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Unconventional critical scaling of magnetization

in uranium ferromagnetic superconductors UGe2 and URhGe∗

Naoyuki Tateiwa1,† Yoshinori Haga1, Tatsuma D. Matsuda1,2, Etsuji Yamamoto1, and Zachary Fisk1,3
1Advanced Science Research Center,

Japan Atomic Energy Agency, Tokai,

Naka, Ibaraki 319-1195, Japan
2Department of Physics, Tokyo Metropolitan University,

Hachioji, Tokyo 192-0397, Japan
3University of California, Irvine, California 92697, USA

(Dated: January 22, 2014)

We report a dc magnetization study of the critical phenomenon around the ferromagnetic transi-
tion temperature TC in high-quality single crystals of uranium ferromagnetic superconductors UGe2
and URhGe. The critical exponents, β for the temperature dependence of the magnetization below
TC, γ for the magnetic susceptibility, and δ for the magnetic isothermal at TC have been deter-
mined with a modified Arrott plot, a Kouvel-Fisher plot, and the scaling analysis. Magnetization in
the ferromagnetic state has strong uniaxial magnetic anisotropy in the two compounds. However,
the universality class of the critical phenomena do not belong to the three dimensional (3D) Ising
system. Although the values of β in UGe2 and URhGe are close to those in the 3D magnets, the
values of γ are close to unity, that expected from the mean field theory. Similar critical exponents
have been reported previously for the 3D Ising ferromagnet UIr where superconductivity appears
under high pressure. The critical behavior may be limited to a very narrow Ginzburg critical region
of ∆TG ∼ 1 mK because of the strong itinerant character of the 5f electrons in the ferromagnetic
superconductor UCoGe where the mean field behavior of the magnetization has been reported. The
unconventional critical scaling of magnetization in UGe2, URhGe and UIr cannot be explained via
previous approaches to critical phenomena. The ferromagnetic correlation between the 5f electrons
differs from that in the 3D Ising system and this difference may be a key point for the understanding
of the ferromagnetism where superconductivity emerges.

PACS numbers: 75.40.-s,75.50.Cc,74.25.Ha

I. INTRODUCTION

The coexistence of superconductivity and ferromag-
netism, considered as a theoretical possibility over 50
years ago by Ginzburg[1], has been found in the ura-
nium compounds UGe2[2, 3], URhGe[4], and UCoGe[5].
Extensive theoretical and experimental studies have been
carried out[6]. Since the middle of the 1970s, the coex-
istence has been found in the 4f -localized systems such
as ErRh4B4[7, 8], Chevrel compound HoMo6S8[9], and
boron carbide superconductor ErNi2B2C[10]. The fer-
romagnetism and superconductivity of the systems are
carried by different electrons: f and d electrons respec-
tively, and the states compete each other. A characteris-
tic feature in the uranium ferromagnetic superconductors
is that the same 5f electrons of the uranium atoms are re-
sponsible for both long-range ordered states. Interesting
physical phenomena such as anomalous enhancement of
the upper critical field Hc2 for the superconducting state
under high magnetic field may originate from cooperative
interplay between the two phases[6].

Critical ferromagnetic fluctuations have been thought

∗Phys. Rev. B 89, 064420 (2014).
†Electronic address: tateiwa.naoyuki@jaea.go.jp

to induce unconventional superconductivity in the vicin-
ity of a quantum phase transition[11]. Spin fluctua-
tion theories reveal the importance of the dimensional-
ity of the spin-fluctuation spectrum for the unconven-
tional superconductivity[12–14]. In particular, longitu-
dinal spin fluctuations play an important role for spin-
triplet superconductivity as was experimentally shown
in a recent NMR experiment on UCoGe[15]. Indeed, the
ferromagnetic phase has strong Ising-type anisotropy in
the uranium ferromagnetic superconductors[5, 6, 16]. Al-
though many studies have been done on the supercon-
ductivity and its related phenomena, a systematic and
complete description of the ferromagnetic criticality has
not been made for the uranium ferromagnetic supercon-
ductors.

Ferromagnetism in the uranium ferromagnetic super-
conductors is carried by the mobile 5f electrons[17]. Itin-
erant ferromagnetism of the 5f electrons may have mag-
netic properties differing from those in intermetallic com-
pounds of 3d transition metals. The relaxation rate for
the magnetization density Γ in UGe2 and UCoGe does
not exhibit the linear Landau damping (Γ∝q) charac-
teristic of the itinerant ferromagnetism described by self-
consistent renormalized spin fluctuation (SCR) theory
[18–20]. Dual nature of the 5f electrons between itiner-
ant and localized characters has been suggested in Muon
spin rotation spectroscopy and macroscopic experiments

http://arxiv.org/abs/1403.6197v1
mailto:tateiwa.naoyuki@jaea.go.jp
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TABLE I: Critical exponents β, γ, δ for different universality
classes[24].

β γ δ
Mean field 0.5 1 3

3D Heisenberg 0.367 1.388 4.78
3D XY 0.345 1.316 4.81
3D Ising 0.326 1.238 4.80
2D Ising 0.125 1.75 15

in UGe2[21–23]. It is necessary then to investigate par-
ticular features in the itinerant ferromagnetism of the 5f
electrons.
In this paper, we present detailed dc magnetization

studies of UGe2 and URhGe to investigate the classical
critical phenomenon associated with the ferromagnetic
transition. UGe2 shows a second order phase transi-
tion from the paramagnetic to the ferromagnetic (FM1)
phases at TC = 52.6 K and URhGe orders ferromagnet-
ically at TC = 9.5 K[2–4, 6]. Superconductivity appears
in the high pressure FM1 phase in UGe2. URhGe has a
superconducting transition with transition temperature
Tsc = 0.2 K at ambient pressure. We study the critical
phenomena of the ferromagnetic states in the two com-
pounds where the superconductivity appears at low tem-
peratures. It is found that the universality class for the
ferromagnetic transitions in UGe2 and URhGe does not
belong to the three dimensional (3D) Ising class expected
from the strong uniaxial anisotropy in the magnetization.
We find a unique scaling relation which may be inherent
to the uranium ferromagnetic superconductors.
In the vicinity of a second-order magnetic phase transi-

tion with Curie temperature TC, the divergence of corre-
lation length ξ = ξ0 |1−T/TC|

−ν leads to universal scal-
ing laws for spontaneous magnetization MS and initial
susceptibility χ. ν is the critical exponent. The math-
ematic definitions of exponents from magnetization can
be described as follows[24].

χ(T )−1 ∝ |t|
−γ′

(T < TC), |t|
−γ

(TC < T ) (1)

MS(T ) ∝ |t|β (T < TC) (2)

µ0H ∝ MS
1/δ (T = TC) (3)

Here, t denotes the reduced temperature t = 1−T/TC.
Parameters β, γ, γ′ and δ are the critical exponents. Ta-
ble I shows the theoretical critical exponents for various
models.

II. EXPERIMENT

High-quality single crystal samples of UGe2 and
URhGe have been grown by Czochralski pulling in a
tetra arc furnace[16, 25]. Magnetization was mea-
sured in a commercial superconducting quantum inter-
ference (SQUID) magnetometer (MPMS, Quantum De-
sign). The internal magnetic field µ0H was determined

by subtracting the demagnetization field DM from the
applied magnetic field µ0Hext: µ0H = µ0Hext - DM .
The demagnetizing factor D was calculated from the
macroscopic dimensions of the sample. The magnetic
field was applied along the magnetic easy a and c-axes
of the orthorhombic structure of UGe2 and URhGe, re-
spectively. We have determined the critical exponents
in the compounds using a modified Arrott plot, critical
isotherm analysis, a Kouvel-Fisher plot, and scaling anal-
ysis.

III. RESULTS

A. Modified Arrott plot and critical isotherm

Conventional methods to determine the critical expo-
nents and the critical temperature involve the use of Ar-
rott plots. Isotherms plotted in the form of M2 vs. H/M
constitute a set of parallel straight lines around TC. The
plot assumes that the critical exponents follow mean-
field theory (β = 0.5, γ = 1.0, and δ = 3.0). The H/M
vs. M2 plots in UGe2 and URhGe do not yield straight
lines around TC, indicating that the mean field model
is not valid. So, we have re-analyzed the magnetization
isotherms with the Arrott-Noakes equation of state which
should hold in the asymptotic critical region[26].

(H/M)1/γ = (T − TC)/T1 + (M/M1)
1/β (4)

, where T1 and M1 are material constants. In the
corresponding modified Arrott plot, the data for UGe2
and URhGe are represented in the form of M1/β versus
(H/M)1/γ as shown in Figure 1 (a) and (b). The val-
ues β and γ are chosen in such a way that the isotherms
yield as closely as possible a linear behavior. A best fit
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FIG. 1: (Color online) Modified Arrott plot of magnetization
in (a)UGe2 for 48.5 K ≤ T ≤ 57.5 K and 0.1 T ≤ µ0H ≤
6.0 T and in (b) URhGe for 8.6 K ≤ T ≤ 10.4 K and 0.1 T
≤ µ0H ≤ 2.0 T. Blues lines show fits to the data with the
equation (4).
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FIG. 2: (Color online) Magnetic field dependence of magne-
tization in (a)UGe2 from 48.5 K to 57.5 K and in (b) URhGe
from 8.6 K to 10.4 K. Dotted points indicate the critical
isotherm at 52.5 K and 9.45 K for UGe2 and URhGe, respec-
tively. Blues lines show fits to eq. (3) to obtain the critical
exponent δ.

of equation (4) to the data in UGe2 for 47.0 K < T <
57.5 K and 0.1 T < µ0H < 6 T yields TC = 52.6 ± 0.1 K,
β = 0.334 ± 0.002, and γ = 1.05 ± 0.05. The fit of the
data in URhGe for 8.5 K < T < 10.4 K and 0.1 T < µ0H
< 2.0 T yields TC = 9.44 ± 0.02 K, β = 0.303 ± 0.003,
and γ = 1.02 ± 0.03. The obtained critical exponents
are shown in Table. II.
The third critical exponent δ can be determined from

the critical isotherm at TC according to the eq (3) as
shown in Figure 2 (a) and (b). From fits to the isotherms
at 52.5 K in UGe2 and at 9.48 K in URhGe with eq.
(3), the value of δ was obtained as δ = 4.16 ± 0.02 for
UGe2 and 4.41 ± 0.02 for URhGe. These values are
lower than that expected for 3D Ising ferromagnet (δ =
4.80). The value of δ can be calculated from β and γ
using Widom scaling relation δ = 1+γ/β[27]. The value
of δ was estimated as 4.15 ± 0.05 for UGe2 and 4.37 ±
0.05 for URhGe. The values are consistent with those
determined from the critical isotherms.
In UGe2 and URhGe, the values of the critical expo-

nent β for the magnetization are close to those in the 3D
ferromagnets. Meanwhile, the values of the exponents
γ for the magnetic susceptibility and δ for the critical
isotherms are smaller than those expected for the 3D
Ising model.

B. Kouvel-Fisher method

The critical exponents β and γ can be more accurately
determined by the Kouvel-Fisher (KF) relations[28].
In the modified Arrott plot, the straight lines intersect

the M1/β-axis in the ferromagnetic state at the values
M s

1/β where M s is the spontaneous magnetization and

in the paramagnetic state at χ−1/γ . The obtained tem-
perature dependences of the spontaneous magnetization
M s and the initial magnetic susceptibility χ are shown
in upper panels of Figure 3 (a) and (b). Solid lines rep-
resent fits to the data with Eq. (2) and (1) for M s(T )
and χ−1(T ), respectively. The KF method is based on
following two equations:

MS(T )[dMS(T )/dT ]
−1 = (T − TC

−)/β(T ) (5)

χ−1(T )[dχ−1(T )/dT ]−1 = (T − TC
+)/γ(T ) (6)

Eq. (5) and (6) are derived from Eq. (4) in the limit
H → 0 for T < and > TC, respectively. The quanti-
ties β(T ) and γ(T ) are identical with the critical values
β and γ, respectively, in the limit T → TC. Accord-
ing to the equations, the values of β and γ can be de-
termined from the slope of M s(T )[dMS(T )/dT ]

−1 and
χ−1(T )[dχ−1(T )/dT ]−1-plots, respectively, at TC and the
intersection with the T -axis yields TC as shown in low
panels of Figure 3 (a) and (b). Solid lines represent the
fits to the data with Eq. (5) and (6). The exponents
for UGe2 are determined as β = 0.331 ± 0.002 and γ
= 1.03 ± 0.02 with TC = (TC

+ + TC
−)/2 = 52.60 ±

0.02 K by the KF method. The exponents for URhGe
are determined as β = 0.303 ± 0.002 and γ = 1.01 ±
0.02 with TC = 9.47 ± 0.01 K by the KF method. The
critical exponents in the two compounds are consistent
with those determined in the modified Arrott plot. The
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FIG. 3: (Color online) [Upper panels] Temperature depen-
dence of the spontaneous magnetization Ms(T ) and the in-
verse of the initial magnetic susceptibility χ−1 determined
from the modified Arrott plot and [Lower panels] Kouvel-
Fisher plots for Ms(T ) and χ−1 in (a) UGe2 and (b) URhGe.
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FIG. 4: (Color online) Effective exponents (a) βeff below TC

and (b) γeff above TC as a function of reduced temperature t
[=|(T − TC)/TC|] in UGe2 and URhGe.

values of the critical exponent γ in UGe2 and URhGe are
also close to unity in the KF method.
The critical exponents sometimes show various system-

atic trends or crossover phenomena as one approaches TC.
This occurs if a magnetic system is governed by various
competing couplings or disorders. To check this possibil-
ity, it is useful to obtain effective exponents βeff and γeff
as follows.

βeff(t) = d[lnM s(t)]/d(lnt), (7)

γeff(t) = d[lnχ−1(t)]/d(lnt) (8)

The effective exponents βeff and γeff as a function of re-
duced temperature t in UGe2 and URhGe are plotted in
Figure 4 (a) and (b). Both βeff and γeff show a mono-
tonic t-dependence in the asymptotic critical region, sug-
gesting that the obtained exponents are not those that
happen to appear around a crossover region between two
universality classes as observed in Ni3Al[29].

C. Scaling theory

We want to know whether the set of the critical ex-
ponents are the same below and above TC. Analysis
with scaling theory can determine separately the values
γ’ (T < TC) and γ (TC < T ). Theory predicts the
existence of a reduced equation of state close to the fer-
romagnetic transition temperature[24]:

M(µ0H, t) = |t|βf±(µ0H/|t|β+γ) (9)

, where f+ for TC < T and f− for T < TC are regular
analytical functions. Defining the renormalized magneti-
zation as m ≡ |t|−βM(µ0H, t) and the renormalized field
as h ≡ H |t|−(β+γ), the scaling equation is rewritten as m
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FIG. 5: (Color online) Scaled magnetization as a function
of renormalized field following Eq. (9) below and above the
critical temperature TC for (a) UGe2 and for (b) URhGe.
Solid lines show best fit polynomials. The magnetization data
in the temperature range t = |(T−TC)/TC| < 0.1 are shown.

= f±(h). This equation implies that M(µ0H, t)/|t|β as
a function of µ0H/|t|β+γ produces two universal curves:
one for T < TC and the other for T > TC if the cor-
rect β, γ, and t values are chosen. Figure 5 (a) and (b)
show the scaled magnetization as a function of renor-
malized field following Eq. (9) at different tempera-
tures below and above TC in UGe2 and URhGe, respec-
tively. The magnetization data in the temperature range
t = |(T − TC)/TC| < 0.1 are shown. All data points
fall on two curves in the two compounds. The scaling
analysis yields TC = 52.79 ± 0.02 K, β = 0.329 ± 0.002,
γ′ = 1.00 ± 0.02 for T < TC, and γ = 1.02 ± 0.02 for TC

< T in UGe2. The analysis yields TC = 9.47 ± 0.01 K,
β = 0.302 ± 0.001, γ′ = 1.00 ± 0.01 for T < TC, and γ
= 1.02 ± 0.01 for TC < T in URhGe.
In previous neutron scattering experiments on

UGe2[18, 30], the value of β was determined as 0.36(1)
from the temperature dependence of the magnetic scat-
tering intensity below TC and mean field-like behavior of
the magnetic susceptibility (1/χ∝T ) was observed above
TC. These are consistent with the present study. An im-
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TABLE II: Critical exponents β, γ, and δ, ferromagnetic transition temperature TC, and spontaneous magnetic moment µs in
uranium ferromagnetic superconductors UGe2, URhGe, UIr[34, 35], and UCoGe[5, 19].

TC (K) β γ′ (T < TC) γ (TC < T ) δ µs (µB/U)
UGe2 1.46

Modified Arrott 52.6 ± 0.1 0.334 ± 0.002 1.05 ± 0.05
Kouvel-Fisher 52.60 ± 0.02 0.331 ± 0.002 1.03 ± 0.02

Scaling 52.79 ± 0.02 0.329 ± 0.002 1.00 ± 0.02 1.02 ± 0.02
ln(M) vs. ln(µ0H) 4.16 ± 0.02

URhGe 0.42
Modified Arrott 9.44 ± 0.02 0.303 ± 0.002 1.02 ± 0.03
Kouvel-Fisher 9.47 ± 0.01 0.303 ± 0.002 1.01 ± 0.02

Scaling 9.47 ± 0.01 0.302 ± 0.001 1.00 ± 0.01 1.02 ± 0.01
ln(M) vs. ln(µ0H) 4.41 ± 0.02

UIr[34, 35] 45.15 0.355(50) 1.07(10) 4.01(5) 0.5
UCoGe[5, 19] 2.5 ∼Mean field type∼ 0.05

portant result of the scaling analysis is that set of the crit-
ical exponents in UGe2 and URhGe are the same above
and below TC. The values of γ are close to unity below
and above TC.
The value of α, the critical exponent for the specific

heat (C(T )∝ |t|α), is estimated as ∼ 0.3 for UGe2 and
URhGe using the Rushbrooke scaling relation (α+ 2β +
γ = 2)[31]. This suggests the failure of the mean field
theory (α = 0) where the specific heat does not show
a divergent behavior at the transition temperature. In
the theory, the contribution from the critical magnetic
fluctuation to the specific heat becomes zero (Cmag = 0)
above TC. Meanwhile, the values of the magnetic specific
heat Cmag and the thermal expansion αmag remain sig-
nificant (Cmag > 0, αmag > 0) in the paramagnetic phase
for the temperature range t [= (T − TC)/TC] < 0.1∼ 0.2
in UGe2 (Fig. 4(a) and Fig. 7 in Ref. 32) and URhGe
(Fig. 3 in Ref. 33). This suggests the development of
critical fluctuations above TC. The experimental obser-
vations suggest that the mean field theory is insufficient
to describe the thermodynamic quantities around TC.

IV. DISCUSSION

Table II summarizes the critical exponents β, γ, and
δ, ferromagnetic transition temperature TC, and spon-
taneous magnetic moment µs in uranium ferromagnetic
superconductors. As mentioned in the introduction,
the universality class for the 3D Ising model was ex-
pected from strong uniaxial anisotropy in the ferromag-
netic magnetization of UGe2 and URhGe. However, the
present study suggests that the universality class in the
compounds does not belong to any known class. While
the values of β are close to those in the 3D magnets, the
values of γ are close to unity, that expected from the
mean field theory.
The critical exponents in the ferromagnetic compound

UIr with TC of 46 K at ambient pressure are shown
in Table II[34, 35]. Superconductivity has been found
at high pressure in the ferromagnetic phase in UIr[36,

37]. Although the magnetization shows strong uniaxial
anisotropy in the ferromagnetic state in UIr, the univer-
sality class of the critical phenomenon does not belong to
the 3D Ising class[34]. The values of the critical exponent
β and γ are close to those in UGe2 and URhGe. These
results suggest a new universality class for the ferromag-
netic transition in the uranium ferromagnetic supercon-
ductors. In particular, the T -linear behavior of χ may be
a characteristic feature. We discuss several possibilities
for the unconventional critical scaling in these uranium
ferromagnetic superconductors.
(1) A common feature in UGe2, URhGe and UIr is

that the crystal structure can be regarded as coupled
chains of the uranium atoms (“zigzag structure”) run-
ning along the a-axis in the orthorhombic structure of
UGe2 and URhGe, and along the b-axis in the mono-
clinic structure of UIr[6, 36]. The magnetic moments
align parallel to the chain direction in UGe2 and per-
pendicular to the direction in the latter two compounds.
The nearest neighbor magnetic exchange interaction Jij
= J for bonds along the chain direction may differ from
that (Jij = rJ with r > 0) for bonds perpendicular to
the direction. The magnetic structure can be mapped
onto the anisotropic 3D Ising model. The critical ex-
ponents in the uranium ferromagnetic superconductors
are not reproduced even when the spatial anisotropic ex-
change interaction is introduced[38]. Also, the present
results are not consistent with numerical calculations on
the anisotropic next nearest neighbor 3D Ising (ANNNI)
model[39].
(2) Next, we discuss the itinerancy of the mobile 5f

electrons. The long-range interactions of the delocalized
magnetic moments yield the mean field theory-like be-
havior even very close to TC. It is necessary to know
whether the analyses were done in the asymptotic criti-
cal region whose extent can be estimated by the Ginzburg
criterion[40–42].

∆TG = TCk
2
B/[32π

2(∆C)2ξ0
6] (10)

Here, ∆C is the jump of the specific heat at the ferro-
magnetic transition temperature and ξ0 is the magnetic
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correlation length. The Ginzburg criterion characterizes
the temperature range where the mean field treatment
does not hold. The stronger the itinerant character of
the electron becomes, the narrower the asymptotic crit-
ical region. For example, the value of ∆TG in itinerant
ferromagnet ZrZn2 with the spontaneous magnetic mo-
ment µs = 0.16 µB/f.u. and the magnetic correlation
length ξ0 = 33 Å was estimated as ∆TG = 0.4 mK[42, 43].
The experimentally determined critical exponents in the
temperature range t = |(T − TC)/TC| < 0.1 are of the
mean field type. The value of ∆TG in UGe2 is estimated
as ∼ 100 K using the neutron scattering and specific heat
data[3, 18]. Therefore, our data are collected inside the
asymptotic critical region where the mean field treatment
fails. We cannot estimate ∆TG for URhGe and UIr since
there has been no report on the correlation length ξ0
in the two compounds. The analyses for URhGe and
for UIr in Ref. 34 suggest that the temperature ranges
of the asymptotic critical region t [= |(T − TC)/TC|] are
larger than 0.1 in the two compounds. The values of
the exponent β in UGe2, URhGe and UIr are extremely
smaller than that (β = 0.5) in the mean field theory.
The observed T -linear behavior of 1/χ does not indicate
that the analyses were done outside the asymptotic criti-
cal region. Furthermore, the present analyses suggest no
asymmetry in the temperature range of the asymptotic
critical region in UGe2 and URhGe.

In the ferromagnetic superconductor UCoGe, the spon-
taneous magnetic moment is 0.05 µB/U, one order of
magnitude smaller than those in UGe2 and URhGe[2,
4, 5]. The magnetic correlation length is estimated as

ξa,b0 = 86 Å along the a and b directions and ξc0 = 32
Å along the c direction[19]. The stronger itinerant char-
acter of the 5f electrons suggests a narrower asymptotic
critical region in UCoGe. Indeed, the value of ∆TG is es-
timated as less than ∆TG ∼ 1 mK from the specific heat
and the neutron scattering data[6, 19]. The experimen-
tally observed critical phenomenon is expected to be of
mean field type. The H/M vs. M2 (Arrott-) plots yield
straight lines around TC[5, 44]. The critical behavior is
masked by the strong itinerant character of the 5f elec-
trons in UCoGe.

(3) Even though a localized moment system, the uni-
versality class of the magnetic phase transition depends
on the range of the exchange interaction J(r). It is noted
that the critical exponents for 3D Heisenberg, XY, Ising
models and 2D Ising models in Table I are of short-
range type, i.e., the magnetic interaction falls off rapidly
with distance. Fisher et al. performed a renormaliza-
tion group theory analysis of systems with the exchange
interaction of a form J(r) ∼ 1/rd+δ, where d is the di-
mension of the system and δ is the range of exchange
interaction[45]. Calculations showed that such a model
for long-range interactions can hold for δ < 2. The ex-
ponent γ is given as γ = Γ {δ,d,n}, where Γ is a known
function [Eq. (9) of Ref. 45] and n is the dimension
of the order parameter. This theory has been examined
for different sets of {d : n} (d, n = 1, 2, 3), following a

procedure similar to Ref. 46 which reported the critical
phenomenon in Pr0.5Sr0.5MnO3[46]. We do not find a
reasonable solution of δ that reproduces the critical ex-
ponents in UGe2, URhGe and UIr.

(4) Classical dipole-dipole interaction affects the criti-
cal phenomenon. The case in gadolinium (TC = 292.7 K,
µs = 7.12 µB/Gd) has been extensively studied[47]. The
effect of the dipole-dipole interaction in UGe2, URhGe
and UIr may be small since the strength of the effect
is proportional to the square of the spontaneous mag-
netic moment µs[48]. The critical exponents in the ura-
nium ferromagnetic superconductors are not consistent
with those of critical phenomenon associated with the
isotropic or anisotropic dipole-dipole interaction[49, 50].
(5) In metallic ferromagnets, the mean square ampli-

tude of the local spin density S2
L persists in the para-

magnetic state above TC and temperature change in its
amplitude is the origin of the Curie-Wiess behavior in
the magnetic susceptibility[20]. The SCR theory gives

χ−1(T )∝ (T −TC)
2 and MS

2(T )∝ (T
4/3
C −T 4/3) around

TC, i.e, γ = 2, β = 1/2, and δ = 3, which are not
consistent with those in UGe2, URhGe and UIr. Some
weak ferromagnets of the 3d transition metal such as
MnSi or Co2CrGa show an anomalous critical isotherm
(µ0H ∝M1/δ) with a value of δ close to 5[51, 52]. The
value is larger than that (δ = 3.0) in the SCR or the
mean field theory. The behavior has been explained with
the spin fluctuation theory by taking into account the
zero point fluctuation under requirements of the total
spin amplitude conservation (TAC) and the global con-
sistency (GC)[53, 54]. Although the values of δ in UGe2,
URhGe and UIr are larger than that in the mean field
theory, the T -linear behavior of 1/χ is not consistent with
the theory (γ = 2). We hope that the uniaxial magnetic
anisotropy will be taken into account in the spin fluctu-
ation theory.

As discussed in (1)-(5), the anomalous critical expo-
nents in UGe2, URhGe and UIr cannot be explained
with previous approaches to critical phenomenon. The
present study suggests that the ferromagnetic correlation
between the 5f electrons differs from that in the 3D Ising
system and this difference is a key point for the under-
standing of the ferromagnetism where superconductivity
emerges. Finally, we propose following two viewpoints
on the ferromagnetism in the uranium superconductors
for future studies on the anomalous critical scaling.

(i) We mention the dual nature of the 5f electrons be-
tween itinerant and localized characters in UGe2[21–23].
The non-Landau damping for the magnetization density
Γ in UGe2 and UCoGe has been discussed theoretically
based on the duality[55, 56]. Theoretical models for the
superconductivity in the ferromagnetic state in URhGe
and the antiferromagnetic state in UPd2Al3 have been
developed based on the duality model[57–59]. The du-
ality may be a key point for the co-existence of the fer-
romagnetism and the superconductivity. The correlation
length of the itinerant component with a magnetic mo-
ment of ∼ 0.02 µB/U was estimated as ξ = 84 Å in UGe2
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by the Muon spin rotation spectroscopy. This value is
significantly larger than that found in the neutron scat-
tering experiment whose main contribution comes from
the localized component since the magnetic scattering
intensity is proportional to the square of the magnetic
moment[18]. A novel type of critical phenomenon may
appear due to the two correlation lengths as well as a
Hund-like coupling between the two components.
(ii) UGe2 has a tricritical point where the paramagnet

to ferromagnet transition changes from a second-order to
a first order phase transition when driven toward the fer-
romagnetic QCP by applying external pressure[60], sim-
ilar to several itinerant ferromagnets such as ZrZn2[61],
Co(S1−xSex)2[62], and MnSi[63]. This change of the
nature of the transition has been regarded as a phe-
nomenon specific to the quantum phase transition[64].
Recently, the pressure effect on the ferromagnetic tran-
sition has been re-considered from different points of
view. When the ferromagnetic transition temperature
is strongly pressure-dependent, the magneto-elastic in-
teraction or the critical fluctuation of the order parame-
ter provides development of the first order instability at
the phase transition[65–67]. Neutron Larmor diffraction
study reveals that magneto-elastic coupling is strength-
ened at the pressures where superconductivity appears
in UGe2[68]. Mineev shows that the order parame-
ter fluctuations give rise to the logarithmic increase of
the specific heat near TC in the uranium ferromagnetic
superconductors[65]. As mentioned before, the magnetic
specific heat Cmag and the magnetic thermal expansion
αmag in UGe2 and URhGe show the anomalous tempera-
ture dependence just above TC[32, 33]. Future theoretical
study is necessary to determine for the effect of the order
parameter fluctuations on the magnetization around TC.

V. CONCLUSION

A dc magnetization study has been done of the critical
phenomenon around the ferromagnetic transition tem-
perature in high-quality single crystals of uranium ferro-

magnetic superconductor UGe2 and URhGe. We have
determined the critical exponents, β for the magneti-
zation, γ for the magnetic susceptibility, and δ for the
magnetic isotherm at the transition temperature with a
modified Arrott plot, a Kouvel-Fisher plot, and the scal-
ing analysis. Although the magnetization shows strong
uniaxial magnetic anisotropy, the universality class of the
critical phenomenon does not belong the three dimen-
sional (3D) Ising system. In the asymptotic critical re-
gion, the values of β in UGe2 and URhGe are close to
those in 3D magnets but the susceptibility χ shows a
mean field-like behavior (1/χ ∝ T ). Similar critical ex-
ponents have been reported previously in 3D Ising ferro-
magnet UIr where the superconductivity appears under
high pressure. The critical behavior may be limited to
a very narrow Ginzburg critical region of ∆TG ∼ 1 mK
because of the strong itinerant character of the 5f elec-
trons in the ferromagnetic superconductor UCoGe. The
anomalous critical exponents in UGe2, URhGe and UIr
cannot be explained via previous approaches to the crit-
ical phenomena. We suggest that this unconventional
critical scaling of magnetization is inherent in the ura-
nium ferromagnetic superconductors and it reflects a pe-
culiar feature of the ferromagnetism of the 5f electrons
where superconductivity emerges.
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