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ABSTRACT 

A study is presented of production and decay properties of E 

and A hyperons produced by K interactions in a hydrogen bubble 

chamber. Approximately 90%of the hyperons were produced by K-p 

interactions at rest, and the remaining 10% were produced by K 

mesons with laboratory momentum < 275 Mev/c. 

The observed hyperon decay rates from this experiment yield 

the hyperon mean life times: 

T- =(1.58± 0.06) X10 0  sec, 

TE+ =(0.7650.04)X 10 	sec, 

and 	TA =(2.69±0.11)X10 10  sec. 

The observed branching ratios for 	and A decay are 
(E+++n )/(E+ 	++n)+(E+ 	0 +p)] = 0.490±0.024, 

and 	 0.643±0.016., 

The K-p interactions occurring at rest yield hyperon production 

rates in, the ratio 

E: E ° : A=0,447 : 0208 : 0.281: 0.064. 

• The in-flight K -p interactions appear to be dothinated by the hyperon 

production process. The absorption cross section is nearly geometric 

for s-wave interactions throughout the observed laboratory momentum 

0 

	

	 range between 75 Mev/c and 275 Mev/c. Angular distributions for the 

hyperon production processes are all quite consistent with isotropy. 
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I. INTRODUCTION 

This work deals with the interaction of K mesons with protons 

for K momenta less than 275 Mev/c, At such ene1gi,es, the following 

interactions can take place: 

I 	
- A +Tr 

0 

0 

mesons that interact at rest can give rise to the first five 

interactions. The first four interactions listed have been carefully 

analyzed in an effort to understand the energy dependence of the hype ron 

production process. 

The results of the analysis of the K-proton elastic and charge- 
1 exchange scattering are presented in a separate paper. 	They are here 

combined with the hyperon production analysis to obtain a description 

of the low-energy interactions in terms of six parameters, using the 

formalism of Dalitz and Tuan. 	In connec-tion with this parameterization, 

at-re.-interactions of K mesons were assumed to occur from s-

orbitals in accordance with the argumnts Of Day, Snow, and Sucher. 

Other results-presented in this paper are angular distributions at pro- 

duction and decay, and hyperon lifetimes. 	 - 

A large protion of the data included in this work has been re-

ported in the form of preliminary results presented at the 1959 Kiev 

Conference on High Energy Physics by Luis W. Alvarez. 



A recent summary of data relevent to K meson physics is: 

Freden, Gilbert and White, Phys. Rev, 118, 564 (1960). Theoretical 

discussions pertaining to K interactions are: Jackson and Wyid, 

Nuovo cimento X, 13, 85 (1959). and Daiitz and Tuan,Ann, Phys. 

19,307 (1960). 



II, EXPERIMENTAL ARRANGEMEN.T 

The K mesons, emitted at 0 deg from a copper target in the 

bevatron, were guided by the bevatron field into the following beam 

optics (see Fig. 1): 

C-magnet Mi (removes momentum dispersion from beam), 

Single-element qüadrupoie Qi (focuses in horizontal plane), 

Murray coaxial velocity spectrometer, 

Collimator Cl, 

Double-element, quadrupole Q2, 

Collimator C2, and 

Copper, absorber. 

The resulting beam entered the 15-inch Alvarez hydrogen bubble 

chamber. The chamber has a 10-in, depth and a usable region about 

12 inches in diameter. It is located between a pair of coils and rests 

on an iron pole piece. The magnetic field in the chambervaries from 

about 9 to 12 kilogauss. The chamber is photographed from four lenses 

on a square above the chamber. The magnetic field axis and camera 

axes are all vertical. The expansion system is of the gas-expansion 

'type. 

Although the experimental arrangement is discussed in detail 

elsewhere,5' 
6 
 the spectrometer dserves special mention, because 

without the enriched K beam that' it produced, the experiment could 

not have been attempted. The spectrometer used had cylindrical sym-

metry about the beam direction. It consisted of a central conducting 

rod carrying a high current, and a coaxial cylinder around the rod which 

was at high potential. This configuration produces a radial electric 

field and an azimuthal magnetic field. In this way, a'radiai deflection 

of beam particles took place accordingto the particle velocity. Since 

the beam had already been momentum-analyzed, only particles of a 

given mass would have the correct velocity to be guided through the 

collimator Cl by the coaxial spectrometer. When the spectrometer 

was set to accept particles with K mass, the properties of the beam 
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were: 67 

Beam 'momentum before absorber 	 450± Z3 Mev/c 

IC momentum in chamber 	 Oto 300 Mev/c 

K
- 	 10 

in chamber per 10 protons at target 	1/4 

IC per bubble chamber exposure 	 ' 1/4 

Background tracks per K 	 100 

• 	 (f) Nature of background 	 "85%, '15% ii 

(g) Background with and withou't spectrometer 1/700' 

Of the film analyzed,. 38 rolls were taken with sufficient absorber 

to give a mean momentum of zero at the center of the chamber, and 

145 rolls were taken with an absorber thickness producing a mean mo-

mentum of 180 Mêv/c at the center of the chamber. 

4 



III. DATA PROCESSING 

A. Scanning 

A set of four stereo photographs was taken for each bubble 

chamber expansion. Approximately 45, 000 such stereo sets were ex-

amined in accordance with the scanning method described below. 

Each picture was scanned in at least two of the four views avail-

able. Detection of interactions was accomplished by temporarily rrfasking 

from view all of the bubble chamber photograph except about a quarter 

of it at the end of the chamber through which the beam entered. From 

the portions of tracks visible at the beam entrance, it was possible to 

identify the K niesons by inspection on the basis of the gap density 

along the track, and by curvature. Background tracks with few gaps 

between bubbles (like the gap density of K tracks) were of such low 

momentum that the tracks could be rejected by reason of their high 

curvature. The number of K candidates in a photograph was recorded 

and then the mask was removed to reveal the full picture. Each K 

candidate was then traced through the pi'cture unti.I the K either inter-

acted, decayed, left the chamber 9  Or was rejected as background. 

Finally, the result of the track scan was recorded. Any events found 

during the scan of the incident tracks (mask in place) were recorded 9  

but were not used. in the analysis. The track-following method allowed 

event detection in such a way that the configuration of an interaction had 

no influence on whether or not an event was discovered by the scanner, 

Careful second scans show that less than 4% of the K tracks were 

m.sed, with this scanning technique. 

Special emphasis in scanning was placed on the detection of neu-

tral particles  from K:p interactions. When a K track terminated in 

the chamber volume, a search was made of all four views of the chamber 

to detect any pair of charged particles (these pairs form a V1  which 

points in the general direction of the interaction) that might represent 

the decay of a neutral. Since in some cases it is possible for one' of the 

tracks forming the YlVfl  to be very short 9  single tracks pointing to the  

end of the K track were also recorded. 
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ZN-280S 

Fig. Z. The appearance of the interactions studied is well 
represented by this photograph of a pair of K -p inter- 

	

-, - 	 actions yielding a A (upper left) and a E hyperon (lo\ 

	

- 	 right). The ratio of K to background tracks is unusuaily 
high in this particular picture (roll 105, frame 160). 
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K interactions were provisionally identified at the scanning stage. 

This was possible because of the simple characteristic topology of the 	 - 

possible interactions (see Fig. 2), Sigma interactions Were ditinguished 

by the decay of the sigma within about 1 cm of the production vertex 

(sigmas produced by K interactions at rest have a range of about 

1. 1 cth). Protons from Z decay stop in the chamb'er about 73% of 

the time, and these stopping tracks could be positively identified as 

protons. Protons not stopping could usually be distinguished from pions 
-o 

i by ionzation. K decays could usually be distinguished from A decays 
—0 

by the larger opening angle of the K 

About 13% of the hrperon productions could be interpreted several 

ways andwere recorded in ppiopriate classes, The principle ambiguity 
+ 

was between Z and Z, -where the Z was very short or the , Z de-

cayed collinearly. There were also events that could be either a short 

decaying into a prototi or a short A. In the case of Z production, 

it was also frequently possible for the scanner to select in-flight inter- 

actions from the 90% H background fl  of at-rest interactions. Atrest 

intractions produce a Z and 	collinearly, hende, noncollinear events 

signify in-flight interactions. An interaction at 50 Mev/c can produce 

a 15 deg noncollinearity between the production Tr and the E. Such a 

- 	- large angle is usually very easy to detect. 

• 	 The everts analyzed in this experiment have beenrestricted to 

a central volume of the chamber defined by certain fiducials etched in 

the top glass of the chamber, as seen in one of the views. The volume 

• 	 was chosen in such a way that events in the region were well illuminated, 

and particles leaving the interaction vertex were visible over a long 

enough distance to be measurable. At the scanning stage, events out- 

- side of the boundary were recorded, since the final selection with re-

spect to the fiducial volume was done during the computer analysis of 

each event, 

.7 



- 	 B. Event Analysis 

Each event identified as a hyperon production in the scanning 

operatibn has gone through one or more of the following stages: 

Sketching—The event is carefully examined and instructions 

for measuring it are entered onto a card bearing-a sketch of the event. 

Measuring—A projection microscope digitizes, in cartesian 

coordinates, the location of 2 to 10 points along particle tracks in the 

stereo photographs. These points are, punched into IBM cards, together 

with identifying information and measurements of certain fiducials lo-

cated on the bubble chamber. window, 

Event computations—A series of IBM 704 programs are used 

to reconstruct the event in space and determine its kinematic parameters 

at interaction or decay vertices (see Appendix A). 

Remeasurement—Events can fail to be processed through. 

Stage (c) for a large number of reasqns ranging from measuring-machine 

failure to human errors. It is often necessary to reprocess events 

several times before obtaining accéptabie measurements. 

Hand analysis—In the sample of events processed, there 

were a few events 'having kinematic or spatial configurations that, made 

them difficult to anaiye through the normal channels described above. 

In thes'e cases, the analysis was done partially by hand and the results 

punched on IBM cards for handling at Stage (f). About 6% of the events 

were analyzed in this way. 

Experiment computations—At this stage all the events proc-

essed in the previous stage are examined as a whole, and the parameters 

of interest in the experiment are determined through a series of IBM 

704 programs which use theaccumulated information of both machine. 

and hand an.lysis of individual events. These calculations will be de-

scribed in more detail in the following section. 

'I 
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IV. ANALYSfS AND RESULTS 

A. Nature of the Data 

L Events Analyzed 	 . 

All sigmas unambiguously identifIed as either Z production 

followed by decay into a Tr orE+  production followed by decay into a 

proton or 'rr +, were kinemaically analyzed. There were 1488 such 

and 732 such Z events in the acceptance volume for interactions. The 

acceptance volume also contained 204 Z -p  interactions and 32 ambigu-

ous Z decays that were used for corrections. There were about 314 

events in the fiducia.l volume which were ambiguous between 	and 

interpretations and about. 110 eyents ambiguous between Z and 

A interactions. These ambiguous classes consist of events which have 

very short hyperons, so that the production and decay particles could 

not be distinguished by inspection, and such events were used only to 

check that the final estimate for the cross sections was consistent with 

the number of events in the ambiguous classes. 

Of the 2194 sigma events kinematicaily anlayzed, only those for 

which the Z hype ron .had a length greater than 0. 1 cm and made an angle 

with respect to the incIdent K of more than ZO deg were accepted in 

the final analysis. 

All K interactions producing a lambda that decayed into a ii 

and p, or ir and zero-length p, were kinematicaily analyzed. There 

were 951 such events in the interaction volume. As in the analysis of 

the - E hyperons, the ambiguous evens (those that could be either 

or A production followed by decay) were not used in the analysis except 

as a consistency check for the final answers. Lambdas shorter than 

0.1 cm were not analyzed; lambda decays outside the interaction volume 

were also rejected. 

Only K interactions that occurred in .a central volume of the 

bubble chamber were analyzed. This vo1ute was defined in terms of a 

boundary marked by fiducials on the top glass of the chamber, as seen 

in one of the camera views. The volume was chosen to exclude inter-

actions that occurred near the edge of the visible part of the bubble 
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chamber or in the region used in the scanning procedure to identify in-

coming K tracks. Tests were made in the KICK program (before the 

kinematic' analysis) to reject events occurring outside the fiducial volume. 

The final' tally of accepted events for the classes processed showed that 

25% of the Z and E ev.ents were rejected, and 22% of the A events 

/ were rejected. A total number of 10,874 K tracks passed through the 

fiducial volume. The pathlength in the fiducial volume for all the K 

tracks was measured, and the momentum distribution for K mesons 

at the entrance plane to the fiducial volume was used to establish the 

amount of pathiength, in the various momentum intervals. Any K path- 

- length, or any interaction following a visible K-p elastic scatter, was 

excluded from the analysis 	 V  

Table I summarizes the number of. hype.rons at various stages in 

the analysis. 

•i 2. Corrections Applied to Data 	- 

The 0.1-cm cutoff on the hyperon length and the ZO-deg K-hyperon 

angle cutoff served two purposes.' First, it made analysis of the poorly- 

• 

	

	determined and hard-to-measure events unnecessary; and secondly, it 

eliminated nearly all the events in the ambiguous classes from consider- 

ation. In order to compensate for the events culled from the sample, 

the probability for observing each event was calculated on the basis of 

the seltion criteria, the momentum of the  hyperon, and the hyperon 

lifetime. ' For the Z particles the acceptance probability for each event 

accepted was given by 
cos 0 - cos 6b  

AE= .ep[- t/ 	 V 

where 	tc = time required for the I to travel the cutoff- distance of 

0.lcm, 

V 	 V 	
T = lifetime of Z, 

= forward cutoff angle in the c. rn.  system, and 

V 	 0b = backward cutoff angle in the c.m. system. 



or 
+ E+A .A 

Events found during 
scan and checked 2260 419 1011 146 1229 

Events in fiduca1 
volume not preceded 
by Kp scatters 1547 

288a 
709 

101a 
871 

No. of events accep- not not 

ted for complete analysis 1212 analyzed 579 analyzed 799 

Final estimates (after 
apportioning ambiguous 
events) for •events in 
fiducial volume not pre- 
ceded by Kp scatters 1700 - 859 - 903 

These  numbers were estimated from the numbers of the first row 
and the known rejection ratio for similar events. 



i 	-- 
culling was then estiriated_from 

the sum 

N 

T.L 
i=1 A. 

where 	A.7  = A for ith culled event, 

N:r = estimated number before culling, and 

N 	number analyzed after culling. 

The ratio NT/N  was calculated separately for events in various 

momentum intervals, in order to allow correction of the cross section 

as a function of momentum. Corrections for culled A hyperons were 

carried out in much the same way as for the Z analysis, except that 

an escape correction was included for each event since only A decays 

within the interaction volume were considered. As a consequence, the 

acceptance probability for each A event was computed as 

A. A 	 C 	i  = exp [t/ 	-exp It/7] 

where 	tc = time required for the A to travel the cutoff distance 

of 0.1 cm, 

t = time required to escape through the nearest boundary 

plane of the interaction volume, and 

T = lifetime of A. 

The estimate of the unculled number of events then proceeded 

as in the E analysis. 

Additional corrections were found to be necessary in the hyperon 

analysis. Careful examination of the ambiguous E classes revealed 

that there were some E events that were actually longer than 0, 1 cm 

(and should have been included in the analysis), but the I  E was hard to 

identify because the it decayed almost collinearly with respect to the Z 

This effect was taken into account by calculating the estimated number 

of E particles having the above properties. The number of events was 

calculated to be 20 Z and 30 	events, Which should have been included 
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in the analyzed sample. The cross sections were corrected for these 

events by an over-all scaling factor. These additional events were 

predominantly short (i e , just greater than 0.1 cm), hence, their prin-

cipie effect was to modify the lifetime etimates slightly, necssitating 

a lifetime correction. A similar calculation was made for the athbiguous 

A class, and the additional number of A events which should have 

beenanalyzed was estimated to be ten. The A cross section was cor-

rected for these events. 
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- 	B. Hyperon Decay 

1. Angular Distributions for Hyperon Decay 

The cosine of the angle between the 'sigma and its cecay pion 

(in the rest frame of the ) has been calculated for the uhambiguous 

sigma decays. The cosine of the angle between the decay pion and the 

normal to the production plane was also caIuiated. The cosine dis-

tributions from both calculations are shown in Figs. 3 through 6. 

Ambiguous events between Z and Z contribute a correction of about 

30 events for Z and 20 events for 	the region I cs 6 E1T 
 >0.8. 

This correction is represented by the shaded regions in the figures. 

Not included in these figures are 26 	events and 66 E events that 

were hand analyzed only at the production vertex. No particular bias 

is expected from these events. 

The cosine of the angle between the lambda and its decay pion 

(in the rest frame of the A) is shown for. direct A production and also 

for A'sfrom'E °  decay in Fig. 7. The events for these plots were 

selected to include only events, from K interactions having measured 

momenta less than 75 Mev/c, because such events represent the at-

rest K interactions for which the kinematics are well enough'deter-

mined to give a reliable separation between direct, and indirect A pro- 

duction. Fourteen events, hand analyzed only at the production vertex, 

have not been included in'these figures.- No appreciable bias is expected 

from these events. There' is less than 5% contamination by events which 

are not from K'-p at-rest inter'actioris.  

- The energy distribution'for A hyperons produced by at-rest 

K-p interactions is given in Fig.. 8. The 	A,  energy spectrum 

can be interpreted as a cosine distribution for the A with respect to 

the Z direction inthe Z center-of-mass system,, as is seen from 

- the relation  

EAKp ± 1PAcos&+EA , 

wher& 	PA = lambda momePtum in the' 0 
 c.m, system 

(a constant, 	 , 
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EA = lambda energy in theE °  c,m. system (a constant), 

2 	2 
= 1 + 71 , and 

p 
=- in the KP center-of-mass (a constant). 

All of the above distributions are consistenLwith isotropy. 

2. Hyperon Lifetimes 

The lifetime of the sigmas was determined by using the maximum-

likelihood method. All events with F, <0.1 cm long, or a E-K angle 

<20 deg, were not included in the analysis. Only sigmas produced by 

K interactions at rest were used for lifetime estimates because the 

Z momentum is well determined for these events. Sigmas that decayed 

in the last 0.2 cm of their range were coisidered to have lived a time 

exceeding that required to reach the 0.2 cm cutoff (this cutoff is to 

simplify the problem of separating E - events that decay with the Z 

at rest). 

The probability for observing a given event in each of the two 

classes is then: 

dP. 	exp [-XL] 
(a

/ 	

1 = x 	_ for t < t, <t , or 
 dt, 	exp 1- xt1

cj 	
c 	i 	m 

1 	
[  

exp [-xt ] 
(b) 	P. = 	 - for t, >t 

1 	exp r-xt c I  1 m 	 - 
[  

where 	 t. = observed time for the ith event, 
1. 

t = time to travel 0..l cm from production point, 

t = time to travel within 0,2 cm of end of range, and 
r 

= mean life. 

This probability is normalized to give unit probability for ob-

serving sigmas with a length exceeding 0.1 cm. This corresponds to 

the assertion that once the length is measured to exceed 0,1 cm, the 

integral of the probability for this sample must integrate to unity ,  

beyond 0.1 cm. 



As a consistency check, twodifferent likelihood functions, L 1  

and L, were considered. First we form the product of .  the likelihood 

function for each event and take the log, to give 

In L 1 
 

In 	P = 
	

In P = 	lnX-Xt+t + 	tcXtj 

and the maximum of this 'function is located at 

N 1 	 N 2  

= 1/N 1 	(t.-t . )+ 	(t -t) 	; 

j=1 	 K=l 	J 

with 	6X- (d In L 1 /d 2 ) 	=(N 1 /x 2 ) 	, where 	' 

= ciecay rate, 

N 	number of events with t' < t. < t , and 
•1 	 c 	1 	m 

N = number of events with t. >t  
.2 	 1 	m 

Secondly, as a consistency check, the lifetime was determined 

neglecting the events with t. > t 	In this case, one has 
1 	in 

- . 	 .s. exp [_xt 

1 	 r 	 r 	1 	c 	1 	in 
exp L_Xtc1 -exp  Lti 	 . 

L 2  = . 
	

1nXXt in[exP [xt] -exp [-Xt 
m  J, 

and one has L a maximum at 

1/N 1 	
t + t(exp [-xtl ) -t (exp[Xt1 

exp [- Xt 	-exp [>t] 
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and 	6)! = 	
- 	l (t) exp [-x(T +T 	-1 

i=1 (exp -xt]  -exp -xt] Z ) 

X was found (using the L  formulation) by iteration, because the re-

lation for X is a transcendental one. In the cas.e of A decay, where 

the A may decay outside the chamber, the second formulation (L 2 ) is 

the only applicable one. For the lambdas, t was defined as for the 

sigmas, but t 	was taken as the time for the lambda to reach the 
m 

nearest boundary of the interaction vohme. 

As mentioned in Sec. IV-A-Z (Nature of the Data), a correction 

was applied to the E lifetimes to account for events in the ambiguous 

catagories which really should have been included in the lifetime calcu-

lation, because their length exceeded 0.1 cm. The number of such events 

was estimated as zo for Z+,  and 30 for Z. The model used to calculate 

the number of events was also used to calculate the amount of -time they 

contribute to the lifetime calculation, and these numbers were inserted 

in the previous equations to obtain the corrected lifetimes. A. small 

correction was applied to the 	lifetime to account for the E-p 

interactions in flight. The corrections decreased both the E 
+

and E 
-10 	 . 

lifetime by 0.01X0 	sec. The results of the lifetime calculations are 

shown in Table II, The best lifetime estimates from this experiment are 

plotted against the observed decay frequencies in Figs. 9 through 11. 

The branching ratio between neu.tra.1 and charged A decay was 

determined by counting the number of K tracks that stopped in the 

fiducial volume of the chamber with no visible hyperon decay. This 

number was corrected for neutral R decays and A decays outside of 

the chamber (a correction of 54 events). The ratio obtained was 

A charged = 903 - 0 64±0 01 
A total 	1405 - 

The branching ratio between neutron and proton decay modes of 

hyperons was found to be 

E 
+

neutron308 

total 
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As a consistency check, two different likelihOod functions, 

and L, were considered. First we form the product of the likelihood 

function for each event and take the log, to give 

In L 1  = In 	P. 	In P. = 	 +Vt c .  + 	XtcXtj 

and the maximum ofthis function is located at 

	

N 	 N 

	

1 	 2  

i/x 	11N1 	(titc)+ 	' (t-t) 

	

j=1 	K=1 	J 

with 	-(d 2 lnL 1 /dX 2 ) 	(N 1 /X 2 ) 1  , where 

= decay rate, 

N = number of events with t <t. <t , and 1 	 c 	1 	m 

N = number of events with t. >t 2 	 1 	rn 

Secondly, as aconsistency check, the lifetime was determined 

neglecting the events with t. 
1 

>t 
Tfl 

In thi case, one has 

exp  IXt-J 
P. 	 , t <t,<t 

1 
exp [- xt] -exp [_xt] 	

c 	i - m 

L 2  = ~InX -'~ Xt. in[exp [-Xt] -exp 	XtmJ 
 

and one has L 2  a ñaximum at 

= 1/N1 	
+ trn(exp [Xtm1 ) 

-t (exp [-Xt c ] 
I/X

1 	 exp LXt c J -exp [-xt] 
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and 	5X2 = N1/X2 	
N1 (t-t) 2  exp [-X(T + T)1 ) - 1 

i=l (exp-xt]  -exp [-xt] 

X was found (using the L 2  formulation) by iteration, because the re-

•lation for X is a transcendental one. In the case of A decay, where 

the A may decay outside the chamber, the second formulation (L 2 ) is 

the only applicable one. For the lambdas, t was defined as for the 

sigmas, but t m 
 was taken as the time for the lambda to reach the 

nearest boundary of the interaction volume. 

As mentioned in Sec. IV-A.--2 (Nature of the Data), a correction 

was applied to the Z lifetimes to account for events in the ambiguous 

catagories which really should have been included in the lifetime calcu-

lation, because their length exceeded 0.1 cm. The number of such erents 

was estimated as. 20 for Z , and 30 for E. The model used to calculate 

the number of events was also used to calculate the amount of time they 

contribute to the lifetime calculation, and these numbers were inserted 

in the previous equations to obtain the corrected lifetimes. A small 

correction was applied to the Z lifetime to account for the - 

interactions in flight. The corrections decreased both the Z and E 

lifetime by 0.0.lX10
-10  sec. The results of the lifetime calculations are 

shown in Table II. The best lifetime, estimates from this experiment are 

plotted against the observed decay frequencies in Figs. 9 through 11. 
. 	The branching ratio between neutral and charged A decay was 

determined by counting the number of K . tracks that stopped in the 

fiducial volume of the chamber with no visible hyperon decay. This 

number was corrected for neutral R 0  decays and A decays outside of 

the chamber (a correction of 54 events). The ratio obtained was 

A charged = 903 = 0.64 ±0,01. 
A total 	1405 

The branching ratio between neutron and proton decay modes of 

hyperons was found to be 	. 	. 	. 

neutron - 308 
____ = 049±0.02. 	 è 

- . 	total 	- 628 
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There were 17 events ambiguous between proton and neutron decay 

modes, divided equally between the two modes for the purpose of cal- 
• 

	

	
culating the branching ratio. The error in the branching ratio includes 

a contribution for these ambiguous events. 

These branching ratios are in excellent agreement with the 

• 	 I=1/2rule. 8  

Tabiell 

Summary of lifetime calculations 

Times 

(1010 sec units) z E • 	A 

t 0.226 0.216' event 
c dependent 

2.553 3.024 event- 
m dependent 

N 1  940 	
: 

799 

N 2  268 11 

lifetime 
calculation , 	1.58 ±006 0.765±0.04 

L 2  lifetime , 

calculation 1.63±0.13 0.755±005 2.69±0.11 

Best lifetime 
• 	

estimate 1.58 ± 0.06 0765 ±0,04 •, 2.69 ±0.11 
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C. Hyperon Production 

1. Pathlength and Energy-Dependence of Cross Sections 

The energy spread of the beam entering the bubble chamber was 

such that K interactions occurred at momenta ranging from about 300 

Mev/c to 0 Mev/c About 90% of the hyperon interactiOns occurred 

at rest. Although the energy spread allows investigation of the en-

tire low-energy region as a whole, there are also complications con-

nected with the wide range of interaction energies. The cross section 

is defined in ter'ms of the relation 	 - 

=g I {p N 0/A }., 

where p N 0/A . number of protons per unit volume, 
39 p = density of hydrogen liquid (0.0586 g/cm ), 

N 0 = Avogadro's number, 

A 0  = atomic weight of hydrogen, 

= cross section, 

= length of observed K track length, and 

n = number of interactions observed. 

However, since the cross section and the observed pathlength vary as 

a function of the momentum interval being considered, two basic tasks 

must be completed before the cross section can be determined in several 

momentum intervals. 

The first task is the estimation of the pathlength observed in 

the various mom•• entum intervals from 0 to 300 Mev/c. All the K 

tracks that entered the interaction v-olume were measured, and the 

length of path and momentum at an entrance plane were calculated. 

In the case of the interactions that were fitted, the momentum at the 

entrance plane was very well known from the kiner*iatic fit of the inter-

action. However, the rst, o1 the K tracks depended for their momentum 

measurement on the observed curvature of the track in the magnetic 

field of the bubble chamber. These curvature measurements typically 

had 6% to 10% uncertainties, 	. 



Suez 

The momentum distribution at the entrance plane to the inter-

action volume has a predominance of tracks in a relatively narrow 

region of the momentum spectrum considered (about 200 to 250 Mev/c). 

As a consequence, the momentum measurement errors tend to smear 

out the peak in the momentum distribution. It was necessary to recover 

the original distribution by unfolding the observed distribution. To do 

this the following matrix relationship was used: 

where LT= vector representing the true number of tracks in each of 

12 momentum intervals at the entr.ance plane, 

L 0 = vector representing the observed number of tracks in each 

of 12 momentum intervals at the entrance plane, 

T. = represents a matrix element indicating the percentage of 
ji 

events in the ith true interval that would be observed in the 

jth observed interval, on the basis of the typical error for 

events in the ith interval. 

After solving for LT  a range-momentum table wasused to 

establish how much pathiength was contributed in the vayious momentum 

intervals by tracks distributed according to the vector LT. This un-

folding procedure was applied to events from each of four thicknesses 

of copper absorber used in this experiment, and these pathlengths were 

accumulated, along with the pathlength for the interactions, to give the 

pathlength per momentum interval displayed in Fig. 12. This path-

length includes only K track length in the interaction volume not pre-

ceded by a visible K-P scatter, 

The. second task, before the cross sections can be computed, is 

to estimate the true number of interactions in the various momentum 

intervals on the basis of the observed momentum distribution This 

procedure is complicated by the fact that the low-energy interactions 

are plagued by a background of stopping interactions. Moreover 9  the. 

precision with which the momentum of the K is determined varies over 

a factor of 10, according to the configuration of the individual events. 
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Therefore, a maxinum-likeiihood estimate was made for the true 

momentum distribution using the observed error for each event (see 

Appendix B). 	 . 

Errors were propagated to the cross section estimates from 

both the matrix-inver sion technique and the maximum-likelihood method. 

The estimates for the cross sections are shown in Figs. 0 and 14 and 

summarized in Tables III, IV, and V. For each charged Z event 

giving an in-flight fit, the laboratory momentum and cm. cosine have 

been plotted on a scatter diagram 	(Figs. 15 and 16). 

Branching Ratios 

The branching ratio between E and Z. production fails out as 

a consequence of the cross-section analysis. The measurement of the 

A to Z 0  ratio is not so simple. The most reliable value is the one 

obtained for A production by K interactions.at  rest, where the separation 

between direct. and indirect As can almost be done by inspection (see 

Fig. 8. ). Four of the events, with an energy near 35 Mev, are inter-

preted as K +p-'-y + A, which implies a branching ratio for this process 

of about 0.8 °7o of the total A production. There is a cluster of events at 

40 Mev, two of which have energies that are well-determined and within 

errors of each other. These events are interpreted as in-flight K inter-

actions, The A/(E 0 +A) separation was done by the maximum-likeli-

hood method for K interactions, both at-rest and inf1.ight. A. plot of the 

likelihood function for the at-rest -events is shown in Fig. 17, and the 

in-flight ratios are indicated in Fig. 18. Seven events with energies in 

excess of 3 standard deviations from eLther the A or the Z 
0  spectrum 

were not included in the likelihood calculations. The production branch-

ing ratios are summarized in Table VI, 

Scattering-Length Parameters 

The theory of low-energy (s-wave) K-p interactions presented, 

by Daiitz and Tuan has been used to fit all the interactionprocesses 

observed in this experiment, including the K1 p elastic and charge-

exchange cross sections 2  Two distinct' solutions were found using this' 

formu1átidn , and for each, the optimum value of six parameters used in 
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Fig. 13. Cross section forproduction of Z hyperonspre-
sented as a function of the K momentum in the labora-
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diction for the better of the two scattering length solutions 
(solution I). 
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the theory havç been determined by minimizing the difference between 

theoretical and observed cross sections (using thia least-squares 

method). The x 2  function included cross sections in 57 momentum 

and angle intervals, and 7 branching ratios (see Appendix C). The 

solutions and their x are listed in Table XI. 
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V. CONCLUSIONS 

A. Decay Rates and the I1/2 RuLe 

The Mz1/2 rule makes a definite prediction for the ratio of the 

decay matrix elements for A+n and +p decay. 8  The prediction 

is: 

	

2, 	2 
S +p 

2 	Z 	2 	2 	=2/39 
(s_ +p )+(so +p0 

where s and p are s- and p-wave amplitudes for the Tr +p decay 

mode 9  and s 0  and p are s- and p-wave amplitudes for the 

decay mode. The experimental branching ratio from this experiment is 

( Tr 	.0643±O,016, 
+p) 

• which, after taking account of phase space for the two decay modes,, 

yields the value 
/ 

2 	2 	 - 
s_ +p 

0.650 ± 0,016. 

-• 	

• 	 ( s 	+p 	)+(s 0  +p 0  ) 

Another interesting (but less constraining) prediction following 

from the zI= 1/2 rule concerns the relative size of the amplitudes for 

the three decay modes of charged E hyperons. If the s and p ampli-

tudes for a single decay mode are represented as a two-dimensional 

vector, then the AI= 1/2 rule predicts the following vector relationship: 8  

9 - 

	

+ 	0•• 
where 	A 0  corresponds to E -ir +p 

A+ corresponds to ZL 1r + + n , and 
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corresponds to 

The decay rates for the three, decay modes have been determined in this 

experiment to be: 

R 0  = (0.666±0.047)X0 10/sec, 

- 	' 	
R = (0.641±0;046) X 1O' °/sec, and 

R = (0.634±0.025) -X10
10

/.sc, 

Therefore, the amplitudes (including the phase space correction) have 

relative sizes 	 . 

A 0  = 0.544±0.019 , 

A+ j = 0.540±0.019', and 

• 	' 	 = 0.527±0.010 . 

The resulting vector triangle has an angle between 1 	and A. of  

92.4 ±4.8 deg. Measurements of the decay assymmetries for Z+ decay 

reveal that the vector A. must have appreciable components of both 

s- and p-wave amplitudes, while 	must be 'an almost pure s or 
10  

p wave, 	Z •  decay suggests that A is also almost pure s or p 

wave. 	Hence the vector triangle has the remarkable property that it 

appears to be nearly a right triangle with-its legs abdut 1 deg from the 

s and p axes. Theoretical significance has been attached to this striking 

alignment of the triangle in a paper by A. Pais, 12 
 'in which the suggestion 

is made that the weak as well as the strong interactions might be coupled 

through a doublet approximation model of the elementary particles. 

The experimental results are certainly very consistent with the 

predictions of the 	ii/z rule; however, only the magnitudes of the 

decay amplitudes are observable in this experiment and not the phases. 

It has been pointed but that appropriate mixtures of 'i1/2 and I3/2 

can give rise to the same physical consequences as the 'i=1/2 rule, 

but with certain phases shifted by 180 deg. 13 
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B. Hyperon Spins 	 - 

The spin of the hyperons has been determined by previous 

experiments; 14, 15, 16 however, further evidence is available from this 

experiment, subject to two assumptions. First, it is assumed that the 

K meson has spin zero. 
15  Secondly, K interactions that occur at rest 

are assumed to take place from s orbits in accordance with the calcu-

lations of Day, Snow, and Sucher, 	If we make these assumptions, it 

is clear that the angular momentum of the initial state is J = i/a. There-

fore, the maximum angular momentum component along the direction 

of the. Z can not exceed 1/2, by conservation of the component of 3 

projected along the Z. This means that if the E hyperon spin is 

greater than i/a, certainspin states with angular momentum component 

in excess of 1/2 along the Z direction are forbidden. As a result, only 

spin i/a can give an isotropic distribution. 
16  Spin 3/2 gives a dislibu-

tion df the forth 1 + 3 cos 2 0. 

The E + and 	decay distributions for K interactions at rest 

have been fitted to distributions of the form N=a 1  + a 2  cos&+a 3  cös 2 9. 

The results shown in Table VIIprovide strong evidence that both E 

and Z are spin 1/2 particles. The same argument applies to the 

directly produced A hyperons; the result recorded in Table VII strongly 

indicates isotropy, hence spin i/a for the A. 

The 1 
0  spin can be established with certainty under the rather 

tenuous assumption of odd Z ° - A parity. 
17  In this case,it is possible 

to show that the Z - A distribution is isotropic for spin i/a and is 

(1 +0.6 cos 2 0) for spin 3/2. Again, isotropy is highly favored, as can 

be seen from Table VII. 
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C. Production Ratios for K Interactions at Rest 

The number of Z and Z hyperons produced at rest is readily 

available from Table VI. The number of Z and A hyperons can be 

calculated using Table VI and the A/( ° +A) ratio of 0.186±0.017. The 

numbers obtained in this way yield the ratio E: +: 	A = 1553: 72Z 

977: 223. The reaction amplitudes can then be calculated and resolved 

into I- spin- 0 and I-spin- 1 channels for Z production. The results can 

be expressed in terms of the ratio of I-spin-U and I-spin-i amplitudes 

for the Z mode and their relative phase, plus the ratio of the A I- spin-i 

amplitude to the Z I-spin-i amplitude (see Appendix C). These quantities 

(after phase-space corrections) have been determined to be: 

AE 0 
	0.37±0,06, 

cos 	1 = 0.70 

and 

1.57±023 . 
A l  

The scattering-length analysis (see Appendix C) predicts at-rest prop-

erties for the K-p system, and these predictions have been entered 

in the first row of Tables XIV and XVI for the two solutions found by 

a fit to all the data of this experiment. 



-49- 

D. Hyperon Production by In-Flight Kp Interactions 

Interactions of the K -p system at low energies provide a con-

trast to the.more conventional low-energy interactions of pions and 

nucleons. In the case of the K-p system, there are several absorption 

channels available, and interactions through these channels are so 

strong that they dominate the behavior of the. interactions even in the 

elastic channels. Both of the scattering-length solutions that have been 

found to fit the data of this experiment reveal the same general property 

of having almost pure imagina 1ry scattering lengths as a result of the 

strong absorption. In fact, the most striking difference between the 

two solutions is the behavior of the phase between the I-spin-O 'and I- 

- spin-i absorption amplitudes, and its influence on the ratio 

(see Tables XIV and XVI). The better of the two solutions tends to 

predict 1 and slowly varying, while the other solution predicts 

1 and rapidly falling. 

No attempt has been made to correct for p-wave effects because 

the magnitude of the p-wave contribution is not known. The angular 

distributions for K-p interactions are quite consistent with isotropy, 

and the s-wave theory seems to fit quite well; therefore, the data of 

this experiment are probably not sufficientlydefinitive to justify a fit 

with more parameters' using a non-zero effective-range theory. Further 

data soon will be available from a recent K-p experiment now in the 

piocess Of being analyzed. 
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E. Current Extensions of the Analysis 

Several variations of the scattering length analysis are being 

cur.ently usedHo refit the data. The separate E and Z are being 

combined into a single (Z +) cross section in order to minimize the 

effects of phase shifts from the pion-hyperon channels as a function of 

eflergy. (Z++)  is independent of the phase• 	between the I-spin-U 

and I-spin-i E channels. Also, a fit to the data will be attempted 

without using the higher energy interactions. An attempt will be made 

to subtract out p-wave interactions in order to investigate the dependence 

of the parameters on the p-wave contamination. The six-dimensional 

x2 space will be investigated from starting points other than the Daiitz 

starting values used in this report. 

A similar scattering length analysis of a recent K -p experiment 

(in the same bubble chamber) is under way. The separated beam used 

in the new experiment is much richer in K t5,  and has a much smaller 

number of background tracks. Experience with the bubble chamber has 

also led to improvements in the quality of the bubble chamber photo-

graphs. The number of events available for anlaysis will be about three 

times the number reported in this experiment. 
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APPENDICES 

A. DATA-PROCESSING PROGRAMS 

Analysis of the 15-inch bubble chamber film was accomplished 

with the aid of a series of 704 programs, principally PANG, KICK, 

EXAMIN, MERGE, and PATH. 

1. PANG 

Program PANG is designed to analyze tracks in the 15-inch 

hydrogen bubble chamber. 
18 

 The analysis includes spatial reconstruc-

tion of points measured along the track (from the most suitable two of 

the four views for the track under consideration), and a least-squares 

fitting of these points with a space curve. The program reconstructs 

points in space, taking into account such optical properties of the chamber 

as the index of refraction of the liquid hydrogen, deflections of several 

gaass windows, the effect of several mirrors, and lens distortion, The 

curve, which is fitted to the reconstructed track points, includes terms 

that modify its shape to account for variations of the magnetic field 

along the track, and change of curvature resulting from energy loss of 

the particle. Momentum, position, and angles at each end of each 

track are calculated, Also, errors for most of these quantities are 

computed 9  including the effect of Coulomb scattering. 

The input information is originally in the form of IBM cards, 

The input cards include "master cards" containing film measurements 

of fiducials in th-e chamber and certain other information pertaining to 

the event being considered: The rest of the cards are "track cards 9 " 

each containing film positions of points along a track as measured on a 

digitized projection microscope. 

The output is of three types. One type is the "on-line printout s." 

in which error indications are printed out via the on-line IBM printer 

each time a defect is dèteôtéd in the iriput' information. There is 

also an off-line printout; after the results of the calculations of an event 

are written on a tape, the tape is "printed" on a high-speed printer. 
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The third output is a tape containing information corresponding to that 

on the off-line printer tape, but in binary form more suitable for use 

by subsequent programs. 	'. 

The running time per track is one or two seconds, and the time 

for a typical event in this experiment is about six seconds. 

2. KICK 

The KICK program is designed to extract, from the track in-

formation of PANG, the best values of the parameters describing an 

interction or decay vertex. 19 If it is possible to measure the direc-

tion and momentum of all the particles at a vertex, then the kinematics 

of the vertex are overdetermined. The measured values of angles and 

momentum for each track must be adjusted to be consisteh with the four 

constraints of energy-.mornenturn cons ervátion. If the direction or 

momentum of a particle cannot be measured (for exampl, a momentum 

measurement may not be available for a short track), one or more of 

the constraints may be used to calculate the missing quantities, and 

the measured values are then adjusted to satisfy the constraints still 

remaining. The KICK program handles five constraint classes corre-

sponding to the number of missing variables at the v,ertex (the fifth 

class is merely a calculation using the four equations of constraint to 

calculate four missing variables). 

A least-squares criterion was used to adjust the measurement 

values. The PANG program generally computes three variables for 

each track: the momentum, and two angis in terms of spherical co-

ordinates. The errors in these quantities are also computed by PANG. 

The adjusted variables are found by minimizing the following equation: 

N 2 ç- 	m m 

= 	
(x.-x. 	)G..(x.-x, 	), 

j=l 

subject to the equations of constraint, 
F(x.) = 0, and X= 1, C, 

where - 	x. •adjusted variable, 	 . 
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m  
X. 	= measured variable, 

1 

-1 	m m 
G. 	= öx. öx. 	= error matrix, 

iJ 	 1 	3 

N = number of measured variables, 

F(x) = energy-momntüm conservation, and 

C = 4-(nurnber of missing variables). 

The chi-square function should be distributed as a x2 distri 

bution with the number of degrees of freedom equal to C. In actuality, 

the X distribution for the events analyzed in this experiment deviates 

somewhat from the expected distribution. A study of this problem 

seems to indicate' that the errors computed in PANG are about 15% too 

small, and that the error distributions of the variables measur.ed by 

PA.NG  have a small non-gaussian tail, which probably reflects the effects 

of small-angie single scafters and turbulence of'the liquid hydrogen in 

the, chamber. There is also weak evidence from the data that the mo-

mentum estimates from -curvature may be too small by about 3 %; how-, 

ever; this does not have any significant effect on the answers, and a 

correction has not been included in the analysis (well-determined events 

seem to depend principally on the angular measurements). More de-

tailed discus sion of the x 2 distribution is available in Ref. 1. 

The KICK program computes as output the adjusted values for 

momentum and angles at the vertex considered (as well as a complete 

error matrix), the yalue of X 2,  and certain information about the 

direction and magnitude of the adjustments to the PANG measured 

values (for studies of systematic errors in the PANG estimates). The 

input to KICK is the binaiy tape produced by PANG, and the output is 

another binary tape. The running time is about the same as PANG, 

i. e. , about 6 seconds per event. 
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EXAMIN 

The EXAMIN program processes the binary tape fromKICK. 

The KICK output for an event is examined to see if the event has been 

fitted successfully (i.e. , has an acceptable x Z),, and successful fits 

are used to compute the final physical parameters describing the event. 

There are usually about 50 such parameters per event, and these are 

written on a binary tape to be merged into a library of events. Un-

successful fits are .rejected and information that might be useful for 

reprocessing the event is printed oi.it. Pathlength for the interactions 

is also computed at this point. 

MERGE 

• 	The MERGE program accumulates the results of the accepted• 

fits in such a way that an up-to-date sample of events is always available 

on a binary tape for summary calculations based on the whole experiment. 

The program also keeps track of the location of results for, events at 

each stage of computation; it records which events have been rejected 

and why, and in general handles the bookkeeping chores. 

PATH 

PATH is a special program that processes the PANG output for 

the K tracks that went through the chamber s  and calculates the length 

of K track in the fiducial volume and the K momentum at an entrance 

plane in the chamber. This pathlength information, together with the 

pathiéngth 'information for the events (calculated in EXAMIN) determines 

the pathiength used to establish the cross sections. 
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B. Maximum-Likelihood Estimate 

of the Number of Interactions per .  Momentum Interval 

In the analysis of this experiment it was always necessary to 

consider two types of interactions; those arising from the discrete set 

of stopped K mesons and those created by K-p interactions over a 

continuum of K momenta, Any individual event cannot be classified 

unambiguously as one or the other; however, all the events in the ex- 

periment taken together canbe used to estimate the distribution of events 

in the two classes. To this end the number of events in each of several 

momentum intervals was estimated according to the maximum-likelihood 

method, 20 

An attempt was made to fit all the hyperon productions as in-

flight interactions; however, the kinematics program frequently only 

gave a fit with zero K momentum. Hence, the measurements of the 

events also can be divided into two classes corresponding to at-rest fits 

and in-flight fits. The contributions to the likelihood calculations were 

different for each class. 

1. Formulation of the Likelihood Problem 

The likelihood function is defined as the probability of observing 

an experimental measurement as a function of the set of parameters 

a, to be estimated. The set of parameters that provides the highest 

probability of observing the experimental results is taken as the best 

estimate of the parameters. In this parti.cuiar case, the problem is 

one of determining the best estimates for the true number of events 

expected in several momentum intervals. This task is confounded in 

two ways: first, •there is the usual problem of statistical fluctuation; 

that is, even if one knows the number of events expected, there is a 

statistical uncertainty in the number observed. Secondly, the momentum 

of a particle can not be measured with infinite precision, and therefore, 

an event taking place at one momentum will have another oberved mo-

mentum, and will possibly'be included inanothemomeiturn interval, 
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More 'specifically, the probability of observing a certain number 

of events in a set of momentum intervals is really a compound probabil-

ity having two important factors. First there is the probability that there 

will be an event in the true momentum interval p, p +dp. Secondly, 

there is the probability that, given such an event, the event should be 

measured ("observed') in the momentum interval p0 ,  p + dp 0  This 

combined probability can be writtn as  

d 2P= 	(p)dp] [(p,p)dp1' 

where 	Pt = a theoretical expression for the probability of an event 

at true momentum p, a function of one or more parameters 

a.
1' 

and 

P = the probability that p should be observedasp 0 . One 

can then sum over all true p to give the total probability of observing 

any event in the interval p, p +p as 

dP = If P 
 t ( P

) 

P(p s p.)dp] dp 

In the particular case being considered, there i (in addition to 

the continuum of probabilities represented by P)  a discrete probability 

representing the probability of an event occurring at rest. 

For interactions that give in-flight fits, the differential prob-

ability dP for observing an interactionat observed K-momentum p0  

is then given by: 

dP(a) 	' 1 	f 	dn(a.) 

dp 	= NT 	
dp C(p) P(p, 	PO)dP+NR01)PO(0PPO)} 

In the case of the at-rest fits, the prohabilityof seeing an inter-

action is g iven by 



SWO 

	

1 	dn(a) 	 f P(a i ) .N T 	 dp 	C(p)  

mm 

• 	+ N C(0) [i 	I 	P0(pp 9  Po)dPo] 	9, 

- 	min 	 ) 

dn(a.) 

	

where dp 	
= number of events per momentum interval a a function 

	

dn(a 

1

) • 	 d 	-. 

I 	 of the paraineters a. , dp 

C(p) = probability of passing acceptance criteria on hyperon 

length and orientation, assuming a true momentum p, 

(p 9 p 9  p0 )= probability that an event at true momentum p should 

be observed between momentum p and p '+dp , given 

measurement error Ap, 

p mm 
. = measured momentum, below which an event is considered 

to fit an at-rest interaction, and 

NR = estimàteof the true number of at-rest interactions. 

The true total number of acceptable eyets is then 

[°° dn(a.) 
NT = NR C(0) + J 	dp 	C(p)dp. 

The probability expressed in this way is normalized to unity 

when one integrates over all observed K-momenta p 0  for in-flight fits, 

and adds in the probability of obserying an at-rest fit. 

The log of the likelihood function is formed by summing the log 

of the probability for each event: 
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N 1 	 N2 	
dP.(a.) 

lnL 	L. l.nP(a)+ L 	
31 

In 	
dp 

i1 	 j1 	 0 

where 	N 1  = number of at-rest fits, and 

N 2  = number of in-flight fits. 

The estimated values of the a. are then taken as the values that max-
1 

imize the function In L. 
01 

dn(a. ') 
In practice, dp 
	

was parameterized by assigning a parameter 

to each momentum interval considered, so that 

dn 
dp 

a. in the ith interval. 
1 	- 

For the E interactions, P(p, Ap, p) was taken as 

;p-pz1 
P0  , (pp0 ,p) = 	 expi-   1/2 	, 

tJ2Trzp 	L 	 p i 

where p, 'p are the observed momentum and its error estimate. 

The Z acceptance-criterion C was 

C(p) = exp [ - t/T ] ( cosOfcosOb)/ 2  

where t 	time of flight for first 0.1 cm, 

= forward cutoff angle (20 deg) in the K-p c. m. system. 

bckward cutoff angle (20 deg) in the K-p c. m. system. 

The A analysis was more difficult because the K momentum 

error distribution is skew. The actually observed quantity is the 

curvature k of the Ktrack at the center of the track; the momentum at 

the end of the track is found by computing the momentum p at the center 

of the track (p cc 1/k), and determining the momentum loss to the nd 

of the track. Therefore, k 
0 
 and ik (the curvature and its error 
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estimate) were taken as-the observed quantities, and the probability of 

observing an event was expressed in terms of them: 

r 	/k(p) -k 

	

P (p, Ak, k ) 	 é*p -i/z 

	

° 	 Ak 

where k(p) = curvature corresponding to a momentum p at the inter-

action end of the track, 

and C(p) was taken as (exp [_t /7] - exp [_tm/Ti) 

where tc = time of flight for first 0.1 cm, 

tm time of flight to nearest interaction boundary, and 

T = lambda lifetime, 
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2. The Likelihood Solitions 

The likelihood was formulated with NT  constrained to be the 

observed number of events, making NRC(0) a dependent variable de-

fined by the equation for NT.  The likelihood was also formed with a 

Poisson distribution for the total number of accepted events, and with 

NR taken as a pararneteT. The estimates for the central values of the 

parameters were the same with both methods; however, the variance 

matrix estimated for the parameters on the basis of the formula 

2 	______-1 
-1 	d lnL 

(V..) 	=-
da .da. =(ôa.. 1 

 6a.). 
13 

was somewhat different. For NT fixed, the character of the matrix 

V was that of a multinomial distribution with appreciable correlations 

between all parameters. The Poisson formulation gave the more ac-

cep.table errors, which ,were used in the further analysis to determine 

the scattering length parameters (Appendix C). 

The raw data, the maximum-likelihood estimates, and the var-

iance matrices for hyperon production as a function momentum, are 

displayed in Tables VIII, ix and X. The corrections to the raw data, 

and the correlation terms between the at-rest group and the low-mo-

mentum intervals, indicate the extent of the correction for the at-rest 

vs in-flight ambigui'ty. These correlation terms also indicate the 

momentum resolution for in-flight events of this experiment; in partic-

ular, the off-diagonal elements do not become small for the E events 

unless the momentum intervals are lumped into 50 Mev/c intervals. 

If intervals are combined into larger intervals, a new variance matrix 

is easily computed by merely adding together appropriate elements of 

the variance matrix V. As an example, consider the following case: 
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(On 1  On 	On 1  On 	On 1  8n 3  :.. 

/ _onz Oi 
	Oi On z 
	

5n 2  5n3  

n l ,n z ,n3
,...  

On 3  On 1 	3 	2 	3  Ofl Ofl 	On 5n 3  

NH 
If we define 	N = n 1 +n 2 , then clearly 

8N5N= On 1 On 1 +On 1 On 2 +On 2 0n 1 +On 2 On 2  

and 

6N5i3  5n 1  5n 3 +5n 2 5n3  

and in general 

ONOn.= On On.+ On 
2 
 On. 

3 

This merging process can be repeated wiffi the new set of variables, 

(N, n
3) 

 n4 , . . . ) and so forth, until the desired set of intervals is ob-

tamed. The same procedure may be used to estimate the error as-

sociated with the average of a cross section over several momentum 

intervals. 
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C. Determination of K— Nucleon Scattering Amplitudes 

1. Parametrization of Low-Energy K-p Interactions 

Making the assumption of charge independence, it is possible to 

describe the K-p system and its interactions in terms of isotopic spin-U 

and spin-i components. The interaction amplitudes for these two iso-

topic spin channels may then be expressed in terms of an s-wave phase-

shift analysis to give 	 - 

2) 	p 0  -1 exp2i5 1 ] l 

exp2i6] + exp2i5 1 ]'2 

	

= U -i 
	exp2i8 1

1 	i 2 
Uce 	k2)Zi 	

; 

=(/4k.2)
;U. - exp[2i61] 2 

= (/k2) (l-lexp 2i50 2 

and 

1 	
( 2)(lI exp2i51 

	2), 

where di = elastic scattering cross section  

0 ce =charge exchange cross section 

= absorption in I- spin 0 channel, 
and 

= absorption in I-spin 1 channel 

k = wavenumber in c.m. system. (i.e., k=(p/197.2)fermi', 

where p is momentum in Mev/c) 

= complex phase shift for the I-spin-U channel 
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0 

• 	 and 

= complex phase shift for the I-spin-i channel. 

An effective range expansion gives 	 - 

kcot 60 = l/A 0 + 172 R 
0 

 k 
2 
 + 

k cot i= 
 1/A 1 1/2 R 1 k 2 + 	• 

The effective range has been taken as zero (R 0 R 1 =0), leaving only two 

complex scattering lengths A 0  and A 1  to represent the K-p system at 

low energies. In terms of these scattering lengths the cross sections are 

- A 0 +A 1 -2ikA 0A 1 	2 

	

el 	(l-ikA 0 )(l-ikA 1 ) 

- 	A 0 -A 1 	2 

crc _ 

	

e 	(17ikA0)(1-i.kA1) 

2 
U0 	ImA0 1-ikA0 

and' 	 2 
= 	

i_ ImA.1 1-ikA1 

Since there are four independent parameters (the components of 

A 0  and A 1 ) and four observable cross sections, it would seem that a 

measurement of the cross sections at a single energy should provide 

enough information to determine A 0  and A 1 . Unfortunately, this is not 

the case. There exist four sets of phase shifts capable of producing a 

given set of cross sections at one energy. To see,this, cOnsider the 

following representation of the phase shifts: 2 ' 

	

exp[2i6 0 ] 	 exp2i5 1 ] 
Let V0 =i 
	

in the complex plane, and V1 = 
 

in the complex plane. 

Then, if one knows 	and a3, 
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/ uk2  

and 	 I 
I 	ifk 

1 

and from a-  and a 
el 	ce 

I 4k 2  a - 	- 	 el 
V +V+ZnHJ 

0 	1 	 iT 

and 	
14k2 

= ____ 

where n is a unit vector aiongthe imaginary axis. 

These four conditions are illustrated diagramatically in Fig. 19, 

and it is apparent that a reflection through the real axis or a reflection 

through.the vector VO+V produces new and equally suitable solutions. 

These four solutions are designated a+,
1 bt a and b as indicated in 

the figure. I  The +. and - refer to symmetry about the real axis, and 

the a and b refer to symmetry about V 0  

The large mass difference between the R ° - n and K-p system 

(5.2 Mev).,: and the Coulomb interaction, make it necessary to break the 

strict assumption of charge independence. The zero-effective -range 

formalism has ben extended to inciude these effects. 2 ' 2 .2  The four-

fold ambiguity in the scattering lengths persists in the modified theory.. 

The mass difference and, most of all., the Coulomb effects, give rise 

to the following more complicated expressions for the cross sections: 

e1 = (csc
2  e/2) exp (Zi/kB) in sin 0/2]C 2(x-ik0 (x 2 -y 2 )) +  

da 	C2k
ce 0 .y 

d2 	k 	D 	'. 



Fig 19 The source of the 4-fold ambiguity in the scattering 
length theory is indicated diagramatically. The conven-
tional identification (a+, b+, a, b) of each solution is 
Indicated. 
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4CaIA 0 	(1-ik0A1) Z 

Ic 	 D 

and 
4ir.C 21 A 	(1-k A ) Z 

rn 1 	0. 0 
0-1 	ic 

Also, we have D(1ixk0)(1ixC2k(1iX))+C2k0k(1iX)y 

where B = K-K scattering angle in the center-of-mass system, 

B = h 2/e 2 , the Bohr radius of the K-p system, 

a (2/kB)/(1- exp[-Z/kB] ), the Coulomb penetration factor, 

k 0 = wave number in R 0-n system, taken positive ithagihary 

below threshold, 

= l/z(A 1 +A 0) , 

y = 1/2(A 1  -A 0 ) , 

x -(z/C 2kB) [ln(ZR/B)+g- f 
I1 sin2kRv dv] 

o 
R 	1f )  range of nuclear interaction, 

• 	• g = Re (i/kB)+ 1n(kB)+Z(0.57.7Z) 

and 

= (d/dZ) In F(Z) 

rl 
The functions J

[(sinZkRv)/v.] dv, and ReLp were evaluated by series 

expansions as follows: 

f I sin2kRv dv 1/2 	
(ZkR)(-l) 

0 • 	 n1 	2n(2n) 
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and 	 4 	6 
ln(1/kB)+ 	 + 	, with kB<l/5 

Re4j 	
100 

1 	

[  2 	

1/n 	
+O.501X10 4  -05772, with 

(kB n )1 n  2 +(1/kB) 2  

kB>1/5. 

These functions are plotted in Figs. 20 and 21. The function X is 

plotted for 2 values of R(05 and 1.0 fermi) in Fig. 22, 

Now consider the final states of the two I- spin absorption 

channels: 
a0= 3(00) 

and 

=ZqTrO +a(Ai°) 

Let the I-spin-i and I-spin-0 matrix elements for the E channels 

be M 1  and M 0 . Let the I- spin- i matrix elements for the A channel 

be N 1 . Let these elements be normalized so' that 

+) M0/Mi/ Z k 2,  
= 

- 
• 0(E

0 
 Tr 0 ) = -M 0/'J3 

= N 1  1'2  
and 	 '2 • 	2 

= M0 	1 M + d  
At this point, two new parameters are introduced. Although cr 0  and 

are already determined by A 0  and All  it is still necessary to 

specify the phase between M 0  and M 1  as well as the relative magnitude 

of M 1  and N 1 . These parameters are defined in terms of the following 



1.6 

1.2 

0.8 

- 0.0 	0.5 	 1.5 	2.0 	2.5 
kR 

•MU-24026 

Fig 20 The function J sin 
kRu  du plotted as a function of kR 
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0.2 

Go
-  

0.0 

-0.6 I. 

Fig. 21. The function Rei(i/kB) plotted as a function of k. 
(B=83. 6 f.) 



I . I 

1.0 

0.9 

0.8 

0.7 

_ 0.6 

0•5 

'-< 0.4 

0.3 

0.2 

0.1 

0.0 
-0.I 

0.0 	 0.5 	 1.0: 

k(fermi) 

MU-24028 

Fig. 22. Coulomb corrections are largely represented by the 
behavior of the function X. Here X is plotted as a function 
ofkforR=l.Of. andR=O.5f. 
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equations: 

E = ( A 0 )1 1  = N1 2 / ( I M  2+ NJ  2),:11 
and 

(+) - M0I2/3+ 	M0 Mi  cos4)± M 2/2 

I M O  /3 - 2/3 M 0  'M I J cos4)+ M1 2/2 

where now 

2 M0 	
= 0, 0 ,  

MJ 2 = 

and 

N 1 	= 

The assumption is made that the final state interactions (rr and 

ATT) do not vary rapidly with energy, and that the small variation in 

phase space with changing K-p energy may be neglected. With these 

assumptions, it can be shown that E becomes a constant and the energy 

dependence of 4) is governed by the known behavior of the I- spin-U and 

I-spin-i amplitudes according to the relation 

4) =+ arg (1-ik0 A 1 )/(1-ik0 A 0 )] 

where 	is the phase for K-p interactions at the R °- n threshold, 

There is another ambiguity introduced by the uncertainty of the sign 

of 4) at a single energy 9  i.e. , cos 4) = cos - 4). 4)(ET) may be derived 

from the ratio 	= Z 	for sigma s produced by K interactions at 

rest. The y  is a more convenient parameter than 4)(ET)9  in the sense 

that it is a well-known experimentainumber and is less coupled to the 

other parameters during the fitting procedure. 

The six parameters represented by A 09  A 1 , E and ' constitute 

a description of the K-p interactions of this experiment, subject to 

the assumptions made above. More detailed investigation of these as-

sumptions have been made by Dalitz and Tian, as well as Jackson, - 
22 Ravenhail, and Wyld, 	using the K-matrix reaction theory. 
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2. Fitting the Data 

The theoretical description of the K-p system at low energies 

must be in agreement with two types, of experimental data. About 90% 

of the hyperons are produced by K mesons which interact at rest. 

These events provide statistically well determined production ratios 

between all the hyperon channels at zero energy in the K-p system 

The remaining 10% of the hyperons are produced by K mesons inter-- - 

acting in flight, and it is these events, taken with the K-p elastic and 

charge-exchange scattering, which establish the energy dependence of 

the K-p interactions. 

• 	The phenomenological theory presented in the previous section 

was'fittëd to 64 pieces of experimental data. In order to estimate the 

values of the six parameters which best describe the observed data, a 

x2 estimator was formed, with a contribution to the x2  from each of 

the 64 measurements listed in Table XI, The values of the parameters 

giving a minimum in the x2  were taken as the best estimates for the 

parameters. • 

	

More specifically, the 	was of the form 

7/ 	

0 

- 	j\z. 	8. 

X  = L 
_*

+. 

i=1 	zx 1 	J 	jl 	 . 
\ 	,1 	. 	. 

where x 
1 

= c 	calculated value of observable data, 	 . 

x o  = experimental value of observable data, 

= error estimate, 

y 	a vector difference betveen calculated and observed values 

for a set of correlated observables, 

and 	G3 	error matrix (variance matrix) for a set of correlated 

observabies. 

The solution was defined as that set of parameters such that . 

	

__ = 0, with i =1,6 	 ' a a. 	. 	 . 	. 
1 	 - 

p 
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• where a. are the six parameters of the theory. 
1 	 - 	 2 	 -. The minimum in the x function was found by numerically 

evaluating the first and second derivatives of the function with respect 

to each variable 9  and then moving the one variable which predicted the 

greatest reduction in the chi square. In some cases, an alternate pro-

cédure was used to locate the minimum in the chi square, making use of 

a quadradic expansion of the form 

	

x2 	(aaC)D(aaC)+ 	(akakC)Ek+F 

where a, = value of parameters at point of expansion, 

D. = matrix (symmetric) evaluated by computing x for sets 

	

iJ 	• 	 C of a. in the nieghborhood of a. 

Ek = Vector evaluated by computing x2 for sets of a, in the 

neighborhood of a C. 

and 
2  F =x ata. C 

Then, differentiating, one obtains 

ax 2 
ZD.(a.a..C)+E = 0, 

or 	

-1/2D. 	E 

where 	• 	a. is the new estimate of the parameters at the 

minimum. This procedure was repeated several times until the param-

eters no longer moved significantly. 	 - 

The starting values chosen for the parameters were the estimates 

recently calculated by Dalitz for the a+,  a,  b+  and b solutions. 23 

The a+  and b starting values led to the same minimum, and the a and 

starting values led to a'second lower minimum. Both of the possible 

phases for 	were followed for each of the four starting points. Quite 



NOR 

small steps were taken in seeking the minimum, in order that other 

minima would not be skipped over. The starting values and the solutions 

derived from them are presented in Table XII. 

The values of the parameters giving, the lowest y, the matrix 

D, and the variance matrix for these parameters, are given in Tables 

XIII and XV. The matrix D allows predictions of the change in 

which are good to about 30% for variations of parameters within a 

range of 1 or 2 standard deviations of the values at the minimum. The 

space appears to be skew for several of the parameters. 

\. 	. 
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