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ABSTRACT OF THE DISSERTATION

Regression with complex data: regularization, prediction and bootstrap

by

Yunyi Zhang

Doctor of Philosophy in Mathematics with a Specialization in Statistics

University of California San Diego, 2022

Professor Dimitris N. Politis, Chair

Analyzing a linear model is a fundamental topic in statistical inference and has been
well-studied. However, the complex nature of modern data brings new challenges to statisticians,
i.e., the existing theories and methods may fail to provide consistent results. Focusing on a
high dimensional linear model with i.i.d. errors or heteroskedastic and dependent errors, this
dissertation introduces a new ridge regression method called ‘the debiased and thresholded ridge
regression’; then adopts this method to fit the linear model. After that, it introduces new bootstrap
algorithms and applies them to generate consistent simultaneous confidence intervals/performs
hypothesis testing for linear combinations of parameters in the linear model. In addition, this

paper applies bootstrap algorithm to construct the simultaneous prediction intervals for future

Xii



observations. Numerical algorithms show that the new ridge regression method has a good
performance compared to other complex methods like Lasso or the threshold Lasso.

This thesis also studies the properties of a residual-based bootstrap prediction interval. It
derives the asymptotic distribution of the difference between the conditional coverage probability
of a nominal prediction interval and the conditional coverage probability of a prediction interval
obtained via a residual-based bootstrap. This result shows that the residual-based bootstrap
prediction interval has about 50% possibility of yielding conditional under-coverage. Moreover,
it introduces a new bootstrap prediction interval that has the desired asymptotic conditional

coverage probability and the possibility of conditional under-coverage.
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Chapter 1

Linear regression with complex data

Analyzing a linear model

y=XB+e

X is an n X p design matrix (1.1)

T

and € = (¢1,...,&,)" are the errors

is a fundamental topic in statistical inference, and there has been extensive research on this topic;
see Wu [1986] for constructing confidence intervals, Stine [1985] for constructing prediction
intervals and Seber and Lee [2003] for a complete introduction. However, in the modern era,
data always exhibit complex nature, which brings new challenges to the existing methods and
theories; see Tibshirani [2011] and the reference therein. Our research considers the following

properties:

e High-dimensionality The dimension p can have a comparable size to or even larger than
the number of observations n. Classical linear regression theories and methods rely on the
assumption that p is significantly smaller than n. If this assumption is violated, then those

methods may fail to provide a consistent result, see, e.g., Mammen [1993, 1996].

e Heteroskedasticity and dependency In the linear regression literature, this property

means that the variance Eei2 # ESJZ and the covariance Eg;€; # 0 for i # j. In practice, the



dependent variables y (e.g., daily stock price of a company or PM 2.5 concentration in Los
Angeles) may come from a stochastic process. If this happens, we cannot simply assume

the errors € are i.i.d. (i.e., independent and identically distributed).

Our research focuses on providing consistent confidence intervals/making hypothesis testing
for a high dimensional linear model with i.i.d. or heteroskedastic and dependent errors. Specif-
ically, chapter 2 adopts a high dimensional linear model with i.i.d. errors, introduces a new
ridge regression method called ‘the debiased and thresholded ridge regression’, and provides a
(bootstrapped) simultaneous consistent confidence interval for linear combinations of parameters
B. In addition, it constructs the simultaneous prediction interval for future observations; see
Politis [2015] for a detailed introduction to prediction intervals. Chapter 3 considers a high
dimensional linear model with heteroskedastic and dependent(correlated) errors and applies
the debiased and thresholded ridge regression method to fit the linear model. After that, it
constructs a consistent simultaneous confidence interval/performs hypothesis testing for linear
combinations of parameters 3. This chapter also provides some theoretical results for a new
class of heteroskedastic, dependent(non-stationary) random variables. These results should be
useful not only in linear regression but also in other statistics aspects.

In chapter 4, we study the properties of a bootstrapped prediction interval. Suppose
we have a linear model (1.1) and a new regressor xy, then we may apply the residual-based
bootstrap(e.g., Stine [1985]) and make a prediction interval for the new dependent variable
yr. However, the bootstrapped prediction interval always manifests under-coverage(i.e., the
conditional coverage probability of the prediction interval is smaller than the nominal coverage
probability) in practice, see Politis [2013]. Our work derives the asymptotic distribution of the
difference between the conditional coverage probability of a nominal prediction interval and the
conditional coverage probability of a prediction interval obtained via a residual-based bootstrap.
A corollary of this result is that the residual-based bootstrapped prediction interval has 50%

possibility of yielding under-coverage. We also develop a new bootstrap prediction interval



that has the desired asymptotic conditional coverage probability and the desired possibility of
yielding under-coverage.

We postpone the detailed proofs of the theorems in chapter 2 to 4 to appendices A to C.



Chapter 2

Ridge Regression Revisited: Debiasing,
Thresholding and Bootstrap

2.1 Abstract

The success of the Lasso in the era of high-dimensional data can be attributed to its
conducting an implicit model selection, i.e., zeroing out regression coefficients that are not
significant. By contrast, classical ridge regression can not reveal a potential sparsity of parameters,
and may also introduce a large bias under the high-dimensional setting. Nevertheless, recent
work on the Lasso involves debiasing and thresholding, the latter in order to further enhance the
model selection. As a consequence, ridge regression may be worth another look since —after
debiasing and thresholding— it may offer some advantages over the Lasso, e.g., it can be easily
computed using a closed-form expression. In this paper, we define a debiased and thresholded
ridge regression method, and prove a consistency result and a Gaussian approximation theorem.
We further introduce a wild bootstrap algorithm to construct confidence regions and perform
hypothesis testing for a linear combination of parameters. In addition to estimation, we consider
the problem of prediction, and present a novel, hybrid bootstrap algorithm tailored for prediction
intervals. Extensive numerical simulations further show that the debiased and thresholded ridge

regression has favorable finite sample performance and may be preferable in some settings.



2.2 Introduction

Linear regression is a fundamental topic in statistical inference. The classical setting
assumes the dimension of parameters in a linear model is constant. However, in the modern
era, observations may have a comparable or even larger dimension than the number of samples.
To perform a consistent estimation with high-dimensional data, statisticians often assume the
underlying parameters are sparse (i.e., the parameter vector contains lots of zeros), and proceed
with statistical inference based on this assumption.

The success of the Lasso in the setting of high-dimensional data can be attributed to
its conducting an implicit model selection, i.e., zeroing out regression coefficients that are not
significant; see Tibshirani [1996]. More recent work includes: Meinshausen and Biihlmann
[2006], Meinshausen and Yu [2009], and van de Geer [2008] for the Lasso estimator’s (model-
selection) consistency and applications; Chatterjee and Lahiri [2010, 2011], Zhang and Cheng
[2017], and Dezeure et al. [2017] for confidence interval construction and hypothesis testing;
and Javanmard and Montanari, Fan and Li [2001], and Chen and Zhou [2020] for improvements
of the Lasso estimator. Although the Lasso has the desirable property of zeroing out some
regression coefficients, van de Geer et al. [2011] proposed to further threshold the estimated
coefficients, leading to a sparser fitted model. Furthermore, Biihimann and van de Geer [2011],
and Dezeure et al. [2017], proposed to debias the Lasso in constructing confidence intervals; see
van de Geer [2019] and Javanmard and Javadi [2019] for recent works on debiased Lasso.

An alternative approach providing consistent estimators for a high dimensional linear
model is the so-called post-selection inference. It first applies Lasso to select influential param-
eters, then fits an ordinary least squares regression on the selected parameters; see Lee et al.
[2016], Liu and Yu [2013], and Tibshirani et al. [2018]. We refer to Biihlmann and van de Geer
[2011] for a comprehensive overview of the Lasso method for high dimensional data.

Ridge regression is a classical method, and its estimator has a closed-form expression,

making statistical inference easier than Lasso. However, there is relatively little research on the



ridge regression under the high-dimensional setting. Shao and Deng [2012] proposed a threshold
ridge regression method and proved its consistency. Dai et al. [2018] introduced a broken
adaptive ridge estimator to approximate Ly penalized regression. Dobriban and Wager [2018]
derived the limit of high dimensional ridge regression’s expected predictive risk. Biihlmann
[2013] used Lasso to correct the bias in a ridge regression estimator, while Lopes [2014] applied
a residual-based bootstrap to construct confidence intervals.

Three issues have prevented ridge regression from being suitable for a high dimensional
linear model:

1. The ridge regression cannot preserve/recover sparsity. Typically, a ridge regression
estimator of the parameter vector will not contain any zeros, even though the parameters may be
sparse.

2. Bias in the ridge regression estimator can be large. 'To illustrate this, suppose
the parameter of interest is aTﬁ in a linear model y = Xf3 + €; here, the dimension p < n
(the sample size), X has rank p, and a is a known vector. The ridge estimator is a’ 6* with
0% = (XTX + pnlp)_lX Ty, for some p, > 0, with I, denoting the p-dimensional identity matrix.
Performing a thin singular value decomposition X = PAQ” (as in Theorem 7.3.2 in Horn and
Johnson [2013]), and assuming the error vector € consists of independent identically distributed

(i.i.d.) components, the bias and the standard deviation can be calculated (and controlled) as

follows:
Ea"6*—a" B = —p,a” Q(A>+pul,) ' Q"B
which implies |Ea” 6% —a’ B| < p,,||a|l2 < 1Al
lp + Pn 2.1
and \/Var(al 8%) = \/Var(sl) x al Q(A?+ puI,) 2A2QTa
< /Var(gp) x HaHg.
< %
In the above, A, is the smallest singular value of X, and || - || is the Euclidean norm

of a vector. If ||3]|> does not have a bounded order, the bias may tend to infinity. Another

critical problem is that the absolute value of the bias can be significantly larger than the standard



deviation, which makes constructing confidence intervals difficult.

3. When the dimension of parameters is larger than the sample size, ridge regression
estimates the projection of parameters on the linear space spanned by rows of X (Shao and Deng
[2012]). The projection (which can now be considered to be the ‘parameters’ of the linear model)
is not sparse, bringing extra burdens for statistical inference.

The third issue comes from the nature of ridge regression, and it is not necessarily bad;
our section 2.7 provides an example to illustrate this. The first two issues can be solved by
thresholding and debiasing respectively, yielding an improved ridge regression that will be the
focus of this paper. If the Lasso is in need of thresholding and debiasing —as van de Geer et al.
[2011], Dezeure et al. [2017], and Biihlmann and van de Geer [2011] seem to suggest— then it
loses some of its attractiveness, in which case (improved) ridge regression may be worth another
look. If (improved) ridge regression turns out to have comparable performance to threshold
Lasso, then the former would be preferable since it can be easily computed using a closed-form
expression. Indeed, numerical simulations in section 2.7 indicate that improved ridge regression
has favorable finite-sample performance, and has a further advantage over the Lasso: it is robust
against a non-optimal choice of the hyperparameters.

Apart from point estimation using improved ridge regression, this paper presents a
Gaussian approximation theorem for the improved ridge regression estimator. Applying this
result, we propose a wild bootstrap algorithm to construct a confidence region for y = Mf3 with
M a known matrix and/or test the null hypothesis Yy = y with ¥ a known vector, versus the
alternative hypothesis ¥ # Y. The wild bootstrap was developed in the 1980s by Wu [1986] and
Liu [1988]; its applicability to high-dimensional problems was recognized early on by Mammen
[1993]. Here we will use the wild bootstrap in its Gaussian residuals version that has been found
useful in high-dimensional regression; see Chernozhukov et al. [2013]. Estimating and testing ¥
are important problems in econometrics, e.g., Dolado and Liitkepohl [1996], Sun [2011], Sun,
and Gongalves and Vogelsang [2011]. Besides, estimating Y directly contributes to prediction,

which is an important topic in modern age statistics.



Finally, we consider statistical prediction based on the improved ridge regression esti-
mator for a high-dimensional linear model. For a regression problem, quantifying a predictor’s
accuracy can be as important as predicting accurately. To do that, it is useful to be able to
construct a prediction interval to accompany the point prediction; this is usually done by some
form of bootstrap; see Stine [1985] for a classical result, and Politis [2015] for a comprehen-
sive treatment of both model-based and model-free prediction intervals in regression. As an
alternative to the bootstrap, conformal prediction may be a tool to yield prediction intervals; see
e.g2. Romano et al. and Romano et al. [2020]. In our point of view, however, the bootstrap is
preferable as it captures the underlying variability of estimated quantities; Section 2.6 in what
follows gives the details.

The remainder of this paper is organized as follows: Section 2.3 introduces frequently
used notations and assumptions. Section 2.4 presents the consistency result and the Gaussian
approximation theorem for the improved ridge regression estimator. Section 2.5 constructs
a confidence region for y = M, and tests the null hypothesis ¥ = } versus the alternative
hypothesis ¥ # Y via a bootstrap algorithm. Section 2.6 constructs bootstrap prediction intervals
in our ridge regression setting using a novel, hybrid resampling procedure. Finally, Section 2.7
provides extensive simulations to illustrate the finite sample performance, while Section 2.8

gives some concluding remarks; technical proofs are deferred to chapter A.

2.3 Preliminaries

Our work focuses on the fixed design linear model

y=XB+e (2.2)

where the (unknown) parameter vector 8 is p-dimensional, and the n X p fixed (nonrandom)
design matrix X is assumed to have rank r. The error vector € has mean zero and satisfies

assumptions to be specified later.



Define the known matrix of linear combination coefficients as M = (m;;)i—1... p, j=1...p
so that M has p; rows. The linear combination of interest are ¥ = (¥i,..., ¥y, )T = MB.

Perform a thin singular value decomposition X = PAQT as in Theorem 7.3.2 in Horn and
Johnson [2013]; here, P and Q respectively is n X r and p X r orthonormal matrices that satisfy
PTP = QT Q =1I,, where I, denotes the r x r identity matrix. Furthermore, A = diag(A1,...,A,),
and A; > Ay > ... > A, > 0 are positive singular values of X.

Denote Q| as the p x (p — r) orthonormal complement of Q; then we have

010, =1,,,0"0, =0, and Q0" + 0,0 =1, (2.3)

in the above, 0 is the r x (p — r) matrix having all elements 0. Define { = Q"8 and 6 =
(61,...,6,)T =0 =00 B, then XB =X0,676 =TT Q¢ = {T¢. According to Shao and
Deng [2012], the ridge regression estimates 6 rather than f3.

Define 6, = QLQiB, so B = 6+ 6, . If the design matrix X has rank p < n, then Q |
does not exist. In this situation, we define 8, = 0, the p dimensional vector with all elements 0.

For a threshold b,, define the set .4}, = {i ||6;| > b, }. After selecting a suitable b,, define

.
ck=Y, miqp, Vi=12,..,p;, k=12, and 4 ={i| ) cj >0} (2.4)
J€Nbn k=1

Define 7;, i=1,2,...,p1 as

2
o a pnkk l 25
ER\P o (l“rpn (7L13+pn)2) T =

In section 2.4 and (A.2.14) to (A.2.16), we show that the estimation error ¥ — ¥ (see (2.17) for




the definition of ) asymptotically can be approximated by the random vector

ii lkplk( i + L )81
I=1J=1 Akz"‘Pn (;ng+pn)2 ’

& Ak Pk ) T
kPik + &)
X enrn (57t G

here P = (pi)i=1... ni—1...rand € = (&1,...,€,)T. Moreover, if we assume that &,i = 1,...,n are

(2.6)

1.1.d. with mean O and variance 1, then

- Ak PnAi )
Var CikP ( + €
(zziz Ao T (AF+pa2)
n (o M Pk ) ' ol >2
- CikP = +
l;(k;l ‘ lk(lkzﬂ’n (AZ +pn)? ; /12+pn (A2 +pn)?

In section 2.4, we will estimate 7; by 7;(defined in (2.25)) and use T; to normalize the estimation

2.7)

error. The extra 1/n in (2.5) is introduced to assure 7; > 0.

We will use the standard order notations O(-), o(-), Op(-), and 0,(-). For two numerical
sequences d,,b,,n = 1,2, ..., we say a, = O(b,) if 3 a constant C > 0 such that |a,| < C|b,|
for all n, and a,, = o(b,) if hm,,_>oo 2 = (. For two random variable sequences X,,,Y;,, we say
X = 0p(Y,) if for any 0 < € < 1, 3 a constant C¢ > 0 such that sup, Prob(|X,| > C¢|Y,|) < €;
and X, = 0, (¥,) if Y_Z —p, 0; see e.g. Definition 1.9 and Chapter 1.5.1 of Shao [2003]. All order
notations and convergences in this paper will be understood to hold as the sample size n — oo.
For a vector a = (aj,...,an)" and a fixed number g > 1, define |lal|, = (¥}, |ai\q)1/q. For a
finite set A, |A| denotes the number of elements in A. Notations 3 and V denote “there exists”
and “for all” respectively. Prob* (-) and E*- respectively represent probability and expectation in
the “bootstrap world”, i.e., they are the conditional probability Prob(-|y) and the conditional
expectation E(-|y).

Suppose H (x) is a cumulative distribution function and 0 < & < 1; then the 1 — ¢ quantile

10



of H is defined as

cl_q =inf{x e R|H(x) > 1 —a}. (2.8)

In particular, given some order statistics X1 < Xp < ... < Xp, the 1 — o sample quantile C;_¢ 1s

defined as

1 B
Ci—_q = X;, such that i, :min{i ) = E Ix.<x. > l—oc}. (2.9)
* B ] J>AG
]_

Other notations will be defined before being used. Without being explicitly specified, the
convergence results in this paper assume the sample size n — oo.

The high dimensionality in this paper comes from two aspects: the number of parameters
p may increase with the sample size n, and (for statistical inference/hypothesis testing) the
number of simultaneous linear combinations p; and |.# | can also increase with .

Our work adopts the following assumptions:

Assumptions
1. Assume a fixed design, i.e., the design matrix X is deterministic. Also assume that

there exists constants ¢ ,C; > 0,0 < n < 1/2, such that the positive singular values of X satisfy

Cn'2>M >0 > .. >4 >cnl. (2.10)

Furthermore, the Euclidean norm of 6 is assumed to satisfy ||| = /¥, 67 = O(n®) with
0< g <3n.

2. The ridge parameter satisfies p, = O(n?1~9) with a positive constant § such that
&f‘e <6 <21

3. The errors € = (g, ...,sn)T driving regression (2.2) are assumed to be i.i.d., with
Ee; =0, and E|g|" < o for some m > 4.

4. The dimension of the parameter vector 3 satisfies p = O(n®) for some constant

o, € [0,mn) where m,n are as defined in Assumptions 1-3. Furthermore, the threshold b,

11



is chosen as b,, = C, x n~"» with constants Cp, Vv, > 0 and v, + % —1n < 0. We assume 7 a
constant 0 < ¢, < 1 such that max;g 4, 6| < cp X by, and minie 4; [6;| > ’C’—Z

The intuitive meaning of assumption 4 is that the 6;s that are not being truncated should
be significantly larger than the 6; being truncated.

5. .# (defined in (2.4)) is not empty and |.Z| = O(n*#) with ¢, < mn where m,n
are as defined in Assumptions 1-3. Besides, assume 3 constants c¢_,,C 4 such that 0 < c_, <

Yi_ci <Cforalli€ 4. Also assume

1
max | Z mijej]:0<—>

J# o 2.11)
P 1
and max m;iiB | =0 ———
i=12,....p1 ’J_Z’l 0L < nlog(n))

We assume (2.11) to maintain the sparsity of 6 and assure that the projection bias 3 — 0
is negligible compared to the stochastic errors. It allows an inexact sparsity, i.e., some 6; may not
equal O even if i & .4}, . Theoretical results for other linear regression estimators (e.g., Lasso)
need an exact sparse assumption (6; = 0 for all i € .4}, ), see Zhao and Yu [2006] and Basu and
Michailidis [2015] for a further introduction.

6. J a constant s satisfying 1 > a > 0 such that

;
n" Y 16j] =0(n %), A5, = 0(n~ %) 2.12)

. n
JEN, n

7. || < r,the matrix T = (Cik)ic.# k=12, has rank |.#|, and one of the two following
conditions holds true:

7.1.

max |l>< ic-kplk< M + Pt )|
e i=12,..n T = A24Pn (A2 +pn)? (2.13)

= o(min(n%~D/2 5 1og3/%(n), =13 x1og =3/ (n)))
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7.2. o < 1/2 and

|| = o(n® xlog™(n))

1 - Ak pnlk _ —3/2
— X i + =0(n % x1 /
iE///,rln:al)f27...,n|Ti ,;C"p’k (;Lk2+pn (A2 + pn)? | (n og™"/*(n))

(2.14)

?i:?’i

According to (2.6), the normalized estimation error “=* asymptotically will be ap-

proximated by Y}, (% Y i1 CikPlk ( /l,f)}fpn + ( lgi/})"n)z )) €. Therefore, the intuitive meaning of

Ak
AE+pn

+ ( Afﬁf )2> £ in the summation are negligible
k n

and the number of simultaneous linear combinations |.#| cannot be too large.

assumption 7 is that all terms rl, Y i—1 CikDik (

Recall that the paper at hand focuses on fixed design regression, i.e., no randomness
involves in the design matrix X. However, all results of this paper still hold true in the case of
random design after conditioning on X, as long as X can be assumed independent of the error
vector €. In this case, to intrepret the results we would need to replace Prob(-) by Prob(-|X), E-

by E- |X, Prob*(-) by Prob(-|X,y) and E*- by E- |X,y.

Remark 1. We do not require that the design matrix has rank min(n, p) or that p < n. However,
when these conditions are not satisfied, the sparsity of 0, i.e., assumption 5 and 6, can be violated.

Section 2.7 uses a numerical simulation to illustrate this problem.
Example 1 below provides an instance in which assumption 1 is satisfied.

Example 1. Suppose n > p and lim, .. p/n=c € (0,1). Choose X = (x;})i=1,..n j=1,....p Such
that the x;; are a realization of i.i.d. random variables with mean 0, variance 1, and finite fourth
order moment. According to Bai and Yin [1993], the smallest eigenvalue of %X TX would then

converge to (1 — \/5)2 almost surely as n — o. So the smallest singular value of X (which is the

smallest eigenvalue of the square root of X' X ) is greater than l_z‘ﬁ \/n for sufficiently large n,
almost surely. On the other hand, the largest eigenvalue of %X TX converges to (1 + \/5)2 as

n — oo. Hence, the largest singular value of X also has order O(\/n) almost surely.

13



2.4 Consistency and the Gaussian approximation theorem

Throughout, we will use the notations developed in section 2.3. For a chosen ridge

parameter p,, > 0, define the classical ridge regression estimator 6* and the de-biased estimator

0 as

6" = (X"X 4 pul,) "' X7y
(2.15)

6 =(61,....0,)7 = 0" +p, x QA2 +p,I,) "' Q" 6"

Then we have

0 — 0 = —pZO(A*+puly) 25+ Q (A2 + puly) ' A+ pu(A? +puly) *A) PTe  (2.16)
Similar to .4, , define the set JI//I; , the estimator 6 = (51 e §p)T and 7 as

A=

|§i|>bn}a @:é}xli@@, y=M6 (2.17)
Then, 6 and ¥ constitute the improved, i.e., debiased and thresholded, ridge regression estimator

for the parameter vector 6 and ¥ = M f3 respectively. Apart from parameter estimation, we need

to estimate the error variance 62 = Eelz. The estimator for 62 is

5 1 Looa
6% =Y (vi— ) %6 2.18)
: st
Here X = (Xij)i=1,...n,j=1,...p-

Remark 2. According to (2.16), the estimation error 0—0is decomposed into a bias term
—p2Q(A? + puly) 2§ and a variance term Q ((A* + pul;) ~'A+ pa(A* + pul,) 2A) PTe. For

2
1020(A% + pul,)2E]|2 < %. In order to control the bias term,

Bll2 cannot be too large
(which is achievable if B is sparse); in addition, p, /A7 must be small.

We can now explain why debiasing helps decrease the estimation error; we will use the
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notation of section 2.3. According to (2.1), for a fixed vector a € R?,

d'0*—a'B=a"0*—a"6— a0, 0"B
(2.19)
=a" Q(A* +puly) 'APTe —pua” Q(N*+pul,) ' E—a" Q1 O B

Assume a® Q| QT B = 0. Then the bias term of a’ 6* will be —ppa’ Q(A% + pul,) L. We can
estimate this by —ppa’ Q(A>+p,I,) ' QT 0* and subtract the estimated bias from a® 6%, yielding
the debiased estimator.

Compared to (2.16), the debiased estimator 6 changes the bias term from —pnaTQ(A2 +
pnlr)_lc (having order O (W)) to _pr%Q(Az +pnlr)_2c

2 ~
(having order O <%) ). At the same time, 0 will enlarge the variance from Var(€1) X

al Q(A’ +p,I,)2A*QTa to
Var(e) x a’ Q (A2 + puly) " A+ pu(A% + puly) 2A)* 07 (2.20)

Assume p,/ 7L,2 = 0(1); then, 0’s variance enlargement is asymptotically negligible but its
decrease in bias is significant.
Even when p, > A2, numerical simulations in figure 2.1 show that debiasing still may

help decrease the estimation error.

Remark 3 (Further discussion on the debiased estimator). Apart from our work, there are other
procedures that help decrease the bias of an estimator. For example, Biihlmann [2013] proposed
a bias-corrected ridge regression estimator, and Zhang and Zhang [2014] considered correcting
bias for a general linear regression estimator. However, the purpose of our work and those
procedures are different. The bias-corrected ridge regression estimator focuses on eliminating
QLQJT_B(i.e., the projection bias in Biihlmann [2013]). Therefore, if p < n and X has rank p,
then the bias-corrected ridge regression estimator equals the classical ridge regression estimator

0*. Our work does not focus on the projection bias but wants to diminish the estimation bias
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0124 R\dq_e regression
Debiased
—— Debiased with threshold b, =0.1
0.10 7 —— Ridge regression with threshold b, =0.1

|a”(8 - B)|

' ‘ ' ' ‘ ‘
0 100 200 300 400 500
Ridge parameter p,

Figure 2.1. Estimation errors of the ridge regression estimator a 6*, the debiased estima-
tor(Debiased) a’ A@ the debiased and threshold ridge regression estimator(Debiased with thresh-
old b, = 0.1) a’ 8 and the threshold ridge regression estimator(Ridge regression with threshold
b, = 0.1 as in section 4 in Shao and Deng [2012]) with respect to different p,. The threshold b,
is chosen to be 0.1, a is a fixed linear combination vector with ||a|, = 1, and A, = 12.684.

—pnO(A% + pnlr)_l {. Thus, even if p < n and X has rank p, the debiased estimator 0 is still

different from 5*( which is demonstrated in figure 2.1).

Theorem 1. (i). Suppose assumptions I to 5 hold true. Then
Prob (JV; ” J%,n> = O(n® Yoy 2.21)

Ny, is defined in section 2.3. In other words, the variable selection consistency holds true

asymptotically. Besides,

max [5i— = 0p(| "™ xn7M) (2.22)

where v;,i = 1,..., p1 are defined in section 2.3.

(ii). Suppose assumptions 1 to 6 hold true. Then

162 — 6% = 0,(n %), (2.23)
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An advantage of using 6 is that it can be computed by a closed-form formula, making
it simpler to practically calculate as well as derive its theoretical guarantees. As an example,
define 8’s prediction loss }ZHX§—X9H% = %HX@—XB 5. Ifﬁ{; = M}, then from (A.2.8) and
(A.2.9) in section A.2,

2 n

2
1 ~
;er—xenﬁs;z( Y (6, 6)) )

JEN b,

SIN

2
z(zm)
=1 \jéM, (2.24)

- ;||X§—X9||% =0, (n"%).

On the other hand, the prediction loss of other estimators (e.g., Lasso) can be hard to
derive. Dalalyan et al. [2017], Bickel et al. [2009] and Sun and Zhang [2012] provided oracle
inequalities for the Lasso estimator. However, those inequalities depend on terms that are hard
to bound. Numerical experiments in section 2.7 show that 6 has comparable performance with
complex estimators like the threshold Lasso or post-selection estimators. In this case, it is
beneficial to choose an estimator that has clear theoretical guarantees.

Define 7;, i = 1,2, ..., p; and H(x),x € R as

r

N Ak Pk |
P2 LTS I (lz+p T2+ )2) T
k=1\ jet, k0 k= (2.25)

Ay Pk
al <
H{x) = Prob (fre“?}r | ZC”‘ (/'Lz+pn i (k,?+pn)2) g _x)

Here &, k = 1,2,...,r are independent normal random variables with mean 0 and variance

o’ = Eslz. |.# | (defined in (2.4)) and p; may grow as the sample size increases. In this case, the

\%%

estimator max;— 2, | does not have an asymptotic distribution. However, the cumulative

.....

distribution function of max;—y, .. p,

er %l gtill can be approximated by H (x) (whose expression

changes as the sample size increases as well). Define c;_q as the 1 — o quantile of H; theorem 2
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implies that the set

{’}/:(%7“'7’}/171) _nax =~ . Scl—a} (226)
i=1,...,p1 Ti

is an asymptotically valid (1 — &) x 100% confidence region for the parameter of interest .

Theorem 2. Suppose assumptions 1 to 7 hold true. Then

=)

lim sup |Prob ( max | - i < x) —H(x)|=0 (2.27)

=% >0 i=1,2,...,p Ti
where v;,i = 1,..., p1 are defined in section 2.3.

Gaussian approximation theorems like theorem 2 are useful tools not only in linear
models but also in other high dimensional statistics; e.g., Chernozhukov et al. [2013] and Zhang

and Wu [2017].

2.5 Bootstrap inference and hypothesis testing

An obstacle for constructing a practical confidence region or testing a hypothesis via
theorem 2 are the unknown .#, .4}, , and ©. Besides, H is too complicated to have a closed-form
formula. Fortunately, statisticians can simulate normal random variables on a computer, so they
may use Monte-Carlo simulations to find the 1 — « quantile of H. Based on this idea, this section
develops a wild bootstrap algorithm similar to Mammen [1993] and Chernozhukov et al. [2013]
for the following tasks: constructing the confidence region for the parameter of interest y = Mf3;
and testing the null hypothesis ¥ = ¥ (for a known 7p) versus the alternative hypothesis y # .
Similar to Zhang and Cheng [2017], Chernozhukov et al. [2013], and Zhang and Wu [2017], we

il

use the maximum statistic max;—1, .. p, “=" to construct a simultaneous confidence region.

Algorithm 1 (Wild bootstrap inference and hypothesis testing). Input: Design matrix X,

dependent variables y = X B + €, linear combination matrix M, ridge parameter py, threshold

by, nominal coverage probability 1 — o, number of bootstrap replicates B
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Additional input for testing: Yo = (Yo.1,---,Y0,p, )r

1. Calculate 6, 7= Py s Ypy )T defined in (2.17), T, i = 1,2, ..., p1 defined in (2.25), and &
defined in (2.18).

2. Generate i.i.d. errors €° = (€], ..., eNT with g',i=1,...,n having normal distribution with
mean 0 and variance G2, then calculate y* = X @—l— e and §L =0 LQE@ (Q | is defined in
section 2.3).

3. Calculate 0** = (XTX + puly) "' XTy* and

0" = (6],....0;)" = 6" +p, x O(A*+pul,)'0T6* + 6,

4. Calculate Ji//;k = {l‘|§l*| >bn} and 6* = (gf,...,é\;)T with §l* = 5;" x1_ = fori=
n bn
1,2,....p.

5. Calculate 7" = M®*, T¥,i=1,2,...,p1, and E; such that

. r A WAoo )\
T= Y| X miaxn X( £t pk)z) +-

2 2
=1 jet/lf/b\jl }Lk + Pn (lk + Pn n (2.28)
E;, = max W’k:* il
i=12,...,p1 Tl-

6.a (For constructing a confidence region) Repeat steps 2 to 5 for B times to generate E;, b =
1,2,...,B; then calculate the 1 — o sample quantile C]_, of E;. The 1 — o confidence region for

the parameter of interest Yy = M is given by the set

=)

{y:<'}/17~-';'}/p1)T © max nw gC}"a} (2.29)
i=1,2,...,p1 Ti

6.b (For hypothesis testing) Repeat steps 2 to 5 for B times to generate E;;, b =1,2,...,B; then
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calculate the 1 — a sample quantile Cy_, of Ej},. Reject the null hypothesis Y = ¥y when

Wi — %, %
—>C{_,. 2.30
iﬂ%ﬁim T ~Hla 230

As in section 2.3, if X has rank p < n, we define él =0, the p dimensional vector with all
elements 0.
According to theorem 1.2.1 in Politis et al. [1999], the consistency of algorithm 1 —either

for asymptotic validity of confidence regions or consistency of the hypothesis test— is ensured if

Prob( max LY <c’f_a) S p— (2.31)
i=12,...p1 T

where c]_, is the 1 — a quantile of the conditional distribution

|/'};l(<_'yl| S X

= ) ; we prove this in theorem 3 below.

Prob* (maxizlvzv....,m

Theorem 3. Suppose assumptions I to 7 hold true. Then

sup |Prob*
x>0

(_max b gx) _H(x)| = op(1). 2.32)

j 1,2,.,.,])1 Ti

In addition, for any given 0 < o < 1, (2.31) holds true.

Theorem 3 has two implications. On the one hand, the confidence region introduced
in step 6.a of algorithm 1 is asymptotically valid, i.e., its coverage tends to 1 — . On the
other hand, consider the hypothesis test of step 6.b of algorithm 1; Theorem 3 implies that, if
the null hypothesis is true, then the probability for incorrectly rejecting the null hypothesis is

asymptotically ¢, i.e., the test is consistent.
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2.6 Bootstrap interval prediction

Given our data from the linear model y = X8 + €, consider a new p; X p regressor
matrix Xy, i.e., a collection of regressor (column) vectors that happen to be of interest; as
with X itself, X is assumed given, i.e., deterministic. The prediction problem involves (a)
finding a predictor for the future (still unobserved) vector ys = X 4 €7, and (b) finding a 1 — ot
prediction region A C RP! so that Prob(y; € A) — 1 — « as the (original) sample size n — oo.
Here &7 = (&f,1,...,€1.p, )T are i.i.d. errors with the same marginal distribution as &1, and Eris
independent with €.

Finding a good predictor based on different criteria is a big topic. For example, Green-
shtein and Ritov [2004] applied Lasso in constructing predictors and their predictor’s mean
square error is minimal asymptotically. We construct an intuitive predictor based on the following
idea: if B were known, the predictor of y that is optimal with respect to total mean squared error
is X¢; since f is typically unknown, we can estimate it by 0 as in (2.17), yielding the practical
predictor yy = X f§. In what follows, we would like to derive a 1 — o prediction region for yy
based on the intuitive predictor y.

We adopt definition 2.4.1 of Politis [2015], and define a consistent prediction region in

terms of conditional coverage as follows.

Definition 1 (Consistent prediction region). A set I' =I'(X,y,Xy) is called a 1 — « consistent

prediction region for the future observation y; = X + €7 if

Prob (ys €Tly) —p 1 —a asn— oo. (2.33)

Note that the convergence in (2.33) is ”in probability” since Prob (y_f € F]y) is a function of y,
and therefore random; see also Lei and Wasserman [2014] for more on the notion of conditional

validity.
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Other authors, including Stine [1985], Romano et al., and Chernozhukov et al. [2021],
considered another definition of prediction interval consistency focusing on unconditional
coverage, i.e., insisting that

Prob(y; €T) = 1—a. (2.34)

However, the conditional coverage of definition 1 is a stronger property. To see why,
define the random variables U,, = Prob (y € F|y) , noting that y has dimension n. Then, the
boundedness of U, can be invoked to show that if U, —, 1 — ¢, then EU, — 1 — a as well.
Hence, (2.33) implies (2.34); see Zhang and Politis [2021a] for a further discussion on conditional
vs. unconditional coverage.

Consider the prediction error y; — X f§ =& —-X f(§ — B). If we can put bounds on
the prediction error that are valid with conditional probability 1 — o (asymptotically), then
a consistent prediction region ensues. Note that the prediction error has two parts: € and
—-X f(g — B). Although the latter may be asymptotically negligible, it is important in practice
to not approximate it by zero as it would yield finite-sample undercoverage; see e.g. Ch. 3 of
Politis [2015] for an extensive discussion.

Theorem 2 indicates that the asymptotically negligible estimation error can be approxi-
mated by normal random variables. On the other hand, the non-negligible error £, may not have
a normal distribution; so in order to approximate the distribution of £ — X f(§ —PB), we need to
estimate the errors’ marginal distribution as well.

This section requires some additional assumptions.
Additional assumptions
8. The cumulative distribution function of errors F(x) = Prob (& < x) is continuous

9. The number of regressors of interest is bounded, i.e., p; = O(1)

Since F is increasing and bounded, if F (x) is continuous, then F is uniformly continuous on R.
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this property is useful in the proof of lemma 1.

~

Lemma 1. Suppose assumption 1 to 6 and 8 hold true. Define the residuals £ = (51 vy €)1 =
y— X0, as well as the centered residuals € = (€1,...,&)7 with g = /8\1/ — %Z;’:l’s\;. If we let
Fx)=1y» 1<, then

n =i=1

sup |F (x) — F (x)] —p 0asn— oo, (2.35)
xeR

We emphasize that the dimension of parameters p in lemma 1 can grow to infinity as long as
assumption 4 is satisfied. Furthermore, the validity of lemma 1 —as well as that of theorem 4 that
follows— does not require assumption 7.

We will resample the centered residuals €;,i = 1,2,...,n (in other words, generate random
variables with distribution F) in algorithm 2. Lemma 1 will ensure that the centered residuals
can capture the distribution of the non-negligible errors.

For a high dimensional linear model, lemma 1 is not an obvious result; see Mammen
[1996] for a detailed explanation. Lemma 1 is the foundation for a new resampling procedure as
follows; this is a hybrid bootstrap as it combines the residual-based bootstrap to replicate the

new error £; with the normal approximation to the estimation error —X f(§ - B).

Algorithm 2 (Hybrid bootstrap for prediction region). Input: Design matrix X, dependent
variables y = X B + &, a new py X p linear combination matrix Xy, ridge parameter p,, threshold
by, nominal coverage probability 0 < 1 — o < 1, the number of bootstrap replicates B

1. Calculate defined in (2.17), © defined in (2.18), € defined in lemma 1, Vf =
GridsesTrp) =X76, and 8, = Q, Q" 6.

2. Generate i.i.d. errors € = (€], o €T with g',i=1,...,n having normal distribution
with mean O and variance 62. Then generate i.i.d. errors 8;? = (8_;'271, ...,8.;'27,7] )T with 8]"271.,1' =

1,...,p1 having cumulative distribution function F defined in lemma 1. Calculate y* = X 6+ e*.
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3. Calculate 6** = (XX + p,L,) "' XTy* and 0* = 0 4 p, x Q(A>+ p,1,) 10T 0** +
§L. Then derive Jf/b\: = {i

16| >bn}, 6* = (@f,...,§;)T with 5,* = 07 x liej/b\f, for i =
1,2,....p.

4. Calculate y; = (y?l,...,y;’pl)T :Xf§+ erandyy = @7‘,17“'73?;,;;1)T :Xfé\*. Define
Ey =maxi—12,.p, [V} = V5l

5. Repeat steps 2 to 4 for B times, and generate E;, b= 1,2,...,B. Calculate the 1 — a
sample quantile Cy_, of E;. Then, the 1 — o prediction region for yy = X3 + &y is given by

{)’f: OV ip) " _max yr.i =Y.l SCTa}~ (2.36)
— 1,455 P1

If the design matrix X has rank p, then 0 | is defined to be 0.

Similar to section 2.5, here we define c¢]_, as the 1 — & quantile of the conditional
distribution Prob* (maxizl,,_,’ o y;i.’l. — j?;l| < x) , which can be approximated by C7_, by letting
B — 0. Theorem 4 below proves Prob (max,-:1727_“7p1 vri—=Yril < c’]‘_a) — 1 — o as the sample

size n — oo, which justifies the consistency of the prediction region (2.36).

Theorem 4. Suppose assumptions I to 6 and 8 to 9 hold true (here consider

M = (m,-j)izlj_”’pl7]‘:17”,717 in assumption 5 as Xy). Then

sup |Prob* ( max [yy; =yl §x) — Prob* ( max |yr;—yr.il Sx) | =o0p,(1). (2.37)
XZO i= 2 P1 ’ ' = y4s5eeP1 ’

=1,2,...,

For any fixed 0 < a0 < 1, it follows that

Prob* (l_ max | vri—Yril < c’lk_a) —pl—aasn— oo, (2.38)

=12,...,p

Note that the bootstrap probability Prob*(-) is probability conditional on the data y, thus justifying

the notion of conditional validity of our definition 1.
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A version of the algorithm 2 can be constructed where the residual-based bootstrap
part is conducted by resampling from the empirical distribution of the (centered) predictive,
i.e., leave-one-out, residuals instead of the fitted residuals &; see Ch. 3 of Politis [2015] for a

discussion.

2.7 Numerical Simulations

Define k, = y/nlog(n) and the following four terms

r
(%/1:. max kn‘ Z mij9j|, %: max kn’Zmijel,j‘v
i=1,2,....,p1 e i=1,2,...p1 j=1
" (2.39)
Al

A

%:bn Z |6j’7 Hy =
JEN by
see section 2.3 for the meaning of notations in the above. Assumptions 5 and 6 imply that these
terms converge to 0 as the sample size n — oco. Indeed, if one of the .%; is large, the debiased and
threshold ridge regression estimator may have a large bias, which affects the performance of the
bootstrap algorithms.
In this section, we generate the design matrix X, the linear combination matrix M, and
the parameters 3 through the following strategies:
Design matrix X: define X = [xy,...,x,]7 with x; = (x;1,...,xip)T € RP,i=1,...,n. Generate

X1,X2,... as i.i.d. normal random vectors with mean O and covariance matrix ¥ € RP*P. We
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choose X with diagonal elements equal to 2.0 and off-diagonal elements equal to 0.5.

mii mi2 miz¢ miz+1 mip
myi map myzg Mozl map
M= Mgt Mog2 Mogic  Mg|r+1 m.z\p (2.40)
0 0 0 M | +17+1 m #\+1p
I 0 0 0 Mp, 41 Mpip |
M and  when p < n: choose T =50 in (2.40). Generate mlj,z =1,2,..,|#], j=1,2,...,T
as 1.i.d. normal with mean 0.5 and variance 1.0, and generate ml]7 ,2,...p1,j =7+

I,...,p as ii.d. normal with mean 1.0 and variance 4.0. Use m;; = 2.0 X m;]/
for i = 1,2,...,[ |, j=1,2,...,7 mij =40 xmy/\[T2__ m? for i =1,2,....|.4
T+1,...,p; andm,]—60><ml]/ Z] ¢+1m Zfori= || +1,....,p1,j=T+1,...

ﬁ = (Blv"wﬁp)
~1.0,i=10,11,12, B =

T )
Lj—1m;

, p. Choose
with B; = 2.0,i = 1,2,3, Bi = —2.0,i = 4,5,6, B; = 1.0,i =7,8,9, B; =
0.01,i =13,14,15, 16, and O otherwise.

i=1,2,.

M and 3 when p > n: choose T = 6 in (2.40). Generate ml 0

| A, j=1,2,....T as

ljal_lz 7p17j:T+1a"'7p

1.i.d. normal with mean 0.5 and variance 1.0, and generate m
as i.1.d. normal with mean 1.0 and variance 4.0. Use m;; = 2.0 X mij/,/ jzlmg for i =
1,2,.., ||, j=1,2,...,7; and m;; =

ZJ Hlmzforz—l 2,..,p1, j=7T+1,...,p.

Choose B, =1.0,i=1,2,3,8,=—-1.0,i = 4,5,6, and 0 otherwise. When p > n, B may not be
identifiable (Shao and Deng [2012]), and 8 may not equal 6(defined in section 2.3) despite
X B = X 6. We consider both situations and evaluate the performance of proposed methods on
the linear model y = X8 + € and y = X6 + €. We fix X and M in each simulation.

The different regression algorithms considered are the debiased and threshold ridge

regression(Deb Thr), ridge regression, Lasso, threshold ridge regression (Thr Ridge), threshold
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Lasso (Thr Lasso), and the post-selection algorithms, i.e., Lasso + OLS (Post OLS), and Lasso
+ Ridge (Post Ridge). We consider 6 cases for simulation involving a different p/n ratio,
and Normal vs. Laplace (2-sided exponential) errors; we present detailed information about
each simulation case in table 2.1, compare the performance of different regression algorithms
in Figure 2.2 to 2.4 and Table 2.2, and record the performance of bootstrap algorithms on
estimation/hypothesis testing and interval-prediction in Table 2.3 and Figure 2.5. The optimal
ridge parameter p, and threshold b, are chosen by 5-fold cross validation. To adapt to assumption

9, we choose X as the first 100 lines of M for prediction.

Table 2.1. Information about X, M and € in each simulation case. For the normal distribution
we choose variance 4, for the Laplace distribution we choose the scale v/2. By doing this, the
variance of residuals is 4. When p > n, B # 6. The left(right) side of the slashes represent
, calculated by the linear model y = X3 + € (y = X0 + €). The difference between 3 and 0
does not change other terms in case 5 and 6.

Case p P1 |%‘ A’r Pn by %/1 %/2 %/3 %{t

1 500 800 300 12978 56453 0343 1370 0.0 0.013  1.712
2 500 800 300 12.561 36.728 0.354 1.636 0.0 0.014  1.769
3 650 800 300 8.226 56432 0396 1.553 0.0 0.016  3.085
4 500 800 700 12.847 55317 0346 1510 0.0 0.014 1.730
5 1500 800 300 9.766 1.201 0.228 6938 129/0.0 8.214 3.962
6 1500 800 300 9.766 1.201 0.228 6938 129/0.0 8.214 3.962

Case 5 and 6 consider both the linear model y = X3 4+ € and y = X0 + €, here B # 6 = QQ' 3.
The difference in 8 and 0 affects the value of %5 (but does not affect others), so we have two
values in table 2.1.

Figure 2.2 plots the Euclidean norm ||7 — ||, with ¥ defined in (2.17), and ¥ defined in
Section 2.3, for various linear regression methods. When the underlying linear model is sparse,
thresholding decreases the ridge regression estimator’s error(from around 10 to around 2 in our
experiment). However, the performance of the threshold ridge regression method is sensitive to
the ridge parameter p,, i.e., || — 7||> can be significantly larger than its minimum despite p,, is
close to the minimizer of ||¥ — 7]|>.

In reality, cross validation does not necessarily guarantee selection of the optimal p,, and

by, so it is risky to use the threshold ridge regression method. Debiasing helps decrease the
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Figure 2.2. Estimation performance of various linear regression methods over case 1 to 4. *Deb’
abbreviates 'Debiased’, *Thr’ abbreviates *Threshold’, *Post’ abbreviates *Post-selection’, and
’OLS’ abbreviates *ordinary least square’. Red dots represent the parameters selected by 5-fold
cross validation. The vertical axis represents the Euclidean norm of ¥ — y(see (2.17) and section
2.3). The little graphs in the middle of each of the four graphs show a zoomed-in part of the
graph above it. The little graphs below each of the four graphs show the estimation performance
of the debiased and threshold ridge regression method with respect to different thresholds.
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Figure 2.3. Estimation performance of various linear regression methods over case 5 to 6. The

meaning of symbols coincides with figure 2.2.
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Figure 2.4. Prediction loss(see section 2.4) of various linear regression methods. The meaning
of symbols coincides with figure 2.2.

ridge regression estimator’s error; more importantly, it is robust to changes in the choice of p,,.
Even if a cross validation selects a sub-optimal p,, the error of the debiased and threshold ridge
regression estimator does not surge, and the estimator’s performance does not notably deteriorate.
On the other hand, in Figure 2.2 and 2.3, ||¥ — 7|/ reaches its minimum and does not increase for
a wide range of b,,. For example, in case 3 the cross validation chooses b, = 0.395, but any value
between 0.30 and 0.75 can be the optimal threshold(the threshold having the smallest |7 — ¥||2).
Since there is a wide interval of thresholds b,, that have small ||y — ¥/|», the regression algorithm
has robustness regarding the choice of b,. Because of these good properties, we consider the
debiased and threshold ridge regression as a practical method to handle real-life data.
Thresholding also helps improve the performance of Lasso, especially when the Lasso
parameter is small. However, when the Lasso parameter becomes large, Lasso method already
recovers the underlying sparsity of the linear model, and thresholding becomes unnecessary (but

large Lasso parameters tend to introduce large bias).
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When the dimension of parameters p is greater than the sample size n, both parameters
B and O(see section 2.3) could be considered as the ‘parameters’ for the linear model. Lasso
methods estimate linear combinations of 3, while ridge regression methods estimate linear
combinations of 6. Under this situation, the difference between 8 and 6 is the main factor for
the estimators’ error. In reality, statisticians cannot distinguish between 8 and 6 based on data.
So they need to design which parameters to estimate a priori and select a suitable regression
method (e.g., Lasso, ridge regression, or their variations) reflecting their preferences.

The optimal prediction loss of the debiased and threshold ridge regression method is
comparable to the threshold Lasso and the post-selection algorithms. Furthermore, the prediction
loss is robust to changes in the choice of p,,b,. When p > n, the sparsity of 0 is violated and
a large bias is introduced to the estimator(see table 2.1). As a result the prediction loss will be
enlarged.

As a summary of Figure 2.2 to 2.4, apart from having a closed-form formula, the
debiased and threshold ridge regression has the smallest estimation error and prediction loss
among all ridge regression variations, and has comparable performance to the threshold Lasso.
Furthermore, it is not overly sensitive on changes in the ridge parameter p, as well as the
threshold b,,. Therefore, even when a sub-optimal p, or b, are selected, the performance of the
debiased and threshold ridge regression is not severely affected. When p > n, this method (and
other ridge regression methods) considers 6 rather than f3 to be the parameter of the linear model.
So, in this case, ridge regression methods are suitable if the underlying linear model is indeed
y = X0 + &(in other words, the projection does not have effect on the parameters of the linear
model).

Table 2.2 demonstrates the model selection performance of various linear regression
algorithms. Following Fithian et al. [2017], we evaluate the algorithms through the frequency
of model misspecification(i.e., Jf/l; # Nb,), P(Ji//l,\n # N, ); the average size of model misspec-
ification ]Jl/{; ANy, | (here A denotes the symmetric difference, i.e. AAB=(A—B)U(B—A));

and the average false discovery rate |¢/T/b\n — N, |/ max( |j{; ,1). Notice that Lasso and the ridge
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regression do not have thresholds. For these algorithms we say i € JI//I; if the estimated parameter
] [/5\1| > 0.001. When the sparsity assumption is not violated, the debiased and threshold ridge
regression can perfectly recover the model sparsity, and thresholding is also an essential tool that
improves Lasso’s model selection performance. On the other hand, if the sparsity assumption is
violated, then |6;| can be close to b, even if i & .4}, . Despite the stochastic errors are still small,
the summation of 6; and the stochastic error can exceed b,, which results in selecting a false
model.

Table 2.2. Model selection performance of various linear regression methods over case 1 and 5.
The hyper-parameters are chosen by 5-fold cross validation. The overscore represents calculating
the sample mean among 1000 simulations.

Case Algorithm P(/i//;,\" # My,) \/@ ANy, | False discovery rate

1 Deb Thr 0.0 0.0 0.0
Lasso 1.0 9.674 0.463
Ridge 1.0 240.53 0.967
Thr Lasso ~ 0.009 0.009 0.001
Thr Ridge 0.0 0.0 0.0

5(use 8)  Deb Thr 0.132 0.140 0.034
Lasso 1.0 761.59 0.308
Ridge 1.0 452.69 0.283
Thr Lasso  0.004 0.004 0.001
Thr Ridge  0.508 0.729 0.157

Table 2.3 records the average errors of the proposed statistics Y(defined in (2.17)),
62(defined in (2.18)), and the coverage probability of the confidence region (2.29) as well as
the coverage probability of the prediction region (2.36), in 1000 numerical simulations. We
also record the frequency of model misspecification P(e/f/;; # M, ). When the sample size n
is greater than the dimension of parameters p, thresholding is likely to recover the sparsity of
the parameters. In all these cases, i.e., Case 1-4, our confidence intervals achieve near-perfect
coverage. The slight under-coverage in prediction intervals is a well-known phenomenon; see
e.g. Ch. 3.7 of Politis [2015].

However, in cases 5 and 6 where p > n, 0 is not necessarily sparse, and model mis-
specification may happen. Notably, 7’s error in estimating linear combinations of 8 does not

surge even when p > n. However, the difference between 8 and 6 introduces a large bias to 7.
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Besides, when p > n, assumption 6 can be violated. Correspondingly the variance estimator
02 may have a large error. The difference between 8 and 6 invalidates the confidence region
(2.29). For prediction region (2.36), this problem still exists. However, the prediction region
catches non-negligible errors apart from the asymptotically negligible errors and it is wider than
the confidence region. Consequently, as long as the absolute values of difference are small, the

prediction interval’s performance will not be severely affected.

Table 2.3. Frequency of model misspecification; average errors of ¥ and 62; and the coverage
probability for the confidence region (2.29) and the prediction region (2.36). The nominal
coverage probability is 1 — o = 95%. The overscore represents calculating the sample mean
among 1000 simulations. We choose the number of bootstrap replicates B = 500.

Estimation and Confidence region construction Prediction
Case # P(J?bn #M,) maxi—io_ p [i—%| |62—0%| coverage | coverage
1 0.0 0.185 0.144 95.4% 91.5%

2 0.0 0.183 0.228 93.6% 90.4%

3 0.0 0.209 0.232 95.9% 92.6%

4 0.0 0.191 0.224 95.3% 90.6%
5(use )  0.129 1.578 1.341 0.0% 97.2%
S(use )  0.122 0.258 1.354 97.6% 98.2%
6(use )  0.126 1.579 1.342 0.0% 94.6%
6(use 6)  0.137 0.258 1.364 97.3% 92.8%

Figure 2.5 plots the power curve of the hypothesis test of ¥ = Y versus y # J; here, we

use 1o =7+8 x (1,1,....,1)T and § > 0.

104 — cCasel —

Case 2

0.8 1

power

0.4 1

-

T T T T T T T T T
0.025 0.050 0075 0100 0.125 0.150 0.175 0200 0.225

Yo = il

Figure 2.5. Power of the test for cases 1 and 2; the x-axis represents max;—i,..p, 110.i — Yil-
Nominal size for the test is 5%; see algorithm 1 for the meaning of notations.
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2.8 Conclusion

The paper at hand proposes an improved, i.e., debiased and thresholded, ridge regression
method that recovers the sparsity of parameters and avoids introducing a large bias. Besides, it
derives a consistency result and the Gaussian approximation theorem for the improved ridge
estimator. An asymptotically valid confidence region for y = M3 and a hypothesis test of ¥ = 9
are also constructed based on a wild bootstrap algorithm. In addition, a novel, hybrid resampling
procedure was proposed that can be used to perform interval prediction based on the improved
ridge regression. When the dimension of parameters p is larger than the sample size n, the
proposed method estimates linear combinations of & = QQ” B instead of linear combinations of
B. If the underlying parameter is indeed 8 and the projection bias 6 — f3 is not negligible, then
the proposed methods may fail to provide a consistent result.

Numerical simulations indicate that improved ridge regression has comparable perfor-
mance to the threshold Lasso while having at least two major advantages: (a) Ridge regression is
easily computed using a closed-form expression, and (b) it appears to be quite robust against
a non-optimal choice of the ridge parameter p, as well as the threshold b,. Therefore, ridge
regression may be found useful again in applied work using high-dimensional data as long as

practitioners make sure to include debiasing and thresholding.
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Chapter 3

Debiased and thresholded ridge regression
for linear models with heteroskedastic and
correlated errors

3.1 Abstract

High-dimensional linear models with independent errors have been well-studied. How-
ever, statistical inference on a high-dimensional linear model with heteroskedastic, dependent
(and possibly non-stationary) errors is still a novel topic. Under such complex assumptions, the
paper at hand introduces a debiased and thresholded ridge regression estimator that is consistent,
and is able to recover the model sparsity. Moreover, we derive a Gaussian approximation theorem
for the estimator, and apply a dependent wild bootstrap algorithm to construct simultaneous
confidence interval and hypothesis tests for linear combinations of parameters. Numerical experi-
ments with both real and simulated data show that the proposed estimator has good finite sample
performance. Of independent interest is the development of a new class of heteroscedastic,
(weakly) dependent, and non-stationary random variables that can be used as a general model for
regression errors.

Keywords: Linear regression, High dimensional data, Regularization, Dependent errors,

Bootstrap.
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3.2 Introduction

Linear regression is a fundamental topic in statistical inference. The classical setting
assumes the dimension of parameters in a linear model is constant, and the errors are in-
dependent and identically distributed (i.i.d.). Recently, researchers have been working with
high-dimensional linear models, i.e., the case where the dimension is allowed to diverge, but
typically with i.i.d. errors. Under such a setting, research has been carried our on parameter esti-
mation, e.g., Zou and Hastie [2005] and Zou [2006]; confidence interval construction/hypothesis
testing, e.g., Chatterjee and Lahiri [2010, 2011]; and prediction, e.g., Stine [1985] and Zhang
and Politis [2021a]. We also refer to Seber and Lee [2003], Hastie et al. [2009] and Fan et al.
[2020] for a comprehensive introduction.

In practice, however, errors in a linear model can be dependent, and may have differ-
ent distributions. As suggested by Vogelsang [2012] and Petersen [2008], heteroscedasticity,
autocorrelation and spatial correlation can be present in panel data. If the errors are not i.1.d.,
then confidence intervals developed under the i.i.d. assumption may fail to capture the correct
coverage probability. Several tools are developed to adapt to non-i.i.d. errors. 10. and Kim
and Sun [2011] considered estimating the ordinary least square estimator’s covariance matrix;
Kelejian and Prucha [2007] and Vogelsang [2012] proposed the consistent test statistics for
parameters; Sun and Wang [2021] and Conley et al. [2019] worked on statistical inference and
hypothesis testing, etc. Resampling methods can also be used with dependent errors; see e.g.
Politis et al. [1999] and Shao [2010]. Despite such accomplishments, the aforementioned works
assumed that the dimension of parameters is fixed.

In the Big Data era, a practical situation to be handled via linear model may require
many parameters, sometimes even more than the sample size. If this happens, statisticians
cannot assume that the number of parameters is fixed, and the theoretical results, including the
consistency and central limit theorem (CLT) of the estimators, are no longer obvious. In order

to perform statistical inference, statisticians need to impose restrictions on the parameters. A
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typical restriction is that the underlying parameter vector is sparse, i.e., containing many Zeros.
For a sparse linear model, Lasso is a suitable algorithm since it conducts an implicit model
selection, i.e., zeroing out parameters that are not significant, see Tibshirani [2011]. More recent
work includes Zhao and Yu [2006], Meinshausen and Biihlmann [2006] and Meinshausen and Yu
[2009] for model selection; Zhang and Zhang [2014], Zhang and Cheng [2017] and Chatterjee
and Lahiri [2010, 2011] for statistical inference and hypothesis testing; Greenshtein and Ritov
[2004] for prediction and Zou [2006] for algorithm improvement. We refer to Biihlmann and
van de Geer [2011] for a comprehensive overview of the Lasso method on high dimensional data
sets.

Lasso is not the unique choice for regularizing a high-dimensional linear model. Fan and
Li [2001] introduced a new penalty function, called SCAD, that is continuously differentiable
and maintains the sparsity of the underlying model. Lee et al. [2016], Liu and Yu [2013] and
Tibshirani et al. [2018] introduced Post-selection inference, i.e., performing model selection
with Lasso, then fitting ordinary least square regression on the selected model. Shao and Deng
[2012] applied threshold on the ridge regression estimator to recover the sparsity of a linear
model. Zhang and Politis [2020] recently showed that, after debiasing and thresholding, the
ridge regression estimator had a comparable performance to threshold Lasso and post-selection
inference.

All the above works operate under the assumption of i.i.d. errors. The paper at hand
focuses on statistical inference, i.e., point estimation, construction of confidence intervals
and hypothesis tests, in a high dimensional linear model with the presence of dependent and
heteroskedastic errors. Non-i.i.d. errors have been studied in fixed dimensional linear models.
However, performing statistical inference for a high dimensional linear model with dependent
errors is challenging. Wu and Wu [2016] proposed an oracle inequality; Han and Tsay [2020]
proved the consistency of the Lasso estimator; Yuan and Guo derived the central limit theorem
for the desparsified Lasso estimator. All these works rely on the assumption that the errors

are stationary—see e.g., definition 1.3.3 in Brockwell and Davis [1991]. In order to address

37



the general problem with possibly non-stationary errors, we chose to work with the (debiased
and thresholded) ridge estimator as it admits a closed-form formula, making it easier to derive
theoretical guarantees. Moreover, it has good performance in the i.i.d. error case as Zhang and
Politis [2020] showed.

To define our setup, consider a high dimensional, sparse linear model y = X 3 + € where
€= (€,...,&)". X is the fixed design matrix, § = (Bi,...,8,)” are the unknown parameters,
andy = (y1,...,yn)" are the response variables. The vector € is a finite stretch of the stochastic
process &,t = 1,2,... which is not assumed to be stationary or linear. We focus on estimating
linear combinations of parameters, say ¥ = M3 with M a given matrix. Our work includes
proving the consistency of the (debiased and thresholded) ridge estimator for y. We will also
derive a Gaussian approximation theorem and construct simultaneous confidence intervals for

the coordinates of y. We are also interested in testing the statistical hypothesis

null: MB = ¢ versus the alternative: M # { 3.1)

with { a given vector. To achieve this goal, we adapt the dependent wild bootstrap of Shao
[2010], and provide its theoretical guarantee in our context .

The novelty of the paper at hand comes from the following aspects:

e [t constructs consistent simultaneous confidence interval for y under the situation that the
errors € have a complex covariance matrix. Notably, the high dimensional linear regression
literature —see e.g., Zhang and Zhang [2014]— has invariably assumed that the errors

were independent.

e The existing literature has focused on hypothesis testing for elements of 8, while our work

allows statisticians to test the linear combinations M f3.

e A new class of heteroscedastic, (weakly) dependent, and non-stationary random variables

is developed that can be used as a general model for regression errors in many contexts.
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e In comparison to the paper by Zhang and Politis [2020], the current work not only allows
dependent and heteroskedastic errors; it further identifies realistic assumptions on the
parameters that allow for consistent estimation when the parameter dimension is larger

than the sample size.

Since there 1is little research on statistical inference for a high dimensional linear model with
non-i.i.d. errors, this paper at hand should shed some light on this field.

The remainder of this paper is organized as follows: section 3.3 introduces a new class of
non-stationary random variables, called (m, &) —short range dependent random variables. Section
3.4 introduces the debiased and threshold ridge regression estimator. Moreover, it presents the
consistency results and the Gaussian approximation theorem for the proposed estimator. Section
3.5 constructs simultaneous confidence intervals for Yy = Mf3, and tests the null hypothesis
y = € versus the alternative hypothesis ¥ # { via the dependent wild bootstrap. Section 3.6
presents numerical experiments with both real and simulated data to demonstrate the finite
sample performance of the proposed estimator and the bootstrap algorithm. Section 3.7 contains
our conclusions; technical proofs are deferred to the online appendix .

Notations: This paper applies the standard order notation O(-),0(-),0,(-),0,(-): for
two numerical sequences a,,b,, we say a, = O(b,) if there exists a constant C > 0 such that
lan,| < Clb,| for n=1,2,...; and a, = o(b,) if lim,swa,/b, = 0. For two random variable
sequences X,,Y,, we say X, = O,(Y,) if for any 0 < € < 1, there exists a constant C¢ > 0 such
that Prob (|X,| < C¢|Y,|) > 1 — € for any n; and X, = 0,(Y,,) if X,,/Y, —, O where the latter
denotes convergence in probability; see definition 1.9 and chapter 1.5.1 in Shao [2003] for further
details. All order notations and convergence results are understood to hold true as the sample
size n — oo

The symbol 3 and V respectively means ‘there exists’ and ‘for all’. For a vector a =
(at,...,ap)T € RP, define its norm |al, = (X2, |a;|?)"/4, here ¢ > 1. Moreover, define |al.. =

max;—p,. p|a;| and |alo = Zle 1,0, i.e., the number of non-zero elements presenting in a. For
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a matrix T, define the operator norm |T'|, = max|,|,—1 |Ta|,. For a random variable X, define
its m norm || X||,, = (E|X|™)"/™. Define aV b = max(a,b) and a Ab = min(a,b). We use the

notation C to represent a generic constant, i.e., the value of C may change in different locations.

3.3 (m,o)—short range dependent random variables

In order to derive theoretical results, statisticians need to assume that the random variables
satisfy some conditions. In the time series literature, random variables are often assumed to be
stationary; see definition 1.3.3 in Brockwell and Davis [1991]. If this assumption holds true, then
the covariance matrix of a finite stretch of these random variables will be a Toeplitz matrix, see
section 2 in McElroy and Politis [2020] and section 0.9.7 in Horn and Johnson [2013]. However,
the Toeplitz structure is often too restrictive to model the covariance matrix of regression errors.
In other words, we may need to assume that the errors in the linear model are not stationary.

To perform time series analysis, going beyond stationarity often entails some form
of local stationarity, a concept that was pioneered by Priestley [1988] and Dahlhaus [1997].
Examples include the time-varying coefficient models, e.g. Giraitis et al. [2014], and Dahlhaus
and Subba Rao [2006], as well as nonparametric locally stationary setups, e.g. Das and Politis
[2021], Dahlhaus et al. [2019], Zhou [2014], and Dette and Wu [2022]. Zhang and Wu [2021]
introduced a special form of nonparametric locally stationary process and Dahlhaus et al. [2019]
derived the law of large number and the central limit theorem for that process. Besides, Wu
and Zhou [2011] introduced a Gaussian approximation theorem for the partial sum process of
another type of non-stationary process.

In this section, we would like to introduce a new class of non-stationary random variables,
called (m, o) —short range dependent random variables that are not (necessarily) locally station-
ary. Specifically, this section provides a Gaussian approximation theorem for linear combinations
of those random variables. Analyzing linear combinations of random variables is important in

many statistical application, such as linear regression, non-linear regression, time series, etc.
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Therefore, this section should be helpful to readers with different backgrounds.
Suppose ¢;,i € Z are independent (non necessarily identically distributed) random vari-

ables. Using these, we may define a new set of random variables &;,i = 1,2,...,n by the relation

gi:gi(...,ei_z,ei—1,€i> (32)

where g; is a measurable function for each i; note that g; can vary with respect to different i.
Define .%; as the c—field generated by ...,e; _»,e; _1,e;; hence, & is .%; measurable. Consider

independent random variables elT,i € Z such that elT has the same distribution as e; for any i. Also

T

assume that the sequence e; ,i € Z is independent to the sequence e;,i € Z.

Define

gi(---,eifjfz,€ifj71,€,[j,€ifj+17 ei_1,e;) for j >0
& j= (3.3)

gfor j<O

and note that & ; has the same marginal distribution as &. For any j > 0, define .%; ; as the
o—field generated by e;_j,e;_ji1,...,e;. Let & j ,u = ||& — & j||m; clearly, & j,» =0 for j <O.
We are now ready to define a new class of non-stationary random variables that are not

(necessarily) locally stationary and may be helpful in general regression settings.

Definition 2 ((m, o) —short range dependent random variables). Consider two constants m > 2
and o > 1. We say the sequence {€;}i=1 . n is (m,o)—short range dependent if & satisfies (3.2),

Ee =0foranyi=1,2,....n, and Vn € N

[}

sup (k+ 1)06 Z ) max 6i,j7m = 0(1)
k=0,1,... j:klzl,z,‘..,l’l (3 4)

and max |&l,,=0(1)
i=1,2

&y

In definition 2, the sequence {&;};—1,.., should be recognized as the nth row of a triangular array
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of random variables, i.e., & may depend on n; for conciseness, the dependence of g on n will not
be explicitly denoted.
Example 2 shows that definition 2 is not a special case of the locally stationary process

of Zhang and Wu [2021].

Example 2. Suppose e;,i € Z are i.i.d. standard normal random variables. Set &; = e»; and
&i_1 = exj_sey_1 fori € L. Then §; j,, =0 for j > 2, so0 & is (m, o) —short range dependent

for any m, o. On the other hand, m» Which does not

e2i — eziei—1|lm = [|€2illm % [|1 — e2i-1]
shrink to 0 as the sample size n — oo. In other words, eq. (1.2) in Zhang and Wu [2021] is not

satisfied.

Remark 4. In time series literature (e.g., section 1.2 in Reinsel [1993]), €; is considered to be
causal, i.e., &; does not depend on the future innovations e; with j > i. Wu [2005] introduced the
form (3.2), but assumed that the e; in (3.2) were i.i.d. and g; did not depend on the index i, which
made €; stationary. The assumptions used in Wu and Zhou [2011 ] was similar to definition 2.
However, they assumed that g; in (3.2) was fixed, while we allow g; to change with respect to the
sample size n. On the other hand, the locally stationary condition(e.g., eq.(1.2) in Zhang and Wu

[2021]) assumed that
g=g (i, ...,ei_l,e,) where g(t,-) is a continuous function in t (3.5)
n

but our work does not require this continuity.

From corollary C.9 in @ksendal [2003], it follows that
& = lgl’l E85|yi’j = E8i|¢%7() -+ Z (ES,'L%J — E8i|<%’j_1) (3.6)
j—ree =
j=l1
almost surely. Moreover, lim_,.. ||&; — E€;|.%; ||, = 0. Besides,

|E&i|Fi j — E&i|Fi j1||lm = |E(& — & ;)| Fi,

m < || & — & jllm < _max Oi,jm 3.7

=1l,...
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so definition 2 implies

sup  (k+1)* Y. | F; ) — il Fi 1l = O(1) (3.8)
i=1,...nk>1 =k

The first lemma is similar to Whittle [1960], which bounds the moments of linear forms of &;.

Lemma 2. Suppose €;,i = 1,...,n are (m,®)—short range dependent random variables with
constants m > 2 and o, > 1.

(i). There exists a constant C only depending on m such that

n n
1Y aigillm <C| Y a? forVa; e R (3.9)
i=1 i=1

(ii). In particular, we have
p n
I _max 1Y aije;l ||m§Cp1/m‘n11ax a;; for Va;j € R (3.10)
i=1,...p = i=1,...,p —
j=1 j=1

Define X = {0;;}i j=1....» such that 6;; = Eg;g;. If m > 2, then lemma 2 implies

n n n n n
1YY aajoy| =Y ael3 <Y a&ly <CY af (3.11)
i=1 i=1 i=1

i=1j=1

with a constant C; recall that the value of the constant C may be different in different places. So

the largest eigenvalue of X has order O(1). Besides, fori > j

[Egigj| = |Eg; (6, —E&|.Zi_j—1) | < |lgjll2 % ||& — E&i| Fiimj1 ]2
c (3.12)

< l&jllm x Z |E&i|Fis —E&]Fis 1llm < m

s=i—j

for another constant C. Therefore, definition 2 implies that the covariance of &; exhibits a

polynomial decay with respect to the lag |i — j|.
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We will now derive a Gaussian approximation theorem for linear combinations of &;,
ie., Z?:l ajj€j witha;; € R;i=1,...,p1,j=1,...,n. In a classical central limit theorem (e.g.,
theorem 1.15 in Shao [2003]), each term a;;€; in the summation is assumed to be negligible. Our

work also requires this condition.

Lemma 3 (Gaussian approximation theorem). Suppose €y, ..., &, are (m,)—short range depen-
dent random variables with m > 6 and a. > 1. Define X = {Eg;€ j} i.j=1,..n» SUppose 3 a constant
¢y > 0 such that ¥’s smallest eigenvalue is greater than cy for any n. Let a;j,i=1,...,p1,j =
1,...,n be real numbers with py = O(1). Suppose 3 two constants 0 < ¢ < C < o such that
c< 2?21 alzj <Cfori=1,..,pi; and a* = maxj—1,__p, j=1,.nlaij| = o(n_1/4logfz(n)) with

z=max (3,52%5). Then

n n
sup |Prob ( max | Y ajjejl §x> — Prob < max |y a;i&jl §x> |=0(1) (3.13)
1

x€R i:17...,p1 ]:l l:la"'7p1 ,]:

where &, ..., &, have joint normal distribution with EE; = 0 and E;&; = Eg;gj fori, j=1,...,n.

Notably, 1/1/n = O(a*). Otherwise the condition }_, aizj > ¢ cannot be satisfied.

Finally, we would like to present a method that estimates the variances and covariances
of linear combinations Z’}Zl a;;€;. If & are i.1.d., this problem is quite simple. For example, we
can estimate the variance of & through 6% = 1 ¥ | €2 and the estimator for Var(¥)_ aij€)) is
given by 62 Z;?:l aizj. However, € may have different variances and covariances. In this case

n

Var(Z;?:1 a;;€;) has a complex expression and we need a new method to estimate Var (Y i=1ij€ i)

We will use a kernel-based method; a kernel function K(-) is defined as follows:

Definition 3 (kernel function). Let a function K(-) : R — [0,00) be symmetric, continuously
differentiable, K(0) =1, [g K(x)dx < o and K(x) is decreasing on [0,%0). Define the Fourier
transformation of K as F# K (x) = [g K(t)exp(—2mi x tx)dt; here, i =+/—1. Assume FK(x) >0

forallx € Rand [ FK(x)dx < oo.

Following Shao [2010], we will call K(-) the kernel function. In the time series literature (e.g.,
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Politis [2003] or Politis and White [2004]), K (-) might alternatively be called a ‘covariance taper’

or a ‘lag-window’.

Remark S. Definition 3 is a bit different than the usual definition of a kernel function (see e.g.,
Hall and Huang [2001]) but yields some desirable properties. According to Shao [2010] and
the Fourier inversion theorem (e.g. theorem 8.26 in Folland [1999]), Vx = (x1, ...,xn)T € R" and

any positive number k,

n o n s—j n o n _ Cs—j
Z szij - :/RZ szijK(z)exp 27r1zT dz
: ~ &

s=1j=1 s=1j=1 (314)

1 277:125 2
= [ K Xg€eX dz>0
Jo 7K@ e () Pa >

so the matrix {K (%) } - is positive semi-definite. One possible kernel function is
5,Jj=

K(x) = exp(—x?/2), whose Fourzer transform is FK (x) = v/2wexp(—21°x?).

Lemma 4 (estimated covariance matrix). Suppose random variables €;,i =1,...,n are (m,Q) -
short range dependent random variables with m > 6 and @ > 1. Suppose {aij}i:17~->1717j:17-~~»n
satisfy assumptions in lemma 3. Suppose K (-) is a kernel function (i.e., satisfies definition 3) and

ky, is a positive number such that k, — o as n — co. Then

max | Z Z ai, j, air j, K ( X )81'18]'2_ Z Z Qi jy Ay j0, |
n

o=hpr 27 52 Ji=1j=1 (3.15)

= 0p(kn X n1/4 log™*(n)) +Op(va)

. —_FRe. . — 9 3o
where 0}, j, = E€; €;, and z = max (2, 205—2)'

(

K-ifl<a<?2

vn = { log(ky) /kn if ¢ =2 (3.16)

1/ky if ot >2
\
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Notice that

n n n n
COV(Z aiy j€js Zaizjgj) = Z Z iy j1 iz j2 Ojy jos (3.17)
j=1 j=1 i=1j=1

so lemma 4 gives us a way to consistently estimate the covariances of the linear combinations

Z;?ZI a;j€j,i=1,2,..., p1 using the estimator

n

. .
J1— ]2
Y Y aijanpK (—k )81'1%-
n

=1 jx=1

According to lemma 4, the above estimator will be consistent as long as we choose k;, in such a
way that k, x n~'/*log=%(n) = O(1).

We also want to stress that the factor k, is related to the notion of the bandwidth in
kernel methods like Fan and Gijbels [1995] and Paparoditis and Politis [2000]. However, the
usual notion is that the bandwidth converges to 0 whereas lemma 4 requires k,, — oo so that the
estimator will not ignore the long-term covariances (i.e., 0, j, with large | j; — j2|). In this sense,
the factor k,, can be understood as the inverse of the usual bandwidth; see also Politis [2003] for

an analogous construction.

3.4 Consistency and Gaussian approximation

This section goes back to the original problem: suppose the n x p fixed design matrix

X ={Xij}i=1,..n j=1...p and the dependent variables y = (y, ..., ¥n)T satisfy a linear model

p
y=XB+¢€, orequivalently y; = ) X;;B;+¢& (3.18)
j=1

here B = (Bi,...,By)" is the parameter vector and € = (&, ...,&,)" are the errors. Classical linear

regression theory assumes that p is significantly smaller than the sample size n. However, in
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many situations p may have a comparable size to n, or even p > n. Meanwhile, we suppose the
errors are not i.i.d., i.e., Ez-:i2 may vary with i, E€;€; may not equal O for i # j and Eg;€; may not
be a function of just the lag |i — j| indicating nonstationarity.

Suppose X has full rank, i.e., the rank r = min(p,n). Apply the thin singular value
decomposition(theorem 7.3.2 in Horn and Johnson [2013]) on X, i.e., X = PAQT, P.Q is
respectively n X r, p X r orthonormal matrix, i.e., PTp = QTQ = I, the r—th identity matrix. If
p > r,define Q| € RP* (P=) as the orthonormal counterpart of Q, so we have 007 +Q | Qi =1,
the p—th identity matrix; Q1 Q0 =0and Q1 Q| =1,_,. A=diag(Ai,...,A,)" is the r x r diagonal
matrix, A; > 0 for any i. Define 6 = QQ”8 and 6, = (011, QLjp)T = QLQEB. If p<n,
Q| does not exist and we define 8, = 0, the p—dimensional vector with elements 0. With this
definition we have f = 6+ 0, .

In order to estimate f3, first consider a ridge regression method

BT = (X"X +purly) "' X"y
(3.19)

implying B* — B = —p, QA2+ pu,l,) "' Q76 — 0, + QA+ po ) ' AP e.

Following Biihlmann [2013] and Zhang and Politis [2020], we call the term —p,wQ(A2 +
pnl,)~'Q7 6 the ‘estimation bias’ and —6, the ‘projection bias’. Notably, when p < n, the
projection bias vanishes. If p is large, then both estimation bias and projection bias will affect the
performance of the ridge regression estimator; see remark 2 and 3 in Zhang and Politis [2020]
and section 2.3 in Biihlmann [2013]. Worse still, the biases can have a larger order than the
stochastic error, making it hard to construct a confidence interval.

To avoid these problems, this section proposes the debiased estimator E that diminishes

the biases; first define the Lasso estimator

~ ~ ~ 1
ﬁlasso — (ﬁllasso’ m’ﬁlljasm)T — argrllgplnﬁw_xd% +pn7l
z€

2. (3.20)
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Define 51 = (5I 1,...751p)T = QLQEEI‘”SO if p>nand 51 =0if p<n,ands= (s1,...,5,)] =

0" B(= Q7 6). Then, define the debiased estimator = (B, ..., B,)7 as

B=B"+purQA*+pu,l,) ' Q"B+ 6]
implying B —B = —p2,Q(A>+ pu,1) 20" 6

+0 (A2 + purly) ™" + Pu (A + purl) *) AP €+ 6] — 6,

(3.21)
: = 2 i qijS)
orequivalently B;—fBi=—p;, ) ————
S "= (A7 par)?
r n A{ pn I"A’] NT
+ qijPij T+ : g+ (0, —6.1):
E o (7“12 +Pur (A7 +Pur)? s
here P = {pij}ti=1,.nj=1..,rand Q ={qij}i=1,. p,j=1,..r. For athreshold b, > 0, define

B = (Bi,....B,)" such that f; = ; x s, (3.22)

In this paper, we call E ‘the debiased and thresholded ridge regression estimator’. The assump-
tions for this section are presented below.
Assumptions

1. The fixed design matrix X has rank r = n A p. There exist constants c;,Cy; > 0 and

n € (0,1/2] such that
C;Lnl/z > M > A > ... > A, > c;n'! for sufficiently large n; (3.23)

here A1, ..., A, are the singular values of X. In addition, max,—1__, j—1..,|Xij| = O(1).

2. €= (g),...,&,)7 are (m, oz)— short range dependent random variables, i.e., € sat-
isfies definition 2. Here m and o are constants such that m > 3/n and o > 1. Define
X ={o; j},-’ j=1,n = Eee’, and assume 3 a constant cs > 0 such that the smallest eigenvalue of

Y is greater than or equal to cy.
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3. p = O(n%) where a, is a constant such that ¢, > 0 and o, +3 <mn .

4. Define A, ={i=1,2,...,p: |ﬁl| > by}, assume |4, | = O(n**). o,y is a constant

n|_

such that oy < % —

3m , = Cp - x n%; here ¢, is a constant
satisfying 0 < o, < 3—” — a—” Meanwhile, p,; = Cp; x n~%; here ¢ is a constant satisfying
MT” Ve <oy < % — W” Cp.r and Cp ; are two constants such that 0 < Cp ,Cp j < 0.

5. (Restricted eigenvalue condition) The restricted eigenvalue condition holds true, i.e.,

1
> 2Izjptorallze & =< z2=(21,..,,2 € : Zil = j .
|Xz|p > cyn?|z|, for all z € o { ( )T ER? Y |zl<3 Y} |z,|} (3.24)
i Ny, i€y,

Moreover, assume |f|. = O(1) and b, = C, x n~%. Here C}, is a constant such that 0 < Cp, < o

and 0 < ap < (N — a”Tﬂ) A(oy— —) Assume that there exists a constant 0 < ¢, < 1 such that

min;e s, |Bil > bn/cp and |Bi| =0 fori & A, .

We will call p,, ,, p,,; and b, the ‘hyperparameters’ for E . We will introduce a method to fine-tune
these hyperparameters in section 3.6.1.

Intuitively, we require that the design matrix X is well-behaved, the parameter vector
B is sparse and the errors € have a finite high order moment. Our work assumes fixed design,
1.e., no randomness involved in the design matrix X. However, in the case of random design,
we would need to assume that the design matrix is independent of the errors €; in that case, the

results in our paper would still hold true after conditioning on X.

Remark 6. To show that Assumption 1 is achievable, suppose X;; are generated by i.i.d. random
variables with mean O, variance 1 and finite 4th moment. Assume lim,_,.. p/n =z € (0,00) exists.
Bai and Yin [1993] proved that the smallest non-zero eigenvalue of %X TX tends to (1 — \/2)2
and the largest eigenvalue of %X TX tends to (1+ \/Z)z almost surely. For the singular values of
X are the square roots of the eigenvalues of X' X. Then, Assumption 1 is achieved with 1 = 1/2

for sufficiently large n.
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Remark 7. If |B|. = O(1)(see section 3.2 for the definition of | - |-), we have

B2 = /ie%n B2=0 <n7a-”> (3.25)

which allows us to discuss assumption 5, i.e., the restricted eigenvalue condition. This condition
was presented in section 6.8 of Biihlmann and van de Geer [2011] and also in Raskutti et al.
[2010] as a sufficient condition to prove the consistency of the Lasso estimator. As we use the
Lasso to diminish the projection bias, we also need this condition to maintain the consistency
of Lasso. Notably, eq.(3.24) is not the only form of the restricted eigenvalue condition; see e.g.,

theorem 1 in Raskutti et al. [2010].

Note that Bithlmann [2013], Shao and Deng [2012], and Zhang and Politis [2020], all
applied ridge regression to fit a high dimensional linear model. However, Biihlmann [2013] only
fixed the projection bias while Zhang and Politis [2020] mainly handled the estimation bias.
Besides, those works supposed the errors in the linear model were independent. Our paper takes
both projection and estimation bias into consideration, and also allows the errors to be correlated.

We present the (model-selection) consistency result in theorem 5.

Theorem 5. Suppose assumptions 1 to 5 hold true. Define L/i//l; ={i=12,..,p: \E,| > by},

then we have
B—Ble=0, (%1404 and Prob (Fj, #.3,) =1 (3.26)

as the sample size n — oo,

Remark 8. In the online supplement (lemma B.3.1), we prove the consistency of the Lasso

estimator, i.e.,
’B/lasso i [3|2 — OP(na‘TW—OQ) and |Elasso _ﬁh — Op(na//—al) (327)
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If p <nand X has rank p, then |5I — 0| | = 0 and eq.(3.26) can be improved to
B~ Bl=0, (ﬁ‘") (3.28)
We now turn to estimating the linear combinations of f3, i.e.,
{ = MPp, where M is a given p; X p linear combination matrix. (3.29)

An intuitive estimator for ¢ is {7 = (EIT ey Egl) — MP. Define c = Yke.s;, Mikqkj- Assume

Ji//;,\n = },; then the difference between 5“ and { becomes

r

& —¢=Y myBi—By)=-p2Y %
=

2
JEN, =1 (AL +Pnr)

' & )bk pnrlk ) nt
+ Plk( + : &+ mij(8) ;— 6, )
£ i (i s £ w0

2
A’k —|—Pn,r jer/bn

(3.30)

If assumption 2 holds true and };_, ¢ 7& 0, then

A pn.rlk
Var (Z;’}E}HC&PM( y— A >€l>
- - A n,r A n,r 2
Cy > : i tPnr () > ey 3.31)

— 2
(A Prr )
Zk 1 C <lk2 +Pn,r T lk2+pn.r

while from Cauchy inequality

r TZ 2
sk <y Gt 3.32

+
Eq.(3.31) and (3.32) ensure that the estimation bias p,% r 1 % can have a smaller order
’ k n,r

Ak + R
kkzﬂLpn,r (AkzﬂLpn,r)z

the order of the projection error Y. ;c_s; m; 1(51 i~ 6, ;) is difficult to control, and can be larger

than the stochastic error Y, Y/, cjkplk < ) & under some conditions. But

than the order of the stochastic error.
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Constructing a consistent confidence interval for the Lasso estimator is difficult; see e.g.,
Zhang and Zhang [2014] and Celentano et al. [2020]. So we aim to find an estimator of { whose
projection error has smaller order than the stochastic error. Define V = {V;;}; =1,..p =01 Qi if
p >nand01if p <n. Define the estimator E, = Z?Zl m;jVj X B\j‘f’zje% m;jx (1— vj)ﬁjl,asso and

the term ¢;; = Zk@/‘@n miViqrj- Here v; € R, j=1,..., p are parameters to derive. If .4}, = .4}, ,

G-G= Y myvix(Bi—B)+ ¥ mi(1—v))x (Bl —B))

JE€EN by JEN by
r ron
2 CijSj Aj P
= _ + £ 3.33
P Z(lzﬂ)w ;; ”p“</12+pnr (l?+pn,r)2) LeE
+ Z mlJ(VJVJj+1 ) (Blasso Z Zmljvj ]k lavso Bk)
JEN by JENpy k]

In practice, |Vj|, j # k are always small but V;; can be signiﬁcantly larger than 0. We choose v;

such that v; x V;; +1—v; =0, which implies v; = Correspondmgly
e & . and £ . mij R._ mLVJ'J"Vlasso
aj= Y oy tadG=Y oo xBi— ), B (3.34)
ke, kk j=1 JJ ey JJ

Notably, if p < n and the design matrix X has rank p, then v; = 1 and Zj, = a. We introduce

extra assumptions needed to derive the asymptotic distribution of {;.

Additional assumptions I:

6. Define
mirqi .
Cij = , M ={i=1,2,.. % >0}
! kez/;@ 1=V Z ij
- lJ pn.rlj
Wl = Ci pl . + y
’ ,_; R (A}+ Pur (A?+Pus)? (3.35)

4 Ak Pni i )2 1
and Ti = clz, ( + 2 + -
,;1 INAZ+ Py (AP Pnr)? n
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Assume .7 is not empty, p; = O(1) and

9 3.

ual —1/4 thy= V= 3.36
e r,| olm " log =(m)) with 2 =5V 7075 (5-36)

Besides, assume 3 constants 0 < ¢, < C_; < oo such that

r
<Y i <Cyforallic.# (3.37)
7. Recall V. ={V;;};i i1 QLQE. Assume V;; < 1 for all j and

max |- TUITIE) — o(n=ar) (3.38)

k= 17 7171 17 -P1 TIJGJV ]#k]‘_vj‘]

Remark 9. Notably, if p < nand X has full rank, then Vj, = 0 and assumption 7 is automatically

satisfied. To explain assumption 6, adopt notations as in assumption 5; we then have

f Wy = Z ( Pk )2<r,-2 (3.39)
=1 =1 ;LZ‘FPnr (A/?‘H)n,r)2

Intuitively, eq. (3.36) requires all terms in the summation Y| %Zel to be negligible.

Theorem 6. Suppose assumptions I to 7 hold true. Define

. 2
N Mixq - 5 ( Pr.r Ak ) 1
cii = and T; = C; + + - (3.40)
’ ,EV v "N e W ren) T
Then R
sup |Prob ( max |C’: il < x) — Prob (max|§,~] < x> | =o(1); (3.41)

here &;,i € ./ are joint normal random variables such that E§; = 0 and

Z Z Gl]lz X Wl]llwlzba ll 12 e % (342)
T T, h=1h=1



The added term 1/n in T; is introduced just to ensure 7; > 0. If we can calculate C;_¢, the 1 —

quantile of max;c 4 |&;|, then the set

o~

Gil

x=(x1,..,%p,)" €R: max |x,-:

<Ci_q (3.43)
i=l..pi T

will be a consistent confidence region for { = M. Despite the fact that the distribution
of max;c 4 |&;| does not have a closed-form formula, the &;,i € .# are joint normal random
variables. Therefore, we can use a computer to generate pseudo-random numbers, simulate &;
many times, and calculate C;_ through Monte Carlo simulation. The remaining problem is that
the covariance matrix of &; is unknown.

Since g;,i = 1,2,...,n do not have identical distribution, estimating a specific o;; = Eg;€;,
i.e., for some given values of i, j, is hopeless. Fortunately, lemma 4 tells us that estimating the
covariances of the linear combinations Z’;:] W%f‘ is still possible; this idea is what drives the
well-known heteroscedastic standard errors of White [1980].

In the next section, we adopt the idea of lemma 4 and present a consistent estimator
for the covariance matrix of &;,i € .#. Moreover, we will provide a bootstrap algorithm that

automatically generates the desired confidence intervals without analytical calculations.

3.5 Bootstrap confidence intervals

This section focuses on constructing a simultaneous bootstrap confidence interval for the

entries of { = M. Before presenting our work, we introduce an additional assumption.

Additional assumptions II:

8. Suppose K(-) : R — [0, o) is a given kernel function, i.e., K(-) satisfies definition 3,

54



and k, > 0 is a given bandwidth sequence satisfying

ap+1
ey — o0 o(1), n%*+ =1 /ky =0

" al/4 (3.44)

2, %y 1y
kyxnnt 271 50, k,xnn % ~% 5 0asn — oo

where «, is defined in assumption 5 and o 4, o are defined in assumption 4.

Eq. (3.44) omits the log®(n) in eq. (3.15) for convenience. However, log®(n) is negligible
compared to n“(here a > 0), so assumption 8 is not very restrictive. We define the conditional

probability and expectation
Prob* (-) = Prob (-|y) and E*- = E(-|y). (3.45)

In the bootstrap literature, these are recognized as ‘the probability and the expectation in the
bootstrap world’; see e.g., Cheng and Huang [2010]. Theorem 7 provides a consistent estimator

for the covariance matrix {E&;&;} ic.z

Theorem 7. Suppose assumptions 1 to 8 hold true. Define € = (€1, ...,&,)" such that & =

yi— Z?:lxijﬁj- Define the matrix I' = {T';j}i j=1,..p, by

~ 1 & & Lh—0h\ ~ ~ ~ o~
Lij = 7 Z Z K( k ) €, €L X Win Wi, (3.46)
L s n
where
R U QLJ' Pn r)bj
L T + ’ 3.47
Wi j_Zl CijDlj (A'jz + DPur (112 +Pn,r>2 ( )

and ¢jj, 7; are defined in (3.40). Then we have

. 1 2
~ max |1“,-j— — Z Z Oy, X Willelz| = Op(l). (348)
i,j=1,...,p1 TiTj L=16—1
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Theorem 7 adopts the idea of lemma 4, i.e., estimates the covariances of the linear
combinations )" W%f’ with a kernel estimator. However, it is more complex than lemma 4 since
wj; needs to be estimated, and the estimated errors & does not equal the real errors &;.

Although we have the consistent estimator I for {E&;& i }ije.n» computing Tisstilla
tedious undertaking in practice. Therefore, we hope to find an algorithm that is easy to implement
and can automatically generate the desired simultaneous confidence intervals and/or perform
hypothesis testing for {. Some form of resampling may be the way out; see e.g., Politis et al.
[1999] and Zhang and Zhang [2014]. For example, the dependent wild bootstrap algorithm
introduced by Shao [2010] has wide applicability in dependent data settings. Conley et al. [2019]
applied the dependent wild bootstrap on linear regression while Zhang and Politis [2021b] used

this algorithm for statistical inference on autoregressive models. We will focus on testing

null: M = y versus alternative: M3 # v
(3.49)

where M is a given p; X p matrix and ¥ is a given vector.

Algorithm 3 (Dependent wild bootstrap). Input: Design matrix X, dependent variable vector y,
the new linear combination matrix M, the ridge regression parameter p, ,, the Lasso parameter
Pn,i> threshold b, > 0, the nominal coverage probability 1 — o,0 < & < 1, the kernel function
K(-), the bandwidth k,, > 0 and the number of bootstrap replicates B.
Additional input for testing: y € RP!, the expected value of { = M under the null.
Algorithm steps:

1. Calculate E in (3.22), Z in (3.34) and 7; in (3.40). Then derive € = (€1, ...,&,)! such
that € = y; —Z?ZIXUEJ. Define V. ={Vij}i j=1,..p= QlQi if p>nandOif p <n. Calculate
B.=Vp.

2. Generate jointly normal random variables €, ...,€&, such that Eg; = 0 and Eg;e; =
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K (l/:n]> Define €* = (¢, ---78;;)T such that & = & X €. Set y* = XE—I—E*. Then calculate
B* = (Bi.. ﬁ )T = B + s QA2 + pusl) " QT BT + BL

—~

b* = {l: 1,2,...,p: |ﬁl*| > bn}

(3.50)
B =B ﬁ )T such that B} = B} x L
P #x * 4 Cmyp o mijij ~
&= (&, Pl) such that & = Z <Br— Y —LAp
1=V - 1V
J ]6!/%;;
3. Define
2
¢ Mikqk . r /»2( Ak PricMe ) 1
CGi= L Ty, T = LG + + - (3.51)
ij kg?; 1 — Vi i /;1 j AkZ_Fan ()Lkz“f’pn,r)z n
then calculate
=Y m
§; = max 4 ] 1P (3.52)
izl?"'upl Tl

4. Repeat step 2 to 3 for b=1,2,...,B. Compute §;,...05 from (3.52), and let C]_,
denote the empirical 1 — o quantile of the values 6/, ...0p.

5.a (constructing confidence interval) The 1 — o simultaneous confidence intervals for

C = (Cl?"';Cpl)T are given by

{x = (x1, .., xp, ) €RPI: _max i ; il < Ci‘a} (3.53)
T LyLyeeey 1

5.b (hypothesis testing) Reject the null hypothesis at level o if

max |ll/l: Cl|

ci_,. 3.54
i=12,..p1 T =l (3.54)
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Remark 10. Although in practice the bootstrap is carried out with B being a large —but finite—
number, the theoretical analysis assumes B — oo, [If B — oo, theorem 1.2.1 in Politis et al.

[1999] shows that C}_, converges to c}_,, the 1 — o quantile of the conditional distribution
T P mi-/\4
Prob* (ma)(l-_17_”7p1 w < x), ie.

T

& — X miiBl
¢;_oq=inf{ x €R: Prob* | max — L:l < x

i=1,....p1 T;

>1l—o (3.55)

Therefore, in order to prove the consistency of algorithm 3, it suffices to show

& — X miiB
sup |Prob* [ max — - S
x€R i=1,...,p1 Ti

<x | —Prob (max|§,~| §x> | =0,(1); (3.56)
icH

see theorem 6 for the meaning of &;.
Theorem 8 proves the consistency of algorithm 3.

Theorem 8. Suppose assumptions 1 to 8 hold true. Then eq. (3.56) holds, where .# and &;
are defined in theorem 6. Consequently, as both n and B tend to oo, the confidence intervals
and hypothesis test of algorithm 3 have asymptotically correct coverage and significance level

respectively.

3.6 Numerical experiment

This section presents several numerical experiments to illustrate the finite sample perfor-
mance of the debiased and thresholded ridge regression estimator as well as the wild bootstrap

algorithm 3. In addition, we apply the estimator and the algorithm to a real-life data set.

3.6.1 Selection of hyper-parameters

In order to use the debiased and thresholded ridge regression method (3.22) and the

bootstrap algorithm 3, statisticians need to fine-tune the ridge regression parameter p, ,, the
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Lasso parameter p,, ;, the threshold b, and the bandwidth k. E.g., p, ,, pn; and b, can be chosen
by cross-validation, i.e., separate the design matrix X and the dependent variables y into disjoint
training set (X;yqin, Virain) and validation set (X,qjiq, Vvaia); for each choice of parameters, use
(Xtrains Yerain) to fit E ; then calculate |v,u7iq — Xyatid E ) The optimal parameters should minimize
Vyalid — Xvalid E . See Arlot and Celisse [2010] for a further introduction on the cross validation
methods.

Grid search on the parameter tuple (ppr,Pn/,b,) is time-consuming, so we adopt a
two-stage search, i.e., first fit the Lasso regression (3.20) and choose p;" ; that minimizes |y,qiq —
Xoalid E lasso|, "Fixing p, at the value P, - perform grid search on the parameter tuple (0, bn)
to find p,; , and by, that minimize |y,iq — Xyatia E |>. According to the simulations, this method
selects suitable parameters.

Fine-tuning k&, is more challenging. Politis and White [2004] introduced an automatic
bandwidth selection algorithm; Shao [2010] applied this algorithm for the dependent wild
bootstrap. 10. and Kim and Sun [2011] considered selecting bandwidth in the HAC estimation
setting. Following Shao [2010], this paper applies Politis and White’s algorithm Politis and
White [2004] on the fitted residuals € = (g),...,&,)] =y —X E to select k,; to do this, we use
R-Package ‘np’ Hayfield and Racine [2008] that implements the selection algorithm. However,
€ is not assumed to be stationary in our setting; so this algorithm may result in a suboptimal

bandwidth.

3.6.2 Simulated Data

The numerical experiment fits the linear model y = X 8 + €. Here, X is generated by i.i.d.
standard normal random variables, and is fixed in each experiment. Parameter 8 = (B, ..., BP)T

is generated by the following scheme

Bi=0.1x(i+5) fori=1,2,...,15 and 0 otherwise. (3.57)
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Figure 3.1. Figure 3.1a plots an observation of the errors € and figure 3.1b plots the heatmap
for the first 10 x 10 elements of €’s covariance matrix. Values in each grid represent the
corresponding covariance. The covariance matrix is calculated by simulating 40000 samples of
the random vector € = (g1,...,&,)7.

Define e;,i € Z as i.i.d. standard normal random variables. Choose a = (aj,as,...,a,)" such

that a; = e7e7 | — 1. Then define € = (&1, ...,&,)7 = (1/4) x Ha(the factor 1/4 avoids €’s

i
variances from being too large). Here H = (h,-j)hj:l’_“,n, hij =0 for j > i, hjj =1, h;j is
generated by uniform distribution in [0.6,0.9] for i — 10 < j < i and h;; = s;;/(i — j)* for
j <i—10. s;; is generated by uniform distribution on [—1, 1]. H is fixed in each experiment. For
Ea; = Ee? x Ee? | —1 =0, we have E¢ = 0.

Note that the ¢;s are not white noise since Ea;a;_; = 2. Moreover, the &; are not a stretch
of a linear process with independent increments because of the nonlinearity of the a;s, and are
not stationary because of H. Figure 3.1 plots an observation of the errors €, and the first 10 x 10
elements of €’s covariance matrix. In figure 3.1a, the errors demonstrate strong dependence,
i.e., &4 is likely to be large if €; is large. Figure 3.1b shows that €’s covariance matrix is not a
Toeplitz matrix, so the distribution of € is not stationary.

The linear combination matrix M is generated by 1.i.d. normal random variables with
mean 0.5 and variance 0.25, and is fixed in each experiment. The hyper-parameters py, », Py
by, ky are tuned by the methods described in section 3.6.1. The sample size n and the dimension

p vary in each experiment. We present the information on our experiments in table 3.1.

Simulation result The performance of the debiased and thresholded ridge regression
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Table 3.1. Experiment parameters. ‘No.” abbreviates ‘the experiment number’. Denote
Pn,rs Pn.1>bn, kn the selected ridge parameter, the selected Lasso parameter, the selected threshold
and the selected bandwidth respectively as defined in section 3.4. Denote A, the smallest singular
value of the design matrix X. The number of linear combinations p is 15.

No. samplesize dimension p,, Pnl b ky, A

n T
1 300 400 26908 0.104 0353 13.720 2.694
2 600 800 18.288  0.118 0422 16994 3.614
3 1200 1600 19.859 0.184 0470 28.704 5.208
4 300 200 5.305 0.202 0.288 14943  3.299
5 600 400 11.544 0.095 0.408 12.182 4.667
6 1200 800 69.568 0.109 0360 21.602 6.317

estimator (thsDeb, defined in (3.22)) and the bootstrap method is presented in figure 3.2, 3.3
and table 3.2 .The alternative methods are Lasso, Ridge regression, the ElasticNet, the threshold
Lasso (thsLas) and the threshold ridge regression (thsRid); see Tibshirani [2011] and Zou and
Hastie [2005]. We refer to Chatterjee and Lahiri [2011] and Meinshausen and Yu [2009] for the
threshold Lasso, and Shao and Deng [2012] for the threshold ridge regression.

Apart from Zj, (defined in (3.34)), we are also interested in Z,’? = Z?Zl m; jﬁj, named
‘thsRaw’ in this section. Compared to Zi, Ef is a natural predictor for the linear combination
&= Z;’:l m;jB;. However, figure 3.2 shows that E;r has a larger error than EI

This section uses the following indices to evaluate the performance of linear regression
methods: the probability of model misspecification Prob(a@ # N, ); the average size of model

misspecification |Jf/;,\,l ANy, |(A represents the symmetric difference, i.e., AAB=(A—B)U(B—

| Ay =Ny

—2_ and the average prediction loss |[X 3 — X B|,; see
max(1,|-4,)

A)); the average false discovery rate
Shao and Deng [2012]. These terms are calculated over 1000 simulations.

The numerical experiments focus on two situations, i.e, p > n (experiment 1 - 3) and
p < n (experiment 4 - 6). When p > n, the threshold Lasso has good performance. However,
statistical inference (i.e., constructing confidence intervals or performing hypothesis testing)
based on the threshold Lasso estimator is quite difficult. Chatterjee and Lahiri [2011] proposed
a bootstrap algorithm to generate a consistent confidence interval when the dimension of the

linear model is fixed. However, to the best of our knowledge, there has not been a discussion of

this problem under the high dimensional setting. On the other hand, statisticians can generate
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consistent confidence intervals for the ridge regression (e.g., Bithlmann [2013]) and the Lasso
estimator(e.g., Zhang and Zhang [2014], Zhang and Cheng [2017]). However, the performance
of these methods is significantly worse compared to the threshold Lasso and the debiased and
thresholded ridge regression that is the subject of this paper.

The debiased and thresholded ridge regression estimator has moderate probability of
model misspecification. Even if the estimator selects a wrong model, table 3.2 shows that the
deviation between JI//;,\,Z and .4, is small on average. Moreover, in figure 3.2 we see that the
proposed method has a smaller estimation error than the threshold Lasso, which makes this
method competitive. Besides, the modification (3.34) can further decrease the estimation error.
Similar things happen when p < n, i.e., the threshold Lasso and the debiased and threshold ridge
regression have small estimation errors. Notably, when p < n, the modified estimator (3.34)
equals E* =M E . This observation coincides with section 3.4.

We also test algorithm 3 and present the results in table 3.2 . Simulations show that the
bootstrap algorithm 3 can generate a simultaneous confidence interval with desired coverage

probability.
3.6.3 Real-life data

We analyze the ‘Market data’ that can be downloaded from Fan [Accessed: 2022]; see
section 8.8 in Fan et al. [2020] and Chen et al. [2018] for a description. The response y represents
the daily number of customers, and each column of the design matrix X records the sale amount
of a product. The dataset has 464 observations and 6398 features (products). The response y and
the design matrix X are standardized so that y and each column of X have (sample) mean 0 and
variance 1.

For computational reasons, we explore the relation between y and just the first 2000
features. The first 450 observations will be used to train the model and the last 14 observations
will serve as the test set. We select hyperparameters as described in Section 3.6.1, and present

the selected values in table 3.3 . We evaluate the estimator’s performance through the prediction
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Figure 3.2. The estimation €errors of various linear regression algorithms. The upper figure
plots the estimation error |[M 3 — M|, with respect to different ridge(Lasso) parameter pj, ,(for
the Lasso (3.20) and the threshold Lasso, we recognize the x-axis as 2n X p,,;, n is the sample
size. Otherwise, p,; will be too small to be plotted on the figure.). The lower figure plots
the estimation error of the proposed linear regression method (3.22) with respect to different
threshold b,,. The dots represent the optimal parameters selected by ten-fold cross validation.
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Table 3.2. Performance of various linear regression algorithms. The terms are calculated
through 1000 simulations. ‘Prob’ represents Prob(JT/;;l # M, ), ‘FDR’ abbreviates ‘the false
discovery rate’ and ‘coverage’ abbreviates ‘the coverage probability of the confidence interval
(3.53)’. ‘length’ represents the average length of the confidence interval (3.53), which equals
2C]_,- We select the nominal coverage probability 1 — o0 = 90%.

No  Algorithm  Prob |5, AM,|  FDR Prd-loss | coverage length
1 thsDeb 71.4%  6.80 0.21 23.70 91.2% 9.678
Lasso 100%  39.16 0.70 19.39
thsLas 54.6% 4.22 0.13 19.17
Ridge 100% 174.86 0.92 31.10
thsRid 92.1%  6.67 0.20 38.46
ElasticNet  100%  69.70 0.82 23.96
2 thsDeb 53% 3.20 0.11 22.98 92.8% 20.843
Lasso 100%  27.95 0.59 22.28
thsLas 36.9% 1.35 0.04 17.70
Ridge 100%  354.15 0.96 4477
thsRid 98.2%  3.69 0.08 44.64
ElasticNet  100% 93.39 0.85 28.76
3 thsDeb 21.7%  0.29 0.0037 16.38 85.7% 8.850
Lasso 100% 56.71 0.75 23.16
thsLas 5.2% 0.08 0.0010 13.16
Ridge 100%  690.44 0.98 63.83
thsRid 78.5%  1.04 0.0100 56.43
ElasticNet  100% 179.17 0.92 38.20
4 thsDeb 98.0%  13.51 0.40 2791 90.6% 7.725
Lasso 95.8%  7.57 0.29 17.67
thsLas 81.7% 1.32 0.009 19.16
Ridge 100%  89.33 0.86 27.43
thsRid 81.8% 1.49 0.02 21.93
ElasticNet  100%  27.36 0.62 20.61
5 thsDeb 53.2% 2.54 0.10 23.08 96.9% 9.399
Lasso 100%  32.71 0.65 18.65
thsLas 47.4%  2.40 0.10 15.58
Ridge 100% 170.31 0.92 38.39
thsRid 42.0% 1.10 0.04 18.76
ElasticNet  100% 81.71 0.84 26.74
6 thsDeb 20.2%  0.46 0.024 16.62 96.9% 9.486
Lasso 99.9%  21.03 0.52 19.50
thsLas 7.5% 0.15 0.008 11.51
Ridge 100%  356.76 0.96 54.89
thsRid 11.6%  0.15 0.003 15.72
ElasticNet  100%  79.58 0.83 29.18
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Figure 3.3. The estimation errors of various linear regression algorithms for experiment 5 and 6.
The meaning of figures coincides with that of figure 3.2.

error (i.e., the test set 2-norm |ysesr — Xrest E |2, where the subscript ‘test’ represents the test set)
and the number of non-zero elements |</l//1; |(see theorem 5). Ideally, a good estimator should
have small prediction error and small \Jlf/b\n |. Figure 3.4 plots the predicted responses on the test
set and the estimated autocorrelation function (ACF) of the fitted errors (i.e., y — X E ). Since the
errors have non-trivial ACF, they should be considered dependent.

According to table 3.3 , the debiased and thresholded ridge regression estimator has the
smallest prediction error. Meanwhile, it maintains the model sparsity, i.e., it has small L/I//;; . On
the other hand, despite the Lasso and the elasticnet having small prediction errors as well, they
tend to select a more complex model than the debiased and threshold ridge regression estimator.

Furthermore, as an illustration, we construct a simultaneous confidence interval for the
first 8 parameters, i.e., choose M = [I3,0]. Here I3 is the 8 x 8 identity matrix and O represents
the 8 x (2000 — 8) matrix with elements 0. The result is demonstrated in table 3.4 . In algorithm
3, we estimate the parameters through (3.34), i.e., 1+V” [/3\, — IY—"’,” Bf”“" X lie e instead of [/3\, So

B does not lie in the center of the confidence interval in table 3.4.
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Table 3.3. Selected hyper-parameters(HP) of thsDeb and the test set performance of various
linear regression methods. The meaning of symbols and abbreviations coincide with table 3.1
and 3.2. Lasso, ridge regression and elastic net do not have well-defined .43, . For those methods,

we consider i € 4, if [B;| > 0.0001. ‘samp’ represents the number of samples; while ‘dim’
represents the dimension of parameters.

The selected hyper-parameters(HP) of thsDeb
samp dim Pn.r Pnl b, kn Ar
HP of thsDeb 450 2000 39934  0.044 0.013  28.488 15.497
Performance of various linear regression methods
thsDeb  thsLas thsRid Lasso Ridge ElasticNet
[Veest —X,mﬁ\z 1.09 1.31 2.94 1.15 1.56 1.13
|| 46 36 15 88 1938 141

Table 3.4. The 95% simultaneous confidence interval for thsDeb’s first 8 parameters. The 95%
simultaneous confidence interval will be given by {x = (xy,...,x3) : Conf.low < x; < Conf.high}

i= 1 2 3 4 5 6 7 8

Bi 0.0 0.0 0.019 0.0 0.0 0.072 0.098  0.037
Conf.low -0.046  -0.046 -0.057 -0.046 -0.046 -0.059 0.025 -0.064
Conf.high  0.046 0.046 0.122 0.046 0.046 0.213 0.228  0.146

ACF

rrrrr ElasticNet °

2 4 6 8 10 12 14 0 5 10 15 20 25

(a) Test set performance, blue
dots represent real values (b) ACF of Residuals

Figure 3.4. The predicted responses on the test set for various linear regression methods and the
ACEF of residuals (y — X 3).
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3.7 Conclusion

Focusing on a high dimensional, sparse linear regression model y = X3 + € with het-
eroscedastic, dependent (correlated) and non-stationary errors €, the paper at hand proposes a
debiased and thresholded ridge regression estimator that is consistent and able to recover the
model sparsity. We also develop a Gaussian approximation theorem for the estimator. More-
over, we construct a dependent wild bootstrap algorithm that automatically yields consistent
simultaneous confidence intervals and/or hypothesis tests for { = M3, where M is a given linear
combination matrix. Numerical simulations and real-life data analysis show that the proposed
estimator has good finite sample performance, complementing our theoretical (asymptotic)
results.

To the best of our knowledge, there is little research on the high dimensional linear model

with non-stationary errors. Compared to the state-of-the-art of the literature, the paper at hand:

e introduces a set of theoretical tools to analyze non-stationary random variables as potential

I'CgI'CSSiOI’l €ITOoIS;

e cnables consistent statistical inference even when the errors in the linear model are het-

eroscedastic, with an arbitrarily complex covariance matrix;

e allows practitioners to construct simultaneous confidence intervals for linear combinations
of 3;

e and allows for consistent debiased and thresholded ridge regression with parameter dimen-

sion larger than sample size — a result that is novel even in the context of i.i.d. errors.
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Chapter 4

Bootstrap prediction intervals with asymp-
totic conditional validity and uncondi-
tional guarantees

4.1 Abstract

It can be argued that optimal prediction should take into account all available data. There-
fore, to evaluate a prediction interval’s performance one should employ conditional coverage
probability, conditioning on all available observations. Focusing on a linear model, we derive
the asymptotic distribution of the difference between the conditional coverage probability of
a nominal prediction interval and the conditional coverage probability of a prediction interval
obtained via a residual-based bootstrap. Applying this result, we show that a prediction interval
generated by the residual-based bootstrap has approximately 50% probability to yield conditional
under-coverage. We then develop a new bootstrap algorithm that generates a prediction interval
that asymptotically controls both the conditional coverage probability as well as the possibility
of conditional under-coverage. We complement the asymptotic results with several finite-sample
simulations.

Keywords: Prediction, regression, bootstrap, conditional validity
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4.2 Introduction

Statistical inference comes in two flavors: explaining the world and predicting the future
state of the world. To explain the world based on data, statisticians create models like linear
regression and use data to fit the models. After doing that, they will gauge the goodness-of-fit,
and assess the accuracy of estimation, e.g., via confidence intervals of the fitted model. Focusing
on regression, the literature is huge; to pick 3-4 papers, see Shao [1996] on model selection, Xie
and Huang [2009] or Liu and Yu [2013] on model fitting, and Freedman [1981] on statistical
analysis.

Prediction is not a new topic in statistical inference; we refer to Geisser [1993] for a
comprehensive introduction, or Politis [2015] for a more recent exposition. Notably, prediction
has seen a resurgence in the 21st century with the advent of statistical learning; see Hastie et al.
[2009] for an introduction. Similarly to the aforementioned linear model procedure, statisticians
use data to fit a model that can yield a predictor for future observations, and use prediction
intervals to quantify uncertainty in the prediction; see e.g. Romano et al. and Wang and Politis
[2021]. Under a regression setting, there are several ways to construct a prediction interval. The
classical prediction interval was typically obtained under a Gaussian assumption on the errors;
see Section 4.3 in that follows. One of the earliest methods foregoing the restrictive normality
assumption employed the residual-based bootstrap; see Stine [1985] and the references therein.
More recent methods include the Model-free (MF) bootstrap and the hybrid Model-free/Model-
based (MF/MB) bootstrap of Politis [2015].

For all bootstrap methods, the aim is to provide an asymptotically valid prediction interval.
Suppose I"is a prediction interval for the future observation %;. If Prob(%; € I') = 1 — o (where
~ indicates an asymptotic approximation), then I" is an asymptotically valid 1 — & prediction
interval for %;. On the other hand, if we wish to ensure that Prob(#%; € I') > 1 — «, i.e., an
unconditional lower-bound guarantee, then we may apply the conformal prediction idea of

Shafer and Vovk [2008] and Vovk et al. [2005], which has been applied to several complex
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models, including non-parametric regression; see Lei and Wasserman [2014], Lei et al. [2018],
Romano et al., and Sesia and Candes.

In the paper at hand, we assume a linear model and discuss how to construct an asymp-
totically valid prediction interval in the context of conditional coverage that also possesses some
unconditional guarantees as discussed above. To be more concrete, suppose we have an n X p
design matrix .2, independent and identically distributed residuals € = (&1, ...,&,)”, dependent
variables % = (%, ...,%,)T where % = 2 B + ¢ and a fixed new regressor(a vector) 2 that is
of interest. We would like to provide a 1 — & prediction interval I' = I'(2", %, Z) for the future
observation %y = 2 fT B + &; here & is independent of 2", % and has the same distribution as
€1. The aforementioned bootstrap methods will ensure that Prob (@f € F) ~ 1 — «, but without
a lower-bound guarantee. On the other hand, the conformal prediction(e.g., Chernozhukov
et al. [2021]) method yields an interval I" such that Prob (@f € F) >1—a, i.e., an uncondi-
tional lower-bound guarantee. However, we are more interested in quantifying the performance
of a prediction interval in terms of its conditional coverage probability Prob (@f elw ) (or
Prob (%; €%, Z¢, Z") under random design).

The reason for our interest comes from two aspects. On one hand, the conditional
probability precisely describes how statisticians make prediction in practice. By using the

unconditional probability
Prob (%; €T) =E (Prob (%; € T'|%)) (4.1)

it is as if we assume that the statistician has not observed % before making the prediction.
Realistically, however, statisticians have observed % and have fitted the model before
they make predictions. Therefore, it is informative to understand what happens to %} given our
knowledge of all data (including %) rather than “on average” among all possible %/
On the other hand, according to eq. (4.1), analysis of the conditional probability is a

more fundamental topic than the unconditional one. For example, if for any given 0 > 0,
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Prob ({|Prob (% € T|%) — (1—a)| > 8}) — 0 as n — oo, then we can take the conditional

expectation and have

|Prob (@f € F) —(l-a)|<E (|Pr0b (@f € F|@) —(1- oc)|) 42)
< &+ Prob ({|Prob (% €T|%) — (1—a)| > 6}) |

which implies Prob (#; €T) — 1—a.

Consequently, the aforementioned performance goals of asymptotic validity and lower
bound guarantee should be recast in terms of conditional coverage. Note, however, that
Prob (?!/f el ) is arandom variable itself — see e.g. definition 1.3 in Cinlar [2011]. Hence, the
performance goals are now stochastic, i.e., Prob (@f el|% ) —p 1 —a and Prob (@f el% ) >
1 — o with a specific probability. Surprisingly, we can achieve these goals simultaneously through
a careful re-design of our prediction intervals. Definition 5 in what follows describes our new
performance aim. Before stating it, however, we need to clarify our notation since our results
hold true for both fixed and random design. In the latter case, however, all probabilities and

expectations will be understood as being conditional on .Z"; see Definition 4 below.

Definition 4. Consider the two cases:

(a) Fixed design, i.e., there is no randomness involved in the design matrix 2 and the new
regressor Zy. In this case, we define P(-) = Prob(-), P*(-) = Prob(-|%), E- = E-, and E*- =
(b) Random design, i.e., there is randomness involved in the design matrix 2 (and possibly
in the new regressor Zy as well). In this case, we define P(-) = Prob(:| 2", Zy), P*(:) =
Prob(-|% X, Z%), B- =E(-|Z , ZF), and E*- = E(-|% , 2", Z). Furthermore, convergences

and probability statements will be understood to hold almost surely in 2~ and 2.
We can now state our new performance aims in general.

Definition 5 (Prediction interval with unconditional guarantee). Assume an n X p design matrix

%, independent and identically distributed (i.i.d.) residuals € = (&1,...,&,)" € R", and that the
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dependent variables % satisfy a linear model % = 2" B + €. For a new regressor 2y € R? and
a potential future observation %y, we say that U’ =T'(Z, %, Z7) is the 1 — a prediction interval
with 1 — v unconditional guarantee if the following conditions hold true:

1. For any given 6 > 0,

P({P"(#el)—(1-a)>8}) =0 (4.3)

P{P(Zel)>1-a})>1-vy (4.4)

as n — oo; here, o,y are constants in (0,1). We call 1 — & the nominal (conditional) coverage

probability and 1 — 7y the guarantee level.

Intuitively, Definition 5 requires the prediction interval I' to have an asymptotically
correct conditional coverage probability 1 — . Meanwhile, the hope is that I"’s conditional

coverage probability is greater than 1 — o with a specific (unconditional) probability.

Remark 11. In Definition 5, the validity condition (eq.(4.3)) is ubiquitous and easily understood,
but the second condition (eq.(4.4)) needs some clarifications. This remark aims to stress that the
second condition is not redundant.

Suppose a prediction interval I satisfies (4.3) with 1 — o« = 95%. If the sample size n is
very large, then I'’s conditional coverage probability is close to 95%. In this situation, whether
or not the conditional coverage probability is greater than 95% is not important. However, if the
sample size is merely moderate, then I'’s conditional coverage probability can be significantly
smaller than 95%. Indeed, in table 4.2 and 4.3(in section 4.7), a nominal 95% prediction interval
may have a conditional coverage probability less than 91%.

In addition suppose U satisfies (4.4) with 1 —y = 85%. When the sample size is moderate,
the guarantee level may also be smaller than 85%. However, this condition still gives us an extra

assurance that I is ‘not likely’ to have an under-coverage issue. Moreover, it is even unlikely for
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I"’s conditional coverage probability to be far less than 95%.

Notably, statisticians have already noticed a gap between theoretical validity and finite
sample performance. That is, an asymptotic valid prediction interval(e.g., Stine [1985]) will
often manifest under-coverage in practice; see Politis [2013] for a discussion. In order to fill
this gap, Politis [2015] proposed the definition of a ‘pertinent prediction interval’, which is a

notion stronger than (4.3). Definition 5 provides a new perspective on this problem.

Remark 12 (Further discussion on eq. (4.4)). A drawback of eq. (4.3) is that it takes place
asymptotically (as the sample size n — o). Hence, a prediction interval may satisfy (4.3) with a
given 8 >0, but for a given sample size n, the probability of the event {|P* (%} € T) — (1—a)| >
8} may not be negligible. If the event {|P* (%; € ') — (1 — )| > 8} is to happen, we may prefer
P* (?!/f € F) > 1—a+ 0 (ie., overcoverage) to P* (?!/f € F) < 1—a—0 (ie., undercoverage).
Eq.(4.4) reflects the intensity of this preference, i.e., overcoverage is more likely to happen if we
choose large 1 — Y. Notably, we require (4.3) and (4.4) to happen simultaneously. Therefore,
(4.4) calibrates the usual prediction interval—e.g., the prediction interval generated by the

residual-based bootstrap (Stine [1985])—instead of creating a new one.

Remark 13. This remark compares definition 5 with classical bootstrap methods and conformal
predictions. Recall bootstrap methods always require P(%; € T') — 1 — « like Stine [1985], or
P*(%; €I') =, 1 — a like Politis [2015]. On the other hand, conformal prediction is considered
a model-free, non-asymptotic method to generate a prediction interval. But its guarantee is
on average over the observations and over the future random regressor 2. In table 4.1, it
appears that the guarantee level of a conformal prediction is only 10.2% even when the sample
size is 1600, implying that in 89.8% of the samples we have conditional coverage probability
less than 1 — o.. The new regressor 2y is fixed (or conditioned upon) in our paper, so a complete
model-free procedure (i.e., a procedure that constructs a consistent prediction interval for any
models) is impossible; see Barber et al. [2021].

In order to increase the guarantee level, Vovk [2012] introduced the idea of a tolerance
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region; Vovk’s tolerance region is constructed as follows. First, perform the split-conformal
prediction introduced in Lei et al. [2018] to make the 1 — a prediction interval C\_o(Z) for
%Y. Denote neqp the size of the calibration set (i.e., I in algorithm 2 of Lei et al. [2018]). Then
choose ' such that

Y= binomnm“b,a( La/(ncalib + 1) - 1J) (4.5)

where binomy, o denotes the cumulative distribution function of a binominal distribution with
size n and probability a, and |x| denotes the largest integer that is smaller than or equal to
x. Then Vovk’s tolerance region is defined as C\_y (Zy). According to proposition 2b in Vovk

[2012], this prediction interval satisfies

P(P (%) €Cr_o(27) > 1—a) > 1y (4.6)

which is similar to condition (4.4). However, Vovk’s tolerance region might not satisfy (4.3);
that is why (4.5) is an inequality rather than an equality. In section 4.7, we compare several
prediction methods via finite-sample simulations; it looks like Vovk’s tolerance region is typically
wider than other prediction intervals.

Table 4.1 shows that this tolerance region has high guarantee levels among various
linear models.

Definition 5 still follows a bootstrap framework but additionally requires P*(%; € T") >
1 — « for a specific proportion of observations. This definition is useful for understanding an
existing bootstrap algorithm, like corollary 1. It also maintains the balance between I'’s length

and its possibility of under-coverage.

Definition 5 is not easy to achieve; to see why, we present a simulation in table 4.1. The
guarantee level(i.e., proportion of observations having conditional coverage probability > 1 — o)
of the aforementioned methods are not very high.

Our paper has two main contributions. On the one hand, it derives the Gaussian approxi-

75



Table 4.1. Quantiles of conditional coverage probabilities and guarantee levels of prediction
intervals on the Experiment model (see section 4.7). The errors are generated by i.i.d. normal
random variables with mean 0 and variance 1. The nominal coverage probability is 95%. We
use the R-package maintained by Tibshirani et al. [2021] to perform conformal predictions.
For Vovk’s tolerance region, we chose ¥ = 15% in (4.5). The notation ‘Quantiles’ denotes the
quantiles of conditional coverage probabilities and ‘Guarantee’ denotes the guarantee level(see
definition 5).

Sample size  Algorithm Quantiles Guarantee
15% 30% 50%

100 Residual bootstrap 91.0% 92.5% 939% 31.3%
MF/MB bootstrap 93.5% 94.7% 95.8%  66.7%
Conformal prediction 90.0% 91.8% 93.5% 27.9%
Split conformal prediction 952% 96.7% 97.8%  87.0%
Jackknife conformal prediction  92.7% 953% 97.2%  56.5%
Vovk’s tolerance region 973% 98.4% 992%  95.5%

400 Residual bootstrap 933% 94.0% 94.7%  40.8%
MF/MB bootstrap 93.8% 94.6% 952%  56.3%
Conformal prediction 91.9% 92.7% 93.6% 15.5%
Split conformal prediction 93.9% 94.8% 95.6% 66.4%
Jackknife conformal prediction  93.8%  95.0% 96.2%  52.6%
Vovk’s tolerance region 96.1% 96.8% 97.5% 95.2%

1600 Residual bootstrap 94.0% 94.5% 95.0%  48.0%
MF/MB bootstrap 942% 94.6% 95.0% 52.8%
Conformal prediction 92.0% 92.7% 93.4% 10.2%
Split conformal prediction 94.0% 94.6% 952%  57.7%
Jackknife conformal prediction  93.0% 93.6% 94.3% 25.5%
Vovk’s tolerance region 948% 953% 959% 81.3%

mation for the difference between the conditional probability of a nominal prediction interval
and the conditional probability of a prediction interval based on residual-based bootstrap. In
practice, bootstrap approximates the former by the latter, and the non-zero difference will make
the former deviate from 1 — . This leads to the fact that the residual-based bootstrap algorithm
asymptotically has guarantee level of 50%. On the other hand, we develop a new method to
construct a prediction interval satisfying definition 5 with arbitrarily chosen o, .

We employ a simple example to illustrate why a classical prediction interval becomes
problematic under the conditional coverage context in section 4.3. After that, we introduce the
frequently used notations and assumptions in section 4.4. In section 4.5, we derive the Gaussian
approximation result. In section 4.6, we develop the algorithm to construct the newly proposed
prediction interval. We perform some simulations to illustrate the proposed algorithm’s finite
sample performance in section 4.7, and provide some conclusions in section 4.8. The proofs of

the theoretical results will be deferred to chapter C.
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4.3 An intuitive illustration in the Gaussian case

For the sake of illustration, in this section only we suppose the residual £; has a normal
distribution with mean 0 and known variance 6. Assume .2°7 .2  is invertible. Denote ®(x) as
the cumulative distribution function of the standard normal distribution and @~ (), & € (0,1) as
its ¢—quantile, i.e., ®(®!(a)) = . Adopt the notations P, P* in definition 4. If we do not care

about the conditional coverage, we can define E = (2ZT2) ' 2T% and use the normal distri-

bution 1 — ¢ prediction interval &) = [%fTE-i— GQJ*I(%)\/I + %-T(%T%)_lﬁff, %fTE-i-

cd 1(1-%) \/ 1+Z fT(% T 27)~12%] for the future response %#;. Since the random variable
Yy— X fTB has normal distribution with mean 0 and variance 6*(1+ 2/ (277 2) 7' 27), it
follows that

o Y- 2]B

P(% c 2)=P c1>—1(—)< <P (1——) =1—a. 4.7)
(7€ 2) a\/1+%T 2T 2

In other words, & has precise unconditional coverage probability. However, if we take
the conditional coverage into consideration, the random variable %; — 2 fTE |% (or % —
Z fT E %', Z¢, Z under random design) has normal distribution with mean

2B -2 (2T 2) ' 27 and variance 6. According to Taylor’s theorem,

- 27 B
P (%) =P o)< !
o\ 1+ 2] (272 I%f

o %T(%T I%T )
2Te )

=P <\/1 + 2T (2T 2 x @ (1 - >+

(4.8)

%T %T -1
_® (\/1+%fT(%T%)_1%fXCD_I(%)+ (

z1—a+q>’(q>*1(1—%))x%fT(%T%) ' 2 x &~ —%)

ol (@1 %y (LT

o
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The last line of (4.8) is derived by expanding the second line on ®~!(1 — ), and expanding the
(2] (2T ) 2Te)?
CoX( 2l (2T ) %)

third line on &' (%). Since @' (@~ '(1-%)) <0 has x? distribution and

@' (x) = —x® (x) for any x,
P({P" (e 2)>1-a})

N ((56”]7(3%”%)‘1ﬂu”s)2 _ @1 g) <@l (1 - %)) (4.9)
Q2T(2T2) T2y —o (@ 1(1-9))

which approximately equals 0.683. Therefore, the prediction interval &7 has about 68% guaran-
tee level.

However, it is possible to find a prediction interval with a desired guarantee level, say
1 —7y. Wallis [1951], Lieberman and Miller [1963] and De Gryze et al. [2007] considered
this problem and defined the ‘tolerance interval’ that controlled the guarantee level. However,
their work assumed that the residuals £; had normal distribution. Moreover, an 1 — 7 tolerance
interval does not ensure having asymptotic coverage probability 1 — . We define Cy_y as
the 1 —y quantile of a x7 distribution, and let ¢; _y = —® (&~ (1 — N2 (2T ) 2 x
Ci—y / 2 (P 1(1 - $))) > 0. We construct the prediction interval &%, = [%fTE—F o X
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(@ 1(5)—ci—y), %fTﬁ—f— o x (P '(1-%)+ci—y)]. We can now compute

P (W € 2,) =P <c1>—1 (5)-ev< %_T%JTE <o (1-T) +ery

2T 2T 2 Te
:@(qr‘ (1—g>+cw+ s )

2 o)
2T 2Ty 1 2Te
o0t (§) e T

~1-a20 (07 (1-5) ) xery
(4.10)

2I T2 2 Te
" -1 _g f 2
re (ot (1g)) )
which implies that P ({P* (%} € 2,) > 1—a})
Y 1 _g (%fT(%‘T%)_I%TS)Z
~P(—2" (7! (1-7)) T T TTE T

L@

< @@ (1-3)) x C1y)

Hence, prediction interval &2, has guarantee level about 1 — y. Note that since cj_y has order
O(1/n), this correction does not significantly enlarge the width of the prediction interval. In
other words, if the dimension of the parameter vector is fixed, then the uncorrected and the
corrected prediction intervals coincide with each other asymptotically.

In the end of this section, we would like to briefly discuss the prediction problem under
the high dimensional setting, i.e., p/n — s € (0,1). Bates et al. [2021] and Dobriban and
Wager [2018] also considered this problem but they focused on estimating the prediction error.
Steinberger and Leeb [2016] and Zhang and Politis [2020] constructed asymptotically valid
prediction intervals for a (sparse) high dimensional linear model. Suppose 30 < ¢ < C < o
such that all eigenvalues of }155 T % is greater than ¢ and smaller than C. This assumption is

achievable according to Bai and Yin [1993]. If p is large and the new regressor .2 is not sparse,

2T 2 .
then the term 2" fT(% Tyt ay > =L ! which does not tend to 0 as n — oo. Therefore,

n
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2-27B
o\ Jl+2 ] (27 2) 7 25
Taylor expansion in (4.8) and (4.10). So we need a new method to construct a prediction interval

despite that has normal distribution(so (4.7) is satisfied), we cannot use

in order to satisfy Definition 5. Moreover, ¢;_, will not converge to 0 as n — oo, and

(04 -1 (04 T _
=) +e1y—® (1_5)\/1+%f (2T 2) 125

c, { (4.11)

2o 1r2f @27 e) 2

o

—ol(1- %)%fT(%T%)—‘ Xy x

which does not converge to 0 as the sample size n — . So modification (4.10) will not be
negligible asymptotically, and the prediction intervals (4.8) and (4.10) will not be close to each
other even when 7 is large. In other words, constructing a ‘good’ prediction interval(e.g., a
prediction interval satisfying definition 5) can be a challenging problem if the dimension of
parameters is large. This paper will focus on the finite dimensional situation. However, our work
should lay a good foundation for the high dimensional prediction problem.

Another limitation in this section is that the marginal distribution of the errors is assumed
to be normal with known variance 62, which is always not true. In the general situation, the
marginal distribution of the errors is not normal and is unknown. As a consequence, the correction
can be significantly larger than 1/n. Besides, we need to use resampling to find a satisfactory

correction; this will be the subject of the following sections.

4.4 Preliminary notions

For the remainder of the paper, we revert to the general setup: an n X p design matrix
2 (assumed to have full-rank), the dependent variable % satisfying the linear model % =
(2,....,%,)T = 2 B + € with respect to the i.i.d. errors € = (g1, ...,&,)T; here, € has mean
zero, unknown variance 62, and cumulative distribution function denoted by F. We denote
2T =(21,...,.20), Zi= (2, ..., %I,)T € R?,i=1,2,...,n, the new regressor 2y € R” and

the new dependent variable %}(the subscript ‘f* will only be used for future observations).
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Define
B=B,..B) =27 2) 2w (4.12)

as the least squares estimator of the parameter vector 3. Then, define the centered estimated

residual € = (€}, ...,8,)” and the residual empirical process F (x) for any x € R respectively as

€ (4.13)

. . PO LA
/xdF_—):e,-:o, 6%= [ XdF =-) &. (4.14)
4 n

Here and in the rest of this paper, the lower case letters x,y,z will be used to represent a scalar.
For a function g : R — R, define gl as its derivative. Denote D = D0, 1] the space of cadlag
functions on [0, 1] with Skorohod topology—see chapter 3 of Billingsley [1999].

To derive our results, we need the following assumptions.

Assumptions:

1. &’s distribution is absolutely continuous with respect to Lebesgue measure. F is second
order continuous differentiable and sup g |F (x)| < o, Eg; = 0, E|g;|* < eo. The new
regressor 2y € R” and the new dependent variable %} satisfy %y = 2~ fTﬁ +&. Eis
independent of € and has the same distribution as €.

2. One of the two following conditions holds true:

2.1. Fixed design: 2" and 27 are fixed, i.e., non-random.

2.2. Random design: 2" and .2 are random. However, Z7 is independent of €,&;
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and £ is independent of €,&, 2.

3. 2TZ is invertible for Vn > p and lim,_. @ = A, lim,_ 2 , = b; here A is an
invertible matrix and b € R”. Besides, there exists a constant M > 0 such that || 2|, <M

fori=1,2,...,nand || Z%|» <M. ||.||> denotes the Euclidean norm in R?.

4. Define H(x) = Eg 1¢, <, and for Vx,z € R.

¥ (x,2) = 62F (\)F (2) (2 A7 25+ 122 A7)

—(F (x)H(z)+F (2)H(x))(ZF A™'b— 1) + F(min(x,z)) — F (x)F (2) (4.15)

We also define % (x) = ¥ (x,x) + ¥ (—x,—x) — 27 (x, —x)

Assume F (x) > 0,Vx € R, and % (x) > 0 for V 0 < x < oo,

For a function g : R — R and a point x € R, we define the limit from the left as

g (x)=_lim_ g(y) (4.16)

y—rX,y<x

if this limit exists. Note that g € D implies that g~ (x) exists for Vx € (0,1). As in section 1.1.4
of Politis et al. [1999], for any 0 < o < 1, we define the o quantile of a cumulative distribution

function g as

cog =inf{x eR:g(x) > a}. 4.17)

The meaning of notations P, P* E,E* is presented in definition 4. The symbol — repre-
sents convergence in R, and — & represents convergence in distribution. Without being specified,
the convergence assumes the sample size n — oo. ®(-) and ®~!(-) respectively represents the
cumulative distribution function and the quantile of the standard normal distribution. In the case

of random design, the convergence results hold true for almost sure 2" and 2.

Remark 14. (a) We centered €; in eq. (4.13), but if the design matrix % has a column of ones,

then summation of the estimated residuals will be 0 exactly, and re-centering is superfluous.
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(b) In the case of random design, we assume assumption 3 and 4 happen for almost sure 2" and
2.

(c) There are various linear model settings, e.g., presence of outliers, errors being dependent,
errors being being heteroskedastic, etc. This paper cannot discuss all situations simultaneously.
So we focus on the classical setting, i.e., without outliers and errors are i.i.d., to present our

work.

4.5 Gaussian approximation in bootstrap prediction

Residual-based bootstrap has been widely used in interval prediction for various models,
such as Thombs and Schucany [1990], and Pan and Politis [2016b]. Stine [1985] introduced a
residual-based bootstrap algorithm for prediction, but this algorithm is typically characterized
by finite sample undercoverage; see Pan and Politis [2016a]. To alleviate the finite-sample
undercoverage, Politis [2015] proposed the Model-free/Model-Based (MF/MB) bootstrap, that
resamples the predictive residuals 7= (71, ...,7,)7 instead of the usual fitted residuals. The

predictive residuals are sometimes called the ‘leave-one-out’ residuals, and are defined as:
T(qpT 1 9T 1y
=% -2 (XX )T XA =T — - Y 7 i=12,...n (4.18)
j=1

here Z_; and #_; are the design matrix 2" and the dependent variable vector % respectively,
having left out the ith row. For a least squares estimator, the predictive residuals can be efficiently
computed using the hat matrix; see theorem 10.1 in Seber and Lee Seber and Lee [2003].

For concreteness, the algorithms are as follows:

Algorithm 4 (Residual-based bootstrap). Input: Design matrix 2 and dependent variable
data vector % satisfying % = 2 B + &€, the new regression vector Zy of interest, number of

bootstrap replicates B, nominal coverage probability 1 — o

1. Calculate statistics B = (ZT2) ' 2T% and € = (&1,...,6,)7 as in eq. (4.13).
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2. Generate i.i.d. residuals €* = (g, €T and E* by drawing from €1, ...,&, with
replacement. Then calculate %* = % E +&" and ¥ = 2, fTB\ + &*. Re-estimate E* =
(ZT2) Y2 T%* and calculate the prediction root 8 = v — %fTB*

3. Repeat step 2 for b=1,2,...,B, and calculate the 1 — & (unadjusted) sample quantile

€l of 16,

 b=1,2,....B.

4. The prediction interval of % is given by {Q/f Yy — 35ng| < ?f—oc}
Remark 15. If we replace € by 7 in algorithm 4, we then obtain the MF/MB bootstrap algorithm.

The Glivenko - Cantelli theorem ensures that the empirical process of the bootstrapped
prediction root @f* -z fT B * converges to P* (@f* -z fT E < x> for any x € R P* almost surely
as B — oo, Therefore, the residual-based bootstrap approximates the unobservable conditional cu-
mulative distribution function P*(|%; — 2~ fT E | <x) by P* <|@f* -Z fT E 1 < x> , and estimates
the latter distribution by the bootstrapped prediction root’s empirical process; see Politis et al.
[1999].

Notably, the notation P* and E* are used for the conditional probability and expectation
conditioning on all observed data in this paper. Note that this definition coincides with ‘the
probability and expectation in the bootstrap world’ which is typical in the bootstrap literature;
see e.g., Cheng and Huang [2010]. The bootstrap approximation inevitably introduces errors.

This section focuses on understanding the asymptotic behavior of the error process.
P (x) = Vi (P12 — 2] Bl <x) P (1% — 2/ B*| <)) (4.19)

here @f* and E * are defined in algorithm 4. We refer to Bickel and Freedman [1981] and Politis
et al. [1999] for the related researches.

The asymptotic behavior of . is summarized in theorem 9.

Theorem 9. Suppose assumption 1 to 4 hold true. Then for any given real numbers 0 < r < s < oo,
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sup sup [P (.7 (x) <y)—& Y | =0 (4.20)
x€[r,s]yeR /4 (X)

here 7 is defined in (4.15).

Hence, if a prediction interval I" has the form {y eR:|y— Q’fT B | < x} (where x is a
given positive number), then the conditional probability P* (Z”f € F) and I'’s coverage probability
estimated by the residual-based bootstrap algorithm (i.e., P*(|%} — 2] fT B *| < x), where %" and
E * are defined in algorithm 4) has an error. Moreover, \/nx this error has an asymptotic normal
distribution with mean 0 and a specific variance % (x)(depending on x).

In the conditional coverage context, an application of theorem 9 is to calculate a prediction
interval’s guarantee level. For example, by choosing y = 0, and x = c¢]_, which denotes the

1 — & quantile of the distribution P* (| %" — 2 fT B *| < x), we have the following corollary

Corollary 1. Under assumptions 1 to 4, the prediction interval generated by residual-based

bootstrap has an asymptotically 50% guarantee level.

Alternatively, for a given y € (0,1), we could choose y = ®~!(y), the ¥ quantile of
the standard normal distribution, and x = c;ai & (1) T Since % is continuous,

theorem 9 implies the event {P*(|%; — %fTﬁ\ <l )— (1 —0o) >0},

o= (y)x\/%(c]_o)/Vn

which is equivalent to the event

% n *
VA (9= 2T BI< ¢ gy )

D (y) x /U (¢ _y)
NG
> O (y) x /% ()

o 4.21)

asymptotically has unconditional probability 1 —y. In other words, the prediction interval

{yeR:|y— %me < CT—G—¢71(Y)X\/W/W} has an asymptotic guarantee level 1 — 7.

Section 4.6 adopts this idea. However, in order to estimate %/, statisticians need to estimate
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F(x) = Prob(g; < x), the derivative F (x) and H(x) = Eég11¢, <, which is complex. To make
our work practical, section 4.6 presents a resampling algorithm that automatically generates the

desired prediction interval without estimating 7%/ .

4.6 Bootstrap prediction interval with unconditional guar-
antee

For a fixed dimensional linear model, bootstrap algorithms like the residual-based boot-
strap and the MF/MB bootstrap generate asymptotically valid prediction intervals. Besides,
Steinberger and Leeb [2016] and Zhang and Politis [2020] constructed asymptotically valid
prediction intervals for high dimensional linear models. However, the statistician cannot adjust
those prediction intervals’ guarantee level; for example, corollary 1 says that the residual-based
bootstrap has asymptotic guarantee level 50%. Therefore, in practice, the statistician cannot
expect the possibility for a prediction interval to have a conditional coverage probability less than
the nominal coverage probability. Ideally, we would wish for an algorithm that can generate an
asymptotic valid prediction interval with a suitable guarantee level which is useful for both fixed
and high dimensional regression. However, if the dimension is large, eq.(4.11) shows that the
prediction intervals satisfying different purposes may not coincide with each other asymptotically.
Therefore, finding a ‘good’ prediction interval can be a subtle problem for a high dimensional
regression.

Focus on the fixed dimensional linear regression, this section proposes two new variations
on these bootstrap methods, namely the Residual bootstrap with unconditional guarantee (RBUG)
and the Predictive residual bootstrap with unconditional guarantee (PRBUG), that maintain the
asymptotic validity but also allows us to choose the prediction interval’s guarantee level. These
algorithms involve two steps: generating a valid prediction interval by residual-based bootstrap
or MF/MB bootstrap; then calibrating the length of the prediction interval. Calibration of a

confidence/prediction interval is not a new idea; see Loh [1991, 1987], Politis et al. [1999] and
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Beran [1990]. Their work calibrated a confidence interval based on the Edgeworth expansion.
Our method does not use Edgeworth expansion. Instead, our method calibrates the prediction
interval based on theorem 9 and the idea of eq. (4.21).

In order to use eq.(4.21), we need to estimate %/. In section C.1.2, we show that the
error process . (x)(defined in (4.19)) can be approximated by a special stochastic process

o (522) — By (557). e

2m m

My (x) = \/EF/(xm) (%fT(%T%)I%Tg - }l Zn: 8j> — % z’l: (1gj§xm —F(xy)) (4.22)
. e

J=1

m is a sufficiently large positive integer and x,, = 2mx —m. As long as m is large, changing m

does not affect the value of M, (x; ”’l") — ]\7,; (%2;’") Fortunately, simulating M,, in the bootstrap

world is not difficult. So we can implicitly estimate %/ by simulating M,,. Algorithm 5 adopts

this idea, i.e., first estimate c¢]_,, the 1 — o (unadjusted) quantile of the conditional distribution

O (V) x\/U(c] )
N

in eq.(4.21) by simulating M. Finally, calibrate the prediction interval based on the adjustment.

P (|2 — 2, fT E *| < x). Then estimate the coverage probability adjustment —

Algorithm 5 (RBUG/PRBUG). Input: Design matrix 2~ and dependent variable data vector
Y satisfying % = X B + €, the new regression vector Xy of interest, and number of bootstrap
replicates B, number of replicates to find quantile’s adjustment 9, nominal coverage probability
1 — a, and nominal guarantee level 1 — 7y

Note: For RBUG, we define T = (T1,...,T,)] = € as in (4.13), while for PRBUG, we
define T =7 as in (4.18).

Calculate an unadjusted sample quantile

1. Calculate the statistics E —(2T2) '\ 2T and T.

2. Generate i.i.d. residuals €* = (g},...,&) and &* by drawing from 71,..., T, with
replacement; calculate %" = ,%BJre*, Y= %fﬁ%—é* and B* = (2T 2T+, derive
the prediction root &6; = % — %fTB\*.

3. Repeat 2 for b = 1,2,...,B, and calculate the 1 — o unadjusted sample quantile
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(denoted as ¢} _) of |0,

,b=1,2,....B.
Find the quantile adjustment
4. Generate i.i.d. e* = (ej, ..,eT by drawing from 7y,...,7, with replacement, then

derive T = %ﬁ+e*, B\T = (2T ' XTHT. Then define 2::* = %fTB—F?,'— %fTﬁT—I—

%Z’}:] e}ffori: 1,2,...,n. Calculate

1 & 1 &
jep— N Y ——— Y 1 4.23
Ph = 7m Xigicar, ~ ym B eiise (423)

5. Repeat step 4 for by = 1,2, ..., %, then calculate the 1 — 7y sample quantile (denoted
as c;’\ffy) ofpzl,bl =1,2,...,%.
Calibrate the prediction interval

6. Calculate c* ~ ,
lfoc+df_y/\/ﬁ

7. The prediction interval with 1 — o coverage probability and 1 — 'y guarantee level is

the 1—a+a’Af_y/\/r_l sample quantile of |8, |, b=1,2,...,B

given by the set

{xeR: |x—%fTB\ <c*

i ﬁ}. (4.24)

Remark 16. This remark explains why step 4 and 5 in RBUG/PRBUG simulates M,,. Suppose

we use RBUG. Then
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50 le equals

1 & =~
7 & (lg=a, ~F @)
J:
(4.26)
~ o~ 1 & ~
—/n (F <—c1 a+%fT(BT—ﬁ)—;Ze7> —F(—?fa))
j=1

which simulates My, (x;r—mm) — M; (%’Z”’) in the bootstrap world. The same discussion applies

to PRBUG as well.

We focus on proving RBUG’s validity, i.e., that prediction interval (4.24) satisfies defini-

tion 5. Define the simulated stochastic process

—~

%(x):ﬁf<x+%fT(%T% I%T*— Z >—%21e;9
j=1

=1 (4.27)
and .7 (x) = M (x) — M~ (—x)
and the quantiles
¢y = inf{x ER: P’ (|@f* — 2B < x) >1- a}
(4.28)
and dj_,(x) = inf{z cR:P* (V(x) < z) >1-— y}
See algorithm 5 for the meaning of the notations. Denote
c (1—06,1—’}/) :cl—OC-O-df,y(CT,a)/\/ﬁ (4.29)

From theorem 1.2.1 of Politis et al. [1999], ¢* -
lfoc+df7},/\/ﬁ

surely as B, % — . Therefore, the theoretical justification only focuses on ¢*(1 — a,1— 7).

converges to ¢*(1 — a, 1 — ) almost
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Theorem 10. Consider the RBUG algorithm, i.e, algorithm 5 with T = € as in (4.13). Suppose

assumption 1 to 4 hold true. Then, for any given 0 < o,y < 1,0 > 0,

P(IP (12— 2/Bl<c"(1-a,1-7)) ~(1-0)[ <) > 1

(4.30)
P({P (1% - 2Bl <c’(1-a1-7)) = 1-a}) > 1—y

In other words, RBUG is able to generate a prediction interval with desired asymptotic
coverage probability and guarantee level.

Corollary 2 proves the validity of PRBUG. In corollary 2, we choose T = 7 in algorithm
5 and define C}_, = inf{x cR: P (|7} — %fTﬁ*] <x)>1- (x};
DLY
CU=aI=D=Cain; e v

same roles as ¢]_, dfﬂ, and ¢*(1 — a, 1 — 7). The only reason for using another set of notations

(x) = inf{z eR:P* (ﬂx) < z) > 1—)/}. We define

. Thatis, C}_,, D}

|_y(x) and C*(1 — a, 1 —7) play the

is that we change the sampling mechanism (i.e., replace € in algorithm 5 by 7).

Corollary 2. Consider the PRBUG algorithm, i.e, algorithm 5 with T = 7. Suppose assumptions

1 to 4 hold true. Then, for any given 0 < o,y < 1,8 >0,

P(\P* <|@f_ %fTE’ <C*(1—-a,l —Y)) —(1-a) < 5) — 1 431)

P({P* <|%—%le§! SC*(I—oc,l—y)> > 1—a}> —1-7.

Remark 17. Similar to residual-based bootstrap and MF / MB bootstrap, section 4.7 shows that

PRBUG tends to generate a wider, and of higher guarantee level, prediction interval than RBUG.

4.7 Numerical justification

This section applies numerical simulations to demonstrate the finite sample performance

of RBUG/PRBUG. The alternatives are the residual-based bootstrap(RB), the MF/MB boot-
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strap(MF/MB), the split conformal prediction defined in Lei et al. [2018] and Vovk’s tolerance
region (Vovk [2012]). The classical conformal prediction algorithm (e.g., Vovk et al. [2005])
assumed 2 is random, which is unsuitable for our setting. Vovk’s tolerance region yields a
prediction interval satisfying eq. (4.4) but not condition (4.3). Lei et al. [2018] showed that the
split conformal prediction could generate an asymptotic valid prediction interval when 27 is
fixed, which coincides with our setting.

Figure 4.1 plots point-wise prediction intervals for the linear model %; = 0.8 +0.5.Z; + €.
L.i.d. residuals are generated by normal distribution with mean 0 and variance 1. When the
sample size is small, the prediction intervals generated by RBUG / PRBUG is significantly wider
than the prediction intervals generated by classical bootstrap methods. On the other hand, when
the sample size is large, the prediction intervals generated by different algorithms coincide with

each other.

— predictor —— predictor
- RB e :

e —— MFMB 37 = MF/MB
---- RBUG } o ---- RBUG
— PRBUG —— PRBUG

2]

-15 -1.0 -0.5 0.0 05 10 15 -15 -1.0 -05 0.0 0.5 1.0 15

(a) Sample size = 80 (b) Sample size = 400

Figure 4.1. Predictors and point-wise prediction intervals for the linear model %; = 0.8 +
0.5Z;+¢;, i=1,2,.... The prediction intervals are generated by the following methods: RB
for the residual-based bootstrap(Stine [1985]); MF/MB for the model-free / model-based boot-
strap(Politis [2015]); RBUG and PRBUG for algorithm 5. We choose the nominal coverage
probability 1 — & = 95% and the nominal guarantee level(in RBUG / PRBUG) 1 — ¥ = 90%.

Our linear model of choice is denoted as the Experiment model and defined as follows:
% = 2 B +e, and B’s dimension is 8. B = (Bo,B1,...,57)" with Bo=1.0, B =0.5, B =
—1.0, B3 =-0.5, B4 =1.5, Bs = —1.5 and B; = 0 for i > 6. The design matrix 2" is generated
by i.i.d. standard normal random variables, and is fixed in each experiment. The new regressor

Xy = (%f?o,...,%fg)T is given by 2Z; = 0.1 xi,i =0,1,...,7. The i.i.d. error vector £ is
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generated by various distributions. We choose the sample size n = 50, 100,200,400, 1200. The
result is demonstrated in table 4.2, table 4.3, figure 4.2 and figure 4.3.

When the sample size is small (e.g. 50 or 100 in the example), the MF/MB bootstrap
alleviates the residual-based bootstrap’s under-coverage nature. Therefore, it has a higher
guarantee level than the residual-based bootstrap. Yet this modification does not change the
asymptotic guarantee level (in other words, the MF/MB bootstrap still has 50% asymptotic
guarantee level). The split conformal prediction also has a high guarantee level when the sample
size is small and a low guarantee level when the sample size is moderate or large. Vovk’s
tolerance region has the desired guarantee level when the sample size is large. However, when
the sample size is small (e.g., 50 or 100), the tolerance region is always too wide. On the other
hand, the RBUG and the PRBUG algorithms improve the residual-based bootstrap’s performance
by controlling the asymptotic guarantee level. PRBUG reaches the desired guarantee levels when
the sample size is moderate, while RBUG needs a large number of data in order to achieve the
desired guarantee level. So we recommend using PRBUG in practice. When the sample size
is large, the bootstrap algorithms’ conditional coverage probabilities are close to 95%, and the
adjustments made by RBUG / PRBUG are not significant.

In practice, our work can be particularly useful when the sample size 7 is not very large.
Suppose we use the residual-based bootstrap. In table 4.2 we see that the 15% quantile of
conditional coverage probabilities is 91.0% when the sample size is 100, which means 15% of
the nominal 95% prediction intervals’ conditional coverage probabilities are less than 91%. On
the other hand, the RBUG’s 15% quantile is 93.5% and the PRBUG’s 15% quantile is 95.5%,

which is significantly larger than the residual-based bootstrap’s quantile.

4.8 Conclusion

Focusing on the fixed dimensional linear model, in this paper we derive the asymptotic

distribution of the difference between the conditional coverage probability of a nominal prediction
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Table 4.2. Performance of different algorithms on the Experiment model. The nominal
coverage probability is 95% and the nominal guarantee level is 85% (we also choose Y= 15%
in (4.5)). The residuals are generated by normal random variables with mean 0 and variance
1. In the ‘Algorithm’ column, ‘RB’ means residual-based bootstrap; ‘MF/MB’ means MF/MB
bootstrap; ‘split-conformal’ means the split conformal prediction(defined in Lei et al. [2018]),
Vovk’s tolerance region was defined in remark 13, and RBUG / PRBUG mean algorithm 5.
We use the R package maintained by Tibshirani et al. [2021] to perform the split conformal
prediction. ‘Length’ represents the average length of the prediction interval. The number
of bootstrap replicates is B = 3000, the number of replicates to find quantile’s adjustment is
A1 = 3000. The result is generated by 1500 simulations. In table 4.2, ‘Quantiles’ represents the
quantiles of conditional coverage probabilities, and ‘Guarantee’ represents the guarantee level.

Sample size  Algorithm Quantiles Guarantee  Length
15% 30% 50%

50 RB 87.8% 90.2% 92.4% 21.1% 3.63
MF /MB 93.8% 955% 96.9%  75.6% 4.40
split-conformal  95.9%  97.8% 99.0% 89.2% 5.65
Vovk’s region 959% 98.0% 99.1%  89.2% 5.69
RBUG 912% 93.7% 95.7%  57.9% 4.19
PRBUG 95.8% 973% 98.5%  90.3% 5.02

100 RB 91.0% 92.6% 93.9%  29.0% 3.78
MF /MB 93.7% 949% 959%  69.3% 4.14
split-conformal  95.1% 96.7% 98.0%  86.0% 4.78
Vovk’s region 973% 98.5% 992%  96.5% 5.55
RBUG 93.5% 949% 96.1%  68.1% 422
PRBUG 95.5%  96.6% 97.6%  89.1% 4.58

200 RB 92.5% 93.4% 943% 34.7% 3.83
MF /MB 93.7%  94.5% 953%  58.9% 4.00
split-conformal ~ 93.6% 94.9% 96.0%  69.8% 4.19
Vovk’s region 959% 97.0% 97.9%  92.7% 4.69
RBUG 942% 95.0% 95.8% 71.0% 4.12
PRBUG 95.1% 959% 96.7%  87.5% 4.29

400 RB 93.5% 94.1% 94.7% 41.3% 3.88
MF /MB 94.0% 94.6% 952%  58.3% 3.96
split-conformal  93.7% 94.7% 95.5% 65.2% 4.05
Vovk’s region 96.1% 96.8% 97.5%  95.5% 4.50
RBUG 94.6% 953% 959%  15.5% 4.08
PRBUG 95.1% 9577%  96.2%  87.5% 4.16

1200 RB 94.0% 94.5% 949%  47.9% 391
MF /MB 942% 94.7% 95.1%  55.8% 3.94
split-conformal ~ 94.1%  94.6% 952%  60.5% 3.97
Vovk’s region 95.1%  95.6% 96.2%  88.1% 4.15
RBUG 94.7%  95.1%  95.6%  76.71% 4.03
PRBUG 949% 953% 957%  81.0% 4.05
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Figure 4.2. Histograms for the conditional coverage probabilities. Here we use the Experiment
model with sample size 400. The residuals are generated by i.i.d. normal random variables with
mean 0 and variance 1. The solid red line is the nominal coverage probability(95%); the green,
black and red dashed lines respectively represents the 13%, 15%, 17% quantile of conditional
coverage probabilities. In order to have a 1 —y = 85% guarantee level, the solid red line should

be close to the black dashed line.
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Table 4.3. Performance of different algorithms on the Experiment model. The nominal
coverage probability 1s 95%, and the nominal guarantee level is 85%. The residuals are generated
by the Laplace distribution with mean 0 and scale 1/+/2; which makes the residuals’ variance 1.

Sample size  Algorithm Quantiles Guarantee  Length
15% 30% 50%

50 RB 87.7% 90.4% 92.4% 23.3% 3.83
MF /MB 922% 94.1% 95.5%  58.7% 4.60
split-conformal  94.4%  96.6% 98.1% 82.1% 6.14
Vovk’s region 94.6% 96.6% 982%  82.7% 6.15
RBUG 91.1% 93.6% 957%  57.3% 4.75
PRBUG 94.5% 96.1% 97.6% 81.4% 5.67

100 RB 91.0% 92.6% 93.9% 33.9% 4.03
MF / MB 929% 942% 953% 57.1% 4.41
split-conformal  94.5% 96.1% 97.3% 81.5% 5.30
Vovk’s region 96.8% 98.0% 98.9%  94.6% 6.68
RBUG 93.6% 95.1% 96.4% 12.1% 4.80
PRBUG 949% 96.2% 973%  84.71% 5.21

200 RB 92.6% 93.6% 945% 37.7% 4.13
MF /MB 934% 944% 952% 54.7% 4.32
split-conformal ~ 93.3%  94.6% 95.6%  63.9% 4.54
Vovk’s region 95.6% 96.7% 97.6% 91.0% 5.37
RBUG 94.5% 953% 96.1%  76.7% 4.64
PRBUG 95.1% 95.8% 96.6%  86.0% 4.83

400 RB 934% 94.1% 94.8% 42.6% 4.18
MF /MB 93.8% 94.5% 95.1%  53.7% 4.28
split-conformal ~ 93.5% 94.5% 95.4%  60.4% 4.40
Vovk’s region 95.9%  96.6% 973%  94.5% 5.16
RBUG 94.7%  953% 959%  78.6% 4.53
PRBUG 95.0% 95.6% 96.2%  84.5% 4.63

1200 RB 94.1% 94.5% 94.9% 47.9% 4.23
MF /MB 942% 94.6% 95.0%  52.5% 4.26
split-conformal  93.9% 94.5% 952% 57.1% 4.28
Vovk’s region 95.1% 95.6% 96.1%  86.4% 4.61
RBUG 94.8% 952% 95.6% 17.6% 442
PRBUG 949% 953% 95.7%  81.8% 4.45
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Figure 4.3. Histograms for the conditional coverage probabilities of the Experiment model.
The sample size is 400 and the residuals are generated by i.i.d. Laplace random variables with
mean 0 and the scale parameter 1/ v/2, which makes the variance 1. The meaning of lines
coincide with figure 4.2.

interval P* (|£’/f -z fT E | < x) and the conditional coverage probability of a prediction interval
for residual-based bootstrapped observations P* <|@f* -z fT E | < x). According to this result,
the prediction interval generated by residual-based bootstrap has approximately 50% probability
to yield conditional under-coverage.

We then develop a new bootstrap algorithm that generates prediction intervals with
arbitrarily assigned conditional coverage probability and guarantee level, and prove its asymptotic
validity. Our theoretical results are corroborated by several finite-sample simulations.

Residual-based and the MF/MB bootstrap are widely used for prediction in numerous
settings like nonparametric/nonlinear regression, quantile regression, time series analysis (re-
gression with dependent errors, autoregression, etc.), and others. We expect our ideas to be
applicable in those settings as well; future work will address the details. Furthermore, the case
of high-dimensional linear regression is of current interest, i.e., where p is allowed to diverge as

n — oo; this can also be the subject of future work.
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Appendix A

Proofs of theorems in chapter 2

In this chapter, ‘assumption 1’ to ‘assumption 9’ represent assumption 1 to 9 in section

2.3 and section 2.6.

A.1 Some important lemmas

This section introduces three useful lemmas. Lemma A.1.1 comes from Whittle [1960],
which directly contributes to the model selection consistency. Lemma A.1.2 and A.1.3 are
similar to Chernozhukov et al. [2013], they used a joint normal distribution to approximate the

distribution of linear combinations of independent random variables.

Lemma A.1.1. Suppose random variables €, ..., &, are i.i.d., E€, =0, and 3 a constant m > 0

such that E|&;|" < oo. In addition suppose the matrix I = (Y;j)i=12....k,j=12,...n Satisfies

n

2 <D D>0 A1l
EEINE (A L)

Then 3 a constant E which only depends on m and E|&||"* such that for V6 > 0,

n EDm/2
vij€il > 5) < £ T (A.1.2)
=1

12,..., k|.

Prob < max
Ehae kg
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Proof. From theorem 2 in Whittle [1960], for any i = 1,2, ...,k,

n E[Y_ vijel"
P € < =
rob (]j:z:lyjej|>5) < S
_ 2"CmEla " (£, )" _ 2nC(m)Ele "D
— 3m - 5m

(A.1.3)

Here C(m) is a constant depending on m. Choose E = 2"'C(m)

kED™/?

Prob <,~ _max |Zy,,s,|>5> ZProb( Zy,,e,|>6> S (A.1.4)

1<y 7

]

Lemma A.1.2. Suppose € = (&1,...,&,)" are joint normal random variables with mean Eg = 0,
non-singular covariance matrix Eee, and positive marginal variance Giz =S Ef:l-2 >0, i=
1,2,...,n. In addition, suppose 3 two constants 0 < co < Cy < o such that co < o; < Cy for

i=1,2,...,n. Then for any given & > 0,

sup (Prob(‘ max |&| <x+6) — Prob( max |&i §x))
x€R i=1,2,...,n i=1,2,....n (A.1.5)

< C8(+/log(n) ++/|log(8)| + 1)
C only depends on cy and Cy.

Proof of lemma A.1.2. Firstforanyi=1,2,...,n,

|&i| = max(g;, 8):> max |&| =max( max &, max —§&) (A.1.6)

=1,...,n i=1,..n i=1,..n
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Therefore, for any x € R,

Prob( max |g| <x+0)—Prob( max |g|<x)

i=1,2,...n i=1,2,...n

= Prob(0 < max(_ max g, max —&)—x<9)
i=1l,..n i=1l,..n

(A.1.7)
< Prob(0 < max &—x<0)+Prob(0 < max —&—x<0)

i=1,...n i=1,...n

< Prob(| max 8, —x| < 8)+ Prob(]  max —&—x| <9)

i=1,. =1,..,n

—é is also joint normal with mean 0 and marginal variance E(—¢;)? = 0'12. From theorem 3 and

(18), (19) in Chernozhukov et al. [2015], by defining ¢ = min;—; . ,0; < max;—; > . ,0; = O,

aaaaa

we have

sup Prob (| max & —x| < 5) L <\/log )+ +v/max(1,log(c) —log(8 )
x€R l_l7 yeeesll g

44/20
+ \é_ < Vlog(n)+2+— \/maXOIOg o) —log(o )

5
(v/1og(m) + /T [Tog(co)] + [Tog(Co)] + v/[Tog(3)]

s (A.1.8)
+ 2 0(\/1 g(n) +2+\/|log (co)| + [log(Co) |+\/|10g |>
0
2x (1+]1o +[log(C 4v2C
§<¢ T+ TlosCeoll sG] , V2603, et g )
0 €o

x3 (\/og(n) + 1+ /Tlog(3)])

€0

Choose € = Y2xUHloglco)l+1oe(C)) | 4v2Ch (5 4 /TTog(co) + [Tog(Co)]), which only depends
€0

on c¢g, Cy. Then

sup(Prob(  max |g| <x+8)— Prob( max |g|<x))
x€R i=12,...n i=12,...n (A19)

<2C8(14+/log(n) ++/|10g(8)])
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Lemma A.1.3. Suppose € = (€, ...€,)! are i.i.d. random variables with Eg| = 0, E812 =02 and
Elg]? <oo. T'= (Yij)i=12,..mj=12,.k is an n x k (1 < k < n) rank k matrix. And 3 constants
0 < cr < Cr < o such that ¢t < i j/jzl < Cifori=1,2,...k &%= 6?%(€) is an estimator of
o2 and random variables €*|€ = (¢}, ...,€})T |€ are i.i.d. with & having normal distribution
N (0,62). %* is independent of € fori = 1,2,....n. In addition, suppose one of the following
conditions:

Cl. 3 a constant 0 < o5 < 1/2 such that

|62 — 62| = 0,(n"%) and

(A.1.10)
max |%il = o(min(n%~D/2 x 10g73/2(n), n='/3 x log=3/%(n))
J=1.2,m, =12,k
C2. Ja constant 0 < Qg < 1/2 such that
02— 82| = 0, (n~), k = o(n x log3(n)),
(A.1.11)
max |y = O(n~ % xlog~*?(n))
J=1ni=1,... k
Then we have
n n
sup |Prob( max | Z Yji€j| < x)—Prob*( max | Z Vi€l <x)|=op(1) (A.1.12)
x€[0,00) i=1.2,...k =1 i=12,...k =1
In particular, if 6 = o, by assuming one of the following conditions,
C,.
il = o(n™'/3 xlog=3/2 A.1.13
j:172,..?}1,a}§l,2,...,k|yﬂ| o(n og™"(m)) ( )
Cy.
k x max 17ji| = 0(log=%/*(n)) (A.1.14)
J=1,2,m,i=1,2,...k
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Then we have

sup |Pr0b( ~max k| Z Yji€j| < x) — Prob( _max | Z Yii€;| < x)|=o(1) (A.1.15)
xe[o ) oy j ) 7"'7

Proof of lemma A.1.3. In this proof we define I' = (y1,..., %) with % = (Y1;, Vi, .., Yi) T € R™
Fori=1,2,...,k, yiTe = Z'}:1 Y;i€j. From lemma A.2 and (8) in Chernozhukov et al. [2013], and
(S1) to (S5) in Xu et al. [2019], for x = (x1,...,x,) and y,z € R, define

Fg(x) = %bg (é exp(b’m)) , 80(y) = (1 — min(1,max(y,0))*)*,

(A.1.16)
gy.:(y) = go(v(y—2))

Here B,y > 0. Then gy ; € C? is nonincreasing function. go = 1 with y <0, 0 with y > 1, and

gx = r;lgﬂgo(y)l + 180+ 180 W) <o, Ly<z < gye(y) <Ly

sup g, (") < g:¥, sup Igy, ()] < W%, sup lgy,.(0)] < gy
¥,2€R ¥.z€R y,z€ER
IFp exp(Bxi) IFp

ox; - ?:lexp(ﬁxj) = ox; 20, 28_&:

1 (A.1.17)

For any given x = (x1,...,x,) € R", define function

Gg(x) = Llog(X™  exp(Bx;) + X7 exp(—Bx;)) = Fg (X1, sXn, —X1, .., —X,). From (A.1.17)
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and (A.1.6), fori,j,k=1,...,n

Gﬁ (x) _ 10g(21’l) S _nllax |-xi| S Gﬁ ()C)
G dF, G " JF, dF,
VLB L
ox; ox; 8x,+n 4 8xl b 3x,+n
9°Gg _ ’Fg 82Fﬁ B 82FB N 0°Fp
axiax]' 8x,~8xj axian+n axi+nan 8x,~+n8xj+,,
n 2n 2n 2F
<
= IZ{]Z’ |8x,8xj ; Z |8x,8x]| 2P
PGy PR 9 Fp 9’ Fp (AL18)
8x,~8xj8xk n 8xi8xj8xk B 8xi8xj8xk+n B 8x,-8xj+nc9xk
N AL N 0 Fp
8xi8xj+n8xk+n axi+nanaxk 8xi+n 8x]~8xk+n
n 83Fﬁ B 83FB
axi—o—naxj—i-naxk axi—i—naxj—b—naxk—m
n n 83Gﬁ 2n 2n 2n 3Fﬁ 5
i;;;'ax,axﬁx lzijz’lkz’ |8x,8x]8x |<6p

Define hg y (X1, ...,%n) = gyx(Gg(x1,...,X,)). Direct calculation shows

103



Ohg y o (X15ee0%n) / aG Ohg vy (X1, %n)
B ax,-l = 8y (Gp(x1,.. X)) 8x,[~3 = Ly |2 3xl'l | < gy
82hﬁ V,x(xl,...,xn) " aGﬁ aGﬁ
axiaxj _gl//,x(Gﬁ(xla'“: )) axl axj
9°Gp

+g/l[/,x(Gﬁ (Xl,...,xn)) ax.ax.
[

n aZh (x ) n 8G 2
By x\As - ﬁ
:>ZZZ{]_Z’1| 8xi8x1 <&V (; dx; )
n o n aZG
T8V Pl<gv?+26.9B
g{j_z’l Ix;0x;
a3h (X X) m 8G 8G 6G
ﬁ,l[/,x 1y n) ﬁ ﬁ ﬁ
T e, v Gl
9°Gg G
" B B
+ X G PREEERLY7] — A.l.l
Syx(Gp(X1,.0sX >)3x,~8xk EP ( 9)
’ dGp 9°Gp. 9°Gg IGg
T8y Gplxts-mn)) ox; ax]axk gl’/’ (Gp o ))8xi8x]'3_xk
9°Gg

+g/V/7X(Gﬁ (X],...,Xn))m
7]

o 83h/37q,7x(x1,..., n) 1 8G[3
= Z Z Z ’ 8xi8xj8xk ’ =&Y ; ’ axl

i=1j=1k=1
2
92Gp IGg
38y (Zi Z |8x 0x; > (Z e dxy ‘)
i=1j= !
n n n 83G
+g*wzi )y Z !ml < gy +62. 7B + 68,y
i=1j=1k=1 !

Define & = (&1, ...,&,) as i.i.d. random variables with the same marginal distribution as €|, and is

independent of €, &*. Therefore, Prob(max;—1 2. |Y! €| < x) = Prob*(max;—1 2. |1 | <x)

o

e\ 2
for any x. Since c& < E* ( 1 @> =YY" ,v; <Ckfori=1,2,...k. According to (A.1.6),

(A.1.18) and lemma A.1.2, 3 a constant C which only depends on cr and Ct such that for any

104



given v, 3,0 > 0,

1 log(2k
)scgg <Pr0b* (._ _,af,kaeﬂ <x+ v + og[(3 )) — Prob* <i_111}zaf.,ka£*| < x))
e 1 log(2k
= sup(Prob* ( max |y’A | < Zh— 0g(2K)
R i=12,.k' O o

i=12,..k O

—Prob* ( max || Z

(o}

1 log(2k) 1 log(2k)
< _— 7 i
_Cx(l//8+ B )><<1+ 10g(k)+\/|log(wa+ B

Define z = C x (%—k%) X (1+ log(k)+\/|log (%4—%) |) For any x > 0,

Prob( max |yl | <x)—Prob*( max |yl e*| <x)

i=1,2,..., i=1,2,...,

1 log(2
< Prob*(i:n}zafk |le€| <x) —Prob*(i: 72af.7k |yl.T£*| <x+ ll—/ + #) +z
. log(2k
< Prob (G &t §) < x+ )

1 log(2k
—Prob*(Gg(y{ €",...,% €) §x+a+ Ogl(3 ))+z

* T * T . T .
S E hﬁ,w7x+1°g[(i2k) (YI &a 7){5) —E hﬁyy/,qu—lOggk) (’}’1 € ""7’}/1( € )+Z (Alzl)

Prob( max |yl €| <x)—Prob*( max |y e*|<x)

TSy

i=12,...,

> Prob*( max |%T§| <x)—Prob*( max k| e §x—a—T)—

i=1,2,..., =1,2,...,

* * * * 1
> Prob (Gﬁ(’}/lTé,...,}/kTﬁ) < x)— Prob (Gﬁ(lee Yl )Sx—q—/)—z

> E*hﬁ’w’xﬁ(yfg,..., W) —Ehg,  i(vie, . .Yle)—z

1
v
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Therefore, we have

sup |Prob( max ]}/iTsl <x)— Prob*( max ]}/iTe*] <x)|
xe[O,oo) 1=1l,z,..., 1=1,z,...,

(A.1.22)
<z+ Su£|E*hﬁ,l{/7x(yré> 71/]?&) _E*hﬁ,l//,x('}/ng*7 ey YI{TS*)|
xe

. . ._1
For any 1 = 1;27"'7k7] = 1’27"'7n’ define Hl] = Z!:] %igs +Z?:j+1 ’J/Sig‘;k’ Mij = ’y]lé] and
m;; = Vji€;, we have H;j +mjj = Hjj11 +m;; |, and

sup |E*hﬁ,l[/,x(YIT§7 7YI<T§) _E*hﬁ,w,x('}/lTS*? 7%8*)|

xR

n
= Sul€| Z E*hﬁ,%x(Hls +miys, ..., His +mks) _E*hﬁ,w,x(Hls —|—m]ks, ooy Hg +st)| (A.1.23)
xeR =1

n
< Z SUE ’E*hﬁ,w,x(Hls +mig,...,Hig —|—mks) — E*hﬁ,ly,x(Hls —}—m]ks, ey Hig —|—mzs)|
s=1X€

Since E(&|¢€,&p, €5 ,b # s) = E(gf|€, &y, €5 ,b # 5) =0, E(E2 — €%|€, &y, €5 ,b # 5) = 02 — 62,
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from multivariate Taylor’s theorem and (A.1.19), forany s = 1,2,...,n and x € R,

|E (hﬁ,ly,x(Hls +myg,...,Hyg —I-mks) — hﬁ,%x(Hls —|—m>1ks, oy Hyg +m£s))

€,8p,€,,b F# 5|
Ohg y x Hm , His)

> |Z %iE(§S_8:|£7§b7£g7b7és)|

82h (Hy, ..., Hys)
Bl//x Lsy - *2 *
—\Z,Z, Vit B(E — 7€, &, 85,0 # 5)]
c9x,8x] J b

i=1j=

ey +5. v B+g.yh?) max |pl’ x (Blef+&°p) (ALY

=1,Z2,...,

= sup|Ehg v, (Hig +mis, ..., Heg + myg)
xeR

_hﬁ,y/,x(Hls —|—st, ---aHks +m2s)|87 éb?gljab 7£ Sl

< g.(v2+ yP)|0? ~ 67| x max 7%+ (Eleif +6°D)

x g« (W + ¥ B+ yp?) x ijr]laxkl%iP

=1,...,

Here D = E|Y|? with ¥ having normal distribution with mean 0 and variance 1. Then

sup |Prob( max |}/I~T8| <x)—Prob*( max |}/l~T8*| <x)|
xE[O,OO) 1=1,z,..., 1=1,2,...,

<z+ (g v+ g.yP)|o? — 6% x Z max 72 (A.1.25)
s= 1*7 -k

+(Elei’ +06°D) x g.(v* + y*B + yB?) Zf} x |7l

Q)
V
0|Q

In particular, for any given 8 > 0, choose ¥ = 8 = log>/?(n)/8'/* and suppose 376 >

107



log(2k) <410g(n) < 481/4

Bo — yo — o+/log(n) <land

: 1
For sufficiently large n we have ve T

< 4Clog(n) "

vo (2 log(n) + 10g(1//8))

_acs' \/%10g<1og<n>>+1og<3a/251/4>) s

(A.1.26)

log(n)

/
Here C = IZTC

Suppose condition C1. For any 1 > § > 0, 3Dg > 0 such that for sufficiently large n,

Prob (|6* — 6% <Dgxn %) >1-§

t—1)/2 =y
j:1,2,..%?211,2,...,k|}/ji| < & xn %l xlog ™ (n), (A.1.27)

and ma H e §xn 3 xlog 32
j=1,2,...,n7i11727.”7k”}/]l‘ n g (n)

Choose y = B = log®?(n)/8'/*. According to (A.1.25), for sufficiently large n, (A.1.27)

happens and %G <0< %G with probability 1 — §. If (A.1.27) happens,

sup |Prob( max |yl e| <x)—Prob*( max |y e*|<x)
XG[O&O) l:1727,k l':172,....‘

82 x n%

log’(n) (A.1.28)
1

nlog”/?(n)

< Cl81/4+2g*1[/2 X Dg xn~% x
27D
+(Elg +TG3) X 3g, W X 8 X nx

/ 27D
=C 8% +2¢,D58%% +3g.(Ele) | + Tc;3) x 814

For 8 > 0 can be arbitrarily small, we prove (A.1.12).

Suppose condition C2. For any d > 0, there exists Dg > 0 such that for sufficiently large
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Sn%
Prob (|o — 62| <Dgxn %)>1-8, k< n3 ,
log*(n)
n
max Yy <Ds (A.1.29)
=12,k
D5 x n %o
d
an ,:1,2,..%%11 2....,1<WJ'| = 1og*?(n)

Since

j:ll:l""’k j=1li=1
n
ma > < ma i| X ma P (A.1.30)
jzz’li_l,..).(,kﬁl = j=12,. 7n7i§1,2,...,k|yﬂ| ]; i:l,..)ikyjzl
<kDg x
A m%)il ....,k|%’|
If (A.1.29) happens, by choosing w = 8 = log>/?(n)/8'/4
sup |Prob( max |yl | < x) — Prob*( max \ e <x)

XG[O,OO) =1,z,..., l—1,27
<C' 84 +2g,y*Dsn % x kDj

27D
Ele: 3 3 P X kD B
+Ele"+ g ¢ ) X 3g.y Xk 6j:1,2,..%§il,2,...,kW]l‘
A.131)
/ log’(n)  &n% _ (
<C' 844 20,.D% x X xn %
- 878 % 51 log?(n)

log”%(n) = 8n%  n %
53/4 log*(n) ~ log®?(n)

/ 27D
:C51/4+2g*D§51/2+3(E\81]3+TG3)g*D% « §l/4

27D
+3(E’€1|3+T03)8*D%5

and we prove (A.1.12).

If 6 = 6. We choose ¥ = 8 = log®?(n)/8'/*, (A.1.25) can be modified to

sup |Prob( max |yl e| <x)—Prob( max |y &*| <x)|
xe[O,oo) =125 _17 ERRES)

<C'8'*+(Blei* + Do?)g.w(y? + yB +B?) Z Jmax |yl

(A.1.32)
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Suppose condition C 1. For any 0 > 0 and sufficiently large n,

max;—12. ni-t2. x|Vl <8xn~1/3 log—3/2(n),

sup |Prob( max | Z yji€j| < x) — Prob( max | Z Vii€j| < x)|
x€[0,) =2k e (A.1.33)

<C'§*+3(E|e; P+ Do%)g, x §°/4

and we prove (A.1.15).
Suppose condition C2 . For any 0 > 0 and sufficiently large n,

kxmaxj—ia  ni=12. x|Vl < 510g’9/2(n). According to (A.1.30), for sufficiently large n we

have
sup |Prob( max | Z Yji€j| < x)—Prob( max | Z Vii€;| < x)|
x€[0,00) =12,k = =12k 55 (A.1.34)
<C§"*+3(E|e;P+Do%)g.Ds x §'/4
and we prove (A.1.15). O

Condition C1 implies C 1', and condition C2 implies C2'. The additional proportions in
C1 and C2 accommodate the error introduced in estimating errors’ variance 6. Condition C1 is
designed for the situation when the number of linear combinations k is as large as the sample
size n; and condition C2 can be used when £ is significantly smaller than n.

The difference between lemma A.1.3 and the classical central limit theorem is that k can
grow as n increases. The maximum max;—; | 27:1 Yji€;| does not have an asymptotic distri-
bution if k — co. However, if the random variables are mixed well, approximating the distribution
of max;—2 x| 27:1 Yji€;| by the distribution of the maximum of normal random variables is
still applicable. With the help of lemma A.1.3, we can establish the normal approximation

theorem and construct the simultaneous confidence region for ¥(defined in (2.17)).
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A.2 Proofs of theorems in section 2.4

This section applies notations in section 2.3.

Proof of theorem 1. From (2.16),

Prob(Ji//l;#g/%)J §Pr0b(m;}1 16, < b )—I—Prob(;n}x|9| > b )

n hﬂ

qij C
A P
— max ; + gl<b
lem,n'qu’ (?L2+pn (A7 + pn)? )sz] 1< bu) (A.2.1)
quCj
+Prob( max |6;| + max p, —
(zgz/l | §Z/Vbnp |Z (A7 +pn)? 3|

Aj Pnt -
l?%,|qu’(xf+pn (A}ern)z)zp“ 1= 0]

From Cauchy inequality,

r r 2
ql]CJ < 2 Cj
max pn!Z P+ o) s, max pn,/j:ZlquX j;—(ljgwn)‘;

— 0(’1069*25)
n 2 2 ’
j PnAj
- max qii + Dii (A.2.2)
l=1727~-~,Pl_Zi (; / (l}z—l—Pn (;sz‘f’pn)z) j)
2
4 A PnA
2 J n/tj
= max q;
i=1,2 .,pj_z'l J()Lj.z+pn (lj-z+pn)2>
42511%2]
- 1:111,122}.).(.,[7 A,rz
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Therefore, for sufficiently large n, from assumption 4 and lemma A.1.1

QZJCJ 11
6, — _JIE . py > (— —1)by
min [o] ma;pnm 7 R ratl
b—max|9[—maxp|2 quC] ]>1( —cp)b
i Ny i€, 1 > 2 ' (A.2.3)

|«/%,1|><E><2’" ( — [ |) X B x 2"
= prob (£ 4,) < 7 (S Dban Ak (3(1—cp)ba)

— O(I’lap+mvb —mn )

and we prove (2.21).
Define 7= M0 = Py Yp) T and y=MB = (11,..., Yp,) . For f=0+6, if/I//b\n =

(2.16) and (2.4) imply

n’

- p
max |i/\l—j/,|: max | Z m,'jej— Z m,'jej— Z miij—Zmij9L7j|

i=1,2,....,p1 i=1,2,...,p1 ]E/%, jE %n Jg/%)n =1
cir Gk Ak Pnflk a
< max 2 l— + _ max C; ( €l (A2.4

+ max |Z m119|—|— max |ZmU9L]|
i=1,2,....,p1 gy, =1,2,....p

From (2.4) and assumption 5, if i € .#, then ¢;; = 0 for k = 1,2, ..., r, so from Cauchy inequality
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and lemma A.1.1,

Clka
o f%f‘xmlpn| Z (A2 +pu) TPl <maXpn\/ZCsz \/Z Az+pn
< VTt x 1212 — o)
n r A’ A’ 2
k Pk
max CikPlk + )
w8 (Lo (2 o)

" A A 2 4cC
2 k Pnk > M
:maXE o + <

ie = "(A,erpn (A2 + pn)? A2

a A Pk a
= Prob <._max | ; Cik (lkz%—Pn + A2+ pn)? ) Zplk31| > 3)

1_1727"'5171 k 1

M| X E 2’”C’"/2
S‘ |X;Lm>;m A for Y8 >0

pnlk i 1/m _
= s S (0 ) Lpwel = 0ulaV

(A.2)5)

Here E is the constant defined in lemma A.1.1. Combine with assumption 2, assumption 5, and

(A.2.3), we prove (2.22).
Ifj/;; = M, since X3 = X6, we have

ni=1 JENm JE N
1 1 SR ?
=-Y¢ 62+;Z( Y xij(9j—9j)) +;Z< Y x,~_,-9_,~>
i=1 i=1 \ jeM, =1 \ jéNp,
2 & ~
=) ) &xij(6;—6))
nzzljé%n
2 & 2 & ~
+—Z Z EiXiij——Z Z xij(6;—6;) | x Z Xij0;
S jgh, izt \je, &Ny

From assumption 3,

(A.2.6)

E(Lyr, e —0%) < 2(Bef+0%) = 0(1/n) = LX1, €2 — 6% = 0,(1/ /). For the second
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term, from assumption 1 and (A.2.2),

ln
22

2
( Y x,j(5j—9j)) < Y (9;-6))°

€M, JEM

2
<207 Y (py <,§’1(%§h—i]ﬁ—%n)2>

JE€Nby,

5 (A.2.7)
. pnlk ) S
q Dik€
(,;1 ’k(l%pn (A2 +pn)? ; "’ l)
2
O(| M, | x n*%40) 127 Y zr:q ( Pl )zn:mk&
JENM, \k=1 /12+pn Az +pn)?) £
Since 5
4 A Pk ) <
E qjk ( + PIkE
jegV"bn (/; A tpn - (A +pu)? ;
2
pnkk )
,E;Vb Z (Z g 12+Pn (AZ + pn)? )
Zq < A Puke >2 L 40%1 M,
O 5 B Ge Tagter) TR
Iyn 2 2009—48 .
We have - Y7 (Z;eﬂb x,j > Op,(|Mp,| x n + | A5, | x n~2M). For the third

term, from assumption 6 we have

2
lz( Y x J> <G Y 67<Cixb, Y 16;|=0(n"%) (A.2.9)

=1 \ g, €N, €N

1
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For the fourth term, from Cauchy inequality and (A.2.7),

n ~
Z glej 0;)] < E\/ 282 Z( Z x;j(0;— 6;))?
i=1je, i=1 jety,

E 1
S\ L BY (T w(6-0)7
n 545, (A.2.10)

= 0 x O(y/ |y, x n200=45 |t | xcn=21)

1 & _ _
==Y Y (85— 6)] = 0, (y/ M5, | xn 20 [ A, | xn™™)

i=1jeNp,

M:

1
E~],
n

For the fifth term,

2
18 62 n 0-2C2
E|;Z Z Sixij9j|2:n_z< Z xu'91'> S nl Z 912
i=1 jg My, i=1 \j¢.Np, JENbn (A.2.11)
1 n

For the last term,

1!i< ) xzj(gj—91)> x < ) Xij‘%‘)l

i=1 \jeAp, JEN by

Sci\/ Z (§j—9j)2><\/ Z 9}.2 (A.2.12)
J J

i€ Npy &Ny

= 0p(\/ |, | x n® 7207002 1\ [|AG | > n 1% 12)

S

From (2.21), Prob(j/;l # N, ) — 0. So we have

~ 1
62— 0% =0, (%Jr | | x 0720 1 S| | xn T +n—%) (A.2.13)
From assumption 2 and 6, we prove the second result. U

Define T = (cik)ic.# k=1.2.....,- From assumption 7, since the matrix
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A v . . .
(%cik<lz+"pn+( £ k)z))ie///j - = DTD, with D\ = diag(1/71;,i € ) and

p’lll Ar Pnlr .
D, =diag </12+pn + Tp? " T ipn + (/1,2+pn)2>’ the matrix
1 pn)"k ) ) :
—¢; also has rank |.#/|. The proof of theorem 2 uses this
(Ti ik (/12+Pn T i€ j=12,.., d P

result.

Proof of theorem 2. From Cauchy inequality and assumption 2, suppose 6 = ’HO‘TM with

01 >0. Forie #,

|Z cikCr Z aM Z . 16]]2
2+ pa? 2+ pn)? AZ(02 1 p)? 7(,2+p,,2_ i3

" (A.2.14)

Cszk -5
= max % — O
{23/)/( T | Z 12+pn) ()

Define t;; = 7 X Y i—1 CikDik (AZ + (lfj'j)" )2> forie . # andl=1,2,...,n. From (2.16), (2.5),
k n

(A.2.4) and assumption 5, if J%,n = A}, we have T, =1; > 1/y/n and 3 a constant C > 0, for

any a > 0 and sufficiently large n,

Cszk
max — < max — —
i=12,..p1 T, €M T | Z (12+pn) |

Y. m: 0, Y2 miif,
+max|2t,1£l|+ max —‘ 1Ay 1 ]’4— max —| L e i

i=12,.,p1 T i=1.2,.0.p1 T
y i
<max| ) t;g|+Cn "+ —=
e (= log(n) (A2.15)
% — % cikCr
max > max 1€ max
i=12,.p1 T e//l|2 €l = ‘Z 12+pn)
| X i, mij 05 | Z j=1mij01 |
_ —, _ max ——————
i:l727.-~7171 Tl i71727 -P1 Tl
s a
>max| Y ;g —Cn %" — ——
ic.ll Z’ el log(n)

According to theorem 1, 3 a constant C and for any given a > 0, for sufficiently large n
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and any x > 0, define ¥ =Cn~ o4 _a
log( )’

Wl:m Sx) §Prob< max %~ <xﬂf/Vbn—f/Vbn>
i=12,..p1 T

~+Prob <¢/T/b\n # J%n)

n
< Prob <ma;;\ Z tig| < x+ 7/) + CpStmvp—mn
=1

ic.

n
< Prob | max | Z ty€f| < x| +CnetmVemmn
€A 1=

n
sup |Prob | ma t1€§] < x| — Prob | max tie| <x
+ sup |Pro ( X\Z €| < x) ro (ie,///‘z €| < )\

x>0 =1
n
S Prob | ma 1| <x+ 7V | — Prob | max t& | <x
+x:112 Yo m //)/(‘Z:l il l‘ X le///‘zll il 1‘_ (A.2.16)
Prob( max Wl:m Sx) 2Prob< max Wl:m §xﬂﬂ71;l :J%,n)
i=1,2,....p1 Ti i=1,2,....p1 Ti

(gﬁ/}ﬂitlsﬂ §x—“//) — Prob <</T/b\n %%ﬂ)

=1

n

> Prob (ma//)[d Y gl < x) _ CpOptmve—mn

ic.
=1

n
—sup (Prob (g%q Y ngf] < x) — Prob (ga;/q Y gl <x-— ”V))

xeR =1 =1

n n
—|Prob | max tig| <x—7Y¥ | — Prob | max e | <x—v
| (ie///|lz‘{lll|_ ) (ie//l|lz‘illl|_ )|
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From assumption 1, 2, 5 and 7, for sufficiently large n we have

2
2 Y2 A [
k=1Cik (;Lz+ -+ Oz, 2)
max E Zt,lel =0 maXZtl—szax k p2 (i +on) < o?
icH =1 G///l iceH T

2
) 1
min E Ztlel — ¢’ min T
ic.H = ic 1+ s (A2.17)
R Pnly
"1 ik (x,%pn T ron? )
1 o’
> 62 min i > > >0
el l+ ————— + G
nzi:lcizkw

and (tiy)ic.zr 1=12,..n = D1TD2PT  here T = (cit)ic.a k=12....r» D1 = diag(1/7;,i € ), and
"2' r nkr

D, = a’mg( + (l?ﬂ;n)z""’ /lrz}—tkpn + (l§)+pn)2>' So (ti)ic.# 1=12,. » has full rank(rank

|.#). From lemma A.1.2, 3 a constant C' which only depends on &,c¢_,C;, such that

12+pn

a
sup(Prob | max| ) t;&| <x+Cn~ I
xER( ( | Z i< log(n)

—Prob tig| <
ro <ma//lx\; lz‘_x)) (A.2.18)

[AS

. [
! -5 a — a
§C<Cn +—log(n>>>< 1 log<|//f|>+\/|1og<c )

For sufficiently large n, we have Cn™ o 4 1 o) < 1land
og(n
a log(n log(log(n
log(Cn 4 )| < 10g(VOE)  EUO) _y4) < togtog(n)
Tog(n) a 2

= sup(Prob max| Zlegl | <x+Cn %+
x€R =

a
V/Iog(n)
n
—Prob ?613/)/(| Ztilel*| <x|)

C =1

(A.2.19)

<C (Cn—5l +

L) X (1 ++/log(n) + \/log(log(n))> <6Ca

log(n)
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From assumption 7, (A.2.17) and lemma A.1.3, we have
n n
sup |Prob | max| Y t;&|<x | — Prob | max €] < < A.2.20
plpro (| S e <) < prop (x| S <) 1< w220

for sufficiently large n. If x < Cn 9 + —<42 __ then

log(n)
Prob (maxie,% Y g <x— Cn % — L) =0and
log(n)
Prob (maxie/// X7 tagf| < x—Cn 0 — %()) = 0. Combine with (A.2.16) to (A.2.20),
og(n
we have
Vo n
sup |Prob ( max % — il gx) —Prob | max| ) e/ <x||
.X'ZO 1212,,[71 Tl 16% 1=1 (A.2.21)
< Cp% VoM 4 6Ca+a
and we prove (2.27). 0

Define ¢1_q as the 1 — a quantile of H. The density of a multivariate normal random
variable with a full rank covariance matrix is positive for Vx € # %1 And Vx >0, 0 >0, the
set {t = (tj,i € M)| x < max;e_y |ti| < x+ 8} has positive Lebesgue measure. Therefore, H (x)
is strictly increasing, and for any 0 < @ < 1, H(c;_¢) = 1 — a. From theorem 2, for any given

O<op <o <1,

sup |Pr0b( max Wl:m Scl_a) —(1—a)|
op<a<lo =1,2,...,p1 |fl | (A2.22)
<sup|Pr0b( max LAY Sx)—H(x)|%0
x>0 i=1,2,....,p1 Ti

as n — oo,



A.3 Proofs of theorems in section 2.5
Proof of theorem 3. According to theorem 1, Prob <</1//;; # J’@) = O(n%TmVe=mm) 1f Ji//l; =
Np,» from (2.16)

2
2=y @2 2130 S 46
l6l3="Y. 62<3 Y 6 +3p ¥ (Z@Jg+pn)z)

i€Np, i€Np, i€, \Jj=1

2
n 2, Py
+3 qgij . 4 . D1j€l
5 (Ebo (P

i€Mp, \J=1

(A3.1)

From assumption 2, e 4, 16;1> < 1|6])5 = O(n**). Similarly

2
Lo g6 P S ooy put % A, > 11613 20,
i E (L) <% 5 Lafg -t o

i, \j=t (A7 + P = R
(A3.2)
From assumption 6,
i 2 2 ’
. pn j
E qi ! PLj€
E (ELo (5 ofan ) )
2
=o’ qi : | p
ie;%,nlzzl J; ! )“]2+pn (AJ'Z‘*'Pn)z !
(A.3.3)
’ A Pl 40|y, |
2 2 j nAj n
=0 ql
Lo (e afar) <%
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Since dt, oty > 0, [|8]]2 = 0,(n%). According to (2.15) and (2.16), define £ = Q7 6,

0" — 0 = (I, + PaQ(A> + puly) ' Q") QA+ pul,) ™ (AZQ 0 +AP e )

+60,-00"6-0,018  (A34

~ o~ r ql]CJ j pnl] s
6 — 6, = — :
= b; Pn Z (7‘/2+Pn Z Z <12+Pn+(%—2+Pn>2>mJ€l

n+og+0;
2

Similar to (A.2.5), rewrite & in assumption 2 as § = with &; > 0, we have

4 Qijgj
max — <
=12, ‘pn]z'l(lz—f-PnV‘

AH (A.3.5)
2 P 0 -n-48
g’le,i = 1,2,...,n are normal random variables with mean 0 and variance 62. Therefore

E*|ef|™ = 6D, D = E[Y|™, Y is a normal random variable with mean 0 and variance 1. If
6 > 0, from (A.2.2) and lemma A.1.1, 3 a constant E which depends on m and D such that for

any a > 0,

. . A Pnl; Ec™
oy 18 B (2 P > 5 o o
J n

a c ~ _ 30 2 4G -n-46
Suppose Ap, = Ap,, 5 < 0 < 7, and max;—12,. |05 L} i1 (Azlpj 5| <K Cxn~ 179 for a
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constant C. Since /9\, =0ifi g Ji//;,\n,

Prob* (Ji//b\* # Ji{,n> < Prob* (mm 16| < b ) + Prob* (max 16| > b,,)

n eMpy ig Ny,

< Prob*( min 16;] — max p? i ZCIU—CJ| — by
i ‘/%711 r/%?n =1 ()‘J +pn)2

< max | Z Zq,, <7L2+p - (7L~2+; )Z)Pljgl D (A3
n j n

i€ Np, j=1l=

A WA .
+Prob*( max | Z Z‘lil ( I 4 PnZ; )2> PLiE |

igNpy j=1i=1 272 + Pn (AJZ + Pn

- ‘]UEJ
> b, — ,%max —
P imn|jzl(/12+pn) )

From assumption 4, for sufficiently large n,

q’JCJ _y -8,  bn
b, — p;; max >Cpn " —Cn > A3.8
pn i€ N, | Z’ lz—l—pn) b = ( )
From (A.2.2), lemma A.1.1, assumption 1 and 4, we have
max A gl — ( a,,/m—n) A3.9
i=12,....,p ;ql] ()‘2 +pl’l ()L2+pn ) Zpl] l’ ( )

Suppose a constant C such that

A WA _
max;=12,.p |Z;:1Qij (lf%]pn + ()sz)ﬂ)]n)z) Z?:1Plj€l| < Cn®/m—1 (from lemma A.1.1), and

pzl6l>
At

2
(since = 0(,1—77—51)) % < Cn "%, From assumption 4, for sufficiently large n,
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min |6;| > min |9[—maxpn|2 _4uybi

i€Np, i€ N, i€ M, )LZ +Pn)
— max | iq,, ( 2)Lj + 2 ) ZP1181|
ST +pn - (A.3.10)
Zi’_:_ Pr%!j”z CnO/m= :lgl;}l |9|_1219VZ I Zr"l(l]qu—]k—%n)zl_ n
Correspondingly

Prob™ | N, # A, | < Prob*( ii J 4 e £

X X (A3.11)
+Prob (maX ] Z un <%~2J:pn + (7Lj2+l;n)2> P& | > bn/Z)

i€ N j=1l=
E"m om
< o ><( +2’”)
™Mb (1/cp—1)m

which has order O, (n® ™o~ If JT/,;;’: = Mp,, then T} = 7; for i = 1,2,..., p;. Similar to

(A.2.14),
max %
i=12,.p1 T
o ClkC A P *
~ max | pn Zk 1 2'2+P 2 +Zl ]Zk 1 Cik (2{]{2+pn + (A‘k2+Pn)2) plkgl |
i=1.2,..p1 T
r cale n r ( A [ ) *
_ _ _1Ci + €
_ maxp2|2k_l ( 1<2+Pn)2| o | 271 Xkt Cik ey T lipn? ) PIkE | (A3.12)
“ien " T e T;
n r Ak pnlk ) *
Y €
oAl T Tk (5 + gl pui|
- 13 icH Ti
- r . A Pk * ~
T (s afi) el p2a),
i=12..p0 T ied T; A}
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From theorem 1, for any a > 0 and sufficiently large n, 3 constant D, such that |62 —

62| < D,n % and %G <0< %G with probability 1 —a,

—0|= — < (A.3.13)

fOo<x< na"/z, according to lemma A.1.2, assumption 7 and (A.2.17), 3 a constant C' which

only depends on o, c_y ,C; such that

A A
T i e (i + 2 ) puey

|Prob™ | max <x|—H(x)|
icH Ti
X0
=|H(=)—H
(T ()
/ xlo—o0 xlo—o0 (A.3.14)
<C (1—1— 10g(]///|)+\/]10g( | = |)|) | = |

2D,C
2

’ _X|G—8| X|G—8| \/ZDa _ 4
C\/ 1 _ Y
+ 5 | log( = )l o

<

_ 6 7(10'/2
x|0‘8 o| < 2Daizy2 =0

as n — oo, So \/X|G;8‘ |10g(x|6c;€yI )| < supye(o,1) / [xlog(x)| < e for sufficiently large n.

. 2
On the other hand, if x > n%/ 2 then % > % From lemma A.1.1, we may choose

Function xlog(x) is continuous when x > 0, xlog(x) — 0 as x — 0, and

sufficiently large m; such that m; 0 /2 > 2, since E|&;|™ < oo(Here & is a normal random

variable with mean 0 and variance 62) is a constant for given m; and
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2
1.2 A Pnlk
maXie 7 Y| r_}cik (/l,§+kpn + (l,§+pn)2> <1, we have

A ¥
| Yk Cik (,lksz ;Lfﬂf )5k| 2% /2 _ 3| XE

Prob | max

icH T; 3 — Qmyymos/2

A A
| 27:1 ZI’;:I Cik <l2_:_€pn + (lé):_pkn)2> plk81*|
= |Prob* | max L : <x|—-Hx)|
icH T;
A Pk
| Xi—1 Cik (lﬁfp Ttpr) ) Skl 2nag/2 (A.3.15)

< Prob | max
icH T 3

r , A o
’Zk:l Cik </’Lk2+p” + (/'Lk2+pn)2) gk‘

+Prob | max > p%/2
ieH T
3M|. A < E
<2X ——mM—
zmlnmlac/Z

Since H(0) = 0, from (A.3.14) and (A.3.15), for any given a > 0 and sufficiently large n,

A pnkk *
‘27:1 Z/Z:l Cik (;Lz k4 22 2) Pik€ |

sup |Prob* | max HPn (Riten) <x|-Hx)|<a (A3.16)
x>0 ieH T

As a summary, for any given a > 0, 3 a constant D, such that for sufficiently large n, the

o~ o~ 210
-~ - 1 ~ _3 0 "
event |62 — 62| < Dyn %, 50 <0 <50, M, =M, ||6||2§Daxn“9:>%§Dan I for

r

constant D and max;—12...., \p? i1 (kg’jri’ 5| <D, x n~=9 happen with probability 1 — a.

From (A.3.12), assumption 5 and lemma A.1.2, we have for any x > 0, there exists a constant c
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such that

Prob* ( max M < x) —H(x) < Prob* (j/b\: # JI{,n>

i=1,2,...,p1 Ti

219 p2| n
P 16]]2 16112
+C")L—r3>< 1+ +/log(|.#1) + {/ |log( Pi| r3

n r A On ”
‘21:1 Yi—1Cik (7Lk2+Pn + AZ+pn)2 Pik€; |

+Prob™ | max <x+ PH?Hz
icH T A’r
2

P12

(e PO,

2 9 219
<a+CD (1++/log(n 81+C«/ 81/2\/|10g pillol2 Xpn|)’pH2|

+Prob’ ( Ay # M, )

(A.3.17)
Prob* ( max M Sx) —H(x)
i=1,2,....p1 T;
ZProb*( max Wk v <x ﬂJVb ,/If,n> — H(x)
i:1,2,...7p1 l
n r ) A Ptk ) * ~
> Prop* maX‘Zl=IZk—1clk(Ak2+pn T OFen ) P <, Palel
- ic.H T - A3
.
P 1012
—H(x—
a2
—Prob* (,/? £ %H)
/o 9 216
D (14 /log - — C D52 J“" AL
r
Ifo<x< %,then
‘Zlezzzlcik(zlikJr gnlk 2>Plk£l* 218 218
Prob* | max;c_y it +§i" Giton) <x— p"l{—?‘b =H(x— %) = 0. There-

T T
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fore, for sufficiently large n, from (A.3.16) and (A.3.11), 3 a constant C such that

sup |Prob* ( max W’k;%’ gx) —H(x)|

x>0 i=1,2,...,p1 Ti
pEc™ ( m 2m )
< x(2"+ —F——— | +a
— Mumn jhm _1\m
cyn™by (1/cp—1) (A3.18)
—|—CD (1++/log(n n %4+ \/D.n= %% [ sup |xlog(x)
x€(0,1]
S Cnm(vb+aﬁ/m_n) _|_ 2a
and we prove (2.32).
For any given a > 0, from the first result, for sufficiently large n, we have
Prob | sup |Prob* ( max M §x) —H(x)|<a|>1-a (A.3.19)
x>0 i=1,2,...,p1 T

Choose sufficiently small @ such that 0 < 1 — o —2a < 1—oa+2a < 1. If (A.3.19) happens, for

any 1 > a > 0, define c|_q as the | — a quantile of H(x),

Prob*( max WK v <cy_ (x+2a) —(1—a+2a)> —a
i=12,.p T
= CT—(X S Cl—a+2a
‘?k A| (A.3.20)
Prob*( max iA*% Scl_a_za> —(1—-a—2a)<a
i=12,..p1 T,

*
= Cl_q > Cl—a—2a
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From theorem 2, we have for sufficiently large n,

Prob| max % — v <cl_a
i:l72?"'7p1 Ti

< Prob | sup|Prob” | max W;M <x|-H(x)|>a
XZO i:1,2,...7p1 T

=)

N— N—

+Prob max — v <cCl-a+2a
i=1,2,...7p1 Ti

Q

<a+(H(ci—q42q) +a)=1—0+4
Prob ( max i ~ %| < c’{_a)
i:1,27,..,p1 Tl'

> Prob( max =M (A3.21)
i=12,.p1 T,

Nsup |Prob* ( max M gx) —H(x)| <a)

>0 i=12,...p1 T,

> Prob ( max % _ i < Claza)
i:1,2.,...,p1 Tl'
—Prob | sup |Prob* ( max M < x) —H(x)|>a
XZO i:1727~~-7171 Tl

> (H(c1—q-24) —a)—a=1—a—4a

= |Prob ( max | l:m < cT_a) —(1—a)| <4a

i:1727"'7p1 Ti
For a > 0 can be arbitrarily small, we prove (2.31). 0

A.4 Proofs of theorems in section 5

. . . - 1 n / .
Proof of lemma 1. Define the design matrix X = (xij)izl,,,_7n7j:17,_,7p, Xj =Y Xj,and Xij =

Xij —Xj. IfJT/; =M, fori=1,2,....n,

N, eN,
o 1o S (A4.1)
:>§i:8i——28i—|— Z xijej— Z xij(Gj—Gj)
=1 jém, JE€Nb



Define ﬁ(x) = %Z?:l 1¢ <y, x € R. From (A.1.17), for any given y > 0,

F(x) = F() = (F) = Fe+1/w)) + (FGe+1/w) = F(x+1/w)

<

1
n:= xeR

+(F+1/y) = F(x))

(8v.x(8) — 8yx(€1) +5up F (x) = F(x)| + (F(x +1/y) = F(x))

<oy |1 Y G &) suplF(x) — F()| + (F(x+ 1)~ F(2)

i=1 xeR

)
=
|
=
Na?

= (ﬁ(x) —F(x— 1/1;/)) + (f(x— 1/y) = F(x— l/w))

—(F(x) =F(x—1/y))

> gy [ Y (B0 —suplF ()~ F ()| (F ()~ F (e 1/)

i=1 xeR

~ 14 ~
= sup|F (x) = F(x)| < gy |~ ) (& — &) +sup|F (x) — F(x)|
xeR n.=3 xeR

129

+sup |[F(x+1/y) = F(x)|

x€R

(A4.2)



Suppose assumption 1 to 6. From (A.2.7), (A.2.8), (A.2.9) and 1 Z &= p(l/\/ﬁ), for any

0 < a < 1, d a constant C, such that with probability at least 1 —a

EI*—‘

Y E-e)?

=

S| =

f(Z Zx;j(gf—ej)—%zn‘,ej
N

i=1 J€N by =

sy

2 2 2
3y < 1 ¢
<E( £ w0) SE( L @0 +s(;zej
=1 \j&M, =1 \j€Mp, Jj=1
6 ? ’
(o) (o) S5 0

i=1 \jé s, i, JEM,

+Cal My, (20740 40720 (A43)

According to Gilvenko-Cantelli lemma, sup, g |F (x) — F(x)| — 0 almost surely. Therefore, for
any a > 0 and sufficiently large n, Prob (suprR IF(x)—F(x)] < a) > 1 —a. Choose sufficiently

small a and ¥ = 1/a, from assumption 8 and (C.2.40), we prove (2.35). L]

Proof of theorem 4. Define X; = (x¢j)i=1,... p,.j=1.....,p- From theorem 1, since p; = O(1),

max |fo7,]9—2xfl,ﬁ,y_ ,(n M) (A4.4)

i=1,2,...,p
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For any given 0 < a < 1, choose a constant C, such that

Prob (max,-:1727m7171 |Z§:1xf7,~j§j — Z;):le,ijﬁj’ < Can_”> >1—aforanyn=1,2,.... Define
F~(x) =limy<y y F(y) for any x € R, and

G(x) = Prob (max;—12, . p, |€f,i| <x) = (F(x) —F~(—x))P! for x > 0. G is continuous accord-

ing to assumption 8. With probability at least 1 —a

[ERRS)

L4 ~
sup |Prob® | max |ys;— Z x7ii0;j] <x | —G(x)|
x>0 i=1,2,...,p1 =1

<sup|Prob* | max |&f;] <x+ max | fo ij §J)| —G(x)|
x>0 i=1,2,...,p =1,2,...,p1 = (A 4 5)

+sup|Prob*< max |&7;| <x— max |fo7ljﬁ §])| —G(x)|
x>0 i=1,2,....,p1 i=12,...,p; =1

< sup|G(x+Coan~ ") — G(x)| 4 sup |G(x) — G(max(0,x —C,n~ "))
x>0 x>0

For any 0 > 0 and any x > 0

G(x+6)—G(x)

Pl F(x+8)—F(—x—28))"!' x (F(x)—F(—x))~

l:l

X(F(x+8)—F(—x—08)—F(x)+F(—x)) (A.4.6)

<2py X SEE(F(x+ 0)—F(x)) = 31>1](;))(G(x+ 0)—G(x))

< 2p1 xsup(F(x+8) — F(x))

xeR
From (A.4.5) and assumption 8
P ~
sup |Prob™ |  max |ys;— fo,ij9j| <x | =Gx)|=o0p(1) (A4.7)
X>0 i=1 27"'717] ’ ]:]
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Ifc/l//l; =M, §<0< 370, and H5||2 < C xn% (see (A.3.1) to (A.3.3)), then

- 4ijGj -n-38
< 1
l rlnzax |pn E]( > n)2| Cn

A Pnl; oy /m—
max |;qu (lz+pn+@z+pn) )sz,81| <Cn™

(A4.8)

for some constant C with probability at least 1 —a. Here 26 = 1 + og + 6;. From (A.3.11), J a

constant E such that

o T Ep
Prob* (Hp # My, ) < i (A.4.9)
If A" = N,
’fou j fo119|—’ Z xfl]( _gj)’
J€ENp,
cilr SR~ PnAi ) .
" e (A.4.10)
=P 'Z GrESWHPIP I (ﬂ+pn a2+ p)
va/zHGIIz S ( Pk ) \
£
=P AR L i, T wepr )

Form (A.2.5) and lemma A.1.1, 3 a constant £ which only depends on m, and for any 1 >a > 0

with a sufficiently large C, > 0

ron * -
Prob* | max ZZ ,k( )plk7|> —
<l_ k=1I1=1 AZ“‘Pn (A'kz—i_pn)z o o (A411)
E’\m
pP1£o <a
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Combine with (A.4.9), there exists a constant C,, with conditional probability at least 1 —a

i=1n%axp1|2xf’1 J fo119’<c”’ !

= Prob* (l__ max |yy; =¥y, < X) —G(x)

—1,2,...,])1

§a+Pr0b*( max |&f,;| <x+Con” ) G(x
i=1,2,....,p1

< a+sup|Prob* ( max ’8f7 < ) G(x
i

)CZO 177 -P1
+2p1sup(F(x+Can™ ) — F(x))
x€R
Prob* < G(x
o8 (g, =57 <) -

2—a+Pr0b*( max ‘Sf’

<x-— Can_”) G(x)
i=1,2,....p1

> —a+Prob* | max |ef,| <x—Cun "
i:1727"'7p1 ’

—G(x—Cyn M) =2pysup(F(x+Can~ ") — F(x))
xeR

Since G(x) = 0 and Prob* (maxizl’z’._ﬂpl \sj’?i| < x) =0if x < 0, we have

suplprob (s 137371 <) = Gto)

— 1451

ERRC)

< a+sup|Prob* ( max  |ef;
x>0 l:]>2>~-~7l71 ’

+2pisup(F(x+Can™ ) — F(x))
xeR
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From lemma 1, for any x > 0,

|Prob* ( max [} §x) —G(x)|
i=12,..p 7

=1(Fe)—F (=0)" = (F(x) - F(—x)"
< 3 F () — F (—) X [ (x) — F ()P (A4.14)

% (1F () = F(x)|+ [F~(=x) = F~ ()]

< 2pysup|F(x) = F(x)| =, 0
xeR

as n — oo. From theorem 1 and (A.3.1) to (A.3.3), for any 1 > a > 0, with probability at least
1 —a 3 a constant C, > 0 such that for sufficiently large n, (A.4.8) happens with C = C, and
sup, |Prob* (maxi:1,2,...,p1 €74l < x) — G(x)| < a. Correspondingly for sufficiently large n,
with probability at least 1 —a,

sup |Prob* max ]y;-i—f)}i|§x — Prob* max |y —yril <x)|
i=12,...p1 7 ' i=12,....p1 "’ '

x>0 =1,2,..., 25,

< sup |Prob* ( max [yy; =V, §x> —G(x)]
>0 i=1.2,py ’

i=12,...,

+ sup |Prob* ( max |y —yri < x) —G(x)] (A4.15)
x>0 2,01

< a+sup |Prob* ( max |&,] Sx) —G(x)]
x>0 = '

=1,2,...,P1

+2p1sup(F(x+Cyn M) —F(x))+a<4a
x€R

and we prove (2.37).
For given 0 < o < 1 and sufficiently small @ >0 suchthat 0 <1 —ax—a<1—-oa+
a < 1, define ¢;_¢ as the 1 — o quantile of G(x). For G(x) is continuous, G(cj_q) = 1 — a..

With probability at least 1 —a, sup,~|Prob* (maxi:1727.,.’p1 Vi =il < x) - G(x)| < a/2.
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Correspondingly with probability at least 1 —a

=1.2,...,

Prob” ( max |y, —¥5,| < Cl—oc—i—a) >l-0a+a/2=c] g <cCl-ata
1 1 ’ ’

(A.4.16)
Prob* ( max V5=Vl < Cl—a—a) <l—a—a/2=c|_4>Cl-a-a
1=1,2,...,p1
From (A.4.7), for sufficiently large n, with probability at least 1 —a
Prob* ( max |yf.,‘ _yf,i| < CT_O‘) < Prob* ( max |yfj _S)\f,i| < Cl(x+a)
i=1.2,..p1 7 i=1.2,..p1 7
<l—a+2a
(A4.17)
Prob* ( max |y —yril < cTa) > Prob* ( max |y —yril < cl_a_a)
i=1,2,....,p1 ’ i=1,2,...,p1
>1—o—2a
For a > 0 can be arbitrarily small, we prove (2.38). [
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Appendix B

Proof of theorems in chapter 3

This chapter adopts assumption 1 to 7 in section 3.4.

B.1 Appendix: Preliminary Results

This section introduces some special functions that are helpful in the following proofs.

For any 7,y > 0, z € R, define Fr(xq,...,x5) = %log( T exp(Tx));

1 S N
Gr(xy,...,xs) = ;log (Z exp(Tx;) + Zexp(—rx,-))
i=1

i=1 (B.1.1)

= Fr(X1yeeeyXgy —X], ooy —Xs)

Define go(x) = (1 —min(1,max(x,0))*)* and gy .(x) = go(W(x —z)). Then define

hey(x1,...,Xn) = 8y :(Gz(x1,...,X,)). From lemma A.2 and (8) in Chernozhukov et al. [2013]
and (S1) to (S5) in Xu et al. [2019], g. = sup,cg(|g(x)| + [g5(¥)] + 185 (X)]) < 003 Lz <
8y (x) < Lycpi1 )y SUD, R 18y (X)| < g4V, sup, g gl . (¥)] < g.w? and sup, g gy . (¥)| <
g+y°>. Define the operator 9;f = g—i. Then 0;F; > 0; Y7 diFr = 15 Y7 Zj':l |0idF;| < 27;

Y Zj-: 1 Y0 1000k Fr| < 672. Moreover,

(B.1.2)




Since 0;G¢ = 0jF; — dy4iFr, we get Y3 |0iG¢| < 1. For 0,0;G¢ = 9;0jF; — 0;0) 4 sFr — 0i 0 Fr +
0i+50j+sFr, we have Y7 Y |0id;G+| < 27. Since

0i0j G = 0;0;0kFr — 0i4500kFr — 0,050k Fr — 0;0jOk+sFr + 0i450+5kFr + 0i04+5Ok+sFr +
Oi+50j0k4sFr — Ois0j15s0kssFr, Tioy Xy Xie 1 10i0j0k G| < 672, For

Oihey . = g’%Z(GT(xl, s Xs)) X 0;Gr, we get Yi |dihe y | < g«y. Moreover,

8,~8th,‘,,,2 = gll/%Z(GT(xl, ...,xs)) X 8,-GT8J~GT +g/l[/,z(GT(x17'“7xS)) X 8,-8ij

S N
= Z Z ‘aiajhf,ll/,z| < g*l//2—|—2g*l//’c
i=1j=1

0i0;Ohz - = g/l/V/,Z(GT(xl’ o Xs)) X 0iG10jGr kG (B.1.3)
8 (Ge(x1, X)) X (910G X G + G X 9;G + 3; G X 9,Gr)

+8'(Ge(x1,...,%5)) X 0,00, G+

N
Z Z 010 9khe y 2| < 8- +68. 7Y +62.yT’
=1 j=1ik=1

=

-

~

B.2 Proof of theorems in section 3.3

proof of lemma 2. Forany i=1,2,...,nand s=1,2,..., define M; , = Z;?:nJrlfiaj(Eeﬂﬁj’S —

E¢;|.7,_1). Then M; s is %, ;1,1 measurable. Besides,
Mit1s—M;s=an_i(E&_i| Fn_is—E&_i|Fn_is—1) (B.2.1)
Apply © — A theorem to the A(Dynkin) system
{A€ Zyivs—1:E(Eei|Fyis) x1g =E (B[ F_is—1) X 14} (B.2.2)

and the 7 system {A, X A,_| X ... X A,_;_g+1}, A; is generated by e;. Then

E(Ee—i|Zn—is —E&n_i| Fn_is—1) | Fn,its—1 = 0 almost surely, which implies that
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{M; S},-:Lz,m?n form a martingale. From Burkholder’s inequality(theorem 1.1 in Burkholder et al.

[1972]), there exists a constant C depending only on m such that

n n
1Y aj(Eej|Z)s—Eej|Fjs1)llm < C\/II Y @5(Bej|F)s —Eej[ T 5-1) w2
j=1 j=1

n
SC\/Z a?”ESﬂﬁj,s—ESjlﬁLs,lH,zn (B.2.3)
j=1

n
<C Z a? X max Ojsm
=1 i=1,...n

Therefore, from theorem 2 in Whittle [1960], there exists a constant C depending only on m such

that

n n [ec] n
1Y ajeil < 1Y aj(Bej|.Zio)lm+ Y I} aj(Eej|.Zj—E&jl.Z 1) |Im
=1 j=1 =1 j=1

. - (B.2.4)
< c\/ y a?ll&'llfﬁc\/ Y@=y max Sym
i=1 i=1 s:llzl""’n
and we prove (3.9).
For
p | p
| max | Y aijejl [|lm < p*/" max |3 aiselln (B.2.5)
=1,... J:1 =1,... ]:1
we prove (3.10). ]

Before proving lemma 3, we derive a lemma which is a corollary of Chernozhukov et al.

[2015]. It introduces some properties of joint Gaussian random variables.

Lemma B.2.1. (i). Suppose &1, ..., &, are joint normal random variables with E; = 0. Besides,

d two constants 0 < co < Cy < oo such that co < E§i2 <Cyfori=1,...,s. Then

xeR

=1l,...

sup |Prob (max &l <x+ 6) — Prob (.max &l gx) |
i=1,...,s i=1 (B26)

< C8(1+/log(s) + /[ 1og(8)])
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for any 8 > 0. Here C is a constant only depending on c,Cy.
(ii). Define £ = {0;j}i j—1,. s such that 6;j = E&:&;. Suppose 53, ..,El are joint normal
random variables with Eé; = 0. Define X = {G;j}t j=1,...s such that G =E¢, éT Define

A=max; j—1 . |0ij — Gi§| and suppose A < 1. Then

sup|Prob( max |&il <x) Prob( max |J§ | <x) \
x€R yeeesS
A6 (B.2.7)
1+log'/4(s)

<C* <A1/3(1+10g3(s))+

here C* only depends on cy,Cy.

Notably, we do not impose any assumptions on L', the covariance matrix of 8; .

proof of lemma B.2.1. For |§;| = max(§;,—&;),

max;—p,. ¢|&| = max(max;—; &, maxi—; __s(—&;)), so

sup <Pr0b( max |§,| <x+ 5) —Prob( max |§‘l| <x>)
x€R i=1,.

< sup Prob (x < max & <x+ 5) + sup Prob (x < max ( &) <x ) (B.2.3)

)CGR 17 S )CER i= 17 N B

< 2sup Prob (] nllax E—x| < 5)
i

x€R

here —&;, ..., —&; has the same joint distribution as &i, ..., &. From theorem 3 and (18), (19) in
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Chernozhukov et al. [2015], define 0 = min;—; . ;0;; and G = max;— 0y,

N——

sup Prob (|iir11?.)isé,~—x| < 5) < @ <\/log(s) + v/max(1,log(c) —log(8))

xeR
+4@6 y (g \/@+2+g\/max(0,log(g) —log(8))

(B.2.9)

< Y22 iog(s) + v/ T+ Tioglen) |+ T1o8(Go)] + v [10g(0)
° (V1og(s) +2-+ ogleo)] T [10g(Co)] + [Tog(3)

< C§(1+/log(s) ++/|log(8)])

~— —— ~—

), and we prove (B.2.6).

2% (141 +|log(C 4\/2C
here C = v2x(ir Og(CCOO)l [los@)D) \g 0 x (24+/|1og(co)| + [ log(Co)

Without loss of generality, assume &; is independent of & J.T for any i,j. Similar to
Chernozhukov et al. [2015], for any 0 < < 1, define random variables Z;(t) = VEEi+ /1 — té;r.

According to theorem 2.27 in Folland [1999] and lemma 2 in Chernozhukov et al. [2015]
EhT R4 (él yeeey 5?) - EhT,WW(é]T, ceey ésf)
_ 1i 1 VPE (Edhhg (20 (0), s Z5(1))) di
- 2 A i T,Wx\£1

ij /0 1 )~12g (gjaihf,l,,,x(z1 (1), ...,Zs(t))) dt

i=1

l\.)l'—‘

1 N
2> (Gij—%) X/O E (9i0jhe,y x(Z1(1), ... Zy(1))) dt (B.2.10)
i=1j=1

= Sup ’Eh‘r,l]/,X(glv RS gs) - Eh’b’,l[/,x(él'rv cey 5;)’

x€R

<55 L L B0 ey 210) )

i=1j=

< g AX (Y +y7)
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log(ZS)

Define t = + , then

Prob( max |&] <x> —Prob( max |§ ] <x>

17 -8 yeeesd

gProb( max ]5,] <x—t) +Ct(14+/log(s) ++/|log(t)|)

i=1,.

—Prob (_rrllax ) < x)
i=1,...,s

<Ehey o 1 (&) = Bhy 1 (8]0 6) +Cr(1+/log(s) +/Tog(1)])

Prob max & §x> —Prob( max |§ | <x

i=l,..,s

max il <x—|—t> —Prob( max |§ i <x) (B.2.11)

1 geeesS

> Prob (

—Ct(14+/log(s) + /| log(?)])
> Ehr,w,x+w(§1""’&) —Eh %(éf,...f;)
—Ct(14+/log(s) + /| log(?)])

:>sup|Prob( max 1&il <x) —Prob( max |§ | <x> |

x€R ety yeees

T,W,X+

< supEhe yx(§1, &) = Bhey (&, ., &) +Ct(1+ /log(s) + /[log (1))

x€R

Choose T =y = (1 —|—log3/2(s)> /A3, then 3 a constant C; > 0 such that o) 1+1A—{3/2() <t=

1/3 (_1+log(2) ) A 1og(s) a3 _ :
A (1+1og3/2(s) + 1o (s) < Thog () for s =1,2,...; and we prove (B.2.7).

[

proof of lemma 3. For any given y > 0, define t = lll/ + @. Notice that

cxey <E(X_ 1aij€;)* = O(1). From lemma B.2.1 and (B.2.11)

n
sup | Prob (l__rlnax 1Y aijej| §x> — Prob (l max | Z ai;i&jl <x> ]

: 1 ‘
x€R - P1 ]:l 5o D1 ,]:

n n n n (B.2.12)
SSUE|Ehw7w,x Y aijgj,, Y ap i€ | —EBhyya| Y a1j&j,- Y api&j || -
xe =1 j=1 ' =

+Ct(1++/log(p1) + +/|log(1)])
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here C is a constant. For any integer s > 0, (B.2.3) implies

n n
max ||} aijej— (Z aijE&‘jo,s) [

171,...,[71

=1 =1
o n
< max Z I Z aij (E£j|ﬁj?k—E8j|yj7k_1) ||m (B.2.13)
z=1,...,p|k:s+1 j=1
C

<C _max a max 6k <
7 -5 P1 Z ljkg_l b ( +S)

here C; is a constant. Therefore

n n
Sup‘Ehw’%x Zalj&‘j,..., Zapljej
xeR j=1

J=1

n n
—Ehy yx (Z aijEej| Fjg, .0 Y, aijgjlﬁj,s) |

J=1 (B.2.14)
<g maxp | Zaz] _Egj’ﬁjvs)‘
5Pl ‘:
1/m Y 4
< g, X max a;j(ej —E&j|Fs) lm=0
<gopl!"x max | Y aites B 710 In=0 (e
For any integer k > s, define the big block S;; and the small block s;; as
((I=1)x (k4s)+k)An (Ix (k+s))An
S = ) a;jEej|.Z; s and s; = Y a;;Eej|.F s (B.2.15)
J=(I—=1)x (k+s)+1 J=(I=1)x (k+s)+k+1

here [ =1,2,....,lp, lo = [ {5 ], i.e., the smallest integer that is larger than or equal to . Then
the vector (Si,...,5,,1), = 1,2,...,lp are mutually independent, and the vector (sy;,...,5p,1),] =

1,2,...,lp are mutually independent. Moreover,

n l() lo
Y aijEei| T =) Su+ Y si (B.2.16)
j=1 = —
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Besides,

Iy I lo Iy
sup [Ehy, y x (Z Sti+ Y Stjsns 3 Spijt+ Y Smj)
I N
~Ehyyx | Y Sty Y, Spij ||
j=1 j=1
1/m L
<goypy" < max | Y. sijln
=1,..,p .]Zl
(Ix(k+s))An (B.2.17)
<g.yp/ "X max. HZ Y aijEB&;|.Z;ol|m
J=(1=1)x (k+s)+k+1
K (l><(k+s))
+e.yp)/ " x max ZHZ Y a;j(Egj|Z ik —E&j| Fji1)|m
LeoP1 i 2 J=(1=1)x (k+s)+k+1

o (Ix(ts) —

<Cy max Z Z aiszO(l;/a* —)
i=1,...,p1 I=1 j=(1—1) % (k+-5)+k+1 k

Define &;;,i = 1,2, ...,n as joint normal random variables such that E§; ; = 0 and E&; (& s =

E ((Eg|.Zi;) x (Egj|.Z7;,)) forany i, j = 1,2,...,n, and is independent with ¢ for any k € Z.

Define the corresponding big block S7, and the small block s7; as

((I=1)x (k+s)+k)An (Ix(k+s))An
;kl = Z aijém and S;} = Z ai]ﬁ“ (B218)
J=(1-1)x(k+s)+1 J=(1=1)x (k+s)+k+1

For any i1,i; and any /] # I,

ESzlll il

(I —=1)x (k4-5) k) An (I —1)  (k+-5)+k) An (B.2.19)

= Y ai jyair , E ((Bej, | F), 5) x (Bej, | F),5)) =0
= =) x(k+s)+1 jo=(lb—1)x (k+s)+1

So the random vectors (57,55, ...,S;l I)T are mutually independent for [ = 1,2,...,/y. Define
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H,]—Zl 1 ,l-l—Zl ]HS;'}, thenH]-i—S,]—H,]H-l—SU+1 From Taylor’s theorem

|y yx(H1j+S1j, - Hpy j+Spj)
—hy/,l//,x(Hlj —l—STj, '~'7Hp1j +S;;1j)]|H1j7 "'7H[)1j|

Pl
<Y Oty ya(Hijy oo Hpy JE(Sij = S7)))|

i=1
1 P1 P .o
+|_ Z Z alla’ZhW ‘I’X(HU? HPlj)E(SiljSizj Sl]jSlzj)| (B220)
11 112 1
3 3 3 3
+3g.y’E rlnax 1Sij|” +3g+y’E rlnax |S5]
<3y " max IS5+ 3¢y py/" max |7
=98+Y P lr]naxl ijllm gy P lrlnax m

<Cy’ max Sl
lzl,...,pl

here C is a constant. The last inequality holds since S i has normal distribution(therefore

187 [lm < ClISijll2 < C||Sij|lm for a constant C). For

((j—=1)x (k+s)+k)An
”Sinm = ” Z ailE81|ﬁl,sHm
I=(j—1)xks)+1
((j=1)x (k+s)+k)An
<[l Y aiE&l|Fio||lm
I=(— 1) (k+s)+1
s ((J=1D)x(k+s)+k)An
+Y Y ai(Eg|F1, —E&|F - 1)Im
=1 I=(j—1)x(k+s)+1

(B.2.21)

((j=1)x (k+s)+k)An
<C Y al < Ca*Vk

I=(j—1)x (k+s)+1
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with a constant C. We have

lo

I N
52112 \Ehw,w,x (Z Stjsees Z Spu‘) —Ehy,y x (Z Sikjv Z Spu)

J=1
lo

< Z sup |Ehlll l[/X(Hlj +Slja lej +SP1]'> _Ehl[hl/ﬂx(Hlj +STja "'7Hp1j +S;1j)| (B.2.22)

] IXER

l P p1 o J—1)x (k+s)+k)An 3/2
SOy LY ISul<Cv L X ( ) a,%) <C'ya*
l

i=1j= =(j—1)x (k+s)+1

here C,C’,C" are constants. The last inequality comes from Z Zl

g al-zj = O(1). Since

lo n n
[Ehyy. () ST Z St ) —Ehyy (Y a1j€js, ..., Z ap,i€js)|

j=1 j=1

<ovE mox 34
ye+P1 =1

1
<gyp)" x _max | Zsllum <Cy max || zs,luz

vk

k+s)+k)/\n ) <
X (k+s)+1 a4

(B.2.23)

with a constant C. From (B.2.17), this has order O (l//a* A /%) From section 0.9.7 in Horn and
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Johnson [2013] and (B.2.10),

n n n n
Bhyy(Y 1€, Y, apyi&js) —Bhyy (Y a1;&j,... Y ap, &)
=1

Jj=1 J=1 j=1
<2g.y?
X i, lzmax 1| Z Z alulalzjz E‘gjl’gjw) X (Egjzlyjzﬁ)) _Egjlejz) |
P ji=1 =1
< 2g*l//2
X T?X Z ’ailjlaiz.h’ x |[E€j, | Fj sll2 % |E€)y | F )y s — €js |2
M52 050Dl |j17j2‘§s7j17j2:17”'7n
+28.97 max )y iy jiair | X ||&2]]2 % [[E€)y | Fjy s — €y |2
M52 250Dl |jlfj2‘§sajl 7j2:17"'an
+2g. 9 max Z |ai, j,airjp| % [E€j &), |

i1,i WPl s -
270 P |]17]2|>S 113]2_17 N

l1J Zam-i-Cl// \/Z all]\/z @i l—l—l)

2
v
o)

(B.2.24)

Define V such that 1/V = a* x n'/* x log*(n) — 0 as n — oo. Then choose k = |/n], ¥ =

vie=D/Gat3) g — |y2/(e+1)]10g3/ (@1 ()| — oo, Here |x| denotes the largest integer that is

smaller than or equal to x. From (B.2.12), (B.2.14), (B.2.17), (B.2.22) and (B.2.24), we prove

(3.13).

proof of lemma 4. From section 0.9.7 in Horn and Johnson [2013]

L J1—J2
Y ) (1—K< - >)ailjlaizjszjljz|
A= pm n

o -k (Lg2)
kn

Z Z |ai1j1ai212‘ X

=1 jo=1

(1+1[j1 — j2)*

u = 1—K(s/ky)
% 2« it Nl 74
\/J'Z’IGZU E 145
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K is continuous differentiable, so

- I_K(s/kn) max 0,1 ‘K/(x)‘ kn S - 1
)3 < —<bo ) )

& 1vse S kn o 1% e (B.2.26)
11
— (—-I——/ x'_“dx-i-/ x_adx>
kn ki J[1k) [kin o)

which implies

noon L
J1—J2
| § . § . (1 —K (k—)) iy, i j> Oy jo| = O(vn) (B.2.27)
n

J1=1ja=1
On the other hand, define &; = €€« — Oy = hi ik (..., €irk—1,€ir%) fori=1,2,....n —k and
k > 0O(in other words, &; ; is .%;x measurable), then E&; = 0. Define

_ i
Ciks = hiivk (s €ivi1-2, Citk—t—15€ 1 s> Cithk—t+1s ..s€iyk). Heret > 0. We have

Vikom/2 = IGik = Gisellm2 = €€k — Eivker€ir—kllm2

< l&illm X [|€i+k = it lm + 1€t llm > || € — &i—llm (B.2.28)

< C max 6,~,t,m+C,rI113X O t—km
i=1,....n

i=1,...n

Here C is a constant and 0; j,» = 0 if j < 0. For a given ij,i = 1,..., p1, define the term
—k .

Noko = X5 g1 @ir @ik (BGikl Z ks =BGk Fjrhi1). Ngs is Fusi—1 measurable.

Moreover, Nyi1ks — Nyt = Qiyn—k—s@in—s (Egnfkfs,k’}\nfs,t - ECnfkfs,k‘g[n—s,t—l)- Apply 7 —

A theorem to the A —system
{Ae Fsii1 BB ks k| Fnss) x 1a =E(E ks 1| Fuss—1) x 14} (B.2.29)

and the T—system {A, X A,_1 X ... X Ay_s_s41}, A; is generated by e;. We know that {N,,
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s=1,...,n—k} form a martingale. From (B.2.3) and theorem 2 in Whittle [1960]

n—k n—k

1Y aijaijiaGjallmn <Y aijaijikBEal F o) lmz + Y INa—kktllm/2
= = =1

B.2.30
Z irj 12j+k+c Zan] m+kZ max llllkz‘m/Z ( )

<C'x max |aij
i=1,...p1,j=1,....,n

here C,C’ are constants. Therefore from (B.2.28)

J1—J2
I Z Z aiy j @i j, K ( k ) (gjlejZ - Gj1j2)||m/2
n

Jj1=1j»=1
n—1 I n—I n—1 I
<Y K\ — | I1Y, aijaijriCiillmp+ Y, K{ - (B.2.31)
=0 kn j=1 =1 kn
= J_ = =
o l
<Cx max a;; K| —
- i:I,...,pl,j:I,.‘.,n’ l]’g‘z) (kn)
with a constant C. Since
- l
Y K (—) <1+ K (x/ky)dx = O(k,) (B.2.32)
=0 kn [0,00)
(B.2.27), (B.2.31) and p; = O(1) imply (3.15). O
B.3 Proof of theorems in section 3.4
This section starts with the consistency of the Lasso estimator.
Lemma B.3.1. Suppose assumption 1 to 5 hold true. Then
Bl — Blo = 0p(n =) and [B'* — |\ = 0p(nr ~) (B3.1)

the Lasso estimator is defined in (3.20).
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In particular, if p > n, define V. ={V;;}; =1, , =0 LQE (see section 3.4 for the definition

of 0),

167 — 6, | = V(B = )| < max

)4 ~
Z Vz? % |Blass0 _B|2
j=1

- ) (B.3.2)
S |ﬁ asso _ﬂ‘Z — Op(l’lT_al)

and [0] —0.]> < B Bl = 0p(n * %)
We follow the proofs from Biihlmann and van de Geer [2011] to show the consistency of

the Lasso estimator.

proof of lemma B.3.1. Define w; = Ef‘”s" —Biand ® = (o, ...,0,)7, then

1 n )4 ~ 2 )4 ~ 1 n ) )4
5 2 | & Y Xii(Bi* = B)) | +pus Y, 1B < o Y & +pui ) |B)]
iz j=1 j=1 = J=1 (B.3.3)

1 1 ~
= o XoB< X0 tpy Y (B~ 1B ) —pus Y o)
JE€Nby, JENbn

Since max;—j ., Y| ij < Cn for a constant C, form lemma 2

1

n
max |3 Xijeilln=0(vi) = |e"Xa| < [X el x 0] = 0 (n(®/" 12 x |a]y) (B34)
n A

Therefore, for sufficiently large n, with probability tending to 1

3
0< —Pnl Y |oj|+ Pn Y |0j|= o € & (defined in (3.24)) (B.3.5)
2 2 -
JEN by JEN by

Therefore, with probability tending to 1

2 2
cilols  3p, 3Pn1
*2 2 < 2” Y, o < 2” \/ |48, < @2
JENby (B.3.6)

plasso _ a%—al
= [B Bla=0p(n )
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Meanwhile, from (B.3.5)

|Blass0 _B|] <4 Z |w]| <4 |,/%)n| X ’0)|2 = OP(nOQ/V*OCI) (B37)
JE€Nby,

proof of theorem 5. From (3.21), lemma 2 and lemma B.3.1, since
a qijS; pnr pnr ’ﬁ|2
= qii X
= ()L]?+pn, 7L4 \/Z J \/
r on O r)~]
| qijDij + &lm
J_Zl,; e 12+pnr (A7 + Pur)?
2
n r A P, rl
<C qijDij L+ ))
L (E Y (’ljzﬂ’"r (A7 +pnr)? (B.3.8)
2
A PnrAj 2C
= 2 J il < ==
C\| L 9 (aj * > =7

Fpar (A7 par)?
:> maX |ZZqul/<

”j]l

we have

B = Bl = 0p (w25 740 o/ mon g 5o (B3.9)

From assumption 4, 20, + %~ —4n < —1, so |l§— Blew = Op(n%/m=1 +an/V_°")

In particular

Prob (j/b\ # N ) < Prob | min |f$,| <b, | + Prob | max |E,| > by,
n " A igN
" ! ! (B.3.10)
< Prob (|[3 — Bl > (c_ - l)bn> + Prob (|ﬁ — Bl > bn>
b

and we prove (3.26). ]
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proof of theorem 6. Suppose j{; = Mp,, then ¢;; = ¢;j and T, = 1;. If i € A, from Cauchy

inequality

222 {2 2
J < PuslBla (B.3.11)

pnr . CijS;j Pu.r 4 ij d
| < X
]_Zl Az‘f’pn r) Ti ];1 (Az—f—pmr)z Z Az(lz+pn7r)2 - )’r3

which has order o(1). Besides,

IN

2
_ —_ v + )
7 ; T ,_Zl "\AFHPur (A4 par)?
A

2
pn,rlj > Cn
)2

n
and for sufficiently large n ¢ I 4 z
,-Z’l Y ( 7+ Pur (A7 + P 4Cin (B.3.12)

A
2
2 Aj Pnrhj
lc </’l'2+pnr+ ()«12+pnr)2> - 1

1 &,
:>_212‘1W'1: . i 2 _1_|_4C/21
l - n 2 ] pn!rj l -
f—lcU<l}+pn,r+(l}+pn,r)2) T “
From lemma 3
1
sup|Prob| max |— ) wyg| <x| —Prob (max ; §x) =o(1 (B.3.13)
sup ( e Y ) max|&| <x ) | = o(1)

From assumption 7 and lemma B.3.1

1 m;iVir 1 & ~ m;;Vik
= Y Z—ljvj (B> —B )\Z;\Z(ﬁ;ﬁam—ﬁk)x Y —II_JVJ
Lojety, k#j bk=1 JENp iFk JJ
< ’ﬁlasso ‘B|1 X max |_ Z L’ (B314)

k=boeor T e fp L Vi

v, = (B{ = )| = 0p(1)

:>maxl|zz

7 -P1 Tl jE/V k#]
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Define

2
P r|B|2 1 mvk ~
L==25—+ max —| ), ) = (B = Bl = 0,(1) (B.3.15)
r 7 -P1 Tl ]G/Vb k;éj —Vjj

then for sufficiently large n

~

1 1Gi— Gl
max | — wjp&| —L < max <L+ max|— Wi €
ZG.///‘ Zl il l| P T; 16///| IIZ il l‘
= Cz| _
= Prob| max — Prob | max |&;| < x
i=1,...,p1 Ti icH
< Prob( N, #+ AN, )+ Prob| max|— Y wyg| <x+L
< (A, # Nb,) iE///|Til_Zi €| <
—Prob (max|§,~] < x) (B.3.16)
icH
and Prob( max |CI:C’| §x> — Prob (maxléz Sx)
i:l7"'7p1 Ti

> Prob(% #J%>+Pr0b<m%\—2w,lel|<x L)
—Prob | <
ro (2%’51’-95)

Apply lemma B.2.1, we prove (3.41). ]

B.4 Proof of theorems in section 3.5

proof of theorem 7. From theorem 5, we have Prob (/1{, #+ JI@”) — 0 as the sample size n — oo.
IfJ%, = M}, then ¢jj = ¢jj, T = T;, Wy = wy and F,J Tlrj 22:1272:1 Oy, X wir,wji, = 0 for

all pairs i, j such that i ¢ .# or j & .# . From lemma 4 and (B.3.12),

n

Wi W I —1
max | Z Z Wi Wity X (8118121(( ! 2) _Glllz> | =o0,(1) (B.4.1)

i,jeH =111 TiTj ky
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Besides, if 4/7/1; = Ny, , define 0; = Z 1 Xi J(B — B;), from section 0.9.7 in Horn and Johnson
[2013]

n n
Wiy Wity o h—Dh
F?%Hb__X:ZZ 5T K, ) el
o Lh=1hL=1 ‘“i*J n

/! 1 Wi, Wil l lz
< max| 3 ¥ Mg (1R e,
TiTj n

Ljed =)=

n

Wi
+max|z 2K
Ljed Zip=1 Tl

n
Wi,

n

n
Wi, Wi
+max [} ) ==K
LISA | =1h=1 Yt

o0 (B.4.2)
<2Y K|—
1=0
+2Y K
1=0
+2Y K
1=0
< Cky X (2lrr11ax & X max ||+  max |51|2)
here C is a constant. Define U;; = } ¢ S Xikqxj. Then
_max ZUZ < _max Z X2 =0(|4,) (B.4.3)
7 -l kE/Vbn
If ¥, = Aj,, then from (3.21)
&= Y Xi(Bi—B
JE€ENby,
= Upsk SO ( A o )
=—p ikPlk + - & B.4.4
X B G T Gt B4

+ Y Xi(6] -6,
JEThy
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For

\/Zk 1 \/Zk 15k

=0 <n206r—4n+a(4/) 7

SO lk Pn, rlk
| Uikpik ( - ) &llm
kglg A2+ Pnr (A2 +pnr)?

" Uj.s
2 ik k 2
max —— < X  max
izl""’p|pn7rl;l (l]<2+pn,r)2| N an i=1,...p

n

2
A pn.r)«k )
SC Ulp ( + -
12(;;1 N 4 pur T (R4 p0r) ) (B4.5)

4 )Lk Pn rlk )2 Cl |=/Vb |
=C Uz < + : < V= ol
; ¢ A'kz—i—pnvr (lkz"i_pn,r)z )vr

A % oo
= T  Inax | Z Z UikPik <12 +kpnr + (7L2+pfr) ) &l=0, (nl/ oy /2 n)

R =
and _max Y Xij(eLJ- |< max ) %]91-9“2:0[) (n%r )
Tl e, A

Form assumption 4, 20, —4n+ 0o 4 < —M + %OQ/V, SO

max |§;]| =0, <n1/m+a”/2fn +n°‘</"7a’> (B.4.6)

i=1,..n

For max;—1 _,|&| = OP(nl/m), from assumption 8
kyx max | x max |5 = Op(kpnn ™ 2 g TEN ) = o (1) (B.4.7)

=1,..,n =1,..,,

and we prove (3.48). [
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proof of theorem 8. Suppose J%, = M, Define 5= (51,...,5,)7 QTﬁ
=, ~ ) ~ - - %
B —B= —PirQ (A2 +Pur) 0"B+0 ((A2 +Pnr) " 4 Pur (A +Pnr) 2) APe

) o B.4.8)
~. —~ qi S l pn,rl' * (
:>ﬁi _.Bl:_pnrz( = ZZ l]pl](lz_’_p +(12+pj )2)81

j=11=1 n,r j n,r

AF+ Pur)?

Define the conditional norm || - ||, = (E*| - |m)1/ " m>1and

_\r . ;Lj pll,l‘)Lj * L : : :
tii = Yj—14ijDPlj < oy + Wipn ) For g has joint normal distribution,

Aj Prsh

ron . 1l
| Pij + o | €& = ClL Y el |3
;; ijPLj ),2+pn, (lf+Pn7r)2 1 lm 1:211 1112

n n A I —1 oo
=C Z Z tilltilzgllglzK< ]k 2) <C <22K(l/k > (thlel>
n i=0

h=1h=1

C'Vk —~ 4.
< vy X max |g| (B.4.9)
A i=1,..n
. )L Pn VAJ' %) )%
max + : £
i=12,.0.p ;; ”p”</12+pnr (A7 + pn.r)? Hln
C/ l/m
\/_x max |g|
)Lr i=1,...,n
here C and C' are constants. From (B.4.6), max,—;__,[&] < max;—1__,|&|+max;—1 _ |€—
&l = Op(nl/’").
On the other hand,

S 9iSi < Par
mu ot e
) 4.
d X (|Bl2+18 —Bl2)

For

u’f—mz:\/ Y 18— BiR < /145, % 1B —Ble = 0p(y/|A5]) BA1D)

J€Nby,
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we have for sufficiently large n,

Prob* (Jf/b\:‘ # J%)n) < Prob* (.min |E,*| < bn> + Prob* <£;1J21Vx ]El*| > bn)
l

1€Npy, b

< Prob (|B* = Bl > (1/c, — 1)bu— |B — Bl..)
+Prob” (1"~ Bl > bu— 1B~ Bl-)

o B —Blell WIB =Bl L
= (er—0bu— BBl (bu— BBl

(B.4.12)

which tends to 0 with probability tending to 1. If ’/1//17\:: = j{; = N, then ?fj =¢jand T = T,

Moreover,

P . ~
& — X miiB; _ Par i CikSk
1 Ti = (

. 2 2
T . =1 l; +Pnr) (B.4.13)
l & ¢ k Pn,rik ) %
+— CikPlk( + ’ €
fik;u; A Apur (A +pur)?)
From Cauchy inequality,
pr%r 4 ikg\k pnr 212
= X ¢Z Z
Ti AZ nr 2'2 nr 12 12 n,r
S +p +p onr) g4
Pnr Bl
I

r

which has order O, (n2%rtoy / 2-3M), Define wj; as in (3.35), we have

11 & ¢ L—1h
E*— Z Z Wit Wi, €], €], = Z Z win, Wi €, €K ( A ) (B.4.15)
Tlrlll =1 thle 1lh=1 n

From lemma B.2.1 and theorem 7, we have

* 1 a *
sup |Prob (mg;{q? Zwﬂe‘, | §x> — Prob (fgﬁ;ﬂ&ﬁ Sx) | =o0,(1) (B.4.16)

x€R 1€ ij—1
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For N
G —xh mib; .
Prob™ | max & - 15 <x | < Prob* <,/Vb: #+ ,/I{,n)

i=1,...p1 T

1 ¢ ok ><|E|2
+Prob* | max |— 18| < HELUSRE LS
( //);|T.Zwll l|—x+ )';’3

S

& X mijB =
Prob® | max & f:kl iPil <x| > —Prob* <J@: #J{,n>

i=1,....p1 T;

1y P2, Bl
+Prob* [ max|— Y wyef| <x— 2=
(ie//’fil; €| < A}

and (3.56) is proven.
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Appendix C

Proofs of theorems in chapter 4

C.1 Proof of theorem 9 in section 4.5

Adopt the notations in section 4.4 and 4.5 of the paper. Suppose assumption 1 to 4 in
section 4.4 hold true. For any given positive integer 0 < m < oo, define x,,, = 2mx —m and the

stochastic process

j=1

My (x) = V/F (x) <%fT(%T%)_1%Tg — % zn: s,-) — Ln y (1gj<x, —F(xm)) (C.1.1)
j=1

Then EM,,(x) = 0 for any given x.
Define the Gaussian process .#,(x) € D,x € [0, 1] such that

E Ay (x) =0, Etly,(x) My (2) =V (X, 2m) for Vx,z € [0,1] (C.1.2)

here z,,, = 2mz — m and ., has continuous sample paths almost surely. 7" is defined in (4.15)

of the paper. The proof of theorem 9 has 4 steps:

1. Show the existence of .7, for any m

2. Prove that M, — ¢ My, (ie., converges in distribution) under the Skohord topology. Then
lemma C.1.1 below implies that M,, (x)’s sample paths will be similar to a continuous

function, i.e., |M,(x) — My,(z)| can be arbitrarily small as |x — z| — 0 with probability
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tending to 1.

3. Prove that the random variable M (x+7’l") -M

m( —X+m

5-)’s asymptotic distribution will be a
normal distribution with mean 0 and variance % (x) for any x € (0,m]. See (4.16) in the

paper for the definition of the superscript ~

4. Approximate .7 (x)(see (4.19)) by My, (522) — M,

- (5.

2m

But before presenting the proof, we would like to introduce some useful lemmas.

C.1.1 Useful lemmas

Suppose random variables A, B satisfy |A —B| < 6,0 > 0. ThenVx € R, -1, _5_p, <

1y<y — 1<y <1, p<, 5, which implies

E[1y<x — 1p<x| <E[la<y — 1p<i| X 14 _pj<5 + Prob(|A — B| > 3) C13)

< Prob(|A—B| > 08)+ Prob(x— 38 < B<x+9)
For any given positive integer  and Vz; € [0, 1],s; € R,i=1,2,...,r, define t; ,, = 2mt; —m,

then

=1

_I}I_I;EOGZIZIJZSZSJ tzm t]m)

2
T n—oo ( J >

T -1 T -1
n n
(C.14)

r T -1
_mzzssj (xf (% d ) m—l)><<F’<r,~,m>H<t,-,m>+F’<tj,m>H<n,m>>

i=1j= n

—f—r}gl(}oz Z stj mln tlmat] M)> F(tl7m)F(tlvm))

i=1j=
r r
= Z Z $iSiV (timstjm)

=1 =1

~.
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Eq.(C.1.4) implies that ¥ (2m - —m,2m - —m) will be the asymptotic covariance function of
the stochastic process 1\7[,,1() Moreover, for any real number sequence {z;};—; ., the matrix

{¥ (2i,2j)}i j=1...r is positive semi-definite. From assumption 3, define 67 as in section (4.14)

of the paper
y n_Ei\ -
E82§—ZE(,— /= ’) +=YE(Zi- 2 (2T 2) 2 Te)?
ni3 n = (C.1.5)
, 8M2c? (TN
<20°+ ——|[|{ — 2

~1 ~1
so EG% = O(1). Here || (#) ||2 is the matrix 2-norm of (#) . (C.1.3), (C.1.4) and
(C.1.5) will be frequently used in the following sections. Then we introduce some lemmas.

Lemma C.1.1 focuses on showing the existence of .#,, and deriving its properties.

Lemma C.1.1. Suppose assumption 1 to 4 hold true.
1. For YO < m € N, 3 a Gaussian process My, in D satisfying (C.1.2) and having
continuous sample paths almost surely.

2. For any given & > 0,

lim P sup | M (y) — My (2)| >E ] =0 (C.1.6)
0—0,6>0 y2€[0,1],]y—z|<8

In addition, suppose a sequence of stochastic processes Ny, € D,n=1,2,... satisfy N, — o

My, under Skohord topology as n — . Then 3 6 > 0 such that

n—reo y,ze[O,l],\y*Z|<5

nmsupP< sup |J’V;,n<y>—a7m,n<z>|zé>sa (C.1.7)

proof of lemma C.1.1. From (C.1.4), for any 1; € [0,1],i = 1,2, ..., r, the random vector

(Mo(t1), ..., #pm(t,))T has joint normal distribution with mean 0 and covariance matrix
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{V (2mt; — m,2mt i m)}l j=12,...r» SO the consistency conditions in Kolmogorov extension

theorem are satisfied. VO <t <t <t <1,

E| M (1) = M (10) | M (1) = Mo (12)
(E| () — Mn(t1)|* +E|Mn(t) — Mn(12)]*) (C.1.8)

1
<3
(E(Aon(0) — Mon(12)) 4 E (1) — Mon(12))2)?

NIU-)

The last inequality comes from the fact that .#,,(t) — .#,,(t1) and 4, (t) — .#,,(t2) have normal

distribution. Define t; ,, = 2mt; —m for i = 1,2. Form assumption 1, 3 a constant C > 0 with

E( M (1) — Mn(11))?
= (2T AT X+ 1= 22T A ) (F (2mt —m) — F (11,))?

+F (2mt —m) — F(ty ) — (F (2mt —m) — F (1 n))? (C.1.9)
—2(2FAT b~ 1)(F 2mt —m) — F (11 n))(H(2mt — m) — H(t1 )

<C(t—1)

Similarly, E(.#,(t2) — Myu(t))* < C(ta —t). Then (C.1.8) implies

E| My (t) — M) 2| M) — Mo (12) > < %Cz(tz —11)%. Set a = B = 1 and choose the non-
decreasing, continuous function F(x) = %Cx in eq.(13.15) of Billingsley [1999]. (C.1.9) also
implies (13.16) in Billingsley [1999]. From theorem 13.6 in Billingsley [1999], 3 .#,, € D
satisfying (C.1.2). According to (C.1.9),

E(Mn(t) — (1)t <3CP(t —11)? (C.1.10)
so theorem 2.3 in Hahn [1977] is satisfied by choosing r = 4 and the function

flx)=3C" = [ ]x(m)/r £ (x)dx = 4(3CH) V4 < oo (C.1.11)
0,1
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In particular, we can choose ., € D such that |.#,,(t) — #,(t;)| < AH(|t —t1]) almost surely,
A is a random variable with EA* < oo, H is a continuous nondecreasing function on [0, 1] such
that H(0) = 0. This implies .#, has continuous sample paths almost surely.

We prove (C.1.6) by

EA4
P Sup | Mn(y) — M (2)| > & | < - x HY(8) (C.1.12)
y.2€[0,1],[y—z|<d g
For any given 8 > 0, define a function
hs(f)= sup  |f(x)=f(y)], here f €D (C.1.13)

x,y€[0,1],[x—y[<8
From section 12, Billingsley [1999], if f,,,n = 1,... converges to f in D, then 3 strictly increasing
mappings A, : [0,1] — [0,1],n = 1,2,... such that

limy, 00 SUP, [0, 1] |An(x) — x| = 0 and lim, . SUPxe[0,1] | fu(An(x)) — f(x)| = 0; s0

|hs(fa) = hs(f)] < sup [ fu(x) = fu(y) = () + f ()]

x,y€[0,1],]x—y|<é

< sup |fu(x) = f(x)|+ sup |fu(y) —f(Y)] (C.1.14)
x€[0,1] y€[0,1]
<2( sup |fulx)—f(A; ()| + sup |F(A, 1 (x) — F()])
x€[0,1] x€[0,1]

If f is continuous on [0, 1], then lim,_,e |25(f) — hs(f)| = 0. For .4, is continuous almost

surely, and R, D are Polish spaces(theorem 12.2 in Billingsley [1999]), 3.8, page 348 in Jacod

and Shiryaev [2003] implies hg(Ann) — ¢ hs(#p), and theorem 1.9 in Shao [2003] implies

limsupP ( sup |</17n:n(x) - jn;n()’” > 5)
n—yoo x,y€[0,1],]x—y|<8

(C.1.15)
§P< [ sup I///m(X)—///m(y)Izii) <&
X,y€

0,1}7‘X*y|<5
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for sufficiently small 6 > 0. O

Notably, ,/I/;n may not be continuous for finite n. However, if JI/;,Z — o Moy, lemma
C.1.1 implies that the discontinuity in Jan should vanish asymptotically. Combine lemma C.1.1

with (C.1.3), we derive the following corollary:

Corollary 3. Suppose assumption 1 to 4 hold true. Then for any given 0 < ¢ < 1/4,

lim sup \P( M (x) — My(1 —x) < 2) —=P(Mu(y) — Mm(1 —y) <w)|=0 (C.1.16)
8=0 |x—y|+|z—w|<8

im  sup [P(Ap(x) = Ay (1 =) < 2) = P(My(x) — Mn(1—x) <2)| =0 (C.1.17)

n%wxe[%Jrc,lfc],zeR

Here (x,z),(y,w) € [% +c¢,1—c] xR. See (4.16) in the paper for the definition of the superscript

proof of corollary 3. Without loss of generality, assume z < w. From (C.1.3), for V £ > 0,

[P (M (x) = Mn(1 = x) < 2) = P(Mn(y) — Mn(1 —y) < W)
< P(| M (x) = M (y)| > &/2) + P(| (1 —x) — Mn(1—y)| > £/2)  (C.118)

+P(Z_§ < '//m@) _f///m(l _y) §Z+€)+P(Z< %m(y) _%m(l _y) < W)

Define y,, = 2my — m. From assumption 4, min

vellsei—q % (ym) > 050

P(z < My(y) — Mu(1—y) <w) =D (L> ) (;>

% m % m
VU (ym) \ (Ym) (C.1.19)
< =
mmye[%—kc,l—c} %()’m)
Similarly P(z — & < My (y) — Mm(1—y) <z+E&) < — 2 . (C.1.16) is proved by

mlnye[%Jﬁc,lfc] \/% (ym)
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applying lemma C.1.1 to (C.1.18).
For Vx € [§+¢,1 —c], define g, : D — R : g«(f) = f(x) — f~ (1 —x). We use the same

notation as (C.1.14). If f,, converges to f in D and f is continuous,

18x(fu) = 8x(N)] < 1fulw) = F Ay @) + £ (A (x)) = ()]
+ limsup  |fu(t) = f(A, ()| +  limsup |f(A,' (1) — f(0)]

t—1—xt<l—x t—1—xt<l—x

(C.1.20)

which tends to 0 as n — o. Therefore, 3.8, page 348 in Jacod and Shiryaev [2003] implies

8x(Nmn) =2 8 My). Yy > 0,1 € R, define Go(x) = (1 —min(1,max(x,0))*)*, and Gy, (x) =

Go(yx — yt). From Xu et al. [2019], 3 a constant C > 0 with

Li< < Gyo(x) < Licry 1)y, SUP|Gyy,(x)| < Cyr
ol (C.1.21)
Suzp’Gq/,t(x)’ < C1//2, SUP‘GWJ(XH < CW3
X, .X,

For Yy > 0, define the set o7y, = {Gy, : t € R}. V6 > 0, choose Y= 6/(Cy), then VGy; €

y,x,y € Rwith [x—y| <7,

Gy, (x) =Gy, (y)| < Cylx—y| < 8 = < is equi-continuous

and uniformly bounded by 1. From theorem 3.1 in Ranga Rao [1962],

lim sup |EGy, (%7n(x) — a1 —x)) —BGy s (M(x) — Mp(1—%))| =0 (C.1.22)

n—soo
Gy, €y
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for any fixed x € [§ +¢,1—¢]. From (C.1.21),

P( o () = Sy (1 =) < 2) = Pl (x) = M1 ) £ 2)
< EGy (Mnnl) = A1 =3) ) =BGy o1 py (An() = Mn(1 = X))

< s [EGy, (M) = N1 =) ) =BGy (M(x) = (1 =)

Gy €y

I I
N N ( v "’) (C.1.23)
P( A () = Ay (1 = x) < 2) = P(Mn(x) = AMp(1 = x) < 2)

> EGy .1y (M) = Ha(1 =) ) =BGy (M (x) = n(1 = x)

>~ sup Gy (Nun(3) = N1 =) =BGy (i (x) = (1 -2))|
Gy €y

_p (z—% < M) — An(1— ) gw%)

Choosey=x,z=z+$,w=z—#in (C.1.16) and let y — oo,

1im sup [P(Apyn(x) — A y(1 %) < 2) = P(My(x) — Mw(1 —x) <2)| =0 (C.1.24)

= eR

Finally, for any given £ > 0, we choose %—Fc =xp<x1<..<xy=1—candx;—x;_1 <
0,i =1,2,...,M with sufficiently small 6 > 0. For Vx € [%+c, l1—c|],31€{0,1,...,M} such

that [x —x;| < 8, and

SUP [P (A (X) — Ay (1= x) < 2) = P(My(x) — Mn(1 —x) < 2)|

z€R
< sup [P(Apmn (¥) = Ay (1= %) < 2) = P(Hn(x1) — Ay (1—x1) < 2)|
e N (C.1.25)
+ max sup [P(Apn(xr) — Ay, (1= x1) < 2) = P(Mn(x1) = M (1 —x1) < 2))|
I=12,..M.cr ’

+sup [P( My (x1) — AMn(1 —x1) < 2) = P(Mop(x) — My (1 —x) < 2)

zeR

165



From (C.1.3),V £ >0,

sup [P(Ann(x) = Ay (1= %) < 2) = P( A1) = Ay (1= x1) < 2)]

P (11 =) = a1 =501 > 5 )+ (1) = )| > 3 )
(C.1.26)

+2 max sup [P(Apu(xs) = A (1 —x1) < 2) = P(lln(x1) — M(1 —x7) <2)|
1=12,..M ,cR '

+su112P(z—€ < Mo (xp) — Mu(1 —x1) <2+ E)

Since SUD. (1, 17C]P (L/}/;n(x) —%7n(x1)| > %) and

SUD e 1 e, 1—c] <| mn( )—j,;jn(l —x7)| > %) are less or equal to

P <Supy,z€[07l]7|y—z\<5 |Jl{,1n(y) — %n(z)| > %) , (C.1.7), (C.1.16) and (C.1.24) imply (C.1.17).
]

The second lemma focuses on showing the asymptotic continuity of the residuals’ em-

pirical process in the real world and in the bootstrap world. Define the stochastic processes

&(x):%ia%— %)) and & (x \/_Z eee— F()) C.1.27)

Here €; and F are defined in (4.13). &,i=1,2,...,n are i.i.d. random variables generated from

F.In algorithm 4, £ serves as the bootstrapped residuals. Define two assistant processes

F(x) Z 1<, and a(x f Z lg<.— F(x)), here Vx € R (C.1.28)

l

The notation O, and 0, have the same meaning as definition 1.9 in Shao [2003], i.e., two
random variable sequences X,,,Y,,n = 1,2, ... satisfy X, = OP(Yn) if for V¢ > 0, 9 a constant C;

such that Prob(|X,| > G|Y,|) <tforn=1,2,... X;; = 0,(Y,) it X,,/Y,, =, 0 as n — oo

Lemma C.1.2. Suppose assumption 1 to 4 hold true. Then for any given & > 0 and —oo < r <
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s < oo, 38 > 0 such that

limsupP ( sup |ot(x) — a(y)] > é) <& (C.1.29)
Vel

h—oo r7S],|)C*y‘<6

Besides, 36 > 0 and N > 0 such that VYn > N,

P<{P* ( sup o (x) — o*(y)| >§> >§}> <& (C.1.30)
x,yE[rs],|x—y|<d

proof of lemma C.1.2. From assumption 4, F is strictly increasing in R. From lemma 4.1 and
4.2, Bickel and Freedman [1981], 3 independent random variables U;,i = 1,2,... with uniform

distribution on [0, 1], a Brownian bridge B and a constant C such that

P( sup |72 LY (g B<x>|zc1og<n>/¢ﬁ> <Clog(n)/v/n  (C.131)

€[0,1] =1

andV0 <6 <1/2,&>0,

E  sup  [B(x)-B(y)| <C(~5log(8))?
xyel0,1],[x—y|<8 (C.1.32)
C(—81og(8))"/? -

;sP< aup \B<x>—3<y>|>a§>g :
x,y€[0,1],]x—y|<8

We choose & = F~1(U;),i = 1,2,...,n (& has distribution F according to page 150, Billingsley

[1999]),
- 1 &
a(x) = %i;(lmg(x) —F(x)) 1
> (supli)— B(F(x)| > Clog(n) /i ) < Clogn)/ Vi
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From assumption 3,

T
max —%T(% %) 2 < M2||(

i=1,...nn n

2TY
——) "'l =0(1/n) (C.1.34)

and E||(27 2°)'/2(B — B)|3 = po® implies || (27 2°)'/2(B — B)||2 = Op(1). Define
~ 1 & 18 —T =
A:ZZsj:ZZej—%n(ﬁ—ﬁ) (C.1.35)

~

here € and 2", are defined in (4.13). With this definition we have € = € — A. Besides,

~ n 2 ) = T i
EA* <2E <128j> +2E< "B - ﬁ)) 207 2072 W( T2 n) T X
" " n (C.1.36)

=% = 0,(1/v/n)

Define

&T(x):%i(lgéx—F(x))éa() af(x+2)+Va(F(x+A)—F(x))  (C.1.37)
i=1

From theorem 6.2.1 in Koul [2002],

s:gw(x) —a(x)—nF () Z (B —B)| = 0,(1) (C.1.38)
Therefore,
sup [&(x) — &) ~ VAF (X2, (B — B) — /nF ()|
< sglgm*(x) —a(x)—aF () Z 1 (B-B)| +sgg|a(x+71) —a(x)|  (C.1.39)
+s1£ﬁ|<F’<x+1> —F(x))Z,(B-B)| +sglgﬁ!F(x+7l> —F(x)—F (x)A|
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From assumption 1 and 3 and Taylor’s theorem, sup, g /7| (F' (x—l—?t) —F /(x))y,{ ( E —PB)| and
SUP,cR \/ﬁ]F(x+7L) —F(x)— F/(x)i\ have order O,(1/+/n). From (C.1.33), with probability

tending to 1,

sup|&(x+ ) — a(x)| < 2Cloe(n) | up IB(F(x+2)) — B(F(x))] (C.1.40)
xeR \/ﬁ xR

F is uniform continuous according to assumption 1, so

sup |5c(x+1) —a(x)|=o0,(1)

ver (C.1.41)
~ ~ / —T = / ~
= Sugla(X) —a(x) = /nF (x) 2, (B—B) = VnF (x)A| = 0,(1)
xe
For any given —eo < r < s < o and sufficiently small 6 > 0,
sup @) —ay)| < sup a(x) —a(y)]
xy€lns),[x—y|<é xyelns,[x—y|<é (C.1.42)

+ sup VAl(F ) —F (0) x (Z 5 (B—B)+2A)|+0,(1)

x,yElns],|x—y|<b

From assumption 1, (C.1.33) and (C.1.32), we prove (C.1.29).
Define the function ¢(x) = inf{t[x < F(t)},x € [0,1]. Page 150, Billingsley [1999]
implies ¢ (x) < < x < F(¢). If U has uniform distribution on [0, 1], then ¢ (U) has distribution

F. Without loss of generality, we choose g = d?(Ui),i =1,2,...,n; (C.1.31) implies

(C.143)
P (sup @ (x) — B(F(x))| > c10g<n>/«ﬁ) < Clog(n)/v/n

x€R
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From assumption 3

1& 1 &
(x) =-) 1 T( s<=-X1 o 0
”;ZT e<x+ 2T (B—B)+A = ”lzi &<x+M||B—BIl2+[A| (C.1.44)

= F(x+M||B — Bl +2])

Similarly, F(x) > ﬁ(x—MHE— Bll2 — |7L]) For any given @ > 0, we can find C, > 0 with

P(||§— Bll2 > 2CTwﬁ) < ® and P(|I| > A;&%’) < o for any n. From Glivenko - Cantelli theorem

and dominated convergence theorem, lim,,_,e P(sup,cg |F (x) — F(x)| > @) = 0. If HB — Bl <

ZC\“’/, |)L| < MC“’ and sup, g |F(x) — F(x)| < o, then for any given —oo < r < s < o0, § > 0,
~o+F(x M;w) < F(x) S @+F(x+%%), and
~ -~ MC MC,
sup  F(y)—F(x) <20+  sup Fy+—2)—F(x——=) (C.1.45)
r<x<y<s,y—x<0 r<x<y<s,y—x<o0 \/ﬁ \/ﬁ

For any given —eo < r < s < o and & > 0, we choose sufficiently small @, > 0 and define

MC, MC,
C 2(l)+supr<x<y<sy x<5F(y+ \/io)_F('x_ \/ﬁw)’

sup  |&"(x) — @ (y)| < 2sup|a*(x) — B(F (x))]
x,y€[rs],|x—y|<d xe€R

+  sup  [B(F(x))—B(F(y))|
x,y€[ns],|x—y|<b

< 2sup|a*(x) — B(F(x))| + sup |B(x) = B(y)| 146
xeR cyel- 0 F(r-60) 0 F(s 460 e—y|<g (C.146)
:sP*< sup !&*(X)—&*(y)bé)
7y€[rvs}1‘x_y|<5
gw(mmw@wﬂ@uM>§)+W( sup |mn—mm>§>
x€R XyG[OJHX*Y‘Sg
For F is uniform continuous, (C.1.32) and (C.1.43) imply (C.1.30). ]
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C.1.2 Proof of theorem 9

The existence of ., has been shown in lemma C.1.1, and this section will complete the

remaining steps.

proof of theorem 9. Prove M,, — o M. Here M,, is defined in (C.1.1).

According to theorem 13.5 in Billingsley [1999], it suffices to verify the following
conditions:

1. V21, o2k €[0,1], (Mu(21), oo Min(22)) =2 (Mon(21), ..., Min(21)) in RE. According

to Cramér-Wold device(theorem 1.9 in Shao [2003]), this condition can be proved by showing

k

k
Z n(zj) =2 Y 8jln(z)) (C.1.47)

J=1

here sy, ..., s, € R are any given real numbers.
2. My(1)— Mpu(1—6) >420inRasd—0,0>0

3. 3b > 0,a > 1/2, and a non-decreasing, continuous function G on [0, 1] such that

E|My,(t) = Myn(5) | |Min(5) = M (r)** < (G(2) = G(r))** for

(C.1.48)
Vi>t>s>r>0
For the first condition: define
= (ctynen) = 2T (2T 2T =Ll = ci= 2 (2T 2) ' Zi— ;. Here
=(1,1,...,1)T. Define Zjm=2mzj—m,j=1,2,... k. Forany given sy, ...,sxy € R
k _ n 1 k
Y siMn(zj)) =) Z VnsiF (zjm))cigi— —=( Y si(Le<z;,, — F(zjm)))
j=1 i=1 Vn =
k
?EZSij(Zj) -0 (C.1.49)
j=1
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Form assumption 3 and (5.8.4) in Horn and Johnson [2013], we define

Y= (S Vs (zgm)eiti— (T8 55 (ee, — F(z)).

k k
EYiZZI’l(Tzcl-ZZ Z SlF Z]m Zlm)
j: =1

1 k k
+ Y. ) sisi(F(min(zjm, zm)) = F (2jm)F (21m))

2
:,}E&ZEY
k& (C.1.50)

k k
+_ZZ F(min (2 m,z1m)) = F (2jn) F (21,m))

k k % @
Jj=

) 2 1)
= 0K x (%fTA—1%f+ 1-227A7'D) + N-2Rx (2] A7 'b—1)

here we define

M»

)

j=11

h) S[F ij F (Z[‘m), N: ZSJS[(F(mln(ij,Z[,m)) _F(th)F(Zl,;n))
1 =1

(C.1.51)

kK k
and R = Z ZSJ'S[F (Zj,m)H(Zl,m)
j=11=1
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From mean value inequality,

n
ZE]Y]3<4I<2E|81\3Z]S] (zjm)? xnvn ¥ |eif?
i=1

i=1 j=1

+4k? Z 5,1 \/—ZE|18,<z,m ~F(2jm)l’

J=

(C.1.52)

From assumption 3,

n n
nvnY |cil® < n\/ﬁ._max lcil x Y}
=1 - =1 (C.1.53)

: v (27 5E

which has order O(1/y/n). ||[(ZT.2 /n)~'|, is the matrix 2 norm of the matrix (272" /n)~!

2TX

If 07K x (Z/A 2y +1-227A7'0) + N = 2R x (2] A~'b— 1) # 0, from Theorem 1.15,
Theorem 1.11, and (1.97) in Shao [2003],

k Mo (7
Yj—15iMm(2;) i Ey2

k
Z $iMin(2)) = n 2 A/ i
j=1 \/ Lie1 EY; i=1 (C.1.54)

—o N(0,6°K x (2 A 25 +1-227A7'b) + N-2Rx (Z/A7'b—1))

On the other hand, if 62K x (2/A™' 27 +1— 2%TA*1b) +N—=2Rx (2]A7'b—1) =0,

E[X5_ | 5iMp(z))?
52

le‘-zl s j]\7lm (zj) =2 0. From theorem 1.9, Shao [2003], we prove (C.1.47) and the first condition.

then V8 > 0, from (C.1.50), lim,,_,.. P (|):] 1 SiMu(z))| > &) < limy o =0=
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The second condition: V& > 0,

P (| tn(1) — (1 — 8)| > &) < BAmll) —é/fmu - 3)P

02 (2FA 2y~ 22 A~ b+ 1)(F (m) — F' (m —2m8))>

<

) / / a (C.1.55)
2|%fTA*1b— 1| x |F (m)—F (m—2md)| x |H(m) —H(m—2md)|

52
FGm) —F(m = 2m8)| 1 |F (m) — F (m —2m3)|?
gZ

From assumption 1, lims_,o 5~ Prob (|4 (1) — 4,(1 — 8)| > &) = 0, and we prove the sec-
ond condition.

The third condition: we choose b = a = 1 in (C.1.48) and define t,, = 2mt — m,Vt. For
Vt,s € [0,1], we define

n

o (t,5) = /n (F'(tm) —F/(sm)> X (%fr(gT%)—lgng _ % )3 s,~>
J=1 (C.1.56)

n

and A(t,s) Z sm<er<tm — F (tm) +F (sm))

l:

From mean value inequality,

E[M,, (1) = My (5)*|Min(5) — My (r) C.157)
<AE (o (1,5)2 (5,7)> + B(t,5)2 (5,7)? + o (1,5)> Bs,r)* + B(t,5)* B(s,r)*)

From assumption 3, %fT(%T%/n)_I%f — %fTA_lﬁ”f and
22X )" Ty — 2] A7'b. Therefore, 3C > 0 such that \%fT(%)_I%f%— 1—
23&7(%)*1?4 < Cfor Vn. Define ¢ = (ci,...,ca)T, ci= 2 (2T 2) ' Zi—1/n, V1 >
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t>s>r>0

i=1 i=1j=1,j#i
(C.1.58)

< 16m*(Ee! +30%)(t — )% (s — r)2 x sup |F (x)|*

T 2
2Ty s %)1?,1)

(o1

< 16C?m* (Ee! +30%) (1 — )2 x sup|F' (x)[*

xeR

EA(t,5)* % (s,r)?

1
< —E(Ly,<e<p, = Fltm) + F(5m))* (L <5 = F (5m) + F (7))

"‘E(lsm<£1§tm - F(tm) +F(5m))2 X E(lrm<81§Sm _F(Sm) +F(rm))2
(C.1.59)

+2 (E(lsm<81§tm —F(tm) +F(5m))(1rm<€1§sm —F(sm) +F(rm)))2

< —(F(tm) = F (sm))(F (sm) = F (rm)) + (F (tm) — F (s) ) (F ($m) — F (rm))

S| W

+2(F(tm>_F(sm))z(F(sm)_F(rm))z < 6(F(fm)_F(”m))2
Ed (t,5)B(s,r)? = (F’ (tm) — F’<sm))2
x(ic%Es?uW,m—F<sm>+F<rm>>2

+02(n—1) Y FE(Ly, <o, — F(5m) + F(rm))? (C.1.60)

I M:

n n
+2), Z cic; % (Berl,, <e <5,)?)
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Notice that n Y | ¢ = %f(@)’l Xr+1— 2%;(%)’1?” and
Yijci= 27 (2T 2 /n) 12— 1, (C.1.48) is satisfied by choosing G(x) = C'x with a suffi-
ciently large constant C'. Then we prove M, — ¢ My In particular, for any given 0 < r < s < oo,

choose sufficiently large integer m > s+ 1, from corollary 3

sup [P (Mm (x+m)_Mm<—x+M> SZ)
x€[ns],z€R 2m 2m
X+m —Xx+m
_ _ < =
P(.///m< py ) .//m< - )_Z>| o(1)

see(4.16) for the definition of the superscript ~—. Since the random variable //lm(

(C.1.61)

o) —

Moy, (’é;m) has normal distribution with mean 0 and variance % (x) (see (4.15)), the proof

remains showing that .#(x) approximately equals M,, (5) — M,, (=tm),

Prove . (x) approximately equals M,, (5%) — M,, (

2m

")

Recall the definition
() = v (P12 — 2] Bl <x)— P (17} — 2] B <)) (C.1.62)

here the condtional probability P* is defined in definition 4. Since
Y- 27 B=E—2 S (2T 2) 1 2°T¢, here € is a random variable being independent of &

and having the same distribution as £;. We have

P (12— 27 Bl <x)
=P (xt+ 27 (272) ' 2Te<e<xr ) (272) ' 27e)  (C163)

—F (vt 2] (272) " 2Te) ~F(-x+ 2] (27 2) " 27¢)

On the other hand, we have %/ — %fTﬁ* =& -2/ (%T%)_l X Te* here e* = (gf,...,e5)T

and &*, &* are independent with distribution F(see algorithm 4). Take the conditional distribution,
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we have
P — 2] Bl <)
E*Prob <|@f* - %fTBﬂ <x|¥, 8*> for fixed design
= (C.1.64)
E*Prob <|@f* - %fTﬁ*| <x|¥%,Z, 3&?,8*) for random design

—EF (x+ 2] (272) 2T )~ BF (—x+ 2] (272) 27e)

Choose m > s+ 1 and define 0/(x) = \/n(F (x) — F(x)) (the same as in (C.1.27)). Vx €

[r,s], from Taylor’s theorem
S (x)=VnFx+ 27 (2T2) 2 Te)—F(—x+ 27 (2T 2) ' 27¢))
_\/E<E* <F\(X+ %fT(%T(%)—I%TS*) —ﬁ_(—X—F %fT(%T%)—I%TS*)>>

- (F/(x) —F’(—x)) a2 F (2T ) 2 e

F'(m)—F"(m) T/ oT o\—1 o T o2
+ 2 XV L L) 2 ) (C.1.65)

—E* (@(x+ 27 (2T 2) 2 TeY)

—0(x)+ 0 (—x) —VnE* (F(x+ 27 (27 2) ' 27e")

(x))
+E* (&’(—xﬁ— %fT(%T‘%) I%T * o )
(x))
AVIE (F(—x+ 25 (27 2) ' 2e") — F(—x))
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which implies

sup |7(0) ~ (W) iy () )

X€E[ns] 2m 2m
<Va(ZF (2T 2) T 2T e)? xsup |F (x)]

x€R
T sup [E*(@(r+ 27 (27 2) " 2Te) — ()|

bl (C.1.66)
+ sup [E*(0" (—x+ :%VfT(%T%)_I%Ts*) — o (—x))|
X€E[n,s]
A _ F(x) & . o F'(—x) &

+ sup |a(x) —or(x) — g+ sup A (—x)—a (—x)———=—=) &
X€E[ns] \/ﬁ ; XE[rs] \/ﬁ zzzl ‘
AVnE (2T (2T ) 2 Te) xsup|F ()]

x€R

here 1,1, are two arbitrary real numbers. From lemma C.1.2, for any given & > 0, 31/2 >

0 > 0 such that for sufficiently large n, P (Supx,yE[—m,lex—y|<3 o (x) —a(y)] < §> >1-§&.If
SUPy,ye[—m,m],|x—y| <6 ’a(x) - a(y)| < 5’ then Vx € [r7 S],
E*(a (—x+ 27 (27 2) ' 2Te") —a (—x))|

and [E*(a(x+ 27 (2T 2) ' 27 ) —ax)|  (c.1.67)

T( T gy=1 oT 6 (2T
< VP (2] (27 2) 2T > 8) 1 < bt 2] (—) 7
07 is defined in(4.14). Also notice that
52 2T\
ﬁE*(%fT(%T%)—lﬂTe*)zz%%f< - ) vy (C.1.68)

Since EG? < 402 + 40 M° | (Z22)~1)), L 2EA2 = O(1), combine with (C.1.39) we

have V& > 0,

P ( sup |7 (x) — (Mm(”—m) —Mn;(_x+m)> B 5) -0 (C.1.69)

€[rs] 2m
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Finally, from (C.1.3) and corollary 3, Vo > 0,

sup rmﬂx)sw—eb( > >|

x€[rs],yeR 4 (x)
—~ X+m —~  —Xx+m
< _ _) —
_xsel[lnps]P(’y(x) Ao ) = o (5, ) >5>
(C.1.70)
—~ X+m —— ,—X+m Y
+3 sup |P (///m — M, §y) - | ———
xe[r,s],y€R| ( 2m ) ( 2m ) %(x) l
+ sup P y+9o —® y—9
x€[rs],yeR w (x) 4 (x)
From assumption 4, we prove (4.20). [

C.2 Proofs of theorems in section 4.6

The Wasserstein distance can be used to quantify the difference between two probability
distributions. We refer chapter 6, Villani [2009] for a detail introduction. Lemma C.2.1 below
1yvn

bounds the Wasserstein distance between the distribution T'(x) = . ¥ | 15_g<, and F(x) =

P(g; <x),x€R. Here € = %):l’-’:le,-.

Lemma C.2.1. Suppose assumption I and 2, then

lim infE*|X —Y|*> = 0 almost surely (C.2.1)

n—o XY

The infimum is taken over all random variables (X,Y) € R? such that P*(X < x) = T (x) and

P*(Y <x)=F(x).

Proof. From assumption 1, Gilvenko-Cantelli theorem, and the strong law of large number(e.g.,
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theorem 1.13 in Shao [2003]),

lim sup |T <hmsu -y 1. X
Jim sup|7(x) — F(x)| < fim sup| Z F(x)|

(C.22)

+ lim sup |F (x+€) — F(x)| = 0 almost surely
=% xeR

From the strong law of large number, lim, . [g x?dT = limn_m%Z?: L €2 —limy e g2 = o2
almost surely. Choose xp = 0 in definition 6.8, Villani [2009]. From proposition 5.7, page 112 in
Cinlar [2011] and theorem 6.9, Villani [2009], we prove (C.2.1). [

Recall (4.27) of the paper, the stochastic process <57>(x) is defined as

/Z/\(x):\/ﬁl?(x—l—%fT(%T% )t Ter - Z )—%216;9
j=1

= (C.2.3)

o~ —

and .7 (x) = M (x) — M~ (—x)

Lemma C.2.2 ensures that .7 (defined in (4.27) of the paper) has the same asymptotic

distribution as . (defined in (4.19), also see theorem 9).

Lemma C.2.2. Suppose assumption 1 to 4 hold true. Then for any given 0 < r < s < «,& > 0,

. w7 y
lim P P(Sx)<y)—D > =0 C24
i sn o (70 5)-e( 2 )i=6) =0 2

here ® is the cumulative distribution function of a standard normal random variable

Recall that ®~! () is the a—th quantile of ®. For any given 0 < r < s < oo and & > 0,
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lemma C.2.2 implies with probability tending to 1, V2§ < 1—y<1—-&,r<x<sy,

P (1) < V&) x @7 (1 -y—28)) ~ (1-y-2¢) <&
= di () > V() x @71 (1-y—28)
P (1) SVZD x @7 (1= 7+8)) (1= 7+&) = =

= di_y(x) S VU (x) x @7 (1 =y +§)

(C.25)

see (4.28) for the definition of dik_y(x).

o)

Suppose the integer m > s+ 1. In (C.1.61) we show the stochastic process M, (

M,

(=31™)(defined in (C.1.1)) has an asymptotic distribution & ( /N U (x)> So the remaining

)

problem involves approximating the distribution of ,5/”\(x) by the distribution of M, (

i, (52,

m 2m

Proof of lemma C.2.2. From lemma C.2.1, almost surely for ¥V 1/4 > 6 > 0, 3 N > 0 such
that V n > N, there exists a random vector (eI, SfL ) € R? such that P*(ei < x) =T(x) (defined
in lemma C.2.1) and P*(elT < x) = F(x). Moreover, E*(s;r - eI)2 < §°. We generate n i.i.d.

T T

observations (e; ,ef), i=1,2,...,n and define ¢’ = (el,...,e};)T as well as €' = (8I,...,£,DT.

Suppose m > s+ 1 and define

1 n

(C.2.6)
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any x,y. For any given 1 /4 > & >0 and x € (%, 1],
P (| (A3 (x) — A3 (1 =) = (M, (x) = M2}~ (1 = x))| > 3¢ )
<P (ValF (o) = F (=) | < | 27 (2T 2) 7 27 (8~ )] > &)
/ / 1 &
P* Xn) —F (=X, — )
+ <|F< )= F (=) x| 2= Y6 l>|>5>

n
PN ey, — T + T (i) =1

ni=
(C2.7)
+F (X)) = F(=xm)| > &)
F _F(— 2p* (el — oT)2 T -1
o (FCon) = F () P (] —€])” (%f <% %) P
& n
4 * 2
+PE (1e}-<x’” n T(Xm) 81 <Xm +F(xm))
4 . _
+?E (leJ{<—xm —-T (—xm) - 18;L<—xm +F(—xm))2
Notice that
* 2 * 2
E (leigxm —T(xm) — 18I§xm +F(xp))” <2E (1eI§xn, — lsfgxm)
(C.2.8)
+2sup [T (x) — F(x)|?
x€R
from (C.1.3),
Bl — Loy | SP (el €1 > )+ Flin+8) — Ftn—6)
9 (C.2.9)

< %ﬂup(m) ~F(x—28))

x€R
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From dominated convergence theorem

E* (1e~< o T () - L. xm+F(_xm))2
1 1 2
_hlgxgoE (1 FO. _7—T(—xm h) Lo, 1+F(—xm—z)) (C.2.10)
9
—5 +2sup(F (x) — F(x—2&)) +2sup|T (x) — F(x)|*
é x€R x€R

therefore, from (C.1.3), assumption 4 and (C.1.61)

* - Yy
sup [P (M)~ A, <1—x>§y)—¢(m>r

x6[1‘+m H—mLyGR %

2m > 2m

< sup P () — Ay (1= x)) — (M (x) — M (1= x))] > 3¢ )

+3 sup |P* (1\71;,()6) Mi=(1—x) < y) -o (L> |

re[5m 5m] yeR U (xm)

xe[LHm stm] yeR %(xm) %(xm)

Slim swp [P () A (1) < y)—@(L)

T xe[Em sim) yeR U (xm)

2m ° 2m

(C2.11)

= 0 almost surely

Define a random variable (e}‘,e’{) € R? which has probability mass 1/n on (§,& —€),i =
1,2,...,n. We generate independent random variables (e;-k,e:f),i = 1,2,...,n having the same
distribution as (e},e]). Define e* = (e, ...,e%)T,e" = (e}, ...,ef)T. With this definition ¢ still

has the cumulative distribution function 7 (x). Define the stochastic process

M (X) = VIF (x) (%f(ﬂ”%)“%%*—%fe;‘) fz (Ler <y, = F (m)) (C.2.12)

i=1

here x,, = 2mx — m. This process uses the same mechanism for generating residuals ¢* as in

183



RBUG(defined in algorithm 5). We have

P (| () = Ay (1 - ) M3 (3) + A (1=x)| > 3E)
o F o) = F' () PE (6 ¢ (

T —1
% i %f—i-l
n

< 2
S ) (C.2.13)
_'_ng*( . <Xm _F( ) leI<xm+T(xm))2
4, ~ -
+?E (1eT<—xm_F (_xm) leJ{< xm+T (_xm))z
Recall 27, = 1y" | 2,
B(ej—ef = Y @E-a+ef = Y (-7 (B-p)
= 5 (C.2.14)

o 2 _ .
E((2i-Z) (B-B)) =0 2i-Z ) (27 2) (2= 7 )
Assumption 3 implies E* (e} —e])?> = O,(1/n). From assumption 3 and Cauchy inequality

. 1 B
F(x)= n ; 18._§gx+(%—?n)T(3—B) < T+ 2M[1B = Fll2) (C.2.15)

and F(x) > T(x—2M||B — B|)»)

therefore
sup |F(x) — T (x)| < sup|T (x+2M|| — Bl[2) — T (x)|
xeR xeR
+sup T (x—2M||B — B|l2) — T (x)|
<R ~ (C.2.16)
<dsup|F(x) =T (x)|+2sup|F(x+2M|| — B|2) — F(x)|
x€R xe€R

+2sglg\F<x—zMHE —Bll2) — F(x)]
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Since

E*(leTﬁxm —F(xm) — lekxm + T(XM))Z

2E* (e} —e)? R (C.2.17)
<L 4 2sup(T(x+ &) —T(x—&)) +2sup|F(x) —T(x)[?
5 x€R xeR
The dominated convergence theorem implies
E*(1e7<—xm F (—xm) — 1e{<—xm + T (_xm))z
N =~ 1 1.,
= mE (1, = F(m =) =L T (2w =) (C2.18)

- 52 x€R x€R

and

xe[r+m S+mLyER %

2m > 2m

< sup P ([( M) — My (1= ) = (M () — A (1 =) > 3€)

xe['5t 5 LyeR

(C.2.19)

_ y

+3 sup [P ()~ (1—x) <y —cb(—>|
xe[rer s+mLyeR ( > %(xm)

2m > 2m
s < ( 3 > ( 3 ))
xe[Hm SHm] yeR %(xm) %<xm)

(C.2.2), (C.2.11), and (C.2.16) imply for V& > 0

sup P (/Z/:’;(x)—/?j_(l—x)gﬁ—@(ﬁ) |

lim P( sup P* (./Z/f;(x) - /Z/,/Z*(l —x) < y)

n—eo xe[r+m s+mLy€R
y
P ——— > =0

2m * 2m
Finally, we adopt the notations in lemma C.1.2. Recall (4.27) (or (C.2.3) in this section), define

(C.2.20)
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X =2mx—m

Sup |77 ) — A ()] < YSUPxcr | ()]
x€[0,1] 2

2
ll’l
T T g\ 1Ty LY o (C.2.21)
x(%f(% 2 2 Te n}je,)

+ sup [G(xm+ 27 (2T 2) T 2T — Ze —a(xp)|
x€[0,1]

and
— -, X+m —~_,—X+m — —~ X+tm
sup |70) — (a3 = A (7 >)|Ssup|///<> )
X€E[rs] m m X€E[rs] m
. ] _xtm N (C.2.22)
+ sup lim [/ (—x— ) —M,( )I <2 sup |4 () — My ()|
x€[rs] h—yeo h 2m x€[0,1]

VE >0, (C.1.3) implies

sup [P (F() <3) =@ | —2= | | <P* [ sup |4 xn) — ()] > €
x€[ns],yeR wU (x) x€[0,1]

y+28 \ [ y—28
+x€[mf;€R (CID( %(x)> c1>< %@))) (C.2.23)

#3 s [P (M) (1) <) - @ (%) |

xe[rer s+mLyeR 62/

2m ° 2m

From lemma C.1.2, for any given £ > 0, EI}1 > & > 0,N > 0 such that for any n > N,

P (S0P el ] ey, [806) ~ B0 > §) < & 1F
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SUP, sl 1] by <, |G(X) — B(Y)| < %, then
P ( sup [ (xm) — My (x)] > é)
x€(0,1]
S P* \/V_lsupxezR‘F (x>’ x (ng(gT%)—I%Te* - ¢ %)
(C.2.24)
+P* <|%fT<%T% '2Tet Ze, | > &f.z)

S(ﬁsupxeéR!F”@)u;)E* (%f (2T aTe - Y )2
: niZ

Since E* (%fT(%Tﬁ)*I%Te*—%zyzle;j <22 <5&”T(3{T5&”/n) I%fﬂ)
From (C.2.19) we prove (C.2.4). L]

In lemma C.2.3, we define
G*(x) = P* (@*—%fﬁﬂ gx) ,xeR (C.2.25)

See algorithm 5 for the meaning of @/f* and B\ *

Lemma C.2.3. Suppose assumption I to 4. ThenV — oo < r < s < o,{ >0, 36 > 0 such that

limsupP ( sup v/n (G*( )— G (x— %)) C) < (C.2.26)

n—oo x€rs]

Proof. We adopt the notations in lemma C.1.2 and recall " = 2 fT B + £*. By conditioning on
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G*(x) = E'P* (yg* 2T @ ) 2 Te < x

:E*}?(er%fT(%T%)_l%Te*) —E*f_(—x—f—%fT(%T%)_]%TS*

)
= (F(x)—F(—x))+E* (Fx+ 27 (27 2) ' 2 e*) - F(x))
) (C.2.27)

—E*(F(—x+ 2/ (2T 2) ' 27Te")—F(—x)) +
| RN _ o A
%E* (ax+ 27 (2T2)' 27" —a(x))
| _ o A
—%E (@ (—x+27(2T2) ' 27Te") —a (—x))

+
*

Therefore, for ‘v’% >0 >0,

sup /n (G*(x) —G*(x— %)) <25 sup |F (¥

x€[rs] n xe€[—s—1,s+1]

" ~ -1
| 250p,cp|F (1)|6° ( 27 (%%) %f>

Vn n

+2 sup |a(x) —a(y)|
xye[=s—Lst1]e—yl< 5

(C.2.28)
+4  sup  Efa(x+ 27 (27T 2) ' 27N —a(v)
x€[—s—1,5+1]
From lemma C.1.2 and (C.1.67), we prove (C.2.26). [

Suppose assumption 1 to 4, from (C.2.27), (C.2.28), (C.2.16), and (C.2.2),

sup |G*(x) — (F (x) = F(=x))| < 2sup |F(x) — F (x)|
x>0 xeR

" ~ -1
| SUpcr|F (x)|6? ( 27 (%%) %f>

n n

(C.2.29)

which implies V& > 0, limy,—yeo P (sup,~ o |G*(x) — (F(x) — F(—x))| > &) =0. If sup,~ |G*(x) —
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(F(x)—F(—x))| <&, by defining ¢;_q such that F(c1_¢) — F(—c1_q) =1 — «,

G*(cl_q2e) > 1—a+8, G (c_goe) < 1—a—&
(C.2.30)

= Cl_gq-2¢ < Cl_q < Cl_gqae, V26 <a<1-2§

proof of theorem 10. Recall ®~!(«) is the a—th quantile of the standard normal distribution.
We choose r,s in lemma C.2.2 as ¢(j_q)/4,C1—q 4, here F(c;) — F(—c;) =z, Vz € (0,1). From

(C.2.5), (C.2.29) and (C.2.30), for sufficiently small & > 0, with probability tending to 1,

diy(ciia) < sup di ()
XG[Cl_a—zg 7Cl—a+2§]

< sup VU ((x)x® 1 (1—y+E)
x€[e1_q2e:C1— g2t (C.2.31)

and di;y(cif(x)

> inf di_(x) > inf VU (x) x D11 —y—2§)

x€[c1_g-2¢:C1-at2¢] X€E[C] g2 :C1-at2¢]

Define
d= sup \/@/(X)XCD_l(l_Y‘f'é)
XG[lea—ZévclfaJrZé] (C 2 32)
andd=_inf /W) x @ (1-y-2§)

X€[c1_q_2&:C1—qi2¢]

From (C.2.29), with probability tending to 1,

* _ _ < * _ < _ * _ _ > *
(1-a,1-7) < CI,OH% = Cl—a+%+2§ and (1 -a,1-7) 2 Cl—a+%
(C.2.33)
= Cl-a+Z-2¢
Define ¢ = Cl*ﬂH‘%*Fzé, and ¢ = Cl—a—o—%—zé' From assumption 1 and 4, ¢, is continuous in
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€ (0,1); and % (x) is continuous in R. Define . as in (4.19). Then

\/E<P* W — 2Bl <c*(1-a,1-7) )— )
=S (c1-o) + (L (" (1 —a,1 - )) Z(c1-a))
e ) (C.2.34)

§

-I-\/ﬁ(G*(c*(l—oc,l—y)) (1—05—1—
VU (e1-a) x @7 (1 =)+ (diy(ci_a) = V(1)

we choose r = ¢ and s = ¢ in lemma C.2.3. With probability tending to 1

di_.(c}
wﬁ<G*<c*<1—a@—y))—(l—ow%)) |

<vi(Get-at-p-c (ca-a1-n-, )<t

(C.2.35)

We choose a positive integer m > ¢+ 1. From (C.1.69) and lemma C.1.1, with probability tending
to 1,
(1=, 1—-7) = Fer-a)| < sup |#(x) = F(e1-a)
x€le,c]

<2 sup |- (x) — (1\7Im(x+m) —M,;(_x+m)> |

ccle? 2m 2m

€ledl (C.2.36)

+2 Sup B |Mm(y) _Mm(z)|

y.2€[0,1],[y—z|< %+
= for V€ > 0, limsupP (|.7(c*(1 —a,1 —y)) — S (c1-q)| > &) < &
n—soo
For % 1is continuous and
|di (¢l ) = VU (c1—a) x P~ (1—7)]

(C.2.37)

<|d— /U (c1-a)® (1 =7)|+|d = VU (c1-a)® ' (1 -7)]
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with probability tending to 1, we have for V& > 0,

lim P(|v/ (P (12— 27 Bl < " (1-a,1-7)) — (1 - 1))

(C.2.38)
~(Fer-a)+ VT @) x @ (1-7) | > &) =0

On one hand, from theorem 9, V& > 0, we choose Z > 0 such that

—_Z ) _ _ z _ . < B
<I>< %(qa)> CI>< ?/(01@)) > 1—&, we have lim,, o P(|.7(c1-¢)| <Z) >1—E&. On

the other hand, for any given £ € R,

lim P (y(cl_a)+ U(cra) x D (1—p)+& zo)
: ) (C.2.39)

o e — _
=1 c1>< o (1-7) T

Combine with (C.2.38), we prove theorem 10. ]

Proof of corollary 2. From theorem 10.1 in Seber and Lee [2003] and assumption 3, define &;
and 7; as in (4.13) and (4.18), 7; = &/(1 — h;) with h; = 2T (2T 2)~12;, and 3C > 0 such

that h; < C/nfori=1,2,...,n. From Cauchy inequality, for sufficiently large n

<2
< Y&t Zej (C.2.40)
i=1 j=1
n A C2 n N 16C2 n »
=EY (7i-8)<— Y E& — Y Eg;
i=1 i=1 =

<€ not 262 Y 2T (27T 2 7))
— I’l2 Pt 1 l

We define a random vector (&;,7}) € R? having probability mass 1/n on (§,7i),i = 1,2,...,n. We

generate i.i.d. random variables (¢/,77),i =1,2,...,n and (8;2, &*) with the same distribution as
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(eF,7%). We denote €* = (gf,...,&5)T and r* = (r,...,r})T. For any given 0 < r < s < 00, & >0,

we choose 6 =C/ n3/*in (C.1.3) with C a constant. Then define
@*(x) = P* (y@f*—%fﬁﬂ §x) ,xeR (C.2.41)

here we choose T = 7 in algorithm 5. In other words, ¢* plays the same role as G*, and the only

difference is the mechanism for generating bootstrapped random variables.

sup |G*(x) =9 (x)|

X€E[rs]

ES * — * * * C
<P (\ e — 2 (2T ) 2T — -2 (2T 2T | > 3/4>
P (v cler— 2 T( 2T ) 2T <t
+ sup by 3/ < |8f f ( )~ e <x+—7 34 (C.2.42)

XE[rs]
- CZ Z

AT 2T )y 2y & C C
f % *
+ NG ; & —7)%+ sup (G (x+n3/4) G*(x m))

x€E|[rs]

and for sufficiently large n,

sup |7 (x) — (F (x) — F(—x))|

x>r
A o, A2l 2Ty 2w
< 2 IZT(&'—H) + N X;(Ei—h‘)

. . (C.2.43)
+35up|G* (x) — (F (x) — F(—x))| +sup (F<x+,m>—”x—m>)

x>0 er
C C
sup (F <‘x+m) ‘F(‘X‘W))

Lemma C.2.3 and (C.2.29) imply lim,,_;.. P (\/ﬁsupxe[m} |G*(x) —9*(x)| > 5) = 0; and

limy e P (sup,~, |9* (x) — (F(x) — F(—x))| > &) =0.
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We define ﬁx) =1¥" 1<, and 0(x) as in lemma C.1.2. For any given —eo < r <

s < o0, & > 0, and sufficiently large n, lemma C.1.2 implies

— ~ 1 & 1
sup |Z(x) —F(x)| nglm—abL* sup —le,i -

xelrs] = B xe[rs] i ¥z <&<xt+—y
BB 2 vple_7> S
=P|Vnsup |[F(x)—Fx)|>&|<—) P |8i—rl~\>3—/4

X€E[rs] I’lg i=1 n (C2.44)
+P sup |a(x) — o 2C)|>§ h
xX)—0(x— — =2
x€[r—1,5+1] n3/4 4
/ 2 & , — ~
+P sup F(x)xl—/4>— = limP | vnsup |F(x)—F(x)|>€& | =
x€[r—1,5+1] n 4 e x€[r,s]

Here C is an arbitrary large positive constant.
We define .# and .7 as in (4.27); define A(z) = %fT(%T%)‘I%TZ— %Z?:l 7, Vz =

(z1,...,22)7 € R"; and define

—

N (%) = ViF (x+A(u")) - % i Li<w, 7(x)=H(x) =N (~x) (C.2.45)

*

Here u* = (uj, ..., )T are i.i.d. random variables generated by drawing from 7 with replacement.
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For any given 0 < r < s <ooand & > 0,

P ( sup |7 (x) — 7 (x)] >4§> <P ( sup [ (x) — N (x)] > 2€

X€E|[rs] €lrs]

+P* ( sup |///\_(—x) —j/\_(—x)] >2&

X€E[rs]

X€E[rs]

<P ( sup V/a|F(x+A(e") = F (x+ A(u))| > €
(C.2.46)

1 & 1 &
P sup |[—=) Loy ——=) L[ >8
(x \/ﬁizl “= \/ﬁl_zl =

€lrs]

+P ( sup  VilF(—x+A(e") = F(—x+A(u))| > &
x€lr/2,s+1]

. 1 ¢ 1 ¢
+P ( sup |% Z le;‘Sfx - % Z 1u}‘§ﬂc| > é
i=1 i=1

x€[r/2,s+1]

If SUPxe[—5—2,5+2] \/ﬁ|g[(x) - I/?\(x)l < §/4 and SUPy ye[—s—2,542],]x—y|<& ’(/)\C(X) - a(y)‘ < 5/8
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with 0 < & < 1/8,

P* <sup ValF(x+A(€9) — F (x+ A(u*))| > &

€[ns]

( sup  VnlF(—x+A(e") = F (—x+AW"))| > €

x€[r/2,s+1]

( sup  V/n|F(x+A(e") — Flx+A(u))| > &/2

—s—1,s+1]

( sup  V/alF(x+ ) — F(x+Auh))| > E/2

x€[—s—1,5+1] (C.2.47)

<P* < sup  |oU(x+A(e")) —a(x+A(u"))| > E/4
x€[—s—1,5+1]

iull)H_l Vi|F (x+A(e7)) — F(x+ A(u"))| > & /4

+P* (|A(u™)] > 1) <2P*(|A(e™)| > 8/4) +3P*(JA(u")| > 6/4)

P*< sup  v/lF (x)] rA<e*>—A<”*>‘>5/4>

XE[—s5—2,5+2]

For

~2 T -1
EAe)? < 2 (%f (gn‘%) Xyt 1)
(C.2.48)
!
n

n AN
) (&-7)
i=1

(C.1.5), (C.2.40), (C.2.44) and lemma C.1.2 imply
limy_so P (P* <supx€[r7s} VAE(x+ A(€9) — Z (x + Aw*))| > g) > g) _
and lim, . P (P* (supxe[,/z.ﬁ” Vi|F(—x+ A(g*)) — é\\(—x—H\(u*))\ > é) > 5) =0. On
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the other hand, we define o* as in lemma C.1.2; from (C.1.3), for any 0 < § < 1/4,

n
< sup | Zle*<x l’l Zluf§x| > 6) )
i=1

x€r, s}

* 2 1 zn
| ( sup | \/;l lez‘g—x_ \/;l 1u?§—x| > é
i=1 i=1

x€[r/2,s+1]

* 1 .
<P <%i2211|€%_@|>ﬁE >&/2

1

(C.2.49)

+P* >&/2

( iull)s—i-l \/_Z <e <x+\5[ g/

Vip —uj| >—|+P su o (x) - (x——=)| >¢/4

g0 (leimuil> )P (s 80 -@ - 01> 8/

+P*< sup /| F(x) - (x——)l >&/4
x€[—s—1,5+1] \/_
Since P* <|e* —uj| > i) < L , (C.2.40) and lemma C.1.2 impl
1~ "Ml =4 ply

hmn_mP (P* (Sup)CE[r}S} |\/LEZ:[:1 le:fgx — TﬁziZI 1u;‘§x| > é) > 5) = O,
and lim,_,.. P (P* (supxe[r PERIE™S 1 NE PNEECS 20 W B 5) > 5) — 0. In partic-
ular, V& > 0,

lim P <P* ( sup |.Z(x) — 7 (x)| > 5) > 5) =0 (C.2.50)

e €lrs]

For V&€ > 0,

7 y — _
sup [P (Tx)<y)—® <P sup [ P0x)— T ()| >
XE[ESLyGR‘ < ) ) ( ?/(x)) | <x€[r,s]| (x) ()] 5)

43 sup ]P*<§/”\(x)§y)—fb< Y >| (C.2.51)

x€[ns],yeR
S (S B >_¢( y—¢ ))
+x€[r,s]5€R ( ( %(x) %(x)

Lemma C.2.2 implies lim,,_,.. P (Sque[r,s],yeR |P* (é\(x) < y> —

o
VR

N[

)
N———
Vv

9

N———
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Suppose %min(oc, l1—a)>& >0. From (C.2.5) and (C.2.51), with probability tending to
1LV28 <1—y<1=&,r<x<s, /U (x)x @ (1—y=28) <D}_,(x) </ (x) x D~ (1 -
y+E&). We define ¢,z € (0,1) and d,d as in the proof of theorem 10. We choose r = C(1-a)/8 >0
in (C.2.43), with probability tending to 1, ¢;_p¢ < C; < cppe, V(1 — ) /8428 <7< 1-28.

In particular, this implies ¢|_q_¢ < C 4 < ¢j_gi¢, and d <D} (Cf ) < d. We choose

r=c(1_q)8 and s = ¢|_g44¢ in (C.2.42) and lemma C.2.3, C*(1 —a,1—7y) < C:‘ i d <
T
c>1k—a+gj§f; and C*(1 — o, 1 —y) > C;‘_OH_% > c“{_a+%. We define . and % as in (4.19)

and (4.15), since

Va (P (19— 2Bl <C'(1-a,1-7) - (1-a)

~ (e + VT x @7 (1-7)) |

<|vn (P* <|@f— 2] B < ]5> —(1- a))

Vi (C.2.52)

— (Y(Cl_a) +VU (c1-q) X q)_l(l - 7)) |

v (P (19— 2Bl <) o ) —(1-a)

I
~ (e + VT x @7 (1-7)) |

Replace ¢*(1 — a,1 —y) in (C.2.34) to (C.2.36) by clk and ¢* e d3E and set
—u ol

d+2 1
Vn vn

& — 0, we prove (4.31). O

C.3 Results used in the paper

This paper uses many results from the stochastic process and some results from the
optimal transport. Statisticians may not be familiar with them. To make the paper self-contained,
this section quotes the frequently used theorems from textbooks and papers. However, we cannot
explain the background of each theorem in detail. So we encourage the readers to look through

those materials if possible.
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Lemma C.3.1 (theorem 13.5, Billingsley [1999]). Suppose that
(X5 Xp) =2 (Xiyss X)) (C3.1)

for any points t;; that

X —X, s —>20as86—0,6>0 (C.3.2)

and that foranyr <s<t,n>1, A >0,
1
PIX{ =X | A X =X > A] < /14,3[ F(1)—F(r)** (C3.3)

where B >0, oo > 1/2 and F is a non-decreasing, continuous function on [0,1]. Then X" — ¢ X

Lemma C.3.2 (theorem 13.6, Billingsley [1999]). There exists in D(see section 4.4) a random
element with finite-dimensional distributions L, ., provided these distributions are consis-
tent(i.e., satisfy the consistency conditions of Kolmogorov’s existence theorem); provided that,

forty <t <,

1
Mo |(un s 10) « |u—uy | Auy —u| 2 A] < 5 (F(12) — F(1))** (C3.4)

where B >0, oo > 1/2, and F is a non-decreasing, continuous function on [0, 1]; and provided
that

lim ,+h[(u1,u2) lup —u1| >€]=0,0<r<1 (C.3.5)
h—0,h>0

Lemma C.3.3 (theorem 2.3 in Hahn [1977]). Let f be a nonnegative function on [0, 1] which is

nondecreasing in a neighborhood of 0. Let X (t) be a stochastic process such that for some r > 1,

EX(t) =X (s)[" < f(lt—s|). If

/O y= DI () dy < oo (C3.6)
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then there exists a nondecreasing functin ¢ on [0, 1] with ¢(0) = 0, which depends only on f,

and a random variable A such that E|A|" < e and

X (s) =X (1) < Ad(|t—s]) (C.3.7)

Al is bounded above by a constant depending only on f and ¢. Here Xisa

Moreover;

separable version of X.

Lemma C.3.4 (3.8, page 348 in Jacod and Shiryaev [2003]). Assume that X" — ¢ X and that
P(X € C) = 1, where C is the continuity set of the function h: E — E'. Then
i. IfE' =R and h is bounded, then ER(X") — Eh(X);

ii. IfE' is Polish, then h(X") — ¢ h(X).

Lemma C.3.5 (theorem 3.1 in Ranga Rao [1962]). Let <7 be a class of continuous functions
possessing the following properties: 1. < is uniformly bounded, i.e., 3 a constant M > 0 such
that |f(x)| <M forall f € & and all x; 2. < is equi-continuous. If Uy, U satisfies [, — ¢ U,

then

lim sup | | fdu— / Fdu| =0 (C3.8)
I’l—>°°f€£‘(

Lemma C.3.6 (theorem 6.2.1 in Koul [2002]). Suppose that the model % = 2 B + € holds
true. In addition suppose (X727 )~ exists, max;—i__ %T(%T%)_I% =o0(1) and F has

uniform continuous density f. Suppose B is an estimator of B satisfying

~

A™Y(B—B)2=0,(1) (C.3.9)

then

u Wi(t,B) — Wi (1, B) — qo(t)v/n x ZwAA™ (B —B)| = 0,(1) (C3.10)

here qo(t) = f(F~' (1)), Wi(t,s) = v/n(Ha(F~'(¢),5) = 1), Hu(y,8) = 3 Xiiy Ly g7, and

A=(2T2)V2 |-, is the vector 2 norm in the Euclidean space.
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Lemma C.3.7 (theorem 6.9, Villani [2009]). Let (2" ,d) be a Polish space, and p € [1,00).
Define P,(Z") as the Borel probability measure on 2 with finite moments of order p. Then the
Wasserstein distance W, metrizes the weak convergence. In other words, if (l)ren C Pp(Z")
is a sequence of measures and L € P(Z") is another Borel probability measure on 2", then
the statement [ converges weakly in P,(Z") to u and Wy(uy, ) — 0 are equivalent. Here
Wy, (g, 1) is the Wasserstein distance(see lemma C.2.1). The weakly convergence in P,(Z")

means Ixg € 2 such that

W — ¢ W and /d(xo,x)pd,uk — /d(xo,x)pd,u (C.3.11)
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