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ABSTRACT OF THE DISSERTATION

Geometry In The Large Of Ricci Flows

by

Zilu Ma

Doctor of Philosophy in Mathematics

University of California San Diego, 2022

Professor Bennett Chow, Chair
Professor Lei Ni, Co-Chair

Ricci flow is a powerful and fundamentally innovative tool in the field of geometric
analysis introduced by Richard Hamilton [Ha82] in 1982. Many longstanding geometric
and topological problems have been solved using Ricci flow. For example, the Poincaré
conjecture, Thurston’s geometrization conjecture, the 1/4-pinched differentiable sphere
theorem, the generalized Smale conjecture, and so on. In the seminal works of Hamilton and
Perelman, it is crucial to understand at least the qualitative behavior of the singularities
so that Ricci flow can be continued via surgeries. To understand the singularity formation,

it is desirable to classify singularity models, which are the blow-up limits along sequences

X



of space-time points with curvature tending to infinity, or at least to understand them
qualitatively well enough for topological applications. However, as compared to dimension
3, the geometry becomes drastically more complicated starting from dimension 4, and
so does the singularity analysis of Ricci flow. Recently, Richard Bamler in [Bam20a,
Bam20b, Bam20c| established a groundbreaking theory for the weak limits (his F-limits)
of Ricci flows on closed manifolds in higher dimensions. This theory will be fundamentally
important in the study of higher-dimensional Ricci flow singularities. All the known
examples so far suggest that Ricci flow singularity models should be mostly shrinking or
steady Ricci solitons. These are the self-similar ancient solutions to Ricci flow, and they
can be viewed as generalized Einstein manifolds. Thus, it is vitally important to study
shrinking and steady Ricci solitons that arise as singularity models.

In the dissertation, we shall survey some recent results on the geometry in the large
of singularity models or more general noncollapsed ancient solutions of Ricci flow, which
were jointly investigated by collaborators and the author. We shall streamline some proofs
and also present some new unpublished findings. There are two fundamental notions
of space-time blow-downs for ancient flows: asymptotic shrinking solitons by Perelman
[Per02] and tangent flows at infinity by Bamler [Bam20c|. We will show that the two
notions coincide, which is the main theorem of [CMZ21a]. We will present that for ancient
flows, various entropy quantities introduced mainly by Perelman converge to those of the
tangent flows at infinity, which were proved in [MZ21, CMZ21la, CMZ21b, CMZ21d]. It
will also be demonstrated that how tangent flows at infinity determine the geometry in the
large of steady solitons in dimension 4, which is the main theorem of [BCDMZ]. Moreover,
we will present an optimal volume growth estimate for noncollapsed steady solitons in all

dimensions, which is the main result of [BCMZ21].



Chapter 1

Introduction

Richard Hamilton first introduced Ricci flow in his seminal paper [Ha82] in 1982.

Ricci flow is a family of metrics (M, g¢):co,r) on a smooth manifold M satisfying
@gt = —QRngt,

where Ricg, denotes the Ricci tensor induced by the metric g;. This geometric equation is

weakly parabolic and one could see this by recalling that in a harmonic coordinate,

—2Ri; = Agi; + Q(g,09),

where @) is a rational function quadratic in dg. (See, e.g., [Pel6, Lemma 11.2.6].)

During the last forty years, Ricci flow has proved to be a fundamentally innovative
and overwhelmingly powerful tool in geometry and topology. Many long-standing prob-
lems have been solved by Ricci flow. For example, the Poincaré conjecture, Thurston’s
geometrization conjecture, the i—pinehed differentiable sphere theorem, the generalized
Smale conjecture, and so on.

Ricci flow acts like a heat equation, averaging and smoothing out the metric. Thus,
the geometry of the manifold tends to become more uniform under Ricci flow. Under

certain curvature positivity conditions, Ricci flow can improve the original metric to a more



standard one. In the very first paper of Ricci flow [Ha82], Hamilton proved that any closed
three-manifold admitting a metric with positive Ricci curvature must be diffeomorphic to
a spherical space form. Later, Hamilton proved in [Ha86] that any closed three-manifold
admitting a metric with positive curvature operator must be diffeomorphic to a spherical
space form. Bohm and Wilking generalized this result to higher dimensions in [BW08].
In [BS08, BS09], Brendle and Schoen solved the long-standing i—pinched differentiable
sphere theorem using Ricci flow.

However, Ricci flow is also a nonlinear equation, and for both geometric and
topological reasons, singularities often arise. Prototypical examples of singularities include
the intuitive movies of neck-pinches forming on dumbbells presented by Hamilton [Ha95].
By the singularity formation of a Ricci flow, we mean the space-time points or regions on
the manifold where the curvature tends to infinity as one approaches the singularity time.
Generally, the goal of Ricci flow is to overcome the singularity formation by controlled
topological-geometric surgery so that certain geometric decomposition of the original
closed manifold can be clearer. In the seminal works of Hamilton and Perelman, it is
crucial to understand at least the qualitative behaviors of the singularities in dimension 3
so that Ricci flow can be continued via surgeries. Perelman solved the Poincaré conjecture
and the more general Thurston’s geometrization conjecture in his celebrated three papers
[Per02, Per03a, Per03b] following Hamilton’s framework, and the singularity analysis in
dimension 3 is key to his success. In a sequence of their papers [BK17a, BK17b, BK19,
BK20], Bamler and Kleiner solved the generalized Samle conjecture using the singular
Ricci flow whose existence was conjectured by Perelman [Per02, Section 13] and confirmed
by Kleiner and Lott [KL17, KL20].

As compared to dimension 3, the geometry becomes drastically more complicated
starting from dimension 4, and so does the singularity analysis of Ricci flow. We may
encounter more complicated singularity models, and consequently the potential surgeries

near such singularities will be more intricate. Recently, Bamler in [Bam20a, Bam20b,



Bam20c| established a groundbreaking theory for the weak limits (his F-limits) of Ricci
flows on closed manifolds in higher dimensions. This theory can be viewed as a parabolic
counterpart of the structure theory of spaces with a lower Ricci bound, which was
developed mainly by Cheeger, Colding, Tian, Naber, Jiang and other authors. See, e.g.,
[CC96, CCI7, CC20a, CC20b, CCT02, CN13, CN15, JN21, CJN21] and references therein.
Bamler’s works will be fundamentally important in the study of higher-dimensional Ricci
flow singularities.

Together with my collaborators, we have made some contributions to the geometry
in the large of singularity models in Ricci flows. We shall introduce some of them in the

following sections and the details will be presented in the following chapters.

1.1 Main Results

We shall briefly summarize the main results we wish to present in the dissertation
together with some preliminaries. The details should be referred to the corresponding

chapters.

1.1.1 Heat Flow Estimates

Let (M™, g¢)ier be a complete Ricci flow, where I C R is an interval. We say that

u=u(x,t): M x I - R is a heat flow (coupled with Ricci flow), if

0 =0u := 0w — Ay,u, on M x I,

where Ay, denotes the Laplacian operator induced by the evolving metric g,. We say that

v=1uv(y,s): M x I — R is a conjugate heat flow (coupled with Ricci flow), if

0=0% :=—0v — Ay,v+ Ryv, on M x I,



where R, is the scalar curvature of the metric g;.
As will be seen below, Perelman’s monotonicity formulae [Per02] and Bamler’s
sharp estimates [Bam20a] both rely on heat flows and conjugate heat flows.

Whenever integration by parts is valid, for any smooth functions u, v, we have

d

E UVt dgt = / (Dut)vt - Ut(D*Ut) dgt (111)
M M

Here and throughout the dissertation, we denote by

the restriction of u at time ¢ instead of the time derivative of w.
For any complete Ricci flow (M™, g;)ier, there is always a conjugate heat kernel,
which we denote by K(x,t|y,s). (See, e.g., [CCGT10].) By definition, conjugate heat

kernels satisfy the following. For any x,y € M,s < t,s,t €I,

DK(.7'|y78) :Oa lim K(7t|ya 8) :5217
t—sst

O"K(x,t]-,-) =0, lim K(x,t|-s)=0,.

s—=t~

We write

Avy s = K(z,t] -, 5) dgs.

When M is closed, dv, s clearly integrates to 1 by (1.1.1). When M is noncompact and K
is, for example, the minimal kernel, then dv, |, also integrates to 1, which will be proved
in Corollary 3.3.2. So we may always take K as the minimal kernel. For any metric space
X, we denote by

P(X)



the space of probability measures on X. So for a Ricci flow (M", g¢)ter, Vay)s € P(M) for
any x € M,s <t,s,tel.

For bounded heat flows coupled with a complete Ricci flow, we shall prove in
Chapter 3 some rough gradient estimates and also Bamler’s sharp gradient estimates
([Bam20a, Theorem 4.1]) without any curvature conditions. Bamler’s gradient estimates
improved the previous estimates found by Zhang [Zhq06] and Cao-Hamilton [CH09] and
they are foundations of Bamler’s sharp Nash entropy estimates.

One of the most important ideas in Bamler’s recent theory [Bam20a, Bam20b,
Bam20c] is H,,-centers [Bam20a, Definition 3.10]. Roughly speaking, they can be viewed as
more natural worldlines of a point in past times and conjugate heat kernels concentrate near
H,-centers. The existence of H,-centers follows by the following important monotonicity
formula [Bam20a, Corollary 3.7] proved by Bamler: Let (M™, g;)ic; be a complete Ricci

flow. For any nonnegative conjugate heat flows vy, vo such that dpu,, := v, dg € P(M),
Var, (14, o) + Hyt (1.1.2)

is nondecreasing in ¢, where

— 172
H, = =T 4)” 44,

and the variance between p, v € P(M) is defined to be
Vari () = [ [ fauf? dua)an(y).
MJm
Here and throughout the dissertation, we denote by

|xy|t7 ‘x7y‘t7 or dlStt(x7y>

the distance between two points x, y measured by the distance induced by g;. By definition,



(z,8) € M x I is called an H,-center of (x,t), if s <t and
Var(d,, vpys) < Hp(t — s).

The existence of z follows by (1.1.2). We shall prove later that (1.1.2) holds for general
noncompact complete Ricci flows without any curvature conditions (but p;; in (1.1.2)
should be taken as conjugate heat kernels) and thus we may still consider H,-centers in

this setting.

1.1.2 Perelman’s Entropy

One of Perelman’s most marvelous contributions is his entropy formulae, which
provide noncollapsing estimates while taking limits of flows (in the sense of Cheeger-
Gromov-Hamilton) and guarantees that the limit is a smooth flow. In this way, Perelman
was able to intensively apply Hamilton’s scaling arguments [Ha95] to study singularities of
Ricci flow. Recently, Bamler [Bam20a] found some sharp estimates on the Nash entropy,
which are foundations of his structure theory of noncollapsed limits [Bam20c|. See also
the entropy formula for linear heat equations found by Ni [Ni04].

Let (M™,g) be a complete manifold. Perelman’s W-functional at scale 7 > 0 is

defined to be

Wi(g, f,7) = / (7‘ (|Vf|2 + R) + f— n) (4n7)"2e 7/ dy.

M

Writting u = (477)7"/2e~f, we may rewrite the WW-functional as

W(g,u,7) = / (T (|V10gu|2 + R) — logu) udg — glog(47r7) —n.
M



For any region 2 C M, following [Wal8], we may localize Perelman’s entropy as following:

w(,g,7) = inf {W(g,u,ﬂ cu>0,4yu € CSO(Q),/ udg = 1},
M

v(Q,9,7) = inf p(Q.g,5).

Indeed, v(£2, g, 7) is a local Sobolev constant of the region €. Here, C§°(Q2) denotes the
space of smooth functions defined on {2 with compact support.
We then recall pointed entropy along a Ricci flow. Let (M™", g¢):e[-1,0) be a complete

Ricci flow with bounded curvature. For any (xo,ty) € M x [=T,0],0 < 7 <ty + T, define

W:BO to(T) g87 K(x(]?t() | ) T) = W(Qm fsuT)v

:Bo to / fs dVa:o Jtols _7

where

S = to -7, K(fﬂo, to | Y, S) = (47'(7-)777‘/267}%(3/)'

See Chapter 4 for more detailed properties.

We may now state the main results in Chapter 4 which were proved by Chan,
Zhang and the author in [CMZ21d].

We first give the following lower bound on the local v-entropy in terms of the
pointed Nash entropy. In the following, (M™, g;)icr is a complete Ricci flow with bounded

curvature.

Theorem 1.1.1 (= Theorem 4.2.1). Assume that [—r2,0] C I. Then for any point xo € M

and any 7, A > 0, we have

v (Bo(wo, Ar), go, 1) = Ny o(r?) — vV/nA — gr - glog(l + 7). (1.1.3)



As a consequence, in Theorem 4.4.2, we can slightly improve Jian’s no local
collapsing Theorem [J21], which already improved Perelman’s original version [Per02,
Theorem 8.2] and Wang’s improved version [Wal8, Theorem 1.1].

We also have the following almost monotonicity formula for the local p-entropy,
which is similar to Wang [Wal8, Theorem 5.4] and Tian-Zhang [TZ21], and our proof
is inspired by their works. Perelman’s original (global) monotonicity formula follows

immediately by the following local version.

Theorem 1.1.2 (=Theorem 4.2.2). Assume that [—r?,0] C I. Then for any xo € M, any

H,-center (z, —r?) of (x0,0), any 7 > 0, and any A > 16, we have

( 2 (z 2A\/_r> (14 7)r >
< pu <BO <$0,A\/_r> Go, TT > ig(l —I—T)e_g%.

As a refinement of the local monotonicity formula above, we have the following,
which can be viewed as the inverse of Theorem 4.2.1. Note that we should consider the

ball centered at H,-centers for the local u-entropy.

Theorem 1.1.3 (= Theorem 4.2.3). Assume that [—r*0] C I. Furthermore, assume that
Ry, > Ruin. Then, for any xg € M, any H,-center (z, —r?) of (20,0), and any A > 8,

we have

1 (B_Tz (z, 2A\/Fnr> g2, 7’2) < Naoo(r?) + C(n, Rpinr?, A), (1.1.4)

where

A2 A2

C(n, Ryinr?, A) = Sze™ 20 —|— 8 <e_70 - (n = 2Ruminr?) + €710 - (n — 2Rpint?)

NI
N—

and C,, s a dimensional constant.



As an application, we can use this theorem to give a simple proof of Bing Wang’s
improved pseudolocality theorem [Wa20, Theorem 1.2], which generalizes Perelman’s
original pseudolocality theorem [Per02, 10.1]. As a further application, we can give a
simple proof of Peng Lu’s local curvature bound [Lul0O, Theorem 1.2], which improves

Perelman’s original local curvature bound [Per02, 10.3].

1.1.3 Geometry at Infinity of Ancient Flows

Following Hamilton, we say a Ricci flow (M™, g;);es is ancient, if the time-span of
the flow I = (—o0, C], for some constant C' < oo.

We say that a Ricci flow (M™, g;):cr arises as a (finite-time) singularity model, if
there exist a closed Ricci flow (M, Gt)iepo, 1), & sequence (z;,t;) € M x [0,T),t; = T < o0,

and scaling factors A\; — oo, such that

(Mna )\z’gtﬂrt/kia (%, 0))t€[f)\iti,0] — (Mna gt)tSOa

in the sense of Cheeger-Gromov-Hamilton. Note that since \;t; — oo, any (finite-time)
singularity model must be an ancient solution, and thus it is vital to study ancient flows.

Recall that a sequence of pointed Ricci flows
(M7, gits (is ti))iclann) = (M", gt, (P, 1)) tefa),
in the sense of Cheeger-Gromov-Hamilton, where a,b € R, if
a > limsupa;, b<liminfb;, limt; =1 € [a,b],

and there exist

e an exhaustion {U;} of M by open precompact sets with p; € U;;



e a sequence of diffeomorphisms ®; : U; — V; := &,(U;) C M; with ®;(p;) = p,

such that for any K € M, and any k € N,

sup sup sup ‘V’;(@:gm — gt)‘g — 0,
0<p<k tefap] K

as i — 0o, where ¢ is a metric on M comparable to g;. If a; — —oo, then [a, b] should
be understood as (—oo,b], and the convergence should be uniform over any compact
subinterval of (—o0, b].

Let us recall the definition of Ricci solitons, which are self-similar solutions to the
Ricci flow. A triple (M™, g, f) is called a gradient Ricci soliton or GRS in short, if

(M", g) is a complete Riemannian manifold and f is a smooth function on M satisfying
Ric + V*f = 3y, (1.1.5)

for some constant A € R. There are three types of solitons depending on the sign of \.
(M™, g, f) is called a shrinking gradient Ricci soliton or shrinker in short if A > 0; it
is a steady GRS if A = 0; and it is an expanding GRS if A < 0. By normalization on
the metric, we may assume that A can only be —1,0, 1. We remark that we usually assume
that Ric = V2f for steady GRS, which will be clear later. Given a GRS satisfying (1.1.5),
there is a canonical form of Ricci flow solution induced by the GRS. Let 7, = 1 + At,
(A = —1,0, or 1,) and ®; be a family of diffeomorphisms defined by 9,®; = 7, 'V f|s,.
Then ¢; := 1P} ¢ is a Ricci flow, called the canonical form of the GRS. g; only moves by
scaling and pullback by diffeomorphisms, and thus it is self-similar.

To capture the big pictures of geometry in the large of ancient flows, we would
like to understand the geometry at infinity, which are space-time blow-downs. There are
two notions of blow-downs for ancient flows. Perelman first introduced his comparison

L-geometry for Ricci flows and proved that for k-solutions ([KLO8, Definition 38.1]), we

10



can always get a limit along the (-centers via type-I scalings in the sense of Cheeger-
Gromov-Hamilton smooth convergence. Such limit flows are shrinking gradient Ricci
solitons by Perelman’s monotonicity formula for the reduced volume and they are called
the asymptotic shrinkers. They are essential in Perelman’s singularity analysis. Please
see Chapter 5 for detailed definitions.

However, Perelman’s machinery cannot be easily generalized to higher dimension in
part due to the lack of Hamilton’s Harnack inequality [Ha93] in higher dimensions, which
holds for Ricci flows with nonnegative curvature operator. By Hamilton-Ivey pinching
estimates, it was proved by Chen [Ch09] that any three-dimensional ancient flows must have
nonnegative curvautre and Perelman’s asymptotic shrinkers are canonical in dimension
3. However, in higher dimensions, Hamilton-Ivey estimate no longer holds and ancient
flows may not have nonnegative curvature. (For example, the FIK shrinkers found by
Feldman-Ilmanen-Knopf [FIK03].) Thus the existence of asymptotic shrinkers is no longer
natural. One may still prove the existence of Perelman’s asymptotic shrinkers under
weaker curvature conditions. See, e.g., [CZ11, Zhy20, CZ20, MZ21].

In his recent works [Bam20b, Bam20c|, Bamler introduced the notion of tangent
flows at infinity, which can be understood as space-time blow-downs in the sense of his
newly introduced F-distance. He developed a completely general compactness theory for
super Ricci flows, which is parallel to Gromov’s compactness theorem for manifolds with
Ricci bounded from below and Brakke’s compactness theory for mean curvature flows. The
existence of tangent flows at infinity is much more canonical as compared to Perelman’s
asymptotic shrinkers because of the general F-compactness theory. With the help of his
structure theory, parallel to the celebrated Cheeger-Colding-Naber theory, Bamler built
up partial regularity results for such tangent flows at infinity and proved that the singular
set of any noncollapsed (in the sense of the Nash entropy) limit has codimension no less
than 4.

In [Bam20c|, Bamler suggested that his (smooth) tangent flows at infinity should
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coincide with Perelman’s asymptotic shrinkers. Chan, Zhang, and the author confirmed

this statement in our recent work [CMZ21a]. Roughly speaking, we have the following

Theorem 1.1.4 (= Theorem 5.0.1). For an ancient Ricci flow (M", g;)i<o with bounded
curvature on compact intervals, if a (smooth) asymptotic shrinker exists, then it must be a
tangent flow at infinity. Conversely, if a tangent flow at infinity is smooth, then it also

must arise as an asymptotic shrinker.

Tangent flows at infinity resemble asymptotic cones of metric spaces, which are
blow-downs centered at some basepoint. It is well-known that such cones do not depend
on the basepoint, although they may depend on the sequence of scalings. In [CMZ21c]|,
we showed that tangent flows at infinity of ancient Ricci flows also do not depend on the

choice of basepoints. Roughly speaking, we have the following.

Theorem 1.1.5 (=Theorem 5.0.2). The tangent flow at infinity of an ancient H-

concentrated (c.f. [Bam20b, Definition 3.30]) metric flow does not depend on the basepoint.

1.1.4 On Steady Ricci Solitons

We shall then present several recent results on general steady gradient Ricci solitons
with reasonable assumptions that they either arise as singularity models or have bounded
curvature. Note that by [CFSZ20, Theorem 1], any four-dimensional steady GRS that
arises as a singularity model have bounded curvature. It is important to study steady
gradient Ricci solitons as they may arise as singularity models. Moreover, as seen in the
recent breakthroughs on the classification of x-solutions in dimension 3 by Brendle [Br20]
and Brendle-Daskalopoulos-Sesum[BDS21], it is important to first classify steady Ricci
solitons (by Brendle [Br13]).

As suggested by the known examples and our previous work [CDM22], the geometry
of a steady soliton outside of a compact set should be determined by its asymptotic geometry.

Tangent flows at infinity reflect the global geometry of a steady soliton since they are
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space-time blow-downs. Joint with Bamler, Chow, Deng and Zhang, in [BCDMZ], we fully
classified the tangent flows at infinity of 4-dimensional steady gradient Ricci solitons that
can arise as singularity models. Using a splitting principle for steady solitons and Bamler’s
structure theory in [Bam20c|, we proved that the tangent flow at infinity is unique, and

we classified them as one of the two types:

(S*/T)xR  and  S$*xR® or ((S*xR)/Zy) xR.

Joint with Bamler, Chow, Deng and Zhang, in [BCDMZ], we have a clear qualitative

description of steady Ricci solitons whose (unique) tangent flow at infinty is (S3/T") x R.

Theorem 1.1.6 (= Theorem 6.3.1). Let (M*, g, f) be a 4-dimensional complete steady
gradient Ricci soliton that is a singularity model. Then the tangent flow at infinity is
unique. If the tangent flow at infinity is (S*/T) x R, then, for any € > 0, outisde a compact
set, we have that each point is the center of an e-neck, (M, g) has positive curvature

operator, and linear curvature decay.

Joint with Bamler, Chan, and Zhang, in [BCMZ21], we proved an optimal volume
growth estimate for steady gradient Ricci solitons with bounded Nash entropy. First of all,
we recall some known results on the volume growth rate for steady solitons. Besides the
7% volume growth rate lower bound mentioned above (c.f. [CMZ21b]), Munteanu-Sesum
[MS13] showed that a steady soliton has at least linear volume growth, Cui [Cuil6] proved
a volume growth lower bound for steady Kahler Ricci solitons with positive Ricci curvature.
The optimal volume growth lower bound proved in this paper says that a steady gradient
Ricci soliton with bounded Nash entropy has volume growth rate no smaller than P
Since the Bryant soliton (c.f. [Cao09]) as well as Appleton’s solitons ([Ap17], which are

asymptotic to quotients of the Bryant soliton) have exactly this volume growth rate, our

result is indeed optimal.
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Theorem 1.1.7 (= Theorem 6.5.1). Suppose that (M™, g, f) is a complete steady gra-
dient Ricci soliton such that the canonical form (M™, g;)ier is noncollapsed: i =
inf o Noo(7) > —00. Additionally, assume that either one of the following conditions is

true:
(1) (M™, g¢)ier arises as a singularity model; or
(2) (M™,g) has bounded curvature.

Then

n+1

c(n, tioo)r 2 < |Bp(0)] < Cpr™  forall  r > 7(n, o),
where ¢(n, i) 15 a positive constant of the form

Cn

i) = T

et

Furthermore, the upper bound is also true for all r > 0 (instead of v > 7(n, piso) )-

1.1.5 Steady Solitons with Nonnegative Ricci Curvature

Under some curvature positivity conditions, we can obtain more results on steady

Ricci solitons. As before, for a steady GRS (M", g, f), we normalize the metric so that
Ric=V?f, R+|Vf*=1

For shrinking gradient Ricci solitons, by Cao and Zhou [CZ09], the potential
function always has a quadratic growth without any curvature conditions. However, it is
nontrivial to obtain growth estimates for the potential functions of steady gradient Ricci
solitons, partly because Ricci-flat spaces are always steady Ricci solitons and the potential
function can be taken as a constant or linear (in Euclidean space, for example). We

derive several results on the growth estimates of the potential function assuming certain

14



Ricci nonnegative conditions. Our proofs are based on existing arguments mainly from
[DZ20b, CDM22].

Perelman’s compactness theorem for three-dimensional x-solutions is very important
in his resolution of the Poincaré conjecture. To prove his compactness theorem, Perelman
used a scaling argument. In [CDM22], we adapted such arguments for four-dimensional
steady gradient Ricci solitons with nonnegative Ricci outside a compact set and uniform

curvature decay. Similar to [Per02, 11.4], we proved the following in [CDM22].

Theorem 1.1.8 ([CDM22, Theorem 1.10]). Let (M*, g, f) be a complete steady gradient
Ricci soliton with nonnegative Ricci curvature outside a compact set and uniform scalar

curvature decay. If (M, g) is not Ricci-flat, then AVR(g) = 0.

We remark that for Riemannian manifolds with nonnegative Ricci curvature outside
a compact, asymptotic volume ratio (AVR) is still well-defined; See Chapter 2 for
more details. We shall give a slightly simpler proof for the above Theorem by using a

point picking argument for steady Ricci solitons.

1.2 Notations
We collect some of the notations or conventions we use in the dissertation.

e Unless explicitly stated, capital Roman or Greek letters denote large constants (larger
than 1), while lowercase Roman or Greek letters denote small constants (less than
1). We denote by C' = C(a,b,---) or C = C,p,... a (large) constant depending on

parameters a, b, - - - . Constants may vary from line to line.

e Following [Bam20a, 2.1], we write “if € < €(a, b, ---)” to mean that “there is a (small)
constant € depending on a, b, - -+ such that if € < €(a,b,---), then ---.” Similarly,

we write “if A > A(a,b,---)".
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e Sometimes, we use Cheeger’s notations as in [Bam20a]. We denote by

\Ij(ala"' 7ak|bla"' >bm)

any function that depends on ay, - - ,ax, by, -+ , b, and tends to 0 if (a1,--- ,a;) = 0
and by, - , by, are fixed. We will write ¥ = W(ay,--- ,ax|by,- -+ ,b,) when there is
no ambiguity and we will add lower indices such as Wy, Wy, --- to denote some other

small quantities to distinguish from W. The exact values of these functions may vary

from line to line.

e For a metric space X, we shall denote by
lzyl, |x,yl,  or dist(z,y)

the distance between two points z,y € X. We shall write |zy|x, or dist™ (z,y), to

stress that the underlying space is X. We denote by
By(r) == B(x,r) :=={y € X : [zy| <r}
the open ball centered at x with radius r. For Q) C X, we write
Qe X,

if the closure Q is compact. If X = (M, g) is a Riemannian manifold, we denote by
dg the volume form induced by the metric g. For any measurable subset {2 C M, we

denote by

=19, = [ dg
Q

the volume of ).
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When it is clear from the context, if (M, g;)ics is a family of metrics, we denote by
\zyle, disty(z,y) or disty, (z,y)
the distance between x,y € M measured by the metric g;. We denote by
Bi(z,r) := B(x,r;9) :={y € M : |zyly <r}

the open ball centered at x with radius r with respect to the metric g;. For any

measurable subset 2 C M, we denote by

s = [, = / dg,
Q

the volume of 2 with respect to the metric g;.

For a function u = u(z,t) : M x I — R, we write

as the restriction of u at time ¢ instead of the time derivative of w.

Let (M"™, g;)ier be a complete Ricci flow. We denote by
K(x,t|y,s)
the minimal conjugate heat kernel coupled with the low. We write
Avy s = K(x,t] -, 5) dgs.
See the previous section for details.
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Chapter 2

Manifolds with Nonnegative Ricci
near Infinity

In this chapter, we shall study some geometric aspects of Riemannian manifolds
with nonnegative Ricci curvature outside a compact set.

Let (M™, g) be a Riemannian manifold. We write

Bo(r) ={y € M:|ay| <1}, Au(ri,r2) = Ba(rz) \ Ba(r).

For any measurable set {2 C M, we denote by |Q2] the volume of €2 induced by g. We write

For A > 0, we shall denote by
(1) = / A~=D2 6inh " (v As) ds
0

the volume of balls in the n-dimensional space form.

2.1 Preliminaries

Let us recall some concepts related to the Gromov-Hausdorff distance.
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First, let us record the standard Bishop-Gromov volume comparison theorem for
star-shaped regions. On a manifold (M", g), we say that a subset 2 is star-shaped based

at x € M, if for any y € (), any minimal geodesic from x to y is contained in 2.

Theorem 2.1.1. Suppose that (M™,g) is a manifold and B,(2A) € M with Ric >
—(n—1)A on B,(2A). Then for any x € B,(A) and 0 < s <r < A, if W, C B,(2A) is a

star-shaped region based at x, then

|W1’ M Bm(T)| < |W:v N Bw(3)|

VIAr) T, (s)

The proof is a slight variant of the standard Bishop-Gromov comparison theorem.
See, for example, [CGT82, Remark 4.1].
Let Z be a metric space. For two subsets U,V C Z, their Hausdorff distance,

denoted by disty(U, V'), is defined to the smallest number r > 0, such that

UcB,(V), VcCB/(U),

where

B, (U) :={z € Z :dist(2,U) < r}.

Let X,Y be two metric spaces. The Gromov-Hausdorff distance between XY,
written as distgu(X,Y), is defined to the smallest number r» > 0, such that there are

embeddings ¢ : X — Z,¢ : Y — Z satisfying

distZ(p(X),¥(Y)) < 7.

Fix x € X,y € Y. The pointed Gromov-Hausdorff (pGH) distance between XY,

written as dist,au((X, x), (Y, y)), is defined to the smallest number r > 0, such that there
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are embeddings ¢ : X — Z,v¢ : Y — Z satistying

disth(6(X), b(Y)) + (), v (y)] < 1.

Let X, X;,i € N be a sequence of metric spaces. We say that (X;,p;) = (X,p) in

the sense of pointed Gromov-Hausdorff (pGH) distance, if for any A > 0,

distpan((By, (A), pi), (Bp(A), p)) = 0.

Let X be a metric space. For 2 C X, e > 0, we define the capacity of €2 at scale ¢,

denoted by Cap,(€2), to be the cardinality of a maximal subset {p,}Y_; of Q2 satisfying
|paps| > €,  whenever o # f.
Clearly, if {p,}2_, is such a maximal subset, then the balls B,_(e/2) are disjoint and
N
Qc | B.le).
a=1

We define the covering number of 2 at scale €, written as Cov (£2), to be the

cardinality of a minimal subset {z;}"; of Q satisfying
QC U B, (e).
i=1

If we relax the requirement that x; € €, we may define Cov}(2) to be the cardinality

of a minimal subset {y;}_; of X satisfying

QcC LmJByi(e).

=1
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We shall collect some elementary observations in the following Lemma.
Lemma 2.1.2. Let X be a metric space, ) C X, and € > 0.

e Cov () < Cap ().

Cov;(2) < Cov(Q2) < Covy5(9).

For0<e < €9,

Cap,, () < Cap,, (2), Cove,(2) < Cove, (), Cov, () < Covy ().

FO7"91CQQCX,

Cap,(21) < Cap,. (), Covi(£2y) < Covi(Qy).

o Cov,, Cov} are sub-additive: For any U,V C X,

Cov (UUV) < Cov (U) + Cov(V),

and the same holds for Cov:.

Proof. We only prove that Cov(£2) < Cov;/5(2), since the other properties are straight-
forward. Let {y;}", be a minimal subset of X satisfying Q C |J;", By, (¢/2). For each 1,
we may pick x; € By, (e/2) N Q. Then By, (¢/2) C By, (¢), and thus Q C ", By, (¢). The

conclusion follows. O

We have the following standard estimate on the capacity as an application of the

standard Bishop-Gromov volume comparison theorem.

Lemma 2.1.3. Suppose that Ric > —(n — 1)A/r? on B,(3r). Then for any € € (0, 1),

Cap,,(B,(r)) < C(n,A,¢).
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N

a=

Proof. By rescaling, we may assume that 7 = 1. Let {p,}\_, be a maximal subset of B,(1)

such that |p,pg| > €/2. Then the balls B, (¢/2) are disjoint and thus

N N
Vo(2) =) V. (€/2) > c(n, A €)YV, (3) = c(n, A, )V, (2)N.
a=1 a=1
The conclusion follows. O

Using the notations introduced above, we can now state Gromov’s criterion for
precompactness and we refer to, for example, [Pel6, Proposition 11.1.10] for a proof and

detailed discussions.

Theorem 2.1.4. Let M be a class of pointed complete metric spaces. Then M is
precompact in the pGH sense if and only if there is a function N : (0,1) x (A4, 00) — (0, 00)
such that

Cove(B,(r)) < N(e,r),
for any e € (0,1),r > A, (X,x) € M.
2.2 A Compactness Theorem

We say that a pointed manifold (M", g,0) € R"(a, A), for some constants a > 0,

A >0, if (M"™,g) is a complete noncompact manifold satisfying
Ric >0 on M\ B,(a),

and

Ric > —(n — 1)A/a* on B,(a).

This notation was introduced in [CDM22]. Clearly, for A > 0,

(M™, g,0) € R"(a,\) <= (M", \g,0) € R"(a\,A).
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We shall prove the following precompactness theorem in this section.

Theorem 2.2.1. For any A > 0,A > 0,

U R"(a,A)

a<A
1s precompact in the sense of pointed Gromov—-Hausdorff distance.

Recall that for a metric space X, metric space Z is called an asymptotic cone of

X, if there exist points 0 € X, z € Z, and a sequnce \; — 0, such that
(AZXa O) — <Z7 2)7

in the pointed Gromov-Hausdorff sense.

Corollary 2.2.2. For any (M",g,0) € R"(a, ) and any sequence \; — 0, by passing to
a subsequence,

(M, )\fg, 0) — (Z,disty, 2),

in the pointed Gromouv-Hausdorff sense for some length space (Z, distz). Namely, asymptotic

cones are well defined and they are independent of the basepoint o.

Proof. Since (M™, g,0) € R"(a,\), (M,\2g,0) € R"(a\;, A). The conclusion follows by
Theorem 2.2.1. O

To prove Theorem 2.2.1, we shall follow Zhong-dong Liu’s arguments in [Liu91] to
bound the covering numbers and then apply Gromov’s compactness criterion Theorem

2.1.4. Let U C 0B,(2a) for some a > 0. Define

K{U) :=K(U;o0,2a) := {x € M : there is a minimizing geodesic 7 : [0, (] — M

passing through = with v(0) = 0,v(2a) € U }.
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We may need the following Lemma from [Liu91, Chapter 3].

Lemma 2.2.3. Let U C 0B,(2a) be a subset with diam U < 2na for some n € (0,1]. Then
for any y1,y2 € K(U) \ Bo(2a), and any minimal geodesic v : [0,€] — M from y; to ya, v

never enters B, ((2 —n)a) .
Proof. By rescaling, we may assume that a = 1. For both i = 1,2, let ; : [0,¢;] — M be a

minimal geodesic from o to y; such that 7;(2) € U. Then

[y1y2l <y, 71 (2)] + [71(2), 72(2)] + [12(2), yo| < 4y + €y — 4+ 21,

Suppose that there is a point yo = v(s) € B,(2 — n) for some s € (0,¢). Then

lv1y2] = |vayol + [y2vo| > €1 + o — 2|oyo| > €1 + €2 — 4 + 27,

which is a contradiction. ]

We use the following notation for simplicity. For any x € M, C M, we denote by

S(z,Q)

the set of points y € M such that there is a minimizing geodesic from x to some point in
Q that passes through y. Clearly, S(z, 2) is star-shaped based at x.

We first prove the following volume comparison on IC(U).

Lemma 2.2.4. Suppose that (M™, g,0) € R"(a,A). Let U C 0B,(2a) with diamU < a. If

10a <1 <19, and r < r1/2, then for any x € K(U) N Ay(r1,72),

|’C(U) mAo(7"1,7’2)|
| B ()|

< (2rg/7T)".
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Proof. Write Q := K(U) N A,(r1,r2). Let
W =8z, QU B,(r)).

For any y € W, any minimal geodesic from z to y stays away from B,(a) by Lemma 2.2.3.

So Ric > 0 on W. For any y € W,
lzy| < |oz| + |oy| < 2rs.

Thus, @ C W N B,(2r2). It follows from Theorem 2.1.1 (the star-shaped version of

Bishop-Gromov comparison theorem) that

2 _ [WNB.2n)|
|[Bo(r)] = [W N By(r)]

< (2rg/rT)".

[
Lemma 2.2.5. Suppose that (M", g,0) € R"(a,\) for some a < 1. Let U C 0B,(2a) with
diamU < a. Then for any r > 10,e € (0,r),

Cove (K(U) N Ay(r1,7)) < (87/€)™,

where r; = max(10a, €/2).

Proof. Let r; = max(10a,€¢/2) and Q := IC(U) N A,(r1,r). Following the definition of
Cap, jy, let {z;}X; be a maximal subset of Q such that |z;z;| > /2, whenever i # j. Then

the balls B,,(¢/4) are pairwise disjoint. Since €/4 < ry/2, by Lemma 2.2.4,

012 3 1B e/01= (40) 1.

r
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So
Cov(Q2) < Cap,»(2) = N < (8r/e)".

We can now prove a covering result for balls.

Theorem 2.2.6. Suppose that (M™,g,0) € R"(a,A) with a < 1. Then for r > 100a, € €
(0,7),

1+ C(n,A)(r/e)™, if €/2 > 10a,

C(n,Ae) + C(n,A)(r/e), if €/2 < 10a.

Cov(B,(r)) <

Proof. We follow Liu’s construction of a covering of 0B,(2a) by subsets with diameter less

than a < 1. By Lemma 2.1.3, if (M™, g,0) € R"(a,A), there is a covering

{va=Brter} |
of 0B,(2a) and
m < C(n,A).
Clearly, diamU, < a for each «a, and
M\ B,(10a) C | J K(UL).
a=1

Let 71 = max(10a,€/2). By Lemma 2.2.5 and the sub-additivity of Cov,,

It remains to estimate Cov.(B,(r1)). If €¢/2 > 10a, then r; = €/2, and Cov.(B,(r1)) = 1.
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If €/2 < 10a, then r = 10a, and by Lemma 2.1.3,

Cov(B,(r1)) < Cap,,(B,(10a)) < C(n, A, €),
where we used the assumption that a < 1. The conclusion follows by the sub-additivity of
Cov,. O]

Now we are ready to prove the compactness theorem 2.2.1.

Proof of Theorem 2.2.1. By rescaling, it suffices to prove the theorem for A = 1. Let
e € (0,1),r > 10 be arbitrarily fixed. Let (M™, g,0) € R"(a,A) for some a < 1,A > 0. By
Theorem 2.2.6,

Cove(Bo(r)) < C(n, A e) + C(n,A)(r/e)".

The conclusion follows by Gromov’s criterion Theorem 2.1.4. [
Let us also record Liu’s covering theorem [Liu91, Theorem 1].

Theorem 2.2.7. Suppose that (M",g,0) € R"(a,\). For r > 100a,a > 0, if ar > 20a,
then
Covar(Bo(r)) < C(n, A, ).

Proof. By rescaling, we may assume that « = 1 and we may assume that o € (0,1).

Applying Theorem 2.2.6 with € = ar > 20, we have

Cover(Bo(r)) <14+ C(n,AN)a™".

O

As an immediate consequence, there are finitely many ends for any (M", g,0) €

R"(a,A) and the number of ends is bounded by C(n, A). See [Liu91, Cai9l].

27



2.3 Volume Comparison

In this section, we attempt to prove volume comparison theorems for noncompact
manifolds with nonnegative Ricci curvature outside a compact set. We remark that all
the arguments in this section can be carried out on a single end with nonnegative Ricci

curvature.

2.3.1 Asymptotic Volume Ratio

We shall prove that if (M", g) has nonnegative Ricci curvature outside a compact
set, we can still make sense of the notion of asymptotic volume ratio.

We first prove a variant of the Bishop—Gromov volume comparison theorem.

Proposition 2.3.1. Let (M™,g,0) € R"(a,\). For any x € M, if By(a) C B,(b) for some

b >0, then
Va(r) — Va(b)
(r—b)»

1s non-increasing in r for r > b.

Proof. We write d,(y) := |zy|. It is standard to prove that outside of B, (b),

n—1

Ad, < )
“d,—b

in the sense of distributions. See, for example, [SY91, Corollary 1.2] or [LT87, Lemma
4.1].
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Let F(r) = |A,(b,7)| = Vi(r) — Vi(b). For r > b,

F'(r) = /83()dA

1 )
= dy —b)=(d, — b
3 8Bz(r( )a( )

/ (4, — b))
By (r) \Bz(b

- T—b/B r)\B()((d —D)A(d: =)+ [V(d: = D))

r—>b

l\')l»—t

b

F(r).

Hence

Lemma 2.3.2. Let (M",g,0) € R"(a,\). Then

AVR(g) := lim Vo(r)

r—oo 1T

1s well-defined and does not depend on the basepoint.

Proof. By the monotonicity formula above, AVR(g) is well-defined.
For any x,y € M, put 0 = |zy|. Suppose that B,(a) C B,(b) for some b > 0. For

r > 0 sufficiently large,

d—>b
V) <) < (00 - G 0) SR
Hence
tim Y2 < iy Y0
r—oo 1" r—oo 1"
By the symmetry of the roles of x,y, AVR(g) does not depend on the basepoint. O
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2.3.2 Volume comparison for small radii

Theorem 2.3.3. Suppose that (M",g,0) € R"(a,A). For any x € M \ B,(0), Vj—ff) is

decreasing for r < { — a, where { := |ox|. Forr > {, 0 < s < r, we have

a

) < oA n) (14 40)™ t)"

(s s

>

This result was also previously asserted by Cai in [Cai91]. The constant in this
comparison theorem depends on the distance to the origin and it is almost optimal as is

seen from the example below.

Example. Let N be a Riemannian manifold with Rm > 0, AVR > 0. Let M = N# (S~ x
[0,00)) be the connected sum of N with a thin cylinder of radius e. Pick a point = on the

cylinder with ¢ = |ox| > 10. Then

Vp(20) e _
AP

This example has two ends. We may wonder if there is a better volume comparison
theorem just assuming in addition that the manifold is connected at infinity. However, we
may need the following stronger topological condition, possibly because the topology of a
smooth manifold is not as rigid under Ricci curvature restrictions.

We say that a pointed Riemannian manifold (M™, g,0) has connected annuli at

distances at least ry > 0, if for any r > rq, there is an open set €2, such that

(2, is connected,  and A,(r/2,2r) C Q. C A,(r/3,3r). (CA)

Theorem 2.3.4. Suppose that (M", g,0) € R"(a,\) and satisfies (CA) at distances at
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least ro > 10(1 + a). Then for any r > 1o, x € dB,(r), a € (0,1/10],

[ Ao(r/2, 2r)]

B, (ar)] < C(n,\, a).

Proof. For any r > ry, let 2, be the connected domain as in (CA). By [Liu91, Theorem

1] or Theorem 2.2.7, there are points py,...,py in €, satisfying

where

Claim: For any 1 < a,b < N, we can find a subsequence i, i1, . . ., %, such that
a=1iy, b=1im, |ppi;] <2ar, m< N.

Proof of Claim. This is essentially because €2, is connected, c.f. [Liu91, Corollary 2 on
p. 21]. Let Wy = B, (ar). For k > 1, we define W}, to be the union of Wj_; with those

balls By, (ar) satisfying Wy._1 N By, (ar) # (. This process stops in at most N < N steps.

If there is any ball B, (ar) that does not intersect Wy, then we can find two open sets in

(), that do not intersect. This is a contradiction to the fact that €2, is connected. O

If y,z € Q, |lyz| < 2ar, then
Vy(ar) < V,(3ar) < 3"V, (ar),
since B, (3ar) C M\ B,(a) if « < 1/10. So for any indices 1 < a,b < N,

Vou(ar) < 3"V, (ar).
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For any x € 0B,(r), there exists b < N such that € B, (ar). Then B, (ar) C B,(2ar),
and

Vi(lar) > 27"V, (2ar) > 27"V, (ar).

It follows that

< ongnhN N

A, (r/2,2r)] |Q| =
Bo(ar)] = [Bu(ar) 2::

]

Corollary 2.3.5. Suppose that (M™, g,0) € R"(a, ) and satisfies (CA) at distances at

least ro > 10(1 + a). If AVR(g) > 0, then for any x ¢ B,(ro) and any r > 0,

Va(r)

rn

> ¢(n, A)AVR(g).

Proof. For any x € M \ B,(r), let £ = |ox|. Then, x € 9B,(¢) and ¢ > rq. By Theorem
9.3.4,

Vo(26) = Vi(£/2)
Vo S ) (2.3.1)

Note that the Ricci curvature is nonnegative on B,(s5). By (2.3.1), for any r € (0, ¢/10],

we have

Va(r) o Val€/10) (0 Vo(20) = Vo(£/2)
= (010" = C(n, M) (20 — ¢/2)"

For any s > 2/, by the monotonicity formula Proposition 2.3.1, it follows that

Vi) L Va0 - Vlf2) . Vils)~ Vallf2)
rm = C(n,A)(20—£/2) = C(n,A)(s —£/2)"
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By taking s — oo, for r € (0,¢/10],

Va(r)

,r.n

> ¢(n, A)AVR(g).

For any r € (£/10, 4],

Ve (r) S V:(¢/10) - c(n, \)
T Y L 1)

AVR(g).

Note that B,(a) C B,(2¢). For any r > 4¢, by Lemma 2.3.2 and Proposition 2.3.1, we have

Va(r)  Va(r) = Va(20) (r =20, Va(r) — Va(20)
rn g (r —20)n rm =2 (r —20)"

> 27"AVR(g).

Now we give a criterion for (CA) that will be useful in our setting.

Lemma 2.3.6. Suppose that (M",g) is a complete Riemannian manifold and M is
connected at infinity. Suppose that there is a proper positive function 8 on M and ro > 0

such that forrog < s <r < oo, {s < 8 < r} is homeomorphic to {8 = s} x [s,r). Moreover,

i 2 _ 1,

500 Joz|

for some o € M. Then (M™, g,0) satisfies (CA).

Proof. By assumption, M = {8 > o} U{8 < ro}. Note that {5 < r¢} is compact and
{B > ro} is homeomorphic to {5 = 1o} x [0, 00). Since M is connected at infinity, {8 = ro}

must be connected. For sufficiently large r, we may choose

Q. ={z: L <plx)<¥

12 2

Hence, €, is connected. O
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We remark that the assumptions in Lemma 2.3.6 are inspired by the notion of finite
topological type and an isotopy lemma [C91, Lemma 1.4] due to Grove-Shiohama [GS77].
See, e.g., Cheeger’s lecture notes [C91] for a wonderful presentation on these topics and

references therein.

Corollary 2.3.7. Let (M", g, f) be a steady Ricci soliton. Suppose that the critical set of

f is bounded and
TAC

z—o0 |ox] N

Y

for some o € M. Then (M", g,0) satisfies condition (CA) at distances at least ro for some
large o > 0. As a consequence of Corollary 2.3.5 , if in addition AVR(g) > 0, then for

x & B,(ro), and any r > 0,
Va(r)

TTL

> ¢(n, A)AVR(g).

Proof. 1t (M, g, f) is a steady soliton with bounded critical set, then the level sets of f
are diffeomorphic to each other outside a compact set. In fact, for large r > r,

Vf

OF, = —~7_
IV fI?

(F.), F.,=id

gives such a diffeomorphism. It was proved by Munteanu and Wang in [MW11, Corollary

1.1] that M is connected at infinity. Hence the conditions in Lemma 2.3.6 are satisfied. [

Chapter 2, in part, contains material published on Advances in Mathematics 2022

[CDM22] joint with Chow, Bennett and Deng, Yuxing.
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Chapter 3

Heat Flow Estimates

Throughout this chapter, let (M", g¢):c0,1) be a complete Ricci flow. For bounded
heat flows coupled with (M™,g;), we shall prove some rough gradient estimates and
also Bamler’s sharp gradient estimates ([Bam20a, Theorem 4.1]) without any curvature
conditions. The main ingredient is Perelman’s cutoff function. With similar ideas, we
shall prove that Bamler’s H,-centers are well-defined for (M™, g;) without any curvature

conditions. Several related Lemmata are included here for future use.

3.1 Rough Gradient Estimates for Heat Flows

We recall Perelman’s cutoff function which works well on a large scale and our
presentation here mainly follows [Wal8]. See also, e.g., [Ch09, Lul0]. Suppose that for
each t € (0, 1],

Ric < (n — 1)A/t, on By(o, V1),

where such a constant A always exists by the smoothness of the flow. Without loss of

generality, we may assume that A > 1000n2.

By Perelman [Per02, 8.3], for any t € (0, 1], outside of B;(0, V1),
: A A
Odisty(o, ) > —2n | —\/t/A+/AJt | > i

t
t
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Let 1 : [0,00) — [0, 1] be a smooth non-increasing function such that

Mo =1, Nlpe =0, —10y/n <7 <0, " <107
For (z,t) € M x [0, 1], define

M) . (3.1.1)

ota.0)i= (o 0) = (1

Then for A > 2A,
100

10
O < 0

Note that we only have an upper bound for [J¢ but this is sufficient for many applications
as we will see below.

In the following, we shall use the following temporary notation:
Qq = {(z,t) € M x [0,1] : |oz|; + AVt < A}. (3.1.2)

Clearly, ¢ =1 on 4. The regions {24 are comparable to balls: If A > 2A, then for each
t € [0,1],
Bi(o, AJ2) x {t} C Q4 C By(o, A) x {t}.

We shall prove a rough gradient estimate of Berstein-Bando-Shi type for bounded
heat flows. Roughly speaking, we attempt to obtain C'-estimates by CC-estimates on a

larger parabolic region. First, we prove the following local version.

Proposition 3.1.1. Suppose that for each t € (0, 1],

Ric < (n — 1)A/t,  on By(o, V1),
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for some constant A > 1000n%. Suppose that Ou =0 on M x [0, 1]. Set

+(A) = sup|u].
Qa

Then for A > 2A,

sup(t|Vul?) < 10%(24).

Qa

Proof. Consider F := Fy := (Tv*(2A)+u?)|Vul?. In the following, we shall write v = v(2A)

for simplicity. In Qg4

OF = —2(79* +u?)|V?ul]* — 2|Vu|* — 8u(V*u, Vu ® Vu)
< —16u?|V2ul? — 2|Vul|* 4 8u|V2u||Vul?
1
< —|Vul < ———F2.
< —|IVul' = =5

Let U = t¢F. Then

OU = ¢F + t(¢0F + FOp — 2(¢ ¢V F, Vo))

toF* 10 241
—U—2VU-Ving+2 F
67t ol ~2VU - Vine + 20V

U? 210
POU < ——— 1+ =— | U—=2tVU - V¢.
t 644 ( A2) !

<UJt—

At any maximum point (p,7) of U, (clearly 7 > 0,)

Thus,

sup(tF) <supU = U(p,7) < 647%(2A) (1 + QA%)) )

Q4 Qop
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Since 7v%(2A)|Vul? < F,
sup(t|Vul*) < 109*(24),
Qa

where we used the fact that 4 > 2A > 2000n2. O

As a corollary, we have the following gradient estimates for bounded heat flows

without any curvature conditions except the completeness of the flow.
Corollary 3.1.2. Suppose that (M™, g;)tcjo,r) i a complete Ricci flow and Ou = 0 on

M x [0, T]. If sup oy [l < D, then

sup (t|Vul?) < 10D%
M x[0,T]

Proof. By parabolic rescaling, we may assume that 7' = 1. Since the flow is smooth and

complete, there is a constant A > 1000n?, such that for any ¢ € (0, 1],
Ric < (n — 1)A/t,  on By(o,V1).
For any A > 2A, by the Lemma above,
sup(t|Vul?) < 10D?,
Qa

where ()4 is defined in (3.1.2). Taking A — oo, we have the conclusion. O

As another corollary, we have the following Liouville type theorem for ancient heat

flows.

Corollary 3.1.3. Suppose that (M™, g)i<o is a complete ancient Ricci flow and u is an
ancient heat flow, i.e., Ou = 0, on M x (—o00,0]. If u is uniformly bounded, then u is

constant.
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Proof. Suppose that u is an ancient heat flow with sup,;,(_s o [u| < D. For any T' < oo,
by Corollary 3.1.2,

sup(t + T)|Vu|* < 10D?,
M

for any t € [-T,0]. In particular,

sup  |Vul|* <20D*/T.
Mx[~T/2,0]

By taking T'— oo, [Vu|? = 0 and thus u is constant. O

Let us record Bing-Long Chen’s estimate using similar techniques. Our proof here

is the same as in [Ch09].

Theorem 3.1.4. Let (M™, g¢)icjap be a complete Ricci flow. Then the scalar curvature

satisfies
1
R >maX{Rmm, L},
gt — Rj]in _ %(t _ Cl) = 2(t—a)

fort € (a,b], where

Ruin < min { inf Ry, ,0}.

As a consequence, for any ancient complete Ricci flow, the scalar curvature is nonnegative

everywhere.

Proof. By shifting the time, we may assume that a = 0. We may also assume that R, < 0.
Recall that
OR = 2|Ric|* > 2R%.

Suppose that for any ¢ € (0, b],

Ric < (n — 1)A/t,  on By(o, V1),

for some point 0 € M and some constant A > 1000n2. For any A > 2A, we consider a
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cutoff function ¢ = ¢ as in (3.1.1). Let

2t 1
B n Rmin’

at) : U:=apR.

At any point where R < 0, we have

OU = 2R + o (¢OR + RO — 2(¢~ ¢V R, V)

2 2 10
> ~Ufa+ ~agR* + —agR = 2VU - VIn 6 + 2aR|V6|* /¢,

210n

2a¢OU > U* + U + Ve

a(b)U —2aVU - V.

Let (p,7) be a minimum point of U. If U(p,7) > 0, the conclusion follows. So we may
assume that U(p, ) < 0.
If 7 =0, then
infU =U(p,0) > —1.

If 7 > 0, then at (p, ),
210n

0>U+U?+ e a(b)U,
and thus
21
min(aR) > minU = U(p,7) > —1 — Ona(b).
Qa A2
By taking A — oo, the conclusion follows. m

3.2 Bamler’s Gradient estimates

Let
(z) = /_ " am) Ve s, () = B/ VD),
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for z € R,t > 0. It is standard that ®;(x) solves the one-variable heat equation, i.e.,
@(I)t(a:) = ax(‘?m@t(x),

and

1151—I>% ¢, = X[0,00)-

Theorem 3.2.1 (Theorem 4.1 in [Bam20a]). Let (M, g¢)icfto,n,] be a complete Ricci flow.
Consider a heat flow u on M X [tg,t1] and assume that u takes values in (0,1). Let T >0
and suppose |V(I>}1(ut0)|gt0 <14fT>0.

Then [N ®74,_, (u)lg, <1 for any t € (to,t1].

Proof. We first consider the case where 7" > 0 and € < u < 1 — € for some € > 0. By
parabolic rescaling and time shifting, we may assume 0 < tg =T < 1 and t; > 1. It suffices
to show |[V®;'(u1)],, < 1 under the assumption |V, (ur)|,, < 1. In the following,
we shall omit the subindeces and the reader should keep in mind that the norms of the
gradients are computed using the evolving metric.

Define h; := ®; *(u;). Then |h;| < A/t for t € [T,1], where A, = ®7(1 — e).
Recall that

1 1
OIVA[ = Z[VAP (L~ [VA) = Zh{(V|VA[, Vh) = 2/ V*[*.

Since the flow is smooth and complete, there is a constant A > 1000n2, such that for any
te(T,1],
Ric<(n—1)A/(t—=T), on Bi(o,vt—T).

Let ¢ = ¢* be the standard cutoff function defined in (3.1.1), where A > A, + A. Let
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U := ¢|Vh|?. Then for ¢t € (T, 1],

tOU = t¢d|Vh|> + t|VR|*0p — 2t(V|Vh|%, Vo)
< ¢|Vh[*(1 = |Vh[*) — h{¢V|Vh|?, Vh)
+ IR0V 4 41V0|[VA|[V*h] — 26| VN
< @|Vh|* = ¢|Vh|* = h(V(¢|Vh|*), VR) + h|Vh|*| V|

10 _
+ 0l VA + 2Vl Vhf
where we obtained the last inequality by applying Cauchy-Schwarz inequality:
4|V el[Vh||V2h] = 4(6'2V2h])(|Vele™" 2|V h) < 26| V2h|* + 2| Ve[*¢ " VA

It follows that for any d > 0,

104, 210
t¢OU < U — U? — t¢ph(VU, Vh) + TU3/2 + U

< (146U - (1 =086)U?—tph(VU,Vh),
if A> A(e,d,A). Let (p,7) be a maximum point of U. If 7 = T, then
sup sup |Vh|* <supUr < sup|Vhg|* <1,
te(T,1] Bi(0,A/2)
because |Vhy| <1 as the assumption. If 7 € (T, 1], then at (p, 1),

0< (148U — (1—8§U2

and thus

(=%

1
sup sup VAP <supU=Up,7) < -
te(T 1] Bi(0,A/2) 1=

>
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In summary, for any ¢ > 0,

1+46
sup  sup |Vh|[?<supU < i
te(T,1] Be(0,A/2) 1-9

if A> A(e,d,A). By taking A — oo and then § — 0, we can finish the proof of the case
where T >0and e <u<1—e.

Now we prove the general case. We shall only prove the case where 7" = 0 and
0 < u < 1, since it is in fact easier to prove the case where T" > 0. By parabolic rescaling,
we consider a heat flow u on M x [0, 1] taking values in (0, 1) and it suffices to show that

V@ (u1)| < 1. For any € € (0,1/2), let
us =€+ (1 — 2€)uy.

ug take values in (¢,1 —€). Let 7" > 0 to be determined. For s € (0,1/2), by Corollary

3.1.2, we have

V|2 < 10/s.
It follows that for any s € (0,1/2),

.
@ (07" (us))

= (47TT)1/2 exp {M} (1 — 2€)|Vuy|

Ve (ug)lg. = Vg

4T

< (407T/s) 2etelt < 1,

if T < T(e,s). Clearly, T'(e, s) — 0 as s — 0 while keeping ¢ fixed. Applying the result of

the first case, we have that for any s € (0,1/2),

VO ()] <1,
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if T <T(e,s). Letting s — 0 and then € — 0, we obtain |[V®] ! (u;)],, < 1.

3.3 Concentration of Heat Kernels
3.3.1 Bamler’s Monotonicity

Throughout this subsection, we work on a complete Ricci flow (M, g;)sejo,1)- Suppose
that
Ric, < (n — 1)A/t,  on By(o, V1), (3.3.1)

for some constant A independent on t. As seen above and below, the dependence on A
will disappear for glabal estimates. We may still use Perelman’s cutoff function ¢! defined

in (3.1.1).

Lemma 3.3.1. Suppose that v, is a smooth solution to O*v, = 0. Then fort € [0,1),A >
2,
/¢Z4Ut dgs > e~ a0 /92514@1 dg.

/vtdgt > /1}1 dg .

Corollary 3.3.2. Suppose that K(x,t|y,s) is a heat kernel coupled with Ricci flow

By taking A — oo, we have

(M: 9t>te[o,1]- Then

/ K.t ]y, 5)dgu(y) > 1.

In particular, any minimal heat kernel coupled with Ricci flow integrates to 1.

Proof of Lemma 5.3.1. Write F(t) = [ ¢7'v; dg;. Then

10 10

The conclusion follows by integration. O
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In the following, we denote by K(z,t|y,s) the minimal heat kernel coupled with

Ricci flow (M, g¢)iejo,1). As shown above,

dvy s = K(z,t]-,5)dgs

is a probability measure.

Lemma 3.3.3. Let F' be a non-decreasing, and non-negative continuous function, and A
as above. Then

lim [ F(di(o,-))¢; dvee = F(0). (3.3.2)

t—1— M
Proof. By the smoothness and completeness of the flow, there is a large positive constant

r1 > 3A such that for each t € [0, 1],

Bt(O, 3A> C BO(O, 7‘1).

Since By(o,2r1) is compact, one can find a positive constant C; such that

|Ric|(z,t) < Cy on Bg(o,2r1) x [0,1]. (3.3.3)

Hence for any piecewise smooth curve 7 in Bg(o,2r;), it holds that

e M Lo(y) < Lily) < € Lo(), (3.3.4)

where L;(7y) is the length of v with respect to g;. It can be seen that

By(0,e" 1 A/2) € By(o, A/2), (3.3.5)

and on By(o0,2A)
6_01d0(07 ) < dt(07 ) < 601d0(0a ) (336)
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Let 1(-) = n(4e“1dy(0,-)/A) and @(-) = 1(do(0,-)/71). Both 1, and ¢, are continuous
function with compact support. Using spt ¢! C B;(0,2A), and (3.3.5), we have for all
t €0,1],

Hence by (3.3.6) and the monotonicity assumption on F

F (6_01d0(0’ )) p1 < F (6_01d0(07 )) qbf < F<dt(0’ ))9251154
< F (e“do(0,)) ¢;' < F (e“*do(o,)) ¢o.
(3.3.7)

Consequently, we have

/ F (601d0(0) )) ©1 dyo,l\t < /
M

F(dy(o,-))é7" dvoye < / F (e%do(0, ")) @2 dvo,1js-
M

M

Result then follows from letting ¢ — 1~ and the fact that lim,_,,- v, = J, as distribution.

O
Theorem 3.3.4. Let v},v? be two non-negative smooth solutions to T*v' = 0 with
[vidg, =1, for each t € [0,1]. Write du} := vidg,. Suppose that
max / dist} (0, y) dui(y) <V < oo, (3.3.8)
=ha M

for some p > 2, then

Var,(ug, p17) < Vary (ug, i) + Ho(1 — 1),

fort €[0,1].

Remark. Tt is not hard to see that condition (3.3.8) implies that Var;(u}) < oo for
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i = 1,2. Clearly, conjugate heat kernels v, 1, satisfies (3.3.8) for every p > 2. As will be

proved in the following, we do have a monotonicity formula for conjugate heat kernels, i.e,
Vart(yxhtﬂta ng,tz‘t) + Hnt

is non-decreasing.

Proof. For a function U : M x M x [0,1] — R, write Uy = U(-, -, t) and
PUt(.T, y) = (at - Am - Ay)Ut<I7y)7

where A, denotes the laplacian operator induced by g; with respect to variable . So P is
simply the heat operator for the product Ricci flow (M x M, g; & ¢;). If U; has compact

support for each t, it is easy to verify that

d
d / / U, o) dpc ()i () = / PU, d,
dt M JM Mx M

where

fe = pif X pig

denotes the product measure.

By [Bam20a, Theorem 3.5],
Pdist? > —H,,,
in the sense of barriers or distributions. Let

1/)24(y1,y2) = ¢?(y1)¢;€4(y2)‘
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Then spt 4 C Bi(o,2A) x Bi(0,2A), and

P (0 2) = D02 (107 02) + 07 () D6 (92) < 0

By Lemma 3.3.1, for : = 1, 2,
. 10 1 i
/cbf‘dui > e azl! t)/cbf‘dm-

On the other hand,

o A%
(1 o) dui < 2
/ Vi < M\B1(0,A/2) A

It follows that
pBr(024)) = [ du > (1= 2 B0 > (1= )
Thus for ¢+ = 1,2, if A > 10A,
4 C
(M Bufo, A)) < 5
for some constant C' = C'(p)(V + 1). Define

Ut(yl,yQ) = 16A2 — dlSt?(’yl, y2>
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Clearly, U; > 0 on spt¢{* and PU, < H,,.

a
dt MxM

Ut@DZq dpy = / ,P(Ut@bfl) dyu
MxM

20
< H, / Vi dpy + — = Uppi dypy
spt VI/}A

(0,A/2)) + p*(M \ Bi(0, A/2))}

( )(V+1)
A

It follows that

/(16A2 — dist})ei duy < /(16A2 — dist?)yit dpy + H, (1 —t) + %(1 — 1),

By (3.3.9),
C(p)V
[otin 10

Hence

Clp)V Cp)(V+1
/distfz/z;“dmg/distfzpf‘duﬁHn(l—t)JrlG éf)Q + <p)(Az+ )(1—t).

Taking A — oo, we finish the proof.
m

Following [Bam20a, Definition 3.1], for a metric space (X, dist) and two probability

measures 4, v, we define p-variance as

Var? (p, v / / dist” (y1, y2) dp(y1)dv(yz),

where p > 1. It is not hard to see that (Var?)'/P satisfies triangle inequality, c.f. [Bam20a,
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Lemma 3.2].
In the following, we shall denote by Var? the p-variance with respect to metric g;.

We first prove the following lemma locating almost “H-centers”.

Lemma 3.3.5. Suppose that Ricci upper bound condition (3.3.1) holds near o € M.
Suppose for some p > 2 and t € [0,1], Vary (v,1),) < V(1 — t)P/?, for some V > 1. Then

there is a point z; € M such that
disty(z1,0) < C(V, A), / dist? (20, ) dus(y) < V(1 — 1)7/2,

Hence for A > 2C(V,A),

2PV

Vort(M \ Bi(o, A)) < T (1-— t)P/2.

Proof. We may assume that ¢ = 0. For any j € N, there is z; € M such that

/ dist? (5, y) dvo(y) < V + 1/}

So for any A > 0,
V+1

vo(M \ Bo(zj, A)) < I

For A = 2A, by Lemma 3.3.1,
vo(Bo(0,24A)) > /%4 dvg > e 42,
If By(o,2A) N By(z;, A) = 0, then

1 11
12 w(Bo(0,24)) + ol Balzs, A)) 2 ¢ H 41— S0z 2= T
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which is impossible if A = 2A + 2V. Hence the two balls intersect and
disto(z;,0) < 3A.

Since By(o,3A) is compact, there is a subsequence of z; that converges to a point z €

By(0,3A) with the desired properties. ]

Corollary 3.3.6. For any x € M and any s € [0, 1), there is z € M such that (z,s) is an

H,-center of (z,1), i.e.,

/disti(z,y) dvyq1s(y) < Hy(1 = s).

Moreover, if (z,0) is an H,-center of (o,1) with Ricci curvature near o satisfying (3.3.1),
then

disto(z,0) < 10A.

Proof. Without loss of generality, we may assume that z = o, s = 0. The conclusion follows

by the same proof of Lemma 3.3.5. O

Lemma 3.3.7. For anyp>2,x € M, and t € [0, 1),
Vary (v 1) < Vp(1 — t)p/Z,
for some constant constant V), depending only on p,n. In fact, for p € N,
Vo=1, Vo, < (Hp+8(p—1))Vop-o.

Proof. The proof is similar to above and it suffices to prove the conclusion at time ¢ = 0
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for z = o by parabolic rescaling. We write
Vi ‘= Vo1lt, Mt = Vg X Vg

It suffices to prove by induction on 2p for p € N. The case of p = 1 has been proved above.

Suppose we have proved that there is D = D(p) < oo such that for ¢ € [0, 1),
Var??"*(1) < D(1 —t)P~L. (3.3.10)
Consider

Ui(yr, yo) := (4A)* — dist? (y1,30), Fp(t) := /Uﬂbf‘ dpu.

Then

PU, < pdist?? > H, + 8p(p — 1)dist? >

It follows that

_ C -
Fy(t) < /Uﬂ’?/}tAJr (Hnp + 8p(p — 1))/distt2p 2 ;“dumuzp/ dist2~ dpy,
SptV(lptA)

< CA*P 21, (M x M\ By(o0,A) x By(o, A)) + (H,p + 8p(p — 1))D(1 — )P~
(3.3.11)

By the induction hypothesis (3.3.10) and Lemma 3.3.5, if A > A(A),

C,D
Vt(M \ Bt(ov A)) S AQI;_Q‘
Hence F)(t) < C,D, and thus

@y = [ (@ — it i < (@477 - dise?) o duo -+ C,D.
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if A> A(A). By taking A — oo, we have
/ distg? dpo < C,D.

Now that we have L? estimates, we have better bounds: v,(M \ By(o, A)) < C,A™% for
large A. We may plug this back to (3.3.11) and run the argument above again to obtain

that we may choose V5, so that
‘/Zp S (Hn + 8(17 - 1))‘/2;072-

]

Theorem 3.3.8. We have a monotonicity formula for conjugate heat kernels, i.e, for any

(Il,t1>, (.IQ,tQ) e M x (07 1],

Vart(le,tﬂtu VzQ,tg\t) + Hpt

18 non-decreasing.

Proof. By Lemma 3.3.7, if t < t;,
(Var} (B, Vi) "7 < (Var} (8, 02)) 77 o (Vark (0, vz ) 77 < o,

So (3.3.8) holds for v, 4, at time ¢ and the conclusion follows by parabolic rescaling and

Theorem 3.3.4. ]

Lemma 3.3.9. For any € € (0,1), there is a constant C. depending only on n, e such that

dlst
/ / { 8+ ¢) y:f i/22)} Wz 115 (y1) AV s(2) < Ce.

Proof. We may assume that x = o with bounds (3.3.1) and ¢ = 1,5 = 0. Write vy, = v, 1

93



and pu; = 14 X 1. For any € > 0 and p € N|

Vop < (Hp +8(p—1))Vap o <-- < Ce(8+¢/2)(p— 1).

Hence

/exp{dlsto} Z/ d1st0 duO_C 2(88++e£2> <cC.

]

As a straightforward corollary, we can recover Theorem 3.14 in [Bam20a] with a
slightly different proof. Note that it is not known yet whether Hein-Naber’s log-Sobolev
inequality holds for general noncompact Ricci flows and we have avoided using such

inequalities.

Theorem 3.3.10 (Theorem 3.14 in [Bam20a|). Let (z,s) be an H,-center of (x,t). For

any € > 0, if A> A(n,e),

Ves(M \ Bs(z, AVt — s)) < Ccexp (— A > :

8+e¢
It seems reasonable to make a summary as following.

Theorem 3.3.11. Any smooth and complete Ricci flow (M™, gy)er induces an H,-

concentrated metric flow in the sense of [Bam20b, Definition 3.2].

Proof. By Theorem 3.2.1, Bamler’s sharp gradient estimate holds for bounded heat flows
and thus Axiom (6) in [Bam20b, Definition 3.2] holds. The other axioms in [Bam20b,
Definition 3.2] are satisfied if we use the minimal conjugate heat kernels. (M™,g;) is

H,-concentrated ([Bam20b, Definition 3.30]) because of Corollary 3.3.6. O
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3.3.2 Almost Continuity

Lemma 3.3.12. Let (M", g;)icr be a complete Ricci flow. For s < t,[s,t] C I, andx € M,

if (z,8) is an Hy,-center of (x,t), then

s (Bue, AVI=3)) 2 @ (4 - k).

for any A > A(n),y € M.

Proof. By parabolic rescaling and shifting the time, we may assume that s = 0,¢ = 1.

This is a simple application of the gradient estimates Theorem 3.2.1.

w(y) = vye(Bulz AVE—3))

is a heat flow taking values in (0,1). By Theorem 3.2.1, for any y € M,

O M (ur(y) > 7 N (x)) — eyl = 97 (Va10(Bo(z, 4))) — |zyh

=:a— |zy|;.

By Theorem 3.3.10,
Vaajo(Bo(z, A)) > 1 — Cpe™ /7,

if A> A(n). Recall that ®; = ®. Then
®(a) > 1 — Cpe "/,
and we may assume that a > 10, if A > A(n). By the definition of ®,

a+1
Cne_A2/9 Z /00(47T)_1/26_t2/4 dt Z/ (47T)—1/26—t2/4

> (47r)—1/26—(a+1)2/4_
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Since a > 10,

202 4+5> (a+1)* >

Ol

A2~ C,, = a>A/3,

if A> A(n). By the monotonicity of ®, if A > A(n),

ur(y) > @ (a — |vyl1) > ®(A/3 — |zylr).

]

We prove the following Lemma which roughly states that the H,-centers are almost

transitive.

Lemma 3.3.13. Let (M", g;)ier be a complete Ricci flow. Fix (xo,to) € M x I. Suppose
that (zs, s) is an H,-center of (zo,t0) if s € I. Fix s,t € I, such that s <t < ty, and let

(2%, 8) be an H,-center of (z,t). Then

|zs2t]s < Cu/to — s.

Proof. By shifting the time, we may assume that ¢y = 0. Write vy := v, o, for £ < 0. By
Lemma 3.3.12, for y € Bi(z:, \/2H,|t]),

e Bl AV = vy | B. (435 VIS )|
>0 (- ) > 60 - 172

3Vt—s

if A> A(n). Here we used the fact that A\/t—\/‘;i > A > A(n) to apply Lemma 3.3.12. We

o6



now fix A = A(n). Then

v(Bu(2l, AV/E])) > /B oy T B AVED) i)

Z Vt(Bt(Zta 2Hn|t|)) Z 1/4

1
2

It follows that

|zs2L]s < (A4 10)/|s] < Cpn/|s].
[

Lemma 3.3.14. Let (M", g;)ier be a complete Ricci flow with bounded curvature on
compact intervals. For s <t,[s — (t—s),t] C I, and x € M, let (z,s) be an H,-center of

(x,t) and € be Perelman’s (-function based at (z,t). If p € M such that

Up,s) < A,
then
|Zp|§ S Cn(t - 5)(A - Nx,t(t — S))
Proof. By parabolic rescaling and shifting the time, we may assume that s = —1,¢ = 0.

By [Per02, 9.5] and [Bam20a, Theorem 7.2],

(47T)_n/26_A S (47T)_n/26_€(p7_1) S K(I‘, 0 |p’ _1)

< C),exp (_Nx,O(l) - |Zp|2—1/9) :

Thus
|2p? ) < Co(A = Noo(1)).
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We present the following result which roughly states that H,-centers are almost

continuous. This result will be useful later.

Proposition 3.3.15. Let (M", g;)ic|-21,0) be a complete Ricci flow with bounded curvature,
for some T > 1. Fix x € M. Let (z5,s) be an H,-center of (x,0) for each s € [—T,0).

Suppose that

t
/ Vt—TR(z,7)dr < AVt — s,

and

Nw,O (T) Z _Y7

for some constants A,Y > 0. Then for —T < s <t < —1,t—s <1, we have

|z25]s < C(n, A, Y)V/]s.
Proof. Let (2., s) be an H,-center of (z;,t). By Lemma 3.3.13,
|22l < Ca/ls]
By Lemma 3.3.14,
22,5 < C(n, A, Y)VE—5 < Cln, A, Y)/[s].
So

1225]s < |2e2]s + |2520]s < CO(n, A, YY)/ |s].

We record another useful simple Lemma.

Lemma 3.3.16. Let (M™, g¢)ic[-1,0] be a complete Ricci flow with bounded curvature, for
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some T > 0. Let (2;,s) be any Hy,-center of (z;,0),i = 1,2, for some s € [-T,0).

|2’122|5 S 2\/ Hn|8| —I— |.I‘1ZL‘2|0.

Proof. By [Bam20a, Lemma 2.7],

|z122]s = distiy, (62,,0.,)

< dlSt%le (521a Vx1,0|s) + dlStiqjifl (Vth\sa Vx2,0|s) + dlSt%l (ng,t\Oa 522)

§ 2\/ Hn’S’ + |x1$2\0.

]

Chapter 3, in part, is currently being prepared for submission for publication, which
is a joint work with Chan, Pak-Yeung; Cheng, Liang; Zhang, Yongjia [CCMZ]. Chapter 3
also contains material from [CMZ21d] which has been submitted for publication and is a

joint work with Chan, Pak-Yeung and Zhang, Yongjia.
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Chapter 4

Perelman’s Entropy

Throughout this chapter, we assume that (M™, g;)s; is a complete Ricci flow where

I C R is the time-span of the flow. We make a technical assumption in this chapter that

sup |Rm| < oo,
MxJ

for each compact sub-interval J C I.

4.1 Preliminaries

Let (M",g) be a complete manifold. Perelman’s W-functional at scale 7 > 0 is

defined to be

Wl(g, f,7) = /M (7’ (|Vf|2 + R) +f—- n) (4n7)"2e 1 dy.

Writting u = (477)7"/2e~f, we may rewrite the WW-functional as

W(g,u,T) := / (7 (JV1ogul* + R) — logu) udg — glog(élm') —n.
M
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For any region Q2 C M, following [Wal8], we define

w(,g,7) = inf {W(g,u,ﬂ cu>0,4yu € CSO(Q),/ udg = 1},
M

v(Q,9,7) = inf p(Q.g,5).

Indeed, (€2, g, 7) is a local Sobolev constant of the region .

For s < t,x € M, write
N (z,t) = Nyt — ).

An application of Bamler’s sharp gradient estimate ([Bam20a, Theorem 4.1} or
Theorem 3.2.1) is the following Harnack inequality for the Nash entropy, which plays an

important role in the following discussions.

Theorem 4.1.1 (Theorem 5.11 in [Bam20a]). If R,,. > R, and s < t* < tq,ty, with

s,t*, t1,ty € I, then for x1,x9 € M,

2
/\/::(xhtl) - N;* ($2,t2) < (ﬁ - Rmin) dlSt%@ (Vxl,t1|t*7 Vmg,t2|t*)

1
t2_5
tr—s

+
— 10
9 g

We refer to [MZ21] for a proof of the case of noncompact Ricci flows with bounded

curvature on compact intervals.

By the standard lower bound on the scalar curvature Theorem 3.1.4, R,,. > —m
if [s,t*] C I, and thus
./\/;,*(331, tl) - j\/‘s* ($27 t2) S V n/<t* - 8) diSt%f/*l (le,t1|t*7 VCEQ,tQ\t*)
n to — s
—1 ) 4.1.1
+ 2 8 t* — s ( )
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It might be more convenient to use this inequality.

4.2 Almost Monotonicity

We first give the following lower bound on the local v-entropy in terms of the
pointed Nash entropy. In the following, (M", g;)ics is a complete Ricci flow with bounded

curvature.

Theorem 4.2.1. Assume that [—r?,0] C I. Then for any point xg € M and any 7, A > 0,

we have

v (Bo(zo, A7), go, 71%) > Nago(r?) — VnA — gT - glog(l + 7). (4.2.1)

We also have the following almost monotonicity formula for the local u-entropy,
which is similar to Wang [Wal8, Theorem 5.4] and Tian-Zhang [TZ21], and our proof
is inspired by their works. Perelman’s original (global) monotonicity formula follows

immediately by the following local version.

Theorem 4.2.2. Assume that [—r? 0] C I. Then for any xo € M, any H,-center (z, —r?)

of (x0,0), any 7 > 0, and any A > 16, we have

( 2 (z 2A\/_7"> ,(1+7)r >
< pu <BO (ZEO,A\/_T) 9o, TT > ig(l —1—7)6_37?’

where C,, is a positive dimensional constant.

As a refinement of the local monotonicity formula above, we have the following,
which can be viewed as the inverse of Theorem 4.2.1. Note that we should consider the

ball centered at H,-centers for the local u-entropy.
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Theorem 4.2.3. Assume that [—r* 0] C I. Furthermore, assume that Ry, > R

Then, for any xog € M, any H,-center (z,—12) of (x0,0), and any A > 8, we have

U (B,Tz (z, 2A\/Fnr> G2, r2> < Naoo(r?) + C(n, Rpinr?, A), (4.2.2)

where

A2

2 2 X
C(n’ RminTZ, A) = %6_% + 8 (6_% : (n - 2Rminr2) + 6_% . (n - 2Rminr2)§> )

and C,, s a dimensional constant.

4.2.1 Proof of Theorem 4.2.1

In this subsection, we present the proof of Theorem 4.2.1. Our main technique is
Bamler’s Harnack inequality for the Nash entropy [Bam20a, Corollary 5.11]. The proof
is inspired by Bamler’s no-collapsing theorem [Bam20a, Theorem 6.1] and Bing Wang’s
arguments in [Wal§].

By parabolic rescaling, we assume that » = 1, and we let 7 > 0, A < oo be arbitrarily
fixed constants. We shall pick an arbitrary test function and verify that its YV functional
is bounded from below by the Nash entropy in the way as stated in the theorem. To this
end, let 1o be an arbitrary nonnegative test function such that \/ug € C§°(By(xo, A)) and

fM ug dgo = 1. We solve the backward conjugate heat equation
OFuy = (=0 — Ay, + Ry )ur =0 on M x [—1,0],
with the initial data being ug at time ¢t = 0. Then for all ¢ € [—1,0], u; can be written as

un(z) = /M K(9,0] 2, huo(y)dgoly). (4.2.3)

where K is the fundamental solution to the conjugate heat equation. Then, the evolving
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probability measure
() = / udgs, 2 C M is measurable and ¢ € [—1, 0]
Q
is what Bamler [Bam20b] calls a conjugate heat flow. For t € [—1,0), we define

ni=T—t, w = (4nr) "2,
n
N(t) = / fedpy — 9
M

Wit) = /M (VA2 + Ryy) + fi —n) du.

Lemma 4.2.4.

W(0) := Jlim W(t) = W(go, uo, 7), (4.2.4)
d, — _
— (N (1)) = W(1), (4.2.5)
d —
() > 0. (4.2.6)

Proof. When M is closed, the computations are standard and clear. The proof of the
lemma when M is noncompact, especially of (4.2.4), is not essentially different from [Wal8,
§4], and a detailed treatment can be found in [CMZ21a, §9]. We may apply the heat
kernel Gaussian bounds by the assumption that the flow has bounded curvature. (See,
e.g., [CCG'10, Theorem 26.25 and Theorem 26.31].)

O

Proof of Theorem 4.2.1. Our goal is to estimate the lower bound of W(0). By (4.2.4)—
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(4.2.6), we compute

= _/i%(nﬁ(t)) dt:/OW(t)dt

< W(0) = W(go, uo, 7),

where we have defined

N(0) := lim N ().

t—0~
Therefore, it remains to estimate N'(—1) and A/(0).

First, we estimate A'(0). By the maximum principle, for s € (—1,0], we have

— M. 4.2.
Rgs 2(5 + 1) on ( 7)
For each s € (—1,0) close to 0, we have
— — n
N(s) =W(s) + 5 = [ 7 (VP + Ry du
— n nTs
< — .
A TPy

By taking s — 07, we have

Then
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and hence

W(0) > N(~1) — gr. (4.2.8)

It remains to estimate A/(—1). To this end, we recall the definition of N:

./T/’(—l) == /f_lu_l dg_1 — g (429)

= —/u_1 logu_ydg_q — g — glog(élw(l +7)).

By (4.2.3), we have

us (z) = / K(y,0] 2, —L)u(y) dgoly) = / K (9,0] 2, 1) dpo(y).

where pi is a probability measure. Hence, by Jensen’s inequality, we have

waloguy() < [ K(p,0]5,-1)log K(y,0] 2. ~1) dioly).

It follows from integrating both sides with the measure dg_; that

/u1 logu_1(x)dg_1(x) (4.2.10)
< [ [ K00 -1)1os K (w0 |2, ~1) duo(w)dy1(2)
_ / / K(y.0|z,~1)log K(y,0 |z, —1) dg_(x)dpo(y)

= — /Ny,o(l)duo(y) L.z

53 log(4).

Here, it is easy to verify that the change of order of the integration is valid, since pq is

supported in By(zg, A) and K(y,0]|-,—1) has rapid decay at infinity.
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Combining (4.2.9) and (4.2.10), we have
N(-1) > /Ny,o(l) dpo(y) — glog(l + 7). (4.2.11)

We shall estimate the integral on the right-hand-side. Let us fix an arbitrary y € spt(ug) C

By(xg, A). By the definition of WW;-distance, we have
dist%l (l/y70 |0 Vx070|0) = dist%l (5?;7 5$0> = diStgo ((L’Q, y) < A.
We may then apply (4.1.1) with xg — x1, y = 22, 0 = t; =ty = t*, —1 — s, and obtain

Nxo,O(l) S Nyyo(l) + \/ﬁdist%oﬁ(Vypm, Vw070|0) (4212)

S Ny,O(l) + \/EAv

where we have also applied (4.2.7). It follows from (4.2.8), (4.2.11), and (4.2.12) that

W(0) = N(-1) - Zr
> [ Nyo(1) duoly) ~ G = 5 log(1+ 7)

> Nypo(l) — v/nA — gT — glog(l + 7).
Since the test function wug is arbitrarily fixed, we have
n n
 (Bo(zo, A), go, T) > Nago(1) — vVnA — 5T 3 log(1 + 7).

To see that the local v-functional is also bounded, one needs only to observe that, for any
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s € (0, 7], we have

1 (Bo(o, A), 9o, 8) > Nigol1) — VA — Zs — D log(1 + s)

2 2
n n
2 Nwo,O(l) — \/EA — §T — 5 log(l + ’7').
This finishes the proof of the theorem. m

4.2.2 Proofs of Theorem 4.2.2 and Theorem 4.2.3

In this subsection, we prove Theorem 4.2.2 and Theorem 4.2.3. As will be clear
below, the proof of Theorem 4.2.3 is similar to that of Theorem 4.2.2.

The proof of Theorem 4.2.2 is inspired by [Wal8] and [TZ21]. The idea is to evolve
the minimizer of the local p-functional at t = 0 using conjugate heat flow, and we may
then compare the local u-functional at different time-slices using the differential Harnack
inequality in [Wal8]. The error terms come from the concentration estimate of the heat
kernel measure near an H,-center [Bam20a, Proposition 3.14]. The proof of Theorem 4.2.3

is similar to that of Theorem 4.2.2.

Proof of Theorem 4.2.2. By parabolic rescaling, we may assume that r = 1. For

simplicity, we write

B=DB_, (z, %A@) , B'=B, (27214\/?11) )

where (z,—1) is an H,-center of (z¢,0). Let ug be the minimizer of

o= [ (B[) (xo,A\/Fn> ,gO,T> :

Following [Wal8], we let u; be the solution to the conjugate heat equation Cfu; = 0 on

M x [—1,0] with initial data being uy at t = 0. Defining 7, := 7 — ¢, by [Wal8, Theorem
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4.2], we have
{Tt< - QAU—?+|V10gut|2 +R) —logu —n—p— %10g(47r7t)}ut <0,

on M x [—1,0). As before, du; := u; dg; is a probability measure for ¢t € [—1,0].

Claim: If A > 16, then we have
2
poa(M\ B)<2e 70 < 1.

Proof of the Claim. For any x € By (z9, Av/H,) , let (z,,—1) be an H,-center of (z,0).
Then

dist_y (2, 2) = dist};' (9, )
< dist‘%}ll(ézz, Veo|-1) + dist“],[}f(yzm_l, Vio 0| -1) + distgm}ll(éz, Vo0 ~1)
< 2\/Fn + dist%{’,l(yxmo, Vio,0[0)
< 2v/H, + A\/H,
< AV,

where we used the monotonicity of the W;-Wassernstein distance (c.f. [Bam20a, Lemma
2.7]). Then B_; (zm, %A\/Hn) C B for any x € By (a:o, A\/Hn) . By [Bam20a, Proposition
3.14], for any = € By (xo, A\/Hn), if A > 16, then we have

Veol 1(M\ B) < v 1 (M\ By (20, 34V, ) < 2 %

By the standard semi-group property, we have

2

a5 = [ on 1AV B) - ale) dfe) < 267
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]

Let 1 be a smooth cutoff function supported in B’ such that n|p =1,0<n <1,

and |Vn]* < Alz(}gnn. Define

a::/ n2u_1dg_1:/ ndp_y.
M M

By the Claim, we have

A2

$<1—-2w <a<l.

Let @ = n*u_y/a. Then @ € C§°(B’) and [a@dg_; = 1. In the following, we omit the

measure dg_; and write v = u_; when there is no ambiguity. Integrating by parts, we have

/|Vlog1]\2ﬂ = al/\Vlogu|2772u+2<Vn2,Vu> +4|Vn|*u

=a ! / (|V logul*u — 2Au)n* + 4|Vy|*u.

Then

W(B' g1, 1+7) < / (r1([Vlog l + R)i — log - &) dg_y —n — 2 log(4n7-1)
(4.2.13)
=a! / {7'_1(|V10g u? = 28¢ + R) —logu —n — glog(47r7'_1)}772u

+oz_17_1/4|Vn|2u—/1og§ . %QU

g

Q

A2

Ch a2
Sp+ —5 A+ T)ua(M\B) < p+ —Z(1+7)e =,

aA?

where we have implemented the following consequence of Jensen’s inequality applied to

the convex function ¢ +— tlogt and the probability measure u_; dg_;

—/logzj-%ug—/%u-log/%u:().
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]

Proof of Theorem 4.2.3. The proof of Theorem 4.2.3 is similar to the above proof.

We shall again assume r = 1 by parabolic rescaling. We define

B=B_, (2, A\/E) . B =B, <z, 2A\/Fn) ,

uy = (—4mt)"2et = K(x0,0|-,t) for te[-1,0),

where (z,—1) is an H,-center of (z¢,0). As before, let  be the cut-off function defined on

M, g_+), satisfying n|g = 1, nlang =0, 0 < n <1, and |Vn|> < 221, and let
n N\ n n Az, '

a::/ u_1772dg_1.
M

We shall then use

=g

= oz_lu_an

as a test function to estimate u(g_1, B’,1).

First of all, [Bam20a, Proposition 3.14] implies that

2
<1—2e% < w01 1(B) < a0 < vpgo) 1 (M) = 1. (4.2.14)

1
2

Then, we may follow the same computation as in (4.2.13). Since this computation is on

the fixed time-slice at t = —1, we shall omit the subindex —1 and the measure notation
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dg_, when there is no ambiguity.

W9 1) < [ (V108 + R)i ~logii 1) dg-y —n - § log(d) 2
— o / {(IV10guf* — 2% + R) — logu — n — § log(4) bru
vt [ [t g

—oz_l/(2Af—\Vf|2+R+f—n)n2u+oc_1/4|Vn|2u—/log§- L

|d
IS

_ CY_1/(|Vf|2 +R+ [ —n)n*u— 04_1/4<va Vn)nu
—|—O(_1/4|v77|2U_/10g§ . 7(]1—21[,

The last two terms are easily dealt with using the same argument as in the proof of the
previous theorem, we shall consider the first two terms.

First of all, we observe that the first term can be split into two terms.

al/(|Vf\2+R+f—n>n2u (4.2.16)
ot [(9sP+ R [ (7= 8- ]
= T4+11— g

Applying [Bam20a, Proposition 5.13] (see also [CMZ21a, Proposition 3.3] for the proof
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under our current condition), we may estimate the term I as follows.

I=a! /(|Vf|2 + R)n*u (4.2.17)
—a ! /(yvf|2 + R — Ruin)7*u + Ruin
<at /(|Vf\2 + R — Ruin)u + Ruin
— ! /(|Vf|2 +R)u— (@™ — 1) Ruin
n

<al- 5 (@™ = 1) Rin.

We may apply [Bam20a, Proposition 5.13] again as well as the definition of the Nash

entropy to estimate the term II as follows. For the sake of notational simplicity, we have

defined N := N, 0(1).

H:ofl/(f—g—/\/)n?uw\/ (4.2.18)

—a [(F- =N O - Dk N

<o (/ (f = _N)2u>é (/ (i 1)%)é PN
<o ' (v (M\ B)2(n — 2Rmin)2 + N

1 2
< \/iail : (n - 2Rmin)§ : ei% +N7
where we have applied (4.2.14). Combining (4.2.16), (4.2.17), and (4.2.18), we have

a! /(]Vf\2 + R+ f—n)n’u (4.2.19)

N|=

2
<N 410 = 1)« (n = 2Rpin) + V20775 - (n — 2Ry

).

N|=

<N +4 (e—% (1 — 2Rmin) + €55 - (0 — 2Rpmin)
where we have applied (4.2.14).
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Next, we apply the Cauchy-Schwarz inequality to estimate the second term on the

right-hand-side of (4.2.15).

_ofl/4(Vf, Vnynu < 4a”! (/ \Vf]Qu)Q (/ \Vn\znZu)Q (4.2.20)

< 4o (/(|Vf|2 + R)u— Rmm) (v (M\ B))}

2 1
< doa~te 0 - (n —2Rmin)2.
Finally, arguing as in the proof of Theorem 4.2.2, we have
C, _a2
a”! /4|V7]|2u < a_lﬁe_%, - /log Z—2 : Z—QU <0. (4.2.21)
Combining (4.2.15), (4.2.19), (4.2.20), and (4.2.21), the conclusion follows. O

4.3 Entropy for Ancient Flows

In this subsection, we shall show that for a noncollapsed complete ancient Ricci flow
(M™, g)1<o with bounded curvature on compact intervals, roughly speaking, all known
entropy quantities converge to the same quantity p.., and the limits of pointed entropy
quantities do not depend on the basepoints. Here, following Bamler, we call an ancient
Ricci flow (M™, g+)1<o noncollasped, if there is a point (po,ty) € M x (—o0, 0], such that

j_gf(;'/\/;’mto <T> > —00.

Theorem 4.3.1. Let (M", g+)i<o be a complete ancient Ricci flow. Suppose that for some
Po € M7 tO S 07

Hoo -= ‘irgg'/\/;io,to(7_> > —00.
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Then for any (p1,t1) € M x (—o0,0],
Koo = ‘;l_r>l£Np1,t1 (7_) = _}_2% Wpl,tl (7_) = ;lfrslgy(gt)'

We remark that by [CMZ21a, CMZ21b|, ji is just the shrinker entropy of any

asymptotic shrinker or tangent flow at infinity of (M", g;):<o-

Proof. We first show that 1o, = inf 5o N, 4, (7). If suffices to show that pe < N, 4, (T)
by the symmetry of the roles of the basepoints. By the Harnack inequality for the Nash

entropy (4.1.1), for any s < —1,¢ € (0, 1), letting t* = (1 — €)s,t = min{tg, 1} > t*,

" /— n t1 — s
'/V’s(p()vt()) platl dlStwl Vpo tolt*> Vpl,t1|t*> Elog 1€|S|

tl — S
< \/ € dlStW1 Vpoio\tvypl,tﬂt) log | |

Letting s — —o0 and then ¢ — 1, we have
Moo < 1Ilf./\/;)1 t1( )
Next, we prove that for any p € M,
inf W, o(r) = inf Npo(7) = 1t

For any € € (0,1),

1 T
W, 0(T) < Npo(T) = ;/0 W,0(s) ds

1 T
< ;/ Wyo(s)ds < (1 —e)W,o(er).

Letting 7 — oo and then € — 0, we have proved the claim.
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We then prove that e, < inf;<ov(g:) by using the local version Theorem 4.2.1.
By shifting the time, it suffices to prove that p., < v(go). For any € € (0,1),7 > 0, by
Theorem 4.2.1,

non
v(Bo(p;er), go, er’) > J\[p,0<7n2) — \/ne — 5€7 5 log(1 + €).

By taking » — oo and then € — 0, we have proved that . < v(go).
Finally, we prove that ., > infi<ov(g:). For any € > 0, N, o(7) < poo + €, if

T > 7(€). For large 7,

poo + € 2 Npo(T) = Wyo(T) = v(9-7) = inf v(g,).

The conclusion follows by taking € — 0. O]

4.4 Perelman’s No Local Collapsing

We first show that a volume lower bound near (almost) ¢-centers gives a lower
bound on the Nash entropy. This leads to an improved version of Perelman’s no local
collapsing theorem and it will be also useful later. In fact, the following theorem simiplies

[CMZ21a, Theorem 1.7] and does not assume any local curvature bounds.

Theorem 4.4.1. Assume that [—2r*,0] C I. Let x € M and { = {,o be Perelman’s

(-function based at (x,0). Suppose that
((p,—r*) <A, |B_.2(p,7)|_2 > ar”,
for some p € M,a>0,A>n/2. Then

Noo(2r?) > —C(n, A, ).
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As a corollary, we obtain the following Perelman’s no local collapsing, which was

later generalized by Bing Wang [Wal8], Wangjian Jian [J21], and [CMZ21d].

Theorem 4.4.2 (Noncollapsing improving). Assume that [—2r? 0] C I. Let xo € M be a
fixed point. If

0
/ V[t R(zo,t) dt < Ar,
—r2

|B_2(xo,7))| 2 > A_lrn,

then
N$0,0(T2) 2 —C(N,A)7

and by Theorem 4.2.1,
v(By(zo, A1), go, A%r*) > —C(n, A).

As a consequence, there is a constant k = k(n, A) > 0, such that for any ball B := By(y, p)

satisfying y € Bo(xg, Ar) and p € (0, Ar], we have
sup R,y < p 2 = |Blo > rp".
B

Proof of Theorem 4.4.2 assuming Theorem 4.4.1. By parabolic rescaling, we may assume
that r = 1. Let £ = £, o be Perelman’s /-function based at (x¢,0). By the assumption on

the scalar curvature, if we consider the constant curve at (xg,0),

1 0
((0,0) < 5/ VR0, £) dt < A/2.
1
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Applying Theorem 4.4.1 with x < zg, p + xo, we have
./\/;070(1) 2 ./\/’;,;070(2) > —C(n, A),

and the other conclusions follow. O
We now prove Theorem 4.4.1. The proof is almost identical to Jian [J21].

Proof of Theorem 4.4.1. By parabolic rescaling, we may assume that » = 1. By Theorem
8.1 in [Bam20a/,

a < [Boy(p, )] < Cpetvt®),

and thus

N, 1(1) > loga — C,. (4.4.1)
Let (z,—1) be an H,-center of (z,0). By Lemma 3.3.14,
2p| 1 < Cr (A = Noo(1))? < G (A = Noo(2)) 2

On the other hand, by (4.1.1),

Np—1(1) < Npo(2) + Vndisty, (0p, Vag01-1) + 5 log 2
< Noo(2) + Vi ([pzl- + distiy, (32, Veo,0-1)) + 5 log 2
< Ny o(2) + C + C (A = N, 0(2))?
<Neo(2) + Co + 5 (A= Nyo(2))

where we used Cauchy-Schwarz inequality: Cv/t < t/2 + C?/2. Combining with (4.4.1),

Neo(2) > 2N, 1(1) = C,, — A > 2loga — C,, — A.
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4.5 Perelman’s Pseudolocality Theorems

As an application of the local monotonicity inequalities, we give a simple proof of
Bing Wang’s improved pseudolocality theorem [Wa20, Theorem 1.2], which generalizes
Perelman’s original pseudolocality theorem [Per02, 10.1]. As a further application, we give
a simple proof of Peng Lu’s local curvature bound [Lul0, Theorem 1.2], which improves

Perelman’s original local curvature bound [Per02, 10.3].

Theorem 4.5.1 (Pseudolocality theorem [Per02, Wa20]). For any a € (0 , there is

 To0m)
ad=0(n,a) >0, such that the following holds. Assume that [0,T] C I. Let zqg € M be a
point satisfying

inf u <B0 (:1:0,\/¥/5> ,go,t> > 62 (4.5.1)

0<t<T

Then, for any t € (0,T] and any x € B, (ZB(), \/E/Oz), we have

|Rmyg, |(z) < a/t, (4.5.2)
’Bt(xap”t > (1 - a)wnpn> Vp € (07 \/g/a), (453)
inj,, (z) > Vt/a, (4.5.4)

where w, is the volume of the n-dimensional unit ball in the Fuclidean space.

Theorem 4.5.2 (Local curvature bounds [Per02, Lul0}). For any n > 3,v > 0, there is a
constant €y = €y(n,v) > 0 with the following properties. Suppose that (M™, g;)c(o,(ero)2] 5

a complete Ricci flow for some € € [0, €] and ro > 0, and the initial metric go satisfies

sup |Rmy,| <ry?,  |Bo(wo,m0)| > vry.
Bo(zo,r0)
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Then for any t € [0, (erg)?],

sup  |Rmy,| < (eoro) 2

Bt (xo,e070)

We record Bamler’s e-regularity Theorem here, since it will be very important in

our new proofs of Theorem 4.5.1 and Theorem 4.5.2.

Theorem 4.5.3 ([Bam20a, Theorem 10.3]). For any ¢ > 0 there is 6 = d(n,e) > 0,
such that the following holds. Let (z,t) € M x I and r > 0 satisfy [t —r*,t] C I and
N.1(r?) > —8. Then we have

Rm| <er™? on  Byz,e'r) x ([t — (1 —e)r e’ N 1), (4.5.5)
inf  p7"|Bi(z, p)|t > (1 — €)wp, (4.5.6)
pE(0,e~1r)

where wy, 1s the volume of the n-dimensional unit ball in the Fuclidean space.

The proof of (4.5.6) follows verbatim as in [Bam20a, Theorem 10.3] and we omit
the proof here.

Before proving Theorem 4.5.1, we shall give the following proposition.

Proposition 4.5.4. Assume that [—r?,0] C I. Then, for any xo € M, any H,-center

(2, —12) of (x0,0), and any A > A(n), we have
o (Bo2 (2, Ar) , g_p2,7%) < Nyoo (r°/2) + Che™4.

Proof. By parabolic rescaling, we may assume that » = 1. Let (w, —1/2) be an H,-center

of (z0,0) and (2/, —1) be an H,-center of (w, —1/2). By Lemma 3.3.13,

22| -1 < C,.
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By Theorem 4.2.3,
Naoo(1/2) > p(B_yj2(w, A/10),1/2) — Cpe™4,
if A> A(n). By Theorem 4.2.2,
j(B_1j5(w, A/10),1/2) > p(B_1(2', A/2),1) — Cpe™t,
if A> A(n). It follows that
Naoo(1/2) > w(B_1(2', A/2),1) — Cre=4* > u(B_1 (2, A), 1) — Ce*,

if A > A(n), where we used the fact that [22/|_; < C,,. O
We are now ready to prove Theorem 4.5.1.

Proof of Theorem 4.5.1. We prove the curvature bound (4.5.2) by contradiction. Let

t < T be the first time that (4.5.2) fails. That is, for ¢t € (0,1),
IRm|(z,t) < a/t, for any = € By(xo, Vt/a); (4.5.7)
and there is Z € By(zo, Vt/a) such that
t|IRm|(z,t) = a. (4.5.8)

Clearly, t > 0. By parabolic rescaling, we may assume that ¢t = 1.
Let (2/,0) be an H,-center of (z¢,1) and (z,0) be an H,-center of (z,1). Now that

we have a local curvature bound (4.5.7) until time ¢ = 1, by Corollary 3.3.6,

’Z,xo‘o S 10471,2.

81



(Recall that A > 1000n? in Corollary 3.3.6.) By Lemma 3.3.16,

|22 |0 < 2¢/H, + |Tx0|1 < 2/

So

|zx0lo < 10"0* + 2/a.

By Proposition 4.5.4 and the assumption,

Ni’,l(l/Q) Z M(BO(Za 2_15)7 9o, ]-) - Cne_c/62
> pu(Bo(xo, 5), 9o, 1) — Cre™/”

> 5% — Ce P > —262,
if § < §(n,a). By picking § < §(n, ) in Bamler’s e-regularity Theorem 4.5.3, we have
IRm|(z,1) < a/2,

which is a contradiction to (4.5.8). So no such ¢ exists and (4.5.2) holds.
The proof of (4.5.4) is similar and (4.5.3) follows by a well-known result proved by
Cheeger-Gromov-Taylor [CGT82].
[l

Now we start to prove the local curvature bounds: Theorem 4.5.2. Our proof
follows the same lines as in [Lul0]. We will make use of Wang’s improved version of
pseudolocality theorem ([Wa20], Theorem 4.5.1), while [Lul0] applied Perelman’s original
pseudolocality theorem. However, the original proof in [LulO] was divided into three
cases and used a point-picking argument. We can avoid such technicalities and our proof
should be slightly cleaner and hopefully more accessible. New ingredients in our proof

include Bamler’s Bamler’s e-regularity Theorem 4.5.3 and the local entropy monotonicity

82



(a variant of Theorem 4.2.3).

Following [Wal8, (3.18)], we denote by

0D
n—1>

I(Q) :=inf
D[

the (best) isoperimetric constant of a region €2, where the infimum is taken over all regular
compact domains D C . Let I, := nwy'™ be the best isoperimetric constant of the

Euclidean space.

Lemma 4.5.5. For any n > 3,¢,v > 0, there is p = p(n,e,v) > 0 with the following

property. Suppose that (M", g) is a manifold and B(xg,19) € M with

sup |Rm| < 7“0_2, | B(z9,70)| > vrg.
B(xo,’l‘o)

Then

V<B(x07p7'0)7g7 (pr0)2) > _52-

Proof. By parabolic rescaling, we may assume that ro = 1. By [Wal8, (3.25) in Lemma

3.5,

I(B(zo,p))

I —n(n— 1),

v(B(xo,p),9,7) > nlog

for any p < 1,7 > 0. By [Lul0, Lemma 3.1], for any § > 0, there is p = p(n, J,v) > 0, such

that

The Lemma follows by choosing 6 = d(n, €, v) > 0 such that

nlog(l —0) —n(n — 1)p* > —¢>.
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Proof of Theorem 4.5.2. Let a € (0, W] to be determined later and let 6 = d(n, ) < 1
be given by the pseudolocality Theorem 4.5.1. By parabolic rescaling, we may assume
that rg is a large number to be determined and ry depends only on n, o, v.

By Lemma 4.5.5, there is p = p(n, d,v) = p(n, o, v) > 0, such that

v(By(wo, pro), go, (pro)?) > —62.

Write
A :=1000n% A = 100A.

We then choose €y = €y(n, a,v) > 0 such that

€0 = 0p/A,
We now fix 7o = r¢(n, o, v) so that
€oTo = A.
Then
Pro = A€0T0/5 = AQ/(S (459)

Let € < €y and (M™, g¢)cjo,(ero)2] e @ complete Ricci flow with initial metric go. Write

T := (erg)? < (eoro)* = A%

For any ¢ € (0,77,

\/%/5 S 607”0/(5 = p?”o/A,

and thus

11(Bo(w0, V/8), go, t) > v(Bo(x0, pro), go, (pro)?) > —6°.
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By Theorem 4.5.1, for any t € (0,77,

sup |Rmg,| < a/t. (4.5.10)
By(x0,V/1)

We next obtain curvature bounds on a larger ball.

Claim: For any ¢t € (0,7] and y € By(xo, A),
[Rm|(y, t) < o/t

Proof of Claim. Fix t € (0,T]. Let (2',0), (2,0) be any H,-centers of (zo,t), (y,t), respec-

tively. Now that we have the local curvature bound (4.5.10), by Corollary 3.3.6,
|£L'OZ/‘0 < 10/\\/% < A2/10
Then by Lemma 3.3.16,

‘LEQZ’O < |.§L’()Z/‘0 + |Z/Z|0
< zo2'lo + 2v/ Hpt + |zoyls

< A?/10 + 2/ Ht + A < A?)2.
It follows by (4.5.9) that
By(z, %571\/%) C By (w0, pro),
and thus
Ny,t(t/2> Z V(B0<Zv %6_1\/%)7 9o, t) - Cne_cn6_2

2 I/(B()(I'(), p)a 9o, p2) - One—6n5_2

> 52— Ce ™" > 9252,
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The claim then follows by Bamler’s e-regularity theorem. O]

Let t € (0,T] be the first time violating the property that
sup |[Rm|(z,t) (A — |x0917|,5)3r <L (4.5.11)

Because of the initial curvature bound and the smoothness of the metrics, ¢t > 0. Let (Z, )

be a point that achieves the maximum. Suppose that
|zoz]r = (1 — 30)A,

where § > 0 may depend on the geometry of (M, g,). We may assume that 6 < 1/100
because it is much easier to deal with the case where § > 1/100 as will be clear below.
Write

€ := HA.

Since (Z,t) achieves the maximum, by the Claim above,
(3¢1)™ = |[Rm|(z,7) < a/t,

and thus

LT S (361)2a.

Meanwhile, for any t € (0,%) and x € B;(zo, (1 — 0)A),
IRm|(z,t) < €2
Let 1 : [0,00) — [0, 1] be a smooth cutoff function such that

77|[0,1729] =1, 77|[1—9,oo) =0, —10\/7_7/9 <7 <0, |77”| < 1077/02.
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Let
ooty = (Ll DY

Since

|2oZ|; + AVE = (1 — 30)A + 3A0A/ o < (1 — 20) A,

if & < a(n), we have
?ﬁ(fai) =1, spt 1/}15 - Bt(x(]? (1 - Q)A)

Then
)y <= 10e;21p,  |Vy|* < 100€; 2.

Recall that under Ricci flow,
OJRm|* < —2|VRm|* + 16/Rm|*.
Thus

O(y|Rm|?) < —2¢|VRm|? + 169 |Rm|* + |Rm|*0¢ + 4|V+)||Rm||VRm|
< 2|V |2 Rm|? + 300€; 2| Rm|?

< 10006, 2|Rm|?.

As in [Lul0], consider
U() = | wilRomg, v
M

Then for t € (0,1),

U'(t) = / O(¢|Rm|?) dvg g < 10%€;°.
M
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Recall that ¢ < (3€;)%a. So

(3e1)™ < [Rm[2(z,7) = U() < U(0) + 10°F
<71y +10% e,

1 < (6p/A)? + 10°a.

We may choose o < @(n) such that the inequality above does not hold. Therefore, no such

t exists, which means

sup sup |Rm|(z,t) (A — |=T033|t)3_ <1l
te[0,7] =

Recall that T' = (erg)?, A = €gry. So we have proved the theorem by replacing €y with € /2.
n

Remark. (4.5.11) is inspired by Bing Wang’s work (e.g. [Wa20, Proposition 4.1]). We
define such a quantity in hope that the maximum point of |Rm| is not too close to the
boundary of the ball By(zg, A). The term (A — |zxo|;)2 plays a role as a penalty, which is

prevalent and fundamental in optimization.

Chapter 4, in part, has been submitted for publication joint with Chan, Pak-Yeung
and Zhang, Yongjia [CMZ21d]. Chapter 4 also contains material from [MZ21] which is

published on the Journal of Functional Analysis 2021 joint with Zhang, Yongjia.
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Chapter 5

Geometry at Infinity of Ancient
Flows

In this chapter, we study the geometry at infinity of complete noncollapsed ancient

Ricci flow (M™, g4)1<o. Throughout this chapter, we make a technical assumption that

sup |[Rm| < oo,
MxJ

for any compact interval J C (—o0,0].

There are currently two notions of blow-downs of an ancient Ricci flow, which
characterize the geometry at infinity when time goes to —oo. We shall recall such two
notions introduced by Perelman [Per02, Section 11] and Bamler [Bam20b, Section 6.8].
Roughly speaking, one of our main theorems in this chapter is that the two notions of
blow-downs coincide given that the blow-down under consideration is smooth. We shall
also include the result that Bamler’s notion of blow-downs, tangent flows at infinity for
general H-concentrated ancient metric flows, do not depend on the choice of base points.

Let pgp € M be a fixed point. Then, for a sequence {7;}3°, with 7; oo, we
may find {p;};2, such that (p;, —7;) are {-centers of (po,0), namely, £, o(p;, 7s) < 5; see
Definition 5.1.4 for more details of the definitions. If Perelman’s asymptotic shrinkers ever

exist for an ancient Ricci flow, the following assumption must hold. (See the following

subsection for the detailed definitions of asymptotic shrinkers.)
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Assumption B: For the fixed point (pg,0) and the sequences {7;}32, and {p;}32, as
described above, there exists a smooth and complete Ricci flow (MOO, Joo(t), poo) te[_2,1]’

such that

(Ma gi(t)’pi>te[—2,—1] — (Mom Jso (t)7poo)te[_27_1} (501)

in the smooth Cheeger-Gromov-Hamilton sense, where the Ricci flow g;(¢) is obtained by

the Type I scaling

gi(t) :== Tl-_lg(Tit). (5.0.2)

The statement of (5.0.1) is involved with a base point (pg,0), a sequence of positive
scales {7;}22,, and the choices of ¢-centers (p;, —7;). Hence, if necessary, we shall refer to
an ancient solution as “satisfying Assumption B with respect to (po, 0,{m}21, {p: fil)”.
For the limit Ricci flow (M, goo(t)) in (5.0.1), we do not assume any shrinker structure,
neither do we make any geometric assumption except for its completeness. However, it will
soon be clear that, because of [CZ20, Theorem 6.1], this limit is Perelman’s asymptotic

shrinker; see the statement of Theorem 5.0.1(1) below.

We are now ready to state the main theorem in this chapter.

Theorem 5.0.1. Under Assumption B, the following hold (see section 2 for all the

definitions involved).

(1) (Moo,goo(t),poo)te[_z,_l] admits a shrinker structure, which makes it an asymptotic

shrinker in the sense of Perelman ([Per02, Proposition 11.2]).

(2) We have
Jgrolo '/\/;7070 (7—) = Moo,
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where Ny, o is the Nash entropy based at (po,0) and pin is the entropy of the asymptotic

shrinker. In particular, ps is the infimum of Ny, o(T), T > 0.

(8) Any F-limit of the sequence {((M, Gi(t))te[-2,-1]; (VZ)te[_Z_l]) }Zl, where v} 1= Vpo,0 | mit

given by Bamler’s compactness theorem [Bam20b, Theorem 7.6] is of the form

((Moovgoo(t>>te[—2,—1]7 (Vfo)te[—z,—l)) )

up to isometry, where (V;°)ic(—2,—1) is a conjugate heat flow made of a shrinker potential

function.

(4) Conversely, if a tangent flow at infinity of (M, gi)i<o is smooth, then it also arises as

an asymptotic shrinker.

Tangent flows at infinity resemble asymptotic cones of metric spaces, which are
blow-downs centered at some basepoint. It is well-known that such cones do not depend
on the basepoint, (see, e.g., [BBIO1, Proposition 8.2.8],) although they may depend on
the sequence of scalings. In [CMZ21c|, Chan, Zhang, and the author showed that tangent

flows at infinity of ancient Ricci flows also do not depend on the choice of basepoints.

Theorem 5.0.2. The tangent flow at infinity of an ancient H-concentrated (c.f. [Bam20b,
Definition 3.30]) metric flow does not depend on the basepoint.

5.1 Preliminaries

5.1.1 Perelman’s Comparison Geometry

We briefly review Perelman’s reduced distance and reduced volume introduced
by Perelman in [Per02, Section 11]. Let (M, g(t))icj-1,9 be a Ricci flow with bounded

curvature. Let (po,tg) € M x (=T,0] be a fixed point in space-time. Then, Perelman’s
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reduced distance is defined as

Cposto (4, T) = 2;; inf /OT Vs (I3(s) 24—y + R(¥(s),t0 — 5)) ds, (5.1.1)

where x € M, 7 € (0,T — |to|], and the infimum is taken over all piecewise smooth curves
v : [0,7] = M satisfying y(0) = py and y(7) = x. The minimizer of (5.1.1) is usually
called a minimal £-geodesic from (po, o) to (x,to — 7). (po,to) is called the base point of ¢,
and whenever the base point is understood, we shall suppress the subindex in the notaion

Cpo 1o (-5 +). The reduced volume based at (po,to) is defined as

Viorto (T) 1= /M(47TT)geef'o’to("ﬂdgtor- (5.1.2)

Perelman’s reduced distance and reduced volume satisfy many nice equations and
inequalities. Among them the most important one is the monotonicity of the reduced

volume.

Proposition 5.1.1. Perelman’s reduced volume V(T) is an increasing function in time

(and hence a decreasing function in T).

The underlying reason for the monotonicity of the reduced volume is the fact that

its integrand is a “sub”-conjugate heat kernel.

Proposition 5.1.2. Let { = {, be the reduced distance based at (p,0). Then, u(x,t) :=
(4r|t]) "2 e o@D s o subsolution to the conjugate heat equation, and it also converges to

the Dirac delta measure based at p as 7 — 0+. Precisely,

ot
5~ Ay L+ |V L]

2 n

— R, +-— >0,
9-r

2r

. — —lpo(T)
Tlg&(élm-) 2e dp.

Both of the formulae above are understood in the sense of distribution. As a consequence,
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we have
(4r|t]) "2 e o@D < K(p,0|z,t)  for all (z,t) € M x [-T,0), (5.1.3)

where K(p,0]-,-) is the conjugate heat kernel based at (p,0).

As an elementary application of the maximum principle, Perelman [Per02] proved
that ¢(-,7) always attains its minimum. This minimum point should be viewed as the

“center” of the reduced distance.

Proposition 5.1.3. Let ¢, be the reduced distance based at (p,0). Then we have
min (-, 7) < g for all t € (0,T]. (5.1.4)

The point(s) where the minimum in formula (5.1.4) is attained plays an important
role in our arguments. In most of the cases, it turns out that such a minimum point is
not far from Bamler’s H,-centers. Hence, we would like to assign a special term to these

points.

Definition 5.1.4. Let (M™, g(t))esr be a Ricci flow, and let (z,t) € M x I be a point in

space time. Let s € I N (—o0,t). Then, (z,s) is called an ¢-center of (z,t) if

lyi(2,t—s) <

A S

Remark: Similar to the case of the H,-center, the /-center is not necessarily unique at
a fixed time s for a fixed base point (z,t¢). Furthermore, in practice (especially when
considering the base points for the blow-down sequence from which we obtain an asymptotic
shrinker), a sequence of space-time points along which ¢ is uniformly bounded serves equally
well as a sequence of (-centers.

Let us recall Perelman’s asymptotic shrinkers.
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Definition 5.1.5. A Ricci flow (M2, goo())ie[—2,—1) is called an asymptotic shrinker of

an ancient Ricci flow (M™, g(t)):<o, if there are 7, — oo, p; € M satisfying
SupgpoD(piaTi) < 00,

for some fixed point py € M; and

(Mn7 gz<t)7 (p27 _1)>t6[—2,—1] — (Monoa goo(t)7 (p007 _1))t6[—2,—1]7

in the sense of smooth Cheeger-Gromov-Hamilton convergence, where

g:(t) :==1g(t/T;).

Cheng and Zhang in [CZ20, Theorem 6.1] proved that if (M, goo(t))sc[—2,-1) satisfies
the assumption above in the definition of asymptotic shrinkers, then it indeed admits a
shrinking gradient Ricci soliton structure. In fact, they proved the existence of the shrinker
structure only assuming that the underlying flow (M™, g(t)) is locally uniformly type-I;
See [CZ20, Definition 4.1] for the details. The interval [-2, —1] can be clearly replaced
by, e.g., intervals of the form [—A, —1/A] for some A > 1, and we shall use [—2, —1] for

simplicity.
5.1.2 Bamler’s Metric Flows and F-convergence

In this subsection we briefly recall the notions of the metric flows introduced by
Bamler [Bam20b]. The readers are encouraged to refer to [Bam20b] for more details. We
shall denote by P(X) the space of probability measures on a metric space X. The metric
flow is introduced as a natural generalization of the Ricci flow space-time. A metric flow

over [ C R is a tuple

(Xa t, (diStt)tela (Vx | s):cEX,sEI,sSt(x)) )
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where t: X — I is the time function and X; := t~1(¢) is called the time slice at ¢, dist; is
a metric on A}, v, |5 € P(X;) is a family of probability measures called the conjugate heat
kernel based at x € X', and it satisfies the usual reproduction formula: for any t; < t5 < t3

in / and for any x € &},, we have

V:c|t1:/ V~|t1de\t2-
Xy

2

The sharp gradient estimate of Bamler [Bam20b, Theorem 4.1] is also axiomized into the
definition of the metric flow. More details could be found in [Bam20b, Definition 3.2].
We have generalized [Bam20b, Theorem 4.1] to general complete Ricci flows (without any

curvature conditions) in Theorem 3.2.1. Hence, the following observation is straightforward.

Theorem 5.1.6 (Bamler). Let (M™, g(t))ier be a complete Ricci flow. Then it induces a

canonical metric flow in the sense of [Bam20b, Definition 3.2].

We shall then introduce some definitions and results for the metric flow. In
particular, they can be applied to smooth Ricci flows satisfying the condition of the above
theorem. Before we proceed to define the notion of H-concentration, let us recall the
variance of two probability measures. Let u, v € P(X), where X is a metric space, then

their variance is defined as

Var(u,v) = / dist (1, ys) dpu(yn )dv (o),
XxX

where dist is the metric on X. If p is the same as v, then we also denote Var(u) := Var(u, ).

H-concentration is defined as follows.

Definition 5.1.7 (Definition 3.30 in [Bam20b]). A metric flow X over I C R is said to be
H-concentrated, where H is a positive number, if for any s,t € I, s <t, and xy, x5 € A},
we have,

Var(Vy, | s, Vi |s) < disty(z1, 22) + H(t — s). (5.1.5)
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Combining (5.1.5) with the reproduction formula, we have that, on an

H-concentrated metric flow X, for any x1, x5 € A,
Var(vy, (s, Vay |s) + Hs

is non-decreasing in s € I N (—o0,], and is bounded from above by dist? (21, z5) + Ht
(c.f. [Bam20b, Proposition 3.34]). This fact guarantees the existence of H-centers (c.f.

[Bam20b, Proposition 3.36]), which are defined as follows.

Definition 5.1.8 (Definition 3.35 in [Bam20b]). Let s,¢ € I and s <¢. A point z € X is

called an H-center of x € A, if
Var (6., v, (s) < H(t — s).

The H-center adopted its name partially because the conjugate heat kernel accumu-
lates its measure around it. Precisely, we have ([Bam20a, Proposition 3.13] and [Bam20b,

Lemma 3.37]):

Proposition 5.1.9 (Bamler). Let X be an H-concentrated metric flow over I C R. Let
xr € X; be a fixed point, and let z € X, be an H-center of x, where s <t and s,t € I.

Then, for any A > 1, we have

VI‘S(BS(Z, VAH(t — 3))) >1-— %

Remark: Bamler [Bam20a, Proposition 3.2] proved that if X = M™ x I is a
Ricci flow space-time on a closed manifold M™ over an interval I, then X must be
H,-concentrated, where
(n —1)72

H, =—FFF"F"—+4.
5 +

The same argument also works when the Ricci flow is complete and has bounded curvature

96



within compact time intervals. In general, given x € X, and s < ¢, H-centers of x may
not be unique in Xj.

Suppose X is a metric flow over I C R. A family of probability measures p, € P(X;),
where s € I' C I, is called a conjugate heat flow if it satisfies the reproduction formula:

for any s,t € I',s < t, we have

,us:/ Vm\sd:ut(x)'
Xy

A metric flow pair is then defined to be a metric flow coupled with a conjugate heat flow.

Definition 5.1.10 (Definition 5.1 in [Bam20b]). A pair (X, (ut)ier) is called a metric

flow pair over I C R if the following conditions are satisfied:
e I"CI,and |I\ I'| =0, where | - | is the Lebesgue measure;
e X is a metric flow over I’;
e (1) is a conjugate heat flow on X' with sptyu, = A, for all t € I'.

The definition of F-convergence requires the notions of coupling and 1-Wasserstein
distance between probability measures. Let X,Y be metric spaces. For any pu € P(X)
and v € P(Y), we denote by II(u, ) the space of couplings between p and v, namely, the

set of all the probability measures ¢ € P(X x Y') satisfying
q(AxY)=p(A), ¢X xB)=v(DB),

for any measurable subsets A C X and B C Y. The 1-Wasserstein distance between

i, v € P(X) is defined to be

distw, (4, v) :== inf / dist(z, y) dq(z,y).
XxX

q€ll(p,v)
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By the Kantorovich-Rubinstein Theorem, this definition is equivalent to

disty, (u, v) = sgp (/fd,u - /fdy) :

where the supremum is taken over all bounded 1-Lipschitz functions f on X.
It is to be noted that for any metric flow &X', the 1-Wassernstein distance between
two conjugate heat flows satisfies a monotonicity property ([Bam20b, Proposition 3.24(2)]),

namely, for any conjugate heat flows (u!).er and (u?)serr, we have

distyys (p3, 42) s non-decreasing in s € I'N 1" (5.1.6)
Consequently, for any x; and x5 € &}, we have

distﬁffl(yxl 15y Vay|s) < disty(xy,22)  forall s <t (5.1.7)

In fact, this monotonicity property is a consequence of the prescribed gradient estimate in
the definition of the metric flow ([Bam20b, Definition 3.2(6)]).

We now introduce the definition of F-convergence within a correspondence, be-
cause this is the only version we shall use, and because it is essentially equivalent to
the definition of F-convergence itself. See more details in [Bam20b, Section 6]. Let
{(x°, (ui)tep,i)}iem{m} be a sequence of metric flow pairs over a finite interval I C R. A
correspondence € is a collection of complete and separable metric spaces (Z;, distZt)te I
together with isometric embeddings ¢! : (X}, dist}) — (Z;,dist?*) for t € I'". Then,
(X7, (1l)sepri) F-converges to (X, (115°)sesroc) within the correspondence € uniformly on
J C I, denoted as

P F. ¢ J o oo
(X ’<:ut)t61”i) B— (X a(,ut )te[’vm)a

if for any € > 0, there is an i € N, such that if i > i, there is a measurable subset E; C I
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with

JCI\E, CcI'"nI™,
and there are couplings ¢} € II(u!, uf®) for t € I\ E; with the following properties:
° |Ez| S 82.

e For any s,t € I\ E;, s <t, it holds that
/_ distg[ﬁ1 ( i*vjﬂs,gb;’j@j‘s) dgi (w1, 15) < e.
XY X X

If J above can be taken as any compact sub-interval of /, we say that the convergence is
uniform over any compact sub-intervals.

When introducing the notion of tangent flow, we implement the same notations
as in [Bam20b], to which the reader is encouraged to refer for more details. For a metric
flow X over I C R, we denote by X% the metric flow obtained by first applying a —t
time shift to X and then a parabolic rescaling by factor X. Let X be a metric flow over
I and |(—00,0] \ I| = 0. For any z( € &},, we call a metric flow pair (that is, a metric

flow coupled with a conjugate heat flow; see [Bam20b, Section 5]) (X', (v2° |, )icr=) a

Tmax | t

tangent flow at infinity based at z if there is a sequence \; N\, 0, such that,

—to,\j —to,\j ]F ) [e’e]
(X[‘T’O]j’ (on |t j)tEA?(I—to)ﬁ[—T,0]> - (X[—Tyo]’ (Vemaxt) teI’vwﬂ[—T,0]> '

for any T' < co. We can then define
T := { tangent flows at infinity based at zo},

which is nonempty by Bamler’s compactness theory in [Bam20b, Section 7]. Now we may

restate Theorem 5.0.2 more precisely as follows. Note that in the statement of Theorem
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5.1.11, the base points zy and yg need not lie in the same time-slice.

Theorem 5.1.11. Suppose that X is an H-concentrated ([Bam20b, Definition 3.30])

metric flow over (—oo,0]. Then for any xq, yo € X, we have, up to isometry,

Ty =Ty -
5.1.3 Convergence of Heat Kernels.

Let {(M;, gi(t), 05)te(—1,,0 }i21 be a sequence of complete Ricci flows with base point,
and assume that each Ricci flow therein has bounded curvature within every compact
time interval. Assume moreover that this sequence converges to (Muo, goo(t), 0)te(-1.0,0) iR
the pointed smooth Cheeger-Gromov-Hamilton sense, where T, = limsup,_,., 7; € (0, 00].
Note that we do not make any assumption on the limit (Ms, goo(t), 0)te(~1o0,0]-

By the definition of smooth convergence, we may find an increasing sequence of
pre-compact open sets U; C M., with U, U; = M., a sequence of diffeomorphisms

v, : U; — V; C M;, and a sequence of positive numbers ¢; \, 0, such that

\111(0) = 0y,

* o _ ]
||\IJZ Gi gooHC[si 1](Ui><[—Too+€ivO]) i

where we let — T, +¢&; = —5]1 in the case T, = 0.

Let K;(z,t|y, s) be the heat kernel coupled with (M;, g;(¢)) as introduces in section

2.1. For any z,y € U; and for any —T,, +¢; < s <t <0, we shall define
Ki(z,t|y, s) = (V7 K:)(x, |y, s) = Ki(Vi(x), [ Wi(y), s).

As a slight generalization of [Lul2], we shall prove the following.

Theorem 5.1.12 ([CMZ21a, Theorem B.1]). There is a positive heat kernel K., coupled
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with (M, goo(t)), such that, after passing to a subsequence, we have
K, —» K,
in the C°-topology, and the convergence is uniform on any compact subset of
M = { (x,t,y,s) ‘x,y € My, s,t € (—Tx,0],s <t}.

See [CMZ21a, Appendix B] for a proof.

5.2 [F-convergence to Asymptotic Shrinkers

In this subsection, we shall prove Theorem 5.0.1.

Proof of Theorem 5.0.1(1). By assumption B, we have smooth convergence in the sense of
Cheeger-Gromov-Hamilton, and thus the ancient Ricci flow in question (M™, g;):<o satisfies
locally uniformly type-I introduced by Cheng and Zhang [CZ20, Definition 4.1] and hence
the limit flow admits a shrinker structure by [CZ20, Theorem 6.1]. See [CMZ21a, Section

5] for more details. O

Proof of Theorem 5.0.1 (2). We first show that
inf Ny, o(7) > —o0.

7>0

We shall apply Theorem 4.4.1. By assumption B, for large 1,

—n/2
72| B, (0t V) |- = | By (i Vs, > 0,

where o = By _, (Poo, 1)g..._, /2. Since (p;, —7;) are {-centers of (po,0), by Theorem 4.4.1,
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for large 1,

'/\/;)070(Ti) > _C<n7a)'

Therefore, inf,~o N, 0(T) > —00.

We refer to [CMZ21a, Section 7] for the proof that

inf Ny, 0(7) = floo,

7>0

where fi, is the shrinker entropy of (M, goo)- ]

The rest of this section is devoted to prove Theorem 5.0.1 (3). In fact, we shall
prove a slightly stronger version. Let {(M;, gi(t))ie(—1,0}52, be a sequence of complete
Ricci flows, each one with bounded curvature within each compact time interval, where
oo > T; > ¢ > 0 for some constant ¢. For each 4, let p; € M; be a fixed point and (v} )e(—r; 0]
the conjugate heat kernel on (M;, g;) based at (p;,0). According to [Bam20b, Theorem

7.4, Corollary 7.5, {(M;, g:(t))se(—1.0), V) )te(-T1.0) }21 has an F-convergent subsequence.

Theorem 5.2.1. Assume that there exist a compact interval I = [a,b] C (=T, 0), where

T :=limsup, ., T3, and a smooth Ricci flow (Meo, goo(t), 200 )ter, Such that

(Miagi(t)vzi)tej — (MOO’gOO(t)7ZOO)teI (5'2'1)

in the smooth Cheeger-Gromov-Hamilton sense, where (z;,b) is an H,-center of (p;,0)
for each i € N. Then (Mx, goo(t))iclap induces an H,-concentrated continuous metric
flow X and there is a conjugate heat flow (V;°)iciap) 0on X, such that, by passing to a

subsequence, we have

((Miygi(t))te[a,b}a (Vt)te[a,b]) — (X ,(Vt )te[a,b)) , (5.2.2)

where the convergence is uniform over any compact sub-interval of [a,b).
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Remarks:

o0

=1’

1. This theorem implies that, for any subsequence of {((MZ, Gi(t))tefan) (Uf)te[a,b])}
there is a further subsequence that F-converges to (X o, (Vfo)te[mb)), where v;° is
a conjugate heat flow on X'*°. So any continuous metric flow pair (Y, (tit)icfap))
that arises as an F-limit given by the compactness theorem [Bam20b, Theorem
7.6] should be of the form (X, (1°);c(o,5)). However, this does not imply that the
F-convergence in (5.2.2) holds without passing to a subsequence, since we are not

able to show that v;° is independent of the subsequence.

2. We may replace the H,-centers (z;,b) in the assumptions with ¢-centers and the
conclusions still hold. This is because H,-centers are not far away from ¢-centers by

Lemma 3.3.14. This point will become clear from the proof.
Throughout this section, we assume that the conditions of Theorem 5.2.1 hold.
By the definition of smooth convergence, we may find an increasing sequence of pre-
compact open sets U; C My, with U2,U; = M, and a sequence of diffeomorphisms
U, : U; — V; C M;, such that ¥;(z) = z; and

W7 gi — gOOHC[Ei_l](Uix[a,b]) < &, (5.2.3)

for some g; \, 0.

The proof of Theorem 5.2.1 is divided into several components. We shall first of
all show that the smooth limit flow is indeed a metric flow. This is not as obvious as it
appears to be, since we do not make any geometric assumption for (Mu, goo (t) i[5 €XCEpt
for its smoothness and completeness. Fortunately, by Theorem 3.3.11, e.g. Corollary 3.3.6,

it is sufficient to have the following only assuming smoothness and completeness.
Lemma 5.2.2. (My, goo(t))tefa induces an H,-concentrated continuous metric flow X'

See [CMZ21a] for a proof using the converging sequence.
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Lemma 5.2.3. There is a positive solution to the conjugate heat equation v : My, X [a,b) —

R coupled with (Mu, goo(t)), satisfying dv® = vsdgee s € P(My) and

locally smoothly on My, X [a,b).

Proof. Arguing in the same way as the proof of [Lul2, Theorem 2.1], we can find a

nonnegative solution v : My, X [a,b) — R to the conjugate heat equation, such that

locally smoothly on M., X [a,b).

In this case, Theorem 5.1.12 does not imply that [ v;dgs,s = 1. This is because
the base point (p;,0) of the conjugate heat kernel K;(p;,0]-,-) is not in the region of the
Cheeger-Gromov-Hamilton convergence. We first of all observe from (5.2.3) that, there is
a positive function C' : (0,00) — (0, 00) with the following property: for any r > 0, we

have

| Rmy,

<C(r) on By, (z,7) % [a,b] (5.2.5)
whenever ¢ is large enough. Since we also have

lim inf Vol , (By,, (2i,1)) = Voly_, (By.., (2, 1)) > 0,

1—00

By Theorem 4.4.1, there is a positive number Y independent of i, such that

NEo(b)) ==Y forall i€N,
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where N is the Nash entropy of the Ricci flow (M;, g:(t)). By Lemma 3.3.14,
distg, , (z;,p;) < C forall i€N, (5.2.6)

where (p}, b) is an {-center of (p;,0), and C' is a constant depending only on Y.

Now we will use (5.1.3) to obtain a uniform lower bound for K;(p;,0|p},b — ¢),
where ¢ is an arbitrarily fixed number in (0,b — a|. Let us fix such an . (5.2.5) and (5.2.6)
imply

sup |Ry, (pi,t)] < C  forallieN,
t€la,b]

where C' is a constant independent of i. We may concatenate a minimal £-geodesic from
(pi,0) to (i, b) and the static curve from (pf, b) to (p;,b—¢) as a test curve in (5.1.1). This

yields

1 |b|4+-¢

Co@ 0l +2) < ——— [ 2(/10]6,,0(0, |B]) +
PO( || ) 2\/@( ||p0( ||) "

1 n 3/2
NET: (2\/W- 5+ 00l +2) )

< (C forall ieN.

\/?Rgi (pg ) _T) dT)

Hence, by (5.1.3), we have

1
Ki(]?iv 0 |p;> b— 5) >

= me_epi’o(pﬂb‘—i_s) 2 0(5) >0 for all 1 € N.
s g)2

By (5.2.6) again, we may find a point p/ € M, such that ;! (p}) — p’_ after possibly

passing to a subsequence. Consequently
U(p/oou b— 5) = hm Kl(pza 0 |p;7 b— 8) Z 0(8) > 0.
1— 00
Since € € (0,b — al is arbitrary, it then follows from the strong maximum principle that
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v > 0 everywhere on M, X [a,b).
Once we know that v is positive, by exactly the same argument as in the proof of

[CMZ21a, Theorem B.2], we have

/ Vs dgoo,s = 17
Moo

for any s € [a,b). O

Lemma 5.2.4. Let (M", g(t))icr be a complete Ricci flow over a compact interval I and

0 € M. Then for any A > 0, := U;c;B,(0, A) is compact.

Proof. Let z; € st(o, A) C Q be an arbitrary sequence. Assume that s; — 5 € I. We

shall prove that {z;} has a convergent subsequence. Suppose that

sup  |Ric| <A.
Bs(0,104)xT

We claim that for any € € (0, 1), there is j, such that if j > j, z; € Bs(o, (14¢€)A). Suppose
not. Then by passing to a subsequence, we may assume that there are g(s;)-minimal
geodesics v; : [0,0;] = M with v;(0) = 0,7;(0;) = z;,0; < A but there is a first time
A\j < o; such that v;()\;) € OBs(o, (1+¢/2)A). Pick 6 > 0 such that e™*° > 1 —¢/4. When

|s; — 5| < &, we have

A > LSj (’}/j’[o)\j]) > eiA‘Sjigng(fyj’[OJ\j}) > (1 - 6/4)diSt§(07 VJ(AJ))

=(1—¢/4)(14+¢€/2)A> (1+¢/8)A,

which is a contradiction. Hence, after passing to a subsequence, we have x; — Z for some

T € Bs(o, A). O

We are now ready to prove Theorem 5.2.1.
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Proof of Theorem 5.2.1. We divide the proof into several steps.

Step 1: Construction of the correspondence. For t € I, set Z! := M; LI M, and we shall

extend the metrics on (M;, g;(t)) and (Mu, goo(t)) to Z;. For any y; € M;,y € M, define
dist? (y,yi) = dist? (i, y) == ing dist,, (y,w) + dist,, , (V;(w), y;) + €.
weU; ’ ’

It is routine to verify that this is indeed a metric, and M;, M., — M;LUM,., are isometric em-
beddings. By [Bam20b, Lemma 2.13], we may assume that Z; are isometrically embedded
into a common metric space Z; that is complete and separable. Let ¢! : (M;, g;(t)) — Z;

be the isometric embedding for i € NU {co}. Note that for any = € U;,

dist™ (¢f°(2), ¢1(¥i(x))) = &i.

Step 2: Construction of the couplings. Henceforth until the end of the proof of the
theorem, we shall fix an arbitrarily small € > 0 and denote E = (b — £2,b]. By Lemma

5.2.3, there is a conjugate heat flow

oo L
dv° == vsdgs s,

where v € P(M,,) for s € [a,b), and ¥;¢ — v>° on My, X [a,b) in the C>®-topology as

smooth n-forms.

Claim 1: For i = oo or for all ¢ sufficiently large, if s € I'\ E and r > 104/|a|, then
V(M By, (0,7)) < Ce, (5.2.7)

where ¢ and C' are constants depending only on the geometry of (M, goo(t))ter\i)-
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Proof of Claim 1. By the smooth convergence of Vi K;(p;,0]|-,-) and the fact that v > 0,

there is ¢g > 0, such that for any s € I\ F, we have

i (B (2 VI3D)) 2 30 (Bye (s VISD)) 2 (5.2.8)

if i > i is sufficiently large. For ¢ > i and r > 104/|a|, by the Gaussian concentration

[Bam20a, Theorem 3.14] and (5.2.8), we have

couz(Mi\Bgi,xzi,r))sVz( \s!)) E(M:\ By, (1,7))

o d VB
exp 8|5’ ,

for some ¢ depending on a and b. Note that the Gaussian concentration is also true for

v° by Fatou’s lemma. Thus, (5.2.7) also holds for i = occ. O

For all s € I\ E, set Q; = By_ (200, A), where A is some large number to be
determined. Let us also denote (2 := U,ep {2, which is compact by Lemma 5.2.4. For all

s € I\ E and for i large enough or i = oo, define

Omgr 1 o= Wi (),

0o .__ .00
:us ‘—Vs

where the push-forward by ¥, makes sense because sptu® C U; when ¢ is large enough.

Claim 2: We can fix A large enough, such that for i = oo or for i € N sufficiently large,

we have

sup dist%“gi(s))(

sel\E

v, py) < €.

Proof of Claim 2. For any s € I \ E and any 1-Lipschitz function ¢ on (M, g($)), by
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(5.2.7), we have

/¢M@“ﬁ$%=/w—¢@@nﬂ@“wﬁ)SA%mfm%w@me%W@

< ACe ™ 1 C’/ re " dr < g,
A

if A is large enough. Here we have used a standard real analysis result (c.f. [MZ21, Lemma
3.3]). Let s € I\ F and ¢ be any 1-Lipschitz function on (M;, g;(s)). By (5.2.7), if A is

fixed large enough, then whenever i is sufficiently large (depending on A), we have

[odwi- i) = [16- o)l - )
A * i __ .00 : ‘ ) )
< / d(Viv, — vg )+/J\4i\\11i(95)d18tgz'5(2“x) dv.(z)

(e}

1+ ACe ™ & C’/ re " dr < .
A

<2A|Q|goos

Ki(pi, 01 Wi(-), s) — vg°

o)

Here we have used the smooth convergence (5.2.4) and the fact V;(z) = z;. This finishes

the proof of the claim.

Next, we define a sequence of coupling by

@, = (id, U)o () € T(p®, pl).

Then, for any s,t € I with s < ¢, we have

/ daﬁl (¢s* J:t|s7 S ;t| ) dc]t(m y)
Moo X M;

:/Q dgﬁ( ?:V:(;3|3,¢5*V\p ) th ( )+77t W1 (¢s* zoot|s7¢s* 2zt )
t

Claim 3: There is a large 7 € N, such that if ¢ > 4, then, for any s,t € I \ E = [a,b — &?]
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with s < t and for any z € €2;, we have

ct s 00, 00 i
dlStW1 ( S*V:v,t\s’ gbs*y\lf,-(z),ﬂs) <Eé.

Proof of Claim 3. Suppose not. By passing to a subsequence, we may assume that there

are s;,t; € I \ E,s; < t;,x; € Qy,, such that
X Zsl- . .
dlStW1 ( gj*ygiti | 'si? ¢Zsi*y‘zl’i(ivi),tz‘ |3i) = €. (5.2.9)

By passing to a further subsequence, we may assume that t; — t,s;, = 5 < t,z; — T € Q.

Case A: 5 =t. Write 7; = U,(Z).

distyy (6302, 15i0 PoisVu (it |5:)
< distyy! (625055, s 02.07) + distyy! (62205, 6L,,0u,()
+ distf‘ﬁf ( ’;i*&pi(z),¢ii*V@i(zi),ti\si)
< distiyy ™ (V57400 02) F & ity (00 iy 016,)

< dist%{}j’s" (1/ v

Tiyti | 8:0

zt‘3)+dIStW1 ( ;C;fz|sz75§?)+5z
+ dlstgz s ( @t 550 V\lﬁi(xi),ti|si) + dlstgl S (v Voot 800 ,03;)

< 2disty,, , (75, ) + 2&; + dlstg‘x’ i ( Vot |50 0% )+ dlstgz s (v ‘;ftilsi,éfi) — 0,

as i — 0o, which is a contradiction to (5.2.9). Here we have also applied (5.1.6). The
last convergence above is due to [Bam20a, Proposition 9.5] which is but a consequence of
Proposition 5.1.9.

Case B: 5 < t. By Theorem 5.1.12, after possibly passing to a subsequence, we have

UIKG(Wi(,), 6 |-, ) = Koo, ] -, )

7
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in the C>°-topology and the convergence is uniform on compact subsets of M, X [a,?). In

particular,

— 0,
Co(K)

H‘I’:V\I’i(ﬂfi),ti [si — V;?ﬂ s
as n-forms for any compact subset  C M. Let (z,5) be an H,-center of (Z,) and let
B := B, .(2,10D) for some large constant D to be determined. First choose D large

Top- This is possible because of Proposition 5.1.9. Then

enough so that 155 (Ms \ B) <

we have

: Zsi oo . ,00 V)
dlStW1 ( Si*yxi7ti\8i’¢S*V‘Pi(ﬂci)7ti\5i)

s 1 9oo,s; 00 00 i1
S dlStW1 <V:L‘“t [si? xt|s ) + dlStW1 ( Si *Vx s ¢S*V\I/i($i),ti|5i> :

The first term above clearly converges to 0. For the second term, we argue in the same
way as Claim 2 above. By the local distance distortion estimates, we may assume that

B; = B, . (z,D) C B. Consider any bounded 1-Lipschitz function ¢ defined on Z,,. We

goo,s;

may assume that ¢(¢°(2)) = 0, for otherwise we may replace it with ¢ — ¢(¢3°(2)). Then,

we compute

gb gboodywﬂsz / ¢ ¢ dl/\I!(zZ ),ti | 8

/ ¢o d)oo t\sl —/ ¢0¢; dy‘illi(xi),t”si
V;(Bi)

o0

+CDe P + C/ se~es” ds,
D

where we used the Gaussian concentration as in Claim 1. We can fix D so that the last
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line above is less than /4 for all ¢ large. Then, we have

/ gbo ¢§? dV;?ﬂsi - / ¢o Qb; deIli(axq;),ti\Si
B; Wi(Bi)

[ (ooe —vodi 0wt a4 [ sod o {az, — vy )

IN

<e&+2D H\I/:V‘l/i(xi)vti‘si - Ug%lSz‘

Co(B)

Note that the last line does not depend on ¢ and converges to 0 since B is compact. Hence,

we have

. Zsi . .
dlSth (¢Z?*V;iti | si? QS;i*V&/i(xi)ﬂfi |Sz‘) < 6/2’
when i is large enough; this is a contradiction agains (5.2.9). O]

By the definition of the 1-Wassernstein distance, there are couplings 6% € TI(u%, V%)

such that

/ disty, . (x,y) df.(z,y) < dist%“gi’s)(yz,ui) +e < 2,
MZ‘XM-L' ,

if i > i. Applying [Bam20b, Lemma 2.2] for three times, there is Q¢ € P(M; x M; x M, x
M) such that the marginal into the first and second factors equals #¢, the marginal into
the third and first factors equals ¢, and the marginal into the third and fourth factors
equals 0%°. Define ¢’ to be the marginal of Q' into the second and fourth factors. Then

g, € TL(vl, vg°).
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Step 4: Final verification. For any s,t € [ \ E = [a,b — %], s < t, we have

/ dlSth (Qbs* :ct|s7¢s* yt| ) dqz(xa?/)
Moo X M;
- / dlStng (¢s* xt|s7 i*y;,ﬂs) in(y’yl’x’]H)
M; X M; X Moo X Moo
< /{dlStgoot €z 1‘1) +diStgi,t(y7y1) +diSt (¢ Vi, t|s7¢s* y1t| )} in(:y?yhxaIl)
- / dist,., , dO5° + / dist,. , b
Meox Moo M;x M; ’
Zs () ~i
+/ dlStW1 (¢s* xt|s7¢s*yy,t|s) th<x7y)
Moo X M;
< 10g,
if 7 > 4, where we have also used the monotonicity formula (5.1.6).
[

As a special case of this Theorem, under the assumptions of Theorem 5.0.1, we

have, after passing to a subsequence,

(M, i), )setay) —— ((Moos g (Dier 2,11 (5 )set 21 )

To finish the proof of Theorem 5.0.1, we only need to show that any v{° in the proof of

Theorem 5.2.1 is induced by the shrinker potential function.

5.3 Independence of Base Points

In this section, we prove that for an H-concentrated metric flow, the tangent flow
at infinity do not depend on the base point. For all the basic definitions involved, such
as the variance, the Weissernstein distance, etc., the author may refer to [Bam20b]. We
will first prove that time shifting and parabolic scaling are continuous with respect to

the F-distance, which are natural but fundamentally important. The main theorem then
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follows as a consequence in the same spirit as [BBIO1, Proposition 8.2.8].
Let X be a metric flow over some I C R. When necessary, we will put X as an

upper index for geometric quantities to stress that they are quantities on X. For example,

l/X

|5 Tepresents the conjugate heat kernel on X at time s based at x € X.

For any metric flow X over some I C R, t; € R, and A\ > 0, we denote by
Xfto,)\

the metric flow obtained by first applying a —ty time shift to X and then a parabolic
rescaling by factor A. To be more specific, if we write Y = X~** then Y is a metric flow

defined over J := A?(I — t;), such that for each t € J, we have
V= Xy oy,  dist” = A dist™ 20,

For any y € V; = X\—2444, and s,t € J with s < ¢, we define the conjugate heat kernels by

y . X
Vy‘S . V’yl)\_25+t0'

For any conjugate heat flow ()i on X over I’ C I, we define

M;t07)\ = /’L>\72t+t07 t € )\2(1, - to)

For simplicity, we write

—to .__ p—to,l —to .__ ,,—to,1
X K X ) /“Lt T /“Lt

for any metric flow X and conjugate heat flow p;. We first prove that time shifting is

continuous with respect to the F-distance for an H-concentrated metric flow.

Proposition 5.3.1. For any H, V, T < oo, and € > 0, there is a 6 = 6(H,V,T,e) > 0
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such that the following holds. Let (X, (,ut)te[_;p_l,o)) be an H -concentrated metric flow pair
over [T — 1,0]. Suppose that

sup Var(u,) < V.
t

If0 <o <9, then

disty ((X[—T,o], (Mt)te[—T,o)) ) (XfiT,op (M?)te[—T,o))) <€

Remark. According to the definitions of metric flow pair and F-distance, the exact
form of the existence interval I’ of u; does not matter. It will be clear in the proof that
we only need to assume that |[-7,0] \ I’| = 0, and the future completion (see [Bam20b,
Definition 4.42]) of I" is [T, 0] because of the assumptions of [Bam20b, Proposition 4.1].
For simplicity, we assumed I’ = [-T — 1,0) in the proposition above. In applications, we

will use conjugate heat kernels which exist over, e.g., [T — 1,0].

Proof. Let I = [-T,0) and let 8,6 € (0,1/2) be constants to be determined later. Then
the function v(t) := Var(u;) + Ht is non-decreasing in ¢ by [Bam20b, Proposition 3.34].
Let

E:=FEs5:={te[-T,0):v(t)—v(t—19) >}

Let us find a maximal finite sequence ¢y, -+ ,ty € E such that {[t, — d, t]}5_, are disjoint,

then we have

A=V 4+ HT+1)>0(0) —0o(=T = 1) > > v(ty) — vty — 6) > BN.

k=1
By the maximality of {¢;}4_,, we have that, for any ¢ € F, there is 1 < k < N such that

[t — 0,t] intersects [ty — J,tx]. Hence t € [ty — 6, t; + d] and we have

24
Ec |J t—6t+9), |E|§2N5§75.

1<k<N
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Let 7; = 2730+D /[ for each j > 0 and we define b : (0,1] — (0,1) by

b(s) = 1@ (-, /&) for s € (2(r,H)Y3,2(r, H)',
where ® : R — (0, 1) is the same function as defined in [Bam20b, (3.1)], satisfying
' (z) = (47T)_%e_7, lim &(x) =0, lim ®(z)=1.

So b is a positive increasing function defined on (0, 1]. Applying [Bam20b, Proposition 4.1]

with 7 = 1, we have that, given o € [0, 6], for each t € I'\ (EU(—H '0?,0]), it holds that

ngz,disttylLt)(é\) Z b(g) for all cE [0-’ ]_]7 (531)

where b4 (0,1] — (0, 1] is the mass distribution function at scale r > 0; see [Bam20b,

Definition 2.17].
Next, we shall apply [Bam20b, Proposition 4.14]. To this end, we verify that the
assumptions therein are satisfied by X with ¢t € I\ E and t' = t — o, where o € [0, J].

Indeed, applying [Bam20b, Lemma 4.7] and the definition of £, we have

/ disty dpgdpy — / disty dpydpy < A/v(t) —v(t') + 23/ H(t — 1) (5.3.2)
X X Xy

Xt’ X Xt/

<Volt) —v(t —8) + 2/ H(t —t)
<\/B+2VHS < U5, 8| H).

Given (5.3.1) and (5.3.2), we can now apply [Bam20b, Proposition 4.14] with » = 1, and
conclude that for each t € I'\ (EU (—H'6%,0]) and o € [0,6], writing t’ =t — or? =

t —o € [t — 0,t], there is a closed subset W; C A&, such that:

(1) (X \ W) < W(5,B| H, V).
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(2) For any v,y € W;, we have

0 < dists(y1, ya) — distiy (v, |11, Vo) < U(8, B H, V).

Furthermore, there exist a metric space (Z;, distzt) and isometric embeddings ¢, : X} — Z,

¢y« Xy — Zy, such that:

(3) For any x € X,y € W;, we have

dist? (¢4(), 1 (y)) < distys (84, vy 10) + U(8, 6| H, V).

(4) We can construct the following coupling between p; and gy

9 -= / (Vy v ® by) dpe(y) € (e, pe)
Xy

satisfying the estimate

disti, (Goe e, Yichte) < / dist™ (¢1(2), V() dge (2, y) < U(5, | H, V).

Xt’ X Xt

Fort € IN (EU (—H163, O]), we let (Zy, dist?) be an arbitrary separable metric space into

which (A&}, dist;) and (X;_,, dist;_,) can be embedded. Now € = ((Zt, dist?), (1, qbt))

tel

serves as a correspondence between X7 and X7 .

The goal is to show that for each s < t,s,t € I\ (EU(—H 6% 0]), it holds that
if 0 <d&(e, H,V,T), then / distﬁ;1 ((bs*Vxl P ws*’/xﬂs) dqt(x17x2) < €,
Xto-XXt

where ¢; is the coupling defined in item (4) above. We need only to verify the case where
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s < t, because the equality case is equivalent to item (4) above. We write
si=s5s—0, t:=t—o.
Note that

distﬁ/l (Cbs*Vg; | s ¢S*Uy | S) th(Jf, y)

f-XXt

/ dlStW s*Vac|s ,¢3*Vy\ ) dl/y|t’($) dﬂt(:g)

o
t

/ dlStW Vs Vy|s) AUy v () dpne(y)

X7

&=

I

t

!/t/omaw (Gty s Vastiyls) Ay () dpin(y)

= Il + .[2.

For I, by the monotonicity formula [Bam20b, Propsition 3.24(b)], the definition of

the Wi-Weissernstein distance, and the definition of variance, we have

s [ s G ) doy o) dinto)

:/ d,ut(y)/ disty dvy|pdvy v
Xt X, XXt/

t

S/ Var(vy|¢)"? du(y) < VHS,
Xy

where we used [Bam20b, Proposition 3.34] in the last inequality.

I5 can be simplified as

[2 = / dlStﬁ/S'l (¢S*Vy|s’aws*l/y\s) d,ut(y)
X

We shall use the same argument as in the proof of [Bam20b, Lemma 4.18] to obtain an

118



estimate of 5. Fix any x € Xy and w € VVS‘S C X, where we let
W* = B(W,9),

following the notations in [Bam20b, Lemma 4.18]. Let w’ € W such that dists(w,w’) < 6,

then, by item (3) above, we have

dist? (¢s (), Y (w)) < dist? (¢s(z), hs(w')) + 6 < dist;‘{;;(éz, V' |sr) + V(0,3 H,V)
< distyy 8y, V| ) + dists(w, w') + U(6, 3| H, V) (5.3.3)

< distyy (60, vuo| &) + U (0, B H, V),
where we have applied [Bam20b, Propsition 3.24(b)| again. Define

q = Qys = / Vils @0, dvy5(2) € Il(vy s, vy)s) foreach ye A,

s

we may use the definition of the WW;-Weissernstein distance to estimate the integrand of I,

as follows.

distﬁjl (¢S*Vy|8’7ws*yy|5) < / diStZS(QbS(xl)vws(x?))dq<x17'r2)
_ / / dist? (¢4(2), 15(2)) v o (x) dvy | o(2)
Xs J X

t AL (y) + Az (y)

I
i\
53\

_I_
P
=
ff\’

[
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On one hand, by (5.3.3) and applying [Bam20b, Proposition 3.34] again, we have
) = [ dist? (600, () o) iy (w0
ws Jx,
. Xy
< /1/1/5 / distyy (0, V| s') AV | (7) duvy| s (w) + Y (6, B| H, V)

:/ (/ dists(z, ') dvy | o () dl/w|5/(l‘/)> dvy|s(w) +9(5,6|H,V)
Wg XS/XXS/
g/ Var(v) )2 duy o (w) + U (5, 5| H, V)

we

<VHbs+U(6,8|H,V).

On the other hand, if §, 3 are sufficiently small, then p,(W?2) > 1/2, and we may compute
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as follows using (5.3.3) and [Bam20b, Proposition 3.34].

A (y)/2 = %/ \Wé/ dist? (¢ (2), ¥s(2)) dvz | o () dvy | o(2) (5.3.4)
= /14/5/ s\wg/ dist™ (9, (), 1s(2)) vz () dvy |5 () dpas(w)
< /Wg /S\Wg /S/ {distZs(¢s($),¢s(w)) +dists(w,z)}dyz|s,(x) dvy | +(2) dps(w)
= /Wg /Xs\wg /X ’ distyy (8, v ) dvz (@) duy o (2) dpis(w) + (8, 6| H, V)

+ / / dists(w, 2) dvy | s(2) dps(w)
we Jx\w2

:/ / (/ dist™ (z,2") dv, | ¢ () dyw|s/(a:’)> dvy|s(2) dps(w)
w$ S\W2 X x Xy

+ / / dists(w, 2) dvy|s(2) dps(w) + ¥ (6, 8| H,V)
W JX\W¢
< / / Var (v s, V| )2 dvy | 5(2) dps(w)
we Jx\wi
+ / / dists(w, 2) dvy | s(2) dps(w) + ¥ (6, 6| H,V)
we Jx\wi
< / / (\/disti(w, z) + Ho + dists(w, z)) dvy|s(2) dps(w)
we Jx\w?
+ V(5,8 H,V) (5.3.5)

< (2 /W g / oy (20 2) 4 HO) () dus(w)>

N

1

X (/Wst /S\Wg dvy|s(2) d,us(w)) + (6,5 H,V) (5.3.6)
<2 {1 (WE) - vy (XN WY (Var(vy o, 1) + $HO)'* + (5, 8| H, V),

where we have also applied the definition of H-concentration. Since

[ AW dual) = W) < 05,81 1Y),
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taking ¥ = V¥ and Q; := {v.|,(X; \ W?) < ¥}, we have
() > 1=V (6, 8| H, V), v, 5(Xs \W?2) < Uy(6,8| H,V) for each z € (.

It follows from (5.3.4) that

, Aetndtn = [+ |
Xy Q X\

< 4\111(6,6|H,V)1/2/ (Var(vy s, ts) + 3HS) " dps(y)

Xy

U5, 8| H,V) + 4 / (Var(vy o, 1) + LHS)? due(y)
X\ Qe

1/2
< 40,(5, 8| H, V) (/ Var(6,, i) dus(y) + H(t — ) + %H&) U5, 8| H,V)
X

1/2
-+ 4,ut(Xt \ Qt>1/2 (/ Var(5y7 ,ut) dut(y) + H(t - S) + %Hé)
X

< 10W,(6, 8| H, V)2V + HT + H§)'? +0(5, | H, V) < Wo(8, 8| H, V. T).
Combining the estimates above, we have
/X N dlStﬁ;l (¢8*I/x1|8/7 ws*yx2|s) dqt(xla x2) < \D2<67 ﬁ ‘ H> V> T)
T X Xy

For a given ¢ > 0, we may first choose 3 < (e, H,V,T) and 6 < 6(e, H,V,T) so that U,
above satisfies W5 < e. Then choose § < §'(B, €, H,V,T), such that

24
|EU(—H5 0] < 75 + H '8 < €

(Recall that A =V + H(T + 1).) Then, by the definition of the F-distance, we have

distr ((Xi—1,0), (1t)tel-T.0)) + (X[U—Tp)v (1] )eel-T0))) < €
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]

Using essentially the same arguments as above, we can show that the operation of
parabolic scaling is continuous at scale 1 (and hence at any scale). We do not need the

following proposition in this article, and the detailed proof is left to the reader.

Proposition 5.3.2. For any H, V, T < oo and € > 0, there is § = §(H,V,T,¢) > 0
suth that the following holds. Let (X, (u;)) be an H-concentrated metric flow pair over
[T —1,0]. Suppose

sup Var(u,) < V.
t

If (N = 1] < 0, then

distp ((X[_T,o], (1e)iei-T,0)) » (X[(EAT,O], (N?’/\)te[—T,O))> <e.

Proposition 5.3.3. For any H, T < oo and € > 0, there is 6 = §(e, H,T) > 0 such that
the following holds. Let X be an H-concentrated metric flow over (—oo, 1) and xo € Xy. If
o € (0,9) and yo € P*(xo;0) N X_,, then

diste ((X-r0], (Vag | rer-1201) » (X0 (Vo Deer-m0))) <€

Here P* (as well as P** and P*~ in the proof below) is the Wi-parabolic neighborhood

defined in [Bam20b, Definition 3.38, Definition 3.39)].

Proof. We may assume that yo € P* (x9;0) because if yo € P*T(x¢;0), then xy €
P*(yo; ) and we switch the role of z and y.
Let 6 = d531(H, H(T 4+ 1),T,¢/2) > 0 be given by Proposition 5.3.1 such that

distr ((Xj—7.0], (Vao | ¢)tel-T,0)) » (X[ZT,O}, (V§O|t)te[—T,0])) <e€/2.
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By the monotonicity of the W;-Weinssernstein distance [Bam20b, Proposition 3.24(b)]

and the definition of P*~(x, ), for each t € [-T, —6?], we have

. Xto o o . X,(;Q
distyy, (Vrg 160 Vo 1) < distyy,” (Vag| 525 Vyo| —52) < 0.

By [Bam20b, Lemma 5.19], if § < ¢/2, then we have

disty ((X[iT,op (Vgo \t)tE[—T,0]> ) (X[LZT,OM (Vgou)te[—T,O])) <¢/2,

The conclusion follows from the triangle inequality of disty.

We are now ready to prove Theorem 5.0.2 and Theorem 5.1.11.

Proof of Theorem 5.0.2 and Theorem 5.1.11. Suppose xy € Xy, and yy € X, with s < 1.

Suppose that A\; — 0 is a sequence such that

Ctoy . —tohs F -~ ~
(X[_TO,O]], (Vo |1 ])te[fT,0]> o (X0 (Wi el-101) € Taps

for each T' < o0.
Suppose that yo € P*(xg; p), for some p < co. In fact, such a number p exists
because we may take zy to be an H-center of xy at time sy and take p to be any large

number so that

p > diStSO(yo, ZO) + H(to — 80) + V1 — So-

Then

dist 0~ < dist0 (s
18ty (Vyo\to—P27Vr0|to—P2) > diSty,, ( y07Vx0|50>

< disty, (Yo, 20) + dist;}/[ff (020> Vao | 50) < dists, (Y0, 20) + v/ H(to — s0) < p.
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If we write

Vi . y—toA; ~j . ~toAj
X=X s Vet T Ve T Va2

then

(to—s0)”

Note that H-concentration is invariant under parabolic rescaling. Hence for any € > 0, by
Proposition 5.3.3, there is 6 > 0 depending on €,T, H such that if j is sufficiently large so

that A\;jp < 6, then

. —t0,\j —to,\j —S0,\; —S0,\;
distp ((X[_T(”Of, (Vo |1 ’)te[_:r,o}> ; (X[_T({O]J, (Vo 11 ])tE[*T,O]>>
. & j 5 )\?(tofso) j )\?(tofso)
= disty <X[7T70}, (l/xo ‘t)te[fT,0]> , (X[7T30]> , <Vy0 \t> < e
te[—T,0]

It follows from taking e — 0 that 7 C 7,°. The proof of the other direction is the

same. O

Chapter 5, in part, has been submitted for publication joint with Chan, Pak-Yeung
and Zhang, Yongjia [CMZ21a]. Chapter 5 also contains material from [CMZ21c] which
has been submitted for publication and is a joint work with Chan, Pak-Yeung and Zhang,

Yongjia.
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Chapter 6

On Steady Ricci Solitons

By definition, a triple (M™, g, f) is called a steady gradient Ricci soliton or

steady GRS in short, if f is a smooth function on M such that
Ric = V*f.

f is usually called the potential function. We shall assume that (M", g) is an n-
dimensional complete Riemannian manifold.

Let {®;}ier be the 1-parameter group of diffeomorphisms generated by —Vf, i.e.,
0P, = =V fle,, Po=id.
Then g; := ®fg is a Ricci flow, called the canonical form of (M", g, f). It follows that
Bi(z,r) ={y : |2(2)®:(y)| <7} = O o(B(Ps(2), 7)),

forx e M,r > 0,t € R.

As a consequence of the second Bianchi identity,

VR = —2Ric(Vf,-).
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As observed by Hamilton,
VR = —2Ric(Vf,-) = —2V?f(Vf,:) = =V|Vf*.
Thus |V f|? + R is constant on M. We may normalize the metric so that
IVf?+R=1. (6.0.1)
Throughout this chapter, we shall assume that the smooth steady GRS (M™, g, f)
under consideration either
1. arises as a finite-time singularity model; or

2. has bounded curvature, i.e., sup,, |Rm| < oo.

These requirements are natural.

6.1 Preliminaries

Let us recall the full classification of three-dimensional shrinking gradient Ricci

solitons.

Theorem 6.1.1. Three-dimensional shrinking Ricci solitons can only be one of the
following.
S*/T, S* x R, (S* x R)/Z,

where I 1s a discrete group.

Proof. See Hamilton [Ha95, §26], Perelman [Per03a, Lemma 1.2], Cao, Chen, and Zhu
[CCZ08], Ni and Wallach [NW08]|, and Petersen and Wylie [PW10]. O
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6.2 Tangent Flows at Infinity in Dimension 4

Let us summarize Bamler’s recent structure theory for noncollapsed limits of Ricci

flows in dimension 4.

Theorem 6.2.1. If (M*,g(t)), t € (—00,0], is a 4-dimensional singularity model on
an orbifold with isolated singularities, then any tangent flow at infinity (M2 g.o(t)),
t € (—00,0), of (M,g(t)) is a 4-dimensional, smooth, complete, shrinking gradient Ricci
soliton on a Riemannian orbifold with (isolated) conical singularities. Moreover, either
(Moo, goo) is isometric to R*/T for some nontrivial finite subgroup I' C O(4) or Ry > 0
on all of M. For each t <0, the convergence to (Mu, goo(t)) is in the smooth Cheeger—

Gromov sense outisde of the discrete set of conical singularities.

Proposition 6.2.2. Any tangent flow at infinity of a nontrivial (M*, g;)i<o can only be

one of the following
R*/T" (but not R*), (S*/T) xR, §*xR?* ((S*xR)/Z,) x R.

If a tangent flow at infinity is R*/T, then (M*, g) is a Ricci-flat ALE space.

Proof. Firstly, we remark that the definition of a tangent flow at infinity, which uses a
space-time basepoint (xg,tg) € M x (—o0,0] and a sequence A\; — 0, may depend on \;
but is independent of the choice of (zg,to); see [Bam20b, Definition 6.55] and [CMZ21b,
Theorem 1.6](= Theorem 5.0.2). By [Bam20b, Theorem 6.58], any tangent flow at infinity
of a finite time singularity model can be realized as an F-limit of a sequence of compact
Ricci flows (rescalings of the original Ricci flow). By [Bam20c, §2.7], the Nash entropy of
the sequence is uniformly bounded away from —oo and thus the tangent flows at infinity
of singularity models always exist (even if they do not have bounded curvature).

We claim that each tangent flow at infinity is either R*/T" (I" # 1 by [Bam20c,

Theorem 2.40)) or splits off a line. In the latter case, since it is a smooth orbifold with conical
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singularities, by Theorem 6.2.1 it must be the product of R with a complete shrinking
gradient Ricci soliton (not necessarily with bounded curvature) on a 3-dimensional smooth
manifold with R > 0. The proposition now follows since these have been classified as S?/T,
S? x R and (S? x R)/Z,; see Theorem 6.1.1.

Now FF-convergence (see [Bam20b, Definition 6.2], when the limit is an orbifold with
conical singularities, can be upgraded to pointed Cheeger-Gromov convergence with respect
to H,-centers smoothly on compact subsets of the limit minus the conical singularities;
see [Bam20b, §9.4].

To prove the claim in the first paragraph of this proof, we consider two cases: (1)
V f remains locally bounded and (2) Vf goes to infinity. Suppose that the rescalings
(M, Xig(—A; 1), z;) of a steady soliton model, where (z;, —A; ') is an H,-center of (x,0) and
Ai — 0, limit to a complete shrinking gradient Ricci soliton (Mo, goo, 200) On a 4-orbifold
with conical singularities, after pulling back by diffeomorphisms ¢;. Let S, denote the set
of conical singularities of M., which is a discrete set of points, and let Roo = My — Seo-

We may assume that the steady soliton solution to the Ricci flow g(t) is equal to
®; g, where @, is the 1-parameter group of diffecomorphisms generated by —V,f. We define
fx,t) = f(®i(x)), so that Ricyq) = Vi, f(t). Let g; = \ig(=A;") and f; := f(-,=A71).
We have z,, € R4 and we have smooth pointed Cheeger—Gromov convergence of (M, g;, z;)

to the limit on compact subsets of R, (see [Bam20b, §9]).

Case 1: Suppose that, for a subsequence, |dfi|,, (z:) is uniformly bounded. Pass to
this subsequence. Let f; = fi — fi(z;). From the smooth convergence, we have that [Rm,,|
is uniformly bounded away from the conical singularities of the limit (after pulling back
by the diffeomorphisms ¢;). In particular, the consequent Ricci curvature bound and the
steady soliton equation imply that |V2 fils; < C on compact subsets of Rn,. Since Ry, is
connected and |df;|,, () < C, this implies that |df;],, < C on compact subsets of R

Thus, by fi(z:) =0, |V fils, < Ci(d(+,2)), and Shi’s local derivative of curvature
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estimates, we have that |V*f;],, < Ci(d(-,2)) for all k > 0 on compact subsets of R..
Hence the f; subconverge to a smooth function f., on R.. By taking the limit of the
steady soliton equation Ricy, = V2 f;, we obtain Ricg, = V2 _ fo on My, minus the conical
singularities. On the other hand, since (M, ) has a shrinking gradient Ricci soliton
structure, there exists a function fj such that Ric, = ng fo+ %goo, so that h := foo — fo
satisfies Lyngoo = QV?]ooh = goo ON M, minus the conical singularities. By adjusting A by
an additive constant if necessary, this implies that [Vh|2 = $h. Hence p := 2v/h satisfies
|Vplg, =1 and Vy,Vp = 0 on R, so that the integral curves of Vp are unit speed
geodesics. This implies that (M, g) is a flat cone whose cross sections are the level sets
of h.

Since the conical singularities are orbifold points, this implies that (M, goo) =
R*/T, where I is a finite subgroup of O(4). Therefore, on (M, g), we have R,(w;) =
AiRg, (z;) — 0, where w; = ®_y/), (). We also have that |df|2(w;) = Ai|dfi|2 () — 0. So
on (M,g), R+ |df|* = C = 0, which implies Ric, = 0. Since the steady soliton singularity
model has Ry, = 0, by the first author’s generalization of Perelman’s no local collapsing
theorem [Bam20a, Theorem 6.1], there exists k£ > 0 such that Vol,(BY(xq)) > kr* for
r > 0; hence, by definition, g has Euclidean volume growth. It now follows from Cheeger

and Naber [CN15, Corollary 8.85] that (M, g) is an ALE space. Note that I' # 1 also

follows from the equality case of the Bishop—Gromov volume comparison theorem.

Case 2: Suppose that, for a subsequence, |dfi,(2) = B;i* — oo. Pass to this
subsequence. Let f; := B;(fi — fi(z:)). Then fi(z) = 0, |df;

o(z) =1, and V2 f; = 0
on compact subsets of Ro. Again, we have higher derivative estimates for f;. Thus,
the f; subconverge to a smooth function f., on R satisfying V?]w foo = 0 on Ry and
|dfo g (200) = 1. This implies the splitting of (R, goo). Since the singularities are conical,

there are no singularities and hence (M, goo) splits. O]

The discreteness of the space of 3-dimensional shrinking solitons occurring in
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Proposition 6.2.2 implies the following.

Proposition 6.2.3. Any 4-dimensional steady gradient Ricci soliton singularity model

(M*, g(t)), with potential function f(t), has a unique tangent flow at infinity.

Proof. If one tangent flow at infinity is R*/T, then (M, g(¢)) is a Ricci flat ALE space as
we have seen in the proof of Proposition 6.2.2, and thus in this case any tangent flow at
infinity is R*/T". So we may assume that no tangent flow at infinity is R*/T".

Let X be the metric flow induced by the Ricci flow (M* g(t)); see [Bam20b,
Definition 3.2]. Let [ = [—2,—1/2] and let

T := {metric solitons (Y, (1)) that arise as

tangent flows at infinity of X', restricted to I } ;

see [Bam20b, Definition 3.57] for the definition of metric soliton, and see [Bam20b,
Definition 3.10] for the definition of the restriction of a metric flow. By Proposition
6.2.2, the elements of 7 are the metric solitons associated to N x R, where N is a 3-
dimensional complete shrinking gradient Ricci soliton structure that is isometric to S?/T,
S? x R, or (S? x R)/Z,. Note that these are the splitting quotients of S¥ x R*~* with the
metrics 2(k — 1)gsk + gra—+, k = 2,3. Hence the metric space (T, d{) is discrete, where dj.
denotes the F-distance introduced in [Bam20b, §5.1] and where J is taken to be {—1} for
convenience. By [Bam20b, Theorem 7.4], T is compact and thus finite.

Let 10¢ be the smallest distance between elements of (T, d}) and suppose that this

distance is attained by (VF, u¥) € T,k = 0,1, i.e.,

10e = dy (V7. (1)), (V1 (1)) -
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Then there are sequences of scales Ay ; — 0 as j — oo such that
. Py Py
lim di (O b, (™, (vat)) ) =0,

for k = 0,1 and where X~27* denotes the time-shift by —AT and then parabolic rescaling
by A of X as in [Bam20b, §6.8].

By discarding some scales, we may assume that A\g; < A; ;. There is a j such that
if j > j,

i (8 (), (0, (25)) ) < e

It follows that

0,005 (.00, 0L (. 0L
0 (A2, (20)). (A0, (20°))) > 5e
Note that there is a continuous curve connecting the two rescaled flows:
%) = (", (V)

for n € [Xoj, A1;]. So there is some n; € (Ao j, A1;) such that

(o), (R0 (250))) € P24

meanwhile,

& (), (2, (42227)) ) > 26

By the existence of tangent flows at infinity, a subsequence of ;(n;) converges to a

splitting metric soliton (Z, (u:)). Hence

di (21, (1)), (V1 (1)) € [2¢,4e),  dig (21, (1)), (V1 (1)) = 2,

which is a contradiction to the definition of e.
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6.3 Structure of 3-Cylindrical Steady Solitons

In this section, we aim to prove the following main theorem in [BCDMZ].

Theorem 6.3.1. Let (M*, g, f) be a 4-dimensional complete steady gradient Ricci soliton
that is a singularity model. Then the tangent flow at infinity is unique. If the tangent flow
at infinity is (S3/T) x R, then, for any € > 0, outisde a compact set we have that each point

1s the center of an e-neck, has positive curvature operator, and linear curvature decay.

We shall mainly focus on proving that outside a compact set, each point is the
center of an e-neck, which is similar to Perelman’s canonical neighborhood theorem [Per(2,
§12]. Our proof here is slightly simpler than [BCDMZ, Proposition] and we will use the

rough continuity of H,,-centers proved in Proposition 3.3.15.

Proposition 6.3.2. Let (M™, g;)ier be the canonical form of a steady GRS. Fix o € M.

H’OO = l‘llf o.( 7 Q.

Let (zs,8) be an Hy,-center of (0,0) for each s < 0. Then for s <t < —1,t —s <1, we

have

|ze25]s < C(n, poo) V/]8]-

Proof. Note that R <1 on a (normalized) steady GRS. So this is a direct application of

Proposition 3.3.15. []

When a tangent flow at infinity is (S®/T") x R, we obtain a canonical neighborhood-
type result. The idea of the proof is that in lieu of proving continuity of H,-centers (which
are not unique) in the variable A, we show an overlapping property for e-necks centered at

H,,-centers.
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Proposition 6.3.3. Suppose that a 4-dimensional steady gradient Ricci soliton singularity
model (M*,g(t), f(t)) has a tangent flow at infinity isometric to (S*/T') x R. Then, for
any € > 0, there exists a compact set K. C M such that any x € M — K, is the center of

an e-neck with respect to g = ¢(0).

Proof. By Proposition 6.2.3, there exists a finite subgroup I' of O(4) such that each tangent
flow at infinity of (M, g(t)) is ((S*/T") X R, gey1), where

geyl = 4gs3 /v + 9r-
Let po be the shrinker entropy of gey. Let A > A(n, po) be a constant such that
A>10C(n, piso),

where C'(n, o) is given by Proposition 6.3.2.

Let A > 0, let (z), —1/\) be an Hy-center of (z¢,0), and define g)(t) = Ag(t/A). By
the above, there exist € = €(\) > 0 and a diffeomorphism W, : B;'ﬁ — B(zx, 1/€;gx(—1))
such that limy_,o€e(A\) = 0 and

|"II§\QA(—1> - gcylHC[l/e](B;)//l) <e,

where Bfﬁ denotes a ball of radius 1/e in ((S?/T) x R, gey1). That is, 2 is the center of an
e-neck in (M, gr(—1)). Note that gi(—1) = A®", g, where g := g(0) and ®; : M — M is
the 1-parameter group of diffeomorphisms generated by —V,f. We have the composition

of diffeomorphisms

BIL % Blay, 1/e59a(—1) —2 Blwn, 1/(VAe): g) =: My,
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where wy 1= ®_;/5(25). So

[A(P_1/n 0 Wy)"g — gcy1||c[1/e](3m) <e

In particular,

|[Rmy|(z) ~ e for allz € M,

Choose A > 0 to be small enough so that if A < A, then ¢(A) < 107 and
Vi i= B(2x, A;91(=1)) = B_ya (2, A/\/X)
is diffeomorphic to the corresponding ball in (S*/T") x R. Write
Uy = B(wy, A/VA) = &_1,0(V3). (6.3.1)

We will next show that

M — K, c | J 100,

A>0

for some compact set Ky, where we denote by
aB(z,r;g) == B(z,ar; g)

for any a > 0. This suffices to show that every point outside of Kj is the center of an

e-neck if we enlarge € slightly.

Claim: For any Ay > 0, there is a §(A\g) > 0 such that if |\ — \g| < 0, then
UxNU,y, # 0.

Proof of the claim. Let |\~ —)\;'| < 1 and we shall consider the case where —A~! < —)\j*.
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The proof of the case where —A\;' < —A~! is similar. We write
S:—]_/)\, t:—]_/)\()
By Proposition 6.3.2,

|Ds(25) s (20)| = [252e]s < Cm, /”LOO)\/E < A\/H/l().

Since |V f| < 1, for any = € M,
t
|Ds(2)Dy ()] < / |0, P, (z)]dr < (t —s) < 1.

So
[wswe| = [@4(25)Pe(2)| < AV/|s|/5,

and thus Uy N U,, # 0.
]

By Munteanu and Wang [MW11], M is connected at infinity if it does not split for
smooth steady solitons. Thus M — U, has two components when A\ < \. Let W© be the
unbounded component of M — Uy and let W) = M — W°, which is clearly bounded.

Now let Ky = Wf. Then K is compact. Fix = ¢ Kj. Consider
A:={XN€e(0,1):z € W}

Let Ao = inf A. We claim that Ay € (0,A]. In fact, Ay < X directly follows from the
definition. If Ay = 0, then there is a sequence \; — 0 such that z € ijo and thus there
is a sequence y; € 8Wj\’;’ C 0U,, that stays bounded. By passing to a subsequence, we

may assume that y; — y for some point y € M. Then |Rm|(y) = lim;_, |Rm|(y;) <
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lim; o C,A; = 0, which is a contradiction to the assumption that R > 0 on M.
By definition, there exists A; > A\g such that A\; € A and A\; — Ay < 6(\g)/2. Pick

Ao € (0, \g) such that \g — Ay < /2. We proved above that
Uy, NU,, # 0.
Since x € WY , we have z € 10U,,. Thus

M- K, C U 10U,

A>0

As 10 < 10%()\) and 10U, lies in the middle of the neck region I, := 106;(/\)(])" we have
that every point outside of K| is the center of an e-neck. This completes the proof of the

proposition. O

As a result, we can see that if (M* g(t), f(t)) is a steady gradient Ricci soliton
singularity model whose tangent flow at infinity is (S*/T") x R, then it is asymptotically

(quotient) cylindrical in the following sense: for any sequence x; — oo,
(M, R(z;)g, 2;) — ((S*/T) x R, §, o)

(without passing to a subsequence), where g is the rescaling of the standard cylindrical
metric with scalar curvature R(g) = 1. In fact, for any z; — oo, by the last proposition,
x; € 10U, for some A; > 0. Since R(z;) = 1.5); + o(1) and 10Uy, C 9, is an e-neck, we
have the convergence.

We refer to [BCDMZ] for the rest of the proof of Theorem 6.3.1. We remark
that Deng and Zhu [DZ20b] proved that if a 4-dimensional steady GRS is asymptotically
cylindrical, then it has positive curvature operator outside a compact set and the curvature

decays linearly. In [BCDMZ]|, we proved this result for general dimensions.
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6.4 Location of /-centers

Since the canonical form of the steady soliton (M™, g, f) moves only by diffeomor-
phism, we may work with Perelman’s £-geometry [Per02, §7] on the background of the
static manifold (M™, g).

As mentioned before, we will use g; to represent the canonical form of the steady
soliton (M™, g, f) satsifying the conditions of Theorem 6.5.1. Recall that Perelman defined
the L-length in [Per02, §7]|. For any 7 > 0, and any piecewisely smooth curve I' : [0, 7] — M
with I'(0) = o,

o) = [ VAR, )T ds

To reinterpret the £-geometry on the static background (M, g), let
v(s) = P_4(T'(s)) for se]0,7].

Then

"Y = Vf’F + @,S*(F),

and

£(r) = / V(R 4 5 — VIR) (1(s)) ds,

and this expression only uses the static metric g. If we perform a change of variables:

u = /s, and write J(u) = v(u?), then
VT
(D) :/0 (515 — 20V [ + 207 R(3(w))) du.

For any x € M and 7 > 0, we define

L(®,(2),7) := inf £(T),
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where the infimum is taken over all I' : [0, 7] — M with I'(0) = o and I'(7) = ®.(z). On

the static metric background, we may define an equivalent function:

A(z,7) = L(®,(x),7) = inf /OT VS(Rg+ 17 = Vf2)(v(s)) ds, (6.4.1)

where the infimum is taken over all v : [0,7] — M with 7(0) = 0 and 7(7) = z, and a

curve at which the above infimum is attained shall be called a A-geodesic. Accordingly,
define

N, 7) = (@ (2),7) = #A(my

Arguing as Perelman in [Per02, Section 7.1], we have that, for any 7 > 0, there is a point
pr € M such that A\(p,,7) = (P, (p-),7) < n/2. Any such point p, is called an (-center
at time —7. Note that in our current case we are considering the /-center on a static metric

background, hence it differs from the ¢-center defined in [CMZ21a] by a diffeomorphism.
Lemma 6.4.1. \(o,7) > 7/12, for any 7 > 0.

Proof. Let 7 :[0,7] = M be a loop at o and let 4 : [0, /7] — M be the reparametrization:

F(u) = vy(u?). Then

\/7_

/OT Vs(R+ |7 — V[ :/o (% |fLy—2qu‘2+2u2R(’y(u))) du.
VT
= /0 (331 = 2u(f o7 — f(0)) + 2u?) du (6.4.2)

vT oo
_ g/ + / (L3P +2(f 0 3(u) — £(0))) du,

where in the second equality we have applied (6.0.1). Let F(u) = f o y(u) — f(0) and
define

L:= sup dist(o,%(u)) =: dist(o,¥(u1)),
u€[0,/7]
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for some u; € [0, /7). Then we have
LvT o1 fm, 1 YT
- 2> - S22 4= 5
s [ vz [EEes [T
>L2 l+ 1 >2L2
- 2 (51 ﬁ—ul _\/F’

where we have applied the Cauchy-Schwarz inequality (e.g. L? < ([ |7)2 < [;" |7]* -

“112). Since |V f| < 1 by (6.0.1), we have
0
|F(u)] < dist(F(u),0) < L, Yu € [0,7],

and thus
-
/0 2(f o 3(u) — f(0))du > —2Ly/.

In summary, we have

212
— —2L71

| Vs =iy 2 g 2

2 30, 2 0
~ = S (I*—L
37 TR )

1 2
= 2732 4 —(L—7/2)*> /2,

NG

and the conclusions follow by taking the infimum on the left hand side.

O

The following Lemma is straightforward and is similar to the standard triangle

inequality; c.f. [CMZ21a, §4, Claim 3].
Lemma 6.4.2. For any x,y € M,7 >0 and any 6 € (0,1),

dist?(z, )

5 + 567.

Mz, (1+6)%7) < My, 7) +
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Proof. Let v, : [0, 7] — M be a minimizing A-geodesic from o to y, namely, a curve at which
the infimum in (6.4.1) is attained. Let 42 : [/7, (1+0)+/7] — M be a minimizing g-geodesic

from y to z with constant speed. Define v, : [1, (1 + §)*7] = M by 72(s) = Fa2(1/3).

Az, (1+8)r) < / SR+ i = VP (n(s)) ds

(146)27
n / VSR + o — V) (ra(s)) ds

(1+6)v/T ) )
< Ay + /f (1A + 2ulal [V ] + 262(R + [V ) du
(14T )
< A7)+ / (Jal? + 4u?) du
\/,7_
ist(z,y) | (40— 1 4,
N 3

dist?(z, )

0NT

<Ay, 7) +

< Ay, 1)+ + 106732,

The conclusion follows by dividing 2(1 + §)+/7 on both sides. O

Lemma 6.4.3. There is a universal constant o € (0,1), such that for any T > 7(n) and
any {-center p,, we have

dist(p,,0) > ar.

Proof. By Lemma 6.4.1 and Lemma 6.4.2, for any ¢ € (0,1), if 7 > 7(n, ), then we have

1 2 s 12
—( +o)T < Mo, (1+ 5)27') < Xp,,T) + —dlSt (pr, 0) + 50T
12 oT
. 9
< A5t pr0) o5,
oT

where we have used the fact that A(p,,7) < 4. We may take, e.g., § = 1073 to obtain the
inequality.

]

Lemma 6.4.4. For any 7 > 7(n), there is x; € M such that dist(z,,0) = T and

141



Mz, 70) < C for some 1y € [cT,7/a], where ¢ > 0 and C' < oo are dimensional constants

and o 18 given by Lemma 6.4.5.

Proof. Let v :[0,7/a] = M be a minimizing A-geodesic from o to p := p;/o. By Lemma

6.4.3, dist(p,0) > 7. So we can define
7o :=sup{s € [0,7/a] : dist(y(s),0) < 7}, x;:=v(70).

We first show that 79 > ¢7 for some universal constant ¢ > 0. Define 7 : [0, T/ a] — M

by 74(u) = v(u?). Note that, arguing in the same way as (6.4.2), we have

1 \/’5;2 V7o i3
3 [ B ar)+ [T 2,9
0 0
L [vVe L, ve o,
aty [CHEea [T
4 Jo 0

1
—/ 171? < nv/7/a + 73/2.
0

4

It follows that

1 1 1
17—2 = Zdist(O, 1’7‘)2 Z (/ |7|> — 4\/7?0/ |/y|2

4
< n\/TOT/Oé—i— 7'0 < 87’ + 373,
if 7 > 7(n). Hence 7y > ¢7 for some dimensional constant ¢ > 0. Then

Aar, 7o) < V\/TF/OO‘A(p, r/a) < 5 n

3
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6.5 Optimal Volume Growth

In this section, the main result is the following.

Theorem 6.5.1. Suppose that (M™, g, f) is a complete steady gradient Ricci soliton

normalized as in (6.0.1) and the canonical form (M™, g;)ier has bounded Nash entropy:
oo 1= }_I;ENO’Q(T) > —00.

Additionally, assume that either one of the following conditions is true:
(1) (M"™, gi)ier arises as a singularity model; or
(2) (M™,g) has bounded curvature.

Then

n+1

c(n, pioo)r 2 < |Bp(0)] < C(n)r™  forall 1> 7(n, ),

where ¢(n, ) 15 a positive constant of the form

c(n) et

o) =

Furthermore, the upper bound is also true for all ¥ > 0 (instead of r > 7(n, i) ).

Lemma 6.5.2. Suppose that (M", g, f) satisfies the assumptions in Theorem 6.5.1. Then

for any T > 7(n), there is x, € M such that dist(xz,,0) = 7 and
|B(x,, VAT)| > cel=r"/?,

where A = C,(1 — pso), ¢ = ¢(n) > 0.

Proof. Let v, = v, be the conjugate heat kernel (c.f. [Bam20a, Definition 2.4]) based at

(0,0) coupled with the canonical form (M, g;). Let =, 79 be given by Lemma 6.4.4. Recall
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that c7 < 19 < 7/a and Az, 79) < C, for some dimensional constants ¢, C' and « is given

by Lemma 6.4.3. By the proof of [Bam20a, Theorem 6.2], it suffices to show that

Vo (Bg_m <yT, \/m» >1/2, (6.5.1)

where y, = ®,,(z,). Because once we can show (6.5.1), by the proof of [Bam20a, Theorem

6.2], we have

(6.5.2)

5 e V7), 25 o V) = ., ()

n/2 n/2
> cpel'>r1y’ " > cpetcr / ,

9—7g

where we used the fact that 7/a > 79 > ¢7 for some dimensional constant ¢ > 0. We leave
the details of the proof of (6.5.2) to the reader. Note that, by [CMZ21a, Proposition 3.3],
[Bam20a, Theorem 6.2] also holds for Ricci flows with bounded curvature on compact
intervals.

Now we prove (6.5.1). Let (z, —7) be an H,-center of (0,0). By [Per02, 9.5] and
[Bam20a, Theorem 7.2] (or [CMZ21a, Theorem 3.2]), we have

(4m70) 2™ < (dmro) e ) < K(0,0 ]y, —70)

dist” . (y-, 2) >

< C’ne_“‘X’TO_n/2 exp (— 9
70

where K is the fundamental solution to the conjugate heat equation, and we also used

Lemma 6.4.4 and the fact that {(y,, 1) = A(x,,70) < C. Hence

dist? . (yr, 2) < 9(—fioo + Ci)To.
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We choose A so that

aA = 18(—ps + Cy) + 10H,,.

By [Bam20a, Proposition 3.13], we have

o (B () 200 (5, (VD) 21 22

So we finished the proof of (6.5.1).

Now we are ready to prove Theorem 6.5.1.

Proof of Theorem 6.5.1. Let 7(n) < oo be given by Lemma 6.5.2. For each r > 10A+47(n),
we construct a decreasing sequence r =7y > 7o > --- > 7y > 0, such that 7y < r/10 and

for1<j < N-—1,

Tj = T = VAT + ATy

As long as 7; > /10, the above equation is solvable for positive 741 since the discriminant
A+4(r; —\[Ar)) = 475 — VA/2)? > 0. Since 7; > r/10 and r > 104, there is a unique
positive solution for 7;;,. Moreover, 7; — 741 > \/A_TJ > \/T/l(), hence we can find a
finite positive integer N such that 0 < 7 < r/10. For each j, by Lemma 6.5.2, there is

xj € M such that dist(z;,0) = 75, and
‘B (:Bj, \/AT]->‘ > c(n)e“‘”ffﬂ.

By the construction of {7;}, the balls {B (:zrj, AT ) }jv are pairwise disjoint. It follows

=1
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that

N-1
c(n) o 2
> o™ D (1= Tin)
j=1
N-1

Y
N
g
=
8
1]
\
\]
o
IS
q

j=1 Y Ti+1
(n) ' .
__c(n Loo n—.
= e T2 dr
VA /
TN
n+1
Z C(n)eﬂoor 2

]

Chapter 6, in part, contains material published on Advances in Mathematics 2022
[BCDMZ]| joint with Bamler, Richard H; Chow, Bennett; Deng, Yuxing; Zhang, Yongjia.
Chapter 6 also contains material from [BCMZ21] which has been submitted for publication

and is a joint work with Bamler, Richard H; Chan, Pak-Yeung; Zhang, Yongjia.
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Chapter 7

Steady Solitons with Nonnegative
Ricci Curvature

In this chapter, we shall study some aspects of steady gradient Ricci solitons with
certain reasonable curvature conditions. As expected, we should have better results under
such conditions.

We shall follow the same notations as in the last chapter. By definition, (M", g, f)

is called a steady gradient Ricci soliton if f is a smooth function on M such that
Ric = V?f.

f is usually called the potential function. We shall assume that (M",g) is an n-
dimensional complete Riemannian manifold.

Let {®;}4er be the 1-parameter group of diffeomorphisms generated by —V f, i.e.,
@CI)t - —Vflcpt, (I)O — ld

Then g; := ®}g is a Ricci flow, called the canonical form of (M" g, f).
By Hamilton [Ha95, Section 20], |V f|?> 4+ R is constant on M. We may normalize

the metric so that

IVf?+R=1.
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7.1 Preliminaries

We state a useful Lemma of the similar spirit to Lemma 2.2.3, although we remark
that the following Lemma was found before the authors were aware of Lemma 2.2.3 from

[Liu91].

Lemma 7.1.1 ([CDM22, Lemma 9.7]). Let (M™,g) be a complete Riemannian manifold
and K C M be a compact subset. Then for any sequence pp — 00, there is a subsequence
{pr; }j>0 such that every minimizing geodesic from py, to py, does not intersect K, for any

i, 2 0.

Proof. Fix p = py. Suppose that K C By(r — 1) for some r > 1. Let v;(t) = exp,(tv;) be
a minimizing geodesic from p to p; with v; € T,M, |v;| = 1. By passing to a subsequence,
we may assume that v; — v for some v € T, M. Let v(t) = exp,(tv).

We claim that there is jo > 1, such that any minimizing geodesic from p; to p,
stays away from B,(r), if ¢, > jo. The Lemma follows from this claim immediately.

We prove the claim by contradiction. Suppose that the claim fails, which means
that for any j > 1, there exist indecies a;,b; > j, a minimizing geodesic o; : [0, {;] — M

from z; := p,, to y; := py, and there is s; € [0,¢;] such that

zj 1= 0j(s;5) € By(r).

Fix ¢ > 2r. Since z; € B,(r),

lzjy5| = |22 + 2595 > |20 — |25p] + |y;p| — |20

> |;p| + [y;pl — 2
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On the other hand,

|xjyj| S |:L'j’yaj (€)| + |/yaj (E)’Yb] (£>| + |’ij (g)y]|

= Ya; (O) 7, (O)] + |2p] + [y;p| — 2¢.

It follows that

Va; (O) v, (€)] = 2(€ — 1) > 21 > 0.

However, as j — oo, by the convergence v; — v,

[Ya; (€76, (O] < 1, (OF(O)] + |, (€)y(O)] = 0,

which is a contradiction.

7.2 Growth of the Potential Function

Throughout this section, (M™, g, f) is a complete steady gradient Ricci soliton
satisfying
Ric = V2f, R+ |Vf]*=1.

We shall investigate the conditions for f to grow linearly.
For simplicity, we say that a function v on (M™, g) has linear growth, if there is

a point o € M and constants ¢, C' > 0, such that

cloz| = C < u(x) < Clox| + C, (7.2.1)

for all x € M.

For the potential function f, by our normalization R + |V f|> = 1 and the fact that
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R >0, (by [Ch09] or Theorem 3.1.4,) we have |V f| <1 and thus

fz) < f(o) + |ox,

for all z € M. However, it does not seem to be simple to find a lower bound for f.

Let us record the following result in [CDM22].

Theorem 7.2.1 ([CDM22, Theorem 2.1]). Suppose that Ric(Vf,Vf) > 0 outside a

compact set and the scalar curvature decays uniformly. Then f has a linear growth.

For a steady gradient Ricci soliton (M™, g, f), it is obvious that if R has uniform

decay, then the critical set of f

C:={z|Vf(x)=0}

is nonempty and compact. The converse is not correct. For example, consider the product
of two Bryant solitons. Thus, it is strictly weaker than the uniform decay of R to assume
that C is nonempty and compact.

The following arguments are indeed contained in [CDM22; Section 9]. We shall

record them for future use.

Proposition 7.2.2. Suppose that Ric > 0 everywhere on M. If C is nonempty and

compact, then f has linear growth.

Proof. Pick o € C. Suppose that C C B,(A) for some A > 0.

Claim: For any r > 2A and any x ¢ B,(r), there is ¢, > 0, such that

D, (x) € OB,(r); D,(x) & Bo(r), te]0,t,).
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Proof. Since Ric > 0 on M, for t > 0 and any x € M,
dist(o, ®4(z)) = |ox|; < |ox|,

by the standard distance distorsion estimate. (See, e.g., [Ha95, Lemma 17.13].) So the
curve ®,(x) stays bounded for t > 0.
We show that ®;(z) accumulates on C. Suppose to the contrary that there is a

subsequence t; — 0o, &, (x) — y for some y but y ¢ C. Let 2¢ = |V f|*(y) > 0. For ¢t > 0,
DIV F(®,(x)) = —2Ric(V £, ¥ 1)(@,(x)) < 0.
Thus for large 7,
tj
F@ @) — fx) = = [ [VSP(@.@)ds <~ V@, (@), < e,
0

which is impossible since f(®;;(x)) — f(y) while t; — oco. Hence ®;(x) accumulates on C.

Since C C B,(A), there must be such a number ¢, > 0 for each x & B,(r).

Now we fix rqg > 2A. Let C,0 > 0 be constants such that

min f>—C, min |[Vf|>6.
OBo(r0) f - 0Bo(r0) | f‘

Then

f(2) = f(@0.(2)) + / IV (@) ds

> C 4 V(@ (x)) / 0,04 ()]s

> —C+6-d(x,0B,(rg)) > Blox| — (C + Ory).
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Thus, f has linear growth. O]

Lemma 7.2.3. Suppose that Ric > 0 outside a compact set and f is proper. Then C is

nonempty and compact.

Proof. As f is proper, it has a minimum and thus C is nonempty.

Suppose that Ric > 0 outside B,(A) for some A > 0,0 € M.

Suppose that C is not compact. Then there is a sequence z; € C and x; — 0o. By
Lemma 7.1.1, we may assume that there is zy € C such that for each j > 1,z; € C and
any minimal geodesic from xy to x; does not intersect B,(A). Let v; : [0,¢;] — M be a
normal minimizing geodesic joining zy to ;. Note that ®,(z;) = z; for all ¢ since z; € C.

Thus, for any t € R,

|I0:Uj|t = diSt(q)t(ﬂfo), (I)t(.fl,’])) = |I0$j‘ = gj-

We denote by L;(7) the length of a curve  with respect to metric g;. For t € (—1,1),

Lt(f}/j) > \Iol‘jh = {j, Lo(fyj) = /.

So
d

i Lt(%) =0.

t=0

On the other hand, by the standard distance distorsion formula under Ricci flow [Ha95,
Section 17],

0= 2

45
o Li(vj) = —/ Ric(j, ) (s) ds-
0

t=0

Since ; does not intersect B,(A), Ric(;,7;)|) = 0 for s € [0,¢;]. It follows that

Ric(7j7 ;yj)|'Yj(3) = 07
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for all s € [0, £;]. So ;(s) is a null eigenvector of Ric|,, () and

OsR(v;(s)) = —2Ric(Y;, V) (v;(s)) =0, Vs €[0,4].

Then
IV f1(7(s)) = [V fl(zo) =0, Vs € [0,4].

Thus, for any 7 > 1,
fxj) = f(@o),

which is a contradiction to the assumption that f is proper.

In summary, we have the following.

Proposition 7.2.4. Suppose Ric > 0 on a complete steady GRS (M™, g, f). Then the

following are equivalent:

e f is proper;
e f has linear growth;

e C is nonempty and compact.

We shall refine the constants in (7.2.1) given that f is bounded below. We record

the following argument from [DZ20b, Lemma 2.2].

Proposition 7.2.5. Suppose that Ric(V f,Vf) > 0 outside a compact set and f is bounded
below. Suppose that

limsup R(z) <1 - 62,

T—r00

for some 0 € (0,1]. Then f has a linear growth. In fact, for some o € M, (and thus for
alloe M,)
lim inf /() > 0.

T—00 |0;(:|
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Proof. Suppose that Ric(V f, V f) > 0 outside B,(A) for some 0 € M, A > 0. For simplicity,
we write

K,:= inf |Vf].

M\ Bo(r)

Then the assumption implies that

lim K, =sup K, > 0.

r—00 r>0
Hence, for any € € (0,0), there is A, > 2A such that

K,.>60—¢ forall r>A,.
Since f is bounded below, by adding a constant, we may assume that
f>0, on M.

Claim: for any € > 0, r > A, and any x ¢ B,(r), there is t,, > 0, such that

Op,, (¥) €0Bo(r);  ®u(w) & Bo(r), t€[0,t,,).

Proof of Claim. The proof is similar to Proposition 7.2.2. Suppose to the contrary that

®,(z) ¢ B,(r) for any t > 0. Thus for any ¢ > 0,

(@) < F(@y(x)) — f(z) = / VP(@y(x)) ds < —K2 < —(0— o)1,

which is impossible since ¢ can be arbitrarily large. Hence such a number ¢, , exists. [

For any € > 0, 7 > A., and any = ¢ B,(r), let y, := @y,  (z). Since Ric(Vf,Vf) >0
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outside B,(A), for t € [0,,.,),
OV f1*(®@i(2)) = —2Ric(V f, V f) < 0.
Then

f(2) = Flu) + / V(@ () dt

> [V £|(m) / " |0Di (o))t

> K, Jey,| = (6 - )(lox| - 7).

In particular, the inequality above holds for r = \/|ox|, if |oz| > A2. So

f@) |

jox|

0—e)(1—1/r).
The conclusion follows since € is arbitrary. O]

7.3 Asymptotic Volume Ratio

We first prove a point picking lemma similar to Appendix H of [KLO8] for a relatively
general setting.

Let (M"™, g) be a complete manifold and f : M — [0,00) is a proper continuous
function. For applications, f can be taken as the potential function of a steady GRS.

We define some annuli around p € M of relative width a > 0 as

Aa(p) =z [f(x) = f(p)| </ f(p)}-

Note that Deng and Zhu first considered such annuli which are written as M, , in their

works [DZ19, DZ20a, DZ20b].
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Lemma 7.3.1. Let Q : M — [0,00) be a continuous function and (M™,g), [ be as

above. For any p with f(p) > 100a?, there is x € Asn(p) and & € (0,a], such that
a*Q(z) = ’Q(p) and
Q <4Q(zx), on As(z).

Proof. Suppose that no such x exists. Let yo = p, ap = o, Qy = Q(p). We shall construct

a sequence (y;, ;) and prove inductively that
=i 1/2, Qi >4Qi1, oif(y) < %a?flf(yi—l)a

where Q; = Q(y;).
Suppose that we have chosen yp,--- ,y; with the estimates above. If @ < 4Q);

on A, (y;), then we may choose x = y;, which is a contradiction to our assumption.

ThUS, there is Yj+1 € Aa (y]> such that Qj+1 = Q(yj-l—l) > 4Q] Set Q41 = ozj/2. Then

J

oF Q11 > aFQ; and
A f(yin) < 307 (f(yj) + f(yj)) < 331f(y) + 5 ()] < 505 f(y)),

where we may use a continuity argument to show that f(y;) > 4a? and thus we have

o/ f(y;) < 2 f(y;). It follows that for k=0, -, j,
|F(ri1) — Fn)| < v/ Fun) < ana/ flyp-1)/2 < -+ < an/f(p)27"2,

and thus

F(ian) = FO) <Y1 (wkn) = Fun)l < a/F(p) Y 272 < 3a/f(p).

k=0

So we can find an infinite sequence {y;}%2, living in a compact region, but Q(y;) — oo,
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which is a contradiction. O
Proposition 7.3.2. If |[Rm| < C/r and AVR(g) > 0, then Ric = 0.

Proof. Steady solitons with linear curvature decay and nonnegative Ricci have been studied
extensively in a series of work by Deng and Zhu [DZ19, DZ20a, DZ20b]. It’s not hard to
adapt their proofs to our settings, i.e., Ric > 0 outside K.

For any z; — o0,

(M, |Rm|(z:)g, ;) = (Mw, goos Too)s

in the sense of Cheeger-Gromov, such that

X® = [Rm|(z;) 2V — X, VX™ =0.

Thus M., = R x N and N has maximal volume growth. But N is diffeomorphic to
{f = ro} which is compact. This is a contradiction. See [DZ20b, Section 6] for a complete
argument.

O

We would like to rule out the case where Rm has no linear decay under the

assumption that M has maximal volume growth.

Proposition 7.3.3. Suppose Rm has no linear decay and AVR(g) > 0. Then there is a
sequence x; — 00,r; — 00, such that |Rm|(z;)f(z;) = oo, B; = B(xj,1;) are pairwise
disjoint, and

(B, [Rm|(z;)g, ;) = (R x N, ds* + gn(t), (0, 7))

as an ancient Ricci flow fort < 0. gn(0) satisfies Ric > 0, |Rm|(zs) = 1, AVR(gn) > 0.

Curvature of gn(t) is bounded on bounded time intervals.
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Proof. There is a sequence y; — 0o, such that |Rm|(y;)f(y;) — oo. Fix @ > 1. By point

picking, there is x; € A3,(y;) and «; € (0, /2] such that

403 |Rm|(z;) f (x;) = o®|Rm|(y;) f (2;) > %R (y;) f (y;) = oo,

and

[Rm| < 4|Rm|(z;), on Ay, (7;).

Let 1j = ajv/f (). Since | f(z) — f(y)| < d(z,y),
Bj = B(wj,1;) © Asa, (7;)-

Clearly {B;} can be taken to be pairwise disjoint. Set

Q; = [Rm|(z;), ¢;(t) = Q;P50,l9],
where @, is the flow of —V f. We denote by

B(x,r;h)

the ball with respect to metric h. As Ric > 0,

B(x;,75;9;(t)) € B(zj,r;), vt <0,

where

7y = oy(IRm] ;) £ (2,)) /2 = Q)*r; — oo

In particular, r; — oo.

Fix any T > 0, we show that there is a constant Cr, such that [Rm|,, < Cr on
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B(x;,7;;9;) x [=T,0]. For x € B(x;,7;;9;) = B(xj,7;),t € [-T,0],
0
|Dy(x), x| < /t |05@s(2)|ds < T < r;/2,
when j is sufficiently large. It follows that
®,(z) € B(wj,2r;) € Asa,(x)),
and thus
[Rmy, (z,t) = Q7 [Rm[(Py(x)) < 4, V(x,t) € Blx;, 755 9;(0)) x [T, 0].

By E.2 of [KLO08|, after passing to a subsequence if necessary,

(Bj; 9i(t), 75) = (Moo, goo(t), Zoo),

for all t < 0. g(t) is an ancient solution to the Ricci flow with complete time slices.
Ric[gao] > 0 and g has maximal volume growth. |Rm|(z+,0) = 1, and |[Rm|, <4 on
M.

Derivative estimates on B;. For any = € B;, let

when j is large. Similar to above, for any (y,t) € B x[-2,0], ®,(y) € B(x;,2r;) C Asa,(7;)
and thus

[Rmly, (y, 1) < 4.

By Shi’s local derivative estimates, there are constants Cj, > 0 such that for any (y,t) €
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B(z,1;g;(—1)) x [-1,0],
N iz k+2
[ViRmly(y,t) = Q;* |[V'Rm|,, (y,t) < CrQ;* .

In particular,

k42
sup |V*Rm| < C’ijJQr .
Bj
Splitting at infinity. Define for z € B;,
fi(@) = Q) (x) — f(x))].

Then
VI f; = Qj—l/ngf’ (vgj)2fj _ Q;/Q(Vg)2f _ Q;ﬂRiC[gj].

It follows that on B;,
V% filay = [V Flar (V242551 = QF1(V9) Ricy |y, < Gy = 0,

for any £ > 0. For any p > 0 and z € B(a:j,Qj_l/zp) = B(z;,p; 9j) ~ B(Too, p),

£i(@)| < Qi%d(x, z;) < p.

Combined with the estimates above, by passing to a subsequence if necessary, f; converges

to some function f in CY such that

Viesl=1, V*fo.=0.

SO goo splits off an R-factor and f., serves as a coordinate for that R-factor with fo (7o) =

0. [l
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Theorem 7.3.4 ([CDM22, Theorem 1.10] ). Suppose that (M*, g, f) is a complete steady
GRS with nonnegative Ricci outside a compact set and lim, o R(z) = 0. If AVR(g) > 0,
then Ric = 0.

Proof. Suppose that ¢ is not Ricci-flat. By [Ch19, Lemma 5], there is constant C' such

that

|Rm| < CR.

R cannot decay linearly by Proposition 7.3.3. Then by the previous Proposition, we
have dimension reduction at infinity. By [Ch09, Corollary 2.4], (N, gy(t)) is an ancient
r-solution. (See the definition of r-solutions in [KLO8, Section 38] which comes from [Per02,
11.1].) By Theorem 7.2.1, we may apply Corollary 2.3.7 to obtain that AVR(gy) > 0.

However, AVR(gn) = 0 by Perelman’s work in [Per02, 11.4], which is a contradiction. [

Chapter 7, in part, contains material published on Advances in Mathematics 2022

[CDM22] joint with Chow, Bennett and Deng, Yuxing.
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