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Abstract: Non-Hermitian systems can be tuned to exhibit

exceptional points, where both eigenvalues and eigenstates

coalesce concurrently. The inherent adaptability of photonic

non-Hermitian systems in configuring gain and loss has

allowed us to observe a plethora of counterintuitive phe-

nomena, largely as a consequence of the eigenspace reduc-

tion at these exceptional points. In this work, we propose

a non-Hermitian metasurface that, through the incorpo-

ration of gain, enables complete asymmetric polarization

conversion at an exceptional point with a zero eigenvalue.

Specifically, we provide numerical evidence for this concept
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by designing a non-Hermitian metasurface that facilitates

polarization conversion from right to left circular polariza-

tion, while preventing conversion in the reverse direction

and co-polarized transmission. Furthermore, our investiga-

tion reveals that this specific form of complete asymmet-

ric polarization conversion results in maximum circular

dichroism in transmission, thereby eliminating the need

for external chirality or three-dimensional helical struc-

tures. This non-Hermitian technique offers an intriguing

approach to designing polarization-sensitive optical devices

and systems, further expanding their functionalities and

capabilities.

Keywords: non-Hermitian metasurfaces; exceptional

points; polarization conversion; gain-incorporated meta-

surface; circular dichroism

1 Introduction

The chiro-optical effects are characterized bydistinct optical

responses that depend on the handedness of the incident

circularly polarized light and the chirality of the medium

throughwhich it passes [1]–[4]. These effects originate from

the unique coupling of electric and magnetic fields in nat-

urally occurring or artificially engineered chiral materials.

This coupling results in distinct optical behaviors for right-

and left-circularly polarized light (RCP and LCP), effectively

lifting the degeneracy typically seen in non-chiral envi-

ronments. Given the relatively weak chiro-optical effects

in natural materials, extensive research has focused on

the development of three-dimensional (3D) artificial helical

structures. These structures are designed to enhance the

mutual coupling between electric and magnetic fields, aim-

ing to enhance the chiro-optical responses [5]–[9]. Simul-

taneously, planar chiral structures, which feature broken

in-plane mirror symmetry, have been employed to achieve

strong chiro-optical responses [10]–[13]. Owing to their

Open Access. © 2024 the author(s), published by De Gruyter. This work is licensed under the Creative Commons Attribution 4.0 International License.

https://doi.org/10.1515/nanoph-2024-0391
mailto:bmin@kaist.ac.kr
https://orcid.org/0000-0001-6284-6392
mailto:zhaowei@ucsd.edu
mailto:ttkim@ulsan.ac.kr
https://orcid.org/0000-0002-4154-9775
https://orcid.org/0000-0002-4154-9775


4410 — D. Oh et al.: Zero-eigenvalue exceptional points of non-Hermitian metasurfaces

planar configuration, these structures are more easily fab-

ricated using conventional lithographic techniques, making

them particularly advantageous for various applications.

A notable application of planar chiral structures is asym-

metric polarization conversion (APC), where one circular

polarization is efficiently converted to its opposite, while

the conversion in the opposite direction is significantly less

effective [14]–[16].

Recent advancements in non-Hermitian physics have

significantly enhanced our understanding of polarization

manipulation through artificial structures. These develop-

ments have expanded the possibilities for their design by

leveraging insights into the interactions within open envi-

ronments [17]–[22]. It is now well-recognized that non-

Hermitian photonic systems can be tailored to feature

exceptional points (EPs), specifically those where polar-

ization eigenstates coalesce. This coalescence at the EPs

reduces the dimensionality of the polarization eigenspace,

leading to the emergence of unique wave phenomena

that are dependent on polarization. Over the past decade,

the exploration of non-Hermitian polarization degeneracy

has spanned various photonic systems, including photonic

crystal slabs [23]–[26], planar microcavities [27], [28], and

metasurfaces [17]–[20], [22], [29], [30]. Among these, non-

Hermitian metasurfaces are particularly notable for their

study of novel polarization effects, due to the versatility of

theirmaterials andmeta-atomdesigns. Our recentwork has

demonstrated active polarization control using a THz non-

Hermitian metasurface, which consists of an array of cou-

pled split-ring resonatorswith an integrated gated graphene

micro-ribbon [31]. By adjusting the frequency of the inci-

dent wave and the gate voltage applied to the graphene,

we accessed the chiral EP to explore the narrowed polariza-

tion eigenspace and its impact at the output. However, for

a comprehensive understanding of polarization behavior

at the EP, it is crucial to examine not only the coalesced

polarization eigenstate but also the eigentransmission.

In this work, we introduce a gain-incorporated non-

Hermitian metasurface designed to harness both the zero

eigenvalue and the coalesced circularly polarized eigen-

states at a chiral EP, thereby enabling complete asymmetric

polarization conversion (CAPC). Specifically, we consider

a situation where near-complete polarization conversion

from right to left circularly polarized states is achieved,

while the conversion in the opposite direction and co-

polarized transmission are simultaneously blocked at the

chiral EP. Our analysis begins with the application of tem-

poral coupled-mode theory (TCMT) to determine the condi-

tions necessary for observing CAPC at a chiral EPwith a zero

eigenvalue. The viability of this approach is further con-

firmed through numerical simulations of a non-Hermitian

metasurface, consisting of an array of coupled lossy meta-

atoms arranged on a substratewith gain.We further demon-

strate that CAPC results in maximal circular dichroism in

transmission (CDT), revealing an intriguing aspect of the

eigenvalue-dependent polarization phenomenon at chiral

EPs.

2 Results and discussion

2.1 CAPC at chiral zero-eigenvalue EPs

First, we examine the Jordan form of a non-Hermitian Jones

matrix J at the EP, which can be expressed using a coa-

lesced polarization eigenstate |𝜎⟩ and a Jordan vector |𝜇⟩.
These vectors satisfy the conditions

(
J− teI

)|𝜇⟩ = |𝜎⟩ and
⟨𝜇|𝜎⟩= 0, where I is the 2 × 2 identity matrix [32], [33]. The

Jones matrix can be represented as,

J = te|𝜎⟩⟨𝜎|+ t
𝜎𝜇
|𝜎⟩⟨𝜇|+ te|𝜇⟩⟨𝜇|,

where t
𝜎𝜇

and te denote the cross-polarized transmission

from |𝜇⟩ to |𝜎⟩ and the degenerate eigenvalue (or eigen-

transmission), respectively. The Jordan format the EP inher-

ently signifies APC with conditions t
𝜇𝜎

= 0, t
𝜎𝜇

≠ 0 and

equal co-polarized transmissions (te = t
𝜎𝜎

= t
𝜇𝜇
). Further-

more, this Jordan form indicates that at the EPs, the out-

put polarization can be expressed as a weighted sum of

the coalesced eigenstate and the associated Jordan vector,

provided the eigentransmission is non-zero. However, when

the eigentransmission becomes zero, only the polarization

component parallel to the coalesced eigenstate appears at

the output.

Figure 1 illustrates the dependence of polarization con-

version (PC) on eigentransmission at chiral EPs. When the

eigentransmission at the chiral EP is non-zero (te ≠ 0, see

Figure 1(a)) in the circular polarization basis (|𝜎⟩ = |L⟩ and
|𝜇⟩ = |R⟩), APC is observed alongside non-zero co-polarized
transmission (e.g., tRL = 0, tLR ≠ 0, and tRR=tLL ≠ 0). In con-

trast, when the eigentransmission at the chiral EP is zero

(te = 0, see Figure 1(b)), CAPC occurs without co-polarized

transmission (tRL = 0, tLR ≠ 0, and tRR = tLL = 0), as sug-

gested by the simplified Jones matrix J = tLR|R⟩⟨L|. In the

subsequent section, we propose a non-Hermitian metasur-

face situated on a gain substrate as a potential platform for

realizing CAPC at the chiral zero-eigenvalue EP.

2.2 Conditions for achieving CAPC

To illustrate a viable approach for realizing CAPC, we exam-

ine a non-Hermitian metasurface with unit cells composed
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Figure 1: Eigentransmission-dependent polarization conversion at chiral EPs. (a) Asymmetric polarization conversion (APC) at the chiral

nonzero-eigenvalue EP, (b) complete asymmetric polarization conversion (CAPC) at the chiral zero-eigenvalue EP.

of two coupled resonators, situated on a gain substrate.

The two constituent resonators are assumed to have the

same resonance frequency of 𝜔0∕2𝜋, with their major

axes aligned along the x- and y-directions, respectively (see

Figure 2(a)). Using temporal coupled-mode theory (TCMT)

[22], [34], the non-Hermitian Jones matrix can be expressed

in the linear polarization basis as follows:

Tl = 𝜉I+ 𝜂
[
Ωy + jΓ K

K Ωx − jΓ

]
.

To simplify the expression, we introduce the

following dimensionless parameters: Ωx =
(
𝜔x −𝜔

)
∕𝛾ex ,

Ωy =
(
𝜔y −𝜔

)
∕𝛾ey, Γ =

(
𝛾i y − g

)
∕2𝛾ey −

(
𝛾ix − g

)
∕2𝛾ex ,

and K = −𝜅∕√𝛾ex𝛾ey. Here, 𝜔 represents the angular

frequency of the incident light, while 𝜅, g, 𝛾e𝜇 and 𝛾 i𝜇
denote the coupling, gain, radiative loss, and intrinsic

loss rates, respectively
(
𝜇 = x, y

)
. In the analysis, two

coupled resonators are connected to four ports: two

ports describe x- and y-polarized waves on the input

side of the metasurface, while the remaining two ports

describe the same waves on the output side (Figure 2(a)).

The incoming and outgoing waves are represented by

||s+
⟩
=

(
s1+, s2+, s3+, s4+

)T
and ||s−⟩ =

(
s1−, s2−, s3−, s4−

)T
,

respectively. To derive the Jones matrix, we analytically

establish the relationship between the incoming wave

amplitudes s1+ (x-polarization) and s2+ (y-polarization),

and the outgoing wave amplitudes s3− (x-polarization)

and s4− (y-polarization) (see Supplementary Information

for details). The two constituent resonators are assumed

to have different radiative loss rates (𝛾ex ≠ 𝛾ey), while

experiencing equal influence from the gain substrate.

Accounting for the substrate gain, the net intrinsic loss

rates of the two resonators are modified to 𝛾 ix − g and

𝛾 iy − g, respectively.

By solving the matrix eigenvalue equation, Tl
||𝜓e⟩ =

te
||𝜓e⟩, we can obtain the eigentransmissions and the cor-

responding polarization eigenstates. Examining the eigen-

transmissions reveals a pair of chiral EPs. One EP has a

coalesced LCP eigenstate, characterized by the condition

Ωx = Ωy = Ω and Γ = −K. The other EP has a coalesced

RCP eigenstate, characterized by Ωx = Ωy = Ω and Γ = K.

Without loss of generality, in this work, we primarily focus

on the chiral EP characterized by a coalesced LCP eigenstate.

At this specific chiral EP, the eigentransmission is given by

te = 𝜉 + 𝜂Ω, and the coalesced eigenstate is represented

by ||𝜓e⟩ = 1√
2

[
1 j

]T
(see Supplementary Information for

details).

From the eigentransmission expression, it can be

shown that the following relationships between a set of

parameters are sufficient to ensure zero eigentransmis-

sion at the chiral EP (see Supplementary Information):𝜔 =
𝜔0 = 𝜔EP and 𝛾ex∕𝛾ey = −

(
𝛾ix − g

)
∕
(
𝛾i y − g

)
= 𝛿 > 0. The

latter requirement indicates that the gain rate should be

adjusted such that the net intrinsic loss rates, 𝛾 ix − g and

𝛾 iy − g, have opposite signs. This can be achieved if the

two resonators are composed of materials with different
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Input polarization states
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2

EP

(a) (b)

(c) (d)

,
,

CAPC

Figure 2: Analytic modeling of gain-incorporated non-Hermitian metasurfaces. (a) Schematic illustration of a gain-incorporated non-Hermitian

metasurface consisting of two coupled resonators on a gain substrate. Two coupled resonators (drawn with cyan and magenta colors) are assumed

to be connected to four ports. Two incoming wave amplitudes s1+ (x-polarization) and s2+ (y-polarization) and two outgoing wave amplitudes s3−
(x-polarization) and s4− (y-polarization), which are relevant to the evaluation of the Jones matrix, are shown. (b) Eigentransmission amplitude plotted in

a two-dimensional parameter space spanned by normalized incident frequency (𝜔 = 𝜔∕𝜔EP) and normalized gain rate (g = g∕gEP), where𝜔EP and gEP
represent the incident angular frequency and gain rate at the chiral EP, respectively. (c) Polarization eigenstates are plotted on a Poincaré sphere

as a function of𝜔 and g, with color shading used to denote different gain rates. Frequency-dependent polarization eigenstates are represented

by scatters of the same color. (d) Uniformly distributed input polarization states mapped on Poincaré sphere (left). All input polarization states are

converted to the LCP state at the output.

intrinsic loss rates (𝛾 ix ≠ 𝛾 iy), and the gain rate is set to a

value between 𝛾 ix and 𝛾 iy. To illustrate this, we plot the

eigentransmission amplitude in a two-dimensional param-

eter space (Figure 2(b)), defined by the normalized incident

frequency (𝜔 = 𝜔∕𝜔EP) and the normalized gain rate (g =
g∕gEP). Here, 𝜔EP and gEP represent the incident angu-

lar frequency and gain rate at the chiral EP, respectively.

In this example, the following parameters are used to

model the non-Hermitian metasurface: 𝜔EP∕2𝜋 = 193 THz,

𝛾ex∕𝜔EP = 0.06, 𝛾ey∕𝜔EP = 0.1, 𝛾 ix∕𝜔EP = 0.02, 𝛾 iy∕𝜔EP =
0.04, 𝜅∕𝜔EP = 0.00968, and gEP∕𝜔EP = 0.0275. As shown in

Figure 2(b), the eigentransmission approaches zero at the

chiral EP, specifically at
(
𝜔, g

)
= (1, 1). The polarization

eigenstates are plotted on a Poincaré sphere as a function of

𝜔 and g, with color shading indicating different gain rates

to enhance visualization (Figure 2(c)). As the parameters

approach the chiral EP, the paired polarization eigenstates

progressively coalesce into the LCP state located at the south

pole of the Poincaré sphere [31]. The CAPC at the chiral

zero-eigenvalue EP is further verified by observing that all

output polarization states converge at the south pole of the

Poincaré sphere for uniformly distributed input polariza-

tion states (Figure 2(d)).

2.3 Numerical verification of CAPC

To demonstrate the feasibility of gain-assisted ACPC at the

chiral zero-eigenvalue EP, we designed a non-Hermitian

metasurface. This metasurface consists of two coupled plas-

monic nano-rod resonators placed on a gain substrate

(Figure 3(a)). Each of the two plasmonic nano-rod res-

onators, oriented with their major axes perpendicular to

each other, is designed to resonate at the same angular fre-

quency, 𝜔0, when exposed to incident light polarized along

their respective major axes. By varying the geometrical

parameters of the resonators and the lattice constant, we

can adjust the ratio, 𝛿, between the radiative loss rates. To

achieve distinct intrinsic loss rates, two types of plasmonic

nano-rods can be utilized: one made of silver and the other
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(b)

(c) (d) (e)

(a)

′′

′′ ′′ ′′

EP

Figure 3: Design of the gain-incorporated non-Hermitian metasurface for CAPC. (a) Schematic illustration of the gain-incorporated non-Hermitian

metasurface, with the geometric dimensions of the unit cell determined to be L= 600 nm, l1 = 193 nm, l2 = 197 nm,𝒘1 = 82 nm,𝒘2 = 121 nm,

and d = 60 nm. (b) Numerically extracted eigentransmission magnitude plotted in the parameter space spanned by the input frequency ( f )

and the imaginary part of substrate permittivity (𝜺′′). (c–e) Numerically extracted transmission amplitudes ||tLR||, ||tRL||, and ||tRR|| = ||tLL||
in a two-parameter space spanned by f and 𝜺′′.

made of gold. Specifically, the Drudemodel, which describes

the relative permittivity of metals, was employed in our

simulations with the following parameters: a plasma fre-

quency 𝜔p = 1.2052 × 1016 rad/s and a collision frequency

𝛾 = 1.3697 × 1014 rad/s for gold, and𝜔p = 1.1454 × 1016 rad/s

and 𝛾 = 1.1938 × 1014 rad/s for silver [35]. In the simu-

lations conducted using a finite element method solver,

the following geometrical parameters were employed (see

Figure 3(a)): L = 600 nm, l1 = 193 nm, l2 = 197 nm, w1 =
82 nm, w2 = 121 nm, and d = 60 nm. The coupling between

the resonators is tuned by adjusting their relative positions

within the unit cell. As discussed in the previous section, by

fine-tuning the gain rate and the frequency of the incident

wave, we can approach the chiral zero-eigenvalue EP and

thereby observe CAPC. In numerical simulations, the change

in gain rate is modeled by varying the imaginary part of

the substrate permittivity. The complex-valued permittivity,

𝜀 = 𝜀′ − j𝜀
′′, is specifically modeled after an InGaAsN/InP

quantumwell [36], [37], with the real part of the permittivity

(𝜀′ = 9.5), held approximately constant,while the imaginary

part (𝜀′′) is varied [38], [39].

To confirm the presence of a chiral zero-eigenvalue

exceptional point (EP), we performed numerical calcu-

lations of the eigentransmission for the designed non-

Hermitian metasurface. These calculations were conducted

in a two-parameter space defined by the input frequency

and the imaginary part of the permittivity (Figure 3(b)).

The eigentransmission reveals the topology of a self-

intersecting Riemann surface, identifying the chiral EP of

a nearly zero eigenvalue at approximately
(
fEP, 𝜀

′′′
EP

)
=

(193.08 THz, 0.4685). Additionally, the Jonesmatrix elements

are extracted and plotted in the two-parameter space to

substantiate the fulfillment of the CAPC condition. In Figure

3(c–e), it is evident that the cross-polarized transmission

tRL and the co-polarized transmissions tRR and tLL sharply

approach zero at the chiral zero-eigenvalue EP, whereas

the other cross-polarized transmission tLR remains nearly

constant. It isworth noting that at the chiral zero-eigenvalue



4414 — D. Oh et al.: Zero-eigenvalue exceptional points of non-Hermitian metasurfaces

EP, the intensity conversion efficiency of the proposedmeta-

surface, initially estimated to be approximately ||tLR||2 ≈
4 %, can be significantly enhanced to up to 25 % by optimiz-

ing the geometrical parameters of the unit cell. In addition

to examining the transmission amplitude, understanding

the system behavior near the chiral EP requires a thor-

ough analysis of the transmission phase spectra. The phase

spectra offer crucial insights into the underlying dynam-

ics, particularly in the vicinity of EPs, where rapid phase

variations occur. These variations reflect the topological

characteristics of the EP, manifesting as pronounced phase

changes in its proximity. To further illustrate this phe-

nomenon, the transmission phase spectra and theirwinding

behavior across the two-parameter space are presented in

Figure S2 of the Supplementary Information.

2.4 Maximal CDT at chiral zero-eigenvalue
EPs

The proposed metasurface interacts with waves in a

direction-dependent manner, effectively altering the polar-

ization of light differently based on whether it is incident

from the front or the back. This phenomenon is attributed

to the inherent planar chirality, arising from the broken in-

plane mirror symmetry of the unit cell. In particular, CAPC

occurs when an LCP wave is incident on the front surface

of the metasurface. Conversely, CAPC is observed with an

RCP wave when it is incident from the rear. This indicates

that direction-dependent CAPC can be achieved at the chiral

zero-eigenvalue EP (Figure 4(a)). To demonstrate how the

metasurface converts circularly polarized waves based on

the incident direction, we performed simulations exposing

the metasurface to all possible states of polarized waves at

the chiral zero-eigenvalue EP (Figure 4(b)). In the case of for-

ward incidence, the output polarization states converge at

the south pole (LCP), whereas for backward incidence, they

converge at the north pole (RCP). The output polarization

states are tightly clustered around the poles, revealing an

extreme case of non-unitary polarization transformation at

the chiral zero-eigenvalue EP.

Notably, CAPC maximizes circular dichroism in trans-

mission (CDT), defined as the normalized difference in

transmission between left-handed and right-handed circu-

larly polarized light [40], [41],

CDT =

(||tRL||2 + ||tLL||2
)
−
(||tLR||2 + ||tRR||2

)
(||tRL||2 + ||tLL||2

)
+
(||tLR||2 + ||tRR||2

)

For the simulated case, all transmission amplitudes

except for tLR approach nearly zero at the chiral

zero-eigenvalue EP for forward incidence. Consequently,

CDT approaches a value of −1, indicating its maximum

tRL
backward

t LRforwardt

(a)

(c)(b)

C
D
T

Input polarization states For forward propagation For backward propagation

forward

backward

forwr ardf

backwwardba kw

f

ba k

′′

forward

backward

Figure 4: Direction-dependent CAPC and maximal CDT at the chiral zero-eigenvalue EP. (a) Schematic illustration of direction-dependent CAPC

in gain-incorporated non-Hermitian metasurfaces. (b) For incidence of the homogenous input state mapped on Poincaré sphere, the LCP and RCP

components are mostly transmitted for forward and backward propagation, respectively. Uniformly distributed input polarization states mapped on

Poincaré sphere (left). All input polarization states are converted to the LCP state at the output. (c) Numerically-extracted CDT in a two-parameter

space spanned by f and 𝜺′′. CDT forward (blue surface) and CDT backward (red surface) for forward and backward propagation, respectively.



D. Oh et al.: Zero-eigenvalue exceptional points of non-Hermitian metasurfaces — 4415

magnitude (Figure 4(c)). For backward incidence, the

value of CDT is inverted, approaching +1 at the chiral

zero-eigenvalue EP. Through numerical simulations, we

achieve blocking of RCP at approximately 50 dB while

maximizing the CDT by simultaneously suppressing

co-polarized transmission. This enhanced level of

polarization control is not simply a result of parameter

optimization; it arises from mathematically rigorous

conditions.

3 Conclusions

In this work, we propose a viable solution for achieving

CAPC by utilizing a chiral EP with zero eigentransmission in

a gain-incorporated non-Hermitian metasurface. Our find-

ings demonstrate that such a non-Hermitian metasurface

can facilitate the conversion from right to left circular polar-

ization (and vice versa), while simultaneously blocking both

the reverse conversion and co-polarized transmission. It is

noteworthy that CAPC in the circular polarization basis was

first discovered usingmultilayer polarizers [42]. In contrast,

our method distinguishes itself by achieving CAPC with

a single-layer structure, thereby eliminating the need for

multiple optical components. This unique form of polariza-

tion manipulation also results in maximal CDT, highlight-

ing the potential of non-Hermitian systems in enhancing

the functionality of optical devices. Notably, this method

circumvents the need for external chirality or complex

three-dimensional helical (or multilayered) structures tra-

ditionally required to enhance CDT. Additionally, this work

sheds light on the eigenvalue-dependent phenomena at the

EP, drawing a mathematical parallel to the coherent per-

fect absorption observed at the zero-eigenvalue EP in two-

coupled microcavities [43]. The implications of our non-

Hermitian metasurface offer new avenues for designing

polarization-sensitive devices and systems with expanded

capabilities.
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