Our assumption of minimality gives us that this relation is trivial, and therefore
o(A;) = Aj fori > 2. Since o was arbitrary, we conclude A; € K and hence ()
is a non-trivial independence relation over K, contradicting our assumption.

Thus, {vy,...,v,} is K-linear independent and therefore ay is injective. ]

We resume our focus on central simple algebras over K. In what follows all
algebras over K are finite-dimensional and all field extensions L|K are assumed

to be Galois.
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Definition 2.3.22 (Twisted Forms). Given a pair of K-algebras A and A’ and a
field extension L|K, we say B is a (L|K)-twisted form of Aif A®g L = A’ ®k L

as L-algebras.

Remark 2.3.23. Remark 2.3.7 tells us that central simple algebras are precisely

the (K|K)-twisted forms of M,,(K) for some 7.

We relate twisted forms to cohomology.

Example 2.3.24 (Twisted Forms give Cocycles). Consider A a K-algebra, L|K
a field extension and let Ay = A ®g L. Then any ¢ € Gp g induces an L-
algebra automorphism A; — Ar: a4 ® x — a ® o(x) which we also denote as
0. Moreover, if A’ is another K-algebra and we have an L-algebra isomorphism
f: Ap — Aj, then we obtain an L-algebra isomorphism “f: Ay — A}. One
sees that (o, f) +— 7 f describes a left action of G x on Auty (AL), the L-algebra

automorphism group of Ay.

Once again, assume we are given an isomorphism a: A; — A}, then we get a

10 %, then one may verify that

function ca: G g — Autp(AL), o a, =a~

Agr = Qg © Uﬂr

Therefore ¢, € Zl(GL‘ x Aut (AL)). Moreover, if B: Ap = A/ is another iso-

morphism giving the 1-cocycle cg: ¢ — by = p~! 0 7B, then
_ .1 o
Ay = x ~obyo%

where x = ,3_1 ow,ie., c, and cp are cohomologous.
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Theorem 2.3.25. For a K-algebra A, consider the pointed set TF(A) of twisted
(L|K)-forms of A, where the base point is given by (A,id ). Then the map (B, a) —
[ca], defined in Example 2.3.24 yields a isomorphism of pointed sets

TF.(A) = H' (G, Aut (AL)).

Proof. We sketch the inverse. A similar argument to the one given in Theo-
rem 2.2.16 tells us that given a cocycle c: Gy x — Aut (AL), we can equip
Auty (Ar) with a semilinear action of Gy |x. Define A" = AEL‘K to be the Gy -
tixed points of A under this semilinear action. We now prove that this is in-
deed a form of A, but this follows from the fact that the extension of scalars
a: A’ ®g L — AL is an isomorphism of vector spaces by the proof of Propo-
sition 2.3.21 (Hilbert’s Theorem 90), but « is an algebra map, finishing the

proof. O

Let L|K be a Galois extension. Observe that M,,(L) = M;,(K) ®k L and that
TFL (M, (L)) is the set of K-central simple algebras of degree n split by L. To
emphasise that, let CSAk(n,L) = TF, (M, (L)).

Proposition 2.3.26 (Skolem-Noether). The K-algebra automorphism group of a K-

central simple algebra A is naturally isomorphic to A* /K*.

Proof. Let L be a splitting field of A, then A ®x L = M, (L) and (A ®g L)* =
GL, (L) has as its centre L*. It is a general fact that we have the following short

exact sequence

1—L* = GL,(L*) - Inn(M,(L)) — 1
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where Inn(M,,(L)) is the subgroup of inner automorphisms of M, (L) and the
latter map is P — (M +— PMP~1). See [GS17, Lemma 2.4.1] for a proof that
all automorphisms of M, (L) are inner, giving us Aut; (M, (L)) = Inn(M,(L)).

The following short exact sequence of discrete groups is G g-equivariant
1L = (A®kL)* - Aut (A®xL) —1

then by Proposition 2.2.9 we get
1— K* = A% = Autg(A) = H'(Gg, LX)

Since Hl(GL| x, L) is trivial by Proposition 2.3.21 (Hilbert’s Theorem 90), we
obtain that Autg(A) = A* /K*. O

Corollary 2.3.27. The L-algebra automorphism group of M, (L) is the projective gen-
eral linear group PGL,, (L) := GL,(L)/L*, where L* is identified with the subgroup
of scalar matrices in GL,, (L) which is its centre. Moreover, PGL,,(L) has an action of

Gy |k as the automorphism group of My (L), then PGL, (L)°Ux = PGL,(K).

Proof. Apply the proof of Proposition 2.3.26 to A = M, (K). O

Corollary 2.3.27 and Theorem 2.3.25 give us

Corollary 2.3.28. There is an isomorphism of pointed sets

CSAk(n, L) = H'(Gp g, PGL4(L)).

We use Corollary 2.3.28 to give an interesting class of central simple algebras.

Definition 2.3.29. Let L|K be a cyclic Galois extension of degree m. We fix an

isomorphism x: Gy x = Z/mZ, which is a character of Gp |k, and somea € K*
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be given. We associate to x and a a central simple algebra over K which is a

(L|K)-twisted form of M,,(K) called a cyclic algebra, which is denoted as (x, a).

Consider the matrix,

~ 0 a
Id,,—1 O

Let its image in PGL,,(K) be denoted as U,. A straightforward computation
shows that U, has exact order m in PGL,,(K), in particular, lNI[Z” = g -1d,,. The

following,

Grx —— Z/mZ — PGLy(K) — PGLy(L)

1l— U,

gives a 1-cocycle in Z! (Grjk, PGLy(L)). Via the isomorphism in Corollary 2.3.28,
this cocycle corresponds to a K-central simple algebra of degree m split by L,

denoted (x, 4).

Let L|K be as in Definition 2.3.29.

Proposition 2.3.30. The class of the cyclic algebra (x, a) is trivial in Br(L|K) if and

only if a is a norm from L, i.e.,a € Npg(L™).

Proof. See [GS17, Corollary 4.7.5]. O

Moreover, cyclic algebras exhaust Br(L|K) for cyclic Galois extensions L|K.

Once again, let L|K be as in Definition 2.3.29.
Proposition 2.3.31. Let [A] € Br(L|K), then

o Thereexist x: Gyg — Z/mZ and a € K such that [A] = [(x,a)].
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e Moreover, if A has degree m, then A = (x,a).

Proof. See [GS17, Corollary 4.7.6]. O

2.3.3 Cohomological Brauer group

In this section we give two cohomological interpretations of the Brauer group.

We let L|K continue to be a Galois extension.

Remark 2.3.32. The following natural maps

GLy (L) X GLy(L) — GLyy (L), ()= oy

GLu(L) = GLua(L), Y — p®Id,
descend to maps on PGL, giving the following maps of cohomology sets
H'(G,PGL,,(L)) x H(G,PGL,(L)) — HY(G,PGL (L)) (2.1)

Amn: HY(G,PGL, (L)) — HY(G,PGLy, (L)) (2.2)

These maps correspond to the following maps

— ® —: CSAk(n, L) x CSAk(m,L) — CSAg(m,L)

— @M, (K): CSAg(m,L) — CSAk(mn, L)
The maps Ay, in (2.2) form a directed system, and we define
H'(Gjx, PGLeo(L)) = lim H'(Gyjx, PGLy (L))

This is an abelian group equipped with the multiplication described in (2.1).
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Inflation gives us
H!(Gk, PGLw&(K)) = lim H'(Gpjx, PGLoo (L))

as L ranges throught finite Galois extensions of K.

Proposition 2.3.33. There are natural group isomorphisms

H'(Gpx, PGLoo(L)) = Br(L|K) and H'(Gg, PGLw(K)) = Br(K).

We now give the second interpretation, identifying the Brauer group with a

more familiar cohomology group.

Recall the following exact sequence of groups equipped with a G g-action
1— L* = GLyu(L) — PGLy (L) — 1
Applying Proposition 2.2.9 we get an exact sequence of pointed sets
H'(Gpjk, GLi(L)) = H' (G jk, PGLyu(L)) ity H? (G, LX)

Triviality of the set H! (Grjx, GLm (L)) by Proposition 2.3.21 (Hilbert’s Theorem
90) means &y, 1, is injective. Moreover, J,, 1 induces the following isomorphism

[GS17, Theorem 4.4.5].

Theorem 2.3.34. There is an isomorphism of abelian group

H'(Gpjk, PGLw(L)) = H* (G, L).

Furthermore, 6,1, as L ranges through finite Galois extensions, collect to form

a system, inducing the following isomorphisms [GS517, Theorem 4.4.7].
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Theorem 2.3.35. Let K be a field, L|K a Galois extension and Gy the absolute Galois

group of K. Then there exist natural isomorphisms of abelian groups

Br(L|K) = H?(Gy g, L*) and Br(K) = H*(Gk,K").

Describing the Brauer group as a cohomology group allows us to use cohomo-

logical machinery to give structural results about the Brauer group.

Theorem 2.3.36. Let L|K be a finite Galois extension. Then each element of the relative
Brauer group Br(L|K) has order dividing the degree [L : K]. Consequently, the Brauer

group Br(K) is a torsion abelian group.

Proof. This follows from general facts about group cohomology, see [GS17, Corol-

lary 3.3.8]. O

Definition 2.3.37. For a central simple K-algebra A, its period per (A) is the or-
der of its Brauer class [A] in Br(K). Recall indg(A), the Schur index of A (Defi-
nition 2.3.9). It is known that pery (A) | indgx(A) and that pery (A) and indg(A)
share the same prime factors. When K is a local or global field, we know that
perg(A) = indg(A) by the work of Albert, Brauer, Hasse, and Noether; see
[GS17, Remark 6.5.6].

Observe that if one considers A € CSAg(n,K), then necessarily indg(A) | n.
Since peryg(A) | indx(A), we conclude that [A] € Br(K)[n], the subgroup of
n-torsion of the Brauer group, i.e., elements whose order divides n. That is, the
inclusion induced by the connecting map H'(Gg, PGL,(K)) < H2(Gg, K ") =
Br(K) factors through an inclusion H! (Gg, PGL,(K)) < Br(K)[n].

In particular, if per (A) = indg(A), as is the case when K is a local or global

field, then one can argue that H! (Gg, PGL,(K)) = Br(K)[n].
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We now give a cohomological argument for H!(Gg, PGL,(K)) < Br(K)[n] in

the case 7 is invertible in K.

Remark 2.3.38. For a positive integer n € K*, consider

—=x ()" =x

1 > Un » K » K

~+
—_

where 1, is the group of n''-roots of unity, which is Gx-equivariant. Then, by

Proposition 2.2.9 and Remark 2.2.10 we get the exact sequence

[n]

H!(Gk,K") —— H2(Gk, 1tn) — H%(Gg,K*) —— H2(Gg,K")

where [1] denotes the multiplication-by-n map (we think of Br(K) = H2(Gg, K ")
as an additive group). Since H' (G, K™)is trivial by Proposition 2.3.21 (Hilbert’s

Theorem 90) we get that the subgroup of n-torsion

Br(K)[n] = H?(Gg, un).

Consider SL, (K), whose centre is j,, - 1d,,, define the projective special linear group
as PSL, (K) := SL,(K)/pun. Since K is algebraically closed, we observe that

PGL,(K) = PSL,(K). Therefore, we may consider the following (map of) short

exact sequences

1 > ln > SL,(K) —— PGL,(K) —— 1

I I |

1—— K" —— GL,(K) —— PGL,(K) —— 1

(2.3)

which induces the following (Proposition 2.2.9)
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H' (G, PSL,(K)) —— H?(Gk, pn) = Br(K)[n]
H j (2.4)
H!(Gk,PGL,(K)) — H2(Gk,K") = Br(K)
allowing us to conclude that the bottom map in (2.4) factors through the top

map and is necessarily injective.

2.3.4 Brauer Group of a Local Field

Theorem 2.3.39. Let F be a local field. Then the Hasse invariant is a canonical
embedding
Inv: Br(F) — Q/Z

where
* IfF = C, then Inv = 0, since C is algebraically closed.

e IfF =R, then Inv induces Br(F) = 37 /Z, where the non-trivial class in Br(R)

is represented by Hamiltonian quaternions H.
e If F is non-archimedean, then Inv is an isomorphism.

While the results below are true for any local field F, we restrict our attention

to the case when F is a p-adic field.
The Hasse invariant enjoys the following functoriality property.

Proposition 2.3.40. Let E|F be a finite extension, then there is a commutative diagram

Br(F) —™ — Q/Z

®FEl [E:F]x—

Br(E) ———— Q/Z

Inv
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Proof. This is [Guil8, Theorem 8.10] m

Corollary 2.3.41. Let E|F be a finite extension, then Br(E|F) is cyclic of order [E : F].

Assume E|F is a cyclic Galois extension with the character
~ 1

and some a € F*. Then, we obtain the cyclic algebra (x,a) € CSAp(m, E), see
Definition 2.3.29.

Recall the local reciprocity isomorphism 0 r (Theorem 2.1.28).
Proposition 2.3.42. Inv([(x,4)]) = x(0gr(a))

Proof. [GS17, Proposition 4.7.3] tells us that our (), a) coincides with the one in
[Ser79, Chapter XIV, §1]. Now the result follows from Proposition 3 in [Ser79,
Chapter XIV, §1]. O

Let o € Ggg be such that x(0) = %modl and k is such that O g (a) = ok,
Then
k
Inv([(x,a)]) = amodl
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Chapter 3

Descent & Decompletion

Throughout this chapter F denotes a p-adic field and Gr is its absolute Galois
group. Cr is the completion of an algebraic closure of F, and x = xr: Gr — Z,

is the p-adic cyclotomic character (Definition 2.1.34).

The group H = ker x is a closed subgroup and cuts out the extension F({p~), an
infinitely ramified extension obtained by adjoining all p-power roots of unity
to F. Recall T = Gp/H = Gal(F({p~)|F) is the Galois group F|F. Therefore it
contains a subgroup of finite index I'g = (Z,, +) such that I' = £ x Iy, where

L is a finite abelian group with order = [I : T| prime to p.

Let 7 be a topological generator of Iy, and let I'; := Fgr be the subgroup topo-
logically generated by v, = 'ygr. The intermediate extension Fe cut out by X
is such that F|F is totally ramified, Gal(F({,~)|Fw) = X and Gal(Fw|F) = T,
i.e., Fx is a Zp-extension. Also define F, := FEJ, which are cyclic extensions of

F of order p" where Gal(F,|F) =T/, = Z/p"Z.

Let H < Gf be such that Ty = Gr/H. We also observe that CFH = F/(Q,To) and
cH=F

Notation 3.0.1. The absolute Galois group Gr will always be considered as a
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topological group, equipped with its profinite topology. Note that any exten-
sion E|F can be equipped with two topologies — the natural metric topology
induced by its valuation or the discrete topology, and this distinction will mat-
ter when we consider the cohomology of Gr valued in these fields. We recall

that Gr acts continuously on E with its valuation topology.

Let X denote either E, EX, GL,(E) or PGL,(E), which are groups that our
cohomology will be valued in. Once we fix a topology on E, the remaining
Xg’s inherit an induced topology: see Remark 2.2.14 for the induced topology
on E* and GL,(E), and PGL,(E) is given the quotient topology. When E has

the discrete topology, so does any Xf.

The undecorated H'(Gr, Xg) will denote cohomology where Xg has the (in-
duced) valuation topology and we will use results from Sections 2.2.2 and 2.2.3.
On the other hand, H,__(Gr, Xg) will denote cohomology where Xg has the
discrete topology, where results from Sections 2.3.2 and 2.3.3 will come in handy.
Finally, observe that if G’ is a finite subgroup (resp. quotient) of Gp, then its
subspace (resp. quotient) topology is the discrete topology. Therefore, if this G’

acts on E, then we have H'(G', Xg) = H!

disc

(G, Xg).

The distinction in Notation 3.0.1 is necessary. For example, consider the groups

H!(Gp,F") and H

disc

(Gp, F”). The latter is trivial by Proposition 2.3.21 (Hilbert’s
Theorem 90), but the former is not as it contains a non-trivial cocycle repre-

sented by the p-adic cyclotomic character yx.

Lemma 3.0.2. The p-adic cyclotomic character x: G — F * is not a 1-coboundary

Proof. Assume x is a 1-coboundary, and therefore



forall o € G, for some x € F . Necessarily x belongs to a finite extension E|F,

and we may apply the field norm N r to the above expression

x(0) EF) = Ng(x(0)) = Ngjp(x) ™ Ngp(7x) = 1

for all ¢ € Gp, a contradiction since x does not have finite order. O

Our main object of study is the following short exact sequence of topological

groups equipped with a continuous action of G

1 — Cf —— GLyu(Cr) —— PGLy(Cr) — 1 (3.1)

which gives the following sequence in cohomology by Proposition 2.2.9

HY(Gf,Cf) — HY(Gg,GLy(CF)) — HY(Gp, PGL,(CF))
1 (3.2)
H?(Gg, CF)
We recall from Theorem 2.2.16 that the set H' (Gr, GL,,(Cr)) classifies Cr-linear
isomorphism classes of objects in Requ:F (Gr) of dimension m. Similarly, by fol-
lowing the proof of Theorem 2.2.16, we can show that H! (G, PGL,,(CF)) clas-

sifies the possible continuous semilinear actions of Gr on the matrix algebra

M, (Ck). On this level, the maps in the sequence (3.2) correspond to
L~ L®" and V ~ End(V)

where L is a one-dimensional Cr-semilinear representation of Gr, and V is an
m-dimensional Cp-semilinear representation of Gr. Moreover, the H! (Gg, C} )-

action on the pointed set H' (Gr, GL,,(CF)) corresponds to (L, V) — L ®¢, V.
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3.1 Sen Theory

In this section, we exposit the theory of Sen on Cr-semilinear representations
of Gr. An excellent reference is Sen’s original paper [Sen81], and much of our

exposition is based on [BC09].

Sen, in [Sen81], establishes an equivalence between the categories Rep{;F(Gp)
and Repfg00 (I'), which we recall are rigid (closed) symmetric monoidal abelian
categories. We record this equivalence in the following theorem, a reference for

which is [BC09, Theorem 15.1.2, Corollary 15.1.6]

Theorem 3.1.1. There exists a quasi-inverse Dagey, : Rep{:F(Gp) — Repk: (L) to the
: f

extension of scalars functor (—) ®r,, Cp. Moreover, for any V € Repc,(Gr), there

exists some r such that Dgen (V) € Repr(Fo). The functor Dsey, is a composition of

two equivalences:

e (Descent) The functor ()H : Rep{;F(Gp) — Repfﬁm(l"o) of H-invariance is an

equivalence, quasi-inverse to extension of scalars (—) ®¢ CF.

* (Decompletion) There exists a quasi-inverse Dge, : Rep% (To) — Rep%w(Fo)
to extension of scalars (—) ®r., Foo. Moreover, for any W € Repfﬁ (To), there

exists some r such that Dg, (W) € RepfFr (To).
Moreover,
® Dsen(V1 @ V2) = Deen(V1) © Dsen(V2)
* Dgen(Vi ®c; V2) = Deen(V1) ®F, Dsen(V2)

* DSen(HOmCF (Vlz VZ)) = Homp_ (DSen(Vl)/ DSen(VZ))
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/

sen(W). Define a vector

Forany W € Repff (T'o), we sketch the construction of D
w € W to be F-finite, if its translates by I'y generate an F-vector space of finite
dimension. Then D, (W) is defined to be the subspace of F-finite vectors; it is

a Fw-subspace of W on which I'y acts.

We translate Theorem 3.1.1 into a cohomological statement.

Corollary 3.1.2. The natural map H'(T'g, GL,;(Fs)) — HY(GF, GLy, (Cr)), induced
by Gp — T and GLy,(F) — GLy,(Cp) is an isomorphism for all m > 1. It is a

composition of two isomorphisms
e (Descent) Inf: H(Ty, GL,(Fx)) — H'(GF, GLy(CF)) is an isomorphism.

e (Decompletion) There natural map H'(Tg, GLy;(Feo)) — H(Tg, GLy(Fio))

induced by GLy,(Feo) <= GLy(Ew) is an isomorphism.
Moreover, if U: Tg — GL,(Fw) is a 1-cocycle, then for large enough r, one has
U(c) = U, € GLy(F) for every o € Ty.
Remark 3.1.3. In particular, one can even show that
H!(Ty,GL,,(Fs)) = lim H! (T, GL,(F)).

Since we will not use this fact, we do not provide a proof.

Remark 3.1.4. Sen in [Sen81] proves his results for the case where F, is replaced
by F({p~). We justify why we can state our results with F. Observe that the

inflation-restriction sequence (Proposition 2.2.12) gives us

1 — H'(To, GLi(Fs)) —2% HY(T, GLy(F({p~))) —=5 HY(E, GLy(F({p~)))
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where we recall that I’ = X x I'. Since X is finite, we have H! (£, GL,, (F({~))) =
Hl

disc

(X, GLu(F(gp>))), which is trivial by Proposition 2.3.21 (Hilbert’s Theo-
rem 90). Hence Inf is an isomorphism, which tells us that Z-invariance (-)* is

quasi-inverse to (—) ®r,, F({p~).

To understand objects D € Repf;oo (To), Sen shows that one can differentiate the
semilinear action of I'y on D and obtain a F-linear endomorphism called the

Sen operator.

Theorem 3.1.5 (Sen81, Theorem 4). For each D € Repk (Ty) there is a unique

Feo-linear endomorphism ©p on D such that for all x € D we have

o(x) = exp(log(x(7)) - ©p)(¥)
for all «y in an open subgroup I'y of T

Proof. We sketch the proof of existence. Let e = (e1,...,en) be an Fe-basis of
D, and using this we may define the corresponding cocycle U = U,: Iy —
GL;;(Fe). We know that we have U, = U(y) € GL;,(F:), for some r, for all
v € TIy. Restricting U to I';, which fixes F,, we have that U : I', — GL,,(F,) is a
continuous homomorphism, and thus describes a continuous linear represen-
tation of I', over F,. We define,

Op — kl)‘f(;—b([;;) € My (E,) C My (Fao)

for all ¥ € T, \ {1}. Shrinking I'; so that exp is well-defined, we obtain the

expression in the statement of the theorem. O

We have the following facts about the Sen operator.
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Lemma 3.1.6. For D1,D, € RepfFoo (To), the Sen operators on D1 & Dy, D1 ®f,, D>

and Homp (D1, D;) are respectively given by
* Op,ep, = Op, ®Op,
* Op,g,D, =Op, ®14+1®06p,

* ®H0me(D1,D2)(T) =0Op,oT -ToOp,

Let Sr,, be the category of finite-dimensional F-vector spaces equipped with a

linear endomorphism. Then, we have the functor
Rept, (To) — Sk.: D~ (D,®p).

This functor is not an equivalence and neither is it fully faithful, but it detects

isomorphisms.

Proposition 3.1.7. Objects Dy, D, € Rep}._(To) are isomorphic if and only if (D1, ®p, )

and (D5, ®p, ) are isomorphic in S,

Example 3.1.8. Let D = F(n) be the Hodge-Tate representation of weight 1,
then one sees that Op is the multiplication-by-n operator. More generally, D is
the Hodge-Tate representation of weight n = (ny,...,ny,), i.e., isomorphic to

" Feo (i)™, if and only if @p is diagonalisable with eigenvalues (n1,...,1y).

In light of this example, for any object D € Rep}._(I'¢), the eigenvalues of ®p

are called generalised Hodge-Tate weights of D.
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3.2 Descent & Decompletion of CSAs

Sen proves that we have an isomorphism
H! (T, GLy(F)) — HY(GF, GL1(CF)).

In this section we extend Sen’s results to central simple algebras.

3.2.1 Azumaya Monoids

We introduce the general theory of Azumaya objects in symmetric monoidal
category. The original reference for this theory is [Par76]. [San14] is an excellent

source on the foundations of symmetric monoidal categories.

Definition 3.2.1 (Symmetric Monoidal Categories). A symmetric monoidal cate-
gory is a category 7V equipped with a bifunctor — ® — : ¥ x ¥V — Y/, called
the tensor product, and object 1 € 7/, called the unit, along with natural iso-
morphisms (a, A, 0, 7) which are subject to certain conditions and commutative
diagrams as laid out in [San14, Definitions 2.2.1, 2.2.12]. Roughly speaking, «
exhibits associativity of ®, while A and p exhibit 1 as a two-sided unit with

respect to ® and 7 exhibits the commutativity of ®.

Definition 3.2.2 (Lax & Strong Monoidal Functor). Let (7, ®, 1) and (7', ®', 1')
be symmetric monoidal categories. A functor F : ¥ — ¥ is said to be (sym-
metric) lax monoidal if it is equipped with morphisms € : 1" — F(1) and mx y :
F(X)® F(Y) = F(X®Y) forall X,Y € ¥, such that, roughly speaking, F is
compatible with the datum (a, A, p, T) of ¥ and (a/, A\, o/, T’) of V. See [San14,
Definition 2.2.27] for the appropriate commutative diagrams. F is said to be

strong monoidal if e and mx y is an isomorphism.
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Definition 3.2.3 (Equivalences). An equivalence of monoidal categories is a strong

monoidal functor that is an equivalence of the underlying categories.

Definition 3.2.4 (Monoids). A monoid (object) in a symmetric monoidal category
7 is an object A € UV equipped with morphisms yy: A®Q A - Aandy:1 — A
in ¥ such that, roughly speaking, u is associative and 7 is a monoid unit for A.

See [San14, Definition 2.2.18] for the appropriate commutative diagrams.

Definition 3.2.5 (Morphisms of Monoids). Given two monoids (A, i, %) and
(A’,1',1"), then a morphism f : A — A’ is a morphism of monoids if the

following diagrams commutes

AoA T L g a

A

A%A’ A—>A’

Definition 3.2.6 (Category of ¥'-Monoids). We may define the following cate-
gory of monoids of a symmetric monoidal category %', denoted Mony, where
the objects are monoid objects in ¥ and morphisms are morphism of monoids.
It is itself a monoidal category with ®, but not necessarily symmetric as T does

not restrict to this category. This is exhibited by the following construction.

Definition 3.2.7 (Opposite Monoid). Given a monoid A = (A, u,1), we define
its opposite monoid A°P = (A, u',17), where it/ = o 7. We observe that A = A°P
in Mons if and only if 4 = p o 7, in which case such a monoid is said to be
commutative. The possible existence of non-commutative monoids makes Mons;,

a monoidal category that is not necessarily symmetric.

60



Lemma 3.2.8. Let F : U — V' be a lax monoidal functor between two symmetric
monoidal categories U and V', then there is an induced functor F : Mons — Money.
In particular, if F is an equivalence, the induced functor on the category of monoids is

an equivalence as well.

Proof. The fact that the functor induces a functor on the category of monoids is
clear from definitions. While the statement about equivalence follows from the
fact that any quasi-inverse of F may be given the structure of a lax monoidal

functor; see [San14, Lemma 2.2.34, Proposition 2.2.42]. O
Definition 3.2.9 (Closedness). A symmetric monoidal category 7 is said to be
closed if it is equipped with a functor
[—, =]V XVP >V
called the internal hom and an isomorphism
Homs (X ®Y, Z) = Homsy (X, [Y, Z])

forany X,Y,Z € ¥ and natural in all three.

In particular, for any object Y, one has the adjunction — ® Y = [Y, —]. The unit

and counit of this adjunction are denoted as
coev: X = [V, X®Y] and ev:[Y,X]|®Y = X

and called the coevaluation and evaluation maps respectively.

Remark 3.2.10. We may define lax and strong closed functors, similar to lax
and strong monoidal functors Definition 3.2.2. One can show that for func-

tors between closed symmetric monoidal categories a lax monoidal functor is
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equivalent to a lax closed functor. Therefore one can adapt the definition of an
equivalence Definition 3.2.3 and Lemma 3.2.8 to closed symmetric monoidal
categories by asking the equivalence to be induced by a closed monoidal func-

tor, i.e., a functor that is both strong monoidal and strong closed.

Remark 3.2.11. For any object X in a closed symmetric monoidal category 7/,

then the object [X, X] has the structure of a monoid ([X, X], ox, Ix), where
ox: [X,X] ® [X, X] = [X, X]

is the morphism corresponding to

(X, X]® [X, X)) ® X % [X,X] @ ([X,X] ® X) 4% (X, X] @ X <% X

under the tensor-internal hom adjunction. The monoid unit Ix: 1 — [X, X] is
the coevaluation. [X, X] = ([X, X], ox, Ix) is called the internal endomorphism

monoid of X.

Definition 3.2.12 (Duals). Let 7" be a symmetric monoidal category, then an
object X € ¥ is said to be dualisable if there exists an object X" such that XV @ —
is right adjoint to — ® X. Let 17 and e be the unit and counit of this adjunction.
The object X" is called the dual of X.

Note that if 7 is closed and we have a dualisable X, then there is a natural iso-
morphism [X, —] & XV ® — as they are both right adjoints of — @ X. Therefore,

in particular, [X, 1] = XV.

Lemma 3.2.13. For a closed symmetric monoidal category V', an object X dualizable

if and only if the natural map

X, 1]®X — [X,X],
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adjoint toev ®id: [X, 1] ® X ® X — X ® X, is an isomorphism.

Proof. See [San14, Lemma 2.2.61]. O

Remark 3.2.14. If X dualisable in a symmetric monoidal category ¥, then the

maps77: 1T — XV ® X and

(XVeX)® (XY oX) 422, xvex

provide XV ® X with the structure of a monoid in . If % is closed then this
monoid structure on XV ® X = [X, 1] & X = [X, X] corresponds to the internal

endomorphism monoid structure on [X, X| described in Remark 3.2.11.

Definition 3.2.15 (Rigidity). A symmetric monoidal category % is said to be

rigid if there exists a functor (-)V: ¥ — U and an isomorphism
Home (X ® Y, Z) = Homy (X, YY @ Z)

forany X, Y, Z € ¥ and natural in all three. In particular, for any object Y, one

has the adjunction — ® Y 1YY ® —, i.e., every object is dualisable.

The functor (+)" is unique up to isomorphism, is an equivalence of categories

and (X®Y)" 2XV®@YYand 1V 1.

Remark 3.2.16. A rigid symmetric monoidal category is always closed, where

the internal hom is defined as [X, Y] == XV ® Y.

Definition 3.2.17 (Modules over Monoids). Let 7" be a symmetric monoidal

category, and A a monoid in ¥. Then an object M € % equipped with a
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map Ly: A® M — M, such that the commutative diagrams in [San14, Defini-

tion 2.2.26] hold, is called a left A-module. One similarly define a right A-module.

Let N be a right A-module with structure map Ry and M a left A-module with

structure map Ly, then one has

RN®id
NRAM —IN®M
id® Ly

The coequaliser of this diagram, if it exists, is denoted N ® 4 M.

Assume that P is a dualisable and consider the monoid object A = PY ® P.

Then PV (resp. P) is a right (resp. left) A-module via the evaluation
PV @ (PY @ P) -4V, pv (PV@P)P -<24, p
Moreover, if PV ® 4 P exists, then the evaluation map gives an induced map
trp: PV @4 P — 1

called the trace map.

Definition 3.2.18 (Faithfully Projective). Let 7" be a symmetric monoidal cate-
gory, and let P be a dualisable object such that for the monoid A = PV ® P, the
object PV ® 4 P exists. Then P is said to be faithfully projective if the trace map,
defined above,

trp: PV @4 P — 1

is an isomorphism.

Definition 3.2.19 (Azumaya Monoid). Let o be a faithfully projective monoid,

in particular dualisable, object in a closed symmetric monoidal category 7.
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Recall that for the monoid (s, i), we have od°P = (o, o 7). Consider the

following morphism

ideu pot

(ARd)@d = AP (dRd) —— AR d o

This corresponds uniquely to a morphism of monoids via adjunction
P AP @ sl — [d, o]
We call o an Azumaya monoid if @y is an isomorphism of monoids.

Fix a closed symmetric monoidal category ¥ for the following results.
Proposition 3.2.20. If ol and R are Azumaya monoids in V', then so is A @ 9.

Proof. This is [Par76, Proposition 3]. O

Proposition 3.2.21. If P is faithfully projective, then [P, P| is an Azumaya monoid.

Proof. This is [Par76, Proposition 4]. O

Definition 3.2.22 (Categorical Brauer Group). Let 7 be a closed symmetric
monoidal category, and consider two Azumaya monoids o, %8 in 7. We say
d~RBifd® [P, P] =B I[Q,Q], for some faithfully projective objects P, Q in
/. This is an equivalence relation, and the set of equivalence classes Br(7) is
an abelian group with product [o][B] = [ ® B], with neutral element [1] and
inverse [°P] for [d]. We call Br(7') the Brauer group of V.

Remark 3.2.23. In [Par76], two Brauer groups of a (closed) symmetric monoidal
category 7 are defined; our Definition 3.2.22 corresponds to the first Brauer
group. The two Brauer groups coincide when the unit 1 is a projective object in

', which will be the case for the choices of ¥ we are interested in.
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Combining Lemma 3.2.8 and Remark 3.2.10, we have

Proposition 3.2.24. Let Azs be the full subcategory of Mons consisting of Azumaya
monoids as objects. Consider a closed monoidal functor F : W — V"’ between closed
symmetric monoidal category. Then F restricts to functors Mony, — Mong and
Azyy — Az Moreover, if F is an equivalence of monoidal categories, then it induces

an equivalence on the categories of (Azumaya) monoids.

3.3 Analytic Forms of the Matrix Algebra

Using the notation from Section 2.2.1, consider the category Repg(G). This is
a closed symmetric monoidal abelian category, where the relevant structure is
described in Notation 2.2.3. Moreover, the category Reph(G) is a rigid (closed)
symmetric monoidal abelian category. Moreover, for 7 = Repg(G), the cat-
egory Algg(G) := Mons of monoid objects precisely consists of B-algebras
equipped with a continuous semilinear action of G that respects the addition
and multiplication of the B-algebra. For % = Rep§(G), the category Algh (G) ==
Mons, of monoid objects is the subcategory of Algg(G) where the underlying

module of the B-algebra is finite dimensional over B.

Specialising to the case where (G, B) = (Gr, Cr) or (I'g, Fo), for ¥ = Repp(G),
the full subcategory CSAg(G) = Azy of Algh(G) precisely consists of B-central
simple algebras with a continuous semilinear action of G. We observe this by

noting that the condition in Definition 3.2.19 is proved in Proposition 2.3.13.

We investigate how the subcategory CSAgp(G) interacts with the equivalence in

Theorem 3.1.1.
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Theorem 3.3.1. The equivalence (—) ®f, Cr: Repwa(Fo) — RepEP(GF) restricts
to an equivalence (—)®r, : CSAE (I'g) — CSAc,(Gr). Moreover, for any object
A € CSAE_ (To) of degree m, the natural map

H(Ty, A /FX) — HY(GF,PGL,(CF))
is injective and induces an isomorphism

[I H'(To, A*/EX) = H'(Gr, PGLy(Cp))
A€ECSAY_(Tp)

where CSAE (To) is the set of representatives of isomorphism classes of objects in

CSAg,, (To) with degree m. In particular, the natural map
H'(Ty, PGL,;(Fx)) — HY(Gr, PGL,,(CF))
is injective.

Proof. For any A € CSAg,_(Ty), by Proposition 2.3.26, A* /F} = Autg (A) and

PGL,,(Cr) = Autc, (A ®r, Cr). The natural map in the statement
H'(Ty, A*/EX) — HY (G, PGL,(Cr))

is induced by the natural map Autr_(A) — Autc, (A ®f, Cr).

The extension of scalars (—) ®p_ Cr: Rep%oo(Fo) — RepéF(Gp) and its quasi-
inverse Dgg, are closed monoidal functors by Theorem 3.1.1. Therefore, by

Proposition 3.2.24, we have an equivalence
(=) ®k, Cr: CSAE, (To) < CSAc;(GF) :Dsen

Therefore the result follows from this along with the fact that since Cr is alge-

braically closed, the only Cr-central simple algebras are matrix algebras. O
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Chapter 4

The p-adic analytic Brauer group

The set-up of this section is the same as Chapter 3, and we are interested in the

following continuous cohomology group
H?(Gr, Cf)

that we dub the (cohomological) p-adic analytic Brauer group. Our main result

is that this group sees less than the traditional Brauer group Br(F).

4.1 Set-up

Recall that for a field extension E|F, one has the the E-semilinear representation
of Gp, E(n) = E ®f X", the nth Tate twist of E. In particular, we may consider

Cr(n). We begin with the following result [Tat67].

Theorem 4.1.1 (Tate, Springer). One has H'(Gr, Cr(n)) = 0 wheneveri = 0,1 and
n # 0. While, H*(Gf,Cr) = F and H'(Gg, Cr) is a one-dimensional vector space

over F. One may take the class of log x as an F-basis for H' (Gr, Cr).

We indulge in some diagram chasing towards our goal of computing H>(Gr, C;).
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The valuation 7 on C; determines the following short exact sequence of groups

with a continuous Gg-action

~
—_

1 —— 0f ——Cf —"> @ (4.1)

By Theorem 2.1.42 (Ax-Sen-Tate), one has H’(Gp, C}) = F*; moreover since
since Gr is compact and @ is discrete we obtain H' (Gr, @) = 0. Hence the exact

sequence in cohomology induced by (4.2) gives us

F* 2, @ —— HY(Gp,0%) —— HY(GF,C}) —— 0 (4.2)
Since F has a discrete valuation, this is equivalent to
0 — Q/Z —— H'(G,08,) —— H'(Gf,Cf) —— 0 (4.3)

Recall now that the p-adic logarithm determines the following short exact se-

quence (see Proposition 2.1.17)
« log
I — plo — O, — Cr — 1 (4.4)

which is Gp-equivariant with the natural continuous Gr-action on these groups.

This induces the following exact sequence in cohomology
H(Gr, fioo) —— H(Gr, 6%.) —— H!(Gr, Cr) (45)

Putting together (4.3) and (4.4), we have the following

Q/Zz — o H'(Gr, Cr)
H'(Gr, 0F,) (46)
T

HY(Gg, C})

69



By Theorem 4.1.1, we know that H!(Gp, Cr) is a (one-dimensional) F-vector

space, and therefore A o 6 = 0. Hence there is a unique map
L:HY(GF,C}) — HY(GF,CF) (4.7)

such that Loi = A.

4.2 The map L
Proposition 4.2.1. The map L : HY(Gr, C;) — H!(Gg, Cp) is injective.

Proof. This is [Ser98, §III, A2, Proposition 2]. Using the exact sequences in (4.6),
in particular the surjectivity of i, one sees that a sufficient condition to prove
the injectivity of L is that the composition i o j : HY(Gf, i) — H'(Gp, Cf)
is 0. Observe that y« is a discrete subgroup of F”, hence i o j factors through
H!(Gr,F"), where F~ has the discrete topology. By Hilbert’s theorem 90, the

group H'(Gg, F ) vanishes, and hence i o j = 0. Thus, L is injective. O

Recall that H! (G, Cr) is a one-dimensional F-vector space, where we choose

as a basis the class represented by log x, where x is the cyclotomic character.

Theorem 4.2.2. The map L : H(Gf,C;) < HY(Gg, Cg) has an open image in

F = HY(Gy, Cr), where the topology on the latter is the one on F.

Proof. Recall that L is defined as follows: given a cocycle ¢ : Gr — Cj, this
cocycle factors through ®€F — we continue to refer to this factored cocycle as
¢: Gp — O¢,. Then L([c]) = [logc]. Taking [log x] as a basis for H'(GF,Cr), we
write [log c| = 6(c)|log x|, for some 6(c) € F.
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We wish to determine that the subgroup imL = {6(c) : c € HY (G, Cf)} is
openin F. Let triv be the trivial cocycle, and consider 0 = 6(triv) € im L. Choose
a € Z>g such that exp(@”log x) is well-defined, where @ is a uniformiser of F.
Then U, = {exp(@?Blogyx) : B € Or} consists of cocycles such that 6(U,) =

@"0f. Thus, 0 + @”0r € im L and we may conclude that im L is open. O

Proposition 4.2.3. The map L : H'(Gg, C;) — H!(Gp, Cp) is not an isomorphism.

The proof of this proposition relies on the ramification theory of Z,-extensions.
Our Z-extension is F|F and Ty = Gal(Fw|F), with topological generator 7
and we have let 7, = 7"". Recall the ramification groups in upper numbering
of infinite Galois groups from Definition 2.1.27. Moreover, let e = e(F|Q,) be

the absolute ramification index of F|Qj.

Proposition 4.2.4. There exists an a € Z such that T{j for u > e/(p — 1) is the closed

subgroup generated by y((,_q)e)-

Proof. See [Car19, Proposition 2.1.1]. H

The lemma below is inspired by a remark in [Sen81].

Lemma 4.2.5. Thereexistsa © € Fandry € Z such that the element exp(p"®log x (o))

is not an element of N, ¢ (O ), for every r = .

Proof. For any u > e/(p—1), letrg = [(u—a)/e]l +1, where a € Z is as
above in Proposition 4.2.4. Since upper numbering is compatible with quo-
tients (Proposition 2.1.23), we deduce that Gal(F,,|F)* is non-trivial. The local

reciprocity isomorphism gives the following isomorphism (Proposition 2.1.31)

Gal(Fy|F)" = UL/ (UE N N, (5(E))
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Since F;,|F is a cyclic extension, the group Gal(F;,|F)" is necessarily cyclic as
well. Let A represent a class of a generator of U}/ (U% N N, Ey| £(Fy))- Define,

log A

= 9" _¢F
polog x(70)

Since A € UY%, we may write A = exp(p"®log x(y)) and this is not a norm by
construction.
Consider any 7 > rg. Then exp(p"®log(x(70))) = AP °. Assume that

r

AP € Np, p(F°)
Since we are in a Z,-extension, we obtain using local class field theory that

NFro\F(FrE)/NFrlF(FrX) = Gal(R|F,) = z/p" "z

r—ro

and hence Ng p(F*) = NF70|F(PT>5 )P 7. We obtain from this that A = {,_,,8 for
B c UEn NEr0|E(ETXO), where {,_,, is a p"~’0-th root of unity. Assume {,_;, is a

primitive p°-th root of unity, for s > 0, then

e e
V(g;ﬁ_ro — 1) — 51 <u

<
prilp-1 p-1
and so A/B = {r—, ¢ Ur for s > 0. Hence, necessarily, {, ,, = land A = B,
a norm. This is a contradiction. Thus, exp(p"®log(x (o)) is not a norm for all

r = r. L]

Proof of Proposition 4.2.3. We wish to prove L is not surjective. Let ® € F be as in
Lemma 4.2.5 and consider the element @[log x] € H!(GF, Cr). Then we claim
that this element is not in the image of L. Using Corollary 3.1.2, it is enough
to show that no cocycle ¢ : Ty — O, for some ¢, is such that logc = ¢log x.

Assume such a cocycle ¢ existed, then c(7yg) € @g, for r = max {t, 79}, where rg
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is as in Lemma 4.2.5. We note that

loge(vh ) = @log x(7h ) = p'®log x(70).

Observe that c('ygr) = N, |e(c(70)), contradicting Lemma 4.2.5. Hence, L is not

surjective. [

In the following section, we will compute the cokernel of L.

4.3 p-adic Analytic Brauer Group

We focus now on another part of the exact sequence induced by (4.4): consider

the following exact sequence

H'(Gr,0%,) - H'Y(GE,Cp) — H2(Gp, fleo) — H2(Gr,07,)
l (4.8)
H?(Gr, Cr)

By a remark of Fontaine [Fon04] we have H?(Gr, Cr) = 0 and we know from
Proposition 4.2.1 that A factors through L, giving us the following exact se-

quence

H'(Gr,C}) & HY(Gr, CF) — H2(Gr, i) — H2(GF,08,) — 0 (49)

Since Gr is compact and Q discrete, observe that we have Hi(Gp, Q) =0, and
therefore (4.1) induces the isomorphism H?(Gp, @gF) =~ H?(Grp, C7). Hence

(4.9) is equivalent to
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H! (G, CF) - HY(GF,Cr) — H2(Gp, fios) — H2(GE,C}) — 0 (4.10)

Lemma 4.3.1. The subspace topology on preoc — @; is the discrete topology.

Proof. Let vy, also denote the unique extension of the valuation on Q) to @; .
Since v,({) = 0 for any { € i, we observe that v, ({1 — 2) = vp(1 — 018, 1)
for distinct {1,{» € Hoo. Thus, it suffices to consider v(1 — ) for a non-trivial
{ € Moo. Assume ( has order m, and let E,, = Qp({) be the corresponding

cyclotomic extension. Recall that we have

Vp(NE,/0,(1=0))  vp(Pu(1))
[Em : Qp] — g(m)

Vp(l —{) =

where ®,, is the m™ cyclotomic polynomial, and ¢ the Euler totient function.
It is well-known that ®,,(1) = /¢ if m is a power of a prime ¢ or ®,,(1) = 1 if
m has at least two distinct prime factors. Therefore, if m = p° for some integer

s > 1, we have

1
Vp(l—C):m

and v,(1 — ) = 0 otherwise. In particular, for any € ico, One has

1
vp(1—10) < F = dmin

Therefore the open neighbourhood B, . ({) = {x € Q, : vp(x — {) > diin } of
Cissuchthat By () N peo = {{}. Thus, jie is discrete. O

Lemma 4.3.2. H?(GF, 1oo) = Br(F)

Proof. By Lemma 4.3.1, the subspace topology on ye — Cj is the discrete

topology and therefore H?(Gr, poo) = HéiSC(GF/ Hoo)-
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Let (—)g := (=) ®z Q. Since F is algebraically closed, F " is a divisible abelian
group, Therefore the canonical map F~ — FS is surjective with kernel equalling
the torsion subgroup of F ', i.e., jieo. This gives us the following short exact se-
quence

1—>yoo—>fx—>fa—>1

Taking the exact sequence in cohomology we obtain the following exact se-

quence
— —X =X

Since Q is a flat abelian group, one has H, _(Gr,Fq) = Hi. (Gr,F )a. By

disc

Hilbert’s 90, one has HY. _(Gp, FX) = 0, and therefore H. (Gp,?a) = (0. More-

disc disc

over, by local class field theory, we have H2. (G, F ) = Br(F) = Q/Z, a tor-

disc
sion abelian group, and therefore H3,_ (G, Fa) = 0. Hence, the exact sequence

above induces the isomorphism H?(Gp, pieo) = HéiSC(GF,?X) = Br(F). O
Thus, (4.10) is equivalent to

0 —» coker L — Br(F) — H?(Gg,C;) — 0 (4.11)

Definition 4.3.3. For a prime ¢, a group is called /-primary if all its elements

have order a power of /. We let the trivial group be {-primary for every /.

Any torsion abelian group A is a direct sum of its /-primary subgroups, as ¢
ranges through all primes; see [Rot95, Theorem 10.7]. These groups are called
its /-primary components and we denote them as A,. For a fixed prime /¢, the
complement of A in A will be called the ¢'-primary component of A and will

be denoted as Ay
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Example 4.3.4. For any prime /, the group Q;/Z, is {-primary. Moreover, it is

(isomorphic to) the /-primary component of the divisible abelian group Q/Z.

Theorem 4.3.5. T(coker L) = Br(F)y, the p-primary part of Br(F).

Lemma 4.3.6. coker L is infinite.

Proof. By Proposition 4.2.3, im L is an open subgroup of H! (Gp, Cr) = F. Iden-
tify H'(Gr, Cr) as @f,, where d = [F : Qp], and identify im L as an open sub-
group of @‘;. Since im L is open, necessarily Zy' C im L for some m < d. Hence,
coker L can be seen as a quotient of @‘; /Z};. Recall that quotients of divisible
abelian groups are also divisible. Thus we conclude that coker L is a divisible
abelian group, as @‘; is divisible. The short exact sequence (4.11) tells us that
coker L is a torsion group. Hence we may deduce that m = d and thus coker L
is a quotient of (Q,/Z,)". Furthermore, if coker L was finite, then it would be
trivial being a finite divisible abelian group, contradicting the non-surjectivity

of L. Hence coker L is infinite. O

Proof of Theorem 4.3.5. Let X = t(coker L). By Lemma 4.3.6, coker L is an infi-
nite p-primary divisible abelian group, and therefore so is X. As a p-primary
subgroup of Br(F) = Q/Z, X must be a subgroup of its p-primary component,
Br(F), = (Q/Z), = Z(p>), where Z(p*) is the Priifer p-group. By [Rot95,
Theorem 10.13], all proper subgroups of Z(p*) are finite. Thus, necessarily,
X = Br(F),. O

Theorem 4.3.7. H*(Gr, C}) = Br(F),y, the p'-primary part of Br(F).
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Proof. The short exact sequence (4.11) tells us that H?(Gp, Cr) is the cokernel
of the injective map T : coker L — Br(F), and 7(coker L) = Br(F), by The-
orem 4.3.5. Since Br(F), is precisely the complement of Br(F), in Br(F), we
necessarily conclude that H*(Gr, Cf) = Br(F) . O

The authors in [AHLB22] also compute coker L, using different methods, where
L is referred to as HT log and they characterise this isomorphism in terms of the

absolute trace map Trg|q,.
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Chapter 5

Division Algebras of p-power Index

Let the set-up be as in Chapters 3 and 4. Fix m = p’, where r > 1 is arbitrary.

We have the following exact sequence

[ | &

which gives us

H'(Gr,SLi(Cp)) —— HY(Gf,PGLy(CF)) —— H2(GE, um)

! | | e

H!(Gg, GLy,(Cf)) —— HY(Gg, PGLy,(Cp)) —— H?(Gg, Cf)

Since we have shown that H?(Gp, C;) is p-torsion free by Theorem 4.3.7, the

last vertical map is the trivial map. Giving us that

H'(Gr,GL,(Cr)) —— HY(Gf,PGL,,(Cp)) —— * (5.3)

Therefore the natural map H'(Gr,GL,(Cr)) — H!(Gr, PGL,,(Cp)) is surjec-

tive.
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Consider now the following diagram

H' (T, GL,y(Fs)) —— HY(Ty, PGL,,(Fx))

lz j (5.4)

H'(Gr,GL,,(Cp)) — H'(Gr,PGL,(CF))
where the first vertical isomorphism is by Corollary 3.1.2, and the the second

vertical inclusion is by Theorem 3.3.1. This gives us the following

Theorem 5.0.1. The natural maps H' (T, GL,(Fs)) — HY(Gp, PGLy,(Cp)) and
H'(Ty, GLy(Fs)) — HY(To, PGLyy (Fx)) are an isomorphism and surjective respec-

tively form = p’, forany r > 1.

We complement this result with the following construction.

Proposition 5.0.2. For any r > 1, there exists a non-trivial Cp-semilinear represen-
tation V such that End(V)CF represents an element of Br(F) with Hasse invariant

1/p" mod 1.

Proof. Let v = vy(d), and therefore p~“d is coprime to p. Lets = r + v, and

consider the following representation of I'y
[ GF —» FO — GLps(ZP) — GLps(Cp)

0 x(70)
Iy 0

Yo —

Let Uy = p(70), and we observe that U} = X(7v0) Idps. We can conclude from
here that p is continuous, since x is. Let V be the corresponding Cr-semilinear

representation. We furthermore observe that the Sen operator of p (or V) is

log Uy 1
= —2 = —Idp
log x(70)  p°
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V has generalised Hodge-Tate weight (1/p°,...,1/p°).
Now, observe that p gives rise to a homomorphism
‘(_) : GF ﬁ) GLPS(CF) - PGLpr(CF)

such that p(7y9)?" = [Id,s], and hence we may use p(7yo) to identify End(V)°F =
End(Dsen(V))'0 with the cyclic algebra Ds = (s, x(70)) representing a class in
Br(F;|F), where xs = x mod p° is the character

All that remains is the computation of the Hasse invariant of D;.

p~d
pl’

Lemma 5.0.3. Inv([Ds]) = —% mod1 = — mod 1

Proof. We recall from Proposition 2.3.42 that we equivalently wish to compute
Ok, r(x(70)). Since x(70) € Qp, we use the following diagram from Theo-
rem 2.1.30 restricted to I'r

RN

NE @pl \[Res

X
Qp 6o, To,

In Remark 2.1.37, we comuted 6q, (x(70)) = 7o 1. Therefore, using the diagram

we get O r(x(70)) = 70, where d = [F : Q,], proving our claim. O

Having computed Inv([Ds]), where p~?d is coprime to p, we see that an ap-
propriate power of D; represents a class in Br(F;|F) which has Hasse invariant

1/p" mod 1. O
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