
UNIVERSITY OF CALIFORNIA
SANTA CRUZ

A p-ADIC ANALYTIC BRAUER GROUP

A dissertation submitted in partial satisfaction
of the requirements for the degree of

DOCTOR OF PHILOSOPHY

in

MATHEMATICS

by

Deewang Bhamidipati

September 2025

The Dissertation of
Deewang Bhamidipati
is approved:

Martin Weissman, Chair

Robert Boltje

Beren Sanders

Peter Biehl
Vice Provost and Dean of Graduate Studies



Copyright © by

Deewang Bhamidipati

2025



Contents

Abstract v

Dedication vi

Acknowledgments vii

1 Introduction 1

2 Preliminaries 3

2.1 Local Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.1.1 Field Extensions . . . . . . . . . . . . . . . . . . . . . . . . 4
2.1.2 p-adic Logarithm & Exponential . . . . . . . . . . . . . . . 6
2.1.3 Ramification Theory . . . . . . . . . . . . . . . . . . . . . . 10
2.1.4 Local Class Field Theory . . . . . . . . . . . . . . . . . . . . 13
2.1.5 The Cyclotomic Character . . . . . . . . . . . . . . . . . . . 16
2.1.6 p-adic Complex Numbers . . . . . . . . . . . . . . . . . . . 18

2.2 Semilinear Algebra & Cohomological Descent . . . . . . . . . . . 21
2.2.1 Semilinear Representations . . . . . . . . . . . . . . . . . . 21
2.2.2 Continuous Cohomology . . . . . . . . . . . . . . . . . . . 24
2.2.3 Cohomological Descent . . . . . . . . . . . . . . . . . . . . 29

2.3 Brauer Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
2.3.1 Central Simple Algebras . . . . . . . . . . . . . . . . . . . . 35
2.3.2 Cohomological Descent Revisited . . . . . . . . . . . . . . 39
2.3.3 Cohomological Brauer group . . . . . . . . . . . . . . . . . 46
2.3.4 Brauer Group of a Local Field . . . . . . . . . . . . . . . . . 50

3 Descent & Decompletion 52

3.1 Sen Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
3.2 Descent & Decompletion of CSAs . . . . . . . . . . . . . . . . . . . 59

3.2.1 Azumaya Monoids . . . . . . . . . . . . . . . . . . . . . . . 59
3.3 Analytic Forms of the Matrix Algebra . . . . . . . . . . . . . . . . 66

4 The p-adic analytic Brauer group 68

4.1 Set-up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.2 The map L . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
4.3 p-adic Analytic Brauer Group . . . . . . . . . . . . . . . . . . . . . 73

iii



5 Division Algebras of p-power Index 78

Bibliography 81

iv



Abstract

A p-adic Analytic Brauer Group

by

Deewang Bhamidipati

This dissertation introduces and studies the p-adic analytic Brauer group, a coho-

mological invariant that provides an analytic perspective on the classical theory

of central simple algebras over p-adic fields. For a p-adic field F with absolute

Galois group GF, we define this invariant as the continuous Galois cohomol-

ogy group H2(GF,C→
F ), where CF is the completion of an algebraic closure of F.

Our central result establishes that this analytic group is canonically isomorphic

to the prime-to-p part of the classical Brauer group of F. Consequently, while

division algebras of p-power index over F are trivial in H2(GF,C→
F ), we provide

an analytic construction for every such division algebra by demonstrating that

they arise from CF-semilinear representations.
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Chapter 1

Introduction

The Brauer group, first defined in the 1930s, has been a cornerstone in the study

of division algebras and has deep connections to class field theory. The Brauer

group of a field K, denoted Br(K), classifies the central simple algebras over K

up to an equivalence relation. This provides a meaningful invariant for fields.

For a non-archimedean local field F, this theory is particularly elegant, culmi-

nating in the isomorphism Br(F) ↑= Q/Z.

In this dissertation, we explore an analytic counterpart to this classical alge-

braic structure. We introduce and study what we term the p-adic analytic Brauer

group, defined from a cohomological perspective as the continuous Galois co-

homology group H2(GF,C→
F ). Here, GF is the absolute Galois group of a p-adic

field F, and CF is the field of p-adic complex numbers—the completion of an

algebraic closure of F. This group arises naturally when one considers twisted

forms of matrix algebras not over algebraic extensions, but over the transcen-

dental extension CF.

The central investigation of this work revolves around understanding the struc-

ture of this analytic Brauer group and its relationship to the classical Brauer

group. By leveraging the tools of p-adic Hodge theory, particularly Sen’s the-
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ory of CF-semilinear representations of GF, we establish a fundamental struc-

tural result. We show that the cohomological p-adic analytic Brauer group

H2(GF,C→
F ) is isomorphic to the prime-to-p part of the classical Brauer group.

The p-primary information is not lost in the analytic setting but rather relo-

cated. It manifests in the Azumaya sense through CF-semilinear representa-

tions, where it naturally embeds within a larger p-adic family inherent to the

p-adic analytic setting.

This work is structured as follows:

• Chapter 2 provides a comprehensive review of the necessary preliminar-

ies. This includes the theory of local fields, ramification, local class field

theory, and the classical theory of Brauer groups from a cohomological

perspective.

• Chapter 3 delves into the foundational results of Sen’s theory on the de-

completion and descent of CF-semilinear representations. We extend this

framework to central simple algebras.

• Chapter 4 introduces the main object of study: the (cohomological) p-adic

analytic Brauer group H2(GF,C→
F ). We show that it is isomorphic to the

prime-to-p part of the classical Brauer group of F.

• Chapter 5 applies these results to study division algebras of p-power in-

dex. We demonstrate that every such class arises from an analytic object—

a CF-semilinear representation—despite being trivial in the (cohomologi-

cal) p-adic analytic Brauer group.

2



Chapter 2

Preliminaries

2.1 Local Fields

Our work is in the context of local fields, specifically a p-adic field. In this

section, we review some facts about p-adic fields that will be used in the sequel.

Hereafter, we fix a prime p. Denote by Qp the field of p-adic numbers, by Zp

the ring of p-adic integers, and by Fp the prime field of characteristic p.

Definition 2.1.1 (p-adic fields). A p-adic field F is a finite extension of Qp.

The p-adic field F comes equipped with a discrete valuation ν : F→ ↓ R, i.e., its

value group ν(F→) is a discrete subgroup of R. We extend ν to F by declaring

ν(0) = ∞. Moreover, F is complete with respect to ν.

Its valuation ring OF = {x ↔ F : ν(x) ↭ 0}, also referred to as the ring of integers

of F, is a local ring. The valuation ideal mF = {x ↔ F : ν(x) > 0} is its unique

maximal ideal, and the group of units O
→
F = OF \mF = {x ↔ F : ν(x) = 0}.

The residue field of OF (or F) is kF := OF/mF ↑= Fq, where q is some power of p.

The ideal mF is principal, and any generator of mF is called a uniformiser of

F. In particular, if " ↔ F is a uniformiser, then we may write any x ↔ F→ as
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x = "ν(x)u, where u ↔ O
→
F . That is, there exists a short exact sequence

1 ↗↓ O
→
F ↗↓ F→ ν↗↓ ν(F→) ↓ 0

which splits non-canonically, depending on a choice of uniformiser.

We fix, for the remainder of Section 2.1, a p-adic field F and assume that its

valuation ν is normalized, i.e., ν(F→) = Z. Let OF be its valuation ring, mF its

valuation ideal and kF its residue field.

In this section, we discuss the theory of local fields that will be the most rele-

vant, all of which can be found in [Ser79].

2.1.1 Field Extensions

Let E|F be an algebraic extension. There is a unique extension of ν to a valuation

νE : E ↓ R ↘ {∞} on E. Denote by OE = {x ↔ E : νE(x) ↭ 0} its valuation ring

which is local, by mE = {x ↔ E : νE(x) > 0} its valuation ideal, by kE = OE/mE

its residue field.

Assume E|F is Galois. Then for any ε ↔ Gal(E|F), the valuation νE ≃ ε is an-

other extension of ν to E. Uniqueness of νE forces νE = νE ≃ ε, i.e., νE is Galois-

equivariant, where we let the value group νE(E→) be a trivial Galois module.

Moreover, this implies Gal(E|F) acts on E isometrically, i.e., νE(ε(x)↗ ε(y)) =

νE(x ↗ y) for all possibly x, y ↔ E and ε ↔ Gal(E|F). Hence, in particular,

Gal(E|F) acts on E continuously.

Definition 2.1.2 (Residue Degree & Ramification Index). Assume E|F is finite,

and let n = [E : F] be its degree. In this instance, νE is a discrete valuation and

E is complete with respect to νE. Furthermore, mE is also principal.
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Necessarily, kE|kF is a finite extension and we call f = f (E|F) = [kE : kF] the

residue degree of E|F.

Let "E and "F be uniformisers of E and F respectively; the ramification index

of E|F is the unique positive integer e = e(E|F) such that νE("F) = e · νE("E).

Equivalently, it is the unique positive integer such that mFOE = me
E. Equiva-

lently, the value group νE(E→) = (1/e)Z.

One has, in general, that n = e f .

Definition 2.1.3 (Unramified Extensions). Assume E|F is finite with residue de-

gree f and ramification index e. We say E|F is unramified if e = 1. Equivalently,

if we have [E : F] = f = [kE : kF] or mFOE = mE. In particular, any uniformiser

of F continues to be a uniformiser of E.

We can completely characterise finite unramified extensions of local fields.

Proposition 2.1.4. For any f ↭ 1, there exists a unique, up to isomorphism, unrami-

fied extension E|F with [E : F] = f . Moreover, this extension is Galois and the natural

map Gal(E|F) ↓ Gal(kE|kF) is an isomorphism.

Therefore Gal(E|F) is cyclic, generated by a canonical element denoted FrobE|F and

called the (arithmetic) Frobenius element. The latter is characterized by the congruence

FrobE|F(x) ⇐ xq f modmE for all x ↔ OE.

In particular, E|F is an abelian extension of F.

Definition 2.1.5 (Ramified Extensions). Assume E|F is finite with residue de-

gree f and ramification index e. We say E|F is ramified if e > 1.

A ramified extension E|F is said to be tamely ramified if e is coprime to p, and

wildly ramified otherwise.
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We say E|F is totally ramified if the residue degree f = 1, or equivalently if we

have [E : F] = e, the ramification index. That is, the ramification index is as

large as it can be. In particular, kE = kF.

Example 2.1.6. Let ϱpr denote a primitive pr-th root of unity in an algebraic

closure of Qp. Then the field Qp(ϱpr) is a totally ramified extension of Qp. In

general, for any p-adic field F, the extension F(ϱpr) is a totally ramified exten-

sion of F.

Remark 2.1.7. An infinite extension E|F is said to be unramified (resp. tamely,

wildly, totally ramified) if every intermediate finite extension over F is unram-

ified (resp. tamely, wildly, totally ramified).

Example 2.1.8. The field Qp(µp∞) = ↘r↭0Qp(ϱpr) is an infinite totally ramified

extension of Qp. So is F(µp∞)|F, for any p-adic field F.

Example 2.1.9. For any local field F, we may consider its maximal unramified

extension Fur, which is the compositum of all finite unramified extensions of F,

in a fixed algebraic closure of F. By Proposition 2.1.4, we conclude that Fur is

an unramified Galois extension.

2.1.2 p-adic Logarithm & Exponential

We will now introduce the p-adic logarithm and exponential functions on an

algebraic extension E|F. In this p-adic setting, the logarithm function is better

behaved than the exponential function.
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Definition 2.1.10 (Principal Units). The subgroup of nth principal units of O→
E is

defined to be U
(n)
E := 1 + mn

E, for n ↭ 1. We often refer to U
(1)
E simply as the

subgroup of principal units. These groups provide a filtration of U(0)
E := O

→
E

U
(0)
E ⇒ U

(1)
E ⇒ · · ·

The canonical surjection OE ↫ kE, gives us U(0)
E /U(1)

E
↑= k→E .

In the case when E|F is finite, we also get a good description of successive quo-

tients in the filtration above. Let "E be a uniformiser of E, then the following

U
(i)
E /U(i+1)

E ↓ (kE,+) : x ⇑↓ x ↗ 1
"i

E
modmE

is an isomorphism of groups; this isomorphism is independent of "E. In partic-

ular, when E|F is finite, the above filtration of U(0)
E = O

→
E exhibits it as a profinite

group.

The following can be done for any extension E|F, but we specialise to the case

E = F, an algebraic closure of F. We let ν = νF, and we observe that kF is an

algebraic closure of kF, and therefore kF
↑= F q.

Remark 2.1.11. As we mentioned previously, the reduction map OF ↫ kF gives

us the following short exact sequence

1 ↗↓ U
(1)
F ↗↓ O

→
F ↗↓ k→F ↗↓ 1

This short exact sequence canonically splits by identifying k→F = F
→
q with µp⇓ ,

the subgroup of prime-to-p roots of unity in O
→
F , using Hensel’s lemma. Hence,

O
→
F = µp⇓ · U

(1)
F . That is, we may write any z ↔ O

→
F uniquely as z = ϱz(1 + mz),

where ϱz ↔ µp⇓ and mz ↔ mF.

7



Definition 2.1.12 (p-adic Logarithm). We define the p-adic logarithm series for-

mally as as follows

log(1 + X) = X ↗ X2

2
+

X3

3
↗ · · · =

∞

∑
n=1

(↗1)n+1 Xn

n

log(1 + x) converges whenever x ↔ mF and hence we obtain the p-adic loga-

rithm function log : U(1)
F ↓ F, which is continuous.

We extend the function to O
→
F by setting log(ϱ) = 0 for every ϱ ↔ µp⇓ , and we

will continue to refer to this extension also as log.

Definition 2.1.13 (p-adic Exponential). We define the p-adic exponential series

formally as

exp(X) =
∞

∑
n=0

Xn

n!

Proposition 2.1.14. exp(x) converges in F if and only if ν(x) > e/(p ↗ 1), where

e = e(F|Qp) is the absolute ramification index of F.

Proof. Since we have assumed the valuation ν on F to normalised, we have

ν(p) = e = e(F|Qp). Let νp be the valuation on Qp such that ν is its unique

extension to F, in particular, one has ν(n!) = e · νp(n!). Legendre’s formula

tells us that

νp(n!) =
∞

∑
i=1

⌊
n
pi

⌋
↬ n

p ↗ 1
, therefore ν(n!) ↬ en

p ↗ 1

A similar calculus gives you

νp(n!) ↭ n
p ↗ 1

↗ ⇔logp n↖, therefore ν(n!) ↭ en
p ↗ 1

↗ e⇔logp n↖

where logp is the usual real logarithm in base p. Taking these two inequalities

8



we compute the radius of convergence of exp(x), concluding that it converges

exactly for those x such that ν(x) > e/(p ↗ 1).

The p-adic logarithm and the exponential satisfy expected properties.

Proposition 2.1.15. Let x, y be elements in the domain of definition of log, and let s

and t be in the domain of definition of exp. Then exp and log are continuous and

(a) exp(s + t) = exp(s) · exp(t) (b) log(xy) = log(x) + log(y)

(c) exp(log(1 + s)) = 1 + s and log(exp(s)) = s.

Proof. These can all be verified formally.

Corollary 2.1.16. For any n > e/(p↗ 1), the maps log and exp give an isomorphism

of topological groups between U
(n)
F and mn

F.

Proposition 2.1.17. There is a short exact sequence

1 ↗↓ µ∞ ↗↓ O
→
F

log↗↓ F ↗↓ 1

where µ∞ denotes the subgroup of all roots of unity.

Proof. We first prove the surjectivity of log. Consider any x ↔ F and choose

n ↙ 0 such that pnx is in the radius of convergence of exp. Then, z = exp(pnx)

is such that log z = pnx. Since F is algebraically closed, there exists a pn-th root

z1/pn ↔ F of z, and necessarily log z1/pn
= x; showing the surjectivity of log.

Let z ↔ U
(1)
F be such that log z = 0, then choose n ↙ 0 such that zpn ↔ U

(i)
F for

some i where log is an isomorphism on U
(i)
F . Then, log zpn

= 0 gives us zpn
= 1

using the exponential. Hence, z ↔ µp∞ , finishing the proof.

9



Remark 2.1.18. If we restrict log and exp to F itself, we obtain an isomorphism

analogous to the one in Corollary 2.1.16,

U
(n)
F mn

F

log

exp

for n > e/(p ↗ 1).

2.1.3 Ramification Theory

Let E|F be a Galois extension. The considerations below hold more generally:

they do not depend on the specific choice of F as the base field, and remain true

if we replace F with any finite extension.

Definition 2.1.19 (Higher Ramification Groups). Assume E|F is finite and let

G = Gal(E|F) be its Galois group. For i ↭ ↗1, define the ith ramification group

as

Gi = {ε ↔ G : ε(x) ⇐ x modmi+1
E , for all x ↔ OE}

In particular, G↗1 = G and G0 is the inertia subgroup of G. We obtain the follow-

ing filtration of G, called its ramification filtration

G = G↗1 ⇒ G0 ⇒ G1 ⇒ · · · ⇒ {∝}

We have that Gi = {∝} is trivial for i ↙ 0.

Remark 2.1.20. Each Gi is normal in G; in particular, we have G/G0 ↑= Gal(kE|kF).

Moreover, G0/G1 naturally embeds into k→E and thus is cyclic of order prime to

p, and for i > 0, the quotient Gi/Gi+1 embeds into mi
E/mi+1

E , a kE-vector space,

thus is an abelian p-group killed by p. This exhibits G as a solvable group.

10



The ramification filtration detects the ramification of the extension E|F. In par-

ticular, one has that G0 = {∝} if and only if E|F is unramified, and G1 = {∝} if

and only if E|F is tamely ramified.

The ramification filtration we have defined behaves well when restricted to

subgroups of G, but does not behave well when we pass to its quotients. How-

ever, we can recover compatibility with quotients by appropriately reindexing

the filtration.

Definition 2.1.21 (Upper Numbering). For any t ↔ R↭0, let Gt := G′t∞. We

define the Herbrand function ϕE|F : [↗1, ∞) ↓ [↗1, ∞) as

ϕE|F(u) =
∫ u

0

dt
[G0 : Gt]

This function is continuous, piecewise linear, increasing, and concave, and sat-

isfies for ϕE|F(u) = u for u ↔ [↗1, 0].

Consequently, it admits an inverse ψE|F : [↗1, ∞) ↓ [↗1, ∞) which is continu-

ous, piecewise linear, increasing, and convex.

For u ↔ [↗1, ∞), we define the ramification groups in upper numbering as

Gu := GψE|F(u)

Remark 2.1.22. Ramification groups in upper numbering Gu and lower number-

ing Gt dictate each other. Observe that the knowledge of the upper numbering

allows us to define ψE|F:

ψE|F(t) =
∫ t

0
[G0 : Gu] du

which is, in particular, continuous and increasing. This allows us to define its

inverse ϕE|F, and obtain Gt = GϕE|F(t).

11



Both ψ and ϕ enjoy pleasant composability conditions: let E1, E2 be Galois ex-

tensions of F with E1 ∈ E2, then

ϕE2|F = ϕE1|F ≃ ϕE2|E1

and therefore, taking inverses, we obtain

ψE2|F = ψE2|E1
≃ ψE1|F

We obtain the following compatibility with quotients with upper numbering.

Proposition 2.1.23 (Herbrand). Let E1, E2 be Galois extensions of F with E1 ∈ E2,

then the canonical surjection Gal(E2|F) ↫ Gal(E1|F) restricts to a surjection

Gal(E2|F)u ↫ Gal(E1|F)u

for any u ↭ ↗1.

Definition 2.1.24. We define the lower (resp. upper) ramification breaks of G as the

values of u for which Gu ∋= Gu+ε (resp. Gu ∋= Gu+ε) for all ε > 0. By definition,

the lower ramification breaks are integers, while the upper ramification breaks

are only guaranteed to be rational numbers.

Theorem 2.1.25 (Hasse-Arf). Let E|F be an abelian extension, i.e., G = Gal(E|F) is

an abelian group. Then the upper ramification breaks of G are integers.

Assume now that E|F is an infinite extension, then recall that

Gal(E|F) = lim
△↗

Gal(E⇓|F)

12



where E⇓ ranges over all finite Galois extensions of F contained in E. As a

profinite group, Gal(E|F) is equipped with the profinite topology, also referred

to as the Krull topology. In this way, we always view Gal(E|F) as a topological

group.

Theorem 2.1.26 (Infinite Galois Correspondance). We have the following inclusion-

reversing correspondence for an infinite Galois extension E|F. Let G = Gal(E|F),

{closed subgroups of G} △↓ {extensions of F contained in E}

H ⇑↗↓ EH

Gal(E|F⇓) △↗ ! F⇓

In particular, open subgroups in G are precisely those closed subgroups that have finite

index in G and thus correspond to finite extensions of F contained in E.

Proposition 2.1.23 allows us to define the ramification filtration in upper num-

bering for infinite extensions.

Definition 2.1.27 (Upper Numbering for Infinite Extensions). Let E|F be an

infinite Galois extension, and u ↔ [↗1, ∞). Define

Gal(E|F)u := lim
△↗

Gal(E⇓|F)u

where E⇓ ranges over all finite Galois extensions of F contained in E.

2.1.4 Local Class Field Theory

In this section we recall statements related to Local Class Field Theory, which

gives a satisfactory description of abelian extensions of F. References for this

theory are [Ser79, Gui18, Mil20].
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Let GF = Gal(F|F) be the absolute Galois group of GF, and let Gab
F be its max-

imal abelian quotient. Equivalently, Gab
F = Gal(Fab|F), where Fab denotes the

maximal abelian extension of F contained in F.

Theorem 2.1.28 (Local Reciprocity Law). There exists an injective homomorphism

θF : F→ ↓ Gal(Fab|F),

called the local reciprocity map, such that for every finite abelian extension E|F it

factors as

F→ Gal(Fab|F)

F→/ NE|F(E→) Gal(E|F)

θ

θE|F

where θE|F is an isomorphism called the local reciprocity isomorphism for E|F, and

NE|F is the field norm from E to F. In particular, [F→ : NE|F(E→)] = [E : F].

From Theorem 2.1.28 we obtain the following fundamental correspondence.

Denote NE|F(E→) by N(E→).

Theorem 2.1.29 (Fundamental Correspondence & Local Existence Theorem).

The map

{finite abelian extensions of F} △↓
{

finite index open subgroups of F→}

E ⇑↗↓ N(E→)

is an inclusion-reversing bijection, and

N((E · E⇓)→) = N(E) ▽ N(E⇓) N(E→ ▽ E⇓→) = N(E→) · N(E⇓→)

The local reciprocity map enjoys the following functoriality property

14



Theorem 2.1.30 (Functoriality of Local Reciprocity Law). Assume E|F is any fi-

nite extension, then the following diagram commutes

E→ Gal(Eab|E)

F→ Gal(Fab|F)

θE

NE|F Res

θF

where Res : Gal(Eab|E) ↓ Gal(Fab|F) is the restriction map.

Proposition 2.1.31. For any u ↔ [0, ∞), let U(u)
F = U

(′u∞)
F . Then the local reciprocity

map θF maps U
(u)
F isomorphically onto Gal(Fab|F)u, the uth ramification group in

upper numbering.

In particular, given a finite abelian extension E|F the local reciprocity isomorphism

θE|F induces an isomorphism U
(u)
F /(U(u)

F ▽ N(E→)) ↑= Gal(E|F)u.

Remark 2.1.32. Let Fur be the maximal unramified extension of F. A conse-

quence of Proposition 2.1.4 is that it is an abelian extension with Gal(Fur|F) ↑=

Gal(kF|kF) ↑= Ẑ, and is therefore contained in Fab. We have the following map

of short exact sequences

0 O
→
F F→

Z 0

0 Gal(Fab|Fur) Gal(Fab|F) Ẑ 0

↑

ν

θ

The Local Reciprocity Law and Existence Theorem, Theorems 2.1.28 and 2.1.29

respectively, tells us that the bottom row is the profinite completion of the top

row. The short exact sequences split non-canonically, depending on the choice

of a uniformiser. Observe that the vertical isomorphism on the left is the iso-
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morphism specified in Proposition 2.1.31 for u = 0 as Gal(Fab|Fur) is exactly

the inertia subgroup of Gal(Fab|F).

We specialise the previous remark to the case when F = Qp. That is, we make

the local reciprocity map explicit for F = Qp

Remark 2.1.33. When F = Qp, local Kronecker-Weber gives us Fab = Qp(µ∞),

where Qp(µ∞) is the field obtained by adjoining all roots of unity. Moreover,

by Hensel’s lemma, one has Fur = Qp(µp⇓), where Qp(µp⇓) is the field obtained

by adjoining all roots of unity whose order is prime-to-p. Therefore, one may

write

Fab = Fp · Fur

where Fp = Qp(µp∞) is the field obtained by adjoining all roots of unity whose

order is a power of p, as seen in Example 2.1.8. Therefore, one has

Gal(Fab|Fur) ↑= Gal(Fp|F) ↑= Z
→
p

Hence, the local Artin map θQp restricted to Z
→
p induces the following isomor-

phism, corresponding to the vertical isomorphism on the left in Remark 2.1.32,

θ̃Qp : Z→
p ↓ Z

→
p

which we define as θ̃Qp(a) = a↗1, thereby explicitly describing θQp .

2.1.5 The Cyclotomic Character

In this section, we will define a fundamental (semi-)linear algebraic object which

will be an important tool in the sequel.
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For our p-adic field F, consider the totally ramified extension F(ϱpr), where ϱpr

is a primitive pn-th root of unity, chosen such that ϱ
p
pr = ϱpr↗1 . The extension

F(ϱpr)|F is Galois, and its Galois group Gal(F(ϱpr)|F) canonically embeds into

(Z/pr
Z)→ through the map

χr : Gal(F(ϱpr)|F) ω↓ (Z/pr
Z)→

defined by the relation ε(ϱpr) = ϱ
χr(ε)
pr for any ε ↔ Gal(F(ϱpr)|F). The character

χr in general is not surjective, but it is for all r when F = Qp.

The field F(ϱp∞) := ↘r↭0F(ϱpr) is an infinite totally ramified Galois extension

of F. We denote by Γ = ΓF = Gal(F(ϱp∞)|F).

Definition 2.1.34 (p-adic Cyclotomic Character). The group Γ has a natural ac-

tion on the group of p-power roots of unity, seen via each χr. This gives rise to

the following embedding

χ∞ : Γ ω↓ Z
→
p

defined by the relation ε(ϱpm) = ϱ
χ∞(ε)
pm for any ε ↔ Γ. The character χ∞ is an

open embedding, with respect to the natural profinite topologies on the source

and target.

The character χF : GF ↓ Z
→
p is obtained by inflating χ∞, i.e., it is obtained as

the following composition

GF ΓF Z
→
p

res χ∞

is a continuous character of GF called the p-adic cyclotomic character. We will

abuse notation and conflate χ∞ with χF.
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Remark 2.1.35. By construction, ker χF corresponds to F(ϱp∞), while the group

ker(χF mod pr) precisely corresponds to F(ϱpr).

Remark 2.1.36. We may identify GF and ΓF as subgroups of GQp of ΓQp com-

patibly. With this identification, we have the following diagram

GF ΓF Z
→
p

GQp ΓQp Z
→
p

χF

χQp

↑

giving us χF = χQp |GF .

Remark 2.1.37 (Interaction with the Reciprocity Map). Let χQp : ΓQp
↑↓ Z

→
p . We

observed in Remark 2.1.33 that for a ↔ Zp we have

(χQp ≃ θQp)(a) = a↗1

where θQp is the local reciprocity map for Qp. Hence, for any γ ↔ ΓF, we have

θQp(χF(γ)) = γ↗1,

for a p-adic field F.

2.1.6 p-adic Complex Numbers

An infinite extension E|F is not complete with respect to νE. In our context,

where E has characteristic 0, this can be shown by using Krasner’s Lemma. For

a proof in the case E = F, an algebraic closure of F, see [Kob84, Theorem 12].
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Moreover, the valuation ν = νF on F is not discrete: its range is Q ↘ {∞}. We

also make the observation that kF is an algebraic closure of kF.

Definition 2.1.38 (The p-adic Complex Numbers). The field of p-adic complex

numbers CF is the completion of F with respect to ν. There is a unique extension

of v to CF that we denote ν̂, and CF is complete with respect to ν̂. The range of

ν̂ continues to be Q ↘ {∞}.

The valuation ring of CF is the subring OCF = {x ↔ CF : ν̂(x) ↭ 0}. It is local

with the unique (non-principal) maximal ideal mCF = {x ↔ CF : ν̂(x) > 0}.

Remark 2.1.39. Consider any x ↔ O
→
CF

= OCF \mCF . Since by construction F is

dense in CF, we may find a y ↔ F such that x ↗ y ↔ mCF . Thus, we observe

that ν̂(y) = ν(y) = 0. This shows that the canonical map OF/mF ↓ OCF /mCF is

surjective. Hence, the residue field kCF = OCF /mCF
↑= kF

↑= kF.

Theorem 2.1.40. CF is algebraically closed.

Proof. Appropriately scaling coefficients, it suffices to prove that every non-

constant monic polynomial in OCF [X] has a root in OCF . Consider such a poly-

nomial

f (X) = Xd + ad↗1Xd↗1 + · · ·+ a1X + a0

We will approximate f (X) by a sequence of polynomials in OF[X]. By density,

we may find polynomials

fr(X) = Xd + ad↗1(r)Xd↗1 + · · ·+ a1(r)X + a0(r) ↔ OF[X]

such that f ↗ fr ↔ pdr
OCF [X]. Since fr’s are monic, they split over OF.
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Let αr ↔ OF be a root of fr. By construction, fr+1 ↗ fr ↔ pdr
OCF [X] and therefore

fr+1(αr) ↔ pdr
OCF for all r. Writing

fr+1(X) = (X ↗ βr+1,1) · · · (X ↗ βr+1,d),

the product (αr ↗ βr+1,1) · · · (αr ↗ βr+1,d) are divisible by pdr. Hence, neces-

sarily, there exists some 1 ↬ i ↬ d such that αr ↗ βr+1,i is divisible by pr. Let

αr+1 := βr+1,i.

In this way, proceeding by induction, we have constructed a Cauchy sequence

(αr)r in OF and define α = limr↓∞ αr ↔ OCF . By construction, we observe that

fr(α) ↔ pr
OCF , and since fr ↓ f , we conclude that f (α) = 0.

Remark 2.1.41. Let GF = Gal(F|F) be the absolute Galois group of F, then GF

acts continuously on CF. It is sufficient to observe that GF acts isometrically on

F, as we did at the beginning of Section 2.1.1.

The following theorem can be seen as a transcendental Galois correspondance

Theorem 2.1.42 (Ax–Sen–Tate). Let H ↬ GF be a closed subgroup corresponding to

an extension E|F contained in F. Then C
H
F = Ê. In particular, CGF

F = F.

Proof. Let H be as in the statement of the theorem and E = FH. It is clear from

density of E in Ê that Ê ∈ C
H
F . Consider any x ↔ C

H
F . We will show that it a

limit of some sequence in E. By density, we may consider a sequence (xn)n in

F such that xn ↓ x and ν̂(xn ↗ x) ↭ n.

For any ε ↔ H, observe that

ν̂(ε(xn)↗ xn) = ν̂(ε(xn ↗ x)↗ (xn ↗ x))

↭ min {ν̂(ε(xn ↗ x)), ν̂(xn ↗ x)} = ν̂(xn ↗ x) ↭ n
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By [LB10, Théorème 1.7], which improves [Ax70, Proposition 1], for every n,

there exists a yn ↔ E = FH such that

ν̂(xn ↗ yn) > n ↗ 1
p ↗ 1

Since xn ↓ x, we necessarily obtain that yn ↓ x. Thus, x ↔ Ê.

We end the section by remarking that since the p-adic logarithm and expo-

nential are continuous functions, we may extend them to CF. In particular, all

results (including definitions) in Section 2.1.2 remain true when F is replaced

by CF and ν by ν̂, since CF is algebraically closed.

2.2 Semilinear Algebra & Cohomological Descent

2.2.1 Semilinear Representations

The reference for this section is [Car19]. Throughout this section, fix a topolog-

ical group G and B a topological field. Assume B is equipped with a continuous

action of G, i.e., the map G → B ↓ B : (ε, b) ⇑↓ ε · b is continuous where G → B

has the product topology. Additionally, we require the action to commute with

the addition and multiplication structures of B.

Definition 2.2.1 (Semilinear Representation). A B-semilinear representation of G

is a topological vector space W over B equipped with a continuous action of G

such that

ε(x + y) = ε(x) + ε(y) and ε(λ · x) = ε(λ) · ε(x)

for all ε ↔ G, λ ↔ B and x, y ↔ W.
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Observe that if G acts trivially on B, then a B-semilinear representation of G is

equivalent to the usual notion of a B-linear representation of G.

Definition 2.2.2 (Trivial Semilinear Representation). By definition, B, endowed

with its G-action, is a B-semilinear representation of G itself. We can similarly

turn Bm into a B-semilinear representation by letting G act coordinate-wise.

This is called the trivial (semilinear) representation of dimension m.

Notation 2.2.3 (Category of Semilinear Representations). We introduce the cat-

egory RepB(G) which has as objects B-semilinear representations of G. Mor-

phisms in RepB(G) are B-linear maps which are G-equivariant.

RepB(G) is straightforwardly seen to be an abelian category, and moreover it

comes with a notion of tensor product and internal hom: if W1 and W2 are

objects in RepB(G), then W1 ̸B W2 is an object in RepB(G) equipped with the

diagonal action ε · (x ̸ y) = ε · x ̸ ε · y, and HomB(W1, W2) is an object in

RepB(G) equipped with the action (ε · ϕ)(x) = ε · ϕ(ε↗1 · x). Let Repf
B(G) be

the full subcategory consisting of objects that are finite dimensional B-vector

spaces; in particular, this category contains the trivial semilinear representa-

tions.

Remark 2.2.4 (Scalar Extension). Let C be a closed subfield of B which stable

under the action of G. Therefore the notion of C-semilinear representations of

G makes sense and we have the following functor

B ̸C ↗ : RepC(G) ↓ RepB(G)

In particular, assume that we are given a (topological) field F and we have G

and B such that B is an F-algebra and the action of G on F is trivial. Then
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RepF(G) is just the category of F-linear representations of G, and given any

such representation V, then W = B ̸F V is a B-semilinear representation of G.

Specializing to the case of linear characters χ : G ↓ F→, we will denote by

B(χ) = B ̸F χ the 1-dimensional semilinear representation generated by a

vector eχ on which G acts as ε · eχ = χ(ε) · eχ for all ε ↔ G. By semilinearity,

we then have

ε(beχ) = (ε · b)(χ(ε) · eχ)

for all ε ↔ G and b ↔ B.

We give the following example, which is situated in the exact context in which

we wish to apply the theory in this section.

Example 2.2.5 (Tate Twists & Hodge-Tate Representations). Assume F is a p-

adic field and GF its absolute Galois group. Then RepF(GF) is the the category

of continuous F-linear representations. We have already introduced a funda-

mental object in this category: the p-adic cyclotomic character χ = χF on F; see

Definition 2.1.34.

For any integer n, by χn we mean the character defined as χn(ε) := χ(ε)n. For

any field extension E|F, we define the nth-Tate twist of E as

E(n) := E(χn) ↔ RepE(GF).

These objects have the following properties:

E(n)∨ = E(↗n) and E(m)̸E E(n) = E(m + n)

where (↗)∨ = HomE(↗, E), the internal hom in RepE(GF).

The representation ∀m
i=1E(i)ni is called a Hodge-Tate representation of E of weight
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n = (n1, . . . , nm). In particular, the nth-Tate of twist E(n) of E is a Hodge-Tate

representation of weight n.

2.2.2 Continuous Cohomology

Throughout this section, fix a topological group G and X a topological group,

not necessarily abelian, on which G acts continuously. For ε ↔ G and a ↔ X,

denote by εa ↔ X the element obtained by the left-action of ε on a.

Definition 2.2.6 (Continuous Cohomology). We define H0(G, X) := XG.

A (continuous) 1-cocycle of G valued in X is a continuous function G ↓ X : ε ⇑↓

aε such that aετ = aε · εaτ. Letting ε = 1G, we have that a1G = 1X.

Let Z1(G, X) be the set of all 1-cocycles. A pair c, c⇓ ↔ Z1(G, X) is considered

cohomologous, denoted c ↑ c⇓, if there exists an x ↔ X such that

c(ε) = x↗1 · c⇓(ε) · εx, for all ε ↔ G

This defines an equivalence relation on Z1(G, X), and

H1(G, X) := Z1(G, X)/↑

is the first cohomology set of G with coefficients in X. It is a pointed set as it

comes equipped with a distinguished base point: the class of the trivial cocycle

ε ⇑↓ 1X, denoted B1(G, X). Elements of this class are called 1-coboundaries and

are 1-cocycles of the form ε ⇑↓ x↗1 · εx, for some x ↔ X.

Assume for the next definition that X is abelian, written additively for nota-

tional clarity. A (continuous) 2-cocycle is a continuous function c : G → G ↓ X
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such that

c(ε1ε2, ε3)↗ c(ε1, ε2ε3) = c(ε1, ε2)↗ ε1 · c(ε2, ε3)

for any ε1, ε2, ε3 ↔ G. A 2-cocyle is a 2-coboundary if

c(ε1, ε2) = aε1ε2 ↗ aε1 ↗ ε1 aε2 , for all ε1, ε2 ↔ X,

for some continuous function ε ⇑↓ aε. The collection of 2-cocycles is denoted

as Z2(G, X) and is an abelian group under pointwise addition. The collection

of 2-coboundaries forms a subgroup and is denoted B2(G, X). We define the

second cohomology group, an abelian group, as

H2(G, X) := Z2(G, X)/B2(G, X)

Remark 2.2.7. When X is abelian, then Z1(G, X) is an abelian group and B1(G, X)

is a subgroup. In particular, H1(G, X) = Z1(G, X)/B1(G, X), an abelian group.

Definition 2.2.8. Let X, Y, Z be topological groups where X is abelian and Y

and Z are not necessarily abelian. Then the following sequence of topological

groups with continuous group homomorphisms

1 ↓ X
f↓ Y

g↓ Z ↓ 1

is called short exact if

• f is a closed embedding.

• im f is a normal subgroup of Y.

• im f = ker g

• g is surjective, and induces a homeomorphism g : Y/ im f ↑↓ Z.
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Furthermore, suppose X, Y and Z come equipped with a continuous action

of a topological group G. Then a short exact sequence will always have G-

equivariant continuous group homomorphisms.

Proposition 2.2.9. Let G be a topological group and

1 ↓ X
f↓ Y

g↓ Z ↓ 1

a short exact sequence of topological groups equipped with a continuous G-action.

Then, there exists an exact sequence of pointed sets

1 ↓ XG ↓ YG ↓ ZG δ↓ H1(G, X) ↓ H1(G, Y) ↓ H1(G, Z) δ↓ H2(G, X)

Proof. The proof in [GS17, Proposition 4.4.1] goes through without change. In

particular, the construction of the connecting maps δ goes without change,

while the other morphisms are induced by f and g.

Remark 2.2.10. If Y and Z are abelian, we can extend the exact sequence given

in Proposition 2.2.9 using f and g since H2(G, Y) and H2(G, Z) is defined.

· · · ↓ H1(G, Z) δ↓ H2(G, X) ↓ H2(G, Y) ↓ H2(G, Z)

Throughout this dissertation, we employ this concrete version of group coho-

mology as that is enough for our purposes.

Assume now that we are given a closed normal subgroup N of G, then the

subgroup of N-fixed points XN of X naturally has a continuous action of G/N,

given the quotient topology. Then, we have the following operations on 1-

cocycles.
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Definition 2.2.11 (Inflation & Restriction). Consider a 1-cocycle c : G/N ↓ XN.

Then the inflation of c is the function Inf(c) : G ↓ X given by

G ↫ G/N c↓ XN ω↓ X

which is straightforwardly seen to be a 1-cocycle. Now Suppose we have a

1-cocycle c⇓ : G ↓ X. Then the restriction of c⇓ is the 1-cocycle c⇓|N : N ↓ X.

These maps give a well-defined sequence

H1(G/N, XN) H1(G, X) H1(N, X)Inf Res

Proposition 2.2.12 (Inflation-Restriction Sequence). There is an exact sequence

1 H1(G/N, XN) H1(G, X) H1(N, X)Inf Res

of pointed sets. That is, Inf is injective and ker Res = im Inf. By ker Res we mean the

classes that get mapped to the class of the distinguished base point under Res.

Proof. Consider 1-cocycles c1, c2 : G/N ↓ XN such that Inf(c1) and Inf(c2) are

cohomologous in H1(G, X). That is,

c1(εN) = Inf(c1)(ε) = x↗1 · Inf(c2)(ε) · εx = x↗1 · c2(εN) · εx (∝)

for every ε ↔ G, for some x ↔ X. As a cocycle, since N is the unit of G/N, we

have that c1(N) = c2(N) = 1X. Therefore, for any η ↔ N, we have

1X = x↗1 · ηx

That is, x is fixed by the action of N, and therefore we have x ↔ XN and hence

(∝) shows that c1 and c2 themselves are cohomologous and thus Inf is injective.

It is straightforward to see that im Inf ∈ ker Res. Now, consider a 1-cocycle
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c : G ↓ X such that Res(x) is a 1-coboundary in H1(N, X). So, c(η) = y↗1 · ηy

for any η ↔ N, for some y ↔ X. Let x = y↗1, and define a 1-cocycle c⇓ : G ↓ X

as

c⇓(ε) = x↗1 · c(ε) · εx

By definition, we have [c] = [c⇓], and c⇓(η) = 1X for all η ↔ N. Consider any

η ↔ N and ε ↔ G, then by normality of N, we observe that ηε = εη⇓ for some

η⇓ ↔ N. Then, we observe that

c⇓(ηε) = c⇓(η) · ηc⇓(ε) = ηc⇓(ε)

and

c⇓(ηε) = c⇓(εη⇓) = c⇓(ε) · εc⇓(η⇓) = c⇓(ε)

From this, we obtain that c⇓(ε) is fixed by the action of N and hence c⇓(ε) ↔ XN

for any ε ↔ G. Moreover, since c⇓(εη⇓) = c⇓(ε) we also obtain that c⇓ is constant

on the coset εN. Thus, let us define

c̃ : G/N ↓ XN, c̃(εN) := c⇓(ε).

One verifies that c̃ is a 1-cocycle and therefore we have [Inf(c̃)] = [c⇓] = [c], and

hence ker Res ∈ im Inf.

When X is abelian, a similar argument gives us the following

Proposition 2.2.13 (Inflation-Restriction Sequence). There is an exact sequence

1 H2(G/N, XN) H2(G, X) H2(N, X)Inf Res

of abelian groups.
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2.2.3 Cohomological Descent

We formalise a connection between semilinear representations and continuous

cohomology. Let G and B be as in Section 2.2.1. The reference for this section is

[BC09, Exercise 14.4.1]

Remark 2.2.14. There is a natural topology on GLm(B) that makes it a topolog-

ical group. For our purposes, we describe this topology in a hands-on manner;

for a more functorial approach, see [Con12, §2].

Topologise GLm(B) using the subspace topology from Mm(B)2 via the anti-

diagonal map g ⇑↓ (g, g↗1). One quickly verifies that this makes GLm(B) into a

topological group, as the continuity of the inversion map g ⇑↓ g↗1 is clear from

definition. In particular, the topology of B→ is the one on GL1(B).

The continuous action of G on B extends to an action of G on GLm(B) where for

A ↔ GLm(B), one has (ε A)ij := ε(Aij). To see that the action of G on GLm(B)

is continuous, it is enough to conclude that the following maps are continuous

(ε, A) ⇑↓ ε(Aij) and (ε, A) ⇑↓ ε(A↗1
ij ),

which they are since they are compositions of certain projections and the con-

tinuous G-action on B.

Let V ↔ Repf
B(G) be free of rank m. Choosing a B-basis e = (e1, . . . , em) of V, we

topologise V via the isomorphism V = ∀iBei ↑= Bm. We note that this topology

is independent of the choice of basis. We define a function Ue : G ↓ GLm(B),

where Ue(ε) = (be

i,j(ε)) is the matrix such that

ε(ej) =
m

∑
i=1

be

i,j(ε) · ei
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Lemma 2.2.15. Ue is a continuous 1-cocycle and if f is another B-basis of V, then Uf

is cohomologous to Ue.

Proof. Let ε, τ ↔ G. One has τ(ej) = ∑,
k=1 Ue(τ)kj · ek. By semilinearity,

(ετ)(ej) =
m

∑
k=1

ε(Ue(τ)kj) · ε(ek)

=
m

∑
i=1

(
m

∑
k=1

Ue(ε)ik · ε(Ue(τ)kj

)
· ei

Therefore, by definition, we obtain

Ue(ετ)ij =
m

∑
k=1

Ue(ε)ik · ε(Ue(τ)kj)

That is, Ue(ετ) = Ue(ε) · εUe(τ), and hence Ue is a 1-cocycle. The continuity

of Ue follows from an observation similar to the one made towards the end of

Remark 2.2.14.

Let f be another B-basis of V and let P ↔ GLm(B) be the change-of-basis matrix

from f to e, then one shows directly that

Uf(ε) = P↗1 · Ue(ε) · εP, for every ε ↔ G

Hence Ue and Uf are cohomologous.

Let Repm
B (G) be the set of B-linear isomorphism classes of objects in Repf

B(G)

of rank m. This is a pointed set, with the base point given by the class of the

trivial semilinear representation Bm. Observe that, the trivial semilinear repre-

sentation with the standard basis 1 produces the trivial cocycle U1 : ε ⇑↓ Idm;

here Idm is the m → m identity matrix.
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Theorem 2.2.16. The map (V, e) ⇑↓ Ue yields a isomorphism of pointed sets

ΦG,B : Repm
B (G)

↑↓ H1(G, GLm(B))

Proof. Lemma 2.2.15 tells us that the map (V, e) ⇑↓ Ue gives a well-defined

map of pointed sets

Φ : Repm
B (G) ↓ H1(G, GLm(B))

We sketch the inverse. Let U : G ↓ GLm(B) be a 1-cocycle, and let VU = Bm be

equipped with the following action of G: for ε ↔ G, define

ε





v1
...

vm




:= U(ε)





ε(v1)
...

ε(vm)




.

That this is a semilinear action is clear from the definition, and its continuity

follows from the continuity of U and the action of G on B. A straightfoward

computation shows that this map is well-defined and descends to a map of

pointed sets Ψ : H1(G, GLm(B)) ↓ Repm
B (G), and that it is the inverse of Φ.

Remark 2.2.17. The isomorphism in Theorem 2.2.16 is natural in G and B. Let

G⇓ be another topological group and C a topological ring with a continuous

action of G⇓. Assume that there exist continuous homomorphisms ϕ : G ↓ G⇓

and ψ : C ↓ B. These morphisms induce a functor

Asc : RepC(G⇓) ↓ RepB(G), W ⇑↓ B ̸C W.

We describe how one views B ̸C W as a B-semilinear representation of G: let

ε ↔ G, then ε(w ̸ b) = ϕ(ε)(w)̸ ε(b). This restricts to a functor and map of
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pointed sets

Asc : Repf
C(G

⇓) ↓ Repf
B(G) and Ascm : Repm

C (G
⇓) ↓ Repm

B (G)

respectively. This generalises the early discussions in Remark 2.2.4.

These morphisms also induce a map on cohomology sets

AscG,G⇓,C,B : H1(G⇓, GLm(C)) ↓ H1(G, GLm(B)), [U] ⇑↓ [GLm(ψ) ≃ U ≃ ϕ]

Since Φ is defined explicitly in Theorem 2.2.16, it is easily shown that the fol-

lowing diagram of pointed sets commutes

Repm
C (G

⇓) H1(G⇓, GLm(C))

Repm
B (G) H1(G, GLm(B))

Ascm

ΦG⇓ ,C

Asc⇓G,G⇓ ,C,B

ΦG,B

If N is a closed normal subgroup of G (with the subspace topology), then the

subring of N-fixed points BN naturally has a continuous action of G/N. Us-

ing Remark 2.2.17 with N ω↓ G ↫ G/N, where G/N is given the quotient

topology, and BN ω↓ B we obtain the following sequence of cohomology sets

H1(G/N, GLm(BN)) H1(G, GLm(B)) H1(H, GLm(B))
AscN AscH

where AscN = AscG,G/N,BN ,B and AscH = AscH,G,B,B.

We can get rid of this clunky notation by observing that since GLm(BN) =

GLm(B)N, the above sequence is precisely the inflation-restriction sequence

from Proposition 2.2.12 with AscN = Inf and AscH = Res. This gives us
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Corollary 2.2.18 (Inflation-Restriction Sequence). There is an exact sequence

1 H1(G/N, GLm(BN)) H1(G, GLm(B)) H1(N, GLm(B))Inf Res

We have the following functors

(↗)N : RepB(G) ↓ RepBN(G/N)

B ̸BN ↗ : RepBN(G/N) ↓ RepB(G)

Lemma 2.2.19. For any W ↔ Repf
BN(G/N), the canonical map

ι : W ↓ (W ̸BN B)N, w ⇑↓ w ̸ 1

is an isomorphism.

Proof. Easily follows once a basis has been chosen.

On the other hand, for any V ↔ RepB(G), one has the map

αV : B ̸BN VN ↓ V, b ̸ v ⇑↓ bv

Assuming V has rank m, it determines a cohomology class ξV ↔ H1(G, GLm(B)).

Proposition 2.2.20 (Cohomological Descent). The following are equivalent:

(a) αV is an isomorphism;

(b) Res(ξV) = [1], the class of the trivial cocycle;

(c) ξV is in the image of Inf.

If any of these conditions are satisfied, one says that V descends to BN.
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Proof. Observe that equivalence of (b) and (c) follows from Proposition 2.2.12,

the inflation-restriction sequence. Assume that (a) holds, therefore V has an

N-invariant basis, say e, and hence ξV is represented by the cocycle Ue, which

by construction is such that Ue|N = 1, the trivial cocycle. Thus, Res(ξV) = [1].

Assume now that (b) holds, then Res(ξV) is represented by a 1-coboundary

U⇓
e : N ↓ GLm(B), η ⇑↓ P↗1 · ηP,

for some P ↔ GLm(B), where e is a basis of W. The basis e⇓ := Pe is such that

U⇓
e⇓ = 1 is trivial, and therefore the basis e⇓ is N-invariant, and hence we use it

to conclude αV is an isomorphism.

Corollary 2.2.21 (Cohomological Descent). B ̸BN ↗ : Repf
BN(G/N) ↓ Repf

B(G)

is an equivalence with quasi-inverse (↗)N : Repf
B(G) ↓ Repf

BN(G/N) if and only if

the map Inf : H1(G/N, GLm(BN)) ↓ H1(G, GLm(B)) is an isomorphism.

2.3 Brauer Groups

In this section we fix a perfect field K. We do so to conflate algebraic and sep-

arable extensions to simplify the exposition, although all results in this section

hold for general fields after adding some separability assumptions.

Assume throughout that all K-algebras under consideration are non-zero and

finite dimensional over K. We will often refer to K-algebras as algebras over K.

References for this section include [GS17, Gui18].
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2.3.1 Central Simple Algebras

Definition 2.3.1 (Central Simple Algebra). A K-algebra A is simple if it has no

non-trivial two-sided ideals. We call a K-algebra central if its centre Z(A) = K.

Example 2.3.2. A division algebra D over K is clearly simple, and since its cen-

tre Z(D) is necessarily a field, it is central over Z(D) ⇒ K.

Example 2.3.3. If D is a division algebra over K, then the algebra Mn(D) of

n → n matrices over D is simple for all n ↭ 1. Similarly, one may also verify

that Z(Mn(D)) = Z(D), i.e., the centre consists only of scalar multiples of the

identity with scalars in Z(D). Therefore, Mn(D) is central over Z(D).

The following classical theorem states that our examples above are essentially

the only examples there are.

Theorem 2.3.4 (Wedderburn). Let A be a finite dimensional simple algebra over

K. Then there exists a unique positive integer n and a unique, up to K-isomorphism,

division algebra D over K such that A ↑= Mn(D) as K-algebras.

Definition 2.3.5 (Splitting Fields). Given a central simple K-algebra A, we say

a finite extension L|K is a splitting field of A if A ̸K L ↑= Mn(L), as L-algebras,

for some n. In particular, K is a splitting field of A if and only if A ↑= Mn(K), as

K-algebras, for some n; we call such central simple algebras split.

The following theorem tells us that splitting fields exist and we can take them

to be Galois.
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Theorem 2.3.6. A K-algebra A is central simple if and only if there exists an n ↭ 1

and finite Galois extension L|K such that A ̸K L ↑= Mn(L) as L-algebras.

Proof. [GS17, Theorem 2.2.1] shows that a splitting field for A exists, this fol-

lows from Theorem 2.3.4 and the fact that A is finite-dimensional over K. A

result of Noether and Köthe [GS17, Proposition 2.5] tells us that a splitting field

for A which is Galois exists.

Remark 2.3.7. Let K be an algebraic closure of K. Then Theorem 2.3.6 tells us

that, in particular, we have A ̸K K ↑= Mn(K), as K-algebras.

Corollary 2.3.8. If A is a central simple algebra over K, its K-dimension is a square.

Definition 2.3.9 (Degree & Index of a CSA). For a central simple K-algebra A,

its degree is the number degK A =
∃

dimK A.

By Theorem 2.3.4, one has A ↑= Mn(D), for some n and some central simple

K-division algebra D. Then indK(A), the (Schur) index of A, is degK D.

Definition 2.3.10 (Brauer equivalence). Let A and B be central simple algebras

over K. We say A and B are Brauer equivalent if A ̸K Mr(K) ↑= B ̸K Ms(K) for

some integers r, s ↭ 1.

Remark 2.3.11. Theorem 2.3.4 tells us that any central simple algebra over K is

Brauer equivalent to a division algebra over K. Moreover, since Mn(D)̸K L ↑=

Mn(D ̸K L), we conclude that splitting fields only depend on the Brauer class.
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Definition 2.3.12 (Brauer group). The Brauer group of K is the set of all Brauer

classes of all central simple algebras over K, which is denoted as Br(K). This is

indeed a group, where the group operation is given by ̸K and the unit is the

class [K], which consists of all split central simple algebras. The inverse of a

class [A] is the class [Aop] represented by the opposite algebra of A.

The fact that for a class [A] ↔ Br(K), its inverse is given by the class [Aop] is a

consequence of the following result which we record for future use.

Proposition 2.3.13. Let A be a finite dimensional K-algebra. Then A is a central

simple algebra over K if and only if the map

ϕ : A ̸K Aop ↓ EndK(A), a ̸ b ⇑↓ (ϕa,b : x ⇑↓ axb)

is an isomorphism.

Proof. For the forward direction, see [GS17, Proposition 2.4.8]. For the con-

verse, it suffices to assume ϕ is surjective and we observe then that im ϕ =

EndK(A) ↑= Mdeg A(K), a central simple algebra over K.

Let I be a non-trivial two-sided ideal of A, then I ̸K Aop is non-trivial two-

sided ideal in A ̸K Aop, and therefore so is J = ϕ(I ̸K Aop) in the image of

ϕ. Since im ϕ is simple, we conclude that J = im ϕ = EndK(A) by surjectivity

of ϕ. Hence, idA = ϕ(∑n
i=1 yi ̸ bi) = ∑n

i=1 ϕyi,bi , where yi ↔ I and bi ↔ Aop.

Therefore, for any a ↔ A, we have

a =
n

∑
i=1

ϕyi,bi(a) =
n

∑
i=1

yiabi ↔ I

since I is a two-sided ideal of A. Hence I = A, and thus A is simple.

Let z ↔ Z(A), then z ̸ 1 ↔ Z(A ̸K Aop) and hence ϕ(z ̸ 1) ↔ Z(im ϕ) =
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K · idA, by assumption. Let ϕ(z ̸ 1) = λ idA, for some λ ↔ K, and we note that

z = ϕ(z ̸ 1)(1) = λ. Thus, Z(A) ∈ K, and thus A is central.

Remark 2.3.14. By Remark 2.3.11, we can identify Br(K), as a set, with the set

of isomorphism classes of division algebras that are K-central. Moreover, we

observe that the index (Definition 2.3.9) is a well-defined function on Br(K).

Since splitting fields only depend on the Brauer class of a central simple alge-

bra, we give the following result on splitting fields of division algebras. For a

central simple algebra, we may replace degree with index.

Proposition 2.3.15. Assume D is a division algebra of degree n over K, then D has a

splitting field of dimension n over K, and the dimension of any splitting field of D over

K is a multiple of n.

Proof. See [Gui18, Corollary 6.39].

Example 2.3.16. We note that Theorem 2.3.6 tells us that Br(K) is trivial if K is

algebraically (or separably) closed. This can also be shown directly by using

Remark 2.3.14 and showing that the only division algebra that is central over

an algebraically closed field K is K itself.

Definition 2.3.17 (Relative Brauer group). For any extension L|K, the map

Br(K) ↓ Br(L) : [A] ⇑↓ [A ̸K L]

is well-defined and a group homomorphism. The kernel of this map is called

the relative Brauer group of E|K and denoted Br(L|K).

Observe that [A] ↔ Br(L|K) if and only if L is a splitting field of A.

In particular, one has Br(K) = Br(K|K).
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Remark 2.3.18. Combining Definition 2.3.17 with Theorem 2.3.6 we observe

that the Brauer group Br(K) is the union of all its subgroups of the form Br(L|K)

with L|K finite and Galois. In particular, if L⇓|K is a Galois extension containing

L, then iL⇓L = (↗)̸L L⇓ : Br(L|K) ↓ Br(L⇓|K) is injective and all such iL⇓L form

a directed system that Br(K) is a colimit of.

2.3.2 Cohomological Descent Revisited

We recall definitions and results from Sections 2.2.2 and 2.2.3 and apply them

to the case where G = GK is the absolute Galois group of K equipped with its

profinite (Krull) topology, while B = K, an algebraic closure of K, equipped

with the discrete topology. In this set-up, the cohomology groups and sets we

consider are termed Galois cohomology. A standard reference is [Ser02].

Below we give a useful characterisation of cohomology in this context.

Proposition 2.3.19. Let G be a profinite group and X a discrete group, not necessarily

abelian. Write G = lim
△↗

Gα, where Gα is finite. Then we consider Uα = ker πα, where

πα : G ↫ Gα is the canonical projection; Uα is an open normal subgroup. Define

Xα := XUα , which is naturally equipped with a continuous Gα-action, where Gα is

given the discrete module. Then,

H1(G, X) = lim
↗↓

H1(Gα, Xα)

where the directed system is given by inflation maps. Moreover, if X is abelian, we also

have

H2(G, X) = lim
↗↓

H2(Gα, Xα)

where once again the directed system is given by inflation maps.
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Proof. This is well-known, see [Sta25, Tag 0DVG].

Remark 2.3.20. Applying Proposition 2.3.19 to GK tells us that given a discrete

group X with a continuous action of GK, we have

Hi(GK, X) = lim
↗↓

Hi(GL|K, XGL)

(for i = 1, 2, where for i = 2 we assume X is abelian)

where the limit is over finite Galois extensions L|K contained in K. Here we

identify GL with the subgroup Gal(L|K) in GK, and we denote GL|K = Gal(L|K),

the cokernel of GL ω↓ GK.

This tells us that we can restrict our focus on finite Galois extensions of K, and

cohomology of finite groups.

The following example illustrates Remark 2.3.20 where X = GLm(K).

Proposition 2.3.21 (Hilbert’s Theorem 90). Let L|K be a Galois extension, then

H1(GK, GLm(K)) = {∝}

Proof. We show that for any finite Galois extension L|K, one has

H1(GL|K, GLm(L)) = {∝} .

We invoke Proposition 2.2.20. Let V be a finite-dimensional L-vector space with

a semilinear action of G = GL|K, and consider the canonical map

αV : L ̸K VG ↓ V

We show that αV is an isomorphism. The proof of surjectivity does not require

V to be finite-dimensional, only that [L : K] < ∞. Let ε1, . . . , εn be a K-basis of
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L, then by Artin’s independence of characters there exist λ1, . . . , λn ↔ L such

that ∑n
i=1 λiε(εi) = 1 if ε ↔ G is the identity and 0 otherwise. Consider the trace

function T : V ↓ V, x ⇑↓ ∑ε↔G ε(x), and observe that im T ∈ VG. Finally, we

observe that for any v ↔ V, we have

n

∑
i=1

λiT(εiv) = ∑
ε↔G

n

∑
i=1

λiε(εi)ε(v) = v,

showing the surjectivity of αV . The proof of injectivity is similar to the proof of

Artin’s independence of characters. Observe that it is enough to show that ev-

ery finite family of vectors in VG, linearly independent over K, remain linearly

independent over L. Assume {v1, . . . , vr} is one such family in VG and assume

the following is a non-trivial linear dependence relation over L

λ1v1 + · · ·+ λrvr = 0 (∝)

with λi ↔ L. Assume that this is a relation such that the number of λi’s which

are non-zero is minimal. We may assume, upto reindexing and rescaling, that

λ1 = 1. Then, applying ε ↗ 1G to the relation above, for any ε ↔ G, gives us

(ε(λ2)↗ λ2)v2 + · · ·+ (ε(λr)↗ λr)vr = 0

Our assumption of minimality gives us that this relation is trivial, and therefore

ε(λi) = λi for i ↭ 2. Since ε was arbitrary, we conclude λi ↔ K and hence (∝)

is a non-trivial independence relation over K, contradicting our assumption.

Thus, {v1, . . . , vr} is K-linear independent and therefore αV is injective.

We resume our focus on central simple algebras over K. In what follows all

algebras over K are finite-dimensional and all field extensions L|K are assumed

to be Galois.
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Definition 2.3.22 (Twisted Forms). Given a pair of K-algebras A and A⇓ and a

field extension L|K, we say B is a (L|K)-twisted form of A if A ̸K L ↑= A⇓ ̸K L

as L-algebras.

Remark 2.3.23. Remark 2.3.7 tells us that central simple algebras are precisely

the (K|K)-twisted forms of Mn(K) for some n.

We relate twisted forms to cohomology.

Example 2.3.24 (Twisted Forms give Cocycles). Consider A a K-algebra, L|K

a field extension and let AL = A ̸K L. Then any ε ↔ GL|K induces an L-

algebra automorphism AL ↓ AL : a ̸ x ⇑↓ a ̸ ε(x) which we also denote as

ε. Moreover, if A⇓ is another K-algebra and we have an L-algebra isomorphism

f : AL ↓ A⇓
L, then we obtain an L-algebra isomorphism ε f : AL ↓ A⇓

L. One

sees that (ε, f ) ⇑↓ ε f describes a left action of GL|K on AutL(AL), the L-algebra

automorphism group of AL.

Once again, assume we are given an isomorphism α : AL
↑↓ A⇓

L, then we get a

function cα : GL|K ↓ AutL(AL), ε ⇑↓ aε = α↗1 ≃ εα, then one may verify that

aετ = aε ≃ εaτ

Therefore cα ↔ Z1(GL|K, AutL(AL)). Moreover, if β : AL
↑↓ A⇓

L is another iso-

morphism giving the 1-cocycle cβ : ε ⇑↓ bε = β↗1 ≃ εβ, then

aε = x↗1 ≃ bε ≃ εx

where x = β↗1 ≃ α, i.e., cα and cβ are cohomologous.
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Theorem 2.3.25. For a K-algebra A, consider the pointed set TFL(A) of twisted

(L|K)-forms of A, where the base point is given by (A, idA). Then the map (B, α) ⇑↓

[cα], defined in Example 2.3.24 yields a isomorphism of pointed sets

TFL(A) ↑= H1(GL|K, AutL(AL)).

Proof. We sketch the inverse. A similar argument to the one given in Theo-

rem 2.2.16 tells us that given a cocycle c : GL|K ↓ AutL(AL), we can equip

AutL(AL) with a semilinear action of GL|K. Define A⇓ = A
GL|K
L to be the GL|K-

fixed points of A under this semilinear action. We now prove that this is in-

deed a form of A, but this follows from the fact that the extension of scalars

α : A⇓ ̸K L ↓ AL is an isomorphism of vector spaces by the proof of Propo-

sition 2.3.21 (Hilbert’s Theorem 90), but α is an algebra map, finishing the

proof.

Let L|K be a Galois extension. Observe that Mn(L) = Mn(K) ̸K L and that

TFL(Mn(L)) is the set of K-central simple algebras of degree n split by L. To

emphasise that, let CSAK(n, L) = TFL(Mn(L)).

Proposition 2.3.26 (Skolem-Noether). The K-algebra automorphism group of a K-

central simple algebra A is naturally isomorphic to A→/K→.

Proof. Let L be a splitting field of A, then A ̸K L = Mn(L) and (A ̸K L)→ =

GLn(L) has as its centre L→. It is a general fact that we have the following short

exact sequence

1 ↓ L→ ↓ GLn(L→) ↓ Inn(Mn(L)) ↓ 1
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where Inn(Mn(L)) is the subgroup of inner automorphisms of Mn(L) and the

latter map is P ⇑↓ (M ⇑↓ PMP↗1). See [GS17, Lemma 2.4.1] for a proof that

all automorphisms of Mn(L) are inner, giving us AutL(Mn(L)) = Inn(Mn(L)).

The following short exact sequence of discrete groups is GL|K-equivariant

1 ↓ L→ ↓ (A ̸K L)→ ↓ AutL(A ̸K L) ↓ 1

then by Proposition 2.2.9 we get

1 ↓ K→ ↓ A→ ↓ AutK(A) ↓ H1(GL|K, L→)

Since H1(GL|K, L→) is trivial by Proposition 2.3.21 (Hilbert’s Theorem 90), we

obtain that AutK(A) ↑= A→/K→.

Corollary 2.3.27. The L-algebra automorphism group of Mn(L) is the projective gen-

eral linear group PGLn(L) := GLn(L)/L→, where L→ is identified with the subgroup

of scalar matrices in GLn(L) which is its centre. Moreover, PGLn(L) has an action of

GL|K as the automorphism group of Mn(L), then PGLn(L)GL|K = PGLn(K).

Proof. Apply the proof of Proposition 2.3.26 to A = Mn(K).

Corollary 2.3.27 and Theorem 2.3.25 give us

Corollary 2.3.28. There is an isomorphism of pointed sets

CSAK(n, L) ↑= H1(GL|K, PGLn(L)).

We use Corollary 2.3.28 to give an interesting class of central simple algebras.

Definition 2.3.29. Let L|K be a cyclic Galois extension of degree m. We fix an

isomorphism χ : GL|K
↑↓ Z/mZ, which is a character of GL|K, and some a ↔ K→
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be given. We associate to χ and a a central simple algebra over K which is a

(L|K)-twisted form of Mm(K) called a cyclic algebra, which is denoted as (χ, a).

Consider the matrix,

Ũa =




0 a

Idm↗1 0



 ↔ GLm(K)

Let its image in PGLm(K) be denoted as Ua. A straightforward computation

shows that Ua has exact order m in PGLm(K), in particular, Ũm
a = a · Idm. The

following,

GL|K Z/mZ PGLm(K) PGLm(L)

1 Ua

χ

gives a 1-cocycle in Z1(GL|K, PGLm(L)). Via the isomorphism in Corollary 2.3.28,

this cocycle corresponds to a K-central simple algebra of degree m split by L,

denoted (χ, a).

Let L|K be as in Definition 2.3.29.

Proposition 2.3.30. The class of the cyclic algebra (χ, a) is trivial in Br(L|K) if and

only if a is a norm from L, i.e., a ↔ NL|K(L→).

Proof. See [GS17, Corollary 4.7.5].

Moreover, cyclic algebras exhaust Br(L|K) for cyclic Galois extensions L|K.

Once again, let L|K be as in Definition 2.3.29.

Proposition 2.3.31. Let [A] ↔ Br(L|K), then

• There exist χ : GL|K
↑↓ Z/mZ and a ↔ K such that [A] = [(χ, a)].
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• Moreover, if A has degree m, then A ↑= (χ, a).

Proof. See [GS17, Corollary 4.7.6].

2.3.3 Cohomological Brauer group

In this section we give two cohomological interpretations of the Brauer group.

We let L|K continue to be a Galois extension.

Remark 2.3.32. The following natural maps

GLm(L)→ GLn(L) ↓ GLmn(L), (ϕ, ψ) ⇑↓ ϕ ̸ ψ

GLm(L) ω↓ GLmn(L), ψ ⇑↓ ψ ̸ Idn

descend to maps on PGL, giving the following maps of cohomology sets

H1(G, PGLm(L))→ H1(G, PGLn(L)) ↓ H1(G, PGLmn(L)) (2.1)

λmn : H1(G, PGLn(L)) ↓ H1(G, PGLmn(L)) (2.2)

These maps correspond to the following maps

↗̸↗ : CSAK(n, L)→ CSAK(m, L) ↓ CSAK(m, L)

↗̸ Mn(K) : CSAK(m, L) ↓ CSAK(mn, L)

The maps λmn in (2.2) form a directed system, and we define

H1(GL|K, PGL∞(L)) := lim
↗↓

H1(GL|K, PGLn(L))

This is an abelian group equipped with the multiplication described in (2.1).
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Inflation gives us

H1(GK, PGL∞(K)) = lim
↗↓

H1(GL|K, PGL∞(L))

as L ranges throught finite Galois extensions of K.

Proposition 2.3.33. There are natural group isomorphisms

H1(GL|K, PGL∞(L)) ↑= Br(L|K) and H1(GK, PGL∞(K)) ↑= Br(K).

We now give the second interpretation, identifying the Brauer group with a

more familiar cohomology group.

Recall the following exact sequence of groups equipped with a GL|K-action

1 ↓ L→ ↓ GLm(L) ↓ PGLm(L) ↓ 1

Applying Proposition 2.2.9 we get an exact sequence of pointed sets

H1(GL|K, GLm(L)) ↓ H1(GL|K, PGLm(L))
δm,L↗↓ H2(GL|K, L→)

Triviality of the set H1(GL|K, GLm(L)) by Proposition 2.3.21 (Hilbert’s Theorem

90) means δm,L is injective. Moreover, δm,L induces the following isomorphism

[GS17, Theorem 4.4.5].

Theorem 2.3.34. There is an isomorphism of abelian group

H1(GL|K, PGL∞(L)) ↑= H2(GL|K, L→).

Furthermore, δm,L, as L ranges through finite Galois extensions, collect to form

a system, inducing the following isomorphisms [GS17, Theorem 4.4.7].
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Theorem 2.3.35. Let K be a field, L|K a Galois extension and GK the absolute Galois

group of K. Then there exist natural isomorphisms of abelian groups

Br(L|K) ↑= H2(GL|K, L→) and Br(K) ↑= H2(GK, K→
).

Describing the Brauer group as a cohomology group allows us to use cohomo-

logical machinery to give structural results about the Brauer group.

Theorem 2.3.36. Let L|K be a finite Galois extension. Then each element of the relative

Brauer group Br(L|K) has order dividing the degree [L : K]. Consequently, the Brauer

group Br(K) is a torsion abelian group.

Proof. This follows from general facts about group cohomology, see [GS17, Corol-

lary 3.3.8].

Definition 2.3.37. For a central simple K-algebra A, its period perK(A) is the or-

der of its Brauer class [A] in Br(K). Recall indK(A), the Schur index of A (Defi-

nition 2.3.9). It is known that perK(A) | indK(A) and that perK(A) and indK(A)

share the same prime factors. When K is a local or global field, we know that

perK(A) = indK(A) by the work of Albert, Brauer, Hasse, and Noether; see

[GS17, Remark 6.5.6].

Observe that if one considers A ↔ CSAK(n, K), then necessarily indK(A) | n.

Since perK(A) | indK(A), we conclude that [A] ↔ Br(K)[n], the subgroup of

n-torsion of the Brauer group, i.e., elements whose order divides n. That is, the

inclusion induced by the connecting map H1(GK, PGLn(K)) ω↓ H2(GK, K→
) =

Br(K) factors through an inclusion H1(GK, PGLn(K)) ω↓ Br(K)[n].

In particular, if perK(A) = indK(A), as is the case when K is a local or global

field, then one can argue that H1(GK, PGLn(K)) ↑= Br(K)[n].
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We now give a cohomological argument for H1(GK, PGLn(K)) ω↓ Br(K)[n] in

the case n is invertible in K.

Remark 2.3.38. For a positive integer n ↔ K→, consider

1 µn K→ K→ 1
(·)n

where µn is the group of nth-roots of unity, which is GK-equivariant. Then, by

Proposition 2.2.9 and Remark 2.2.10 we get the exact sequence

H1(GK, K→
) H2(GK, µn) H2(GK, K→

) H2(GK, K→
)

[n]

where [n] denotes the multiplication-by-n map (we think of Br(K) = H2(GK, K→
)

as an additive group). Since H1(GK, K→
) is trivial by Proposition 2.3.21 (Hilbert’s

Theorem 90) we get that the subgroup of n-torsion

Br(K)[n] = H2(GK, µn).

Consider SLn(K), whose centre is µn · Idn, define the projective special linear group

as PSLn(K) := SLn(K)/µn. Since K is algebraically closed, we observe that

PGLn(K) = PSLn(K). Therefore, we may consider the following (map of) short

exact sequences

1 µn SLn(K) PGLn(K) 1

1 K→ GLn(K) PGLn(K) 1

(2.3)

which induces the following (Proposition 2.2.9)
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H1(GK, PSLn(K)) H2(GK, µn) = Br(K)[n]

H1(GK, PGLn(K)) H2(GK, K→
) = Br(K)

(2.4)

allowing us to conclude that the bottom map in (2.4) factors through the top

map and is necessarily injective.

2.3.4 Brauer Group of a Local Field

Theorem 2.3.39. Let F be a local field. Then the Hasse invariant is a canonical

embedding

Inv : Br(F) ω↓ Q/Z

where

• If F = C, then Inv = 0, since C is algebraically closed.

• If F = R, then Inv induces Br(F) ↑= 1
2Z/Z, where the non-trivial class in Br(R)

is represented by Hamiltonian quaternions H.

• If F is non-archimedean, then Inv is an isomorphism.

While the results below are true for any local field F, we restrict our attention

to the case when F is a p-adic field.

The Hasse invariant enjoys the following functoriality property.

Proposition 2.3.40. Let E|F be a finite extension, then there is a commutative diagram

Br(F) Q/Z

Br(E) Q/Z

Inv

↗̸FE [E:F]→↗

Inv
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Proof. This is [Gui18, Theorem 8.10]

Corollary 2.3.41. Let E|F be a finite extension, then Br(E|F) is cyclic of order [E : F].

Assume E|F is a cyclic Galois extension with the character

χ : GE|F
↑↓ Z/mZ ↑=

1
m
Z/Z ω↓ Q/Z,

and some a ↔ F→. Then, we obtain the cyclic algebra (χ, a) ↔ CSAF(m, E), see

Definition 2.3.29.

Recall the local reciprocity isomorphism θE|F (Theorem 2.1.28).

Proposition 2.3.42. Inv([(χ, a)]) = χ(θE|F(a))

Proof. [GS17, Proposition 4.7.3] tells us that our (χ, a) coincides with the one in

[Ser79, Chapter XIV, §1]. Now the result follows from Proposition 3 in [Ser79,

Chapter XIV, §1].

Let ε ↔ GE|K be such that χ(ε) =
1
m

mod 1 and k is such that θE|K(a) = εk.

Then

Inv([(χ, a)]) =
k
m

mod 1
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Chapter 3

Descent & Decompletion

Throughout this chapter F denotes a p-adic field and GF is its absolute Galois

group. CF is the completion of an algebraic closure of F, and χ = χF : GF ↓ Z
→
p

is the p-adic cyclotomic character (Definition 2.1.34).

The group H = ker χ is a closed subgroup and cuts out the extension F(ϱp∞), an

infinitely ramified extension obtained by adjoining all p-power roots of unity

to F. Recall Γ = GF/H = Gal(F(ϱp∞)|F) is the Galois group F∞|F. Therefore it

contains a subgroup of finite index Γ0 ↑= (Zp,+) such that Γ = Σ → Γ0, where

Σ is a finite abelian group with order = [Γ : Γ0] prime to p.

Let γ0 be a topological generator of Γ0, and let Γr := Γpr

0 be the subgroup topo-

logically generated by γr = γ
pr

0 . The intermediate extension F∞ cut out by Σ

is such that F∞|F is totally ramified, Gal(F(ϱp∞)|F∞) = Σ and Gal(F∞|F) = Γ0,

i.e., F∞ is a Zp-extension. Also define Fr := FΓr
∞ , which are cyclic extensions of

F of order pr where Gal(Fr|F) = Γ0/Γr ↑= Z/pr
Z.

Let H̃ ↬ GF be such that Γ0 = GF/H̃. We also observe that CH
F = ⊋F(ϱp∞) and

C
H̃
F = F̂∞, by Theorem 2.1.42 (Ax–Sen–Tate).

Notation 3.0.1. The absolute Galois group GF will always be considered as a
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topological group, equipped with its profinite topology. Note that any exten-

sion E|F can be equipped with two topologies – the natural metric topology

induced by its valuation or the discrete topology, and this distinction will mat-

ter when we consider the cohomology of GF valued in these fields. We recall

that GF acts continuously on E with its valuation topology.

Let XE denote either E, E→, GLn(E) or PGLn(E), which are groups that our

cohomology will be valued in. Once we fix a topology on E, the remaining

XE’s inherit an induced topology: see Remark 2.2.14 for the induced topology

on E→ and GLn(E), and PGLn(E) is given the quotient topology. When E has

the discrete topology, so does any XE.

The undecorated Hi(GF, XE) will denote cohomology where XE has the (in-

duced) valuation topology and we will use results from Sections 2.2.2 and 2.2.3.

On the other hand, Hi
disc(GF, XE) will denote cohomology where XE has the

discrete topology, where results from Sections 2.3.2 and 2.3.3 will come in handy.

Finally, observe that if G⇓ is a finite subgroup (resp. quotient) of GF, then its

subspace (resp. quotient) topology is the discrete topology. Therefore, if this G⇓

acts on E, then we have Hi(G⇓, XE) = Hi
disc(G

⇓, XE).

The distinction in Notation 3.0.1 is necessary. For example, consider the groups

H1(GF, F→
) and H1

disc(GF, F→
). The latter is trivial by Proposition 2.3.21 (Hilbert’s

Theorem 90), but the former is not as it contains a non-trivial cocycle repre-

sented by the p-adic cyclotomic character χ.

Lemma 3.0.2. The p-adic cyclotomic character χ : GF ↓ F→ is not a 1-coboundary

Proof. Assume χ is a 1-coboundary, and therefore

χ(ε) = x↗1 · εx
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for all ε ↔ GF, for some x ↔ F→. Necessarily x belongs to a finite extension E|F,

and we may apply the field norm NE|F to the above expression

χ(ε)[E:F] = NE|F(χ(ε)) = NE|F(x)↗1 · NE|F(
εx) = 1

for all ε ↔ GF, a contradiction since χ does not have finite order.

Our main object of study is the following short exact sequence of topological

groups equipped with a continuous action of GF

1 C
→
F GLm(CF) PGLm(CF) 1 (3.1)

which gives the following sequence in cohomology by Proposition 2.2.9

H1(GF,C→
F ) H1(GF, GLm(CF)) H1(GF, PGLm(CF))

H2(GF,C→
F )

(3.2)

We recall from Theorem 2.2.16 that the set H1(GF, GLm(CF)) classifies CF-linear

isomorphism classes of objects in Repf
CF
(GF) of dimension m. Similarly, by fol-

lowing the proof of Theorem 2.2.16, we can show that H1(GF, PGLm(CF)) clas-

sifies the possible continuous semilinear actions of GF on the matrix algebra

Mm(CF). On this level, the maps in the sequence (3.2) correspond to

L ⇑↓ L∀m and V ⇑↓ End(V)

where L is a one-dimensional CF-semilinear representation of GF, and V is an

m-dimensional CF-semilinear representation of GF. Moreover, the H1(GF,C→
F )-

action on the pointed set H1(GF, GLm(CF)) corresponds to (L, V) ⇑↓ L ̸CF V.
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3.1 Sen Theory

In this section, we exposit the theory of Sen on CF-semilinear representations

of GF. An excellent reference is Sen’s original paper [Sen81], and much of our

exposition is based on [BC09].

Sen, in [Sen81], establishes an equivalence between the categories Repf
CF
(GF)

and Repf
F∞
(Γ), which we recall are rigid (closed) symmetric monoidal abelian

categories. We record this equivalence in the following theorem, a reference for

which is [BC09, Theorem 15.1.2, Corollary 15.1.6]

Theorem 3.1.1. There exists a quasi-inverse DSen : Repf
CF
(GF) ↓ Repf

F∞
(Γ0) to the

extension of scalars functor (↗) ̸F∞ CF. Moreover, for any V ↔ Repf
CF
(GF), there

exists some r such that DSen(V) ↔ Repf
Fr
(Γ0). The functor DSen is a composition of

two equivalences:

• (Descent) The functor (·)H̃ : Repf
CF
(GF) ↓ Repf

F̂∞
(Γ0) of H̃-invariance is an

equivalence, quasi-inverse to extension of scalars (↗)̸F̂∞
CF.

• (Decompletion) There exists a quasi-inverse D⇓
Sen : Repf

F̂∞
(Γ0) ↓ Repf

F∞
(Γ0)

to extension of scalars (↗)̸F∞ F̂∞. Moreover, for any W ↔ Repf
F̂∞
(Γ0), there

exists some r such that D⇓
Sen(W) ↔ Repf

Fr
(Γ0).

Moreover,

• DSen(V1 ∀ V2) ↑= DSen(V1)∀ DSen(V2)

• DSen(V1 ̸CF V2) ↑= DSen(V1)̸F∞ DSen(V2)

• DSen(HomCF(V1, V2)) ↑= HomF∞(DSen(V1), DSen(V2))
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For any W ↔ Repf
F̂∞
(Γ0), we sketch the construction of D⇓

Sen(W). Define a vector

w ↔ W to be F-finite, if its translates by Γ0 generate an F-vector space of finite

dimension. Then D⇓
Sen(W) is defined to be the subspace of F-finite vectors; it is

a F∞-subspace of W on which Γ0 acts.

We translate Theorem 3.1.1 into a cohomological statement.

Corollary 3.1.2. The natural map H1(Γ0, GLm(F∞)) ↓ H1(GF, GLm(CF)), induced

by GF ↫ Γ0 and GLm(F∞) ω↓ GLm(CF) is an isomorphism for all m ↭ 1. It is a

composition of two isomorphisms

• (Descent) Inf : H1(Γ0, GLm(F̂∞)) ↓ H1(GF, GLm(CF)) is an isomorphism.

• (Decompletion) There natural map H1(Γ0, GLm(F∞)) ↓ H1(Γ0, GLm(F̂∞))

induced by GLm(F∞) ω↓ GLm(F̂∞) is an isomorphism.

Moreover, if U : Γ0 ↓ GLm(F∞) is a 1-cocycle, then for large enough r, one has

U(ε) = Uε ↔ GLm(Fr) for every ε ↔ Γ0.

Remark 3.1.3. In particular, one can even show that

H1(Γ0, GLm(F∞)) = lim
↗↓

H1(Γ0, GLm(Fr)).

Since we will not use this fact, we do not provide a proof.

Remark 3.1.4. Sen in [Sen81] proves his results for the case where F∞ is replaced

by F(ϱp∞). We justify why we can state our results with F∞. Observe that the

inflation-restriction sequence (Proposition 2.2.12) gives us

1 H1(Γ0, GLm(F∞)) H1(Γ, GLm(F(ϱp∞))) H1(Σ, GLm(F(ϱp∞)))Inf Res
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where we recall that Γ = Σ→Γ0. Since Σ is finite, we have H1(Σ, GLm(F(ϱp∞))) =

H1
disc(Σ, GLm(F(ϱp∞))), which is trivial by Proposition 2.3.21 (Hilbert’s Theo-

rem 90). Hence Inf is an isomorphism, which tells us that Σ-invariance (·)Σ is

quasi-inverse to (↗)̸F∞ F(ϱp∞).

To understand objects D ↔ Repf
F∞
(Γ0), Sen shows that one can differentiate the

semilinear action of Γ0 on D and obtain a F∞-linear endomorphism called the

Sen operator.

Theorem 3.1.5 (Sen81, Theorem 4). For each D ↔ Repf
F∞
(Γ0) there is a unique

F∞-linear endomorphism ΘD on D such that for all x ↔ D we have

ε(x) = exp(log(χ(γ)) · ΘD)(x)

for all γ in an open subgroup Γx of Γ.

Proof. We sketch the proof of existence. Let e = (e1, . . . , em) be an F∞-basis of

D, and using this we may define the corresponding cocycle U = Ue : Γ0 ↓

GLm(F∞). We know that we have Uγ = U(γ) ↔ GLm(Fr), for some r, for all

γ ↔ Γ0. Restricting U to Γr, which fixes Fr, we have that U : Γr ↓ GLm(Fr) is a

continuous homomorphism, and thus describes a continuous linear represen-

tation of Γr over Fr. We define,

ΘD =
log(Uγ)

log(χ(γ))
↔ Mm(Fr) ∈ Mm(F∞)

for all γ ↔ Γr \ {1}. Shrinking Γr so that exp is well-defined, we obtain the

expression in the statement of the theorem.

We have the following facts about the Sen operator.
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Lemma 3.1.6. For D1, D2 ↔ Repf
F∞
(Γ0), the Sen operators on D1 ∀ D2, D1 ̸F∞ D2

and HomF∞(D1, D2) are respectively given by

• ΘD1∀D2 = ΘD1 ∀ ΘD2

• ΘD1̸F∞ D2 = ΘD1 ̸ 1 + 1 ̸ ΘD2

• ΘHomF∞ (D1,D2)(T) = ΘD2 ≃ T ↗ T ≃ ΘD1

Let SF∞ be the category of finite-dimensional F∞-vector spaces equipped with a

linear endomorphism. Then, we have the functor

Repf
F∞
(Γ0) ↓ SF∞ : D ⇑↓ (D, ΘD).

This functor is not an equivalence and neither is it fully faithful, but it detects

isomorphisms.

Proposition 3.1.7. Objects D1, D2 ↔ Repf
F∞
(Γ0) are isomorphic if and only if (D1, ΘD1)

and (D2, ΘD2) are isomorphic in SF∞ .

Example 3.1.8. Let D = F∞(n) be the Hodge-Tate representation of weight n,

then one sees that ΘD is the multiplication-by-n operator. More generally, D is

the Hodge-Tate representation of weight n = (n1, . . . , nm), i.e., isomorphic to

∀m
i=1F∞(i)ni , if and only if ΘD is diagonalisable with eigenvalues (n1, . . . , nm).

In light of this example, for any object D ↔ Repf
F∞
(Γ0), the eigenvalues of ΘD

are called generalised Hodge-Tate weights of D.
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3.2 Descent & Decompletion of CSAs

Sen proves that we have an isomorphism

H1(Γ0, GLm(F∞)) ↓ H1(GF, GLm(CF)).

In this section we extend Sen’s results to central simple algebras.

3.2.1 Azumaya Monoids

We introduce the general theory of Azumaya objects in symmetric monoidal

category. The original reference for this theory is [Par76]. [San14] is an excellent

source on the foundations of symmetric monoidal categories.

Definition 3.2.1 (Symmetric Monoidal Categories). A symmetric monoidal cate-

gory is a category V equipped with a bifunctor ↗ ̸ ↗ : V→ V ↓ V, called

the tensor product, and object 1 ↔ V, called the unit, along with natural iso-

morphisms (α, λ, ρ, τ) which are subject to certain conditions and commutative

diagrams as laid out in [San14, Definitions 2.2.1, 2.2.12]. Roughly speaking, α

exhibits associativity of ̸, while λ and ρ exhibit 1 as a two-sided unit with

respect to ̸ and τ exhibits the commutativity of ̸.

Definition 3.2.2 (Lax & Strong Monoidal Functor). Let (V,̸, 1) and (V⇓,̸⇓, 1⇓)

be symmetric monoidal categories. A functor F : V ↓ V
⇓ is said to be (sym-

metric) lax monoidal if it is equipped with morphisms ε : 1⇓ ↓ F(1) and mX,Y :

F(X)̸⇓ F(Y) ↓ F(X ̸ Y) for all X, Y ↔ V, such that, roughly speaking, F is

compatible with the datum (α, λ, ρ, τ) of Vand (α⇓, λ⇓, ρ⇓, τ⇓) of V
⇓. See [San14,

Definition 2.2.27] for the appropriate commutative diagrams. F is said to be

strong monoidal if ε and mX,Y is an isomorphism.
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Definition 3.2.3 (Equivalences). An equivalence of monoidal categories is a strong

monoidal functor that is an equivalence of the underlying categories.

Definition 3.2.4 (Monoids). A monoid (object) in a symmetric monoidal category

V is an object A ↔ Vequipped with morphisms µ : A ̸ A ↓ A and η : 1 ↓ A

in Vsuch that, roughly speaking, µ is associative and η is a monoid unit for A.

See [San14, Definition 2.2.18] for the appropriate commutative diagrams.

Definition 3.2.5 (Morphisms of Monoids). Given two monoids (A, µ, η) and

(A⇓, µ⇓, η⇓), then a morphism f : A ↓ A⇓ is a morphism of monoids if the

following diagrams commutes

A ̸ A A⇓ ̸ A⇓
1

A A⇓ A A⇓

µ

f̸ f

µ⇓ η η⇓

f f

Definition 3.2.6 (Category of V-Monoids). We may define the following cate-

gory of monoids of a symmetric monoidal category V, denoted MonV where

the objects are monoid objects in Vand morphisms are morphism of monoids.

It is itself a monoidal category with ̸, but not necessarily symmetric as τ does

not restrict to this category. This is exhibited by the following construction.

Definition 3.2.7 (Opposite Monoid). Given a monoid A = (A, µ, η), we define

its opposite monoid Aop = (A, µ⇓, η), where µ⇓ = µ ≃ τ. We observe that A ↑= Aop

in MonV if and only if µ = µ ≃ τ, in which case such a monoid is said to be

commutative. The possible existence of non-commutative monoids makes MonV

a monoidal category that is not necessarily symmetric.
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Lemma 3.2.8. Let F : V ↓ V
⇓ be a lax monoidal functor between two symmetric

monoidal categories Vand V
⇓, then there is an induced functor F : MonV ↓ MonV⇓ .

In particular, if F is an equivalence, the induced functor on the category of monoids is

an equivalence as well.

Proof. The fact that the functor induces a functor on the category of monoids is

clear from definitions. While the statement about equivalence follows from the

fact that any quasi-inverse of F may be given the structure of a lax monoidal

functor; see [San14, Lemma 2.2.34, Proposition 2.2.42].

Definition 3.2.9 (Closedness). A symmetric monoidal category V is said to be

closed if it is equipped with a functor

[↗,↗] : V→ V
op ↓ V

called the internal hom and an isomorphism

HomV(X ̸ Y, Z) ↑= HomV(X, [Y, Z])

for any X, Y, Z ↔ Vand natural in all three.

In particular, for any object Y, one has the adjunction ↗̸ Y ¬ [Y,↗]. The unit

and counit of this adjunction are denoted as

coev : X ↓ [Y, X ̸ Y] and ev : [Y, X]̸ Y ↓ X

and called the coevaluation and evaluation maps respectively.

Remark 3.2.10. We may define lax and strong closed functors, similar to lax

and strong monoidal functors Definition 3.2.2. One can show that for func-

tors between closed symmetric monoidal categories a lax monoidal functor is
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equivalent to a lax closed functor. Therefore one can adapt the definition of an

equivalence Definition 3.2.3 and Lemma 3.2.8 to closed symmetric monoidal

categories by asking the equivalence to be induced by a closed monoidal func-

tor, i.e., a functor that is both strong monoidal and strong closed.

Remark 3.2.11. For any object X in a closed symmetric monoidal category V,

then the object [X, X] has the structure of a monoid ([X, X], ≃X, IX), where

≃X : [X, X]̸ [X, X] ↓ [X, X]

is the morphism corresponding to

([X, X]̸ [X, X])̸ X [X, X]̸ ([X, X]̸ X) [X, X]̸ X Xα id̸ev ev

under the tensor-internal hom adjunction. The monoid unit IX : 1 ↓ [X, X] is

the coevaluation. [X, X] = ([X, X], ≃X, IX) is called the internal endomorphism

monoid of X.

Definition 3.2.12 (Duals). Let V be a symmetric monoidal category, then an

object X ↔ Vis said to be dualisable if there exists an object X∨ such that X∨ ̸↗

is right adjoint to ↗̸ X. Let η and ε be the unit and counit of this adjunction.

The object X∨ is called the dual of X.

Note that if V is closed and we have a dualisable X, then there is a natural iso-

morphism [X,↗] ↑= X∨ ̸↗ as they are both right adjoints of ↗̸ X. Therefore,

in particular, [X, 1] ↑= X∨.

Lemma 3.2.13. For a closed symmetric monoidal category V, an object X dualizable

if and only if the natural map

[X, 1]̸ X ↓ [X, X],
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adjoint to ev ̸ id : [X, 1]̸ X ̸ X ↓ X ̸ X, is an isomorphism.

Proof. See [San14, Lemma 2.2.61].

Remark 3.2.14. If X dualisable in a symmetric monoidal category V, then the

maps η : 1 ↓ X∨ ̸ X and

(X∨ ̸ X)̸ (X∨ ̸ X) X∨ ̸ Xid ̸ ε̸ id

provide X∨ ̸ X with the structure of a monoid in V. If V is closed then this

monoid structure on X∨ ̸ X ↑= [X, 1] ↑= X ↑= [X, X] corresponds to the internal

endomorphism monoid structure on [X, X] described in Remark 3.2.11.

Definition 3.2.15 (Rigidity). A symmetric monoidal category V is said to be

rigid if there exists a functor (·)∨ : V
op ↓ Vand an isomorphism

HomV(X ̸ Y, Z) ↑= HomV(X, Y∨ ̸ Z)

for any X, Y, Z ↔ Vand natural in all three. In particular, for any object Y, one

has the adjunction ↗̸ Y ¬ Y∨ ̸↗, i.e., every object is dualisable.

The functor (·)∨ is unique up to isomorphism, is an equivalence of categories

and (X ̸ Y)∨ ↑= X∨ ̸ Y∨ and 1
∨ ↑= 1.

Remark 3.2.16. A rigid symmetric monoidal category is always closed, where

the internal hom is defined as [X, Y] := X∨ ̸ Y.

Definition 3.2.17 (Modules over Monoids). Let V be a symmetric monoidal

category, and A a monoid in V. Then an object M ↔ V equipped with a
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map LM : A ̸ M ↓ M, such that the commutative diagrams in [San14, Defini-

tion 2.2.26] hold, is called a left A-module. One similarly define a right A-module.

Let N be a right A-module with structure map RN and M a left A-module with

structure map LM, then one has

N ̸ A ̸ M N ̸ M
RN̸ id

id̸ LM

The coequaliser of this diagram, if it exists, is denoted N ̸A M.

Assume that P is a dualisable and consider the monoid object A = P∨ ̸ P.

Then P∨ (resp. P) is a right (resp. left) A-module via the evaluation

P∨ ̸ (P∨ ̸ P) P∨ (P∨ ̸ P)̸ P Pid̸ ev ev̸ id

Moreover, if P∨ ̸A P exists, then the evaluation map gives an induced map

trP : P∨ ̸A P ↓ 1

called the trace map.

Definition 3.2.18 (Faithfully Projective). Let Vbe a symmetric monoidal cate-

gory, and let P be a dualisable object such that for the monoid A = P∨ ̸ P, the

object P∨ ̸A P exists. Then P is said to be faithfully projective if the trace map,

defined above,

trP : P∨ ̸A P ↓ 1

is an isomorphism.

Definition 3.2.19 (Azumaya Monoid). Let Abe a faithfully projective monoid,

in particular dualisable, object in a closed symmetric monoidal category V.
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Recall that for the monoid (A, µ), we have A
op = (A, µ ≃ τ). Consider the

following morphism

(A̸A)̸A A
op ̸ (A̸A) A̸A A

α id̸ µ µ≃τ

This corresponds uniquely to a morphism of monoids via adjunction

ϕA: Aop ̸A↓ [A, A]

We call Aan Azumaya monoid if ϕA is an isomorphism of monoids.

Fix a closed symmetric monoidal category V for the following results.

Proposition 3.2.20. If Aand B are Azumaya monoids in V, then so is A̸B.

Proof. This is [Par76, Proposition 3].

Proposition 3.2.21. If P is faithfully projective, then [P, P] is an Azumaya monoid.

Proof. This is [Par76, Proposition 4].

Definition 3.2.22 (Categorical Brauer Group). Let V be a closed symmetric

monoidal category, and consider two Azumaya monoids A, B in V. We say

A↑ B if A̸ [P, P] ↑= B̸ [Q, Q], for some faithfully projective objects P, Q in

V. This is an equivalence relation, and the set of equivalence classes Br(V) is

an abelian group with product [A][B] = [A̸B], with neutral element [1] and

inverse [Aop] for [A]. We call Br(V) the Brauer group of V.

Remark 3.2.23. In [Par76], two Brauer groups of a (closed) symmetric monoidal

category V are defined; our Definition 3.2.22 corresponds to the first Brauer

group. The two Brauer groups coincide when the unit 1 is a projective object in

V, which will be the case for the choices of Vwe are interested in.
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Combining Lemma 3.2.8 and Remark 3.2.10, we have

Proposition 3.2.24. Let AzV be the full subcategory of MonV consisting of Azumaya

monoids as objects. Consider a closed monoidal functor F : V↓ V
⇓ between closed

symmetric monoidal category. Then F restricts to functors MonV ↓ MonV⇓ and

AzV ↓ AzV⇓ . Moreover, if F is an equivalence of monoidal categories, then it induces

an equivalence on the categories of (Azumaya) monoids.

3.3 Analytic Forms of the Matrix Algebra

Using the notation from Section 2.2.1, consider the category RepB(G). This is

a closed symmetric monoidal abelian category, where the relevant structure is

described in Notation 2.2.3. Moreover, the category Repf
B(G) is a rigid (closed)

symmetric monoidal abelian category. Moreover, for V = RepB(G), the cat-

egory AlgB(G) := MonV of monoid objects precisely consists of B-algebras

equipped with a continuous semilinear action of G that respects the addition

and multiplication of the B-algebra. For V= Repf
B(G), the category Algf

B(G) :=

MonV of monoid objects is the subcategory of AlgB(G) where the underlying

module of the B-algebra is finite dimensional over B.

Specialising to the case where (G, B) = (GF,CF) or (Γ0, F∞), for V= RepB(G),

the full subcategory CSAB(G) = AzV of Algf
B(G) precisely consists of B-central

simple algebras with a continuous semilinear action of G. We observe this by

noting that the condition in Definition 3.2.19 is proved in Proposition 2.3.13.

We investigate how the subcategory CSAB(G) interacts with the equivalence in

Theorem 3.1.1.
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Theorem 3.3.1. The equivalence (↗) ̸F∞ CF : Repf
F∞
(Γ0) ↓ Repf

CF
(GF) restricts

to an equivalence (↗)̸F∞ : CSAF∞(Γ0) ↓ CSACF(GF). Moreover, for any object

A ↔ CSAF∞(Γ0) of degree m, the natural map

H1(Γ0, A→/F→
∞ ) ↓ H1(GF, PGLm(CF))

is injective and induces an isomorphism

(
A↔CSAm

F∞ (Γ0)

H1(Γ0, A→/F→
∞ ) ↑= H1(GF, PGLm(CF))

where CSAm
F∞
(Γ0) is the set of representatives of isomorphism classes of objects in

CSAF∞(Γ0) with degree m. In particular, the natural map

H1(Γ0, PGLm(F∞)) ω↓ H1(GF, PGLm(CF))

is injective.

Proof. For any A ↔ CSAF∞(Γ0), by Proposition 2.3.26, A→/F→
∞

↑= AutF∞(A) and

PGLm(CF) ↑= AutCF(A ̸F∞ CF). The natural map in the statement

H1(Γ0, A→/F→
∞ ) ↓ H1(GF, PGLm(CF))

is induced by the natural map AutF∞(A) ↓ AutCF(A ̸F∞ CF).

The extension of scalars (↗) ̸F∞ CF : Repf
F∞
(Γ0) ↓ Repf

CF
(GF) and its quasi-

inverse DSen are closed monoidal functors by Theorem 3.1.1. Therefore, by

Proposition 3.2.24, we have an equivalence

(↗)̸F∞ CF : CSAF∞(Γ0) ⊜ CSACF(GF) :DSen

Therefore the result follows from this along with the fact that since CF is alge-

braically closed, the only CF-central simple algebras are matrix algebras.

67



Chapter 4

The p-adic analytic Brauer group

The set-up of this section is the same as Chapter 3, and we are interested in the

following continuous cohomology group

H2(GF,C→
F )

that we dub the (cohomological) p-adic analytic Brauer group. Our main result

is that this group sees less than the traditional Brauer group Br(F).

4.1 Set-up

Recall that for a field extension E|F, one has the the E-semilinear representation

of GF, E(n) = E ̸F χn, the nth Tate twist of E. In particular, we may consider

CF(n). We begin with the following result [Tat67].

Theorem 4.1.1 (Tate, Springer). One has Hi(GF,CF(n)) = 0 whenever i = 0, 1 and

n ∋= 0. While, H0(GF,CF) = F and H1(GF,CF) is a one-dimensional vector space

over F. One may take the class of log χ as an F-basis for H1(GF,CF).

We indulge in some diagram chasing towards our goal of computing H2(GF,C→
F ).
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The valuation ν̂ on C
→
F determines the following short exact sequence of groups

with a continuous GF-action

1 O
→
CF

C
→
F Q 1ι ν̂ (4.1)

By Theorem 2.1.42 (Ax–Sen–Tate), one has H0(GF,C→
F ) = F→; moreover since

since GF is compact and Q is discrete we obtain H1(GF,Q) = 0. Hence the exact

sequence in cohomology induced by (4.2) gives us

F→
Q H1(GF,O→

CF
) H1(GF,C→

F ) 0val i (4.2)

Since F has a discrete valuation, this is equivalent to

0 Q/Z H1(GF,O→
CF
) H1(GF,C→

F ) 0δ i (4.3)

Recall now that the p-adic logarithm determines the following short exact se-

quence (see Proposition 2.1.17)

1 µ∞ O
→
CF

CF 1
log

(4.4)

which is GF-equivariant with the natural continuous GF-action on these groups.

This induces the following exact sequence in cohomology

H1(GF, µ∞) H1(GF,O→
CF
) H1(GF,CF)

j λ (4.5)

Putting together (4.3) and (4.4), we have the following

Q/Z H1(GF,CF)

H1(GF,O→
CF
)

H1(GF, µ∞) H1(GF,C→
F )

δ λ

ij

(4.6)
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By Theorem 4.1.1, we know that H1(GF,CF) is a (one-dimensional) F-vector

space, and therefore λ ≃ δ = 0. Hence there is a unique map

L : H1(GF,C→
F ) ↓ H1(GF,CF) (4.7)

such that L ≃ i = λ.

4.2 The map L

Proposition 4.2.1. The map L : H1(GF,C→
F ) ω↓ H1(GF,CF) is injective.

Proof. This is [Ser98, §III, A2, Proposition 2]. Using the exact sequences in (4.6),

in particular the surjectivity of i, one sees that a sufficient condition to prove

the injectivity of L is that the composition i ≃ j : H1(GF, µ∞) ↓ H1(GF,C→
F )

is 0. Observe that µ∞ is a discrete subgroup of F→, hence i ≃ j factors through

H1(GF, F→
), where F→ has the discrete topology. By Hilbert’s theorem 90, the

group H1(GF, F→
) vanishes, and hence i ≃ j = 0. Thus, L is injective.

Recall that H1(GF,CF) is a one-dimensional F-vector space, where we choose

as a basis the class represented by log χ, where χ is the cyclotomic character.

Theorem 4.2.2. The map L : H1(GF,C→
F ) ω↓ H1(GF,CF) has an open image in

F ↑= H1(GF,CF), where the topology on the latter is the one on F.

Proof. Recall that L is defined as follows: given a cocycle c : GF ↓ C
→
F , this

cocycle factors through O
→
CF

– we continue to refer to this factored cocycle as

c : GF ↓ O
→
CF

. Then L([c]) = [log c]. Taking [log χ] as a basis for H1(GF,CF), we

write [log c] = θ(c)[log χ], for some θ(c) ↔ F.
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We wish to determine that the subgroup im L =
{

θ(c) : c ↔ H1(GF,C→
F )

}
is

open in F. Let triv be the trivial cocycle, and consider 0 = θ(triv) ↔ im L. Choose

a ↔ Z↭0 such that exp("a log χ) is well-defined, where " is a uniformiser of F.

Then Ua = {exp("aβ log χ) : β ↔ OF} consists of cocycles such that θ(Ua) =

"a
OF. Thus, 0 + "a

OF ↔ im L and we may conclude that im L is open.

Proposition 4.2.3. The map L : H1(GF,C→
F ) ω↓ H1(GF,CF) is not an isomorphism.

The proof of this proposition relies on the ramification theory of Zp-extensions.

Our Zp-extension is F∞|F and Γ0 = Gal(F∞|F), with topological generator γ0

and we have let γr = γpr . Recall the ramification groups in upper numbering

of infinite Galois groups from Definition 2.1.27. Moreover, let e = e(F|Qp) be

the absolute ramification index of F|Qp.

Proposition 4.2.4. There exists an a ↔ Z such that Γu
0 for u > e/(p↗ 1) is the closed

subgroup generated by γ′(u↗a)/e∞.

Proof. See [Car19, Proposition 2.1.1].

The lemma below is inspired by a remark in [Sen81].

Lemma 4.2.5. There exists a Θ ↔ F and r0 ↔ Z such that the element exp(prΘ log χ(γ0))

is not an element of NEr|F(O
→
Er
), for every r ↭ r0.

Proof. For any u > e/(p ↗ 1), let r0 = ′(u ↗ a)/e∞ + 1, where a ↔ Z is as

above in Proposition 4.2.4. Since upper numbering is compatible with quo-

tients (Proposition 2.1.23), we deduce that Gal(Fr0 |F)u is non-trivial. The local

reciprocity isomorphism gives the following isomorphism (Proposition 2.1.31)

Gal(Fr0 |F)u ↑= Uu
F/(Uu

F ▽ NFr0 |E
(F→

r0
))
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Since Fr0 |F is a cyclic extension, the group Gal(Fr0 |F)u is necessarily cyclic as

well. Let λ represent a class of a generator of Uu
F/(Uu

F ▽ NFr0 |E
(F→

r0
)). Define,

Θ =
log λ

pr0 log χ(γ0)
↔ F

Since λ ↔ Uu
F, we may write λ = exp(pr0Θ log χ(γ)) and this is not a norm by

construction.

Consider any r ↭ r0. Then exp(prΘ log(χ(γ0))) = λpr↗r0 . Assume that

λpr↗r0 ↔ NFr|F(F→
r )

Since we are in a Zp-extension, we obtain using local class field theory that

NFr0 |F
(F→

r0
)/NFr|F(F→

r ) ↑= Gal(Fr|Fr0)
↑= Z/pr↗r0Z

and hence NFr|F(F→
r ) = NFr0 |F

(F→
r0
)pr↗r0 . We obtain from this that λ = ϱr↗r0 β for

β ↔ Uu
E ▽ NEr0 |E

(E→
r0
), where ϱr↗r0 is a pr↗r0-th root of unity. Assume ϱr↗r0 is a

primitive ps-th root of unity, for s > 0, then

ν(ϱr↗r0 ↗ 1) =
e

ps↗1(p ↗ 1)
↬ e

p ↗ 1
< u

and so λ/β = ϱr↗r0 /↔ Uu
F for s > 0. Hence, necessarily, ϱr↗r0 = 1 and λ = β,

a norm. This is a contradiction. Thus, exp(prΘ log(χ(γ0)) is not a norm for all

r ↭ r0.

Proof of Proposition 4.2.3. We wish to prove L is not surjective. Let Θ ↔ F be as in

Lemma 4.2.5 and consider the element Θ[log χ] ↔ H1(GF,CF). Then we claim

that this element is not in the image of L. Using Corollary 3.1.2, it is enough

to show that no cocycle c : Γ0 ↓ O
→
Ft

, for some t, is such that log c = θ log χ.

Assume such a cocycle c existed, then c(γ0) ↔ O
→
Fr

, for r = max {t, r0}, where r0
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is as in Lemma 4.2.5. We note that

log c(γpr

0 ) = Θ log χ(γpr

0 ) = prΘ log χ(γ0).

Observe that c(γpr

0 ) = NFr|F(c(γ0)), contradicting Lemma 4.2.5. Hence, L is not

surjective.

In the following section, we will compute the cokernel of L.

4.3 p-adic Analytic Brauer Group

We focus now on another part of the exact sequence induced by (4.4): consider

the following exact sequence

H1(GF,O→
CF
) H1(GF,CF) H2(GF, µ∞) H2(GF,O→

CF
)

H2(GF,CF)

λ

(4.8)

By a remark of Fontaine [Fon04] we have H2(GF,CF) = 0 and we know from

Proposition 4.2.1 that λ factors through L, giving us the following exact se-

quence

H1(GF,C→
F ) H1(GF,CF) H2(GF, µ∞) H2(GF,O→

CF
) 0L (4.9)

Since GF is compact and Q discrete, observe that we have Hi(GF,Q) = 0, and

therefore (4.1) induces the isomorphism H2(GF,O→
CF
) ↑= H2(GF,C→

F ). Hence

(4.9) is equivalent to
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H1(GF,C→
F ) H1(GF,CF) H2(GF, µ∞) H2(GF,C→

F ) 0L (4.10)

Lemma 4.3.1. The subspace topology on µ∞ ω↓ Q
→
p is the discrete topology.

Proof. Let νp also denote the unique extension of the valuation on Qp to Q
→
p .

Since νp(ϱ) = 0 for any ϱ ↔ µ∞, we observe that νp(ϱ1 ↗ ϱ2) = νp(1 ↗ ϱ1ϱ↗1
2 )

for distinct ϱ1, ϱ2 ↔ µ∞. Thus, it suffices to consider ν(1 ↗ ϱ) for a non-trivial

ϱ ↔ µ∞. Assume ϱ has order m, and let Em = Qp(ϱ) be the corresponding

cyclotomic extension. Recall that we have

νp(1 ↗ ϱ) =
νp(NEm/Qp(1 ↗ ϱ))

[Em : Qp]
=

νp(Φm(1))
ϕ(m)

where Φm is the mth cyclotomic polynomial, and ϕ the Euler totient function.

It is well-known that Φm(1) = ε if m is a power of a prime ε or Φm(1) = 1 if

m has at least two distinct prime factors. Therefore, if m = ps for some integer

s ↭ 1, we have

νp(1 ↗ ϱ) =
1

ps↗1(p ↗ 1)

and νp(1 ↗ ϱ) = 0 otherwise. In particular, for any ϱ ↔ µ∞, one has

νp(1 ↗ ϱ) ↬ 1
p ↗ 1

=: dmin

Therefore the open neighbourhood Bdmin(ϱ) =
{

x ↔ Qp : νp(x ↗ ϱ) > dmin
}

of

ϱ is such that Bdmin(ϱ) ▽ µ∞ = {ϱ}. Thus, µ∞ is discrete.

Lemma 4.3.2. H2(GF, µ∞) ↑= Br(F)

Proof. By Lemma 4.3.1, the subspace topology on µ∞ ω↓ C
→
F is the discrete

topology and therefore H2(GF, µ∞) = H2
disc(GF, µ∞).
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Let (↗)Q := (↗)̸Z Q. Since F is algebraically closed, F→ is a divisible abelian

group, Therefore the canonical map F→ ↓ F→
Q is surjective with kernel equalling

the torsion subgroup of F→, i.e., µ∞. This gives us the following short exact se-

quence

1 µ∞ F→ F→
Q 1

Taking the exact sequence in cohomology we obtain the following exact se-

quence

H1
disc(GF, F→

Q) H2(GF, µ∞) H2
disc(GF, F→

) H2
disc(GF, F→

Q)

Since Q is a flat abelian group, one has Hi
disc(GF, F→

Q) = Hi
disc(GF, F→

)Q. By

Hilbert’s 90, one has H1
disc(GF, F→

) = 0, and therefore H1
disc(GF, F→

Q) = 0. More-

over, by local class field theory, we have H2
disc(GF, F→

) = Br(F) = Q/Z, a tor-

sion abelian group, and therefore H2
disc(GF, F→

Q) = 0. Hence, the exact sequence

above induces the isomorphism H2(GF, µ∞) ↑= H2
disc(GF, F→

) = Br(F).

Thus, (4.10) is equivalent to

0 coker L Br(F) H2(GF,C→
F ) 0τ (4.11)

Definition 4.3.3. For a prime ε, a group is called ε-primary if all its elements

have order a power of ε. We let the trivial group be ε-primary for every ε.

Any torsion abelian group A is a direct sum of its ε-primary subgroups, as ε

ranges through all primes; see [Rot95, Theorem 10.7]. These groups are called

its ε-primary components and we denote them as Aε. For a fixed prime ε, the

complement of Aε in A will be called the ε⇓-primary component of A and will

be denoted as Aε⇓ .
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Example 4.3.4. For any prime ε, the group Qε/Zε is ε-primary. Moreover, it is

(isomorphic to) the ε-primary component of the divisible abelian group Q/Z.

Theorem 4.3.5. τ(coker L) = Br(F)p, the p-primary part of Br(F).

Lemma 4.3.6. coker L is infinite.

Proof. By Proposition 4.2.3, im L is an open subgroup of H1(GF,CF) ↑= F. Iden-

tify H1(GF,CF) as Q
d
p, where d = [F : Qp], and identify im L as an open sub-

group of Qd
p. Since im L is open, necessarily Z

m
p ∈ im L for some m ↬ d. Hence,

coker L can be seen as a quotient of Qd
p/Zm

p . Recall that quotients of divisible

abelian groups are also divisible. Thus we conclude that coker L is a divisible

abelian group, as Q
d
p is divisible. The short exact sequence (4.11) tells us that

coker L is a torsion group. Hence we may deduce that m = d and thus coker L

is a quotient of (Qp/Zp)d. Furthermore, if coker L was finite, then it would be

trivial being a finite divisible abelian group, contradicting the non-surjectivity

of L. Hence coker L is infinite.

Proof of Theorem 4.3.5. Let X = τ(coker L). By Lemma 4.3.6, coker L is an infi-

nite p-primary divisible abelian group, and therefore so is X. As a p-primary

subgroup of Br(F) ↑= Q/Z, X must be a subgroup of its p-primary component,

Br(F)p = (Q/Z)p ↑= Z(p∞), where Z(p∞) is the Prüfer p-group. By [Rot95,

Theorem 10.13], all proper subgroups of Z(p∞) are finite. Thus, necessarily,

X = Br(F)p.

Theorem 4.3.7. H2(GF,C→
F )

↑= Br(F)p⇓ , the p⇓-primary part of Br(F).
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Proof. The short exact sequence (4.11) tells us that H2(GF,CF) is the cokernel

of the injective map τ : coker L ↓ Br(F), and τ(coker L) = Br(F)p by The-

orem 4.3.5. Since Br(F)p⇓ is precisely the complement of Br(F)p in Br(F), we

necessarily conclude that H2(GF,C→
F )

↑= Br(F)p⇓ .

The authors in [AHLB22] also compute coker L, using different methods, where

L is referred to as HT log and they characterise this isomorphism in terms of the

absolute trace map TrF|Qp .
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Chapter 5

Division Algebras of p-power Index

Let the set-up be as in Chapters 3 and 4. Fix m = pr, where r > 1 is arbitrary.

We have the following exact sequence

1 µm SLm(Cp) PGLm(Cp) 1

1 C
→
p GLm(Cp) PGLm(Cp) 1

(5.1)

which gives us

H1(GF, SLm(CF)) H1(GF, PGLm(CF)) H2(GF, µm)

H1(GF, GLm(CF)) H1(GF, PGLm(CF)) H2(GF,C→
F )

(5.2)

Since we have shown that H2(GF,C→
F ) is p-torsion free by Theorem 4.3.7, the

last vertical map is the trivial map. Giving us that

H1(GF, GLm(CF)) H1(GF, PGLm(CF)) ∝ (5.3)

Therefore the natural map H1(GF, GLm(CF)) ↓ H1(GF, PGLm(CF)) is surjec-

tive.
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Consider now the following diagram

H1(Γ0, GLm(F∞)) H1(Γ0, PGLm(F∞))

H1(GF, GLm(CF)) H1(GF, PGLm(CF))

↑ (5.4)

where the first vertical isomorphism is by Corollary 3.1.2, and the the second

vertical inclusion is by Theorem 3.3.1. This gives us the following

Theorem 5.0.1. The natural maps H1(Γ0, GLm(F∞)) ↓ H1(GF, PGLm(CF)) and

H1(Γ0, GLm(F∞)) ↓ H1(Γ0, PGLm(F∞)) are an isomorphism and surjective respec-

tively for m = pr, for any r ↭ 1.

We complement this result with the following construction.

Proposition 5.0.2. For any r ↭ 1, there exists a non-trivial CF-semilinear represen-

tation V such that End(V)GF represents an element of Br(F) with Hasse invariant

1/pr mod 1.

Proof. Let v = νp(d), and therefore p↗vd is coprime to p. Let s = r + v, and

consider the following representation of Γ0

ρ : GF ↫ Γ0 ↓ GLps(Zp) ω↓ GLps(CF)

γ0 ⇑↓




0 χ(γ0)

Idps↗1 0





Let U0 = ρ(γ0), and we observe that Ups

0 = χ(γ0) Idps . We can conclude from

here that ρ is continuous, since χ is. Let V be the corresponding CF-semilinear

representation. We furthermore observe that the Sen operator of ρ (or V) is

Θρ =
log U0

log χ(γ0)
=

1
ps Idps

79



V has generalised Hodge-Tate weight (1/ps, . . . , 1/ps).

Now, observe that ρ gives rise to a homomorphism

ρ : GF
ρ↓ GLps(CF) ↫ PGLpr(CF)

such that ρ(γ0)ps
= [Idps ], and hence we may use ρ(γ0) to identify End(V)GF =

End(DSen(V))Γ0 with the cyclic algebra Ds = (χs, χ(γ0)) representing a class in

Br(Fs|F), where χs = χ mod ps is the character

χs : Gal(Fs|F)
↑↓ Γ0/Γs ↑= Z/ps

Z

All that remains is the computation of the Hasse invariant of Ds.

Lemma 5.0.3. Inv([Ds]) = ↗ d
ps mod 1 = ↗ p↗vd

pr mod 1

Proof. We recall from Proposition 2.3.42 that we equivalently wish to compute

θFs|F(χ(γ0)). Since χ(γ0) ↔ Q
→
p , we use the following diagram from Theo-

rem 2.1.30 restricted to ΓF

F→ ΓF

Q
→
p ΓQp

θF

NF|Qp Res

θQp

In Remark 2.1.37, we comuted θQp(χ(γ0)) = γ↗1
0 . Therefore, using the diagram

we get θFs|F(χ(γ0)) = γ↗d
0 , where d = [F : Qp], proving our claim.

Having computed Inv([Ds]), where p↗vd is coprime to p, we see that an ap-

propriate power of Ds represents a class in Br(Fs|F) which has Hasse invariant

1/pr mod 1.

80



Bibliography

[AHLB22] Johannes Anschütz, Ben Heuer, and Arthur-César Le Bras. v-Vector
Bundles on p-adic Fields and Sen Theory via the Hodge-Tate Stack.
arXiv 2211.08470, 2022.

[Ax70] James Ax. Zeros of Polynomials over Local Fields—The Galois Ac-
tion. J. Algebra, 15:417–428, 1970.

[BC09] Olivier Brinon and Brian Conrad. CMI Summer School Notes
on p-adic Hodge Theory. https://math.stanford.edu/~conrad/
papers/notes.pdf, 2009.

[Bor94] Francis Borceux. Handbook of Categorical Algebra. 2, volume 51 of En-
cyclopedia of Mathematics and its Applications. Cambridge University
Press, Cambridge, 1994. Categories and structures.

[Car19] Xavier Caruso. An Introduction to p-adic Period Rings. In An Ex-
cursion into p-adic Hodge Theory: From Foundations to Recent Trends,
volume 54 of Panor. Synthèses, pages 19–92. Soc. Math. France, Paris,
2019.

[Con12] Brian Conrad. Weil and Grothendieck Approaches to Adelic Points.
Enseign. Math. (2), 58(1-2):61–97, 2012.

[Fon04] Jean-Marc Fontaine. Arithmétique des Représentations Galoisi-
ennes p-Adiques. Number 295, pages xi, 1–115. 2004. Cohomologies
p-adiques et applications arithmétiques. III.

[GS17] Philippe Gille and Tamás Szamuely. Central Simple Algebras and
Galois Cohomology. Cambridge Studies in Advanced Mathematics.
Cambridge University Press, Cambridge, 2nd edition, 2017.

[Gui18] Pierre Guillot. A Gentle Course in Local Class Field Theory. Cambridge
University Press, Cambridge, 2018.

[Kob84] Neal Koblitz. p-adic Numbers, p-adic Analysis, and Zeta-Functions.
Graduate Texts in Mathematics. Springer-Verlag, New York, 2nd
edition, 1984.

81

https://math.stanford.edu/~conrad/papers/notes.pdf
https://math.stanford.edu/~conrad/papers/notes.pdf


[LB10] Jérémy Le Borgne. Optimisation du Théorème d’Ax-Sen-Tate et Ap-
plication à un Calcul de Cohomologie Galoisienne p-Adique. Ann.
Inst. Fourier (Grenoble), 60(3):1105–1123, 2010.

[Mil20] J. S. Milne. Class Field Theory (v4.03). https://www.jmilne.org/
math/CourseNotes/CFT.pdf, 2020.

[Par76] Bodo Pareigis. Non-Additive Ring and Module Theory. IV. The
Brauer Group of a Symmetric Monoidal Category. In Brauer Groups
(Proc. Conf., Northwestern Univ., Evanston, Ill., 1975), volume 549 of
Lecture Notes in Math., pages 112–133. Springer, Berlin-New York,
1976.

[Rot95] Joseph J. Rotman. An Introduction to the Theory of Groups, volume 148
of Graduate Texts in Mathematics. Springer-Verlag, New York, Fourth
edition, 1995.

[San14] Beren J. Sanders. Higher Comparison Maps for the Spectrum of a Tensor
Triangulated Category. PhD thesis, UCLA, 2014.

[Sen81] Shankar Sen. Continuous Cohomology and p-adic Galois Represen-
tations. Invent. Math., 62(1):89–116, 1980/81.

[Ser79] Jean-Pierre Serre. Local Fields, volume 67 of Graduate Texts in Mathe-
matics. Springer-Verlag, New York-Berlin, 1979. Translated from the
French by Marvin Jay Greenberg.

[Ser98] Jean-Pierre Serre. Abelian l-adic Representations and Elliptic Curves,
volume 7 of Research Notes in Mathematics. A K Peters, Ltd., Welles-
ley, MA, 1998. With the collaboration of Willem Kuyk and John
Labute, Revised reprint of the 1968 original.

[Ser02] Jean-Pierre Serre. Galois Cohomology. Springer Monographs in Math-
ematics. Springer-Verlag, Berlin, English edition, 2002. Translated
from the French by Patrick Ion and revised by the author.

[Sta25] The Stacks project authors. The Stacks Project. https://stacks.
math.columbia.edu, 2025.

[Tat67] J. T. Tate. p-divisible groups. In Proc. Conf. Local Fields (Driebergen,
1966), pages 158–183. Springer, Berlin-New York, 1967.

82

https://www.jmilne.org/math/CourseNotes/CFT.pdf
https://www.jmilne.org/math/CourseNotes/CFT.pdf
https://stacks.math.columbia.edu
https://stacks.math.columbia.edu

	Abstract
	Dedication
	Acknowledgments
	Introduction
	Preliminaries
	Local Fields
	Field Extensions
	p-adic Logarithm & Exponential
	Ramification Theory
	Local Class Field Theory
	The Cyclotomic Character
	p-adic Complex Numbers

	Semilinear Algebra & Cohomological Descent
	Semilinear Representations
	Continuous Cohomology
	Cohomological Descent

	Brauer Groups
	Central Simple Algebras
	Cohomological Descent Revisited
	Cohomological Brauer group
	Brauer Group of a Local Field


	Descent & Decompletion
	Sen Theory
	Descent & Decompletion of CSAs
	Azumaya Monoids

	Analytic Forms of the Matrix Algebra

	The p-adic analytic Brauer group
	Set-up
	The map L
	p-adic Analytic Brauer Group

	Division Algebras of p-power Index
	Bibliography

