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The development of a highly selective, membrane-based ion separations technology could significantly 

improve the sustainability and energy efficiency of water treatment technologies and emerging applications 

such as electrochemical CO2 reduction, extraction of valuable metals from sea water, and battery recycling. In 

this work we show that an electronic flashing ratchet mechanism can be used for high precision ion separation. 

The suggested ratchet-based ion pumps utilize a unique feature of electronic ratchets, frequency dependent 

current reversal, to drive ions with the same charge, but different diffusion coefficient, in opposite directions. 

We show that ions whose diffusion coefficients differ by as little as 1% can be separated by driving them in 

opposite directions with a velocity difference as high as 1.2 mm/s. Since the pumping properties of the ratchet 

are determined by a time-varying electric input signal, the proposed ion pumps could be instrumental in 

realizing an efficient, large-scale, and fit-for-purpose system for selective ion separation. Examples of ratchet-

driven systems for lithium extraction from sea water, lead removal from drinking water, and water desalination 

are discussed and analyzed. 

 

I. INTRODUCTION 

In  recent years there has been a growing demand 

for membranes that facilitate the extraction of a 

single solute from water  [1–3].  The introduction of 

a highly selective ion separation technology could 

markedly advance a large variety of critical fields 

such as water treatment, electrochemical CO2 

reduction, resource extraction from sea water, 

battery recycling and many others  [1–10]. For 

example, since reverse osmosis (RO) desalination is 

not selective (i.e., it rejects all ions), RO processes 

typically require extensive post-treatment steps or 

multiple passes through the RO membrane to control 

the concentration of specific ions at the outlet. 

Moreover, pre-treatment steps are also needed to 

minimize membrane fouling [4,6]. Thus, the 

addition of a highly selective membrane at different 

stages of desalination can greatly increase the overall 

energetic efficiency of the system [6]. Other 

examples of ion-specific separation needs include 

those for trace species, such as for decontamination 

of drinking water and wastewater, by removing 

heavy metal ions,  or extraction of valuable metals, 

such as lithium, from salt water [1,4–6]. Thus, a 

membrane that is capable of selectively removing 

specific ions will be able to reduce the energy 

consumption of these processes, enabling the 
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development of new processes and technologies that 

are currently considered cost prohibitive. 

One of the main approaches pursued for solute-

solute selectivity, is filtration with sub-nanometer 

pore membranes. In these membranes, selectivity 

originates from the difference in the hydration 

energy between ions and the difference in their 

transport properties within the pores  [1,2]. Despite 

achieving some success, highly selective separation 

of same-charge ions remains a fundamental 

challenge  [1,2]. Furthermore, since these 

membranes rely on functionalized pores with a 

precise diameter below 1 nm, upscaling these 

membranes is a great challenge. Moreover, as the 

membrane selectivity is derived by the pore 

geometry and chemistry, different membranes must 

be designed for every target ion  [2]. Another 

approach for monovalent ion separation is based on 

the diffusion coefficient dependent response of ions 

to a pressure induced streaming potential  [1,11–15]. 

However, only a few studies have demonstrated this 

mechanism and so far their reported selectivity is 

limited.  

In this work we investigate the use of an 

electronic flashing ratchet mechanism to separate 

ions with the same charge number according to their 

diffusion coefficients. Since the selectivity is 

controlled by the ratcheting process, it does not 

require energy intensive ion dehydration or complex 

sub-nanometer structures. The paper is organized as 

follows. First, we develop the theory, demonstrate 

how current reversals results in high precision 

separation, and find the conditions under which 

current reversals are possible. Next, we define the 

separation resolution which determines how well 

ions can be separated from each other. Last, we 

demonstrate a few use cases in which ratchet driven 

ion separation can improve process sustainability 

and efficiency. 

II. FLASHING RATCHETS 

Electronic flashing ratchets are devices that 

utilize modulation of a spatially asymmetric electric 

potential to drive a steady state particle flux  [16–

18].  The operating principle of a flashing ratchet is 

described schematically in Appendix B. While in 

most prior studies flashing rachets were used to drive 

electrons or holes in semiconductors  [19–32], the 

application of flashing ratchets for ion pumping was 

only suggested recently. Membranes with oscillating 

pores for resonant osmosis were theoretically 

analyzed in terms of ratchet driven transport  [33,34] 

and nanofluidic charge coupled devices, which can 

be viewed as reversible ratchets  [35], were studied 

for DNA separations  [36]. In a prior work, we have 

utilized these ratcheting principles to demonstrate 

experimentally a first-of-its-kind ratchet-based ion 

pump (RBIP)  [37]. In all prior analyses  [33,34,36] 

selectivity is achieved by transporting particles in the 

same direction, but at a different average velocity. 

However, this approach has a limited selectivity 

making it unfit for removing trace amounts of ions 

from solutions.  

An important hallmark of ratchets is the ability to 

invert the direction of particle flow with a change in 

the input signal frequency  [19], [38]. The frequency 

at which the particle's net velocity is reversed is 

termed the stopping frequency, and it is determined 

by the potential distribution and particle transport 

properties  [39–41]. As a result, for a given ratchet, 

there can be a frequency at which particles with the 

same, charge but different diffusion coefficient, are 

transported in opposite directions. This effect has 

been studied theoretically  [42–46], and was used to 

sort gold nanoparticles of different sizes and 

shapes  [40,41,47]. However, this concept has never-

before been applied to ion separations. Here we 

show that by utilizing velocity reversal in ratchet 

systems, ions with the same charge can be driven in 
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opposite directions according to their diffusion 

coefficient. This enables extraction of ions with 

extremely low relative concentrations if their 

diffusion coefficient is even slightly different from 

that of the majority ions in the solution. Since the 

direction of ion transport is determined by the input 

signal frequency, the sorting properties can be tuned 

in real time providing a simple fit-to-purpose 

solution for a variety of ion separations applications.  

III. ANALYSIS 

The response of noninteracting ions in a solution 

to a given potential distribution, 𝑈(𝑥, 𝑡), can be 

determined by the continuity equation (as described 

in Appendix A). The potential distribution is 

described as the product of spatial and temporal 

components: 

  

𝑈(𝑥, 𝑡) = 𝑉(𝑥)𝑔(𝑡). (1) 
  

We address a one-dimensional ratchet that has an 

infinitely periodic sawtooth distribution in space, 

with a spatial period L, and is driven by a periodic 

square wave signal at frequency 𝑓. The spatial and 

temporal contributions are shown in Fig. 1, and are 

mathematically described by: 

𝑉(𝑥) =

{
 
 

 
 𝑉𝑚𝑎𝑥

𝑥 𝐿⁄

𝑥𝑐
,              0 <

𝑥

𝐿
< 𝑥𝑐

𝑉𝑚𝑎𝑥
(1 − 𝑥 𝐿⁄ )

(1 − 𝑥𝑐)
,   𝑥𝑐 <

𝑥

𝐿
< 1

   , (2a) 

  

𝑔(𝑡) = {
1, 0 < 𝑡 < 𝛿 ∙ 𝑇
𝛼,       𝛿 ∙ 𝑇 < 𝑡 < 𝑇 

, (2b) 

  

where 𝑉𝑚𝑎𝑥 is the potential amplitude, and 𝑥𝑐 is the 

spatial symmetry factor, which is the relative length 

of the first linear section of the sawtooth potential to 

the spatial period, L (see Fig. 1). The temporal 

modulation 𝑔(𝑡) is described by a duty-cycle 𝛿 =

𝑡+/𝑇, which is the ratio between the time-duration 

of the first step, where the potential is at its 

maximum value, to the total period 𝑇(= 1/𝑓). Each 

time-period is completed with a second step, in 

which the sawtooth distribution is multiplied by a 

potential symmetry factor in the range −1 ≤ 𝛼 ≤ 0. 

The continuity equation with periodic boundary 

conditions was solved numerically for the ion 

concentration, C(x,t). More details on the 

computational model and its validation can be found 

in Appendixes A and C.  The net ion velocity, 𝑣𝑛𝑒𝑡, 

is derived from the ion flux, 𝑁(𝑥, 𝑡), and is defined 

as the average ion velocity in space and time: 

  

𝑣𝑛𝑒𝑡 =
1

𝑇𝐿
∫ ∫

𝑁(𝑥, 𝜏)

𝑐0
 𝑑𝑥

𝐿

0

𝑑𝜏
𝑇

0

, (3) 

  

where 𝑐0 is the reference concentration, and  𝜏 = 0 

is defined to be the time at which the system enters 

its steady-state and the initial state of the system no 

longer affects its operation.  

In the presented model the electric potential 

distribution is used as an input and Poisson’s 

equation is not solved. Therefore, it does not 

consider the interactions between ions, nor the 

potential being screened by them. To obtain a 

sawtooth-like potential distribution in realistic 

conditions, the ratchet length scale should be small 

Fig. 1. The spatial and temporal components of the 

potential distribution. 
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enough, such that potential screening by the ions in 

the solution is not significant. This is possible if the 

length scale is in the order of the Debye screening 

length within the device. A detailed analysis of this 

is left for future work. Thus, this model is an ideal 

testcase that can help determine the optimal electric 

potential distribution for a given application. Unless 

stated otherwise, the ratchet parameters that are used 

in the analysis are: 𝐿 = 1 μm, 𝑥𝑐 = 0.7, 𝑉𝑚𝑎𝑥 =

2.5 V, 𝛿 = 0.25, 𝛼 = −0.5, the ion charge number 

is 𝑧 = 1, the inverse thermal voltage is 𝛽 =

39.59 V−1, and the reference concentration was 

chosen to be 𝑐0 = 1 mol/m
3. We note that since the 

electric potential is pre-determined, the net ion 

velocity is independent of 𝑐0. Thus, the value of 𝑐0 

has no practical importance in this analysis. 

IV. RESULTS 

A. Velocity reversal 

Ratchets can be useful for many applications, but 

of particular interest to us is to examine the range of 

parameters that drive ions with the same charge 

(polarity and valence), in opposite directions. The 

ion response to a ratchet drive was found by 

calculating the net ion velocity, 𝑣𝑛𝑒𝑡, for various 

input signals, 𝑔(𝑡), potential distributions, V(x), and 

ions with diffusion coefficients, D. Fig. 2 illustrates 

a typical velocity reversal example. The figure 

shows the net ion velocity as a function of the ratchet 

signal frequency for two ions with different diffusion 

coefficients. For input signal frequencies between 

62–103 kHz, the low D ions have a positive net 

velocity, and the high D ions have a negative net 

velocity. When the ratchet is operated at 𝑓 =

83 kHz, the difference in net velocities is the largest. 

The variation of the spatially averaged ion velocity 

along a time-period is analysed in Appendix D. Fig. 

3(a) and Fig. 3(b) show the distribution of the low D  

and high D ions respectively, at a few key times 

along a time-period when the ratchet is operated at 

𝑓 = 83 kHz. Starting from 𝜏 = 0, the entire ion 

population is crowded around the potential minima. 

After the first potential switch at 𝜏 = 0.02𝑇, the ion 

population is split into two groups drifting in 

opposite directions. By the time 𝜏 = 0.25𝑇, nearly 

all the high D ions have reached the new potential 

minima, while the majority of the low D ions have 

not. After the second potential switch, at 𝜏 = 0.26𝑇, 

the ions split again, but since the electric fields are 

lower (𝛼 = −0.5), the groups drift apart more 

slowly. This allows more ions to diffuse over the 

potential peak and join the ions drifting in the 

negative x direction. When the groups are 

completely separated, at 𝜏 = 0.28𝑇, this process 

stops. The overall effect is a transfer of ions from the 

low field side of the sawtooth to the high field side, 

a phenomenon we term injection. An approximation 

of the net velocity can be made by noticing that 57% 

of the high D ions are traveling to the left after the 

first potential switch, while after the second switch 

only 45% return. Hence, in every time-period, about 

12% of the ions are moving one spatial period in the 

negative direction, resulting in a net velocity of 

𝑣𝑛𝑒𝑡 ≈ −12% ∙ 𝐿 𝑇⁄ = −1 cm/s. In contrast, only a 

Fig. 2. The net velocity of two positively charged 

monovalent ions (𝑧 = 1), as a function of the input 

signal frequency. The ratchet parameters are: 𝐿 =

1 𝜇𝑚, 𝑥𝑐 = 0.7, 𝑉𝑚𝑎𝑥 = 2.5 𝑉, 𝛿 = 0.25, 𝛼 = −0.5 
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fraction of the low D ions reach the potential 

minimum before the second potential switch. As a 

result, the injection from right to left (𝜏 = 0.28𝑇) is 

less significant, and while 60% of the ions are 

traveling to the left after the first potential switch, 

75% return after the second switch, yielding a 

positive net velocity of about 𝑣𝑛𝑒𝑡 ≈ 15% ∙ 𝐿 𝑇⁄ =

1.25 cm/s.  

Fig. 4 shows a 2D map of the net velocity of 

monovalent cations as a function of diffusion 

coefficient and the input signal frequency. All other 

ratchet parameters are as in Fig. 2. It can be seen that 

the stopping frequency increases linearly with the 

diffusion coefficient. Thus, at a given frequency, 

ions with diffusion coefficients above a specific 

value have a positive velocity, and ions with 

diffusion coefficients below that value travel in the 

opposite direction. For example, at a frequency of 60 

kHz, Li+ (𝐷 = 1.03 ∙ 10−5 cm2/s) ions travel 

forwards at a velocity of +0.6 cm/s, but K+ and Na+ 

(𝐷 = 1.96 ∙ 10−5 and 𝐷 = 1.33 ∙ 10−5 cm2/s 

respectively) ions travel backwards with velocities 

Fig. 4. Net velocity of monovalent cations as a 

function of their diffusion coefficient and the signal 

frequency. All ratchet parameters are the same as in 

Fig. 2. 

Fig. 3. The concentration response 𝐶(𝑥, 𝑡) of two positively charged monovalent ions (𝑧 = 1) with diffusion 

coefficients 𝐷 = 1.2 ∙ 10−5 cm2/s  (a), and 𝐷 = 2 ∙ 10−5 cm2/s (b). The potential distribution 𝑈(𝑥, 𝑡) is 

shown on the right axis. The signal frequency is 𝑓 = 83 kHz, and all other ratchet parameters are the same as 

in Fig. 2. 
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of about –0.8 and –0.5 cm/s respectively. Moreover, 

since the input signal determines which ions move 

forward and which move backward, the ionic 

selectivity of these ratchets can be tuned in real time.  

B. Normalized net ion velocity 

To analyze the ratchet behavior for a wide range 

of parameters, the net ion velocity is normalized by 

a characteristic ion velocity parameter 𝑣0 =

𝑧𝐷𝛽𝑉𝑚𝑎𝑥 𝐿⁄ . A normalized frequency, 𝛤 = 𝑓 𝑓0⁄ , 

was also defined, where the characteristic frequency 

is 𝑓0 = 𝑣0 𝐿⁄ . Once the normalized equations are 

solved, a single characteristic net velocity curve can 

be used to find the net velocity as a function of 

frequency for any diffusion coefficient or spatial 

period with appropriate reparameterization. Fig. 5(a) 

shows the normalized net ion velocity as a function 

of 𝛤 (i.e., characteristic net velocity curves), for 𝛿 =

0.25 and different symmetry factors, 𝛼. The net ion 

velocity is negative at low normalized frequencies 

for all values of 𝛼. However, at high normalized 

frequencies, the sign of the time-averaged potential, 

𝑈̅ = 𝛿𝑉𝑚𝑎𝑥 + (1 − 𝛿)𝛼𝑉𝑚𝑎𝑥, determines the 

direction of the net velocity, and whether velocity 

reversal with frequency is possible. This can be seen 

in Fig. 5(a), where only curves that correspond with 

𝑈̅ < 0 (𝛿 = 0.25, 𝛼 < −0.33) exhibit a 

normalized stopping frequency, 𝛤∗ (crossing the 

𝑣𝑛𝑒𝑡 = 0 axis). The inset of Fig. 5(a) shows the same 

curves in a wider 𝛤 range, illustrating a known 

ratchet property, that at very low and very high 

frequencies the output of a ratchet is zero [38]. A 

detailed analysis of the ratchet behavior as a function 

of normalized frequency and different symmetry 

factors is given in Appendix E. It is shown more 

generally that velocity reversal is possible only when 

the time averaged potential amplitude 𝑈̅ has an 

opposite sign to 𝑉𝑚𝑎𝑥. Fig. 5(b) shows the 

normalized net ion velocity as a function of 𝛿, for 

𝛤 = 1, with different symmetry factors 𝛼. As 

expected, at 𝛿 = 0,1 there is no net movement of 

ions since there are no temporal fluctuations. The net 

velocity is also zero at 𝛼 = −1, 𝛿 = 0.5, since the 

potential distribution is temporally 

symmetric  [38,48]. The behavior described by Fig. 

5(b) is well known in ratchet systems  [19,38,49], 

and is a good validation of our model. 

C. Effect of concentration gradients 

Velocity reversal was shown under the 

assumption of an infinitely periodic system in which 

no concentration gradient develops between spatial 

periods, and hence no work is performed. However, 

when driving ions between two finite reservoirs, an 

Fig. 5.  Normalized net ion velocity, (a) as a function 

of normalized frequency, 𝛤 (i.e., characteristic net 

velocity curves), for 𝛿 = 0.25 and different 

symmetry factors, 𝛼. (b) As a function of duty cycle, 

𝛿, for 𝛤 = 1 and different symmetry factors 𝛼. The 

ratchet parameters are: 𝑥𝑐 = 0.7, 𝑉𝑚𝑎𝑥 = 2.5 𝑉 

(dimensional values used in calculation are: 𝐿 =

1 𝜇𝑚, 𝑧 = 1, and 𝐷 = 1 ∙ 10−5 𝑐𝑚2/𝑠). 
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initial concentration gradient can exist, or will 

develop during operation, which will impede further 

ion transport. Ion pumping will be maintained until 

the electrochemical potential difference building up 

due to the concentration gradient between the two 

reservoirs will match that supplied to the ions by the 

ratchet. Velocity reversal in the presence of an ion 

concentration gradient was demonstrated by 

simulating a finite ratchet domain, with several 

spatial periods, operating between two ion reservoirs 

with varying concentration ratios. The description of 

the model and the simulation results are given in 

Appendix F. It is shown that velocity reversal is 

possible even when the ions are transported up a 

concentration gradient with a concentration ratio as 

high as 𝐶1 𝐶2⁄ = 10,000 between two reservoirs. 

Such high concentration ratios are to be expected 

from a ratchet that is operated with a high potential 

input relative to the thermal voltage, 𝑉𝑚𝑎𝑥 ≈ 40
𝑘𝐵𝑇𝑟

𝑒
 

(@25℃), since the ions electrochemical potential 

difference between the reservoirs is proportional to 

𝑘𝐵𝑇𝑟

𝑒
 ln(𝐶1 𝐶2⁄ ). Furthermore, the maximal 

concentration gradient that the ratchet can overcome 

increases greatly with the number of the ratchet 

spatial periods. It should be noted that obtaining 

large concentration gradients between the two 

electrolyte reservoirs requires that no coulombic 

forces develop due to the separation of cations and 

anions. In the section V we discuss an interesting 

mode of operation in which both cations and anions 

are driven in the same direction by the ratchet. If 

both ions are transported in the same direction at the 

same velocity, local charge neutrality is maintained, 

and coulombic forces do not develop. A more 

detailed analysis of the ratchet drive against a 

concentration gradient, which also accounts for the 

coulombic interaction between ions is left for future 

work. 

D. The separation resolution 

The selectivity of membranes for different same-

charge ions is typically expressed in terms of the 

ratio of fluxes of the desired and undesired species 

crossing the membrane  [50,51]. A highly selective 

membrane will yield a flux ratio on the order of 

100:1 for the wanted species, and typically much 

lower than that  [51–55]. In the case where same-

charge ions are transported in opposite directions, 

none of the unwanted ions will cross the membrane, 

and this selectivity definition ceases to be relevant. 

Thus, the separation resolution, ℛ, is introduced. It 

is defined as the ability to separate different same-

charge ions according to the difference in their 

diffusion coefficients. By this definition, a ratchet 

membrane can separate two types of ions with a 

diffusion coefficient difference of ∆𝐷, by driving 

one ion through the membrane at a velocity 𝑣𝑛𝑒𝑡= 

ℛ∆𝐷, while the other ion is kept at its stopping 

frequency and is not affected by the ratchet. Since 

this definition describes a linear relation between the 

difference in diffusion coefficients and the ion net 

velocity, it becomes less accurate as ∆𝐷 increases. 

The separation resolution for a certain set of 

ratchet parameters is calculated according to eq. (4) 

based on the normalized stopping frequency 𝛤∗, and 

the slope of the characteristic net velocity curve 

𝑣𝑛𝑒𝑡 𝑣0⁄ = ℋ(𝛤), as shown for example in Fig. 5(a) 

(the derivation of eq. (4) is given in Appendix A).  

  

ℛ(𝛼, 𝛿, 𝑥𝑐 , 𝛽𝑉𝑚𝑎𝑥 , 𝐿, 𝑧) =
𝜕𝑣𝑛𝑒𝑡
𝜕𝐷

|
𝛤∗

= −
𝑧𝛽𝑉𝑚𝑎𝑥
𝐿

𝛤∗
𝜕ℋ

𝜕𝛤
|
𝛤∗
. 

(4) 

  

Fig. 6(a) shows the separation resolution for 

different symmetry factors, 𝛼, and duty-cycles, 𝛿. 

The light blue region corresponds to input signals 

that do not yield velocity reversal, showing again 



8 

that for 𝑉𝑚𝑎𝑥 > 0, velocity reversal is possible only 

when 𝑈̅ < 0. High separation resolution is achieved 

using mid-range symmetry factors (−0.8 < 𝛼 <

−0.4,) and mid-range duty-cycles (0.2 < 𝛿 < 0.4). 

The effect of each variable cannot be examined 

separately because they are interconnected but can 

be generally understood by referring to eq. (4): (i) 

Low 𝛿 leads to lower 𝛤∗, since a larger time-period 

is needed to reach the steady state distribution at 𝜏 =

𝑡+. (ii) High 𝛼 (in magnitude) reduces 𝜕ℋ/𝜕𝛤|𝛤∗, 

due to lower injection. (iii) A combination of high 𝛿 

and low 𝛼 (in magnitude) also reduces 𝜕ℋ/𝜕𝛤|𝛤∗, 

since it approaches 𝑈̅ = 0. 

The separation resolution is proportional to 𝐿−1, 

therefore devices with a small spatial period are 

favorable since they will have a higher resolution. 

However, such devices will have to operate at much 

higher signal frequencies, since the stopping 

frequency is proportional to 𝐿−2. The separation 

resolution also increases with 𝑉𝑚𝑎𝑥, as shown in Fig. 

6(b). For lower potential amplitudes the increase is 

non-linear. This is due to the linear term of 𝑉𝑚𝑎𝑥 in 

eq. (4) and an additional increase of the slope of the 

characteristic velocity curve, 𝜕ℋ/𝜕𝛤|𝛤∗, as shown 

in the inset. For higher values of 𝑉𝑚𝑎𝑥 the separation 

resolution becomes linear with the amplitude 

reaching ℛ = 12 (cm/s) (10−5cm2/s)⁄  for 𝑉𝑚𝑎𝑥 =

5 𝑉. Thus, for two monovalent ions with a difference 

in diffusion coefficients of ∆𝐷 = 0.01 ∙ 10−5 cm2/

s, which is a relative difference of about 1% (for the 

prevalent ions in water), the maximum separation 

velocity is ∆𝑣𝑛𝑒𝑡 = ℛ ∙ ∆𝐷 = 0.12 cm/s. A detailed 

analysis of the effect of the spatial symmetry factor, 

𝑥𝑐, and the ion valence, |𝑧|, on the ratchet behavior 

and the separation resolution is given in Appendix 

G. We note that eq. (4) cannot be used to calculate 

the separating resolution of ions with different 

charge numbers, since different charge numbers 

result in different characteristic velocity curves (as 

shown in Fig. 12(c)). In addition, since drift currents 

are linear with the product of ions charge number 

and diffusion coefficient, the separation 

performance is determined by differences in the 𝑧𝐷 

product. Therefore, a case-by-case method should be 

taken when studying ions with different charge 

numbers. 

  

Fig. 6. (a) Separation resolution magnitude as a 

function of symmetry factor, α, and duty cycle, δ. (b) 

Separation resolution magnitude as a function of 

maximum amplitude 𝑉𝑚𝑎𝑥. The inset shows the 

characteristic net velocity curves. Unless stated 

otherwise in the figures, the ratchet parameters are: 

𝛿 = 0.25, 𝛼 = −0.5 𝑥𝑐 = 0.7, 𝑉𝑚𝑎𝑥 = 2.5 𝑉 

(dimensional values used in calculation are: 𝐿 =

1 𝜇𝑚, 𝑧 = 1, and 𝐷 = 1 ∙ 10−5 𝑐𝑚2/𝑠). 
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V. APPLICATIONS AND IMPLICATIONS 

A. Extraction of trace ions from a solution 

The unique ability of ratchets to drive particles 

with the same charge in opposite directions makes 

them very attractive for ion separation applications. 

This characteristic may be most significant when 

targeting the removal of trace ions from a solution 

where conventional membrane-based separation 

methods require extreme levels of selectivity. For 

example, Fig. 7(a) shows the net velocity as a 

function of frequency of lead (Pb2+,   𝑧𝐷 = 1.89 ∙

10−5 cm2/s), copper (Cu2+, 𝑧𝐷 = 1.46 ∙

10−5 cm2/s), lithium (Li+, 𝑧𝐷 = 1.03 ∙ 10−5 cm2/

s), and sodium (Na+, 𝑧𝐷 = 1.33 ∙ 10−5 cm2/s). 

Lead can be extracted from contaminated drinking 

water, with a much higher sodium content, with a 

relatively high velocity since they have a high 𝑧𝐷 

difference. However, copper which has a much 

closer 𝑧𝐷 value to sodium, cannot be separated from 

sodium with high velocities, since their stopping 

frequencies are very close. Lithium is conveniently 

positioned for extraction from sea water since it has 

one of the lowest 𝑧𝐷 values of cations. This means 

that even though its concentration in the ocean is 

very low (0.15 ppm)  [56,57], it can be separated in 

a single process from most other cations that are 

present at much higher concentrations. The 

performance of a system for the extraction of lead 

ions out of drinking water is discussed in Appendix 

H. 

B. Ambipolar ion transport for desalination 

Velocity reversal can also be used for driving 

oppositely charged ions in the same direction, a 

process we term ambipolar ion transport. When both 

cations and anions are driven in the same direction, 

there is no charge separation, and therefore an 

opposing electrostatic potential does not develop, 

making this an attractive mechanism for desalination 

applications with a single membrane. Fig. 7(b) 

shows an example for ambipolar transport of the 

main ions in seawater. When the ratchet is operated 

at 243 kHz, both the negative and positive ions are 

Fig. 7. (a) Net velocity of 𝑁𝑎+, 𝐿𝑖+, 𝐶𝑢2+, and 𝑃𝑏2+ 

as a function of input signal frequency. The units for 

𝑧𝐷∗ are in (10−5𝑐𝑚2/𝑠). Ratchet parameters: 𝐿 =

1 𝜇𝑚, 𝑥𝑐 = 0.7, 𝑉𝑚𝑎𝑥 = 1 𝑉 , 𝛼 = −0.5, 𝛿 = 0.25. 

(b) Net velocity of 𝐶𝑙−and 𝑁𝑎+ showing ambipolar 

transport. Ratchet parameters: 𝐿 = 1 𝜇𝑚, 𝑥𝑐 = 0.6, 

𝑉𝑚𝑎𝑥 = 5 𝑉, 𝛼 = −0.38, 𝛿 = 0.25. (c) Conceptual 

scheme for a flashing ratchet with a saw-tooth 

electric potential in solution.   
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transported in the same direction at a velocity of 2 

cm/s. 

C. Device realization 

Ions traveling within the ratchet device must 

experience relatively high driving electric potentials 

(with respect to the thermal voltage) for the ratchet 

to operate. However, in an electrolytic environment 

the potential imposed by the electrodes is screened 

due to double layer formation. Thus, the 

characteristic length scale of such devices must be in 

the order of the Debye length or smaller. Several 

works have realized devices that manipulate ion 

flow  [58–60] using high potentials although none of 

them considered ratcheting. Our prior experimental 

demonstration of an RBIP device  [37] has also 

shown that potential landscapes with high 

amplitudes can be implemented in solutions making 

ratchet driven ion pumping feasible. 

Fig. 7(c) presents a conceptual scheme for a 

device that can realize a saw-tooth electric potential 

distribution in an electrolytic environment which can 

be modulated to generate a ratchet induced ionic 

current. Spatial asymmetry is achieved by 

alternating the spacing between each two electrodes 

along the x axis of the device. To avoid potential 

screening in moderate-to-high salinity solutions, the 

spatial length, 𝐿, and the nano-channel size should 

be in the order of 1-10 nm. However, it is reasonable 

to assume that much larger length scales, which are 

easier to obtain from a fabrication standpoint, would 

also result in potential distributions that are close to 

a saw-tooth shape, with similar ratcheting properties. 

The potential also decays in the transverse direction 

(y) away from the electrode, which reduces the 

ratchet performance at the center of the channel. 

Apart from the reduction in the induced ion velocity, 

this decay also affects the ratchet selectivity. An 

initial estimation of this effect can be found in 

Appendix I.  High electric potentials in the nano-

channel, with minimal faradaic reactions, can be 

obtained by coating the entire device (including the 

inner walls of the nano-channel) with a thin insulting 

layer, for example by Atomic Layer Deposition 

(ALD). A more detailed analysis of device geometry 

and structure is left for future work. 

VI. CONCLUSIONS 

In this work we have laid the theoretical 

groundwork for ratchet-driven ion separation. We 

have shown that a flashing ratchet can be used to 

drive ions with the same charge number in opposite 

directions based on the difference in diffusion 

coefficients. This unique ratchet property paves the 

way for rapid extraction of trace ions from solutions 

where conventional membrane-based separation 

processes do not offer sufficient selectivity. We 

define the ratchet separation resolution and show 

that under moderate voltages, ions with a 1% relative 

difference in diffusion coefficients can be driven in 

opposite directions with a velocity difference of 1.2 

mm/s. Moreover, non-linearities in the ion velocity 

with the input signal amplitude and ion valence can 

be further utilized to enhance the separation 

resolution. Thus, ratchet-based ion pumping systems 

may prove beneficial for water treatment 

technologies, electrochemical CO2 reduction, 

extraction of valuable metals from sea water, battery 

recycling and more. 
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APPENDIX A: METHODS 

Continuity equation computational model 

In the absence of bulk chemical reactions, the 

one-dimensional transport of noninteracting ions in 

a solution is determined by the continuity equation: 

  
𝜕𝐶(𝑥, 𝑡)

𝜕𝑡
= −

𝜕

𝜕𝑥
𝑁(𝑥, 𝑡), (A1) 

  

where C(x,t) is the ion concentration, and N(x,t) is 

the ion flux. When convection is negligible, the ion 

flux is driven by drift and diffusion processes: 

  

𝑁(𝑥, 𝑡) = −𝐷 [𝑧𝛽𝐶(𝑥, 𝑡)
𝜕

𝜕𝑥
 𝑈(𝑥, 𝑡)

+
𝜕

𝜕𝑥
𝐶(𝑥, 𝑡)]. 

(A2) 

  

Here D is the ion diffusion coefficient, z is the ion 

charge number, 𝛽 = 𝑒 𝑘𝐵𝑇𝑟⁄  is the inverse thermal 

voltage, 𝑘𝐵 is the Boltzmann constant, Tr is the 

temperature, and e is the elementary charge. 

Equations (1), (2), (A1), and (A2) were solved 

numerically using COMSOL® Multiphysics v5.5. 

The model domain is 𝑥 ∈ [0, 𝐿], with a periodic 

boundary condition defined as 𝐶(0, 𝑡) = 𝐶(𝐿, 𝑡), 

and a normalization condition was used for the total 

concentration ∫ 𝐶(𝑥, 𝑡)𝑑𝑥
𝐿

0
/𝐿 = 𝑐0, where 𝑐0 is a 

reference ion concentration. The initial condition for 

the time-dependent simulation was the steady state 

concentration distribution calculated with the time-

averaged potential distribution as an input: 𝑈̅(𝑥) =

[𝛿 + (1 − 𝛿)𝛼]𝑉(𝑥). The time-dependent 

simulation was run over several consecutive 

temporal periods, until the net ion flux reached a 

steady state value, and the ratchet operation was 

independent of its initial condition. The convergence 

of the net ion flux was not limited by a strict 

condition, however, typically 4 temporal periods 

were enough to get a relative difference <1% 

between the average flux of the last two periods.  The 

model predictions were validated by comparing 

them to prior analytical results under similar 

conditions, as described in Appendix C.  

Detailed calculation of the separation 

resolution 

We would like to find the separation resolution 

for any set of parameters, represented by a single 

characteristic net velocity curve ℋ(𝛤) and its 

corresponding normalized stopping frequency 𝛤∗. 

Applying the chain rule on the definition of the 

separation resolution, and remembering that at the 

normalized stopping frequency, ℋ(𝛤∗) = 0, we 

obtain: 
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ℛ =
𝜕𝑣𝑛𝑒𝑡
𝜕𝐷

|
𝛤∗
=
𝜕(𝑣0ℋ(𝛤))

𝜕𝐷
|
𝛤∗

=
𝜕𝑣0
𝜕𝐷

ℋ(𝛤∗)

+ 𝑣0
𝜕ℋ

𝜕𝐷
|
𝛤∗

= 𝑣0
𝜕ℋ

𝜕𝛤
|
𝛤∗

𝜕𝛤

𝜕𝐷
|
𝛤∗
, 

(A3) 

where: 

𝜕𝛤

𝜕𝐷
=
𝜕

𝜕𝐷
(

𝑓𝐿2

𝑧𝐷𝛽𝑉𝑚𝑎𝑥
) = −

𝑓𝐿2

𝛽𝑉𝑚𝑎𝑥𝑧𝐷
2

= −
𝛤

𝐷
 . 

(A4) 

Plugging (A4) into (A3) yields: 

ℛ = (
𝑧𝐷𝛽𝑉𝑚𝑎𝑥

𝐿
)(−

𝛤∗

𝐷
)
𝜕ℋ

𝜕𝛤
|
𝛤∗

= −
𝑧𝛽𝑉𝑚𝑎𝑥
𝐿

𝛤∗
𝜕ℋ

𝜕𝛤
|
𝛤∗
 . 

(A5) 

Numerical model for the diffusion equation 

Assuming no convection and no electric field 

outside the electric double layer near the surface of 

the RBIP, the one-dimensional continuity equation 

is reduced to the transient diffusion equation: 

  

𝜕𝐶(𝑥, 𝑡)

𝜕𝑡
= D

𝜕2𝐶(𝑥, 𝑡)

𝜕2𝑥
 . (A6) 

  

Eq. (A6) was solved numerically within the 

domain 𝑥 ∈ [0,𝑊/2], with the following initial and 

boundary conditions: 

𝐶(𝑥, 0) = 𝑐0, (A7) 

𝜕𝐶

𝜕𝑥
(0, 𝑡) = 0, (A8) 

𝑁𝑒𝑥𝑡 = −𝐷
𝜕𝐶

𝜕𝑥
(
𝑊

2
, 𝑡) = 𝐶 (

𝑊

2
, 𝑡) 𝑣𝑒𝑥𝑡 . (A9) 

Here, eq. (A7) sets a uniform initial concentration 

in the entire domain, eq. (A8) defines symmetry 

around 𝑥 = 0, and eq. (A9) defines the ionic flux at 

the edges of the feed channel, assuming a net ion 

velocity 𝑣𝑒𝑥𝑡 induced by the RBIP. The numerical 

analysis was done using the Crank-Nicolson 

method  [61]. 

APPENDIX B: THE OPERATING 

PRINCIPLES OF A FLSHING RATCHET 

Fig. 8(a) shows a schematic illustration of the 

operating principles of a flashing ratchet driving 

positively charged particles. The empty circles 

represent the ions position at the beginning of every 

step, and the filled circles represent their position at 

the end of every step. The potential distribution 

through the device (V, solid blue line) is switched 

between two saw-tooth potential distributions, 𝑉+ 

and 𝑉−, where 𝑉− = 𝛼𝑉+, and the potential 

asymmetry factor 𝛼 is negative. Initially the particles 

rest at the potential minima, for example at 𝑥1. When 

the potential is switched to 𝑉− at 𝑡 = 𝑡0, the particles 

drift in both directions. The time interval between 𝑡0 

Fig. 8. An illustration of a flashing ratchet driving 

positively charged (a), and negatively charged (b) 

particles. The solid blue line illustrates the potential 

distribution during sequential steps, empty circles 

mark the position of particles at the beginning of 

every step and filled circles mark their position at the 

end of every step. 
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and 𝑡1 is tuned to allow some drifting particles to 

reach the potential minimum on their right, 𝑥1
′ , but 

not the potential minimum to their left, 𝑥0
′ . Hence, 

when the potential is switched to 𝑉+ at 𝑡 = 𝑡1, some 

of the particles at 𝑥1
′  drift further to the right towards 

𝑥2, but all the other particles return to their initial 

position at 𝑥1  resulting in a net current to the right. 

The asymmetric potential distribution allows some 

particles to reach the potential minima in one 

direction before particles drifting in the opposite 

direction, thus making it essential for a non-zero net 

current. Fig. 8(b) illustrates the operation of the same 

ratchet driving negatively charged particles. Here 

particles drift towards the potential peaks and as a 

result, the same potential distribution and input 

signal generate a net particle flux in the opposite 

direction. 

APPENDIX C: MODEL VALIDATION 

To validate our numerical model, we compare 

our simulation to the analytical solution presented by 

Kedem et al.  [19], and developed by Rozenbaum et 

al.  [49] for low energy flashing ratchets (compared 

to the thermal energy). The analytical solution uses 

a biharmonic potential distribution, given in eq. 

(C1):  

𝑉(𝑥) = 𝑉1 sin(2𝜋𝑥/𝐿) + 𝑉2 sin(4𝜋𝑥/𝐿). (C1) 

The amplitudes are defined as 𝑉1 = 𝑉𝑚𝑎𝑥 and 

𝑉2 = 𝑉𝑚𝑎𝑥/5 to get a spatially asymmetric potential 

that is similar in shape to a sawtooth. The particles 

net velocity is calculated by eq. (C2): 

𝑣𝑛𝑒𝑡,𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐 =
𝜋

4

𝐷

𝐿
𝛽3𝑉1

2𝑉2(1 − 𝛼)
2[(1 + 𝛼)Φ1(𝛤, 𝛿) + (1 − 𝛼)Φ2(𝛤, 𝛿)], 

Φ1(𝛤, 𝛿) =
12

𝜋2
𝑥𝐶(𝑥, 𝑦),   Φ2(𝛤, 𝛿) =

12

𝜋2
𝑥𝐺(𝑥, 𝑦), 

𝑥 = 𝛽𝑉𝑚𝑎𝑥𝛤 (2𝜋)⁄ ,   𝑦 = 2𝜋(1 − 𝛿), 

𝐶(𝑥, 𝑦) = ∑
𝑥(7 + 2𝑥2𝑛2)(1 − cos 𝑦𝑛)

(1 + 𝑥2𝑛2)2(16 + 𝑥2𝑛2)

∞

𝑛=1
,    𝐺(𝑥, 𝑦) = (1 − 2

𝑦

2𝜋
) 𝐶(𝑥, 𝑦) −

𝐷(𝑥, 𝑦)

2𝜋
, 

𝐷(𝑥, 𝑦) =∑ ∑ [𝐵(𝑥, 𝑦, 𝑛,𝑚) + 𝐵(𝑥, 𝑦,𝑚, 𝑛)]
−1

𝑚=1−𝑛

∞

𝑛=2
+∑ 𝐵(𝑥, 𝑦, 𝑛,𝑚)

∞

𝑛,𝑚=1
, 

𝐵(𝑥, 𝑦, 𝑛,𝑚) =
𝑥[5𝑛 + (𝑛 + 𝑚)(4 − 𝑥2𝑛2)][sin 𝑦𝑛 (1 − cos 𝑦𝑚)+sin 𝑦𝑚 (1 − cos 𝑦𝑛)]

(𝑛 + 𝑚)𝑚(1 + 𝑥2𝑛2)(16 + 𝑥2𝑛2)(1 + 𝑥2(𝑛 + 𝑚)2)
 . 

(C2) 

  

To compare our numerical model to the 

analytical model, simulations are performed with 

the potential distribution defined by eq. (C1). Fig. 

9 shows a comparison of the normalized net 

velocity as a function of the normalized frequency, 

calculated with both models, for different potential 

amplitudes. The two models agree well for low 

amplitudes, i.e., 𝛽𝑉𝑚𝑎𝑥 < 1 (𝑉𝑚𝑎𝑥 <

25.7 mV,@25℃), while for higher amplitudes the 

models diverge and the analytical  

solution over-estimates the ratchet performance. 

This result is to be expected since the analytical 

model was developed assuming low energy inputs. 

Since ion transport problems usually require higher 

potentials to drive a sufficient current, this 

emphasizes the need for a numerical solution. 
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APPENDIX D: INSTANTANEOUS 

VELOCITY ANALYSIS 

The instantaneous average ion velocity, 𝑣̅(𝜏), is 

defined as the spatial average ion flux, 𝑁̅(𝜏) =

∫
𝑁(𝑥,𝜏)

𝐿
 𝑑𝑥

𝐿

0
, divided by the reference concertation, 

𝑐0. Fig. 10(a) shows the variation of the 

instantaneous average velocity over a single time-

period for the low D and high D ions, which are 

presented in Fig. 2 and Fig. 3, with the same ratchet 

parameters, and at a signal frequency 𝑓 = 83 kHz. 

The inset shows the integral of 𝑣̅(𝜏) up to a point 

𝜏, divided by the time-period T. This value 

represents the contribution to the net velocity up to 

a time point 𝜏.  

Fig. 10(b-g) shows the ions concentration and 

potential distribution at selected time points. 

Collectively, these figures allow to analyze and 

assess the contribution of different parts of the 

time-period to the net velocity. Closely after the 

beginning of the cycle, there is a short period in 

which different groups of ions are traveling in 

opposite directions, as shown in (c), resulting in an 

overall positive flux, due to the higher flux of the 

groups that are travelling in the high field section 

of the sawtooth. At point (d), there is only 

movement in the negative direction in the low field 

section, resulting in a negative flux. Overall, up to 

the potential switch at 𝜏 = 0.25𝑇 (point (e)), the 

total contribution to the net velocity is negative for 

both ions, but for the high D ion it is more negative, 

as can be seen in the inset of Fig. 10(a), mainly due 

to their higher mobility. After the potential switch, 

there is again a short period in which different 

groups of ions are traveling in opposite directions, 

as shown in (f). For the high D ion, this is 

accompanied by considerable injection of ions 

from the low to high field section of the sawtooth 

(see discussion on the injection phenomenon in 

section IV), leading to a dip in 𝑣̅(𝜏), and an 

additional contribution to the net negative velocity, 

as shown in the inset. At the same time, most of the 

high D ion population is traveling in the positive 

direction under the influence of the low field, and 

although there is another group traveling in the 

opposite direction, this group is much smaller, so 

the overall flux is positive. The final period, 

represented by point (g), shows both ions traveling 

in the positive direction in the low field section. 

Interestingly, the instantaneous average velocity 

for both ions is equal, although they have different 

diffusion coefficients, due to the larger population 

of the low D ions.  

Fig. 9. Numerical vs. analytical solution for a 

potential distribution described by eq. (C1). Ratchet 

parameters:  𝐿 = 10 𝜇𝑚, 𝛼 = −0.75, 𝛿 = 0.25, and 

𝛽𝑉𝑚𝑎𝑥 between (a) 0.5 to 2, and (b) 5 to 11 (b). 
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Fig. 10. (a) Instantaneous average ion velocity, 𝑣̅(𝜏), along a time-period. The inset shows the integral of 𝑣̅(𝜏) 

up to a point 𝜏, divided by the time-period T. (b)-(g) Ion concentration (left axis) and ratchet potential (right 

axis) at various points along the time-period, marked in (a). All graphs show curves for two monovalent ions 

(𝑧 = 1) with diffusion coefficients 𝐷 = 1.2 ∙ 10−5 cm2/s , and  𝐷 = 2 ∙ 10−5 cm2/s. The ratchet parameters 

are: 𝐿 = 1 μm, 𝑥𝑐 = 0.7, 𝑉𝑚𝑎𝑥 = 2.5 V, 𝛿 = 0.25, 𝛼 = −0.5, and signal frequency is 𝑓 = 83 kHz. 

   

As a result of this, and of the fact that the high D ions 

reach the potential minimum at about 𝜏 = 0.75𝑇, the 

contribution of this final period to the net velocity is 

more positive for the high D ion. Taken together, 

these results show the contribution of each part in the 

time-period and explain why the overall net velocity 

of the low D ion is positive, and of the high D ion 

negative. Note that the value of the curves in the 

inset of Fig. 10(a), at 𝜏 = 𝑇, is exactly the net 

velocity, as defined by eq. (3). 

 

APPENDIX E: RATCHET BEHAVIOR AS A 

FUNCTION OF NORMALIZED FREQUENCY 

AND SYMMETRY FACTOR 

Fig. 5(a) shows the normalized net ion velocity, 

as a function of 𝛤, for 𝛿 = 0.25 and different 

symmetry factors, 𝛼. For moderately low 

normalized frequencies (𝛤 < 0.45 for this case 

where 𝛿 = 0.25) the mechanism that determines the 

net velocity is similar to the one shown in Fig. 3(b), 

where the negative net velocity is a result of the 

injection phenomenon as described in section IV. As 

𝛼 decreases in magnitude, the injection becomes 

more dominant, and therefore the net velocity 

becomes more negative. For moderately high 

normalized frequencies (𝛤 > 1), the driving 

mechanism is similar to the one illustrated in Fig. 8. 

The input signal frequency is low enough to allow 

ions to cross the high field section of the sawtooth 

potential before the potential switch, but high 

enough such that they cannot cross the low field 

section. An example for this kind of behavior is 

demonstrated in Fig. 3(a). In this frequency range the 

sign and magnitude of the net velocity are 

determined by the value of the time-averaged 

potential, 𝑈̅ = 𝛿𝑉𝑚𝑎𝑥 + (1 − 𝛿)𝛼𝑉𝑚𝑎𝑥. For 𝑈̅ < 0 

the ions are on average closer to the sawtooth tip 

(𝑥 = 𝑥𝑐𝐿), and therefore most ions do not reach the 

sawtooth bases (𝑥 = 0, 𝐿) at any point in time. As a 

result, there is no significant injection, and the net 

velocity is positive, as demonstrated in Fig. 3(a). 

When 𝑈̅ > 0 the ions are on average closer to the 

sawtooth bases (𝑥 = 0, 𝐿), and as a result there is 
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significant injection, leading ions to diffuse over the 

barrier at 𝑥𝑐, resulting in a negative net velocity. 

Considering the entire frequency range, this shows 

that a velocity reversal for 𝑉𝑚𝑎𝑥 > 0 is possible only 

when 𝑈̅ < 0, or more generally, when the time 

averaged potential 𝑈̅ has sign opposite to 𝑉𝑚𝑎𝑥. This 

conclusion is also true for negatively charged ions or 

for potential distributions with an opposite spatial 

symmetry, i.e.  𝑥𝑐 < 0.5. The only difference is that 

the characteristic velocity curves will be flipped with 

respect to 𝑣𝑛𝑒𝑡 = 0, as demonstrated in Fig. 7(b) and 

Fig. 12(a).  

 

APPENDIX F: VELOCITY REVERSAL IN 

THE PRESENCE OF CONCENTRATION 

GRADIENTS 

To analyze the ratchet operation in the presence 

of a concentration gradient, ratchets with either 3 or 

5 spatial periods were modeled. A diagram of the 

model is shown in Fig. 11(a). The concentration at 

the external boundaries is fixed, to simulate two 

infinitely large ion reservoirs beyond the simulation 

domain, with 𝐶𝐿 and 𝐶𝑅 being the ion concentration 

on the left and right boundaries, respectively. The 

ratchet region is defined by a periodic sawtooth 

potential, as expressed in eq. (1)-(2), and a period 

length 𝐿 = 1 μm. Between the ratchet and the 

boundaries are two regions, each with a width of 

1.5𝐿, where the potential is set to 0. These regions 

are termed the diffusion regions. The concentration 

ratio 𝐶𝐿/𝐶𝑅 is defined, such that the ion 

concentration on the side with the lower 

concentration is set to 1 mol/m3. The initial 

concentration in the diffusion regions is set to be 

equal to the concentration at the adjacent boundaries 

and is linear along the ratchet itself. The transient 

continuity equation (eq. (A1)-(A2)) is solved 

numerically using COMSOL® Multiphysics v5.5. 

The time-dependent simulation is solved over many 

temporal periods, until the per period net ion flux at 

the boundaries converges to a steady state value, and 

the ratchet operation is independent of its initial 

condition. The ratchet parameters are: 𝑥𝑐 = 0.7, 

𝑉𝑚𝑎𝑥 = 1 V, 𝛿 = 0.25, 𝛼 = −0.5, and 𝑓 =

20, 40 kHz. The ion properties are: 𝑧 = 1, 𝐷 = 1 ∙

10−5 cm2/s. 

Fig. 11(b) and Fig. 11(c) show the steady state 

ion flux due to the ratchet operation, as a function of 

the concentration ratio for 𝑓 = 20 kHz and 𝑓 =

40 kHz, respectively. The solid lines are for the two 

ratchet models described above, with 3 and 5 spatial 

periods. The 'Ratchet off' flux is presented for 

reference (dashed lines). This flux is calculated for 

the same model domain and boundary conditions, 

but with zero potential applied in the entire 

simulation domain. Therefore, it represents the 

steady state diffusion flux that would arise between 

the two reservoirs, in the case that a ratchet potential 

is not applied. For example, for the 5 periods ratchet 

the 'Ratchet off' flux is 

𝐷(𝐶𝐿 − 𝐶𝑅) (1.5𝐿 + 5𝐿 + 1.5𝐿)⁄ . At 𝑓 = 20 kHz, 

which is equivalent to a normalized frequency of 

𝛤 = 0.5, the ratchet drives a negative flux at 

𝐶𝐿/𝐶𝑅 = 1. This result is in line with the findings for 

an infinitely periodic model, as presented in section 

IV, that predicts a negative velocity for the same 

normalized frequency and ratchet parameters (see 

Fig. 5(a)). The ratchet is driving ions in the same 

direction as the flux due to the concentration 

gradient when the concentration is higher in the right 

reservoir (𝐶𝐿/𝐶𝑅 < 1). Hence, there is an increase in 

the flux magnitude compared to the 'Ratchet off' 

flux, as can be seen in the inset. On the other hand, 

when 𝐶𝐿/𝐶𝑅 > 1 the ratchet operation is opposed by 

the concentration gradient.  
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Fig. 11. (a) Model diagram showing the potential distribution for three spatial periods ratchet, and the 

concentration boundary conditions definition. (b-c) Ion flux, N, as a function of the concentration ratio between 

the left and right reservoirs, 𝐶𝐿/𝐶𝑅, with ratchet signal frequencies 𝑓 = 20 𝑘𝐻𝑧 (b), and 𝑓 = 40 𝑘𝐻𝑧 (c). The 

insets show the same data set on wider flux and concentration ratio ranges. Ratchet parameters are: 𝐿 = 1 𝜇𝑚,  

𝑥𝑐 = 0.7, 𝑉𝑚𝑎𝑥 = 1 𝑉, 𝛿 = 0.25, and 𝛼 = −0.5. The ion properties are: 𝑧 = 1, 𝐷 = 1 ∙ 10−5 cm2/s. The ion 

concentration on the side with the lower concentration is set to 1 mol/m3. 

 

At low concentration ratios the flux is negative, 

but as the opposing concentration increase, diffusion 

becomes dominant, and the direction of the flux is 

reversed. It can be seen in Fig. 11(b) that the 5 

periods ratchet can overcome a ratio up to 𝐶𝐿/𝐶𝑅 =

2.3, while the 3 periods ratchet can only overcome a 

modest ratio of 𝐶𝐿/𝐶𝑅 = 1.3. Surprisingly, as the 

concentration ratio increases further, the flux 

becomes higher than the 'Ratchet off' flux, especially 

with the 3 periods ratchet. The reason is that the 

ratchet, which is unable to oppose the larger 

concentration on the left, causes a local 

accumulation of ions in the right diffusion region. 

This accumulation increases the concentration 

gradient in the right diffusion region, and therefore 

the flux to the right, compared to the 'Ratchet off' 

flux. At 𝑓 = 40 kHz, which is equivalent to a 

normalized frequency of 𝛤 = 1, the ratchet drives a 

positive flux at 𝐶𝐿/𝐶𝑅 = 1. Here too, this result is in 

line with the infinitely periodic model that 

anticipates a positive velocity for the same ratchet 

parameters and 𝛤 = 1 (see Fig. 5(a)). When the 

concentration is higher in the left reservoir (𝐶𝐿 𝐶𝑅⁄ >

1), the gradient and ratchet are acting in the same 

direction, hence there is an increase in flux 

magnitude relative to the 'Ratchet off' flux. When the 

ratchet operation is opposed by the concentration 

gradient (𝐶𝐿 𝐶𝑅⁄ < 1), it overcomes a significantly 

larger gradient compared to the same ratchet, driven 

at a frequency of 𝑓 = 20 kHz. As can be seen in Fig. 

11(c), the 3 periods ratchet can pump ions up to a 

ratio of about 𝐶𝑅/𝐶𝐿 = 300, while the 5 periods 

ratchet can reach a ratio of about 𝐶𝑅/𝐶𝐿 = 10000.  
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The maximal flux that can be induced by the 

ratchet in this model is limited by diffusion in the 

diffusion regions. For example, if the ratchet drive is 

to the positive direction, as is the case when 𝑓 =

40 kHz, the maximal flux is achieved when the 

concentration at the left edge of the ratchet region is 

zero, and the limiting flux is 𝐷𝐶𝐿 1.5𝐿⁄ . This 

limiting flux (dotted line) is presented in Fig. 11(b-

c). It can be seen that the ratchet induced flux 

matches the limiting flux, and only starts to decrease 

in magnitude at about 𝐶𝑅/𝐶𝐿 = 10, and 𝐶𝑅/𝐶𝐿 =

200, for the 3 and 5 periods ratchet, respectively. 

Thus, this is the opposing concentration ratio, at 

which the ratchet is no longer the most dominant 

driving force. It is noted that the limiting flux is 

constant for 𝐶𝐿 𝐶𝑅⁄ < 1, since 𝐶𝐿 is defined as 

constant in this range. At 𝑓 = 20 kHz the limiting 

flux is never reached, indicating that the flux is 

limited by the ratchet performance and not by the 

diffusion regions.  

Together these results provide important insights 

for the design of ion pumping systems. To drive ions 

against a large concentration gradient, one should 

design a system with as many ratchet spatial periods 

as possible, and work at a moderately high signal 

frequency, such as the case shown in Fig. 11(c). 

 

APPENDIX G: THE EFFECT OF SPATIAL 

ASYMMETRY FACTOR AND ION VALENCE 

ON THE RATCHET BEHAVIOR AND THE 

SEPARATION RESOLUTION 

Fig. 12(a) and Fig. 12(b) shows the effect of 𝑥𝑐 

on the net velocity characteristic curves, and the 

separation resolution, respectively. As might be 

expected, when the potential distribution is spatially 

symmetric, at 𝑥𝑐 = 0.5, there is no net ion 

movement, and the separation resolution is zero. 

Interestingly, the optimal sawtooth shape for 

separation is with a moderate asymmetry, 𝑥𝑐 =

0.4 & 0.6, and as 𝑥𝑐 moves towards 0 or 1, the 

magnitude of ℛ decrease. A key factor in this 

behavior has to do with the increase in length of the 

low field section. Injection requires that ions cross 

the entire low field section; thus, a longer path for 

ions to cross implies that injection will occur at a 

lower normalized frequency. This is apparent in Fig. 

12(a), where the normalized stopping frequency 

decrease as the sawtooth becomes more spatially 

asymmetric, which according to eq. (4), leads to a 

decrease in the separation resolution.  

Fig. 12(c), shows the characteristic velocity 

curves for different ion valence |𝑧|. The inset shows 

the values of the separation resolution (between 

same-charge ions) as a function of ion valance. The 

separation resolution increases significantly with |𝑧|, 

due to the linear term in eq. (4), and an increase of 

the slope 𝜕ℋ/𝜕𝛤|𝛤∗. 

Fig. 12(a) also shows that ratchets with moderate 

spatial asymmetry, such as 𝑥𝑐 = 0.6, exhibit a 

'resonance like' behavior. For 𝑥𝑐 = 0.6, most 

normalized frequencies result in a low velocity, but 

there is a relatively narrow 𝛤 range that produces 

high positive velocities. The resonance like behavior 

is due a net velocity rise at a higher normalized 

frequency, 𝛤 = 0.6, and a net velocity drop at a 

lower normalized frequency, 𝛤 = 3 (compared to a 

velocity rise at 𝛤 = 0.5 and drop at 𝛤 = 5 for 𝑥𝑐 =

0.7). The reason for the late rise in net velocity is 

described in section IV when discussing the 

separation resolution; and has to do with the 

frequency at which ions do not have enough time to 

cross the low field section of the sawtooth potential. 

The net velocity drop occurs when the ions do not 

have enough time to cross the  
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Fig. 12. (a) Characteristic net ion velocity curves for different 𝑥𝑐. (b) Separation resolution as a function of 𝑥𝑐. 

(c) Characteristic net velocity curves for different ion valence |𝑧|, with 𝑉𝑚𝑎𝑥 = 1 𝑉. The inset table shows the 

separation resolution between same-charge ions. |ℛ∗| is in units of (𝑐𝑚/𝑠)/ (10−5𝑐𝑚2/𝑠). In (a-c), unless 

stated otherwise the ratchet parameters are: 𝑥𝑐 = 0.7, 𝑉𝑚𝑎𝑥 = 2.5 𝑉 (dimensional values used in calculation 

are: 𝐿 = 1 μm, 𝑧 = 1, and 𝐷 = 1 ∙ 10−5 cm2/s). (d) Net velocity of 𝑁𝑎+, 𝐾+, and 𝐻+ as a function of input 

signal frequency. The net velocity curves were calculated from the normalized characteristic curve presented 

in (a) for 𝑥𝑐 = 0.6, using the appropriate diffusion coefficient ratio for each ion. 𝑁𝑎+: 𝐷 = 1.33 ∙ 10−5 𝑐𝑚2/𝑠, 

𝐾+: 𝐷 = 1.96 ∙ 10−5 𝑐𝑚2/𝑠, 𝐻+: 𝐷 = 9.31 ∙ 10−5 𝑐𝑚2/𝑠. 

 

high field section of the sawtooth. Since at 𝑥𝑐 = 0.6 

the high field section of the sawtooth potential is 

longer, this happens at relatively low normalized 

frequency, 𝛤 = 3. The 'resonance like' phenomenon 

can be used when there is a need for high selectivity 

(not separation), and the diffusion coefficients are 

not very close. For example, in microbial fuel cells 

(MFCs) systems  [62], there is a great need to 

achieve high selectivity for H+ with respect to Na+ 

and K+. Fig. 12(d) shows the net velocity curve of 

the three ions as a function of the signal frequency. 

Since H+ have a much higher diffusion coefficient, 

when the ratchet is operated at 𝑓 = 1200 kHz, H+ is 

at the middle of its 'resonance' range, but for Na+ and 

K+ this is experienced as a very high frequency, and 

their net velocities are approaching zero. The result 

is a net velocity ratio of 520:1 and 320:1 for H+ with 

respect to Na+ and K+, respectively. 
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APPENDIX H: SELECTIVE ION 

EXTRACTION SYSTEM 

To estimate the performance of a selective ion 

extraction system, a one-dimensional system was 

considered, as shown in the inset of Fig. 13. The 

system consists of a feed compartment with a width 

W=1 mm, and two RBIP membranes on its edges 

(x=±W/2) that extract the ion of interest out of the 

feed compartment with a constant net ion velocity, 

termed the extraction velocity. Assuming no 

convection in the feed compartment, and no electric 

field outside the electric double layer near the 

surface of the RBIP, the ion concentration was found 

by numerically solving the transient diffusion 

equation with a flux boundary condition at the edges, 

as described in Appendix A. The main graph in Fig. 

13 shows the time required to extract lead ions out 

of the feed compartment as a function of the 

extraction velocity. The initial lead ion concentration 

is 100 ppb, and the extraction time is the time 

required to extract 99% of lead ions. The inset shows 

the time evolution of the lead ion distribution in the 

feed compartment. The extraction velocity is 0.01 

cm/s, which is roughly the velocity at which the 

extraction time saturates. Soon after the extraction 

begins, the concentration at the edges approaches 

zero, and further extraction is limited by diffusion 

from the bulk solution. Thus, such systems can be 

optimal for applications where only a moderate 

portion of the ions should be removed rapidly. 

Nevertheless, for systems that are limited by 

diffusion in the bulk solution, the ratchet induced ion 

velocity can be as low as 0.01 cm/s without 

impeding the system performance. The ion 

extraction time can be decreased substantially by 

introducing stirring or by reducing the width of the 

feed compartment to micrometer scale. In such cases 

ion transport will no longer be limited by bulk 

diffusion and higher extraction velocities can be 

utilized. 

 

APPENDIX I: EFFECT OF ELECTRIC 

POTENTIAL DECAY ON THE ION 

SEPARATION PROPERTIES 

The ratchet's ability to separate same-charged 

ions in opposite directions is based on the difference 

in the stopping frequencies of different ions. As 

shown in Fig. 7(b), the stopping frequency decreases 

as the electric potential amplitude decreases, which 

occurs at locations farther from a charged surface. 

This potential distribution can be found by solving 

the Poisson–Boltzmann equation and obtaining a 

characteristic Debye screening length that describes 

the distance in which the potential decays into the 

solution. Therefore, different locations along the 

transverse direction of the device will experience 

different potential amplitudes. As a result, different 

regions will have different frequency responses, 

which might reduce the overall separation resolution 

Fig. 13. Time to extract 99% of lead ions out of the 

feed compartment as a function of the extraction 

velocity. The inset shows the one-dimensional 

system model, and the time evolution of the lead ion 

distribution in the feed compartment, using an 

extraction velocity of 0.01 cm/s. Time step between 

two adjacent curves is 20 sec. 
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of the device. To illustrate this, we consider the 

extraction of lithium (Fig. 14(a)) and lead (Fig. 

14(b)) from a high sodium concentration solution. 

The solid curves represent the ion response very 

close to the surface of the electrode, where a 

potential 𝑉𝑚𝑎𝑥 = 1 V is applied. The dashed and 

dotted curves represent locations farther away from 

the surface, where the potential amplitude decays to 

0.85 V and 0.8 V, respectively. In an ideal device 

without potential decay, and thus an infinite Debye 

screening length, lithium can be extracted with a 

ratchet frequency slightly below the stopping 

frequency of sodium (30.8 kHz), where sodium has 

a very small negative velocity, and lithium is 

extracted with a large positive velocity. However, at 

this frequency even a small potential decay results in 

both ions having positive velocities, counteracting 

the separation process. Hence, to separate ions 

everywhere within the device, the ratchet should be 

operated at a frequency that supports ion separation 

over the entire range of potential amplitudes across 

the transverse direction of the device.  

For example, lithium can be extracted by a device 

in which the potential amplitude decays from 1 V to 

0.8 V or slightly lower (Fig. 14(a)). If the potential 

reduction in the transverse direction is not 

considered, ions are driven in opposite directions for 

every frequency between the stopping frequency of 

lead at an amplitude of 1 V, and the stopping 

frequency of sodium at the same amplitude. This 

frequency range is denoted maximal frequency 

range in Fig. 14(a-b).  However, when considering 

the potential decay in the transverse direction, the 

amplitude of the input signal varies within the 

device. Thus, in order to drive the ions in opposite 

directions everywhere in the device, the input signal 

frequency should be lower than the lowest stopping 

frequency of sodium, at 0.8 V, and higher than the 

highest stopping frequency of lithium (and vice-

versa when removing lead from sodium). This 

frequency range is denoted reduced frequency range 

in Fig. 14(a-b). In this frequency range, separation to 

opposite directions is possible, but the average 

device extraction velocity, and thereby the 

separation resolution, are lower. Similarly, when 

removing lead from sodium, potential decay results 

in a shift in the stopping frequency towards lower 

frequencies. However, in the case of lead, it is 

possible to operate the ratchet with the same 

frequency as in an ideal device, which is slightly 

above the stopping frequency of sodium (30.8 kHz). 

This is because lead has a higher stopping frequency 

Fig. 14. Net ion velocity as a function of input signal 

frequency for the extraction of 𝐿𝑖+ from 𝑁𝑎+ (a), 

and 𝑃𝑏2+ from 𝑁𝑎+ (b). Solid, dashed, and dotted 

lines are for 𝑉𝑚𝑎𝑥 = 1 𝑉, 0.85 𝑉, and 0.8 𝑉, 

respectively. The ratchet parameters: 𝐿 = 1 𝜇𝑚, 

𝑥𝑐 = 0.7, 𝛼 = −0.5, 𝛿 = 0.25. 
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than sodium, so when the potential decays to 0.8 V 

or slightly lower (Fig. 14(b)), sodium maintains its 

positive velocity, while lead is still driven to the 

opposite direction. The average device extraction 

velocity is reduced compared to an ideal device, but 

to a lesser degree than the case of lithium, since most 

lead ions that are close to surface of the electrode are 

driven at their maximum velocity. Further 

investigation of these effects requires coupling the 

Poisson equation to the continuity equations in a 

multi-dimensional geometry which is beyond the 

scope of this work. 
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