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a Theory of Pair-Quasiparticle Potential Difference

in Non-Equilibrium Supercoﬁductors‘
M. Tinkham® and John Clarke®”
Royal Society Mond Laboratory, University of Cambridge,
Cambridge, England. |
March 1972
ABSTRACT
A theory is given of the observable potential difference between
pairs and quasiparticles due to the imbalancé in the p0pulatio#a of the
electron-like and hole-like branches of the excitation spectrum of”a
superconductor, caused by injection.bf a quasiparticle current.
: Research Qupported in part by the National Science Foundation.
* NSF Senior Postdoctoral Fellow. Permanent addreas: Dept. of Physics,
Harvard University, Cambridge, Mass. 02138.
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In the preceding Letter,1 it was shown experimentally that when a
quasiparticle current is converted‘into a pair current in é super-
conductor, there.is a quasiparticle potential in the non-quilibrium

"region that differs froﬁ the chemical potential of the péire. ‘In this
» Letter, we calculate the form and magnitude of this potential differencé;
’3-~ The non-equilibrium.processes are assumed to occur uniforﬁly in a
7 superconductor S of volume.gl(Fig.i). An electron current I injects

electrons via the quasiparticle junction N'S and extracts pairs via the
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Josephson2 junction SS'. A superconducting probe Sp, weakly coupled
to S through a second Josephson junbtion SSp, measures the pair ghemical
poteptialjub in S, while a normal probe Np, in weak contact with S via
the quasiparticle junction SNP, measures the guasiparticle potential.
Any emf V between the two probes is measured by a null method that
draws no current. The four tunnel junctions ensure that the non-
equilibrium processes do not spread significantly into the other
conductors, and in addition;that only electrons, and not pairs, may be
exchanged between S and Np.‘
An electron of energy Ek injected from N' into S has a

k>2 of entering the electron-like branch (k>kF) and a

2 2

probability U = vk> of entering the hole-like branch (k(kF) of the

excitation spectrum. (See Fig.2) Here” ukz(E:k) = %(1+£k/Ek) =

probability u

vka(-ek), and E_ = (A2 +£k2)%; k, and k< refer to the two states
with Ek = :(Ek2 -4 2)1}. We define n, and n as the quasiparticle
populations per unit volume of the respective branches. The quantity
Q = n} - n< then represents the excess population of the electron-like
branch over the hole-like branch, and, as we shall show, is élosely

related to V. If Q is disturbed from its equilibrium value (zero), -

it relaxes with a characteristic time'tb, the branch mixing time.

Branch mixing occurs through scattering processes goverhed by the

3 2 '
coherencg factor (uk< “k) - vk< vk> ). This coherence factor

vanishes for elastic scattering in an isotropic uniform superconducter,

since uk< = vk> and Vi< T Yy for any k< and k> having the sanme

Ek’ and hence connected by elastic scattering. Thus, in this simple

case, branch mixing is forbidden. Branch mixing can occur through

inelastic scattering processes, in which Ek> = Ek( + E , where E isg

the energy of the phonon emitted or absorbed in the &cattering process.
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Branch mixing can also occur by elastic scattering processes if tﬁe gap
is anisotropic or if the gap is spatially inhomogeneous (as usually
happens near the surfaceu), since in these cases the symmetry
relations between U ¢ and vk> no longer hold. The felative
importance of the elastic and inelastic branch mixing processes depends
on the temperatﬁre and on the properties of Ss.

Once fhe two branches have come into equilibrium with each other,
their totgl population (n>' +ng ) may still Be-out of thermal
equilibrium with the gondennate. The excess recombine to form pairs
with a recombinati_on timeé-rR that is greater thaan. BOth-CQ and
’Z& are usvally much longer than the relaxation time of the superfluid,
‘tbL. Contrary to the)theorj of Rieger et 517, the bottleneck in the

" equilibration process of our theory is‘ré, rather than1jGL.

We calculate the potential V developed between Np and SP by a
current I that tends to increase the electron-like quasiparticle
population and decrease the pair populations. The reduction in the
number of pairs has the effect of-decreésing kF. However, a space
chargevis created so that the chemical potentialvof.the pairs
(including the elecfroétatic potential) is restored everywhere to its
equilibrium value'/u@; we can refer all voltages to this value. The
electron injection generates perturbations ka> and ka<' on the
elecvtron- and hole-like branches, where the ka do not necessérily

refer to thermal equilibrium. The current through the junétion SNp

when Np is maintained at a potentialljip/e is9

oP .
G E o2 .2
S1 = :N [ - bAZ)%[ SN ub)gfk> 4B,
fi\ o
0 ? . | (1)

+ Ek( (v"ki - “ki ) ka< dE,_ <.
(B2 -p2)% ’
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GNN is the tunneling conductance10 for the junctions SNp when S is

normal. Since E(E® - £§2)-% = E/|¢| , and (vki - ukf) = -(vki - uki)
= |£]/E, (1) re%gpes to v .
51 = Sy (§¢. . - & )aE, = C°mNY® (2)
Tf k> e A O
P
(s o}
where .Q = 2N(0) .l;(gfk> - ka()dEk' 3)

N(O) is the density of states at the Fermi level for electrons of one.
spin. The voltage required between the two probes to null the current
is then V = 5I/GNS, where G . is the tunneling conductance of the

junction SNP. The measured voltage is therefore
. . "

v ()
2N(0)egyg ) |

where 8ng = is just the normalized tunneling conductancelo

Gys/Cnn
for an SN junction in the 1o& voltage limit. We see immediately that
V is proportional to Q‘; an excess quasiparticle populafion with Qf =0
does not give rise to a quasiparticle potential different from‘/ip,
Eq.(4) is quite general, and does not require the two branches to
be separately in thermal equilibrium. To see under what circumstances
separate thermal equilibrium does occur, we must consider the tunneling
and felaxation processes in more detail. A simple case to consider
is electron injection at high bias voltages (M>Ase), when the majofity
of the excitations will be electron-like. High energy excitations
decay rapidly by phonon emissionll into lower energj states. A study
of the coherence factors indicateé that the ratio of the probability
of a quasiparticle changing branches to the probgbility of its staying
on its owp branch is roughly;&/Ei, where Ei is the initial energy.

Thus the high energy excitations mostly remain on their own branch

during the first inelastic process. Subsequent Béattering processes
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tend to bring each branch separately into thermal equilibrium, and élso

to equaliselthe populations of the two branches. Near Tc' Z& approaches

zero, and the branch mixing process becomes very slow. (It cannot

occﬁr at all in the normal state.) We may then assume that the mixing

occurs between twe populations which are separafely near eQﬁilibriun.
Hence, near Tc the definition of a chenicél potential for ea;h

_ branch becomes meaningful. For each branch we may then yrite

ka = -(bfi{/bEk)S/‘.L. where S/u, is the displacement of the

corresponding chemical potehtial'fronlfbp, and fk is the Fermi function.v

For such ka, (3) and (4) lead to

vV = /‘Z "4“5 9:_ . ) (5)

2e Q

But when chemical potentials are deflned Q and Q‘ are related by

g - / 3¢\dE / (Bf)dE - 21(D) (6)
Q BE (E® A ) OE | €ns

which approaches unity as T approaches Tc’ and (5) simplifies te
12 '
Note that V is zero if = even if both differ from . Near
/‘) Vs Mo
L ]
Tc’ Q due to injection equals I/ef) for all bias voltages,

Q*~ Q21 TQ/e_(L, and from (4) we obtain the final result

I
V= Ty . | (8)
> .
2e _(lN(o)gNs
Let9 us now estimate‘T'Q We assume eVi J> kT , 560 high-energy

electren-like quasiparticles dominate the injected population, and
Q = I/ef)l.: First we find how the électrone cool, then how the ‘branch

imbalance Q relaxes.
Initially consider the cooling of electrons when the sample

temperature‘T is zero. Then only spontaneous phonon emission occurs,
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and the probability per unit time of énergy loss between € and

€+ a€ is ZEradE/"t"9 (k©)>, The gquadratic dependence on € results
from combining the appropriate density of states with the square of
the electron-phonon matrix element, both proportional to E,. The
maximum energy loss is the Debye energy k8, TG is the scattering
time at T éve,,as inferred from electrical or thermal copductivity.
If wecharacterize the injected quasiparticle distribution by

its mean energy kT*, we can compute the

rate of decrease of T* due to phonon emission.  The result is

T ~ O (:;‘l:e/lé't)l/3 ' (9)
after the electrons have cooled enough that T‘B(t)<K T;3(0). Inserting

14

numerical values for tin ((g= 2 x 10~ sec, © = 200°K, and Tc = 3.8%K),

we find that the time required to cool down to T  is 5 x 10 0%ec.
If T is finite, the instantaneous cooling rate is reduced, and the final
appreoach of T; to T is exponential.

To estimate the rate of Q-relaxation, we take the coherence factor
for branch mixing to be zero except for transitions involving a state .
within~Q of the bottom of the distribution. Near T,, Where A< kT,

mixing is slow, and we may assume that T* has reached Tc before Q

relaxes. In that case, approximately Z&(T)/ch of all transitions

involve brarch crossing, and we find13
3 ' :
Q- 0.068 T (&/T ) = 2x 10%ec | (10)
A(T)/A(0) AT/ A(0) '

The temperature dependence is as found eXperimentallyl. Considering
the crudeness of the model, the numerical agreement of the coefficient
(% the measured value) is quite reasonable. The fact that (10) fits

the data even for 1%4(1;, where the assumption of equilibration of T*
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at Tc-ia inappropriate, may be explained‘as follows: For T<31Tc, |
13::[&(0) = 1.76ch; thus, even somewhat before T* has reached Tc’ all
-phonon emission processes have roughly 50% proﬁability of branch
crossing. Hence, Q relaxes while the injected electrons are cooling
through the vicinity of Tc' no matter how.lcw T is. In this dynamic
situation, the chemical pétentiali/shand/u< are not really.well-defi#ed
or useful concepts. |

9

The detailed computation”of this simultaneous cooling and Q-
relaxation procéss turns out to be rather delicate and model-dependent.
Moreover, any residual gap anisotropy not destroyed by the shorf mean
free path14 provides an additional Q-relaxation mechanism. For a
typical mean free path Zo ==IOOOR, we egtimate that thebr;m.s.-residuél
gap anisotropy is roughly 1%. Near Tc' where [& is small, its
contribution to l/Ta_is negligible cohpared to that of the phonons, but
for A = A(0) and T* ~ T , its contribution is estimated to be of the
same order of magﬁitude as that of the phonen mechanism. Moreover,
its contribution increases as T* decreases, while the phonon mechanism

- decreases as T‘z. Thus even a tiny residual gap anisotropy will assure
that @ relaxes before T+ falls much below Tc. |

‘We have not attempted corrections for the difference between Q*
and Q. Very hear Tc’ Q‘:sQ. In the low temperature regime, Q relaxes
largely while T* is still above Tc, where Q*/Q typically lies in the
range 0.7-1.0. Thus the error due to this source is-prdbably sﬁaller
than the uncertaidty in the calculation of't:Q in the low temperature

regime, and we use (8) at all temperatures.
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>
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FIGURE CAPTIONS

Fig. 1. Schematic diagram of non-equilibrium experiment. Quasi-~-
particles'are injected into S from N',vahd pairs exfracted
into S'. Sp measures the pair chemical potential in S,
while Np measures the quaﬁiparticle-potential.

Fig. 2. Excitation spectrum of superconductor with energies referred
to}xp. There are n>_ excitations on'the electron-like
branch (k>kg), and ng on the hole-like branch (k<kF).

The imbalance Q = n> - n< .



0

LBL-818

Toeuy

A

| —<—

suoijoun|

uosydasor_

v,

, Qw
aqoud -

Buijonpuoosadns

'S

AANNNNNARNNNNNNNN

uocibaa

S

winLigtjinba

-UCu

N wlml [

MMBINN

dny
aqoud
|Jewou

_www.im:w:o::_

ajoipsedisenb



il

LBL-818.

294




LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Atomic Energy Commission, nor any of their employees, nor
any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
information, apparatus, product or process disclosed, or represents
that its use would not infringe privately owned rights.




TECHNICAL INFORR
LAWRENCE BERKEI

UNIVERSITY OF CALL

EEREELEY, CATIFOR

ATION DIVISION

s





