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* BACK-SCATTERING IN AN INHOMOGENEOpS PLASMA 

Michael A. Mostrom, Dwight R. Nicholson, and Allan N. Kaufman 

Department of Physics and Lawrence Berkeley Laboratory 
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May 31, 1973 

ABSTRACT 

The theory of nonlinear attenuation is developed 

for an intense laser beam of diameter D, propagating 

into an inhomogeneous plasma of density scale-length L. 

The attenuation results from the exponential growth of 

electromagnetic nOise, due to parametric Raman instability, 

with local excitation of plasma waves at frequency (l) 
p 

and damping rate vp' The scattered waves are predom

inantly sideways or backwards, depending on the ratio 

(v I(l) )(L/D). Threshold intensities for effective p p 

extinction are calculated. 

There has been much recent interest in parametric Raman instabU-

ity (induced decay of an electromagnetic wave into another electro-

magnetic wave and an electron plasma wave), because it may prevent 

laser energy from reaching the denser regions of a pellet plasma. 

Among several studies of parametric instability in an inhomogeneous 

plasma,l-3 the Raman instability has been treated one-dimensionally by 

4 
Liu and Rosenbluth, who derived a threshold for significant back-

scatter, and by Forslund et al.,5 who studied nonlinear aspects analyt-

ically and by numerical simulation. Here we present a three-dimensional 
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treatment,6 allowing for scattering in all directions. We show that 

side-scattering may greatly exceed back-scattering. We calculate its 

angular spread, and derive the nonlinear attenuation of the incident 

beam, and the thresholds for significant extinction due to either side-

or back-scattering. 

Our model is an intense plane-polarized electromagnetic beam, 

of frequency (l)0 and wave vector ko = kO £, and with uniform 

intensity over its circular cross section of diameter D, incident on a 

cold underdense plasma in the direction of the density gradient (see 

Fig. 1). The polarization ~O is along x; the slight z-field,7 due 

to finite D, is ignored. The intensity is assumed to be below the 

absolute instability threShOld;8-10 this requires (l)p < ~ (l)0 and 

allows us to study steady-state solutions. We further assume that the 

laser pulse is sufficiently short to prevent the buildup of a radial 

d t ·11' tt· ~5 f·l t t· 11 Th density gra ien from Brl OUln sca erlng or 1 amen a lon. e 

effect of finite temperature on the plasma wave is discussed later. 

~ 2 2 2 1/2 
For a scattered wave kl , (l)l = [kl c + up (z)] ,growing 

from thermal noise, the local driven longitudinal mode has K = ko - ~, 

~ = (l)0 - ~;' the parametric growth rate is largest in the resonant 

region (l) (z) ~ ~ 
p 

As there is a spectrum of waves at each point, we 

express the total vector and scalar potentials as 

¢(~, t) \ ¢-+-+ -+-+ i L ~ (K,x) exp i(K'x - Q t) + C.C •• 

kl 

The slowly varying amplitudes are defined over a Fourier box length 

t « D. 1 We ignore WKB effects on the amplitudes, valid for (l)p < 2 (l)o 
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The evolution of the amplitudes is obtained12 from a Lagrangian 

description, yielding a straightforward three-dimensional generaliza

. 13 
tion of the equations of Cohen et al.: 

[(%t) + vp - iLl(~'Z~¢(K,~) = (e:Dp ~0'~/2mc2)Ao(~)A*(~,~), (la) 

~O/dt) + vI + ~l'VJA(~,~) = (e ~ ~0'~1/2mml)Ao(~)¢*(K,~); (lb) 

where Ll= n(~) - Wp(z) is the frequency mismatch, ~l = ~ c2
/Wl is 

the group velocity, and the damping rates v P':l have been introduced 

phenomenologically. Ignoring transients, and solving for the steady 

state, we eliminate ¢ to obtain 

~ ~ ~ I 12 -1 ~ ~ 
(vl + cl''V)A(~,x) = a a o wowp(vp + ill) A(~,x), 

where aO = e AoImc2 and a = (~0·el)2 ~c2/(4woWl) ~ 1. Multiplying 

* by A and adding the complex conjugate yields the convection equation: 

where y = ala 12 wow (v 2 + 6
2 )-1 - VI is the local growth rate of 

lOp P 

the convective instability, and a thermal source term has been added. 

Integration of (2), along a ray path from a source point So outside 

~ 14 
the beam to the exit point sl at x, yields 

IA(~,~) 12 = IA(~) I~h exp r(~,~), s 

where the exponentiation integral is r(kl'~) = 2 ~ 1 Yl(S)dS/Cl • 
So 

The dependence of Y
l 

on 6 limits the effective region of 

growth to a cylindrical resonance region (see Fig. 1) of diameter D, 

centered at Ll(~,ZI) = 0 [which defines ZI(~)J, and of height 

h:; 4rr(v /w )L [defined so that Ll< 2rr v J, where L = (d tn n/dz)-l p p p 

is the density scale length. Explicit calculation of r for side-

(
-> t A scattering ~ = kly, 
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rs = ~ laoI2(wp/vp)(~D/~), while for back-scattering
4 

(~ = -~ Z, K ~ 2 k
O

) we obtain i'B:; 11 laO 12 (~L/kl)' Their ratio is 

rSJTB = (D/h)[2(k0
2 

+ ~2)/(ko + ~)2J ~ D/h. Hence the relative 

predominance of scattering sideways and backwards is given by the 

relative dimensions of the resonance zone. 

12 A detailed study of side-scattering, under conditions that 

it predominates (D/h > 2, rS > 10), indicates that the scattered 

radiation is highly collimated: the exponentiation r(~,~) is 
-> 

appreciable for kl lying in an elliptical cone about ± y , with 

polar half-angle (h/4D)r;1/2 and azimuthal half-angle r S -1/2. 

Upon integrating the scattered radiation intensity over the 

12 
surface of the beam, energy conservation (with allowance for the 

fraction Wp/Wo deposited in the plasmat3 can be used to determine the 

attenuation coefficient K(Z) = - d tn I/dz of the incident intensity 

I(z). For side-scattering the result can be expressed as 

where GS is the solution of the transcendental equation 

where T is the electron temperature (providing the thermal source 

noise: I ~ 12 2 3 2 2/ 2 / !A(~) th = 2rrc Tit (1)1)' re:; e me, and gs((I)p wo) ~ 1 

for (l)p < woI2. For typical values (see Table 1), G
S 

lies between 

30 and 40. Noting that rS is proportional to the intensity I, we 

see from (3) that KS is a rapidly increasing function of I. We 

of -' 
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-1 
define the threshold intensity IS by setting KS = L , whence 

rs = Gs at threshold, or Is = Gs(v/mp)(mc3/~e'A.oD)f , with 11.0 == 2rr./ko 

and f(m/mo ) ~ 1 for mp < md2. In units of 10
12 

W/cm
2

, 

IS = 90 GS(v /m )(mdmco )D-
l 

p p 2 mm 

An approximate analysis15 of back-scattering, under conditions 

that it predominates (D < h, rB > 10), yields the corresponding 

attenuation coefficient 

with G
B 

the solution of 

GB = tn[(mc2/T)(L/re)(v/mp)2(wdmp)(koD)-2 gB l + tn GB ' 

where gB ~ (4rr.)3 for mp/mo < ~. For typical values, GB lies 

between 25 and 35. Accordingly, the threshold intensity for predom

inant back-scattering is, in units of 1012 W/cm2, 

I = 7 G (m /mCO )L-l • This threshold is a factor GB/2rr. higher 
B B 0' 2 mm 4 

than the one-dimensional result of Liu and Rosenbluth, since their 

criterion of significant attentuation was r B = 2rr.. 

In the previous calculations we have used a cold plasma model; 

finite temperature effects can be studied by including the convection 

term 
2 -+ ",,-+-+ 

(3 v /U)K' 'V p(K,x) 
e 

on the left of (la). The equations can 

again be solved (for r» 1) with the main finite temperature 

modification12 being a small increase (less than a factor of 2) in the 

-6-

becomes absolute for X > 1; then our steady state assumption breaks 

down. For example (II) in Table 1, X = 0.64 at threshold. 

We thank C. S. Liu for his initial inspiration, and B. Cohen 

and C. Max for many helpful discussions. 
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Table 1 

n T v Iw L h D Wo WJWP 
GS IS P P 

(cc -1) (eV) (mm) (mm) (mm) (sec -1) (W/cm
2 

) 

I 1017 
30 10-3 10

2 
1.2 3 2 x 10

14 
10 35 9 x lOll 

II let° 103 10-2 
0.1 0.012 0.1 2 x 1015 

3 37 3 x 1015 
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CAPI'IONS 

Table 1. Thresholds for typical parameters. (I) Theta pinch, CO
2 

laser. (II) Laser-pellet fusion experiment, Nd: glass 

laser. In both examples, D > h;so side-scattering predom-

inates. 

Figure 1. Resonance zone geometry. The laser beam diameter is D. 

The center of the resonance zone is at z'(~); its height 

is h = 4rr(vplWp )L. 
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• LEGAL NOTICE----------.. 

This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the United 
States Atomic Energy Commission, nor any of their employees, nor 
any of their contractors, subcontractors, or their employees, makes 
any warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness or usefulness of any 
information, apparatus, product or process disclosed, or represents 
that its use would not infringe privately owned rights. 
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