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Sloshing response and impulsive hydrodynamic pressures in rigid
axisymmetric tanks due to horizontal ground motions are predicted by
theoretical solutions based on series and finite element analysis.
Results are compared with experimental data from wmodel tests conducted on
a 20 fr x 20 ft earthquake simulator.

INTRODUCTION

The general problem of sloshing of liquid in containers due to
dynamic excitation is one that has received comsiderable attention in the
literature, and selected references are given [1,2,3,4]. This paper
deals with sloshing in acnular cylindrical and torus tanks due to hori-
zontal seismic ground motions. Tanks of this type are used as pressure-
suppression pools in Boiling Water Nuclear Reactors and have the
following typical overall dimensions: annular tank - 120 ft. OD,

80 ftr. ID, water depth - 20 ft.; torus tamk - 140 ftr. OD, 80 ft. 1ID,
water depth - 15 ft.

Sloshing could lead to the danger of superheated steam escaping if,
under dynamic conditions, the water level was to drop below Section C~C
on the Mark II1I Suppression Pool of Fig. 1. Hence, it is important to be
able to predict maximum water surface displacements for any prescribed
geismic ground motion.

This paper presents the results of both experimental and analytical
studies on the sloshing of water in both types of tanks subjected to
arbitrary ground motions. Tests were done on model tanks on a shaking
table. Two analytical procedures were developed; one based on a series
gsolution and the other on the finite element method.

ANALYSIS

Assumptions: The analysis is based on three assumpticns
Wdiséiééementg are small and thus lineayr theory is applicable;
(2) the tank is assumed to be rigid (the heavy structures used for
suppression pools makes this a realistic assumption and even in more
flexible tanks the assumption may still be valid as the primary
sloshing response is a low frequency phenomenon); (3) water is
assumed to be an Incompressible and nonviscous fluid. Thus the
flow remains irrotational.
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The first solution (series solutiom) which involves Bessel functions
is appliceble to annuler tanks. The second solution, based on the
finite element method is applicable to all axisymmetric tanks. The
velocity potential ¢ is taken as the primary variable and the sloshing
displacements and impulsive pressures are derived from it. The
equations of motion and both solutions are briefly described as follows:

Series Solution for Annular Tanks: In the annular tank of Fig. 2, as
the flow is assumed to be irrotational there exists a velocity potential
9 that must satisfy the Laplace equation,

%% 139, m_g%%+§_iggg (1)
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Let a and b be the cuter and inner radii of the annular tank and h
be the depth of water, then the following boundary condltlcns must be
satisfied:
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in which x = dx/dt = tank wall velocity; and t = time. Also, the
linearized free-surface boundary conditions is [5]
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in which g = the acceleration of gravity. The solution to Eq. 1 subject
to the sbove boundary conditions and at rest initial conditions is
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and £, are the roots of the equation
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with K = b/a. The mode shapes are given by Eq. 8 and the frequencies
w, are given by:

=8 h
w =2 gntanh(in g) , (11)

In Eq. 8, J; and Y) are Bessel functions of the first and second kind
and primes indicate their derivatives. Eq. 6 is the general expression
for the velocity potential in am annular-circular tank. Once the
expression for velocity potential is known, the surface displacements
8(r,0,0,t) and the impulsive hydrodynamic pressures p(r,0,Z,t) anywhere
in the fluid are derived from ¢ and given by the following expressions.
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Finite Element Analysis

Figure & shows a rigid wall tank of arbitrary shape filled with a
liquid and whose free surface area is B2. Bl represents the surface area
of liquid in contact with the solid boundary of the container. V is the
volume of the liquid and ¢ is the surface water displacement. The
velocity potential ¢ which must satisfy Laplace equation is writtem in
rectangular coordinates as:
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If vu(t) = velocity of the tank wall along its outward normal to the
boundary at any point, then:



3% = v, () om Bl (15)
on )
For the finite element analysis we sssume that
N
b = Za Ny (x,vy,%) ¢§§t§ (16)
. J
in which N; are the shape functions and ¢:(t) are the nodal values of
the field variable ¢. Substituting Eq. Eg into Eqs. 14, 15 and 5, using

the Galerkin principle [7,8,9,10,11] and applying the Divergence theorem
we obtain:
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in which 5 = d?’@/dtzg B = BL<+BZ2, and 2x9 L, and &, are direction
cosines, and c{dv and &fds represent the integrals over the volume and

appropriate surfaces respectively. Using the approximation BNi/BZ =
2%, /0n, Fq. 17 can be simplified to the following form

in *hich the elewents of matrices M, K and ¥ are given by
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where summation for M;: covers only the elements on the free surface
boundary end the integral is carried out on the free surfaces of each



element EB2. Summationm for K;; covers the contribution of each fluid
element and EV is the element region. EBl refers only to the elements
which lie om the solid boundary Bl, end the loading term thus is associ-
ated with the elements that lie on the tank wall boundary. The free
surface matrix M and the fluid matrix K are comparable to the mass and
stiffness matrices respectively used in structural mechanics.

The finite element equations derived above apply to a general
3-dimensional case. However, in this study these equations were
specialized to axisymmetric tanks [6] and the computer code was written
to predict the hydrodynamic pressures p and sloshing displacements § for
arbitrary horizontal ground motions given by the following

sﬁmé—g% (22)
p:*%é% (23)

in which p is the mass density of the fluid.
MODEL TESTS AND CORRELATION WITH ANALYSIS

Tests were conducted on a 20~-ft X 20~ft (6-m X 6-m) shaking table at
the University of California, Berkeley [12]. Annular tank tests used a
1/15th scale model of a Mark III suppression pool consisting of an 8 ft.
(2.4-m) diameter steel tank with observation windows and an inside
diameter of 5 ft. 6 in. (1.7 m) (Fig. 3). Torus tank tests used a 1/60th
scale model of a Mark I suppression pool (Fig. 5). 1In both cases time-
scaled accelerograms of the El Centro (1940) and Parkfield earthquakes
were applied in increasing amplitudes to determine the range of linear
behavior. Wave heights and dynamic pressures were rvecorded at selected
locations.

Analytical results for wave heights as predicted by the series
solution for annular tanks are compared with test data in Fig. 6 for two
different intensities of the El Centro 1940 ground motion. In Fig. 6a
the results are well within the linear range and comparison with theory
is accurate, and this also applied to similar results for the ground
motion applied at the actual intemsity. Increasing the intensity by
approximately 407 above actual produced some nonlinear behavior as shown
in Fig. 6b. The range of linearity will depend on the predominant
response mode as well as on the tank and the water depth: in the case
shown the motion was primarily in the first radial mode and the limit of
linearity was associated with a maximum water surface gradient of 1/5.
The aunnular tank theory also gave good results for simple cylimdrical
tanks by letting the inner vadius approach zero. Comparison of the
finite element solution with the test results for the torus tank are
shown in Fig. 7 and indicate a similar level of agreement. In both
solutions the correlation between measured and computed hydrodynamic
pressures was very close.



CONCLUSIONS

The correlation between measured and computed data indicate that the
linearized small displacement theory developed for annular cylindrical or
torus tanks can satisfactorily predict the sloshing displacements and
hydrodynamic pressures in typical reactor suppression pools under the
action of strong ground motions such as the El Centro 1940 and the
Parkfield earthquakes. The theory is also applicable to plain
cylindrical tanks by letting the inner radius approach zero.
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