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and 
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The current-voltage characteristics of Josephson 'tunnel junctions shunted by a conduc­
tance with substantial self-inductance exhibit regions of stable negative resistance. 
At certain values of bias current, the junctions exhibit chaos, which is manifested as 
a low frequency voltage nOise·equivalent to a noise temperature of about 103K. At 
other bias points, switching between subharmonic modes or between a subharmonic mode 
and a chootic regime produces low frequency noise with 0' noise temperature often ex"" 
ceeding 106K. Analog simulations indicate that, at least under some conditions, the 
switching is induced by intrinsic thermal noise. The analog has also been used to 
show that switching induced by thermal noise is responsible for the noise rise ob­
served experimentally in three-photon Josephson' ,parametric amplifiers. 

1. INTRODUCTION 

There has recently been considerable interest in 
nonlinear systems that exhibit chaos. (1) Such 
systems are governed by deterministic equations, 
but for an appropriate choice of parameters the 
solutions appear to fluctuate randomly, although 
in fact this behavior is completely determined 
by the equations of motion and the given set of 
initial conditions. An attractive system for 
stUdying chaos is provided by the Josephson (2) 
junction, which has well-established equations 
of motion so that realistic comparisons can be 
lIlade between the observed behavior of real junc­
tions and the predictions of analog or digital 
simulations. Huberman, Crutchfield, and Packard 
(3) were the first to point out that a resis­
tively shunted Josephson junction with appropri­
ate parameters should exhibit chaos when driven 
by an external radio frequency field. This 
problem has been studied in detail by Kautz (4) 
and O'Humieres et al.(5) using computer simula­
tions: as emphasized by D'Humieres et al.,(5) 
this problem is equivalent to the forced pendu­
lum. Apart from the inherent interest in the 
chaotic behavior of these systems, these ideas 
may by very relevant to the design of devices 
involving the Josephso~ effect. For example, it 
has been suggested that the large levels of ex­
cess noise observed 1n Josephson parametric am­
plifiers (6-16) were due to chaos, although 

there is hardly widespread agreement on this 
point. (13-16) Unfortunately, there has been re­
latively little experimental work on chaos in 
Josephson junctions under conditions'where the 
experimental parameters are sufficiently well 
known that one can make meaningful comparisons 
with theoretical predictions; in particular it 
is very difficult to estimate the magnitude of 
the rf voltage across the junction. Because of 
this problem, we have chosen to study chaotic 
effects in a different system, namely a Joseph­
son tunnel junction with self-capacitance that 
is shunted by a resistance with substantial self­
inductance. (17) 

We first describe the model system, and obtain 
the equations of motion. We next describe the 
junction configurations used, outline the mea­
surement techniques, and present the experimen­
tal data. We discuss solutions to the equations 
of motion obtained on an analog computer, and 
show that all the features observed experimen­
tally can be explained with the analog. We find 
from simulations that there are period-doubling 
sequences to chaos, followed by intermittency 
and odd- and even-period windows. In addition, 
we find large amounts of low frequency noise 
arising from switching induced by thermal noise 
between stable subharmonic modes or between a 
stable mode and a chaotic regime. As an example 
of the importance of these switching processes 



in a practical device, we oescribe the results 
of an analog simulation of a three-photon para­
metric amplifier. We con'clude with a brief sum­
mary. 

2. EQUATIONS OF }IOTION 

The Josephson junction that we have investigated 
is shown schematically in Fig. 1. The junction 

v 

Figure 1 : Schematic representation of a Joseph­
son tunnel junction with 'critical current 10 and 
self-capacitance C shunted with an external re­
sistance R which has'a self-inductance L. The 
junction is also shunted with the quasiparticle 
tunneling conductance, l/RJ. 

has a critical current 10 and is shunted by its 
self-capacitance, C, and the quasiparticle tun­
n~ling conductance, l/RJ, through which the qua­
siparticle current Iqp flows. The external 
shunt has a resistance R and a self-inductance 
L, through which a current Is flows; the resis­
tance R generates a Nyquist voltage noise, VN(t), 
with a spectral density 

Sv(f) = 4kBTR, (1) 

where T is the temperature and f is the fre­
quency. The coupled equations of motion can be 
written in the form 

I 
and 

IOsino + hC6/2e + Is + Iqp' 

I R + i L + VN(t). s s 

(2) 

(3) 

Here, I is the fixed bias current, a is the 
phase difference across the junction, and we 
have set 6 .. 2eV/h, where the dot implies the 
differentiation with respect to time. It is 
convenient to rewrite these equations ina di­
mensionless form by introducing a dimensionless' 
time variable tl «Po/2TrloR), where, <1>0 =: h/2e is 
the flux quantum. We obtain 

and 
i sino + 8cd + is + i qp ' 

6 .. is + 8L1s + vN• 

(4) 

(5) 

In these equations, we have set i = IlIa; ,is = 
Is/Io' iqp = I" 11 0 , vN .. VN/IoR, eC'" 2TrloR2C/ 
<1>0' I1L .. 21rL~0/<l>o' and r .. 2TrkBT/lo<l>o. The 
three parameters that determine the behavior of 
the system are 8L (the reduced inductance)" 
BC (the reduced capacitance), and i (the reduced 
bias current); for a given junction i serves as 
the control parameter. 

3. EXPERIMENTAL TECHNIQUES 

We have studied two types of junction, illustrat­
ed in Fig. 2. The small area junctions (10 x 10 
~m2), shown in Fig. 2(a), were fabricated in 

- .. 

4OO;f:m 
PbIn 350~m 

Cu Nb 

(b) 

Figure 2 : (a) Small and (b) large area Joseph­
son tunnel junctions shunted by an external re­
sistance with substantial self-inductance. In 
(b), the loop is overlaid with a superconducting 
ground plane, insulated from the loop with a 
layer of SiO. 

nine batches of six junctions on a 50 mm diame­
ter Si wafer, using photolithographic lift-off 
techniques. First, a gold strip about 10 ~m 
wide and 160 nm thick was depOsited, followed by 
a Nb strip about 200 nm thick. The lift-off for 
the Nb strip was performed, and the resist pat­
terned for the Pbln (5 wt.%In) strip. The wafer 
was diced to give nine individual substrates, 
each with six junctions; each substrate was pro­
cessed individually from this point. The sur­
face of the Nb was cleaned by ion-milling in Ar, 
and oxidized with a radio frequency discharge in 
an Ar~02 mixture. The PbIn film, about 300 nm 
thick, was then deposited and lifted off. Typi­
cal parameters for these junctions were 10 = 
0.5 mA, C .. 4 pF, R = 0.4 n, and L

2
= 4 pH. The 

large area junctions (,400 x 3 50 ~m ), shown in 
Fig. 2(b), were fabricated by depositing films 
through metal shadow masks. First, a disk of Cu 
abo~t 300 nm thick was deposited, followed by 
two strips of PbIn that overlap the Cu. A Nb 
strip about 400 ~m wide and 300 nm thick was 
sputtered and oxidized thermally. The junction 
was completed by depositing a 170 nm-thick PbIn 
strip. The sample was covered with an insulat­
ing SiD layer about 130 nm thick, and a PbIn 
ground plane was evaporated to reduce the induc­
tance of the loop. Typical parameters were 10 .. 
I mA, C = 6 nF, R" 2 ron, and L .. 3 pH. 

Several different measurements were made. First, 
we obtained a current voltage (I-V) characteris­
tic by slowly sweeping the current, and record­
ing the resulting voltage. Second, we measured 
the low frequency voltage noise across the junc­
tionby amplifying the noise with a cooled re­
sonant tank circiut, with a resonant frequency, 
ft, of about 100 kHz, coupled via a room temper­
ature preamplifier to a mean square voltmeter. 
For the large area junctions, the bandwidth, B, 
of the measurement was determined by the Q 
(~480) of the tank circuit: B .. TrfT/2Q. For the 
small area junctions, a lower Q (~ 60) was used, 
and the bandwidth was limited by a low pass f1l-

~: 
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ter in the subsequent signal processing to about 
250 Hz. Third, in the case of the large area 
junctions, we connected the junctions directly 
to a low noise high frequency preamplifier; with 
a bandwidth of about 1 GHz, and examined the 
voltage on a spectrum analyzer. 

4. EXPERIMENTAL RESULTS 

Figure 3 : Current-voltage (I-V) characteristics 
of a small area junction for four values of 
critical current. 

Figure 3 shows the I-V characteristic of a small 
area junction for four values of critical cur­
rent; the critical current was reduced by trap­
ping magnetic flux in the junction. The charac­
teristics of the two higher values of critical 
current exhibit stable regions of negative dy­
namic resistance. The I-V characteristics of 
the two lower val~es of critical current show 
structure on the I-V characteristics, but the 
dynamic resistance is always positive. 

TN (K) 

102 103 31103 104 21104 

v (pV) 

T-4.2 K 

lo-216pA 
R-0.44A 

C - 4pF 
L- 9 pH 

100 150 

Figure 4 : I-V characteristic and voltage noise 
temperature, '['N, at 97 kHz for a small area 
junction with ~C ~ 0.5, BL = 6, and r Q 8.1 x 
10-" • TN was measured at a reduced frequency of 
2.1 x 10-6. 

Figure 4 shows the I-V characteristic of a dif­
ferent small area junction, and, in addition, 
the voltage noise measured at a frequency of 97 

kHz with a tank Circuit Q of 57. This frequenc~ 
corresponds to a reduced frequency of 2.1 x lO­
in units of the characteristic frequency IoR/~o' 
The noise has been characterized by a noise tem­
perature, TN, defined by 

(6) 

where <V~> is the mean square voltage across the 
junction. The noise temperature, TN, as a 'func­
tion of bias current generally falls into one 
of three ranges. An example of the first occurs 
for the bias region near 300 ~A. Here the noise 
is independent of bias current, with a magnitude 
of about 40K.· This noise arises from the pream­
plifier and from Nyquist noise associated with 
losses in the tank circuit rather than from the 
junction itself. The second range of noise le­
vel appears, from example, in the intervals from 
220 to 295 ~A and 330 to 360 ~A. Here we ob­
serve noise temperatures varying from several 
hundred to one thousand Kelvin. Finally, there 
is an enormous peak that is off-scale on this 
plot. In a separate measurement we found that 
its noise temperature was about 4 x 106K. This 
peak occurs just below the negative resistance 
region on the I-V characteristic. 

5.103 

~ 
T· 3.21 K 

31103 tlJJ g 
l(j t.?' 
102 .J..J I 

-a 10 ~~\~ ..s 
.., 0 

>- -10 10 ·O.nmA C' 5nF .., 
R· 2.1 mA L· 3 H 

2 3 4 
I (mA) 

Figure 5 : dV/dI vs. I and TN vs. I for large 
area junction with BC = 0.05, BL = 6.6, and r = 
1.9 x 10-4 • The numbers on the upper trace re­
fer to the subharmonic number. TN was measured 
at a reduced frequency of 1.6 x 10-4 • 

Figure 5 shows the dynamic resistance, dV/dI, 
vs. I and TN vs. I for a large area junction. 
There is considerable structure, including nu­
merous values of current for which the dynamic 
resistance is negative. The noise temperature 
again shows three types of regions: Regions of 
about 32K, where the noise arises from the tank 
circuit and the preamplifier, broad regions of 
a hundred Kelvin, and large spikes where the 
noise is several thousand Kelvin. These spikes 
are sometimes but by no means always associated 
with local maxima in the dynamic resistance. 
Several of the regions where the noise is low 
have been labelled with the subharmonic number 
of the oscillations. This number was obtained 
by amplifying the signal across the junction 



with the wideband amplifier, determining the 
fundamental frequency on a spectrum analyzer, 
and dividing this frequency into the Josephson 
frequency 2eV /h. It is evident that both even 
and odd subharmonics are present. 
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Figure 6 : Power spectrum of voltage across a 
large area junction at 4.2K with 10 = 2.35 mA, 
I = 6.68 mA, e = 5 nF, R = 1.7 mn, L = 3 pH, 
Be = 0.10, SL = 21, and r = 7.5 x 10-5 

Finally, we examined the voltage across a large 
area junction when it was biased at a low fre-· . 
quency noise spike, and displayed the result on 
a spectrum analyzer. The result of such a mea­
surement is shown in Fig. 6, where we observe 
two well-defined peaks at 335 MHz and 377 MHz. 
As one sweeps the bias current through the re­
gion where the noise spike occurs, one observes 
first one peak, then the growth of the second 
peak as the first one shrinks, and' finally the 
disappearance of the first peak. Thus, the 
junction switches between two subharmonic modes, 
giving rise to large levels of noise at fre­
quencies below the characteristic switching fre­
quencies. Switching between a subharmonic mode 
and a chaotic regime can also occur (see below): 
A manifestation of this behavior is the appear­
ance of a low frequency noise spike at the boun­
dary between noise free and moderately noisy re­
gions. Examples of this appear in Fig. 5 at 
about 1.11 mA and 2.02 mAo 

In order to shed more light on the behavior ob­
served experimentally, we have performed exten­
sive digital and analog simulations. Some of 
the results of the analog simulation are now 
briefly reported. 

5. ANALOG SIMULATIONS 

We have simulated the junction using an elec­
tronic analog of a Josephson junction involving 
a phase-locked loop (Philipp Gillette and Asso­
ciates, model JA-lOO). To achieve large induc­
tances (1 - 10H) with low loss, we used an ac­
tive circuit for the inductance of the shunt. 

(01 

(b) 

(e) 

(a) 

Figure 7 : Voltage vs. time (left-hand column) 
and 6 vs. sino (right-hand column) for the ana­
log simulator with Be = 0.25, BL = 8.0, and r ~ 
0: (a) period I, (b) period 2, (c) period 4, and 
(d) chaos. 

In Fig. 7 we show a typical set of solutions for 
Be = 0.25, and BL - 8.0. The left-hand column 
shows the voltage across the junction vs. time 
for four values of bias current, while the 
right-hand. column shows the corresponding phase 
portrait, 0 vs. sino. In (a), the solution is 
the Josephson oscillation with period I, and the 
corresponding phase portrait is a single closed 
loop that repeats each time 0 evolves through 
2n. In (b), a bifurcation has occurred to a 
period 2 solution, and the phase portrait con­
tains two loops. In tc), a second bifurcation 
has occurred to a period 4 solution, while in 
(d) the system has become chaotic. This is an 
illustration of a Feigenbaum (18) period-doubl­
ing sequence to chaos. 

As the current is further reduced, the system 
exhibits Pomeau-Manneville (19) intermittency, 
followed by tangent bifurcations to limit cycles 
of even or odd periodicity. In the theory of 
chaotic behavior for one-dimensional mappings 
with single quadratic maxima, there is an expli­
cit sequence in which stable limit cycles of 
period n should first appear as the control par­
ameter is varied monotonically. (20) The behav­
ior we observe in. our junctions as the bias cur­
rent is reduced does not appear to fit this sim­
ple picture, suggesting that a reduction of this 
third-order system to a one-dimensional mapping 
may not be possible. The lack of order in the 
appearance of periodic windows also indicates 
that the basins of attraction are probably quite 
complicated, and that the observed behavior may 
depend crUCially on the amount of external noise 
present. 

In Figs. 8 and 9 we show two current-voltage 
characteristics obtained from the simulator with 
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Figure 8 : 1/10 vs. VlloR and TN vs. 1/10 for 
analog simulator with parameters chosen to ap­
proximate those of the junction in Fig. 4. TN 
was measured in the reduced frequency range 
0.016 to 0.079. 
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Figure 9 : 1/10 vs. V/lo R and TN vs. '1/10 for 
analog simulator with parameters chosen to ap­
proximate those of the junction in Fig. 5. TN 
was measured in the reduced frequency range 
0.016 to 0.079. 

values of BC' SL' and r chosen to approximate 
those of the real junctions in Figs. 4 and 5. 
We observe the same general structure on the 
characteristics, including regions of stable 
negative resistance. Also shown in Figs. 8 and 
9 are the corresponding noise temperatures, 
measured at frequencies between 10 and SO Hz, 
corresponding to reduced frequencies of 0.016 
and 0.079. In the region of low noise, the 
junction is in a stable limit cycle, and the 
noise is from the measurement system. There are 
also relatively broad regions of current where 

the noise ranges from a few hundred Kelvin to 
perhaps 103K: In these regions the junction is 
chaotic. Thus, for the experimental junctions, 
we can identify the values of bias current where 
the noise is of the same order of magnitude as 
regions in which chaos occurs. 

Notice that the very large noise temperatures 
(~ 10SK) measured in the real junctions are not 
present in the bandwidth of the noise measure­
ments in Figs. 8 and 9. For the real junctions, 
the noise measurements in Figs. 4 and 5 were 
performed at reduced frequencies, f/(IoR/~o)' of 
2.1 x 10-6 and 1.6 x 10- 1

" respectively, while 
for the simulations the reduced frequency of the 
measurements spans the range 0.016 to 0.079. 
The lack of a large noise peak in this portion 
of the analog spectrum suggests than switching 
noise is greater at much lower reduced frequen­
cies. 

In order to observe this switching behavior on 
the analog, we measured the power spectrum of 
the noise down to dimensionless frequencies 
equivalent to those of the measurements on the 
large-area junctions. In Fig. 10, we show the 
spectral density of the voltage noise at a bias 

(0) 

--r =8.9.10'5 

-----r '" 0 

(b) 

10
5 r =8.9'10-5 
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t-
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3 
10 

10-2 I 10 2 
FREOUENCY (Hz) 

Figure 10: Noise temperature (for 10 = 1.49 rnA) 
for analog with 8c = 0.105 and BL = 12.0 (a) in 
chaotic regime and (b) in switching regime, with 
and without thermal noise. The horizontal scale 
spans the normalized frequency range 1.55 x 10-5 
to 1.55. 



point where the system is chaotic, and at a 
point where switching occurs between a subhar­
monic mode and a chaotic "'tegime. In the chaotic 
regime, we see a residual, broadened subharmonic 
peak at about 500 Hz, and at lower frequencies 
white noise with a noise temperature of about 
700K. We notice that this behavior is essen­
tially independent of the presence or absence of 
injected thermal noise equivalent to 3.1BK. In 
the absence of injected noise, the intrinsic 
noise temperature of the analog was ~ 7 mK. In 
Fig. 10(b), the noise temperature of the junc­
tion in the absence of thermal noise is below 
the noise tempera·ture of the measurement system. 
In the presence of thermal noise equivalent to 
3.1BK, however, the noise temperature increases 
dramatically, with a power spectrum of approxi­
mately l/f at frequencies below 10 Hz to a value 
of about 105K at 0.1 Hz. The l/f nature of this 
noise has also been observed in real junctions. 
Thus, it appears that this type of behavior is 
due to thermal noise currents that can induce 
the system to "hop" between two different re­
gimes, for example, two subharmonic modes that 
would be stable in the absence of thermal noise, 
or between a subharmonic mode and a chaotic re­
gion. Somewhat related behavior has been dis­
cussed by Arrecchi and Lisi (21) for a non-lin­
ear electronic oscillator. However, these au­
thors claim that the l/f noise is intrinsic to 
the deterministic equation of motion, without 
the addition of thermal noise. Hopping between 
modes has also been discussed by Kautz,(4) 
D'Humieres et a1., (5) and Ben-Jacob et a1., (22) 
but they do-;o~appear to have observed-; l/f 
power spectrum. 

6. JOSEPHSON PARAMETRIC AMPLIFIERS 

To illustrate the importance of some of the 
ideas described above to practical devices, we 
consider briefly the Josephson parametric ampli­
fier. The inductance of a Josephson junction 
for I < 10 is non-linear, and may be written in 
the form (2) 

LJ = ~0/2nlocos6 = ~0/2n(I~ - I2)~. (7) 

This non-linearity may be used for parametric 
amplification of electromagnetic signals, and 
amplifiers of this kind have been extensively 
studied. There are two principal modes of oper­
ation, the Singly-degenerate three-photon mode,· 
(9-12) and the doubly-degenerate four-photon 
mode. (6-B) We shall confine ourselves to the 
former, in which the pump frequency, wp ' the 
signal frequency, wS ' and the idler frequency, 
Wi' satisfy the relation 

(8) 

where Ws ~ Wi ~W /2. The junction is biased 
with a current below the critical current, and 
an appropriate level of pump power is applied. 
Both the bias current and pump amplitude change 
the plasma frequency of the junction according 
to the relation 

I 2 I 
W (0,0) [J (Jl) ]':1[1 -(1/1 ) ]'1;, (9) 

o 0 a 

Here, 

Jl = 2nV /~ W • pop 

W (0,0) = (I /2n~ C)~ 
o 0 0 

(10) 

(11) 

is the maximum plasma frequency, and Vp is the 
voltage across the junction at the pump fre­
quency. Thus, one adjusts the bias current and 
pump amplitude until the plasma frequency is 
equal to the signal frequency. As the pump po­
wer is increased, the signal amplification in­
creases, but, unfortunately one finds that the 
input noise temperature also increases. This 
so-called "noise rise" has prevented the Joseph­
son parametric amplifier from becoming important 
as a high frequency amplifier. There have been 
several attempts to explain the noise rise,(13-
16) but, to our knowledge, none of these expla­
nations has been in satisfactory agreement with 
the observed phenomena. 

We (23) have simulated the three-photon Joseph­
son parametric amplifier using the circuit (16) 
shown in Fig. 11. The junction has capacitance 

Figure 11 : Circuit for analog simulation of 
three-photon Josephson parametric amplifier. 

C and is shunted with a resistance RJ represent­
ing the quasiparticle tunneling resistance; as-· 
socia ted with this resistance is a Nyquist noise 
current, IN(t). In practice, the signal is 
coupled in by means of a Circulator, which we 
represent by a series resonant circuit with in­
ductance L', capacitance C', and resistance R'. 
The resistance of the signal source is RL' The 
values of L' and C' were chosen so that Ws = 
(L'C')~. To optimize the performance, we set 
RL = R' and maintained RL + R,' ~ RJ. The Q of 
the resonant circuit, (L'/C')':1/(R' + RL) was 
typically 20. The pump was represented by a 
current source, Ipcoswpt. To establish parame­
tric amplification, we first applied low levels 
of pump and signal power and adjusted Idc until 
signal gain and the idler were observed. We 
then increased the pump amplitude, adjusting Idc 
to achieve maximum gain. 

Figure 12 shows typical results for four levels 
of ~ump power with Idc/lo.= 0.74 and r = 2.32 x 
10- ; this value of r corresponds to a tempera­
ture of O.SSK for a junction with 10 = 1 rnA. 
The frequency has been normalized to wo(O,O). 
The lowest trace is for Ip/lo = 0,. so that a re-
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Figure 12 : Power spectral density of voltage 
across RL for 4 values of Ip/lo. Reference 
level of power is arbitrary. Frequency w has 
been normalized to the maximum plasma frequency 
wo(O,O). 

sponse is seen only at the signal frequency,ws ' 
The remaining three traces show the results for 
increasing levels of Ip/lo, the largest level 
corresponding to the maximum gain that could be 
achieved with the given circuit parameters. For 
larger values of Ip or Idc' a bifurcation occurs 
to an oscillation at wp/2. This behavior, which 
is also seen in real devices,(24) is a useful 
means of recognizing that the condition for max­
imum gain has been achieved. Once the bifurca­
tion has occurred, the gain drops sharply. We 
see in Fig. 12 that while the signal gain in­
creases as the pump power increases, the level of 
the noise increases much more dramatically. 
Thus, when the pump power is increased from zero 
to its value for maximum gain, the signal gain 
is 12.8 dB, while the noise increases by 30 dB. 
To illustrate the much more rapid rise in noise 
than in signal gain, in Table I we have listed 
the signal gain, CS' the noise gain, CN, and 

Table I : Signal gain, CS ' at w = ws ' noise, 
gain, CN' for w ~ ws ' and CN/CS for the ampli­
fier represented in Fig. 12. 

Signal Noise 
~/CS I 

Ip/lo Cain Cs Cain ~ 
(dB) (dB) (dB) 

0.466 4.7 ± 0.1 16.7 ± 0.4 12.0 ± 0.4 

0.475 6.9 ± 0.1 17.7 ± 0.4 10.8 ± 0.4 

0.486 9.3 ± 0.1 24.9 ± 0.7 15.6 ± 0.7 

0.498 12.8 ± 0.1 30.0 ± 0.4 17.2 ± 0.4 

their ratio GN/G S for 4 values of Ip/lo. The 
gains GS and GN (measured at frequency ws ) are 
the ratios of the signal and noise powers, re­
spectively, to their values ,at Ip/lo = O. 
Notice that CN/GS' which is proportional to the 
noise temperature TN' increases from 12 dB to 17 

dB as the signal gain is increased from 4.7 dB 
to 12.8 dB. (By way of comparison, for an amp­
lifier with no noise rise we would have GN/GS = 
1, independent of GS') The observed noise rise 
is such that CN/CS' and hence TN' rise faster 
than GS for low values of GS' This result is 
consistent with data obtained by Mygind et al. 
(10) for a real amplifier when they varied the 
applied pump power. 

We have also performed simulations for r ~ 6.1 x 
10-7 • In this limit, substantial amounts of 
signal gain were achieved, without an accompany­
ing noise rise., However, other simulations sug­
gest that the threshold level of the thermal 
noise is quite low: We observed a noise rise for 
r = 4.2 x 10-6 corresponding to a temperature of 
O.lK for a junction with 10= 1 rnA. 

From these results, we can draw two important 
conclusions concerning noise in the three-photon 
parametric amplifier. First', the noise cannot 
arise from chaos: To achieve gain, one always 
operates the amplifier with Idc and Ip below the 
threshold for a period-doubling bifurcation of 
the pump frequency. Second, the observed noise 
rise requires the presence of thermal noise. We 
believe the noise rise is due to hopping between 
a bias point in the high gain region (that would 
be stable in the absence of thermal noise) and 
an unstable point in the bifurcated region. 
Since an increase in gain necessarily implies 
that the device is closer to the bifurcation 
threshold, one would expect that the probability 
of hopping and hence the noise produced would 
increase as the gain is increased. 

Finally, we emphasize that the amplification 
process in the four-photon Josephson parametric 
amplifier is quite different from that just de­
scribed, and the deviCe is not operated near a 
period-doubling bifurcation. Thus, we believe 
that 'the mechanism we have described here does 
not account for the noise in the four-photon 
amplifier. 

7. SUMMARY 

We have described the properties of Josephson 
tunnel junctions shunted by a resistance with 
non-negligible self-inductance and biased with 
a constant current. The general features ob­
served for the'experimental junctions are ex­
plained very adequately by analog simulations. 
The I-V characteristics usually exhibit regions 
of stable negative resistance that can be re­
duced in extent and made to disappear by the 
progressive reduction of the critical current 
in an external magnetic,field. When the junc­
tion is in a stable limit cycle, which mayor 
may not be bifurcated, the voltage noise is be­
low the level of the measurement system. In 
the chaotic regimes, the'noise temperature of 
the junction is typically a few hundred Kelvin. 
At certain values of the bias current the nOise 
temperatures may become very large, often ex­
ceeding 106K. These noise temperatures, which 
increase as the measurement frequency is de-



creased, arise from switching between two sub­
harmonic modes or between a sub harmonic mode and 
a chaotic regime. The analog simulations indi­
cate that, at least under certain conditions, 
this switching is induced by relatively low le-. 
vels of intrinsic thermal noise; in the absence 
of thermal noise, the switching did not occur. 
However, we would not rule out other situations 
in which the switching is intrinsic to the equa­
tions of motion, and is not induced by thermal 
noise. 

As an example of the importance of the switching 
mechanism, we have used the analog simulator to 
study noise in the three-photon Josephson para­
metric amplifier. The amplifier gain increases 
as the pump amplitude is increased until the 
system is about to bifurcate to the half-harmon­
ic of the pump frequency. At that point, the 
gain drops dramatically. The simulations show 
no noise rise in the absence of thermal noise. 
However, a small level of thermal noise is suf­
ficient to produce a dramatic increase in ··the 
noise in the amplifier. We believe that this 
noise rise is produced by switching between bias 
points in the bifurcated and unbifurcated re­
gions. 
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