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ABSTRACT OF THE DISSERTATION

Multiphase Flow Simulation: Grid-Based Navier-Stokes-Cahn-Hilliard Coupling and
Buoyancy-Driven Phase Separation in the Material Point Method

by

Mehrnaz Ayazi

Doctor of Philosophy, Graduate Program in Computer Science
University of California, Riverside, September 2026

Professor Tamar Shinar, Co-Chairperson
Professor Craig Schroeder, Co-Chairperson

Simulation of fluids can be performed using a background grid (an Eulerian method), par-

ticles (a Lagrangian method), or a combination of both (a hybrid method). Simulating

multiphase flows requires di↵erent approaches depending on how the phases interact. This

thesis presents two distinct approaches: a phase-field model in an Eulerian setting, obtained

by coupling the Cahn-Hilliard and Navier-Stokes equations, and a buoyancy-driven phase

separation scheme in a hybrid setting using the Material Point Method (MPM).

In the phase-field model, a variable describes the concentration of each phase, and

its evolution is governed by the Cahn-Hilliard equation, a fourth-order partial di↵erential

equation. We present a novel simplified discretization of the Cahn-Hilliard equation coupled

with the Navier-Stokes equations describing the flow of the mixture, that solves the fourth-

order equation as two coupled second-order Helmholtz equations.

In the second part of the thesis, we introduce a buoyancy-driven phase separation

scheme for MPM. MPM is a hybrid method that uses particles to represent the state of

xiii



the system and a background grid to solve the equations of motion, and is capable of

simulating a wide range of materials. However, it struggles to simulate multiphase flows:

a single shared background grid causes what we call the sticking issue, where particles of

di↵erent phases positioned close together move with similar velocities. Our scheme resolves

this by introducing phase-specific background grids, allowing particles of di↵erent phases to

move independently and separate by density in the presence of gravity. Unlike the Cahn-

Hilliard equation, where separation arises from minimizing a free-energy functional via the

chemical potential, separation here is driven directly by buoyancy forces.

Finally, we present an implicit time integration scheme for our MPM phase sep-

aration method. Explicit schemes usually require smaller time step size for stability. By

instead solving a nonlinear system for the state at each time step, the implicit scheme allows

for larger time steps, reducing the number of steps needed and resulting in faster simulations

overall.
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Chapter 1

Introduction

Fluids are complex, di�cult to comprehend, and challenging to simulate, much like

human beings. Just as our human interactions are profoundly intricate, the trajectory of our

lives (a Lagrangian perspective of existence) is shaped both by our intrinsic characteristics

and by the environment around us. Sometimes we possess all the inherent qualities needed

to reach our desired destination, much like buoyant oil particles in a simulation, yet external

conditions restrict us. Even though these oil particles are lighter and should naturally rise,

their rising is blocked. Not because they lack the physical capacity to rise, but because the

structural constraints of the simulated world they inhabit (such as the shared background

grid in the Material Point Method) will not allow it.

A diverse array of numerical methods exists for simulating di↵erent physical phe-

nomena [4, 12]. Depending on the governing equations and the specific problem being

solved, such as whether the medium is a solid or a fluid, the presence of viscosity, or the

expectation of large deformations, di↵erent methods o↵er distinct advantages. Some meth-
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ods excel in extreme conditions or large deformations, while others prioritize mathematical

exactness, computational e�ciency, or generalizability across di↵erent physical states. The

same considerations apply when simulating multiphase mixtures.

In thermodynamics, a phase is defined as a region of space throughout which all

physical properties of a material are essentially uniform [18]. This uniform state can refer

to the material’s physical state of matter (e.g., solid, liquid, gas) or its specific chemical

composition.

A multiphase mixture is a combination of two or more distinct phases. For exam-

ple, a mixture of oil and water constitutes a multiphase mixture comprising an oil phase

and a water phase [59]. In this thesis, our references to multiphase mixtures specifically

focus on multi-fluid mixtures. In such immiscible mixtures, phase separation can occur due

to a variety of physical driving forces.

In physical systems, fluids separate through several distinct mechanisms. Thermo-

dynamic incompatibility often drives this process; for example, polar water molecules and

non-polar oil molecules do not readily mix, leading to the formation of distinct macroscopic

regions [60]. Phase separation can also be driven by buoyancy, where density di↵erences

in a gravitational field cause the less dense fluid (e.g., oil) to float above the denser one

(e.g., water) [15]. Furthermore, surface tension plays a critical role, as molecules within the

same phase energetically favor bonding with one another over molecules of a di↵ering phase.

Variations in temperature and pressure, or shifts in chemical potential resulting from the

mixing of materials, can also induce phase separation.
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1 �

F (�)
Cahn-Hilliard Double-Well Potential

Figure 1.1: Graph of Free energy density (F (�)) vs. the material concentration (�)

Simulating multiphase mixtures remains a significant challenge in computational

physics due to the complex interfacial interactions between the phases and the diverse

physical processes governing their separation. In this thesis, we focus on two distinct types

of multiphase separation. The first is driven by chemical potential and is described by

the Cahn-Hilliard equation, often used to model phase separation in binary mixtures. The

second type is buoyancy-driven separation, which is utilized to model the macroscopic

separation of immiscible fluids like oil and water.

We first focus on simulating phase separation in binary mixtures driven by chem-

ical potential. The Cahn-Hilliard equation is a fourth-order nonlinear partial di↵erential

equation derived from the free energy functional of the system. It tracks the time evolution

of a scalar order parameter representing the concentration of one of the mixture’s compo-

nents, and it is widely used in material science and physics to describe the evolution of

phase separation [17, 28]. This evolution is driven by the chemical potential, which dictates

the system’s tendency to minimize its free energy. The chemical potential is typically mod-
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eled using a double-well potential function (Figure 1.1) with minima at or near the pure

concentrations of each separate phase, causing the mixture to spontaneously separate into

distinct regions.

To model the fluid flow of the mixture, the Cahn-Hilliard equation is often coupled

with the Navier-Stokes equations, forming the Cahn-Hilliard-Navier-Stokes (CHNS) system

[62]. In Chapter 2, we present a novel simplified, conservative discretization of the CHNS

equations. Our model conserves both mass and momentum while maintaining consistency

between the two. We demonstrate that our method achieves second-order accuracy while

being significantly simpler to solve than traditional approaches.

The Material Point Method (MPM) [124] is a widely adopted framework for sim-

ulating a diverse range of materials, including solids, fluids, and granular media. However,

it traditionally struggles with multiphase mixtures. In Chapter 3, we present a novel MPM

scheme designed to simulate buoyancy-driven phase separation in immiscible fluids. We

specifically address the “sticking” issue caused by the shared background grid in standard

MPM. Because particles with di↵erent physical properties and phases map to the same grid

nodes, they are subjected to unified velocity updates based purely on their spatial proximity

to the background grid [111]. The single shared velocity field artificially prevents nearby

particles of di↵ering phases from moving in opposing directions, resulting in persistent mix-

ing in scenarios such as the Rayleigh-Taylor instability (Figure 1.2). We introduce a new

scheme that updates particle velocities based on their phase identities. We demonstrate that

our method successfully simulates buoyancy-driven phase separation in immiscible fluids.
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Finally in Chapter 4, we present a an implicit time integration scheme for the multi-

phase Material Point Method presented in Chapter 3. Usualy to solve equations of motions

and in general di↵ertial equations, you can either solve them explicittly or implicityly. An

explicit scheme means you solve for your future state based on your current or past states.

An example of this is the Forward Euler method where we solve a di↵erential equation

of the form ẏ = f(t, y) by using the current state yn to compute the next state yn+1 as

yn+1 = yn+�tf(tn, yn). In contrast, an implicit scheme involves solving for the future state

based on both the current and future states. An example of this is the Backward Euler

method where we solve for yn+1 using the equation yn+1 = yn +�tf(tn+1, yn+1). Implicit

methods are generally more stable, especially for sti↵ equations, but they require solving

a system of equations at each time step, which can be computationally intensive. In this

chapter, we develop an implicit time integration scheme for MPM that allows for larger

time steps. We show that the symmetry of the explicit multi-phase MPM scheme allows to

solve the state of the system as a minimization problem in which we try to minimize the

energy of the system.
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Figure 1.2: Rayleigh–Taylor instability using the standard material point method. Left to right:
t = 0, 1, 2, 8, 16, 32s.
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Chapter 2

Simplified conservative

discretization of the

Cahn-Hilliard-Navier-Stokes

equations

In this chapter we construct a novel discretization of the Cahn-Hilliard equation

coupled with the Navier-Stokes equations. The Cahn-Hilliard equation models the separa-

tion of a binary mixture. We construct a very simple time integration scheme for simulating

the Cahn-Hilliard equation, which is based on splitting the fourth-order equation into two

second-order Helmholtz equations. We combine the Cahn-Hilliard equation with the Navier-

Stokes equations to simulate phase separation in a two-phase fluid flow in two dimensions.

The scheme conserves mass and momentum and exhibits consistency between mass and
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momentum, allowing it to be used with large density ratios. We introduce a novel dis-

cretization of the surface tension force from the phase-field variable that has finite support

around the transition region. The model has a parameter that allows it to transition from

a smoothed continuum surface force to a fully sharp interface formulation. We show that

our method achieves second-order accuracy, and we compare our method to previous work

in a variety of experiments.

2.1 Introduction

Phase-field models have been widely used to study many problems involving mul-

tiphase incompressible flows, including two-phase flows in a microtube [50], viscoelastic

flows [146, 147], multiphase flows with soluble surfactants [83, 128, 152], phase separation

and coarsening [153, 7], jet pinch-o↵ [145, 71], multicomponent systems with three or more

phases [72, 69, 139], tumor growth [136], microfluidics [108], and other physical phenomena.

In these methods, the phase field represents the concentration of one of the components

of the mixture, and fluid interfaces are represented by a smooth transition region between

bulk regions of the di↵erent phases. One popular choice for the governing equation for the

evolution of the phase field is the Cahn-Hilliard equation, which acts to minimize the free

energy of the system, leading the mixture to segregate into separate regions [17, 28].

Many methods have been developed for the numerical simulation of the Cahn-

Hilliard equation, including Fourier spectral methods [153, 51, 76], finite di↵erence methods

[35, 79, 46, 20, 57], and finite element methods [29, 13, 11, 32, 135, 49]. For example,

Zhu et al. [153] examines properties of coarsening using a Fourier spectral solver, and He

8



et al. [51] developed a Fourier spectral solve which allows for large time steps. Schemes

supporting adaptive time step sizes were presented in Li et al. [80] and the second-order

accurate Guillén-González and Tierra [44]. Guillén-González and Tierra [43] presented two

linear schemes derived through special treatment of the double-well potential function. Lee

et al. [76] gives an overview of the mathematical derivation of the Cahn-Hilliard equation,

discusses several methods for its numerical solution, and provides a Matlab implementation

for a pseudospectral method.

A model of immiscible two-phase flows coupling the Cahn-Hilliard equation to the

incompressible Navier-Stokes equations for the case of matching densities was described in

Hohenberg and Halperin [52]; a derivation from first principles was given in Gurtin et al. [47].

Badalassi et al. [8] devised numerical simulations of this coupled system. For varying densi-

ties, some studies have used the Boussinesq approximation where the momentum equation is

solved using a background density and the variable density appears only in additional buoy-

ancy terms [61, 82, 7]. The more general case of the Cahn-Hilliard-Navier-Stokes (CHNS)

equations with di↵erent densities and viscosities presents additional challenges, and Shen

and Yang [113] devised a model which admits an energy law and developed an associated

projection-type [21] numerical scheme. Shen and Yang [112] developed an unconditionally

energy-stable numerical scheme which reduces the problem to the solution of a sequence

of decoupled elliptic solves. Phase-field models of two-phase incompressible flow with large

density ratios were simulated in Kim [68] and Ding et al. [24], which involved the solution of

time-dependent variable coe�cient linear systems. Dong and Shen [27] devised a scheme for

large density and viscosity di↵erences with improved e�ciency through the use of constant
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coe�cient matrices. Yue et al. [146] coupled the Cahn-Hilliard equation to non-Newtonian

flows. Guo et al. [46] devised a quasi-incompressible scheme with mass conservative and

energy stability for the CHNS equations. Kim [71] provides a review of phase-field models

and numerical methods for their approximation.

Consistency of mass and momentum transport was first addressed on the discrete

level for two-phase interfacial flows in volume-tracking methods [16, 100] and the level

set method [102]. For the coupled Cahn-Hilliard-Navier-Stokes equations, Huang et al. [57]

formulated a set of consistency conditions in the continuous setting and furthermore devised

a second-order accurate finite di↵erence scheme with numerical consistency of mass and

momentum flux. Huang et al. [56] similarly addressed consistency of mass and momentum

transport in the Allen-Cahn equation and also devised a conservative redistribution scheme

to maintain the physical bounds of the concentration.

In this work, we construct a novel conservative, second order accurate finite di↵er-

ence scheme for the simulation of the Cahn-Hilliard-Navier-Stokes equations for two phase

flows with large density and viscosity di↵erences. Following Huang et al. [57], we enforce

discrete consistency of the mass and momentum fluxes. In contrast to Huang et al. [57],

which used collocated grids for pressure, concentration, and velocity, our method uses a

staggered MAC grid [48] to conveniently solve the pressure Poisson equation. We construct

a very simple time integration scheme for simulating the Cahn-Hilliard equation, which is

based on splitting the fourth-order equation into two second-order Helmholtz equations.

Our splitting results in the solution of two Helmholtz equations with identical coe�cient

matrices. In our splitting, we use a stabilizing term introduced in Shen and Yang [112, 113].
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The Cahn-Hilliard equation is coupled to the Navier-Stokes equations in part

through the surface tension force, which depends on the gradient of the concentration

phase field and the geometric curvature of the interface. Kim [68, 71] and Acar [2] discuss

several models of surface tension for phase-field multiphase flows. The numerical simula-

tion of surface tension can be challenging due to stability and accuracy issues including

the formation of spurious currents about the interface. One common treatment of surface

tension is the Continuum Surface Force (CSF) approach introduced in Brackbill et al. [14],

where typically a discrete approximation to a smoothed delta function is used to spread

the surface tension force over a small number of grid cells about the interface. Kim [70]

used a continuum surface force combinations for more than two fluid phases. Another set

of approaches treats the interface in a sharp manner, capturing the pressure jumps across

the interface that balance the surface tension force [67]. Francois et al. [33] enforced exact

force balance at the interface for both CSF and sharp interface schemes, eliminating one

of the sources of spurious currents at the interface. In this work, we propose a novel dis-

cretization of surface tension that gives exact force balance at the interface and unifies the

CSF and sharp interfaces schemes. A similar relationship between the CSF approach and

the sharp interface approach was noted by Lalanne et al. [75] for level set methods. Our

method is based on taking the gradient of a smoothed Heaviside approximation, similar to

CSF approaches. Notably, the degree of smoothing is controlled by a parameter and the

sharp interface method is directly recovered as the smoothing is decreased.
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2.2 Governing equations

2.2.1 Cahn-Hilliard Equation

The Cahn-Hilliard equation, initially proposed by Cahn and Hilliard [17] and

widely utilized to describe the phase separation process in a mixture of two fluids, is ex-

pressed as follows:

@�

@t
+r · (u�) = r · (Mr⇠) + S� (2.1)

⇠ = �(F 0(�)�r2�) (2.2)

F (�) =
1

⌘2
�2(1� �)2 (2.3)

� =
3

2
p
2
�⌘. (2.4)

The phase-field function � 2 [0, 1] is the volume fraction of fluid phase 1 (with density

⇢1 and viscosity µ1). 1 � � is the volume fraction of fluid phase 0 (with density ⇢0 and

viscosity µ0). u is the velocity, M is the mobility, ⇠ is the chemical potential, S� is the

source term for �, � is the mixing energy density, F is the double well potential function,

F 0 is the derivative of F with respect to �, ⌘ characterizes the thickness of the transition

region between the two phases, and � is the surface tension coe�cient. The e↵ective density

and viscosity at a certain location is given by

⇢ = ⇢0 + (⇢1 � ⇢0) � (2.5)

µ = µ0 + (µ1 � µ0) �. (2.6)
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2.2.2 Navier-Stokes equations

The incompressible Navier-Stokes equations are given by

@⇢

@t
+r ·m = Sm (2.7)

r · u = 0 (2.8)

@(⇢u)

@t
+r · (m⌦ u) = �rp+r · (µ(ru+ (ru)T )) + ⇢g + �r(g (�)) + Su. (2.9)

�, ⇢, and u are as defined in Section 2.2.1, m is the mass flux, Sm represents an external

source of mass, �rg(�) is the surface tension force,  is the estimated interface curvature,

g(�) is a regularized Heaviside function (see Section 2.3.2), p is the pressure, g is gravity, and

Su is the source term for momentum. Similar to [57], the mass flux m can be inferred from

the � evolution equation (2.1) and equations (2.7) and (2.5). Defining Sm = (⇢1 � ⇢0)S� ,

it can be shown that a consistent definition of m is m = ⇢u � (⇢1 � ⇢0)Mr⇠. This is

discussed in detail in Section 2.3.2.

2.3 Discretizations

In this section we describe the temporal and spatial discretizations of the Cahn-

Hilliard and Navier-Stokes equations.

2.3.1 Cahn-Hilliard equation

Although the overall form for the splitting of the CH equations follows the same

general strategy as prior discretizations, we achieve a discretization that is significantly sim-
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pler than existing discretizations while not sacrificing desirable features of the discretization.

Our discretization of the Navier-Stokes equations was designed to be as similar to a standard

second-order MAC-grid discretization as possible while still achieving favorable numerical

properties when coupling with the Cahn-Hilliard equations.

Cahn-Hilliard equation temporal discretization

We begin by combining (2.1) and (2.2) as the base Cahn-Hilliard equation to

discretize.

@�

@t
+r · (u�) = M�r2(F 0(�)�r2�) + S� (2.10)

We discretize the time derivative as ↵�̂n+1�↵�BD

�t . To achieve second-order accuracy, we use

a backwards-di↵erence scheme with ↵ = 3
2 and �BD = 4

3�
n� 1

3�
n�1. For the first time step

we use a first-order single-step scheme with ↵ = 1 and �BD = �n. Explicit quantities for u

and � are discretized using an Adams-Bashforth scheme, where �AB = �n, uAB = un in the

first order case and �AB = 2�n � �n�1, uAB = 2un � un�1 in the second order case. Since

in practice ↵ and �t always occur together, we let �t = ↵c�t. �̂n+1 represents an estimate

of the final � obtained by solving this discretized equation; it will be later updated to the

final �n+1 bounded to the range [0, 1] using the method described in Section 2.3.1.

Following Shen and Yang [113], we introduce a term 2⌧
�
�̂n+1 � �AB

�
to help with

splitting the equation. The choice of ⌧ is discussed below. Since both �̂n+1 and �AB are
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estimates of �n+1, this term vanishes rapidly under refinement.

�̂n+1 � �BD

c�t
+r ·

�
uAB�AB

�
= M�r2

�
F 0 ��AB

�
�r2�̂n+1 + 2⌧

�
�̂n+1 � �AB

��
+ Sn+1

�

(2.11)

Next we split out the advection term as an update from �BD to �⇤:

�⇤ � �BD

c�t
+r ·

�
uAB�AB

�
= 0 (2.12)

�̂n+1 � �⇤
c�t

= M�r2
�
F 0 ��AB

�
�r2�̂n+1 + 2⌧

�
�̂n+1 � �AB

��
+ Sn+1

� . (2.13)

We group all explicit terms under the Laplacian into a new term A:

A =
1

⌧
F 0 ��AB

�
� 2�AB (2.14)

�̂n+1 � �⇤
c�t

= M�r2
�
⌧A�r2�̂n+1 + 2⌧ �̂n+1

�
+ Sn+1

� (2.15)

Grouping together �̂n+1 with r2�̂n+1 on both sides of the equation:

⇣
�̂n+1 � ⌧M�c�tr2�̂n+1 +A

⌘
� �⇤

c�t
= ⌧M�r2

✓
�̂n+1 � 1

⌧
r2�̂n+1 +A

◆
+

A
c�t

+ Sn+1
� .

(2.16)

For the two parenthesized expressions to match, we need ⌧2M�c�t = 1. We achieve this by

letting

s =

s
M�
c�t

⌧ =
1

M�
s (2.17)
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and define

�0 = �̂n+1 � sc�tr2�̂n+1 +A. (2.18)

With these definitions, equation (2.16) becomes

�0 � �⇤
c�t

= sr2�0 +
1
c�t

A+ Sn+1
� . (2.19)

Observe that (2.18) and (2.19) are implicit Helmholtz equations for �̂n+1 and �0, respec-

tively. Note that while di↵ering from the stabilizing term introduced in Shen and Yang

[113], our choice of ⌧ results in a conditionally stable scheme, as shown in Section 2.4.1.

With our choice of ⌧ , the overall term is formally 1.5 order accurate (although within the

resolutions studied below, our method exhibits second-order convergence). While the first-

order stabilizing scheme in Shen and Yang [113] uses the di↵erence �n+1� �n, we also note

that [113] additionally introduced a second-order stabilizing term based on �n+1 � �AB as

part of a second order scheme.

Cahn-Hilliard bounds-respecting redistribution scheme

When solving the Cahn-Hilliard equation, numerical errors or su�ciently large

time steps can result in � outside the range [0, 1]. Given a large density ratio between the

fluids, this can result in negative densities from (2.5). In order to prevent this, we use a

redistribution scheme for � as detailed in Huang et al. [56] adapted for the range [0, 1].
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First �̂n+1 is clamped to the feasible range at each index i, j:

�b⇤i,j =

8
>>>>>>>>><

>>>>>>>>>:

1, if �̂n+1
i,j � 1

0, if �̂n+1
i,j  0

�̂n+1
i,j , otherwise.

(2.20)

The total di↵erence between �b⇤ and �̂n+1 is then redistributed among all indices using a

weight function:

Wb(�) = 4� � 4�2 (2.21)

�n+1
i,j = �b⇤i,j +

Wb

⇣
�b⇤i,j

⌘

P
r,s

Wb

�
�b⇤r,s
�
X

r,s

⇣
�̂n+1
r,s � �b⇤r,s

⌘
. (2.22)

The indices r, s are over the entire computational domain, and a uniform grid is assumed.

Since this update is globally conservative, we can express the change in the final quantity

�n+1 as the divergence of an unknown weighted gradient term Wb

�
�n+1

�
rQ with no-flux

boundary conditions. This results in a Poisson equation for Q:

�n+1 � �̂n+1

c�t
= r ·

�
Wb

�
�n+1

�
rQ

�
, (2.23)

n ·rQ = 0 (2.24)

which we solve and use to compute the density flux m (See Section 2.3.2).
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Cahn-Hilliard boundary conditions

In this paper, we consider two types of boundary conditions for �: periodic and

Neumann (n · r�̂n+1 = 0). Since the Cahn-Hilliard equation is fourth order, we require

another boundary condition; Noting (2.13)

�̂n+1 � �⇤
c�t

= M�r2

✓
F 0(�AB)�r2�̂n+1 +

2s

M�

�
�̂n+1 � �AB

�◆
+ Sn+1

� (2.25)

we define ⇠⇤ to be a discrete version of the chemical potential from (2.2) as

⇠⇤ = �

✓
F 0 ��AB

�
�r2�̂n+1 +

2s

M�

�
�̂n+1 � �AB

�◆
(2.26)

= �
�
⌧A�r2�̂n+1 + 2⌧ �̂n+1

�
(2.27)

= ⌧�

✓
�̂n+1 � 1

⌧
r2�̂n+1 +A+ �̂n+1

◆
(2.28)

=
s

M

�
�0 + �̂n+1

�
. (2.29)

Following [57] we use the boundary condition n ·r⇠⇤ = 0, which leads to n ·r�0 = 0. This

gives us the necessary boundary conditions for both of our Helmholtz systems.

2.3.2 Navier-Stokes equations

Navier-Stokes temporal discretization

As in Section 2.3.1, we discretize the time derivative as ↵⇢n+1un+1�↵(⇢u)BD

�t . For the

first time step, ↵ = 1 and (⇢u)BD = ⇢nun. To achieve second-order accuracy, we thereafter

use a backwards-di↵erence scheme with ↵ = 3
2 and (⇢u)BD = 4

3⇢
nun� 1

3⇢
n�1un�1. Explicit
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quantities for u are discretized using Adams-Bashforth, where uAB = un in the first time

step and uAB = 2un � un�1 afterwards. As before, we use �t = ↵c�t to simplify the

equations.

In addition to these terms, uv is an intermediate estimate of un+1 using an ap-

proximation for pressure, which is computed in an intermediate implicit solve, and m is the

total density flux detailed in Section 2.3.2. With these, (2.9) is discretized as

⇢n+1un+1 � (⇢u)BD

c�t
+r ·

�
m⌦ uAB

�
= �rpn+1 + ⇢n+1g + �r

�
g
�
�n+1

��

+r ·
⇣
µn+1

⇣
ruv +

�
ruAB

�T⌘⌘
+ Sn+1

u .

(2.30)

The intermediate u⇤ is introduced to represent the result of the momentum advection and

also the evolution of density through the Cahn-Hilliard equation. When the Cahn-Hilliard

equation causes mass to move around, the momentum carried by that mass must move

with it. Otherwise mass and momentum may become inconsistent. Following [57] this is

accomplished through the mass flux term m, which we derive in Section 2.3.2.

⇢n+1u⇤ � (⇢u)BD

c�t
+r ·

�
m⌦ uAB

�
= 0 (2.31)

⇢n+1un+1 � ⇢n+1u⇤

c�t
= �rpn+1 + ⇢n+1g + �r

�
g
�
�n+1

��
(2.32)

+r ·
⇣
µn+1

⇣
ruv +

�
ruAB

�T⌘⌘
+ Sn+1

u .

After updating momentum according to equation (2.31), we divide the result through by

⇢n+1 and formulate equation (2.32) as updates to velocity, beginning with explicit forces
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and pressure. We split pressure here into predicted and correction parts as pn+1 = pn + p0.

u⇤⇤ � u⇤

c�t
= � 1

⇢n+1
rpn + g +

1

⇢n+1
�r

�
g
�
�n+1

��
+

1

⇢n+1
r ·
⇣
µn+1

�
ruAB

�T⌘
(2.33)

+
1

⇢n+1
Sn+1
u

un+1 � u⇤⇤

c�t
= � 1

⇢n+1
rp0 + 1

⇢n+1
r ·
�
µn+1ruv

�
(2.34)

Finally, we compute the e↵ects of viscosity implicitly and then project the velocity to be

divergence free:

uv � u⇤⇤

c�t
=

1

⇢n+1
r ·
�
µn+1ruv

�
(2.35)

r ·
✓

1

⇢n+1
rp0

◆
=
r · uv

c�t
(2.36)

un+1 � uv

c�t
= � 1

⇢n+1
rp0. (2.37)

Momentum flux

Since we are solving the Cahn-Hilliard equation, we do not directly evolve density.

Instead, �n ! �n+1 is evolved according to the Cahn-Hilliard equation, and then (2.5) is

used to compute ⇢n+1. The discrete � evolution in Section 2.3.1 implies a density evolution

of the form

⇢n+1 � ⇢BD

c�t
+r ·m = Sn+1

m , (2.38)
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where m includes advection and Cahn-Hilliard separation, and Sm takes the e↵ects of the

forcing term S� . Using (2.5), we express m in terms of �:

r ·m = �⇢
n+1 � ⇢BD

c�t
+ Sn+1

m (2.39)

= � (⇢1 � ⇢0)
�n+1 � �BD

c�t
+ Sn+1

m (2.40)

= � (⇢1 � ⇢0)
✓
�n+1 � �̂n+1

c�t
+
�̂n+1 � �0
c�t

+
�0 � �⇤
c�t

+
�⇤ � �BD

c�t

◆
+ Sn+1

m . (2.41)

Using the update rules (2.12), (2.19), (2.18), and (2.23), defining Sn+1
m = (⇢1 � ⇢0)Sn+1

� ,

and canceling terms, this becomes

r ·m = (⇢1 � ⇢0)
�
r ·
�
uAB�AB

�
�r ·

�
sr�0 + sr�̂n+1 +Wb

�
�n+1

�
rQ

��
(2.42)

Note that this definition of m is only well-defined up to a divergence-free shift.

To determine what shift is necessary, we consider the case of ⇢0 = ⇢1, in which case Cahn-

Hilliard has no a↵ect on the density evolution and the mass flux is purely comprised of

advection. This suggests the shift r ·
�
⇢0uAB

�
so that

r ·m = r ·
�
⇢0u

AB
�
+ (⇢1 � ⇢0)

�
r ·
�
uAB�AB

�
�r ·

�
sr�0 + sr�̂n+1 +Wb

�
�n+1

�
rQ

��
,

(2.43)

which is consistent with the shift in [57]. Observe that ⇢0 is a constant and uAB is discretely

divergence free, so adding this term does not a↵ect the value of r · m. This leads to a
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definition of

m = ⇢0u
AB + (⇢1 � ⇢0)

�
uAB�AB � sr�0 � sr�̂n+1 �Wb

�
�n+1

�
rQ

�
. (2.44)

To ensure consistency with the discretization of the Cahn-Hilliard equation, uAB�AB is

replaced by the flux computed by the WENO advection described in Section 2.3.3.

Surface tension discretization

For surface tension, we use a Continuum Surface Force [14, 33] formulation:

�r(g(�)), (2.45)

where  is the estimated interface curvature:

 = �r ·
✓
r�

||r�||

◆
. (2.46)

We formulate g(�) to ensure that the surface tension force has finite support about the

interface value � = 0.5. In particular, for some value a 2 [0, 0.5], the surface tension force

is exactly 0 for � /2 [a, 1 � a]. We choose a piecewise cubic approximation of a Heaviside

function for g(�) whose transition occurs between a and 1� a. Since g (�) approximates a

Heaviside function, rg (�) approximates a delta function times the normal. This is similar

to the method used in [75], but it di↵ers in that they use a level set function to track
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Figure 2.1: g(�) vs � for di↵erent values of a

the interface rather than the phase-field approach used here and in the choice of Heaviside

approximation.

As depicted in Figure 2.1, we define g(�) as

g(�) =

8
>>>>>>>>><

>>>>>>>>>:

1, if � � 1� a

0, if � < a

(��+a)2(2�+4a�3)
(2a�1)3 , otherwise.

(2.47)

In practice, we’ve found a = 0.2 works well, and at a = 0.5 we recover a sharp interface

force, as used in [67].

We can see that this surface tension formulation is consistent with the standard

one by considering a path that crosses the band near the interface where the force is nonzero.

Given any path C (see Figure 2.2), with discretization i = 0, ..., N , that crosses the fluid
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interface, the total force per unit area is:

Z

C
�rg (�) · dl ⇡ �

 
NX

i=1

i (g (�i)� g (�i�1))

!
. (2.48)

Assume that g (�N ) = 1 and g (�0) = 0, so that the curve crosses completely from one phase

to the other. Let I denote the curvature at the interface. If we assume the path is localized

and approximate the curvature as constant, so that i = I , (2.48) reduces to:

�

 
NX

i=1

i (g (�i)� g (�i�1))

!
= �I (g (�N )� g (�0)) = �I , (2.49)

which is the ideal pressure jump caused by surface tension. In reality, the curvature will not

be constant, but when the interface width is small and the curvature is su�ciently smooth,

we can write i = I +O (�x), so that the approximate pressure jump is

�

 
NX

i=1

i (g (�i)� g (�i�1))

!
= �I +O (�x) . (2.50)

�0

�N

Figure 2.2: Example path �0 ! �N . The triangles represent the pressure jumps along this path.
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This suggests that smearing the pressure jump over a transition region using g (�) can give

a consistent discretization of the surface tension force. We next show this explicitly for our

discretization of the pressure Poisson equation (2.36).

For the pressure projection equation, we solve r · (�rp0) = r · uv with � =
c�t

⇢n+1 .

The standard five-point discretization of this equation in two dimensions is given by

�i+ 1
2 ,j

(p0i+1,j � p0i,j)� �i� 1
2 ,j

(p0i,j � p0i�1,j)

�x2

+
�i,j+ 1

2
(p0i,j+1 � p0i,j)� �i,j� 1

2
(p0i,j � p0i,j�1)

�y2
= (r · uv)i,j

(2.51)

Following [67], an interface can be treated in a sharp manner by incorporating the pressure

jump J across the interface into the equation. Incorporating a jump term (which may be

0) across every di↵erence in the stencil, the discretization becomes

�i+ 1
2 ,j

⇣
p0i+1,j �

⇣
p0i,j + Ji+ 1

2 ,j

⌘⌘
� �i� 1

2 ,j

⇣
p0i,j �

⇣
p0i�1,j + Ji� 1

2 ,j

⌘⌘

�x2

+
�i,j+ 1

2

⇣
p0i,j+1 �

⇣
p0i,j + Ji,j+ 1

2

⌘⌘
� �i,j� 1

2

⇣
p0i,j �

⇣
p0i,j�1 + Ji,j� 1

2

⌘⌘

�y2
= (r · uv)i,j .

(2.52)

Moving all terms with jumps to the right hand side, we get

�i+ 1
2 ,j

⇣
p0i+1,j � p0i,j

⌘
� �i� 1

2 ,j

⇣
p0i,j � p0i�1,j

⌘

�x2
+
�i,j+ 1

2

⇣
p0i,j+1 � p0i,j

⌘
� �i,j� 1

2

⇣
p0i,j � p0i,j�1

⌘

�y2

= (r · uv)i,j +
�i+ 1

2 ,j
Ji+ 1

2 ,j
� �i� 1

2 ,j
Ji� 1

2 ,j

�x2
+
�i,j+ 1

2
Ji,j+ 1

2
� �i,j� 1

2
Ji,j� 1

2

�y2
.

(2.53)
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With the central di↵erence discretization of divergence

(r · uv)i,j =
uv
i+ 1

2 ,j
� uv

i� 1
2 ,j

�x
+

vv
i,j+ 1

2

� vv
i,j� 1

2

�y
, (2.54)

and with Ĵ =
⇣

Jx
�x ,

Jy
�y

⌘
, Equation (2.53) becomes

�i+ 1
2 ,j

⇣
p0i+1,j � p0i,j

⌘
� �i� 1

2 ,j

⇣
p0i,j � p0i�1,j

⌘

�x2

+
�i,j+ 1

2

⇣
p0i,j+1 � p0i,j

⌘
� �i,j� 1

2

⇣
p0i,j � p0i,j�1

⌘

�y2
=
⇣
r ·
⇣
uv + �Ĵ

⌘⌘

i,j
.

(2.55)

We define the pressure jump at
�
i+ 1

2 , j
�
to be

Ji+ 1
2 ,j

= �i+ 1
2 ,j

(g (�i+1,j)� g (�i,j)) . (2.56)

The discretization of the x component of the surface tension force (2.45) is then

�i+ 1
2 ,j

✓
@g

@x
(�)

◆

i+ 1
2 ,j

⇡ �i+ 1
2 ,j

g (�i+1,j)� g (�i,j)

�x
=

1

�x
Ji+ 1

2 ,j
, (2.57)

which is similar to [33]. Therefore

�Ĵ =
c�t

⇢n+1
�rg (�) , (2.58)
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Figure 2.3: The MAC grid stores velocQities on faces (represented by triangles), and � and pressure
on cell centers (circles).

which shows that solving the Poisson equation with the above defined pressure jumps is

equivalent to applying surface tension with other explicit forces:

r ·
 
c�t

⇢n+1
rp0

!
= r ·

 
uv +

c�t

⇢n+1
�rg (�)

!
. (2.59)

Therefore we apply surface tension as in (2.59), and we can recover the sharp formulation

of [67] by choosing a = 0.5 in the definition of g (�).

2.3.3 Spatial Discretization

We use a uniform MAC grid (Figure 2.3) with � and pressure stored at cell centers.

Velocities are split by components and stored on cell faces. Unless otherwise specified, all

divergences are central di↵erences from faces to cells and all gradients are central di↵erences

from cells to faces. All Poisson equations are discretized using the standard five-point central

di↵erence stencil, with standard treatment of axis-aligned boundary conditions.
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(a) Flux locations around u component. (b) u component interpolation
for flux.

(c) mx component interpola-
tion for flux.

Figure 2.4: The components of the momentum flux for updating the x component of momentum
in 2D are shown in 2.4a. The momentum at the red triangle will be updated with the fluxes at
the surrounding blue and orange dots. The u and mx values at these dots are interpolated from
neighboring values as illustrated in 2.4b and 2.4c, respectively.

Advective flux for �

When computing the divergence operator for � advection in (2.12), we use a flux-

based 5th order WENO advection scheme [66] with local Lax-Friedrichs [132]. The WENO

flux FW is stored for later use in the momentum flux m.

Divergence operator (momentum advection)

The divergence operator for momentum advection is discretized as a central dif-

ference from dual-cell faces to MAC grid faces, as shown in Figure 2.4. The components

of the divergence r · (m⌦ u) are needed at MAC faces to update the components of our

velocities. Correspondingly we discretize r · (mxu) and r · (myv) at MAC x-faces and y-

faces respectively. For example, mx is interpolated to faces of a uniform dual grid centered
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on the x-faces:

mx
i,j =

mi+1/2,j +mi�1/2,j

2
(2.60)

mx
i+1/2,j+1/2 =

mi+1,j+1/2 +mi,j+1/2

2
. (2.61)

We also interpolate u to the same dual grid faces

ui,j =
ui+1/2,j + ui�1/2,j

2
(2.62)

ui+1/2,j+1/2 =
ui+1/2,j+1 + ui+1/2,j

2
. (2.63)

The final component divergence is discretized as

(r · (mxu))i+1/2,j =
mx

i+1,jui+1,j �mx
i,jui,j

�x
(2.64)

+
mx

i+1/2,j+1/2ui+1/2,j+1/2 �mx
i+1/2,j�1/2ui+1/2,j�1/2

�y
.

The my term is discretized analogously.
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Divergence gradient transpose

In (2.33), we discretize the r ·
⇣
µ (ru)T

⌘
term following [57], which we show here:

⇣
r ·
⇣
µ (ru)T

⌘⌘

i,j
=

1

�x

✓
µi+1/2,j

ui+1,j � ui,j
�x

� µi�1/2,j
ui,j � ui�1,j

�x

◆

+
1

�y

✓
µi,j+1/2

vi+1/2,j+1/2 � vi�1/2,j+1/2

�x
� µi,j�1/2

vi+1/2,j�1/2 � vi�1/2,j�1/2

�x

◆

+
1

�y

✓
µi,j+1/2

vi,j+1 � vi,j
�y

� µi,j�1/2
vi,j � vi,j�1

�y

◆

+
1

�x

✓
µi+1/2,j

ui+1/2,j+1/2 � ui+1/2,j�1/2

�y
� µi�1/2,j

ui�1/2,j+1/2 � ui�1/2,j�1/2

�y

◆
.

(2.65)

This discretization is used to ensure discrete consistency when µ is constant, such that

r ·
⇣
µ (ru)T

⌘
= µr (r · u) = 0 (2.66)

is satisfied and momentum is conserved [57].

Interface curvature

The Balanced-Force algorithm [33] requires that the surface tension force is dis-

cretized at the same spatial location as the pressure gradient. When calculating the esti-

mated interface curvature ,

 = �r ·
✓
r�

||r�||

◆
, (2.67)
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we smooth the curvature estimate by computing the divergence on cells and interpolating

to faces. We calculate r� as individual components r�x,r�y on faces,

r�xi+1/2,j =
�i+1,j � �i,j

�x
, (2.68)

which we interpolate to cell centers as vectors in order to normalize:

fr�i,j =
 
r�xi+1/2,j +r�

x
i�1/2,j

2
,
r�yi,j+1/2 +r�

y
i,j�1/2

2

!
. (2.69)

The normalized gradients are interpolated back to faces as full vectors:

cr�i+1/2,j =
1

2

 fr�i+1,j

||fr�i+1,j ||
+

fr�i,j
||fr�i,j ||

!
. (2.70)

From these gradient vectors on faces, we calculate the divergence at cell centers

r ·
⇣
cr�
⌘

i,j
=

1

�x

⇣
cr�

x
i+1/2,j � cr�

x
i�1/2,j

⌘
+

1

�y

⇣
cr�

y
i,j+1/2 � cr�

y
i,j�1/2

⌘
, (2.71)

and interpolate to faces:

i+1/2,j = �
r ·
⇣
cr�
⌘

i+1,j
+r ·

⇣
cr�
⌘

i,j

2
. (2.72)

2.3.4 Discretization summary

We finish our treatment of discretization with a summary of the full algorithm.

First, the Adams-Bashforth and backwards-di↵erence quantities �BD and �AB on cell cen-
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ters and (⇢u)BD and uAB on cell faces are computed from the known initial quantities

and previous time step quantities. The initial time step is computed with first order time

discretizations:

�BD = �n �AB = �n (⇢u)BD = ⇢nun uAB = un c�t = �t, (2.73)

and successive time steps with second order:

�BD =
4

3
�n � 1

3
�n�1 �AB = 2�n � �n�1; (2.74)

(⇢u)BD =
4

3
⇢nun � 1

3
⇢n�1un�1 uAB = 2un � un�1 c�t =

2

3
�t.

Cahn-Hilliard discretization

Unlike [57], we observed better results using a WENO advection scheme (Sec-

tion 2.3.3) to compute �⇤ from �BD. The flux FW from this operation is stored for later

use in m. These terms are related by:

�⇤i,j = �BD
i,j � c�t

 
FW
i+1/2,j � FW

i�1/2,j

�x
+

FW
i,j+1/2 � FW

i,j�1/2

�y

!
. (2.75)

Next we compute �̂n+1 from �⇤ by solving two Helmholtz equations:

� =
3

2
p
2
�⌘ s =

s
M�
c�t

A =
M�

s
F 0 ��AB

�
� 2�AB (2.76)

�0 � sc�tr2�0 = �⇤ +A+ c�tSn+1
� (2.77)

�̂n+1 � sc�tr2�̂n+1 = �0 �A. (2.78)
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We obtain the final �n+1 through the redistribution scheme described in Section 2.3.1. The

flux corresponding to the redistribution is found with a Poisson solve:

�b⇤i,j =

8
>>>>>>>>><

>>>>>>>>>:

1, if �̂n+1
i,j � 1

0, if �̂n+1
i,j  0

�̂n+1
i,j , otherwise.

(2.79)

Wb(�) = 4� � 4�2 (2.80)

�n+1
i,j = �b⇤i,j +

Wb

⇣
�b⇤i,j

⌘

P
r,s

Wb

�
�b⇤r,s
�
X

r,s

⇣
�̂n+1
r,s � �b⇤r,s

⌘
(2.81)

c�tr ·
�
Wb

�
�n+1

�
rQ

�
= �n+1 � �̂n+1. (2.82)

To avoid rows of all zeros in our Poisson matrix, we follow [56] in replacing Wb

�
�n+1

�
with

max
�
Wb

�
�n+1

�
, 10�6

�
in (2.82). Using the above, we can compute the discrete mass flux,

which should satisfy (2.38) to round-o↵ error:

m = ⇢0u
AB + (⇢1 � ⇢0)

�
FW � sr�0 � sr�̂n+1 �Wb

�
�n+1

�
rQ

�
. (2.83)

The density and viscosity are computed on faces using �n+1 that has been linearly interpo-

lated to faces:

⇢n+1 = ⇢0 + (⇢1 � ⇢0) �n+1 (2.84)

µn+1 = µ0 + (µ1 � µ0) �
n+1. (2.85)
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Navier-Stokes discretization

We first update the momentum to be consistent with the movement of mass that

occurred due to the Cahn-Hilliard equation by:

⇢n+1u⇤ = (⇢u)BD � c�tr ·
�
m⌦ uAB

�
, (2.86)

after which ⇢n+1 is divided o↵ to obtain u⇤. Next we apply explicit forces:

u⇤⇤ = u⇤ + c�tg +
c�t

⇢n+1

�
�r

�
g
�
�n+1

���
+

c�t

⇢n+1
r ·
⇣
µn+1

�
ruAB

�T⌘

�
c�t

⇢n+1
rpn + c�tSn+1

u

(2.87)

where

 = �r ·
✓
r�

||r�||

◆
(2.88)

g(�) =

8
>>>>>>>>><

>>>>>>>>>:

1, if � � 1� a

0, if � < a

(��+a)2(2�+4a�3)
(2a�1)3 , otherwise

(2.89)

We use a = 0.2 unless otherwise stated. We solve the viscosity equation for each component

of uv by solving a Helmholtz equation:

uv �
c�t

⇢n+1
r ·
�
µn+1ruv

�
= u⇤⇤. (2.90)
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The pressure correction is obtained by solving the Poisson equation:

r ·
 
c�t

⇢n+1
rp0

!
= r · uv (2.91)

pn+1 = pn + p0, (2.92)

and the pressure correction is applied to obtain the final velocity:

un+1 = uv �
c�t

⇢n+1
rp0. (2.93)

2.4 Analysis

2.4.1 Von Neumann stability analysis

We can get a sense of the stability of the Cahn-Hilliard discretization by perform-

ing von Neumann analysis. To do this, we must first identify nonlinearities. The first

is advection, which uses conservative WENO and has a CFL restriction; we must ensure

|u|�t  �x, which we always obey. In the analysis that follows, we ignore advection by as-

suming zero velocity and also ignore redistribution. The other nonlinearity we must address

is the double-well potential, which we replace by a single-well potential, so that F 0(�) = k�,

for k > 0.

With the nonlinearities eliminated, we may assume periodic boundary conditions

and perform von Neumann analysis. To do this, we assume a solution of the form �nr,s =

gneia�xr+ib�xs, where a and b are the wave numbers of the solution and g is the (potentially

complex-valued) growth factor. Note that gn is g to the n-th power. The scheme is stable
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if |g| < 1 and unstable if |g| > 1; the case |g| = 1 is more complex but not of importance

here.

�nr,s = gneia�xr+ib�xs (2.94)

�n�1
r,s = gn�1eia�xr+ib�xs (2.95)

�BD
r,s =

4

3
�nr,s �

1

3
�n�1
r,s = c0g

neia�xr+ib�xs c0 =
4

3
� 1

3g
(2.96)

�AB
r,s = 2�nr,s � �n�1

r,s = c1g
neia�xr+ib�xs c1 = 2� 1

g
(2.97)

�⇤r,s = �BD
r,s = c0g

neia�xr+ib�xs (2.98)

Ar,s =
M�

s
k�AB � 2�AB = c2g

neia�xr+ib�xs c2 =

✓
M�

s
k � 2

◆
c1

(2.99)

Br,s = �⇤r,s +Ar,s = c3g
neia�xr+ib�xs c3 = c0 + c2 (2.100)

�0r,s = c4g
neia�xr+ib�xs (2.101)

Br,s = �0r,s � sc�tr2�0r,s (2.102)

Br,s = �0r,s � sc�t
�0r+1,s + �0r�1,s + �0r,s+1 + �0r,s�1 � 4�0r,s

�x2
(2.103)

c3 = c4

 
1� s

c�t

�x2

⇣
eia�x + e�ia�x + eib�x + e�ib�x � 4

⌘!
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Cr,s = �0r,s �Ar,s = c5g
neia�xr+ib�xs c5 = c4 � c2 (2.104)

�n+1
r,s = gn+1eia�xr+ib�xs (2.105)

Cr,s = �̂n+1
r,s � sc�tr2�̂n+1

r,s (2.106)

Cr,s = �n+1
r,s � sc�t

�n+1
r+1,s + �n+1

r�1,s + �n+1
r,s+1 + �n+1

r,s�1 � 4�n+1
r,s

�x2
(2.107)

c5 = g

 
1� s

c�t

�x2

⇣
eia�x + e�ia�x + eib�x + e�ib�x � 4

⌘!

Combining the equations relating the constants c0, . . . , c5, we obtain an equation for g. To

simplify the algebra, we let q = 4� eia�x � e�ia�x � eib�x � e�ib�x, so that 0  q  8. We

eliminate M and � using M� = s2c�t. Our equations then become

c0 =
4

3
� 1

3g
c1 = 2� 1

g
c2 =

⇣
sc�tk � 2

⌘
c1 c3 = c0 + c2 (2.108)

c3 = c4

 
1 + s

c�t

�x2
q

!
c5 = c4 � c2 c5 = g

 
1 + s

c�t

�x2
q

!
(2.109)

We can further simplify these with m = s
c�t
�x2 q and p = sc�tk, where m � 0 and p > 0.

Combining these leads to the quadratic equation

3g2(1 +m)2 + (6mp� 12m� 4)g � 3mp+ 6m+ 1 = 0. (2.110)

We must show that this equation never has a root with |g| > 1. At m = 0, we have

3g2 � 4g+1 = 0, which has solutions g = 1, 13 . Solving (2.110) using the quadratic formula

and taking a Taylor series in m we see that g = 1� 3
2mp+O(m2), so that if m is positive but

su�ciently small, we have real g with 0 < g < 1. Next, we must show that if m continues
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to increase, we continue to have |g| < 1. If we were to violate this as we increase m, then

for some m we must have (a) g = 1, (b) g = �1, or (c) g is a complex conjugate pair with

|g| = 1. We consider each possibility in turn. For case (a), we let g = 1 in (2.110), which

yields 3m(m+ p) = 0, which is impossible for m > 0 and p > 0.

For case (c), note that if g2 + rg + s = 0 has complex conjugate roots, then

|g|2 = gg = s, so that

|g|2 = �3mp+ 6m+ 1

3(1 +m)2
 6m+ 1

3(1 +m)2
=

6m+ 1

(6m+ 1) + (2 + 3m2)
< 1. (2.111)

Finally, we conclude that any instability (and thus time step restriction) must

occur as a result of case (b). For case (b), we plug g = �1 into (2.110), which yields

3m2 � 9mp+ 24m+ 8 = 0. (2.112)

Plugging in m and p, eliminating s (which depends on c�t), and simplifying yields

3q(q � 3k�x2)

 p
c�tM�

�x2

!2

+ 24q

 p
c�tM�

�x2

!
+ 8 = 0, (2.113)

which is a quadratic polynomial in
p
c�t. If q � 3k�x2 � 0, all of the coe�cients of

the polynomial will be positive, so that no positive roots can exist. Thus, we must have

q � 3k�x2 < 0. Let q = 3fk�x2, where 0 < f < 1. (Note that the entire range of f might

not be feasible, since it may violate q  8, but for �x su�ciently small this will not be the
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case.) This leads to

27f(f � 1)
⇣
k
p
c�tM�

⌘2
+ 72f

⇣
k
p
c�tM�

⌘
+ 8 = 0 (2.114)

If 0 < f < 1, this has one positive solution and one negative solution. The positive solution

is

k
p
c�tM� =

2(6f +
p
30f2 + 6f)

9f(1� f)
(2.115)

Since we want the wavenumber leading to the tightest time step restriction, we choose f to

minimize the right, which occurs at

f =

p
6� 1

10
⇡ 0.1449 (2.116)

k
p
c�tM� =

24 + 4
p
6

9
⇡ 3.755 (2.117)

This finally leads to the time step restriction

�t  16(7 + 2
p
6)

9k2M�
⇡ 21.15

k2M�
, (2.118)

where we have used �t = 3
2�̂t. We note that the time step restriction on �t is indepen-

dent of �x. We numerically evaluate the stability of the linearized stability analysis in

Section 2.5.3.
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2.4.2 Truncation error analysis

In this section, we compute the truncation error for the Cahn-Hilliard discretiza-

tion. We omit advection from the analysis, since WENO advection is di�cult to analyze

and is more accurate than the rest of the scheme. We also omit spatial accuracy from the

analysis, since all of the spatial stencils are second order accurate. Instead, we focus on the

temporal accuracy. We compute the truncation error by plugging the analytical solution

�(x, t) into the discretization. Because of the Helmholtz solves, it is easiest to compute

intermediates from the beginning and the end, measuring the error where they meet. We

perform our Taylor expansion about the time t = n+ 1 and in 1D for simplicity.

�n+1 = � (2.119)

�n = � ��t�t +
1

2
�t2�tt +O(�t3) (2.120)

�n�1 = � � 2�t�t + 2�t2�tt +O(�t3) (2.121)

�⇤ = �BD =
4

3
�n � 1

3
�n�1 = � � 2

3
�t�t +O(�t3) (2.122)

�AB = 2�n � �n�1 = � ��t2�tt +O(�t3) (2.123)
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Next, we note that c�t = 2
3�t and s =

q
M�
c�t

=
q

3M�
2 �t�1/2 = ŝ�t�1/2, where we have

introduced ŝ to simplify the algebra.

A =
M�

s
F 0 ��AB

�
� 2�AB (2.124)

= �t1/2
M�

ŝ
F 0(�)��t5/2

M�

ŝ
�ttF

00(�)� 2� + 2�t2�tt +O(�t3) (2.125)

= �2� +�t1/2
M�

ŝ
F 0(�) + 2�t2�tt ��t5/2

M�

ŝ
�ttF

00(�) +O(�t3) (2.126)

�0 = �n+1 � sc�tr2�n+1 +A (2.127)

= � � 2

3
ŝ�t1/2�xx +�t1/2

M�

ŝ
F 0(�)��t5/2

M�

ŝ
�ttF

00(�)� 2� + 2�t2�tt +O(�t3)

(2.128)

= �� � 2

3
ŝ�t1/2�xx +�t1/2

M�

ŝ
F 0(�) + 2�t2�tt ��t5/2

M�

ŝ
�ttF

00(�) +O(�t3)

(2.129)

�0x = ��x �
2

3
ŝ�t1/2�xxx +�t1/2

M�

ŝ
�xF

00(�) + 2�t2�ttx +O(�t5/2) (2.130)

�0xx = ��xx �
2

3
ŝ�t1/2�xxxx +�t1/2

M�

ŝ
�xxF

00(�) +�t1/2
M�

ŝ
�x�xF

000(�) (2.131)

+ 2�t2�ttxx +O(�t5/2)
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Finally, we compute the truncation error as

� = �0 � sc�tr2�0 � �⇤ �A (2.132)

= � � 2

3
ŝ�t1/2�xx � sc�t�0xx � �⇤ (2.133)

= �2

3
ŝ�t1/2�xx �

2

3
ŝ�t1/2�0xx +

2

3
�t�t +O(�t3) (2.134)

=
4

9
ŝ2�t�xxxx �

2

3
�tM��xxF

00(�)� 2

3
�tM��x�xF

000(�) +
2

3
�t�t (2.135)

� 4

3
ŝ�t5/2�ttxx +O(�t3)

=
2

3
�t
�
�t �M�(F 0(�)� �xx)xx

�
� 4

3
ŝ�t5/2�ttxx +O(�t3) (2.136)

= �4

3
ŝ�t5/2�ttxx +O(�t3) (2.137)

Thus we see an O(�t5/2) local truncation error, which corresponds to a global truncation

error of O(�t3/2), so that the discretization is formally order 1.5 accurate.

2.5 Numerical examples

All the units in the following tests are SI units.

2.5.1 Manufactured solution

In this test, we evaluate the accuracy of our discrete solvers using a manufactured

solution for � and u. We choose the source terms to enforce the manufactured solution as

S� =
@�

@t
+r · (u�)�r · (Mr⇠) (2.138)

Su =
@⇢u

@t
+r · (m⌦ u) +rp� ⇢g � �r(g (�))�r ·

⇣
µ
⇣
ru+ (ru)T

⌘⌘
. (2.139)
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We compute the error and its order at the end of the simulation to measure the accuracy

of our method. We first assess the accuracy of the Cahn-Hilliard solver alone. We then

incorporate the Navier-Stokes solve and evaluate the accuracy of the full method. Our

parameters are chosen following [57]. In this section, we use a square domain [�⇡,⇡]2. We

set the density of the fluid phases to be ⇢0 = 1 and ⇢1 = 3, with viscosities µ0 = 0.01 and

µ1 = 0.02. We use a time step of �t = 0.08/N and cell size �x = 2⇡/N . We select the

Cahn-Hilliard parameters M , �, and ⌘ such that M = 0.001, � = 0.001, and ⌘ = 0.1.

Cahn-Hilliard solver

We assess the convergence of our Cahn-Hilliard discretization using the manufac-

tured solution

�(x, y, t) =
1

2
(cos(x) cos(y) + 1) sin(t). (2.140)

To focus solely on the accuracy of the Cahn-Hilliard discretization, we exclude the Navier-

Stokes update and set u = v = 0. We set the initial and boundary conditions using the

manufactured solution. We measure the error in our simulation at t = 1. We determine the

L2 and L1 convergence by refining N from 8 to 256 with a constant �t
�x . The results are

listed in Table 2.1 and show that our Cahn-Hilliard discretization is second order accurate.

Cahn-Hilliard-Navier-Stokes solver

We evaluate the convergence of our full method employing both the Cahn-Hilliard

and Navier-Stokes solves. For this purpose, we utilize the following manufactured solutions
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Table 2.1: Analysis of our Cahn-Hilliard solver at t = 1 demonstrates second order convergence.

�
N L2 L1
8 1.79e-05 2.96e-05
16 4.40e-06 2.03 7.73e-06 1.93
32 1.23e-06 1.84 2.04e-06 1.92
64 3.03e-07 2.02 5.32e-07 1.94
128 7.65e-08 1.99 1.39e-07 1.93
256 1.98e-08 1.95 3.71e-08 1.91

Table 2.2: Analysis of our Cahn-Hilliard-Navier-Stokes solver at t = 1 demonstrates second order
convergence.

� u v p
N L2 L1 L2 L1 L2 L1 L2 L1
8 1.86e-02 3.24e-02 6.88e-02 1.69e-01 1.40e-02 3.60e-02 1.60e-02 4.38e-02
16 3.33e-03 2.48 1.20e-02 1.44 1.42e-02 2.28 4.12e-02 2.04 3.17e-03 2.14 9.93e-03 1.86 3.45e-03 2.21 1.31e-02 1.74
32 5.74e-04 2.54 2.43e-03 2.30 3.40e-03 2.06 1.01e-02 2.04 7.43e-04 2.09 3.05e-03 1.70 7.92e-04 2.12 3.64e-03 1.85
64 1.10e-04 2.38 2.80e-04 3.12 8.53e-04 1.99 2.54e-03 1.98 1.83e-04 2.02 7.22e-04 2.08 1.89e-04 2.07 6.32e-04 2.52
128 2.75e-05 2.00 7.30e-05 1.94 2.16e-04 1.98 6.14e-04 2.05 4.60e-05 1.99 1.83e-04 1.98 4.85e-05 1.96 1.39e-04 2.19
256 6.85e-06 2.01 1.90e-05 1.94 5.62e-05 1.94 1.40e-04 2.13 1.25e-05 1.88 4.80e-05 1.93 1.35e-05 1.84 3.76e-05 1.89

for �, u, and p, which we have adapted from the corresponding solution in [57]:

�(x, y, t) =
1

2
(cos(x) cos(y) + 1) sin(t) (2.141)

u(x, y, t) = sin(x) cos(y) cos(t) (2.142)

v(x, y, t) = � cos(x) sin(y) cos(t) (2.143)

p(x, y, t) = cos(x) cos(y) sin(t) (2.144)

Note that these continuous solutions maintain a divergence-free velocity field, r · u = 0.

Additionally, gravity is g = (1,�2). We set the initial and boundary conditions using the

manufactured solution. We measure the error for �, u, and p at t = 1. We determine the

L2 and L1 convergence by refining N from 8 to 256 with a constant �t
�x . As shown in

Table 2.2, our method exhibits second-order accuracy in �, u, and p.
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(a) t = 0 (b) t = 0.1 (c) t = 1 (d) t = 5

Figure 2.5: Binary fluid separation over time

2.5.2 Binary separation of phases

In this test, we demonstrate the evolution of the fluid phase separation over time

with u = 0 and S� = 0 using a random initial distribution for �. We use the same setup

as in [51]. In the following tests, we use a square domain [0, 2⇡]2 that is periodic in all

directions. � is randomly distributed uniformly in the range [0.475, 0.575]. We use a time

step of �t = 0.0001 and cell size �x = 1/512, and we run the test to t = 5. We select the

Cahn-Hilliard parameters M , �, and ⌘ such that ML = ⌘2, � = 1, and ⌘2 = 0.001.

Figure 2.5 shows the increasing phase separation from t = 0 to t = 5. Our results

are qualitatively similar to the results depicted in [51].

2.5.3 Discretization stability

In this test, we numerically evaluate the stability of our Cahn-Hilliard discretiza-

tion and verify the analytical stability analysis we performed in Section 2.4.1. The first test

we perform is to mimic the stability analysis setup, where we run Cahn-Hilliard without

advection (u = 0) using a linearized chemical potential derivative F 0(�) = �
⌘2 , which mimics

the scaling on the nonlinear potential. We use [0, 1]2 with periodic boundary conditions as
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Figure 2.6: Numerically determined stable time step size compared with the analytically predicted
for (left) linearized problem and (right) the fully nonlinear problem. The stable time step size does
not depend significantly on resolution and is in close agreement with the analytical prediction.

our domain, and we fix ⌘ = 0.01, M = 0.001, and � = 0.001. We do not perform the

postprocessing step to keep � in bounds. � is initialized randomly between 0 and 1. If

stable, this simulation will converge to a constant �, whose value is equal to the average

of the original values, which will be close to 0.5. If unstable, the simulation diverges. For

the purposes of this test, we define a simulation to be unstable if during the first 104 time

steps � � 2 is observed. For each �x = 1
N with N = 8, 16, 24, . . . , 160 we numerically

search for the maximum stable time step size �ts and minimum unstable time step size

�tu using binary search, stopping when �tu��ts < 10�4. Noting that k = ⌘�2 = 104, the

predicted stable time step size from (2.118) is approximately 0.2115 with no dependence on

�x. Numerically we computed �ts ⇡ 0.2116 and �tu ⇡ 0.2117 at all resolutions N � 24

and higher values for N = 8, 16. The results are shown in Figure 2.6. The numerically

evaluated stable time step size is expected to be slightly larger that the analytical one,

since there will be a range of time step sizes that are unstable but which take more than

104 time steps to diverge far enough to reach � = 2.
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We repeat the test with the same parameters and setup but using the original

nonlinear chemical potential so that the system undergoes phase separation. We compute

�ts and �tu as before. The results are shown in Figure 2.6. The stable time step stabilizes

at �ts ⇡ 0.07�0.08 across resolutions, except for N = 8�40, where significantly larger time

step sizes are stable. For the stable equilibria at � = 0 and � = 1 we have k = F 00(�) = 2⌘�2,

which corresponds to a stable time step size of 0.05288. We conclude from this that the

linearized analysis provides a reasonable estimate of the stability of the nonlinear Cahn-

Hilliard discretization in the absence of advection. This is perhaps not surprising, since

� ⇡ 0 or � ⇡ 1 most of the time. In particular, the insensitivity of �ts to �x is also

observed in the nonlinear case.

2.5.4 Stationary circle

We simulate a stationary drop with zero initial velocity and pressure using the same

parameters as [57]. In an ideal system, the pressure and surface tension forces balance, and

therefore the drop should maintain its shape and remain stationary. Discretely solving

the system introduces spurious currents, leading to deformation. This test quantifies these

currents and observes the impact of altering the resolution, density ratio, viscosity, and

surface tension. The test is carried out in a [0, 1]2 domain and time step of �t = 0.064/N

and cell size �x = 1/N . All walls are modeled with free-slip boundary conditions. The

simulation runs until t = 10.

The initial configuration features a drop with initial radius of r = 0.2, centered

at (0.5, 0.5). The drop, designated as fluid 1, has a density of ⇢1 = 1000 and a viscosity

that varies according to test case. The density and viscosity of the fluid surrounding the
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drop vary in each case. The specific values are detailed in Table 2.3 for density, viscosity

and surface tension. Cases 2 and 4 investigate the e↵ect of viscosity, while case 3 examines

the impact of viscosity with a larger density ratio. Lastly, case 5 investigates the e↵ects of

surface tension.

We set ⌘ = ⌘0(�x/h0)X
⌘
= ⌘0(Nh0)�X⌘

and M = M0(⌘/⌘0)X
M

= M0
Nh0

where

⌘0 = h0 = 1/32, M0 = 10�5, X⌘ = 2/3 and XM = 3/2. Note that we choose a larger value

for M than what was used in [57] since we observed their M to be insu�cient to maintain

a steady interface using our method. We refine N from 16 to 256 and compute the L2 and

L1 errors by comparing the magnitude of velocity ||u||2 averaged to each cell center with

zero. The e↵ect of refinement in each case is illustrated in Figure 2.7. We observe that

refinement shows a decrease in the L2 and L1 errors for most cases of slightly better than

first order. However, in the case without viscosity, we note that the L1 error does not show

much decrease with refinement.

The above test couples the parameters ⌘ and M to the refinement parameter N

to test convergence to the sharp interface solution. This means that the coe�cients of the

PDE are changing under refinement, and therefore the test is not a proper convergence

test. As further examination of the convergence properties of the proposed method on this

test, we repeat the test with the PDE fixed for a proper refinement study. The results with

fixed parameters ⌘ = 0.02 and M = 10�6 are shown in Figure 2.8. We observe convergence

closer to second order in both L2 and L1 in this revised test and can conclude that while
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Table 2.3: Material settings for di↵erent cases of the stationary circle test.

Case ID ⇢0 ⇢1 µ0 µ1 �
Case 1 1000 1000 0 0 1
Case 2 1000 1000 0.1 0.1 1
Case 3 1 1000 0.1 0.1 1
Case 4 1000 1000 0.0001 0.1 1
Case 5 1000 1000 0.1 0.1 10
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Figure 2.7: L2 and L1 errors of velocity in the stationary circle test.
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Figure 2.8: L2 and L1 errors of velocity in the stationary circle test with fixed interface width.

the method is somewhat sensitive to the sharpness of the interface, it does converge under

refinement.
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2.5.5 Horizontal shear

The purpose of this test is to assess the conservation of mass, momentum, and

kinetic energy within our method. We evaluate several scenarios with di↵erent densities

and viscosities in the absence of external forces. We replicate the test outlined in [57]. The

domain is [0, 1]2, with periodic boundary conditions on all sides. The cell size is�x = 1/128.

The initial velocity and � are given by

u(x, y, 0) =

8
>>>><

>>>>:

tanh
⇣
y�y1
�1

⌘
, if y  y0

tanh
⇣
y2�y
�1

⌘
, if y > y0

(2.145)

v(x, y, 0) = �2 sin(kx) (2.146)

�(x, y, 0) =

8
>>>><

>>>>:

1
2

⇣
1 + tanh

⇣
y�y1
�1

⌘⌘
, if y  y0

1
2

⇣
1 + tanh

⇣
y2�y
�1

⌘⌘
, if y > y0

(2.147)

with y0 = 0.5, y1 = 0.25, y2 = 0.75, �1 = 1/30, �2 = 0.5 and k = 2⇡. As shown in Figure 2.9,

fluid 1 is initialized in a band at the center of the domain with a velocity with positive x

component, and fluid 0 is initialized elsewhere with a velocity with negative x component,

leading to a strong velocity gradient at the interface. We test four di↵erent cases, as

described in Table 2.4. In all cases, the surface tension is set to � = 10�12. We vary density

and viscosity across the four cases. The time step is �t = 0.0005 and the simulation ends

at t = 1. We set ⌘ = �1/
p
2 and M = 10�7.

Mass and momentum should be conserved in all four cases investigated. Since sur-

face tension is negligible, kinetic energy should be conserved in inviscid cases and gradually

50



(a) t = 0 (b) t = 0.5 (c) t = 1

Figure 2.9: Horizontal Shear (Case 3).

decline in viscous cases. We calculate the total mass, momentum and kinetic energy as

mtotal =
X

i,j

(⇢0 + (⇢1 � ⇢0) �i,j)�⌦ (2.148)

(mu)xtotal =
X

i,j

�
⇢i�1/2,j

� �
ui�1/2,j

�
�⌦ (2.149)

Ek =
1

2

X

i,j

⇣�
⇢i�1/2,j

� �
ui�1/2,j

�2
+
�
⇢i,j�1/2

� �
vi,j�1/2

�2⌘
�⌦, (2.150)

where �⌦ = �x�y is the cell volume, and (mu)ytotal is computed analogously.

The results of the tests are presented in Figure 2.10. Cases 1 and 3 exhibits

zero mass change, while cases 2 and 4 have small decline with a magnitude of 10�12. As

expected, the inviscid cases maintain constant kinetic energy, while cases 3 and 4, with

viscosity, show a gradual decline. Because our velocities are stored on faces instead of cell

centers, we compute our kinetic energy di↵erently from [57], but we observe similar results.

We observe almost no change in momentum for cases without viscosity, and we see a minor

change in viscous cases.
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Figure 2.10: Results of the horizontal shear test for Cases 1-4.

Shearing artifacts with large gradients

We observe some artifacts at the interface at the tested resolutions for inviscid cases

1 and 2, as illustrated in Figure 2.11. Increasing the resolution from 128 to 512 demonstrates

Table 2.4: Material settings for di↵erent cases of the horizontal shear.

Case ID ⇢0 ⇢1 µ0 µ1

Case 1 1 1 0 0
Case 2 1 10 0 0
Case 3 1 1 0.001 0.01
Case 4 1 10 0.001 0.01
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that the artifacts go away under refinement. The artifact is caused by consistent advection

in the presence of sharp � gradients and shearing flow. The artifact is not present if

WENO advection is used for momentum advection, however that scheme fails to preserve

numerical consistency of mass and momentum. Strengthening the e↵ects of Cahn-Hilliard

also eliminates the artifact. It is unknown if these artifacts were also present in [57], as

they only give bulk averaged measurements (which are consistent with ours), which do not

reveal the artifacts we observed.

2.5.6 Translating circle

This test examines the accuracy of advection in our method at di↵erent density

ratios, based on the method used in [57]. We use a [0, 1]2 domain, with a cell size of

�x = 1/128 and the time step of �t = �x/10, with periodic boundary conditions in all

axes. The initial configuration of the test comprises a circular drop of fluid 1 with a radius

of r = 0.1 centered at (0.5, 0.5). The initial velocity is h1, 1i everywhere. The simulation

ends at t = 1, when the drop is expected to return to the initial position. Fluid 1 is tested

with varying densities of ⇢1 = 1, 103, 106, 109. The surrounding fluid 0 has density ⇢0 = 1.

The viscosity of both fluids is zero. All density ratios are tested with surface tension values

set to � = 1 and � = 10�12. The test is carried out in the absence of external forces. We

set ⌘ = 3�x and M = 10�7 . The material settings are summarized in Table 2.5.

In the ideal solution of the test, the drop returns to its initial location, preserving

its original circular shape. The velocity remains constant throughout the simulation for all

cases. Pressure maintains its initial value of zero in the absence of surface tension. However,
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(a) One of the regions where artifacts can be seen in
Case 1. (b) A closer look at that region (a).

(c) The same region (a) if Case 1 is repeated with
Cahn-Hilliard parameters M = 10�5 and � = 1 (no
surface tension forces are applied in this example).

(d) The same region (a) if Case 1 is repeated using
WENO advection for momentum advection.

(e) The same region (a) if Case 1 is repeated with
N = 256.

(f) The same region (a) if Case 1 is repeated with
N = 512.

Figure 2.11: Artifacts in horizontal shear Case 1, and the e↵ects of di↵erent parameters and methods
on those artifacts.

in the presence of surface tension, a pressure jump should be observed around the surface of

the bubble. A snapshot of velocity streamlines at the conclusion of the simulation is depicted

for cases without surface tension in Figure 2.12, and with surface tension in Figure 2.13.
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Table 2.5: Material settings for di↵erent cases of the translating circle test (surface tension, density).

Case ID ⇢0 ⇢1 �
Case 1 1 1 10�12

Case 2 1 103 10�12

Case 3 1 106 10�12

Case 4 1 109 10�12

Case 5 1 1 1
Case 6 1 103 1
Case 7 1 106 1
Case 8 1 109 1

Table 2.6: Error results for the advection test without surface tension.

Variable Norm ⇢1/⇢0 = 1 ⇢1/⇢0 = 103 ⇢1/⇢0 = 106 ⇢1/⇢0 = 109

u
L2 8.81e-13 2.60e-13 3.49e-11 6.07e-08
L1 7.36e-12 1.87e-12 2.55e-10 1.69e-06

v
L2 8.81e-13 2.60e-13 3.49e-11 6.06e-08
L1 7.36e-12 1.88e-12 2.55e-10 1.57e-06

The drop consistently preserves its shape until the end of the simulation, and velocities

remain almost constant, aligning with their initial streamlines in both cases. As a result,

the streamlines in Figures 2.12 and 2.13 are nearly indistinguishable.

The L2 and L1 errors for velocities are detailed in Tables 2.6 and 2.7 for cases

without and with surface tension, respectively. The error is computed by comparing the

final velocities with the initial value. We observe that our error is inversely correlated with

the density ratio in cases without surface tension and they are consistent with the findings

reported by Huang et al. [57], and the errors in the cases with surface tension are somewhat

better.
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Table 2.7: Error results for the advection test with surface tension.

Variable Norm ⇢1/⇢0 = 1 ⇢1/⇢0 = 103 ⇢1/⇢0 = 106 ⇢1/⇢0 = 109

u
L2 7.93e-04 2.25e-05 7.44e-07 8.47e-08
L1 6.42e-03 1.50e-04 5.40e-06 1.16e-06

v
L2 7.93e-04 2.25e-05 7.44e-07 8.47e-08
L1 6.42e-03 1.50e-04 5.40e-06 1.27e-06
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Figure 2.12: Initial and final (t = 1) state of the drop with � = 10�12. The solid black line is the
initial state and the dotted red line is the final state.
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Figure 2.13: Initial and final (t = 1) state of the drop with � = 1. The solid black line is the initial
state and the dotted red line is the final state.

2.5.7 Rising air bubble

The primary objective of this experiment is to assess the convergence of our method

toward the sharp interface solution within a real-world scenario characterized by a substan-

tial di↵erence in density and viscosity. This evaluation holds particular significance because
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it examines the convergence toward the sharp interface solution by adjusting the parameter

⌘ while simultaneously modifying the resolution N . As suggested by the findings of Huang

et al. [57], increasing the resolution while keeping ⌘ constant leads to the experiment’s re-

sults converging toward a solution with a transitional region of length O(⌘). However, by

decreasing ⌘ while simultaneously augmenting the resolution, we ensure the convergence

toward the desired sharp interface solution.

We examine a [0, 1]⇥ [0, 2] domain with cell size �x = 1/N . The top and bottom

walls exhibit a no-slip boundary condition, while the left and right walls follow a slip

boundary condition. The initial setup involves a bubble with an initial diameter of 0.5

positioned at the center (0.5, 0.5) and assigned a zero initial velocity. Fluid 0 within the

bubble has properties ⇢0 = 1 and µ0 = 0.1, whereas the surrounding fluid 1 has ⇢1 = 1000

and µ1 = 10. This results in a density ratio of 1000 and a viscosity ratio of 100. Surface

tension � is 1.96, and gravity is (0,�0.98). The time step size is �t = 0.128/N and

the simulation stops at t = 1. We reduce the length of the transition region by setting

⌘ = ⌘0(Nh0)�X⌘ where ⌘0 = h0 = 1/32. X⌘  1 so that we have the same number of

cells in the transition region (or more) as we refine [57]. We set the mobility variable

M = M0(⌘/⌘0)XM where M0 = 10�7. Based on [61], XM must be 1  XM < 2.

We conduct six sets of tests and run each set with N = 16, 32, 64, 128, 256. In the

first 5 sets of tests, we set XM = 1 and X⌘ = 0, 13 ,
1
2 ,

2
3 , 1 to test the e↵ects of X⌘. In the

last test, we set XM = 3
2 , X⌘ = 2

3 which makes M ⇠ �x. To test the convergence of all test
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cases we compute the following three parameters:

 c =
Pa

Pb
=

2
qR

�< 1
2
⇡d⌦

Pb
(2.151)

yc =

R
⌦ y(1� �)d⌦R
⌦(1� �)d⌦

(2.152)

vc =

R
⌦ v(1� �)d⌦R
⌦(1� �)d⌦

. (2.153)

In (2.151), Pa is the perimeter of the circle with the same area as the bubble, Pb is the

perimeter of the bubble and  c is the circularity of the bubble. Pb is computed by discretiz-

ing the interface surface using a marching squares algorithm and computing the total length

between successive nodes.  c = 1 when the shape of the bubble is a circle and  c < 1 when

the bubble deforms [57]. yc is center of mass and vc is the velocity of center mass in the y

direction (rising velocity).

In the case where XM = 1, X⌘ = 0, we expect the simulation to converge to the

exact solution of the phase-field model where ⌘ = ⌘0 since setting X⌘ = 0 results in using

the same value for ⌘ in all of the simulations [57]. We show our results for this particular

case in Figure 2.14. We observe that our results match the results shown in [57]. In the

case where X⌘ 6= 0 we expect the simulation to converge to a sharp interface solution. We

compare our results for each case where N = 256 in Figure 2.15. The error and convergence

order of each case can be found in Table 2.8 where we compare all cases with N = 16 to

N = 128 to the results from the simulation where N = 256. We observe second order

convergence where X⌘ = 0 and maintain an order of about 1.5-2.0 on all other cases.
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(d) Surface of the bubble at t = 1.

Figure 2.14: Rising bubble test results with X⌘ = 0, XM = 1.

2.5.8 Comparisons of surface tension

The aim of this test is to compare di↵erent surface tension methods to determine

how well they show expected properties. We measure the direction and location of surface

tension in Section 2.5.8 and its e↵ects on pressure in Section 2.5.8. We explore the impact

of introducing g(�) as detailed in Section 2.3.2 and varying the parameter a in (2.47).

The specific functions utilized in our comparative tests are outlined in Table 2.9. In cases

1 and 2 we use the surface tension used by Shen and Yang [112] and Huang et al. [57]
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(d) Surface of the bubble at t = 1.

Figure 2.15: Rising bubble test results of test described in table 2.8 with N = 256.

respectively. Cases 3 to 7 we apply the function introduced in (2.47), varying the values of

a as a = 0, 0.1, 0.2, 0.3, 0.5. In cases 8 and 9 we use the same scheme as cases 3 to 7 using

a di↵erent functions as g(�). In all the tests described we set � = 1.

We conduct the test in a [0, 1]2 domain with a cell size of�x = 1/256, where all the

walls feature slip boundary conditions. We use �t = 0.00025 and run the simulation until

t = 10. The initial configuration features a bubble with an initial radius of r = 0.2, centered

at (0.5, 0.5), with zero initial velocity. The fluid inside the bubble and the surrounding fluid

both have a density of ⇢0 = ⇢1 = 1000 and viscosity of µ0 = µ1 = 0.
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Grid
X⌘ = 0, XM = 1 X⌘ = 1

3 , XM = 1 X⌘ = 1
2 , XM = 1 X⌘ = 2

3 , XM = 1 X⌘ = 2
3 , XM = 3

2 X⌘ = 1, XM = 1
L2 L2 L2 L2 L2 L2

16 3.54e-03 7.60e-03 9.70e-03 1.22e-02 1.21e-02 1.88e-02
32 2.50e-03 0.51 1.85e-03 2.04 2.26e-03 2.10 2.46e-03 2.30 2.45e-03 2.31 2.61e-03 2.85
64 1.06e-03 1.24 8.01e-04 1.21 8.01e-04 2.10 9.07e-04 1.44 9.36e-04 1.39 1.20e-03 1.12
128 3.92e-04 1.44 3.00e-04 1.42 2.58e-04 1.63 4.47e-04 1.02 4.86e-04 0.95 6.94e-04 0.80

yc

L2 L2 L2 L2 L2 L2

16 9.24e-03 1.50e-02 1.69e-02 1.88e-02 1.87e-02 2.36e-02
32 2.27e-03 2.03 6.23e-03 1.27 6.86e-03 1.30 7.12e-03 1.40 7.10e-03 1.40 7.17e-03 1.72
64 4.61e-04 2.30 2.65e-03 1.23 2.68e-03 1.30 2.47e-03 1.53 2.45e-03 1.53 1.92e-03 1.90
128 6.49e-05 2.83 9.49e-04 1.48 8.64e-04 1.63 7.05e-04 1.81 6.96e-04 1.82 4.26e-04 2.17

vc

L2 L2 L2 L2 L2 L2

16 1.75e-02 2.42e-02 2.65e-02 2.89e-02 2.89e-02 3.53e-02
32 5.71e-03 1.62 1.00e-02 1.27 1.07e-02 1.31 1.10e-02 1.40 1.10e-02 1.40 1.10e-02 1.68
64 1.68e-03 1.76 4.06e-03 1.30 4.05e-03 1.31 3.75e-03 1.55 3.76e-03 1.55 2.99e-03 1.88
128 3.00e-04 2.49 1.36e-03 1.58 1.25e-03 1.70 1.06e-03 1.82 1.07e-03 1.81 6.83e-04 2.13

Table 2.8: L2 error and order compared to N = 256 on all the cases for rising air bubble test.

Table 2.9: Material settings for di↵erent cases for the surface tension and pressure comparison test.

Case ID Surface Tension a
Case 1 �r · (r� ⌦r�)
Case 2 4⇠r�
Case 3 �r(g(�)) 0
Case 4 �r(g(�)) 0.1
Case 5 �r(g(�)) 0.2
Case 6 �r(g(�)) 0.3
Case 7 �r(g(�)) 0.5
Case 8 �r

�
1
2 (1 + tanh(4� � 2))

�

Case 9 �r�

We define ⌘ and M similar to Section 2.5.7, with M0 = 10�5, ⌘0 = h0 = 1/8,

X⌘ = 2/3 and XM = 3/2. This gives ⌘ = 0.03125 and M = 1.25⇥ 10�6, which we use for

all cases.

Magnitude and angle

Visual representations of the test results are shown in Figures 2.16 and 2.17. The

angle between the surface normal and the surface tension force is measured in radians. The

contour � = 0.5 representing the center of the interface is displayed as a dashed circle.
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Figure 2.16: Comparisons of the angle between surface tension force and surface normal (radians)
for di↵erent surface tension formulations.

Notably, cases 1 and 2 show strong disagreement between the surface tension

direction and normal just beyond the interface center, and case 1 shows negligible magnitude

at the interface center. Cases 2, 3, 8, and 9 all show strong disagreement in the angle far

from the interface, but the magnitude of the surface tension in those areas is negligible as

expected.
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(g) Case 7
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(h) Case 8
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Figure 2.17: Comparisons of the magnitude of surface tension force for di↵erent surface tension
formulations.

Cases 3 through 7 show the e↵ects of the a parameter in our surface tension

method. We observe that, as expected, the areas where the surface tension magnitude is

nonzero begins to closely fit the interface center contour as a approaches 0.5. In the case

where a = 0.5, the surface tension force closely matches the interface contour, as we would

expect from a sharp interface solution. These cases also show the advantage of a finite
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support around the interface (in cases 4-7), which gives a surface tension force vector 0

away from the interface. In cases 3 (where a = 0), 8, and 9, we see that the surface tension

is still being calculated away from the interface. While the magnitudes are negligible in

these areas, they are not 0.

E↵ects on pressure

Ideally, we anticipate the pressure to be a constant value inside and outside of the

bubble with a pressure jump on the surface. We compare our results to the ideal physical

pressure along the x-axis at y = 0.5 in Figure 2.18.

We show in Figure 2.18a that as a goes from 0 to 0.5, the results move towards

the ideal pressure jump caused by a sharp interface. All parameters of a produce accept-

able results for pressure, which makes �rg (�) the best of the methods by this criteria.

Figure 2.18b shows that cases 8 and 9, which are similar to our preferred method, are also

reasonably close to the ideal pressure. Note that in Case 1, the formulation of the surface

force introduces a gradient term which will be compensated for in the pressure correction;

the plot for Case 1 shows the pseudo-pressure which includes the compensating term [114].

Case 2 deviates significantly (about 15%) from the ideal in our tests; this is consistent with

Huang et al. [57], which reported errors of about 9% on a similar test at lower resolution.

2.5.9 Rayleigh-Taylor instability

We simulate the classic Rayleigh-Taylor instability, where a denser fluid is ini-

tially positioned above a lighter one in the presence of gravitational force. This instabil-
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Figure 2.18: Change in pressure in the x axis at y = 0.5 of Section 2.5.8.

ity test serves as a benchmark for evaluating the behavior of two-phase flows. The tests

was first investigated by Rayleigh [104] and is normally characterized by “Atwood ratio”

At = (⇢1� ⇢0)/(⇢1 + ⇢0), a measure of the density di↵erence between the two phases. Daly

[22] conducted a numerical analysis of the test. Long-time instability analysis of the test for

inviscid incompressible fluids without surface tension with At = 0.5 is done by Tryggvason

[129]. We examine a [0, 1] ⇥ [0, 4] domain with cell sizes �x = 1/128. Free-slip boundary

conditions are enforced at the top and bottom walls, while the left and right walls are

subject to periodic boundary conditions. The initial setup involves a heavier fluid with

density ⇢1 = 3, 30, 1000, 3000 and viscosity µ1 = 0.001 positioned on top of a lighter fluid

with density ⇢0 = 1 and viscosity µ0 = 0.001. The velocity is initialized to zero, and the

initial interface between the two fluids is situated at y = 2 + 0.1 cos(2⇡x). The specified

parameters for the simulation include a surface tension � = 10�12, gravitational force vector

h0,�1i, and a time step size of �t = 5⇥10�4/
p
At. The simulation concludes at t

p
At = 8.

We set M so that �M = 10�15 and ⌘ = 0.01.
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Snapshots of the test with ⇢1 = 3 are presented in Figure 2.19, o↵ering a compar-

ative analysis with the outcomes from our implementation of Huang et al. [57]’s method.

Notably, our simulation closely aligns with the results obtained by Huang et al. [57]. Fig-

ure 2.20 provides a visual depiction of the Rayleigh-Taylor test’s progression at a density

ratio of 3, while Figure 2.21 showcases the evolution of simulations across various density

ratios. In both Figure 2.20 and Figure 2.21, the simulations maintain symmetry through-

out, even as the interface develops intricate shapes in later stages. As the density ratio

increases, the simulation exhibits accelerated movement and a simpler evolution. Due to

the minor impact of viscosity in these simulations, a stable state is not reached before the

simulations conclude at t
p
At = 8.

In Figure 2.22 we plot a quantitative measurement of the test by measuring the

highest and lowest point of the interface between the two fluids with density ratio of 3 from

t = 0 to t = 2.5. Our results are comparable to the results reported by Huang et al. [57],

[24] and Guermond and Quartapelle [42] which use similar values for density and viscosity.

2.5.10 Dam break

The dam break test is employed to assess the method’s performance in scenarios

characterized by high density ratios. In this test, we simulate the classic test as in Martin

and Moyce [90] where a specific volume of water is confined within a rectangular box of

dimensions [a⇥ a], enclosed by walls on both the left and right sides. In the initial frame,

the right wall of the box containing the water, is removed, leading to the observation of
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(a) Rayleigh-Taylor test results using Huang et al. [57]’s method.
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(b) Rayleigh-Taylor test results using our method.

Figure 2.19: Rayleigh-Taylor test at times t = 0, 1, 1.25, 1.5, 1.75, 2, 2.25, 2.5 and density ratio of 3.

the gravitational evolution of water movement within a larger [0, 4a] ⇥ [0, 2a] domain. We

examine this domain with cell sizes �x = a/64 where a = 0.05715. The all the walls are

subject to a no-slip boundary condition. The initial setup involves a heavier fluid (water)

with density ⇢0 = 998.207 and viscosity µ0 = 1.002 ⇥ 10�3 confined in a [a ⇥ a] box

surrounded by a lighter fluid (air) with density ⇢1 = 1.204 and viscosity µ1 = 1.78 ⇥ 10�5

with initial velocity of zero. The specified parameters for the simulation include a surface

tension � = 7.28 ⇥ 10�2, gravitational force vector h0,�9.8i, and a time step size of �t =

7.1437 ⇥ 10�5. The simulation concludes at t = 10. We set M so that �M = 10�7 and

⌘ = 0.01a.
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Figure 2.20: Rayleigh-Taylor test results with ⇢0 = 3, from t = 2.25 to t = 8 in 0.25 increments.

As previously noted, the simulation begins with zero velocity, and at time t = 0,

removing the box containing the denser fluid instigates fluid motion due to gravity. As

the simulation progresses, the denser fluid reaches the right wall of the domain, where it is

pushed to rise along the wall before crashing back down. The simulation attains a stable

condition by the conclusion of the simulation. Visual snapshots of distinct stages within

the simulation are shown in Figures 2.24 and 2.25. We non-dimensionalize t by dividing it
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(a) ⇢1 = 30

0 0.5 1
0

0.5

1

1.5

2

2.5

3

3.5

4

x

y

0 0.5 1
0

0.5

1

1.5

2

2.5

3

3.5

4

x

y

0 0.5 1
0

0.5

1

1.5

2

2.5

3

3.5

4

x

y

0 0.5 1
0

0.5

1

1.5

2

2.5

3

3.5

4

x

y

0 0.5 1
0

0.5

1

1.5

2

2.5

3

3.5

4

x

y

0 0.5 1
0

0.5

1

1.5

2

2.5

3

3.5

4

x

y
0 0.5 1
0

0.5

1

1.5

2

2.5

3

3.5

4

x

y

0 0.5 1
0

0.5

1

1.5

2

2.5

3

3.5

4

x

y

(b) ⇢1 = 1000
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(c) ⇢1 = 3000

Figure 2.21: Rayleigh-Taylor simulation with density ratio of 30, 1000 and 3000 at times t =
0, 0.25, 0.5, 0.75, 1, 1.25, 1.5, 1.75.

by
q

a
|gy | so that T = t/

q
a

|gy | . We do the same for length as well by diving it by a. We

measure our results quantitatively by computing the front of the interface and the highest
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Figure 2.22: Location of the maximum and minimum x of the interface in the Rayleigh-Taylor test
with density ratio of 3.
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(b) Location of the height of fluid phase 1.

Figure 2.23: Fluid height and front over time in the dam break test.

point of the interface from T = 0 to T = 2.5 in Figure 2.23. Our results are comparable to

those reported by Huang et al. [57] and Martin and Moyce [90].
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(a) T = 0 to T = 2
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(b) t = 2.5 to t = 5

Figure 2.24: The evolution of the dam break test with water and air from T = 0 to T = 5 in 0.5
increments.
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(a) T = 5 to T = 7
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(b) T = 7.5 to T = 9.5

Figure 2.25: The evolution of the dam break test with water and air from T = 5 to T = 9.5 in 0.5
increments.
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2.5.11 Equilibrium Drop

We demonstrate the e↵ects of setting boundary conditions for �̂n+1 based on al-

ternate contact angles. We adapt the Neumann boundary condition given in [57] as

n ·r�̂n+1 =
�

2�
cos(✓)

⇣⇡
2
cos
⇣
⇡�AB � ⇡

2

⌘⌘
,

which allows for the choice of arbitrary interface-boundary contact angles. We follow the

case setup used in [26, 57], where a drop of fluid with r = 1 is placed centered at the origin in

a [�3, 3]⇥ [0, 2] domain with cell size �x = 1/64. No-slip boundary conditions are enforced

at the top and bottom boundaries, and the left and right boundaries are periodic. The

fluids have matched density ⇢0 = ⇢1 = 1 and viscosity µ0 = µ1 = 1, with surface tension

� = 100 and interface width ⌘ = 0.02. To match the non-dimensionalized Peclet number

defined in [26], we set mobility M = 1.885⇥ 10�7. No gravity is used in this example. We

run the simulation with time step size �t = 5⇥ 10�5 and end at time t = 1.

The initial placement of the drop gives an interface contact angle ✓ = 90�. By

varying the angle set in the bottom boundary condition n ·r�̂n+1, we can cause a mismatch

between the drop placement and the boundary condition contact angle. This mismatch will

cause the drop to change shape as the phase-field evolves so that the interface contact

angle will match the boundary condition. In Figure 2.26 we demonstrate the enforcement

of boundary contact angles on the bottom boundary with ✓ = 90�, 45�, 135�, 60�, 120�.

Visually, our results are comparable to those presented in [57].
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Figure 2.26: Demonstration of the e↵ects of the contact angle ✓ on a drop at rest.

2.6 Conclusion

In this paper we constructed a novel, simple, and highly stable discretization of

the Cahn-Hilliard equation. We coupled this to the Navier-Stokes equations to simulate

phase separation in a two-phase fluid flow in two dimensions. We demonstrate that the

resulting scheme is second order accurate in � and velocity and compare it with published

results on a number of tests. The scheme is mass-momentum consistent and works with

large density ratios.

We also replace existing discretizations of the surface tension force on phase-field

variables with one that has finite support around the transition region. The model has a

parameter that allows it to transition from a smoothed continuum surface force to a fully
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sharp interface formulation, in which case the surface tension applied is equivalent to a

sharp interface treatment using jump conditions. We compared our formulation of surface

tension against other surface treatments used for the Cahn-Hilliard Navier-Stokes equations

and found that our treatment compares favorably.

We have also noticed some limitations in the proposed scheme. As noted in Sec-

tion 2.5.5, shearing flows with sharp � transitions can lead to artifacts, though these are

observed to diminish with refinement. The consistent advection used for the momentum

equations are generally observed to be less numerically robust than a more classical WENO-

based advection scheme. We have also observed that the evolution of � can produce values

outside the range [0, 1], which can lead to negative densities if the density ratio is large.

We correct this using the gamma redistribution scheme from [56], though we note that this

redistribution is e↵ectively global and thus less than ideal. In our implementation, it also

comes at the cost of an additional Poisson solve; a more physically plausible solution to this

problem is desirable.
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Chapter 3

Buoyancy-driven Phase Separation

in the Material Point Method

The Material Point Method (MPM) provides a unified framework for simulating

multi-material systems but struggles to allow for the separation of objects. Traditionally,

multi-material simulations use a single background grid, which allows for automatic in-

teraction between materials. Since particles of di↵erent types receive their velocities by

interpolating from a common background grid, they are unable to e�ciently separate. This

is especially problematic when simulating immiscible fluids such as oil and water; once

oil particles and water particles become mixed, they are unable to separate. A common

solution is to solve di↵erent objects or materials on separate background grids, which al-

lows particles of di↵erent materials to move with di↵erent velocities and separate. Using

separate background grids loses the natural interaction between materials, since materials

no longer interact through the background grid. In the case of immiscible fluids, phase
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separation is driven by thermodynamics and buoyancy. We present a novel method that

enables natural buoyancy-driven phase separation in weakly compressible MPM. Our key

observation is that compression and pressure do not depend on the type of particle. A

local neighborhood of particles is compressed because particles are close together, and they

exert pressure because they bump into the particles that are nearby. Correspondingly, we

update the deformation gradient from a unified velocity field and use it to compute a unified

pressure force. Combined with the use of separate background grids for velocity, this leads

to a treatment of immiscible multiphase fluids that naturally separates due to buoyancy

forces, even from a fully mixed configuration. We also propose a mixing potential that

is capable of driving phase separation caused by thermodynamics even in the absence of

gravity. Finally, we propose a novel algorithm for obtaining consistent per-phase level sets

for rendering multiphase particle-based fluids.

3.1 Introduction

The Material Point Method (MPM) provides a unified framework for the sim-

ulation of a wide variety of solids and fluids, as well as their coupled interactions [120].

However, standard formulations of MPM struggle to achieve phase separation in immisci-

ble multi-material systems [140]. For example, using MPM to simulate a Rayleigh-Taylor

instability [104](Fig. 3.6), where a heavier fluid is initially positioned above a lighter one,

results in a significant and persistent degree of mixing as the phases attempt to exchange

places [64]. This unwanted mixing arises from the chaotic motion of the fluid as the phases

interchange, and the underlying shared velocity grid, which prevents buoyancy from un-
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mixing the particles e↵ectively. Because particle velocities are interpolated from a shared

velocity grid, nearby particles have very similar velocities, which limits relative motion

between particles within a cell [98].

Extensive research has addressed limitations in multiphase material point meth-

ods [63], though most studies focus on solid-fluid coupling, in which MPM can exhibit

non-physical behaviors such as fluid sticking to solids. In engineering, researchers have long

employed separate motion fields or grids for each phase to mitigate such issues [87]. More

recent work has developed MPM schemes specifically for simulating fluid-saturated soils

undergoing large deformations [1, 19]. Similarly, in computer graphics, separate per-phase

grids have been adopted to avoid sticking in solid-fluid interactions [127, 36]. However,

relatively little research has focused on immiscible fluid-fluid interactions. To address this

problem, Li and Liu [77] proposed a multi-species framework using both combined and

phase-specific grids. Their approach partially mitigates the problem by introducing per-

phase grids, yet significant unwanted mixing persists.

In this work, we identify the cause of persistent mixing in previous multi-fluid

MPM approaches. We propose a physically consistent framework utilizing combined and

per-phase grids, aligned with the principle of virtual work, through which buoyancy-driven

phase separation emerges naturally, addressing the limitations of previous works. Our

scheme achieves this through two key choices. First, we maintain strict separation between

velocities. Particle velocities are transferred to phase-specific grids. Pressure forces are

computed on a combined grid and distributed to phase-specific grids based on volume frac-

tions. Gravitational forces are applied on the phase-specific grids. Velocities are transferred
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back from phase-specific grids to the particles of that phase. This allows relative veloc-

ities between particles of di↵erent phases to persist across time steps and eliminates any

�t-dependent damping of relative motions. Our second key contribution is to observe that

the deformation gradient should be updated using the unified velocity grid, obtained as a

volume-weighted average of the phase velocity grids. This parallels the way unified pressure

forces are distributed to the separate grids in accordance with the principle of virtual work.

Intuitively, particles should feel compressed when the particles around them are too close,

regardless of phase. Likewise, as long as rising particles are balanced by falling particles,

no local compression or expansion should be felt by the fluid. Together, the above choices

provide a physically consistent formulation that naturally enables buoyancy-driven phase

separation in MPM.

While our principled use of combined and separate grids allows for the emergence

of buoyancy-driven separation, separation of immiscible fluids due to other forces is not

handled. Physically-based models such as Cahn-Hilliard equations [17] can be used to drive

phase separation but require the solution of higher order partial di↵erential equations. We

introduce a mixing potential that generates separation forces based on geometric overlap,

enabling phase separation even when fluid densities are equal or gravity is absent.

Finally, we propose a novel scheme for constructing multiple consistent level sets

for rendering. We first construct implicit functions for particles of each phase separately,

along with an additional implicit function for all particles together. We then use fast

marching and a novel projection algorithm building on [85] to produce consistent per-phase

level sets, which we use for rendering. In contrast to Losasso et al. [85], which introduced
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Figure 3.1: An overview of our method. (a) Masses and velocities are transferred from particles to
separate phase grids. (b) Gravity is applied to the separate phase velocity fields. (c) Constitutive
model forces are computed on a combined grid using all particles. (d) The constitutive forces are
distributed to the separate phase velocity fields proportional to the phase volume. (e) Grid phase
velocities are transferred back to particles. (f) Grid phase velocities are combined into a unified grid
velocity. (g) The unified grid velocity is used to update deformation gradients for all particles. (h)
Particles are moved and the next time step begins.
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a projection scheme to eliminate gaps and overlaps for multiple fluids, our simulations do

not have an air phase, and we do not modify the level set representing the total material

occupancy.

The contributions of our proposed method include:

• A novel MPM scheme for multiphase fluids which allows fluids to unmix under gravity.

• A mixing potential function to drive phase separation in the absence of gravity.

• A multiphase level set projection approach for creating consistent level sets from

particle-based simulations.

While our examples focus on mixtures with two phases, the proposed method naturally

generalizes to an arbitrary number of phases.

3.2 Related Work

3.2.1 The material point method

MPMwas first proposed as a particle-in-cell method for simulating history-dependent

solid mechanics [124, 10]. It has been widely adopted and advanced in computer graphics

to simulate snow [120], non-Newtonian fluids [103, 148], spatially varying materials and

melting [121], granular materials [23, 73], and thermo-mechanical phenomena [25]. The

a�ne particle-in-cell (APIC) [64] and PolyPIC [34] methods proposed improved particle-

grid transfers, conserving angular momentum and reducing dissipation. These single-grid

MPM formulations assume one continuum per grid node, thus restricting the relative mo-

tion of immiscible materials and preventing unmixing [140, 98]. To address the limitations
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ALGORITHM 1: Phase-separating Material Point Method (MPM)
Scheme. Superscripts k indicates mixture data.
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of the MPM framework in allowing for relative motion, researchers have employed explic-

itly separate grid velocity fields, coupled through interaction forces. Early methods were

developed to model frictional contact following material fracture [95, 53, 96].

3.2.2 Multiphase MPM formulations

Multiphase MPM works in graphics have primarily focused on solid-fluid coupling

and sediment-laden flows, using momentum exchange terms to couple separate grid phase

velocities [127, 36, 151]. Engineering applications similarly employ separate grid fields

for soil-water interactions [87, 1, 19]. MPM solid-fluid coupling and immiscible fluid-fluid

coupling have also been achieved with a single grid by introducing discontinuities or interface

forces [55, 140], but these approaches require explicit interface detection and modeling. IQ-

MPM [31] combines separate velocity integration with a unified pressure solve to achieve

solid-fluid coupling. Nilles and Müller [98] adds an artificial buoyancy force to facilitate

unmixing due to density di↵erences.

Recently Li and Liu [77] introduced a mixture model relying on a combination of

shared and per-phase grids to promote unmixing of immiscible fluids. However, they use a

combined grid for velocities in the particle to grid step, dampening existing relative motion,

and a per-phase deformation gradient update that fails to accurately capture combined

strain. These choices limit the ability of the method to recover from mixed configurations.

Consider the situation illustrated in Fig. 3.2(a), where fluid is initially in three regions. The

top region consists of a light phase, and the bottom region consists of a heavy phase. The

middle portion is a mixture of both phases, as might form during positional exchange. The
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(a) (b) (c)

Figure 3.2: (a) Initial condition for a partially mixed domain with lighter fluid on top and denser fluid
on the bottom with a mixed region in the middle. (b) Expected phase separation: lighter particles
rise and denser fluids sink in the mixed regions, with little movement elsewhere. (c) Behavior
observed by [77]: this method preserves the volume of each phase, causing all light particles to rise,
which results in an overall volume increase.
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physically correct behavior would be for the light particles in the mixed region to rise and

the heavy particles to sink, leading to the configuration in Fig. 3.2(b). Compared with the

initial configuration, the light particles now occupy a smaller volume of the overall fluid

domain. The heavier particles also occupy a smaller volume of the overall fluid domain.

Modeling deformation of each phase in isolation, both phases appear to be compressed in

the region that was previously mixed. In the method of Li and Liu [77], these regions would

exert pressure forces to restore their volume, erroneously leading to the configuration shown

in Fig. 3.2(c). This volume expansion artifact is observed in Fig. 5 of Li and Liu [77], where

the unmixed result is approximately twice the depth of the mixed result. This also limits

the ability to unmix when there is not su�cient room for expansion.

3.2.3 Multi-fluid and phase separation models outside MPM

Multi-fluid simulation has seen significant development in the computer graphics

community [106]. Mixture models treat multiphase flows as a single continuum with volume

fractions and drift velocities for the individual phases [92, 97]. In particle methods, mixture

models have been used with SPH for both miscible and immiscible flows [105, 141] and with

position-based dynamics (PBD) for a variety of interacting materials [88]. In the context of

SPH methods [58], multi-fluid schemes have been developed [94] and extended to support

large density ratios [116], high viscosities [101], and realistic mixing [84]. Kinetic lattice

Boltzmann methods have also been proposed for the simulation of turbulent multi-fluid

flows [78].

Phase-field models evolve an order parameter tracking the phase volume fractions

and represent fluid-fluid interfaces di↵usely. The Allen-Cahn or conservative Cahn-Hilliard
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equations [17] are typically coupled to the Navier-Stokes equations to evolve the dynamics

[8, 41]. While these approaches can e↵ectively model phase separation and surface tension,

they typically incur significant overhead in solving the high order evolution equation for

the order parameter. Nevertheless they have seen successful application with SPH and

PBD [142, 143, 144] as well as MPM [130]. Our geometric mixing potential provides a

lightweight alternative via a separation force when buoyancy is insu�cient.

3.2.4 Multi-fluid level set reconstruction

Many works have investigated the consistent representation of multi-material sys-

tems using multiple implicit functions, with the primary problem the elimination of invalid

gaps or overlaps. In solid simulation, Gascuel [38] eliminated overlaps of implicitly rep-

resented deformable objects, and works such as [134, 86, 99] address the issue in solving

multi-material structural design optimization problems. In multiphase flows, methods for

post-evolution correction have been proposed including simple projection [91, 85], Voronoi

reconstruction [109], and projection onto an (n � 1)-dimensional manifold [115]. Some

approaches utilize evolution strategies that inherently maintain consistency [107, 5, 131].

Unlike prior projection methods which treat all phases symmetrically, we wish to fix our

total material level set and correct only the individual phase boundaries.
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Figure 3.3: The traditional MPM algorithm (a) transfers mass and velocity from particles to grid,
(b) applies gravity, (c) computes constitutive forces, (d) and applies them to velocities. Finally (e)
particles are updated and (f) moved.
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Figure 3.4: An overview of the method of [77]. (a) Velocities are transferred from particles to unified
grids, then (c) copied to per-phase grids. Masses are transferred to (a) unified and (b) per-phase
grids. (d) Constitutive model forces are computed on a combined grid and (e) distributed to the
separate phase velocity grids with gravity. (f) Grid phase velocities are transferred back to particles,
deformation gradient is updated, and (g) particles are moved.
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3.3 Method

Fig. 3.1 shows an overview of our method. We build our approach on top of A�ne

Particle-in-Cell (APIC) MPM [64]. In MPM, the continuum body is discretized into a set of

particles. At the beginning of each time step, all state is stored on particles. Each particle

p 2 Pk belongs to a phase k 2 K, where K is the set of phases and Pk is the set of particles

of that phase. All particles store mass mp, velocity vn
p , velocity gradient Cn

p , and initial

volume V 0
p . Phase k has density ⇢k, so that mp = ⇢kV 0

p for p 2 Pk. We use vn
k,i to refer to

the velocity stored on grid k at index i. Quantities on merged grids are denoted by a bar

vn
i .

3.3.1 Particle to Grid Transfer

We first transfer mass and momentum to the phase-specific grids, obtaining veloc-

ity by dividing o↵ the mass.

mn
k,i =

X

p2Pk

wn
ipmp, vn

k,i =
1

mn
k,i

X

p2Pk

wn
ipmp

�
vn
p +Cn

p (xi � xn
p )
�
,

where wn
ip are the interpolation weights. We use quadratic splines for our transfers [117].

Unlike Li and Liu [77], we never transfer velocities to a combined grid; the per-phase

velocities remain fully separated throughout our algorithm.

3.3.2 Grid Forces

We apply gravity to each phase separately. We compute constitutive forces on a

combined background grid, then distribute them to per-phase grids using volume weighting.
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Elastic forces come from strain energy stored during deformation. In MPM, each particle

carries a deformation gradient Fp that is evolved using the local velocity gradient. Particles

feel pressure because they occupy space, not because they have mass, so volume weighting

is physical. Pressure forces on a volume of fluid are proportional to the volume of fluid

present. Thus, we distribute the pressure forces f
e
i to each phase k using volume weights

↵k,i. With this, our per-phase forces and velocities are

fn+1
k,i = mn

k,ig + ↵kf
e
i + f�k,i, ṽn+1

k,i = vn
k,i +�t

1

mn
k,i

fn+1
k,i ,

where ↵k,i = V n
k,i/
P

k V
n
k,i, V n

k,i = mn
k,i/⇢k are phase volumes, g is gravity, and f

e
i are

combined elastic forces. We also include a phase separation force f�k,i to allow separation

driven by thermodynamics rather than gravity (see Section 3.3.5).

3.3.3 Emergence of buoyancy

The force application above su�cient to achieve buoyancy-driven phase separation.

Within a given region, phases receive a gravitational force proportional to their mass and

a pressure force proportional to their volume. The dense phase will receive relatively more

gravity, pushing it down. The lighter phase will receive relatively more pressure, causing

it to rise. Note that if mass weighting were used for pressures, gravity and pressure would

balance, and no phase separation would occur.
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3.3.4 Grid to Particle Transfer

Next, we transfer velocities from separate per-phase grid velocities to particles

using APIC transfers.

vn+1
p =

X

i

wn
ipṽ

n+1
k,i , Cn+1

p =
1

⇠

X

i

wn
ipṽ

n+1
k,i (xi � xn

p )
T , p 2 Pk.

where ⇠ = �x
4 for quadratic splines. Since particle velocities of di↵erent phases are inter-

polated from di↵erent grids, they are able to move with di↵erent velocities and e�ciently

separate.

We note that deformation gradients and elastic forces are complimentary. In the

case of fluids, the deformation gradient tracks changes in the local particle spacing, and the

pressure exerts forces to counter them. If we observe a small region of an oil-water mixture,

we see patches of oil rising and patches of water sinking until eventually the phases have

completely separated. Since the fluid is not locally compressing, this unmixing does not

generate pressure forces. This suggests that the deformation gradient should be combined,

mirroring the pressure treatment. We begin by computing a merged velocity

vn+1
i =

X

k

↵kṽ
n+1
k,i .

We use the same weights to interpolate velocities as we used to distribute forces, following

the principle of virtual work. We use these merged velocities for our deformation gradient
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update.

rvn+1
p =

X

i

vn+1
i (rwn

ip)
T , Fn+1

p = (I+�trvn+1
p )Fn

p .

Using a combined volume-weighted average of phase velocities allows for preservation of

the total fluid volume, while still allowing each phase to change its volume. This makes

phase separation possible even in fully filled domains. In contrast to our approach, Li

and Liu [77] updates the deformation gradient Fn
p on particles using Cn+1

p , computed from

phase-separate grid velocities. As discussed in Section 3.2, this prevents e↵ective phase

separation.

Finally, we complete the time step by moving the particles

xn+1
p = xn

p +�tvn+1
p .

3.3.5 Phase separation force

The careful treatment of pressure and gravity on separate grids su�ces to repro-

duce buoyancy-driven phase separation between fluids of di↵erent densities. Phase sepa-

ration can also be driven by thermodynamics rather than buoyancy. In this section, we

introduce a force that is able to drive phase separation in the absence of density di↵erences

or gravity. For simplicity we assume there are only two phases, which we can index by k

and ` = 1 � k. Although we limit ourselves to two phases in this chapter, the separation

force can be naturally extended to more phases by simply applying pairwise.
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Figure 3.5: Rayleigh–Taylor instability. Rows, top to bottom: our method, our method with phase
separation force, standard MPM, and Li and Liu [77]. Left to right: t = 0, 1, 2, 8, 16, 32s. Our method
successfully unmixes the phases, while the others do not. Our phase separation force promotes small
scale clumping while maintaining larger scale dynamics.
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Figure 3.6: Rayleigh–Taylor instability. Initial state followed by our method (middle) and Li and
Liu [77] (right) at t = 0, 1, 2, 16s. Our method sharply separates the two phases, alleviating the
residual mixing evident with previous approach.
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For certain combinations of fluids, being in a mixed configuration is energetically

less favorable. We model this with a potential function that penalizes mixing. We first

define a grid field that assigns each point in space to one of the phases.

nk,i = mk
im

`
i

0

@
X

p2Pk

wip �
X

p2P`

wip

1

A (3.1)

If the local neighborhood is dominated by particles of phase k, then nk,i > 0. If phase `

dominates, then nk,i < 0. Note that nk,i = �n`,i. Next, we evaluate this at the particle

locations

nk,p =
X

i

wipnk,i.

If p 2 Pk and nk,p > 0, then the particle p is within its own phase, and there should be

no force. If nk,p < 0, then particle p is surrounded by particles of the other phase and is

e↵ectively mixed. The magnitude provides a measure of how mixed the particle is. We use

this to define our mixing potential

� =
X

k2K

X

p2Pk

f(nk,p), f(x) =

8
>>>><

>>>>:

cx2, x < 0,

0, x � 0.

(3.2)

The coe�cient c determines the strength of the unmixing force. The unmixing force is

obtained by di↵erentiating this potential with respect to per-phase grid locations (as though

the separate phase grids were Lagrangian meshes that are moving and deforming) while

holding nk,i fixed (as the grids move, the particles move with them). The grid forces f�k,i
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are

f�k,i = �
X

m2K

X

p2Pm

f 0(nm,p)
@nm,p

@xk,i

@nk,p

@xk,i
= wip

X

j

rwjpnk,j ,
@nk,p

@x`,i
= �rwipnk,i.

Figure 3.7: Fully mixed domain without gravity with density ratio 10, including our phase separation
force in 2D at t = 0, 2, 8, 10s. row 1: c = 50. row 2 : c = 100 and row 3: c = 1000 The phases clump
into small subregions but do not separate vertically. Larger values for c result in faster separation.
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3.3.6 Projection Method

ALGORITHM 2: Level Set Projection Method
Input: Level set values: single-phase �k and �`, combined fluid �.
Output: Non-overlapping level set values: �0k and �0` with �

0
k  �0`.

Require: �k  �`
if � � 0 then

�0k = �, �0` = max(�`,�) // Case 1

else
s = (�k � �`)/2
if �  s then

�0k = s, �0` = �s // Case 2

else if �k � � then
�0` = �` + (�� �k), �0k = � // Case 4

else
�0k = �, �0` = max(�`,��) // Case 3

end
end

Figure 3.8: Level set projection. Per-phase level sets are shown with solid contours and the combined
level set with a dashed contour. (Left) Initial overlapping state of the multiple level sets. Background
colors represent cases in our level set projection method: Case 1 (blue), Case 2 (green), Case 3
(yellow), and Case 4 (red). Comparison of our level set projection method (middle) with a the
method of [85] (right). Leaving the combined level set fixed during projection avoids artifacts near
triple junctions.

For rendering, it is convenient to have a signed distance field representing the

fluid region. In the case of multiphase fluids, we require per-phase signed distance fields
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�`

� k
=
� `

�
k =

�
�̀

�` = ��

�
k
=

�

Infeasible

Case 2

Case 3

Case 4

Figure 3.9: Projection map used to enforce consistency between the ordered level sets (�k,�`) with
�k  �` and � < 0. The red polyline indicates the feasible set of consistent outputs (�0k,�

0
`). Given

an input point (�k,�`), the projection algorithm computes a nearby feasible point (�0k,�
0
`). Selecting

the nearest feasible point would produce a discontinuity at the dashed line. Instead, input space is
divided into cases (Cases 2–4, indicated by the colored regions; Case 1 corresponds to � � 0 and
is not shown). Cases 2 and 3 map to the closest feasible point. Points in Case 4 are moved to the
feasible line along the direction of the arrows.
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�k and �`. We also construct a combined � using all of the particles. In order to avoid

gaps and overlaps, these signed distance fields need to be consistent near the interface. Let

�0  �1  �2 be the three level sets �k, �`, and �� in sorted order. The consistency

criterion is then that �0 = ��1. Note that this is the same criterion as in Losasso et al.

[85], which we use as the starting point for our own projection. Unlike Losasso et al. [85],

we do not allow our third level set �� to be changed during the projection. This prevents

artifacts at the interface of the two phases near the domain boundary. In particular, it

ensures that the union of the two per-phase level sets matches the level set we obtained

from the full set of particles.

We construct phase-specific signed distance fields �k and �` from particle sets Pk

and P`, respectively, using the negative of Equation 3.1. We construct � using all particles

using the method of Zhao et al. [150, 149] and then we extend it to the full domain using

fast marching. We cannot use Zhao et al. [150]’s method to reconstruct per-phase level sets

when the two fluids jointly fill the domain since all of the reconstructions will coincide.

We propose a projection method similar to Losasso et al. [85] to make our level sets

consistent (see Algorithm 2). For simplicity, we assume that �k  �l and we will produce

as output �0k and �0l such that �0k  �0l. If � � 0, then we are outside the domain, so we

must have � = �0k  �0l. We can enforce this by setting �0k = � and �0` = max(�`,�), which

changes the inputs as little as possible while satisfying the constraints.

Otherwise, � < 0, and we are inside the domain. This leads to three cases, which

are illustrated in Fig. 3.8 and Fig. 3.9 . The red line is the set of configurations that satisfy

the consistency requirements. We must project each point (�k,�l) to a point (�0k,�
0
l) on
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this line. Projecting all points to the closest point on the feasible line is not continuous

at the dashed line. Instead, we only handle the cases 2 and 3 by projecting to the closest

point on the red line. Note that for case 2, this gives us the update rule from Losasso et al.

[85]. For case 4, we instead move points to the feasible region along the same direction as

we did in case 2. Each of these cases leads to a very simple update rule, which we show in

Algorithm 2. The resulting algorithm is idempotent and continuous everywhere.

3.4 Results

Table 3.1: Timing comparison of methods in 2D and 3D. Entries marked “-” indicate that the
method was not evaluated. Initial elasticity values in dambreak 1 di↵er from other tests to match
the results reported by Li and Liu [77].

Test Name Particles Res. # Threads E Standard MPM Ours Li and Liu [77]

Stable State 121328 128⇥ 256 1 105 138.58 s 158.20 s 503.22 s
Partially Mixed 121152 128⇥ 256 1 105 141.81 s 157.48 s 300.05 s
Rayleigh-Taylor Instability 121315 128⇥ 256 1 105 136.70 s 153.73 s 372.57 s
Rayleigh-Taylor + Phase Separation 121315 128⇥ 256 1 105 - 110.29 s -
Dam Break (Version 1) 53988 128⇥ 128 1 3⇥ 103 0.76 s 0.87 s 1.36 s
Dam Break (Version 2) 60696 256⇥ 256 1 105 139.89 s 160.37 s 654.49 s
Fully Mixed + Gravity 60624 128⇥ 128 1 105 - 95.16 s -
Fully Mixed + Phase Separation 60624 128⇥ 128 1 105 - 106.65 s -
Fully Mixed + Gravity + Phase Separation 60624 128⇥ 128 1 105 - 113.26 s -

Rayleigh-Taylor Instability 425985 64⇥ 128⇥ 64 8 104 375.43 s 427.48 s 599.74 s
Dam Break 551100 64⇥ 64⇥ 64 8 105 60.86 s 43.51 s 43.73 s
Fully Mixed + Gravity 212972 64⇥ 64⇥ 64 8 104 - 240.44 s -
Fully Mixed + Phase Separation 212972 64⇥ 64⇥ 64 8 104 - 284.19 s -
Fully Mixed + Gravity + Phase Separation 212972 64⇥ 64⇥ 64 8 104 - 273.26 s -

We compare our method with standard MPM and the method of Li and Liu [77].

Runtimes are provided in Table 3.1. We use the fixed corotated constitutive model [119].

We compute the Lamé coe�cient � corresponding to the specified sti↵ness E and Poisson’s

ratio ⌫ = 0.3, and we set µ = 0 to disable shear forces, leaving only a pressure force. We

use quadratic B-splines [117, 64] for transfers. Following [125], we reset Fn
p  det(Fn

p )
1/dI

with d = 2, 3 each time step; this avoids accumulation of deviatoric components in the
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deformation gradient that do not a↵ect forces. We follow the CFL criteria and separating

boundary conditions from [125]. The simulations in this chapter were rendered using SideFX

Houdini.

3.4.1 Stable test

We begin by evaluating our method on a stable 2D setup with lighter fluid on top

and denser fluid on bottom. Results are included in the supplementary video. Overall, the

methods behave similarly. The fluids should remain unmixed and stationary, though some

parasitic currents are observed in all schemes, including the original MPM scheme. These

are caused by residual buoyancy resulting from the nonuniform grid mass mn
i . We note that

in our method, a thin gap of approximately two grid cells forms at the interface between

the phases. When simulating Li and Liu [77]’s method, we used CFL = 0.5 for stability.

3.4.2 Partially mixed test

Next, we introduce a mixed region between the lighter phase on top and the

denser phase on the bottom as shown in Fig. 3.11. The mixed region should spontaneously

separate. Our method successfully separates the two fluids, whereas both standard MPM

and the method of Li and Liu [77] fail to unmix. The fully occupied domain leaves no free

space for the lighter phase to rise, inhibiting the unmixing process of Li and Liu [77], as it

would require compressing the phases.
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Figure 3.10: Lighter fluid on top of a denser fluid using our method (top row), standard MPM
(middle row), and Li and Liu [77]’s method (bottom row) at t = 0, 5, 10s from left to right.
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Figure 3.11: Lighter fluid on top of a denser fluid with a mixed region in the middle. Our method
(top row), standard MPM (middle row), and Li and Liu [77]’s method (bottom row) at t = 0, 2, 4, 16s
from left to right. Our method successfully unmixes the phases, while the other two do not.
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3.4.3 Rayleigh-Taylor instability

To investigate the performance under spontaneous mixing, we perform a Rayleigh-

Taylor test, initialized with the heavy phase on top of the lighter phase. As the fluids change

places, particles from the two phases mix. Phase separation is evident in our method by

t = 16s (Fig. 3.6 and Fig. 3.5), whereas minimal separation occurs with standard MPM.

With Li and Liu [77], a mixed gradient forms, but phase separation is not achieved. We

simulate Li and Liu [77]’s method with CFL = 0.5.

Fig. 3.12 shows a histogram of particle distribution for each phase at t = 41.67s

of the 2D test. Standard MPM and Li and Liu [77]’s method show gradual gradients, with

the heavy phase more concentrated at the bottom and the light phase distributed almost

uniformly. By contrast, our method shows a sharp phase separation. The 3D test results

are similar to the 2D case and are shown in Fig. 3.6. This test demonstrates that turbulent

flows can induce particle mixing, even from an initially fully unmixed state. The ability to

recover from mixed configurations is thus critical.
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(c) Li and Liu [77]’s method

Figure 3.12: Histogram of bin height vs. phase particle count for 100 bins from y = 0 to y = 3 of
the Rayleigh-Taylor instability test at time t = 32s. Our method (3.12a) exhibits phase separation,
while mixing is apparent with standard MPM (3.12b) and Li and Liu [77]’s method (3.12c).
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3.4.4 Dam break test

Figure 3.13: 3D dam-break test with denser fluid initially above lighter fluid. Row 1: our method
at t = 0, 4, 8 s. Row 2: standard MPM at t = 0, 4, 8 s. Row 3: Li and Liu [77] at t = 0, 4, 8 s. Our
method robustly separates the phases whereas the other two do not.

We consider two versions of the classic dam break test. The first version, from Li

and Liu [77], positions the denser fluid on top of the lighter fluid with a gap and a shift

between the two blocks (Fig. 3.15). Our implementation of their method reproduces results
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Figure 3.14: Dam break test with denser fluid on top and lighter fluid on the bottom using our
method (top row), the standard MPM (middle row) and Li and Liu [77]’s method (bottom row) at
t = 0, 0.25, 1, 16s from left to right. Our method gives sharp separation of phases, whereas evident
mixing persists using the other two approaches.
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comparable to theirs. Both our method and Li and Liu [77]’s approach successfully separate

the two phases, whereas standard MPM does not. We used CFL = 0.3 for Li and Liu [77]’s

method.

We also examine a more typical dam break test consisting of a single block with

separate phases. Our method achieves complete phase separation in both 2D and 3D

(Fig. 3.14 and Fig. 3.13). In contrast, both standard MPM and the method of Li and

Liu [77] exhibit visible mixing. This test demonstrates the robustness of our approach in

achieving phase separation.

Figure 3.15: We reproduce the example from Li and Liu [77] with the phases initially o↵set, giving
comparable results with their method. Our method (top row) shows good separation. Standard
MPM (middle row) maintains significant mixing at the interface. Li and Liu [77]’s method (bottom
row) exhibits some residual mixing with ongoing slow separation. Left to right: t = 0, 0.5, 1, 16, 62.5s.
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3.4.5 Fully mixed test with phase separation force

Figure 3.16: Fully mixed domain under gravity with density ratio 10 using our method at t =
0, 2, 4, 8, 16, 32s left to right, top to bottom.

We examine the proposed phase separation force in 2D and 3D. We begin with

the two phases uniformly mixed throughout the domain. In the first case, we run the

simulation with gravity, and our method successfully separates the fluids as in previous

tests (see Fig. 3.17 for 3D results and the video for 2D results). Next, we turn o↵ gravity

and add the proposed phase separation force (Fig. 3.7 and Fig. 3.18). The phase separation

force causes the phases to clump into globules by phase, but in the absence of gravity the

phases do not separate vertically. A larger value of c (Eq. (3.2)) accelerates the separation
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Figure 3.17: 3D Fully mixed domain test under gravity with density ratio 10, using our method at
t = 0, 0.5, 1, 8s. Our method fully unmixes the phases.

Figure 3.18: Fully mixed domain without gravity with density ratio 10, including our phase separa-
tion force, using our method at t = 0, 4, 16s in 3D. The phases clump into small subregions but do
not separate vertically.
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process. Comparison of results for di↵erent values of c is shown in Figure 3.7 and in the

supplemental video.

3.4.6 Rayleigh-Taylor instability with phase separation force

To evaluate the proposed phase separation force, we repeat the Rayleigh-Taylor

test using our scheme and the proposed phase separation force (Section 3.3.5). The results

are shown in Fig. 3.5, second row, and closely resemble those in Fig. 3.5, first row, where

the phase separation force is not applied. However, the particles of each phase tend to

cluster together more tightly due to the additional phase separation force. This indicates

that the phase separation force promotes small scale phase separation while preserving the

larger scale dynamics of the simulation.

3.4.7 Discussion

Simulating immiscible multiphase fluids is problematic for standard MPM due to

the tendency of particles to become mixed during the simulation. Our method e↵ectively

and e�ciently enables buoyancy-driven phase separation in immiscible fluids. This alleviates

limitations of previous approaches, such as [77], where phase separation, when it occurs at

all, is very slow.

The overhead of our method is quite modest; our method is only about 5% slower

than standard MPM (see Table 3.1). We observed no stability problems with our own

approach; we were able to run with the regular MPM time step restrictions without any

problems. We found that our implementation of Li and Liu [77] su↵ered from reduced

stability compared with standard MPM, which required us to run it with reduced time step
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sizes; this caused it to be about 2.25 times slower than regular MPM. If it could be run

with the same time step sizes, its performance would be similar to ours.

The phase separation force does not significantly alter the physical behavior of

simulations when run with a modest value of c, since the time scale for buoyancy-driven

phase separation is comparable. Increasing c causes phases to first separate in place, which

can actually slow overall unmixing. Buoyancy-driven separation occurs when particles of

one phase pass through regions of the other phase; the phase separation force counteracts

this. The separation force behavior is qualitatively more physical on smaller length scales,

but the buoyancy-driven mechanism is more physical at larger length scales.

3.4.8 Generalization to N > 2 phases

Though we do not directly demonstrate it here, the method described could be

applied to N > 2 phases. The scheme depicted in Fig. 3.1 straightforwardly extends to

more phases by transferring to/from additional phase grids in steps (a), (d), and (f) using

volume fractions computed based on all phases. The separation force can be extended to

N > 2 by applying it to pairs of phases, as is often done for surface tension. The projection

procedure generalizes to N > 2 in the same manner as [85] does: the smallest two level sets

become �k and �l.

As for scaling, our implementation uses dense grids, so the scaling is O(N2) for

the pairwise forces and O(N) elsewhere. An implementation with sparse grids would scale

better in practice for the pairwise forces. O(N2) scaling would only be observed in cases

where large portions of the domain contain particles of many types. Where overlap is

minimal (normal usage), performance should not depend appreciably on N .
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3.5 Conclusion and Limitations

We introduce two methods for phase separation. The first is a new scheme for the

material point method, where phases separate through a buoyancy-driven mechanism. The

second is a mixing potential that applies forces to regions of fluid containing mixed particles.

The e↵ectiveness of these methods in separating fluids is demonstrated in Section 3.4. The

phase separation force is heuristic and has a tunable parameter. Moreover, using large

values of c results in more noticeable gaps and necessitates a smaller time step.

In both the buoyancy-driven scheme and the mixing-potential approach, we ob-

serve the formation of a gap between phases. This gap becomes less noticeable at higher

resolutions, as its width is on the order of a grid cell. We also observe volume loss in our

method after a long simulation time, the larger the interface between the two phases, the

more significant the volume loss. This is due to the fact that the deformation gradient is up-

dated using a merged velocity field, which does not accurately capture the local deformation

of each phase near the interface. Future work could explore more sophisticated methods

for updating the deformation gradient that better account for phase-specific deformations,

potentially reducing volume loss over time.
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Chapter 4

An implicit time integration

scheme for the multi-phase

Material Point Method

The standard Material Point Method (MPM) struggles to accurately simulate

multi-phase flows and buoyancy-driven phase separation. To address this, recent explicit

MPM frameworks have successfully introduced phase-specific background grids to enable

natural phase separation. In this chapter, we propose an implicit time integration scheme

built directly upon this explicit multi-phase formulation to improve simulation stability.

However, shifting to an implicit approach inherently increases volume loss compared to the

explicit baseline. To mitigate this issue, we introduce a novel particle distancing poten-

tial and force term that penalizes over-dense particle regions by dynamically regularizing

inter-particle spacing relative to the background grid cell size. Finally, we investigate the
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underlying numerical mechanisms driving volume loss in both implicit and explicit schemes

and propose targeted solutions to further preserve volume.

4.1 introduction

The Material Point Method (MPM) is a powerful method for simulating a wide

range of materials, including fluids, solids, and granular materials [120, 121, 103, 65].

However the standard MPM struggles when it comes to simulating multiphase immisci-

ble fluids[140]. This is due to the way MPM handles forces and velocities on its background

grid [77, 6]. In standard MPM, particles of all phases share the same background grid in

which forces are applied and velocities are updated. The shared grid is then used to update

velocity, position, and deformation gradient on the particles. Therefore, nearby particles

have similar velocities regardless of their phase and density.

[6] presented a scheme for integrating buoyancy-driven phase separation in MPM,

where forces are computed on a shared grid similar to the standard MPM, but are then

split between phases using the volume fraction of each phase. Instead of using a single

shared grid, each phase has its own grid for velocities which is updated using the forces

assigned to it. These phase-specific grid velocities are then used to update the particle

positions and velocities. To update the particle deformation gradients, the method uses the

volume-weighted average velocity of all phases. The scheme presented by [6] allows for the

simulation of multiphase immiscible fluids with di↵erent densities. However, this method

has limitations, particularly in terms of computational e�ciency and the ability to handle

large time steps. In particular, the explicit nature of the time integration requires small time
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steps to maintain stability, which can make the simulation computationally expensive for

large or high-resolution problems. In this chapter, we present an implicit time integration

method based on [6]’s method that allows for larger time steps and faster simulations while

still capturing buoyancy-driven phase separation in MPM. We demonstrate the e↵ectiveness

of our method through a series of experiments and comparisons with the explicit method,

showing that it can achieve similar results with significantly reduced computational time.

While facilitating buoyancy-driven phase separaction, the method of Ayazi et al. [6] also

observed volume loss at the multiphase interface. In their explicit method, these errors

remained at levels comparable to standard MPM. However, this issue become more pro-

nounced with the larger time steps a↵orded by the implicit method and lead to significant

inaccuracies in the simulation results. We investigate the source of the interfacial volume

loss in the method of [6] and study two proposed methods for mitigating this loss. The

contributions of this chapter are as follows:

• We extend the optimization-based integration framework of [40] to handle multiphase

flows by formulating the problem as a constrained optimization problem and solve

this using implicit time integration.

• We identify and correct an inconsistency in the deformation gradient update of Ayazi

et al. [6] to improve volume conservation.

• We introduce a particle redistancing force that maintains consistency of the particle

distribution and deformation gradients and thus alleviates volume loss.
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4.2 Related Work

4.2.1 Material Point Method

[123] introduced Material point method as a hybrid method using both an Eulerian

grid and lagrangian particles in which particles represent continuum of material capable

of handling large deformations. [10] used material point method to simulated granular

material. MPM was used first in computer graphics to simulate snow[120]. [121] expanded

MPM’s versatility beyond solid allowing MPM to simulate incompressible material and

handle melting and solidifying dynamics. [64] introduced APIC in MPM, helping with the

dissipation present in earlier versions of MPM. APIC also conserves linear and angular

momentum improving visual fidelity. [73] used MPM to simulate grandular material by

couling MPM with Drucker-Prager plasticity model. [23] introduced semi-implicit boundary

conditions allowing MPM to interact with complex materials. [138] uses MPM to to simulate

cracks. [127] introduced material specific grids allowing MPM to simulate mixture of sand

and water. [34] introduced PolyPIC as a generalization of APIC. [54] proposed moving least

squares MPM (MLS-MPM) that naturally leads to APIC and PolyPIC. [45] used MPM to

simulate cloth and thin shell by combining MPM with subdivision finite elements allowing

handling large number of collisions. [140] proposed a framework to handle multi-material

simulations. [137] introduced phase field fracture and continuum damage mechanics to

MPM, allowing for realistic crack propagation and tearing in soft bodies.[25] used MPM to

simulate thermo-mechanical phenomena. [133] pushed MPM to handle hundreds of millions

of particles. [31] addresses artifacts in solid-fluid coupling[98].
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4.2.2 Multiphase MPM formulations

In computer graphics, the research on multiphase MPM has been mostly on solid-

fluid interaction by introducing momentum exchange terms and phase-specific grid velocities

[127, 36, 151]. [148]adapted MPM to handle Herschel-Bulkley plastic flows, allowing the

natural simulation of shear-thickening and shear-thinning mixtures. [140] used a uniform

MPM framework to handle fully coupled solid-fluid systems natively. [77] presented a

method for multiphase flows in MPM where they use phase-specific grids to update particle

positions, velocity and deformation gradient. Ayazi et al. [6] also presented a scheme for

buoyancy-driven phase separation in which particle positions are updated using phase-

specific grids but the deformation gradient of the particles is updated using a shared grid.

4.2.3 Multiphase flow simulation outside MPM

Multiphase simulation has been well studied in computer graphics, in both Eule-

rian frameworks and Lagrangian methods. Early grid-based methods mostly relied on level

set methods techniques to track sharp interfaces between fluids, for simulation of multiple

fluids [85]. While Eulerian methods excel at enforcing incompressibility and smooth sur-

face tracking, they struggle with numerical dissipation and topological complexities when

handling highly mixed, turbulent flows. On the other hand, particle methods natively

conserve mass and handle advection easily. Smoothed Particle Hydrodynamics (SPH) has

been widely adopted for both miscible and immiscible multi-fluid flows [94], with subsequent

advancements extending SPH to support extreme density ratios [116], realistic mixing be-

haviors [84], and high-viscosity phase interactions [101]. Position-Based Dynamics (PBD)
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frameworks have similarly used mixture models to couple a diverse range of fluids and

interacting materials [88].

To model continuous di↵use interfaces, the graphics community has increasingly

turned to phase-field models and continuum mixture theory [92]. By evolving an order

parameter to track phase volume fractions, phase-field approaches, often governed by the

Allen-Cahn or conservative Cahn-Hilliard equations [17], capture phase separation and sur-

face tension within the fluid dynamics. However, integrating these thermodynamic models

into traditional Navier-Stokes solvers introduces severe computational bottlenecks. Solv-

ing the high-order spatial derivatives required for the order parameter evolution typically

demands complex implicit solvers or restrictively small time steps [41]. While these di↵use-

interface approaches have been successful in SPH and PBD [143, 144], the overhead of

evaluating the phase-evolution equations limits their scalability. [41] has proposed a simpli-

fied discretization of Cahn-Hilliard-Navier-Stokes equation breaking the fourth order PDE

into two second order Helmholtz equations.

4.2.4 Implicit time integration

Implicit time integration methods are widely used in numerical simulations and

computer graphics for their stability and ability to take larger time steps. The implicit

mathods typically require solving a system of non-linear equations. These systems of equa-

tions are usually solved using iterative methods such as Newton method. [39] show that

formulating the implicit time integration problem as an optimization problem is more ro-

bust than solving it as a root finding problem. [40] presented a framework for implicit time

integration in MPM by solving a minimization problem that minimizes the total energy of
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the system. In this work we extend this framework to handle multiphase flows.

[30] introduced an implicit MPM framework capable of e�ciently simulating highly stretch-

able rubber and nonlinear viscoelasticity.

4.2.5 Particle spacing methods

Maintaining a uniform particle distribution is a fundamental challenge in La-

grangian simulations. When particles clump together or form unphysical empty spaces,

it leads to numerical instabilities, volume loss, and visual artifacts. In SPH, maintaining

regular spacing is especially di�cult due to the tensile instability, a mathematical flaw where

particles group together under negative pressure [126]. Early solutions addressed this by

introducing an artificial pressure term to explicitly repel neighbors that drift too close [93], a

concept later adapted into position-level �q corrections for Position Based fluids to enforce

smooth free surfaces [89]. To prevent particle compression at interfaces, [110] utilized layers

of ghost particles to maintain density kernel accuracy near boundaries. More recent SPH

frameworks have moved away from artificial forces entirely, instead utilizing Fickian con-

centration gradients [81] or transport-velocity formulations [3] to gently shift particles along

background pressure gradients, inherently guaranteeing a regularized, clump-free distribu-

tion. Kugelstadt et al. [74] proposed an implicit density correction for incompressible FLIP

and APIC simulations to correct the position-level density errors that otherwise accumulate

in the particle distribution.

While MPM avoids the tensile instability inherent to pure particle methods, it

introduces spatial distribution challenges rooting in interpolations between particles and

the background grid. Standard linear kernels cause artificial ringing and cell-crossing noise
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that forces particles into clumps. The Generalized Interpolation Material Point Method

(GIMP) was introduced to smooth these crossings using contiguous particle domains [9],

while subsequent analyses demonstrated that higher-order B-splines significantly suppress

quadrature errors and spatial clustering [118]. Furthermore, APIC method dramatically

improved the stability of particle trajectories by maintaining local a�ne velocity matrices,

preventing the clumping seen in earlier transfer schemes [64].

Despite these improvements to grid interpolation, extreme deformations can still

cause issues with particle spacing. To overcome these issues, subsequent MPM frameworks

have introduced explicit particle resampling and regularization techniques. In simulations

of highly sheared non-Newtonian flows like foam, a dynamic particle splitting and merging

strategy was introduced to eliminate holes forming when material points drift apart [148].

Similar adaptive resampling techniques were formalized for elastoplastic solids [37]. Fur-

thermore, MLS-MPM formulation [54] advanced the foundational stability of APIC.

4.3 Method

Our goal is to devise an optimization-based implicit integration method, as de-

scribed in Gast et al. [40], for the phase separation method described in Ayazi et al. [6]. At

the start of each time step, we transfer particle momenta and volume to their phase-specific

grids. We then solve an optimization problem to find the grid velocity changes that mini-

mize the incremental potential energy of the system [40]. Finally, we transfer the resulting

grid velocities back to the particles. We combine the phase-specific velocities using volume-
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weighted averages and use the combined velocity field to update the particle deformation

gradient.

4.3.1 Particle-to-grid transfer

The particle-to-grid transfer is implemented as in Ayazi et al. [6], where the veloc-

ities of the particles of each phase are mapped to its phase-specific grid. This is achieved by

transferring each particle’s momentum and mass to the corresponding phase-specific grid,

then dividing the momentum by the mass to obtain the grid velocity.

mn
k,i =

X

p2Pk

wn
ipmp, vn

k,i =
1

mn
k,i

X

p2Pk

wn
ipmp

�
vn
p +Cn

p (xi � xn
p )
�
,

where Pk is the set of particles belonging to the k-th phase, mn
k,i and vn

k,i are the mass and

velocity of the k-th phase at the grid node i, wn
ip is the interpolation weight between particle

p and grid node i, mp is the mass of particle p, vn
p is the velocity of particle p, Cn

p is the

a�ne velocity matrix of particle p, xi is the position of grid node i, and xn
p is the position

of particle p. The superscript n indicates a time-varying quantity at time step n.

4.3.2 Grid-to-particle transfer

We denote by ṽn+1
k,i the phase-specific grid velocities obtained through our implicit

time integration scheme. After computing ṽn+1
k,i , we use APIC to transfer values from the

grid to particles in the same manner as the standard MPM scheme:

vn+1
p =

X

i

wn
ipṽ

n+1
k,i , Cn+1

p =
1

⇠

X

i

wn
ipṽ

n+1
k,i (xi � xn

p )
T , p 2 Pk,
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where ⇠ = �x
4 for quadratic splines. To update particle deformation gradients, we combine

phase-specific velocities through volume averaging. This allows per-phase volume change

while attemping to maintain the overall volume of the system. We denote values on the

shared grid with a bar. We update the deformation gradient on particles as

vn+1
i =

X

k

↵k,iṽ
n+1
k,i , rvn+1

p =
X

i

vn+1
i (rwn

ip)
T (4.1)

Fn+1
p = (I+�trvn+1

p )Fn
p (4.2)

4.3.3 Implicit integration of grid forces

We now describe our implicit method for computing ṽn+1
k,i . Following [40], implicit

backward Euler integration of the system, given by

M
vn+1 � vn

�t
= f(vn+1), (4.3)

where f represents all implicitly integrated forces, yields the nonlinear system

h(vn+1) = M(vn+1 � vn)��tf(vn+1) = 0. (4.4)

Rather than solving this as a root-finding problem for the roots of the function h(vn+1),

Gast et al. [40] interprets Eq. (4.4) as the first-order necessary condition in minimizing an

objective function E(vn+1). Minimizing E is thus mathematically equivalent to solving the

nonlinear system (4.4), but formulating it as a optimization problem allows for the use of
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more robust solvers (e.g., safeguarded, Newton-based line search) which can be used with

large time steps and in challenging scenarios.

Optimization-based integrator

The minimization objective corresponding to Eq. (4.4) is given by

E(v) =
1

2
(v � vn)TM(v � vn) + � (4.5)

where � is defined such that @�
@v = �tf(v). Note that @E

@v = h(v) = 0 is the first-order

necessary condition for a minimizer of (4.5), and thus corresponds to a solution of Eq. (4.4).

We solve a minimization problem using a Newton method similar to [40]. In each

Newton iteration, we compute the total forces as the gradient of the potential. We then

split the elastic forces based on the volume fraction of each phase. The volume fractions

remain fixed during the Newton solve.

After the solve, particle positions and deformation gradients are updated as in the

explicit method of Ayazi et al. [6], with phase-specific velocities used to update positions

and the combined velocity used to update deformation gradients.

Elastic potential

We show that for the implicit MPM phase separation scheme, we can use the same

elastic potential as in standard MPM. This is achieved because of the existing symmetry

in the model in which we use the same weights to split the elastic force between the phase

specific grids and to combine the velocities to update the deformation gradient. The elastic
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potential can be written as Stomakhin et al. [122]:

�(x) =
X

p

V 0
p  (Fp(x)),

where x are all the grid node positions, V 0
p is the initial volume of particle p,  is the

elastic energy density function, and Fp(x) is the deformation gradient of particle p, which

is a function of the grid node positions. To compute the elastic forces we take the gradient

of the potential with respect to the grid node positions:

fk,i = �
@�

@xk,i
= �

X

p

V 0
p
@ (Fp)

@Fp
:
@Fp

@xk,i

@Fp

@xk,i
=
@((I+�trvp)Fn

p )

@xk,i

= ↵k,i(F
n
p )

T (rwn
ip) = ↵k,i

@Fp

@x̄i

Note that based on Eq. (4.1), @rvp

@xk,i
=

↵k,i

�t rwip. The above shows that the elastic forces

computed on each phase-specific grid are the same as the elastic forces computed on the

combined grid multiplied by the volume fraction of each phase. This means that we can

use the same elastic potential as standard MPM and split the resulting forces based on the

volume fraction of each phase to get the forces on each phase-specific grid. Using the same

weights to split the forces and combining the velocities to update the deformation gradient

maintains the symmetry of the system, allowing us to reformulate the method of [6] as an

implicit time integration.
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Similarly, the per-phase and combined Hessians satisfy the following relationship:

Hk,i,l,j =
@2�

@xk,i@xl,j
=
X

p

V 0
p
@2 (Fp)

@F2
p

:
@Fp

@xk,i
⌦ @Fp

@xl,j

=
X

p

V 0
p
@2 (Fp)

@F2
p

: ↵k,i
@Fp

@x̄i
⌦ ↵l,j

@Fp

@x̄j

= ↵k,i↵l,jH̄i,j

In practice, we do not compute H directly. We compute Hṽ where ṽ is the updated velocity

at the end of each newton iteration.

(Hṽ)k,i =
X

l,j

Hk,i,l,jṽl,j = ↵k,i

X

l,i

↵l,jH̄i,jṽj = ↵k,i(H̄v̄)i

The above holds because
P

l ↵l,jṽl,i = v̄ by definition.

In Section 4.3.5 we discuss how the observed volume loss occurs as a result of this

interpolation.

4.3.4 Particle distancing force

One of the limitations of the method of Ayazi et al. [6] is the volume loss in the

simulation of multiphase flows. When this framework is used in an implicit time integration,

we observe faster phase separation but also more pronounced volume loss which leads to

undesirable simulation results. To alleviate this issue, we introduce a particle distancing

potential that penalizes nodes with a volume greater than the volume of a cell. The asso-

ciated force thus penalizes particles creating areas of high density, which prevents drastic
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Algorithm 1 Implicit Multi-phase MPM

1. Particle to grid transfer
mn

k,i =
P

p2Pk
wn
ipmp ; // Phase specific mass

vn
k,i = (mn

k,i)
�1P

p2Pk
wn
ipmp

�
vn
p +Cn

p (xi � xn
p )
�

; // Velocity

V n
k,i = mn

k,i/⇢k ↵k,i = V n
k,i/

P
k V

n
k,i ; // Compute volume fraction

2. Compute grid velocities (Implicit Solve)
Initialize vn as starting guess
while not converged do

Compute gradient rE
if krEk < ✏ then

break
Compute Hessian H
�v = �H�1rE;
Project �v to ensure downhill direction
Choose step size ↵ using line search
ṽn+1 = vn + ↵�v;

3. Transfer grid to particle using phase-specific velocity
vn+1
p =

P
iw

n
ipṽ

n+1
k,i , p 2 Pk ; // Update particle velocity

xn+1
p = xn

p +�tvn+1
p ; // Update particle position

Cn+1
p = 1

⇠

P
iw

n
ipṽ

n+1
k,i (xi � xn

p )
T , p 2 Pk;

4. Update deformation gradient
vn+1
i =

P
k ↵k,iṽ

n+1
k,i ; // Combine phase-specific velocities

rvn+1
p =

P
i v

n+1
i (rwn

ip)
T ;

Fn+1
p = (I+�trvn+1

p )Fn
p ;

total volume loss. The particle distancing potential function is defined as:

� = c
X

i

g(Vi), g(Vi) =

8
>>>><

>>>>:

1
Vcell

(Vi � Vcell)
2 Vi > Vcell

0 otherwise

(4.6)

Vi =
X

p

wipVp (4.7)

Here, c is a coe�cient to change the strength of the potential, Vi is the volume of node i,

Vcell is the cell volume on the uniform background grid, and wip is the interpolation weight

between particle p and grid node i. This potential is fundamentally particle-based; its value
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depends on particle positions. Because moving the grid nodes does not alter the weights

wip, the grid nodes are not the true degrees of freedom. However, implicit MPM requires

forces to be evaluated on the grid before updating particle velocities. To resolve this,

we conceptualize two grids: a moving “particle grid” where interpolation weights remain

constant, and a fixed “background grid” where weights change as particles move. We use

the background grid weights to compute Vi and the particle grid weights to compute particle

positions xp. We calculate the required grid forces by taking the gradient of the potential

with respect to the particle grid nodes.

Values with a bar refer to the background grid and values without a bar on the

grid refer to the particle grid.
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X

p

w̄ipVp

xp =
X

j

wjpxj
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X

j

wjpxj)
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The potential function can be written as:
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A
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Taking the gradient with respect to the particle grid nodes:

@�

@xs
= c
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So the force on the grid can be written as:

@�

@xs
= c
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i
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✓
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� 1

◆ X

p

�Vpwsprw̄ip

!
(4.8)

To be able to use this force in the implicit framework, as a minimziation problem, using

the Newton method we also need the second derivative (Hessian) of the potential function.
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Hessian of the particle distancing potential
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In a multiphase context, to compute the Vi, we use all the particles in the simulation

since this force is designed to make the total volume ditribution of particles uniform and

should not care about the phase or other physical properties of particles. However, to take

the gradient of the potential function, we consider phase-specific grid nodes as degrees of

freedom, since each phase needs to maintain its own volume distribution. We can control

the relative contribution of the particle distancing potential in the overall objective of the

system by scaling it with a constant coe�cient.

4.3.5 Volume loss

Volume loss is a common issue in MPM fluid simulations. This issue becomes

persistent throughout the simulation in the multiphase MPM scheme. Below we discuss the
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cause of this issue and discuss possible solutions. In a two phase flow we have

Ḟ = rvF, v =
X

k

↵kṽk,

J̇ = r · vJ, J = det(F)

Consider a region ⌦ containing particles p 2 ⌦. We define:

J(⌦) =

P
p2⌦ JpP
p2⌦ 1

and the relative volume of phase k in ⌦ as

⌘k(⌦) =

P
p2⌦ V p

0

vol(⌦)
, p 2 Pk

We note that ⌘k could also be interpreted as the phase mass normalized by the phase rest

density, and thus it follows the conservation law:

⌘̇k = �⌘kr · vk, k = 0, 1

In the single phase setting, we would have J⌘ = 1. Similarly, in the two-phase setting,

we have J(⌘0 + ⌘1) = 1 for any volume in space. We define ⌘ = ⌘0 + ⌘1 and uc as the

interpolation of u0 and u1 on particles using a weighted average ↵0,↵1 on particles. Taking
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the divergence of uc:

r · uc = r · (↵0u0 + ↵1u1)

= r · ((⌘0u0 + ⌘1u1)/⌘)

=
1

⌘
r · (⌘0u0 + ⌘1u1)�

1

⌘2
(⌘0u0 + ⌘1u1) ·r⌘

=
1

⌘
r · (⌘0u0 + ⌘1u1)�

1

⌘
uc ·r⌘

Using this, we will find the correct update rule for J .

⌘kt = ⌘̇k � uk ·r⌘k = �r · (⌘kuk), k = 0, 1

(⌘0 + ⌘1)Jt = �(⌘0t + ⌘1t)J

⌘Jt = (r · (⌘0u0) +r · (⌘1u1))J

⌘(Jt + u ·rJ) = (r · (⌘0u0) +r · (⌘1u1))J + ⌘u ·rJ

= (r · (⌘0u0) +r · (⌘1u1))J � u · (r⌘0 +r⌘1)J

= (⌘0r · u0 + ⌘1r · u1)J

+ ((u0 � u) ·r⌘0 + (u1 � u) ·r⌘1)J

where u is the interpolated velocity on the particle and u0 and u1 are the interpolated

velocities for each phase.
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which means we can write the update for J as:

Jt + u ·rJ = r · ucJ +
J

⌘
(uc � u) ·r⌘

4.4 Results

Table 4.1: Timing comparison of methods in 2D and 3D. Entries marked “-” indicate that the
method was not evaluated. Initial elasticity values in dambreak 1 di↵er from other tests to match
the results reported by [6]. PD indicates that the particle distancing force was used in addition to
the implicit time integration scheme.

Test Name Particles Res. Threads E
Implicit
MPM (s)

Implicit
Multi-

phase (s)
Implicit
+ PD (s)

Explicit
Multi-phase

[6] (s)

Stable State 121180 128⇥ 256 8 105 32.811 19.915 34.190 45.511
Partially
Mixed

121172 128⇥ 256 8 105 35.000 53.895 118.339 81.841

Rayleigh-Taylor
Instability

121180 128⇥ 256 8 105 79.634 114.413 190.372 75.870

Dam Break
(Version 1)

65566 256⇥ 256 8 105 64.821 56.069 68.421 54.394

Dam Break
(Version 2)

42932 256⇥ 256 8 104 22.343 30.001 41.463 12.591

We compare our results to those of the baseline explicit time integration scheme.

The implicit method enables significantly larger time steps, thereby requiring fewer total

time steps overall to reach the same simulation time. We observe that phase separation

occurs more quickly with the larger time steps facilitated by the implicit method. Addi-

tionally, larger time steps incur increased volume loss. Suprisingly, we also observe more

dynamic motion using the implicit method, despite the well-known numerical damping of

the implicit time integration scheme. This could be due to the substantial reduction in total

time steps, and hence the number of MPM particle-to-grid and grid-to-particle transfers,

which inherently dissipate particles velocities.

132



We use standard MPM with implicit time integration as our baseline for compar-

ison of the volume loss. To reduce the volume loss in the implicit method, we can adjust

the coe�cient of the particle distancing potential or use higher sti↵ness coe�cients for our

elastic forces. Both of the above approaches can help mitigate the volume loss issue when

using an implicit time integration scheme. However they also introduce overhead and com-

putational cost, slowing down the simulation run time. We have noticed that with a higher

coe�cient for the particle distancing potential, the fluid dynamics become more like sand

and less like fluid. This is because as the contribution of the particle distancing force in-

creases, the particles will be penalized more for passing each other to maintain the uniform

volume distribution. If a particle needs to move upward, there must be a particle mov-

ing downward to replace it in a way that is not compromising the overall uniform volume

distribution.

In all tests, we use slip boundary conditions, with a fixed corotated constitutive

model [119]. We set µ = 0 to prevent shear forces, and we set our Poisson ratio ⌫ = 0.3 and

Young’s modulus E = 1e5 and densities of 1 and 10 unless specified otherwise. Gravity is set

to 10 in the negative y direction. We use quadratic B-splines [117, 64] for transfers between

the particles and grids. Each time step, we reset Fn
p  det(Fn

p )
1/dI to prevent accumulation

of deviatoric components[125]. The timings for the simulations can be found in Table 4.1.

For Rayleigh-Taylor and dam break tests we noticed a slower simulation using implicit time

integration than the explicit time inetegration in resolution 128. We compared the compu-

tational performance of both approaches using the Rayleigh-Taylor instability test and 2D

dam break version 1 scenarios across di↵erent resolution. The comparison of the resolution
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vs speed for implicit and explicit time integration can be found in Figure 4.12. Explicit

time integration performs better at lower resolutions, but as the resolution increases, the

implicit method becomes more computationally e�cient. In both test cases, the implicit

method scales better with increased resolution; this reduces the performance gap between

the two methods in the dam break test and allows the implicit method to surpass the explicit

method in the Rayleigh-Taylor test. In all cases, the maximum allowed time step, �t, was

restricted to 1⇥10�3, ensuring each frame consists of at least 40 substeps. Furthermore, we

observed that although the implicit method can successfully solve the minimization problem

using larger time steps, it is usually computationally faster when taking smaller time steps.

To further accelerate the implicit scheme, future work could utilize quasi-Newton methods

to approximate the Hessian of the potential.

We have also observed significant computational overhead when using the particle

distancing potential, as the computation of its gradient and Hessian require eleven particle-

grid transfers in total. Although the number of Newton iterations taken by our implicit

phase-separating MPM is comparable to the number taken in standard implicit MPM, the

computational overhead from the particle distancing force slows the simulation. We have

noticed that using a smaller �t (about 2�3) will increase the implicit time integration’s

performance

4.4.1 Stable state test

We evaluate our method on a 2D test in a state of equilibrium where a lighter

fluid is positioned above a heavier fluid. The expected behavior is for the fluids to have
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Figure 4.1: A stable state test with lighter fluid on top of a heavier fluid at times t = 0, 5, 10s from left
to right using the baseline [6] method (top row), standard MPM with implicit time integration (sec-
ond row), phase-separating MPM with implicit time integration (third row), and phase-separating
MPM with implicit time integration and the particle distancing force (fourth row).
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minimal movement and remain in their initial positions. The results of the test are shown in

Figure 4.1. Significant volume loss is observed in all the simulations run using the implicit

time integration scheme, with the phase-separating MPM showing the most severe volume

loss. Some mixing is observed in the standard MPM case. The explicit time integration

scheme of the phase-separating MPM shows the least amount of volume loss. The implicit

time integration scheme with the particle distancing force is the second best in terms of

volume loss, showing more volume loss than the explicit scheme but less than the standard

MPM and the implicit multiphase MPM scheme. Except for the implicit standard MPM

scheme in which some mixing is observed, all other simulations maintain the separated state

of the fluids. A coe�cient of 10 was used for the particle distancing force. The coe�cient

was chosen to be large enough to reduce volume loss, but not so large as to disrupt the

fluidity of the material.

4.4.2 Partially mixed test

We test our method on a 2D test with a lighter fluid above a denser fluid and

a mixed region in the middle containing both fluids. The expected behavior is for the

lighter particles to rise and for the denser particles to sink. The results of the test are

shown in Figure 4.2. Similar to the stable state test, the explicit time integration scheme

of the phase-separating MPM shows the least amount of volume loss. The implicit time

integration scheme with the particle distancing force is the second best in terms of volume

loss, showing more volume loss than the explicit scheme but less than the standard MPM

and the implicit multiphase MPM scheme. The implicit time integration scheme with the
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Figure 4.2: A partially mixed test with lighter fluid on top of a heavier fluid with a mixed region
in the middle at times t = 0, 5, 10, 20s from left to right using the baseline [6] method (top row),
standard MPM with implicit time integration (second row), phase-separating MPM with implicit
time integration (third row), phase-separating MPM with implicit phase separation and the particle
distancing force (fourth row).
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phase-separating MPM shows the most severe volume loss. Phase separation is observed

in all the simulations except the standard MPM. Phase separation is observed in both the

implicit time integration with and without the particle distancing by frame 120 whereas the

explicit time integration scheme of the phase separating MPM shows phase separation by

frame 240. A coe�cient of 10 was used for the particle distancing force.

4.4.3 Rayleigh-Taylor test

We run a 2D Rayleigh-Taylor instability[104] test with a denser fluid on top of a

lighter fluid. The results of the test are shown in Figure 4.3. Similar to the previous test,

we observe faster phase separation when using the implicit time integration scheme and

lower volume loss with the explicit time integration scheme and test case where particle

distancing force is used. Phase separation is observed in all the simulations except the stan-

dard MPM where the phases form a gradient from denser to lighter fluid from bottom to

top. Phase separation is observed with the implicit time integration scheme both with and

without the particle distancing by frame 240 whereas the explicit time integration scheme

of the phase-separating MPM shows phase separation by frame 480 with some mixing re-

maining at that frame. A coe�cient of 10 was used for the particle distancing force. When

running the implicit time integration scheme with a small time step size close to that of

the explicit time integration scheme, we observed similar results with both methods (See

Figure 4.6). However, the implicit time integration scheme without the particle distancing

force forms regions of high particle density as the fluids start to mix yielding non-physical

138



Figure 4.3: Rayleigh-Taylor test with denser fluid on top of a heavier fluid with a mixed region
in the middle at times t = 0, 5, 10, 20s from left to right using the baseline [6] method (top row),
standard MPM with implicit time integration (second row), phase-separating MPM with implicit
time integration (third row), phase-separating MPM with implicit phase separation and the particle
distancing force (fourth row).
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Figure 4.4: Rayleigh-Taylor test with implicit time integration scheme without the particle distancing
force (first row) and with the particle distancing force (second row) at times t = 0.8, 1.6, 2.4s.
Both form patterns of high particle density particle as the fluids start to mix creating non-physical
behavior.
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Figure 4.5: Rayleigh–Taylor instability test utilizing the implicit time integration scheme with a
particle distancing coe�cient of c = 50 at t = 1, 5, 20s. A distinct sand-like behavior is observed
during the settling phase; the fluid motion becomes less dynamic as the particle distancing potential
becomes the dominant contributor to the total potential of the system.
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Figure 4.6: Rayleigh-Taylor test with explicit time integration scheme (first row) and with implicit
time integration scheme with �t = 2.5⇥10�5 (second row) at times t = 0, 1, 2, 4, 8s. �t = 2.5⇥10�5

is the avergae time step size used in the explicit scheme for this specific test. Both schemes show
similar development when they use similar time step sizes.
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Figure 4.7: Rayleigh-Taylor test with implicit time integration scheme and Young’s modulus of
E = 105(first row) and Young’s modulus of E = 107(second row) at times t = 0, 2.5, 5, 10s. The test
with higher sti↵ness shows less volume loss.
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behavior(Figure 4.4). The same behavior is still observed if the coe↵cient of the particle

distancing force is smaller. Using a larger coe�cient for the particle distancing force, pre-

vents the lines from forming but creates sand like behavior once the fluids start settiling

and it prevents separation(Figure 4.5) This is because as the simulation starts settling, the

particle distancing potential becomes the dominant term in the total potential of the sys-

tems, preventing the particles to move passed each other. As a results particle movement

only happens when there is enough empty space in the vicinity of the particles resuling in

movements where particles slide next to each other instead of passing each other.

We compare the a↵ect of sti↵ness on volume loss in Figure 4.7. We observe slower volume

loss in the Rayleigh-Taylor test with higher sti↵ness. However, using higher sti↵ness, usually

requires more newton iterations to find the minimum of the potential function, resulting in

a slower run time. Figure 4.7 illustrates the e↵ect of sti↵ness on volume loss. We observe

a slower rate of volume loss in the Rayleigh-Taylor test when higher sti↵ness is applied.

However, increasing the sti↵ness typically requires more Newton iterations to minimize the

potential function, resulting in longer execution times.

4.4.4 Dam break test

We run two versions of the dam break test with a denser fluid above a lighter

fluid. In the first version, we have a denser fluid directly above a lighter fluid. In the second

version, we have a denser fluid above and shifted to the right of a lighter fluid. We use a

Young’s modulus of E = 1e4 to match the setup of Ayazi et al. [6]. The results are shown in
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Figure 4.8: Dam break test with lighter fluid on top of a heavier fluid at times t = 0, 5, 10, 20s from
left to right using the baseline [6] method (top row), standard MPM with implicit time integration
(second row), phase-separating MPM with implicit time integration (third row), phase-separating
MPM with implicit phase separation and the particle distancing force (fourth row).
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Figure 4.9: Dam break test with lighter fluid on top of a heavier fluid with an o↵set to the right
at times t = 0, 5, 10, 20s from left to right using the baseline [6] method (top row), standard MPM
with implicit time integration (second row), phase-separating MPM with implicit time integration
(third row), phase-separating MPM with implicit phase separation and the particle distancing force
(fourth row).
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Figure 4.10: Dam break test with lighter fluid on top of a heavier fluid with an o↵set to the right
at times t = 0, 10, 20, 40, 60s from left to right using the baseline [6] method without the particles
distancing force (top row), and with the particles distancing force (second row). The test case with
the particle distancing force maintains its volume compared to the test case without the particle
distancing force, which shows a loss of volume as the simulation progresses.
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Figure 4.8 and Figure 4.9. The results for both versions are consistent with the results of the

previous tests. The fluid motion is more dynamic in tests without the particle distancing

force and the volume loss is more severe as a result of both the larger interface between

the two fluids and the reduced sti↵ness. We also investigated the e↵ect of adding a particle

distancing force to the explicit multi-phase MPM. The results are shown in Figure 4.10.

The test was conducted using a Young’s modulus of E = 104 and a grid resolution of 1282,

running for an extended duration of 2,000 frames. As the simulation progresses, the baseline

explicit method begins to su↵er from volume loss, whereas the formulation run with the

particle distancing force successfully maintains its volume. By the end of the simulation,

the volumetric discrepancy between the two approaches is noticable.

4.4.5 Drop test

We run a 2D test where a drop of a lighter fluid is dropped into a pool of heav-

ier fluid. The results are shown in Figure 4.11. The phases mix and separate in all the

simulations except for the standard MPM, where some mixing persists throughout the sim-

ulation. Unlike previous tests, the least volume loss is observed with the implicit time

integration scheme with the particle distancing force. The explicit and implicit time inte-

gration schemes of the phase-separating MPM and the standard MPM show similar volume

loss. A coe�cient of 10 was used for the particle distancing force.
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Figure 4.11: a drop of lighter fluid fall into a pool of heavier fluid. Times t = 0, 5, 10, 20s from
left to right using the baseline [6] method (top row), standard MPM with implicit time integration
(second row), phase-separating MPM with implicit time integration (third row), phase-separating
MPM with implicit phase separation and the particle distancing force (fourth row).
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Figure 4.12: Computational e�ciency comparison demonstrating execution time per frame across
scaling mesh grid resolutions (162 to 5122) for implicit and explicit multi-phase formulations. All
simulations were run using 8 threads and for 10 frames with maximum �t of 2⇥ 10�3.

4.5 Conclusion and Limitations

In this chapter, we presented an implicit time integration scheme for the multi-

phase material point method (MPM) designed to enable significantly larger time steps. To

address the severe volume loss associated with this implicit scheme, we introduced a particle

distancing force that is designed to maintains a uniform distribution of particles. Further-

more, to ensure physical accuracy and prevent volume loss in the implicit formulation, we

derived a new deformation gradient update. This update guarantees consistency between

the particles’ kinematic movement, and the actual physical compression they undergo and

their deformation gradient. Our evaluation of the particle distancing force revealed a no-

table behavioral trade-o↵ highly dependent on the chosen penalty coe�cient. Applying

a su�ciently large coe�cient successfully prevents volume loss; however, by heavily pe-

nalizing localized particle concentrations, it restricts particles from easily flowing past one

another. Consequently, the fluid separates much more slowly and begins to exhibit cohesive,
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sand-like dynamics. Utilizing a smaller coe�cient allows the fluid to separate rapidly and

naturally, though it results in some initial volume loss before the fluid settles into a stable

state. We observed that when this particle distancing force is applied within an explicit

framework, the volume loss present in the explicit scheme is also mitigated. A primary

limitation of our proposed methodology is the substantial computational overhead intro-

duced by the particle distancing force. Specifically, computing the Hessian of the particle

distancing potential necessitates nine distinct state transfers between the particles and the

background grid. While our Newton solver maintains a consistent convergence rate in terms

of total iterations, the computational burden of these transfers makes each individual iter-

ation exceedingly long. As a result, the overall execution time of the implicit method with

the distancing force currently exceeds that of the standard explicit method. Future work

will focus on optimizing these transfers and exploring alternative Hessian approximations

to improve the computational e�ciency of the implicit framework.
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Chapter 5

Conclusion

The simulation of multiphase mixtures presents a significant challenge in com-

putational physics, requiring numerical frameworks that can accurately resolve complex

interfacial interactions and diverse separation mechanisms. The primary objective of this

thesis was to develop robust, accurate, and e�cient numerical methods to simulate multi-

phase fluid dynamics, addressing both chemical potential-driven and buoyancy-driven phase

separation.

To achieve this, we addressed the mathematical and computational limitations of

existing frameworks across three core contributions:

Conservative Discretization of the CHNS Equations (Chapter 2): We presented a

novel, simplified discretization of the coupled Cahn-Hilliard-Navier-Stokes (CHNS) system

to model phase separation in binary mixtures. Our approach ensures the strict conservation

of both mass and momentum while maintaining consistency between the two. We demon-
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strated that this method achieves second-order accuracy and is significantly simpler to solve

computationally than traditional CHNS solvers.

Multi-Phase Material Point Method (Chapter 3): We addressed the inherent

limitations of the standard Material Point Method (MPM) in simulating macroscopic,

buoyancy-driven separation in immiscible fluids. Specifically, we solved the “sticking” ar-

tifact caused by the shared background grid, which artificially forces nearby particles of

di↵ering phases to move together. By introducing a scheme that updates particle velocities

based on their distinct phase identities, we successfully simulated the natural separation of

fluids in scenarios with fluids with di↵erent densities and in presence of gravity.

Implicit Time Integration for Multi-Phase MPM (Chapter 4): To improve the

stability and computational e�ciency of our multi-phase MPM framework, we developed

an implicit time integration scheme. We show that the explicit multi-phase scheme allows

the state of the system to be solved as an energy minimization problem. This implicit

formulation permits the use of larger time steps, ensuring robust and e�cient simulations

for complex multiphase flows. We also introduced a particle distancing force to maintain

a uniform distribution of particles and prevent volume loss. We have observed significant

volume loss when simulating multi-phase simulations using the implicit scheme. We also

discussed the potential causes and mitigation strategies for this issue.

In summary, the methods developed in this thesis provide a more accurate, stable,

and computationally e�cient toolkit for simulating multiphase mixtures. By overcoming

the numerical constraints of traditional phase-field and particle-based methods, these ad-
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vancements improve our ability to model both the microscopic thermodynamics of binary

fluids and the macroscopic dynamics of immiscible fluid separation.
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