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ABSTRACT 

We present results of an energy-dependent 1T'II' 

phase shift analysis for rrrr energies between 550 and 
1150 MeV. The I= 0 s wave is parametrized in term 
of a 2 X 2 M-matrix coupling rrrr and KK channels. A 
unique solution is obtained for this wave. 

I. INTRODUCTION 

Most of the information on rrrr p~ase shifts so far has come 
from reactions of the form rrN-+ rrrrN. Extrapolations to th~ rr pole 
using this reaction suffer from the fact that the amplitudes contain 
a kinematical zero somewhere between tNN = f.l2 {rr.,-mass squared) 
and tNN = 0. Because of absorption effects the position of this zero 
is not known with precision and may occur at different values of tNN 
for each partial wave amplitude. This makes results of extrapola
tions uncertain. Reactions of the form rrN-+rrrr D. do not have this 
problem, therefore one can extrapolate the normalized Yr._? moments. 
In addition, one can check the validity of the e_p:trapolation by com
paring the extrapolat.fd Y r_? moments of the rr p vertex with the mo
ments for physical rr p scattering. These advantages are partially 
offset by the fact that I tND,i min (minimum momentum transferred 
squared) is larger, requiring an extrapolation over a larger inter
val of tND.· Because of these problems a detailed analysis from a 
single experiment cannot be expected to give definitive values for 
the phases and inelasticities. In the absence of physicalrrrr scatter
ing one can only hope that a consistent set of solutions may emerge 
from various different-reactions at different energies. 

We will pre sent here re suits of a rrrr phase shift analysis using 
the reactions: 

>:<Work done under the auspices ofthe U. S. Atomic Energy Com.nlission. 

t A more detailed version of this paper will be submitted to Phys. Rev. 
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1) '11" p- '11" '11" 6. (32100 events, tp6. < 0.4 GeV ) 

(data extrapolated to '11" - pole), 

2) '11" + p- K+K- 6.++ (682 events, It• I= It-t . ~~ 0.1 GeV
2

) 
p 6. m1n 

at an incident beam momentum of 7.1 GeV/c 2 . 

The '11"+'11"-- '11"+'11"- cross section was obtained by a Chew-Low linear 
extrapolation in tp6. modified by Diirr-Pilkuhn form factors. The 
YL moments were obta~ned b~ a. ~imple linear extrapolat~on in tp6.' 
To extract phases and 1nelashc1hes, en·ergy-dependent f1ts were 
done to the cross section and y_t moments (up to L = 6) between 550 
and 1150 MeV. The I (isospin) = 2 amplitudes were assumed to be 
elastic everywhere, the L f. 0 (I-:/: 2) were allowed to become in
elastic at the W'll" threshold ("' 900 MeV). The I= 0 s wave was de
scribed by a 2 X 2 M-matrix which coupled 'IT'll" and KK channels. The 
phase ( 6g) obtained for the s wave rules out the "up'' solution (nar
row E) and varies rapidly before the KK threshold ( 6

0
°= 90° at "'900 

MeV, 6 g = 180° at ""990 MeV). 

2 . 
All the fits with reasonable X gave essentially the same 

phases and inelasticities within the computed errors. Using the M
matrix parametrization, we looked for poles in the I = 0 s-wave am
plitude. We always found one pole (S~:') on the se co~ Riemann sheet 
at 980 ± 6 -i (3 7 ± 8) which can be interpreted as a KK bound state. 
We believe the evidence for this pole to be conclusive. We also 
found another pole which could be either on the second Riemann 
sheet at 600 ± 100 -i (250 ±70) or on the fourth Riemann sheet at 
650 ± 70 -i (150 ±50). In either case this pole is very far from the 
physical region and considerably more data are probably needed to 
determine on which sheet it is. Also, the effect of the 4'11" cut (which 
we neglect) might have to be included. 

The higher waves are less well determined above 900 MeV; 
the data require some of these waves to be very inelastic, but with
out more information from other channels it is difficult to choose 
among the various possibilities. In addition, there are some indica
tions that the simple linear extrapolation does not successfully re
move non-'11"-exchange background. A smooth background will not 
affect the s-wave results very much since they depend on the very 
sharp structure in the data, but can severely distort results on those 
partial waves which are assumed to be slowly varying. 

II. EXPERIMENTAL DATA 

Our experiment is a 700 000-picture exposure (42 ± 1.2 events/tJ.b) 
of the SLAC 82-inch bubble chamber to an rf- separated '11"+ beam at 7.1 
GeV/c. We observe 420 000 four-prongs, of which 72 700 fit the hy
pothesis 'll"+p- '11"+'11"-'ll"+p and 4600 fit 'll"+p- K+K- 'll"+p. After correcting 

... 
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for scanning and measuring efficiencies the effective path length for 
the above sa:nple of events is 3~ ± 1 events/J.Lb. The error on the 
cross sectioi1 is larger for K+K events because about 10% of these 
are ambiguous with 'IT +'IT- events. 

For the extrapolation we use only events with It .6.1 < 0.4 Ge -yZ, 
where the .6.++ is defined as the 'IT+ p combination with ?.13 < M (1T+p) < 
1.36 GeV. After the selection we are left with 32 100 'IT+'IT- .6,++ 
events. Of these about 5o/o are ambiguous, having two .6.++ by our 
definition; in case of ambiguity, the 'IT+ p combination with smaller 
It I was chosen as the sf+. From the mass and t distributions for 
arRElguous events we estimate that no more than 300 events may be 
misinterpreted (or may be double .6.++ events). Figure 1 shows the 
data before and after the selections. The mass resolution for 'IT+'IT
events varies somewhat as a function of mass, being ±5 MeV in the 
p region (760 MeV) and ±8 MeV in the f 0 region; the dependence on 
1T'IT angles is generally small. For further details on the mass res
olution see Ref. 2. 

+ _ The mass distribution and spherical harmonic moments of the 
'IT 'IT system are shown in Fig. 2. We present the extrapolated data 
and the data for It' .6.1 < 0.1 Ge v2 in the same binning for compar
ison. To calculatepthe KK cross section we simply took the ratio 
of K+K- events to 'IT+'IT- events for lt'p.6.1 < 0.1 GeV2 and multiplied by 
twice the 'IT'IT extrapolated cross sechon (the first bin has a small 
correction to account for the mass difference between K+ and K 0

). 

Note that, except for the magnitude, the general behavior of the ex
trapolated moments is not very different from the one observed in 
the physical region. The only noteworthy exception is Y~, which 
stays close to zero below 1.1 GeV instead of being negative .. The 
~o~t striking feature of the data is the shar~ structure in Y1°, Y2° and the 
'IT 'IT cross section near 980 MeV. The Y 1 moment drops fr~m 0.16 
to 0 between 980 and 990 MeV [the data for I t'p.6.1 < 0.1 (Ge V) was 
published in 10-MeV bins in Ref. 3]; Y~ has a sharp rise before 
980 MeV; and the mass distribution has a shoulder between 910 and 
950 MeV, a rapid drop between 950 and 980 MeV, and is flat after 
980 MeV. The simplest explanation for these effects is tE:at we are 
observing a rapid change in the s wave associated with KK thresh
old. 3 A qualitative conclusion one can draw is that the s wave am
plitude must be large around 930 MeV and both I= 0 and I= 2 s wave 
amplitude must be close to zero near the KK threshold. 4 The KK 
cross section rises sharply at threshold. As shown in Ref. 3, the 
charged 41T channel has essentially no events _fe_low 1.0 GeV and very 
few below 1.2 GeV. On the other hand, the 'IT 'IT MM (missing mass 
MM ;?; 21T0

) channe 1 has substantially more events below 1 Ge V but 
less than the KK channel, and the rise is more gentle starting 
around 900 MeV. If we believe 'IT exchange is the major contribu
tion to th~s~ channels then the difference between the charged 41T 
and the 'IT 'IT MM mass distributions is easy to explain in terms of 
the W'IT channel which can only contribute to the second distribution. 
Information from these inelastic chan_!!els is not used explicitly in 
the phase shift analysis (except the KK cross section), but they 
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Fig. 2. Cross section (a) and ( Yr_?) (b; c, d) for extrapolated data 
and It' D. I< 0.1 GeV2. The curves on the extra~olated data, 
and on ~he KK eros s section for I t'pD.I < 0.1 Ge V (a), are those 
corresponding to case-1 fit (see Table II). 
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provide useful guidelines as to where one can allow the various 
waves to become inelastic and put some constraints on the magni
tude of the inelasticities. Note that the '11''11' s wave cannot contribute 
to the W'Tl' channel so that the absence of events in the charged 4'11' 
channel suggests that a 2- channel ('11''11' and KK) M-matrix may be an 
adequate representation for this wave. 

III. EXTRAPOLATION TO '11'-POLE 

+ If-f ~x~~ange is dominant, the amplitude for the reaction 
'11' p-+ '11' '11' ~ is of the form (ignoring effects of absorption): 

A(s, t) ex (III.1) 

wher~ X stand~ for P.fOcelses Ift.Jvoduced by '11' exchange, e.g., 
A 2 exchange, '11' p-+A2 p, '11' p-+'11' N''-+, etc. When t-+ J.l2 the first 
term diverges while X remains finite. The hope then is that by ex
trapolating to t = J.l2 one removes off- shell effects and non-'ll' exchange 
contributions. After extrapolating the analysis becomes simpler in 
the sense that a standard phase shift analysis may be attempted. 
This simplicity is offset by the uncertainties in extrapolation proce
dures and the large increase in the statistical errors because of the 
need to divide the data in cells oft and m'Tl''Tl'. The uncertainty be
comes larger the higher the mass be cause I tmin I increases (at 1280 
MeV, tmin = -8 J.l2). 

A. Evaluation of the '11' +'11'--+ '11' +'11'- Cross Section 

In the case of one+-pion e+x<:_han&re, the differential cross sec
tion for the process '11' p _,. ('11' '11' ) ('11' p) is given by: 

dtdMdm 

where 

PI 

E 

G(t) 

J.l 

= 1 2 G
2
(t) 2 

3 2 2 (m qt CJ ) 2 2 ( M Qtcr ) ' 
4'11' PI E '11''11' (t- J.l ) '11' P 

(III. 2) 

-momentum, + invariant mass, = c.m. m = '11' '11' 

= c.m. energy, M + p invariant mass, = '11' 

form factor= 1 at '11' pole + -= (J'Tl''Tl' = '11' '11' cross 
+ = '11' mass, (J = '11' p cross 'Tl'p 

=virtual '11' momentum in '11' +'11'- rest frame, 

=incoming p momentum in 'Tl'+p rest frame. 

section, 

section, 
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In addition we define for later use: 

= t . + t . +- tf q ou go1ng,. momen um 1n,. TT res rame, 

Q = outgoing p momentum in 1T + p rest frame. 

We have then: 

q 

2 
- f.!.. ' 

2 
-m 

p 

The standard method of extrapolating is to calculate first: 

(]'OPE= 

The above is the integral+of Eq=t- (III.2), where we have set 0' =1mb 
and 0' is the physicalTT p-,. p scattering cross section. ~hen 
one nff to a polynomial in t the function 

( 

m2 t2 M2 3 ) 
F(m, t) = s dm' s dt' s dM d 0' /U'OPE, 

m
1 

t
1 

M
1 

dt'dMdm' 

(III. 4)~:< 

wher~ _m = (m1 + m2)/ 2 and t = (t1 + t2) /2. The cross section 
for,. 1T is then given by U',.TT(m) = F(m,t=t.J..2). 

W:ith this procedure one usually needs high-order polynomials 
in t to obtain good results. A linear, or at most quadratic, extrap
olation seems to be quite adequate for our data if we modify U'OPE 
with Durr-Pilkuhn form factors (DP). The disadvantage is that one 
must know in advance the amounts of each wave present. Fortunately 
the effect of DP form factors is not very drastic, so a rough esti
mate is quite adequate. 

>:<The function F(m, t) is calculated taking the experimental cross 
section averaged over a bin in (t, m, M) and divided by (]'OPE" 

.. 
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The DP method consists in replacing:
5 

q -+ q 
t 

q -+ 
t 

for s-wave, 

for p wave (III.5) 

for d wave. 

For the ~++vertex the modification is slightly different: 

Q -+ 
t 

(M+m )2-t 

(M+m )2-11-2 
p 

(~j 1 +R 2Q 2 Q. 
~ t 

{III. 6) 

. _Dsin~ these for:n: factors,+ Wolf6+c~u~~_fit ver~ well the t dis-
t~Ibuh?ns In the p regwn {fo: t p-+ TT TT D. ) at varwus -~earn ener_'
gies w1th Rp= 8.28±0.2 GeV and RA = 3.97 ±0.11 GeV . In addi-
tion he had to introduce a slowly varying function: .· 

2 
£.:...H:... G(t) = c +t ' 

2 where c = 2.29 ±0.27 (GeV) . 

These values have also given satisfactory fits to other reactions. 7 

We made least- squares fits tot distributions for different TTTT mass 
regions assuming that p wave and d wave are given by a p andf0 me
sons, and that the s wave is smooth and of the order of 13o/o ofthe 
cross section. We found that RP and RD.. are strongly correlated. If 
R~ is kept fixed at 4.0 Gev-1 then the best value for R_p was found to 
be 8.2 Gev-1, in good agreement with Wolf's value. In Fig. 3 we 
show the result of a fit to the t distribution for 0.76 <MTTTT <0.78GeV. 
A least-squares fit to the f0 region, keeping R and RD.. fixed, showed 
that the val:ue of Rd tends to be large and the fif is not very sensitive 
to it as long as Rd ~ 14.0 Gev-1. · · 

-1 
For calculating O"OPE we used RD..= 4.0 GeV , 

Rd = 14.0 Gev- 1 and took 0" + from Carter et al. 8 
least-squares fitto: TT P 

-1 
Rp= 8.2 GeV . , 
We then did a 

F(m, t) = a+ bt 2 
{Note that 0" = a+ bf.! ) 

TTTT . 
{III. 7) 
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Fig. 3. -t p~ distribution for 0. 76 < m 1T1T < 0. 78 GeV, for reac
tion 1T + p--+ 1T 1T- 6:. ++. Curve corresponds to a fit with Durr
PiL~uhn form factors. 
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to determine a and b for various mass bins. In the range 0.6 to 
1.4 GeV the X~ for a linear fit was good, varying between 3.0 a~d 6.0 
for five degrees of freedom. A quadratic fit did not improve X sig
nificantly in that energy range and the extrapolated values were com
patible with the ones obtained by a linear extrapolation, but the er
rors on the extrapolated points were substantially larger. Below 
600 MeV linear fits had poor x2 (::::.10 .0), while quadratic fits were 
found to be much better. 

Extrapolations were tried for many different t intervals and 
also using the x variable of Baton et al. 9 Results varied little. The 
cross section shown in Fig. 2 was obtained with a linear extrapola
tion in t (It I< 0.4 GeV2 ) for points above 600 MeV. Below 600 MeV 
the extrapolation was quadratic in t. We obtained at 760-MeV 
a'II'TI' = 133.4 ±4.8 mb and at 1280-MeV 0''11''11' = 31.2 ±2.0 mb. The 
quoted errors are statistical. The unitary limit at those masses 
are: 

I = 1 p wave 116mb at 760 MeV (12'11'}1.2 ) 

I = 0 s wave 17mb at 760 MeV (g_TT' }1.2) 
9 

I = 0 d wave 27.9mb at 1280 MeV ( 80 'II' }t 2 ) 
9 

I = 0 s wave 5.6 mb at 1280 MeV (\6 'II' }1.2). 

B. Extrapolation of YL Moments 

To extrapolate the moments we simply calculate: 

( Y~) (m, t) = ( f YL i) /N, 
1 = 1 

(III. 8) 

where N = number of events in (m, t) cell, and fit ( Yt ) (m, t) for 
each m to

2
a function a+bt. The Tr1T (Y.t) is assumed to be equal to 

(Yt) (m, f.1 ) . Various intervals in t were tried, the results were 
always consistent with e~ch other. The one shown on Fig. 2 is cal
culated for It!~ 0.4 GeV . Quadratic extrapolations only increased 
errors substantially without improving x2 significantly. Extrapola
tions using the variable x of Baton et al. 9 were found to be unsatis
factory, often giving values that were too high and would violate uni
tarity for some of the partial waves. 

Since the moments are normalized we can neglect kinematic 
factors. In principle no factors would be needed if off- shell effects 
were the same for each partial wave. We find that by including DP 
formfactors wecanchangetheresults byatmost 1o/o,while the errors 
on extrapolated points are usually of the order of 10o/o. Unknown 
phases in the form factors may introduce larger corrections, but we 
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Fig. 4. Extrapolated ( Y1~ moments for 7T+p vertex. Curves 
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know of no reliable way to estimate how important these phases may 
be. 

The validity of the Ef_xtrapolation procedure can+be checked by 
looking at Y / for the 'TT p vertex as a /t~_nction of 'TT p and 'TT'TT mass. 
They should show no dependence on 'TT 'TT mass. Linear e~rapola
tions of Y 1') show striking agreement with the values for 'TT p elastic 
scattering (Fig. 4), except for 'TT'TT mass below 600 MeV, which makes· 
that region suspect. We have no adequate explanation as to why the 
extrapolatio_p+should fail at low 'TT'TT mass. It is worth emphasizing. 
that if the 6. was produced by some other process than 'TT exchange 
t~tere is no reason to expect Y 1° to behave as observed in physi<;:al 
'TT p scattering, since that moment is determined by the i9-terference 

. . 0 ~ . 
between Sand P waves; a pure 6. state would give Y1 = 0.. These 
results give us more confidence in the validity of the extrapolation,
but they do not constitute a proof. 

as: 

IV. METHOD OF ANALYSIS 

+ -The partial wave amplitudes for 'TT 'TT scattering may be written 

T I= 1 
L 2i 

(IV.2) 

Upper indices denote I- spin and lower indices angular momentum L. 
The cross section and the Y ~ moments are, in term of the above·· 
amplitudes: 

>:<The extrapolated Y 2 ° moment also agrees quite well with the one 
observed in physical 'TT+p scattering; but this is a much weaker check 
since any reaction where the P33• m = 3/2, wave dominates will 
give a similar Y2° moment. 
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( Y~) [ 3 2 H * 5 Js 2 9 • = - I PI + iT Re(S D)+ 7 iT I D I +- Re(P F) 
~- t{5Tr 

+ 14 I F12] 4'lT}\.2 
(IV.3) 

3~ 
(j 

'lT'lT 

< y 30> [ 9 * 4 p * Jr * l 4'lT}I.2 
= r.J?'lT Re(P D) +3 1f Re(D F)+ iT Re(S F)_ (j 

'lT'lT 

< y40> [ 15 lnl2 + __±__ -·- 21 IFI2] 4'!T}I.2 
= Re(P··-F) + 

7...rTr .Jrr 11.J7r (j'lT'lT 

50 -·- 4'lT }\. 2 
< y5~ = Re(n··-F) 

3~ 
(j 

'lT'lT 

< y 60> 
350 

IFf 
4'lT}\.2 

= 
3~ 

(j 
Tl''lT 

The total number of parameters to be determined at each value 
of m'lT'lT is 12, assuming partial waves up to L = 3 are important. It 
is not possible to de-t.ermi~e _th.ffl by an, .. ~nergy independent-analysis 
using the reaction 'lT p-+ rr 'lT D. alone,··- since we only have seven 
constraints- six moments and the cross section. In order to extract 
phases and inelasticities we parametrize them as functions of 'lT'lT. 
mass (or momentum) and then do a least-squares fit to the moments 
and the cross section. 

-·--·-Even with an energy-dependent analysis, one cannot determine all 
12, one needs data from other charged states to be able to separate 
I = 2 and I = 0 components. 

"' 
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The parametrization we use is the following: 

A. p Wave, f Wave, and I= 0 d Wave 

where 

For the I = 1 p wave and f wave, and the I = 0 d wave, 

B 

( 2) 
. {2) 2i6B 

T 
I= TJB e -1 

L 2i 

{ 

1 be low W'TT threshold 

11 (2) = 

e - v above W'TT threshold, 

v = 
( 

_ ~22+~· ~ (2) n)
2 

q qth ~ bn q 
n=o 

0 (2) = 22+1 f ( {2) n) 
B q ~ an q J ' 

n=o . 

q = 'TT'TT c. m. momentum, 

qth = q evaluated at W'TT threshold, 

r {2) /2 
'TT'TT 

E (2)- E -(irl 2)/2) , 
R 

= r<2> q R 

(

. )22+1 2E' (2) 

R q ( 2) E ( 2) + E 
R R 

E = 'TT'TT c. m. energy, 

qR( 2) = q evaluated at E = ER, 

DR= 
2 D 2 evaluated atE = ER. 

·R 
D 2 
n·. 

2 

(IV.4) 

(IV. 5) 

(IV. 6) 

(IV. 7) 

. (IV .8) 



a} For the p wave, 

~1} = 

= 

r WTT = 

-i8-

r ( 1> + r 
TTTT WTT 
2 2 

q r P 

2 2 
1 +q r 

p 

t 
0 below WTT threshold 

2 3 
g wpTT ~TT above WTT threshold. 

(IV. 9} 

There are eight parameters des(l)ibing this wave which must be ob-
tained from the fit, namely a 0 , a 1 (1), b0 (1}, b1(1}, fR(1}, EJ{1} 
gPCJJR' and rp. It turns out that gpW'Q;, is strongly correlated with 
bo\11 and bi(1}, so g2 was fixed"'' at 0.6 Gev- 2 and only seven 

PWTT 
parameters allowed to vary. 

b} For the d wave, 

r(2} = r 
(2} + rKK TTTT 

4 4 
q rf 

D2 = 2 2 ·~ 4 
(1V.10} 

g + 3q r f + q f 

f' 0 below KK threshold 

rKK = 
( 5 l qKK \ 

gKK --a--) above KK threshold, 

qKK 

qKK = c.m. momentum of KK system, 

R 2 
q = qKK at E = ER. 

KK 

~~ 
To compute this number we used the pwTT coupling constant calcu-

lated by Gell-Mann, Sharp, and Wagner 10 ; the fits are rather in-
sensitive to the value of g . pWTT 

... 
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In tffls case, since the overall fit is only up to 1.15 GeV, IR.(2
), 

ER , and q are kept fixe~)at values obtained from a fit to the 
mass distributiz>n alone (JR. = 0.18 GeV, ER( 2) = 1.28 GeV, rf = 3.0 
Gev-1), and g KK is set at 0.04. T~is value was chosen by com
paring the num.pe_r of events in the KK channel to the number of 
events inthe 'IT 'IT channelinthe f 0 region for It' I <01Gev2. At 
such low t the A2 contribution to KK in that mass region should be 
q~ite small. The fits are not particularly sensitive to the value of 
g KK as long as g 2KK < 0.1. The J?_arameters left free are five: 
aott::.J, a1( 2), a2(2), bo( 2 ), and b1(t::.).>:< 

The parametrization for the p wave, f wave, and I= 0 d wave 
has the expected threshold behavior for o and is a reasonable ap
proximation for 11· In addition it is a good approximation to the ex
pected behavior of an inelastic resonance plus inelastic back~round 
in the elastic channe)} if the pole is not close to a threshold. 1 For 
certain values of <j>( the parametrizati9n may: y,)iolate unitarity at 
some energies. We found that setting <j>Ct) = o(~l unitarity was 
never violated in the fitted region. We emphasize that we are not 
attempting to separate the amplitude into background plus a res
onance, we are simply using what we consider a reasonable approx
imation to the dependence of o and 11 on the energy in order to ex
tract them from the data. No particular significance should be at
tached to the values obtaine!l for the parameters themselves. 

B. I = 2 s and d waves 

The fits are not very sensitive to the I= 2 amplitudes 2whizh 
are known to be fairly small in the fitted region. We set ";lo = 11 2 = 1 
throughout. For the I = 2 s wave we take: 

5 

0~ = q I C 2n 
nq 

n=O 

where the various coefficients were obtained by fitting known data. 12 

The oi phase is poorly known at present but is believed to be 
negative .13 For the I= 2 d wave we set 

o22 = a q5 

-5 
where a = -100 GeV . This reproduces reasonably well the values 
given by Baton et al.9 

*The I= 0 d-wave cannot couple to W'IT channel,neverthele s s we allow~d 
the background to become inelastic around 900 MeV. Results change 
very little if we don't allow it to become inelastic before 980 MeV .. 
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C. I= 0 s wave 

The I = 0 s-wave amplitude is parametrized in_j;erms of a 
2X2 M-matrix; 14 we assume that only the 'IT'll" and KK channelsare 
important. As noted earlier data from other channels indicate that 
this is a reasonable assumption. 3 

Set To 
T11 Ti;) 

= 
0 

T 12 T22 

T 11::: 
+ - + - amplitude, 'IT 'IT --+- 'IT 'IT s-wave where 

T 12 = + - KK amplitude, 'IT 'IT ...... s-wave 

T22 = KK --+- KK s-wave amplitude. 

These amplitudes are normalized so that 

(J.. = 4'11" "1t 2 I T.. 12. 
lJ lJ 

In terms of the M-matrix, 

k = diagonal matrix of momenta. 

Explicitly, T is given by 

(IV.11) 

where 

k 1 = 'IT momentum in 'IT'll" c. m. system, 

kz = K momentum in KK c. m. system. 
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Table I. Parametrization of partial waves . 

Partial wave 

1=0 s wave 

a 
1=1 p wave 

a 
1=0 d wave 

a 
1=1 f wave 

1=2 s wave 

1=2 d wave 

Parametrization 

2X2 M-matrix coupling mr and KK 
channels 

p resonance +background, both 
become inelastic at 900 .MeV 

f 0 resonance coupled to 1T1T and KK 
+ background which becomes 
inelastic at 900 MeV 

. Number of 
free parameters· 

7 

7. 

5 

Elastic g resonance + background 
which becomes inelastic at 900 MeV 5 

0 0 
5 

2n 
112 =1, o 2 = q 2: c q 

n=O n 0 

0 

aParametrization for this wave is similar to orie used by Roper,_ 
Wright, C\.nd Feld to calculate 1TN phase shifts.11 
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This representation-provided Mi_s real and symmetric-with the 
prescription k2- i I k2l below KK threshold satisfies the require
ments of analyticity and unitarity un~r the assumption that we can 
neglect channels other than Tr'IT and KK. The M-matrix elements 
are taken of the form 

M .. 
lJ 

0 1 = M. . + M. . ( s- s ) , 
lJ lJ 0 

(IV.12) 

where s = m 
2 

and s = s at KK threshold. It is evident that 
the results ar~rrindepe.n?dent of the choice of s . A reasonable fit 
can be obtained with a linear expansion of ~j. but x 2 improves 
substantially if one more term is added to either M12 or M22· 
Adding more terms only increases the correlations between param
eters without changing x2 significantly. So we use a linear expan
sion in M 11 and M 22 and a quadratic one in M 12. This gives seven 
free parameters for the I=O s-wave amplitude. From the data in 
the physical region (for which we h1ave ±8-MeV resolution, FWHM), 
we can infer that the s-wave amplitude should be almost zero with
in 10_ MeV _of KK (Jhreshold, and one could force that constraint on 
the f1t sett1ng M 22 = 0. 

V. SOLUTIONS 

We have 24 parameters to be determined from the data. The 
parametrization ~s summarized in Table I. + w_e fit_fh~ ex.tr~polated 
moments up to Y6 and the cross sections (rr rr - rr rr_,, rr rr - KK) 
between 550 and 1150 MeV with a total of 171 points. ·i< We did a 
large number offits starting from different initial values and vary
ing slightly the parametrization for each of the waves. We must 
emphasize that our parametrization is by no means uniq'2e and 
other parametrizations might serve equally well. The X for the 
best fits range from 150 to 160, which for 147 degrees of freedom 
corresponds to confidence levels between 40o/o and 20o/o. In Table 
II we list some properties of the two fits with similar x2 which 
differed the most. The curves shown on Fig. 2 are for case 1; the 
parameters and error matrix for this case are given in Tables III 
and IV. 

Overall the fit seems reasonably good but there are some 
noticeable discrepancies. Between 550 and 650 MeV, predicted Y 1° 
is systematically high, Y 2° systematically low, and Y4° is not as 
negative as the data. It might be possible- to improve the fit if the 
f wave is more negative in that region than the present parametri
zation permits. In the region 760 to 800 MeV the rrrr cross section 

~:'we used the computer program OPTIME 15 for minimizing x 2 . 
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Table II. Properties of two different fits. 

Case 
Degrees 2 * Description of freedom X S pole E pole 

Background phase for J. =/= 0 waves .c:·. 
N 

. (J.) 21 +1 L (1) n 980±6 600 ± 100 gtven by: o = q a q B n 

....... -

r ...... 
1 n=O 147 152.2 -i(37±8) -i(250 ± 70) 

c~.· 

M-matrix elements: II sheet II sheet 
( 

- 0 1 2 2 M .. - M .. + M .. (s-s0 ) + M .. (s-s ) 
lJ lJ lJ lJ 0 c:; 

See text for complete description I 
~· N -- (..V 

Background phase for 1 =/= 0 waves I r 

N 
~ 

given by: 6(.f) = q D (q) L (J.) n 975± 6 650 ± 70 
B 1 an q 

ii "\.~ 

r .. : ..... 
n=O 147 153.6 -i(39±8) -(150 ±50) 2 

~ 

M-matrix elements: 

0 1 2 3 
M .. = M .. + M .. (E-E

0
) + M .. (E-E

0
) 

lJ lJ . lJ lJ II sheet IV sheet 

Otherwise same as case 1. 



1=0 
s wave 

1=1 
p wave 

1=0 
d wave 

1=1 
f wave 

1=2 
d wave 

1=2 
s wave 

-24-

Table III. Parameters obtained from fit {case 1 ). a 

0 1 
M 11 = - 3. 3 ± 2. 2 M 

11
= - 0. 4 5 ±0. 3 3 

. 0 1 2 
M 12 = 2.66 ± 0.42 M

12
= - 0. 569±0.24 M

12
= 0.003 ± 0.002 

. 0 6 1 M 22 = o.o34±o.o M
22

=- 0.475±0.25 

E{1 ) = 0.78 ±0.004 GeV r<1)_ o. 1 7 ·:1:0. o 1 GeV 
. -1 

r =1.1±0. 9GeV R R -

{1) 
ao 

·'(1) 
bo 

(2) 
ao 

b(2) 
0 

(3) 
ao 

b (3) 
. 0 

c . 
0 

=0.48 ± 0.25 

= -0.142±3. 0 

=-0.14 ± 0.09 

= 18.1 ±4.8 

=-0.011±0.006 

= 2.45 ± 0.27 

a ~1 ) =-0. 022±0.064 

b ~ ) = - 0. 215±0. 7 

a (2) = 
1 

0. 078±0.05 

bi
2

)=-4.5 ±1.2 

(3) 
a 2 =0.0057±0. 003 

b~2 )=-5.53 ±1.83 

. -5 
a= - 100 GeV 

(fixed) 

p 

a~ )=-0.01.0±0; 008 

a <3 )=-0.0007±0.0004 3 . 

-2 . -2 
=-2.2X10 c

1
=-4.17±10 -2 c

2 
= 1.48X1o· 

-4 . -6 
= 1. 76X10 c

5 
=-4. 24X10 

(fixed) 

aCorrelations between parameters are large; for any computation using 
these parameters the full error matrix should be used (Table IV). Un
less otherwise indicated, units are in appro:r:>riate powers .of fJ. (lT-:mass). 
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M 
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1.00 -.84 

.1.00 

-.84 

1.00 

1 . 
M

12 
-.99 .87 ~1.00 

M
1
· .95 -.91-zz .95 

2 
M 12 .93 -.81 .92 

M~2 -.19 - 06 

a~i) .06 -.08 

-.17 

.07 

a ( 1) 
1 

E(1) 
R 

rl1) 
R 

r 
p 

aF) 
.· (2) 
a1 

)2) 
2 

a(3) 
.0 

~(3) 
1 
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1 
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1 
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. 0 
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. 1 
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.06 
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-.12 .17 -.12 

-.04 -.02 -.05 

.03 .04 .03 

-.04 -.02 -.03 

.05 ·.02 .05 

~.o -.05 -.o2 

.10 -.04 .·1 0 

-.09 .. 04 -.10 

.07 .04 07 

-.15 -.00 -.15 

1 . 
M1Z 

-.99 

1 
Mzz 

.95 

.87 -.91 

-1.00 .95 

1.00 -.97 

-.97 1.00 

-.92 .89 

.17 -.17 

-_.07 .07 

.05 -.06 

-.05 .04 

-.15 .11 

.04 -.01 

.15 -.17 

-.15 .17 

.14 -.17 

·.04 -.02 
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.02 .01 

-.03 -.01 

.01 .01 

-.09 .06 

.09 -.05 

-.'06 .01 

. 13 -.06 
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Table IV. Normalized error matrix Ei. = 
1 

2 2 
J .,J(oxi )(bxj) 

M2 o 
12 M22 

.93 -.19 

-.81 -.06 

.92 -.17 

-.92 .17 

.89 -.17 

1.00 -.28 

-.28 1.00 

.05 .08 

-.04 -.08 

.02 .03 

.. 05 -.03 

-.02 -.07 

-.09 -.07 

.09 .09 

-.09 -.11 

-.05 .03 

.04. -.04 

-.01 .05 

.02 -.05 

-.03 .05 

.08 .07 

-.08 -·.07 

.04 -.02 

-.11 .06 

( 1) 
ao 

.06 

-.08 

.07 

-.07 

.07 

.05 

.08 

1.00 

-.98 

.75 

.11 

-.66 

-.26 

.25 

-.24 

.13 

-.15 

.33 

-.24 

.16 

.27 

-.26 

-·.30 

.28 

a(1.) 
1 

E(1) r.(1) 
R . R 

(2) 
r ao 

. (2) 
a1 

(2) 
a2 p 

-.04 .06 .16 -.05 -.14 .13 -.12 

.07 -.05 

-.04 .06 

.05 -.65 

~.06 .04 

-.04 .02 

-.08 .03 .16 -.17 .17 

.16 -.05 -.14 .. 14 -.12 

-.15 .04 .15 -.15 .14 

.11 -.01 -.17 .17 -.17 

.05 -.02 -.09 .09 -.09 

(3) 
ao 

(3) 
a1 

-.04 .03 

b~1) 

-.04 

b(1) 
1 

.05 

-.02 .o4 -·.o-2 .02 

-.05 .03 -.03 .05 

.04 -.03 .02 -.03 

-.02 .01 .o1 -.o1 

-.05 .04 -.01 .02 

bF) 

-.02 

b(2) 
1 

.10 

-.05 -.04 

-.02 .10 

.01 -.09 

-.01 .06 

-.03 08 

-.08 .03 -.03 -.07 -.07 .09 -.11 •. 03 -.04 .05 -.05 .05 .07 

-.98 .75 .11 -.66 -.26 .25 -.24 .13 -.15 .33 -.24 .t6 .27 

1.00 -.64 

-c64 1.00 

.06 .58 

.52 -.56 

.27 -.19 

-.,27 .17 

.27 -.15 

-.11 .12 

.13 -.14 

-.39 . ..03 

.31 .03 

-.14 .14 

.06 .52 .27 -.27 

.58 -.56 -.19 .17 

1.00 -.34 -.15 .11 

-.34 1.00 ·-.01 .02 

-.15 -.o1 1:oo -.99 

.11 .02 -.99 1.00 

-.07 -.04 .98 -.99 

.06 -.17 -.16 .15 

-.07 .19 .16 -.16 

-;19 -.20 -.33 .37 

.20 .11 .33 -.37 

.07 -.20 -.17 .16 

.27 

- .15· 

".07 

-.04 

.98 

-.99 

1.00 

".14 

.15 

-.40 

.41 

".16 

-.11 .13 -.39 

.12 -.14 .03 

.06 -.07 -.19 

-.17 .19 -.20 

-.16 -16 -.33 

.15 -.16 .37 

-.14 .15 .-.40 

1.00 -1.00 .12 

-1.00 1.00 . -.13 

:12 -.13 1.00 

-.11 .11 -.99 

.99 -1.00 .13 

-.20 .28 28 -.44 -.19 .19 -.18 .09 -.09 .07 

.19 -.28 -.28 .43 .19 -.19 .19 -.07 .08 -.07 

.28 -.19 -.09 . 41 .10 -.11 .13 '-.15 .19 -.17 

-.25 .19 ,10 :.39 -.14 .17 -.20 .13 -.16 .29 

. 31 -.14 -.20 

.03 .14 .28 

.20 . 07 '28 

.11 -.20 

.33 -.17 

-.37 .16 

.41 -.16 

-.11 .99 

.11 -1.00 

-.99 .13 

1.00 -:12 

-.12 . 1.00 

-.44 

-.19 

.19 

-.18 

.08 

-.09 

.07 

-.03 

.1 0 

-.03 .10 1.00 

.03 -.09. -1.00 

.14 -.21. -:27 

-.28 ·.18 .12 

(3) 'b (3) 
a2 0 

-.09 .07 

.04 .04 

-.10 .07 

.09 -.06 

-.05 . 01 

-.08 .04 

-.07 -.02 

-.26 -.30 

.19 .28 

-.28 :.19 

-.28 -_.09 

.43 .41 

.19 .10 

-.19 -.11 

.19 .13 

~.07 -,15 

. 08 .19 

-.07 -.17 

.03 .14 

-.09 ~.21 

-1.00 ~.27 

1.0,0 .26 

.26 1.00 

-.11 -.90 

b(3) 
1 

- .15 

-.00 

-.15 

.13 

-.06 

-.11 

.06 

.28 

-.25 

.19 

.10 

-.39 

-.14 

.1 7 

-.ZO 

.13 

- 16 

.29 

-.28 

.18 

.12 

-.11 

.-.90 

.1.00 . 
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and Y 1° have a dip and Y 2° a spike not predicted by the fit. If we be
lieve that in that region only s and p waves are important, then the 
value for extrapolated Y2° is unphysical. The contribution to x2 of 
that region is 40 (for 9 points) so it was excluded from the final fits. 
Since this effect occurs very close to thew mass (783 MeV), it is 
certainly possible that it is associated with p-w interference. If 
this is the case it is somewhat surprising that we observe the ef
fect on the extrapolated data, since the w cannot be produced by 1T 

exchange (at least not strongly); thus, it is part of the background 
that should disappear when we extrapolate. On the contrary, the 
extrapolation enhances the effect. A similar phenomenon was ob
served in the extr..rpola¥o..? ~~ 11'11' cross section by Coltonet a1.16 
for the reaction 1T p-+ 1T 1T D. at 8 Ge V/ c. To see if this enhance
ment was due simply to the conditions of the extrafolation [i.e.,
linear and including events up to I tpD..I = 0.4 (Ge V/c) ] we performed 
quadratic and linear extrapolations using different cutoffs for t in 
that region. The quadratic extrapolations tend to enhance the ef
fect even more; choosing smaller cutoffs only increased errors 
without changing results significantly. An explan~tion fo.f+ this ef
fect, which is consistentwithdata for reaction 1T p-+wD.. at 7.1 
Ge V/ c, is that at small t the w is produced mainly by B exchange 
with zero helicity. In this case p-w interference is most pro
nounced at small t, distorting re_ sults of extrapolation to the 1T pole. 

In order to fit the moments Y3° to Y{above 900 MeV, we needed 
all waves (excluding .£ = 0 and I= 2 amplitudes) to become inelastic at 
the W1T thre_ shold.,. If the w had zero width this thre_ shold would be at 
920 MeV; the fits improved somewhat if we allowed the threshold to 
start at 900 MeV instead. We also found that we could not fit very well 
the moments Y4° to Yt with the parametrizatio~ for '1'] 3 1 described . 
earlier [Eq.IV.S)]. In addition, by 1.0GeV, '113 wastoo smalltobe 
consistent with data in other channels (predicting an order-of-magni
tude more events than observed). A better fit is obtained if we_ take in
stead: 

'I'] (3) = 1 
B 1 +(q-<!thHbo (3)+ b1 (3)q)2 

above W1T threshold, 

'I'] (
3) = 1 below W1T threshold. 

B 

We still obtain '1131 inconsistent with other channels and in ad
dition the above parametrization does not have the correct threshold 
behavior. This is an undesirable feature of our fit but cannot be 
avoided. A likely explanation is that the f wave is being used to fit 
non-11' exchange background in that region and is not the true 11'11' f 
wave amplitude. If the extrapolation for some reason (either back
ground or the effect of using linear instead of a higher-order poly
nomial extrapolation) gives values for the moments above 900 MeV 

~'As noted earlier, one may let the d wave become inelastic at some
what higher mass (,...980. MeV) without altering re suits significantly. 
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that are higher than the true physical moments, then the easiest 
way to correct for that failure is to introduce a purely imaginary 
£-wave amplitude, since such a term would give a positive contri
bution to all the moments.. We must point out though that results 
obtaine2- for the p and s wave ate little affected by this compli
cation .. -·- . As long as we believe that ·the rapidly.varying features 
in our data are due to the behavior of these waves (sand p), while 
the other waves are fairly smooth, the values obtained for s and p 
waves cannot change by much regardless of how the other waves 
are parametrized. This indeed was observed for the different fits 
attempted. We therefore feel confident that the general features of 
the i = 0 s wave and I = 1 p wave between 550 and 1150 MeV have 
been well determined by our fit. t 

With the parameters obtained from our fit we can compute 
the phases and inelasticities. These are tabulated in Table V and 
shown in Figs. 5 and 6 for case 1 (see Table II). We point out that 
the,given errors are computed by standard propagation of error and 
reflect onlythe statistical errors; they do not reflect the inherent 
u'ncertaintie s in. performing an extrapolation.· They should be; cori.·
sidered o,nly as an indication of the minimUm.' e'rror in our com
puted values. How accurate our results really are can only be as
certained by comparison with re suits of an experiment at different 
energy with comparable statistics. 

For the p-wave phase ~hift ( 611) we obtain the well-kno.J.rn 
Breit- Wigner shape (with 5 1 = 90° at 0. 772 GeV, 61 1 = 45° at 0. 703: 
GeV, and 61 1 = 135° at 0.863 GeV), the inelasticity (111 1) is close 
to unity within errors, although by 1.b3 GeV it could be as small as •· 
0·.8. The I = 0 d-wave phase shift ( 62 ) around 1 Ge V is larger than .. 
what we would expect for the fo meson alone. Thi.s wave also seems 
to be quite inelastic (11 2°::::: 0. 80 at 1.070 GeV). · This result has to 
be viewed with caution because it depends strongly on what is as..; 
sumed for the £-wave inela'sticity, and non-1T exchange background 
may have ~substantial effect on these waves. The effect of the I= 2 
d: wave ( 52 ) is small; we can obtain a good fit by setting 622 = 0 
throughout. The £-wave phase shift is small and negative under the , 
p and becomes positive past the W1T threshold. As indicated before, 
the obtained inelasticity is too small to be compatible with the data 
in the inelastic channels; we believe that it is simply acting as a 
parametrization of background (or a failure of the extrapolation). . . . . . . . .· 
This. statement should be qualified somewhat for the p-wave inelas.:. 

ticity, which can change at high masses (1100 MeV) by as much as 
one standard deviation. ··· · ·. · · · · 

t Although computed errors are small on the p-wave phase, there 
might be a systematic error introduced by the effect (possible p-w 
interference) between 760 and 800 M~V. 



Table V. Phases and inelasticities (case 1 ). 

Mass &0 110 &1 1 00 110 61 1 
(GeV) 0 0 1 111 2 2 3 113 

0.55 44±2 9.4±0.7 0::1::0.5 0::1::0.1 

0.625 57::1::3 19 ::1:: o. 8 0::1::0.5 -0.4±0.2 

0.665 64±4 30 ::1::1 0±0.5 -0.5±0.2 

0.690 68±4 39 ::1::1 0±0.5 -0.6±0.3 

0.71 71::1::4 48 ::1::1 0±0.5 -0.8±0.4 

0.73 74±4 60 ± 1. 5 0±0.5 -0.8±0.4 
o. 745 76±4 71 ± 1. 5 0±0.5 -0.9±0.4 

o. 755 77±4 78 ±1.6 0±0.5 -0.9±0.4 
I 

N 
00 

0. 765 78±4 85 ± 1.6 0±0.5 -0.9±0.4 I 

o. 775 79±4 92 ± 1.6 0±0.5 -1.0±0.4 

o. 785 80±4 99 ± 1.5 0 ±0.5 -1.0±0.4 

o. 795 81 ±4 105 ±1.5 0::1::0.5 -1.0±0.4 

0.810 82±4 114 ±1..4 1±1 -1.1±0.5 

0.83 84±4 123 ± 1.2 1.5 ± 0. 9 -1.1±0.5 

0.85 86 ± 3.5 130 ±1.1 2.0± 1 -1.1±0.5 

0.87 88±4 136 ±1 2. 7± 1 -1.1±0.5 

0.89 91 ±4 141 ±0.8 3.5±1 -1.1±0.5 

0.91 96±4 145 ::1::0.8 4.4±1 -1.0±0.5 0.96±0.02 

0.935 107± 5 149 ±0.9 0.99±0.01 5.8±1.2 o. 99 ± 0.01 -0.8±0.5 0.85±0.05 

0.965 134±5.5 153 ±1 0.99±0.01 7.8::1::1.4 0.99±0.01 -0.5±0.6 0.78±0.05 

(cont. ) 

,ol .• 
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Table V. (cont.) 

Mass c50 0 c51 1 00 0 01 1 
(GeV) 0 11o 1 111 2 112 3 113 

1.0 189± 9 0. 62 ± 0.08 156 ±1.2 0.98±0.01 11 ± 2 o. 95 ± 0.03 0.1±0.8 0.74±0.05 t•·~· 
-._,. 

1.04 202± 9 0. 54± 0.04 158 ±1.6 0. 96 ± 0.03 16±2.5 0.88±0.06 1.3±0.7 0.72±0.05 
~. 

1.075 202± 8 0. 58± 0.04 158 ±2.5 0.94 ± 0.05 22±4 0.85±0.08 2.3±0.8 0.72±0.05 .~-·~ 

"-"' 

1.105 202± 8 0.63 ±0.04 157 ±3.4 0.92±0.06 27 ±4 o. 89 ± 0.06 3.1±1.1 o. 74 ± 0.06 
(_., 

1.135 200± 8 0.69 ± 0.04 155 ±4 0.92±0.06 32± 5 o. 96 ± 0.04 3.9±1.8 0. 76 ± 0.07 
t" 

1.150 199±7 . 0.70 ± 0.04 . 153 ± 6 0.92±0.07 36± 7 0.96±0.04 4.5±2.0 0.78±0.1 
...,, 

c::: 

I \...,.,_,..._ 

N 

"' I ~;_ .... ..._ 

t~ .. 

i'..: 

.. 

., 

... 
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Fig. 5. Phases and inelasticities of I=O s wave and 1=1 p wave. 
The horizontal lines give size of bins used in fit. The vertical 
lines indicate the calculated errors at a given mass. These er
rors are purely statistical and do not reflect possible systematic 
effects introduced by the extrapolation procedure. The plotted 
points correspond to the elastic "down" and "up" solutions of 
Baton, Laurens, and Reignier. 23 The open cLrcles correspond 
to the recent results of Baillon et aL 24 
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The most interesting results are the phase shift and inelas
ticity of the I= 0 s wave. The phase rises from 45° at 550 
MeV to 75° at 740 MeV, then increases slowly until 950 MeV, 
crossing 90° around 900 MeV. The phase below 850 MeV is in 
very good agreement with the one favored by Morgan and Shaw17 
(referred to as "between-down'' solution). Above 900 MeV it in
creases rapidly, reaching 180° close to the KK threshold. Past 
the KK threshold the inelasticity reaches a minimum very rapidly 
(within 20 MeV), and then both phase and inelasticity vary rather 
slowly. At this point we should remark that the structure in the_ 
1f1f data requires the maximum contribution of the s wave to the KK 
cross section to occu~ ~ithin 30 MeV of the KK threshold. This is 
consistent with our K K cross section (It' .6.1< 0.1 GeV2) and the 
extrapolated cross section obtained by Hya~s et al. 18(in particular, 
the set "tu" = bt and "tu" = bt+ct2), butis not consistent with the 
K°K0 cross section of Beuschet al., 19 which reaches the maximum 
at 1.07 GeV. Part of the discrepancy might be from the fact that 
the Beusch et al. ,data are for ltl < 0.5 GeV, from differences in 

T - 0 0 
backgro~nd for K K and K K , and from the mass difference be-
tween K and K 0

• This question deserves more careful study. 

We can draw some interesting conclusions usi'ng our param
etrization of the s-wave amplitude. We find that the amplitude T 
has two poles O.tl the second Riemann sheet as a function of complex 
energy. One (S.") is very close to KK threshold at 980 ± 6-i ( 37± 8). 
The existence of a_pole in this region was su~fbested from a K-
matrix fit to the KK cross section by Hoang. The other (E) is 
quite far from the physical region, at 600 ± 100-i (250 ± 70). Strictly 
speaking, we should say that there are four poles, since each one 
has a ·corresponding complex conjugate pole. Additional poles are 
also present, but these are quite far from the fitted region and no 
particular significance should be attached to them. 

To check how dependent these results are on parametrization, 
we redid the fits with a somewhat different one (case 2 in Table II). 
In'this case we added barrier factors to the£'/: 0 waves, i.e.: 

N 

6~) = qD_g(q) L n 
a q ' n 

n=O 

where the D £ (q) functio~s. are defined in section IV [Eqs .. (IV. 9) and 
(IV.10)] and replaces q 2 1n Eq. (IV.6). For the M.,.matnx we took 
instead of Eq. (IV.12), 

M .. 
lJ 

0 1 
= M. . + M .. (E - E ) 

lJ lJ 0 . 

where E = c. m. ener~, E 0 = E at KK threshhold. For M 12 we 
added an extra term M'{z (E- E 0 )3. The best x2 with this param
etrization was esser>tially the same (153.6 as compared with 152.2 

.. . 

•. 
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for 147 degrees of freedom). The phases and inelq,_sticities changed 
within the computed errors. We again obtain an s'''pole on the. sec-

.ond Riemann sheet, at 975 ±6-i (39±8), but theE pole is now on the 
fourth Riemann sheet at 650 ± 70-i ( 150±50). t Note that for both of 
these poles a conventional Breit-Wigner parametr.ization wi!_l notbe 
adequate: theE is too far away from the real axis, and the S"' is too 
close to the KK threshold. We also computed the residues for these 
poles, which turn out to be complex. Finally, we can compute the 
'IT'IT scattering length (case 1) for which we obtain 0.27 ±0.18 f.L- 1. The 
computation of the 'IT'IT scattering length of course assumes that our 
fit is valid down to the 'IT'IT threshold. Since we only fit down to 550 
MeV the error should be considered to be much larger than the 
quoted one (which is purely statistical). This value agrees with the 
one obtained by Maun!f.21 The '!T'IT scattering length for case 2 tur ris 
out to be -0.1 ±0.2 f.L- , which is 1 to standard deviation away from 
Maung value and more than 2 standard deviation away from the more 
recent results of Zylberstein et al.Z 2 These results are summarized 
on Table VI and Fig. 7. 

Is our solution unique? We believe that the general features 
are unique-in particular, all the fits that we found with reasonable 
x2 exhibited the two poles in the s-wave amplitude. The situation 
for the other waves is less clear. In order to fit the moments we 
need substantial inelasticity in the d and f waves, less so in the p 
wave, although solutions with smaller 111 1 than given by the selected 
fit could be obtained. Without more detailed information on the 
other channels one cannot choose among the various possibilities. 
In addition the amount of inelasticity needed in the.se waves is in
consistent with the number of events observed in the other channels. 
A possible explanation is that above 1 GeV the moments obtained by 
a linear extrapolation tend to be systematically higher than the true 
physical moments, maybe because of N* background. Another pos
sibility, although this seems less likely, is that the extr+apolated-f-f 
cross section is much larger than the one observed in 'IT p-w'!T0 6.. 
and the small ine¥-sticities actually reflect very strong couplings 
for the reaction 'IT 'IT --w'IT0

• Because of this complication and the lack 
of clear structure in the moments beyond 1150 MeV, we don1t feel 
that the· extrapolated data is sufficiently sensitive to warrant extend
ing the analysis beyond this point. 

VI. CONCLUSIONS 

A coupled channel analysis ('IT'IT and KK) with a 2 X 2 M-matrix 
has yielded fruitful results on the I =0 'IT'IT_-'IT'!T s-wave scattering am
plitude. The very marked structure of our data puts sufficient con
straints to eliminate the "up-down" ambiguity, leaving the 11 down' 1 

solution as the only viable one between 750 arid 95·0 MeV. Searching' 
for poles in the complex energy plane, we found two of interest. 

tOn both sheets (IT and IV), Im k'IT'IT and Im kKK have opposite signs. 
On sheet II, Imk'IT'IT <0; on sheet IV, ImkKK <-u. 
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Table VI. Pole parameters for cases 1 and 2. 

. a 
Case 

Pole position 
(MeV) 

Residuesb 
(units of 1T mass) 1T1T scattering length 

1 

2 

s* 

980 ± 5 

-i(37± 8) 

II sheet 

€ 

600 ± 100 

-i(250±70) 

II sheet 

s* 
975±6 

-i(39±8) 

II sheet 

€ 

650 ± 70 

-i(150±50) 

IV sheet 

R
11 

~ 0.052- i0.062 

R
12 

~ 0.087 + i0.035 

R 22 ~-o.oo7+ i0.110 

R
11 

~ -0.47 + i0.38 

R
12 

~ -0.36 + i 0.27 

R
22 

~ -0.28 + i 0.21 

R
11 

~ 0.038 -i0.084 

R
12 

~ 0.087 + i 0.072 

R
22

:::::-0.116 +iO.o8 

R11 ~ 0.38 - i 0.26 

R12 ~ 0.3 - i 0.10 

R22 ~ 0.22 - i o. 02 

0.27±0.18 

-0.1±0.2 

aSee Table II for an explanation of different cases. 

(s-s 0 ) 

bResidues defined as R .. = T .. (s
0 

), where s 0 = s at pole 
lJ ~ lJ 

position. 1 J 

~. 1 
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Fig. 7. Poles and cuts of the 7T7T s~wave amplitude in the com ... · 
plex energy plane. The dashes indicate region covered by our 
fit. Ellipses indicate (roughly) contours where X2 changes by 
one unit. 
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''< 
One (S'' ), is very close to the KK threshold on the second Riemann 
sheet, at 980 ± 7 -i (38 ± 8). For the other (E) we found two possible 
locations, depending on the exact parametrization used. It could 
be either at 600 ± 100 -i (250 ± 70) on the second Riemann sheet, or 
at 650 ± 70 -i (150 ±50) on the fourth Riemann sheet. Since for both 
cases the phases and inelasticities were not very different we con
clude tha:t considerably more data are needed to determine on which 
sheet it is. In addition, the effect of the 411' cut, which we neglect, 
might have to be taken into account. We also computed the 11'11' _scat
ter~ng length (this calculation implic.ity assumes that_ ~ur fit is 
vahd down to 11'11' threshold); we obta1ned 0.27 ±0.181.1. (see Table 
VI).* . . . ·. . .. . 

Be cause of background problems the results for the higher 
waves may have s¥stematic errors. We obtain for the p mass 
(point at f"hich 6 1 = 90;) 772 MeV and for its width (from points· at 
which 61 = 45° and 61 = 135°) 160 MeV. The width is somewhat 
larger than that found by other experiments. 1 This might be due in 
part to the effect (possibly p-w interference) between 760 and 800 
MeV. Beyond 1 GeV the data seem to require substantial inelastic
ity being inconsistent with the number of events observed in other 
channels. We believe this indicates that beyond 1 GeV the linear 
extrapolation tends to give Y L moments which are systematically 
higher than the true physical Y Lo moments. 
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Addendum 

At this conference several points ~ere raised which co~ld have 
some bearing on our results. P. K. Williams presented some· model 
calculations on how absorption could affectthe extrapolation ofYL 
moments. The main conclusion was that the effects are small · 
(< 10o/o) for L :s;3; but can be quite substantial for L = 4 (25o/o or 
more) and are likely to be at least a_s large for·L =::: .4. · 

. . ~~ 

+ ~nother point (raisedby. K. W. Lai) was the backgroundin our. 
K K events (e. g. <P produchon, or C = _ -1 events). Some c. rude 
estimates c1-If be made by looking at our 1r+p- D. ++KsKs (C = + 1) 
and 1r+p- D. KsK.t (C = -1) events: There is no clear evidence for 
q, production when_ a D.++ is selected with It' I< .J Gev2. The- YL .... 
moments for K+K events indicate that the amout;1ts of L,=;;k 0 waves 
must be quite small below J100 MeV .. On the basis of a vel:y.small 
nufuber of events with K 0Ko mass< 1.1 GeV:. and It' I< .1 GeV2: · . 

+ ++ ' -1) 1r p- D. Ko.Ko both, Ko decay in the chamber (18 events)_ · 

2) 1r +p - D.++ Ko.Ko 
. . .. 

only one K()decays in ,the chamber (19 ev,ents), 

' We can conclude that; after correcting for various scanning ah'ci measur
ing inefficiencies, the abo've number of KoKo events is consistent ~ith all 
K+K-.events coming from S~ decay (within 15o/o). _ ..... - , 

We redid our case 1 fit assuming that the Yt (L > 4) moments are 
30o/o smaller than the value obtained by a linear extrapolation. These 
corrections only affect the phase shifts above 900 MeV. The x2 for this 
fit is 118.0 for 14 7 degrees of freedom (CL :: 96 o/o }. In Table VII we give 
the phase shifts obtained with the above corrections. We must' emphasize 
that the corrections are quite uncertain and model dependent. 

The main effect of this correCtion is to give more reasonable.<i 
and f waves. In particular the f-WC!.Ve is much less_inelastic, although 
the inelasticity is still a bit too smaU to be consistent with other -
channels. The s -wave phase shift is now somewhat larger above 
1.0 GeV. The €-pole is hardly affected, being at 604 - i 260 MeV 
(II sheet), while the S:~.c has become narrower, 986 - i32 MeV. 
Computed errors are of the same size as previously. 

L. Gutay raised the point that if one looks at the isotropic term 
(IS) in the physical region it would seem to favor the up solution 
between 700 MeV and 880 MeV.* It is true that if one does an energy 

* One can compute the isotropic term from the moments taking 
IS=N(1-(Y/)/.252}. 
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independent analysis it is difficult to rule out either solution in that 
. region, the problem is compounded in our data between 760 MeV 
and 800 MeV where we cannot find any solution with an energy inde
pendent analysis because of p- w interference. However, it is. 
extremely unlikely that the 11 up'' solution can be correct since it , 
must join the down solution at 900 MeV where the data gives an un
ambiguous answer. Note (Fig. 5) that the two branches are well 
separated, so, if they join at some point they must do so within 
ZO MeV. In order to join, the phase shift will have to decrease by 
40z

5
or f{;ore within ZO MeV. From the Wigner condition of causali

ty , ~ > - R, this waul~ ~~pl~ a radius of intera~tion of at least 
15 ferrtn. The other poss1bihty 1s that the phase sh1ft goes through 
180° before 900 MeV, which would imply that ( Y1) is zero some
where in that region, certainly not the case within our resolution. 
(± 5 MeV in the p - region). The errors on IS are too large to 
perform a meaningful extrapolation, however all information con-· 
cerning this term is not lost since we extrapolate the normalized 
Yt moments and the cross section, from which one can calculate 
IS. Since our parametrization clearly fits all of them quite well, 
it cannot disagree with whatever term we chose to calculate from 
them. Using our phase shifts and the Chew-Low formula (III.Z) we 
can compute IS in the physical region. In Fig. 8 we plot the isotro
pic term obtained from our data and the curves calculated with our 
solution alone and our solution plus 10o/o depolarization of the p. 
Although the fit is good, we have no other evidence that the p is 
depolarized by exactly 10o/o. The amount of depolarization depends 
sensitively on the detailed production mechanism. We see no 
compelling evidence for the claim that the ''down'' solution is in dis
agreement with the isotropic term. 

A final comment concerns our case Z solution. A more careful 
study of this particular parametrization reveals many undesirable 
properties which indicate that it should be rejected in favor of our 
case 1 solution. Although it reproduces the s -wave phase shifts 
in the fitted region, this solution has a pole on the I sheet at 680 -
i 300 and another on the II sheet at 387 + i 40. The behaviour of the 
phase shift below 450 MeV is clearly pathological; it goes counter
clockwise, being 180° at threshold instead of 0°. 
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Table VII. Phases and inelasticities after corrections. 

0 
l]g 01 . 1 o• 1]0 01. 1 

Mas~ co 1]1 1]3 1 2 2 3 

.91 94± 4 145± .8 3.5± 1 -1. ± .5 .96± .02 

.935 104± 5 150± .9 .99 ± .01 4.6± 1 -.5 ± .6 .89 ± .05 

.965 133 ± 6 153 ± 1 .99 ± .01 6.0±1.2 .99 ± .01 -.3 ± .-1 .83 ± .05 

1.0 192± 9 .61 ± .08 155± 1.2 .97 ± .01 8.8±1.4 .96± .03 .1 ± _.8 .80± .05 

1.04 211 ~ 9 .54± .04 155± 1.6 .. 93 ± .03 13. ± 2 .90± .06 1. ±. 7 .79±.05 

1.075 212±.8 .59± .04 154±2.5 .89 ±_.05 18. ±3 . 86± .08 2. ± .8- ,; . .80 ± .05 

1.105 ""210± 8 .63 ± .04 152± 3.4 .87±·.06 ·23 ±4 .87 ± .06 3. ± 1.1 .81 ± .06 

'1.135 207 ± 8 .68± .04 150± 4 .86± .06 28. ± 5 .93 ± .04 4. ± 1.8 .84'± .07 

1.150 205± 7 .70± .04 150± 6 .85± .07 33. ± 7 
.-·; .. 

.94± .04 4.5±2:0 .88±·.10 
... 
"•>< 

Table VIII. M-~atrix parameter after corrections 

M 0

11 
::: -3.03 ± 2.2 

1 
M 

11 
- . 444 ± . 7 0 

:::2.68 ± .45 

. 622± .67 

.0023 ± .0007 

0 M22 -028±. 4 

M
1 

62± .50 
.. 22 

t.".'· 
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. M t7T+ 7T-) GeV 
XEIL.725- 3084 . r,. . ·.-.". _-

2 Fig. 8. Isotropic term for jt'p t::..j < .1 GeV . The lower curve 
corresponds .to the. predicted s -wave contribution from our . 
phase shift solution. The upper curve corresponds to s -wave 
plus 1 Oo/o depolarization of the p -meson. Normalization is 
arbitrary,' rio attempt was· made to 6pfirriize the 'fit .. 
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