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Time-evolving systems arise throughout science and engineering whenever a
governing equation is used to describe how a state evolves in time. A central goal in these
settings is to accurately simulate, forecast, or infer this evolution, but practical progress is
often limited by a combination of computational and data constraints. Common obstacles
include expensive multiscale discretizations, temporal nonlocality induced by memory
terms, and limited observations available for calibration. These difficulties are especially
acute in quantum and electron dynamics, where relevant state spaces grow exponentially
and near-term quantum hardware yields imperfect, noisy measurements. To this end, this
dissertation develops equation-aware, data-driven methods that bring expensive, often
intractable, computations within practical reach while preserving accuracy on targeted
objectives. Specifically, the contributions are threefold.

(1) For integro-differential equations (IDEs) motivated by the Kadanoff–Baym
equations, explicit history integrals force numerical solvers to scale quadratically in the
number of time steps. Using an analytic result from many-body perturbation theory that
implies a deterministic map from the instantaneous Green’s function to the history
integral, we replace the history integral with a time-local update learned by a neural
network and obtain linear-in-time cost at target accuracy.

(2) For spatiotemporal systems with only short paired coarse–fine observation
windows, we propose a coarse-to-fine super-resolution and forecasting framework that
couples a low-cost coarse integrator with a learned super-resolution operator to emulate
fine-grid evolution without fine-grid time stepping. We evaluate the approach on
canonical partial differential equations (2D heat, wave, and incompressible
Navier–Stokes) and a reduced Vlasov–Poisson system for electron motion in a plasma,
quantify accuracy versus compute/storage, and provide a novel error analysis for
long-horizon error accumulation.

(3) For ground-state energy estimation of molecular Hamiltonians from noisy
time-evolution signals acquired on near-term quantum hardware, we introduce a
noise-robust post-processing algorithm that achieves chemical accuracy with reduced
quantum overhead and reduced sensitivity to hyperparameters.

xvii



Taken together, (1)–(3) show that targeting computational bottlenecks in systems with
modular data-driven components, guided by the equations of motion and the
measurement process, can substantially improve efficiency and robustness, whilst also
maintaining accuracy on the targeted simulation and inference objectives.
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Chapter 1

Introduction

Time-evolving systems are ubiquitous across nearly every domain of science and
engineering, arising whenever one seeks to describe how a state evolves under a
governing equation of motion. Examples range across a variety of fields and disciplines
including fluid and plasma dynamics, climate models, and electron dynamics in materials
and molecules [14, 197, 198, 30]. The practical barriers to accurate simulation of these
systems, however, are rarely tied to a single source. They instead arise from a variety of
computational and data limitations. In many settings, resolving the relevant spatial
structure of a simulation of interest pushes the state space representation into high and
often times intractable dimensions. In other settings, the primary computational burden is
temporal in nature, where key behavior becomes visible only over long horizons or
through interactions across disparate time scales. In turn, this can induce stiffness and
demand carefully tuned, expensive integration procedures. Finally, when the goal is to
incorporate information from experimental data, additional limitations arise because
measurements are often noisy or low precision. Consequently, this further reduces data
fidelity and amplifies uncertainty in downstream modeling and prediction.

The previously mentioned computational roadblocks are particularly acute in
quantum and electron dynamics, which form the main application suite of this
dissertation. These dynamics underlie critical physical phenomena such as charge
transport, light–matter interaction, and superconductivity in materials. As a result,
reliable simulation at realistic scales remains a central goal across fields such as quantum
chemistry and condensed-matter physics. Meeting this goal in practice is not only a
matter of better physical modeling, but also of algorithmic and implementation choices.
Meaningful reductions in computational cost therefore sit at the intersection of applied
mathematics, physics, and computer science and require tremendous synergy between
this trinity. Consequently, numerous computational methods and formalisms have been
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developed in recent decades by computational chemists and physicists to simulate these
particular dynamical systems.

Ab-initio electronic-structure methods aim to predict electronic properties directly
from the underlying quantum mechanics, with minimal reliance on empirical fitting,
making them broadly useful across molecules and materials. Time-dependent density
functional theory (TDDFT) [120, 100] is a widely used ab-initio approach for
nonequilibrium dynamics that propagates effective single-particle (Kohn–Sham) orbitals
in time, often in large basis sets, and consequently exhibits steep scaling with system
size. Another formalism, based on non-equilibrium Green’s functions (NEGF), describes
two-time correlators that satisfy sets of integro-differential equations with non-Markovian
memory kernels [201, 142, 168]. In condensed-matter and nonequilibrium quantum
many-body physics, this leads to the Kadanoff–Bayms equations, where memory
integrals over the past history of the Green’s function induce quadratic or worse scaling
in the number of time steps. Both TDDFT and the NEGF formalism share striking
mathematical similarities, despite being derived from different theoretical frameworks: in
both cases, the equations of motion contain an analytically unknown term that encodes
electron–electron exchange and correlation and, when relevant, coupling to an external
environment (the exchange–correlation potential in TDDFT and the self-energy in
NEGF), and the two approaches trade off different aspects of the curse of dimensionality
and temporal nonlocality. Critically, both formalisms also become prohibitively
computationally expensive when pushed toward realistic system sizes, strong correlation
and driving, or long-time behavior [52, 89, 131, 130, 167, 57, 205, 206, 29, 28, 100, 212].

Computational issues also manifest in new ways within the realm of quantum
computing, where key quantities such as ground-state energies and other spectral
properties of molecular Hamiltonians can be inferred from the frequency content of
experimentally accessible time-evolved signals. Such examples include overlap or
correlation measurements obtained by implementing unitary time evolution under the
Hamiltonian on the quantum device. Quantum hardware can, in principle, represent and
simulate molecular Hamiltonians with resources that scale polynomially in system size,
thereby avoiding the exponential cost of exact classical methods. This is particularly
compelling in quantum chemistry because, within the Born–Oppenheimer
approximation, the electronic ground-state energy together with the nuclear–nuclear
repulsion defines the potential energy surface, which in turn governs equilibrium
structures, forces, and reaction pathways without reliance on empirically fitted
interatomic potentials. In the near term, however, the main obstacle is quantum hardware
noise, since the time-domain signals used to infer energies are corrupted by decoherence,
gate errors, and finite-shot noise [27, 106].

Alongside these problems in the realm of quantum chemistry and computing,
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classical electron dynamics in plasmas, governed by the Vlasov–Poisson system, provide
a complementary testbed where spatial resolution, long-time accuracy, and
compute/storage tradeoffs push the limits of classic numerical solvers [197, 198]. Kinetic
plasma models underpin applications ranging from fusion devices to space and
astrophysical plasmas [9, 55]. At the same time, even in reduced settings, the evolved
electron distribution function develops fine filamentary structure and strong phase-space
mixing, hence faithfully capturing kinetic effects of physical interest requires high
resolution in both position and velocity over long time horizons, with correspondingly
large memory and runtime costs.

Across all of the previously mentioned settings, the methodological questions of how
to identify and learn the key quantities of interest, and how to integrate them with existing
solvers or hardware, play out in particularly rich and challenging ways. Holistically, these
challenges have motivated a broad family of data-driven approaches that aim to develop
surrogate or reduced order models for the original evolution problem. Classical
reduced-order modeling (ROM) techniques such as reduced-basis methods, proper
orthogonal decomposition (POD), and Krylov subspace methods exploit the fact that
many solutions live on low-dimensional manifolds embedded in a high-dimensional state
space [22, 18, 179]. By projecting the dynamics onto a carefully selected reduced basis,
one obtains a lower-dimensional system that is faster to solve while retaining the key
characteristics of the full, high-dimensional system. Complementary tools, including
dynamic mode decomposition (DMD) and related Koopman approximations, extract
coherent spatiotemporal modes from time-series data and can approximate time evolution
in a suitable function space [18, 201, 143, 116, 129].

More recently, advances in machine learning (ML) have also led to powerful
surrogate models for time-dependent simulations. Applications span from using recurrent
neural networks and sequence-based models to emulate time integrators, transformer
architectures to learn spatiotemporal dynamics, and auto-encoder based ROMs to learn
low-dimensional latent dynamics [17, 84, 48, 63, 193, 176, 45]. Another branch of
ML-based surrogates uses operator learning, in which neural networks approximate
mappings between function spaces rather than finite-dimensional vector spaces [90].
Here, neural operators such as DeepONets and Fourier neural operators aim to learn
solution maps that can be evaluated at arbitrary spatial and temporal locations and
interpolated across families of input functions [102, 111, 112, 110].

Within both the classic ROM and ML literature, one can distinguish between two
broad strategies. On one hand, equation-free or propagator-learning methods attempt to
learn the full evolution map u(t) 7→ u(t+ ∆t) direct from data, with minimal use of the
governing equations beyond the data generation process [111, 102]. On the other hand,
PDE-constrained methods use the equations of motion to inform what to learn and how to
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parametrize unknown closures [56, 47, 18, 12]. In the latter, a common approach is to
derive a reduced equation of motion with an unclosed term (such as a memory kernel or
effective potential), and train a neural network to approximate this term, via
backpropagation through the underlying equation of motion during training. A
complementary approach, which this dissertation adopts, uses the equations of motion
not as hard constraints during training, but rather, as structural guidance. Here,
data-driven models are applied in conjunction with standard workflows and do not strictly
enforce the governing equations as hard constraints during training. The methods
developed in this dissertation (i) replace the dominant memory term in an equation of
motion with a learned neural operator, (ii) pair an inexpensive coarse-grid propagator
with a neural super-resolution map to form an effective fine-grid propagator at a cost
proportional to the coarse-grid propagator, and (iii) use a dimensionality-reduction
scheme to robustly extract spectral information from noisy time-evolution signals. This
occupies a middle ground between equation-free methods and methods that directly
enforce the equations of motion, which we refer to here as an equation-aware approach.

Concretely, this dissertation is organized as follows around three such case studies. In
Chapter 2, we develop an RNN-based surrogate that replaces the quadratic-cost history
integral in a class of IDEs inspired by the Kadanoff–Baym equations with a learned
time-local map, yielding linear-time propagation at target accuracy. In Chapter 3, we
introduce a coarse to fine grid super-resolution and forecasting framework (SRaFTE) that
couples a low-cost coarse-grid time integrator with a learned spatial super-resolution
operator to avoid fine-grid time stepping while still recovering fine-scale dynamics, and
its application to plasma dynamics. Finally, in Chapter 4, we present a noise-robust
ground-state energy estimation algorithm using the machinery of DMD on noisy
time-evolution signals produced by noisy, near-term quantum hardware, thereby reducing
quantum computational overhead while maintaining chemical accuracy. A concluding
chapter synthesizes these results, highlights common design principles across the three
settings, and outlines open directions for data-driven modeling and inference in
time-dependent systems and its applications to electron and quantum dynamics.

The unifying theme in all of these works is to recast each problem so that the most
onerous aspect of the computation—be it nonlocal history integrals, fine-grid
propagation, or noisy observations—is handled by a tailored data-driven operator or
estimator, that is tightly integrated with the underlying equations of motion. Taken
together, the results of this dissertation demonstrate that data-driven modeling can
alleviate canonical computational bottlenecks in time-evolving systems and support
accurate simulation and dependable inference of key dynamics and observables in
quantum and electron dynamics.
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1.1 Primer on quantum mechanics
To provide insight, we briefly review the main quantum dynamics formalisms that

motivate the first and third case studies. We start from the many-electron Schrödinger
equation and its second-quantized representation, then summarize density functional
theory (DFT) and its time-dependent extension (TDDFT), and finally describe the
non-equilibrium Green’s function (NEGF) formalism.

At the most fundamental level, an interacting N -electron system is described by the
time-dependent Schrödinger equation (TDSE)

i∂tΨ(r1, . . . ,rN , s1, . . . , sN ; t) = ĤΨ(r1, . . . ,rN , s1, . . . , sN ; t), (1.1)

where Ψ is the antisymmetric N -body wavefunction on a 3N -dimensional configuration
space, ri ∈ R3 and si denote the position and spin of the ith electron, and Ĥ is the
molecular Hamiltonian. In first quantization, a typical electronic Hamiltonian with a
fixed nuclei assumption under the Born-Oppenheimer approximation has the form

Ĥ =
N∑

i=1

(
−1

2∇2
i +vext(ri)

)
+

∑
1≤i<j≤N

1
|ri − rj |

, (1.2)

where the one-body operator −1
2∇2

i represents electronic kinetic energy, vext is the external
potential induced by fixed nuclei and any applied fields, with the final term being the two-
body Coulomb term that accounts for electron–electron repulsion.

A convenient representation for quantum chemistry calculations is obtained by
expanding the electronic degrees of freedom in a finite one-particle basis {φp(r, s)}M

p=1
(e.g., atomic or molecular orbitals) and passing to second quantization. We introduce
fermionic creation and annihilation operators a†

p and ap, which create or destroy an
electron in orbital φp, and satisfy the canonical anticommutation relations

{ap,a
†
q} = δpq, {ap,aq} = {a†

p,a
†
q} = 0.

In this basis, the Hamiltonian can be written as

Ĥ =
M∑

p,q=1
hpq a

†
paq + 1

2

M∑
p,q,r,s=1

vpqrsa
†
pa

†
qasar, (1.3)

where

hpq =
∫
φ∗

p(r, s)
(

−1
2∇2 +vext(r)

)
φq(r, s)drds, (1.4)

vpqrs =
∫ ∫ φ∗

p(r, s)φ∗
q(r′, s′)φr(r, s)φs(r′, s′)

|r− r′|
drdr′ dsds′ (1.5)
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are the one- and two-electron integrals, respectively. The first term in (1.3) is a bilinear
form in (a†

p,aq) capturing kinetic and external potential energies, while the second is a
quartic form encoding pairwise Coulomb interactions. The Hilbert space dimension
grows combinatorially with N and M (roughly

(
M
N

)
for fixed particle number), so direct

wavefunction-based solution of the Schrödinger equation is intractable even for
moderately sized systems [120].

Density functional theory [120] addresses the curse of dimensionality by recasting the
ground-state problem in terms of the one-body electron density

n(r) =N
∑

s1,...,sN

∫
R3(N−1)

|Ψ(r,r2, . . . ,rN , s1, . . . , sN )|2 dr2 · · ·drN , (1.6)

rather than the full N -body wavefunction. Standard theoretical results guarantees that the
ground-state energy can be written as a functional

E[n] = Ts[n]+
∫
vext(r)n(r)dr+EH[n]+Exc[n], (1.7)

where Ts[n] is the kinetic energy of a fictitious non-interacting system with density n,
EH[n] is the classical Hartree electrostatic energy

EH[n] = 1
2

∫ ∫ n(r)n(r′)
|r− r′|

drdr′,

andExc[n] is the analytically unknown exchange–correlation functional, which collects all
many-body effects beyond Hartree theory and must be approximated in practice.

In Kohn–Sham DFT, one introduces single-particle orbitals {φi}Nocc
i=1 whose density

recovers n(r) =∑
i |φi(r)|2 and solves the self-consistent eigenvalue problem(

−1
2∇2 +vext(r)+vH[n](r)+vxc[n](r)

)
φi(r) = εiφi(r), (1.8)

where Nocc denotes the number of occupied orbitals, vH[n] = δEH/δn, and
vxc[n] = δExc/δn the Hartree and exchange–correlation potentials, respectively.
Mathematically, (1.8) is a nonlinear eigenproblem on a one-electron Hilbert space.
Numerically, one discretizes space or an orbital basis to obtain a matrix eigenproblem
whose cost typically scales as O(M3) or O(M4) in the number of basis functions M , due
mainly to Fock-like matrix construction and diagonalization. Modern algorithms and
HPC allow DFT to routinely treat systems with hundreds of atoms, but systems with
thousands of atoms, complex geometries, or many parameter sweeps remain
computationally demanding [98, 3, 15, 73, 192].
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Time-dependent density functional theory [100, 59, 182] extends the DFT framework
to excited states and real-time dynamics. In real-time TDDFT, one evolves a set of time-
dependent Kohn–Sham orbitals φi(r, t) according to

i∂tφi(r, t) =
(

−1
2∇2 +vext(r, t)+vH[n](r, t)+vxc[n](r, t)

)
φi(r, t), (1.9)

with density n(r, t) = ∑
i |φi(r, t)|2. The Hartree potential is given by an instantaneous

Poisson-type integral of n(r, t), while the time-dependent exchange–correlation potential
vxc[n](r, t) is usually approximated by adiabatic functionals that depend on n(·, t) at the
current time. In principle, a memory effect is known to analytically exist, however only
recently has work been developed to quantify this effect [11]. Errors arising from the
adiabatic approximation of the exchange-correlation potential is quantified by a plethora
of previous work [59, 93, 114, 141].

In practice, (1.9) is discretized in space and integrated in time with small time steps to
resolve electronic timescales, leading to the solution of a large coupled system of linear
or nonlinear ODEs at each step. The cost of evaluating vxc, constructing effective
Hamiltonians, and applying them to all orbitals yields overall scaling that can be quartic
in system size in the worst case. Even with GPU-accelerated implementations and careful
numerics, long-time first-principles simulations of electron dynamics in large molecules
or materials remain at the edge of feasibility [125].

For systems driven far from equilibrium, such as electron gases under strong laser
fields or strongly correlated systems, mean-field orbital dynamics can be insufficient [60,
135, 164, 145]. The non-equilibrium Green’s function formalism provides a powerful
alternative framed in terms of two-time correlation functions rather than
wavefunctions [168]. In second quantization, one introduces the field operator

ψ̂(r, t) =
∑
p
φp(r)ap(t),

and defines the time-ordered Green’s function

G(1,2) = −i⟨TC ψ̂(1) ψ̂†(2)⟩, 1 = (r1, t1), 2 = (r2, t2), (1.10)

where TC denotes contour-time ordering on the Keldysh contour. Other components,
such as the retarded GR and lesser G< Green’s functions, are obtained from G and
encode spectral and occupation information, respectively. In a finite one-particle basis,
these objects become M ×M matrix-valued functions of two time variables, e.g.,

G<
pq(t, t′) = i⟨a†

q(t′)ap(t)⟩. (1.11)
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The evolution of G is governed by the Kadanoff–Baym equations (KBEs). In a one-
particle basis and suppressing orbital indices, these can be written schematically as

(
i∂t −h(t)

)
G(t, t′) = δ(t− t′)+

∫ t

t0
Σ(t, τ)G(τ, t′)dτ, (1.12)

along with a corresponding adjoint equation in t′. Here, h(t) is the mean-field one-body
Hamiltonian, and Σ(t, τ) is the self-energy kernel, which summarizes the effect of all
two-body interactions and many-body correlations on the single-particle dynamics.
Formally, Σ is a nonlinear functional of G; specific approximations (e.g., Feynman
diagrams) produce explicit expressions for Σ[G] in terms of G and auxiliary
propagators [180].

The convolution term ∫ t

t0
Σ(t, τ)G(τ, t′)dτ

acts as a memory integral: the value of G at time t depends on its entire past history
through a kernel Σ that itself depends on G. If one discretizes time on a grid {tn}Nt

n=0, the
unknowns become arrays Gpq(tn, tm) with O(M2N2

t ) storage, and the history integral
requires nested time sums whose naive evaluation scales as O(N3

t ) per orbital block. For
realistic simulations, Nt can reach 104 or higher, so the combination of quadratic storage
and cubic time complexity renders straightforward KBE propagation prohibitively
expensive.

In practice, the self-energy Σ is also analytically unknown and must be approximated.
Diagrammatic truncation schemes such as GW replace the full self-energy by a subset of
Feynman diagrams constructed from the single-particle Green’s function and a screened
interaction, yielding specific convolution kernels that remain history-dependent but are
more tractable. An alternative route is furnished by the generalized Kadanoff–Baym ansatz
(GKBA) [142, 168, 143], which reconstructs two-time Green’s functions from single-
time quantities, such as the one-particle density matrix, and effective propagators. At
a high level, GKBA reduces the full two-time problem to a closed evolution equation
for single-time objects, thereby alleviating the storage and complexity burdens associated
with the full KBE, at the cost of approximating memory effects and certain two-particle
correlations.

In summary, time-dependent electronic-structure methods such as TDDFT and
NEGF/KBEs face a double burden of rapid growth in the number of degrees of freedom
(orbitals, basis functions, or modes) and the presence of memory-dependent integrals that
couple each time to its entire history. These features are mathematically expressed
through large coupled systems of PDEs or IDEs with nonlocal kernels and
high-dimensional operator coefficients, and they are the main source of computational
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intractability in the problems considered here. The first case study in this dissertation
isolates the memory-integral structure in a Dyson-type equation for the Green’s function
and learns an effective short-memory surrogate for the history term, while the third case
study works directly with the unitary time-evolution operator e−iĤt of (1.3), using noisy
time-evolution signals obtained from real and simulated quantum hardware to infer
spectral properties such as the ground-state energy of Ĥ . In both settings, the focus is on
identifying and surrogating specific operators that possess the key physics of interest, yet
are responsible for the worst computational scaling, and then integrating these
surrogating into more efficient numerical pipelines.

For sake of clarity, we provide a table below for commonly used abbreviations
throughout this dissertation.

Table 1.1: Common abbreviations and their meanings by chapter.

Abbreviation Meaning Where used
1D1V One-dimensional in physical space and one-

dimensional in velocity space (phase-space grid
for Vlasov–Poisson).

Ch. 3 App. B

AR Autoregressive; one-step map Φθ : ûn 7→ ûn+1. Ch. 3
DFT Density functional theory; electronic-structure

formalism based on the ground-state density.
Ch. 1

DFT Discrete Fourier transform of the observable
time series, used for Fourier-based denoising and
thresholding.

Ch. 4, App. B

DMD Dynamic mode decomposition; data-driven
decomposition into temporal modes /
frequencies.

Ch. 1, Ch. 4

FDODMD Fourier denoising observable dynamic mode
decomposition; Fourier denoised ODMD
variant.

Ch. 4

GKBA Generalized Kadanoff–Baym ansatz;
reconstructs two-time Green’s functions
from single-time quantities to reduce memory
cost.

Ch. 1

GSE Ground-state energy of the many-body
Hamiltonian.

Ch. 4, App. B

Continued on next page



10

Abbrev. Meaning Where used
GW Diagrammatic self-energy truncation built

from the Green’s function G and a screened
interaction W .

Ch. 1

IDE Integro-differential equation(s) with nonlocal
memory terms.

Ch. 1, Ch. 2

KBE Kadanoff–Baym equation(s) governing
nonequilibrium Green’s functions.

Ch. 1, Ch. 2

LSTM Long short-term memory recurrent neural
network architecture.

Ch. 2

LW Second-order Lax–Wendroff finite-difference
scheme for the 1D1V Vlasov–Poisson time
integrator.

App. A

ML Machine learning, broadly referring to learned
data-driven models.

Ch. 1–3

MODMD Multi-Observable ODMD; extension of ODMD
to multiple observables.

Ch. 4

NEGF Non-equilibrium Green’s function formalism for
time-dependent many-body systems.

Ch. 1

NISQ Noisy intermediate-scale quantum devices (near-
term quantum hardware regime).

Ch. 1, Ch. 4

NSE Navier–Stokes equations (2D incompressible
vorticity formulation).

Ch. 3, App. A

ODE Ordinary differential equation. Ch. 2–3
ODMD Observable Dynamic Mode Decomposition;

DMD applied to scalar observable time series
from a quantum device.

Ch. 4, App. B

PDE Partial differential equation(s). Ch. 1, Ch. 3
POD Proper orthogonal decomposition; classical

ROM method based on dominant modes of a
correlation operator.

Ch. 1, Ch. 3

ROM Reduced-order modeling; general family of
low-dimensional surrogate models for high-
dimensional evolutions.

Ch. 1

SR Super-resolution; spatial upsampling from
coarse to fine grids.

Ch. 3

Continued on next page
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Abbrev. Meaning Where used
TDDFT Time-dependent density functional theory; time-

dependent extension of ground-state DFT.
Ch. 1

TDSE Time-dependent Schrödinger equation;
fundamental N -electron equation of motion.

Ch. 1, Ch. 4

VP Vlasov–Poisson system; kinetic PDE for
collisionless plasma dynamics.

Ch. 1, Ch. 3



Chapter 2

Learning nonlinear integral operators
via recurrent neural networks and its
application in solving
integro-differential equations

Integro-differential equations (IDEs) arise in many scientific applications ranging
from nonequilibrium quantum dynamics [168, 36, 142], the dynamics of non-Markovian
colloidal particles, [211, 209, 214, 217], the modeling of dispersive waves, [191, 40] and
electronic circuits [16]. One particularly important example is the application of the
Kadanoff-Baym equations (KBE) [74, 168, 142] for the time evolution of quantum
correlators. This equation describes the propagation in time of non-equilibrium Green’s
functions, and finding efficient methods of solving this equation is of extreme importance
in the study of driven quantum systems. A general class of IDEs that the KBEs fall into
can be written as:

d

dt
G(t) = F (G(t), t)+

∫ t

0
K(G(t−s), s)G(s)ds (2.1)

where both F and the integral kernel K are functions of and t and G(t). This IDE is
computationally challenging to solve due to the presence of the integral term in (2.1). A
numerical time evolution scheme typically requires performing a numerical integration of
the integral term at each time step. If nT time steps are taken to evolve the numerical
solution of (2.1) to time T , the overall computational complexity in time is proportional
to at least n2

T , which can be high for a large nT . Several techniques have been recently

0The following chapter is based on published work in Machine Learning with Applications [7].
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developed to reduce the temporal complexity of solving (2.1). One technique is based on
an FFT-based solver that significantly speeds up the numerical integration of the integral
term [80]. Another technique, known as dynamic mode decomposition (DMD), is a data-
driven method that uses snapshots of the solution to (2.1) within a small time window to
construct a reduced order model that can be used to extrapolate the long-time dynamics of
G(t) [199].

The main motivation of this research is to use machine learning approaches to reduce
the computational complexity of solving IDE to the order of nT . More specifically, by
representing and learning the nonlinear integral operator
I(G(t), t) =

∫ t
0K(G(t− s), s)G(s)ds in IDE (2.1) via neural network (NN), we turn an

IDE into an ordinary differential equation (ODE) of the form

d

dt
G(t) = F (G(t), t)+ I(G(t), t), (2.2)

where I(G(t), t) is a functional ofG(t) and t that can be evaluated with a constant cost, i.e.,
without performing numerical integration. A standard ODE scheme can then be applied
to solve (2.2) with a temporal complexity of O(nT ).

In principle, the mapping from G(t) to I(G(t), t), which is implicitly defined by the
integral

∫ t
0K(G(t − s), s)G(s)ds always exists, although its (memoryless) analytical

form is generally unknown [181, 165]. In this work, we seek to represent and learn such
a mapping by training a recurrent neural network (RNN) using snapshots of the
numerical solution of (2.1) within a small time window. Hence our approach falls into
the category of operator learning methods, which encompasses recently developed
machine learning methodologies such as DeepONet [112] and the Fourier neural
operator [101, 90]. In an operator learning method, we view the solution to a given ODE
or partial differential equation (PDE) as the output of a neural network parameterized
operator that maps between function spaces. For instance, solving an initial value
problem for a given PDE can be reformulated as searching for a neural network
parameterized operator, denoted as S : u(x,0) → u(x,t). Carefully designed neural
networks, such as those employed in DeepONet and the Fourier neural operator, can
approximate this operator S. By applying the learned operator S to the initial condition
u(x,0) we can readily obtain the solution to the PDE. One notable advantage of the
operator learning approach lies in the generalizability of the trained neural network
model. Once the approximation to the operator is obtained, it can be applied to other two
initial conditions or inputs to the model.

In this work, we adopt an operator-learning perspective and choose to use a long-short
term memory (LSTM)-based RNN [65] to learn the mapping betweenG(t) and I(G(t), t).
Instead of a simple feed-forward neural network (FFNN), we utilize RNNs because they
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can better preserve the causality of both G(t) and I(G(t), t). Furthermore, instead of
learning the operator that yields the solution to the IDE (2.1) directly, we choose to learn
the mapping between G(t) and I(G(t), t) for the following reasons. First of all, although
the solution of (2.1) depends on both F (G(t), t) (referred to as the streaming term) and
I(G(t), t) (referred to as the memory integral or collision integral), the cost of evaluating
the memory term typically far exceeds that of the streaming term. Secondly, when the
streaming term F (G(t), t) is time-dependent and creates atypical dynamics outside of the
training window (see e.g. Figure 2.6), it is difficult to directly learn a solution operator
using short-time data. Consequently, the extrapolated prediction of the solution of (2.1)
for large t can be poor. On the other hand, in many physically relevant scenarios, the
integral kernel in (2.1) is well behaved. As a result, we expect the mapping between
G(t) and I(G(t), t), which is independent of the solution G(t) itself, can be learned more
easily. Furthermore, in addition to increasing the time window and training the RNN with
different initial conditions, we can augment the training data by considering solutions of
(2.1) with different streaming terms within a small time window. We will refer to this type
of training as multi-trajectory training in Section 2.2. This type of training is important
for learning an operator that maps from one function space to another. Once the integral
operator I(t) is well approximated by a properly trained RNN, the solution of the IDE can
be obtained using any standard ODE solver with I(t) evaluated by the RNN. Furthermore,
transferability of the learning algorithm is clearly achievable. Once the integral operator
with a fixed integral kernel K is learned via an LSTM-based RNN, it can be used to solve
the IDE (2.1) associated with different streaming forces F (G(t), t) by using a standard
ODE solver.

The approach presented in this work is similar in spirit to other developments in using
machine learning (ML) techniques and neural networks (NN) to solve forward and
inverse problems defined by ODEs and PDEs. The most prominent example is the
physics-informed neural network (PINN) [32, 203] and its generalizations. In the PINN
approach, an NN serves as a solver that takes the spatial-temporal coordinate x,t as the
input and outputs the approximate solutions to the differential equation. The whole
network is trained using the loss function that is defined in terms of the underlying
differential equation. More recent members within the PINN family include sparse
physics-informed neural network (SPINN) [140] and parareal physics-informed neural
network (PPINN) [121]. Another representative approach is the neural ordinary
differential equation (NeuralODE) [31] and it is particularly useful for solving the
inverse problem of differential equations. In this approach, an NN is used to approximate
the derivatives of the state variables, i.e. the "right-hand side" of a differential equation.
After the recovery of the derivatives, solutions to the differential equations can be
obtained using a standard numerical solver for ODEs and PDEs. Recent developments in
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the NeuralODE family include NeuralSDE [108, 101], Neural Jump SDE [71],
NeuralSPDE [152], and infinitely deep Bayesian neural networks [196]. What
distinguishes the approach presented in this work from other existing
neural-network-based differential equation solver is that we do not use the RNN to solve
the IDEs directly. Instead, we use it to approximate the time dependent nonlinear integral
operator that is costly to evaluate. We combine the RNN based operator learning with a
standard ODE solver to obtain numerical solutions to the IDEs. To demonstrate the
efficiency of this method, we will benchmark our result against a direct operator learned
model that learns the entire solution to the right hand side of (2.2), as well as against
using DMD to extrapolate the dynamics.

This chapter is organized as follows. In Section 2.1, we first introduce the basic
architecture of RNN and the LSTM model, then we customize a specific RNN model
designed to approximate the integral functional I(t) and introduce two training methods
for the RNN model. In Section 2.2, we use a nonlinear, complex-valued IDE for 2 × 2
matrix G(t) as an example to demonstrate the effectiveness of using RNN to learn the
integral operator and how this can be used to extrapolate the dynamics of the IDE.
Importantly, we showcase the remarkable ability of using the same integral operator to
solve IDEs driven by different streaming terms, thus affirming its generalizability. In
Section 2.3, we will consider a specific physical application of the introduced
methodology. Here, we underscore the practical utility of the RNN model in solving the
Dyson’s equation, offering further insights into its applicability. The primary findings and
conclusions of this chapter are succinctly summarized in Section 2.4.

2.1 Methods

2.1.1 Recurrent neural networks
Recurrent neural networks (RNN) and their various adaptations have become prevalent

tools to analyze and forecast the patterns in time series data [204, 79, 67] across a wide
range of domains and scenarios [34, 25]. In this section, we will introduce the basic RNNs
model, as well as the LSTM model.

2.1.2 Basic RNN model
The workflow of the RNN model is illustrated in Figure 2.1 (Top), which comprises

several key components: including inputs, hidden states, and an RNN cell. The hidden
states are calculated recursively within the RNN cell, utilizing sequential inputs. These
hidden states play an important role in capturing temporal dependencies and facilitating
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Basic recurrent neural network model

Long-short term memory cell

+

tanh

tanh

Figure 2.1: (Top) The workflow of a basic RNN model. The model processes the inputs
{ξ1, ξ2, · · · , ξn} one by one in sequence and produces a corresponding sequence of hidden
states {h1,h2, · · · ,hn}. The same set of model parameters, θ, is employed in the RNN cell
(i.e., R(·, ·;θ)) to calculate each hi, i= 1, · · · ,n. (Bottom) An LSTM cell. The update of
the cell state Ct and the hidden state ht relies on the current time input ξt and the preceding
states, ht−1 and Ct−1, through several information gates.

the propagation of information over time within sequential data. Furthermore, these hidden
states can be employed to model time-dependent quantities of interest, such as the memory
integral I(G(t), t), which is the main focus of our chapter.

Specifically, consider a time series dataset Ξ= {ξ0, ξ1, ξ2, . . . , ξN }, where ξi represents
the ith time index within our time series. The RNN cell, represented as a functionR(·, ·;θ),
takes the preceding hidden state and the current time data as input and produces a new
hidden state as output. Namely, ht =R(ξt,ht−1;θ), t= 1, · · · ,N . Here, h0 is initialized as
a zero vector and θ represents the set of shared and trainable parameters. Mathematically,
the hidden states can be written as a composition of the RNN cells given by:

hn =R(ξn,hn−1;θ) =R(ξn,R(ξn−1,hn−2;θ);θ) =R(R(...R(ξ2,R(ξ1,h0;θ);θ), ...;θ);θ).

The sharing of θ enables the RNN to learn general patterns across time and incorporate a
memory effect into the model. This capability also allows RNN models to handle input
sequences of varying lengths.
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2.1.3 Long-short term memory (LSTM)
The LSTM model is a type of RNN that distinguishes itself by employing different

gates within its LSTM cell to regulate the flow of information, as shown in Figure
2.1 (Bottom). Compared with the standard RNN models, LSTM models exhibit better
performance in capturing long-range dependencies and mitigating the vanishing gradient
issue [65]. Their gated structure allows them to effectively preserve information across
longer sequences. As a result, LSTM models have gained widespread applications in
dynamics modeling tasks [213, 61]. In our specific context, we will employ an LSTM
model to model the memory integral of the IDE.

The LSTM cell features two distinct states: the cell state, denoted as Ct, and the
hidden state, represented as ht. The cell state serves as a repository for long-term
memory, capable of retaining and propagating information throughout different time
steps. On the other hand, the hidden state captures current information, serving as the
foundation for predictions made at each time step. To regulate the flow of state
information, three pivotal gates are employed: the input gate, the forget gate, and the
output gate. The forget gate is responsible for determining which information from the
previous cell state should be retained in the current cell state, while the input gate governs
the incorporation of new information into the current cell state. Concurrently, the output
gate controls the outward transmission of information from the cell state.

Let it, ft, and ot represent the input, forget, and output gates at time t. Each of these
gates employs a nonlinear activation function, such as σ(x) = 1

1+e−x , in conjunction with
learnable parameters to govern the selection of information to be incorporated into the
state updates. This can be expressed as follows:

it = σ(ξt,ht−1;θinput), ft = σ(ξt,ht−1;θforget), ot = σ(ξt,ht−1;θoutput).

Here, θinput, θforget, and θoutput are parameter sets within total collection of shareable
parameters θ.

Using these gates, the current cell state is updated according to:

Ct = ft ·Ct−1 + it · Ĉt,

which combines both long-term memory (e.g., Ct−1) and new information (e.g., ξt used
in the computation of Ĉt = tanh(ξt,ht−1;θc)). Here, θc ∈ θ is the parameter set. Finally,
we compute the current hidden state ht as:

ht = ot · tanh(Ct).

The hidden state ht can subsequently undergo further trainable transformations, such as a
linear transformation, to predict the specific quantity of interest.
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Figure 2.2: Learning and prediction diagram of the RNN model. In the training phase,
the input sequence {G(0),G(∆t),G(2∆t), . . . ,G(T )} is fed into the model to generate
predictions {Î(0), Î(∆t), Î(2∆t), . . . , Î(T )} using the parameters θ. From here, we can use
the final output Î(T ) to produce numerically extrapolated dynamics using the procedure
outlined in Model Architecture and illustrated in Figure 2.3.

2.1.4 RNN customized for learning time-dependent nonlinear
integral operator

Having introduced the basic architecture of RNN and the integro-differential equation
we aim to solve, in this section, we customize a specific RNN model that enables us to
efficiently learn the integral operator of an IDE within a short time window and use that to
predict its long-time dynamics. As mentioned in the introduction, the RNN we seek should
learn a map I : G(t) → I(t) for any given function G(t). Since I(t) depends on all the
history values of G(t), to capture this memory effect, we propose to use the LSTM cells as
the basic modeling modules to build the RNN model. This leads to a learning-predicting
diagram as illustrated in Figure 2.2.

2.1.5 Model architecture and dynamics extrapolation
The RNN in Figure 2.2 consists of an LSTM model and a linear transformation layer

attached to it that maps the output of LSTM cells into the shape of the target time series.
For our model, the NN takes the discretized G(t) in a time grid t = i∆t as the input
and produces an approximated solution of the collision integral Î(t) for t = i∆t as the
output. The RNN model is trained using a sufficiently accurate numerical solution to
the IDE within a time window t ∈ [0,T ]. After the training is done, in the extrapolation
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Figure 2.3: Extrapolation of dynamics using the RNN model. The training phase will
output predictions {Î(i∆t)}T

i=0. Using Î(T ), we can use a forward numerical method to
obtain the numerically extrapolated G(T + ∆t). From here, we can recursively feed the
numerically extrapolatedG(T +∆t) into the model to obtain the prediction for Î(T +∆t).
We repeat this until the final time, Tf .

phase, we can use an efficient and accurate forward propagation scheme to generate long-
time trajectories. As an example, if we employ the forward Euler scheme to solve the
differential equation, then for IDE (2.2), we have

G(T +(i+1)∆t) =G(T + i∆t)+∆t[F (T + i∆t,G(T + i∆t))+ Î(T + i∆t)]

where Î(T + i∆t) is the output of the RNN generated recursively by feeding in the input
G(T + i∆t) as illustrated in Figure 2.3. The forward scheme for any multi-step method
can be similarly derived. The specific model parameters, such as the hidden size of each
layer, will be discussed in Section 2.2 per IDE considered. In this work, we utilize a
PyTorch backend to implement all of our NN models.

2.1.6 Data preparation and loss functions
To generate the training data, we solve the IDE numerically using an Adams-Bashforth

third-order method (AB3) and Simpson’s rule to approximate the collision integral I(t).
This generates a time series data that is recorded in an interval of [0,T ], discretized by ∆t,
eventually forming a dataset consisting of {(G(i∆t), I(i∆t)}T

i=0 pairs. For the IDEs with
complex values that are considered in our applications, we will further split the real and
imaginary parts of G(t) and I(t) when we generate the input sequence and compare Î(t)
with I(t). This has to be done since most popular ML frameworks such as PyTorch [134]
natively support and are optimized for real-valued calculations. The parameters of the
network, denoted by θ, are randomly initialized. The Adam optimizer [85], which is a
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Figure 2.4: Sample trajectories of G00(t), I00(t), selected from the database created by
solving (2.4) with α1,α2 ∈ [1,20] × [1,20], σ ∈ {1,2,3,4,5}, and β = 1. Subsequently,
we use the same database to do multi-trajectory training of the RNN model.

first-order method that uses gradient-based optimization, is chosen to adjust the parameter
values to minimize the mean-squared error (MSE) function:

f(I, Î;θ) := 1
N

N∑
i=0

(I(i∆t)− Î(i∆t))2, (2.3)

where Î(i∆t) is the predicted collision integral generated by the RNN and I(i∆t) is the
ground truth. The parameters are learned by propagating the gradients of each hidden
state’s inputs.

2.1.7 Training method
For all the numerical simulations considered in this chapter, the RNN training is

performed in a small time window (T sufficiently small). The trained model is then used
for long-time (Tf ) extrapolation in which Tf ≫ T , (see Figure 2.3). We employ two
training strategies:
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1. (Single trajectory training) For this case, the RNN is trained using a single
trajectory dataset {(G(i∆t), I(i∆t)}N

i=0. The numerical advantages of employing
single trajectory training stem from its relatively low computational cost
throughout the optimization process, as the dataset consists of a single trajectory.
Accordingly, since the single trajectory data corresponds to a specific choice of the
streaming term F (G(t), t), the optimized RNN normally yields bad generalization
results to solve the same IDE with different F (G(t), t) terms.

2. (Multi-trajectory training) In contrast with the first case, the RNN can also be
trained using batch training techniques, where the input becomes multiple
trajectories generated by choosing different streaming terms F (G(t), t). The
training cost is obviously higher but the obtained RNN model has greater
generalizability and can be used to predict dynamics for the IDE with new
streaming terms. From the operator-learning point of view, the multi-trajectory
training method is preferred since the enlarged dataset contains different
input-output G(t) and I(t), which provides more samples for learning the mapping
I :G(t) → I(t) for a given IDE.

In accordance with these two training strategies, we also use two validation methods
to detect and avoid overfitting. For the single trajectory training case, we can split the
dataset {(G(i∆t), I(i∆t)}T

i=0 into two parts: {(G(i∆t), I(i∆t)}K
i=0 and

{(G(i∆t), I(i∆t)}T
i=K+1, and then using the first time series to measure training loss

used for optimization of the RNN and the second part to measure the validation error. For
the multiple trajectory training, the validation error is calculated using a new dataset
{(G(i∆t), I(i∆t)}T

i=0 obtained by solving the IDE with streaming terms F (G(t), t) that
are different from those ones in the training dataset. The minimized validation error
normally indicates the generalizability of the obtained RNN model. For the first case, the
generalizability is reflected in the predictability of long-time dynamics. For the second
case, it is also reflected in the predictability of the dynamics for IDE with new streaming
terms.

The advantage to the single trajectory training scheme is that a low amount of
computational resources is needed to generate the training data for the LSTM-RNN
model since we are only learning a functional for a specific trajectory. This, however,
comes with the tradeoff that the streaming term F (G(t), t) in (2.2) can not be changed
arbitrarily, and must match closely to the training trajectory chosen. In comparison, the
multi-trajectory training scheme has a larger computational resource requirement to train
the NN. However, since we use multiple streaming terms F (G(t), t) for the training data,
the trained RNN is able generalize to new kinds of streaming terms post-training.
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2.1.8 Computational cost
All computations are performed using the Perlmutter cluster. The login node has one

AMD EPYC 7713 as the CPU and one 40GB NVIDIA A100 as the GPU. For (2.4), a
typical training with input sequence length 2000 across 750 epochs for an RNN with 2
LSTM layers and hidden size 64 would take approximately 2 hours for the
multi-trajectory training and 30 minutes for the single trajectory training. Under the same
setting, for (2.5), it would take approximately 30 minutes for a multi-trajectory training
and approximately 15 minutes for a single trajectory training. After the training, in the
extrapolation phase, the computational time would be spent on the evaluation of the
multi-step forward scheme and for RNN to generate new output I(T + i∆t). Detailed
runtime statistics for the numerical examples considered in this chapter will be tabulated
in the Results section. Generally speaking, since the RNN is made of multi-fold function
compositions, the generation of the output sequence is immediate. This ensures the total
computational cost in the extrapolation phase scales as of O(nT ), in contrast with the
O(n2

T ) scaling for a normal IDE numerical solver. As a result, the entire computational
cost is greatly reduced for long-time simulations.

2.2 Numerical results
To demonstrate our method, we first consider a nonlinear complex-valued IDE given

by:
d

dt
G(t) = A(t)G(t)+

∫ t

0
K(t− s)G(s)ds. (2.4)

Here we take:

A(t) = −i

−βe
−(t−α1)2

σ 1

1 βe
−(t−α2)2

σ

 , G(0) =
[
i 0
0 i

]
, K(t) = cos

[
G2(t)

4

]
.

For (2.4), we will employ both the single trajectory training and multi-trajectory training
approaches to approximate the integral operator I(t) :=

∫ t
0K(t− s)G(s)ds and then

combine the learned I(t) and AB3 as the ODE solver to obtain long-time trajectories.
Before we present the training details, we note in advance that the RNN results are
benchmarked in three ways:

1. We compare the learned and extrapolatedG(t) to a numerical solution of (2.4) using
AB3 + Simpson’s rule as the numerical solver. We then show the accuracy in the
training window and ability to extrapolate future dynamics outside of the training
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Figure 2.5: Single trajectory learning of (2.4) where the RNN is trained on α1 = 10,α2 =
15, σ = 2 and β = 1 and tested by extrapolating the dynamics up to T = 120 into the
future. The shaded window represents the training regime. The black curve represents the
true dynamics. The red curve represents the simulated dynamics using the learned Î(t)
produced by the RNN.

window. Due to the fact that the RNN is designed to learn the map I : G(t) →
I(t), we also expect that extrapolating dynamics outside the training window to be
generally valid in the multi-trajectory case for (2.4) with different parameterizations
of the A(t) term.

2. We further compare our learning strategy, i.e. learning the map I :G(t) → I(t), with
two dynamics extrapolation methods. First, we consider a direct learning strategy
that uses an RNN to directly predict the next timestep G((i+ 1)∆t), given G(i∆t).
Accordingly, we modify the loss function (2.3) as:

f(G,GRNN ;θ) := 1
N

N∑
i=0

(G(i∆t)−GRNN (i∆t))2.

and keep the same RNN architecture as before. Second, we also compare our results
with what was obtained using dynamic mode decomposition (DMD) [154, 155, 92,
199, 200].
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Figure 2.6: Multi-trajectory learning of (2.4) where the RNN is trained on α1,α2 ∈
[1,20] × [1,20], σ ∈ {1,2,3,4,5}, β = 1 and tested on α1 = 45,α2 = 45, σ = 5 and β = 1
(First column) and α1 = 45,α2 = 35, σ = 2 and β = 14 (Second column). The shaded
window represents the training regime. The black curve represents the true dynamics. The
red curve represents the simulated dynamics using the learned Î(t) produced by the RNN
model.

3. We calculate the wall-clock runtime of our simulation and compare it with what
was obtained using a standard IDE solver. This would demonstrate the numerical
speedup we gain using the RNN to approximate the memory integral in the IDE.

The weaknesses of the benchmark methods come from the fact that these two
approaches rely heavily on the training data used to predict future timesteps. For
instance, since DMD constructs the model based on a small window of the dynamics
within a specific time frame to extrapolate the future dynamics, if we are to observe a
streaming term in (2.2) that has forcing applied outside of the training window, the
method will fail simply because the training data lacking in this aspect. In the same line
of reasoning, we also expect the direct model to fail in this case.
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Figure 2.7: Multi-trajectory learning of (2.4) where the RNN is trained on α1,α2 ∈
[1,20] × [1,20], σ ∈ {1,2,3,4,5}, β = 1 and tested on α1 = 45,α2 = 45, σ = 5 and
β = 1. The shaded window represents the training regime. The black curve represents
the true dynamics. The red curve represents the simulated dynamics using the learned Î(t)
produced by the RNN model. The green curve in the top row represents the simulated
dynamics using the RNN model that directly predicts G(t). The green curve in the bottom
row represents the DMD extrapolation result.

2.2.1 Training details
For single trajectory training, we fix the modeling parameters in (2.4) to be α1 =

10,α2 = 15,σ = 2, and β = 1. The RNN is trained by feeding in the singular trajectory
{G(i∆t)}N

i=1 for ∆t = 0.01 and N = 2000. This means the training window is until time
T = 20. Then, the extrapolated trajectory of G(t) is generated up to T = 120 (N = 10000
timesteps into the future).

For multi-trajectory training, the dataset used for training is generated by solving (2.4)
with different parameters α1,α2,σ,β. Specifically, we prepare a dataset by choosing α1,α2
from the lattice grid [1,20] × [1,20], σ ∈ {1,2,3,4,5} and β = 1. This results in 2000
different trajectories. We then batch these 2000 trajectories together using a batch size of
128. In turn, for each epoch of training, every set of batched data is the fed to the RNN
for training. Similar to the single trajectory case, each trajectory in the multi-trajectory
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dataset is recorded until time T = 20 for training.
Plotted in Figure 2.4 is a reference of some of our input data G(t) and output data

I(t). The displayed result is the first component of the 2 x 2 matrices G(t) and I(t). The
dynamic difference between different matrix components is minimal.

The RNN model contains 2 LSTM layers where the hidden size for each layer is 64.
The input is an 8-dimensional vector that consists of the flattened 2 × 2 matrix G(t)
decomposed into the real and imaginary parts. Similarly, the output is 8-dimensional,
consisting of the real and imaginary parts of the 2 × 2 matrix collision integral I(t). The
Adam optimizer has an initial learning rate set to be 0.01, with an adaptive cosine
learning rate that decays accordingly with respect to total epochs used for training. This
is designed to help us converge closer to the optimal solution as we progress in our
optimization by taking smaller steps. The RNN is trained over 750 total epochs.

2.2.2 Results discussion
The results for extrapolating long-term dynamics using our scheme are summarized

in Figures 2.5-2.7. The single trajectory result is displayed in Figure 2.5. We see that our
RNN scheme is able to accurately predict the long-term dynamics of the system using
approximately 16% of the total trajectory for training. In particular, the modes and
amplitudes of the oscillations match well with the ground truth dynamics.

The multi-trajectory training results are shown in Figure 2.6. In the first column of
Figure 2.6, the learned integral operator I(t) is used to solve (2.4) for a new set of
parameters: α1 = 45,α2 = 45,σ = 5, and β = 1, which is outside of the parameter range
of the training dataset. It is to be noted that by choosing α1 = 45 and α2 = 45, the
Gaussian pulse from the A(t) term in (2.4) is applied at time T = 45. This is far outside
of the training window T ∈ [0,20]. We see that our RNN model is still able to accurately
predict the dynamics of this test trajectory, despite the highly oscillatory regime of the
test trajectory appearing much later in time. This result is further highlighted in the
second column of Figure 2.6 where the test trajectory corresponds to
α1 = 45,α2 = 35,σ = 5, and β = 14, which creates a large chirp oscillation far after the
training window. The predicted dynamics using our method still matches extremely well
with the ground truth dynamics. These two test examples clearly demonstrate the
generalizability of using the RNN model to model the integral operator of (2.4) for
predicting long-term dynamics.

Our results are compared against the two benchmark methods mentioned previously:
the direct learning approach and DMD. The results are summarized in Figure 2.7. Here,
we test both methods on a test trajectory corresponding to parameters α1 = 45,α2 = 45,
σ = 5 and β = 1 in (2.4) until time T = 20. As we introduced before, the direct learning
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Figure 2.8: Scaling limit of the wall-clock run time of different approaches for solving
(2.4). The horizontal axis represents the queried extrapolation length for a trajectory.

approach used the same RNN architecture and multi-trajectory training dataset for training
to predictG(i∆t) →G((i+1)∆t). Since DMD can only do time extrapolation for a single
trajectory at a time, the single test trajectory above is used for dynamics extrapolation.
Both methods are then used to extrapolate the dynamics until time T = 120. From Figure
2.7, it is evident that the integral operator learning strategy significantly outperforms the
other approaches. This arises from the fact that DMD and the direct learning method are
both tested on a trajectory that has a streaming term that perturbs (2.4) outside of the
training window.

Lastly, we comment on the computational cost reduction brought by the RNN integral
operator learning. In Table 2.1, we record the wall clock runtimes used to generate
different lengths of G(t) in the extrapolating regime for our approach and a regular IDE
solver. As we mentioned previously, the AB3+RNN is used to generate the extrapolated
trajectory. For comparison, we employ an IDE numerical solver which consists of an
Euler scheme for time integration, and Simpson’s Rule for approximating the collision
integral I(t) (FE+SR). We see from Table 2.1 that the computational cost of querying the
RNN and running AB3 is significantly lower than running FE+SR. Moreover, the overall
scaling limit of our approach is of the order O(nT ), in contrast with the O(n2

T ) using
FE+SR,and O(nT log2nT ) using the method from a recent work [80]. The results are
visualized in Figure 2.8. Our approach has O(nT ) scaling essentially because querying
an RNN on a length T sequence has cost O(nT ). In conjunction with any forward solver,
such as AB3, we see that the total scaling will be O(nT )A +O(nT )B = O(nT ), where
O(nT )A results from the numerical method, and O(nT )B results from querying the RNN.
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In contrast, using a numerical integration for the integral term and a forward solver to
solve IDE (2.1) has O(n2

T ) scaling due to the integral term needing to be computed at
each time step for all the history. We also note that for both the RNN and the FE + SR
methods in Table 2.1 use ∆t= 0.01.

Tf AB3 + RNN FE + SR
(final time) (wall-clock s) (wall-clock s)

20 0.8684 60.3825
40 1.5028 166.0921
80 2.5220 475.0468

160 4.7412 1602.8664

Table 2.1: Comparison of wall-clock time using the RNN method and a regular IDE solver
to extrapolate dynamics with ∆t = 0.01 for both methods. Here, total simulation time
refers to the final physical time Tf used in solving the IDE.

2.3 Application in quantum dynamics simulation
In this section, we use our RNN method to numerically solve and extrapolate the

dynamics of Dyson’s equation, which is a special kind of complex IDE that is
fundamentally important for the study of quantum many-body systems [168]. Dyson’s
equation is used extensively in quantum many-body systems to describe the interaction
between particles and their environment. This aids in understanding phenomena such as
particle scattering and vacuum fluctuations.

To benchmark our result, we consider an equilibrium Dyson’s equation for hopping
electrons in the Bethe lattice [80, 113]. When t > 0, the equation of motion reads:

i∂tG
R(t) = hGR(t)+

∫ t

0
c2GR(t− s)GR(s)ds. (2.5)

We see that (2.5) falls nicely into the class of IDEs (2.1) that we sought out to study. In
the context of quantum many-body theory, the time-dependent quantityGR(t) is called the
retarded Green’s function. GR(t) contains important physical information of the system
such as the single-particle energy spectrum. The memory kernel K(t− s) = c2GR(t−
s) is the self-energy of the system. Here, h,c are the modeling parameters that will be
varied when we do multi-trajectory training. Throughout this section, the initial condition
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Figure 2.9: RNN training and extrapolating results for (2.5). The first row displays the
single trajectory training result for h = −1, c = 1. The second row is the multi-trajectory
training results where the RNN is trained for h ∈ [1,10], c= 1, and tested on h= 8, c= 1.
The third row uses the same multi-trajectory model, but tests on h= 11.5, c= 1.

GR(0) = −i is chosen. According to the analysis by Kaye et al. [80], (2.5) admits the
analytical solution:

GR(t) = −ie−ihtJ1(2ct)
ct

, t > 0,

where J1(t) is the Bessel function of the first kind. We will use this analytical solution to
benchmark the extrapolation results generated by RNN.

2.3.1 Training details
For (2.5), we use an RNN model with 2 layers of LSTM cells, with the hidden state

size 128 for each layer. The input and output are the same as it was for (2.4), where
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the solution GR(t) is fed as input to the RNN to learn the corresponding output I(t) =∫ t
0 c

2GR(t− s)GR(s)ds. For the single trajectory training case, we set h = −1 and c = 1.
For the multi-trajectory training, the interval [1,10] is evenly spaced into 2000 points. We
take h from this discretized set while keeping c= 1. This yields a total of 2000 trajectories
as the dataset for the subsequent RNN training. We then train the RNN in the same fashion
as in Section 2.2.

2.3.2 Results discussion
All of the results are summarized in Figure 2.9. In the first row, we show the single

trajectory training result where the input data is collected until time T = 10 and then
extrapolated until time T = 40 (3000 timesteps into the future for ∆t= 0.01). The second
row shows the multi-trajectory training results where the parameters for the test trajectory
are set to be h = 8, c = 1. Note that h is chosen from the sampling domain [1,10] but
is not chosen as a parameter to be used in the training dataset. The third row shows the
multi-trajectory training results where the parameters for the test trajectory are set to be
h= 11.5, c= 1, which lies outside of the training dataset completely.

Both the single trajectory and the multi-trajectory results yield precise predictions of
the future-time dynamics of Dyson’s equation. All these findings are consistent with the
previous results for (2.4). In comparison, we also see more accurate and robust results in
the multi-trajectory case, both visually and in terms of the error plots. We speculate that
this is the case because the dynamics exhibit a more tame limiting behavior as t → ∞ as
compared to (2.4), in conjunction with (2.5) being a scalar-valued IDE compared to a
matrix-valued IDE. We find in all cases that our RNN method makes accurate predictions
for the dynamics well past the training window.

2.4 Conclusion
In this chapter, we introduced an RNN-based machine learning technique that uses

LSTMs as the basic modeling module to learn the nonlinear memory integral term in a
class of IDEs. Such a learning scheme allowed us to turn a computationally challenging
IDE into an ODE that can be solved efficiently using standard ODE solvers. We showed
that a more effective way to learn the nonlinear integral operator is to include multiple
training trajectories defined by different streaming terms in the IDEs considered. The
generalizability of the learned operator was demonstrated by using the learned map to
predict the dynamics of trajectories that are driven by completely different streaming
terms outside of the parameter range of the training data. Moreover, since the RNN
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consists of layers of function composition, we showed that it is almost immediate to
generate a next timestep collision integral I(t) given the input. This led to an overall
O(nT ) scaling of computational cost (the same as an ODE solver) when we used the
RNN as a proxy for the integral term in the IDE, in contrast with the O(n2

T ) scaling of a
regular IDE solver. Due to the scalability of the RNN architecture, we expect that the
methodology can be generalized and used to solve high-dimensional IDEs, such as the
Kadanoff-Baym equations in nonequilibrium quantum many-body theory. This was
accomplished by collaborators in [215].



Chapter 3

SRaFTE: Super-Resolution and Future
Time Extrapolation for spatiotemporal
dynamics with applications to electron
dynamics

3.1 Introduction
Partial differential equations (PDEs) form the mathematical backbone for a variety of

problems in the physical sciences and engineering. Reliable numerical solutions,
therefore, underpin progress in areas as diverse as climate forecasting [185],
photonics [128], and materials design [169]. A persistent obstacle in being able to
generate solutions to these PDEs, however, is the scale at which their dynamics evolve
[97, 194]. This is closely tied to resolution; important physical effects for a system of
interest often emerge only after one refines the resolution of the computational grid to be
fine enough. Performing such a refinement, however, proves to be costly even with
modern day supercomputing power.

A natural response to this computational bottleneck has been the emergence of
machine learning (ML) based accelerations for PDE solvers [19, 20], which can be
broadly grouped into two complementary strands. The first strand projects the full
high-dimensional dynamics onto a reduced set of variables, yielding a lower-order
evolution equation that often includes an unresolved closure term representing the
missing subgrid-scale physics. A neural network is then trained to approximate this term,

0The following chapter is based on submitted work to APL Computational Physics [8].
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thereby retaining the structure of the governing equations while supplying the missing
physics that simplified models lack [56, 47, 18, 12, 7, 215]. The second strand adopts a
fully equation-free, data-driven approach, opting to learn the complete propagator of the
PDE and any refinements directly from training snapshots [109, 26, 111, 102, 122].
While this approach allows equation-agnostic training and inference, the lack of explicit
physical constraints or governing equations can limit the fidelity and robustness of the
learned propagators, especially when extrapolating the dynamics beyond the training
regime.

In this chapter, we introduce a two-phase operator-learning
framework—Super-Resolution and Future-Time Extrapolation (SRaFTE)—for learning
and predicting PDE dynamics at fine scales. In Phase 1, we train a neural operator that
maps coarse-grid PDE solutions to their fine-grid counterparts over short time windows.
In Phase 2, the learned super-resolution operator is composed with a coarse-grid
numerical integrator to construct an effective fine-grid propagator for the governing PDE.
As such, the dynamics prediction procedure within SRaFTE can be understood as a
predictor–corrector loop: at each step, the coarse-grid numerical solver advances the
dynamics, and this coarse-scale prediction is then corrected by applying the
super-resolution operator to lift it back to the fine grid. Because the coarse-grid integrator
already respects the governing PDE and the neural operator serves only as a corrective
lift, we expect the global approximation error to grow more slowly than in fully
data-driven propagators or approaches that merely upsample predictions from the
coarse-grid numerical solvers [68, 133, 30]. In this manner, SRaFTE has features of both
strands of ML-based PDE acceleration framework and occupies a middle ground between
fully equation-free and strictly PDE-constrained approaches. In particular, Phase 2
embeds the physical laws through the coarse-grid time integrator, whereas the learned
super-resolution operator remains flexible and purely data-driven that does not explicitly
enforce physical constraints at either resolution.

Furthermore, SRaFTE is not tied to a single data generation paradigm and can
accommodate both (i) the commonly used restriction/synthetic-downsampling
(sensor-style) setting [20, 91, 147, 146] and (ii) the simulation–to–simulation setting. In
the former, coarse inputs are obtained by applying a fixed restriction (e.g., decimation or
averaging) to fine solutions at each time, and the network learns to invert this artificial
map, representative of imperfect measurements yielded by real-world senors. In the
latter, we generate coarse trajectories using an actual coarse-grid time integrator and fine
trajectories using a fine-grid time integrator, which more closely matches deployment
when only a coarse solver is available at inference. Because the coarse solver introduces
numerical effects (e.g., truncation, dispersion, and aliasing), the coarse trajectory
generally does not coincide with a pointwise downsampling of the fine solution, making
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simulation–to–simulation SR a stringent regime for both reconstruction and time
forecasting. As a result, SRaFTE is especially valuable when fine solutions are
unavailable or too expensive to compute or store beyond those generated for training.
Conceptually, SRaFTE also shares the same restrict–evolve–lift paradigm as the
equation-free multiscale computation (EFMC) [82, 153], and the SR portion can be
understood as a data-driven coarse-grid correction technique within the celebrated
multi-grid method [190].

...

Phase 1

... ...

...

Phase 2

Figure 3.1: Phase 1 and Phase 2 training in the SRaFTE framework. In Phase 1,
we learn a super-resolution operator that maps the PDE solution at the coarse grid to the
fine grid. In Phase 2, we use this learned operator to compose an effective propagator
P̂f (∆t) := Nθ ◦Pc(∆t)◦P that approximates the true fine-grid propagator Pf (∆t).

3.1.1 Main contributions
The main contributions of this work are twofold. First, through systematic numerical

experiments on both linear and nonlinear PDEs, we show that the effective fine-grid
dynamics propagator obtained by composing a learned super-resolution operator with a
coarse-grid numerical integrator enables accurate long-time prediction of time-dependent
PDE dynamics. The resulting trajectories exhibit substantially greater stability than those
produced by purely data-driven neural operators trained to learn the full solution operator.
Second, we provide numerically verifiable local and global approximation error bounds
for the effective fine-grid propagator, and further demonstrate that these bounds closely
track the observed errors in simulation, thereby explaining the improved numerical
stability of SRaFTE in long-time dynamical predictions.
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3.1.2 Organization
The remainder of the chapter is organized as follows. Section 3.2 introduces the

two-phase SRaFTE framework. Section 3.3 outlines the super-resolution operators used
within SRaFTE and the canonical baselines for comparison. Section 3.4 describes the
three PDE examples studied in this work and the evaluation metrics used to assess model
performance. Section 3.5 presents Phase 1 reconstruction and Phase 2 long-time
forecasting results and provides further analysis of the predicted trajectories. In
Section 3.6, we conduct a systematic error analysis of SRaFTE. In particular, we derive
theoretical local and global approximation error bounds and numerically verify their
validity and tightness for a representative nonlinear PDE. Section 3.7 applies SRaFTE to
a kinetic electron-dynamics case study via the 1D1V Vlasov–Poisson system, reporting
both reconstruction and extrapolation performance together with physics-based
diagnostics. Finally, Section 3.8 concludes by summarizing key findings, limitations, and
directions for future research. For clarity, all notation used in this work and the associated
definitions are summarized in Table A.1.

3.2 SRaFTE: Phase 1 and Phase 2
Let Ω ⊂ RD be a bounded domain and X(Ω) be a Banach space of functions on Ω.

We consider two spatial discretizations of the bounded domain: Ωf = {xf
i }Nf

i=1 ⊂ Ω and
Ωc = {xc

i}
Nc
i=1 ⊂ Ω, which correspond to the fine and coarse grids, respectively. For the

time-dependent PDE

∂tu= Lu in Ω, (3.1)

the operator L is the infinitesimal generator of a strongly continuous semigroup associated
with the PDE. Let u(·, t) ∈X(Ω) denote the solution of the initial value problem (IVP) for
(3.1). Its discrete fine-grid and coarse-grid representations are defined as

uf (t) :=
(
u(xf

1 , t), . . . ,u(xf
Nf
, t)
)

∈ RNf ,

uc(t) :=
(
u(xc

1, t), . . . ,u(xc
Nc
, t)
)

∈ RNc .

Spatial discretization of L on the two grids yields approximated semi-discrete evolution
equations for uf (t) and uc(t):

∂tuf (t) ≈ Lf uf (t), uf (0) = u0
f , (3.2)

∂tuc(t) ≈ Lcuc(t), uc(0) = u0
c , (3.3)



36

where Lf ,Lc denote the fine-grid and coarse-grid discretization of L under the chosen
boundary conditions, and u0

f and u0
c are the discrete initial conditions. Consider an

equispaced time grid tn = n∆t, 0 ≤ n ≤ N . Defining un
f := uf (tn),un

c := uc(tn), the
exact solution can therefore be approximated by the discrete one-step evolution equation:

un+1
f ≈ Pf (∆t)un

f ,

un+1
c ≈ Pc(∆t)un

c .

We write Pf (∆t) = e∆tLf ,Pc(∆t) = e∆tLc , which will be called, respectively, the fine-
grid and coarse-grid (one-time) propagators for the discretized dynamics.

SRaFTE can be broken down into two separate learning phases. As shown in Figure
3.1, Phase 1 can be understood as the standard super-resolution task [146, 184, 51, 49, 50,
166, 172]: given K pairs of coarse and fine grid snapshots of the PDE solution at different
times {(u(i)

c ,u
(i)
f )}K

i=0, we learn the neural operator Nθ : uc → uf by minimizing the loss
function

JP1(θ) = 1
K

K∑
i=0

∥u(i)
f −Nθ

[
u(i)

c

]
∥

ℓ1(RNf ). (3.4)

Here θ is the collection of all trainable parameters of the neural operator Nθ. ∥ · ∥
ℓ1(RNf )

denotes the averaged ℓ1-norm, which is defined by

∥v∥
ℓ1(RNf ) := 1

HW

H∑
i=1

W∑
j=1

|vij |.

{vij}H,W
i=1,j=1 are the lattice grid points with Nf =HW and entries. For the entire Phase 1

and Phase 2 learning tasks, the choice of neural operator can be rather flexible and several
architectures that we tested will be described later. For future time extrapolation, only
knowing the super-resolution neural operator is insufficient. In particular, we note that(

Nθ ◦Pc(∆t)
)
[uc(t)] ̸=

(
Pf (∆t)◦Nθ

)
[uc(t)]].

Therefore, simply composing Nθ with the coarse propagator Pc(∆t) does not yield a good
approximation of the fine-grid propagator. The approximation error incurred at each step
accumulates over time, causing the predicted fine-grid dynamics to drift rapidly away from
the ground truth. Controlling this compounding error is precisely the goal of Phase 2. To
this end, as shown in Figure 3.1, we compose the learned super-resolution operator Nθ

with the coarse one-step propagator Pc(∆t) and a projection operator P : RNf → RNc , to
form an effective fine-grid propagator:

P̂f (∆t;θ) := Nθ ◦Pc(∆t)◦P. (3.5)
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Here Nθ is the super-resolution neural operator trained in Phase 1, while Pc(∆t) and P
are fixed operators. Thus in Phase 2, we use the Phase 1 training results as initialization
for Nθ and then fine-tune the parameters θ via a new loss function.

Specifically, we use paired snapshots of fine-grid dynamics {(u(i)
f ,u

(i+1)
f )}K

i=0 as the
training data. Note that this is not a new dataset. By (3.5), each fine snapshot is projected
to the coarse grid, advanced by one coarse-grid step, and then lifted back to the fine grid
using the neural operator. Accordingly, we minimize the discrepancy between the true
fine-grid evolution and the effective propagator:

JP2(θ) = 1
K

K∑
i=0

∥Pf (∆t)u(i)
f −P̂f (∆t;θ) [u(i)

f ]∥
ℓ1(RNf ) (3.6)

Once trained, the learned effective propagator is used for autoregressive forecasting:

ûn+1
f = P̂f (∆t;θ) ûn

f , n≥K.

After m additional steps (i.e. at endtime T =m∆t), the fine-grid forecast is

ûf (K∆t+T ) =
[
P̂f (∆t;θ)

]m
uK

f .

In principle, the effective fine-grid propagator introduces only minimal computational
overhead. The projection operator P is a fixed matrix, and the evaluation of the trained
neural operator Nθ is inexpensive since as it can be seen as a sequence of function
compositions. Thus, the main computational cost at each time step arises from the
coarse-grid update Pc(∆t). In the whole process, numerical discretization errors and
model errors still accumulate over time.

Nevertheless, because the composed operator incorporates the exact coarse-grid
propagator—which preserves the macro-scale features of the underlying PDE—we
expect the resulting dynamics to be more stable in future dynamics prediction when
compared to pure data-driven autoregressive models commonly used in the literature
[102, 30, 37], which lack such physically grounded structure and therefore tend to suffer
from rapid error growth during extrapolation.

From a training perspective, training via SRaFTE reduces the computational burden
of training the neural network, as it is solely responsible for SR. First, the same neural
operator architecture is used in both training stages; only the loss function changes
between Phase 1 and Phase 2. Second, no backpropagation through the coarse solver is
ever required. Once the coarse solver is determined, it remains fixed, and gradients from
backpropagation flow solely through the neural operator Nθ, whose role is to perform
super-resolution. This significantly simplifies training and reduces computational
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overhead compared with end-to-end approaches that differentiate through multi-step PDE
solvers.

Remark. The effective fine-grid propagator Pf (∆t) in SRaFTE can be interpreted as
providing a Markovian closure for the fine-grid dynamics. A related approach,
SHRED [91], is similar in spirit but instead learns a finite-memory, history-dependent
closure Φh(uc(t;τ)) using a shallow recurrent encoder. In contrast, SRaFTE delegates
temporal evolution entirely to the coarse-grid time propagator and restricts learning to a
time-local super-resolution operator. This perspective suggests a separation of variables:
Pc(∆t) governs the (approximately) low-dimensional temporal evolution, while Nθ

provides the high-dimensional spatial reconstruction. Additional intuition, including
linear and nonlinear heuristics, a Mori–Zwanzig interpretation [209, 208, 210], and a
discussion of when short-memory assumptions are justified or may fail is provided in
Appendix A.1.

3.3 Models and baselines
SRaFTE imposes no a priori constraints on the architecture of the neural operator Nθ.

In principle, any neural operator framework developed for super-resolution tasks can be
adapted into the two-phase SRaFTE pipeline, which is used first to learn and super-resolve
the coarse-scale time dynamics, and then to form an effective one-time propagator for
predicting future fine-scale dynamics. In this section, we introduce four super-resolution
operators that we use within SRaFTE: U-Net[149], FUnet (our architecture), EDSR[104],
and FNO-SR[102] and the baselines for benchmarking the numerical results. Complete
model setups and hyperparameter definitions are deferred to Appendix A.3.

U-Net

The U-Net [149] is a classical encoder-decoder architecture widely used in computer
vision for image super-resolution. We use U-Net as a classical convolutional based
networks within SRaFTE and test its applicability in Phase 2 dynamics predictions.

Fourier U-Net (FUnet)

FUnet, a new architecture introduced in this work, augments the U-Net with a spectral
convolutional layer. Specifically, between the encoder and decoder in the bottleneck, we
add a spectral convolutional block. The FUnet lifts the features z ∈ RC0 from the encoder
and computes their discrete Fourier transform: ẑ = F [z]. Subsequently, the lowest R
modes are retained and transformed back into the time domain. The decoder then
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upsamples to the target resolution in the decoder using pixel-shuffle layers with skip
connections from the encoder [163]. The FUnet architecture fuses spectral features with
convolutional layers, making it effective both for super-resolution and for extracting
scientifically meaningful structure from high-resolution data.

Enhanced Deep Super-Resolution (EDSR)

The image super-resolution EDSR model [104] is adopted here with minimal
modifications and placed within SRaFTE. Like the U-Net, the RGB channels used in
image processing are replaced by field channels representing the temporal trajectories of
the PDE solution. The low-resolution input is first processed by 16 residual blocks,
followed by a two-stage pixel-shuffle to achieve the desired resolution increase. A final
convolution layer then produces the high-resolution output predictions. EDSR is another
convolutional-based model tested within SRaFTE.

Fourier neural operator (FNO)

The FNO was originally proposed in Li et al. [102] to learn a one-step propagator
for PDEs. However, as a general neural operator framework, it can also be adapted as a
modeling ansatz for a super-resolution operator Nθ. Specifically, it can be trained to take
the numerical solution of a PDE on a coarse grid as input and return the corresponding fine
grid solution. This super-resolution variant of FNO (referred to as FNO-SR) can then be
used in Phase 2 to form an effective propagator for PDE dynamics. Note that this usage of
FNO differs from applying FNO to directly approximate the one-step propagator, which
will be referred to as the autoregressive FNO (FNO-AR) in the following discussion.

Upsampling

Upsampling refers to interpolation methods that directly maps the corase-grid
solution into fine-grid, typically via interpolation kernels such as nearest neighbor,
bilinear, or bicubic. For this work, we adopt bicubic interpolation as a simple baseline for
assessing the performance of SRaFTE in fine-scale dynamics reconstruction and
prediction. In Phase 1, it maps the coarse grid PDE solution at each timestep to a fine grid
solution by evaluating the standard cubic convolution kernel in all spatial directions. In
Phase 2, the PDE is first solved on the coarse grid, and the resulting coarse-grained
solution at each timestep is then upsampled using the same interpolation. Although
simplistic, this baseline is helpful for quantifying how much of SRaFTE’s advantage
stems from operator learning versus mere smooth spatial upsampling.
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Rationale. The selected models and baselines include simple nonparametric
interpolation, established super-resolution methods, and autoregressive models for
dynamics forecasting. Together, these baselines allow us to compare SRaFTE against the
two main alternatives: (i) spatial-only refinement methods and (ii) purely data-driven
autoregressive models for temporal dynamics prediction. Within this context, the chosen
baselines are sufficient to demonstrate the advantage of SRaFTE’s operator-composition
framework for dynamics predictions.

3.4 Datasets and evaluation metrics
We now introduce the PDEs we study, briefly describing the generation of the training

datasets for each example and the evaluation metrics used to assess the predicted dynamics.
More details are provided in Appendices A.4 and A.5.

All systems use periodic boundary conditions, a uniform discretization of the square
domain [0,1]× [0,1] for both the coarse and fine grids, and a timestep ∆t= 0.01. We take
the projection operator P to subsample every k-th point from the fine grid (i.e. traditional
point sampling/spatial decimation).

2D heat equation Consider the 2D heat equation ∂tu= ν∆u+αf with parameters ν =
10−3, α= 10−2, and forcing term f(x) = sin(2πx)sin(2πy). The equation is solved using
a Fourier spectral method.

2D wave equation As an example of an energy-conserving PDE, we consider the linear
wave equation ∂ttu = c2∆u with c = 0.5. The equation is solved using an explicit finite-
difference leapfrog scheme on both coarse and fine spatial grids to generate the training
datasets.

Navier–Stokes equations (NSE) As an example of a nonlinear PDE, we consider the 2D
incompressible NSE in vorticity form ∂tω+u·∇ω = ν∆ω+ f , ∇ ·u = 0 with ν = 10−4

and forcing term f(x) = 0.025
[
sin2π(x+y) + cos2π(x+y)

]
. The NSE is solved using a

Fourier spectral method. To close the system, we introduce a streamfunction ψ and set
u= ∇⊥ψ := (∂yψ,−∂xψ) with −∆ψ = ω.

3.4.1 Training data
For all three examples, we generate 1000 trajectories using random initial conditions

detailed in Appendix A.4 to form the training datasets. The neural operator Nθ is trained



41

H
ea

t

0 16 31
x

0

16

31

y

Ground truth (coarse)

0 64 127
x

Ground truth (fine)

0 64 127
x

L2 = 0.0462

Upsampled

0 64 127
x

L2 = 0.0020

FUnet

0 64 127
x

L2 = 0.0018

EDSR

0 64 127
x

L2 = 0.0035

FNO-SR

0 64 127
x

L2 = 0.1898

U-Net

W
av

e

0 8 15
x

0

8

15

y

Ground truth (coarse)

0 64 127
x

Ground truth (fine)

0 64 127
x

L2 = 0.2304

Upsampled

0 64 127
x

L2 = 0.0363

FUnet

0 64 127
x

L2 = 0.0251

EDSR

0 64 127
x

L2 = 0.0657

FNO-SR

0 64 127
x

L2 = 0.1423

U-Net

N
av

ie
r–

St
ok

es

0 32 63
x

0

32

63

y

Ground truth (coarse)

0 128 255
x

Ground truth (fine)

0 128 255
x

L2 = 14.3882

Upsampled

0 128 255
x

L2 = 0.0106

FUnet

0 128 255
x

L2 = 0.0944

EDSR

0 128 255
x

L2 = 0.0529

FNO-SR

0 128 255
x

L2 = 0.2594

U-Net

Figure 3.2: Phase 1 super-resolution results across different PDEs. For each
PDE, we show results for an unseen test trajectory, with representative snapshots from
the (Top) 2D heat equation, (Middle) 2D wave equation, and (Bottom) 2D Navier–
Stokes equations (NSE). The first column shows the true fine-grid dynamics. The
next two columns—labeled “Upsampled” and “FNO-AR”—correspond to the bicubic
interpolation and autoregressive FNO baselines, respectively. All subsequent columns
display predictions from different SRaFTE models. The inset in each panel reports the
relative L2 reconstruction error.
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Baseline SRaFTE models

System Upsampled FUnet U-Net EDSR FNO-SR

Heat equation 5.37 × 10−2 2.08 × 10−3

± 1.39 × 10−4
2.23 × 10−1

± 1.39 × 10−4
6.02 × 10−4

± 8.49 × 10−5
3.85 × 10−3

± 4.69 × 10−4

Wave equation 2.23 × 10−1 3.88 × 10−2

± 2.96 × 10−3
2.53 × 10−1

± 1.08 × 10−2
3.43 × 10−2

± 2.61 × 10−3
7.02 × 10−2

± 2.33 × 10−3

Navier–Stokes 1.47 × 101 1.25 × 10−2

± 4.82 × 10−3
1.55 × 10−1

± 6.19 × 10−2
4.20 × 10−2

± 2.89 × 10−3
3.07 × 10−2

± 4.96 × 10−3

Table 3.1: Relative L2 errors of Phase 1 super-resolution results. Each error is obtained
by averaging over 20 new test trajectories. The shaded column corresponds to the bicubic
upsampling baseline, while the remaining columns represent different SRaFTE models.
The lowest error in each row is highlighted in bold.

on a paired dataset of coarse-fine dynamics with an 80/20 training/validation split.
Specifically, unless otherwise stated, the following coarse-to-fine grid mappings are used:
32 × 32 → 128 × 128 (heat equation), 16 × 16 → 128 × 128 (wave equation) and
64 × 64 → 256 × 256 (NSE). These ratios are chosen after experimenting with a range of
downsampling factors, which clearly demonstrate the benefits of super-resolution and
future-time extrapolation, particularly in regimes with pronounced multiscale structure.

In Phase 2, the same neural operator Nθ is used to construct an effective propagator
P̂f (∆t;θ), which is retrained using the fine grid data from Phase 1 over a slightly shifted
time window t∈[0,1+∆t] and subsequently used for dynamics extrapolation. For the heat
equation, extrapolation is performed until physical time t = 2, when the system reaches a
steady state. For the wave equation and NSE, the PDEs are evolved up to physical time
t= 10,7, respectively, to probe strongly out-of-distribution (OOD) dynamics.

3.4.2 Metrics
To assess the generalizability of the learned super-resolution operator and effective

propagator for PDE dynamics prediction, we evaluate the model-predicted dynamics in
both phases using a new set of solutions generated from initial conditions randomly
sampled from the same distribution. Specifically, we test 20 new trajectories and report
the mean and standard deviation across three independent training runs. For Phase 1, we
calculate the relative L2 error across all predictions, while for Phase 2, we compute each
of the metrics described below. Full details of each metric can be found in Appendix A.5.

Why multiple metrics? As suggested in Ren et al. [146], simple pixel-wise losses
alone can be misleading for scientific data, as lower pixel-wise error does not guarantee
physically faithful solutions. Thus, it is necessary to use different metrics to evaluate the
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performance of our models, as no single scalar score can capture every facet of fidelity
that matters for high-resolution scientific data. Below we characterize the key features of
each metric.

• Relative L2 error (L2) is scale-agnostic but location-sensitive: any pixel-wise
mismatch is penalized, so large-amplitude errors anywhere in the field dominate. In
machine learning contexts, this is one of the most standard error metrics.

• The Structural Similarity Index Measure (SSIM) is a perceptual metric designed to
assess local, pixel-wise agreement in texture, contrast, and structural patterns. Two
fields may be close in the L2 norm yet differ significantly in visual or structural
appearance; SSIM is specifically sensitive to such discrepancies. By definition,
SSIM ∈ [−1,1], with a value of 1 indicating perfect structural fidelity between the
reconstructed and reference fields.

• Spectral mean-squared error (Spectral MSE) only measures the distribution of
energy across Fourier modes. It is particularly sensitive to aliasing, mode transfer
distortions, or over-smoothing effects that may not be strongly reflected in either
the L2 error or SSIM

• Pearson correlation (Corr) measures the linear correlations between the predicted
and reference fields. Because it is computed after centering each field, r is scale-
invariant: two fields that differ only by a global multiplicative factor still achieve
r = 1. Thus, r complements the other metrics by highlighting how well the spatial
patterns vary, irrespective of absolute amplitude.

3.5 Numerical results

3.5.1 Dynamics super-resolution (Phase 1 test results)
For all the datasets considered, the Phase 1 dynamics reconstruction results and the

corresponding evaluation metrics are summarized in Figure 3.2 and Table 3.1. Specifically,
Figure 3.2 shows a representative snapshot of the PDE solution at a chosen time (t = 0.8,
0.7, and 0.9 for the heat equation, wave equation, and NSE, respectively). Quantitatively,
Table 3.1 reports the L2 errors averaged over all 20 new test trajectories. These results
clearly show that the super-resolution models consistently outperform the naive bicubic
upsampling baseline by 1–3 orders of magnitude, confirming the utility of the ML-based
super-resolution approach for dynamics reconstruction.



44

For the three examples considered, the heat equation exhibits the simplest dynamics
because it is a linear parabolic PDE with constant coefficients, corresponding to a
gradient flow that smooths and decouples Fourier modes via pure exponential decay. As a
result, all tested super-resolution models successfully capture the main features of the
flow and produce quantitatively more accurate predictions compared to the other two
PDEs. The dynamics become more complex for the wave equation, and are further
complicated in the Navier–Stokes equation due to nonlinearity. Consequently, as shown
in Figure 3.2 and Table 3.1, the discrepancy between super-resolution models and
baseline bicubic interpolation increases from the heat equation to the wave equation and
then to the NSE. Among all tested SRaFTE models, no significant difference is observed
in the Phase 1 results between FUnet, EDSR, and FNO-SR; these three models
consistently yield more accurate predictions of the PDE solutions than the purely
convolutional-based U-Net model.

To test the scale-robustness of Phase 1 results, we repeat the NS experiment at two
additional coarse-fine pair resolutions, 32 × 32 → 128 × 128 and 128 × 128 → 512 × 512
for all models and baselines. The resulting resolution sweep, presented in Figure 3.3,
tracks the mean and standard deviation of the relative L2 error for every model as fine
grid resolution increases. Across all three resolutions, we see that the FUnet remains
the most accurate and shows the slowest error growth. Interestingly, the FNO-SR curve
bends downward as we move from the lowest target resolution to the highest, indicating
that the model becomes more accurate. This could be because the FNO is inherently
biased toward low- and mid-frequency content because each spectral layer retains only
a prescribed band of modes [138, 83]. When the fine grid is enlarged while the down-
sampling ratio remains fixed, most dynamically important structures now fall inside that
retained band, so the proportion of energy that the network must extrapolate beyond its
spectral cut-off is reduced.

To further assess the sensitivity of the Phase 1 super-resolution results to input
resolution, we evaluate the best-performing model (FUnet) at a fixed fine-grid output
resolution of 256 × 256 while varying the coarse-grid input over Nc ∈ {128,64,32}
(corresponding to upscale factors 2,4,8). As shown in the right panel of Figure 3.3, the
relative L2 error increases as the coarse resolution decreases, reflecting the expected
difficulty of reconstructing fine-scale features from coarser inputs. However, the growth
in error remains slow, indicating that the super-resolution performance remains accurate
and stable across a broad range of spatial scales. Taken together, these results suggest that
the Phase 1 trained FUnet is capable of learning reliable fine-grid reconstructions from
coarse-grid inputs across a variety of resolutions.
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Figure 3.3: Phase 1 results across different resolutions and scaling factors. (a) Relative
L2 errors for all models and baselines evaluated at multiple fine-grid resolutions. Each
curve is obtained by averaging over 20 unseen trajectories. Models that explicitly exploit
spectral structure (FUnet, FNO) achieve the best accuracy, with FUnet exhibiting the
slowest growth in error as the fine-grid resolution increases. (b) Relative L2 error of
FUnet at a fixed fine-grid resolution of 256 × 256 while varying the coarse-grid input size
Nc ∈ {128,64,32} (corresponding to upscale factors ×2,×4,×8).

Baselines SRaFTE models

System Metric Upsampled FNO-AR FUnet EDSR FNO-SR U-Net
Heat
equation rel. L2 (↓) 3.66×10−2 7.07×10−4 ± 2.9×10−5 1.11×10−3 ± 4.5×10−4 1.47×10−3 ± 6.0×10−4 2.10×10−3 ± 8.6×10−4 2.23×10−3 ± 9.1×10−4

SSIM (↑) 0.9962 0.9923 ± 0.0316 0.9950 ± 0.0215 0.9891 ± 0.0447 0.9844 ± 0.0639 0.9806 ± 0.0794
Spec. MSE (↓) 4.17×10−2 1.45×10−4 ± 5.9×10−5 5.89×10−4 ± 2.4×10−5 8.80×10−4 ± 3.6×10−5 2.08×10−3 ± 8.5×10−5 1.55×10−3 ± 6.3×10−4

Corr (↑) 0.9987 0.9964 ± 0.0148 0.9982 ± 0.0079 0.9935 ± 0.0266 0.9955 ± 0.0183 0.9773 ± 0.0922

Wave rel. L2 (↓) 3.31×10−1 2.00×10−1 ± 1.1×10−2 2.22×10−1 ± 1.4×10−2 2.52×10−1 ± 1.5×10−3 1.74×10−1 ± 1.2×10−3 2.06×10−1 ± 1.2×10−1

SSIM (↑) 0.1697 0.2578 ± 0.0340 0.3836 ± 0.0418 0.3667 ± 0.0419 0.4820 ± 0.0383 0.3285 ± 0.0371
Spec. MSE (↓) 1.13×102 1.91×102 ± 1.4×101 8.75×101 ± 8.2×100 8.68×101 ± 1.1×101 7.52×101 ± 7.1×100 1.04×102 ± 2.1×101

Corr (↑) 0.0479 0.2628 ± 0.0461 0.4072 ± 0.0536 0.3830 ± 0.0553 0.5393 ± 0.0512 −0.0764 ± 0.0606
Navier–
Stokes rel. L2 (↓) 7.92×100 1.58×101 ± 5.4×10−1 9.36×10−2 ± 7.0×10−3 1.13×10−1 ± 6.5×10−3 1.13×10−1 ± 6.5×10−3 1.68×10−1 ± 7.0×10−2

SSIM (↑) 0.0053 0.453 ± 0.409 0.9410 ± 0.0518 0.9210 ± 0.0565 0.9209 ± 0.0573 0.8772 ± 0.0582
Spec. MSE (↓) 2.76×104 5.87×106 ± 3.0×105 1.05×101 ± 1.4×100 9.11×100 ± 1.0×100 9.19×100 ± 1.0×100 1.94×101 ± 1.4×100

Corr (↑) 0.3317 NaN 0.9951 ± 0.0046 0.9924 ± 0.0058 0.9924 ± 0.0059 0.9887 ± 0.0067

Table 3.2: Phase 2 future time dynamics prediction across different PDEs. Each error
value is averaged over 20 unseen test trajectories. The shaded baseline columns correspond
to bicubic Upsampling and FNO-AR, while the remaining columns show results from
various SRaFTE models. The best value in each row is highlighted in bold.
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Figure 3.4: Phase 2 future dynamics prediction results accross different PDEs. For
each PDE, we show results for an unseen test trajectory, with representative snapshots
from the (Top) 2D heat equation, (Middle) 2D wave equation, and (Bottom) 2D Navier–
Stokes equations (NSE). The first column shows the true fine-grid dynamics. The
next two columns—labeled “Upsampled” and “FNO-AR”—correspond to the bicubic
interpolation and autoregressive FNO baselines, respectively. All subsequent columns
display predictions from different SRaFTE models. The inset in each panel reports the
relative L2 error.
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Figure 3.5: Phase 2 error accumulation for NSE. (Left) Relative L2 error for a
representative unseen test trajectory. At a fixed 4× downsampling factor, the SRaFTE
Phase 2 predictions (colored curves) are compared against the baselines (gray). Beyond
timestep 400, the autoregressive FNO baseline rapidly diverges, whereas the SRaFTE
predictions exhibit substantially slower error growth. (Right) Phase 2 rollout error of
SRaFTE with the FUnet architecture, illustrating how prediction accuracy scales with the
coarse input resolution Nc ∈ {32,64,128} while keeping the fine grid fixed at 256×256.

3.5.2 Future dynamics prediction (Phase 2 test results)
For the prediction of future dynamics in each PDE example, we use the effective

propagator (3.5) trained in a short time-window [0,1] to approximate the fine-scale
solution. Figure 3.4 presents the dynamics prediction results for a test run with a new
random initial condition. Specifically, for the heat, wave, and NS equation, we
extrapolate the dynamics from time t = 1 to t = 2,10,7, respectively. Table 3.2
summarizes the averaged statistics over the 20 new test trajectories for each SRaFTE
model. Taken together, the results in Table 3.2 and Figure 3.4 lead to the following
conclusions:

Numerical advantages for nonlinear PDE From Figure 3.4 and the metric values in
Table 3.2, SRaFTE shows clear numerical advantages over baseline methods in
predicting the dynamics of the NSE, a nonlinear PDE. This trend is consistent with
Phase 1 reconstruction results. The main reason is the rapid accumulation of prediction
errors that is especially present in nonlinear systems[30]. As shown in the left panel of
Figure 3.5, for an unseen test trajectory, the FNO-AR method quickly accumulates
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approximation errors during the dynamics extrapolation phase, leading to large deviations
from the true trajectory after only a short time. This effect is also evident in Figure 3.4,
where at the final time t= 7, the predicted solution blows up.

Across the three PDE examples, the Phase 2 results exhibit a clear and consistent
trend: the numerical advantage of SRaFTE increases with the spectral and dynamical
complexity of the underlying system. For the heat equation, the fine-scale solution is
dominated by low-frequency content, and the autoregressive FNO baseline already
performs well; in this regime, SRaFTE models achieve accuracy comparable to FNO-AR.
For the linear wave equation, however, the presence of persistent medium-frequency
structure makes the prediction task more challenging. Here, coupling the coarse
propagator with the learned super-resolution operator in Phase 2 yields a more
pronounced improvement over the autoregressive and upsampling baselines. Finally, for
the incompressible Navier–Stokes equations, whose nonlinear dynamics contain
high-frequency vorticity features, SRaFTE provides the largest gains. The learned
super-resolution operator reconstructs fine-scale structures that are absent on the coarse
grid, enabling the effective propagator to outperform autoregressive baselines
substantially in long-time forecasting.

To test the scale robustness of the Phase 2 results, the right panel of Figure 3.5 repeats
the rollout using SRaFTE with the FUnet across three coarse-grid resolutions
Nc ∈ {32,64,128} while fixing the fine grid at 256. Together with the left panel of
Figure 3.5, this indicates that SRaFTE’s effective propagator is numerically more
accurate and stable than AR baselines for the long-time predictions of the dynamics of
nonlinear NSE. Moreover, it is more resilient to moderate changes in spatial sampling of
the input, which is crucial for practical usage of the developed approach.

Composition propagator vs. equation-free propagator Comparing the numerical
results of FNO-SR and FNO-AR, we can assess the effectiveness of learning an effective
propagator via the composition operator (3.5). FNO-AR uses the FNO architecture from
its original formulation [102] to learn an equation-free fine propagator; in contrast,
FNO-SR learns an effective fine propagator that consists of the composition of a
projection, a coarse propagator, and a learned super-resolution operator.

From Figure 3.4 and the metrics in Table 3.2, we observe that FNO-AR is more
accurate for the heat equation, whereas FNO-SR performs better for more complex
systems such as the non-dissipative wave equation and the nonlinear NSE across all
metrics. It is important to note that our extrapolation time window (up to 700 timesteps
for NS) are substantially longer than those typically reported in the original FNO
literature[102], where rollouts of 10 to 50 steps are common. At these extended time
windows, autoregressive error accumulation becomes significantly more pronounced,
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especially for the nonlinear case, as each step compounds the approximation error from
all previous steps, despite adequate hyperparameter tuning (see Figure 3.5 and analysis of
Section 3.6). Furthermore, we use a nonrestrictive spectral cutoff that preserves
high-frequency content (Appendix A.4), meaning that the inherent low-frequency bias of
FNO-AR becomes especially prevalent at long forecasting time windows [83, 138, 75].
In contrast, SRaFTE’s composition structure, where temporal evolution is handled by the
coarse solver and the neural operator provides only spatial correction, exhibits the
slow-growth additive regime that remains stable over these long time windows. In such
cases, the composition operator (3.5) serves as a better ansatz for the fine-scale dynamics
solver. This trend is consistent with the numerical performance of the other SRaFTE
models discussed above.

SSIM and spectral MSE for perceptual and spectral fidelity Relative L2 error tends
to conflate large-scale shape alignment with fine-scale features, so model predictions that
visually differ can have similar L2 error. Thus, we employ two additional metrics,
SpecMSE and SSIM. SSIM compares the structural difference between the predicted
flow and the ground truth; hence it is able to track the human-level perceived fidelity of
the predictions much more closely. SpecMSE compares the error in the energy spectra of
the predicted PDE solutions, a physically relevant metric. Thus, when relative L2 errors
are similar (e.g. for the wave equation), SSIM and SpecMSE offer more discriminative,
task-relevant diagnostics to identify the best performing model. This is particularly
pronounced in the Phase 2 wave equation results of Table 3.2.

Runtime and storage benefits To further test the generalizability of the learned super-
resolutuion operator Nθ for dynamics prediction. For the NSE example, we vary a newly
introduced coarse timescale factor, denoted by s ≥ 1, and use it in the Phase 2 dynamics
prediction scheme as: un+s ≈ P̂f (s∆t;θ)un. The obtained numerical solution will be
benchmarked with the fine-grid one on this coarse time grid. Note that changing s only
alters the coarse integrator’s step size and thus the temporal spacing from ∆t to s∆t at test
time, and Nθ,P operator will be fixed. Concretely, the fine baseline advances with 600
steps of size ∆t, whereas SRaFTE advances with 600/s steps of size s∆t. For a fixed end
time of the simulation, we compare the total wall-clock time and the numerical error.

As shown in Figure 3.6, SRaFTE overtakes the fine solver at s≈ 5 and yields concrete
end-to-end speedups of 1.06× (s=5), 1.27× (s=6), 1.50× (s=7), and 1.71× (s=8). Note
that all results here use the FUnet as the neural network model. As expected, the accuracy
trade–off increases exponentially with s, providing a transparent compute–fidelity knob.
From the test, we see that taking larger coarse-grid time steps ∆t can reduce total runtime
at acceptable error.
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Figure 3.6: Storage and runtime benefits for NSE. All results use the FUnet architecture
within SRaFTE. (Left) Storage compression as a function of the coarse time-scale factor
s; the empirical trend closely matches the theoretical 1/(16s) scaling implied by 4×
spatial downsampling. (Middle) Total storage versus s (same trained model and number
of trajectories). Values above each bar indicate the corresponding computational savings
factor. (Right) Efficiency–accuracy tradeoff: total wall-clock runtime (left axis) and time-
averaged relative L2 error (right axis).

To address the dataset level storage tradeoff, we compare storing 1000 full fine
trajectories on disk against storing a single SRaFTE trained FUnet plus 1000 coarse
trajectories on disk at the same physical time window, shown in the left and center panels
of Figure 3.6. Even at s=1, storing just the weights of the model and the coarse dataset
option is already ≈16× smaller than storing the fine dataset (9.2 GB vs 145.6 GB). As s
increases, total storage decreases further, yielding ≈79× at s=5 and ≈125× at s=8.
Practically, this enables saving orders of magnitude less data while retaining the ability to
reconstruct fine-resolution fields on demand at evaluation time.

In summary, the numerical experiments demonstrate the effectiveness of the SRaFTE
framework in PDE dynamics reconstruction and prediction. When integrated with modern
super-resolution architectures, SRaFTE enables the reconstruction of fine-scale numerical
solutions of PDEs from the coarse-scale solutions. By design, the composition operator
serves as a natural ansatz for constructing an effective propagator to predict future fine-
scale dynamics. In the NSE example, we find that SRaFTE substantially outperforms
baseline approaches such as FNO-AR and naive upsampling.

3.6 Error Analysis
In this section, we present an error analysis of the SRaFTE-learned effective fine-grid

propagator P̂f (∆t) from Phase 2 for predicting the numerical solutions of PDEs. In
standard autoregressive forecasting, one learns a single-step map Φθ : ûn 7→ ûn+1



51

directly, so that both spatial refinement and temporal evolution must be inferred by the
network. By contrast, our construction uses the compositional operator
P̂f (∆t;θ) = Nθ ◦ Pc(∆t) ◦ P , which explicitly decomposes the task into a spatial
super-resolution step and a temporal dynamics propagation step, with each stage
introducing its own approximation error. Accordingly, our analysis focuses on two
complementary aspects:

1. Deterministic (trajectory-wise) error bound. For the numerical solution of a
well-posed initial value problem (IVP) of a PDE with a prescribed initial condition
selected from the training dataset, we derive explicit bounds for the one-step local
approximation error and the n-step global accumulation error. For each case, we
systematically compare the contributions of the super-resolution approximation error
and the numerical integration error, analyzing their relative magnitudes and influence
on the overall error accumulation.

2. Statistical (distributional) generalization bound. In Appendix A.2, for the numerical
solution of a well-posed IVP of a PDE with an initial condition u0 randomly sampled
from a distribution D, we derive a bound for the expected one-step error in terms of
its empirical expectation plus a standard[81, 159] O(m−1/2) capacity term, where m
denotes the number of training samples. This result quantifies the generalization ability
of the SRaFTE-learned effective fine-grid propagator P̂f (∆t) when applied to new
initial conditions u0 ∼ D.

3.6.1 Preliminaries
In the following analysis, we compare the discrete numerical solutions of PDEs

generated by two propagators: a sufficiently accurate fine-grid propagator
Pf (∆t) : RNf → RNf and its SRaFTE-learned approximation P̂f (∆t) : RNf → RNf .
This formulation allows us to bound the error entirely within a finite-dimensional setting
using the ℓp norm. For linear PDEs, this connection can be formalized using classical
consistency–stability arguments (e.g., Lax–Richtmyer-type results). For nonlinear PDEs,
analogous conclusions typically require problem-dependent stability or
Lipschitz/contractivity assumptions on the time-∆t solution operator (or on the discrete
propagator) to control the propagation of perturbations.

We define the fine-scale spatial discretization of the exact PDE solution by
un

f = [u(xj , tn)]Nf

j=1 ∈ RNf , where Nf is the total number of fine grid points. The
corresponding coarse-scale representation is written as un

c = [u(xj , tn)]Nc
j=1 ∈ RNc with

Nc < Nf . By definition, we have Pun
f = un

c . Unless otherwise specified, all norms
considered below are averaged ℓ1 norms on RNf or RNc .
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To facilitate the error analysis, we introduce the following assumptions and auxiliary
results :

(A1) Coarse propagator regularity. For fixed ∆t = tn+1 − tn, the coarse-scale
numerical integrator Pc(∆t) : RNc → RNc is locally Lipschitz on a bounded set that
contains the relevant coarse-scale states. Specifically, let D ⊂ RNc denote a
bounded set (e.g., a forward-invariant set or a ball containing all coarse trajectories
under consideration). Then, there exists a constant Lc(D) > 0 such that for all
w1,w2 ∈ D,

∥Pc(∆t)w1 −Pc(∆t)w2∥ ≤ Lc(D)∥w1 −w2∥. (3.7)

(A2) Neural lift regularity. The trained and fixed neural lift operator Nθ : RNc → RNf

is also Lipschitz continuous and satisfies:∥∥∥Nθ[w1]−Nθ[w2]
∥∥∥≤ LN ∥w1 −w2∥, (3.8)

for some LN > 0 and all w1,w2 ∈ RNc .

(A3) Error of the coarse numerical integrator. Let the exact coarse-scale one-step
propagator be denoted by Pexact

c (∆t) : RNc → RNc . The local truncation error
associated with a q-th order numerical integrator Pc(∆t) satisfies∥∥∥Pexact

c (∆t)un
c −Pc(∆t)un

c

∥∥∥≤ C(D)∆tq+1, (3.9)

for all 0 ≤ n ≤ M , where D ⊂ RNc is a bounded set containing the relevant coarse
states (e.g., {un

c }M
n=0 ⊂ D). The constant C(D) depends on the coarse-grid ODE,

the numerical scheme, and bounds on the solution/derivatives on D, but is uniform
in n and ∆t.

For (A1)–(A3), whether the coarse propagator has Lipschitz continuity (A1) can be
determined by the ODE system arising from the coarse-grid discretization of the
underlying PDE. In particular, as ∆t → 0, the Lipschitz constant Lc can be
well-approximated and calculated from the Lipschitz constant of the corresponding ODE
vector field. Conversely, since a standard neural network is a composition of affine
transformations and regularized nonlinear activation functions assumption (A2) is also
valid. Finally, (A3) is simply the standard local truncation error estimate for
finite-difference or numerical integration schemes applied to ODEs.
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3.6.2 Theoretical local and global error bounds
We first consider the trajectory-wise local approximation error defined by:

εstep(un
f ;θ) := ∥Pf (∆t)un

f −P̂f (∆t;θ)un
f ∥. (3.10)

εstep(un
f ;θ) ≤

∥∥∥(Pf (∆t)−Nθ ◦Pexact
c (∆t)◦P

)
un

f

∥∥∥︸ ︷︷ ︸
A(un

f ;θ)

+
∥∥∥Nθ

(
Pexact

c (∆t)Pun
f

)
︸ ︷︷ ︸

B1(un
f ;θ)

−Nθ

(
Pc(∆t)Pun

f

)
︸ ︷︷ ︸

B2(un
f ;θ)

∥∥∥
︸ ︷︷ ︸

B(un
f ;θ)

. (3.11)

Using (A1)–(A3), we can derive a uniform bound for B(un
f ) as B(un

f ) ≤ CLN ∆tq+1,
where the constant C is independent of un

c . Since Pexact
c (∆t) represents the exact

one-step propagator of the coarse dynamics, the two terms can be interpreted as follows:
A(un

f ;θ) corresponds to the super-resolution approximation error, while B(un
f ) represents

the numerical integration error. From the uniform upper bound B(un
f ) ≤ CLN ∆tq+1,

we observe that as ∆t → 0, the contribution of B(un
f ) to the total error becomes

asymptotically negligible and hence the super-resolution error dominates. It is important
to note that this directly justifies the objective function (3.6) we chose for Phase 2
training of the neural network where A(un

f ;θ) is minimized across the training window.
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Numerical evaluation of (3.11) Although exact evaluation of the two error terms is
generally intractable, they can be well approximated using a highly accurate reference
solution that approximates the action of Pexact

c (∆t):

zref(un
f ) :=

[
Pc

(
∆t
ν

)]ν
Pun

f ≈ Pexact
c (∆t)Pun

f ,

where ν ≥ 2 is a temporal refinement factor. At each time step n, the total error and its two
contributing components can be tracked by their corresponding numerical approximations:

εstep(un
f ;θ) ≈ en, A(un

f ;θ) ≈ rn, B(un
f ) ≈ bn,

where
en :=

∥∥∥Pf (∆t)ũn
f −NθPc(∆t)Pũn

f

∥∥∥,
rn :=

∥∥∥Pf (∆t)ũn
f −Nθ

[
zref(ũn

f )
]∥∥∥,

bn :=
∥∥∥Nθ

[
zref(ũn

f )
]
−Nθ

[
Pc(∆t)Pũn

f

]∥∥∥.
(3.12)

Here ũn
f := [Pf (∆t)]nu0

f ≈ un
f denotes the approximate fine-scale numerical solution of

the PDE. This approximation is valid when Pf (∆t) provides an accurate representation
of the exact propagator. All the quantities above are computed using the ℓ1-norm on RNf ,
i.e., evaluated on the fine grid.

Next, we consider the global approximation error of the effective fine-grid propagator
P̂f (∆t). For a neural operator Φθ : ûn 7→ ûn+1 that learns the discrete-time dynamics of
a PDE (e.g., an FNO-type model), classical autoregressive (AR) analysis [117] provides a
global error bound in terms of its Lipschitz constant Lθ := Lip(Φθ):

∥un
f − ûn

f ∥ ≲
n−1∑
j=0

(Lθ)n−1−j ej . (3.13)

For our composite effective map P̂f := Nθ ◦Pc ◦P , the submultiplicativity of the Lipschitz
constant yields

Lip(P̂f ) ≤ LN LcCP , (3.14)

where LN and Lc are the Lipschitz constants defined in (3.7)–(3.8), and CP denotes the
induced operator norm of the projection operator P . Combining (3.13)–(3.14), we obtain
the following global approximation error bound:

∥un
f − ûn

f ∥ ≲
n−1∑
j=0

(LNLcCP )n−1−j
(
rj + bj

)
+O(∆tp+1 +h l

f ),
(3.15)
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where un
f denotes the exact solution of the PDE evaluated at time tn = n∆t on the fine grid,

and ûn
f = [P̂f (∆t)]nu0

f denotes the approximate solution obtained via the effective fine-
grid propagator P̂f (∆t). The additional term O(∆tp+1 +h l

f ) represents the discretization
error associated with a p-th order in time and l-th order in space fine-scale finite difference
scheme. For a convergent fine-scale numerical scheme, this error can be made arbitrarily
small as ∆t,hf → 0. Consequently, the dominant contribution to the global approximation
error should also arise from the accumulated super-resolution error rj ,1 ≤ j ≤ n.

Numerical evaluation of (3.15) Since the one-step error bound can be approximated
by rn and bn via their definitions in (3.12), numerically approximating the global error
bound (3.15) reduces to estimating the Lipschitz constants Lc, LN , and Cp. By definition,
this can be done by randomly sampling inputs x,y within their respective domains and
evaluating:

Lc = sup
x,y∈RNc

∥Pc(∆t)x−Pc(∆t)y∥ℓ1(RNc)
∥x−y∥ℓ1(RNc)

,

LN = sup
x,y∈RNc

∥Nθx−Nθy∥
ℓ1(RNf )

∥x−y∥ℓ1(RNc)
,

Cp = sup
x∈RNf

∥Px∥ℓ1(RNc)
∥x∥

ℓ1(RNf )
.

(3.16)

For AR models, the Lipschitz constant Lθ := Lip(Φθ) associated with the single-step
map Φθ : ûn 7→ ûn+1 can be estimated in a similar manner. Combining these two, the
error bound analysis can help to explain the observed numerical stability and instability
behaviors of these two operator-learning strategies. A central challenge of the
autoregressive operator-learning approach is that small one-step approximation errors can
rapidly accumulate over time, leading to drift and eventual instability in the predicted
trajectories [30, 117]. Such instability is primarily induced by the large Lipschitz
constant Lθ = Lip(Φθ) of the learned operator. In contrast, as we shall demonstrate in the
next section, the effective Lipschitz constant LNLcCP in the SRaFTE framework is
normally much smaller, resulting in a numerically more stable scheme for long-term
dynamics predictions.

3.6.3 Numerical evaluation of local approximation errors
We now use the NSE dataset as an illustrative example to numerically evaluate the

local error bounds derived in Section 3.6. Specifically, the one-step approximation error



56

of P̂f (∆t) is evaluated at each time step by comparing the predicted solution
{ũn

f , P̂f (∆t)ũn
f } against the reference one {ũn

f ,Pf (∆t)ũn
f }. Recall that we assume the

fine-scale solution well-approximates the exact solution, i.e. ũn
f := [Pf (∆t)]nu0

f ≈ un
f .

The results presented here correspond to a representative test trajectory and the test for
other trajectories yields similar results. Our main findings are summarized as follows:

Bound validity and tightness. To examine the tightness of the local approximation
error bound (3.11), we evaluate the ratio between the measured error and the theoretical
bound: τn = en/(rn + bn) over all 100 ≤ n≤ 700 extrapolated time steps, and analyze the
corresponding histogram of rn. As shown in Figure 3.7a, τn ≈ 1, which confirms that the
error decomposition in (3.11) provides a tight bound for the local approximation error.

Negligible numerical integration error. In Figure 3.7b, we plot the mean numerical
integration error b = 1

N

∑
n bn as a function of different refinements of the timestep:

∆tsub = ∆t/nsub for nsub ∈ {2,4,8,16,32}, obtained using the same coarse-grid solver.
Namely, for each nsub, we replace the coarse propagator Pc(∆t) inside P̂f (∆t) by the
substepped composition [Pc(∆t/nsub)]nsub .

If the numerical integration error were a dominant contributor to the one-step
approximation error, then refining ∆tsub would noticeably decrease both b and, in turn,
the mean error e = 1

N

∑
n en. For the selected test trajectory, however, we find that

b ≈ 8.49 × 10−7, which is four to five orders of magnitude smaller than the observed
mean error e ≈ 7.34 × 10−3. The growth of en, rn, and bn in a long extrapolated
trajectory is shown more clearly from Figure 3.7c, which further confirms the claim we
made by pure theoretical analysis that the numerical integration error introduced through
the evaluation of Pc(∆t) in P̂f (∆t) is negligible compared to the super-resolution
approximation error. We also repeated this experiment using Richardson extrapolation on
the same coarse integrator and obtained nearly identical values of b, leading to the same
conclusion that time-discretization error is negligible compared to the super-resolution
approximation error.

It is important to emphasize that this observation does not imply (i) that using the
coarse grid would resolve the underlying physics, or (ii) that all numerical artifacts are
negligible. Rather, it establishes that, for the chosen coarse discretization, the numerical
integration error is insignificant relative to the super-resolution approximation error. The
observed difference between the upsampled baseline and the SRaFTE results for the NS
equation can thus be attributed to the fact that the learned super-resolution operator Nθ

more accurately recovers the missing subgrid information and mitigates the
projection–lifting mismatch.
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3.6.4 Numerical evaluation of global approximation errors
The global approximation error can be evaluated by comparing the entire predicted

trajectory {ûn
f }N

n=0 with the corresponding reference trajectory {ũn
f }N

n=0, where
ûn

f = [P̂f (∆t)]nu0
f and ũn

f = [Pf (∆t)]nu0
f . Define

Ên = ∥ũn
f − ûn

f ∥
as the global approximation error at step n. The error bound (3.15) then implies

Ên ≲
n−1∑
j=0

(LNLcCP )n−1−j ej , (3.17)

where LNLcCP represents the Lipschitz constant of the surrogate propagation operator,
which can be approximated by Monte Carlo sampling and evaluating (3.16). Similarly, for
a neural operator Φθ : ûn 7→ ûn+1 with empirical Lipschitz constant Lθ := Lip(Φθ), the
corresponding global approximation error bound (3.13) can be expressed as

Ên ≲
n−1∑
j=0

Ln−1−j
θ ej , (3.18)

which can be evaluated numerically in the same way. For a test trajectory of the NS
equation, Figure 3.8 compares the observed global approximation error with the
theoretical error bounds (3.17)–(3.18) for the SRaFTE-learned effective fine propagator
P̂f (∆t) and the FNO-AR-learned solution operator Φθ, respectively. We find that the
composite Lipschitz constant Λ = LNLcCP ≈ 0.68, so that the geometric weights
Λn−1−j effectively attenuate the contribution of the one-step approximation errors. As a
result, the theoretical bound (3.17) closely tracks the actual global error Ên. In contrast,
for FNO-AR, the empirical Lipschitz constant is Lθ ≈ 3.11, which causes the
corresponding error bound (3.18) to grow rapidly, reflecting the fast error accumulation
observed in the FNO-AR predictions of the PDE solution.

Hence, for standard autoregressive operator-learning methods such as FNO-AR, the
global approximation error grows significantly faster than that of the SRaFTE-learned
dynamical propagator. This behavior is consistently observed in our numerical
simulations, and the corresponding global error bound analysis provides a coherent
theoretical explanation for the observed discrepancy in error growth rates.

3.7 Electron dynamics application
Electron-scale phenomena are notoriously costly to simulate because often times the

physics of interest only occur on very fine space-time grids [23, 100, 197, 195, 194, 188,
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189]. Under uniform refinement in d dimensions, halving the mesh width increases the
number of degrees of freedom by approximately 2d, and typically tightens stability
constraints on the time step. Fast electron time scales and sub-Debye spatial structure
further amplify this cost, making long-horizon studies and parameter sweeps impractical
for conventional solvers. These regimes therefore provide a stringent and practically
motivated test suite for SRaFTE; accordingly, we next consider the classic
Vlasov–Poisson system as a representative model for electron dynamics within a plasma.

3.7.1 Vlasov–Poisson equation
The Vlasov–Poisson (VP) equation governs the dynamics of collisionless plasmas.

The term collisionless means that the particle’s motion is primarily governed by
electromagnetic fields or gravitational forces, rather than collisions with other particles;
consequently, the particle’s behavior is not significantly influenced by direct, physical
impacts with other particles. As such, equations such as the VP equation are of great
interest as many applications in nuclear fusion rely on accurate quantification of plasma
dynamics [198, 9, 55].

In full, the collisionless Vlasov–Poisson equation under the effect of electric fields is
given as,

∂fs

∂t
+vs ·∇xfs + qs

ms
E ·∇vfs = 0. (3.19)

Here, fs represents the time-dependent distribution function of a particle species s, i.e.
electrons or ions, with real-space coordinates x and velocity-space components v. The
species mass is denoted by ms and the species charge is denoted by qs. The prescribed
electric field E acts in spatial coordinates x and is computed via Poisson’s equation:

∇2ϕ= − 1
ϵ0

∑
s
qs

∫
dvfs(x,v, t), (3.20)

E = −∇ϕ. (3.21)

Here, ϕ is an electric field and ϵ0 is known as the permittivity of free space; this is a
fundamental constant that quantifies how much electric field can fill a vacuum, relating the
electric charge density to the resulting electric field [55]. In its entirety, (3.19) is a (6 + 1)-
dimensional PDE, as the real and velocity space coordinates are typically 3-dimensional.
The nonlinearity in (3.19) arises from the definition of the electric field. In the following
results, we assume that the ions are fixed in time (see Appendix A.7), and we focus on
modeling the electron species. Furthermore, for this chapter, we will be focused on a
1D1V (2 + 1)-dimensional version of the problem, aligning this setting with our previous
results.
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Figure 3.10: Prediction of moments at a fixed point in time for Phase 1 and error in electric
field energy density for both the two-stream instability and randomized datasets.

3.7.2 Physics-based metrics
For the 1D1V Vlasov–Poisson test cases, we also track system-specific, physics-based

diagnostics. In addition to the metrics reported in Section A.5, we employ the following
physics based metrics for the 1D1V VP system: the negative-energy penalty, the entropy
error, and the electric field error. First, we note that the VP electron distribution function
is a probability density, and must remain non-negative. Any predicted negative values are
nonphysical, and thus will degrade moment accuracy. The negative-mass penalty is thus
given by,

P(t) =
∫∫ ∣∣∣min

(
f̃e(x,v, t), 0

)∣∣∣dvdx.
P(t) measures the total negative mass in phase space. Ideally, this quantity is as close to 0
as possible as it is unphysical to have a negative mass. Second, for the entropy error, we
note that for an exact solution, the entropy

S(t) =
∫∫

fe(x,v, t) lnfe(x,v, t) dvdx
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should be conserved in time. Given a prediction f̃e we define

S̃(t) =
∫∫

f̃e ln f̃e dvdx, ES(t) =

∣∣∣S̃(t)−S(t)
∣∣∣∣∣∣S(t)

∣∣∣ .

A small ES signals that the prediction has not introduced spurious velocity-space
dissipation. Finally, we can measure the electric-field error. From the predicted charge
density, ρ̃(x,t) = 1 −

∫
f̃e dv, we solve ∂xxϕ̃ = ρ̃ and set Ẽ(x,t) = −∂xϕ̃. Comparing

with the ground-truth field E = −∂xϕ gives

EE(t) =

∥∥∥Ẽ−E
∥∥∥

2
∥E∥2

.

A low EE indicates that the predicted charge distribution produces an electrostatic force
consistent with Gauss’ law, ensuring accurate particle acceleration and energy exchange.

Furthermore, for Vlasov–Poisson systems, physical observables in the form of
velocity moments are sometimes the quantities of interest for plasma physicists [2, 55].
Many physically relevant quantities pertaining to plasmas are encoded within the velocity
moments, including the charge density, the current density, and the kinetic energy density.
These moments and other higher-order moments provide a compact macroscopic
fingerprint of the plasma’s underlying dynamics in the form of quantities that physicists
can measure. Concretely, given a species distribution fs(x,v, t), we define its velocity
moments by

M (k)
s (x, t) :=

∫
Rdv

v⊗k fs(x,v, t)dv, k = 0,1,2, . . . , (3.22)

where dv is the velocity-space dimension and v⊗k denotes the k-fold outer product. In
particular, the zeroth moment is the number density,

ρs(x, t) :=
∫
Rdv

fs(x,v, t)dv =M (0)
s (x, t), (3.23)

and the charge density appearing in Poisson’s equation is the species-weighted sum

ρ(x, t) :=
∑

s
qs ρs(x, t) =

∑
s
qs

∫
Rdv

fs(x,v, t)dv. (3.24)

The first moment gives the current density,

J(x, t) :=
∑

s
qs

∫
Rdv

vfs(x,v, t)dv =
∑

s
qsM

(1)
s (x, t), (3.25)

and the second moment we report in our results is

Ms(x, t) :=
∫
Rdv

v ⊗vfs(x,v, t)dv =M (2)
s (x, t). (3.26)
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Two-stream Randomized (mx = mv = 4)

Bicubic FUnet Bicubic FUnet

(a) Flow diagnostics

fe 5.799×10−2 4.378×10−4 ±1.7×
10−5

2.468×10−1 6.160×10−3 ±4.4×
10−4

(b) Moment errors

ρ 1.242×10−2 7.466×10−5 ±4.3×
10−6

1.229×10−1 3.439×10−3 ±3.1×
10−4

J 1.746×100 4.547×10−3 ±3.3×
10−4

2.895×10−1 9.912×10−3 ±1.3×
10−3

M2 3.758×10−2 1.458×10−4 ±8.8×
10−6

1.547×10−1 7.575×10−3 ±9.1×
10−4

Table 3.3: Phase 1 test set results for the Vlasov–Poisson datasets. Errors are reported
in relative L2. Columns group the two-stream instability and randomized distribution
(mx = mv = 4) test cases. Bold indicates the best mean within each dataset for a given
metric. Bicubic interpolation is reported as means only since it is deterministic.

3.7.3 Phase 1 test results
We begin by demonstrating the test set results of Phase 1 for the 1D1V VP system

for both the two-stream instability and randomized electron datasets. For testing each
different system, we draw new initial conditions from the same random distributions that
were used for training, and propagate both the coarse-grain and fine-grain solvers until
the same fixed final physical time. For the randomized dataset, we use T = 1 and for
the two-stream instability dataset, we use T = 24. For the two-stream instability data
set, we learn a 64 × 64 → 256 × 256 mapping, and for the randomized dataset, we learn a
32×32 → 128×128 mapping. Finally, since FUnet consistently performed best across the
preceding case studies, we report the results below only for this choice of neural operator.

Figures 3.9 and 3.10 alongside Table 3.3 summarize the Phase 1 test set
reconstruction performance for the 1D1V Vlasov–Poisson benchmarks. Figure 3.9 shows
representative fine-grid snapshots of the electron distribution fe(x,v, t) for an unseen
two-stream trajectory (at t = 22.5) and an unseen randomized trajectory (at t = 0.5),
comparing bicubic upsampling against the FUnet prediction. Here, we observe error
heatmaps because they localize where the super-resolution mapping succeeds or fails in
phase space. In contrast to the previous cases, we found it more difficult to discern
differences purely visually based on the fields themselves. In both test cases, the bicubic
upsampling baseline produces an overly smooth reconstruction with systematic
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magnitude mismatch relative to the ground truth, while the FUnet more faithfully
matches both the amplitude and the localized fine-scale variability. This is consistent with
the previous results from Section 3.5.

Quantitatively, Table 3.3 reports mean relative L2 errors over 20 new test trajectories
for both the field-level reconstruction of fe and the derived velocity-moment observables
ρ, J , and M . For the two-stream case, the relative L2 error in fe drops from 5.79 × 10−2

(bicubic) to 4.37 × 10−4 (FUnet), and the moment errors improve by multiple orders of
magnitude (e.g., ρ from 1.24 × 10−2 to 7.46 × 10−5). For the randomized dataset, FUnet
similarly reduces the reconstruction error in fe from 2.46 × 10−1 to 6.16 × 10−3, with
consistent reductions in ρ, J , and M . Figure 3.10 further illustrates that these gains
persist at the observable level: the predicted moment profiles closely track the ground
truth at fixed times, and the resulting electric-field energy error remains small, indicating
that the learned lift improves not only pixel-wise agreement, but also physically relevant
aggregates driven by phase-space structure. Finally, for the sake of clarity, we add
Figures A.5 and A.6, which shows the evolution in time of the ground truth dynamics,
baseline, and our Phase 1 super-resolution predictions.

An interesting question one can investigate is the transferability of high frequency
training to a lower frequency test set with no fine-tuning. This zero-shot generalization
phenomenon has also been noticed in a variety of different scientific contexts, including
weather and fluid turbulence modeling [171, 37, 30]. In Appendix A.8, we explore this
phenomenon in our electron dynamics context. The main findings indicate the ability to
transfer high frequency training to zero-shot (i.e. no fine-tuning) low frequency
generalization, but not vice-versa (Figure A.2 and Table A.2). Furthermore, mathematical
and empirical analysis of the model weights demonstrate an interpretable analysis that
shows that high frequency training yields a more expressive model, thus is capable of
generating fine-scale features that low frequency training misses (Figure A.3 and
Figure A.4).

In summary, for the Vlasov–Poisson benchmarks, the Phase 1 learned lift Nθ

reconstructs the fine-grid phase-space state from coarse inputs with high fidelity; in
representative test cases, the resulting field-level agreement is roughly two orders of
magnitude better than bicubic upsampling, and this improvement propagates to the
derived observables ρ, J , and M , where we observe up to three orders of magnitude in
terms of error improvement.

3.7.4 Phase 2 test results
These Phase 1 results motivate the Phase 2 evaluation, where we compose the coarse

Vlasov–Poisson update with the learned lift to obtain an effective fine-grid propagator and
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Figure 3.11: Core runtime comparison and per-step timings. We compare one fine-grid
Vlasov–Poisson step on a 256 × 256 phase-space grid against our Phase 2 extrapolation,
which consists of the projection into the coarse grid, the time stepping on the coarse
grid, and a single neural super-resolution query to the fine-resolution. Left: total time
accumulated over a fixed number of benchmark steps. Right: decomposed per-step
distributions. The Phase 2 pathway achieves a consistently lower runtime envelope on
our node, with approximately 11× reduction.

assess both efficiency and rollout accuracy. For the two-stream instability, we roll out to
physical time T = 28, corresponding to 400 time steps beyond the training window (a 4×
extrapolation relative to the training horizon); for the randomized dataset, we roll out to
T = 3, corresponding to 200 steps beyond the training window (a 2× extrapolation).

We first quantify the core runtime advantage of the Phase 2 pipeline for the VP datasets
in Figure 3.11 by comparing a single fine-grid step on a 256 × 256 phase-space mesh
against one Phase 2 step consisting of a 64 × 64 coarse physics update followed by a
single neural upscaling query on GPU. Both the accumulated time benchmark and the per-
step distributions show that the Phase 2 pathway maintains a consistently lower runtime
envelope than the fine solver, with the coarse update dominating the Phase 2 per-step
cost and the neural lift contributing only a modest overhead. Note that, in contrast to the
preceding PDE solvers, we do not additionally coarse-grain the time step here. Due to the
greater complexity of the Vlasov–Poisson update in time, substantial wall-clock savings
are already realized under the solver’s natural time stepping. Finally, we note that the fine-
scale dataset requires approximately 80 GB of storage, whereas the coarse-scale dataset
together with the neural network weights requires only about 4 GB, yielding roughly a
20× reduction in storage cost.

Turning to accuracy, Figure 3.12 compares representative snapshots in the future time
extrapolation for the two-stream and randomized datasets. In both cases, advancing on
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Baseline SRaFTE model

Metric Upsampled FUnet

Two-stream

(a) Flow / physics diagnostics

rel. L2 (↓) 5.18×10−2 7.86×10−3 ± 3.70×10−4

SSIM (↑) 9.85×10−1 9.99×10−1 ± 5.60×10−5

Spect. MSE (↓) 2.07 5.89×10−2 ± 4.50×10−3

PSNR (↑) 31.00 49.10 ± 6.60
Neg-mass pen. (↓) 0.00 1.95×10−5 ± 3.00×10−7

Entropy err. (↓) 7.09×10−4 5.66×10−4 ± 6.70×10−5

E-field err. (↓) 8.08×10−2 4.12×10−2 ± 1.40×10−3

(b) Velocity-moment errors (relative L2)

ρ 3.38×10−3 1.08×10−3 ± 5.60×10−5

J 1.56 7.27×10−2 ± 2.80×10−3

M 8.75×10−3 5.31×10−3 ± 2.50×10−4

Randomized (mx = mv = 4)

(a) Flow / physics diagnostics

rel. L2 (↓) 1.66×10−1 9.32×10−2 ± 6.30×10−3

SSIM (↑) 9.17×10−1 9.63×10−1 ± 3.10×10−3

Spect. MSE (↓) 1.83×10−1 7.94×10−2 ± 7.70×10−3

PSNR (↑) 3.28×101 4.15×101 ± 1.00×100

Neg-mass pen. (↓) 5.99×10−1 7.89×10−2 ± 4.10×10−3

Entropy err. (↓) 7.68×10−2 6.60×10−3 ± 6.40×10−4

E-field err. (↓) 8.84×10−3 8.77×10−2 ± 7.10×10−3

(b) Velocity-moment errors (relative L2)

ρ 6.06×10−2 4.33×10−2 ± 2.50×10−3

J 1.34×10−1 8.52×10−2 ± 5.20×10−3

M 1.14×10−1 7.99×10−2 ± 4.70×10−3

Table 3.4: Vlasov–Poisson Phase 2 rollout metrics (top: two-stream; bottom:
randomized distribution). Block (a) lists flow/physics diagnostics; block (b) reports
relative L2 errors for velocity moments. Within each case, the best mean per row is
highlighted in bold.

the coarse grid and lifting via bicubic interpolation yields noticeably larger phase-space
mismatch compared to Phase 2 extrapolation with the FUnet. In the shown examples, the
reported errors decrease from 5.25 × 10−2 to 1.04 × 10−2 (two-stream) and from 1.48 ×
10−1 to 9.18 × 10−2 (randomized). To make the implications for physically meaningful
aggregates explicit, Figure 3.13 plots the 0th, 1st, and 2nd moments ρ, J , and M . Here,
we see that the learned Phase 2 rollouts track the ground-truth profiles more closely than
bicubic lifting, most prominently for the current density J .

Finally, Table 3.4 summarizes test-set rollout metrics. For the two-stream case, the
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learned Phase 2 propagator improves field-level errors (e.g., rel. L2 from 5.18 × 10−2 to
7.86×10−3, spectral MSE from 2.07 to 5.89×10−2, PSNR from 31.0 to 49.1) and reduces
physics/observable discrepancies (e.g., J error from 1.56 to 7.27×10−2, and electric-field
error from 8.08×10−2 to 4.12×10−2).

For the randomized case, FUnet again improves most metrics, including relative L2
error (1.66 × 10−1 vs. 9.32 × 10−2), spectral MSE (1.83 × 10−1 vs. 7.94 × 10−2), and
entropy error (7.68 × 10−2 vs. 6.60 × 10−3), while the relative electric-field metric is the
main exception, favoring bicubic lifting (8.84 × 10−3 vs. 8.77 × 10−2). We suspect that
the electric field diagnostic in this dataset can favor a smoother lift because E is obtained
from ρ via Poisson’s equation, which emphasizes large-scale (low-k) charge modes and
effectively filters small-scale phase-space errors. Consequently, bicubic interpolation
may achieve a smaller E-error by damping high-frequency density fluctuations, even
when its phase-space and moment-level matches are worse.

Finally, for the sake of clarity, we add Figures A.7– A.10 which show the evolution in
time of the ground truth dynamics, baseline, and our Phase 2 extrapolation predictions for
the electron species of both datasets and its relevant moments.
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Figure 3.13: Phase 2 Vlasov–Poisson rollout diagnostics for the two-stream instability
(top) and randomized (bottom) datasets: velocity moments ρ, J , and M comparing
ground truth, bicubic upsampling, and Phase 2 SRaFTE predictions.
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3.8 Conclusion
In this chapter, we introduced SRaFTE, a two-phase learning framework that couples

a super-resolution neural operator with a coarse-grid numerical integrator to approximate
the fine-scale dynamics of PDEs. Across different PDEs studied in the work, SRaFTE
successfully reconstructs high-resolution fine-grid solutions from coarse inputs (Phase 1)
and delivers stable, accurate long-time forecasts (Phase 2) of the underlying dynamics.
We also provided a systematic error analysis of the SRaFTE-learned effective fine-grid
propagator, demonstrating that the derived local and global approximation error bounds
closely follow the observed numerical errors in simulations of a representative nonlinear
PDE.

While this work focuses on PDE dynamics on regular geometries with uniform
discretizations, future extensions may incorporate adaptive meshes, irregular spatial
domains, or more complex boundary conditions. An additional direction is to extend
SRaFTE to non-autonomous settings, such as PDEs with time-dependent forcing, in
which the induced propagator becomes explicitly time-dependent and the learned model
must account for temporal variability beyond the state dependence alone. Finally, it
would be interesting to complement the empirical results with learning-theoretic
guarantees for the propagator approximation task, for example by studying whether an
empirical Rademacher complexity estimate for the SRaFTE hypothesis class exhibits
favorable scaling with the number of training trajectories or snapshots (e.g., polynomial
or logarithmic dependence on m). Overall, our results highlight SRaFTE as a practical
and flexible framework for pairing learned neural operators with existing numerical
solvers, offering a scalable path toward high-resolution forecasting of spatiotemporal
systems.



Chapter 4

From noisy observables to accurate
ground state energies: a
quantum-classical signal subspace
approach with denoising

4.1 Introduction

4.1.1 Overview
Ground state estimation is a fundamental challenge across numerous branches of

science and engineering, including chemistry, physics, and materials science.
Understanding the ground state of a many-body quantum system provides critical insights
into the system’s properties. While classical diagonalization of the exact many-body
Hamiltonian scales exponentially in the system size, quantum computing has the
potential to solve such eigenvalue problems with theoretically guaranteed polynomial
scaling [27, 96, 144, 106]. These guarantees, however, rest on the core assumption of
perfect fault-tolerance and error correction. As such capabilities remain out of reach for
practical quantum hardware, there is a growing need to leverage current devices, despite
their individual limitations. Hybrid quantum-classical approaches have been developed to
exploit the capabilities of current noisy intermediate-scale quantum (NISQ) platforms.
The idea of hybrid algorithms is to delegate to NISQ devices routines that best use their
inherent strengths, for example representing and simulating many-body wave functions,

0The following chapter is based on published work in APL Quantum [6].
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and then to employ classical computers to post-process the results measured on the NISQ
device [54, 132, 88, 43, 161, 119, 177, 44, 42, 162].

One hybrid method for ground state estimation is observable dynamic mode
decomposition (ODMD) [161]. ODMD assumes that one has already produced a time
series of scalar observables via successive time evolution of a reference state. The
observables can be computed cheaply on quantum hardware, without computing full
time-evolved states in an exponentially large Hilbert space. Next, on classical hardware,
one applies a variant of dynamic mode decomposition (DMD) [154, 92] to post-process
the time series of observables. In the idealized, noise-free setting, the observables evolve
as a linear combination of complex exponentials, where each term corresponds to an
eigenfrequency. ODMD serves as a system identification and signal processing tool:
when applied to a time series consisting of complex sinusoids, ODMD recovers the
leading eigenfrequency component that contains the ground state energy (GSE).

Numerically, ODMD involves solving one least squares problem and one eigenvalue
problem; neither of these steps are computationally intensive. ODMD is exponentially
convergent in the noise-free setting and resilient to perturbative noise [161]. As noise
increases, this resilience weakens, as reflected in ODMD’s reduced stability and reliance
on hyperparameter tuning within a delicate, often unforgiving range. Both theory and
empirical findings motivate the search for a denoising procedure that one can apply to
the noisy time series of quantum observables to bring it closer to its ideal, noise-free
counterpart.

The primary contribution of this chapter is to augment ODMD with Fourier-based
denoising procedures. In regimes where ODMD struggles to converge—especially under
suboptimal hyperparameter choices—these denoising procedures substantially improve
GSE estimation accuracy without requiring any extra quantum resources. One of our key
ideas is to apply hard thresholding to the observable time series’ discrete Fourier
transform (DFT). Low-amplitude frequency components are interpreted as spurious noise
modes and truncated away [66, 115]. The other key idea is stacking, which uses ODMD
with multiple denoised realizations of the noisy time series. Here each realization
corresponds to denoising with a different threshold in Fourier domain. As we show
through multiple empirical tests, for noisy data where ODMD exhibits slow or no
convergence, the combination of hard thresholding and stacking enables fast convergence
to the true GSE. As an aside, we also demonstrate that an enhancement called
zero-padding [66] mitigates grid resolution issues that arise when estimating the GSE
using Fourier-based methods.
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4.1.2 Related Work
To our knowledge, this work presents the first use of Fourier-based denoising via

frequency domain truncation in quantum algorithms for GSE estimation. Fourier-based
approaches, in the context of quantum signal processing, have been applied to various
computational tasks [105, 124, 1]. Recent work has incorporated Fourier-based noise
suppression via frequency domain windowing into a hybrid workflow to recover accurate
single-particle spectra from noisy quantum correlator data [183]. Wang et al. use
Hamming-window filtering and cross-spectral principal-component analysis to re-weight,
but not discard frequency components. In contrast, our method applies a hard threshold to
remove low-amplitude Fourier modes outright, producing denoised trajectories that serve
as the signal subspace for subsequent DMD.

There exist numerous classical techniques [170] that estimate the frequency set {ωj}
of a time series consisting of a linear combination of complex exponentials {exp(iωjt)}.
Classical Fourier-based estimation methods (such as periodograms) have a frequency
resolution proportional to 1/K, where K is the length of the time series. DMD is an
example of a super-resolution method that goes beyond the classical limit; other
examples, which share structural features with DMD, include MUltiple SIgnal
Classification (MUSIC) [156, 103], Prony’s method [137, 158], and Estimation of Signal
Parameters via Rotational Invariant Techniques (ESPRIT) [151, 99, 41]. In the idealized
noise-free regime, these algorithms’ computational complexity is proportional to the
signal’s sparsity in the frequency domain, not the number of samples K. This ability to
estimate spectra accurately from only a limited number of samples is a hallmark of
super-resolution techniques.

A variety of hybrid quantum-classical algorithms [88, 162, 43, 161, 42] have been
recently developed and analyzed for eigenenergy estimation, offering alternatives that
bypass stringent fault-tolerance requirements of standard quantum phase estimation
(QPE) [87]. In contrast to leading hybrid methods that solve generalized eigenvalue [88,
162] or non-linear optimization [43, 44] problems to recover eigenenergies, ODMD casts
the task as a matrix least-squares problem. This formulation counteracts ill-conditioning
often associated with nonorthogonal bases in generalized eigenvalue problems, while also
sidestepping the computational overhead incurred by non-linear optimization.

We remark that some methods [43, 44, 42] further require that the initial state |ϕ0⟩
must have dominant overlap (p0 > 0.5) with the ground state for desirable convergence
guarantees. This non-trivial requirement may demand substantial quantum resources at
the reference state preparation stage [107]. By comparison, ODMD is provably
convergent without such dominance assumptions. In addition to eigenenergy estimation,
ODMD canonically incorporates eigenstate recovery, noise source estimation,
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super-resolved spectral analysis, and better conditioning via a least-squares framework;
to our knowledge, no other hybrid quantum-classical or Fourier-based method delivers all
four of these advantages simultaneously.

Overall, this work establishes a robust hybrid algorithm that leverages frequency
domain denoising with a quantum signal subspace approach to improve many-body
ground state energy estimation from noisy quantum data. Throughout this chapter, we
focus our numerical demonstrations on molecular datasets, which underpin electronic
structure calculations in quantum chemistry and pose unique challenges for classical
algorithms. Unlike familiar spin Hamiltonians where interactions are local and amenable
to classical compression techniques such as tensor networks, molecular Hamiltonians
involve long-range Coulomb interactions and system-specific orbitals that extend
polynomially with the total count of electrons. These features can lead to highly
entangled and/or strongly correlated many-body states, implying a steep computational
cost and making molecular systems compelling targets for hybrid quantum
algorithms [95, 118, 94, 5].

For the specific molecules examined in this work, we focus on GSE estimation in the
low ground state overlap, intermediate-to-high noise regime. Combining Fourier
denoising with ODMD is especially effective here, enabling desired accuracy and more
optimal use of NISQ platforms with a significantly reduced computational budget.

4.1.3 Organization
In Section 4.2, we review necessary background including the measurement of

quantum observables via the Hadamard test, Fourier representation of time series, and
basic models of noise effects perturbing the observables. In Section 4.3, we describe our
methodology. We first overview the ODMD approach for solving the ground state
problem. Next, we introduce our novel Fourier denoising ODMD (FDODMD) approach,
which integrates frequency domain thresholding with signal stacking. We also describe a
time domain zero-padding procedure to enhance Fourier-based ground state energy
estimation. In Section 4.4, we detail how we generate data and how we test the
convergence of algorithms. We discuss in Section 4.5 a motivating example that involves
data with both shot noise and depolarizing error. In Section 4.6, we summarize NISQ-era
practicalities required for our methods, including deployment guidance for hardware and
high-level resource considerations. In Section 4.7, we compare FDODMD with baseline
ODMD and classical (including zero-padded) Fourier-based spectral estimation for the
chromium dimer. In Section 4.8, we derive error bounds that help to explain the
performance improvements of FDODMD. Section 4.9 summarizes our findings and
discusses their broader implications, along with directions for future work. In
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Section B.1, we estimate the quantum resources needed for ODMD/FDODMD to
compute the GSE of LiH. In Sections B.2 to B.5, we discuss optimal shot allocation,
Hamiltonian scaling, results for LiH, and formal proofs of bounds, respectively.

4.2 Background

4.2.1 Acquiring data from a quantum circuit
Consider the expectation values

⟨U⟩ = ⟨ϕ0|U |ϕ0⟩, (4.1)

where |ϕ0⟩ is a fixed reference quantum state and U is a unitary operator. Given a
many-body Hamiltonian H , we can efficiently simulate the one-parameter family of time
evolution operators U(t) = e−iHt on quantum hardware due to its native unitarity. These
real-time expectation values ⟨U(tk)⟩ evaluated at discrete times tk form the basis of
several recently proposed hybrid algorithms for energy estimation [161, 160, 43, 88].

To access the overlap (4.1) on a quantum device, we employ the Hadamard test [106,
35], a standard subroutine for measuring the expectation value of a general unitary
operator. Since (4.1) is complex-valued, two Hadamard test circuits are executed, one for
the real part and one for the imaginary part. The Hadamard test is visualized in the upper
left panel (light gray) of Fig. 4.1. The circuits use a single ancilla and, for each shot, yield
a binary outcome corresponding to the measurement of the ancilla in the |0⟩ or |1⟩ basis
state, respectively. Averaging over many shots generates an unbiased estimate for the
desired overlap. For our purposes, we run the classically simulated Hadamard test to
obtain time series of quantum observables.

Note. Throughout this chapter, we use the term observable in an operational sense —
the quantity obtained by a single-ancilla measurement from a quantum computer — rather
than the stricter sense of a Hermitian operator.

The approaches introduced in this chapter require as input a molecular Hamiltonian H
and a reference state |ϕ0⟩ with overlap probability p0 = |⟨ψ0|ϕ0⟩|2, where |ψ0⟩ is the true
ground state. Suppose we have data on an equispaced temporal grid with tk = k∆t for
0 ≤ k ≤K. Given the above, we measure the real and/or imaginary parts of the signal:

s(tk) = ⟨U(tk)⟩ = ⟨ϕ0|e−iHk∆t|ϕ0⟩. (4.2)

In practice, however, measurements performed on current quantum hardware are subject
to various sources of error [39, 148, 72, 53]. Two of the most prevalent sources are gate
error, which results from imperfect quantum operations, and shot noise, which reflects the
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Cost: Quantum

 

Noisy observables

GSE Estimate

Least-squares formulation

GSE estimation

Cost: Classical

ThresholdingReconstruction

Cost: Classical

Least-squares solution

Denoising thresholds

Denoised observables

Stack

Cost: Classical

Denoising procedure

Figure 4.1: Total workflow of FDODMD as outlined in Section 4.3. (Top left) The
Hadamard test is used to obtain noisy measurements of the data (4.3). (Top right) The
denoising procedure is then applied by taking R different truncation factors in (4.17). The
data is then stacked together according to (4.18). (Bottom right) Here we illustrate the
thresholding and denoised reconstruction procedures described in Section 4.3.2. (Bottom
left) The stacked data is used to estimate the GSE, as described in Section 4.3.3.

statistical fluctuations of a finite sampling of shots. Since precisely modeling gate error is
highly device-specific and technically challenging [53, 148], we focus primarily on shot
noise and examine a simplified global model of gate error.

As a result, when implementing the Hadamard test on NISQ hardware, we measure a
noisy version of the real-time overlap (4.2), which we write schematically as the data:

d(tk) = s(tk)+ ξ(tk), (4.3)

where ξ(tk) represents the noise. We emphasize that the input data for all our methods
are either the noisy observables (4.3), or a denoised version of them as described in
Section 4.3.

4.2.2 Modeling noise effects
Here we discuss how to model the quantum noise ξ(tk) when constructing (4.3). In

principle, s(tk) = ⟨ϕ0|e−iHtk |ϕ0⟩ is a complex-valued scalar. For simplicity, we focus on
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the real part; the imaginary part can be treated analogously.
Since the Hadamard test yields outcomes ±1, the readout of shot i at time tk is a

Bernoulli random variable bi(tk) that takes values +1 and −1 with respective probabilities
πtk

and 1−πtk
. To ensure that the Bernoulli estimator is unbiased, we require E[bi(tk)] =

Res(tk), which implies πtk
= (1+Res(tk))/2.

We assume that the random variables {bi(tk)} are independent and identically
distributed. At time tk, the noisy observable Red(tk) is the empirical mean over a total of
ntk

shots:

Red(tk) = 1
ntk

ntk∑
i=1

bi(tk). (4.4)

One can now check that E[Red(tk)] = Res(tk) and that

Var(Red(tk)) = 4πtk
(1−πtk

)/ntk
, (4.5)

which vanishes as ntk
→ ∞. This confirms that in the infinite-shot limit, Red(tk)

converges to Res(tk), as desired.
To emulate shot noise in our simulations, we compute the exact value of (4.2) and then

add zero-mean Gaussian noise,

Red(tk) = Re⟨ϕ0|e−iHtk |ϕ0⟩+ ξk, ξk ∼ N (0, ϵ), (4.6)

where the standard deviation ϵ can be chosen to match
√

Var(Red(tk)) from (4.5). By
the central limit theorem, the Gaussian noise model (4.6) provides a close approximation
to the scaled binomial model (4.4). For this reason, we adopt the simple Gaussian model
of (4.6) in our numerical experiments. Section B.2 discusses how to allocate shots across
time, and finds that assigning an equal number of shots to each time step performs nearly
optimally.

4.2.3 Fourier data interpretation
Upon expanding (4.2) in the eigenbasis of the Hamiltonian H , the observables

considered in this work are linear combinations of complex exponentials,

s(tk) =
N−1∑
n=0

pne
−iEntk , tk = k∆t, (4.7)

where En denote the Hamiltonian eigenvalues, and pn denote the squared overlaps
between the Hamiltonian eigenstates and reference state, i.e. pn = |⟨ϕ0|ψn⟩|2 with
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H|ψn⟩ = En|ψn⟩. To analyze a sequence of observables (s(t0), s(t1), . . . , s(tK)) in the
frequency domain, we can compute its discrete Fourier transform (DFT):

ŝ(fm) =
K∑

k=0
s(tk)e−ifmtk , fm = 2πm

(K+1)∆t , (4.8)

where fm for 0 ≤ m ≤ K are discrete frequency bins. The spacing between neighboring
bins defines the associated frequency resolution ∆f = 2π((K+1)∆t)−1.

Under typical discretization schemes for the sequence length K+ 1 and time step ∆t,
the ground state energy E0 does not align exactly with any of the frequency bins fm.
Accordingly, its contribution is spread across multiple frequency bins. This spectral
leakage can be exacerbated by the presence of noise. Using the above, we can write the
DFT of the noisy data (4.3), which we will use below in Section 4.3.2:

d̂(fm) =
N−1∑
n=0

pn

K∑
k=0

e−i(En+fm)tk +
K∑

k=0
ξ(tk)e−ifmtk . (4.9)

4.3 Methods

4.3.1 Observable dynamic mode decomposition (ODMD)
Observable dynamic mode decomposition (ODMD) [161] is a specialized adaptation

of dynamic mode decomposition (DMD) for energy estimation, formulated in the space
of quantum observables. DMD is a classical data-driven technique that extracts dominant
modes of a dynamical system from real-time measurements and has demonstrated success
across various applications [154, 92, 62, 58, 21, 201].

DMD assumes access to snapshots of the full state of the dynamical system. Suppose
we observe a dynamical system with states x(t) ∈ RN at discrete times t = t0, t1, . . . , tK .
Given the time snapshots {x(tk)}K

k=0, we arrange them into a pair of time-shifted data
matrices,

X =
[
x(t0) x(t1) · · · x(tK−1)

]
, (4.10)

X ′ =
[
x(t1) x(t2) · · · x(tK)

]
. (4.11)

with X,X ′ ∈ RN×K . We see that X ′ is X evolved forward by one time step. The forward
propagator of the dynamics is then estimated via the solution of the least-squares problem

A∗ = argmin
A

∥X ′ −AX∥F . (4.12)
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The formal solution to (4.12) is given by A∗ =X ′X+, with X+ being the Moore-Penrose
pseudoinverse of the data matrix X . In practice, we compute the pseudoinverse via a
truncated singular value decomposition (SVD) using a threshold δσmax, where σmax is the
maximal singular value of X and δ ∈ (0,1). This yields the regularized DMD solution
A∗

δ =X ′X+
δ , where X+

δ represents the truncated pseudoinverse of X .
For quantum systems, however, snapshots of the full state would require access to the

full many-body states |ϕ(t)⟩ at different times; recall that such states live in an intractably
high-dimensional Hilbert space. Thus, to adapt DMD to this setting, ODMD considers
scalar observables of the state at different times rather than the full state snapshots.
Specifically, given a Hamiltonian H with time-evolution operator e−iHt, we seek
observables consisting of complex-valued overlaps s(tk) from (4.2). These can be
estimated with the simulated Hadamard test mentioned in Section 4.2, which measures
the real and imaginary parts of the overlap and yields a noisy time series of quantum
observables d(tk) as in (4.3).

Using this noisy observable time series, we now construct time-shifted matrices by
specifying a delay parameter D ≪ N . The data matrices (4.10) and (4.11) then take the
form

X =


d(t0) d(t1) · · · d(tK)
d(t1) d(t2) · · · d(tK+1)

...
...

...
d(tD−1) d(tD) · · · d(tK+D−1)

 , (4.13)

X ′ =


d(t1) d(t2) · · · d(tK+1)
d(t2) d(t3) · · · d(tK+2)

...
...

...
d(tD) d(tD+1) · · · d(tK+D)

 , (4.14)

where X,X ′ ∈ CD×(K+1) admit a Hankel structure. To form these matrices, we need data
collected at times tk with k = 0, . . . ,K+D; thus when using ODMD, all expressions of K
from Section 4.2 should be thought of as K+D. Comparing (4.13-4.14) to (4.10-4.11),
we notice that each column of our new data matrices [d(tj),d(tj+1), . . . ,d(tj+D−1)]T plays
the role of the full state, analogous to x(tj) in the classic formulation. This technique is a
form of time-delay embedding, which has been studied extensively in the literature [76].
Even though the delay parameter D does not satisfy the conditions required for full state
reconstruction [174, 78], it is sufficient to capture relevant spectral features.

Notably, Koopman operator theory [4, 22] reveals that eigenvalues of A∗ ∈ CD×D,
obtained by solving (4.12) using the Hankel matrices (4.13) and (4.14), must closely
approximate those of H . If K∆ denotes the Koopman push operator acting on scalar
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observables g via (K∆g)(ψ) = g(e−iH∆tψ), then choosing the linear functional
g(ψ) = ⟨ϕ0|ψ⟩ and initializing at ψ = ϕ0 yields s(tk) = ⟨ϕ0|e−iHk∆t|ϕ0⟩ = (Kk

∆g)(ϕ0).
As shown in (4.7), this expands into a sum of complex exponentials, i.e., a finite/low-rank
mixture of Koopman eigenmodes with eigenvalues e−iEn∆t. The time-delay embedding
with delay D builds the Krylov subspace U = span{g,K∆g, . . .}. The restriction K∆|U in
the Hankel coordinates of (4.13) and (4.14) is represented by a finite-dimensional
shift/companion matrix whose eigenvalues are precisely the active e−iEn∆t with non-zero
overlap probabilities pn ̸= 0. Consequently, though we do not observe the full state,
delay-embedding the scalar observables yields an invariant subspace that retains the same
spectral content that we seek to estimate. As a result, ODMD then recovers the Koopman
spectrum associated with U .

Note that A∗ serves as a proxy for the time evolution operator e−iH∆t whose
eigenvalues are e−iEn∆t; since we approximate A∗ by the truncated SVD solution
A∗

δ =X ′X+
δ , the ODMD estimate of the GSE is

Ẽ0 = − max
1≤ℓ≤D

Imlog(λ(A∗
δ)ℓ)

∆t , (4.15)

where λ(A∗)ℓ denotes the ℓ-th eigenvalue of A∗. The procedure for ODMD energy
estimation is shown in the bottom left panel of Fig. 4.1, where R = 0.

We emphasize that, aside from obtaining the entries to populate the data matrices
X,X ′, every computation carried out in ODMD is completely classical. Importantly,
neither A∗ = X ′X+ nor A∗

δ = X ′X+
δ are ever loaded onto quantum hardware, so their

non-unitarity has no practical impact. In the ideal, noise-free case without SVD
truncation, A∗ =X ′X+ minimizes ∥X ′ −AX∥F and solves (4.12). When the underlying
dynamics are unitary and X is well-conditioned and spans an invariant subspace, the
eigenvalues of A∗ tend to cluster near the unit circle, rather than lie exactly on it. In
practice, measurement noise in X ′,X introduces projection bias and attenuates small
singular vector components, which further breaks exact unitarity. Standard perturbation
theory, however, shows that ∥A∗

δ −A∗∥F = O(δ) (see (4.30)). Consequently, eigenvalues
of A∗

δ remain clustered close to the unit circle; thus the imaginary part of logλℓ(A∗
δ) still

tracks the desired energy, while any small real part merely reflects damping/noise.

4.3.2 Frequency domain denoising
Fourier denoising ODMD (FDODMD) centers on two ideas, the first of which is

frequency domain denoising. The denoising itself is conceptually simple: given the data
(4.3), we compute its DFT (4.9) and truncate. Specifically, for a Fourier amplitude
threshold τr > 0, we truncate modes fm for which |d̂(fm)| < τr. We heuristically choose
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τr = γ · median(d̂(fm)), where γ > 0 is a scalar. This choice is statistically meaningful
and easily computable; setting γ = 1 provides an intuitive cutoff under reasonable
assumptions on the signal-to-noise ratio. After truncating the DFT via

r̂(fm) =

d̂(fm) |d̂(fm)| ≥ γ · median(d̂(fm))
0 otherwise,

(4.16)

we apply the inverse discrete Fourier transform (IDFT) to recover the denoised signal in
the time domain: for k = 0, . . . ,K+D,

r(tk) = 1
K+D

∑
m∈kept modes

r̂(fm)eifmtk . (4.17)

This will be referred to as the reconstruction or denoised data. The above procedure
maps one time series of quantum observables {d(tk)} to one noise-suppressed realization
{r(tk)}. If we denoise the time series of observables multiple times—each time choosing
a different threshold γ—we will obtain multiple noise-suppressed realizations.

4.3.3 Signal stacking and multi-observable ODMD (MODMD)
The second idea underpinning FDODMD is signal stacking, which uses multiple

denoised realizations with ODMD to estimate the GSE. For a collection of Fourier
amplitude thresholds {γi}R

i=1, we first generate the ensemble of denoised realizations
{ri(tk)}R

i=1, and then stack them alongside the original noisy signal to form the following
extended multi-observable vector:

d⃗(tk) =



d(tk)
r1(tk)
r2(tk)

...
rR(tk)

 . (4.18)

We modify the shifted Hankel data matrices (4.13) and (4.14) by replacing each scalar
entry d(tk) with the vectorization d⃗(tk) defined by (4.18). This yields a pair of shifted
block Hankel matrices X,X′ ∈ RD(R+1)×(K+1) that we use to formulate
A∗ = argminA∥X′ − AX∥F , a least squares problem. We compute the approximate
solution A∗

δ = (X′X+
δ ) ∈ RD(R+1)×D(R+1) via the same truncated SVD scheme as in

ODMD; our GSE estimate is (4.15) with A∗
δ in place of A∗

δ . The above constitutes
MODMD, a multi-observable generalization of ODMD.



81

Fig. 4.1 provides a schematic overview of the overall FDODMD denoising procedure.
Starting with quantum observable data in the upper-left panel, we proceed to the upper-
right panel by denoising with R different thresholds {γi}R

i=1. This yields R different
denoised observable realizations, which can then be stacked. For the purposes of following
the FDODMD procedure itself, one can skip from the upper-right panel to the lower-left
panel. The stacked denoised realizations are used to assemble the block Hankel matrices
X and X′, which are then used to solve for A∗

δ and produce the FDODMD estimate of the
GSE.

In the lower-right panel of Fig. 4.1, we illustrate both reconstruction and thresholding.
On the thresholding side, for one time series of quantum observables {d(tk)}, we plot the
magnitude of the DFT |d̂(fm)| as a function of frequency. When we apply thresholding
as in (4.17), sub-threshold modes are truncated to zero; super-threshold modes are kept
without modification. Not all discarded frequency components correspond purely to noise,
implying a tradeoff between reconstruction fidelity and noise suppression that we analyze
in Section 4.8. On the reconstruction side, we plot three time series: the noiseless signal
{s(tk)}, the noisy data {d(tk)}, and the denoised data {r(tk)}. Note that the denoised
data is closer to the noiseless signal than it is to the noisy data, showing the utility of our
simple DFT-based denoising strategy.

4.3.4 Zero-padding in time domain
As an alternative to the signal subspace method, we can enhance the performance of

DFT-based estimation through a simple modification. In order to increase the frequency
resolution of DFT without altering the original signal content, we employ zero-padding, a
useful technique in signal processing [66]. Specifically, we augment our noisy time series
by appending M zeros,

d(tk) =

d(tk), 0 ≤ k ≤K+D,

0, K+D < k ≤K+D+M.
(4.19)

This can be understood as modulating a time series of length K +D+M + 1 with a
rectangular window of length K +D + 1. The DFT of this zero-padded time series
becomes,

d̂(f ′
m) =

K+D+M∑
k=0

d(tk)e−if ′
mtk , (4.20)

with refined frequency bins f ′
m = 2πm((K+D+M+1)∆t)−1 form= 0, . . . ,K+M+D.

We estimate the GSE by identifying the f ′
m that maximizes |d̂(f ′

m)|. This refinement
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Figure 4.2: In the presence of depolarizing error and shot noise, sharp peaks in the
frequency domain are obfuscated. We plot the magnitude of the DFT of the noisy
time series generated from (4.22) with (θ,∆t,Kmax,p0) = (0.05,1.0,300,0.2) and ξ(t) ∼
N (0, ϵ= 0.01).

improves frequency resolution at no additional quantum cost, which potentially enables
more accurate energy estimation.

Here we do not have the liberty of decreasing our time step ∆t→ 0 to exactly resolve
the GSE. The limitation arises for two reasons. First, reducing ∆t would require a
proportionally larger number of quantum queries to reach a given evolution time, which
is infeasible under limited quantum resources. Second, ODMD and FDODMD rely on
capturing dynamical features over time, necessitating a sufficiently large ∆t. This is in
contrast to the smaller ∆t typically favored for DFT-based frequency estimation. To
ensure a fair comparison, we thus keep ∆t fixed across methods, including zero-padded
DFT.
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Figure 4.3: ODMD displays advantages in estimation and denoising for Cr2 under
depolarizing error and shot noise. See the main text in Section 4.5 for details on data
generation. To compute absolute errors as a function of data length K, we follow the
testing protocol described in Section 4.4. (Left) Convergence behavior of basic DFT-based
spectral estimation (stars) and ODMD (circles). The dashed black line indicates chemical
accuracy (absolute error < 10−3.) ODMD converges quickly to chemical accuracy, in
stark contrast to spectral estimation. (Right) Convergence of the estimate θ̃ of the global
depolarizing error parameter θ using ODMD. Inset in the upper right is the noisy data
{d(tk)}, the underlying signal {s(tk)}, and the ODMD-reconstructed dynamics {r(tk)}.
See Section 4.5 for details on how the reconstruction is computed. We see favorable
agreement between the reconstruction and the noiseless signal, with deviations at long
times due to imperfect denoising.

4.4 Data
We use classical methods and hardware to simulate noisy quantum observables. In

Sections 4.5 and 4.7, we present results for the chromium dimer (Cr2) in the def2-SVP
basis set [187]. For tractability, we truncate the Cr2 Hilbert space via adaptive sampling
configuration interaction (ASCI) [178], selecting 4000 Slater determinants with the largest
coefficients. Due to strong electron correlation, Cr2 is a stringent test for evaluating GSE
methods [95, 150]. In Section B.4, we show results for lithium hydride (LiH) in the 3-21g
basis set [13].

To simulate molecular data via (4.3), a key ingredient is an N ×N Hamiltonian
matrix H . We begin with the ASCI Hamiltonian matrix H . In order to satisfy an ODMD
convergence criterion [161], we apply a simple linear transformation to compute
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H = β0I+β1H . We detail and justify this transformation in Section B.3.
In this work, we use the time step ∆t = 1.0. Let |ψn⟩ denote the n-th eigenvector of

H; note that H and H share the same eigenvectors. For p0 ∈ (0,1), we prepare a reference
state with ground state overlap p0 via

|ϕ0⟩ = √
p0|ψ0⟩+

N−1∑
n=1

√
1−p0
N −1 |ψn⟩. (4.21)

WithH , ∆t, and |ϕ0⟩ in hand, we compute the signal (4.2) from k= 0 to k=Kmax. Taking
the real part of the signal and adding noise with standard deviation ϵ, we obtain (4.6).
When constructing the Hankel (ODMD) and block Hankel (FDODMD) data matrices from
Section 4.3, we set the delay parameter to D = ⌊(K+1)/2⌋. Using any of these methods,
once we produce an estimateEest

0 of the GSE ofH , we apply the inverse of the above linear
transformation to produce (Eest

0 − β0)/β1, an estimate of the GSE of the true molecular
system.

Testing Protocol. Once we have produced a full data trajectory D = {d(tk)}Kmax
k=0 ,

we choose K such that K +D ≤ Kmax and restrict attention to DK = {d(tk)}K+D
k=0 , the

part of D needed to form the Hankel matrices X,X ′ in (4.13-4.14) or their FDODMD
counterparts. In this way, we simulate the situation in which we collect only K +D+ 1
data points to begin with. For each algorithm, we use only the data DK to estimate the GSE
and quantify the error between estimated and true GSEs. Repeating this for the increasing
sequence K ∈ {5,10,15, . . .}, we quantify convergence of the GSE as a function of K, for
each algorithm. For simplicity, in the rest of this chapter, we refer to K as the data length.

4.5 Motivating Example
To further motivate the use of ODMD, we examine the efficacy of both ODMD and

classic DFT-based spectral estimation on data corrupted with two forms of error. In
addition to shot noise, we account for global gate error accumulated during time
evolution. The most applicable and analytically tractable model for such error is the
depolarizing channel, which captures the stochastic state relaxation to the maximally
mixed state with certain probability, hence erasing quantum information [46]. This
erasure noise in turn leads to an exponential damping of the sinusoidal time signal,

dθ(t) = e−θt⟨ϕ0|e−iHt|ϕ0⟩+ ξ(t), θ ∈ R, (4.22)

where θ characterizes the strength of the global depolarizing channel. The exponential
decay reflects the loss of quantum coherence over time and sets a practical limit on the
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timescale over which high-fidelity measurements can be collected from a quantum device.
Furthermore, since the depolarizing noise channel effectively describes the cumulative
impact of device-level errors as a uniform attenuation of the signal, it provides a useful
benchmark for systematically evaluating and comparing quantum hardware performance
under realistic conditions.

The Gaussian noise level ϵ associated with the statistical error term ξ(t) of (4.22)
captures finite-shot fluctuations of the Hadamard test. If d̂k estimates Res(tk) from nk

shots with empirical success probability π̂k ∈ [0,1], then with
πk := E[π̂k] = (1+Res(tk))/2, we have

Var(d̂k) = 4πk(1−πk)
nk

= 1− (Res(tk))2

nk
≤ 1
nk
.

Under uniform shot allocation nk ≡ Nshot/K, this justifies the shot noise level of ϵ ≈
N

−1/2
shot in our experiments. The global damping rate θ can associated with a discrete-time

depolarizing channel. This can be realized by inserting, after each interval ∆t, a per-
step depolarizing channel Ep∆t

(ρ) = (1 − p∆t)ρ+ p∆tI/D (where I/D is the maximally
mixed state on the D-dimensional Hilbert space). Here, p∆t ∈ [0,1) denotes the per-
step depolarizing probability. This induces a multiplicative amplitude decay (1−p∆t)k =
e−θk∆t, yielding

θ = − 1
∆t log(1−p∆t) ≈ p∆t

∆t , (p∆t < 1).

In general, the DFT constitutes a natural and convenient approach to extract energy
information by decomposing a time domain signal into different frequency components,
which reflect the eigenstate contributions encoded in the reference state. In noisy settings,
however, spectral broadening can obscure the sharp frequency peaks, hence making it
difficult to reliably estimate the GSE. This effect is particularly problematic when the
evolution time is short, as spectral leakage from limited frequency resolution only
exacerbates the challenge of isolating individual spectral features.

We illustrate this through an extended example. To begin, we generate data
D = {Redθ(k∆t)}Kmax

k=0 using the model (4.22) with Gaussian shot noise
ξ(t) ∼ N (0, ϵ = 0.01), depolarizing error with θ = 0.05, reference state |ϕ0⟩ with overlap
p0 = 0.2, time step ∆t = 1.0, and Kmax = 300. All other details of data generation are as
described in Section 4.4.

We plot in Fig. 4.2 the magnitude of the DFT of the generated time series. The DFT
of a real sequence is symmetric about the zero frequency. For positive frequencies, we see
that there is no single dominant peak, as we would have obtained had we switched off both
shot noise and depolarizing error. The spectrum shows broad envelopes in which signal
and noise intermingle, complicating GSE identification.
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Continuing with the data D, we study the convergence of the GSE estimation error
incurred by two algorithms, baseline ODMD and a simple DFT-based method. By baseline
ODMD, we mean ODMD from Section 4.3.1 with no frequency domain denoising or
signal stacking. In the DFT-based method, we identify the discrete frequency bin fm that
maximizes the absolute value of the DFT |d̂θ(fm)|.

We apply the testing protocol described in Section 4.4 and plot in the left panel of
Fig. 4.3 the absolute error of the estimated GSE as a function of data length K. ODMD
achieves rapid and steady convergence to chemical accuracy (dashed line) within short
real-time evolution. DFT-based spectral estimation fails to converge; it cannot be used
by itself for GSE estimation from noisy data. As we will see in Section 4.7, DFT-based
spectral denoising in concert with ODMD yields superior GSE estimates.

In addition to GSE estimation, ODMD also enables direct estimation of the
depolarizing noise strength. Expanding (4.22), we find

dθ(t) =
N−1∑
n=0

pne
−(θ+iEn)t + ξ(t). (4.23)

When we apply ODMD to the time series {dθ(tk)}, the eigenvalues of the estimated
propagator A∗ will be of the form θ̃+ iẼn. As in (4.15), the imaginary part contains our
estimate of En, while the real part provides an estimate of θ. We apply this idea in
conjunction with the testing protocol from Section 4.4. This yields the right panel of
Fig. 4.3: in the main plot, we plot the absolute error between estimated (θ̃) and true (θ)
depolarizing parameters as a function of data length K for the same experiment in the left
panel. Now suppose that we take the noisy data {dθ(tk)}, apply the frequency domain
denoising from Section 4.3.2, and then multiply by e+θ̃tk to reverse the depolarization
error and thus produce an estimate {r(tk)} of the original underlying signal {s(tk)}. In
the inset of the right panel of Fig. 4.3, we plot the original signal s, the noisy data d, and
our estimate r. At short times, the reconstructed signal r well approximates the noiseless
signal s. Deviations at longer times arise due to noise corruption, which we deal with in
Section 4.7.

4.6 Practical considerations for NISQ hardware
For our numerical experiments, all real-time overlaps (4.2) are generated completely

classically by forming the matrix exponential of the truncated ASCI Hamiltonian [178].
This choice isolates the algorithmic effects of the methods discussed/developed in this
chapter. Crucially, this does not presuppose access to the underlying eigensystem on the
actual quantum hardware. On a NISQ device, our workflow would only require a single



87

step propagator U∆t ≈ e−iH∆t that is applied repeatedly at times tk = k∆t. Such an
operator can in fact be synthesized by first or higher-order product formulas, such as
Trotter-Suzuki, without the need for prior diagonalization of the Hamiltonian H .

Let U∆t admit a product formula over a Pauli decomposition of H into Γ Paulis via
H = ∑Γ

ν=1 cνPν . With a first-order formula and M Trotter steps per ODMD/FDODMD
sampling step, define

S1(τ) :=
Γ∏

ν=1
e−iHντ , Hν := cνPν , U∆t ≈ [S1(∆t/M)]M . (4.24)

Here, M sets the internal microstep ∆t/M used only for circuit compilation, whereas ∆t
remains the external sampling interval used for the classical post-processing. The product
in (4.24) uses a fixed ordering, thus the compilation cost per sampling step is O(MΓ).
Furthermore, the ODMD/FDODMD algorithms themselves only require the resulting U∆t

and do not require any explicit knowledge of M .
Using the operator norm ∥ · ∥, standard analysis shows that the first-order product

formula error admits a commutator-scaled bound[33, 161]

∥[S1(∆t/M)]M − e−iH∆t∥ ≤ ∆t2
2M

∑
µ<ν

∥[Hν ,Hµ]∥. (4.25)

In practice, ∆t is chosen from signal-processing considerations (phase wrapping and
spectral resolution), while M is set independently to meet a synthesis accuracy η, such as

∆t2
2M

∑
µ<ν

∥[Hµ,Hν ]∥ ≤ η ⇒ M ≳
∆t2
2η

∑
µ<ν

∥[Hµ,Hν ]∥.

Importantly, the Trotter error can be systematically driven to zero via increasing M [33,
123]. Thus, the resulting Trotter error is a coherent, step-stationary perturbation —
meaning the same per-step bias is applied at every sampling step — of U∆t. This induces
a small, consistent shift in the eigenphases that ODMD/FDODMD seeks to estimate from
data.

Higher-order product formulas can further improve the dependence to O(∆tp+1/Mp)
with similar commutator-dependent prefactors [33, 24, 216, 123]. Direct experimental
evidence from frustrated spin lattice studies shows that ODMD remains stably convergent
under inexact time evolution on tangible NISQ hardware [173]. In addition, Section B.1
details a deliberately pessimistic estimation on the quantum resources required for a
simple example of LiH in the STO-3G basis set, motivated by recent efforts which have
demonstrated the success of simulating such a molecular system on tangible and
simulated quantum hardware [207, 157, 127, 77].
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4.7 Results
Here we compare and evaluate FDODMD, ODMD, and DFT-based approaches for

estimating the GSE of Cr2 under shot noise. Of main concern is the error between
estimated (Ẽ0) and true (E0) molecular ground state energies as a function of data length
K. To compute all convergence results below, we followed the testing protocol described
in Section 4.4. For all calculations, we use atomic units. Our aim is to achieve chemical
accuracy, defined as |Ẽ0 − E0| < 10−3 Hartrees (units of energy). This particular
tolerance reflects the precision required for molecular predictions to be chemically
meaningful. In the plots below, chemical accuracy is indicated by black dashed lines.

We also investigate the sensitivity of all methods with respect to hyperparameters.
These include δ (the SVD threshold chosen for FDODMD and ODMD) and p0 (the
overlap between the reference state and the true ground state). We are also interested in
investigating the convergence of all methods in the high noise regime (ϵ≥ 0.1).

4.7.1 Accelerated convergence relative to baseline methods
We begin with a comparison of FDODMD, baseline ODMD, and DFT-based spectral

estimation. We simulate noisy data (4.6) for Cr2 with Kmax = 1500, ∆t = 1.0, overlap
p0 = 0.2, and noise standard deviation ϵ = 0.1. We then apply the testing protocol from
Section 4.4 to study the convergence (as a function of data length K) of three GSE
estimation methods: (i) ODMD applied directly to the noisy data, (ii) simple DFT-based
spectral estimation (described in Section 4.5), and (iii) FDODMD. For FDODMD, we
use the noisy data to generate R = 6 denoised trajectories using (4.17) with thresholds
γ ∈ {1.0,1.5,2.0,2.5,3.0,3.5}. We stack the noisy data with these denoised realizations
and, using the procedure from Section 4.3.3, compute the FDODMD estimate of the
GSE. For FDODMD and ODMD, we use the SVD threshold δ = ϵ.

Although effective in many scenarios, baseline ODMD alone cannot completely
overcome difficulties posed by noise and, moreover, hyperparameter sensitivity. Fig. 4.4
illustrates these limitations. In certain regimes (i.e. noise standard deviation ϵ, reference
state overlap p0, SVD threshold δ), basic spectral estimation fails to converge (and is thus
omitted from comparisons in Figs. 4.5 to 4.7), while ODMD requires large amounts of
data (here K ≥ 1000) to converge reliably. This reveals sensitivity to hyperparameter
choice and increased quantum computational cost, both of which are undesirable. By
contrast, our contribution in this chapter, FDODMD, achieves chemical accuracy with
faster convergence and improved robustness.

Since the algorithmic performance in the denoised framework is determined by the
overall signal subspace rather than any individual time series, we can simply sweep over
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Figure 4.4: For a Cr2 problem setting (low overlap p0 = 0.2 and moderate noise standard
deviation ϵ= 0.1) where both baseline ODMD (circles) and DFT-based spectral estimation
(stars) fail to converge (e.g., for data length K ≤ 1000), we see that FDODMD (squares)
converges. Convergence is defined as estimating the GSE to within 10−3 (dashed line) of
its true value. Data and algorithm parameters are detailed in Section 4.7.1.

a range of thresholds {γi} without needing to fine-tune a specific value. A distinctive
advantage of our approach is that all denoised realizations {ri(tk)} are generated
classically from a single noisy observable trajectory, incurring no additional quantum
cost, in circuits or measurements.

4.7.2 Accelerated convergence with increased hyperparameter
robustness

Next we compare FDODMD and baseline ODMD for Cr2, using reference states with
varying levels of overlap p0 with the true ground state; for both methods, we use the
SVD threshold δ = ϵ. We use the same data generation parameters as in Section 4.7.1.
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Figure 4.5: Convergence comparison of FDODMD (circles) and baseline ODMD
(triangles) for Cr2. We choose Kmax = 1500, ∆t = 1.0, and p0 ∈ {0.15,0.2,0.72}. Both
methods process noisy data given by (4.6) with ξ(tk) ∼ N (0, ϵ = 0.1). For FDODMD,
we use (4.17) with γ ∈ {1.0,1.5,2.0,2.5,3.0,3.5} to generate 6 denoised realizations. All
the denoised realizations are then stacked in conjunction with the noisy data according to
(4.18). For both FDODMD and ODMD, we set δ = ϵ. Note the accelerated convergence
to chemical accuracy offered by FDODMD for the lower overlap cases.

Having already generated a trajectory with reference state overlap p0 = 0.2, we generate
two additional trajectories with respective overlaps p0 = 0.15 and p0 = 0.72; for each new
trajectory, we denoise via (4.17) with thresholds given in Section 4.7.1. This yields six
denoised realizations for each of three noisy data time series.

We see from Fig. 4.5 that in the low ground state overlap regime (e.g. p0 < 0.5),
FDODMD consistently outperforms ODMD in convergence behavior. ODMD either
requires a large data length (often exceeding 1000) or even fails to reach chemical
accuracy with maximal data length Kmax. In contrast, FDODMD not only converges
across all tested reference states but also does so significantly faster, requiring
approximately 2.5 times less quantum data than ODMD. This highlights the quantum
resource savings enabled by denoising and stacking. For high ground state overlap
(p0 = 0.72), both approaches yield comparable convergence results. While quantum
algorithms typically perform better with reference states that have a larger ground state
overlap with the ground state, preparing such states can be costly [107]. The
corresponding plot for LiH is shown in Section B.4, Fig. B.3.

The use of an SVD threshold δ is essential for both ODMD and FDODMD: without it
(i.e. δ = 0), our experiments failed to converge. To test the δ-dependence of both
methods, we generate a new realization of the noisy Cr2 trajectory with p0 = 0.2
described in Section 4.7.1. For each δ ∈ {0.15,0.1,0.08}, we test the convergence of both
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Figure 4.6: Robust invariance to SVD tolerance using FDODMD (squares) compared
to SVD tolerance dependent ODMD (circles) for Cr2. We choose Kmax = 1500, ∆t =
1.0, and p0 = 0.2. For both FDODMD and ODMD, we vary the SVD threshold δ ∈
{0.15,0.1,0.08}. Both methods process noisy data given by (4.6) with ξ(tk) ∼ N (0, ϵ =
0.1). For FDODMD, we use (4.17) with γ ∈ {1.0,1.5,2.0,2.5,3.0,3.5} to generate 6
denoised realizations. All the denoised realizations are then stacked in conjunction with
the noisy data according to (4.18).

ODMD and FDODMD. The results, shown in Fig. 4.6, provide evidence that moderate
variations in δ do not strongly affect the performance of FDODMD. This is in contrast to
baseline ODMD, which is highly sensitive to the choice of δ. The observed
hyperparameter insensitivity of FDODMD is a very practical advantage, as the optimal δ
is typically difficult to determine in advance without full noise characterization.

Fig. 4.7 investigates how the performance of FDODMD changes with the number of
denoised trajectories. We generate a new noisy data realization with parameters
(Kmax,∆t,p0, ϵ) = (1500,1.0,0.2,0.1) for Cr2, and sequentially stack the denoised
trajectories generated with γ ∈ {1.0,1.5,2.0,2.5,3.0,3.5}, assessing how FDODMD
convergence improves as we include more trajectories. Black crosses display the
convergence of baseline ODMD. For both ODMD and FDODMD, we choose δ = ϵ. We
find that stacking more denoised signals markedly accelerates convergence to chemical
accuracy, even though all methods eventually converge in the large data limit. This
improvement presumably stems from the expanded signal subspace, which more
effectively captures the underlying dynamics.

In total, the results in Figs. 4.5 to 4.7 demonstrate FDODMD’s robustness to
algorithmic hyperparameters, which allow more rapid and stable GSE estimation
compared to ODMD.



92

0 250 500 750 1000 1250 1500
data length K

10 7

10 5

10 3

10 1

101

ab
so

lu
te

 e
rr

or

FDODMD stacking effect
6 stacked
5 stacked
4 stacked
3 stacked
2 stacked
1 stacked
Baseline ODMD

Figure 4.7: Stacking with more denoised realizations improves FDODMD convergence.
We set (Kmax,∆t,p0) = (1500,1.0,0.2) and apply Gaussian shot noise N (0, ϵ = 0.1) to
simulate noisy data via (4.6). Denoised signals are then generated through (4.17) with
γ ∈ {1.0,1.5,2.0,2.5,3.0,3.5}. In the plot, 1 stacked corresponds to FDODMD where we
stack the noisy data with R = 1 denoised realization (γ = 1.0); 2 stacked corresponds to
FDODMD where we stack the noisy data withR= 2 denoised realizations (γ ∈ {1.0,1.5}),
etc. Baseline ODMD is applied directly to the noisy data.
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Figure 4.8: Convergence comparison of FDODMD, ODMD, and zero-padded DFT
spectral estimation for the GSE of the Cr2 molecule in the high noise regime (ϵ = 0.8).
For zero-padding, we append zeros equal to M ∈ {0,4,16,64} times the length of the
original time series, and perform DFT-based frequency estimation as in (4.20). For both
FDODMD and ODMD, we choose δ = ϵ as the SVD parameter. We generate noisy
data using (4.6) with ξ(tk) ∼ N (0, ϵ = 0.8) and (Kmax,∆t,p0) = (1500,1.0,0.2). For
FDODMD, we use (4.17) with γ ∈ {2.0,2.5,3.0,3.5,4.0,4.5} to generate R = 6 denoised
realizations. FDODMD (excluding noisy data from the stack) achieves the most stable and
accurate convergence; in this high noise regime, stacking with the noisy data is detrimental
for GSE estimation.
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Figure 4.9: Stability of FDODMD under increasingly higher noise. For each value of ϵ, we
generate noisy data using (4.6) with ξ(tk) ∼ N (0, ϵ) and (Kmax,∆t,p0) = (1500,1.0,0.2).
We report the data length required to reach stable chemical accuracy for Cr2 molecule.
ODMD processes the noisy data directly, whereas FDODMD uses a stack of R = 8
denoised realizations constructed with γ ∈ {1.0,1.5,2.0,2.5,3.0,3.5,4.0,4.5}. We choose
the SVD threshold δ = ϵ. The noisy data is excluded from the stack. For all noise standard
deviations ϵ, FDODMD uses fewer quantum resources (shorter bar). For the highest noise
cases (ϵ = 0.5,0.8), baseline ODMD does not converge stably to chemical accuracy with
data length within Kmax.
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4.7.3 Convergence in the high noise regime
In Fig. 4.8, we compare FDODMD, baseline ODMD and the zero-padding procedure

described in Section 4.3. For Cr2, we generate noisy data with parameters (Kmax,∆t,p0) =
(1500,1.0,0.2) and noise standard deviation ϵ= 0.8; we vary the zero-padding factor M ∈
{0,4,16,64} in (4.20), where M = 0 corresponds to standard DFT frequency estimation.
While higher padding factors (M = 16,64) allow zero-padding to outperform ODMD in
convergence speed, FDODMD still achieves superior stability and accuracy, as noise is
taken into consideration. In addition, we assess the impact of incorporating the original
noisy data into the FDODMD stacking procedure. As illustrated in Fig. B.4 in Section B.4,
the convergence of the estimated GSE is evaluated for both cases. When the noisy data
is included, the results exhibit clear deviations from standard bounds [136, 118], thereby
indicating the need to exclude it for stable convergence. This procedure is practically
feasible as the classical cost of running FDODMD multiple times is cheap. It is important
to note that the question of whether to include the noisy data in the stack is unique to the
high noise regime (ϵ≥ 0.5).

As the noise standard deviation ϵ increases, the stability of baseline ODMD
deteriorates, particularly for short time evolution. In Fig. 4.9, we compare the
performance of ODMD and FDODMD on Cr2 molecule with varying ϵ. For FDODMD,
we use R = 8 denoised trajectories with γ ∈ {1.0,1.5,2.0,2.5,3.0,3.5,4.0,4.5}, this time
excluding the original noisy data. This exclusion is motivated by the results shown in
Fig. 4.8. For both methods, we fix (p0,∆t,Kmax) = (0.2,1.0,1500) and report in Fig. 4.9
the data length required to achieve chemical accuracy for at least 10 consecutive values of
K (data length). Here taller bars indicate longer data lengths (i.e. higher quantum costs).
When noise is high (ϵ = 0.5,0.8), baseline ODMD fails to stably reach chemical
accuracy, as manifested by the bars that exceed the budget. FDODMD, in contrast,
requires ≤ 455 time steps to converge. When noise is small enough (ϵ < 0.1) for ODMD
to converge, FDODMD also does so using notably less data — substantiating the
efficiency gains from our denoising and stacking procedures.

Fig. 4.9 shows a non-monotone dependence of the required data length K on the
noise level ε. This stems from our SVD truncation rule δ = ε: larger ε induces more
aggressive truncation that removes singular directions in the noise bulk and improves the
conditioning of the least-squares fit. As a result, there can be a decrease in K at higher ε.
This regularization effect is also consistent with prior DMD analyses [38, 126]. A further
distinction is that FDODMD applies Fourier-domain denoising before assembling the
block-Hankel matrices, creating a cleaner separation between signal- and
noise-dominated directions and reducing sensitivity to the choice of δ. In comparison,
ODMD lacks this prefiltering, so truncation primarily stabilizes the fit without delivering
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Figure 4.10: Noise robustness of zero-padding spectral estimation for the Cr2 molecule. A
fixed padding size M = 64 is considered and the noise standard deviation ϵ are varied. For
zero-padding, we append zeros equal to M times the length of the original time series, and
apply DFT-based frequency estimation as in (4.20). We generate noisy data using (4.6)
with ξ(tk) ∼ N (0, ϵ) and (Kmax,∆t,p0) = (1500,1.0,0.2). Overall, the convergence for a
fixed padding factor is not strongly affected by variations in the noise standard deviation.

comparable denoising, leading to no obvious gain or decay in K-convergence.
To further examine noise robustness, Fig. 4.10 studies the performance of the zero-

padding procedure with a fixed padding factor M = 64. We apply this procedure to noisy
trajectories with varying ϵ. In comparison to FDODMD and ODMD, the zero-padding
method’s overall error decay (as a function of data length) remains relatively insensitive to
the noise standard deviation ϵ.

In total, the results in Figs. 4.8 to 4.10 demonstrate that our methods deliver reliable
convergence in the high noise regime, where baseline ODMD fails to converge within the
available quantum resource budget.
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Figure 4.11: Absolute ground-state energy error versus total queries for ODMD,
FDODMD, and additional hybrid baselines [88, 43] on a three-qubit transverse-field Ising
chain run on ibm_fez. We use Q = 3, g = 4, N = 500 time points with step size
∆t = 1, Ns = 102 shots per point, and an even-superposition initial state; FDODMD is
run with thresholds γ = 1,2,3,4. FDODMD converges much more stable than other GSE
algorithms. (Figure and experiment courtesy of mentored students Alexander Weiss and
Paul Bruzzi of Rensselaer Polytechnic Institute).
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4.7.4 Execution on quantum hardware
To complement the simulation studies, we also carried out a proof-of-principle

hardware experiment on the ibm_fez backend, using a three–qubit transverse-field
Ising (TFI) chain as a minimal test system. The target Hamiltonian is

HTFI = −
Q−1∑
j=1

ZjZj+1 − g
Q∑

j=1
Xj , (4.26)

with Q= 3 sites (qubits) and transverse field strength g = 4. Here Xj and Zj denote Pauli
operators acting on the jth qubit:

X =
(

0 1
1 0

)
, Z =

(
1 0
0 −1

)
,

and Xj (resp. Zj) means X (resp. Z) tensored with identity on all other qubits. The
interaction term ZjZj+1 couples neighboring spins along the z–axis, while the
transverse-field term Xj tends to align spins along the x–axis. For each algorithm
(ODMD, FDODMD, and other hybrid GSE algorithms such as UVQPE [88] and
QCELS [43]), we ran Hadamard-test circuits with N = 500 equally spaced time points at
step size ∆t = 1, using Ns = 102 shots per time point; the FDODMD runs used
frequency thresholds γ = 1,2,3,4. Figure 4.11 plots the absolute error in the estimated
ground-state energy versus the total number of queries (shots times the number of
Hadamard tests). Across the accessible query budget, FDODMD (labeled FODMD)
converges and attains chemical accuracy significantly more stable compared to other
methods. ODMD and QCELS exhibit larger fluctuations and typically saturate above the
chemical-accuracy threshold, and UVQPE does not converge at all in this noisy, low-shot
regime. This hardware experiment provides an independent validation that FDODMD
can trade classical post-processing for reduced quantum overhead in practice on tangible
NISQ hardware, mitigating the combined bottleneck of exponential Hilbert-space
dimension and noisy measurements on near-term devices.

4.8 Formal justification of FDODMD
To support and complement the numerical results of Section 4.7, we present an initial

error analysis of FDODMD.
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Figure 4.12: Tightness of the bound developed in (4.27) for both LiH and Cr2 averaged
across 100 noisy trajectories. For the left-hand term (LHS), the mean is plotted in the
solid line and the shaded band represents the standard deviation. This is not needed for
the right-hand term (RHS) as it is deterministic. Here, for both molecular systems we
fix ϵ = 0.1. Note that the y-axis here is rescaled by 1/K. For three values of K, we
see that the upper bound is reasonably close to the actual denoising error. As τr → 0, no
thresholding/denoising is applied; thus both sides of the bound in (4.27) approach 2ϵ2. As
τr → ∞, the reconstructed signal vanishes (r → 0); thus both sides of the bound approach
∥s∥2

2, the squared 2-norm of the noiseless signal.

4.8.1 Analysis of denoising
In this subsection we offer error analysis of the denoising procedure detailed in

Section 4.3. We defer all proof details to Section B.5. Let the noiseless, noisy, and
denoised data be constructed by (4.2), (4.3), and (4.17), respectively; let s, d, and r
denote their vectorized time domain representations.

Theorem 4.8.1. The mean-squared error between the reconstructed data r and noiseless
data s is bounded above by

1
K

E
[
∥r− s∥2

2
]

≤ 2ϵ2G(τr,K,ϵ,s), (4.27)

for a function G that depends on the signal and noise characteristics. Here, we provide a
proof outline; the full proof and an explicit functional form of G can be found in
Section B.5. Importantly, we validate that there exist threshold choices τr for which
G(τr,K,ϵ,s) < G(0,K,ϵ,s) ≡ 1. Moreover, under a fixed thresholding policy, the bound
tightens with K in the sense that G(τr,K,ϵ,s) approaches a τr-dependent constant as K



100

increases, with a 1/K2 decay contributed by the signal-leakage term, while the
threshold-controlled noise-retention term remains K-stable. Thus, the bound in (4.27)
tightens with K while its limiting value is set by τr.

Intuitively, as K grows, the DFT’s frequency resolution improves—true spectral
information concentrates while noise remains diffuse—so thresholding discards noise
without sacrificing signal more effectively; measured per sample, this yields a 1/K2

decay in signal leakage while the threshold-controlled noise contribution remains
K-stable.

Proof outline. Direct calculation shows that the error between the noisy and noiseless
data is

E
[
∥d− s∥2

2
]

= E

K−1∑
n=0

|ξn|2
= 2KE[(Reξ0)2] = 2Kϵ2, (4.28)

where ξn are noise random variables whose real and imaginary parts are i.i.d.
(independently and identically distributed) Gaussians, i.e., Reξn ∼ N (0, ϵ) and
Imξn ∼ N (0, ϵ). Examining the error between the denoised and noiseless data, we see
that by Plancherel’s theorem,

∥r− s∥2
2 = 1

K
∥r̂− ŝ∥2

2 = 1
K

K−1∑
k=0

I|d̂k|≥τr
|ξ̂k|2 + I|d̂k|<τr

|ŝk|2, (4.29)

where I denotes an indicator variable. One can show that |ξ̂k|2 are exponentially distributed
with rate parameter λ = (2ϵ2K)−1. Evaluating the two terms on the RHS of (4.29), we
obtain the bound E

[
∥r− s∥2

2
]

≤ 2Kϵ2G for a suitable function G(τr,K,ϵ, ŝk), therefore
completing the proof.

As τr → 0, we have G→ 1 so that both sides approach (4.28). As τr → ∞, both sides
approach ∥s∥2

2. Essentially, when no truncation is done, both sides of (4.27) approach
the 2-norm of the noise, and when a total truncation of all the modes is done, both sides
approach the 2-norm of signal.

Shown in Fig. 4.12 is a numerical comparison of the left and right-hand sides of (4.27)
for both the molecular systems studied in this text. We fix the noise standard deviation
ϵ = 0.1, time step ∆t = 1.0, and initial state preparation with p0 = 0.2, while varying the
lengths K of the observable series and truncation threshold τr. Numerically, we observe
that the upper bound in (4.27) gives a reasonable estimate. In practice, since we set τr =
γr ∗median(d̂n) with γr ∈ [1,4.5], the τr values for the reported results lie within the range
of [2,26]. We find in Fig. 4.12 that this range is optimal. The large vertical jumps seen in
the figure arise from cases where all frequency modes in the reconstruction are truncated.
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4.8.2 Analysis of the estimated GSE
If A=X ′X+ denotes the solution to (4.12) using the noiseless versions of X,X ′, then

we can define Ã= (X ′ +δX ′)(X+δX)+ to be the analogous solution using the denoised
data, where δX,δX ′ represent perturbations of X,X ′, respectively. With this, it follows
that

∥Ã−A∥2 ≤ κ

1−κη

(
∥A∥2η+∥ρ∥2

κη

∥X∥2
+ ∥δX ′∥2

∥X∥2

)
+η∥X∥2∥Y ∥2. (4.30)

Here κ = ∥X∥2∥X+∥2, η = ∥δX∥2/∥X∥2, ρ = X ′ −AX , and Y = X ′(X†X)+. The
proof is a small perturbation of the arguments of Wedin [186], who considered a least
squares problem of the form a∗ = argmina∥x′ −Xa∥2, where a,x′ are vectors and X is
a matrix. Changing a,x′ to matrices A,X ′, reversing the order of the product XA to AX ,
and replacing Wedin’s vector 2-norm with the matrix Frobenius norm, one can repurpose
Wedin’s arguments [186] to prove (4.30). From (4.30), we see that the right-hand side
tends to 0 as the perturbations δX,δX ′ → 0.

If Ã1 represents the perturbed DMD solution using the denoised data, with
corresponding perturbations δX1, δX ′

1 and Ã2 represents the perturbed DMD solution
using the noisy data, with corresponding perturbations δX2, δX ′

2, then knowing
∥δX1∥2 ≤ ∥δX2∥2 and ∥δX ′

1∥2 ≤ ∥δX ′
2∥2 is not sufficient to show that

∥Ã1 −A∥2 ≤ ∥Ã2 −A∥2. The bound in (4.30) demonstrates that if ∥Ã1 −A∥2 ≤ C1 and
∥Ã2 −A∥2 ≤ C2, then C1 ≤ C2. Namely, this implies that denoising reduces an upper
bound of the error between system matrices.

In practice, we know that the perturbations of the denoised data matrices and the noisy
data matrices will obey ∥δX1∥2 ≤ ∥δX2∥2 and ∥δX ′

1∥2 ≤ ∥δX ′
2∥2. The bounds in (4.27)

and (4.28) represent uniform upper bounds on the columns of (δX2, δX ′
2) and (δX1, δX ′

1),
respectively. Thus, for correctly chosen truncation factors τr, denoising reduces an upper
bound on the error of the DMD system matrices. Since the eigenvalues of the DMD
system matrices exactly determine the estimated GSE, we see that the denoising procedure
reduces an upper bound on the error of our estimated GSE.

4.9 Conclusion
In this chapter, we addressed the challenge of reliably estimating the ground state

energy (GSE) of molecular systems from noisy quantum observables. Acknowledging
that common noise sources such as depolarizing error and shot noise can significantly
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degrade the performance of many spectral estimation approaches, our goal was to develop
a hybrid algorithm that remains robust to a high amount of noise while exhibiting a low
sensitivity to its algorithmic hyperparameters.

We introduced a novel framework — Fourier denoising ODMD (FDODMD) —
which builds on observable dynamic mode decomposition (ODMD) by combining
classical Fourier-based thresholding with quantum signal subspace techniques. By
leveraging frequency-domain thresholding to suppress spurious spectral modes
introduced by noise, FDODMD reconstructs cleaner time-domain signals from a single
noisy observable trajectory. It then generates multiple denoised realizations across
varying thresholds and stacks them into a higher-dimensional signal subspace, enabling
the extraction of richer spectral information. This approach incurs no additional quantum
cost and significantly improves convergence to chemical accuracy in high error scenarios,
even in regimes where baseline ODMD fails.

Numerical experiments on challenging molecular systems, such as LiH and Cr2,
demonstrate that FDODMD consistently outperforms baseline ODMD and classical
Fourier spectral estimation. The results reflect rapid energy convergence with markedly
shorter simulation times, substantially lowering the quantum resources required.
Moreover, our analytical bounds validate that the denoising procedure effectively reduces
the reconstruction error relative to the noisy dynamics. Finally, preliminary work on
tangible hardware shows promising results for execution of the developed algorithm in
practice.

In summary, FDODMD provides a robust and resource-efficient algorithm that
overcomes some key obstacles of GSE estimations in noisy settings. By combining
classical Fourier denoising with a quantum signal subspace eigensolver, it opens up a
promising avenue for the design of accurate and scalable hybrid algorithms for
computational chemistry and beyond.



Chapter 5

Conclusion and future work

In this disseration, we developed a set of data-driven, equation-aware methods that
target specific structural bottlenecks in time-dependent systems, and applied such methods
to challenges in quantum and electron dynamics. In Chapter 2, we introduced a neural
network based surrogate that replaces the expensive history integral in an IDE by a learned
time-local map, reducing temporal complexity from quadratic to effectively linear while
maintaining accuracy over long extrapolation horizons. Chapter 3 developed SRaFTE, a
two-phase coarse to fine grid forecasting framework that couples a low-cost coarse-grid
time integrator with a learned spatial SR operator. We demonstrated remarkable success
on canonical PDEs and applied the methodology to plasma dynamics governed by the
Vlasov–Poisson system. This resulted in accurate fine-scale reconstructions and long-time
forecasts at substantially reduced runtime and storage cost. Finally, Chapter 4 proposed
FDODMD, a hybrid quantum-classical post-processing pipeline that processes noisy time-
evolution signals from near-term quantum hardware to estimate the ground-state energy of
molecular Hamiltonians with improved robustness and reduced quantum overhead relative
to existing hybrid ground-state energy estimation algorithms and spectral estimators.

Time-evolving systems and spatiotemporal dynamics lie at the heart of all three
contributions of this dissertation. Across nonequilibrium quantum dynamics, kinetic
plasmas, and quantum chemistry calculations executed on near-term, noisy quantum
hardware, accurate simulation and inference require resolving high-dimensional state
spaces, handling temporal nonlocality and memory effects, and coping with noisy or
incomplete observations. Direct numerical methods that fully resolve all of the previously
mentioned issues are often intractable and introducing simplifications or approximations
can erase the very phenomena of interest that was set out to be studied. The overarching
theme of this dissertation has been to identify the computational bottleneck in each case
study and replace it with some data-driven surrogate that can be tightly coupled to the
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downstream objective: whether it be propagating dynamics or estimating spectral
properties.

The first case study (Chapter 2) focused on IDEs in which a nonlinear memory
integral over the past trajectory dominates the the computational cost of conventional
numerical solvers. There, the work showed that by training an LSTM-based RNN on
modestly sized dataset of trajectories from a reference IDE solver on a short time
window, one can learn an effective short-memory map that approximates the history
integral term. When the learned map is substituted back into the original IDE in place of
the memory integral, the resulting time-local evolution can be advanced with linear time
complexity, in contrast to the typical quadratic time scaling, whilst also closely tracking
the reference dynamics on the benchmark problems considered. Ultimately, this
demonstrates that learning the memory functional for the class of IDEs studied can be
more cost effective that direct numerical solvers and also more accurate than learning a
direct propagator of the dynamics, especially when probing out-of-distribution dynamics.

The second case study (Chapter 3) addressed propagation of spatiotemporal PDEs
where the bottleneck is fine-grid propagation over long times. SRaFTE was introduced as
a two-phase learning framework: Phase 1 learns a coarse to fine SR map from paired
coarse–fine snapshots on a short time interval, while Phase 2 embeds this learned lift
inside a predictor–corrector type loop to form an effective fine-grid surrogate that never
explicitly steps in time on the fine grid. On the 2D heat, wave, and Navier-–Stokes
equations, SRaFTE achieved accurate SR in Phase 1 and superior long-horizon forecasts
in Phase 2 compared with autoregressive neural operator baselines and naive upsampling,
particularly for the nonlinear incompressible Navier-–Stokes system where error
accumulation is a major challenge. The framework also yielded substantial savings in
storage and wall-clock time by allowing practitioners to archive and evolve only coarse
trajectories.

Chapter 3 also developed a deterministic error analysis for SRaFTE that decomposes
the one-step error of the effective fine propagator into contributions from the neural lift,
the coarse integrator, and projection. This led to global error bounds to quantify the error
accumulation in Phase 2 expressed in terms of local Lipschitz constants and per-step
approximation errors, as well as a Rademacher-style generalization bound for the learned
lift trained on finite data and its generalization to out of distribution initial conditions.
This error analysis and the bounds developed provide a first step toward understanding
how local approximation quality from the learned SR operator and stability properties of
the coarse solver interact to control long-time behavior in coupled solver–surrogate
systems.

Also within Chapter 3, we applied SRaFTE to time-dependent electron dynamics
governed by the Vlasov–Poisson system. Here, the challenge is to resolve fine-scale
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interactions in a kinetic plasma without paying the full cost of fine-grid simulations. We
use the SRaFTE framework and evaluate performance not only in pointwise error but also
in plasma diagnostics, such as errors in computable observables, and show that the
learned SR operator can reconstruct fine-scale phase-space structures and their moments
from coarse-grid simulations with high fidelity. Phase 2 rollouts for randomized electron
and two-stream instability experiments demonstrated that the SRaFTE pipeline preserves
key kinetic features well beyond the training window, at appreciable reductions in
runtime relative to a fine-grid solver. This case study reinforces that the same
equation-aware design can translate from canonical PDEs to more realistic electron-scale
systems.

The final case study (Chapter 4) shifted focus from classical forward simulation of
time-evolving systems to spectral inference for quantum chemistry Hamiltonians, whose
Hilbert space dimension grows exponentially with system size. In this setting, the
bottleneck is twofold: dimensionality still constrains the classical resources that can be
devoted to time evolving the Hamiltonian according to the TDSE, and noise limits the
robustness and sample efficiency of ground-state energy estimation from the resulting
time-evolved signals on quantum hardware. FDODMD was proposed as a
quantum–classical pipeline that leverages ODMD [161] combined with
frequency-domain denoising and signal stacking to post-process noisy time-evolution
signals and extract the ground-state energy. By thresholding in the frequency domain,
reconstructing multiple denoised signals across thresholds, and stacking them into an
enlarged data matrix before applying ODMD, FDODMD improves the conditioning of
the spectral estimation problem without additional quantum resources. Perturbation
bounds showed that the denoising step reduces an upper bound on the error of the DMD
system matrices and associated eigenvalues, while numerical experiments on
representative molecular Hamiltonians demonstrated faster and more robust convergence
to chemical accuracy compared with standard ODMD and Fourier-based estimators,
especially in low-overlap and high-noise regimes, with minimal tuning of algorithmic
hyperparameters such as SVD threshold.

Across these three lines of work, several common design principles emerge. First, the
methods are operator-centric. They focus on approximating specific evolution, memory,
or spectral operators that are dictated by the governing equations and are known to
dominate computational cost. Second, they are equation-aware rather than equation-free:
the IDEs, PDEs, and Schrödinger dynamics are used to decide what to learn and where to
insert it into an existing numerical or hardware pipeline, but the equations are not
enforced as hard constraints during training. This stance allows the learned components
to remain modular and compatible with legacy solvers and currently used quantum
hardware workflows. Finally, the evaluation of each developed method emphasizes both
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accuracy and tractability: each method is assessed not only by approximation error but
also by runtime, storage, and quantum resource requirements, reflecting the practical
constraints under which real simulations and experiments operate.

The dissertation also has clear limitations that point toward future work. The
surrogates are trained and tested on model problems of moderate size and regularity, and
their behavior under strong distributional shift remains only partially characterized. The
memory surrogates of Chapter 2 have not yet been deployed in full-scale NEGF/KBE
solvers (though progress was made in [215]), and the plasma experiments in Chapter 3
assume simplified geometries and ion dynamics. Furthermore, the noise models in
Chapter 4, while representative, do not capture all device-specific error channels
encountered on current quantum hardware, such as gate errors. Extending these methods
to more complex systems and validating them in production-grade codes and
experimental settings on tangible hardware is an important next step.

Looking forward, several directions appear especially promising. On the theoretical
side, extending the current error analyses to capture data-dependent generalization,
interactions among multiple learned operators, and stability properties under
perturbations of the equations themselves would deepen our understanding of when and
why equation-aware surrogates succeed. On the methodological side, one can seek more
expressive and structure-preserving architectures for memory and super-resolution
operators, integrate adaptive or unstructured meshes into SRaFTE-type frameworks, and
develop additional denoising/spectral-based enhancements to signal subspace-like
methods. On the application side, integrating these methods into large-scale NEGF,
plasma, and quantum chemistry workflows/production codes, and deploying FDODMD
on NISQ quantum hardware alongside state-of-the-art error-mitigation schemes would
provide a more definitive assessment of the impact of the developed methods of this
dissertation.

In summary, this dissertation has shown that data-driven, equation-aware methods can
substantially alleviate canonical computational bottlenecks in time-dependent systems,
and show great success when applied to quantum and electron dynamics, while
preserving the core physical structure encoded by the underlying equations of motion. By
surrogating or supplementing a computationally burdensome portion of each case study
and embedding them into existing pipelines, the work presented in this dissertation offers
a blueprint for building data-driven enhanced methods that remain both accurate and
tractable as models and devices continue to grow in complexity.
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Appendix A

Appendix for Chapter 3

A.1 Intuition on approximate space-time separability
and memory

SRaFTE couples a temporal update on the coarse grid with an instantaneous learned
spatial lift to the fine grid. This architecture is most effective when a short-memory
condition holds: conditioned on the present coarse field uc(t), the subgrid content is well
approximated by a function of uc(t) alone,

uf (t) ≈ Φ
(
uc(t)

)
,

so the one-step surrogate propagator P̂f (∆t;θ) = Nθ ◦ Pc(∆t) ◦P is a reasonable ansatz
for the fine solver. In that sense, SRaFTE exploits an approximate separation of temporal
and spatial correlation: the coarse solver Pc carries the time advance while Nθ provides
an instantaneous spatial correction.

Related assumptions are also made intuitive in the SHRED [91] method, which
reconstructs the full field from a short temporal history via a shallow recurrent encoder
and a nonlinear decoder. In our notation, its closure has the form
uf (t) ≈ Φh

(
uc(t− τ :t)

)
, i.e., a history–dependent (non-Markovian) map. By contrast,

SRaFTE delegates temporal evolution to the coarse integrator Pc and applies a time-local
lift Nθ, corresponding to a Markovian closure uf (t) ≈ Nθ

(
uc(t)

)
. From a separation of

variables perspective, SHRED learns a nonlinear space–time factorization with an
explicit recurrent temporal component, whereas SRaFTE composes the physics-based
temporal factor Pc with an instantaneous spatial factor Nθ.
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Table A.1: Core notation used in Chapter 3.

Symbol Meaning
Ω Physical spatial domain (continuous)
Ωc, Ωf Coarse and fine computational grids/index sets discretizing Ω
X State/function space for fields on Ω (e.g., X = L2(Ω) or L1(Ω))
uc(t), uf (t) Coarse and fine states at (continuous) time t

un
c , un

f Coarse and fine states at discrete step n with step size ∆t

P Restriction/projection from fine to coarse (spatial decimation via
point sampling)

Nθ Learned lift / super-resolution operator (Phase 1 network)
Pf (∆t) Reference fine one-step propagator (ground truth solver)
Pc(∆t) Coarse numerical one-step propagator
P̂f (∆t) Phase 2 surrogate fine one-step propagator (P̂f (∆t) := Nθ ◦

Pc(∆t)◦P )
Φθ Autoregressive (AR) baseline one-step map on the fine grid
∆t Timestep
T Number of time steps used for evaluation
Nc, Nf Number of grid points on coarse and fine discretizations
K Number of supervised training pairs
Ntraj Number of training trajectories
AR, SR Shorthand for autoregressive and super-resolution settings
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Linear intuition (heat / wave). For linear, constant-coefficient PDEs with periodic BCs
(e.g., ∂tu= ν∆u+αf or ∂ttu= c2∆u), a Fourier projection onto low (|k| ≤ kc) and high
(|k| > kc) modes commutes with the generator. Each wavenumber evolves independently
in time:

ûk(t) = eλkt ûk(0)+ (forced response),

λk =

−ν|k|2 (heat),
±ic|k| (wave).

(A.1)

Thus, the temporal evolution is multiplicative and modewise, while the spatial content
is set by which modes are present. For the heat equation, high modes decay on a time scale
τk ∼ (ν|k|2)−1; when kc is chosen so that τkc is significantly smaller than the resolved
time scale, the unresolved content is quickly chained to the resolved part, justifying an
instantaneous lift. For the wave equation, although the dynamics are nondissipative, the
(k,ω) spectrum concentrates along the dispersion ridge ω = c|k|, so phase is primarily
governed by Pc and the lift mainly corrects spatial aliasing.

Nonlinear intuition (2D NSE) Writing ω = ω< +ω> for low/high modes, we take P<

and P> to be orthogonal Fourier projectors at a cutoff kc: for any solution on a grid
f(x) =∑

k∈Z2 f̂ke
ikx,

P<f :=
∑

|k|≤kc

f̂ke
ik·x, P>f := f −P<f,

so that P2
< = P<, P2

> = P>, and P<P> = 0. Both of these operators reduce a fine
grid solution to its coarse counterpart, but the earlier spatial decimation projector P is
a practical grid-level downsampler (not necessarily orthogonal or spectral) used to form
uc = Puf , whereas the present projectors P< and P> are the ideal orthogonal Fourier
projector at a cutoff kc (these are used only in this subsection for the sake of analysis).
This can coincide with P only when P implements spectral truncation in conjunction with
spatial decimation. Using these operators yields

∂tω> = ν∆ω> +P>B(ω<,ω<)+P>B(ω<,ω>)
+P>B(ω>,ω>).

where B is the advection operator in 2D vorticity form, and the corresponding Mori–
Zwanzig identity [209, 208, 210] expresses the resolved dynamics as

∂tω< = P<Lω< +
∫ t

0
K(t,s;ω<(s))ds+η(t),
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with a memory kernel K and noise η. When viscosity and the cutoff kc yield a spectral
gap, high modes decay on a fast time τfast ∼ (νk2

c )−1 and the memory integral is
well-approximated by a Markovian functional,

∫ t
0K(·)ds ≈ Φ(ω<(t)). SRaFTE’s

Phase 1 learns an analogous operator to Φ from the dataset (uc,uf ); Phase 2 wraps it
around the coarse integrator so that the time advance is done by Pc while the spatial
correction is refreshed each step by Nθ.

Thus, the short-memory condition is more likely to be satisfied for (i) diffusive systems
and (ii) linear dispersive systems with constant coefficients, as well as (iii) moderately
nonlinear, viscous flows where high modes relax quickly relative to resolved dynamics.
The short-memory condition can degrade (and Phase 2 may drift) when (a) the Reynolds
number is large enough such that subgrid time scales are not fast compared to resolved
scales, (b) strong nonlocal interactions create long memory, or (c) the downsampling ratio
is so aggressive that crucial interaction bands move entirely into the unresolved set.

A.2 One–step test error generalization
Let D denote the distribution of fine snapshots u used in Phase 2. Define the population

risk
R(θ) := Eu∼D

∥∥∥Pf (∆t)u−Nθ

[
Pc(∆t)Pu

]∥∥∥. (A.2)

Let R̂m(θ) be the empirical counterpart computed on m approximately independent per-
step pairs.

Write the loss on one instance as fθ(u) :=
∥∥∥Pf (∆t)u− Nθ

[
Pc(∆t)Pu

]∥∥∥ ∈ [0,B] and
define the function class F := {fθ : θ ∈ Θ}. Here Θ is the space of all feasible parameter
vectors θ. Given a sample S = (u(1), . . . ,u(m)) drawn i.i.d. from D, denote the empirical
mean ÊS [f ] = 1

m

∑m
i=1 f(u(i)) and the population mean E[f ] = Eu∼D[f(u)]. Define the

empirical Rademacher complexity

R̂m(F) := Eσ

sup
f∈F

1
m

m∑
i=1

σif(u(i))


σi
i.i.d.∼ Unif{−1,+1},

and, for brevity, write Rm := R̂m(F). Note that Rm is a data–dependent measure of
how well functions in Fθ can fit random ±1 noise. While such complexity measures
are typically used to derive generalization bounds for i.i.d. classification problems, in
the SRaFTE setting—where we learn continuous-valued PDE dynamics from temporally
correlated trajectories—–Rm should be viewed only as a qualitative proxy for the capacity
of the SRaFTE hypothesis class, rather than as a fully rigorous complexity measure.
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Suppose the loss fθ is bounded by B > 0. As we detail below, standard empirical risk
minimization (via symmetrization and contraction) implies that with probability at least
1− δ,

R(θ) ≤ R̂m(θ)+2Rm +3B
√

ln(2/δ)
2m (A.3)

This bound is stated for independently, identically distributed (i.i.d.) one-step pairs
(un,un+1); in practice, we subsample sequential steps from trajectories, thus the reported
empirical results should be viewed as supportive evidence rather than a strict proof where
the data contains temporal dependence. Therefore, the per–step test error is controlled by
the observed Phase 2 training error plus a capacity/finite–sample term decaying as m−1/2.

Derivation. Uniform symmetrization. Consider the deviation functional
Φ(S) := supf∈F

(
E[f ] − ÊS [f ]

)
. Introducing a ghost sample S′ = (u′(1), . . . ,u′(m)) i.i.d.

as S and using standard symmetrization yields,

ES [Φ(S)] = ES

[
sup
f∈F

(
Eu′ [f(u′)]− ÊS [f ]

)]
≤ ES,S′

[
sup
f∈F

(
ÊS′ [f ]− ÊS [f ]

)]

= ES,S′,σ

[
sup
f∈F

1
m

m∑
i=1

σi

(
f(u′(i))−f(u(i))

)]

≤ 2ES,σ

[
sup
f∈F

1
m

m∑
i=1

σif(u(i))
]

= 2Rm.

Bounded differences concerntration. By McDiarmid’s inequality, with probability at
least 1− δ,

Φ(S) ≤ ES [Φ(S)]+B

√
ln(2/δ)

2m .

Combining with the symmetrization argument yields

sup
f∈F

(
E[f ]− ÊS [f ]

)
≤ 2Rm +B

√
ln(2/δ)

2m w.p. ≥ 1− δ.

Applying the same bounded-differences argument to the random functional S 7→Rm =
R̂m(F) and a union bound yields, with probability at least 1− δ,

∀θ ∈ Θ : R(θ)−R̂m(θ) ≤ 2Rm +3B
√

ln(2/δ)
2m ,

which is exactly (A.3).
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Finite sample behavior of the test risk. To empirically validate the generalization
prediction in (A.3) from multiple test trajectories, we randomly subsample m one-step
pairs (un,un+1), evaluate ∥un+1 − ûn+1∥, average over the m samples, and plot the mean
against 1/

√
m. A near linear increase in Figure A.1 versus 1/

√
m matches the O(m−1/2)

finite-sample result in the generalization bound (A.3). Although per-step samples along a
trajectory are dependent, the observed near-linear trend versus 1/

√
m aligns with the

i.i.d. prediction and is robust under random subsampling. As expected, we find that larger
m reduces variance in the empirical per-step risk.

A.3 Model summaries
Unless otherwise stated, models operate on stacks of coarse/fine grid solutions in time

treated as channels and use GELU activations. Specifically, all models except FNO-AR
take in coarse grid inputs and and all models output fine grid outputs.

Common building blocks
Spectral convolution (2D). All Fourier layers compute a real-space FFT over spatial
dimensions (H,W ), retain only a low-frequency rectangle of size (m1×m2), apply a
learned complex linear mixing on the retained modes, zero out all others, and return to
the spatial domain by inverse FFT. Concretely, if x ∈ CB×Cin×H×(W/2+1) denotes the
FFT, the retained block and the learned mixing is given by weights
W ∈ CCin×Cout×m1×m2 , with

ŷb,o,:,: =
Cin∑
i=1

x̂b,i,:,: ⊙Wi,o,:,:, y = iFFT(ŷ).

A parallel 1×1 convolutional path is often summed with the spectral branch before a
nonlinearity.

PixelShuffle upsampling. For scale factor s ∈ {2,4,8} we map C 7→ s2C channels by a
3×3 convolution followed by PixelShuffle(s) and a GELU.

FUnet specification
• Input and output. The network maps a coarse input x ∈ RB×Cin×Hc×Wc to a fine

output y ∈ RB×Cout×Hf ×Wf , with Cin = Cout = 100. The spatial resolutions satisfy
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Figure A.1: Finite sample scaling of the Phase 2 per–step test risk. For random
subsamples of size m from the test set, we compute the empirical per–step risk R̂m(θ) =
1
m

∑m
i=1 ∥Pf (∆t)u(i) − Nθ[Pc(∆t)Pu(i)]∥ and plot it against 1/

√
m. The nearly linear

trend is consistent with the generalization bound in (A.3), which predicts a finite sample
decay as m−1/2.

(Hf ,Wf ) = s(Hc,Wc) for an upsampling factor s (e.g., s= 4 in the 32×32 → 128×128
experiments).

• Lifting layer. A 1×1 convolution maps the 100 input channels to Clift = 128 channels.

• Encoder. Two encoder stages operate at 128 channels. Each stage is a ConvBlock
consisting of two consecutive 3×3 convolutions with GELU activations. After the
second ConvBlock, a 2×2 max-pooling layer with stride 2 halves the spatial
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resolution, and we store skip connections from both encoder stages.

• Bottleneck. The bottleneck first applies a ConvBlock at 256 channels, followed by
a Fourier layer that performs a spectral convolution with retained modes (m1,m2) =
(32,32) at 256 channels, and a final GELU activation.

• Decoder. The decoder consists of three upsampling stages based on pixel-shuffle
operators with skip connections: starting from the bottleneck representation (256
channels), successive stages (1) reduce channels from 256 to 128 after combining with
the deeper encoder skip, (2) reduce channels from 128 to 64 after combining with the
shallower encoder skip, and (3) reduce channels from 64 to 32 on the finest grid. The
product of the pixel-shuffle factors over the three stages equals the overall upsampling
factor s.

• Projection (head). A 3×3 convolution maps 32 channels to 32 channels, followed by
GELU and a final 3×3 convolution mapping 32 channels to Cout = 100.

• Nonlinearity and normalization. GELU activations are used throughout; no
normalization layers are applied.

U-Net [149] specification
• Input and output. The U-Net maps x∈RB×Cin×Hc×Wc to y ∈RB×Cout×Hf ×Wf , with
Cin = Cout = 100 and (Hf ,Wf ) = s(Hc,Wc).

• Base width. The base number of channels is Cbase = 64.

• Encoder. There are two encoder levels. At level 1, two conv_blocks operate at 64
channels, followed by a 2×2 max-pooling layer (stride 2). At level 2, two
conv_blocks operate at 128 channels, again followed by max-pooling. Each
conv_block consists of a 3×3 convolution, batch normalization, and GELU
activation. Skip connections are taken from the outputs of the encoder levels before
pooling.

• Bottleneck. Two conv_blocks operate at 256 channels on the most downsampled
resolution.

• Decoder. Each decoder level upsamples via a ConvTranspose2d layer (stride 2),
concatenates the corresponding encoder skip feature map, and applies two
conv_blocks. Channel counts mirror the encoder in reverse (256→128, then
128→64).
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• Projection (head). A final 1×1 convolution maps 64 channels to Cout = 100. The
output is then upsampled to the fine resolution (Hf ,Wf ) by bilinear interpolation when
needed to match the desired scale factor s.

• Nonlinearity and normalization. All convolutions inside conv_blocks use GELU
activations and batch normalization.

EDSR [104] specification
• Input and output. The EDSR network maps x ∈ RB×Cin×Hc×Wc to
y ∈ RB×Cout×Hf ×Wf , with Cin = Cout = 100.

• Width and depth. We use n_feats = 128 feature channels and n_res_blocks
= 16 residual blocks.

• Head. A 3×3 convolution maps Cin = 100 channels to 128 channels.

• Body. The body consists of 16 ResBlocks in series. Each ResBlock applies a 3×3
convolution, ReLU activation, and a second 3×3 convolution, with a residual
connection scaled by res_scale = 0.1. A final 3×3 convolution at 128 channels is
applied at the end of the body, and the head output is added as a skip connection
(standard EDSR formulation).

• Tail (upsampling and projection). An Upsampler implements the overall spatial
upsampling factor s (for example, two pixel-shuffle layers with factor 2 each when
s= 4). A concluding 3×3 convolution maps 128 channels back to Cout = 100.

• Input normalization. Before the head, we apply channelwise affine normalization
using stored mean and standard deviation; the inverse transform is applied after the tail.

• Nonlinearity and normalization. ReLU activations are used in the residual blocks; no
batch normalization is used inside residual blocks (as in the original EDSR).

FNO-SR [102] specification
• Input and output. FNO-SR maps x ∈ RB×Cin×Hc×Wc to y ∈ RB×Cout×Hf ×Wf , with
Cin = Cout = 100.

• Width and depth. We use width = 64 channels and stack 3 spectral blocks.

• Lifting layer. A 1×1 convolution maps 100 input channels to 64 channels before the
spectral blocks.
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• Spectral blocks. Each block applies a SpectralConv2d operator with input and
output width 64 and Fourier modes (m1,m2) = (16,16), in parallel with a 1×1
convolution in physical space. The two outputs are summed and passed through a
GELU activation. The channel dimension remains 64 across all blocks.

• Upsampling and projection. After the spectral blocks, we apply bilinear interpolation
from (Hc,Wc) to (Hf ,Wf ) with scale factor s, followed by a 1×1 convolution mapping
64 channels to Cout = 100.

• Nonlinearity and normalization. GELU activations are used after each spectral block;
no normalization layers are applied.

FNO-AR specification
• Input and output. The autoregressive FNO operates on the fine grid. Given a temporal

context of K past fine snapshots stacked as channels, x ∈ RB×K×Hf ×Wf , it outputs K
channels of the same spatial shape. In our experiments we take K = 100; the predicted
next snapshot is read from the output channels in the usual autoregressive manner.

• Width and depth. We use width = 64 channels and 4 spectral blocks.

• Lifting layer. At each spatial location, a per-pixel linear map RK →R64 (implemented
as a 1×1 convolution) lifts the K input channels to 64 channels.

• Spectral blocks. Each block applies a SpectralConv2dAR operator with 64 input
and output channels and retained modes (m1,m2) = (16,16), in parallel with a 1×1
convolution. The outputs are summed and, in the first three blocks, passed through a
GELU activation. The channel dimension remains 64.

• Head. A per-pixel multi-layer perceptron (implemented as two linear layers with a
GELU activation) maps R64 → RK , producing the K output channels at each spatial
location.

• Nonlinearity and normalization. GELU activations are used in the spectral blocks
and in the head MLP; no normalization layers are applied.

Model training. We selected all configurations via standard hyperparameter sweeps
and report, for each method, the best validation configuration. All models used
Adam [86] with cosine–annealed learning rates; the default peak rate was
η ∈ {1×10−3, 5×10−4, 3×10−4} and weight decay ∈ {0, 10−4}. Phase 1 was trained for
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5000 epochs and Phase 2 for 2500 epochs and the checkpoint with the lowest validation
error was kept for Phase 1 and fine-tuned for Phase 2. For convolutional SR baselines
(U-Net, EDSR) we swept depth (encoder/decoder blocks) ∈ {2,4,6}, base channels
∈ {32,64,128}, residual blocks per stage ∈ {4,8,16}, kernel size ∈ {3,5}, upsampler
(pixel-shuffle vs nearest neighbor), normalization (none vs. batch), activation (ReLU vs.
GELU), and dropout ∈ {0,0.05,0.1}. For Fourier models (FUnet, FNO-SR, FNO-AR)
we swept layer count ∈ {4,6,8}, hidden width ∈ {32,64,128}, Fourier truncation per
axis kx,ky ∈ {8,16,32}, and activation (ReLU vs. GELU). Once a set of parameters is
chosen, training SRaFTE models in Phase 1 and Phase 2 with all models tested took
approximately 3 GPU hours (5000 + 2500 epochs on 1000 samples) on a NERSC
Perlmutter GPU node with 1 80GB Nvidia A100.

A.4 Dataset generation
We generate paired fine–coarse datasets for three canonical PDEs on periodic domains.

Both resolutions are advanced with the same time step ∆t.

Navier–Stokes (2D vorticity). For each trajectory, the fine–grid initial vorticity ω0 is
drawn i.i.d. from N (0,1), transformed to Fourier space, sharply low–pass filtered to modes
{|kx|, |ky| ≤ 16}, real-part taken, and inverse–transformed to yield a band–limited field.
The dynamics

∂tω = −u ·∇ω+ν∆ω+f, u= ∇⊥ψ,−∆ψ = ω,

are advanced with a pseudo–spectral forward–Euler scheme under periodic boundary
conditions. Parameters: viscosity ν = 10−4, step size ∆t = 0.01, and forcing
f(x,y) = 0.025

[
sin
(
2π(x+y)

)
+ cos

(
2π(x+y)

)]
. The identical integrator is applied on

both spatial resolutions.

Heat equation. The fine-grid initial temperature u0(x,y) ∼ U(0,1); the coarse initial
field is obtained by point decimation of u0. Each Fourier mode (k,ℓ) is updated with the
exact integrating–factor step using diffusivity ν = 10−3, forcing amplitude α = 10−2, and
∆t = 0.01. The update is diagonal in Fourier space, so the same routine is used at both
resolutions without additional dealiasing.

Wave equation. The initial velocity is g0 ≡ 0 and the initial displacement is

f0(x,y) =
8∑

m=1
Am sin

(
2π(kx,mx+ky,my)+φm

)
,
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with amplitudes Am ∼ U[0.5,1.0], wavenumbers (kx,m,ky,m) ∈ {1,2,3}2, and phases
φm ∼ U[0,2π). Each trajectory is linearly rescaled to [0,1]. Time integration uses an
explicit leap–frog scheme with the finite–difference Laplacian ∆h and periodic
boundaries; parameters are wave speed c = 0.5 and ∆t = 0.01, yielding
CFL = c∆t

√
2< 1.

A.5 Metrics
To assess the performance of all models and baselines, we adopt the following metrics:
RelativeL2 error. For a predicted ũ and the corresponding true u on the sameNf ×Nf

grid, the relative L2 error is

E(t) = ∥ ũ(·, ·, t)−u(·, ·, t)∥2
∥u(·, ·, t)∥2

, (A.4)

where the Euclidean norm is taken over all spatial grid points. In the following results,
unless otherwise indicated, we report the mean over every time snapshot tm.

Structural similarity index measure (SSIM). The single-scale SSIM between a
prediction and the reference is

SSIM(t) = (2µuµũ +C1)(2σuũ +C2)
(µ2

u +µ2
ũ +C1)(σ2

u +σ2
ũ +C2) ,

where µu = E[u] and µũ = E[ũ] are local pixel-sample means, σ2
u = E[(u− µu)2] and

σ2
ũ = E[(ũ−µũ)2] are local pixel-sample variances, σuũ = E[(u−µu)(ũ−µũ)] is the local

pixel-sample covariance, and C1,C2 > 0 are small constants to stabilize division.
Spectral mean-squared error (Spectral MSE). Denote the 2D Fourier amplitudes by

ûk,ℓ = DFT[u]k,ℓ, ̂̃uk,ℓ = DFT[ũ]k,ℓ. The spectral MSE is SpecMSE(t) = 1
N2

f

∑
k,ℓ

∣∣∣ |̂̃uk,ℓ|−

|ûk,ℓ|
∣∣∣2. Physically, this is the mean-squared difference between spectral magnitudes. It

penalizes mismatches in the distribution of energy over wavenumbers.
Pearson linear correlation r. If we flatten each field into a vector, the Pearson

coefficient r is given as

r(t) =
∑

i(ui − ū)(ũi − ¯̃u)√∑
i(ui − ū)2

√∑
i(ũi − ¯̃u)2

,

where bars denote sample means. Higher values indicate higher linear correlation.
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A.6 Details for 1D1V VP data generation
For the 1D1V VP time integrator, we use a second-order Lax-Wendroff (LW) scheme.

Compared to Runge-Kutta 4 (RK4), we find that the LW scheme better preserves the
phase-space structure in the long-time limit. For a scalar advection equation,
∂tf +a∂xf = 0, the LW update is given by,

f n+1
i = f n

i − a∆t
2∆x

(
f n

i+1 −f n
i−1
)

+ a2∆t2
2∆x2

(
f n

i+1 −2f n
i +f n

i−1
)
.

In this work, we will consider a (2 + 1)-dimensional system with one real spatial
component and one velocity spatial component (1D1V). We study two types of systems
that arise as a result of changing the initial distribution of electrons: (i) randomized
electron distribution and (ii) the two-stream instability. For the randomized electron
distribution, we fix the ions (see Appendix A.7) with a Maxwell-Boltzmann distribution
given by,

fi(x,v,0) = 1√
2πv2

th,i
exp

(
− v2

2v2
th,i

)
,

and initialize the electrons with a randomized cosine-superposition given by,

fe(x,v,0) =
[
1+

mx−1,mv−1∑
nx,nv=0

cos
(
2π(nxx+nv v)+φnx,nv

)]2
.

Here, vth,i represents the thermal velocity (average speed of ions moving randomly
within the plasma due to their temperature), the phases φnx,nv are drawn i.i.d. in [0,2π),
and the result is renormalized to unit density. In practice, we fix mx,mv = {(4,4),(8,8)},
and generate 1000 trajectories each by randomly sampling φnx,nv . We refer to the dataset
with mx,mv = 4,4 as the low frequency dataset, and the dataset with mx,mv = 8,8 as
the high frequency dataset. We do not adaptively timestep, as this poses some slight
complications for Phase 2 training and future time extrapolation. We instead fix
∆t = 0.01, which satisfies the CFL condition, and propagate until physical time
Ttrain = 1.0. For the subsequent results, we assume a 32 × 32 grid for the coarse grain
data generation and a 128×128 grid for the fine grain data generation.

For the two-stream dataset, the ions are taken to be stationary Maxwell-Boltzmann
distributions in the same way used for the randomized dataset. The electron distribution
is a pair of counter-propagating beams whose density is perturbed by a small, broadband
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perturbation:

fe(x,v,0) =
[
1+A1 cos(kx+ϕ1)+A2 cos(2kx+ϕ2)

] 1
2
√

2π

·

e− (v−v̄)2
2 + e− (v+v̄)2

2

.
Here, k= β/λD with λD the Debye length,A1 = ε is the fundamental-mode amplitude,

A2 = εr is the second-harmonic amplitude, and v̄ is the beam drift speed. Each trajectory
is obtained by independently sampling the parameter set

ε= ε0(1+ δε), δε ∼ U[−0.10,0.10], ε0 = 5×10−3,

β = β0 + δβ, δβ ∼ U[−0.05,0.05], β0 = 0.20,
v̄ = v̄0(1+ δv), δv ∼ U[−0.05,0.05], v̄0 = 2.4,

r ∼ U[0.05,0.10], ϕ1,ϕ2 ∼ U[0,2π).

This ensemble therefore varies the perturbation strength, the effective wavenumber,
the beam drift, the second-harmonic content, and the phases. This creates a dataset that
captures a wide range of growth and saturation behaviors. We generate 1000 trajectories
for training and evolved each one on a coarse 64 × 64 grid and a fine 256 × 256 grid
using a fixed timestep ∆t= 0.01 and simulate until physical time Tsim = 50. During post-
processing, we retain only the one-second slice 22 ≤ t < 23, for both grids, resulting in
101 equally spaced frames. This captures the portion in time evolution when the electron
two-stream instability has grown well enough into its nonlinear regime, but has yet to fully
mix/form coherent vortices.

Finally, we note that both datasets used uniform grid spacing where x ∈ [−2π,2π] and
v ∈ [−6,6].

A.7 Why freezing the ions is valid
A stationary-ion (single-species) Vlasov–Poisson model is routinely adopted

whenever the dynamics of interest unfold on electronic time-scales. Canonical examples
of interest from the plasma community include linear and nonlinear Landau damping [9].
Landau damping is the collisionless attenuation of electrostatic waves due to
phase-mixing in the electron distribution function. This process unfolds on electronic
time scales and therefore treats the far heavier ions as effectively immobile. More
recently, data-driven studies of Vlasov–Poisson systems using latent-space identification
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or PINNs [64, 139] have also employed this approximation to make predictions with
respect to the electron dynamics.

The rationale is the large separation between the electron and ion plasma periods,
quantified by the large discrepancies between their masses as

Ti

Te
=
√
mi

me
,

where me and mi are the electron and ion masses and Te and Ti their respective plasma
periods. In general, the plasma frequency of a species with number density ns, charge
magnitude qs (for electrons qe = −1), and mass ms is

ωp,s =
√
nsq2

s

ϵ0ms
,

so the period Ts = 2π/ωp,s scales as Ts ∝ √
ms; hence Ti/Te =

√
mi/me, showing that

heavier ions oscillate intrinsically more slowly than light electrons under the same
electrostatic restoring force [55]. Even with a reduced mass ratio mi/me = 25 one
obtains Ti = 5Te. The electron period is Te = 2π/ωpe with

ωpe =
√
nee2

ϵ0me
,

where ne is the electron number density, e the elementary charge, and ϵ0 the vacuum
permittivity (in our normalized units ne = 1 and e = ϵ0 = 1, giving ωpe = 1). Over
simulation windows of only a few electron periods, the majority of the ion velocity
changes negligibly, so omitting the ion species from Vlasov–Poisson equation leaves the
linear growth, nonlinear saturation, and phase-space structure of the electron species
virtually unchanged. A full two-species treatment becomes essential only when
simulations extend well beyond Ti or deliberately excite coupled electron-ion modes such
as the Buneman instability[55, 9]; such regimes lie outside the methodological scope of
this work.

A.8 Supplementary results

A.8.1 Training frequency transfer
The left panel of Figure A.2 shows a sweep of test set errors where

mx = mv ∈ {4, . . . ,8} using a model trained only on the highest band-limit (8,8). The
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(a) Training on the high-frequency dataset
(mx,mv) = (8,8) and evaluating on
progressively lower test bandwidths.
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(b) Training on the low-frequency dataset
(mx,mv) = (4,4) and evaluating on
progressively higher test bandwidths.

Figure A.2: Zero-shot generalization sweeps for the 1D1V Vlasov–Poisson super-
resolution task with random cosine superposition initial condition. Solid curves show
the FUnet prediction errors while dashed curves indicate the bicubic upsampling baseline.
High-frequency training (left) maintains low error when asked to resolve coarser spectra,
whereas the converse (right) incurs rapidly growing error when tested with high-frequency
data.

dashed curves correspond to the bicubic interpolation baseline errors, and the solid curves
represent the FUnet predictions errors. Surprisingly, the error appears to decrease as the
gap between train- and test-frequencies widen. Nevertheless, we see that for all
predictions of the flow and moments, that the FUnet predictions retain anywhere from a
7 − 10× improvement in error over the baseline, demonstrating the non-trivial
generalization to out of distribution spectra. The right panel shows a model that is trained
only on the lowest band-limit (4,4). As expected, the error increases as the frequency
band-width increases.

To understand the transferability, we investigate the weights of the model for insight.
Figure A.3 shows that every weight matrix in the high-frequency network (trained on
(mx,mv) = (8,8) data) has a spectral norm that matches or exceeds its low-frequency
analogue in key layers that are responsible for generating fine-scale features. The gap is
noticeably the largest in the global Fourier layer bottleneck.1, which is primarily
responsible for processing the mixed Fourier modes. Thus, we can reason that the
high-frequency model retains more coarse directions, whilst additionally activating
higher-frequency degrees of freedom that do not appear during (mx,mv) = (4,4)
training.
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Baseline SRaFTE model

Moment (mx,mv)train →(mx,mv)test Bicubic FUnet

ρ (4,4)→(4,4) 1.32×10−1 6.42×10−3 ± 1.52×10−3

(8,8)→(8,8) 3.19×10−1 4.81×10−2 ± 5.83×10−3

(8,8)→(4,4) 1.32×10−1 3.58×10−2 ± 1.01×10−2

J (4,4)→(4,4) 3.69×10−1 1.87×10−2 ± 4.89×10−3

(8,8)→(8,8) 9.25×10−1 1.77×10−1 ± 1.99×10−2

(8,8)→(4,4) 3.69×10−1 1.08×10−1 ± 3.00×10−2

M (4,4)→(4,4) 1.98×10−1 1.28×10−2 ± 3.53×10−3

(8,8)→(8,8) 4.04×10−1 9.17×10−2 ± 9.52×10−2

(8,8)→(4,4) 1.98×10−1 6.49×10−2 ± 1.08×10−2

Table A.2: Randomized 1D1V Vlasov Phase 1 test set relative L2 errors for frequency
transfer. Errors are averaged over 20 new initial conditions. FUnet results are
averaged over five training runs and reported as mean±standard deviation, while bicubic
upsampling is deterministic and reported as a mean only. Lower values are highlighted in
bold.
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Figure A.3: Per-layer spectral norms. Each data point is the largest singular value ∥W∥2
of a weight matrix in the model. Larger values therefore signal a greater ability to pass
or create high-frequency features. Both models exhibit to clear spikes: one at the Fourier
mixing layer bottleneck.1 and one at the first decoder convolution dec0.0.conv.
These are precisely the layers that must inject or preserve fine-scale modes as the feature
map is downsampled and then re-expanded.

Let fθ be a trained network with parameters θ and select a single weight matrixWℓ ⊂ θ.
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Given N coarse snapshots {xi}N
i=1 we form for each i,

gi = ∂

∂Wℓ

[
L
(
fθ(xi)

)]
∈ RP , P = |Wℓ|,

for L the loss. If we then stack the parameter gradients row-wise, we obtain the Jacobian,
J = [g⊤

1 ṡg
⊤
N ]⊤ ∈ RN×P , and the layer-restricted neural tangent kernel (NTK) [69] is

K = J J⊤ ∈ RN×N , Kij = ⟨gi, gj⟩.

Hence K measures how similar the weight update would be if the network were
(re-)trained on snapshots xi and xj . We will make use of this to analyze two NTK
diagnostics [175]:

1. Eigenspectrum. The sorted eigenvalues λ1 ≥ ·· · ≥ λN of K help quantify the
effective dimensionality of the subspace generated by the span of the gradients: a
rapid decay will indicate that only a few directions in the parameter space are being
adjusted during training, whereas a flatter tail indicates a richer set of learnable
directions.

2. Kernel heatmap. Visualizing K itself highlights whether gradients are
independent or redundant (i.e. K is diagonal dominated or has strong off-diagonal
blocks). A nearly diagonal kernel implies that different coarse snapshots possess
distinct parameter updates, thus are likely to be well represented without the need
for fine-tuning.

The NTK diagnostics in Figure A.4 corroborate the viewpoint that high-frequency
training can generalize to low-frequency testing, but not vice-versa. For the bottleneck
Fourier layer and the first decoder convolution, the eigenspectrum of the high-frequency
training remains order(s) of magnitude larger beyond the first few ranks and its kernel is
nearly diagonal. This indicates that for distinct snapshots, there are linearly independent
gradients. Conversely, the low-frequency training eigenspectra collapse after rank k ≈ 4,
and the kernels have pronounced off-diagonal blocks. This signals that many input
directions share identical or near identical curvature. These kernel-level differences
explain the performance sweep in Figure A.2: a new low-frequency snapshot will likely
lie inside the curvature subspace spanned by the high-frequency NTK and is therefore
recovered immediately in evaluation, whereas a high-frequency snapshot falls outside of
the low-frequency span, so the model fails to generalize.
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Figure A.4: NTK statistics Top row: Fourier mixing layer bottleneck.1; bottom row:
first decoder convolution dec0.0.conv. High-frequency training (orange) yields richer
eigenspectra and nearly diagonal kernels, whereas low-frequency training (blue) collapses
to a low-rank span with shared gradients.
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Figure A.5: Total Phase 1 super-resolution for randomized dataset.
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Figure A.6: Total Phase 1 super-resolution for two-stream instability.
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Figure A.7: Total Phase 2 extrapolation for randomized dataset
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Figure A.8: Total Phase 2 extrapolation for two-stream instability.
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Figure A.9: Total Phase 2 moments extrapolation for two-stream instability.
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Figure A.10: Total Phase 2 moments extrapolation for randomized dataset



Appendix B

Appendix for Chapter 4

B.1 A case study of quantum resource estimates
Here, we estimate the quantum resource requirements of FDODMD/ODMD on

realistic quantum hardware. For simplicity, let us consider the example of LiH in the
STO-3G basis set. For this case, Li fixed at the origin and H placed 1.595 Å along the
z-axis.

Within this basis set, we find that Li contributes 5 spatial molecular orbitals (MOs)
and H contributes 1. If we freeze the core electron of Li, this leaves 5 active spatial MOs,
which implies the number of qubits needed to represent the effective Hamiltonian is 10.

The second-quantized electronic Hamiltonian is

H =
∑
p,q
hpq a

†
paq + 1

2
∑

p,q,r,s
hpqrsa

†
pa

†
qaras.

Here p,q,r,s index an orthonormal spin–orbital basis {ϕp}; a†
p (ap) creates (annihilates)

an electron in ϕp and obeys {ap,a
†
q} = δpq. The coefficients are

hpq = ⟨ϕp| − 1
2∇2 −∑

AZA/|r − RA||ϕq⟩ (one-electron integrals) and hpqrs = ⟨pq∥rs⟩
(two-electron Coulomb integrals). Under the standard Jordan–Wigner fermion-to-qubit
mapping and using Qiskit [70] for circuit compilation, the effective Hamiltonian contains
631 unique Pauli strings.

In the benchmarks that we consider, we manually prescribe the spectral weights {pn}
used in forming (4.3). We fix a target ground-state probability p0 and distribute the
remainder uniformly over excitations. This controls the conditioning of the identification
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problem and probes K-convergence behavior under the spectrum. This is a simulation
artifact, not a hardware prescription: realizing the specific {pn} exactly would indeed
require prior eigenbasis knowledge. In general, preparing a sparse linear combination of
computational basis states incurs a gate complexity that scales linearly with the sparsity
and polynomially with the system size. On hardware, a practical computation would use a
Hartree-Fock reference state (0 CNOTs) to obtain the reference state to be used for time
evolution for ODMD/FDODMD. Notably, because ODMD/FDODMD are not dependent
on the exact overlap probabilities themselves — only requiring non-zero overlap with the
frequencies of interest — our resource estimates here are for practical state preparations.

On hardware, we require a compiled single step U∆t ≈ e−iH∆t, applied repeatedly. In
principle, we can compile U∆t with a first-order product formula using M Trotter steps,
which forms an intrinsic microstep ∆t/M :

U∆t ≈ [S1(∆t/M)]M , S1(τ) =
Γ∏

ν=1
e−icνPντ .

Compilation cost per step is then O(MΓ). A CNOT upper bound per exponential is then
given by 2(w(Pν) − 1), where w(·) is a Pauli weight. This follows from the standard
parity-ladder construction [202]: conjugate non-Z Paulis to Z, compute the parity of the
w(Pν) participating qubits onto a pivot with w(Pν)−1 CNOTs, apply a single rotation Rz

on the pivot, and uncompute with another w(Pν) − 1 CNOTs (ignoring one-qubit gates).
Thus, we have that

CNOTs per U∆t ≲M
Γ∑

ν=1
[2(w(Pν)−1)+2].

Since we use the Hadamard test, evolution is controlled by an additional ancilla qubit, thus
there are 2 additional CNOTs per term. If we takeM = 1, this yields 4 956 (uncontrolled)
or 6 216 (controlled) CNOTs per U∆t.

With temporal samples at tk = k∆t for 1 ≤ k ≤ K, the deepest circuit occurs at
k =K and is composed of K×(CNOTs per U∆t) two-qubit gates. The maximum number
of CNOTs then at k = K = 1500 is then roughly 7.434×106 uncontrolled or
9.324×106 controlled. Furthermore, the total number of measurement shots for
collecting the observable time series Res(tk) scales as (K + 1)/ε2. Taking
K = 1500, ϵ= 0.1 means roughly 1.5×105 shots are needed.

The estimates here assume for the hardware all-to-all connectivity, no cancellation, and
no error mitigation techniques; transpilation/optimizations can only reduce the estimates.
Fig. B.1 visualizes the computational load for this particular unoptimized case study and
it is shown that the CNOT cost is dominated by the mid-weight Pauli strings. Proper
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Figure B.1: LiH (STO-3G, 10 qubits): Pauli-weight histogram and CNOT load. Bars show
the count of Pauli strings by weight for the Jordan-Wigner Hamiltonian; the line overlays
each weight bin’s contribution to the first-order microstep S1 CNOT cost.

optimizations, such as grouping commuting Pauli strings and tapering to a fixed particle-
number sector, can substantially reduce the circuit depth and overall gate overhead. In
conjunction with a smaller K or choice of ∆t that is consistent with the target spectral
resolution, the case of simulating LiH on NISQ-era hardware is challenging but plausible.
Indeed, recent studies have shown success in simulating LiH in the STO-3G and larger
basis sets for VQE and excited-state variants on IBM superconducting processors and
with Qiskit hardware backends/simulators [207, 157, 127, 77].

Molecules with large active spaces (e.g., Cr2) typically admit significantly larger
Hamiltonians and heavier Pauli weights, implying an increase in quantum resources. As
capabilities scale, these systems will emerge as core benchmarks; addressing strongly
correlated molecular targets will rank among the most exciting, high-impact tasks in the
near term and early fault-tolerant era.

B.2 Optimal shot allocation
Suppose we ask: how should we allocate shots at each time tk, from a fixed total budget

of Ntotal shots, so as to minimize the uncertainty in each noisy Red(tk) defined in (4.4)?
A general answer to this question that assumes no prior knowledge of Res(tk) is beyond
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the scope of this chapter. However, if we take a hindsight/oracle point of view, whereby
Res(tk) is known and we want to determine after the fact how many shots we should have
used to minimize uncertainty, then a simple solution is possible.

Let us quantify the total uncertainty by the total variance of Red(tk) over all times.
Summing (4.5) over all k and using πtk

= (1 + Res(tk))/2, we get
∑

k Var(Red(tk)) =∑
k(1−Res(tk)2)/ntk

. This leads us naturally to the constrained optimization:

minimize
∑
k

(1−Res(tk)2)/ntk

subject to
∑
k

ntk
=Ntotal and ntk

≥ 0.
(B.1)

Here we minimize with respect to ntk
, the number of shots to allocate at time tk. To

solve this optimization problem, we use Lagrange multipliers, i.e., we seek critical points
(n∗

tk
,µ∗) of the Lagrangian

L(ntk
,µ) =

∑
k

(1−Res(tk)2)/ntk
+µ

(∑
k

ntk
−Ntotal

)
. (B.2)

Setting ∇ntk
L(ntk

,µ) = 0 yields ntk
=
√

(1− s(tk)2)/µ. Combining this with the
constraint

∑
kntk

=Ntotal enables us to solve for the optimal µ. Substituting such optimal
µ back into the ntk

equation yields the optimal number of shots to allocate at time tk:

⌊
n∗

tk

⌋
=Ntotal


√

1− s(tk)2∑
k

√
1− s(tk)2

 . (B.3)

Note that (B.3) is minimized when s(tk) = ±1, and maximized when s(tk) = 0.
We view (B.3) as justifying the use of an equal number of shots at each time tk. In

Fig. B.2, we plot the optimal number of shots n∗
tk

at time tk, prescribed by (B.3), for
various total shot budgets Ntotal ∈ {5×103,104,105,106}. Dashed black lines indicate the
uniform allocation Ntotal/Kmax with Kmax = 1000. At time t = 0, s(0) = ⟨ϕ0|ϕ0⟩ = 1,
implying zero variance — thus no shots are needed at t= 0.

For every tk > 0, we find in Fig. B.2 that n∗
tk

, calculated with the noiseless observable
s(tk) in (B.3), is either Ntotal/Kmax or Ntotal/Kmax − 1. Empirically, using an equal
number of shots Ntotal/Kmax at each time tk is essentially equivalent to optimally
allocating the shots by minimizing the total variance; the gap in the performance between
equal and optimal shot allocation is negligible.
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Figure B.2: Optimal shot allocation for Ntotal = {5 × 103,104,105,106}. We compute
(4.2) with (Kmax,∆t,p0) = (1000,1.0,0.2) as input data to (B.3). We find that it is nearly
optimal to allocate an equal number of shots across all time.
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B.3 Hamiltonian Scaling
Let H denote the molecular Hamiltonian whose GSE must be estimated; in this

chapter, this is the ASCI Hamiltonian. Let {E0, . . . ,EN−1} denote the eigenvalues of H;
similarly, let {E0, . . . ,EN−1} denote the eigenvalues of a linearly rescaled Hamiltonian

H = β0I+β1H. (B.4)

We assume all eigenvalues are indexed in nondecreasing order. In order to satisfy an
ODMD convergence criterion [161], we seek a rescaling that implies

(EN−1 +E1 −2E0)∆t < 2π. (B.5)

Let E and E be estimated lower and bounds, respectively, on the true spectrum; by this
we mean that for all j = 0,1, . . . ,N −1, we must have

E < Ej <E. (B.6)

In a practical setting, E and E can be estimated as follows. First one runs a Hartree-
Fock calculation on the molecular system under consideration to calculate Hartree-Fock
eigenvalues Ẽ0 and ẼN−1 that approximate the true eigenvalues with bounds [120, 136]
of the form |Ẽ0 −E0| < α0 and |ẼN−1 −EN−1| < αN−1. Let α = max{α0,αN−1} and
set

E = Ẽ0 −α and E = ẼN−1 +α.

By construction, (B.6) will be satisfied. In the present chapter, to simulate the above
scenario, we use the true ASCI eigenvalues with a large value of α (in particular, α= 0.2)
and set E = E0 −α and E = EN−1 +α. Now define ∆E = E−E and µE = (E+E)/2.
We then use

β0 = −πµE(2∆t∆E)−1 and β1 = π(2∆t∆E)−1.

Let us show that this rescaling satisfies (B.5). First, since H is Hermitian, there exists a
unitary V such that H = V ΛV † where Λ is diagonal and contains the eigenvalues of H .
Note that H is also diagonalized by V ; by (B.4), V †HV = β0I + β1Λ, which is purely
diagonal. Thus the eigenvalues of H and H are related via

Ej = β0 +β1Ej .

Using this and (B.6), we have

EN−1 −E0 = π

2∆t
EN−1 −E0
E−E

<
π

2∆t

E1 −E0 = π

2∆t
E1 −E0
E−E

<
π

2∆t
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Adding these inequalities and multiplying through by ∆t, we see that (B.5) is satisfied.
In the above derivation, β0 canceled out entirely; the purpose of β0 is to ensure that the
rescaled eigenvalues satisfy Ej ∈ [−π/(4∆t),π/(4∆t)]. To see this, note that the above
definitions and (B.6) yield

E0 = π

2∆t∆E [−E/2−E/2+E0]

>
π

2∆t∆E [−E/2−E/2+E] = π

2∆t∆E

[
−∆E

2

]
= − π

4∆t

Analogously, we can showEN−1 <π/(4∆t). This together with the nondecreasing nature
of the eigenvalues implies that all rescaled eigenvalues are in the desired interval. When
∆t= 1.0, as it is in this chapter, we have Ej ∈ [−π/4,π/4] for all j.

B.4 Supplementary Figures
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Figure B.3: Convergence comparison of FDODMD (circles) and baseline ODMD
(triangles) for LiH. We choose Kmax = 1500, ∆t = 1.0, and p0 ∈ {0.15,0.2,0.72}. Both
methods process noisy data given by (4.6) with ξ(tk) ∼ N (0, ϵ = 0.1). For FDODMD,
we use (4.17) with γ ∈ {1.0,1.5,2.0,2.5,3.0,3.5} to generate 6 denoised realizations. All
the denoised realizations are then stacked in conjunction with the noisy data according to
(4.18). For both FDODMD and ODMD, we set δ = ϵ. Note the accelerated convergence
(roughly 4 times less data required) to chemical accuracy offered by FDODMD for the
lower overlap cases.

Fig. B.3 compares convergence to the GSE of another test molecule, LiH in the 3-21g
basis, under the same parameter setting as in Fig. 4.5. We investigate the effect of varying
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Figure B.4: Eigenvalue convergence of FDODMD with and without stacking the raw
noisy data for Cr2 molecule. Dashed lines indicate the target eigenenergies of H . We
fix (Kmax,∆t,p0) = (1500,1.0,0.2) and simulate noisy data given by (4.6) with ξ(tk) ∼
N (0, ϵ = 0.8). We choose δ = 0.8 accordingly. For FDODMD, we use (4.17) with
γ ∈ {2.0,2.5,3.0,3.5,4.0,4.5} to generate R = 6 denoised realizations. The red dashed
line indicates the lower bound computed from Ref. [136]. When stacking includes the raw
data in the high noise regime, the estimated ground state energy exhibits a clear violation
of known lower bounds.
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Figure B.5: Comparison of the bound developed in (4.27) for both LiH and Cr2 averaged
across 100 noisy trajectories compared to the bound in Ref. [10]. For our bound, we
choose the optimal truncation factor τr consistent with Fig. 4.12. Here, for both molecular
systems we fix ϵ= 0.1, p0 = 0.2, and ∆t= 1.0 to simulate noisy data from (4.6). We vary
the length of the time series K for both bounds. Numerically, our bound appears tighter
for these experiments.

the initial state overlap p0. Similar to Cr2, we find that FDODMD offers rapid and stable
convergence compared to ODMD, requiring roughly 4 times less quantum resources.

Fig. B.4 examines the convergence of the FDODMD GSE estimate under the same
parameter set used in Fig. 4.8. We compare the effect of stacking with and without the raw
noisy data d(t) from (4.3) in the high noise regime. Specifically, we evaluate two stacking
strategies:

1. Stacking the raw noisy observable d(t) together with itsR denoised reconstructions.

2. Stacking only the R denoised trajectories.

As the denoising and stacking procedures are purely classical, both variants can be
evaluated with minor cost by running the post-processing twice. When the noisy data is
retained in the stack, the estimated GSE, as a function of the data length, manifestly
violates known lower bounds reported in the literature [136, 120]. By contrast, the stack
composed solely of the denoised signals respects both the lower and upper bounds over
the observed time window.

Fig. B.5 compares the error bound derived in (4.27) with an alternative denoising
bound based on the framework of atomic norm minimization [10]. In particular, Ref. [10]
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shows that, under a canonically chosen denoising parameter (which differs from the
Fourier mode thresholding considered in our approach), the mean-squared reconstruction
error scales asymptotically as ϵ

√
log(K)/K. Thus, we fix the threshold τr at the

optimum identified in Fig. 4.12 and plot both bounds as functions of K. Numerically, our
bound yields favorable reductions in the reconstruction error over the entire range of K
considered, supporting the performance gain of FDODMD over baseline ODMD shown
in Section 3.5.

B.5 Formal Proof of Theorem 4.8.1
To recap, the noiseless, noisy, and denoised data are defined by (4.2), (4.3), and (4.17),

respectively; s, d and r denote their vectorized time domain representations. Given a
complex-valued vector x = {xk}K−1

k=0 , we define the forward and inverse discrete Fourier
transform (DFT) pair:

x̂k =
K−1∑
j=0

xj e
−2πij k/K and xk = 1

K

K−1∑
j=0

x̂j e
2πij k/K . (B.7)

For any vector x ∈ CK , Plancherel’s theorem states that

∥x∥2
2 = 1

K
∥x̂∥2

2,

where ∥x∥2 = (x†x)1/2 =
(∑K−1

k=0 |xk|2
)1/2

is the vector 2-norm with (·)† denoting
conjugate transpose (while we will use (·)T for ordinary transpose). By Plancherel’s
theorem,

∥r− s∥2
2 = 1

K
∥r̂− ŝ∥2

2 = 1
K

K−1∑
k=0

|r̂k − ŝk|2

= 1
K

K−1∑
k=0

∣∣∣I|d̂k|≥τr
d̂k − ŝk

∣∣∣2

= 1
K

K−1∑
k=0

∣∣∣I|d̂k|≥τr
(ŝk + ξ̂k)− ŝk

∣∣∣2

= 1
K

K−1∑
k=0

I|d̂k|≥τr
|ξ̂k|2 + I|d̂k|<τr

|ŝk|2. (B.8)
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To compute the expected value of the right-hand side, we must determine the distribution
of |ξ̂k|2. The remainder of the proof proceeds by treating the noise in Fourier domain as
a complex Gaussian process, and using properties of the exponential and error function
distributions to compute the expected error.

To determine the distributions of the random vector ξ and its DFT ξ̂, let N(µ,Σ) be
the multivariate normal with PDF

f(w) =
exp

(
−1

2(w −µ)TΣ−1(w −µ)
)

(2π)K/2 det(Σ)1/2 .

Based on our noise assumptions in Section 4.2.2, we have

Reξ ∼ N(0,Σ) and Imξ ∼ N(0,Σ), (B.9)

with Σ = ϵ2I. Let CN(µ,Γ,C) denote the complex normal with PDF

g(z) = 1
πK

√
det(Γ)det(Γ−C†Γ−1C)

· exp

−1
2

[
z−µ

z−µ

]† [
Γ C
C Γ

]−1 [z−µ

z−µ

] .
Combining (B.9), statistical independence of Reξ and Imξ, and properties relating the
multivariate and complex normal distributions, we conclude that

ξ ∼ CN(0,Γ,0), (B.10)

with Γ = 2Σ = 2ϵ2I. Now we define the forward Fourier matrix F via

Fjk = e−2πijk/K ,

for 0 ≤ j,k ≤ K− 1. Note the use of zero-based indexing for row/column entries. With
this, the forward and inverse DFT (B.7) can be written as a matrix-vector multiplications,

ξ̂ = Fξ and ξ = 1
K

F†ξ̂. (B.11)

Hence F†F = FF† =KI. Modulo the normalization constant K, the matrix F is unitary.
Combining (B.11) with (B.10), we have

ξ̂ ∼ CN(0,FΓF†,0).
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where FΓF† = 2ϵ2FF† = 2ϵ2KI. Hence

Re ξ̂ ∼ N(0, ϵ2KI) and Im ξ̂ ∼ N(0, ϵ2KI),

which means that each component is independent and has the same univariate normal
distribution with mean 0 and variance ϵ2K. Standardizing, we have

ϵ−1K−1/2 Re ξ̂k, ϵ
−1K−1/2 Im ξ̂k ∼ N (0,1).

The sum of squares of two independent standard normals,

W = (ϵ−1K−1/2 Re ξ̂k)2 +(ϵ−1K−1/2 Im ξ̂k)2 = ϵ−2K−1|ξ̂k|2,

has an exponential distribution with rate parameter 1/2. With this, we can conclude that
|ξ̂k|2, which appears in the first summation of (B.8), is exponentially distributed with
parameter λ= ϵ−2K−1/2. This implies that

E[|ξ̂k|2] = λ−1 = 2Kϵ2.

Summing this over k, we obtain E[∥ξ̂∥2
2] = 2K2ϵ2: Plancherel’s theorem implies

E[∥ξ∥2
2] = 2Kϵ2, which is indeed consistent with (B.10). We also conclude from the

above that |ξ̂k| has a Rayleigh distribution with parameter σ = 1/
√

2λ= ϵK1/2.
On the other hand, we note that |d̂k| = |ŝk + ξ̂k| ≤ |ŝk| + |ξ̂k|, and {k | |d̂k| ≥ τr} ⊂

{k | |ŝk| + |ξ̂k| ≥ τr}. Using this, we can take the expected value of the first term in (B.8)
and derive

E

 1
K

K−1∑
k=0

I|d̂k|≥τr
|ξ̂k|2

≤ 1
K

K−1∑
k=0

E

I|ξ̂k|≥τr−|ŝk||ξ̂k|2
.

There are two cases. When τr < |ŝk|, the indicator function on the right-hand side always
remains 1, so the expected value on the right-hand side is 2Kϵ2 as derived above. When
τr ≥ |ŝk|,

E

I|ξ̂k|≥τr−|ŝk||ξ̂k|2
= E

I|ξ̂k|2≥(τr−|ŝk|)2 |ξ̂k|2
.

As we know the distribution of |ξ̂k|2, we can directly evaluate the expectation: for α≥ 0,

E

I|ξ̂k|2≥α
|ξ̂k|2

]
=
∫ ∞

α
wλe−λw dw = e−αλ

λ
(1+αλ).
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For convenience, we define the function q(z) = e−z(1+ z), in terms of which we have

E

 1
K

K−1∑
k=0

I|d̂k|≥τr
|ξ̂k|2

≤

2Kϵ2
 1
K

K−1∑
k=0

Iτr≥|ŝk|q

(
(τr −|ŝk|)2

2ϵ2K

)
+ Iτr<|ŝk|

 . (B.12)

We now return to the second half of (B.8). Taking expected values, we have

E

 1
K

K−1∑
k=0

I|d̂k|<τr
|ŝk|2

= 1
K

K−1∑
k=0

|ŝk|2P
(∣∣∣∣ŝk + ξ̂k

∣∣∣∣< τr

)
. (B.13)

Note that

P
(∣∣∣∣ŝk + ξ̂k

∣∣∣∣< τr

)
=
∫

Ωk

1
2πϵ2K exp

(
−x2 +y2

2ϵ2K

)
dxdy,

where Ωk = {(x,y) ∈ R2 |(Re ŝk + x)2 + (Im ŝk + y)2 < τ2
r } is the disk centered at

(−Re ŝk,− Im ŝk) with diameter 2τr. Clearly, Ωk ⊂ Sk for a square Sk with the same
center and side length 2τr. Therefore,

P
(∣∣∣∣ŝk + ξ̂k

∣∣∣∣< τr

)
≤
∫

Sk

1
2πϵ2K exp

(
−x2 +y2

2ϵ2K

)
dxdy

≤ 1
4

[
Erf

(
−Re ŝk + τr√

2ϵ2K

)
−Erf

(
−Re ŝk − τr√

2ϵ2K

)]

·
[
Erf

(
− Im ŝk + τr√

2ϵ2K

)
−Erf

(
− Im ŝk − τr√

2ϵ2K

)]
, (B.14)

where Erf(z) = 2/
√
π
∫ z
0 e

−t2
dt denotes the error function. Let us define

Rk(τr,K,ϵ) :=
[
Erf

(−Re ŝk + τr√
2ϵ2K

)
−Erf

(−Re ŝk − τr√
2ϵ2K

)]

·
[
Erf

(− Im ŝk + τr√
2ϵ2K

)
−Erf

(− Im ŝk − τr√
2ϵ2K

)]
. (B.15)

Combining (B.14) with (B.13) and (B.12), we can estimate the expected value of the RHS
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of (B.8), resulting in

1
K

E
[
∥r− s∥2

2
]

≤

2ϵ2
 1
K

K−1∑
k=0

(
I{τr≥|ŝk|} q

((τr −|ŝk|)2

2ϵ2K

)
+ I{τr<|ŝk|}

)
+ 1
K

K−1∑
k=0

|ŝk|2

4K Rk(τr,K,ϵ). (B.16)

where we can identify the RHS with the function G(τr,K,ϵ,s) in Theorem 4.8.1. □
With further analysis, we can unpack the K-dependence of the right-hand side of

(B.16). The first bracketed term is a K-normalized average of bounded factors and is
therefore O(1) in K (for fixed τr). Via a mean-value theorem argument, we show below
that the second term is O(1/K2), after summation and application of Plancherel’s
theorem. Hence, the right-hand side of (B.16) equals a τr–controlled constant plus an
O(1/K2) term.

For any u ∈ R and δ > 0, the mean value theorem gives

Erf(u+ δ)−Erf(u− δ) = 2δ Erf ′(u∗),

for some u∗ ∈ (u− δ,u+ δ). Since Erf ′(x) = 2/
√
πe−x2 ≤ 2/

√
π for all x,

∣∣∣Erf(u+ δ)−Erf(u− δ)
∣∣∣≤ 4δ√

π
. (B.17)

Apply (B.17) with

ux = − Re ŝk√
2ϵ2K

, uy = − Im ŝk√
2ϵ2K

, δ = τr√
2ϵ2K

.

Then, each bracket in Rk (see (B.15)) satisfies∣∣∣∣∣Erf
(−Re ŝk + τr√

2ϵ2K

)
−Erf

(−Re ŝk − τr√
2ϵ2K

)∣∣∣∣∣≤ 2
√

2√
π

· τr

ϵ
√
K
,

and the same bound holds with Re replaced by Im. Hence

Rk(τr,K,ϵ) ≤
(

2
√

2√
π

· τr

ϵ
√
K

)2

= 8τ2
r

πϵ2K
. (B.18)
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Note that the shifts −Re ŝk and − Im ŝk only change u∗ in the mean value theorem; the
bound (B.17) is uniform in u.

Inserting (B.18) into the second term of (B.16), and then applying Plancherel, we have:

1
K

K−1∑
k=0

|ŝk|2

4K Rk(τr,K,ϵ) ≤ 2τ2
r

πϵ2K3

K−1∑
k=0

|ŝk|2 ≤ 2τ2
r

πϵ2
∥s∥2

2 · 1
K2 .

In the last expression, the constant multiplying 1/K2 depends only on τr, ϵ, and s.
Let us return to (B.16). Since q(·) ∈ (0,1] and the indicators are in {0,1}, the first

bracketed term on the right-hand side of (B.16) is O(1) in K, with the precise constant
controlled by the threshold τr. The second term is O(1/K2) by the bound above. Thus,
the mean-squared error bound of Theorem 4.8.1 can be interpreted as follows:

1
K

E
[
∥r− s∥2

2
]

≤ 2ϵ2
[
threshold-controlled constant

]
+

(
2
π

τ2
r

ϵ2
∥s∥2

2

)
· 1
K2 ,
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