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On The Liquid Film Remaining in a 

Draining Circular Cylindrical Vessel 

by 

",Paul, Concus , 

reVised: 
,October 1969 
December 1969 

, 'It isof'interest to liave a theoretical estimate for the thickness 

static meniscusaway,from the wall becomes essentially a horizontal plane. 

'( I' In this note we describe how, with the aid of recently published graphs2 , 
, 

"; Levich' s technique can be extended to obtain estimates for the cases where 
" 

I, 

~l, 
, t.'i:~ " I • 

the' static meniscus away from the wall may be curved, such as in a vessel 
',' . J. • ; ,,' '~! 

,Ii'" " of small radius or' in a reduced gravitational field. 
I'.~ ,I, 

1,:,' ' j,:, The anaiysi,s presented for the flat plate film behavior on p.678, 

,;.:; 679, and the top half of p.680 of Ref. (1) carries over unchan:ged for~ur ' 

problem. (The assumption that the film thickness be small compared with 

the radius of the vessel is, of course, needed.) The resulting expression 
l£onstan.!J " 

,.for theA"8.symptotic film thickness, ho' fora withdrawal velocity that is 

not too large can be wrltte11- as 

'I" 

t;," 'I, 

,I WhtH'e jJ. is the liquid viscosity, v 0 is the bulk velocity of the fluid, 

" " ,', (T is the surface tension, and K is the curvature at the wall of a meridian 

~I of the static meniscus. (The ,~oefficient 1.34 in Eq~ (1) was calculated 

using a computed value of 0.643 for Q, the asymptotic dimensionless film 
"I 
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curvature, rather than the less accurate value of 0.63 given in Eq.(133.24) 

of Ref. ' (ll'. ) \\ 

The appropriate value of Ie to insert into Eq. (1) for any cylinder ~ 
radius and gravitational field can be found from Ref. (2) • From Eq. (1) 

, . " 

of Ref. (2) one obtains that for a perfectly wetting liquid (zero-degree 

contact angle) 

, 1 " 
Ie = -(Bf. + ~ - 1) a W 

, 

where a is the radius of the vessel, and B = P ga2/er is the Bond number 

(a dimensionless paramete~) where p is the liquid density and g is, the 

gravitational acceleration; the values of' f'w' the dimensionless meniscus 
"at t~ __ w.all (r=l.u ~!&eJ ' , " 

eigli~d A. ,Athe dimensionless mean curvature at the meniscus center, (r=O) , 
, l as a function of IV ~o contact angl~ 

can be read directlY,hf'rom the. graphsAin f'igures 2 and 5 of'Ref'. (2), (see Figure 1). 

Limiting values f'or leandh" f'or very large B (essentially hQriz-
o , 

ontal meniscus away from the wall) and very small B (essentially hemi-

spherical meniscus) can be obtained using the asymptotic expreSSions for 

f'w and A. given in Ref. (2). 

of Ref. (2) yield 

For very large B, Eqs. (15a), (18), and (23) 
. ~ .. ~.- _.. . 

" 

so that 
(~v )2/3 

h .... 0.95 0 
o (pg)1/2 fTI/6 
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" which is the same as the expression given by Eq. (133.26) of Ref. (1) 

'I:,' • ':'(after the value of ex is corrected). For very small B , Eq. (9) of 
" '" 

Re:f\(2) yields 
( 

.. 
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'so "that 

Note that for large B the film thickness is independent ,~(,I:,: ,r: for this case. 

·:IV·;:.t,~ ';()fthe vessel radius and, as noted on p.68l of Ref. (1), is only weakly 
",J I;' ~/' 

.~:':' :, '·.dependent ,onAsurface tensiOn. For small B, on the other hand, ho is 
. ~:'. '\1,". '. 

"~i, . j,;, . proportional to .the vessel radius and depends more strongly on the surface 
I~ ~ ":' : 

'}i;" '. ,J ': . tension. 
<.". ." 

. "~ ": ~ ;.1:" , '. i 

" . 'ii' . ';. ',' Thisnotet's an outgrowth of a discussion with G. D. Bizzell, G. E. 
,k:: 
'j;> ,i:'Cr"8.n:e, and H.M. Satterlee in which the author was made aware of the .,' .. '. . . 

.. j., • i', ., 

::t "''';, problem and the pertinent contents of Ref. (1). The work was performed in 
)' ", .",l. :.r I . part under contract NAS' 3-1l526 of 'Lockheed Re,searchLaboratory with NASA'-

,:: LeWis Resea:rch. center and in part under the auspices of the U.S. Atomic 
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Figure Caption 

Figure 1. ... Static meniscus meridian. 

The variables r and f, which are the ones used in Ref. (2), 

are dimensionless. The radius of the cylinder is a. The quantity 

/( denotes the meridian's curvature at r = 1 , and )'/2a1 ts ...... 
'~ .... , 

curvature at r = 0 • '< .. 
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LEGAL NOTICE 

This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

A. Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa­
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in­
fringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro­
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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