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Abstract
Computations of the cohomological Brauer group of some algebraic stacks
by
Minseon Shin
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Martin C. Olsson, Chair

The theme of this dissertation is the Brauer group of algebraic stacks. Antieau and Meier
showed that if & is an algebraically closed field of char k # 2, then Br(.# 1) = 0, where ., ;
is the moduli stack of elliptic curves. We show that if char k = 2 then Br(#) 1) = Z/(2).
In another direction, we compute the cohomological Brauer group of G,,-gerbes; this is an
analogue of a result of Gabber which computes the cohomological Brauer group of Brauer-
Severi schemes. We also discuss two kinds of algebraic stacks X for which not all torsion
classes in H% (X, G,,) are represented by Azumaya algebras on X (i.e. Br # Br').
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v
INTRODUCTION

The Brauer group of a field k is a classical invariant which classifies central simple k-
algebras, and the Brauer group of an algebraic variety X classifies Azumaya Ox-algebras,
which are “twists” of the matrix algebra Mat,.,(Ox) over the structure sheaf Ox. In
complex geometry, the fact that the Brauer group is an invariant for birational maps can be
used to determine whether a variety is rational. In number theory, the Tate conjecture for
divisors for a smooth projective surface X over a finite field is known to be equivalent to the
finiteness of Br X.

In this dissertation, we are interested in Brauer groups of algebraic stacks. An Azumaya
algebra on a moduli stack corresponds to a family of Azumaya algebras on the objects of
the moduli stack compatible with all morphisms between the objects. The Brauer group of
a quotient stack [X/G] corresponds to Azumaya algebras on X that are equivariant with
respect to the G-action. The Brauer group of stacks may sometimes be used to answer
questions about algebraic varieties; for example, Lieblich [61] considered the Brauer group
of classifying stacks By, to prove new cases of the period-index conjecture for function fields
of curves over local fields.

For the moduli stack of elliptic curves .#; 1 over an algebraically closed field k&, Antieau
and Meier had shown that Br(.#) 1) = 0 if chark # 2. In we compute Br(.# 1)
in the characteristic 2 case:

Theorem A; ([4, 11.2] in char k # 2). Let k be an algebraically closed field. Then Br . ;
is 0 unless char k¥ = 2, in which case Br .1, = Z/(2).

Theorem As. Let k be a finite field of characteristic 2. Then

Z/(12) & Z/(2) if 2+ + 1 has a root in k

Br A 1 =

Lk {Z/(24) otherwise.

The methods of [4] do not apply to the characteristic 2 case since they rely on the finite
Galois cover of .# ; ;, obtained by fixing a full level 2 structure. We study the char k = 2 case
by considering full level 3 structures instead, which comes at the cost of increasing the size
of the group (by which . ;1 is a quotient stack) from | GLy(Fy)| = 6 to | GLo(FF3)| = 48.

Gabber proved that, given a Brauer-Severi scheme 7 : X — S, the cohomological Brauer
group Br'(X) is the quotient of Br'(S) by the class [X]. In we prove an analogous
result on the cohomological Brauer group of G,,-gerbes:

Theorem B. Let S be a scheme and let g : G — S be a G,, s-gerbe with [G] € Br' S. Then
the sequence

H.(S,Z) — Br'S 4 B G — 0

is exact, where the first map sends 1 — [G].

This is one of the first computations of the Brauer group of an algebraic stack that is not
a Deligne-Mumford stack. It may be viewed as a generalization of Gabber’s result since the
image of a Brauer-Severi scheme X under the coboundary H} (S, PGL,) — HZ(S,G,,) is
a torsion G,,-gerbe. Assuming additional hypotheses on S (i.e. that it is regular and its
fraction field has characteristic 0), we give another proof of Gabber’s result.
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We discuss two kinds examples of algebraic stacks for which Br # Br’, namely the classi-
fying stack of Z @ Z over a regular local ring (see [Example 2.3.5)), and the classifying stack
of an elliptic curve (see |Corollary 2.4.6)).

In we explore some questions related to the Brauer group of algebraic stacks.
Whereas in Gabber’s result and our Theorem B we are concerned with the cohomological
Brauer group, it would also be interesting to ask whether the same statements hold with
“Br”” replaced by “Br” (the Azumaya Brauer group). Partial positive results are discussed
in [Section 5.1] and [Section 5.2

In we discuss whether the Brauer group functor is an “A’-homotopy invariant”,
namely whether Br S — Br A} is an isomorphism. This is a question that arises naturally
when trying to compute the Brauer group via the descent spectral sequence associated to
a smooth covering; it may be viewed as being part of a collection of questions asking when
the étale cohomology functor H (—, G,,) for ¢« > 0 is invariant with respect to polynomial
extensions of the ground ring. It is known that the unit group (i.e. the i = 0 case) is
invariant exactly when the ring is reduced, and the Picard group (i.e. the ¢ = 1 case) is
invariant exactly when the ring is seminormal; it would be nice to find a similar, purely
ring-theoretic criterion which corresponds exactly to those cases in which the Brauer group
(roughly the i = 2 case) is invariant. The only unknown part is concerning the ¢-torsion for
primes ¢ that are not invertible in the base. We extend a result of Knus and Ojanguren to
show that the Brauer group is A'-homotopy invariant if the base is a monoid algebra over a
small class of regular rings.




1. GENERALITIES

In this section we discuss Azumaya algebras on locally ringed sites. Some standard refer-
ences are Giraud [40], Lieblich [59], and the Stacks Project [88].

1.1. Skolem-Noether for locally ringed sites.

Definition 1.1.1 (Locally ringed site, locally ringed topos).EI A locally ringed site is a
ringed site (C, O) such that, for every object U € C and f € I'(U, O), there exists a covering
{U; = U}ier of U such that for each i € I, either f|y, or (1 — f)|y, is a unit of ['(U;, O).

Lemma 1.1.2. [88, 04ES] Let (X, Ox) be a locally ringed topos [Definition 1.1.1} Let U € X
be an object and fi,..., f, € ['(U, Ox) elements which generate the unit ideal of T'(U, Oy).
Then there exists a covering {U; — U} such that for each ¢ € I there exists some ¢ €
{1,...,n} such that f;|y, is invertible in I'(U;, Ox).

Example 1.1.3. Here is an example of a ringed site which is not a locally ringed site
[Definition 1.1.1] Let X denote the Zariski site of an integral domain A, and let Oy denote
the constant sheaf associated to Z on X. Since X is irreducible, the constant presheaf Z"*°
is a sheaf, hence I'(U,Ox) = Z for all U € X. Consider the section 3 € I'(X, Oy); there
does not exist an object U € X such that 3|y € ['(U, Oy) is invertible, and the same is true
for 1 — 3. Alternatively, consider any ringed (topological) space which is not a locally ringed
(topological) space.

Remark 1.1.4. [88, 0409] Let (X, Ox) be a ringed site, and let £ be an Oy-module.
(1) We say that £ is invertible if the tensor product functor
— ®0y L: (Ox-mod) = (Ox-mod)

is an equivalence of categories.
(2) We say that £ is locally free of rank 1 if there exists a covering {X; — X'}ic; and
Oy, -linear isomorphisms L]y, =~ Oy, for all i.

In general, locally free of rank 1 implies invertible, and the converse holds if (X, Oy) is
locally ringed [88, 0B8Q)], [50), Exercise 19.2].

A counterexample to the converse in case (X', Oy) is not locally ringed can be constructed
as follows. Let A be a ring for which Pic(A) # 0, and let M be a finitely generated A-module
of everywhere rank 1 corresponding to a nontrivial element of Pic(A). Let X be the small
Zariski site of a DVR, let Oy be the constant sheaf A on X, and let £ be the constant sheaf
M, which is naturally an Oy-module. It may be checked that £ is invertible but not locally
free of rank 1.

Definition 1.1.5 (GL,, PGL,). Let X be a ringed site. For any quasi-coherent Oy-module
&, we denote

GL(E) = Mox—mod(g)
and denote

PGL(E) := GL(E) /G x
the sheaf quotient via the scalar multiplication map, and set GL,(Ox) := GL(O%") and
PGL,(Ox) := PGL(O%).

IReferences: [88, 04EU, 04HS8], [7, Exp. IV, Exercise 13.9], [40, V, §4], [41], §2], [37, page 153]
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Definition 1.1.6 (Adjunction morphism). An Oxy-module automorphism of £ defines an
Ox-algebra automorphism of End,, _,,q(€) by conjugation, so there is a morphism

GL<5> - Mox-alg(E—ndOX-mod(g)) (1161>
of sheaves of groups on X', which descends to a morphism
PGL(E) — Mox-alg(E—ndO;{-mod(g)) (1162)

of sheaves of groups on X.

Lemma 1.1.7. The map [(1.1.6.2)|is injective for any ringed site.

Proof. For this it suffices to show that the kernel of [(1.1.6.1)|is G,, ». We may reduce to the
case when & is free. Since we may show injectivity pointwise, it suffices to show that, for

any X € X, setting A = I'(X, Oy), the homomorphism
GLA(A) = Attfo |y atg(Matuen (Oxx))

of groups has kernel A*; we have an identification

Auto, | -alg(Mat, n(Ox|x)) > Aut gag(Mat, n(A)) (1.1.7.1)
since Oy-algebra automorphisms of Mat,«,(Ox) are determined by their global sections.
Now we conclude using the fact that the center of Mat,, ., (A) is A. O

Theorem 1.1.8 (Skolem-Noether for locally ringed topoi). [40, V.4.1] E|Let X be a locally
ringed topos. The canonical homomorphism [(1.1.6.2)|is an isomorphism for any finite type
locally free Oy-module &. U

Example 1.1.9 (Skolem-Noether fails for non-locally ringed topoi). Here is an example of
a ringed site X and a finite locally free Oy-module £ for which is not surjective.
As in [Example 1.1.3] let X be the Zariski site of a nonzero integral domain, let A be a ring
for which GL,(A) — PGL,(A) is not surjective (e.g. the coordinate ring of PGL,, itself), let
Oy denote the constant sheaf associated to A, and set £ := O%". Since the underlying site
of X is irreducible, every constant presheaf is a sheaf. Thus PGL,, » is the constant sheaf
assigning X +— GL,(A)/A* for all X € X, and Auty, 1,(Mat,x,(Ox)) is the constant sheaf
assigning X — Aut g_..(Mat, «,(A4)) ~ PGL,(A) for all X € X (here the last isomorphism
follows from Skolem-Noether for schemes).

Lemma 1.1.10. E|Let X be a locally ringed site, let F,G be finite locally free Ox-modules
of finite positive rank such that there exists an isomorphism

2 Mox-mod<‘r> — Mox-mod<g)

2This is the generalization of the classical Skolem-Noether theorem to local rings by Auslander-Goldman
[8, Thm. 3.6], to arbitrary schemes by Grothendieck [4I, Thm. 5.10], and to arbitrary locally ringed
topoi by Giraud [40, V.4.1]. Antieau-Williams [5, Prop. 1] have given another proof by observing that the
Skolem-Noether theorem holds for the universal locally ringed topos. The result is also found in Lieblich
59, 2.1.5.3].

3In other words, the sequence of pointed sets

H.(X,G,,) — H} (X,GL,) — H, (X,PGL,)

is exact. In [88, 0A2K], there is an outline of an argument when X is a scheme; we give the details here. See
also https://mathoverflow.net/q/128364 and http://mathoverflow.net/a/144947. This is proved for
affine schemes in [52, 2.2 Proposition].


https://mathoverflow.net/q/128364
http://mathoverflow.net/a/144947

3
of Ox-algebras. Then there exists an invertible Ox-module £ and an Ox-module isomor-
phism

E:FRo, L—=G
which induces the given isomorphism ¢.

Proof. The last claim that ¢ “induces the given isomorphism ¢” means that ¢ may be
factored as
E—ndOX-mod(‘/—:) - E—nd(ﬂx-mod(f ®OX E) - E—ndOX-mod(g)
where the first map is the canonical isomorphism and the second map is conjugation by &.
Let P denote the presheaf of sets which assigns to every object U € X the subset
F(U, P) C Hom@U(]—_|U,Q|U)
of Op-linear isomorphisms f : F|y — G|y such that the conjugation-by-f map
Cr - E—ndOU-mod(g|U) — E—ndOU-mod(]:|U)
is equal to ¢|y. We check that P is a Gy,-torsor. By the Skolem-Noether theorem
rem 1.1.8 the sequence
1 = Gp,s = GL(G) & Auty, e (Endp eq(G)) — 1 (1.1.10.1)
is exact (only left exact in general), where p denotes the conjugation map o +— {M
aMa™1}.
Given f1, f € T'(U,P), their difference fof; " is an element of I'(U, GL(G)) and we have
an equality
Pt = Cflc]; = (¢lv) o (ply) ' =id
of elements of Autoy-alg(Endp, moa(Glv)); this implies fof; ! € T(U, G,y,) by left exactness

of This shows that P is a pseudo G,,-torsor.

Let U be any object of X. There is a covering 8 = {U; — U},;er such that there are
Op,-linear isomorphisms f; : Fly, — Gy, for all i. On U;, the composite @[y, o ¢y is an
Oy,-algebra automorphism of Endy _,0q(G)|v;, so by right-exactness of we may
(after possibly refining the cover ) choose o; € I'(Us, GL(G)) such that p,, = |y, o cp.
This implies that P(X;) # 0, since it contains in particular c,, - This shows that P is a
G,,-torsor, which corresponds to an invertible sheaf L. 0

1.2. Azumaya algebras and the Brauer group.

Definition 1.2.1 (Azumaya algebra). [41), §2], [40, V, §4], [59, 2.1.5.1] An Azumaya Ox-
algebra is a quasi-coherent (non-commutative, unital) Oy-algebra A such that there exists
a covering {X; — X }ies, positive integers n;, and isomorphisms

A x; = Matnixni(OXi)

of O Xi—algebrasﬁ

Remark 1.2.2. In case X is an algebraic stack, we will (unless otherwise specified) only
consider Azumaya algebras on the site of X-schemes equipped with the smooth topology.
If X is even a scheme, it is equivalent to consider the étale or fppf topology [41) 5.1}, [69,

‘In particular, we do not require that the rank of A as a quasi-coherent Ox-module be constant (it is only
locally constant).
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IV, 2.1], but not the Zariski topology (see [74], [26], [31] for examples of nontrivial Azumaya
algebras that are Zariski-locally trivial). O

Remark 1.2.3. We note that Hilbert’s Theorem 90 does not hold for algebraic stacks,
namely the canonical map
Hy,. (X, GL,) — H{ (X, GL,)

is not necessarily surjective. Schréer [83] showed that there exists an algebraic space X for
which Pic(Xza) — Pic(Xe) is not surjective.

For another example, let k£ be a field, let G be a finite group, and set X := BGj. There is
a correspondence between quasi-coherent O x-modules and G-representations over k, i.e. k-
vector spaces V' equipped with a group homomorphism G' — Aut,(V'), and a quasi-coherent
Ox-module .# is locally free if and only if the pullback £*.# is a locally free Ogpecp-module,
where € : Speck — X is the map corresponding to the trivial G-torsor. Thus every quasi-
coherent O x-module is étale-locally free. Then X has coarse moduli space 7 : X — Speck.
Thus the topological space associated to X is a single point, thus there is only one open
substack of X. Thus Zariski-locally free Ox-modules are in fact free. This shows that
étale-locally trivial vector bundles are not necessarily Zariski-locally trivial. U

Definition 1.2.4 (Equivalence relation between Azumaya algebras). [40], §V.4, eqn (4)] Two
Azumaya algebras A; and A, are Brauer equivalent if there exist locally free Ox-modules
& and & of finite rank and an isomorphism

Al ®0X mox—mod(gl> = A2 ®(9X Mox—mod(EZ)
of Ox-algebras.

Remark 1.2.5 (Relationship between Brauer and Morita equivalence). [59, 2.1.4] Let A be a
unital, associative QO x-algebra. Let Mod™(A) denote the I'(X, Ox)-linear category of locally
finitely presented A-modules. The assignment U + Mod™(A|y) defines a fibered Ox-linear
category A odff{ — X over X. Two Ox-algebras A;, Ay are fibered Morita equivalent if
there is an equivalence .# odffl’1 ~ M odff{Q of fibered Ox-linear categories. If A, Ay are
Azumaya Ox-algebras, then A;, Ay are Brauer equivalent if and only if A;, A, are fibered
Morita equivalent [59) 2.1.5.8]. O

Definition 1.2.6 (Brauer group). The set of Brauer equivalence classes of Azumaya algebras
is denoted

Br X
and is called the (Azumaya) Brauer group of X. There is an (abelian) group structure on
Br X given by tensor product of Azumaya algebras, the inverse is given by [&/]™! = [&7°P],
and the identity element is the class of trivial Azumaya algebras [Endy _.,4(E)].

Note 1.2.7 (Determinant of Kronecker product). H Let A be a ring, and for ¢ = 1,2 let M;
be an n; X n; matrix with entries in A. The determinant of the nyng X nine matrix M; ® 4 M,
is

det(My @4 My) = (det(My))"™ - (det(My))™

since we have a factorization
My ®4 My = (M; ®41idy,) o (id,, ®4M>)

SFrom http://math.stackexchange.com/q/1316594/.


http://math.stackexchange.com/q/1316594/

of Kronecker products and determinant is multiplicative for products of matrices.
In particular, it may be checked that, if M is an n x n matrix, then
det(M®*) = (det(M))™"
for all positive integers n.
Lemma 1.2.8. Let X be a locally ringed site. Let
a: Endy, (OF") = Endy (OF")

be an Ox-algebra automorphism of End, (OY"). The sheaf P, of liftings o to GL,, is a
G-torsor and the class [P,] is n-torsion in Pic(X).

Proof. The first claim follows from the Skolem-Noether theorem [I'heorem 1.1.8] In particu-
lar, there exists a covering 4 = {X; — X };c; such that each restriction

alx, : Endo, (0F") = Endo, (OF")

is induced by conjugation by some element M; € GL,(Ox,). On the pairwise intersections

Xiy iy = X4y Xx Xi,, there exists a unique v;, ;, € I'(Xi,.4,, G,) such that
(Mi1|Xi1,i2) ’ (Mi2|Xi1,i2)_1 = Yixia id,, (1'2'8'1)
for all 4y, i5. Since M; are n x n matrices, taking determinants in |(1.2.8.1)[implies
det<Mi1) Xiqig det(Migl) Xiyig — 7{1,1‘2

in I'( X, 45, Gp) for all 43,49 € I. The collection {7, 4, }iy.iser constitutes a 1-cocycle in G,
which defines a class [a] € H'(X,G,,); to show that n[a] = 0 in H'(X,G,,), it suffices to
show that the G,,-torsor of liftings of

a®" : Endy ((OF")") = Endo, ((OF")%")
to GL,» is trivial, i.e. has a global lifting. The same covering il is a trivialization cover

for a®™; each restriction a®"|y, is induced by conjugation by M", and on the pairwise
intersections we have

(M

Xi1»i2> ’ (Ml§n Xil,ig)il = 7@'77;,7;2 idn" (1282)
so n[a] is equivalent to the 1-coboundary {det(M;)}ic;. Thus the collection
{det M®n}2€I

agree on pairwise intersections, hence glues to give a global section M € I'(X,GL,,) which
induces the automorphism a. We may check by [Note 1.2.7| that det(4; o M )M ) =1, hence
also det(M) = 1. O

Lemma 1.2.9 (Azumaya algebra of rank n? is n-torsion). H Let X be a locally ringed site.
Let A be an Azumaya Ox-algebra of constant rank n?. There exists a finite locally free
Ox-module & of rank n"™ and an isomorphism

A®" ~ End, (€)
of Ox-algebras. Thus the class of A in Br X is annihilated by n.

6This argument is inspired by, but different from, the argument given in [88, 0A2L] (for schemes), which
references [81]. The arguments of [40, §V.4.6] and [5, Thm. 3] assume that the nth power morphism
Gy — Gy, is an epimorphism, so that also SL,, — PGL,, is an epimorphism. For the case of fields, see [62]
§30, Theorem 3] (crossed products and cocycles) and [38], 4.4.8] (finiteness of group cohomology).



Proof. Choose a covering 34 = {X; — X };¢; for which there exist isomorphisms
a; : Alx, — Endp, (OF7)
of Ox,-algebras. On the pairwise intersections X;; := X; X x X, we obtain Oy, -algebra

automorphisms
ij) © ( ij )71

ﬁij = (Oéz'

of Endp, (OF)). Let
Pij C Moxij (0?22)
be the sheaf of liftingsﬂ of B;; to GL,; this is a pseudo-G,,-torsor in any ringed topos and is

locally nonempty, i.e. is a G,,-torsor, by Skolem—Noether [Theorem 1.1.§8[since X is locally
ringed. We have that P;; is n-torsion in H'(X;;, G,,,) by [Lemma 1.2.8| For any integer s, let

(Pij)** C Auty, ((’)@”)

denote the sheaf associated to the presheaf sendlng
U~ {Pl . "Ps : PZ & F(U,,Pw)}
for any U € (X/X;;). Then (P;;)** is again a G,,-torsor and we have
[(Pij)**) = s[Pi] = 0
in H'(X;;,G,,). Since (P;;)*™ is the trivial torsor, we may choose a global section
Ni; € T'(Xij, (Pij)*")
which is locally on Xj; of the form P". We have

Bik Xk © Bij Xijk — Bik Xijk
corresponding to an equality
(ij Xijk PZJ Xijk)# = Pix Xijk
of subsheaves of Aute, ((’)ﬁ%’;k), where (—)# denotes sheafification. Let
ij 2
Rij C Pij

denote the sheaf of nth roots of N;;; then R,;; is a p,,-torsor, since it is locally nonempty by
assumption on N;;. Let
Ti; C _AUtox,,((O®n)®n)
ij

be the sheaf of liftings of the Oy, -algebra automorphism S

MOX__((O?;)@"); it is a Gy,-torsor by the Skolem-Noether Theorem. Since R;; is a f,-
ij z

torsor, for any U € (X/X;;) and Ry, Ry € T'(U, R;;) we have RY" = R3™ in T'(U, T;;), hence

glue to give some

2 of Endy, ((OF7)%") to

My; € I'(Xi;, Tij)
which restricts to each R®"; in particular the G,,-torsor 7T;; is trivial. Moreover we have

Xn o [®n — QPN
ik 1 Xijk ij 1 Xije — Mik 1 Xk
corresponding to an equality
(Tk Xije * 7: ijk># - 7;k Xijk

It is useful to consider first the case when each P;; is trivial.
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of subsheaves of Moxm ((O?@Z_k)m). For any U € (X/X,;), we have det(R;) = det(Ry) for
any Ry, Re € I'(U, R;5); thus det(I'(U, R;;)) glue to give a global section

a;; € I'(Xi;, Gp)
restricting to det(I'(U, Ry;)) on U and such that af; = det(Nj;). For any U € (X/Xjj;.) and
Ri; € I'(U,Rij), Rit € T(U,Rix), Rjr € I'(U,Rji), we have that
Rjk - Rij - Ry
is an element of I'(U, G,,,) whose nth power
bijk € T(U,Gp)

is independent of choice of R;j, Rix, Rji since R;j, Rik, Rji are p,-torsors. Moreover one may
check that

Mjk?|Xijk ’ Mij|Xi]’k = bijkMik|Xijk
and

Ak Xije — bijkaik

which implies that the collection

Xijr " Qij Xijk
{aoMijbijer
satisfies the cocycle condition, which allows us to glue the finite free sheaves
{(OX1)*" tier
to get a finite locally free &£. U

Definition 1.2.10 (Locally nonzero). Let X be a site. Let A be a torsion free abelian group
and let A be the constant sheaf on X associated to A.

(1) We say that a section n € I'(X, A) is locally nonzero if there is a nonempty covering
{X; = X}ier and nonzero integers n; € A such that for each ¢ € I the restriction
n|x, is equal to the image of n; under the sheafification map A — I'(X, A).

(2) Given a I'(X,A)-module M, we say that an element o € M is I'(X, A)-torsion if
there exists a locally nonzero section n € I'(X, A) such that na = 0.

We will usually be interested in the case A = Z and M = H(X,G,, x). See the definition
of the cohomological Brauer group |Definition 1.4.2] and [Appendix Al

Lemma 1.2.11. The group Br X is I'(X, Z)-torsion (see [Definition 1.2.10)).

Proof. Given an Azumaya Ox-algebra A, the assignment U — y/rank Ay defines a locally
nonzero section n € I'(X, Z) and [A] is n-torsion in Br &’ by |Lemma 1.2.9 O

1.3. Gerbes and twisted sheaves.

Definition 1.3.1. Let S be a site, and let 7 : G — S be a category fibered in groupoids.
We view G as a site with the Grothendieck topology inherited from S [7), III, 3.1]. For any
object U € S, let G(U) denote the fiber category of G over U.

The inertia stack of 7 : G — § is the 2-fiber product Ig/s := G Xag,5,0x56.84,s ¥ Of the
diagonal Ag /s G — G Xs G with itself. The inertia stack Ig/s is fibered in sets over G
via either projection Ig;,s — G, hence we may identify Ig,s with the sheaf of groups on G
associating x — Autg(x).

We say that 7 is a gerbe if the following conditions are satisfied:



(i) The fibered category G is a stack over S.
(ii) For any U € S, there exists a covering {U; — U };¢; such that G(U;) # 0 for all i € 1.
(iii) For any U € S and z1, 29 € G(U), there exists a covering {U; — U };¢r such that for
all 7 € I there exists an isomorphism x; v, in G(U;).

Let A be an abelian sheaf on §. We say that a gerbe 7 is an A-gerbe if it is equipped with
an isomorphism

Uing

L Ag — [g/s (1311)

of sheaves of groups on G.

If S is equipped with a sheaf of rings such that (S, Ogs) is a locally ringed site, we set
Og := 1 'Ogs; then the pair (G, Og) is a locally ringed site.

An A-gerbe G is called trivial if it has a global section, i.e. the fiber category G(S) is
nonempty. In this case, for each global object = € G(S), there is a morphism of A-gerbes
BA — G from the classifying stack to G, which is necessarily an isomorphism by [76, 12.2.4].
Thus for any object x € G lying over U := m(z), the restriction Gy of G to the slice category
S/U is a trivial Ay-gerbe. O

Theorem 1.3.2. [40], [70, 12.2.8] Let S be a site and let A be an abelian sheaf on S.
There is a bijective correspondence between isomorphism classes of A-gerbes and classes in
H%(S, A).

1.3.3 (Pullback of gerbes). Let f : X — Y be a morphism of sites, let A (resp. B) be an
abelian sheaf on X (resp. Y), let ¢ : B — f,A be a morphism of abelian sheaves on Y, and
let % be a B-gerbe on Y. Let

X = f"tw
denote the inverse image gerbe (see of % by . It is an A-gerbe naturally

equipped with a morphism

F: 2 =%

of sites. Suppose P is a property of morphisms of locally ringed sites which is local on
the target (e.g. flat, finite locally free). If f has P, then F' has P, since locally on Y the
morphism F'is of the form BG,, x — BG,, y, which is locally on Y a pullback of f.

For the remainder of this section, we will assume the following setup:

Setup 1.3.4. Let § be a locally ringed site, let A be an abelian sheaf on S, let 7 : G — S
be an A-gerbe.

Definition 1.3.5 (Inertial action, eigensheaves, twisted sheaves). [59], [60] Let .# be an
Og-module. For an object x € G and a € I'(z, Ag), let t(a)* : I'(z,#) — I'(x,.Z) be the
restriction map of the sheaf % via the automorphism ¢(a) :  — z; such x and a defines an
Og g-linear automorphism of F|g/, by {y — x} — ¢(a|,)*; thus we have a homomorphism
Ag — Aut, g(ﬁ ) of group sheaves on G corresponding to an Og-linear Ag-action on #,
called the inertial action.

Let R
A = HomAb(S)(A, Gmyg)

denote the group of characters of A. Given an Og-module .# and a character xy € :&, the
xth eigensheaf is the subsheaf
FCF
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defined as follows: for all objects x € G, a section f € I'(x,.%) is contained in I'(x,.%,) if
for any morphism y — x and any a € I'(y, Ag) we have

(e(a)*)(fly) = xg(a) - fly (1.3.5.1)
in I'(y,.#). The Og-module .# is called x-twisted if the inclusion .#, C .% is an equality.

(By this definition, the zero module 0 is y-twisted for any y € K) The eigensheaf .7, is an
Og-submodule of .7 since Autg(x(z))(x) acts trivially on I'(z, Og) by definition of Og. We
have a canonical map

Ba P~ F (1.3.5.2)

which is in general neither injective nor surjective for arbitrary locally ringed sites (e.g.
[Example 1.3.10)).

In case A = G, s, for any integer n € Z we have a character x,, : G,,, = G, corresponding
to the nth power map, and the eigensheaf .%#,, is denoted .#, and x,-twisted sheaves are
called n-twisted. For any Og-module M, the pullback 7*M is O-twisted; in particular the
structure sheaf Og is O-twisted. O

Lemma 1.3.6. [22] 2.11], [60, 3.1.1.7] For i = 1,2, let .%; be a y;-twisted Og-module. Then
Homp, oq(F1, F2) is (X' x2)-twisted and F, ®o, Fo is (x1 - Xa)-twisted.

Proof. Let x € G be an object and let
NS F(‘m?I—IO—mOg—mod(yl?yZ)) = Hom0g|z(‘g51’xa‘g52’90)

be a section. For any morphism y — = and element a € I'(y, Ag), the restriction (¢(a)*)(¢|,)
sends i (a) - s — xa(a) - p(s), which is the same as sending s — (x1(a)™! - xa(a)) - ©(s).

Sections of I'(z, %1 ®o, F2) are locally sums of elements of the form s; ® s, for s; €
I'(z, #;), and we have (¢(a)*)(s1 ® s2) = (t(a)")s1 ® (1(a)")s2 = (x1(a) - 51) ® (xa2(a) - 52) =
(x1(a) - xa2(a)) - (51 ® s2). O

Lemma 1.3.7 (Pushforward of twisted sheaves). Assume the setup of [1.3.3) and let .# be
a xya-twisted Qg -module. For any character xyg € B making the diagram

f*A % f*Gm,X

[ %

B——— Gy

commute, the pushforward F,.% is yp-twisted.

Proof. See[C.0.6] O

Lemma 1.3.8 (Functoriality under localization). Assume the setup of [Definition 1.3.5, Let
Z be an Og-module, let x : A — G,, s be a character, and let {S; — S}ier be a covering.
The following are equivalent:

(i) .7 is x-twisted.
(i) F|s, is x|s,-twisted for all i.
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Proof. (i)=-(ii): by definition (see|(1.3.5.1)).

(ii))=(1): Let x € G be an object and let f € I'(z,.#) be a section. Let y — z be a
morphism in G; then the covering {S; — S}ier defines coverings {z; — x}ier and {y; — y}ier
by pullback. For any section a € I'(y, Ag), we have

(@) (FlDle = (aly)) (Fle) £ Xalaly,) - Flu = (xg(a) - £1,)
where equality t follows from (ii); hence (¢(a)*)(fl,) = xg(a) - fl,- O

Yi

Proposition 1.3.9. Assume the setup of [Definition 1.3.5] If S is an algebraic stack and .% is
quasi-coherent and A is a diagonalizable group scheme, the map|(1.3.5.2)[is an isomorphism.

Proof. This is proved in [I1], 4.7]; we give the outline here. The case when § is a scheme is
[59, 2.2.1.6]. For any scheme S admitting a map S — S, the restriction G|g of G to (Sch /)

is a Ag-gerbe, and the mapn isomorphism for the restriction .#|g,, thus we
obtain the desired result by [l
Example 1.3.10. Here we give examples of a locally ringed site S, a G,, s-gerbe G, and a
quasi-coherent Og-module .# for which is not an isomorphism. Let k£ be a field,
and let S be the topological space consisting of a single point {*} and let Os = k (the
small Zariski site of k). Let G := BG,, s be the trivial G, s-gerbe; then G is the groupoid
consisting of a single object £ and Autg(€, &) ~ k*, equipped with the ring I'(§, Og) = k, and
each element of k* acts on I'(§, Og) by the identity. Quasi-coherent Og-modules are k-vector

spaces V' equipped with a group homomorphism p : k% — Autg (V). The nth eigensheaf is
the subspace V,, C V consisting of elements v such that (p(u))(v) = u"v for all u € k*.

(i) Let £ = Q, let V = k, and let p be the map sending u — {v — —v} if u is
negative and u + idy if w is positive. Suppose v is a nonzero vector contained in
V,, for some n. Then (p(2))(v) = v = 2"v, so n = 0 since v # 0. But we have
(p(=1))(v) = —v = (=1)"v, which is a contradiction. Hence V,, = 0 for all n € Z.

Thus|(1.3.5.2)| is injective but not surjective.

(ii) Let k =T, let V =k, and let p be the standard representation, i.e. (p(u))(v) = uv
for all uw € k. Thus V; =V, however Vi ,,—1) = V4 for all n € Z, hence|(1.3.5.2)|is
surjective but not injective.

Remark 1.3.11. We will most frequently apply in the case A = G,, x and
B =G,y and xa =idg and xg = idg,, y -

m,X

Definition 1.3.12 (Category of x-twisted modules). For a character y € A, let

Mod(G, x)
denote the full subcategory of Mod(G) consisting of y-twisted Og-modules. O

Remark 1.3.13. Given two Og-modules .# and ¢, any Og-linear morphism ¢ : % — ¢
restricts to an Og-linear morphism ¢, : .%#, — ¥%,; the assignment .# — .%, defines a
functor Mod(G) — Mod(G, x) which is right adjoint (and a retraction) to the inclusion
Mod(G, x) — Mod(G).

Remark 1.3.14 (Modules on trivial gerbes). We say that an A-gerbe G is trivial if there is
an isomorphism G ~ BA. In this case we have the usual equivalence of categories between
sheaves on G and sheaves on S equipped with an A-action. For a sheaf .# € Sh(BA), the
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pushforward 7.7 is identified with the subsheaf of .7 of sections invariant under the action
of A. For any sheaf M € Sh(S), the inverse image 7'M € Sh(BA) corresponds to the sheaf
M equipped with the trivial A-action. If s : § — BA is the section of 7 corresponding to
the trivial A-torsor, then s™! : Sh(BA) — Sh(S) is the functor forgetting the A-action.

Remark 1.3.15. For any Og-module .%, the counit map

T F — F
is injective and its image coincides with .%,. Indeed, this can be checked locally on S, in
which case we may assume G is the trivial gerbe and use |[Remark 1.3.14!

Lemma 1.3.16. Let S be a locally ringed site, let A be an abelian sheaf on S, and let
m:G — S be an A-gerbe. The pullback functor

7™ : Mod(S) — Mod(G, 0)

is an equivalence of categories with quasi-inverse 7,. If P is a property of modules preserved
by pullback via arbitrary morphisms of sites (e.g. quasi-coherent, flat, locally of finite type,
locally of finite presentation, locally free), an Os-module M has P if and only if the Og-
module 7*M has P.

Proof. For the first assertion, it suffices to show that for any Og-module M the unit map
M — . 7M
is an isomorphism, and that for any O-twisted Og-module .# the counit map
T F — F
is an isomorphism. Both of these claims are local on S, hence we may assume that G is
trivial, in which case the claims follow from [Remark 1.3.14] and [Remark 1.3.15. The second
assertion is also local on &, hence we may assume that G is trivial, in which case there is

a section s : & — G of m. For any 0-twisted Og-module .%, we have 7,.# ~ s*.% by the
discussion in [Remark 1.3.14! O

1.4. Brauer map. Giraud [40] defined a functorial map from the Brauer group Br X to the

2

étale cohomology group Hg, (X, G,,), called the Brauer map. In cases where the Brauer map

is an isomorphism, we may compute Br X using cohomological techniques. In this section we
define the Brauer map and record a necessary and sufficient condition (Lemma 1.4.5)) which
allows us to determine when a class a € H% (X, G,,) lies in the image of the Brauer map.

Definition 1.4.1 (Gerbe of trivializations). [40] IV, §4.2], [41], §2], [76, 12.3.5, 12.3.6] There
is a natural way to associate, to every Azumaya Ox-algebra A, a G,, x-gerbe
Ga
called the gerbe of trivializations of A. An object of G4 is a triple
(U,E,0)

consisting of an object U € X, a finite type locally free Op-module € (necessarily everywhere
positive rank), and an isomorphism o : Endg, _,,4(€) = Aly of Oy-algebras. A morphism

(f, fﬁ) (U, &1, 01) = (Us, &2, 09)

consists of a morphism f € Morx(U;,Us) and an isomorphism f* : f*& — &; of Oyp,-
modules such that oy = 01 0 pps where py: denotes conjugation by f*. The category G4
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comes equipped with a projection py : G4 — X sending (U,&,0) — U on objects and
(f, ) — f on morphisms, and p4 presents G4 as a stack in groupoids over X. For any
object (U, E,0) € G4 there is a canonical injection

Lwgo) : Gmu — Aute )

of sheaves on X/U, sending u + (idy,u). This injection is an isomorphism, since if
(idy, f*) € Autg, ) ((U,€,0)) then f* € Z(Endo,-moda(€)), which coincides with Oy since
Z(Mat,xn(A)) = A for any commutative, unital ring A.

By the Skolem-Noether theorem [Theorem 1.1.8] any two local trivializations of A are
locally related by an automorphism of the trivializing vector bundle £, i.e. any two objects
of G 4 are locally isomorphic. Furthermore, according to the definition, an Azumaya algebra
is locally trivial, i.e. for any U € X there exists a covering {U; — U} such that the fiber
category G4 (U;) is nonempty. The above considerations show that G4 is a G,, x-gerbe.

Definition 1.4.2 (cohomological Brauer group, Brauer map). [40, V, §4] The assignment
A — G4 of the gerbe of trivializations to an Azumaya algebra induces a group homomor-
phism

oy : BrX — H*(X,G,, x) (1.4.2.1)
whose image is contained in the I'(X, Z)-torsion subgroup (see [Definition 1.2.10))

Br' X := H*(X, G, x )tors
which is called the cohomological Brauer group. The restriction

ax :BrX — Br' X (1.4.2.2)

is called the Brauer map. The map oy (hence also ax) is injective (a G,, x-gerbe is trivial
if and only if it has a global object).

1.4.3 (Functoriality of the Brauer map). Let
(fa fﬁ) : (Xv OX) — (Y7 OY)

be a morphism of locally ringed sites. The diagram

Br X —5 H2(X, G x)

fﬁ P* (1.4.3.1)

BrY — H*(Y,G,,y)

Qy

commutes, as verified in [C.0.7]

1.4.4 (Tautological line bundle). On the classifying stack BG,, x, there is a canonical in-
vertible sheaf y, called the tautological line bundle, which assigns to every G, y-torsor
U € BG,, x(U) the global sections I'(U, £) of the associated invertible Op-module L.

For a general trivial gerbe 2", one can associate an invertible Oy, -module x4 to every
global object % by pushing forward via the induced isomorphism of G,, y-gerbes BG,, v —
Zu the tautological bundle on BG,,, ;. For any morphism %4 — %, there is an isomorphism

Xl 20, = X (1.4.4.1)
which is compatible with compositions 2 — % — ;.
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Lemma 1.4.5. |76, 12.3.11], [60], 3.1.2.1] Let 2" be a G,, x-gerbe over a locally ringed site
X. The class [2] € H*(X, Gy, x) is in the image of oy if and only if 2" admits a 1-twisted
finite locally free O 4-module of positive rank.

Proof. Let A be an Azumaya Ox-algebra and let 2" := G4 be its gerbe of trivializations
[Definition 1.4.1] Let & be the O 4 -module assigning

(U,E,0) = T(U,E)

on objects and
{(f, [%) : (U1, &1,01) = (Ua, &2,00)} = {f* : T(U2, &) — D(U, &)}

on morphisms of Z". Then & is finite locally free sheaf of everywhere positive rank, and it
is 1-twisted since an automorphism (idy,u) € Auty @) (U, €, 0)) with v € I'(U, G, x) acts
on I'(U, £) by multiplication-by-u.

Conversely, suppose 2 is a G, x-gerbe admitting a 1-twisted locally free sheaf of every-
where positive rank, say &. The endomorphism algebra

A = MO%—mod(g)

is an Og-algebra which is 0-twisted and finite locally free as an Oy -module;
set
A=

which is an Azumaya O x-algebra such that the canonical map 7*A — &7 is an isomorphism
by [Lemma 1.3.16, To show that 2 is isomorphic to G 4, it suffices by [76], 12.2.4] to construct
a morphism of G,,, x-gerbes &~ — G4 over X. Given an object U € X, let 2 denote the
restriction of 2" to the slice category X/U and let my : 2y — X /U denote the restriction
of m. Let % € Z°(U) be an object of the fiber category. Recall that x4 is a 1-twisted
invertible O, -module associated to % ; then

En = m0(El 2y R0y, Xu')
is a finite locally free Opy-module which trivializes A|x/y via the isomorphism
2v) = Tua(Endo . (€]21,)) ~ Endy, (£
of Op-algebras. Let 2 — G4 be the functor sending
U v— (m(U),Ewou)

ou  Alxju ~ mu (A

on objects and
(% = W} = ({7(%) = 71(%)} A Enlxm) = En})
on morphisms, where €, |r@) = €2 is the map induced by |(1.4.4.1 O

1.5. The cup product and cyclic algebras. In this subsection, we discuss cyclic algebras
on arbitrary locally ringed sites.

1.5.1 (Cyclic algebras via cocycles). Let X be a locally ringed site, let n be an integer, let
Z/(n) denote the constant sheaf on X associated to Z/(n). The natural bilinear map

Z[(n) X py = Hn

of sheaves defined by (a, &) +— £* induces the cup product
U H (X, Z/ () % HE (X, i) — B2(X, i)
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in cohomology. We can represent the classes
ac HY(X,Z/(n))

and
¢ € HY(X, )

as Cech 1-cocycles

Q= {O‘ioﬂ'l }io,ilef
and

§ = {&ipin Yioiner
for some covering

Wi={X; = X}ier
after a common refinement, if necessary; here a,;, € I'(X;, xx Xi,,Z/(n)) and satisfies the
usual cocycle condition on the triple intersections X;, X x X;, X x Xj,, and similarly for &;, ;.
Then there is a commutative diagram

HY (8, Z/(n)) > HY(84, ) — F2(L, p,)

| |

H (X, Z/(n)) x H(X, ) —» H2(X, 1)

of abelian groups and the cup product o U ¢ is given by the Cech 2-cocycle
(Oé U 5)i07i17i27 = (fihiz)aiodl
for ig,il,iQ el

We construct the Azumaya Ox-algebra A, ¢ by gluing the trivial Azumaya Ox,-algebras
Mat,«n(Ox,) on the intersections X;, X x Xj,.

(1) Definition of Aaglx,,: Given a ring A, the A-module A®™ is a ring with coordinate-
wise addition and multiplication; let {e;}icz/() be the standard A-basis of A®™" a5 an
A-module; the diagonal map A — A®" endows A®" with the structure of A-algebra.
Let

Cn(A) = (A®n)<$>/($n =1,{e;x = $€i+1}z‘eZ/(n))
be the noncommutative associative A-algebra where the structure map A — C,,(A)
is via the A-algebra structure on A®™. We have that C,(A) is a free A-module of
rank n?, and the collection
{eir’}ijezsm)
constitutes a basis for C,,(A) as an A-module. One may check that the multiplication
structure on C,,(A) satisfies

i @ - e, 7% = (i) *aon €4y gy )T T
for all g, jo € Z/(n).
(2) Verification that C,(A) ~ Mat, x,(A) as A-algebras: There is an A-algebra map
C(A) = Mat,n(A) (1.5.1.1)

sending
e; — Ei,i
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and

T Ziez/(n) Eiiv1
where E; ; € Mat,,(A) for i,j € Z/(n) is the n x n matrix with 1 as the (¢, j)th
entry and Os everywhere else.

(3) Algebra automorphism on double intersections: Suppose given o € Z/(n) and £ €

tn(A). After decomposing A into connected components, we may assume that « is in
the image of the sheafification map I'(A, (Z/(n))P*®) — I'(A,Z/(n)). The A-module
map
Yae : Cp(A) = C,(A)
sending ' '
v’ > €ira(§x)’
respects the multiplication lawﬂ on C,(A), thus ¢, ¢ is an A-algebra automorphism
of C,(A). Under the identification |(1.5.1.1), this corresponds to the algebra auto-
morphism of Mat,,»,(A) given by the conjugation-by-P,D¢ map
s+ (PaDg) 's(PoDg)
where Py, i= (30,05 Biis1)® and Dg := 35,5 ¢'E;;. One may check that
D¢P, = P, D¢ (1.5.1.2)
so it does not matter whether we conjugate by P,D¢ or D¢P,.
(4) Cocycle condition on triple intersections: Given

(g, 3, 0113 € Z/(n)

and
€12, 823,813 € n(A)
such that
Q3 = Q2 + g3
and
§13 = §12823
we have
Paisé1s = Paizéiz © Pass,fas (1'5'1‘3)

since the image of e;z/ under the LHS is €l4€itra,,07 and the image of e;z7 under the
RHS is §{2§%36i+a12+a23xj for all i,j S Z/(”)
Using the above, we obtain the desired cyclic Azumaya Ox-algebra A, .

We verify that the diagram

8Details: This comes down to the equality

(€ir+a(€2)™) - (Cizra(€2)®) = (€irta aen Ciyrr+a) (€2) T

for all iz, jo € Z/(n).
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H'(X,Z/(n)) x H'(X, ) —— H2(X, 1)

fo f3

Br X 7 H2(X,G,)

commutes (here f is the Brauer map and f; is the cyclic algebra construction as above and
f3 is the natural map induced by the inclusion p,, — G,,). Given a 1-cocycle « for Z/(n) and
a 1-cocycle ¢ for p, as above, the image fi(f2(a,§)) is the G,,-gerbe X, ¢ of trivializations
of the algebra A, as above. We again assume that the covering 4 trivializes both o and
€. By (1), we have that the fiber categories X, ¢(X;) are nonempty; choose trivializations of
Auelx, as in (2); on double intersections X;, x x X;,, we obtain algebra automorphisms as
in (3); on triple intersections X;, x x X;, Xx Xj,, we note that

(POé12DE12)<P D§01) = S?QMP DEOQ

by |(1.5.1.2), where the difference £79" is the Cech 2-cocycle obtained via the composition
f3 oU. |:|

@01 @02
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2. BRAUER GROUPS OF ALGEBRAIC STACKS: GENERALITIES AND EXAMPLES

2.1. Surjectivity of Brauer map. In this section we investigate the surjectivity of the

Brauer map ax |(1.4.2.2)]

For a scheme X it is known that ax is surjective (hence an isomorphism) in the following
cases:

(1) if X is a 1-dimensional or 2-dimensional and regular (Grothendieck [42, Corollaire

(2) if X is quasi-compact and admits an ample line bundle (Gabber, see [22] and [80]),

(3) if X is the semi-separated union of two affine schemes (Gabber [37], see also [60),
3.1.4.5)),

(4) if X is a smooth toric variety over an algebraically closed field of characteristic 0
(DeMeyer-Ford [27, Theorem 1.1]),

(5) if X is a separated geometrically normal algebraic surface (Schréer [82]).

Recently S. Mathur proved a generalization of Schréer’s result [82], removing the condition
that X be of finite type over a field and allowing algebraic spaces:

Theorem 2.1.1 (Mathur). [65] Theorem 4.3.2] Let X be a separated, Noetherian algebraic
space whose regular locus contains a dense open subset. Then for any a € Br'(X) there
exists an open U C X with codim(X \ U) > 3 and «|y € Br(U).

The first example of a scheme for which Br # Br’ was given by Edidin, Hassett, Kresch,
Vistoli:

Example 2.1.2. [28, Corollary 3.11] Let X be two copies of Spec C[z,y, z]/(zy — 2*) glued
along the nonsingular locus (i.e. the origin). Then Br X # Br’ X. (In [12] it is shown that
Br X =0 and Br' X =Z/(2). For the proof of [I2, Lemma 4], we may also cite Gubeladze’s
theorem [46, Theorem 2.1].)

The following result states that a class in H% (X, G,,) may be represented by an Azumaya
algebra after pulling back by a proper birational morphism. (In case X is finite type separated
over a Noetherian affine scheme, we may also use Chow’s lemma [88, 0200] and Gabber’s
theorem [22] to give the desired result.)

Theorem 2.1.3 (Bogomolov-Landia). [I3] Let X be a Noetherian scheme, let v € HZ, (X, G,,)
be an element. There is a proper birational morphism f : X — X such that f*vy is in the
image of ax.

Lemma 2.1.4. Let f : X — Y be a finitely presented, finite, flat, surjective morphism of
algebraic stacks. A class 8 € H*(Y,G,,y) is in the image of o} if and only if its pullback
f*B € H*(X,G,, x) is in the image of o/y.

Proof. (This is well-known, see [37, page 165, Lemma 4], [22], 2.14], [60, 3.1.3.5], etc.) Let
% be the G, y-gerbe corresponding to 4. As in[[.3.3] let 2" be the inverse image of %
by f, and let F : 2~ — % be the induced morphism of algebraic stacks; here F' is finite
flat surjective by If 2 is in the image of oy, then by it admits a 1-
twisted finite locally free O 2-module of everywhere positive rank, say &. The pushforward
F,& is a finite locally free Og-module of everywhere positive rank, which is 1-twisted by

Lemma 1.3.7, Hence by [Lemma 1.4.5( we have that % is in the image of o, .
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The other direction follows from commutativity of the diagram |(1.4.3.1)| O

Corollary 2.1.5. Let X be a smooth separated generically tame Deligne-Mumford stack
over a field k with quasi-projective coarse moduli space. The Brauer map ay is surjective.

Proof. By Kresch and Vistoli [50], 2.1,2.2], such X has a finite flat surjection Z — X where Z
is a quasi-projective k-scheme. By Gabber’s theorem [22] 1.1], the Brauer map is surjective

for Z. Thus the Brauer map is surjective for X by |Lemma 2.1.4] 0

Corollary 2.1.6. Let X be a scheme and let G be a finite discrete group with associated
constant sheaf G'x. Then ap¢, is surjective if and only if ay is surjective.

Proof. Suppose ax is surjective. The morphism X — BGx is a finite locally free morphism
so we may apply [Lemma 2.1.4 Conversely, if apg, is surjective, then ay is surjective by

functoriality |(1.4.3.1)| O

Theorem 2.1.7. [4, 2.5 (iv)] Let X be a regular Noetherian algebraic stack, and let U C X
be a dense open substack. Then the restriction map

Hzt(Xa Gmx) = Hg,t(U> Gmv)

is injective.
Proof. In [4] the result is stated only for Deligne-Mumford stacks, but the proof applies more

generally, the point being that reflexive sheaves of rank 1 on regular Noetherian algebraic
stacks are invertible. 0

Lemma 2.1.8. [4, 2.5 (iii)] Let X be a regular Noetherian Deligne-Mumford stack. Then
HZ.(X, G, x) is a torsion group.

Proof. The following argument is only superficially different than that of [4]. By [58, (6.1.1)],
there exists a dense open substack 4 C X such that U is isomorphic to the quotient stack
[U/G] where U is an affine scheme (necessarily regular) and G is a finite group. Since the
restriction H2,(X, G,, x) — H% (U, G,, 1) is an injection by [Theorem 2.1.7 it suffices to prove
the result for X = Y. The cohomological descent spectral sequence |(B.1.1.2) implies the
desired result since HZ (U, G,,z) has a filtration whose successive quotients are subquotients

of

HO(G> Hgt(U7 Gm,U))7 Hl(Gv Hét(Uv Gmﬂ))v HQ(G7 Hgt(U’ Gm,U))
which are all torsion. OJ

Remark 2.1.9. In we cannot replace “Deligne-Mumford stack” with “algebraic
stack”: there are examples showing that regular Noetherian algebraic stacks need not have
torsion Brauer group. Let A be a regular local ring. The classifying stack BAo(Z @® Z) is a
regular Noetherian Deligne-Mumford stack whose diagonal is not quasi-compact, and

H: (Bs(Z © 7Z),G,,) ~ Br(S) ® A®
by [Example 2.3.5; then we may take any A such that A* not a torsion group. For another

example, let E be an elliptic curve over a field &, and let By E be the classifying stack. We
have

H% (BLE,G,,) = Br(k) @ Pic’(E)
by [Proposition 2.4.4f then we may take any E such that Pic’(E) contains nontorsion ele-
ments. U
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2.2. Low-dimensional stacks. Grothendieck proved [42] I1.2.2] that, for a scheme X, the
Brauer map ax is an isomorphism if X has dimension 1 or has dimension 2 and is regular.
Here we consider the stack-theoretic analogues of the corresponding statements.

Remark 2.2.1. The literal analogue of Tsen’s theorem fails to hold. More precisely, there
exists a separated Deligne-Mumford stack X of dimension 1 and of finite type over an

algebraically closed field k such that Br/(X) # 0. See for example [Lemma 3.2.3, See Poma’s

[77] which gives more detailed computations.

Question 2.2.2. Let X be a separated Deligne-Mumford stack of dimension 1. Is the Brauer
map «y surjective?

Remark 2.2.3. One approach to [Question 2.2.2| would be to try to follow Lieblich’s proof
[60, 3.1.3.7] of the result for schemes. Let &' be a separated Noetherian Deligne-Mumford
stack of dimension 1, i.e. there is an étale cover U — X where U is a scheme of dimension
1. Let m : X — X be the coarse moduli space. Suppose X is integral and has the property
that there is a Zariski covering X = |JX; for which X xx X; ~ [U;/G;] for a (necessarily
1-dimensional) scheme U; and a finite discrete group G; acting on U; (this is true in general
only for the étale topology). Let G — X be a G,, xy-gerbe corresponding to a torsion class in
H% (X, Gy, x). By [Lemma 2.1.4] there exists a 1-twisted finite locally free Ogy , x,-module
&;. It suffices to glue these &; together. In the scheme case, there is no problem since there
exists at most one isomorphism class of 1-twisted finite locally free Og, -module (essentially
by Wedderburn’s theorem). However, Wedderburn’s theorem does not generalize to stacks.
Precisely, if X is a 0-dimensional separated Deligne-Mumford stack, then there may exist
more than one isomorphism class of 1-twisted finite locally free Og-modules of a given rank
(for example, if G is trivial, then there is a correspondence between 1-twisted invertible
Og-modules and invertible Oxy-modules).

Lemma 2.2.4.|?] Let X be a separated Noetherian Deligne-Mumford stack admitting a
smooth surjection 7 : X — X where X is regular Noetherian and has dim X < 2. Then the
Brauer map Br X — Br’ X is surjective for X.

Proof. By [58, (6.1.1)], there exists a dense open substack & C X’ such that U is isomorphic
to the quotient stack [U/G] where U is an affine scheme and G is a finite group. Note that
the Brauer map is surjective for U since the Brauer map is surjective for U and U — [U/G]
is a finite flat cover. Let ¢4 be a G,,-gerbe corresponding to a torsion class in HZ (X, G,,).
Let j : U — X be the inclusion and let j' : 4|, — ¢ be the pullback to ¢. Since the Brauer
map is surjective for U, there exists a 1-twisted locally free sheaf & on ¥4|,. By [22, 2.12] we
have that j,(&) is the filtered direct limit of its coherent 1-twisted subsheaves; there exists
a coherent 1-twisted subsheaf F C j.(&) such that F|y ~ &. Let £ := F¥Y be the double
dual, which is a coherent 1-twisted reflexive sheaf on ¢. It remains to check that £ is locally
free. We have that reflexive sheaves are preserved by flat pullback [67, 3.1]. The property of
being locally free can be checked on a faithfully flat cover [88, 05B2]. After replacing X by
an étale cover, we may assume that ¢ is the trivial G,,-gerbe BG,,, x. Let £ : X — BG,,, »
be the canonical cover corresponding to the trivial torsor; then 7*¢*E is a reflexive coherent
sheaf on X, which is locally free by [88, 0B3N] since X is regular Noetherian scheme of
dimension < 2. O

9This is claimed (without the “separated” hypothesis) in [55, Proposition 2.1 (ii)].
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2.3. Quotient stacks by discrete groups.

Question 2.3.1. For which pairs (k, G, p) where k is a field and G is a discrete group and
p: G x k—kis an action of G on k is it true that Br X = Br' X for X := [(Speck)/G]?

Remark 2.3.2. If G is a finite group, then we can use the fact that Speck — [(Speck)/G]
is a finite flat cover and apply [Lemma 2.1.4] If GG is infinite, then there are counterexamples,
see for example [Example 2.3.5|

Antieau and Meier computed the low-dimensional cohomology of classifying stacks by
finite cyclic groups, and in particular proved the following:

Lemma 2.3.3 (Classifying stack of cyclic group). [4, Proposition 3.2] Let n be a positive
integer, and let S be a scheme. Then we have an exact sequence

0 — HZ (S, Gm) = HG(B(Z/(n))s, Gm) = Heppe(S, 1) = 0

which is canonically split.

2.3.4 (Group cohomology for Z @ Z). [ We denote by A := Z[t{,t5] the group ring of the
group G := Z & 7Z. Then the A-module
7, ~ A/(tl — 1,t2 — 1)14
has an A-module resolution
o= 0= Aegy EE Aei 1 @ Aeqp EiN Aegs = Z —0
Where f2(€271) = (tg — 1)6171 — (tl — 1)6172 and fl(eu) = (tz — 1)6071 fOI‘ 7 = 1,2 Applylng
Hom,(—, M) to the above resolution gives a complex
VRSV RS VN S

of A-modules, and taking cohomology at the ith cohomological degree gives H'(G, M). In
particular we have

H(G, M) ~ coker(M®* 3 M)
where the map f; : M®2 — M sends (mq,my) — (tz — 1)my — (t1 — 1)me. O

Example 2.3.5 (A special case of [(Question 2.3.1). Here we discuss an example of a non-
separated regular Deligne-Mumford stack X with Br(X) — Br/(X) not an isomorphism.
This can be modified to have any dimension.

Let A be a ring for which all vector bundles are trivial (e.g a semi-local ring or a polynomial
ring over a PID), set S := Spec A, and let G := Z @ Z. We view G as acting trivially on A.
Let X := [S/G] ~ BgG be the classifying stack. We have the cohomological descent spectral
sequence

B3 = HY(G,HY,(S,Gps)) = HIP(X,Gyv)
with differentials E5? — E5™>9" We have H} (S, G,,5) = Pic(S) = 0, and furthermore
ESY = 0 if p > 3 by [2.3.4] thus we have an direct sum decomposition

He?t(Xu Gm,X) = He?t(87 Gm,s) D HQ(Gv AX)

10There should be a way to do this using Kunneth formulas for group cohomology. This is copied from my
answer at https://math.stackexchange.com/q/2611736/.


https://math.stackexchange.com/q/2611736/
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of abelian groups (a priori only an exact sequence but it is split as the projection 7 : X — S
has a section s : S — X’). We have a direct sum decomposition Br(X) = Br(A) & ker(s* :
Br(X) — Br(A)).

An element of ker(s* : Br(X) — Br(A)) corresponds to an Azumaya Ox-algebra A such
that s*A is a trivial Azumaya A-algebra; this corresponds to a group homomorphism G —
PGL,(A) where A has rank r2. A vector bundle on X of rank r corresponds to a group
homomorphism G' — GL,(A). Since Pic(A) = 0, the map GL,(A) — PGL,(A) is surjective.
Since G is a free abelian group, the map H'(G, GL,(A)) — H'(G,PGL,(A)) is surjective.
Thus such A is trivial, in other words the pullback 7* : Br(A) — Br(X) is an isomorphism.

On the other hand, we have H*(G, A*) = A* by [2.3.4] thus Br'(X) = Br'(4) & (A)iors-
There are regular local rings A such that A* has a lot of torsion (take a local ring of a smooth
k-scheme where k is an algebraically closed field of characteristic 0, for example). OJ

2.4. Classifying stack of an elliptic curve.

Lemma 2.4.1. Let k be a field, let £ be an elliptic curve over k. Let £ be a line bundle on
E of degree zero. Then for any k-point x : Speck — E, we have t;L ~ L.

Proof. By [48, IV, Lemma 1.2], it suffices to show that I'(E,t:L ®c, L") # 0; for this we
may replace k by its algebraic closure and assume that & is algebraically closed. There exists
a point y € E(k) such that £ ~ Og(e — y), where e € E is the identity with respect to
the group law; we have Op(e — y) ~ Op(e) ®o, Op(y)" ~ Op(e) ®o, t;0r(e)”. Then the
statement is that

tM®@o, M =~ M®o, t,,,M
for M = Og(e), which is the Theorem of the Square [71, 11, §6, Corollary 4]. O

Lemma 2.4.2. Let k be a field and let E be an elliptic curve over k. If G is a k-group
scheme admitting a closed immersion £ : G — F which is a group homomorphism, then G
is either finite over k or £ is an isomorphism.

Proof. This follows from the following more general fact: if £//k is a finite type k-scheme
which is dimension 1 and geometrically integral and £ : G — F is a closed immersion, then
either GG is finite over k or ¢ is an isomorphism. If the underlying map |¢| : |G| — | E| is not
surjective, then G is 0-dimensional and finite type over k, hence finite. If |{| is surjective,
then it must be an isomorphism since E is reduced. [l

Lemma 2.4.3. E] Let k£ be a field, let E be an elliptic curve over k. Let m : E x, F — E
be the group law and let p; : £ X, £ — E be the tth projection. Let us denote by
&:=m" —p] —p5: Pic(E) = Pic(F xi E)

the map sending a line bundle to its associated Mumford bundle. Then ker ¢ = Pic’(E), the
subgroup of degree zero line bundles on F.

Proof. Let £ be aline bundle on E. Let K(g ) C E be the subgroup scheme representing the
functor (Sch/k)°? — (Set) sending S to x if L]z, is the pullback of a line bundle on S, and ()
otherwise. Then K (g ) is representable by a subgroup scheme of X [29, (2.18) Proposition].

U This is proved here: see [71} TV, §8, (i) and (iv)] and https://math.stackexchange . com/q/2446400 and
https://mathoverflow.net/q/282435 and Lemma 1 (a) of https://www2.mathematik.hu-berlin.de/
~bakkerbe/Abelian9.pdfl


https://math.stackexchange.com/q/2446400
https://mathoverflow.net/q/282435
https://www2.mathematik.hu-berlin.de/~bakkerbe/Abelian9.pdf
https://www2.mathematik.hu-berlin.de/~bakkerbe/Abelian9.pdf
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We have that £ € ker{ if and only if K(g,) — E is an isomorphism. If deg£ > 0, then
L is ample by [48, IV, Corollary 3.3]; then K (g r) is finite over k by [29, (2.19) Lemma]. If
deg £ = 0, then K(g ) — E is an isomorphism by [Lemma 2.4.1] and [Lemma 2.4.2} U

Proposition 2.4.4. Let k be a field and let E be an elliptic curve over k. We have an
isomorphism

HZ (BE,G,,) ~ Br(k) @ Pic’(E)
of groups.

Proof. We compute H% (BE, G,,) using the cohomological descent spectral sequence
EP? = HL (E*?,G,,) = HL(BE,G,,)

with differentials EP¢ — E?™9 We have HY (E*?,G,,) = k for all p, and the complex
HY (E**,G,,) is acyclic except at p = 0. The map E2 — E?’Q corresponds to the pullback
H% (BE,G,,) — HZ%(Speck,G,,), which is a split surjection since the composite Speck —

BE — Speck is the identity. We have E' ~ Pic’(E) by [Lemma 2.4.3| O

Proposition 2.4.5. Let k be a field and let E be an elliptic curve over k. The Azumaya
Brauer group of BE is Br(BE) = Br(k).

Proof. Let Speck — BE be the morphism corresponding to the trivial E-torsor. There
is a direct sum decomposition Br(BE) = Br(k) @ ker({*) where £* : Br(BE) — Br(k) is
the pullback map. A class in ker(¢*) corresponds to an Azumaya Opg-algebra A which
is trivialized after pullback by &; this is the data of a positive integer n and an element
¢ € PGL, (F) which satisfies the cocycle condition on E X E, more precisely m*¢ = pjp-pie
where m, p1, ps are as in[Lemma 2.4.3] Since PGL, is affine, the pullback PGL,,(T'(E, Og)) —
PGL,(F) is an isomorphism; similarly PGL,(I'(E, Og)) — PGL,(E X, E) is an isomorphism
as well. Since E is geometrically integral, we have k — I'(E,Og) and k — I'(E X, E, Opx, k)
are isomorphisms. Thus ¢ is an element of PGL,, (k) which satisfies ¢ = -, in other words
¢ =id. Thus A is isomorphic to Mat,,«,(Opg). L]

Corollary 2.4.6. Let k£ be a field and let E be an elliptic curve over k. Then the Brauer
map apgp : Br(BE) — Br/(BE) is an isomorphism if and only if Pic’(E) is torsion-free.

Proof. This follows from |Proposition 2.4.4| and [Proposition 2.4.5| O

Remark 2.4.7. Heinloth and Schréer [49] §3] show that there exists a G,,-gerbe over BE
which does not lie in the image of the so-called “bigger Brauer group” but this gerbe cor-

responds to a nontorsion class in H% (BE,G,,) so it does not provide a counterexample to
Br = Br'. O

2.5. Classifying stack of diagonalizable groups. We consider the Brauer groups of
classifying stacks by diagonalizable groups associated to finite cyclic groups and finitely
generated torsion-free abelian groups.

Lemma 2.5.1. Let (A,m) be a local ring and let G be a finite subgroup of the group of
units A*. If |G| is invertible in A, then G is a cyclic group.

Proof. This is a generalization of the case when A is a field. Let & := A/m be the residue
field. If G is not a cyclic group, then there exists an integer n dividing |G| and such that the
polynomial X™ — 1 has more than n roots in A. Since n is invertible in k&, the polynomial
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X"™ —1 is separable over k. By [88, 06RR], the polynomial X™ — 1 has more than n roots in
k, contradiction. O

Lemma 2.5.2. H Let A be a strictly henselian local ring, let n be an integer invertible in
A. Then H*(Bpp a,Gp) = 0.

Proof. There exist pairwise distinct &;,...,&, € A* such that we have the factorization
M= () (- 6)
in A[t]; by [Lemma 2.5.1 there exists some £ € A* such that t" — 1 = H?;Ol(t — &Y;

thus p, is (noncanonically) isomorphic to Z/(n) as abelian sheaves; thus we conclude using

[Lemma. 2.3.3 O

Remark 2.5.3. It would be nice to remove the “strictly henselian” hypothesis in
For this, we would have to compute the unit groups of A[T1,...,T,]/(T7' —1,...,T)' — 1) for
p=1,2,3 in case the polynomial 7™ — 1 does not split completely over A.

Lemma 2.5.4 (Sheaf of units on G,,, over an integral scheme). Let X be an integral scheme.
Then the canonical map

I'(X,Gpx)®Z - T(X xz G Gy)

m,Z>

is an isomorphism.

Proof. We have the result when X is affine. In general, let X = |
cover of X. We have a commutative diagram

se1 Xi be an affine open

fi

T'(X,Gyp) ® Zo" D(X %z GX"%, Gp)

Hz‘el F(Xi Gm) S A S

HieIF(Xi Xz G, Gm)

m,Z?

f3

Hil,i2€I F(Xihiz? Gm) O L —— Hil,izel F(Xil,iz Xz G;;T,LZ? GM)

where the columns are equalizer sequences. By the affine case, we have that f, is an iso-
morphism; hence f; is an injection. Applying this argument to X;, ;,, we have that f3 is an
injection. Thus f; is an isomorphism by a diagram chase. 0

Lemma 2.5.5. Let M be a finitely generated torsion-free abelian group, let
T := D(M)z = Spec Z[M]

2This is a generalization of [61]; the proof there (which is ring-theoretic) works if one replaces “separably
closed field” by “strictly henselian local ring”. Lieblich only considers Brauer classes of order prime to the
characteristic but this restriction is unnecessary. See also [63] VI.6], “Cohomology of free abelian groups”,
regarding the Koszul complex associated to the regular sequence {t; — 1,...,t, — 1} in Z[t{,... t].
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be the associated Z-group scheme. Let X be an integral scheme, let BT x be the classifying
stack, and let £ : X — BTx be the morphism corresponding to the trivial T-torsor. For
p >0, let

XP ::XX(%V"‘ X(ggX
be the (p+ 1)-fold fiber product of X over 2 . The bottom row of the cohomological descent
spectral sequence gives a complex

0 d? 1 d! 2 d? 3
X" G, —IX,G, - IX"G, - IX°G,) — - (2.5.5.1)
of abelian groups. Then [(2.5.5.1)|is acyclic in degrees p > 1.

Proof. We have X? ~ X x TP for all p. Since X is an integral scheme, by [Lemma 2.5.4] the
map

['(X,G,)®M® - T'(X x T?, G,,) (2.5.5.2)
is an isomorphism. With the identification |(2.5.5.2) the differential d” is the alternating

sum of p + 2 maps, each of which is the identity on the I'(X,G,,) summand; the map
M® — MO@+D g given by the formula

d?([ar, ..., ap)) = [0,a1,...,ap) — (O 0_ (1) [ar, ..., i a4y - .., ap)) + (1P aq, ..., ap, 0]
where “la1, ..., a;,a;,...,ap,)” is the vector obtained by replacing “a;” with “a;,a;,” in[ay, ..., a,].
A computation shows that if p is odd, then the image of [ay,. .., a,] under d? is given by

[07 A2, a2, 04, A4, - . .5 Qp—1, Ap—1, O]

and if p is even, then the image of d? is given by
[—a1,0,a2 — a3,0,a4 — a6,0,...,0,a,_2 — a,_1,0, ay]

which gives exactness for p > 1. 0J

Lemma 2.5.6. Let A be a Noetherian normal ring. Then the pullback
Pic(A) — Pic(A[tF])

is an isomorphism.

Proof. After taking connected components, we may assume that A is a Noetherian normal
domain. We have an exact sequence

0 — Pic(A) — Pic(A[t]) @ Pic(A[t™']) — Pic(A[tF]) — LPic(A) — 0
by [93, Lemma 1.5.1], and an isomorphism LPic(A) ~ H} (Spec A,Z) by [93, Theorem

5.5]; we have H} (Spec A,Z) = 0 by [45, Exp. VIII, Prop. 5.1] since A is geometrically
unibranch. 0J

Lemma 2.5.7. Let S be a locally Noetherian, integral scheme such that, for every point s €
S of codimension 1, the local ring Og , is regular. Set T := Spec Z[ti] and Tg := S Xgpecz T,
and let m: Tg — S be the projection. Then the pullback map

7" : Pic(S) — Pic(Ty)

is an isomorphism.
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Proof 1. H We check the conditions of [44, IV, (21.4.9)]. The projection 7 is faithfully
flat and has a section, hence 7* is injective; the map 7 is both quasi-compact and open.
Given a codimension 1 point s € 5, set A := Og; since A is seminormal, the pullback
Pic(A) — Pic(A}) is an isomorphism by Traverso’s theorem [91, Theorem 3.6]; since A is
regular, for any open subscheme U C Al we have an isomorphism Pic(U) ~ CI(U); the
restriction map CI(AY) — CI(U) is surjective; we take U := Spec A[t]. O

Proof 2, if S is normal and quasi-compact. After taking connected components, we may as-
sume that S is a Noetherian normal integral scheme. Since the projection 7 has a section, it
is clear that 7* is injective. For any quasi-compact scheme Y, let n(Y’) be the minimal size
of an affine open covering of Y.

We proceed by induction on n(S). The case n(S) = 1 (in other words S is affine) is
Lemma. 2.5.6l

In general, suppose S = S; U Sy where Sp, Sy are open subschemes of S such that n(S;) <
n(S). Let m; : Tg, — S; be the projections. Suppose L is an invertible sheaf on Tg; by the
induction hypothesis, there exist invertible Og,-modules M, and isomorphisms

©; - £|TS~L — W:Mz
of (’)Tsi—modules. Set S12 := S1 NSy and 2 : Tg,, — S12 the projection; since Pic(S12) —
Pic(Tsg,,) is injective, there is an isomorphism
o Ml’Sn — M2|512
of Og,,-modules; moreover, since the inclusion

F(Slg, Gm) X tZ — F(T512, Gm)

is an isomorphism (by [Lemma 2.5.4)), we may multiply « by a unit in G,,(S;2) and multiply
M, by a character t* so that mj,a corresponds to (g2|rg ) o (¢1]ms,, )"+ Thus the invertible

Og-module obtained by gluing M;, My along « gives the desired element of Pic(S) whose
image in Pic(Tg) is L. O

Proposition 2.5.8. Let X be a Noetherian normal scheme. Let M be a finitely generated
torsion-free abelian group, and let
T := D(M)z = Spec Z[M]

be the associated diagonalizable Z-group scheme. Let BT x be the classifying stack and let
¢ 1 X — BTx be the morphism corresponding to the trivial T-torsor. Then the pullback
map

¢ H;(BTx,G,,) — H%(X,G,,)

is an isomorphism.

Proof. The cohomological descent spectral sequence associated to the covering & gives a
spectral sequence

P = HY(T%, Gn) — HEM(BTx,G) (2.5.8.1)

with differentials d?¢ : EP9 — BP9,

BFollowing comments by user “Heer” in https://mathoverflow.net/q/84414.


https://mathoverflow.net/q/84414
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Hgt(Tg{ma) - Hgt(TkaM) - Hgt(Tg(aGm) - Hgt(T§(7Gm) -
Hez’;t(Tgo Gm) - Hgt(Tﬁ(v Gm) - Hgt(Tg(a GM) - Hzt(TgﬁGm) -
Helt(Tgﬁ Gm) - Hét(Tﬁ(v Gm) - Hét(Tg(ﬂ Gm) - Hét<T§(7 Gm) -

Hgt(Tg(v Gm) - H.(é)t(T%(a Gm) - Hgt(T%('v Gm) - H(cf)t(T%(?Gm) -

Note that each differential ¢ : E? — E;? is the 0 map since the two projection maps

T = X are equal (since T acts trivially on X). By [Lemma 2.5.4) the map
['(X,G,) & M*? — T(T%, G,,) (2.5.8.2)
is an isomorphism. Note that there are p + 2 projection maps TP*! — TP. Since X is
Noetherian normal, by [Lemma 2.5.7| we have that d?' : EP' — E*H!is 0 if p is even and
an isomorphism if p is odd; thus E5 = 0 for p > 1.
Via the identification |(2.5.8.2), we obtain a complex E;’O which is exact in degrees p > 1
by

The above considerations show that the desired map £* is an isomorphism. 0

Remark 2.5.9. In we will remove the “normality” hypothesis in the case M = Z.
The difficulty in working with torsion-free abelian groups M of higher rank is that Pic(A[M])
can be large (see Weibel [93]). O

Lemma 2.5.10. In the setup of [Proposition 2.5.8| if X is quasi-compact and admits an
ample line bundle, then the Brauer map apr, : Br BT x — Br' BTx is an isomorphism.

Proof. The projection 7 : BTy — X has a section £ : X — BTx. We have a commutative
diagram

BrX " BrBTy — BrX

ox| | x|

Br X — Br' BTy T Br X

where the morphisms on the bottom row are isomorphisms by |[Proposition 2.5.8. We have
that ax is an isomorphism by [22]. Thus apr, is an isomorphism. O

2.6. Classifying stack of GL,.

Setup 2.6.1. Let A be a ring, let
X = {Xi,j}i,jzl ..... n

be n? variables, let A[X] be the polynomial ring. The localization A[X
ring of GL,, 4.

1

——| is the coordinate
7 det
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There is a map
Py A DT (Spec A, Z) — (A[X, =])* (2.6.1.1)

? det,
sending (a,n) — adet™. O
Lemma 2.6.2. Assume the notation of [Setup 2.6.1l The map
A — A[X]/(det)
is faithfully flat.

Proof 1. 1t suffices to take the case A = Z. Then it suffices to show that Z[X]/(det) is
torsion-free. Suppose ¢ € Z and a € Z[X] such that fa € (det); since Z[X]/(det) is an
integral domain [I7, (2.10) Theorem], either ¢ € (det) or a € (det), but it is not possible
that ¢ € det since ¢ has degree 0 whereas det has degree n. O

Proof 2. We can make a change of coordinates X;; — X;; + X;; for ¢ > 2. Let f be the
polynomial that det gets sent to; then f is monic of degree n in the variable X, ;, hence

A[X, 5] is finite locally free over A[X \ {Xj;}], which is smooth over A. O
Lemma 2.6.3. Assume the notation of [Setup 2.6.1 The element det is a nonzerodivisor of
A[X].

Proof. Since Z[X] is an integral domain, we have that det is irreducible element of the UFD
Z[X]; hence it is a nonzerodivisor on Z[X]; hence the sequence

0 — Z[X] — Z[X] — Z[X]/(det) — 0 (2.6.3.1)

is exact; here Z[X]/(det) is flat over Z by |[Lemma 2.6.2} tensoring|(2.6.3.1)[ with —®z A gives
0 = AX] %5 A[X] = A[X]/(det) — 0

where the map * is injective by e.g. [88, 00HL]. O
Lemma 2.6.4. The map [(2.6.1.1)[is injective.
Proof. The element det is a nonzerodivisor on A[X] by |Lemma 2.6.3| O

Lemma 2.6.5. Assume the notation of [Setup 2.6.1] If A is an integral domain, the map
(2.6.1.1)|is an isomorphism.

Proof. Suppose =k is a unit of AlX, ﬁ], with inverse % Then ajas = det”1 /2 since det

is a nonzerodivisor [Lemma 2.6.3, Since A is an integral domain, we may assume that a;, as
are homogeneous. We have that det is a prime element of A[X] by [17, (2.10) Theorem|. O

Lemma 2.6.6 (Units of GL,). [ Assume the notation of [Setup 2.6.1 The map ®4[(2.6.1.1

is an isomorphism if and only if A is reduced.

Proof. If A is an integral domain, we have that ® 4 is an isomorphism by More
generally, if A is the finite product of integral domains, then ®4 is an isomorphism.

14Broughton [16] shows that the units of the coordinate ring of an algebraic group over any algebraically
closed field are given by characters.
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Suppose that A is reduced. By limit arguments, we may assume that A is (reduced and)
a finite type Z-algebra. We may assume that Spec A is connected. Let py,...,p, be the
minimal primes of A. Then the total ring of fractions of A is

Q(A) =k(p1) & - & k(p,)
by e.g. [88, 02LX]. Let
B B
det’t” det/?

be two elements of A[X with §; € A[X] and f1, fo € Z>( such that

+ aet)

B15s
detf1+f2
in A[X L], Then B8, det™ = det/*+/27/5 in A[X] for some f3, but det is a nonzerodivisor
i AP (b Lo 769 so
b1y = det/11/2 (2.6.6.1)

in A[X]. Plugging in X = T - id,, for a variable 7" into [(2.6.6.1)| gives

Bilria, - Bolria, = T )
0 Bi|7id,, B2|T.4, are units of A[T*]; thus (since A is connected and reduced) we have by
[73, Corollary 6] that S1|r.q,, f2|1.ia, are homogeneous.

The image of 3; in (Q(A)[X, 75])* is contained in the image of ®q(4) so by limit arguments
there exists a nonzerodivisor s; € A such that the image of 3; in (A[Sl][X, 4=])* is contained
in the image of ®,;1; in other words, there exist @i, ..., am, € A[sv] (say a;1 # 0) and

integers 0 < e;; < --- < €;,, such that
=Y a;pdet®’
in A[X][X]; here 5; € A[X] implies a;p € A for all . Since Bi|ria, = Yoy agT™ is

homogeneous in A[+][X], all but one a;, is nonzero, in other words §; = a;; det*. This

means

a171a271det61’1+62’1 — detfﬁ-fz

in A[Slls
(Thanks to Justin Chen for pointing out the following.) If @ € A is nonzero and satisfies
a? =0, then

2][X]; thus a;1a21 = 1in A, so0 a1, as; are units of A.

(det +a)(det —a) = det?
so 40§ 5 yunit of A[X, -t-] which is not in the image of |(2.6.1.1)} O

det det

Lemma 2.6.7. Let S be a locally Noetherian, integral scheme such that, for every point
s € S of codimension 1, the local ring Og ; is regular. For any positive integer p, the pullback

Pic(S) — Pic(S Xspecz (GLnz)*?) (2.6.7.1)

is an isomorphism.

Proof. We check the conditions of [44] IV,, (21.4.9)]. Let 7 : S Xgspecz (GLyz)*? — S be the
projection; it is faithfully flat and has a section, hence |(2.6.7.1)| is injective; the map 7 is
both quasi-compact and open. Given a codimension 1 point s € S, set A := Og; since A is

seminormal, the pullback Pic(A) — Pic(Ai"z) is an isomorphism; since A is regular, for any
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open subscheme U C AZ"Q we have an isomorphism Pic(U) ~ Cl(U); the restriction map
CI(AT2) — CI(U) is surjective; we take U := Spec A Xgpecz (GLyz)*?. O

Proposition 2.6.8 (Brauer group of classifying stack BGL,,). Let S be a locally Noetherian,
integral scheme such that, for every point s € S of codimension 1, the local ring Og is
regular. Let & : S — BgGL, be the morphism corresponding to the trivial GL,-torsor.
Then the pullback map

¢ H5(BsGL,,G,,) — H(S,G,,)

is an isomorphism.

Proof. We set G := GL,, ¢ for convenience. The cohomological descent spectral sequence
associated to the covering £ : S — BG gives a spectral sequence
EP? = HY (G?,G,,) = HZ(BG,G,,) (2.6.8.1)

with differentials d?¢ : EP9 — EPT4,

H& (G, G) — HE(G, G) — HEG (G, G) — HE(G,Gr) — -
HZ,(G,G,,) — H%(G',G,,) — H%4(G%,G,) — HZ(G?,G,,) — -
HL(G,G,,) — HL (G, G,,) — HL(G?, G,) — HL (G, G,) — -
HY, (G, G,,) — HY%(G', G,,) — HY(G?,Gy) — HY(G?,G,) — -

Note that each differential d7¢ : EY? — E;? is the 0 map since the two projection maps

G == S are equal (since G acts trivially on S). By [Lemma 2.6.5, there is an isomorphism

A* DL - T'(GP,G,,) (2.6.8.2)
sending the 7th generator to the determinant of the ith component of GP, and furthermore
the complex EI’O becomes identified with the corresponding complex for BG,, via the map
BG — BG,, defined by the determinant, hence is acyclic in degrees p > 1 by the argument in
Lemma 2.5.5, Moreover we have EP' = HY, (G?, G,,,) = Pic(GP) and the pullback Pic(S) —
Pic(GP) is an isomorphism for all p > 0 by |[Lemma 2.6.7. The above considerations show
that the canonical pullback map

H%(BG, Gm) — HE (S, Gin)

is an isomorphism. O

Corollary 2.6.9. In the setup of [Proposition 2.6.8 if S is quasi-compact and admits an
ample line bundle, then the Brauer map apgqr, is an isomorphism.

Proof. The argument of |[Lemma 2.5.10 applies, using |[Proposition 2.6.8| 0
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3. THE BRAUER GROUP OF THE MODULI STACK OF ELLIPTIC CURVES
The material in this section is more or less the same as in [84].

3.1. Introduction. The moduli stack of elliptic curves .# 1z is a Deligne-Mumford stack
which parametrizes elliptic curves over arbitrary base schemes (not necessarily fields). For
any scheme S, we may study its restriction %1 g = #1172 Xz S to the category of S-
schemes. Mumford [70, §6] showed that Pic(.#) 1) = Z/(12) for an arbitrary algebraically
closed field k with chark # 2,3. Fulton and Olsson [36] generalized this computation to
schemes S that are either reduced or on which 2 is invertible.

This section is devoted to the computation of the (cohomological) Brauer group of the
moduli stack of elliptic curves .#; 1 s over various base schemes S. Antieau and Meier [4,
11.2] computed the Brauer group Br.#) ;¢ for various base schemes S, and in particular
proved that for any algebraically closed field k of characteristic not 2 the Brauer group
Br .# 1 is trivial. We compute Br .#) ; ; in the characteristic 2 case. This then completes
the calculation of Br.# 1 over algebraically closed fields k. We summarize the result in
the following theorem.

Theorem 3.1.1 ([4, 11.2] in chark # 2). Let k£ be an algebraically closed field. Then
Br #, 1, is 0 unless char k = 2, in which case Br . 1, = Z/(2).

To prove the theorem, we calculate the cohomology groups HZ (.4 1 k, ft) for varying n.
There are essentially two ways to approach this calculation: (1) using the coarse moduli
space, and (2) using a presentation of .#);; as a quotient stack. In this paper we give a
new proof of the Antieau-Meier result using approach (1), and calculate in characteristic 2
using approach (2).

We also compute the Brauer group of . ; ; where k is a finite field of characteristic 2:
Theorem 3.1.2. Let k£ be a finite field of characteristic 2. Then

Z/(12)® Z/(2) if 2* + 2+ 1 has a root in k
Br %1 1.k = .
T Z/(24) otherwise.

Remark 3.1.3. In [4] it is shown that Br(.#; 1 7) = 0 by first showing that Br(///Ll,Z[%]) =

Br(Z[3]) ® Z/(2) ® Z/(4) then showing that these classes do not extend to .#17. The
computation of Br(e//lmz[%}) is achieved via a description of ‘///1,1,2[%] as a “two-fold quotient
stack”; more precisely, they show (in our notation that .2, 711 ~ [[I'(2)]/55] and
that [['(2)] ~ By(2)(Z/(2)) where Y (2) := SpecZ[3,t*, (t — 1)~!]. Thus it is natural to ask
whether .#; 17 has a presentation as a quotient stack by a finite group, namely whether
M7~ [X/G] where X is a scheme and G is a finite discrete group acting on X. As Will
Chen explained to me in [19], the answer is “no”, using the fact that the étale fundamental
group of ., 1z is trivial (see [92]).

3.2. Preliminary observations. Let .#) ;7 be the stack of (relative) elliptic curves. For
any scheme S, let A1 g := #1172 Xz S denote the restriction to the category of S-schemes.
The stack .4 1 7 is a Deligne-Mumford stack smooth and separated over Z [76}, 13.1.2]; hence
if S'is a regular Noetherian scheme then .# ; g is a regular Noetherian stack. If S is a locally
Noetherian scheme, the morphism

T e%1’1,3 — A}g
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sending an elliptic curve to its j-invariant identifies AL with the coarse moduli space of
M5 |36, 4.4].

In general, if 2 is a separated Deligne-Mumford stack and 7w : 2~ — X is its coarse moduli
space, then 7 is initial among maps from 2 to an algebraic space, so the map G(X) — G(2Z")
is an isomorphism for any group scheme G; moreover if U — X is an étale morphism, then
my: 2 Xx U — U is a coarse moduli space. Applying these observations to G = G,, G,,, in
implies that the canonical maps Ox — 7.0z, G, x — TGy 2, fnx — Telln 2 are
isomorphisms; thus we will omit subscripts and denote u,,, G, for the corresponding sheaves
on either /1 or Ag.

Lemma 3.2.1. Let S be a quasi-compact scheme admitting an ample line bundle. Then the
Brauer map o4, , 4 : Br.# 1,5 — Br' 415 is an isomorphism.

Proof. By [Lemma 2.1.4] it suffices to show that there is an affine scheme Z with a finite flat
surjection Z — #11z. Indeed, in this case the base change Zg := Z x7 S is quasi-compact
and admits an ample line bundle [88, 0892], hence the Brauer map ay, is surjective by
Gabber’s theorem (see [22]). Since the map Zg — 4,1 7 is finite locally free, we have by
|Corollary 2.1.5| that a4, , ¢ 1s surjective.

Since 4,17 is a separated Deligne-Mumford stack, its diagonal is finite; thus by [28]
Theorem 2.7] (or [58] (16.6)]) there exists a scheme Z and a finite surjection f : Z — 41 2.
Here the composite Z — #1117 — A} is a proper and quasi-finite morphism between
schemes, hence finite; hence Z is an affine scheme of finite type over Z. We may replace Z
by its reduction Z,.q and assume that Z itself is reduced. Since Z is finite type over Z, the
normalization map Z — Z is finite; here Z decomposes as a disjoint union of finitely many
affine normal integral schemes Z = Z; U - -- LU Z,; by replacing Z by some Z; for which the
composite Z; — Z — Z — A} is surjective (e.g. some Z; which intersects the fiber over
the generic point of A}), we may assume that Z is an affine normal integral scheme. Since
Z — A} is finite surjective, we have dim Z = 2 and hence Z is Cohen-Macaulay (e.g. [66),
Exercise 17.3]). Since f : Z — #,1z is a finite map where Z is integral Cohen-Macaulay
and .4,z is a regular Deligne-Mumford stack, we have that f is flat (reduce to the case
of schemes by taking a smooth cover of . ;7 by a scheme smooth over Z; then use [66,
Theorem 23.1}).

One can give an alternate argument in case at least one prime is invertible on S. By [51]
4.7.2], for N > 3 the moduli stack of full level N structures is representable by an affine

Z[+]-scheme Y (N), and we proceed as above. O

Lemma 3.2.2. Let U := Spec Z[t, (t(t—1728)) "] C Aj and let A7, 5 := UXp1.# 12 Then
the restriction 7° : .4y, ; — U of w to U is a trivial Z/(2)-gerbe, i.e. 47, ~B(Z/(2))v.

Proof. Let S be a scheme and let Ej, Es be two elliptic curves over S. If j(E;) = j(Es) €
['(S,05) and j(E;),j(E;) — 1728 are units of I'(S, Og), then by [23, 5.3] one can find a
finite étale cover S’ — S such that there is an isomorphism S’ xg F; ~ S5’ X g Fy of elliptic
curves over S’. For any connected scheme S and an elliptic curve £/S for which j(E) and
J(E) — 1728 are invertible, we have Aut(E/S) ~ Z/(2) by [51, (8.4.2)]. It suffices now to
show that there is an elliptic curve Ey over U with j-invariant ¢. For this we may take the
elliptic curve Ey defined by the Weierstrass equation

Y2Z +XYZ =X3- 38 _X7? L 73

t—1728 T 1728
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which satisfies A(Ey) = = 1728 —L— and j(Ey) =t (see [86, Proposition III.1.4(c)]). O

Lemma 3.2.3. Let k£ be an algebraically closed field and let U be a smooth curve over k. If
Pic(U) = 0, then Br' B(Z/(2))y ~ (G,,(U))/(2).

Proof. The cohomological descent spectral sequence associated to the cover U — B(Z/(2))u
is of the form

EY = H(Z/(2), HL(U,G)) = HL(B(Z/(2))v, Gum) (3.2.3.1)

with differentials E5? — E5™>%"". We have by [69, 111.2.22 (d)] that H% (U, G,,) = 0 for all
q > 2. Moreover, we have H (U, G,,) = Pic(U) = 0 by assumption. Thus the only row of
the Es-page of ((3.2.3.1)| containing nonzero entries is ¢ = 0, which gives an isomorphism

H&(B(Z/(2))v, Gm) = HX(Z/(2), Hy (U, G)) = (G (U))/(2)

of abelian groups. O

Lemma 3.2.4. Let k be an algebraically closed field. If chark # 2,3, then Br' 41y is a
subgroup of Z/(2) ® Z/(2). If char k is 2 or 3, then Br’ ./ 1 is a subgroup of Z/(2).

Proof. We have that .# 1, is regular Noetherian and that .7, , := 47, ; Xz k is a dense
open substack; thus by ['heorem 2.1.7|the map

/ / o
BI" %1’1’k — BI‘ %Llyk

induced by restriction is an injection Here [Lemma 3.2.2|implies Br'.#7, , = Br'B(Z/(2))v
for U = Spec k[t, (t(t — 1728))7'], and [Lemma 3.2.3] implies Br' B(Z/(2))y is Z/(2) ® Z/(2)
if chark # 2,3 and Z/(2) otherw1se (here we use that k* = (k*)? since k is algebraically
closed). O

3.3. The case char k is not 2. Antieau and Meier [4] compute the Brauer group Br .Z ; ¢
for various base schemes S, including algebraically closed fields k of odd characteristic [4],
11.2] (the case char k # 2 in [Theorem 3.1.1)). In this section we give a proof via a dévissage
argument, using the fact that the coarse moduli space morphism 7 : .#Z — Al is a trivial
Z/(2)-gerbe away from 0,1728 € A} (see[Lemma 3.2.2). Our proof is divided into two cases,
depending on whether char k = 3 or char k # 3 (this will determine whether we puncture A}
at one or two points, respectively). We first fix notation and record some observations that
apply to both cases.

3.3.1. We abbreviate .# := .#, 1 ;. By |[Lemma 3.2.1} the Brauer map « 4 : Br.# — Br' .#
is an isomorphism. By [Lemma 3.2.4] the main task is to show that the 2-torsion in Br ./ is
0.

For any integer n > 1, the étale Kummer sequence

1—>u2n—>GmX—2>nGm%1
gives an exact sequence
0 — (Pic.#)/(2") — H*(M , pan) — B (M, G,,)[2"] — O (3.3.1.1)
of abelian groups. Since we have Pic.# ~ 7 /(12) by [36], we wish to compute H(.#, jian).

Set
U := Specklt, (t(t — 1728)) '] = A}, \ {0, 1728}



33

with inclusion j : U — A} and let ¢ : Z — A} be the complement with reduced induced
closed subscheme structure. (Thus, if chark is 2 or 3 then Z ~ Speck, otherwise Z ~
Speck I1 Speck.) Set

%O ::UXAllc%
%Z ::ZXAIIC%

with projections 7° : #° — U and 7y : My — Z. We have a commutative diagram

MO —— M —— My

ﬂol ln lwz (3.3.1.2)

U—— Al Z

2

with cartesian squares.
We have a distinguished triangle
G R ign — Ritufion — iRty pign = (3.3.1.3)

in the derived category of bounded-below complexes of abelian sheaves on the étale site of
A}, whose associated long exact sequence has the form

HO(Ay, jR7pon) — HO (M, pion) — H(Z, 7" Rempign)

e R e T S T =

- HY(AL, GRS pen) — YA pgn) — HNZ, 7 Rimtpin) (3.3.1.4)
e e T S T =

O H2(AL R pgn) — H2 (A jign) — H2(Z, 0" Rirafign)

since J*Rur, pion ~ Rl pon and
H* (A, Rapion) & H (A, pgn)
He (A}, i, R, pign) ~ H¥(Z, i* R, pign)
for all s. We will first compute the groups H*(A}, j17* R, pi9n ) in the left column of .

Lemma 3.3.2. Let k be an algebraically closed field, let z1,...,z, € A} be r distinct k-
points, set

Z := Speck(xy) 11 --- II Spec k(x,)
and let U = A} \ Z be the complement with inclusion j : U — A}. For any positive integer
¢ invertible in k, we have

0 s#1

HS(Allgaj!NZ) = {([Lg(k))@(r_l) s=1"

Proof. Let i : Z — A} be the inclusion. We have a distinguished triangle

. .. +1
Jielu — pe = 13" e —

in the derived category of bounded-below complexes of abelian sheaves on the big étale site
of A}, which gives a long exact sequence
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HO(AL, jielo) — HO(AL, pe) —— HO(Z, pe) —
O HY AL Guelo) — B AL ) —— HY(Z )
7 HP(AL Gielu) — (AL, o) —— H(Z, 1)

TUHR(AL, jutely) —— -

in cohomology. The map H(A}, u,) — H°(Z, ) is identified with the diagonal map (k) —
(pe(k))®". Since k is algebraically closed, the étale site of Z is trivial, hence H*(Z, ;) =
0 for s > 1. By [24, Exp. 1, III, (3.6)] we have H*(A}, ) = 0 for s > 2. We have
Gu(A}) ~ G,,(k) and the multiplication-by-¢ map x/ : G,,(k) — G,,(k) is surjective; thus
HY (A}, ) = HY(A}, G,,)[¢] = (Pic A})[¢] = 0 by the Kummer sequence. O

Lemma 3.3.3. In the setup of [Lemma 3.3.2] let n be any positive integer and let 7° :
B(Z/(n))u — U be the trivial Z/(n)-gerbe over U. Then

0 its=0,
Ho (A, R pe) = 4 (pe(k))®C— ifs=1,
(Mgcd(n,f)(k))®(r_l) ifs=2.

Proof. We set

C = jRm; e
for convenience. We will compute the groups H*(Aj,C) using the fact that the canonical
truncations 7<,C satisfy

H* (A}, 7<,C) ~ H*(A},C) (3.3.3.1)
for s <t. For any s € Z, the distinguished triangle
Tee1C — 7,C — (R°C)[—s] 5 (3.3.3.2)

gives a long exact sequence
HO (A}, 7<s-1C) — HY(A), 7<,C) — HO (A}, R m2pe) —

S HY (A} meaniC) — HY(AL 7€) — HI7 (AL, R T ) — (3:3.33)

e e T TR

 H2(AL, 72s_1C) — H2(AL 72,0) — H2-5(AL, jR7%)
where
h*C >~ jiR 7 e
since j, is exact.
Since 7° : B(Z/(n))y — U is a trivial Z/(n)-gerbe, by [Lemma B.2.2| we have
it 5 =
Remop >~ < weln]  s=1,3,5,... (3.3.3.4)

pe/(n) s=2,4,6,...
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where py[n] and p,/(n) are defined by the exact sequence
1= peln] — e =5 g — e/ (n) — 1

of abelian sheaves. Since k is algebraically closed of characteristic prime to ¢, the sheaves
pe[n] and pg/(n) are both isomorphic to figed(n,e), but for us the difference is important for
reasons of functoriality (as ¢ is allowed to vary). More precisely, if ¢; divides ¢, then the
inclusion py, — pg, induces an inclusion

ey [n] — ey [n]
whereas

pa/(n) = py /(1) (3.3.3.5)

is not necessarily injective since an element x € pp, which is not an nth power of any y; € p,
may be an nth power of some ys € py, (in particular, if /5 = nfq, then |(3.3.3.5)is the zero
morphism).

We have
T<oC == h°C =~ R pug = Jimlpug = jiyig
since 7° is a coarse moduli space morphism and RSty o figea(n,e) by . Applying
Lemma 3.3.2[ to the case s = 1 in implies H*(A}, 7<;C) = 0 and gives isomorphisms
H (A, i) = HY (AL, 721C) and H2 (A, 7<1C) =~ HY (A, fiptgedtn.s))-

Since R0 p1p > figed(n,ey by [(3.3.3.4)| and H* (A}, jiptged(ny) = 0 for s = —2,—1,0, the case
s = 2 in[(3.3.3.3)| gives isomorphisms H*(A}, 7<1C) ~ H*(A}, 7<oC) for s = 0, 1,2, which
implies the desired result. U

3.3.4 (Proof of [Theorem 3.1.1| for char k = 3). If chark = 3, then Z consists of one point,
so taking r = 1 in |[Lemma 3.3.3| implies

H (A}, iR pign) = 0 (3.3.4.1)
for s = 0,1,2. Therefore, to compute H?(.Z , jign ), it now remains to compute H?(Z, i* R, pign )
in ((3.3.1.4)] The stabilizer of any object of .# lying over ¢ : Z — Aj is the auto-
morphism group of an elliptic curve with j-invariant 0, which is the semidirect product
I'=7/(3) ©Z/(4) since k has characteristic 3. The underlying reduced stack (.#7),eq is the

residual gerbe associated to the unique point of |.#| and is isomorphic to the classifying
stack BI'y. We have natural isomorphisms

- % 1 2 3
H?(Z, iRy pign) ~ i* R, pion ~ H2( Mz, pign) ~ H? (BT, pign) ~ HA(T, pign (k)

where isomorphism 1 follows from proper base change [75], 1.3], isomorphism 2 is by
and isomorphism 3 is by the cohomological descent spectral sequence for the covering Spec k —
BT}, (and the fact that H(Speck, ysn) = 0 for i > 0 since k is algebraically closed). The
Hochschild-Serre spectral sequence for the exact sequence

1-7Z/3)—>T—=Z/4) -1
gives an isomorphism
H(T, ion (k) 2 H3(Z/(4), ian (k) 2= pize (k) /(4)
where HY(Z/(3), pon(k)) = 0 for i > 0 since 3 is coprime to the order of pon(k). Since the
first term in the last row of the diagram|(3.3.1.4)|is zero by |(3.3.4.1)| the above observations
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imply that we have natural inclusions
H (A, pizn) = pan (k) /(4)
compatible with the inclusions pign C pgn+1 for all n. The inclusion pon C pion+2 induces the
zero map fign(k)/(4) — pgn+2(k)/(4), so H2( M , pgn) — H2( M , pign+2) is the zero map as
well, hence
i, (., ) =0
which by ((3.3.1.1)| gives H*(.#, G,,)[2"] = 0 for all n.

Lemma 3.3.5. Let X be a Deligne-Mumford stack, let Z C Ox be a square-zero ideal, and
let m: Xy — X denote the closed immersion corresponding to Z. If n is an integer which is
invertible on X, then for all z > 1 the reduction map

Hi’zt (X, pn) — Hét(XOa fin)

is an isomorphism.

Proof. We have an exact sequence
1>147Z—-Gpx > m(Gnx,) — 1

of abelian sheaves on the (small) étale site of X. Since n is invertible on X, we have by the
snake lemma that p, x — m«(ttn x,) i an isomorphism, thus it remains to show that the
map

Hét (X’ T (ﬂn,X())) - Hzét (XOv :un,Xo)
is an isomorphism. For this it suffices to show that R'm.(u,, x,) = 0 for ¢ > 1. The stalk of
Ri7.(tn.x,) = 0 at a geometric point T € X is the cohomology H (Spec A, i, 4..,) of the
reduction of some strictly henselian local ring A, which is 0 if ¢ > 1. U

3.3.6 (Proof of [Theorem 3.1.1} for chark # 2,3). We describe the terms in |(3.3.1.4). For
the right column, we have

HY(Z, 'R i) ~ H(Z/(4), pon (F)) & H* (2 (6), i ()
by [1, A.0.7]. For the middle column, we have
HO(A , pizn) = HO (A, pian) == puon (k)

since A} is the coarse moduli space of .#, and we have

1

HY( A i) = H( A, G)[27] 2 (Z/(12))[2"] 2 Z/ (4)

where isomorphism 1 follows since k* = (k*)?", isomorphism 2 is by [70], and isomorphism
3 holds for n > 0. For the left column, we have

0 s=0
H (< iRapign) = § pron s =1
M2 5=

by [Lemma 3.3.3
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To summarize, ((3.3.1.4)| simplifies to
0 on fon D Por —

T

e s BJ(4) > ju B (3:36.1)

g —————— (M i) —> ppan [ (4) @ pipn /(6)
for n > 0, and counting the number of elements in each group in |(3.3.6.1)| implies that the

last morphism
H? (A, pizn) = pan [ (4) @ pin /(6)
is injective. Furthermore, the inclusion
fon C flon+2
induces the zero map
pion [ (4) @ pian /(6) = pran+2/(4) @ pion+2/(6)
so the map H?( A, jign) — H2( M , jign+2) is the zero map as well, hence
hﬂneN H2(‘%7 pian) =0
which by ((3.3.1.1)| gives H?(.#, G,,)[2"] = 0 for all n.
3.4. The case chark is 2. In this section we prove [Theorem 3.1.1| (in case char k = 2) and

[Theorem 3.1.20 For convenience, we denote GL,,, := GL,(Z/(p)) and SL,,, := SL,(Z/(p)).
We denote by e the identity element of GL,, .

3.4.1 (Hesse presentation of .# ;). By [36, 6.2] (and explained in more detail in |D.2.3)),
there is a left action of GLy 3 on the Z[3]-algebra

AH = Z[%?/’Lawa M31—1]/(w2 +w+ 1)

sending ) )
o il ) = )
_11 (1] * (1, w) = (Wi, w) (3.4.1.1)
D ) = (#22,0)
for which the corresponding righ£ action of GLy3 on the Z[3]-scheme
Su := Spec Ay
gives a presentation
C/ZI’LZ[%} ~ [Su/ GLa 3] (3.4.1.2)
of '//ll,l,Z[é] as a global quotient stack. The morphism
Su = M g (3.4.1.3)

is given by the elliptic curve
X34+ Y?+ 7% =3uXy”Z



38

over Sy.

3.4.2 (Cohomological descent). Let k be an algebraically closed field of characteristic 2.
The Brauer map a.4,,, : Br.#i1, — Br' .# 1 is an isomorphism by By
there is only 2-torsion in Br.# ; ;. By Grothendieck’s fppf-étale comparison
theorem for smooth commutative group schemes |43 (11.7)], it suffices to compute the 2-
torsion in prpf(///LLk, Gy,). Since Speck is a reduced scheme, we have

HE (A1, Gr) = Pic( A 1y) = Z/(12)
by [36, 1.1]. Thus, for any integer n, the fppf Kummer sequence
1= g = G 3G, — 1 (3.4.2.1)

gives an exact sequence

1— Z/(Q) fppf(%l 1,ks /.1/2) — prpf(.%l 1 k, )[2] —1 (3422)
of abelian groups. It remains to compute the middle term Hf (211, p2).-

The cohomological descent spectral sequence associated to the cover |(3.4.1.3)| is of the

form

Eb? = HP(GLog, H ((Suk, p2)) = HE (A1 ks o) (3.4.2.3)

fppf
with differentials E5? — E52471,
Let
ek
be a fixed primitive 3rd root of unity. By the Chinese Remainder Theorem, there is a
k-algebra isomorphism

Anye = klp,w, 5= =]/ (W +w+ 1) = kv, ﬁ] X kv, yg,%l] (3.4.2.4)

sending p — (v1,15) and w — (£,£?). Since Sy is a smooth curve over an algebraically
closed field, we have by [69, I11.2.22 (d)] that HZ (Sux, Gn) = 0 for all ¢ > 2; since
SH kis a dlS_]OlIlt union of two copies of a dlstmgulshed affine open subset of A}, we have

H}, (Suk, G) = Pic(Sux) = 0. By [43, (11.7)] we have H} .(Suk, Gy) = HE, (Suk, Gy) for

fppf
all q > 0; thus the fppf Kummer sequence implies prpf(SH,k pz) = 0 for all ¢ > 2. Fur-
thermore, we have prpf(SH k, ft2) = 0 since Sy is the product of two integral domains of
characteristic 2. Thus the only nonzero terms on the Es-page of|(3.4.2.3)[occur on the ¢ = 1

row, so we have an isomorphism

Hﬁj;lf(z//ﬁ,m, pi2) ~ HP(GLgg, Hi ¢ (St p2)) (3.4.2.5)
for all p > 0. We are interested in the case p = 1.

3.4.3 (Description of the GLjs-action on Hy ¢(Sw .k, t12)). We describe the abelian group

M := H%ppf(SH,kv :u2>

and the left GLy3-module structure it inherits from [(3.4.1.1)} Since k[u, (u® — 1)7'] is a
principal localization of the polynomial ring &[] by a polynomial p2—1 = (u—1)(u—&)(u—&?)
splitting into three distinct irreducible factors, we have an isomorphism

(kg ) kX (= 1% (= )% - (u— €2)° (3.4.3.1)
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of abelian groups. Thus|(3.4.2.4)| and the Kummer sequence |(3.4.2.1)| gives an isomorphism
M ~ (Z/(2))*° (3.4.3.2)

of abelian groups, with generators given by the classes of v; — &/ for i = 1,2 and j = 0, 1, 2.

The isomorphism ((3.4.2.4)| is given by the map

s1(p)w + so(p) = (s1(1)€ + so(r1), s1(v2)€ + so(r2)) (3.4.3.3)

for sg, s1 € k[u, /ﬁ] The inverse of is given by the map
(fi(n), fo(1n)) = fi(w) <§ fég + ff ) + fap) <5:°22 - 5__11) (3.4.3.4)
where f;(v;) € klv;, 7 s—1]- (Note that, if we set Ay (t) := & + g2y and As(t) := =g + &,

then A;(t) + As(t) = 1 and A,(¢?) is the Kronecker delta functlon.)

A computation with |(3.4.1.1)} ((3.4.3.3), |(3.4.3.4)| shows that the action of GL33 on the
right hand side of (3.4.2.4)|is given by

1 o
_O _1_ * (fl(’/l)afz(V2>) = (f2(V1)7f1<V2))

LU (R0, £a) = (AE0). folgP)) (34.3.5)
_(1) _01- * (f1(n), fo(ve)) = (f1( ) fQ(ZzJF?))

for f;(v;) € kv, ” ——]. A computation with |(3.4.3.5)| (and using that char k = 2) shows that

the action of Gngg on |(3.4.3.2)|is given by [(3.4.3.6) where every element is considered up
to multiplication by k*.

n—1|n—¢|ln-&|mn-1]mn-=¢|n-¢

1 0] 9 2

Mis=|o || e-1]m—¢|n-ln-1|n-¢ | n-¢
1o (3.4.3.6)

Ma:=1 ", n—&&|m-1|mn-£¢6|m-—¢§ln-|mn-1

I_'o —1] 1 v — & | v —¢ 1 vg — €2 | vy — €

__1 0_ V1—1 V1—1 V1—1 1/2—1 Vg—l VQ—].
3.4.4. We compute H'(GLg3, M). (In [Appendix E[ we provide MAGMA code that can be

used to verify this computation, using ((3.4.3.6)}) We have a filtration of groups

Qs ISLo3 I GLy 3 (3.4.4.1)

where each is a normal subgroup of the next. Here Qg denotes the quaternion group
Qs = {+e, +i,£j, £k : ik=i*=j> =k = —e}
and is identified with the subgroup of GLg 3 as follows:

iy B s I e
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The quotient GLg3/SLys is cyclic of order 2 and is generated by M; in (3.4.3.6). The
quotient SLs 3 /Qs is cyclic of order 3 and is generated by My in|(3.4.3.6) For i = 1,2, let
(M;) denote the subgroup of GLa3 generated by M;. We note that SLy 3 is generated by i
and M.

Let

F. (Z[GLQ;’)] —MOd) — (Z[SLQ’?)] —MOd)
be the forgetful functor. An inspection of|(3.4.3.6)|implies that F'(M) is the direct sum N; &

N, where N; is the SLy 3-submodule of F/(M) generated by the classes of v; — 1, v; — &, v; — €2,
and moreover M; switches the summands N; and N,. Under the adjunction

Homsr, ,(F(M), Ny) ~ Homar, , (M, Indg; (V1))
the projection map F (M) ~ Ny & Ny — Nj onto the first factor corresponds to a morphism
M — Indg 2 (V) (3.4.4.2)

of GLys-modules. Given m € M, write m = n; + ny for n, € N;; then the image of m

under ((3.4.4.2)| is the function ¢,, € Homggy, ,j(Z[GL2 3], N1) such that ¢,,([e]) = n; and
©m([M1]) = My - ngy; thus|(3.4.4.2)|is an isomorphism.

A computation using|(3.4.3.6)| and the identities

k=M;'i M,
=My )M,y (3.4.4.3)
j:|\/|2*1.|(.|\/|2

shows that the action of an element g € SLy 3 on V; is by left multiplication by the matrix
T, as in|(3.4.4.4), with elements of N; being viewed as vertical vectors. We note T_, = T =
Tj2 =T? = idy,, i.e. —e acts trivially on Nj.

g M, [ j k
T, | [0 0 1 0 0 1 100 111
1 00 010 111 100

Since M is an induced module, the restriction map
H'(GLy3, M) — H'(SLy3, Ny) (3.4.4.5)

is an isomorphism so we reduce to computing H'(SLs 3, V7).

The Hochschild-Serre spectral sequence for the inclusion Qg < SLg 3 degenerates on the Eo
page since the order of the quotient group (Ms) is coprime to the order of Nj. In particular
the restriction map

H'(SLy 3, N1) — H°((My), H'(Qg, N})) (3.4.4.6)
is an isomorphism.

Let C'(Qg, V1) := Fun((Qg)’, V1) denote the group of inhomogeneous i-cochains. By
the group SLs 3 has a natural left action on C(Qg, N1) (by entrywise conju-
gation on the source (Qg)* and by its usual action on Nj) such that the differentials in the
inhomogeneous cochain complex

CO(Qs, N1) B C1(Qs, N1) B C2(Qs, Ny) — -+
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are SLy 3-linear. Since the order of the subgroup (M) is coprime to the orders of C*(Qg, Ny),
we have that HO((M,), HY(Qg, V1)) ~ (H*(Qg, N1))M2 is isomorphic to the middle cohomology
of the sequence

(CO(Qsy N M= 5% (1 (Qa, N )M 5™ (C2(Qs, )V

i.e. cohomology commutes with taking Ms-invariants.
We now describe ker((d;)™?) and im((dy)™?).
An element f € (CY(Qg, N1))M2 is a function f: Qg — N; satisfying

f(g) =My - f(M3'gM,) (3.4.4.7)
for all g € Qg. We have that f € kerd; if
flg1-g) =g flga) + fl&1) (3.4.4.8)

for all g1, g2 € Qs.
Suppose f € ker((d)M?) = (kerd;) N (C1(Qg, Ny))M2; taking (g1, g2) = (e, e) in(3.4.4.8
implies f(e) = 0; taking g = —e in|(3.4.4.7)| and using|(3.4.4.4)| implies that
f(_e) = (57 373)

for some s € Z/(2); taking (g1, g2) = (—e, —e) in|(3.4.4.8)| and using the fact that —e acts
trivially on N7 implies that 2f(—e) = 0, which imposes no condition on s. We note that

g f(—e) = f(—e)
for any g € SLy 3.
Setting g =i, ], k in and using gives
f(i) =Mz - f(k)
f(3) =Ma- £(i) (3.4.4.9)
fk) =Mz f())

respectively; thus we have

f(k) = (s3, 51, 52)

for some sy, 59, 53 € Z/(2).

Setting either gy = —e or go = —e in|(3.4.4.8)[ implies
f(—g) = [f(g) + f(—e) (3.4.4.10)
for any g € Qs.

Setting (g1, g2) = (&i, £j), (£j, k), (£k, £i) in |(3.4.4.8)| (where the signs can vary inde-
pendently of each other) all impose the condition

59 =0 (3.4.4.11)

for s, so (check the case (g1,g2) = (i,]), then use [(3.4.4.10)| to show that changing the signs
don’t give new relations, then use|(3.4.4.9)| to show that one can permute using left multi-
plication by M,).
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Setting (g1, 82) = (&, i), (£k, £j), (£i, £k) in |(3.4.4.8)| (where the signs can vary inde-
pendently of each other) all impose the condition

s = S3 (3.4.4.12)

for s3 (check the case (g1,82) = (j, 1), then use|(3.4.4.10)|to show that changing the signs don’t
give new relations, then use|(3.4.4.9)| to show that one can permute using left multiplication

Setting (g1,82) = (+g, +g) for g = i,j, k (where the signs can vary independently of each
other) all impose the condition
5= 59+ S3 (3.4.4.13)

on 8, Sy, 83 (check the case g = i, then use|(3.4.4.10)| to show that changing the signs don’t
give new relations, then use[(3.4.4.9)| to show that one can permute using left multiplication
by My), but |(3.4.4.13)|is implied by |(3.4.4.11)| and |(3.4.4.12)|

These are the only relations satisfied by the s, s1, o, s3. Thus we have
ker((d)™2) ~ Z/(2) © Z/(2)

since there are no relations on s, s, € Z/(2).

An element of (C%(Qg, N1))M? corresponds to an element (¢,¢,¢) € Ny; since every ele-
ment of SLy 3 fixes elements of this form (see |(3.4.4.4)), the image of (,¢,¢) under (do)M?
corresponds to the function f: Qg — N; sending every element to (0,0,0), in other words

im((d;)™) =0
which implies
H((My), HY(Qs, N1)) ~ Z/(2) © Z/(2) (3.4.4.14)
and so
Br 10 =} (A1, Gn) 2] = Z/(2) (3.4.4.15)

by combining with [(3.4.4.6)] [(3.4.4.5)] [(3.4.2.5)] and [(3.4.2.2)] O

Remark 3.4.5 (The inhomogeneous cochain complex admits a left G-action). Let G be a
group, let H < G be a normal subgroup, and let M be a left G-module. Set P, := Z[H";
we denote by [ho, ..., h;] the canonical Z-basis of P;. We view P; as a left H-module via the
diagonal action h - [ho, ..., h;] = [hhg, ..., hh;]; then P, is a free left Z[H]-module with basis
consisting of elements of the form [e, hy, ..., h;]. Applying the functor Homy(—, M) to the
bar resolution

= PP =P —=7Z—0
gives the usual homogeneous cochain complex
5 5
Homz[H]<P0, M) 4 HOmz[H](Pl, M) # HOmz[H](Pg, M) —
whose cohomology gives H'(H, M).

We note that there is a natural left G-action on Homgx (F;, M ) for which the differential
0; + Homgp(F;, M) — Homgp) (P, M) is G-linear. Namely, the action of g € G on
@; € Homyg) (P, M) is described by

(i) ([ho, ..., hi]) == g (wi(lg"'hog, ..., g 'hig]))
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for all hg,...,h; € H. Let ' '
C'(H,M) :=Fun(H*, M)
denote the abelian group of functions H* — M. Via the usual abelian group isomorphism
Homg s (P, M) ~ C'(H, M)
sending o; — {(hy,...,h;) — @i(e,;hy,hihs, ... hy---hy)}, the abelian group C'(H, M) in-
herits a left action of G described by

(gfi)(h1,....h)) =g (fi(g 'g,...,g 'hig)) (3.4.5.1)

for g € G and f; € C'(H,M). The mhomogeneous cochain complex
CO(H, M) % c'(H, M) S C2(H, M) —
is G-linear as well.
For fo € C°(H, M), we have (dofo)(hy) = hy - fo(e) — fole).
For f, € CY(H, M), we have (dy fi)(h1,hy) = hy - fi(hs) — fi(hihs) + fi(hy).
LetX:=G /H be the quotient; then there is an induced left action of 3 on the cohomology
h'(C*(H,M)). In case G — ¥ has a section, in which case G is the semi-direct product

G ~ H x %, then this Y-action coincides with the one obtained by restricting the G-action
on C*(H, M) to X.

Remark 3.4.6. The arguments used in [3.4.3| and [3.4.4] are similar to those of Mathew and
Stojanoska [64, Appendix B], who show H'(GLy3, (TMF(3)9)*) = Z/(12) where GL, 3 acts
on

TMF(3)o=2Z[5,¢ b 1 o e/ (C A+ C+ 1) (3.4.6.1)
as in [89, §4.3].

Note 3.4.7 (Explicit description of inhomogeneous 1-cocycles). We describe the 1-cocycles
GLo3 — M obtained via the compositions |(3.4.4.6)| and |(3.4.4.5)l By our computation in

3.4.4] the 1-cocycles

Jas 1 Qs = Ny
are of the form
— (0,0,0) —e>(s,8,9)
= (51,0, 5) —i(s1+s,s,0)
jr(0,s,51) —j(s,0,81 + s)
k— (s,$1,0) —k — (0,51 + s, 9)

for some s, s; € Z/(2). Suppose
fSLg,g :SLas — Ny

is a 1-cocycle such that fsr,, is fixed by the action of My (see|(3.4.5.1)) and which satisfies
fSL2,3 (g) = st (g) for gc Q8' We have
M, - fSLz,s(Mgl g M2) = fSL2,3(g)
for all g € SLy3; taking g = My gives My - fsr, ,(Mg) = fSLM(Mg). Taking g1 = go = My in
the 1-cocycle condition ((3.4.4.8)| then gives fsr,,(Mz) = 0. Thus we have
fSL2,3 (g : MQ) = fSLz,:s(g) (3471)
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for any g € SLy 3, again by |(3.4.4.8
By Shapiro’s lemma [(3.4.4.5), there is a 1-cocycle
faLas t GLag — Indg?? (Ny)

such that precomposing with the inclusion SLy 3 C GLg 3 and postcomposing with the pro-
jection Indgﬂf’;(Nl) — N gives fs,,. After altering far,, by a l-coboundary, we may

assume by that fqr,, is given by the formula |(3.4.8.1)l namely

fars(g- MO(IMI]) = for, s (M7 - g - M) (3.4.7.2)
for any i,j € {0,1} and g € SLy 3. Any element g € GLy 3 may be expressed in the form
h- M2 . M2

where i; € {0,1} and iy € {0,1,2} and h € Qs. We have formulas
My - My My = My
My -i-Mt = —i
M -j- Ml = —k
My k- M7 = =]

(3.4.7.3)

and so
Faras(h - M2 - M) (M) = fow, o (M] - h - M2 - M7Y)
= foras (M} -h-M7) - (M] - MZ - M7))
2 forns(MI-h - M)
2 fo (Mi-h- M)

where equality 1 is by |(3 and equality 2 is by [(3.4.7.1)| and [(3.4.7.3)] and equality 3 is
(sce [-1

since MJ - h - M} e Qg 3.4.7.3))). This is summarized in |(3.4.7.4)| below.

fGLzs( ) (st( ) st( )) - ((07070)7(0’070))

fGL23< ) (fQ8<I> fQ8<_i)) = ((517073)7 (81 + s, 570))

Fotan () = (Fau(i) Fao(—K0) = ((0,5,50), (0,51 + 5..)) AT
fGL2,3(k) (st( ) st(_j>> - ((37 8170)7 (8707 51+ S))

3.4.8 (The Shapiro isomorphism and inhomogeneous 1-cocycles). E Let G be a group, let
H C G be anormal subgroup of finite index such that the projection G — G/H has a section
G/H — G whose image corresponds to a subgroup ¥ of G. Let N be a left H-module and
let Tnd5 N := Homyu(Z[G], N) denote the associated induced left G-module. We recall
that the left G-action on Ind% N sends ¢ — g where (gp)(z) = ¢(zg).

We describe the inverse of the Shapiro isomorphism H'(G,Ind% N) — H'(H, N) in terms
of inhomogeneous cochains. Suppose given a function

f:H—N

which satisfies

f(hih2) = hy - f(ha) + f(h1)

5Ehud Meir’s MathOverflow post [68] was helpful in working out the details of this section.
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for all hy,hy € H. We construct a 1-cocycle
s: G — IndG(N)

which restricts to f, i.e. satisfies s(h)(1 - [e]) = f(h) for all h € H. Note that every element
of g € G may be written uniquely in the form

g =ho

for h € H and o € ¥, hence the collection {[o]},ex forms a basis for Z[G] as a left Z[H]-
module. We set

s(ho)([¢]) == f(ehe™) (3.4.8.1)

for h € H and 0,§ € ¥ and extend Z[H]-linearly. Given gi,g, € G where g; = h;o; with
h, € H and o; € ¥, for any £ € ¥ we have

s(g182)([€]) = s(hio1hao2)([E])
= s(hy(o1hyo; Moro2)([€])
= f(&hy(orheo; HET)

and
(81 - 5(g2))([¢]) = s(h202)([¢h101])
= 5(ha02)([(EME™)Ea])
= (EM&™") - s(haos)([€0n])
= (€hi&™Y) - f((Eor)ha(Eon) ™)
and

s(g1)([¢]) = s(hion)([€]) = F(Ehig™)
which implies
s(g182) = g1 - s(g2) + s(e1)
by Z[H]-linearity and since f is a 1-cocycle; hence s is a 1-cocycle. 0

3.4.9 (Proof of [Theorem 3.1.2)). Let kP be a fixed separable closure of k and let Gy :=
Gal(k*P /k) ~ Z be the absolute Galois group. Set 4 = 41, and AP = M 1 jsev. We
have Br.# = Br' .# by|Lemma 3.2.1] The Leray spectral sequence for the map .# — Spec k

is of the form

EY? = HP (G, HE (A, G)) = HE (A, G)
with differentials E5? — E5™>%". Here we have T'(#Z°?,G,,) = T'(Aker,Gy) = (k5P)%
since 5P — Aj.., is the coarse moduli space map. Since k is a finite field, we have that
HY (A#*P,G,,) is a torsion group. Moreover H, (5P, G,,) ~ Pic(A*P) ~ Z/(12) is a
torsion group by [36]. Thus by e.g. [34, 4.3.7] we have EY? = 0 for (p,q) € Zsy x {0,1}.
This means there is an exact sequence
0— Ey! - H2(#,G,) = EY’ =0 (3.4.9.1)

of abelian groups.
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By [36], we have that Pic(.#Z°P) ~ Z/(12) is generated by the class of the Hodge bundle;
since Gy acts trivially on invariant differentials of elliptic curves £ — S where S is a k-
scheme, the action of Gy on Pic(.#Z®P) is trivial. Hence we have

E}' = HY(Gy,, H, (4%, G,,)) = Homeon (G, Pic(5P)) 2 7./ (12)
where equality 1 is by [34] 4.3.7] and equality 2 is since G ~ Z.. We have
Ey? = HO(Gy, HE, (A7, Gy)) = (2/(2))% = Z/(2)

where equality 1 is by the computation for an algebraically closed field (Theorem 3.1.1|) and
also the fact that HZ (.#5®,G,,) is a torsion group (see [4, Proposition 2.5 (iii)]) and equality
2 is because any group action on the group of order 2 is necessarily trivial. Thus
reduces to a natural extension

0—7Z/(12) - Br# —7Z/(2) = 0 (3.4.9.2)

and it remains to see whether |(3.4.9.2)|is split. It suffices to compute the size of (Br.Z)[2],
since (Br.#)[2] has 4 or 2 elements depending on whether |(3.4.9.2)| is split or not, respec-
tively.

As in [3.4.2] the fppf Kummer sequence
1= gty = G 3G, — 1 (3.4.9.3)

gives an exact sequence

1= Z/(2) 5 B2 (A, p1s) — (Broa)[2] — 1 (3.4.9.4)

of abelian groups. We compute Hi (.#, 112) using the Leray spectral sequence which is of

fppf
the form
By = HP(Gy, Hiypf (AP, 1)) = HELU( A pi2)
with differentials E5? — E5*>97!. We have
0 ifg=20
Hiot (AP, p2) =  Z/(2) ifg=1

Z/2)®Z/(2) ifq=2
from the fppf Kummer sequence on .Z°P, where the ¢ = 0 case follows since we are in
characteristic 2 and ['(Z5?,G,,) = ['(Ajep, G) = (K°P)%, the ¢ = 1 case is since the
multiplication-by-2 map on ['(#Z5P,G,,) = (k*P)* is an isomorphism, and the ¢ = 2 case
is by the computation in the algebraically closed case (combine|(3.4.2.5),(3.4.4.5), [(3.4.4.6)],
GAAIT).

Since k has characteristic 2, the 2-cohomological dimension of k satisfies cda(k) < 1 by
e.g. [38, 6.1.9]; hence ES?Y = 0 for p > 2 and any ¢ € {0,1,2}. Hence there is an exact
sequence

0 — HY(Gy, Hflppf(.///sep, p2)) — H?ppf(.//z, p2) — H(Gy, prpf(///sep, p2)) =0 (3.4.9.5)

of abelian groups. As above, the Gi-action on Hflppf(/// P 115) is mecessarily trivial so we
have an isomorphism H'(Gy, Hy ¢ (5P, p12)) ~ Homeont (G, Z/(2)) ~ Z/(2).

To describe HO(Gy, H ¢ (A4, p12)), we describe the Gy-action on HE (4P, j15). Let
£ € kP
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be a fixed root of 22 + z + 1 (i.e. a primitive 3rd root of unity).

If £ € k, then Gy acts trivially on Hf (.#°P, uy) by the description in [3.4.3; hence
(3.495)

HO(Gy, H (AP, 1)) has 4 elements, hence HE (., 12) has 8 elements by | hence
(Br.#)[2] has 4 elements by |(3.4.9.4), hence Br.#Z ~7/(2) ® Z/(12).

Suppose £ € k. The k-algebra map
klu,w, 551/ (0% + w + 1) = kP, o] X kP, 5]

B 3
) u3—1 vy —

sending p — (v1,v5) and w = (£, £?) induces an isomorphism

Kl w, 55/ (@F 4+ w + 1) @ BP — k5P, ufl—l] X k5P[vy, ﬁ] (3.4.9.6)
of k*P-algebras. The inverse to sends
(f1(1), f2(12)) = f1(1) (w ® ﬁ +1® fle) +f2(4t) ((—w) ® ¢ —152 +(-1)® 6%)

for f;(v;) € k[, ﬁ]

Let
A€ Gy
be an automorphism of k%P such that A(¢) = &2 Then the k-algebra automorphism of
kS°P[v, ﬁ] X k5P vy, zg+1] induced by [(3.4.9.6)[ sends (14,0) — (0,15) and (0, v5) — (4,0)
and (£,0) = (0,£2) and (0,&) = (£2,0). We see that the action of A on M (see[(3.4.3.2)) is
given by [(3.4.9.7)]

Ul—l V1—§2 1/2—1 l/2—§ I/2—§2

v —¢§

)\ vy — 1 vy — 52 Vo — g vy — 1 V] — 52 v — é- (3497)
A computation with |(3.4.9.7)[ and |(3.4.3.6)| shows that
AgA\™m =g m (3.4.9.8)

for any m € M and g € GLg 3.

Let far,, : GLy3 — M be an inhomogeneous 1-cocycle as in [Note 3.4.7, Multiplying the
1-cocycle condition |(3.4.4.8)[ on the left by A gives

A fGL273 (81-82) = g1 - fGLg,S (82) + A~ fGLz,s(gl)

= g1 (/\ ’ fGL2,3(g2)) +A- fGL2,3<g1)

where equality 1 follows from ((3.4.9.8)l Hence the function A - far,, : GLgs — M sending
g +— A far,,(g) is a 1-cocycle as well. Using|((3.4.9.7) and |(3.4.7.4), we have that

(A faras)(e) = ((0,0,0),(0,0,0))

(A fary,)(i ((s1+s,0,58),(s1,5,0))
(A fares) () = ((0, 5,51 4 5), (0,51, 5))
(A faras) (k) = ((s, 81 +5,0), (5,0, 1))

(3.4.9.9)

N ~— — ~—
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and so
fGL2,3<e) - (/\ ) fGL2,3)(e) = ((0’ 0, 0)7 (07 0, 0))
fGL2,3<i) - ()‘ ’ fGL2,3)(i) = ((Sv 07 0)7 (57 07 O))
Fotan ) = (1 fora) () = ((0,0.9), (0.5,0) (34010
fGL2,3<k> - (/\ ’ fGL2,3>(k> = ((07 S, 0)7 (07 07 5))

for the same s,s; € Z/(2) as in|(3.4.7.4)]

Suppose far,, and A - far,, differ by a 1-coboundary, in other words there exists an
element
m = ((my, my, mg), (mf, my,m3)) € M
such that

faras(8) — (A far,;)(8) =g -m—m (3.4.9.11)

for all g € GLa3. By|(3.4.9.10)} taking g = My in[(3.4.9.11)| gives m’ := m} = mb = m}, for

i = 1,2; then taking g = M; gives m! = m?; then taking g = i gives m = 0. We see that
faL,; and A - far, , differ by a 1-coboundary if and only if s = 0.

Hence we have that H(Gy, H (4P, 15)) ~ Z/(2), hence Hy (.4, j15) has 4 elements

by ((3.4.9.5) hence (Br.#)[2] has 2 elements by |(3.4.9.4) hence Br.#Z ~ 7Z/(24). O
Question 3.4.10. In|Theorem 3.1.1} “describe” the Azumaya O 4, , ,-algebra corresponding
to the unique nontrivial class in Br .4} 1, >~ Z/(2). Is it a cyclic algebra? Is the cup product
map

H%ppf(%l,l,kﬂ Z/<2n)) X H%ppf(%l,l,/m /’l’2n) — H?ppf(%l,l,ka :uQ)
surjective for some n € N?

Remark 3.4.11. In [Theorem 3.1.1} the nontrivial Brauer class may be represented by an
Azumaya O 4, , ,-algebra of rank 48%. Indeed, let G — .#, 1 be the G,,-gerbe corresponding
to the nontrivial class in Br(.#1,1x). Let Gg, be the fiber product G x_ 4, ,, Su (where the
second projection is , and let 7 : Gg;, — G be the projection. Since Br(Sy) = 0,
there exists a 1-twisted invertible sheaf £ on Gg,,. The pushforward 7, L is a 1-twisted finite
locally free sheaf on G of rank 48, since 7 is finite locally free of rank | GLo 3| = 48. Then
the endomorphism algebra Endo, (7.£) is a 0-twisted Azumaya Og-algebra. O
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4. THE COHOMOLOGICAL BRAUER GROUP OF G,,-GERBES

The purpose of this section is to prove [['heorem 4.1.2) This material is more or less the
same as in [85].

4.1. Main theorem and introductory remarks. Gabber in his thesis described the coho-
mological Brauer group of a Brauer-Severi scheme X — S as a quotient of the cohomological
Brauer group of the base scheme S. More precisely, he proved the following:

Theorem 4.1.1. [37, II, Theorem 2] Let S be a scheme, let mx : X — S be a Brauer-Severi
scheme. Then the sequence

+(S,4Z) — Br o r X —
HY%(S,Z) — Br'S 3 Br' X — 0 4.1.1.1

is exact, where the first map sends 1 — [X].

In this section we prove an analogue of the above theorem for torsion G,,-gerbes.

Theorem 4.1.2. Let S be a scheme, let 7g : G — S be a G,, s-gerbe corresponding to a
torsion class [G] € Br' S. Then the sequence

HY.(S,Z) —» Br' S S Br'G — 0 (4.1.2.1)
is exact, where the first map sends 1 +— [G].

Remark 4.1.3. Let A be an Azumaya Og-algebra and let 7y : X — S and ng : G — S be
the associated Brauer-Severi scheme and G,,-gerbe of trivializations, respectively. By [78],
§8, 4] there exists a finite locally free O y-module J and an Ox-algebra isomorphism 7% .4 ~
Endy, (J)°. There is an Ox-algebra isomorphism End, (/) ~ End, (J") sending ¢
©¥. Since G is the gerbe of trivializations of A, we have an S-morphism f : X — G; this
induces a commutative triangle 7y = f*m; on the cohomological Brauer groups of S, G, X.
Since [G] € kermj; C kerny and ker7y is generated by [G] by [Theorem 4.1.1, we have
exactness of at Br'S. The difficulty of [Theorem 4.1.2|is in showing that 7 is
surjective.

Remark 4.1.4. Our|Theorem 4.1.2|provides a class of algebraic stacks G for which the Brauer
map ag is surjective. Indeed, if S is a scheme for which ag is surjective and ng : G — §'is
a torsion G,,-gerbe, then ag is surjective by [['heorem 4.1.2| and functoriality of the Brauer
map. On the other hand, if S is a scheme for which ag is not surjective, then ag is not
surjective for G = BG,,, 5. This follows from the observation that the projection g : G — S
has a section og : S — G.

Remark 4.1.5. By [Theorem 4.1.2| and |[Remark 4.1.3] the pullback map
ff:Br'Gg —Br'X (4.1.5.1)

is an isomorphism, in other words the cohomological Brauer groups of a Brauer-Severi scheme
and its associated G,,-gerbe are isomorphic. It would be interesting to give a more direct
proof that is an isomorphism. Indeed, smooth-locally on X, the map f: X — G is
isomorphic to A"\ {0} and we give a proof using this fact in [4.5.6] under the additional
hypotheses that the base S is regular and that its function field has characteristic 0. To
remove these hypotheses, it would be necessary to study the differential Eg’Q on the 3rd page
of the Leray spectral sequence associated to f. We note however that showing that




a0

is an isomorphism for arbitrary bases S would not be enough to prove [['heorem 4.1.2in case
the Brauer map ag : BrS — Br’ S is not surjective, i.e. there exist torsion G,, s-gerbes not
corresponding to any Azumaya Og-algebra.

4.1.6. We outline the proof of [Theorem 4.1.20 As in [37], the desired exact sequence|(4.1.2.1)|
comes from the Leray spectral sequence for the map mg and sheaf G,,g. One step in the
proof of [Theorem 4.1.2|is to show the vanishing of the higher pushforwards R*rg .G,,g. The
stalk of R*mg .G, g at a geometric point 5 of S is isomorphic to HZ (BG4, G B, ,) Where
A = O is the strict henselization of S at 5. We compute HZ (BGy, 4, G 5g,, ,) using the
descent spectral sequence associated to the covering § : Spec A — BG,, 4, whose gth row
is the Cech complex associated to the cosimplicial abelian group obtained by applying the
functor Hf (-, G,,) to the simplicial A-scheme {G,;",},>0 obtained by taking fiber products

of £&. In [Section 4.3 and [Section 4.4] we show that the Ey' and E3 terms of this spectral

sequence vanish, respectively. It is harder to show that Eé’l = 0, which comes down to
showing that

m* —pi — pj : Pic(A[t]) — Pic(Alt, t5])
is injective, where m, p1, ps : A[t*] — A[t], 5] are the A-algebra maps sending t — t,ts, 11, to
respectively. If A is a normal domain, then Pic(A) ~ Pic(A[t*]) ~ Pic(A[t], t3]) so the result
is trivial. In case A is not normal, we use the Units-Pic sequence associated to the Milnor
square of the normalization A — A.

4.2. Gerbes and the transgression map. The purpose of this section is to prove|[Lemma 4.2.2
a description of the higher pushforward R'7,G,,¢ for a gerbe 7 : G — S, and

a description of the differential d5"' : ES" — E2” in the Leray spectral sequence
associated to 7 in terms of torsors and gerbes. This map dg’l is called the transgression map
[40, V, §3.2].

In order to describe the higher pushforwards R'x7,G,,, we will use the following result on
the Picard group of A-gerbes.

Remark 4.2.1 (Picard group of A-gerbes). Assume the setup of [Lemma 1.3.16, By [I5],
5.3.4], for any invertible Og-module L, there exists a unique character

Xc € A
such that the diagram
AgxL—L
mxe X idgl lidﬁ (4.2.1.1)

Gug X L — L

commutes, where the top row is the inertial action and the bottom row is the restriction of
the Og-module structure on £. The condition that commutes is equivalent to the
condition in other words £ is a x.-twisted sheaf. For two invertible Og-modules
L1, Ly we have Xz 00, = Xz, * Xzo by [15, 5.3.6 (2)], hence the assignment £ — x. defines a
group homomorphism

Bg : Pic(G) — A
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of abelian groups. By [15 5.3.6 (3)], we have that x, = 0 if and only if £ is of the form
7*M for an invertible Og-module M in other words there is an exact sequence
0 — Pic(S) 5 Pic(G) % A (4.2.1.2)

where injectivity of 7* follows from [Lemma 1.3.16{ The sequence|(4.2.1.2)|is functorial on S
in the following sense: if p: T — & is a morphism of locally ringed sites and 7 : Gr — T
is the Ar-gerbe obtained by pullback, then the diagram

0 — Pic(S) AN Pic(G) AN

A

p*l p*l p*l

0 — Pic(T) — Pic(Gr) — Ar
T 597’

commutes.

In case G := BA, by [I5, 5.3.7] the map fg is surjective and the sequence [(4.2.1.2)| is

split; the map B¢ admits a natural section A — Pic(G) taking a character x to the trivial
Os-module equipped with the A-action corresponding to x via the isomorphism G,, s ~
Auty (Os).

Lemma 4.2.2. Let § be a locally ringed site, let A be an abelian sheaf on S, let 7: G — &
be an A-gerbe. There is a natural isomorphism
Rlﬂ'*vag ~ HOIIlAb(S) (A, Gm’s) (4221)

of abelian sheaves on S.

Proof. Let U € S be an object. Taking 7 := S/U and p : §/U — S the inclusion of
categories, we obtain an exact sequence

~

Tk B
0 = Pic(S/U) % Pic(Gsyw) = Asy (4.2.2.2)

of abelian groups. Letting U range over the objects of §, we obtain an exact sequence of
abelian presheaves whose value on U is [(4.2.2.2), and sheafifying this sequence gives the

desired isomorphism. O

We specialize to the case A = G, s.

Proposition 4.2.3. Let S be a locally ringed site and let 7 : G — S be a G,, s-gerbe. Let
dy' - H(S, R'1,G,,g) — H%(S, R°71,G,,0) (4.2.3.1)

be the differential in the Leray spectral sequence associated to the map 7 and sheaf G,,, g. Un-
der the identification|(4.2.2.1)| the differential dg’l sends the identity idg,, ; € Homap(s)(Gm,s, Gm,s)
to the class —[G] € H*(S, G,,,.5).

Proof. Let ¢ € HY(S,R'm,G,,g) be the class corresponding to the identity section y :=
idg,, s € Homay(s)(Gm.s, Gm,s) via the isomorphism |(4.2.2.1)] As in [40, V, 3.1.6], let

D(c)— S
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denote the category fibered in groupoids whose fiber category (D(c))(U) for an object U € S
consists of the invertible Og, ,y-modules whose image under the map
H'(Gs/v, Gs) — HY(U,R'1,G, )
is equal to the image of ¢ under the restriction map
H°(S, R'71,G,,g) — H (U, R'7.G,,6)
of the sheaf R'm,G,,g. By [40, V, 3.2.1], the category D(c) is a Gy, s-gerbe, and the

assignment ¢ — [D(c)] coincides with the differential [(4.2.3.1)] By the above description of
D(c) and by the definition of the isomorphism|(4.2.2.1)|as the one obtained by sheafifying the

maps fig ,, in((4.2.2.2)] we have that an invertible Ogg ,,-module £ is contained in (D(c))(U)
if and only if it is x|s/y-twisted.

An arbitrary invertible Og;  -module £ arises as the pullback of the tautological bundle
under a morphism of stacks ¢, : Gs/y — BGy, s/v. Ifug : Gy, s/ — Gyy,s/0 is the morphism
induced by ¢, on bands [40, IV, 2.2.3], then L is u-twisted. Hence we have an isomorphism
of G, s-gerbes D(c) ~ HOM;q(G, BG,, s) in the notation of [40, IV, 2.3.1]; the class of the
latter in HZ, (S, G,.s) is equal to —[G] by [40, TV, 3.3.2 (iii)]. O

Remark 4.2.4. The category D(c) in the proof of [Proposition 4.2.3| may also be described
in the following way. Let Zic(G/S) denote the relative Picard stack of G/S, namely the
category over § whose objects lying over some U € C is the groupoid of invertible Gg -
modules. Let Picg/s ~ Rlﬂ*Gmg denote the relative Picard functor of G/S, namely the
sheaf associated to the presheaf on S sending U +— Pic(Gs,y)/ Pic(U). There is a functor
F: Zic(G/S) — Picgs sending an invertible Ogg ,-module to its isomorphism class. Then
D(c) is equivalent to the pullback of F' along the morphism S — Picg,s corresponding to
the class c. U

4.3. Picard groups of (Laurent) polynomial rings. In this section we prove|[Lemma 4.3.11]
For us, the main difficulty is that there are rings A for which the pullback map Pic(A4) —
Pic(A[t]) is not an isomorphism. The ring A is called seminormal [90, p. 210], [94] p. 29] if
for every b,c € A satisfying b3 = ¢? there exists a € A such that a? = b and a® = ¢. Semi-
normal rings are automatically reduced [57, VIII, §7]. By Traverso’s theorem [91, Theorem
3.6, [94, Theorem 3.11], the map Pic(A) — Pic(A[t]) is an isomorphism if and only if the
reduction A,q is a seminormal ring. Taking the strict henselization of the cuspidal cubic
klz,y]/(y?> = 23) at the cusp gives an example of a reduced strictly henselian local ring A

which is not seminormal; by [Remark 4.3.9] in this case we also have Pic(A[t,t]) # 0.
Throughout this section and [Section 4.4] we will use [Notation 4.3.1] and [Notation 4.3.2]

Notation 4.3.1 (A,C*G,h"(C*G)). Let A be the category with objects [n] := {0,...,n}
for each nonnegative integer n > 0 and whose morphisms ¢ : [m] — [n] correspond to
nondecreasing maps ¢ : {0,...,m} — {0,...,n}.

Forn > 0and 0 <i < n+1, we denote 67" : [n] — [n+ 1] the injective nondecreasing map
whose image does not contain 1.

For n > 0 and 0 < i < n, we denote o' : [n + 1] — [n] the surjective nondecreasing map
satisfying (o7)~1(i) = {4,i + 1}.

A cosimplicial set (resp. abelian group, resp. ring) is a covariant functor from A to (Set)
(resp. (Ab), resp. (Ring)).
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If G is a cosimplicial abelian group, we denote by
C*G
the cochain complex where C"G := G([n]) for n > 0 and where the nth differential d, :
C"G — C™1G is the alternating sum 3" '(—=1)G(6"). We denote by
h"(C*G) := ker(dg)/im(dg ")
the cohomology of C*G at C"G.

Notation 4.3.2 (La,P4). Let A be a ring, let 7 : BG,, 4 — Spec A be the trivial G, a-
gerbe, let £ : Spec A = BG,, 4 be the section of 7 corresponding to the trivial G,,, a-torsor.
The Cech nerve of the covering £ corresponds to a cosimplicial A-algebra

LA A — (A—alg)
where
La([p]) == Altt, .. )]
is the Laurent polynomial ring in p indeterminates over A (where by convention L4 ([0]) :=
A).

For p > 0 and 1 < ¢ < p, the ith degeneracy map L(07) : La([p]) — La([p + 1]) is
the A-algebra map sending (ti,...,t,) = (t1,...,titis1, ..., tp1); the Oth degeneracy map
La(dp) sends (t1,...,t,) = (t2,...,tp41) and the (p 4 1)th degeneracy map L4(d}, ) sends
(tl,. .. ,tp) — (tl, .. 7tp).

For p > 0 and 0 < i < p, the ith face map La(c?) : La([p+1]) — La([p]) is the A-algebra
map sending (t1,...,tp41) — (t1, .-t Litigr, .., ).

We also have the cosimplicial A-algebra

Py: A — (A-alg)
where
Pa([p]) := Alt1, ..., 1)
is the polynomial ring in p indeterminates over A, viewed as the subalgebra of L4([p]),
and for which the A-algebra map P4(¢) : Pa([m]) — Pa([n]) is obtained by restricting
La(p) : La([m]) = La([n]).

We make explicit the formulas P 4(67) for p = 0,1,2 and P 4(o?) forp = 0,1. For 0 <i < 1,
the A-algebra map P4(6Y) : A — Alt;] is the unique one. For 0 < i < 2, the A-algebra map
PA(6}) : Alt1] — Alty, to] sends 1 to tg, t1ts, t1 respectively. For 0 < i < 3, the A-algebra map
PA(&?) . A[tl, tg] — A[t17 tQ, t3] sends (tl, t2) to (tQ, tg), (tltg, t3)7 (t17 t2t3), (tl, tg) respectively.
For 0 < i < 0, the A-algebra map P4(0?) : A[t;] — A sends t; to 1. For 0 < i < 1, the
A-algebra map P (o)) : Alty,ta] — Alt1] sends (t1,t2) to (1,t1), (t1,1) respectively.
Notation 4.3.3 (N,F,N,, ,,F). Given a functor

F : (Ring) — (Ab) (4.3.3.1)
we define new functors
N,F,N,,.,F : (Ring) — (Ab)
by
N,F(A) :=ker(F(z = 1) : F(A[z]) — F(A))
Nay .z F(A) :==ker((F(xg = 1), F(zy = 1)) : F(A[z1, 72]) = F(A[z1]) ® F(Alzs]))
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for any ring A, where x,x1, s are indeterminates. The notation “N,F” was defined by
Weibel in [93, §1].

The operation “N,” can be iterated, for example if 1, 25 are indeterminates, then N, (N, F)
is a functor (Ring) — (Ab).

Lemma 4.3.4. In [Notation 4.3.3] we have
le,sz(A) =Ny, (Nsz) (A) = Ng, (NmF)(A)

for any ring A.
Proof. The claim follows from considering the commutative diagram
0 0 0

Jlg_l

0 — Ny 0, F(A) — N, F(Afxs]) — N, F(A) — 0

0 — N, F(Afz1]) — F(Af1, 25]) 2= F(Afz1]) — 0 (4.3.4.1)
T =1 1 =1 rx1 =1

0 —— N, F(A) — F(A[zs]) —2 =15 F(4) —— 0

0 0 0

where each row and column is (split) exact. O

Lemma 4.3.5. Assume [Notation 4.3.1] [Notation 4.3.2] and [Notation 4.3.3, We have
dll«“PA (NtlF(A)> C Ntl,t2F<A)

for any ring A.

Proof. For 0 < i < 2, the composition P 4(c})P4(d}) correspond to the A-algebra maps

Alty] — A[ty] sending t; — 1,ty, 11, respectively; thus F(P (o)) (dpp , (N;,F(A4))) = 0. By a

similar argument, we have F(P4(01))(dgp , (N, F(A))) = 0. O

Lemma 4.3.6. Assume [Notation 4.3.1] [Notation 4.3.2] and [Notation 4.3.3, We have
h*(C*(PicP,4)) = 0

for any ring A.
Proof. Since P 4(d)) = P4(?), the differential dp;p, : Pic(A) — Pic(A[t1]) is the 0 map.

Hence it suffices to show that
dpicp , : Pic(A[t1]) — Pic(Alty, t2])
is injective.
We have that A is the filtered colimit of subrings of A which are finite type Z-algebras,
hence by e.g. [88, 0B8W] we may reduce to the case when A is a finite type Z-algebra.
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In particular A has finite Krull dimension. We proceed by induction on dim A. Since the
Picard group of a ring is invariant under nilpotent thickenings, we may assume that A is
reduced. If dim A = 0, then A is a finite product of fields, hence ker dp;.p, = 0 (since in fact
Pic(Aft]) = 0 in this case).
Suppose dim A > 0 and let

a € Pic(Alt))
be a class such that dp;.p , (o) = 0. We have a direct sum decomposition Pic(A)®Ny, Pic(A) ~
Pic(A[t1]), and Pa(65),Pa(d}),Pa(d3) are A-algebra maps, so in fact a € Ny, Pic(A). Let
Q(A) denote the total ring of fractions of A, and let

A C Q(A)
denote the seminormalization [90, Lemma 2.2] of A in Q(A). Write

sn __ |3
A% = hﬂAeA Ax
where each A C A, C A™ is a finitely generated subextension of A%"; then A C A, is a finite
extension of rings since it is an integral extension. Thus

Ny, Pic(A™) ~ lim, Ny, Pic(A))

by e.g. [88, 0B8W]. By [90] Corollary 3.4], we have that A* is seminormal, thus N, Pic(A™) =
0 by Traverso’s theorem [94, Theorem 3.11]. Hence there exists some A € A for which « lies
in the kernel of Ny, Pic(A) — Ny, Pic(Ay){" Let

I'={z €A : zA,C A} = Anny(A,/A)

be the conductor ideal of A C A,; it is the largest ideal of A, contained in A so in particular
it is also an ideal of A. We denote

U(A) = A"

the group of units of A. Let S denote the commutative cartesian diagram

A‘%A)\

l l (4.3.6.1)

of rings (called a “Milnor square”). By Milnor’s theorem [9, IX, (5.3)] there is an exact
sequence

sl ? U(A) —>AU(A/I) o U(AN) = U(iAA/I ) (13.6.2)
— Pic(A) = Pic(A/I) & Pic(Ay) = Pic(Ay/I)

of abelian groups, called the Units-Pic sequence [94, I, Theorem 3.10]; here we denote by
A the diagonal map and by + the difference map. For any flat A-algebra B we obtain a
corresponding Units-Pic sequence G(S® 4 B), and for a morphism B; — Bs of flat A-algebras
we obtain a morphism of complexes G(S ®4 B1) — G(S ®4 Bs) since the boundary map
0 of is functorial for morphisms between Milnor squares. We have a morphism of

16Here, instead of using the limit argument, we may also use that the extension A C A" is finite since A is
a Nagata ring (it is a finite type Z-algebra) and thus has finite normalization, hence has finite seminormal-
ization.
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complexes

dépg) : G(S[t1]) = G(Slt1, ta])
consisting of the maps dp , as F ranges over U(—), Pic(—) and B ranges over the rings in S.
Let Ny, G(S) be the kernel of the morphism of complexes G(S[t;]) — G(S) sending ¢; — 1;
it is an exact sequence since G(S[t1]) — G(S) admits a section. Considering the diagram
(4.3.4.1), we obtain a similar exact sequence Ny, ;,G(S), and the map d%;(PS) above restricts
0 a map

le’(PS) . Nth(S) — NtthG(S)
by In particular, we have a commutative diagram

1 1
dup,,, ®dup,,

N, U(A/I)® N, U(A)) Ni, , U(A/T) @& Ny, 1, U(AN)

Zttl :th 2
due, ,
NtlU(AA/]> Ntl,tzU(AA/I)
B, 0 (4.3.6.3)
. dll)icPA .

Nt1 PIC(A) Ntl,tg PIC(A)

Atl Atlth
d%’icPA/I @ dll?icPAA

NtIPIC(A/I> o) Ntl PIC(A)\) _— Ntl,tzpiC<A/I> ) Ntl,tQPiC(A/\)

with exact columns, where we denote by £, , 0;,, Ay, and %4, 4,, O, +,, A¢, 1, the corresponding
maps in Ny, G(S) and Ny, ;,G(S) respectively.

By below, we have that I contains a nonzerodivisor of A; hence I is not
contained in any minimal prime of A by [3, Lemma (14.10)]; hence A/I has smaller Krull
dimension than that of A (c.f. [94, p. 15]); the image of o under Ny, Pic(A) — Ny, Pic(A/I)
is contained in ker d11>icPA/,7 which is 0 by the induction hypothesis since dim A/I < dim A.

Hence Ay, () = 0, so by exactness of the left column of [(4.3.6.3)] there exists
§ € N, U(AN/T)
such that o = 0, (€). By e.g. [94, I, Lemma 3.12] we have that ¢ is of the form
§=1+p(t)
where
B € ti(nil(Ax/I)[t1])

is a polynomial with nilpotent coefficients and whose constant coefficient is zero. We have

dyp, (&) = (14 B(t))(1+ Btat2) " (1 + B(t2)) (4.3.6.4)
in Ny, 4, U(A\/I). Since 0y, 4, (d%PAA/I (€)) = dpiep , (01, (€)) = dpiep, (@) = 0, by the exactness
of the right column of |(4.3.6.3)| there exists

Ve Ntl,t2U<A/I) ® NtthU(A)\)
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such that d%jPAA/I(f) = =44,4,(7). Here by [94, I, Lemma 3.12] the inclusion U(A,) C

U(A\[t1,t2]) is an equality since A, is reduced, hence Ny, ;,U(A)) = 0. Moreover A/ —
A, /I is injective (since I is the largest ideal of Ay contained in A), hence|(4.3.6.4)|is in fact
contained in Ny, +, U(A/I). Thus in fact

B e (A/D[t]
as can be seen for example by setting o = 0 in |(4.3.6.4), In other words, we have that £ is
in the image of 4, ; since 0;, o £, = 0, we conclude a = 0. U

In the following lemma, we write out the details of a claim in [94, p. 15].

Lemma 4.3.7. Let A be a ring with total ring of fractions Q(A), and let A C B C Q(A) be
a subring.

(i) The inclusion A C B preserves nonzerodivisors, and any nonzerodivisor of B is of
the form r/u where r,u € A are nonzerodivisors of A.
(ii) The total ring of fractions of B is Q(A).
(iii) If A C B is a finite extension, the conductor ideal I = {z € A : 2B C A} =
Anny(B/A) contains a nonzerodivisor of A.

Proof. (i) If z € A is a nonzerodivisor of A, then its image in Q(A) is a nonzerodivisor of
Q(A), hence its image in B is a nonzerodivisor of B. An arbitrary element of B is of the
form r/u where r,u € A and wu is a nonzerodivisor of A. If x € A is an element such that
re = 0in A, then u(r/u)z = 0 in B and wu is a nonzerodivisor of B (by the first part) so
(r/u)z =0 in B; then x = 0 since r/u is by assumption a nonzerodivisor of B; hence r is a
nonzerodivisor of A.

(ii) Let ¢ : B — S be a ring homomorphism such that ¢ sends nonzerodivisors of B to
units of S. By the first part, ¢ sends nonzerodivisors of A to units of S, hence there exists
a ring map £ : Q(A) — S such that |4 = ¢|4. By definition of &, for any a/u € B we have

{(a/u) = p(a) - (p(u))™" = p(a/u); hence (|5 = .
(iii) Let z1/uq,...,z,/u, be elements of B which generates B as an A-module; then
U - - - Uy, 18 a nonzerodivisor of A which is contained in 1. ]

Remark 4.3.8. In the proof of [Lemma 4.3.6] we may use the normalization instead of the
seminormalization. If A is a reduced finite type Z-algebra, then its normalization A C Q(A)
is a finite extension of A; thus A is a Noetherian reduced ring which is integrally closed in

its total ring of fractions (by e.g. (ii)), hence it is finite product of Noetherian
normal integral domains [88], 030C]. It is easily checked from the definition of a seminormal

ring that normal domains are seminormal.

Remark 4.3.9. For any ring R, by [93] Lemma 1.5.1] and [93, Theorem 5.5] we have an
exact sequence

0 — Pic(R) 5 Pic(R[t]) @ Pic(R[t"Y]) = Pic(R[t*]) — HL(Spec R, Z) — 0  (4.3.9.1)

of abelian groups, where f denotes the map sending o — (a, —«v) and ¥ denotes the addition
map. For any ring R, by [93, Theorem 2.4] and [93, Theorem 5.5] we have isomorphisms

H}, (Spec R, Z) ~ H}, (Spec R[t], Z) ~ HZ, (Spec R[t*], Z) (4.3.9.2)

of abelian groups.
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The following is stated in [03]; we write out the details here.

Lemma 4.3.10. Let A be a strictly henselian local ring. Then the canonical map
P Pic(Aff) ® @) Npei,02Pic(A) — Pic(A[tF, 15])
(470)6{1’2}X{+7_} (01702)6{4’77}2
induced by the inclusions A[ty] — A[tf, 5] and A[t",t5?] — A[ty, 3] is an isomorphism.

Proof. For notational convenience, we denote t© =t and t~ = ¢!, etc. Since A is strictly

henselian local, by the exact sequence reduces to an isomorphism
Pic(A[tT]) @ Pic(A[t™]) = Pic(A[t*]) (4.3.10.1)
and split exact sequences
0 — Pic(A[ts]) — Pic(A[t],t5]) @ Pic(A[ty,t5]) — Pic(A[tf,t5]) — 0 (4.3.10.2)
and
0 — Pic(A[t{]) — Pic(A[tE, t]]) @ Pic(A[tE, t;]) — Pic(A[ty, t5]) — 0 (4.3.10.3)
by taking R := A, A[tS], A[t{] respectively for & € {4+, —}. The sequence induces

a natural isomorphism

Pic(A[ty]) @ Nyt Pic(A[t5]) @ N, Pic(A[t5]) = Pic(Afty, t5]) (4.3.10.4)
of abelian groups. The isomorphism |(4.3.10.4)| restricts to an isomorphism
Pic(A[t5]) @ Nyt o Pic(A) ® N, o Pic(A) = Nig Pic(A[ty]) (4.3.10.5)

by taking the subgroups of elements annihilated by setting t5 = 1. The sequence [(4.3.10.3)|

induces a natural isomorphism

Pic(A[t7]) @ Ny Pic(A[t7]) @ N, Pic(A[t]) = Pic(A[t7, £51]) (4.3.10.6)
of abelian groups. We combine|(4.3.10.6)[and |(4.3.10.1)|and |(4.3.10.5)| (for & € {+, —}) and
[Lemma 4.3.4] to obtain the desired result. O

Lemma 4.3.11. We have
ker(d%’icL A) =0
for any strictly henselian local ring A.

Proof. The inclusion Ny, Pic(A) C Pic(A[t1]) is an equality since A is a local ring; recall that
dpip , (Ny, Pic(A)) € Ny, 4, Pic(A) by [Lemma 4.3.5, We have a commutative diagram

(Pic(A[t]))®? % Pic(A[t{])
(dbicp ,) dpicr, ,

(Ny,1,Pic(4))? ——— Pic(A[fF, 1)

where f; and f, are the addition maps induced on the Picard groups by the A-algebra maps
Alty) — A[t] sending t; to t1, ¢, and Afty, ta] — A, t5] sending (t1,t2) — (t1,ta), (£, 15")
respectively. Here f; is an isomorphism by ((4.3.9.1)[since A is strictly henselian local, and f,
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is injective by [Lemma 4.3.10, Since dp;.p, is injective by [Lemma 4.3.6, we have that dp;., ,
U

is injective.

4.4. Unit groups of Laurent polynomial rings. The purpose of this section is to prove

Lemma 4.4.20 As in[Section 4.3 when it is convenient we will denote U(A) := A* the group

of units of a ring A.

Lemma 4.4.1. Let {A,},ca be a filtered inductive system of rings, and let

A=, Ay
be the colimit ring. In the notation of [Notation 4.3.1] and |Notation 4.3.2] the induced
morphism of complexes

liy, _ C*(ULy,) — C*(ULy)

is an isomorphism.

Proof. For any n > 0, the functor (Ring) — (Ab) sending A ~ (A[ty, ..., t5)* is locally of
finite presentation. 0

Lemma 4.4.2. For any ring A, we have h*(C*(UL,)) = 0.

Proof. By writing A as the filtered colimit of subrings which are finite type Z-algebras, by

emma 4.4.1) we may reduce to the case when A is a finite type Z-algebra. By replacing
Spec A by a connected component, we may assume that Spec A is connected. Let n C A be
the nilradical of A. By [73, Corollary 6], a unit & of A[t5, 5] is of the form

€ = ut?'t5? + x(ty, ta) (4.4.2.1)
where u € A* is a unit and (e, e3) € Z%? is an ordered pair of integers and z(t1,t5) €
nA[tF, 5] is a Laurent polynomial all of whose coefficients are nilpotent. We have that
each unit u € A* C (A[ty,t3])* is in the image of dip, , namely the image of the unit
u € A* C (A[tF])* since u - u~' - u = u. Hence we may assume that the unit u of [(4.4.2.1)]
is equal to 1. We have

diyy, (ut]'t57) = (uty't3?) - (u(tite) " 52) 7" - (ut] (tats)®) - (uti't3?) ™"

__ 4—€14€2
— e

by the description of the maps P4(07) in [Notation 4.3.2 Suppose & € kerdjy ; then
77152 = 1, hence e; = e; = 0. This implies that h*(C*(ULy4/y)) = 0.

We have a sequence
A/n — A/t o A = A/nt

where each map is a surjective ring map with square-zero kernel. Hence, since the complex
C*(UL,) is functorial in A, it suffices to show that, for any ring A and ideal I C A satisfying
I? = 0, if h*(C*(ULy4,;)) = 0 then h*(C*(ULy4)) = 0. The quotient A — A/I induces
a morphism C*(UL4) — C*(ULy/;) of complexes of abelian groups, part of which is a
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commutative diagram

1 2
duwL, dioL,

(A ——— (Al 5])" (A[y 5, £5])"

7{ ”gi (4.4.2.2)
dIIJLA/I d%LA/I
(A/DIED* — ((A/Dlt D) — (A/DIE 8, 151

where each vertical arrow 7!, 72, 73 is surjective since I is square-zero. By a diagram chase

on |(4.4.2.2)| to show that the top row is exact it suffices to show that every element of
(kerdgy,,) N (ker7?) is in the image of dfy, . We have kern? = 1 + I At t;]; moreover,
since I is square-zero, the (multiplicative) condition that 1+x(t1,t;) € kerdy,, is equivalent
to the (additive) condition that the element

.CL’(tl, tg) - l’(tl, tztg) -+ .’L‘(tth, t3> — .CL’(tQ, tg) (4423)

of A[tf,t5,t5] is equal to zero. Let

Hy := {e3 =0}
H1 = {62 = 63}
H2 = {61 = 62}
H; := {e; =0}

be hyperplanes of Z®3 = {(e}, 3, e3)} defined by the equations corresponding to the maps
La(p2),La(p?),La(p3), La(p3) in the sense that the image of Z%? under L(p?) is H; C Z%3.
Then the pairwise intersections

HoNH; =7(1,0,0) H;NH,=7Z(1,1,1)
HonHy =7Z(1,1,0) H;NnHz=2Z(0,1,1)
HoNHs =7Z(0,1,0) HyNHz=7Z(0,0,1)
are all distinct. Let
Teyeo €1

be the coefficient of ¢7*¢5? in x(t1,ts). Then if (ey,ey) € Z%? is an ordered pair for which
Tey ey 7 0, then we must have

(e1,e2) € Z(1,0) UZ(1,1) UZ(0,1)
in Z%2. Moreover, saying that [(4.4.2.3)|is equal to zero translates to the collection of equa-

tions
Teo — Leo = 0 Tee — Lee = 0

Tee+ Tep=0 Toe+ Tee =0
Toe —Zeo =0 Zoe—Toe=0
for all e € Z, which simplifies to
Teo = Toe = —Tee
for all e € Z. Then

L+ a(t,t2) = dlliJLA(l = D ez Teelt)
so we have the desired result. O
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4.5. Proof of the main theorem. In this section we prove [I'heorem 4.1.2]

Our argument, in outline, is that of the proof of [37, II, Lemma 1’]. Namely, we compute
HZ(G,G,ng) using the Leray spectral sequence associated to the map 7 and sheaf G,,g,
which is of the form

Ep? = HY (S, Rm.Gg) = HLY(G,Gg) (4.5.0.1)
with differentials d5¢ : Ep¢ — ELT2471,
The stalks of R?*m.G,, g are described by
Setup 4.5.1 (Descent spectral sequence for BG,,). Let A be a ring and let
§ : Spec A = BG4

be the smooth cover associated to the trivial G,,, 4-torsor. The cohomological descent spectral
sequence associated to £ gives a spectral sequence

BY = HY,(G)%, Gn) —> HE(BGyn s, G) (15.1.1)
where the gth row E}Y = H{(G, ", G,,) can be realized as the complex C*(FLy) (see

[Notation 4.3.1| and [Notation 4.3.2)) where the functor F : (Ring) — (Ab) is defined by
F(R) := HY(SpecR,G,,). The lower-left part of the E;-page of the spectral sequence

(@5.10)is
H2,(G)%, Gi) — HE (G, Gu) — HA(G)2,, G) — HE(G)2,, G

Hgt(G:ﬁA> Gm) - Hgt(G;fA’ Gm) - Hegt(G;fA’ Gm) - Hgt(G:ﬁA’ Gm)
Hét(G;L?A7 Gp) — Hét(G;:A7 Gp) — Hét(G:w?A7 Gp) — Hét(G:w?A7 G)
Hgt(G;?A7 Gm) - Hgt(G:;A7 Gm) - Hgt(G::an Gm) - Hgt(G::fA? Gm)

where d‘f’q is the zero map for all ¢ > 0 since BG,, 4 is the quotient of Spec A by the trivial
action of Gy, 4.

Lemma 4.5.2. Assume the setup of [Setup 4.5.1] For any strictly henselian local ring A, we
have HZ, (BG4, G,,) = 0.

Proof. We have E2? = HY (Spec A, G,,) = 0 for any ¢ > 1 since A is strictly henselian. We

have Ey' = 0 by [Lemma 4.3.11| and E5° = 0 by [Lemma 4.4.2| O

Remark 4.5.3. We show that, in the proof of it is possible to reduce to the case
when A is a reduced ring; the reducedness assumption simplifies the proof of [Lemma 4.4.2]
By standard limit arguments, we may assume that A is a finite type Z-algebra. Then the
reduction A — A,eq can be factored as a finite sequence of square-zero thickenings. Thus we
reduce to showing that if A — A is a surjection of rings whose kernel [ is square-zero, then
the reduction map

Hgt(BGm,Ay Gm) — Hgt<BGm,A07 Gm) (4531)

is an isomorphism. Set 2" := BG,, 4 and %, := BG,, 4, and let i : Zy — 2 be the closed
immersion. We may use either the big étale site (Sch/ .2 ) or the lisse-étale site Lis-Et(2)
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to compute cohomology on 2", since the inclusion functor of sites
w: Lis-Et(2Z") — (Sch/ 2 ) e
induces a restriction functor on abelian sheaves
u™ ' Ab((Sch/ 2 )¢) — Ab(Lis-Et(27))

which is exact and admits an exact left adjoint w, (see [88, 0788 (1)]). There is an exact
sequence

1 =141 —=Gpao —0.Gye — 1
of abelian sheaves on Lis-Et(.2"); here left exactness follows from the fact that for any scheme
X and smooth morphism X — 2 the composition X — 2 — Spec A is flat. We have an
induced long exact sequence

s B2 1) = W2 (2, Gon) — B, 0uGop ) — BTN (2, T) — -

in cohomology. We have HY (2, 1.Gy 2,) ~ HE (20, Gy 2;) for p > 0 since pushforward
along a closed immersion in the étale topology is exact (using e.g. [88, 04E3]); see also [15],
A.3.5]. Tt suffices now to show that if .# is any quasi-coherent O --module then H:, (27, .7) =
0 for all p > 0. The category of quasi-coherent O y-modules corresponds to the category C
of Z-graded A-modules. Denoting by 7 : 2" — Spec A the structure map, the pushforward
functor 7, : QCoh(Z") — QCoh(A) corresponds to sending a Z-graded module M, =
D,.cz M, to the degree zero component My. Since this is an exact functor, we have that
is cohomologically affine [2], Definition 3.1]. Since 7 has affine diagonal, we have the desired
result by [2, Remark 3.5].

4.5.4 (Proof of [Theorem 4.1.2). For any strictly henselian local ring A, we have
Hgt(BGm,Aa Gm,BGm,A) =0

by hence
R27Tg7*Gm’g =0

since its stalks vanish. By [Lemma 4.2.2] we have
Rlﬁg,*Gm,g = I—IO_mAb(S)(Gmﬁ'a Gms) =12
so the Leray spectral sequence |(4.5.0.1)| gives an exact sequence
HY,(S,2) - H3(S, Grn.s) % HA(G, Gmg) — HL(S,Z) (4.5.4.1)
where by [Proposition 4.2.3|the first map t sends 1 — [G].

Suppose 8 € HZ (G, G, ¢) is a class annihilated by some locally nonzero n € I'(G,Z). Since
7m: G — S is a gerbe morphism, the pullback 7* : I'(S,Z) — I'(G, Z) is an isomorphism and
a section n € I'(S,Z) is locally nonzero if and only if 7*n € I'(G, Z) is locally nonzero. By
[Lemma A.0.3 the last term H} (S, Z) is n-torsion free, hence there exists o € HZ (S, Gyn,s)
such that § = 75(a). Then w§(na) = nng(a) = nB = 0, hence na = m[G] for some
m € I'(S,Z) (not necessarily locally nonzero); by assumption there exists locally nonzero
n’ € T'(S,Z) such that n’/[G] = 0, hence n'na = 0, hence @ € Br'S; in other words the
restriction 7j; : Br' S — Br’ G is surjective. Hence we have the desired result. O

Remark 4.5.5. As pointed out to me by Siddharth Mathur, in[Theorem 4.1.2] the restriction
map

mg : Br'(S) — Br'(G)
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is not necessarily surjective if [G] € HZ (S, G,,s) is a nontorsion class. Let S be a scheme
for which H% (S, G,,.s) is not a torsion group; let o € H% (S, G, 5) be a nontorsion element,
and let g : G — S be the G, s-gerbe corresponding to the class 2a € H% (S, G,,.5). Then
mg(a) is a 2-torsion class of HZ (G, G, g). We show that there does not exist any torsion
element 3 € HZ (S, G, s) such that 75(a) = 75(8). If so, then a — 8 = n[G] = 2na for some
n, which means (2n — 1)« is torsion, which contradicts our assumption that « is nontorsion.
Taking as our S above the normal surface of Mumford [42] Remarques 1.11, b] for which
HZ (S, Gy, 5) is not a torsion group, we obtain an example of a G, s-gerbe g : G — S for
which the restriction
7@ : Hgt<57 Gm,S) - Hzt(gv Gmg)

is surjective (by using that H} (S,Z) = 0 by [45, VIII, Prop. 5.1] since S is

geometrically unibranch) but the restriction to the torsion subgroups is not surjective. [

4.5.6 (Alternate proof of [Theorem 4.1.2| under additional hypotheses). We give an alternate
proof of [Theorem 4.1.2in case the base scheme S and the G,,, s-gerbe G satisfy the following
conditions:

(i) the scheme S is regular Noetherian,
(ii) the function field of S has characteristic 0, and
(iii) the class [G] lies in the image of Brauer map ag : BrS — Br'S.

By (iii), there exists an Azumaya Og-algebra A (say of rank 72, where we may assume r > 2)
such that ag([A]) = [G]. Let mx : X — S be a Brauer-Severi scheme corresponding to A.

By [Lemma 4.5.7] there exists an S-morphism
f:X—=¢g
and the induced pullback morphism
f*:Br'g - Br'X
is an isomorphism by [Lemma 4.5.8] whose hypotheses are satisfied by and

conditions (i), (ii) above. O

Lemma 4.5.7 (Comparing Brauer-Severi scheme and G,,-gerbe). Let S be a scheme and
let A be an Azumaya Og-algebra of rank n?. Let X — S be the Brauer-Severi scheme
associated to A, and let & — S be the G,, s-gerbe of trivializations of A. There is a
natural S-morphism

. X —>Z

which is smooth-locally on £ isomorphic to the projection A%\ {0} — S (in particular, it
is flat and surjective).

Proof. The first claim follows from [78] §8, 4], as explained in We give a
description here using the functor of points of X. For an S-scheme T, the set X (T') consists
of the isomorphism classes of pairs (P, n) where P is a left Ap-module which is of rank n as
an Op-module, and 7 : Ap — P is a surjective Ap-linear map; two pairs (P, 1) and (Pa, 72)
are isomorphic if there exists an Ap-linear isomorphism ¢ : P; — Py such that 1, = (1.

The map n(T) : X(T) — Z(T) sends the pair (P,n) to the pair (P,c,) where ¢, :
Ar — Endo, mod(P) is the Op-algebra isomorphism sending a — m, where the latter is left
multiplication by a.
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We prove that there exists a scheme S’ and a smooth surjection S’ — 2  such that
S" x g X is S’-isomorphic to A%, \ {0}. After an étale base change on S, we may assume
that A = Mat,,»,(Og). In this case we have a 2-commutative diagram

. ¢

BGm,S TQ’ %—

where, if we view P! as the functor parametrizing pairs (£,s) where £ is a line bundle

and s = (s1,...,s,) is an ordered tuple of globally generating sections and BG,, s as the
stack of line bundles, the map w; sends (L£,s) — (L%, ns) where 15 : Mat,,x,(Og) — L™
is the map sending the matrix F;; to the section s; in the ith component of £#" the map
ws sends a line bundle £ to the pair (L%, 0%") where 3" : Mat,»,(Og) — Endp (L") is
the canonical isomorphism, and 7 is the functor forgetting s. The horizontal maps w; and
wy are isomorphisms.

If p: S = BG,,s denotes the section corresponding to the trivial line bundle, then the
2-fiber product S X, gg,, s« Pg is the scheme representing ordered n-tuples s of sections of
Og that are globally generating; this is representable by A%\ {0}. O

Lemma 4.5.8. Let 7 : X — S be a morphism of algebraic stacks such that there exists
a smooth surjection S’ — S, where S’ is a scheme and X' := S’ xg X is isomorphic to
AT\ {0}. Assume that m > 2, that S’ is regular Noetherian, and that the function field of
S’ has characteristic 0. Then the pullback

Br'(S) — Br'(X)

is an isomorphism.E]

Proof. The Leray spectral sequence for the map 7 and sheaf G,, x is of the form
EIZW = Hfé)t(S? Rim, (Gm,X)) = Hlé):_q(Xv Gm,X)

with differentials E5? — EE™>7'. The induced map Gm,s — mG,, x is an isomorphism.
Thus it suffices to show that R'm,(G,, x) = 0 and R*m.(G,,x) = 0. For this we may
replace S by S’ and assume that S is a regular Noetherian scheme whose function field has
characteristic 0 and that X ~ A2\ {0}. Let 5 be a geometric point of S, and let A := OF
be the strict henselization of S at 5. We have

(R'7,(Grnx))s = Pic(AT \ {0}) ~ Pic(A}) = Pic(A) = 0

where we have isomorphism 1 since the codimension of the origin is at least 2 and isomor-
phism 2 follows by e.g. [48, Proposition I1.6.6] since A is regular. We have

(R2m (G x))s = HZ (A \ {0}, G,) = HE,(A, G,n) = Br(A%) 2 Br(A) = 0

where isomorphism 1 follows from purity for the cohomological Brauer group on regular
Noetherian schemes (see Gabber [35] and Cesnavicius [I8]), isomorphism 2 holds since A’}

17A similar result is proved in [33, Proposition 1.3].
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is regular Noetherian and affine, the isomorphism 3 holds by [8, 7.7] since the function field
of S has characteristic 0. O
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5. VARIANTS

5.1. The Azumaya Brauer group of a Brauer-Severi scheme. In this section we
investigate the Azumaya Brauer group of a Brauer-Severi scheme. This question was asked
by Pieter Belmans in his blog post [10].

5.1.1. Let S be a scheme, and let 7 : X — S be a Brauer-Severi scheme of relative dimension
d. We are interested in the Azumaya Brauer group Br(X). In general, we have a commutative
diagram

Z) — Br(S) —~— Br(X) —— 0

(5,2)
Ozsk axl (5111)
(S,Z) T’ BI‘I(S> (4*)/’ BI'/(X) — 0

where the map & sends 1 — [X] and the map £ is the composite ag o . The bottom row
is exact by Gabber [37, I, Theorem 2]. This implies that the top row of |(5.1.1.1)|is exact at
Br(S). Indeed, given a class a € ker 7*, we have (7*)'(as(a)) = 0 so there exists 5 € I'(S, Z)
such that £'(8) = as(a); then ag(&(B)) = ag(a), but ag is injective so &(B) = a.

We may investigate Br(X) by asking whether ax is an isomorphism and whether 7* is
surjective. We have only partial answers to these questions:

(1) If X is isomorphic to projective space, then 7* is an isomorphism.ﬂ Indeed, there is
a section s : S — X of 7, which induces a commutative diagram

*

Br(S) —— Br(X) —— Br(S)

QSJ axk a{ (5.1.1.2)

Br'(S) — Br'(X) — Br'(5)
Gl (s7)'
where the vertical arrows are injective and the composites of the horizontal arrows
are the identity. We know that (7*)" is an isomorphism, hence (s*)’ is also an iso-
morphism; given « € ker s*, we have ax(a) € ker(s*)’ = 0, hence o = 0. Thus 7*, s*
are isomorphisms.

(2) If ag is an isomorphism, then ax is an isomorphism and 7* is surjective. Indeed, we
have that (7*)" is surjective by Gabber’s result.

(3) (The following was explained to me by Siddharth Mathur.) If S is quasi-compact
quasi-separated, then 7* is surjective.ﬂ Write S as a filtered inverse limit S ~
1&1/\G A S\ where each S is of finite type over Z and the transition maps Sy, — Sy
are affine morphisms, then descend the Brauer-Severi scheme 7 : X — S to Brauer-
Severi schemes 7y : X\ — S). In this case Br(X) ~ lim, Br(X,) and Br(5) ~

81t may be true that 7* is an isomorphism if more generally X is a “trivial Brauer-Severi scheme”, more
precisely, the projectivization of a vector bundle on S. However, the argument given here does not apply in
that situation since 7 : X — S would not necessarily have a section (take a scheme S and a vector bundle
& for which there does not exist any line bundle £ and surjection & — £, then apply [44] II, (4.2.3)]).
9This is proved in [79, Proposition 1.1], which cites [28, Theorem 3.6], who assume that the base S is
Noetherian.
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lig)\eA Br(S)), so after replacing S by S\ we may assume that S is a Noetherian
scheme.

Let A be an Azumaya Ox-algebra; let Gx — X be the G,, x-gerbe corresponding
to the gerbe of trivializations of A. The surjectivity of (7*)" implies that Gx is the
pullback of a G,,-gerbe over S, namely there exists a G,, s-gerbe Gg — S such that
Gs xg X ~ Gx; let mg : Gx — Gg be the projection. It suffices to show that Gg
admits a locally free 1-twisted sheaf. We know that on Gx there is a 1-twisted finite
locally free sheaf £x. Choose a m-relatively ample invertible Ox-module £ and let
Llg, be its pullback to Gx. Set Ex(n) == Ex ®o, (Llgy)?" for n € Z; we will show
that (mg).«(Ex(n)) is finite locally free for sufficiently large n € Z. This is local for
the étale topology on S; let S — S be a quasi-compact étale surjection such that
Gs xg §" is the trivial G, s--gerbe; after replacing S by S’, we may assume that Gg
is trivial. Let &g : S — Gg and {x : X — Gx be the sections corresponding to the
trivial G,,-torsor.

X - g, X
171
S £s Js 5

There is a natural map

(€s)"(mg)«(Ex(n)) = (). (€x)"(Ex(n))
which is an isomorphism for n > 0 by [30, Lemma 5.4], and (7).(&x)*(Ex(n)) is finite
locally free for n > 0 by cohomology and base change [48, 111, Theorem 12.11] and
Serre vanishing [48], 111, Theorem 5.2]

O

5.2. The Azumaya Brauer group of a G,,-gerbe.

5.2.1. Let S be a scheme, and let 7 : X — S be a G,, s-gerbe corresponding to a torsion
class [X] € HZ,(S, G, s). We are interested in the Azumaya Brauer group Br(X). In general,
we have a commutative diagram

*

Br(S) —— Br(&)
aS‘ ‘ax (5.2.1.1)

where ag and ay are the Brauer maps. We may investigate Br(X') by asking whether ay is
an isomorphism and whether 7* is surjective. (We observe that there is no natural candidate
for the kernel of 7*, as opposed to the case of Brauer-Severi schemes M) We have only
partial answers to these questions:

(1) If X is trivial, then 7 is an isomorphism, as in[5.1.1]
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(2) If ag is an isomorphism, then ay is an isomorphism and 7* is surjective. Indeed, we
have that (7*)" is surjective by [Theorem 4.1.2] Hence ay must be surjective, hence
an isomorphism.

(3) On the other hand, it may be the case that ay is an isomorphism even though ag
is not. Let S be the example of [28, Corollary 3.11]. By Hoobler’s comment to the
Corollary (or Bertuccioni’s proof [12, §3]), we have Br(S) = 0 and Br'(S) = Z/(2).
Let X be the G, s-gerbe corresponding to the nontrivial class in Br'(S). Then
Br'(X) = 0 since the kernel of (7*)" is generated by [X]. Thus ay is an isomorphism

(see [BZT)).

O

Remark 5.2.2. We give a ring-theoretic argument to show that Br(BG,, ;) ~ Br(k) for any
field k. Let 7 : BG,,  — Speck be the projection and let s : Spec k — BG,,  be the section
corresponding to the trivial G,,-torsor. It suffices to show that ker(s* : Br(BG,, ) — Br(k))
is trivial. Let A be an Azumaya Ogg,, ,-algebra of rank r? such that s*A is a trivial Azumaya
algebra over k; this corresponds to Z-grading on the matrix algebra Mat,.,(k), and it is
trivial if and only if it is isomorphic as Z-graded algebras to the endomorphism algebra
Endy (V) of a Z-graded k-vector space V' (which is necessarily of dimension ). This follows
from Proposition 1.2 and Corollary 1.5 of [21]. O

5.3. Al-homotopy invariance of the Brauer group. To investigate questions regarding
the (cohomological) Brauer group of an algebraic stack X', one approach is to choose a
scheme U and a smooth surjection U — X, then study the properties of the pullback
Br'(X) — Br/(U). Locally for the smooth topology on both X and U, the map U — X is
isomorphic to affine space. Hence we are fundamentally interested in the Brauer groups of
polynomial rings:

Question 5.3.1. For which rings A is the pullback

Br(A) — Br(Aft]) (5.3.1.1)
an isomorphism?
Remark 5.3.2. We have that A* = (A[t])* if and only if A is reduced, and Pic(A4) =
Pic(AJt]) if and only if A,eq is seminormal (by Traverso’s theorem). It would be interesting

to find a similar ring-theoretic condition on A which is equivalent to saying Br(A) = Br(A[t]),
or H?zt(spec A7 Gm) = Hgt(SpeC A[t], Gm) 0

Theorem 5.3.3. [39, 4.5] H Let k be a field of positive characteristic p > 0 and let d > 1
be an integer. Then we have

Br(k[t1, ..., td]) = Br(k) & (Z[;]/Z)*
where the set I is nonempty if and only if k is not perfect or d > 2. 0

Remark 5.3.4. Here we list some known cases of (Question 5.3.1}

(1) If Ais a field, then|(5.3.1.1)|is an isomorphism if and only if A is perfect.

20This is a generalization of [54, Theorem 5.7]. Negron [72, 6.4] proves that if chark > 3 and d > 2 then
Br(kl[ty,...,tq]) contains the additive group of k.
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(2) For every prime p which is invertible in A, the p-primary subgroups of Br(A) and
Br(A[t]) coincide (see [Lemma 5.3.5)); thus if A contains Q, then is an iso-
morphism.

(3) If A is a regular Noetherian domain whose fraction field has characteristic 0, then
(5.3.1.1)|is an isomorphism.

(4) For any field k of positive characteristic and A = Ek[t], the map is not
surjective (see [Theorem 5.3.3]).

Lemma 5.3.5. H [32, 13.6.4] Let A be a ring. If p is invertible on A, then the inclusion
Br(A)[p™] — Br(A[t]) [p™]

is an isomorphism.

Proof. For any ¢ we have a commutative diagram

HE (A[t], ) — Br(A[t])[p]

Pk

Hgt(A’Mpe> E—d BI‘(A)[pE]

where the horizontal arrows are surjective and ( is an isomorphism by acyclicity [69, VI,
4.20] since p is invertible on A. O

We also have the following positive result by Knus and Ojanguren:

Theorem 5.3.6. [53, Theorem 3.6] Let A be a Dedekind domain of characteristic 0 and
such that its residue fields are characteristic 0 or perfect and C,. Let R be a finite, faithfully
flat A-algebra. Then the inclusion R — R|[t,...,t,] induces an isomorphism « : Br(R) —
Br(Rty, ..., t)]). O

Using the results of [53], we can describe more rings A (on which no prime is invertible)

for which |(5.3.1.1)| is an isomorphism:

Theorem 5.3.7. et A be a Noetherian integral domain with normalization A and con-
ductor a. Suppose

(i) char(Frac(A)) =0,
(ii) the inclusion A — A is finite,
(iii) the rings A, (A/a)red, (A/a)rea are regular rings whose fraction fields have character-
istic 0,
(iv) the induced map (A/a)req = (A/a)req is an isomorphism, and
(v) vector bundles on polynomial rings over A, (A/a)yed, (A/@)eq are trivial.

Then Br(A) ~ Br(A[ty,...,t,]).

2IThis is proved in [79, 1.5] under the hypotheses that A is normal, integral Noetherian and all the strict
henselizations of local rings of polynomial rings over A are UFDs.

22This is a variant of [Theorem 5.3.6] See [Proposition 5.3.8| for an example of a ring A satisfying these

conditions.
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Proof. We denote A[t] := A[ty,...,1,], etc. Note that if A satisfies the above five conditions,
then A[t] also satisfies the same five conditions since A[t] is the normalization of A[t] and
a ®4 A[t] is the conductor of A[t]/A[t]. We have the Milnor square

A—— A

.

AJa —— AJa

which we call S. We apply [53, Theorem 2.2] to the morphism of Milnor squares S — S|t],
which will show that there is a commutative diagram

Pic(A/a)

Br(A) Br(A/a) @ Br(A) Br(A/a)

fi’w &a

Pic((A/a)[t]) — Br(A[t]) — Br((A/a)[t]) & Br(A[t]) — Br((A/a)[t])

&1 &

with exact rows. Here Pic(A/a) = 0 and Pic((4/a)[t]) = 0 by (v), and & and &, are
isomorphisms by (iii) and [8, Proposition 7.7].

In the notation of [53], we have KoFP(A/a) ~ Z and K,FP(A/a) ~ Z and K,CRP(A/a) ~
KoFP(A/a) ~ Z and Pic(A/a) = 0 by (v). Here vector bundles on polynomial rings over
A/a, A/a are trivial since there are no nontrivial deformations of the trivial vector bundle

over a square-zero thickening of affine schemes. This verifies the conditions of [53, Theorem
2.2]. O

Proposition 5.3.8. Let R be a regular Noetherian domain with Pic(R) = 0 and char(Frac(R)) =
0 and such that vector bundles on polynomial rings over R are trivial. Let M C Z? be a
submonoid M C N¢ such that the complement N¢\ M is a finite set (e.g. the submonoid
generated by two coprime natural numbers (m,n) C N). Set A := R[M], the monoid algebra

associated to M over R. Then|(5.3.1.1)|is an isomorphism.

Proof. We verify the conditions of[Theorem 5.3.7. The normalization of A is A= R[t,..., 14
and the conductor is @ = ({Xm fmem\ fo}) A, thus A/a ~ Rand A/a ~ R[{Xm fmend)/{{Xm }mer\{0})
0 (A/a)rea = R. dJ
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APPENDIX A. TORSORS UNDER TORSION-FREE ABELIAN GROUPS

In [93, Corollary 7.9.1], it is proved that H} (S,Z) is a torsion-free abelian group if S is
a quasi-compact quasi-separated scheme. In this section, we record a different proof which
works over an arbitrary site. This argument is from [88], 093J]].

Let S be a site. For any set S, let S denote the constant sheaf on S associated to S.

Lemma A.0.1. Let f : S — T be a surjective function between sets. Then the induced map
[(S, f) : T(S.8) = I'(S,T)
is surjective.

Proof. Choose a function g : T — S satisfying fg = idr. By functoriality of the “constant
sheaf” functor, we have I'(S, f) o I'(S, g) = idr(s 1) O

Lemma A.0.2. Let 0 = A — B — C — 0 be an exact sequence of abelian groups. Then
the induced map

H(S, A) — H\(S, B)
is injective.
Proof. As part of the long exact sequence in cohomology, we obtain an exact sequence
I'(S,B) = I'(S,C) — H'(S,A) — H'(S,B)
where the first arrow is surjective by hence the third arrow is injective. [

Lemma A.0.3. Let A be a torsion-free abelian group. For any locally nonzero (see
tion 1.2.10)) section n € I'(S,A), the I'(S, A)-module H!(S, A) is n-torsion free.

Proof. We first consider the case when n is in the image of A — I'(S,A). Let n be a positive

integer. Applying to the exact sequence
0—-AAA/MA =0
implies that the multiplication-by-n map on H'(S,A) is injective.

In general, for £ € A, let Sy C S be the full subcategory consisting of objects U € S for
which the restriction n|y € I'(U, A) equals the image of ¢ under A — I'(U,A). We have a
functor

H N Sg — S
and the morphism of topoi
Sh(S) = [1sea Sh(Se)
induced by restriction is an equivalence; the point is that any object U € S admits a covering
by objects lying in at least one of the Sy, and if an object U € S lies in two subsites Sy,
and Sp,, then the sheafification map A — I'(U, A) is not injective so the empty family is a
covering of U in S, hence I'(U, F) is a singleton for every sheaf F [88, 04B6] (in this case U
is said to be “sheaf theoretically empty”). In particular, an A-torsor P is trivial if and only
if each Algs,-torsor P|s, is trivial. dJ

APPENDIX B. COHOMOLOGY AND SPECTRAL SEQUENCES

In this section, we recall some tools we require for explicit computations. The material in
this section is standard and we claim no originality.
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For a category C, we denote by PSh(C) (resp. PAb(C)) the category of presheaves (resp.
abelian presheaves) on C. If C is a site, we denote by Sh(C) (resp. Ab(C)) the category of
sheaves (resp. abelian sheaves) on C.

B.1. Cohomological descent spectral sequence.

B.1.1. [76, 2.4.25, 2.4.26], [69] 111, Proposition 2.7] E] Let C be a site, let 2 be a stack over
C,let m: X — 2 by a covering be a sheaf of sets X over C. Let
X, =XXg - xgX
be the (n + 1)-fold 2-fiber product of X over 2, and let
{Xe}nezs,

be the simplicial sheaf of sets thus obtained. For an abelian sheaf A on 2", we have a
spectral sequence of the form

EPY = Hq(Xp,A‘Xp) — HPYY(Z2 7 A) (B.1.1.1)

with differentials E?9 — EFTH9,
Suppose that 2" = [X/G] for a sheaf of groups G acting on X. In this case, the Eo page
of [(B.1.1.1)| is of the form
EbY = HP(G,HP(X,A)) = HPM([X/G],A) (B.1.1.2)

with differentials E5¢ — B2, O

B.2. Higher direct images of sheaves on classifying stacks of discrete groups.

Setup B.2.1. Let C be a site, let G be a finite (discrete) group, let BG¢ be the classifying
stack associated to G over C. Let

7 :BGe — C
be the projection and let

¢ :C — BGe
be the canonical section of 7. We view any fibered category p : F — C as a site via the
Grothendieck topology inherited from C via p.

Lemma B.2.2. Assume [Setup B.2.1l For any abelian sheaf .# € Ab(BG¢) the higher
pushforward Rirm,.Z is naturally isomorphic to the sheaf associated to the presheaf whose
value on an object U € C is H'(G,T'(U, ¢*%)).

Proof. Let PG denote the category whose objects are the objects of C and where a morphism
X7 — X5 in PGe is a pair (p,g) where ¢ € More(X;, X2) and g € G. (In other words,
there is an equivalence of categories PGe ~ C X [¥/G]| where [x/G] is the category with
one object * and where Homy, /g (*, *) is isomorphic to G.) The fibered category PGe is a
(separated) prestack whose associated stack is BG¢, and the inclusion PGy — BG¢ induces
an equivalence of topoi Sh(PG¢) ~ Sh(BG¢). Hence in the statement of the lemma we may
replace BG¢ by PG¢ where by abuse of notation we also denote

7 : PGy — C
the projection morphism. Since sheafification is an exact functor, the diagram

ZThis is also called the “Cech-to-global spectral sequence” [I] and the “spectral sequence relative to a
covering” [15] A.2.1].
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pre

PAb(PGc) = PAD(C)

N [

AB(PGe) —— Ab(C)

is (2-)commutative. For the same reason, we have a natural isomorphism
(R7P™(F))*™ ~ R, (F*) (B.2.2.1)

in DT(ADb(C)) for any abelian presheaf .7 € PAb(PG¢). Presheaves on PG correspond to
presheaves .# on C equipped with a G-action, and under this identification 7P(.#) = F¢
where T'(U, %) := (L(U, %)) for all U € C. Let # € Ab(PG¢) be an abelian sheaf, and
let

F I -T' - 1% —

be a resolution of .# by injective abelian presheaves Z' € PAb(PGc) Then R7P™(.7) is
isomorphic to

(297 ={(Z")°" = (Z')° = ()% = -} (B2.2.2)
in DT (PAb(C)), and T'(U, RrP™(.F)) is isomorphic to
LU (%)) ={(C(U.1))" — (T(U,1") = (DU, %)% — -} (B2.2.3)

in DY(PAD(C)). Furthermore I'(U,Z%) =~ (iy)*Z" is an injective G-module for all i by
[Lemma B.2.3] thus we have an isomorphism
W(T(U,(2°)%)) ~ H(G, T (U, .7))

of abelian groups. OJ

Lemma B.2.3. Let C be a category, let U € C be an object, let A¢y denote the full
subcategory of C containing exactly U, and let iy : Acy — C denote the inclusion. The
inverse image functor (iy)* : PAb(C) — PAb(Ac,v) preserves injectives.

Proof. The functor (iy)* : PAb(PG¢) — PAb(Acy) has an exact left adjoint, namely the
“extension by zero” functor iy : PAb(Ac ) — PAb(PGe) which sends M € PAb(Ac ) to
the abelian presheaf iy (M) where I'(V,iy+(M)) = M if V = U and 0 otherwise (with the
only nontrivial restriction morphisms being those corresponding to the endomorphisms of

U). O

APPENDIX C. INVERSE IMAGE OF GERBES

C.0.1. Let f : X — Y be a morphism of sites, let A (resp. B) be an abelian sheaf on
X (resp. Y), and let ¢ : B — f,A be a morphism of abelian sheaves on Y. For a B-
gerbe G, let p*G be denote the A-gerbe corresponding to the image of G under the pullback
morphism ¢* : H*(Y,B) — H?(X,A). The purpose of this section is to describe ©*G and
the accompanying morphism of sites ¢*G — G, in order to verify that the pushforward
of an n-twisted sheaf is n-twisted and that the Brauer map is functorial for
morphisms of sites [1.4.3, For a more general notion of inverse image of a fibered category
via a morphism of sites, see [40, 11, 3.1.5] and [88, 04WA].
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C.0.2. Let
F=( )X =Y
be a morphism of sites, i.e. induced by a continuous functor
u:Y - X

which commutes with finite limits [88, 00X6]; in this case f~' = uy and f., = u® in the
notation of [88, 00WU]. In particular I'(V, f..%) = I'(u(V),.#) for any sheaf .# on X and
any object V €Y.

C.0.3. Let A (resp. B) be an abelian sheaf on X (resp. Y), and let ¢ : B — f,A be a
morphism of abelian sheaves. There are induced pullback morphisms

o H(Y,B) — H (X, A)

for all 7 > 0 on cohomology. There is a bijective correspondence between classes in H?(X, A)
(resp. H?(Y,B)) and isomorphism classes of A-gerbes (resp. B-gerbes) [40], [76, 12.2.8].
Let G be a B-gerbe with corresponding class [G] € H?(Y, B); we describe the A-gerbe ¢*G
corresponding to the class p*[G] € H?(X, A).

Let A — Z°* (resp. B — J°) be a resolution of A (resp. B) by injective abelian sheaves
on X (resp. Y); then ¢ lifts to a chain map ¢® : J* — f.Z* since each f,Z' is an injective
sheaf on Y.

—1 0 1

oAl g Ly P g

4 4 4 4 (C.0.3.1)
0 1 2

bl Tl Y

Set Z% = kerd; and Z% = kerd';; let 3 € T'(Y, Z%) be a lift of [G] € H*(Y,B). The desired
A-gerbe ¢*G corresponds to (I'(Y,¢?))(8) € T(Y, f.Z%) = I'(X, Z%) and the continuous
functor

ug: G — g (C.0.3.2)
has the following description. We use the explicit construction of a gerbe given a second
cohomology class [22, 2.5]. An object of G corresponds to a local lift of 3 to J!, namely a
pair
(V.€)
where V € Y is an object and £ € T'(V, J*) is a section such that
(C(V.d7))(&) = Blv

as elements of I'(V, J?). A morphism

(G,, p) . (‘/1751) — (‘/2752)
consists a morphism a € Mory (V1, V3) and a section p € T'(Vy, J) such that

(C(V1,d%))(p) = & — a*&

as elements of T'(Vy, J'). The isomorphisms
v : T(V,B) = Autg)((V,€))
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of [(1.3.1.1)| are induced by d7'. It may be verified that (G, {t(v¢)}) is a G, y-gerbe. The
analogous construction applied to (I'(Y, ¢?))(8) in place of 3 gives our desired G,, x-gerbe

("G, {tww})- The functor ug sends
(V,€) = (u(V), (D(V,¢1))(€))

on objects and
(a,p) = (u(a), (T(V1,¢"))(p))

on morphisms. This makes sense as

(T(u(V1), d))(T(V2, ")) (p)) = T(V1, 0" )T (V2 d7) (p)

as elements of I'(u(V1),Z%) = T'(V4, f.Z").
For all objects (V, &) with image (U,w) := (u(V), (T(V, ©'))(€)), the diagram

r(v,B) 9, Autga ((V;€))
. % lug (C.0.3.3)
(U, A) T Aut gy ((U,w))
commutes.

C.0.4.If V € Y is an object such that G|y,y is trivial (i.e. isomorphic to BB|y,y), then

(©*G)|x/u(v) is trivial, and the functor |(C.0.3.2)|is isomorphic to the canonical morphism of
gerbes BBy, — BA|x/u(v); locally on BB|y,y, this isomorphic to the localization Y/V —

X/u(V). A trivialization cover for G pulls back by u to a trivialization cover for ¢*G.
C.0.5. There is a commutative diagram
G —% oG
pgl lpwg (C.0.5.1)
Y —/— X

of functors on the underlying categories, where pg and p,-g are the projections. The functors
u and ug induce morphisms of topoi f : X — Y and F' : ¢*G — G [88], 00XC] and the functors
pg and p,+g induce morphisms of topoi Fg : G = Y and P,.¢ : ¢*G — X [88, 06NW].

C.0.6 (Proof of [Lemma 1.3.7). Assume the notation of [C.0.2 and [C.0.3|and set 2" := G and
% = p*Gand F :=ug. Let pz : Oyp x F — Z be the action map of .# as an Oy -module.
The Og-module structure on F,.% is given by the composition pp, z := (F.pz) o (f° x id)
as in the following diagram:

Ou x F.7 275 B

il idl

F.Oy x F,.% — F.%
F*Pﬁ

(C.0.6.1)
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We show that F,.7 is xp-twisted. Let (V,£) € % be an object, let t € I'(V,§), F.F)
be a section, let (V&) — (V,€) be a morphism in %/, and let b € I'(V', &), By ) be a
section. Let F((V', &) — (V,§)) = (U',w') — (U,w) and let s € I'((U,w), F) be the section
corresponding to ¢ under the identification F((V, ), F.7) ~T((U,w), F). We have

(L (0)) (t v en) = (b2 (2(0))*) (8] wrr)
2 pz(xa(e(®)), slwrw)
p7(f (xs()), s|<U/ o))

= pr.7z(xB(b), t|(v'.e)
where equality 1 is by definition of 14, equality 2 is since .% is ya-twisted, equality 3 is by
hypothesis on yg, equality 4 is by definition of pg, #. 0

||°°

C.0.7. We verify that the diagram commutes. Assume the situation of with
A =G, x and B := G,y and ¢ = 1 Gmy — f:Gp x. Let B be an Azumaya Oy-
algebra, let A := f*B be the Azumaya O x-algebra obtained by pullback, let %47 (resp. Zaz)
be the G, y-gerbe (resp. G, x-gerbe) of trivializations of B (resp. A), let 3 € I'(Y, Z%) be
a cohomology class corresponding to %7z, and set %o := G and Zco := ¢*G as in[C.0.3]

By construction, there is an isomorphism of G,, y-gerbes %y ~ %-o. The desired claim
reduces to showing that there is an isomorphism of G,, x-gerbes Zaz ~ Zco.

We will construct the isomorphism locally on 2z then glue. For convenience, we will
assume B has constant rank 2. Let

B ={Y, = Y}
be a covering such that there exist isomorphisms
a; : Mat,,(Oy,)
, Xy Y, there are Oy, , -algebra automorphisms
YZ.N.Q)*1 o (ay, ) € Autoy_ (1\/[8utrw((9yz1 )

which, by the proof of [Lemma 1.1.10} corresponds to a Gin”2 -torsor P;, ;, naturally embed-
ded as a subsheaf of GL,.(Oy;_ , ). Moreover, on triple intersections Y;, ;, 5 := Y3, Xy Yj, Xy Yy,
the equality

of Oy;-algebras. On Y}, ;, ==Y, X

Qiy ig = (041'2 Yiy ig

Oy ig Yiiinsig — Qg ig Yiy igig O iy in Yiy ig,ig
of algebra automorphisms corresponds to the equality

Piyis Yiy,igsig Pisis Yiyig.ig Piy i Yiiinig (0071)
of Gu,y;, ,,.,-torsors, with respect to the group law on GL, ((’)yl1 i) et X = u(Y;) and
Xiriy i= u(YlMQ) and X, .5 = (Y, 4,45 ); since the functor w is continuous, the collection

U ={X; = X}ies
is a covering of X and satisfies Xz‘1,i2 ~ X;, Xx X;, and X, 4,4, = X;, Xx Xi, xx Xi,. The
triple
(}/;7 O%Tv ai)
is an object of #yz. Let
(Y &)
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be the corresponding object of %o and let
(Ui, wi) = (u(Y), (C(Yi ¢"))(&))
be its image in Zco. For each ¢, we may define an isomorphism of G,, x,-gerbes
f e i BG,x, — Zco
sending the trivial G,,, x,-torsor to (U;,w;). The transition map
BGm,x, |x;, .,
is given by the G, x, , -torsor f’(P;,;,), which is identified with a subsheaf of GL,(Ox, ,, );

these transition maps satisfy the cocycle condition analogous to |(C.0.7.1)| and hence, via
stackification, the f~'a; glue to give the desired morphism 2z — Zco of G,, .-gerbes.

X;

X

— BGm7XZ.2 X

01,19

ApPPENDIX D. THE WEIERSTRASS AND HESSE PRESENTATIONS OF ./Z] 1

The purpose of this section is to prove [Proposition D.2.1| below, which we could not find
proved in the literature. For completeness of exposition, we first recall the definition of a
full level N structure on an elliptic curve E/S.

D.1. Full level N structures.
D.1.1. [51, Ch. 3] Let N be a positive integer. We define [I'(IV)] to be the category of pairs
(E/S,¢€)

where
E/S=(f:E—S,e:S— E)
is an elliptic curve and
£ (Z/(N)e—E
is a morphism of S-group schemes inducing an isomorphism (Z/(N))% ~ E[N]. A morphism
(E1/51,&1) = (E2/S2,&2)
is a pair
(: By — Ey, f:51 — Ss)
of morphisms of schemes such that the diagram

Ey = FEs
& %
(Z)(N))3, — 8 @) (N2, o (D.1.1.1)
\ S \
Sl 3 SQ

commutes, where the morphism id x /3 is the one induced by the identity on (Z/(3))2 and 3,
and such that o induces an isomorphism of S;-group schemes E; ~ S} Xg g, Es.

There is a functor
[D(N)| — A1 2
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sending (E/S,§) — FE/S on objects and (o, 5) — (a, ) on morphisms. If E/S admits
a full level N structure, then N is invertible on S by [51], 2.3.2], hence the above functor
factors through ., , 5y1). If N > 3, then for any scheme S the fiber category [C(N)](S) is

equivalent to a set by [51) 2.7.2], so [I'(IV)] is fibered in sets over the category of schemes.
D.1.2 (The GLy(Z/(N))-action on [I'(/V)]). Fix a scheme S. For any element

011 012
0‘ =
021 022

ot (Z/(N))s — (Z/(N))§
be the S-group scheme automorphism of (Z/(N))% corresponding to the abelian group ho-
momorphism (Z/(N))? — (Z/(N))? defined by

1 O11 O12| [T1| _ |011T1 + 01222
H =
T 021 O22]| X2 092171 + 02272
for z1, 29 € Z/(N), i.e. acting by multiplication on the left on (Z/(N))? viewed as vertical
vectors. We have

in GLy(Z/(N)), let

Po1Por = Poroz
for 01,00 € GLo(Z/(N)).

Fix an object (E/S,&) € [I'(N)](E/S); then (E/S, {op,) is another object of [I'(NV)](E/S),
i.e. corresponds to another full level N structure on E/S. This implies that there is a natural
action of GLy(Z/(N)) on each fiber category [I'(N)](E£/S); the action is a right action since
it is defined by precomposition.

Theorem D.1.3. [51, 4.7.2] If N > 3, the category [['(N)] is representable by a smooth
affine curve Y'(N) over Z[+].

D.2. Comparing the Weierstrass and Hesse presentations. We are primarily inter-
ested in the case N = 3. The 3-torsion points of an elliptic curve correspond to its inflection
points (also “flex points”). In [51), (2.2.11)] it is shown that Y (3) ~ Spec Aw where

Aw :=Z[3,B,C, &, £, ——]/(B* = (B+ C)?)

’C agz? a§’727a3

and the universal elliptic curve over Aw with full level 3 structure is the pair

{EW = Proj Aw([X,Y, Z]/(Y?Z + a1 XY Z + a3Y Z* = X3) (D.2.0.1)
0:0:1],[C:B+C:1]
where
ay =3C -1 (D.2.0.2)
as = —3C* — B —3BC . (D.2.0.3)

The formulas |(D.2.0.2)[ and |(D.2.0.3)| are obtained by imposing the condition that the line

Y = X+BZ is aflex tangent to Eyw at [C': B+C : 1]. The ring Aw is isomorphic to TM F'(3),

(3.4.6.1), with mutually inverse ring isomorphisms TM F'(3)g — Aw and Aw — TMF(3)
B+C 1

given by ((,t) — (557, 35) and (B,C) — (ﬁ, %) respectively.

In this paper, however, we use the “Hesse presentation” of Y(3) as in [36, 5.1]. The
following is claimed without proof in the Introduction to [25] and [47, 5.2.30].
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Proposition D.2.1. There is an isomorphism Y'(3) ~ Spec Ay where

Ay = Z[%,u,w, ;ﬁl—l]/(wZ +w+1)

and the universal elliptic curve over Ay with full level 3 structure is the pair

Ey = Proj Au[X,Y, Z]/(X?+ Y3 + Z% = 3uXY Z)
[—1:0:1],[1:—w:0]

with identity section [1: —1 : 0].

(D.2.1.1)

The explicit Z[%]—algebra isomorphisms Ay — Aw and Aw — Apy are given in |(D.2.5.7)

and |(D.2.5.8)| respectively.

D.2.2. By [87, §4], the group law of an elliptic curve E = Proj A[X,Y, Z|/(X? + Y3+ Z3 =
3uXY Z) in Hessian form over a ring A is as follows. If P =[x : y : 2], then 2P = [2/ : ¢/ : 2/]
where

and if P, = [z; : y; : z;] are points of Ey for i = 1,2, 3 satisfying P, + P, = P;, then
T3 = Toyizs — 931?/321
Ys = 95%922’2 - 5539121
Z3 = nysz - 371311222

which only makes sense if P; # P,.

Using the above formulas, we may check that the full level 3 structure &y : (Z/(3))%,, = En
is given by the table |(D.2.2.1)]

(0,0) (1,0) (2,0) [1:-1:0 [-1:0:1] [0:1:—1]
&l [(0,1) (L,1) )| |=|[1:—w:0] [~w:0:1] [0:1:—uw] (D.2.2.1)
0,2) (1,2) (2,2) 1:—w?:0] [~w?:0:1] [0:1:—w?]

The Hesse presentation [(D.2.1.1)|is sometimes easier to work with than the Weierstrass pre-
sentation |(D.2.0.1)[since the equation of the universal elliptic curve is symmetric in X, Y, Z,
which means that there is also considerable symmetry in the 3-torsion points|(D.2.2.1)]

D.2.3. We describe the GLy(Z/(3))-action on Ey/An. Set Sy := Spec Ay. The functor
[T(3)] being representable by Sy means explicitly that for any Z[z]-scheme T and object
(E/T,¢) € ([I'(3)])(T), there exists a unique pair (o, 5) of morphisms of schemes o : E — Ey
and 3 : T — Sy such that the diagram
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E < Fyu
Yy
@/3)2 —F2 @38, |fs

\ fr
T 3 St

commutes and induces an isomorphism of 7T-group schemes ' ~ T x3 g, Fy as in|(D.1.1.1)]

As in [D.1.2] for every o € GLy(Z/(3)), let ¢, be the Sy-automorphism of (Z/(3))%,
induced by o; then precomposition &y, defines another full level 3 structure on Ey/Sh.
Taking T' = Sy and & = {gp, above, there is a unique pair (a,, §,) of morphisms of schemes
ay : By — Ey and B, : Sy — Sy such that the diagram

Qo

EH EH
id X 3o
(Z/(3))8, —— (Z/(3))3, Fsu
fSH
Su 5 Su

commutes and induces an isomorphism of Sy-group schemes Ey >~ Sy X, g, £r. Given two
elements 01,09 € GL3(Z/(3)), we have a commutative diagram

Aoy Aoy

Ey Ex FEy
614%&/4 SHV y
(Z/(3)e, —1— (Z/(3)%, —T— (Z/(3))%, fsu
fsu fsu
S 5 SH 5 SH

which implies

/Bo‘gﬁo'l = /80‘10'2
SINCE Poi00 = Yoy Por (see|D.1.2)). Thus the assignment
o By (D.2.3.1)

defines a right action of GL3(Z/(3)) on the scheme Sy.
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In terms of the generators

10 1 0] . o -1
il | R R T ]

of GLy(Z/(3)), the action of GL2(Z/(3)) on Ey/Ap is as follows. (We refer to|(D.2.2.1)| for
the additive structure on Eyl[3].)

(1)

For 0 = My, the new level 3 structure {gpm, is

[[—1:0:1] [1:—w:0]] [é _()1}:[[—1:0:1] [1:—w2:0]]

and the scheme morphisms aym, : By — Ey and fBu, : Sy — Su correspond to the
ring homomorphisms sending

(X,Y,Z2) 1 (X,Y, Z)
{(% w?) 4 (1, w)

respectively.

For 0 = M, the new level 3 structure {gom, is

[[-1:0:1] [1:—w:0]] {_11 (1):|—[[—w22021] [1:—w: 0]

and the scheme morphisms ay, : By — Ey and Bv, : Su — Su correspond to the
ring homomorphisms sending

(X,Y.w2Z) 4 (X,Y, 2)
(W, w) < (p, w)
respectively.

For o =i, the new level 3 structure &gy is

[-1:0:1] [1:—w:0]] [(1) Bl}—[[lz—w:O] [0:1:—1]]

and the scheme morphisms «; : Eg — Ey and 5, : Sy — Sy correspond to the ring
homomorphisms sending

{(wX+w2Y+Z,w2X+wY+Z,X+Y+Z) “ (XY, 2)

(45 w) < (1)

respectively.

Remark D.2.4. According to our convention, the action of GLy(Z/(3)) on the fiber category
[['(3)](Eu/ Spec Agn) is by precomposition, hence the action of GLy(Z/(3)) on pairs of points
on the right hand side of is a right action; thus the induced action of GLy(Z/(3))
on the scheme Spec Ay is a right action (as described in |(D.2.3.1)) and the corresponding
action of GLy(Z/(3)) on the coordinate ring Ay is a left action.

D.2.5 (Proof of [Proposition D.2.1)). In fact, it turns out that the identities

a? —27a3 = (3C + 9B — 1)° (D.2.5.1)
a3 = B(6C + 9B — 1) (D.2.5.2)
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hold in Aw which yields a simpler description

Aw ~ Z[3,B C)é*’sch 1’6C+9B 11/(C* +3CB +3B?%)

of Aw. (For|(D.2.5.1), write out a} — 27a3 in terms of B,C and notice that it is of the
form 9C' + 27B — 1 plus higher order terms; then check that the naive guess works. To see

D.2.5.2)| substitute C? = —3C'B — 3B? into |(D.2.0.3)|)

We follow the argument of [0, 2.1]; see also [20, §1.4.1, §1.4.2]. Working “generically”, we
will assume that a; is a unit to obtain the coordinate change formula|(D.2.5.9) then observe
that it applies also to the case when a; is not a unit. Starting with

Y12, (Y1 + a1 X, + asZy) = X3 (D.2.5.3)
we define X5, Y5, Z5 by the system
X1 U2 X2
Y| = u? Y
Zy 1| | Z2
where u = a;/3 and substitute into |(D.2.5.3)[ to get
Yo Zy (Yo 4 3Xo + 283 75) = X3 (D.2.5.4)
1
We define X3, Y3, Z3 by the system
11 X2 w (,L)2 X3
L 22| | )= w Y
1 Zy 1 | Zs

where w = S P4 and substitute into [(D.2.5.4)| to get

(WXg + CL)Q}/:O, — Zg)(w2X3 + CL))/EJ, — Zg)(—Xg — }/:0, + Zg) = %Zg)

or equivalently

X34y T8 _3X,Y,7, . (D.2.5.5)
We know that the coefficient of Z3 in|(D.2.5.5)|is a cube|(D.2.5.1)[so we normalize by defining

X4, Yy, Z4 by the system

X3 1 Xy

Y| = 1 Y,

Z3 30+5B 1 Za
and substitute into |(D.2.5.5)[ to get

X3 + Y2+ 73 = 33erop—1XaY1Z4 . (D.2.5.6)
To summarize the above, there is a ring homomorphism @9, : Ay — Aw sending
= 3C -1
o C+B 2.5.
B

24Gince 3 is invertible, if z is a root of the polynomial 72 4 3T + 3 then = + 1 is a root of the polynomial
T? + T + 1, thus it is natural to take £E as our w.
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and solving for B, C in terms of u,w implies that the inverse @15 : Aw — Ay sends

pw—1
B
M+ (=)
(D.2.5.8)
o @D
H
3(w+2)(p—w)
where w + 2 is a unit of Ay since (w + 2)(w — 1) = —3 and p — w is a unit of Ay since
pr—1=(u—1)(g —w)(p —w?). We may check that the product
u? 11 e w? 1
u? 1 2es w? w 1
1 —a
1] 11 1 501051
is “projectively equivalent” to the matrix
-3
00 37051
X:=|w & 55 (D.2.5.9)
w? w 3u

as a a3(3C+9B-1)
whose determinant is a unit of Aw. Given a section [sx : sy : sz] of [(D.2.5.3) the corre-
sponding section of |(D.2.5.6)|is X! [sx : sy : sz|T where

—ai B —-9CB-18B%2-C
3 c 3
X1 = —a —B  —9CB—-9B?+C+3B
3 C+3B 3
—3C—-9B+1 0 0

3
The above implies that the sections

0:1:0],[0:0:1], [C:B+C:1]
of [(D.2.5.3)| (i.e. the identity section and ordered basis for the 3-torsion) correspond to the
sections

[1:—w:0], [1:=w?:0], [-1:0:1] (D.2.5.10)
of [(D.2.5.6)l We may apply an automorphism of the pair (Ay, En/An) € #4117 of the form
D.2.3(2) (for Y instead of Z) to|(D.2.5.10)[ to get

[1:-1:0],[1:—w:0], [-1:0:1] (D.2.5.11)
and using the fact that there is a simply transitive action of GL3(Z/(3)) on the set of ordered
bases of the 3-torsion in Fy/Ay, we may switch the second and third sections of |(D.2.5.11)]
to obtain

[1:=1:0],[-1:0:1], [1:—w:0] (D.2.5.12)
as desired. 0
Remark D.2.6. For |(D.2.5.1)] see also Stojanoska’s derivation [89] §4.1].

Remark D.2.7. There are coordinate change formulas in [87, §3] transforming a Weierstrass
equation into Hesse normal form, but there it is assumed that the base ring is a finite field
[F, where ¢ = 2 (mod 3), in order to take cube roots of a} — 27a3, but from this description

it is not clear that the cube root is an algebraic function. As shown in |(D.2.5.1)] it turns
out that in fact a3 — 27as is a cube in the ring Aw. One suspects that this is the case after
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tracing through the proof of [6, 2.1] and arriving at the equation x3 + 33 + 27“2’—%_‘1%23 = 3xyz,
in which case we know that % is a cube by |[Lemma D.2.8|
Lemma D.2.8. Let k be a field of characteristic not 3, and let
> +y* + B = 3xy (D.2.8.1)
be a curve in AZ. Suppose that
ar +by+c=0 (D.2.8.2)

is the tangent line to a flex point of E and suppose that a3 # 3. Then § is a cube in k.

Proof. If a = 0, then b # 0 and substituting y = —7 into |(D.2.8.1) and rearranging gives
2?+3¢x—(£)*+ 3 = 0 which by assumption is of the form (z+¢)? for some ¢ € k. Comparing
coefficients, we have £ = 0 and so 8 = (§)°.

By symmetry we may assume that a,b # 0. By scaling [(D.2.8.2), we may assume that
b = —1. Substituting y = ax + ¢ into E gives

(@® + 1)2* + 3(a)(ac — 1)z + 3(c)(ac — 1)z + (¢® + B)
and dividing by the leading coefficient gives
- 1) clac—1) A+
3., 4 a(ac 2, 5
v (a3+1 v a?+1 Sl ad+1

and comparing this to

2%+ 302 + 30w + 1
gives either ac — 1 = 0 in which case ¢® + 3 = 0 as well (so that 8 = (=1/a)® = (—¢)?),

otherwise if ac — 1 # 0 then
c ac—1
—=q
a ad+1
2

which implies ¢ = —a” so that the original equation of the tangent line is y = ax — a”.
Substituting this back into E gives § = (—a)?. O

2

APPENDIX E. COMPUTATION USING MAGMA

We compute H'(GLy(Z/(3)), M) in using MAGMA [I4]. Here G is defined as the
subgroup of GL(Z/(3)) generated by the matrices in [(3.4.3.6)] but the specified matrices
constitute a generating set so in fact G = GL3(Z/(3)). The group G acts on the abelian group
M = (Z/(2))®° by the three specified elements of Matgyg(Z), where each x € M is viewed
as a horizontal vector and each 6 x 6 matrix A acts on M by right multiplication x — x - A.
The last line computes HY(G, (Z/(2))%°).

G := MatrixGroup< 2 , FiniteField(3) |
[ 1’O ’ _1;1 ] ) [O’_l 5 1,O] ) [ 130 ) O’_l ]
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o, 0, 0, 0, 1, O ,

o, 0, 0, 0, O, 1,

0, 0, 0,1,0,01 ,
Matrix(Integers() , 6 , 6 , [

i, 0, 0, O, O, O,

i, 0, 1, 0, O, O ,

i, 1, 0, 0, 0, O ,

o, 0, 0, 1, 0, O ,

o, 0, 0, 1, 0, 1 ,

0, 0, 0, 1, 1, 0 1) ,
Matrix(Integers() , 6 , 6 , [

o, 0, 0, 1, 0, O ,

o, 0, 0, 0, 1, O,

o, 0, 0, 0, O, 1,

i, 0, 0, 0, 0, O ,

0,1, 0, 0, 0, O,

0, 0, 1, 0, 0, 0 1D

1;
CM := CohomologyModule(G,[2,2,2,2,2,2] ,mats);
CohomologyGroup(CM, 1) ;
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