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necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California. :
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;&* 3f On The Liquid’Filvaemaining in a
iﬁg'f# :"-Draining Circular Cylindrical Vessel"
¥ : 37Paul:Concusf
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QJ? It is .of: interest to have a theoretical estimate for the thickness
jf '?;-of the film that remains on the wall of a right circular cylindrical
%i ﬁ; vessel as,it is being drained of a wetting 1iquid. vSuch an estimate,
jaﬁiifawhich.includes the effects ofbsurface tensionvand riscosity, has been
:Ea;}'ﬁ given by Levichl for the case where the contact angle is zero and the
2?5'3i‘static meniscus away from the wall becomes essentially 8 horizontal plane.
v#i. LsIn this.notevwe describe how, with the aid of recently published graphse,'
._éll n.Lefich's technique can he extended to obtain estimates for the ceses where
%i”fxthe'Static-meniscus araj from'the wall may be curved,‘such as in a vessel
:ff-mﬁ.of small radius or in a reduced gravitational field. |
“i't_gf_ " The analysis presented for the flat plate film behavior on p. 678,_
{%f.ji‘679, and the tOp half of p. 680 of Ref. (1) carries over unchanged for our
'Ehﬁfygproblem' (The assumption that the film thickness be. small compared with
"‘the radius of the vessel is, of course, ‘needed. ) The resulting expression '
- > tconstant) -
e ;?‘for the asymptotic film thickness, h 02 for a withdrawal velocity that is
d vf'l’.:not too large can be written as
{ : . o -
= 1.34 (uﬁb/a)2/3/x . ~ B tY
:l - where u’;is the>liquid riscosity, Vo' is the bulk velocity of.the fluid;

£ o is the surface tension, and « 1is the curvature at the wall of a meridian
v i of the static meniscus. (The coefficient 1.3% in Eq. (1) was calculated

using avcomputed'valuerofv 0.643 for o, the asymptotic dimensionless film




c'urvature, ‘rather than the less accurate value of 0.63 given in Eq.(133.24)

of Ref. (1) )

<

The appropriate va.lue of x to insert into Eq. (l) for any cylinder
radius’ and gravitational field can be found - from Ref. (2) From Eq. (1)
of Ref (2) one obtains that for a perfectly wetting liquid (zero-degree .

contact angle)
x = ;(Bf + A =1) ,

.‘W’here a8 is the radius of the vessel, and B = pgae/a- is the Bond number
(s. diinension.less ps.rameter) where p is the liquid density and g is the

gravitational acceleratlon, the values of f_, the dimensionless meniscus

r=1 twice, '
“"‘Dﬁelgﬁ"',‘(ﬁn )/ the dimensionless mean curvature at the meniscus center, (r=0),
Las a function of B) for zero contact angles

can be read directlyAfrom the. graphshin figures 2 and 5 of Ref. (2), (see Figure 1).

Limiting values for K ‘a.nd .ho for very la.rge B (essentially horiz-
ontal meniscus away from the wall) and very small B (essentially hemi-
spheri_cal‘.menis'eus)' can be obtained using the asymptotic expressions for -
fw'and.vk given in Ref. (2). For very large B, Eqs. (15a), (18), and (23)

of Ref. (2) yield o , . - ST

. o h 0.95 | (Hv )2/3 ' | =
so that . = 0,95 — ’
| | (Pg )1/2 1/6




§3f7f{ whlch is the same as the expression given by Eq. (133 26) of Ref. (1)

}{, (after the value of o is corrected) For very’small B, Eq. (9) of

N .EEL""'Ref (2) yields : ]
, IR :
TR
.mgv i e a
! ,i‘-i“s_'df}tfhat ho ~ 1;31{& (uv_/m)2/3
3E‘for thls case. Note that for large B the film thickness is independent dev” i;
-; %j of the vessel radius and, as noted on p. 681 of Ref. (1), is ‘only weakly |
lj‘ i dependent ;:esurface tensibn. For small B, on the other hand, h_ = 1is
fil'ﬂj proportional to the vessel radius and depends more strongly on the surface
fg b tension._'”"' _ _ |
- This note 1s an outgrowth of a discussion with G. D. Bizzell, . B 52
igf‘}f drane, and H. M. Satterlee in which the author was made aware of the
fgfﬁmﬁ problem and the pertinent contents of Ref. (1). The work was Performed in
'iﬁl ? part under contract NAS 3- 11526 of Loekheed Research Laboratory with NASA e
‘;V} ;ﬂ Lewis Research Center end in part under the auspices of the U.S Atomic
vﬁg"?f Energy Commission.‘ R - ' R Lok
. , I .
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Figure Ception

.

Figure 1. Static meniscus meridian.
The variables r and f , which are the ones used in Ref. (2), =

 are dimensiqq;ess. The redius of the cylinder is a . The quantity

Kk denotes the meridian'svcurvature'at 'r'= i',féﬁd“ A/2a ts

curvature at r =0 . o . N
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LEGAL NOTICE

This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or

B. Assumes any liabilities with respect to the use of, or for damages
resulting from the use of any information, apparatus, method, or
process disclosed in this report.

As used in the above, "person acting on behalf of the Commission”
includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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