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Low-density parity-check (LDPC) codes have made it possible to communicate at in-

formation rates very close to the Shannon capacity by combining sparsity with quasi-randomness,

which enables the use of low-complexity iterative message-passing (IMP) decoders. So far, most

systematic studies of IMP decoders have focused on evaluating the average performance of ran-

dom ensembles of LDPC codes with infinite length. However, the statistical nature of IMP

algorithms does not seem very suitable for rigorous analysis the decoding of individual finite-

length codes. The need for finite-length studies are most critical in applications such as data

storage, where the required decoding error rate is too low tobe verifiable by simulation.

As an alternative to IMP algorithms, linear programming (LP) decoding is based on

relaxing the optimal decoding into a linear optimization. The geometric nature of this approach

makes it more amenable to deterministic finite-length analysis than IMP decoding. On the other

hand, LP decoding is computationally more complex than IMP decoding, due to both the large

number of constraints in the relaxed problem, and the inefficiency of using general-purpose LP

solvers.

In this dissertation, we study several aspects of LP decoding, starting by some steps

toward reducing its complexity. We introduce an adaptive implementation of LP decoding, where

the relaxed problem is replaced by a sequence of subproblemsof much smaller size, resulting

in a complexity reduction by orders of magnitude. This is followed by a sparse implementation

of an interior-point LP solver which exploits the structureof the decoding problem. We further

propose a cutting-plane approach to improve the error-correcting capability of LP decoding.
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Along the way, several properties are proved for LP decodingand its proposed variations.

We continue by investigating the application of an optimization-based approach to

decoding linear codes in the presence of intersymbol interference (ISI). By relaxing the optimal

detection problem into a linear program, we derive a new graphical representation for the ISI

channel, which can be used for combined equalization and decoding by LP or IMP decoders.

Finally, in a separate piece of work, we study the effect of nonlinearities on the mul-

tiuser capacity of optical fibers.
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Chapter 1

Introduction

1.1 Background

1.1.1 Coding Theory

Noise, generally defined as a source of unreliability in thechannel, is a characteristic

of all real-world communication systems. In communicationof digital data, noise can cause

some of the data bits to be flipped from one to zero, or vice versa, which can have undesirable

consequences, such as a reduction in the sound quality of a CDrecording, or more severely, an

error in the amount deposited into a bank account. Hence, alldigital communication systems

need to apply some technique to mitigate the effect of noise.

A straightforward approach to cope with noise could be to transmit (or store) the data

with larger amplitude. However, there is often a limitationin the power supply of the transmitter,

and besides, increasing the transmission power may introduce additional unwanted effects, in-

cluding interference and nonlinearity, into the system. Analternative approach is to usechannel

coding, i.e., to introduceredundancyinto the stream of digital data, so that if errors occur in

some parts of the data, these parts can be recovered from the rest. By introducing redundancy,

we essentially sacrifice the bandwidth in order to avoid increasing the transmission power.

Since its early days, one of the main topics of information theory has been to develop

methods to reliably communicate information through a noisy channel by an efficient use of

the resources, such as power and bandwidth. In his seminal paper [1], Shannon defined the

quantitative notions ofinformation and channel capacity, and showed that the rate at which

information can be reliably communicated using channel coding is limited by the capacity of the

channel, and this limit is indeed achievable.
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Figure 1.1: The schematic diagram of a noisy communication system.

Fig. 1.1 illustrates a noisy communication system employing channel coding. The

encoder gets a stream ofk (raw) information bits, and generates acodewordof n coded symbols

to be transmitted. In other word, the encoding process is a mapping fromk bits ton symbols.

Here, thecode rate, R, which is defined as the number of bits transmitted per channel use, is

equal tok
n . The encoder received the stream ofn noisy symbols, and tries to recover the original

information bits. Shannon’s channel coding theorem indicates that, for any code rate,R, which

is smaller than the channel capacity,C, we can find a code (or, equivalently, an encoder) of

rateR along with a decoder which fails to recover the information bits with an arbitrarily small

probability. Conversely, ifR > C, the probability of decoding failure is bounded away from

zero for any choice of rate-R encoder and decoder.

Coding theory deals with the problem of designing good encoders, as well as practical

decoders, that allow a low probability of error at the highest possible rates. Shannon proved

that using a random mapping of increasing length as an encoder is asymptotically good enough,

with high probability, to achieve the capacity. However, the decoder needed for a randomly

generated code is not feasible, since its complexity will bean exponential function of the code

length. Elias [2] took another step, and showed that we can still achieve the capacity, even if we

restrict the choice of the random code to the class oflinear codes, which is the family of codes

for which the set of codewords form a linear vector subspace.These codes can be efficiently

encoded by multiplying the vector of information bits by agenerator matrix, but, unfortunately,

their decoder is still generally infeasible, due to the lackof sufficient structure.

For a long period of time, the focus of coding theory had been on designing linear

codes with extensive algebraic structure that enable polynomial-time decoding. Some of the

most successful examples of these codes areReed-Solomoncodes and the class ofconvolutional
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codes. However, achieving a low-complexity decoding was atthe expense of a large gap between

the code rate and the channel capacity.

The discovery of Turbo codes in 1993 [3], which substantially decreased the gap to the

capacity, started a new paradigm in the design of codes. Thiswas followed by the rediscovery

of low-density parity-check (LDPC) and graph-based codes,which were originally introduced

by Gallager in the 1960’s [4] and include Turbo codes as a subclass, demonstrating that they can

practically achieve the channel capacity [5], [6] using low-complexity suboptimal decoders. The

key to the success of Turbo and LDPC codes is that they both combine randomness and large

code length, which were the main ingredients in proving the achievability of the capacity, with

sparsity and combinatorial structure, which enables low-complexity iterative decoding of long

codes. Since then, much of the focus of coding theory has beenon the design, decoding, and

analysis of graph-based codes.

1.1.2 Graph-Based Codes

Any linear code can be described as the null space of aparity-check matrix, in a finite

field. In other words, a code can be defined as the set of all vectors that satisfy a set of finite-field

linear constraints, called theparity-check constraints. The parity-check matrix is not unique, and

any code has several equivalent parity-check representations.

Once a noisy version of the transmitted codeword is recievedat the destination, an

optimal decoder tries, in rough terms, to find a vector that most resembles the received vector,

among all the valid codewords; i.e., those which satisfy allthe parity-check constraints. For

an arbitrary linear code, finding this vector is NP-hard. In his proposal of LDPC codes [4],

Gallager’s idea was that, if the parity-check constraints are sparse, i.e., each involve only a few

entries of the codeword, one can start from the observed vector, and modify it to satisfy the

parity-check constraints iteratively. In a graphical representation of the parity-check constraints,

this is done by exchangingmessagesbetween the nodes, until all or the most possible number

of constraints are satisfied. This idea lead to the more recent development of a variety ofiter-

ative message-passing(IMP) algorithms for decoding, including the sum-product and min-sum

algorithms [7]. These algorithms are closely related to theiterative algorithms used in machine

learning for inference on graphical models.

The behavior of the error probability of LDPC codes as a function of the signal to

noise ratio (SNR) typically consists of three important regions: At SNR values below a certain
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threshold, the word error rate (WER) is close to 1. As the SNR passes the threshold, we enter the

waterfall region, where WER starts to fall with a sharp slope. As the SNRcontinues to increase,

at some point, there is often an abrupt decrease in the slope of the WER, where we enter the third

region, known as theerror floor region.

To date, no systematic technique has been found for the analytical performance study

of IMP decoding on a code with a given parity-check matrix. Instead, most of the rigorous

results in the literature are probabilistic and asymptoticin nature, in the sense that they study

the average performance of arandom ensembleof infinite-lengthcodes. The notable schemes

in this category include the method ofdensity evolution, introduced by Richardson and Urbanke

[8], and the EXIT charts, introduced by ten Brink [9]. There has been some extentions of these

techniques to finite-length ensembles, some of which can indeed predict the average behavior in

the waterfall region of the error probability with acceptable accuracy, especially for the binary

erasure channel (BEC) [10], [11], [12].

Certain applications, such as data storage systems, require word error probabilities as

low as10−15, which often occur in the error floor region. Unfortunately,it takes a prohibitively

large amount of time to verify such low error rates via computer simulation. Hence, it is of great

interest to develop theoretical methods in order to guarantee that such error rates are indeed

achievable. There have been many attempts to derive bounds on the error floor of the IMP

decoders, and various concepts have been introduced to describe their error events, including

stopping sets [10] for the BEC, as well as near-codewords [13], trapping sets [14], and absorbing

sets [15] for general channels. However, except for the stopping sets, which are well-defined

combinatorial structures explaining the performance in the BEC, the other notions are ad-hoc

in nature and do not lead to a systematic and theoretically-convincing theory that predicts the

error-floor behavior of IMP algorithms.

Linear programming (LP) decoding was proposed by Feldman etal. [16] as an alterna-

tive to IMP decoding for LDPC and turbo-like codes. LP decoding approximates the maximum-

likelihood (ML) decoding problem by a linear optimization problem by relaxing each of the

finite-field parity-check constraints of the ML decoding into a number of linear constraints. Due

to its geometric structure, LP decoding seems to be more amenable than IMP decoding to finite-

length analysis. In particular, the finite-length behaviorof LP decoding can be completely char-

acterized in terms of thepseudocodewords, which are the vertices of the feasible space of the

corresponding linear program. While the performance of LP decoding in its original form is very
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similar to that of IMP decoding algorithms, there are various ways to improve its performance at

the expense of additional complexity [17], [18], [19]. Thisis enabled by theML certificate prop-

erty of LP decoding, which guarantees that the failure of LP decoding to find the ML solution is

detectable.

The main disadvantage of LP decoding is its higher complexity compared to IMP de-

coding. This is due to both the large size of the relaxed LP problem, and the inefficiency of using

general-purpose LP solvers. In order to make linear programming (LP) decoding feasible for

practical purposes, it is necessary to find efficient implementations that make its time complex-

ity comparable to that of the message-passing algorithms. Various methods have been proposed

in order to address this problem by adaptive implementation[17], alternative LP formulation

[20], [21], interior-point implementation [22], [23], andapproximation of linear programming

by message passing methods [24], [25]. A major part of this dissertation is dedicated to finding

an efficient implementation of LP decoding.

1.2 Dissertation Overview

Chapter 2 serves as an introduction to LP decoding. After an overview of past results in

the literature on LP decoding, some definitions and notations are introduced on codes, decoding,

and linear programming. Then, we review the LP relaxation ofthe ML decoding problem, which

leads to the LP decoding formulation of Feldmanet al.

As we mentioned earlier, one of the main drawbacks of LP decoding in its original

implementation is its considerably higher complexity compared to IMP decoding. In Chapters 3

and 4, we present techniques that can substantially reduce the implementation complexity of LP

decoding.

In the original formulation of LP decoding, the number of constraints grows rapidly

with the density of the parity-check matrix. As a solution tothis problem, we introduce the

adaptive LP decodingalgorithm in Chapter 3. In this method, instead of solving the rather

large relaxed LP, we solve a sequence of smaller LP problems,by starting with some trivial

constraints, and adaptively adding new constraints to the problem. We demonstrate that, using

this technique, the solution to LP decoding can be found by solving a few LP problems that each

contains a very small fraction of the original constraints,resulting in the reduction of the overall

decoding time by orders of magnitude. In particular, we prove that, by carefully selecting the

constraints in adaptive LP decoding, the size of each LP problem becomes independent of the
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code density.

In Chapter 4, we make some steps toward designing an efficientLP solver by taking

advantage of the structure inherent in the decoding problem. The LP solver we propose is based

on a sparse implementation of the interior-point method, which is proven to converge in a num-

ber of iterations that grows sub-logarithmically with the code length. The complexity of each

iteration of the interior-point method is dominated by the calculation of the Newton step, which

is obtained by solving an (often ill-conditioned) system oflinear equations. We show that, for the

LP subproblems in adaptive LP decoding, these systems of linear equations have a structure that

can be exploited in order to solve them by a low-complexity iterative technique. Specifically, we

propose a preconditioning technique, derived based on the properties of the decoding problem,

that significantly improves the conditioning of these systems.

In Chapter 5, motivated by the ML certificate property, we propose a cutting-plane

method to improve the performance of LP decoding. In this technique, once (adaptive) LP

decoding fails to find the ML codeword, we iteratively add newconstraints to the LP that tighten

the relaxation. This will be continuted until the ML codeword is found, or we cannot find any

new useful constraint. The constraints that we use to tighten the relaxation in this chapter are

obtained by the relaxation of redundant parity checks, obtained by combining a number of rows

of the parity-check matrix. We propose a randomized algorithm to search for such constraints,

and demonstrate the significant gain of using this techniquevia computer simulations.

While the communication channel is assumed to be memorylessin the previous chap-

ters, in Chapter 6, we turn the focus to intersymbol interference (ISI) channels, and study the

problem of combined equalization and decoding. We start by relaxing the ML detection in the

presence of ISI, and derive a new graphical representation for the ISI channel that can be used

for detection, with or without coding, using both IMP and LP decoding. We classify the ISI

channels into different categories, based on how the proposed technique performs in these chan-

nels in the absence of coding. We show that, for a certain class of channels and in the absence of

coding, the proposed technique provides the exact ML solution with a polynomial complexity in

the size of channel memory, while for some other channels, this method has a non-diminishing

probability of failure as SNR increases.

Chapter 7 is a self-contained study of the effect of nonlinearity on the multiuser capac-

ity of optical fibers. Previous results suggest that the crosstalk produced by the fiber nonlinearity

in a wavelength-division multiplexing system imposes a severe limit to the capacity of optical
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fiber channels, since the interference power increases faster than the signal power, which limits

the maximum achievable signal-to-interference-plus-noise ratio (SINR). We study this problem

in the weakly nonlinear regime as a multiple-access channel, and show that by optimally using

the information from all the channels for detection, the change in the capacity region due to

the nonlinear effect is minimal. On the other hand, if the receiver only uses the output of one

wavelength-channel, the capacity is significantly reduceddue to the nonlinearity, and saturates

as the interference power becomes comparable to the noise, as shown in earlier studies.
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Chapter 2

Introduction to Linear Programming

Decoding

2.1 Introduction

Low-density parity-check (LDPC) codes [1] are becoming oneof the dominant means

of error-control coding in the transmission and storage of digital information. By combining

randomness and sparsity, LDPC codes with large block lengths can correct errors using iterative

message-passing (IMP) algorithms at coding rates that are closer to the capacity than any other

class of practical codes [2]. While the performance of IMP decoders for the asymptotic case

of infinite lengths is well-studied using probabilistic methods such as density evolution [3], the

finite-length behavior of these algorithms, especially their error floors, are still not well charac-

terized.

Linear programming (LP) decoding was proposed by Feldman etal. [4] as an alterna-

tive to IMP decoding of LDPC and turbo-like codes. LP decoding approximates the maximum-

likelihood (ML) decoding problem by a linear optimization problem via relaxing each of the

finite-field parity-check constraints of the ML decoding into a number of linear constraints.

Many observations suggest similarities between the performance of LP and iterative message-

passing decoding methods [4], [5], [6]. In fact, the sum-product message-passing algorithm can

be interpreted as a minimization of a nonlinear function, known as Bethe free energy, over the

same feasible region as LP decoding [7], [8].

On the other hand, there are differences between these two decoding approaches. For

9
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instance, given an LDPC code, we know that adding redundant parity checks that are satisfied by

all the codewords can not degrade the performance of LP decoding, while with message-passing

algorithms, these parity checks may have a negative effect by introducing short cycles in the

corresponding Tanner graph. This property of LP decoding allows performance improvement by

using techniques based on tightening the relaxation, two examples of which are studied in [4].

Due to its geometric structure, LP decoding seems to be more amenable than IMP

decoding to finite-length analysis. In particular, the finite-length bahavior of LP decoding can

be completely characterized in terms of pseudocodewords, which are the vertices of the feasible

space of the corresponding linear program. Another characteristic of LP decoding – theML

certificate property– is that its failure to find an ML codeword is always detectable. More

specifically, the decoder always gives either an ML codewordor a nonintegral pseudocodeword

as the solution. On the other hand, the main disadvantage of LP decoding is its higher complexity

compared to IMP decoding.

In the next three chapters, we study various ideas for improving the complexity and

performance of LP decoding, by taking advantage of the properties of this decoder.

The rest of this chapter is organized as follows. In Section 2.2, we introduce some def-

initions, notations, and a brief background on linear codes, decoding, channel models, and linear

programming. In Section 2.3 we review the linear programming decoding scheme proposed in

[4].

2.2 Preliminaries

Throughout the dissertation, we denote scalars and column vectors by lower-case let-

ters (a), matrices by upper-case letters (A), and sets by calligraphic upper-case letters (A). We

write the ith element of a vectora and the(i, j)th element of a matrixA asai andAi,j, re-

spectively. The cardinality (size) of a finite setA is shown by|A|. The support set (or briefly,

support) of a vectora of lengthn is the set of locationsi = {1, . . . , n} such thatai 6= 0. Sim-

ilarly, the fractional support of a vectora ∈ R
n is the set of locationsi = {1, . . . , n} such that

ai /∈ Z.
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Figure 2.1: A Tanner graph of the (7,4,3) Hamming code.

2.2.1 Linear Codes on Graphs

A binary linear codeC of block lengthn is a subspace of{0, 1}n. This supspace

can be defined as the null space (kernel) of a parity-check matrix H ∈ {0, 1}m×n in modulo-2

arithmetic. In other words,

C =
{

u ∈ {0, 1}n
∣

∣Hx = 0 mod 2
}

. (2.1)

Hence, each row ofH corresponds to a binary parity-check constraint. The design rate of this

code is defined asR = 1 − m
n . Unless otherwise stated, we henceforth assume thatH has full

row rank (mod 2), in which case the design rate is the same as the rate of the code.

Given them× n parity-check matrix,H, the code can also be described by a Tanner

graph. The Tanner graphT is a bipartite graph containingn variable nodes(corresponding

to the columns ofH) andm check nodes(corresponding to the rows ofH). We denote by

I = {1, . . . , n} the set of (indices of) variable nodes, and byJ = {1, . . . ,m} the set of (indices

of) check nodes. Variable nodei is connected to check nodej via an edge in the Tanner graph if

Hj,i = 1. As a toy example, the Tanner graph corresponding to the parity-check matrix

H =









1 1 0 1 1 0 0

0 1 1 1 0 1 0

0 0 0 1 1 1 1









corresponding to the(7, 4, 3) Hamming code withn = 7 andm = 3 is shown in Fig. 2.1.

The neighborhoodN (j) of a check (variable) nodej is the set of variable (check)

nodes it is directly connected to via an edge, i.e., the support set of thejth row (column) of

H. The degreedj of a nodej, where the type of the node will be clear from the context, is
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the cardinality of its neighborhood. LetS ⊆ I be a subset of the variable nodes. We callS a

stopping setif there is no check node in the graph that has exactly one neighbor inS. Stopping

sets characterize the termination of a belief propagation erasure decoder [9].

Each code can be equivalently represented by many differentparity-check matrices and

Tanner graphs. However, it is important to note that the performance of suboptimal decoders,

such as message-passing or LP decoding, may depend on the particular choice ofH andT .

A low-density parity-check (LDPC) code is a linear code which has at least one sparse Tanner

graph representation, where the average variable node and check node degrees do not grow with

n orm.

2.2.2 Channel Model and Decoding

In this dissertation, unless otherwise stated, we confine our study to binary trans-

missions. For convenience, we assume that the transmitter modulates the binary codeword

u ∈ {0, 1}n into the transmitted codewordy ∈ {1,−1}n such thatyi = 1 if ui = 0, and

yi = −1 if ui = 1.

A probabilistic discrete-time communication channel can described by a conditional

probability functionP (r|y) between the transmitted vector,y = [y1, . . . , yn]T , and the received

vector,r = [r1, . . . , rn]T . Depending on whether the channel input and output have a discrete

or continuous domains, this function can be a probability mass function (pmf) or a probability

distribution function (pdf). The channel ismemorylessif

P (r|y) =

n
∏

i=1

p(ri|yi).

In addition, a channel isoutput-symmetricif

p(ri = a|yi = 1) = p(ri = −a|yi = −1) ∀i.

In the present and the following two chapters, we are mostly concerned about communication

throughmemoryless binary-input output-symmetric(MBIOS) channels.

Three of the most widely studied examples of MBIOS channels are the binary erasure

channel (BEC), the binary symmetric channel (BSC), and the additive white Gaussian noise

(AWGN) channel. These three channels are illustrated in Fig. 2.2. In particular, an AWGN

channel with noise varianceσ2 is described by the conditional pdf

p(ri|yi) =
1√

2πσ2
e−

(ri−yi)
2

2σ2 .
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Figure 2.2: A schematic illustration of the BEC, the BSC, andthe AWGN channel.

The decoder calculates a vectorû from the recieved vectorr, as an estimate of the

transmitted codeword. The word error probability (WER) of the system will then be given by

Pr[x 6= x̂].

2.2.3 Linear Programming

A linear program (LP)1 of dimensionn andm constraints is an optimization prob-

lem with a linear objective function and a feasible set (space) described bym linear constraints

(inequalities or equations) in terms ofn real-valued variables. These constraints are often ac-

companied by a number of single-variable inequalities determining the range of variation of each

variable.

Every linear programs can be written in both the “standard” form

minimize cTx

subject to Ax ≤ b,
x ≥ 0,

(2.2)

1Throughout this dissertation, we abreviate the terms “linear program” and “linear programming” both as “LP”.
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and the “augmented” form

minimize c̃T x̃

subject to Ãx̃ = b̃,

x̃ ≥ 0.

(2.3)

One can easily convert a standard-form LP into an augmented-form LP, or vice versa. To go

from the (2.3) to (2.2), we can set

A =





Ã

−Ã



 , and b =





b̃

−b̃



 ,

in (2.2), while usingx = x̃ andb = b̃. On the other hand, to convert them inequality constraints

of (2.2) into the equality form of (2.3), we can use

x̃ =





x

xs



 , c̃ =





c

0m×1



 , and Ã =
[

A Im×m

]

,

and keep̃b = b, where0 andI respectively denote an identity matrix and an all-zeroes vector.

Each linear inequality in the standard form of an LP defines ann-dimensional hyper-

plane. If the solution to an LP is bounded and unique, then it is at a vertexv of the feasible space,

on the intersection of at leastn such hyperplanes. Conversely, for any vertexv of the feasible

space of an LP, there exists a choice of the coefficients of theobjective function such thatv is

the unique solution to the LP.

An LP can be solved with a polynomial complexity, in terms ofn andm. The most

common algorithms for solving LPs are thesimplexand theinterior-point methods. We study

the interior-point methods in Chapter 4. For more detail on LPs and how to solve them, the

reader is referred to the textbooks on convex or linear optimization, e.g., [10].

2.3 Linear Programming Decoding

2.3.1 Maximum-Likelihood Decoding as an Optimization Problem

Given a binary linear codeC of lengthn, suppose that a codewordv ∈ C is commu-

nicated through an MBIOS channel. In order to minimize the WER given the received vector

r ∈ R
n, the maximum-likelihood(ML) decoder finds the codeworduML that maximizes the
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likelihood of observingr, i.e.,

uML = arg max
u∈C

Pr[r|u].

By expanding this expression, we obtain

uML = argmax
u∈C

∏

i

p(ri|ui) = argmax
u∈C

∑

i

log p(ri|ui)

= argmax
u∈C

∑

i

log p(ri|ui = 1)ui + log p(ri|ui = 0)(1 − ui)

= argmax
u∈C

∑

i

−ui log
p(ri|ui = 0)

p(ri|ui = 1)
+ log p(ri|ui = 0)

= argmin
u∈C

∑

i

uiγi,

where for the first equality we used the assumption that the channel is memoryless, and the third

inequality is due to the fact that the code is binary. Hence, ML decoding can be rewritten as the

equivalent optimization problem

ML Decoding
minimize γTu

subject to u ∈ C,
(2.4)

whereγ is the vector of log-likelihood ratios (LLR) defined as

γi = log

(

Pr(ri|ui = 0)

Pr(ri|ui = 1)

)

. (2.5)

The ML decoding problem (2.4) is an optimization with a linear objective function

in the real domain, but with constraints that are nonlinear in the real space (although, linear in

modulo-2 arithmetic). It is desirable to replace these constraints by a number of linear con-

straints, such that decoding can be performed using linear programming. The feasible space of

the desired LP would be the convex hull of all the codewords inC, which is calledthe code-

word polytope. Since a global minimum occurs at one of the vertices of the polytope, using this

feasible space makes the set of potential (unique) solutions to the LP identical to the set of code-

words inC. Unfortunately, the number of constraints needed for this LP representation grows

exponentially with the code length, therefore making this approach impractical.

2.3.2 LP Relaxation of ML Decoding

As an approximation to ML decoding, Feldmanet al. proposed a relaxed version

of this problem in [4] by first considering the convex hull of the local codewords defined by
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each row of the parity-check matrix, and then intersecting them to obtain what is known as the

fundamental polytope[6], P.

To describe the (projected) fundamental polytope, linear constraints are derived from

a parity-check matrix as follows. For each rowj = 1, . . . ,m of the parity-check matrix, i.e.,

each check node, the LP formulation includes the constraints

∑

i∈V

ui −
∑

i∈N (j)\V

ui ≤ |V| − 1, ∀ V ⊆ N (j) s. t.|V| is odd, (2.6)

which can be written in the equivalent form

∑

i∈V

(1− ui) +
∑

i∈N (j)\V

ui ≥ 1, ∀ V ⊆ N (j) s. t. |V| is odd. (2.7)

We refer to the constraints of this form asparity inequalities. If the variablesui are zeroes and

ones, these constraints will be equivalent to the original binary parity-check constraints. To see

this, note that ifV is a subset ofN (j), with |V| odd, and the corresponding parity inequality

fails to hold, then all variable nodes inV must have the value 1, while those inN (j)\V must

have the value 0. This implies that the corresponding vectoru does not satisfy parity checkj.

Conversely, if parity checkj fails to hold, there must be a subset of variable nodesV ⊆ N (j)

of odd size such that all nodes inV have the value 1 and all those inN (j)\V have the value

0. Clearly, the corresponding parity inequality would be violated. Now, given this equivalence,

we relax the LP problem by replacing each binary constraint,ui ∈ {0, 1}, by abox constraint,

0 ≤ ui ≤ 1. LP decoding can then be written as

LP Decoding
minimize γTu

subject to u ∈ P.
(2.8)

Lemma 2.1 ([4], originally by [11]) For any check nodej, the set of parity inequalities (2.6)

defines the convex hull of all0− 1 assignments of the variables with indices inN (j) that satisfy

thejth binary parity-check constraint.

Since the convex hull of a set of vectors in[0, 1]k is a subset of[0, 1]k , the set of parity

inequalities for each check node automatically restrict all the involving variables to the interval

[0, 1]. Hence, we obtain the following corollary:

Corollary 2.2 In the above formulation of LP decoding, the box constraintsfor variables that

are involved in at least one parity check constraint are redundant.
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The fundamental polytope has a number of integral (binary-valued) and nonintegral

(fractional-valued) vertices. The integral vertices, which satisfy all the parity-check equations as

shown before, exactly correspond to the codewords ofC. Therefore, the LP relaxation has the

ML certificate property, i.e., whenever LP decoding gives an integral solution, it is guaranteed

to be an ML codeword. On the other hand, if LP decoding gives asthe solution one of the

nonintegral vertices, which are known aspseudocodewords, the decoder declares a failure.
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Chapter 3

Adaptive LP Decoding

3.1 Introduction

In order to make linear programming (LP) decoding feasible for practical purposes, it

is necessary to find efficient implementations that make its time complexity comparable to those

of the message-passing algorithms. A conventional implementation of LP decoding is highly

complex, due to two main factors: (1) the large size of the LP problem formed by relaxation, and

(2) the inability of general-purpose LP solvers to solve theLP efficiently by taking advantage of

the properties of the decoding problem. In this chapter, we propose a number of techniques to

overcome the first obstacle, while in the next chapter, we study make a step to address the second

issue.

The ML certificate property, and the potential of LP decodingfor improvement by

adding new constraints motivate the use of an adaptive cutting-plane approach in LP decoding

which can be summarized as follows: Given a set of constraints that describe a code, start the LP

decoding with a few of them, then sequentially and adaptively add more of the constraints to the

problem until either an ML codeword is found or no further “useful” constraint exists. The goal

of this chapter is to explore the potential of this idea for improving complexity of LP decoding.

In the original formulation of LP decoding, the number of constraints per check node

is exponential in the check node degrees. While for LDPC codes this number is independent of

the code length,n, even for small check degrees this could result in a very large linear program.

Furthermore, for high-density codes, where the degrees grow with n, the size of the LP decoding

problem will be exponential inn. In [1], Feldmanet al. provide an alternative equivalent repre-

sentation of the LP relaxation, where the total number of constraints isO(n3) for codes of high

18
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check node degrees. However, for practical purposes, this formulation is still not very feasible.

In this chapter, we show that by incorporating adaptivity into the LP decoding proce-

dure, we can achieve with a small number of constraints the same error-rate performance as that

obtained by standard LP decoding, which solves an LP defined by a much larger number of con-

straints. This algorithm can be summarized as follows: Given a set of constraints that describe

a code, start the LP decoding with a few of them, then sequentially and adaptively add more of

the constraints to the problem until further constraint is violated. The goal of this chapter is to

explore the potential of this idea for improving complexityof LP decoding.

We observe that the proposedadaptive LP(ALP) decoding method generally con-

verges with a (small) constant number of constraints per check node that does not appear to be

dependent upon the underlying code’s degree distribution.This property makes it feasible to

apply adaptive LP decoding to graph codes of arbitrary degree distribution, and reduces the de-

coding time by orders of magnitude relative to the standard implementation, even for relatively

small check node degrees. Recently, Draper, Yedidia, and Wang [6] used this algorithm in a

mixed-integer optimization setting for ML decoding of moderate-sized LDPC codes.

In a related work, Chertkov and Stepanov [7], and Yang, Wang,and Feldman [8], inde-

pendently proposed a new representation of the LP decoding problem, where each high-degree

check node is decomposed into a number of degree-3 check nodes and some auxiliary variable

nodes. Using this scheme, the number of variables and constraints of the LP grows linearly

with the check degrees. While this formulation, unlike ALP decoding, requires solving only one

linear program, the overall complexity of this method in practice remains substantially higher

than that of ALP decoding. A different line of work in this direction has been to apply iterative

methods based on message-passing, instead of general LP solvers, to perform the optimization

for LP decoding. An important result in this area is the tree-reweighted message-passing algo-

rithm by Wainwright, Jaakkola, and Willsky [5]. Furthermore, Vontobel and Koetter proposed

an approximation to LP decoding by applying an iterative min-sum algorithm-type technique to

the dual of the LP decoding problem [9].

After introducing and studying ALP decoding, we propose twomodified versions of

this decoder, and prove a number of properties for these algorithm. The idea behind these vari-

ations is to adaptively remove a number of constraints at each iteration of ALP decoding, while

adding new constraints to the problem. We show that the modified ALP decoders have the

single-constraint property, which is, they can perform LP decoding by solving a series oflinear
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programs that each contain at most one linear constraint from each parity check. An impor-

tant consequence of this property is that the constraint matrices of the linear programs that are

solved have a structure similar to that of the parity-check matrix, in terms of the location of their

nonzero entries.

The rest of this chapter is organized as follows. In Section 3.2, we introduce and

analyze the ALP decoding algorithm to solve the LP problem more efficiently. In Section 3.3, we

study the two varations of ALP decoding, and prove a number ofproperties for these algorithms.

Section 3.4 concludes the chapter.

3.2 Adaptive LP Decoding

As any odd-sized subsetV of the neighborhoodN(j) of a check nodej introduces a

unique parity inequality, there are2dc−1 constraints corresponding to each check node of degree

dc in the original formulation of LP decoding. Therefore, the total number of constraints, and

hence the complexity of the problem, is exponential in termsof the maximum check node degree,

dmax
c . This becomes more significant in a high density code wheredmax

c increases with the code

length,n. As discussed earlier, Feldmanet al. proposed an equivalent formulation that has

a problem size ofO(n3), although for low-density codes it has a problem size largerthan the

original formulation.1

In this section, we show that the LP relaxation explained in Section 3.2 has some

properties that allow us to solve the optimization problem by using a much smaller number of

constraints.

3.2.1 Properties of the Relaxation Constraints

Definition 3.1 A linear inequality constraint of the formaTx ≤ b is called an active constraint

at pointx0 if it holds with equality; i.e.,aTx0 = b, is called an inactive constraint if it holds with

strict inequality; i.e.aTx0 < b, and is called a cut if it is violated; i.e.aTx0 > b.

A constraint that generates a cut at pointu ∈ [0, 1]n corresponds to a subsetV ⊆ N (j)

of odd cardinality such that
∑

i∈V

ui −
∑

i∈N (j)\V

ui > |V| − 1. (3.1)

1More recently, an alternative polytope was proposed in [7] and [8] with a number of variables and constraints
that grows linearly with the code length and the maximum check node degree.
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This condition implies that

|V| − 1 <
∑

i∈V

ui ≤ |V| (3.2)

and

0 ≤
∑

i∈N (j)\V

ui < uℓ, ∀ℓ ∈ V. (3.3)

The following theorem reveals the special property of the relaxed parity inequalities (2.6) that at

most one of the constraints introduced by each check node canbe a cut.

Theorem 3.1 If at any given pointu ∈ [0, 1]n, one of the parity inequalities introduced by a

check nodej is a cut, the rest of the parity inequalities from this check node are satisfied with

strict inequality.

Proof: For a check nodej, we first rewrite (2.6) as

∑

i∈V

(1− ui) +
∑

i∈N (j)\V

ui ≥ 1, ∀ V ⊆ N (j) s. t. |V| is odd. (3.4)

Let uN (j) denote the vector composed of the elements ofu with indices inN (j), and byIV the

indicator vector of the subsetV ofN (j), i.e., a vector of lengthN (j) with thekth element being

1 if k ∈ V, and0 otherwise. Then, sinceu ∈ [0, 1]n, (3.4) will be equivalent to

dL1

(

uN (j), IV
)

≥ 1, ∀ V ⊆ N (j) s. t. |V| is odd, (3.5)

wheredL1(a, b) =
∑

k |ak − bk| is theL1–distance betweena andb.

Consider a check node with neighborhoodN (j) ⊆ I and two distinct subsetsV1 ⊆
N (j) andV2 ⊆ N (j) of odd sizes|V1| and|V2|, respectively, such thatV1 introduces a cut at

pointu. This means that theL1–distance betweenuN (j) andIV1 is less than 1. In addition, since

IV1 andIV2 are indicator vectors of two distinct odd subsets, theirL1–distance should be at least

2. Hence, using the triangle inequality, we will have

2 ≤ dL1

(

IV1 , IV2

)

≤ dL1

(

uN (j), IV1

)

+ dL1

(

uN (j), IV2

)

< 1 + dL1

(

uN (j), IV2

)

. (3.6)

Therefore,dL1

(

uN (j), IV2

)

> 1, which means that the parity inequality introduced byV2 is

satisfied with strict inequality. �
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Given an(n, k) linear code withm = n − k parity checks, a natural question is how

we can find all the cuts defined by the LP relaxation at any givenpoint u ∈ [0, 1]n. Consider

the general form of parity inequalities in (2.7) for a given check nodej, and note that at most

one of these inequalities can be violated inu. To find this inequality, if it exists, we need to find

an odd-sizedV ⊆ N (j) that minimizes the left-hand side of (2.7). If there were no requirement

that |V| is odd, the left-hand side expression would be minimized by putting anyi ∈ N (j) with

ui ≥ 1
2 in V. However, if suchV has an even cardinality, we need to select one elementi∗ of

N (j) to add to or remove fromV, such that the increase on the left-hand side of (2.7) is minimal.

This means thati∗ is the element whose corresponding valueui∗ is closest to1
2 . This results in

Algorithm 3.1, which has anO(dj) complexity for check nodej, thus making the complexity of

finding all them parity inequalitiesO(
∑m

j=1 dj) = O(E), whereE is the total number of edges

in the Tanner graph.

Algorithm 3.1 Find the Violated Parity Inequality from Check Nodej atu

1: S ← {i ∈ N (j)|ui >
1
2};

2: if |S| is oddthen

3: V ← S;

4: else

5: i∗ ← arg mini∈N (j) |ui − 1
2 |;

6: V ← S\{i∗} if i∗ ∈ S; otherwiseV ← S ∪ {i∗};
7: end if

8: if (2.7) is satisfied atu for this j andV then

9: Check nodej does not introduce a violated parity inequality atu;

10: else

11: We have found the violated parity inequality from check nodej;

12: end if

3.2.2 The Adaptive Procedure

The fundamental polytope for a parity-check code is defined by a large number of

constraints (hyperplanes), and a linear programming solver finds the vertex (pseudocodeword)

of this polytope that minimizes the objective function. Forexample, the simplex algorithm starts

from an initial vertex and visits different vertices of the polytope by traveling along the edges,
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which is calledpivoting, until it finds the optimum vertex. The time required to find the solution

equals the product of the number of vertices that have been visited and the average processing

time at each pivot step, and these, in turn, are determined bythe number and properties of

constraints and variables in the problem. If we can reduce the size of the problem without

changing the optimum vertex, the amount of processing at each pivot, which usually involves

matrix computations, will decrease significantly. Furthermore, reducing the number of vertices

that are visited in the intermediate iterations can reduce the complexity of the algorithm. In the

adaptive LP decoding scheme, we implement this idea using a cutting-plane approach. We run

the LP solver with a minimal number of constraints to ensure boundedness of the solution, and

depending on the LP solution, we add only the “useful constraints” that cut the current solution

from the feasible region. This procedure is repeated until no further cut exists, which means that

the solution is a vertex of the fundamental polytope.

To start the procedure, we need at leastn constraints to determine a vertex that can

become the solution of the first iteration. Recalling the boxconstraints0 ≤ ui ≤ 1, we add

for eachi exactly one of the inequalities implied by these constraints. The choice depends upon

whether increasingui leads to an increase or decrease in the objective function, to ensure that

the solution to the initial LP is bounded. Specifically, for eachi ∈ I, we introduce the initial

constraint






0 ≤ ui if γi ≥ 0,

ui ≤ 1 if γi < 0.
(3.7)

Note that the optimum (and only) vertex satisfying this initial problem corresponds to the result

of an (uncoded) bit-wise, hard decision based on the received vector.

The following algorithm describes the adaptive LP decodingprocedure.

Algorithm 3.2 Adaptive LP Decoding
1: Setup the initial LP problem with constraints from (3.7), and k ← 0;

2: Run the LP solver to obtain the current solutionuk;

3: If any of the box constraints are violated atuk, add them to the problem and go to Step 2;

4: If one or more of the parity inequalities are violated atuk, add them to the problem,k ←
k + 1, and go to Step 2; else, we have found the solution;

Although in Step 3 of the algorithm we search the box constraints for cuts, in practice

we have never observed a case where a box constraint is violated throughout the algorithm.

We conjecture that by initially including only one inequality from the box constraints of each
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variable according to (3.7), there is no need to check for anyviolated box constraints in Step 3

of Algorithm 3.2. Hence, through the rest of this section, an“iteration” of Algorithm 3.2 will

refer to an execution of Step 4.

Lemma 3.2 If no cut is found after any iteration of Algorithm 3.2, the current solution represents

the solution of the standard LP decoding problem incorporating all of the relaxation constraints

given in Section 2.3.

Proof: At any intermediate step of the algorithm, the space of feasible points with respect to the

current constraints contains the fundamental polytopeP, as these constraints are all among the

original constraints used to defineP. If at any iteration, no cut is found, we conclude that all

the original constraints given by (2.6) are satisfied by the current solution,u, which means that

this point is inP. Hence, sinceu has the lowest cost in a space that containsP, it is also the

optimum point inP. �

To further speed up the algorithm, we can use a “warm start” after adding a number

of constraints at each iteration. In other words, since the intermediate solutions of the adaptive

algorithm converge to the solution of the original LP problem, we can use the solution of each

iteration as a starting point for the next iteration. While there are warm start strategies for both

the simplex and interior-point algorithms, using warms starts has been observed to be more

effective for the simplex algorithm [10].

In the simplex algorithm, since the next solution will usually be close to the current

solution, the number of iterations (pivots), and therefore, the overall running time, is expected

to decrease. However, each of these warm starts is a basic infeasible point for the subsequent

problem, since it will not satisfy the newly added constraints. As a result, a primal-dual imple-

mentation of the simplex method will first take a few steps to move back into the feasible region.

In Subsection 3.2.4, we will discuss in more detail the effect of using warm starts on the speed

of the algorithm.

3.2.3 A Bound on the Complexity

Theorem 3.3 The adaptive algorithm (Algorithm 3.2) converges in at mostn iterations.

Proof: The solution produced by the algorithm is a vertexuf of the feasible space determined

by the initial constraints along with those added by the successive iterations of the cut-finding
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procedure. Therefore, we can findn such constraints

κi : αiTu ≤ βi, i = 1, 2, . . . n,

that are linearly independent and whose corresponding hyperplanes uniquely determine this ver-

tex. This means that if we set up an LP problem with only thosen constraints, the optimum

point will be uf . Now, consider thekth intermediate solution,uk, that is cut from the feasible

space at the end of thekth iteration of Algorithm 2. At least one of the constraints,κ1, . . . , κn,

should be violated byuk; otherwise, sinceuk has a lower cost thanuf , uk would be the solution

of LP with thesen constraints. But we know that the cuts added at thekth iteration are all the

possible constraints that are violated atuk. Consequently, at least one of the cuts added at each

iteration should be among{κi : i = 1, 2, . . . , n}; hence, the number of iterations is at mostn. �

RemarkThe adaptive procedure and convergence result can be generalized to any LP problem

defined by a fixed set of constraints. In general, however, there may not be an analog of Theo-

rem 3.1 to facilitate the search for cut constraints.

Remark If, for a given code of lengthn, the adaptive algorithm converges with at mostq < n

final parity inequalities, then each pseudocodeword of thisLP relaxation should have at leastn−
q integer elements. To see this, note that each pseudocodeword corresponds to the intersection

of at leastn active constraints. If the problem has at mostq parity inequalities, then at leastn−q
constraints of the formui ≥ 0 or ui ≤ 1 should be active at each pseudocodeword, which means

that at leastn− q positions of the pseudocodeword are integer-valued.

Corollary 3.4 The final application of the LP solver in the adaptive decoding algorithm uses at

mostn(m+ 2) constraints.

Proof: There are2n box constraints, and, according to Theorem 3.1, at each iteration no more

thanm new parity inequalities are added. Since there are at mostn iterations, the final number

of constraints is at mostn(m+ 2). �

For very low-density codes, where2dmax
c ≤ m, the above bound does not imply a com-

plexity improvement over the original formulation of LP decoding. However, for high-density

codes of fixed rate, as the code length and the number of paritychecks increase proportionately,

this bound guarantees convergence withO(n2) constraints, whereas the standard LP relaxation

requires a number of constraints that is exponential inn, and the high-density code polytope
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representation given in [1, Appendix II] involvesO(n3) variables and constraints.2 Moreover,

Theorem 3.3 does not make use of the properties of the decoding problem, in particular, its spar-

sity. Therefore, especially in the case of low-density codes, we do not expect this bound to be

tight.

3.2.4 Numerical Results

To empirically investigate the complexity reduction due tothe adaptive approach for

LP decoding, we performed simulations over random regular LDPC codes of various lengths,

degrees, and rates on the AWGN channel. In all the simulations in this dissertation, unless

otherwise stated, the SNR is defined as the ratio of the variance of the transmitted discrete-time

signal to the variance of the noise sample.

We first demonstrate the simulation results for adaptive LP decoding at the low SNR

value of−1.0 dB, since in the high-SNR regime the received vector is likely to be close to a

codeword, in which case the algorithm may converge more rapidly, rather than demonstrating

its worst-case behavior. Afterwards, we study how the behavior of this decoder changes as the

SNR grows.

Low-SNR Regime

For each point in the following figures, 400 codeword transmissions were simulated,

using a randomly generated, but fixed, regular LDPC code, with its 4-cycles removed.

In the first scenario, we studied the effect of changing the check node degreedc from 4

to 40 while keeping the code length atn = 360 and the rate atR = 1
2 . The average (resp. maxi-

mum) number of iterations required to converge started fromaround14.5 (resp.30) for the(2, 4)

code, and decreased monotonically down to5.9 (resp.9) for the(20, 40) code. The average and

maximum number of parity inequalities used in the final iteration of the algorithm are plotted in

Fig. 3.1. We see that both the average and the maximum values are almost constant, and remain

below270 for all the values ofdc. The only exception to this was the first point, corresponding

to the(2, 4) code, which, on average, has a number of parity inequalitiessignificantly smaller,

and a number of iterations significantly larger than those ofthe other codes. For comparison,

the total number of parity inequalities required in the standard representation of the LP decoding

2This O(n2) bound is comparable to the recent results in [7] and [8], where a formulation was proposed for LP
decoding requiring onlyO(n2) variables and constraints for high-density codes.
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Figure 3.1: The average and maximum number of parity inequalities used versus check node
degree,dc, for fixed lengthn = 360 and rateR = 1

2 .

problem, in the high-density code polytope representationof Feldmanet al. [1], as well as in

the polytope representation of Chertkov-Stepanov (CS) [7]and Yang-Wang-Feldman (YWF) [8]

are also included in this figure. The decrease in the number ofrequired constraints translates to

a large gain for the adaptive algorithm in terms of the running time.

In the second case, we studied random (3,6)-regular codes oflengthsn = 30 to n =

1920. For all values ofn, the average (resp. maximum) number of required iterationsremained

between5 and11 (resp. 10 and16). The average and maximum number of parity inequalities

used in the final iteration are plotted versusn in Fig. 3.2. We observe that the number of parity

inequalities is generally between0.6n and0.7n.

In the third experiment, we investigated the effect of the rate of the code on the perfor-

mance of the algorithm. Fig. 3.3 shows the average and maximum number of parity inequalities

used in the final iteration where the block length isn = 120 and the number of parity checks,

m, increases from15 to 90. The variable node degree is fixed atdv = 3. We see that the average

and maximum number of parity inequalities used are, respectively, in the ranges1.1m to 1.2m

and1.4m to 1.6m for most values ofm. The relatively large drop in the average number for

m = 90, with respect to the linear curve can be explained by the factthat at this value ofm,

which corresponds to a (3,4)-regular code, the rate of failure of LP decoding was less than0.5
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Figure 3.2: The average and maximum number of parity inequalities used versus block length,
n, for fixed rateR = 1

2 and check node degreedc = 6.

at−1.0 dB, whereas for all the other values ofm, this rate was close to1. As we will see later

in this subsection, this different behavior at a lower errorrate is consistent with the observation

that a successful decoding typically requires fewer iterations, and as a result, fewer constraints,

than a decoding resulting in a fractional output.

Finally, in Fig. 3.4, we compare the average decoding time ofdifferent algorithms at

the low SNR of−1.0 dB. It is important to note that the running times of the LP-based techniques

strongly depend on the underlying LP solver. In this chapter, we have used the simplex algorithm

implementation of the open-source GNU Linear Programming Kit (GLPK [11]) for solving the

LPs. The numerical results demonstrate that the adaptive algorithm significantly reduces the gap

between the speed of standard LP decoding and that of the sum-product message-passing algo-

rithm. Comparing the results for the (3,6)-regular codes (dot-dashed lines) and the (4,8)-regular

codes (solid lines) further shows that while the decoding time for the standard LP increases

very rapidly with the check node degree of the code, the adaptive technique is not significantly

affected by the change in the check node degree.

Other simulations we performed indicate that the decoding time of the adaptive al-

gorithm does not change significantly even if the code has a high-density parity-check matrix.

This result can be explained by two factors. First, Fig. 3.1 shows that the number of parity
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Figure 3.3: The average and maximum number of parity inequalities used versus the number of
parity checks,m, for n = 120 anddv = 3.

inequalities used in the algorithm does not change substantially with the check node degree of

the code. Second, while having a smaller check degree makes the matrix of constraints sparser,

the LP solver that we are using does not benefit from this sparsity. A similar behavior was also

observed when we tried both the simplex and interior-point implementations of a commercial

LP solver, MOSEK [12], instead of GLPK. Therefore, an interesting question for future inves-

tigation is whether, by designing a special LP solver that can effectively take advantage of the

sparsity of this problem, the time complexities of the LP-based techniques can become closer to

those of the message-passing techniques.

Fig. 3.4 also shows the average decoding time when warm starts are used in the it-

erations of the adaptive decoding algorithm. We can see thatwarm starts slightly decrease the

slope of the decoding-time curve when plotted against the logarithm of the block length. This

translates into approximately a factor of 3 improvement in the decoding time at a block length

of 1000.

In all our simulations, we have observed that the adaptive LPdecoding algorithm per-

forms much faster than is guaranteed by Theorem 3.3. In particular, the average number of

iterations of Algorithm 3.2, as well as the average number ofparity inequalities per check node

used in this algorithm, do not appear to change significantlywith the parameters of the code,
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such as length and density. It would be interesting to investigate whether this observation can be

confirmed by an analytic proof.

Behavior as a Function of SNR

Here we present simulations for adaptive LP decoding at different SNR levels. These

experiments are performed for a randomly generated (3,6)-regular LDPC code of length 240,

with its 4-cycles removed. At each SNR value, we simulated 2400 codeword transmissions.

In Figs. 3.5 and 3.6, the number of adaptive LP decoding iterations and the number

of parity inequalities in the final iteration are plotted, respectively. The maximum and minimum

values observed among the 2400 trials at each SNR are also included in the figures (solid lines

marked with triangles). In addition, we have plotted95% confidence intervals in these figures

(dot-dashed lines). The boundaries for each of these confidence intervals are defined such that the

right and left tails of the data histogram outside the interval each contain2.5% of the population.

As we observe in Figs. 3.5 and 3.6, in the region where the SNR values are larger

than the threshold of belief propagation (BP) decoding for the ensemble of (3,6)-regular LDPC

codes, which is equal to1.11 dB, the average numbers of iterations and constraints both decrease

monotonically with SNR. This means that, similar to the BP decoder, the complexity of adaptive



31

−1 0 1 2 3 4 5 6
0

2

4

6

8

10

12

14

16

18

20

22

SNR, dB

N
um

be
r 

of
 It

er
at

io
ns

Figure 3.5: The number of adaptive LP decoding iterations versus SNR for a (3,6)-regular LDPC
codes of length 240, with 2400 trials at each SNR. The solid line is the the average number of
iterations, the marked lines are the maximum and minimum values observed, and the dot-dashed
lines indicate the95% confidence interval.

LP decoding decreases, on average, as the SNR increases beyond the threshold.

An interesting observation that we can make about both of these two figures is that

the confidence intervals of the observed values are widest atan SNR in the range of1 dB to 2

dB. To investigate this phenomenon, in Fig. 3.7 we have plotted the histogram of the number

of parity inequalities in the last iteration of adaptive LP decoding at the SNR values of0 dB,

1.5 dB, and3 dB, which correspond to word error rate (WER) values of 0.966, 0.479, and

0.0141, respectively. At SNR= 0 dB, where the decoder almost always outputs a fractional

pseudocodeword, the values are concentrated around 150. However, at SNR= 1.5 dB, where

the decoding succeeds about half the time, there are two distinct segments of roughtly the same

total mass in the histogram, which results in a wide confidence interval. Finally, at SNR= 3

dB, where the decoder is successful most of the time, the peakaround 150 seen in the two

previous histograms almost vanishes. These observations lead us to the natural conclusion that

the complexity of adaptive LP decoding is much lower when it succeeds to find an integral (i.e.

the ML) codeword.
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3.3 Properties and Variations of ALP decoding

In this section, we prove some properties for LP and ALP decoding, and propose some

modifications to the ALP algorithm. As we will see, many of theelegant properties of these

algorithms are consequences of Theorem 3.1.

3.3.1 Modified ALP Decoding

The following is a corollary of Theorem 3.1

Corollary 3.5 If one of the parity inequalities introduced by a check node is active at a point

x0 ∈ [0, 1]n, all parity inequalities from this check node must be satisfied atx0.

Corollary 3.5 can be used to simplify Step 4 of ALP decoding (Algorithm 3.2) as

follows. We first find the parity inequalities currently in the problem that are active at the current

solution, uk. This can be done simply by checking if the slack variable corresponding to a

constraint is zero. Then, in the search for violated constraints, we exclude the check nodes that

introduce these active inequalitied.
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Figure 3.7: The histogram of the number of parity inequalities at the last iteration of LP decoding
at the SNR values of 0 dB, 1.5 dB, and 3.0 dB, each over a total population of 2400 samples.
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Now consider the linear programLP k at an iterationk of ALP decoding, with an

optimum pointuk. This point is the vertex (apex) of then−dimensional cone formed by all

hyperplanes corresponding to the active constraints. It iseasy to see that among the constraints

in this linear program, the inactive ones arenon-binding, meaning that, if we remove the inactive

constraints from the problem,uk remains an optimum point of the feasible space. This fact

motivates a modification in the ALP decoding algorithm, where, after solving each LP, a subset

of the constraints that are active at the solution are removed.

By combining the two ideas proposed above, we obtain the modified ALP decoding

algorithm A (MALP-A decoding), stated in Algorithm 3.3. Note that, due to a conjecture in

Subsection 3.2.2., we do not search for violated box constraint in the intermediate iterations of

this algorithm. We will present a proof for this this conjecture in this section, showing that no

box constraint can be violated at any intermediate solution.

Algorithm 3.3 MALP-A Decoding
1: Setup the initial LP problem with constraints from (3.7), and k ← 0;

2: Find the solutionu0 to the initial LP problem by bit-wise hard decision;

3: repeat

4: k ← k + 1; flag ← 0;

5: for j = 1 tom do

6: if there is no active parity inequality from check nodej in the problemthen

7: if check nodej introduces a parity inequality that is violated atuk−1 then

8: Remove the parity inequalities of check nodej (if any) from the current problem;

9: Add the new (violated) constraint to the LP problem;flag ← 1;

10: end if

11: end if

12: end for

13: If flag = 1, solve the LP problem to obtainuk;

14: until flag = 0

15: Outputu = uk as the solution to LP decoding.

Checking the condition in line 7 can be done using Algorithm 3.1 in O(dj) time,

wheredj is the degree of check nodej, and the role of the if-then structure of line 6 is to

limit this processing to only check nodes that are not currently represented in the problem by an

active constraint. In line 8, before adding a new constraintfrom check nodej to the problem,
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any existing (inactive) constraint is removed from the problem. Alternatively, we can move this

command to line 6; i.e. remove all the inactive constraints in the problem. We call the resulting

algorithm the modified ALP decoding algorithm B (MALP-B decoding).

The LP problems solved in the ALP and modified ALP decoding algorithms can be

written in the “standard” matrix form as

minimize γTu

subject to Au ≤ b,
ui ≥ 0 ∀i ∈ I : γi ≥ 0,

ui ≤ 1 ∀i ∈ I : γi < 0,

(3.8)

where matrixA is called theconstraint matrix.

3.3.2 Properties

In Theorem 3.3, it has been shown that the sequence of solutions to the intermediate

LP problems in ALP decoding converges to that of LP decoding in at mostn iterations. In the

following theorem, in addition to proving thal this property holds for the two modified ALP de-

coding algorithms, we show three additional properties shared by all three variations of adaptive

LP decoding.

In the following theorem, we assume that the optimum solutions to all the LP prob-

lems in the intermediate iterations of either ALP, MALP-A, or MALP-B decoding are unique.

However, one can see that this uniqueness assumption is not very restrictive, since it holds with

high probability if the channel output has a finite probability density function (pdf), and besides,

channels that do not satisfy this property, such as the binary symmetric channel (BSC), can

be modified to do so by adding a very small continuous-domain noise to their output (or LLR

vector).

Theorem 3.6 (Properties of adaptive LP decoding)Letu0, u1, . . . , uK be the unique solutions

to the sequence of LP problems,LP 0, LP 1, . . . , LPK , solved in either ALP, MALP-A, or MALP-

B decoding algorithms. Then, the following properties holdfor all the three algorithms:

a) The sequence of solutionsu0, u1, . . . satisfy all the box constraints0 ≤ ui ≤ 1, ∀ i =

1, . . . , n.
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b) The costs of these solutions monotonically increase withthe iteration number; i.e.,γTu0 <

γTu1 < . . ..

c) u0, u1, . . . converge to the solution to LP decoding,u∗, in at mostn iterations.

d) Consider the set of parity inequalities included inLP k which are active at its optimum

solution,uk. LetJ k = {j1, j2, . . . , j|J k|} be the set of indices of check nodes that gener-

ate these inequalities. Then,uk is the solution to an LP decoding problemLPDk with the

LLR vectorγ and the Tanner graph corresponding to the check nodes inJ k.

The proof of this theorem is given in Appendix 3.A.

The following theorem shows an interesting property of the modified ALP decoding

schemes, which we call the “single-constraint property,” which does not hold for ALP decoding.

Theorem 3.7 In the LP problem at any iterationk of the MALP-A and MALP-B decoding al-

gorithms, there is at most one parity inequality corresponding to each check node of the Tanner

graph.

Proof (By induction): The initial LP problem consists only of box constraints. So,it suffices to

show that, if the LP problemLP k at an iterationk satisfies the desired property, the LP problem

LP k+1 in the subsequent iteration satisfies this property, as well. Consider check nodej which

has a violated parity inequalityκj at the solutionuk of LP k. According to Corollary 3.5, if there

already has been a parity inequalityκ̃j from this check node inLP k, κ̃j cannot be active atuk,

hence, the MALP decoder will removẽκj before addingκj toLP k+1. As a result, there cannot

be more than one parity inequality from any check nodej in LP k+1
�

Corollary 3.8 The number of parity inequalities in any linear program solved by the MALP

decoding algorithms is at mostm

The above result is in contrast to the non-adaptive formulations of LP decoding, where

the size of the LP problems grows with the check node degree. Consequently, the complex-

ity of these two algorithms can be bounded by their number of iterations times the worst-case

complexity of solving an LP problem withn variables andm parity inequalities. Therefore,

an interesting problem to investigate is how the number of iterations of the MALP decoding

algorithms varies with the code parameters, such as the length or the check node degrees, and

how its behavior changes depending on whether the LP decoding output is integral or fractional.
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In Subsection 3.3.4, we present some simulation results, studying and comparing the proposed

variations of ALP decoding in terms of the number of iterations.

An important consequence of Theorem 3.7 is that, in the LP problems that are solved

by these two algorithms, the distribution of the nonzero elements of the LP constraint matrix,A,

has the same structure as that of the parity-check matrix,H, after removing the rows ofH that

are not represented by a parity inequality in the LP. This is due to the fact that the support set of

a row ofA, corresponding to a parity inequality, is identical to thatof the row ofH from which

it has been derived, and in addition, each row ofA is derived from a unique row ofH. As we

will see later in the following chapter, this property, which is not shared by LP or ALP decoding,

maintains the same desirable combinatorial properties (e.g., degree distribution) forA that the

H matrix has, which can be exploited in the design of efficient LP solvers.

Remember that the LP problem in the last iteration of the MALPdecoding algorithms

has the same solution as standard LP decoding. This solutionis a vertex of the feasible set,

defined by at leastn active inequalities from this LP problem. Hence, using Corollary 3.8, we

conclude that at leastn−m box constraints are active at the solution of LP decoding. This yields

the following properties of LP decoding.

Corollary 3.9 The solution to any LP decoding problem differs in at mostn − m coordinates

from the vector obtained by making bit-based hard decisionson the LLR vector,γ.

Corollary 3.10 Each pseudocodeword of LP decoding has at mostm fractional entries.

RemarkThis bound on the size of the fractional support of pseudocodewords is tight in the sense

that there are LP decoding relaxations which have pseudocodewords with exactlym fractional

entries. An example is the pseudocodeword[1, 1
2 , 0,

1
2 , 0, 0,

1
2 ] of the(7, 4, 3) code withm = 3,

given in [1].

3.3.3 Connection to Erasure Decoding

For the binary erasure channel (BEC), the performance of belief propagation (BP), or

its equivalent, the peeling algorithm, has been extensively studied. The peeling algorithm can be

seen as performing row and column permutations to triangularize a submatrix ofH, consisting

of the columns corresponding to the erased bits. It is known that the BP and peeling decoders

succeed on the BEC if and only if the set of erased bits does notcontain a stopping set.
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Feldmanet al. have shown in [1] that LP decoding and BP decoding are equivalent

on the BEC. In other words, the success or failure of LP decoding can also be explained by

stopping sets. In this subsection, we show a connection between LP decoding on the BEC and

LP decoding on general MBIOS channels, allowing us to derivea sufficient condition for the

failure of LP decoding on general MBIOS channels based on theexistence of stopping sets.

Theorem 3.11 Consider an LP decoding problemLPD0 with LLR vectorγ, γi 6= 0 ∀ i ∈ I,

resulting in the unique integral solution (i.e., the ML codeword) u. Also, letũ be the result of

bit-based hard decisions onγ; i.e., ũi = 0 if γi > 0, andũi = 1 otherwise. Then, the setE ⊆ I
of positions whereu and ũ differ, does not contain a stopping set.

Proof: Let’s assume, without loss of generality, thatu is the vector of all-zeroes, in which case

we will have

E =
{

i ∈ I|γi < 0
}

. (3.9)

We form an LP erasure decoding problemLPDBEC with u as the transmitted codeword andE
as the set of erased positions.LPDBEC has the same feasible spaceP asLPD0, but has a new

LLR vectorλ, defined such that∀ i ∈ I,

λi =







0 if i ∈ E ,
1 otherwise,

(3.10)

Clearly, sinceP ⊆ [0, 1]n, we haveλT v ≥ 0, ∀ v ∈ P. We prove the theorem by showing that

the all-zeroes vectoru is the unique solution toLPDBEC , as well.

Assume that there is another vectorv ∈ P such that we have

λT v = λTu = 0. (3.11)

Combining (3.10) and (3.11) yields

∑

i∈I\E

vi = 0, (3.12)

thusvi = 0, ∀ i ∈ I\E . Therefore, using (3.9), the cost of the vectorv for LPD0 will be

γT v =
∑

i∈E

γivi

≤ 0 = γTu, (3.13)
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with equality if and only ifvi = 0, ∀ i ∈ I. Since, by assumption,u is the unique solution to

LPD0, we must havev = u = [0, . . . , 0]T . Hence,u is also the unique solution toLPDBEC .

Finally, due to the equivalence of LP and BP decodings on the BEC, we conclude thatE does

not contain a stopping set. �

Theorem 3.11 will be used in the following chapter to design an efficient way to solve

the systems of linear equations we encounter in LP decoding.

3.3.4 Simulation Results

We present simulation results for ALP, MALP-A, and MALP-B decoding of random

(3, 6)-regular LDPC codes, where the cycles of length four are removed from the Tanner graphs

of the codes. The simulations are performed in an AWGN channel with the SNR of2 dB (the

threshold of belief-propagation decoding for the ensembleof (3, 6)-regular codes is1.11 dB),

and include 8 different lengths, with 1000 trials at each length.

In Fig. 3.8, we have plotted the histograms of the number of iterations using the three

algorithms for lengthn = 480. The first column of histograms includes the results of all the

decoding instances, while the second and third columns onlyinclude the decoding instances

with integral and fractional outputs, respectively. From this figure, we can see that when the

output is integral (second column), the three algorithms have a similar behavior, and they all

converge in less that 15. On the other hand, when the output isfractional (third column), the

typical numbers of iterations are 2-3 times higher for all the algorithms, so that we observe two

almost non-overlapping peaks in the histograms of the first columns.

In Fig. 3.9, the average numbers of iterations of the three algorithms are plotted for

both integral and fractional decoding outputs versus the codes length. As a measure of the

deviation of the results from the mean, we have also includedthe 95% one-sided confidence

upper bound for each curve, which is defined as the smallest number which is higher than at

least95% of the values in the population. We can observe that, while the number of iterations

for MALP-A and MALP-B decoding are significantly higher thatthat of ALP when the output is

fractional, for decodings instances with integral outputs, where the LP decoder is successful in

finding the ML codeword, the increase in the number of iterations for the modified ALP decoders

relative to the ALP decoder is very small. Hence, the MALP decoders pay a small price in terms

of the number of iterations in exchange for obtaining the single-constraint property.

Moreover, our simulations indicate that the size of the largest LP that is solved in each
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MALP-A or MALP-B decoding problem is smaller one average than that of ALP decoding by

17% for integral outputs and30% for fractional outputs.

3.4 Conclusion

A conventional implementation of LP decoding suffers from high complexity due to

both the very large size of the relaxed LP, and the inherent inefficiency of using general-purpose

LP solvers to solve the LP. In this chapter, we studied the potential for addressing the first issue by

using an adaptive approach. This method selectively and adaptively adds only those constraints

that are “useful,” depending on the current status of the LP decoding process.

Using a cutting-plane approach, we proposed an adaptive LP decoding algorithm

with decoding complexity that is practically independent of the code degree distributions us-

ing general-purpose LP solvers, making it possible to applyLP decoding to parity-check codes

of arbitrary densities. However, since general purpose LP solvers are used at each iteration, the

complexity is still a super-linear function of the block length, as opposed to a linear function as

achieved by the message-passing decoder.

We then proposed two variations of ALP decoding, where, besides adding new con-

straints, some of the “unnecessary” constraints are removed from the LP. We prove that this idea

can reduce LP decoding to solving a hierarchy of LPs that eachcontain at most one constraint

derived from each binary parity check. This single-constraint property, in addition to reducing

the average size of the LP subproblems compared to ALP decoding, means that the distribution

of the nonzero elements in the constraint matrix of the LP is similar to that in the parity-check

matrix. This feature is exploited in the next chapter to design an efficient LP solver for LP

decoding.

Appendix 3.A Proof of Theorem 3.6

a) To prove the claim, we show that the solution to any linear programLP k consisting

of the n initial (single-sided) box inequalities given by (3.7) andany number of parity

inequalities of the form (2.7) satisfies all the double-sided box constraints of the form

0 ≤ ui ≤ 1, i ∈ I = {1, . . . , n}.

For simplicity, we first transform each variableui, i ∈ I, and its coefficientγi in the
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objective function, respectively, into a new variablevi and a new coefficientλi, where






vi = ui andλi = γi if γi ≥ 0,

vi = 1− ui andλi = −γi if γi < 0.
(3.14)

By this change of variables, we can rewriteLP k in terms ofv. In this equivalent LP, all

the variablesvi will have nonnegative coefficientsλi in the objective function, and the box

constraints (3.7) will all be transformed into inequalities of the formvi ≥ 0. However, the

transformed parity inequalities will still have the form

∑

i∈Aj

(1− vi) +
∑

i∈Bj

vi ≥ 1, (3.15)

although here some of the setsAj may have even cardinality. To prove the claim, it suffices

to show that the unique solutionvk to this LP satisfiesvk
i ≤ 1, ∀ i ∈ I.

Assume, on the contrary, that for a subset of indicesL ⊆ I, we havevk
i > 1, ∀ i ∈ L,

and0 ≤ vk ≤ 1, ∀ i ∈ I\L. We define a new vector̃vk as






ṽk
i = 1 if i ∈ L,
ṽk
i = vk

i if i ∈ I\L.
(3.16)

Remembering thatλi ≥ 0, ∀ i ∈ I, we will haveλT ṽk ≤ λT vk. Moreover,ṽk clearly

satisfies all the double-sided box constraints0 ≤ ṽk
i ≤ 1, ∀ i ∈ I. We claim that any

parity inequality of the form (3.15) in the LP, which is by assumption satisfied atvk, is

also satisfied at̃vk. To see this, note that the first sum in (3.15) can only either increase

or remain constant by moving fromvk to ṽk, and it will be nonnegative at̃vk. Moreover,

the second sum will remain constant ifL ∩ Bj = ∅, or will decrease but remain greater

than or equal to one ifL ∩ Bj 6= ∅. In both cases, inequality (3.15) will be satisfied atṽk.

Hence, we have shown that there is a feasible pointṽk which has a cost smaller than or

equal to that ofvk. This contradicts the assumption thatvk is the unique solution to the LP.

Consequently, the solution to the LP should satisfy all the double-sided box constraints.

b) We need to show thatγTuk < γTuk+1 for any 0 ≤ k < K. This is obvious for ALP

decoding, as the feasible set ofLP k contains the feasible set ofLP k+1. For MALP-A

and MALP-B, letLP ∗k be the problem obtained by removing fromLP k a subset (or all)

of the parity inequalities that are inactive at its solution, uk, according the MALP-A or

MALP-B algorithm. As discussed earlier, these inactive inequalities are non-binding, so
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the solution toLP ∗k must beuk, as well. Now,LP k+1 is obtained by adding some new

(violated) constraints toL̃P
k
. Hence, the feasible set ofLP ∗k strictly contains that of

LP k+1, which yieldsγTuk < γTuk+1.

c) Similar to the proof of Theorem 3.3.

d) Similar to part b), letLP ∗k be the LP problem obtained by removing fromLP k all of the

parity inequalities that are inactive atuk, and remember thatuk is the solution toLP ∗k,

as well. Clearly, all the parity inequalities inLP ∗k are from check nodes with indices in

J k, thus the feasible space ofLP ∗k contains that ofLPDk. Hence, it remains to show

thatuk, the optimum feasible point forLP ∗k, is also in the feasible space ofLPDk.

Let Ik ⊆ {1, . . . , n} be the set of indices of variable nodes that are involved in atleast one

of the parity inequalities inLP ∗k, (or, equivalently, check nodes inJ k) and letĨk be the

set of the remaining indices. According to Corollary 3.5, all the parity inequalities from

check nodes inJ k are satisfied atuk. In addition, we can conclude from Corollary 2.2

that the box constraints for variables with indices inIk are satisfied, as well.

Now, for anyi ∈ Ĩk, the variableui will be decoupled from all other variables, since it is

only constrained by a box constraint according to (3.7). Hence, in the solutionuk, such

a variable will take the valueuk
i = 0 if γi > 0 or uk

i = 1 if γi < 0 3. Consequently,uk

satisfies all the parity inequalities and box constraints ofLPDk, and hence is the solution

to this LP decoding problem.

This chapter is in part a reprint of the material in the papers: M. H. Taghavi and P.

H. Siegel, “Adaptive approaches to linear programming decoding of linear codes,”To appear in

IEEE Trans. on Information Theory, and M. H. Taghavi, Amin Shokrollahi, and P. H. Siegel,

“Efficient Implementation of Linear Programming Decoding,” Submitted to IEEE Trans. on

Information Theory, Sep. 2008.
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Chapter 4

Sparse Interior-Point Implementation

for Efficient LP Decoding

4.1 Introduction

In the previous chapter, we presented a number of adaptive algorithms that reduce LP

decoding to solving a few LP problems that are each much smaller than the all the non-adaptive

formulation of LP decoding in the literature. In this Chapter, we investigate ideas for an efficient

implementation of linear programming to solve this sequence of LPs. Our approach is based on

a sparse implementation of interior-point algorithms. In an independent work, Vontobel studied

the implementation and convergence of interior-point methods for LP decoding, and mentioned

a number of potential approaches to reduce its complexity [1]. As mentioned earlier, a different

approach in this direction has been to apply iterative methods based on message-passing, instead

of general LP solvers, to perform the optimization for LP decoding; e.g. see [2] and [3].

We focus on the most complex part of each iteration of the interior-point algorithm,

which is solving a system of linear equations to compute the Newton step. Since these linear

systems become ill-conditioned as the interior-point algorithm approaches the solution, iterative

methods, such as the conjugate-gradient (CG) method, that are often used for solving sparse

systems perform poorly in the later iterations of the optimization. To address this problem,

we propose a criterion for designing preconditioners that take advantage of the properties of

LP decoding, along with a number of greedy algorithms to search for such preconditioners. The

proposed preconditioning algorithms have similarities tothe encoding procedure of LDPC codes,
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and we demonstrate their effectiveness via both analyticalmethods and computer simulation

results.

The rest of this chapter is organized as follows. In Section 4.2, we review a class of

the interior-point linear programming methods, as well as the preconditioned conjugate gradient

(PCG) method for solving linear systems, with an emphasis onsparse implementation. In Sec-

tion 4.3, we introduce the proposed preconditioning algorithms to improve the PCG method for

LP decoding. Some theoretical analysis and computer simulation results are presented in Section

4.4, and some concluding remarks are given in Section 4.5.

4.2 Solving the LP Using the Interior-Point Method

General-purpose LP solvers do not take advantage of the particular structure of the op-

timization problems arising in LP decoding, and, therefore, using them can be highly inefficient.

In this and the next sections, we investigate how LP algorithms can be implemented efficiently

for LP decoding. The two major techniques for linear optimization used in most applications are

Dantzig’s simplex algorithm [4] and the interior-point methods.

4.2.1 Simplex vs. Interior-Point Algorithms

The simplex algorithm takes advantage of the fact that the solution to an LP is at one

of the vertices of the feasible polyhedron. Starting from a vertex of the feasible polyhedron, it

moves in each iteration (pivot) to an adjacent vertex, untilan optimal vertex is reached. Each

iteration involves selecting an adjacent vertex with a lower cost, and computing the size of the

step to take in order to move to that edge, and these are computed by a number of matrix and

vector operations.

Intertior-point methods generally move along a path withinthe interior of the feasible

region. Starting from an interior point, interior-point methods approximate the feasible region in

each iteration, and take a Newton-type step towards the nextpoint, until they get to the optimum

point. Computation of these steps involves solving a linearsystem.

The complexity of an LP solver is determined by the number of iterations it takes to

converge and the average complexity of each iteration. The number of iterations of the simplex

algorithm has been observed to be polynomial (superlinear), on average, in the problem dimen-

sionn, while its worst-case performance can be exponential. An intuitive way of understanding
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why the average number of simplex pivots to successfully solve an LP decoding problem is at

least linear inn is to note that each pivot makes one basic primal variable nonbasic (i.e. sets

it to zero) and makes one nonbasic variable basic (i.e. possibly increases it from zero). Hence,

starting from an initial point, it should generally take at least a constant timesn pivots to arrive at

a point corresponding to a binary codeword. Therefore, evenif the computation of each simplex

iteration were done in linear time, one could not achieve a running time better thatO(n2), unless

the simplex method is fundamentally revised.

In contrast to the simplex algorithm, for certain classes ofiterior-point methods, such

as the path-following algorithm, the worst-case number of iterations has been shown to be

O(
√
n), although these algorithms typically converge inO(log n) iterations [5]. Therefore, if the

Newton step at each iteration can be computed efficiently, taking advantage of the sparsity and

structure in the problem, one could obtain an algorithm thatis faster than the simplex algorithm

for large-scale problems.

Interior-point methods consist of a variety algorithms, differing in the way the opti-

mization problem is approximated by an unconstrained problem, and how the step is calculated

at each iteration. One of the most successful classes of interior-point methods is the primal-dual

path-following algorithm, which is most effective for large-scale applications. In the following

subsection we present a brief review of this algorithm. For amore comprehensive description,

we refer the reader to the literature on linear programming and interior-point methods.

4.2.2 Primal-Dual Path-Following Algorithm

For simplicity, in this section we assume that the LP problems that we want to solve

are of the form (3.8). However, by introducing a number of additional slack variables, we can

modify all the expressions in a straighforward way to represent the case where both types of box

constraints may be present for each variable.

We first write the LP problem withq variables andp constraints in the “augmented”

form

Primal LP

minimize cTx

subject to Ax = b,

x ≥ 0.

(4.1)

Here, to convert the LP problem (3.8) into the above form, we have taken two steps. First, noting
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that each variableui in (3.8) is subject to exactly one box constraint of the formui ≥ 0 orui ≤ 1,

we introduce the variable vectorx and cost vectorc, such that for anyi = 1, . . . , n, xi = ui

andci = γi if the former inequality is included (i.e.,γi ≥ 0), andxi = 1 − ui andci = −γi,

otherwise. Therefore, the box constraints will all have theform xi ≥ 0, and the coefficients

of the parity inequalities will also change correspondingly. Second, for anyj = 1, . . . , p, we

convert the parity inequalityAj⋄x ≤ bj in (3.8), whereAj⋄ denotes thejth row ofA, to a linear

equationAj⋄x+ xn+j = bj, by introducingp nonnegative slack variablesxn+1, . . . , xq, where

q = n+p, with corresponding coefficients equal to zero in the cost vector,c. We will sometimes

refer to the firstn (non-slack) variables as thestandard variables. The dual of the primal LP has

the form

Dual LP

minimize bT y

subject to AT y + z = c,

z ≥ 0,

(4.2)

wherey andz are the dual standard and slack variables, respectively.

The first step to solve this algorithm is to remove the inequality constraints in the

primal and dual problems by introducing logarithmicbarrier termsinto the objective functions.1

The primal and dual objective functions will thus change tocTx − µ
∑q

i=1 log xi andbT y −
µ
∑q

i=1 log zi, respectively, for someµ > 0, resulting in a familiy of convex nonlinear barrier

problemsP (µ), parameterized byµ, that approximate the original linear program. Since the

logarithmic term forcesx andz to remain positive, the solution to the barrier problem is feasible

for the primal-dual LP, and it can be shown that asµ → 0, it approaches the solution to the LP

problem. The key idea of the path-following algorithm is to start with someµ > 0, and reduce

it at each iteration, as we take one step to solve the barrier problem.

The Karush-Kuhn Tucker (KKT) conditions provide necessaryand sufficient optimal-

ity conditions forP (µ), and can be written as [5, Chapter 9]

Ax = b (4.3)

AT y + z = c (4.4)

XZe = µe (4.5)

x, z ≥ 0, (4.6)

1Because of this step, interior-point methods are sometime referred to in the literature as barrier methods.
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whereX andS are diagonal matrices, with the entries ofx andz on their diagonal, respectively,

ande denotes the all-ones vector. If we define

F (s) =









Ax− b
AT y + z − c
XZe− µe









,

wheres = (x, y, z) is the current primal-dual iterate, the problem of solvingP (µ) reduces

to finding the (unique) zero of the multivariate functionF (s). In Newton’s method,F (s) is

iteratively approximated by its first order Taylor series expansion arounds = sk

F (sk + ∆sk) ≈ F (sk) + J(sk)∆sk, (4.7)

whereJ(s) is the Jacobian matrix ofF (s). The Newton direction∆sk = (∆xk,∆yk,∆zk) is

obtained by setting the write-hand side of (4.7) to zero, which results in the following system of

linear equations:








A 0 0

0 AT I

Zk 0 Xk

















∆xk

∆yk

∆zk









=









rb

rc

re









(4.8)

whererb = b − Axk, rc = c − AT yk − zk, andre = µke − XkZke are the residuals of the

KKT equations (4.3), andµk is the value ofµ at iterationk. If we start from a primal and dual

feasible point, we will not need to computerb andrc, as they will remain zero throughout the

algorithm. However, for sake of generality, here we do not make any feasibility assumption, in

order to have the flexibility to apply the equations in the general, possibly infeasible case.

The solution to the linear system (4.8) is given by

(AD2
kA

T )∆yk = rb +AD2
krc −AZ−1

k re, (4.9)

∆xk = D2
kA

T ∆yk −D2
krc + Z−1

k re, (4.10)

∆zk = X−1
k (re − Z∆xk), (4.11)

where

D2
k = XkZ

−1
k . (4.12)

To simplify the notation, we will henceforth drop the subscript k fromDk, but it should be noted

thatD is a function of the iteration number,k. Having the Newton direction, the solution is
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updated as

xk+1 = xk + βk
P ∆xk,

yk+1 = yk + βk
D∆yk,

zk+1 = zk + βk
D∆zk,

and the primal and dual step lengths,βk
P , β

k
D ∈ [0, 1], are chosen such that all the entries ofx

andz remain nonnegative.

Since we are interested in solving the LP rather than the barrier programP (µ) for

a particularµ, rather than taking many Newton steps to approach the solution to P (µ), we

reduce the value ofµ each time a Newton step is taken, so that barrier program gives a better

approximation of the LP. A reasonable updating rule forµ is to make it proportional to the duality

gapgd , (xk)T zk, that is

µk =
(xk)T zk

q
. (4.13)

The primal-dual path-following algorithm described abovewill iterate until the duality

gap becomes sufficiently small; i.e.(xk)T zk < ǫ. It has been shown that with a proper choice

of the step lengths, this algorithm takesO
(√
q log(ǫ0/ǫ)

)

to reduce the duality gap fromǫ0 to ǫ.

In order to initialize the algorithm, we need some feasiblex0 > 0, y0, andz0 > 0.

Obtaining such an initial point is nontrivial, and is usually done by introducing a few dummy

variables, as well as a few rows and columns to the constraintmatrix. This may not be desirable

for a sparse LP, since the new rows and columns will not generally be sparse. Furthermore, if the

Newton directions are computed based on the feasibility assumption; i.e. thatrb = 0 andrc = 0,

round-off errors can cause instabilities due to the gradualloss of feasibility. As an alternative, an

infeasible variation of the primal-dual path-following algorithm is often used, where anyx0 > 0,

y0, andz0 > 0 can be used for initialization. This algorithm will simultaneously try to reduce the

duality gap and the primal-dual feasibility gap to zero. Consequently, the termination criterion

will change: we stop the algorithm if(xk)T zk < ǫ, ||rb|| < δP , and||rc|| < δD.

4.2.3 Computing the Newton Directions

The most complex step at each iteration of the interior-point algorithm in the previous

subsection is to solve the “normal” system of linear equations in (4.9). While these equations

were derived for the primal-dual path-following algorithm, in most other variations of interior-

point methods, we encounter linear systems of similar forms, as well.
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Various algorithms for solving linear systems fall into twomain categories ofdirect

methodsand iterative methods. While direct methods, such as Gaussian elimination attempt to

solve the system in a finite number of steps, and are exact in the absence of rounding errors,

iterative methods start from an initial guess, and derive a sequence of approximate solutions.

Since the constraint matrixAD2AT in (4.9) is symmetric and positive definite, the most com-

mon direct method for solving this problem is based on computing the Cholesky decomposition

of this matrix. However, this approach is inefficient for large-scale sparse problems, due to the

computational cost of the decomposition, as well as loss of sparsity. Hence, in many LP prob-

lems, e. g. network flow linear programs, iterative methods such as the conjugate gradient (CG)

method [6] are preferred.

Suppose we want to find the solutionx∗ to a system of linear equations given by

Qx = w, (4.14)

whereQ is aq × q symmetric positive definite matrix. Equivalently,x∗ is the unique minimizer

of the functional

f(x) =
1

2
xTQx− wTx. (4.15)

We call two nonzero vectors,u, v ∈ Rq,Q-conjugate if

uTQv = 0. (4.16)

The CG method is based on building a set ofQ-conjugate basis vectorsh1, . . . , hq, and comput-

ing the solutionx∗ as

x∗ = α1h1, . . . , αqhq, (4.17)

whereαk =
hT

k
w

hT
k

Qhk
. Hence, the problem becomes finding a suitable set of basis vectors. In the

CG method, these vectors are found in an iterative way, such that at stepk, the next basis vector

hk is chosen to be the closest vector to the negative gradient off(x) at the current pointxk, under

the condition that it isQ-conjugate toh1, . . . , hk−1. For a more comprehensive description of

this algorithm, the reader is referred to [7].

While in principle the CG algorithm requiresq steps to find the exact solutionx∗,

sometimes a much smaller number of iterations provides a sufficiently accurate approximation

to the solution. The distribution of the eigenvalues of the coefficient matrixQ has a crucial effect

on the convergence behavior of the CG method (as well as many other iterative algorithms). In
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particular, it is shown that [7, Chapter 6]

‖x∗ − xk‖Q ≤ 2
[

√

κ(Q)− 1
√

κ(Q) + 1

]k‖x∗ − x0‖Q, (4.18)

where‖x‖Q =
√

(xTQx), andκ(Q) is the spectral condition number of Q, i.e. the ratio of the

maximum and minimum eigenvalues of Q. Using this result, thenumber of iterations of the CG

method to reduce‖x∗ − xk‖ by a certain factor from its initial value can be upper-bounded by a

constant times
√

κ(Q). We henceforth call a matrixQ ill-conditioned, in loose terms, if CG has

a slow convergence in solving (4.14).

In the interior-point algorithm, the spectral behavior ofQ = AD2AT changes as a

function of the diagonal elementsd1, . . . , dq, of D, which are, as described in the previous

subsection, the square roots of the ratios between the primal variables{xi} and the dual slack

variables{zi}. In Fig. 4.1, the evolution of the distributions of{xi}, {zi}, and{di} through

the iterations of the interior-point algorithm is illustrated for an LP subproblem of a MALP

decoding instance. We can observe in this figure is thatxi andzi are distributed in such a way

that the productxizi is relatively constant over alli = 1, . . . , q. This means that, although the

path-following algorithm does not completely solve the barrier problems defined in IV-B, the

condition (4.5) is approximately satisfied for alli. A consequence of this, which can also be

observed in Fig. 4.1, is that

di ≈
1√
µ
xi, ∀i = 1, . . . , q. (4.19)

As the iterates of the interior-point algorithm become closer to the solution andµ approaches

zero, many of thedi’s take very small or very large values, depending on the value of the cor-

respondingxi in the solution. This has a negative effect on the spectral behavior ofQ, and as a

result, the convergence of the CG method.

When the coefficient matrixQ of the system of linear equations is ill-conditioned, it is

common to use preconditioning. In this method, we use a symmetric positive-definite matrixM

as an approximation ofQ, and instead of (4.14), we solve the equivalent preconditioned system

M−1Qx = M−1w. (4.20)

We will hence obtain the preconditioned conjugate gradient(PCG) algorithm, summarized as

Algorithm 4.1.

In order to obtain an efficient PCG algorithm, we need the preconditionerM to sat-

isfy two requirements. First,M−1Q should have a better spectral distribution thanQ, so that
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Figure 4.1: The parametersdi, xi, andzi, for i = 1, . . . , q at four iterations of the interior-point
method for an LP subproblem of MALP decoding withn = 1920, p = 627, q = 2547. The
variable indices,i, (horizontal axis) are permutted to sortdi in an increasing order.
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Algorithm 4.1 Preconditioned Conjugate Gradient (PCG)

1: Compute an initial guessx0 for the solution;

2: r0 = w −Qx0;

3: SolveMz0 = r0;

4: h0 = z0;

5: for i = 0, . . . , until convergencedo

6: li = Qhi;

7: αi = (zi)T ri/(hi)T li;

8: xi+1 = xi + αihi;

9: ri+1 = ri − αili;

10: SolveMzi+1 = ri+1;

11: νi = (zi+1)T ri+1/(zi)T ri;

12: hi+1 = zi+1 + νihi;

13: end for

the preconditioned system can be solved faster than the original system. Second, it should be

inexpensive to solveMx = z, since we need to solve a system of this form at each step of the

preconditioned algorithm. Therefore, a natural approach is to design a preconditioner which,

in addition to providing a good approximation ofQ, has an underlying structure that makes it

possible to solveMx = z using a direct method in linear time.

One important application of the PCG algorithm is in interior-point implementations

of LP for minimum-cost network flow (MCNF) problems. For these problems, the constraint

matrixA in the primal LP corresponds to the node-arc adjacency matrix of the network graph.

In other words, the LP primal variables represent the edges,each constraint is defined for the

edges incident to a node, and the diagonal elements,d1, . . . , dq, of the diagonal matrixD can

be interpreted as a weight for theq edges (variables). A common method for designing a pre-

conditioner forAD2AT is to select a setM of p columns ofA (edges) with large weights, and

formM = AMD2
MAT

M, where the subscriptM for a matrix denotes a matrix consisting of the

columns of the original matrix with indices inM.

It is known that at a non-degenerate solution to an MCNF problem, the nonzero vari-

ables (i.e., the basic variables) correspond to a spanning tree in the graph. This means that, when

the interior-point method approaches such a solution, the weights of all the edges, except those

defining this spanning tree, will go to zero. Hence, a naturalselection forM would be the set
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of indices of the spanning tree with the maximum total weight, which results in the maximum-

weight spanning tree (MST) preconditioner. Finding the maximum-weight spanning tree in a

graph can be done efficiently in linear time, and besides, dueto the tree structure of the graph

represented byAM, the matrixM can be inverted in linear time as well.2 The MST has been

observed in practice to be very effective, especially at thelatter iterations of the interior-point

method, when the operating point is close to the final solution.

4.3 Preconditioner Design for LP Decoding

Our framework for designing an effective preconditioner for LP decoding, similar to

the MST preconditioner for MCNF problems, is to find apreconditioning set,M⊆ {1, . . . , q},
corresponding top columns ofA andD, resulting inp × p matricesAM andDM, such that

M = AMD2
MAT

M is both easily invertible and a good approximation forQ = AD2AT . To

satisfy these requirements, it is natural to selectM to include the variables with the highest

weights,{di}, while keepingAM andAM full rank and invertible inO(p) time. Then, the

solution zi+1 to Mzi+1 = ri+1 in the PCG algorithm can be found by sequentially solving

AMf1 = ri+1,D2
Mf2 = f1, andAT

Mzi+1 = f2, for f1, f2, andzi+1, respectively.

We are interested in having a graph representation for the constraints and variables

of a linear program of the form (4.1) in the LP decoding problem, such that the selection of a

desirableM can be interpreted as searching for a subgraph with certain combinatorial structures.

Definition 4.1 Consider an LP of the form (4.1) withp constraints andq variables, where

xn+1, . . . , xq are slack variables. Theextended Tanner graphof this LP is a bipartite graph

consisting ofq variable nodesandp constraint nodes, such that variable nodei is connected to

constraint nodei if xi is involved in thejth constraint; i.e.,Ai,j is nonzero.

For the linear programs in the MALP decoding algorithms, since each constraint is

derived from a unique check node of the original Tanner graph, the extended Tanner graph will

be a subgraph of the Tanner graph, with the addition ofq degree-1 (slack) variable nodes, each

connected to one of the constraint nodes. In general, for an iteration of MALP decoding of a

code with anm × n parity-check matrix, the extended Tanner graphs would contain p ≤ m

constraint nodes,n variable nodes corresponding to the standard variables (bit positions), andp

2Throughout the chapter, we refer to solving a system of linear equations with coefficient matrixM , in loose
terms, as invertingM , although we do not explicitly computeM−1.
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Figure 4.2: An extended Tanner graph for an LP problem withn = 4, p = 3, andq = 7.

slack variable nodes. As extended Tanner graphs are specialcases of Tanner graphs, they inherit

all the combinatorial concepts defined for Tanner graphs, such as stopping sets. A small example

of an extended Tanner graph is given in Fig. 4.2.

4.3.1 Preconditioning via Triangulation

For a sparse constraint matrix,A, a sufficient condition forAM andAT
M to be in-

vertible inO(q) time is thatAM can be made upper or lower triangular, with nonzero diagonal

elements, using column and/or row permutations. We call a preconditioning setM that satisfies

this property atriangular set. Once an upper- (lower-) triangular formA△
M of AM is found, we

start from the last (first) row ofA△
M, and solve for the variable corresponding to the diagonal

element of each row recursively inO(1) time, due to sparsity. It is not difficult to see that there

always exists at least one triangular set for any LP decodingproblem; one example is the set of

columns corresponding to the slack variables, which results in a diagonalAM.

As a criterion for finding the best approximationAMD2
MAT

M of AD2AT , we search

for the triangular set that contains the columns with the highest weights,di. One can consider

different strategies of scoring a triangular set from the weights of its members, e.g., the sum of

the weights, or the largest value of minimum weight. It is interesting to study as a future work

whether given any such metric, the “maximum-weight” (or optimal) triangular set can be found

in polynomial time. However, in this work, we propose a (suboptimal) greedy approach, which

is motivated by the properties of the LP decoding problem.
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The problem of bringing a parity-check matrix into (approximate) triangular form has

been studied by Richardson and Urbanke [8] in the context of the encoding of LDPC codes. The

authors proposed a series of greedy algorithms that are similar in nature to the peeling algorithm

for decoding in the binary erasure channel: repeatedly select a nonzero entry (edge) of the matrix

(graph) lying on a degree-1 column or row (variable or check node), and remove both the column

and row of this entry from the matrix. They showed that parity-check matrices that are optimized

for erasure decoding can be made almost triangular using this greedy approach. It is important

to note that this combinatorial approach only relies on the placement of the nonzero entries of

the matrix, rather than their values.

The fact that the constraint matrices of the LP problems in MALP decoding have struc-

ture similar to the corresponding parity-check matrix motivates the use of a greedy algorithm

analogous to those in [8] for triangulating the matrixA. However, this problem is different from

the encoding problem, in that we are not merely interested inmakingA triangular, but rather,

we look for the triangular submatrix with the maximum weight. In fact, as mentioned earlier,

finding one triangular form ofA is trivial, due to the presence of the slack variables. Here,we

present two greedy algorithms to searching for the MTS, one of which is related in nature to

the algorithms of Richardson and Urbanke. Throughout this section, we will also refer to the

outputs of these (suboptimal) greedy algorithms, in loose terms, as the MTS, although they may

not necessarily have the maximum possible weight.

Incremental Greedy Search for the MTS

Although an ideal preconditioning set would contain theq columns of the matrix that

have theq highest weights, in reality, the square submatrix ofA comprised of theseq columns

is often neither triangular nor full rank. In the incremental greedy search for the MTS, we start

by selecting the highest-weight column, and try to expand the set of selected columns by giving

priority to the columns of higher weights, while maintaing the property that the corresponding

submatrix can be made lower-triangular by column and row permutations.

Let S be a set of selected columns fromA, where|S| ≤ p. In order to check whether

the submatrixAS can be made lower-triangular by column and row permutations, we can treat

the variable nodes corresponding toS in the Tanner graph as erased bits, and use the peeling

algorithm to decode them inO(q) time. For completeness, this process, which we call the

Triangulation Step, is described in Algorithm 4.2.
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Algorithm 4.2 Triangulation Step
1: Input: The setS with |S| = s ≤ p, and the matrixA;

2: Output: An s× s lower-triangular submatrixA△
S , if possible;

3: Initialization: Ã← AS , and initializecol androw as zero-length vectors;

4: for k = 1 to s do

5: if the minimum row degree iñA is not onethenAS cannot be made lower-triangular by

permutation; DeclareFailure and exit the algorithm;

6: Select any degree-1 rowj from Ã, and leti be the index of the column that contains the

only nonzero entry of rowj;

7: col ←
[

col

i

]

, row ←
[

row

j

]

;

8: Set all the entries in columni and rowj of Ã to zero;

9: end for

10: FormA△
S by settingA△

S i,j = AS coli,rowj
, ∀ i, j ∈ {1, . . . s};

Using the Triangulation Step as a subroutine, the incremental greedy search method,

given by Algorithm 4.3, first sorts the columns according to their corresponding weights,di (or,

alternatively,xi), and initializes the preconditioning set,M, as an empty set. Starting with the

highest-weight column and going down the sorted list of column indices, it adds each column

toM if the submatrix corresponding to the resulting set can be made lower triangular using the

triangulation step.

We claim that, due to the presence of the slack columns inA, Algorithm 4.3 will

successfully find a triangular setM of p columns; i.e., it exits the while-loop (lines 5-10) only

when |M| = p. Assume, on the contrary, that the algorithm ends while|M| < p, so that

the matrixAM is a p × |M| lower-triangular matrix. This means that if we add any column

k ∈ {1, . . . , q}\M to |M|, it cannot be made lower triangular, since otherwise, column k would

have already been added to|M| whenπi = k in the while-loop.3 However, this clearly cannot

be the case, since we can produce ap × p lower-triangular matrixA△
M, simply by adding the

columns corresponding to the slack variables of the lastp − |M| rows ofAM. Hence, we

conclude that|M| = p.

3Note that if any setS of columns can be made lower triangular, any subset of these columns can be made lower
triangular, as well.
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Algorithm 4.3 Incremental Greedy Search for the MTS
1: Input: p× q constraint matrixA, and the set of column weights,d1 . . . dq;

2: Output: A triangular setM and thep× p lower-triangular matrixA△
M;

3: Initialization: M← ∅, i← 0;

4: Sort the column indices{1, . . . , q} according to their corresponding weights,di, in a de-

creasing order, to obtain the permuted sequenceπ1, . . . , πq, such thatdπ1 ≥ . . . ≥ dπq ;

5: while i < q and|M| < p do

6: i← i+ 1,M←M∪ {πi};
7: if the Triangulation Step can bring the submatrixAS into the lower-triangular formA△

S

then

8: M← S,A△
M ← A△

M;

9: end if

10: end while

Column-wise Greedy Search for the MTS

Algorithm 4.4 is a column-wise greedy search for the MTS. It successively adds the

index of the maximum-weight degree-1 column ofA to the setM, and eliminates this column

and the row that shares its only nonzero entry. MatrixA initially containsp degree-1 slack

columns, and at each iteration, one such column will be erased. Hence, there is always a degree-

1 column in the residual matrix, and the algorithm proceeds until p columns are selected. The

resulting preconditioning set will correspond to an upper-triangular submatrixAM.

Row-wise Greedy Search for the MTS

Algorithm 4.5 uses a row-wise approach for finding the MTS. Inthis method, we look

at the set of degree-1 rows, add the indices of all the columnsthat intersect with these rows at

nonzero entries toM, and eliminate these rows and columns fromA. Unlike the column-wise

method, it is possible that, at some iteration, these is no degree-1 row in the matrix. In this case,

we repeatedly eliminate the lowest-weight column, untill there is one or more degree-1 rows.

In addition to this difference, the number of columns inM by the end of this procedure

is often slightly smaller thatp. Hence, we perform a “diagonal expansion” step at the end, where

p − |M| columns corresponding to the slack variables are added toM, while keeping it a

triangular set. A problem with this expansion method is that, since the algorithm does not have
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Algorithm 4.4 Column-wise Greedy Search for the MTS
1: Input: p× q constraint matrixA, and the set of column weightsd1, . . . , dq;

2: Output: A triangular setM and the upper-triangular matrixA△
M;

3: Initialization: Ã← A,M← ∅, and initializecol androw as zero-length vectors;

4: Define and formDEG1 as the index set of all degree-1 columns inÃ;

5: for k = 1 to p do

6: Let i ∈ DEG1 be the index of the (degree-1) column ofÃ with the maximum weight,di,

and letj be the index of the row that contains the only nonzero entry ofthis column;

7: M←M∪ i, col ←
[

col

i

]

, row←
[

row

j

]

;

8: Set all the entries in rowj of Ã (including the only nonzero entry of columni) to zero;

9: UpdateDEG1 from the residual matrix,̃A;

10: end for

11: FormA△
M by settingA△

Mi,j = Acoli,rowj
, ∀ i, j ∈ {1, . . . p};

a choice in selecting the slack variables added in this step,it may add columns that have very

small weights.

Let A△
M1

be the triangular submatrix obtained until the expansion step. As an al-

ternative to diagonally expandingA△
M1

by adding slack columns, we can apply a “triangular

expansion.” In this method, we form a matrix̄A consisting of the columns ofA that do not share

any nonzero entries with the rows in vectorrow, and apply a column-wise or row-wise greedy

search to this matrix in order to obtain a high-weight lower-triangular submatrixA△
M2

. This

requirement for formingĀ ensures that the resulting triangular submatricesA△
M1

andA△
M2

can

be concatenated as




A△
M1

0

B A△
M2



 , (4.21)

to obtain a larger triangular submatrix ofA. This process can be continued, if necessary, until

a squarep × p triangular matrixA△
M is obtained, although our experiments indicate that one

expansion step is often sufficient to provide such a result. It is easy to see that this approach

is potentially stronger than the diagonal expansion in Algorithm 4.5, since it has the diagonal

expansion as a special case.
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Algorithm 4.5 Row-wise Greedy Search for the MTS
1: Input: p× q constraint matrixA, and the set of column weightsd1, . . . , dq;

2: Output: A triangular setM and the lower-triangular matrixA△
M;

3: Initialization: Ã← A,M← ∅, and initializecol androw as zero-length vectors;

4: Define and formDEG1 as the index set of all degree-1 rows iñA;

5: while Ã is not all zeroesdo

6: if |DEG1| > 0 then

7: Let j ∈ DEG1 be any degree-1 row of̃A, andi be the index of the column that contains

the only nonzero entry of this row;

8: M←M∪ i, col←
[

col

i

]

, row ←
[

row

j

]

;

9: Set all the entries in columni of Ã (including the only nonzero entry of rowj) to zero,

and updateDEG1;

10: else

11: Let i be the index of the nonzero column ofÃ with the minimum weight,di. Set all the

entries in columni to zero, and updateDEG1;

12: end if

13: end while

14: Diagonal Expansion:For each rowj of A that is not represented inrow, appendj to row,

and appendi = j+n, i.e., the index of the corresponding slack column, to bothcol andM;

15: FormA△
M by settingA△

Mi,j = Acoli,rowj
, ∀ i, j ∈ {1, . . . p};
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4.3.2 Implementation and Complexity Considerations

To compute the running time of Algorithm 4.3, note that whileStep 4 hasO(q log q)

complexity, the computational complexity of the algorithmis dominated by the Triangulation

Step. This subroutine hasO(q) complexity, and is calledO(q) times in Algorithm 4.3, which

makes the overall complexityO(q2). An interesting problem to investigate is whether we can

simplify the triangulation process in line 7 to have sublinear complexity by exploiting the re-

sults of the previous round of triangulation, as stated in the following open problem concerning

erasure decoding:

Open Problem:Consider the Tanner graph corresponding to an arbitrary LDPC code

of lengthn. Assume that a setE of bits are erased, andE does not contain a stopping set in

the Tanner graph, so that the decoder successfully recoversthese erased bits using the peeling

algorithm (i.e., the triangulation Algorithm 4.2). Now, weadd a biti to the set of erased bits.

Givenj, E , and the complete knowledge of the process of decodingE , such as the order in which

the bits are decoded, and the check nodes used, is there ano(n) scheme to verify ifE ∪ {i} can

be decoded by the peeling algorithm?

In addition the above point, it is possible to make a number ofmodifications to Algo-

rithm 4.3 in order to reduce its complexity. Lets be the size of the smallest stopping set in the

extended Tanner graph ofA, which means that the submatrix formed by anys− 1 columns can

be made triangular. Then, instead of initializingM to be the empty set, we can immediately

add thes − 1 highest-weight columns toM, since we are guaranteed thatAM can be made

triangular. Moreover, at each iteration of the algorithm, we can considerk > 1 column to be

added toM, in order to reduce the number of calls to the triangulation subroutine. The value

of k can be adaptively selected to make sure that the modified algorithm remains equivalent to

Algorithm 4.3.

To assess the complexity of Algorithm 4.4, we need to examineSteps 8 and 11 that

involve column or row operations, as well as Steps 4, 6, and 9 that deal with the list of degree-

1 columns. Since there is anO(1) number of nonzeros in each column or row ofA, p times

running of step 8 (due to the for-loop), and derivingA△
M from A in Step 11 each takeO(q)

time. However, one should be careful in selecting a suitabledata structure for storing the set

DEG1, since, in each cycle of the for-loop, we need to extract the element with the maximum

weight, and add to and remove from this set anO(1) number of elements. By using a binary

heap data structure [9], which is implementable as an array,all these (Steps 6 and 9) can be done
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in O(log q) time in the worst case. Also, the initial formation of the heap (Step 4) hasO(q)

complexity. As a result, the total complexity of Algorithm 4.4 becomesO(q log q).

Similarly, in Algorithm 4.5, we need a mechanism to extract the minimum-weight

member of the set of remaining columns. While the heap structure mentioned above works well

here, since no column is added to the set of remaining columns, we can alternatively sort the set

of all columns by their weights as a preprocessing step withO(q log q) complexity, thus making

the complexity of the while-loop linear. Since the complexity of steps 15 (diagonal expansion)

and 16 are linear, as well, the total running time of Algorithm 4.5 will beO(q log q).

The process of finding a triangular preconditioner is performed at each iteration of the

interior-point algorithm. Since the values of primal variables,{xi}, do not substantially change

in one iteration, we expect the maximum-weight triangular set at each iteration to be relatively

close to that in the previous iteration. Consequently, an interesting are for future work is to

investigate modifications of the proposed algorithms, where the knowledge of the MTS in the

previous iteration of the interior-point method is exploited to improve the complexity of these

algorithms.

4.4 Analysis of the MTS Preconditioning Algorithms

It is of great interest to study how the proposed algorithms perform as the problem size

goes to infinity. We expect that a number asymptotic results similar to those of Richardson and

Urbanke in [8] can be derived, e.g., showing that the greedy preconditioner designs perform well

for capacity-approaching LDPC ensembles. However, since one of the main advantages of LP

decoding over message-passing decoding is its geometricalstructure that facilitates the analysis

of its performance in the finite-length regime, in this work we focus on studying the proposed

algorithms in this regime.

We will study the behavior of the proposed preconditioner inthe later iterations of the

interior-point algorithm, when the iterates are close to the optimum. This is justified by the fact

that, as the interior-point algorithm approaches the boundary of the feasible region during its

later iterations, many of the primal variables,xi, and the dual slack variables,zi, approach zero,

thus deteriorating the conditioning of the matrixQ = AD2AT . This is when a precoditioner

is most needed. In addition, we can obtain some information about the performance of the

preconditioner in the later iterations by focusing on the optimal point of the feasible set.

Consider an LP problem in the augmented form (4.1) as part of ALP or MALP de-



64

coding, and assume that it has a unique optimal solution, although parts of our analysis can be

extended to the case with non-unique solutions. We denote bythe triple(x∗, y∗, z∗) the primal-

dual solution to this LP, and by(x, y, z) an intermediate iterate of the interior-point method. We

can partition the set of theq columns ofA into thebasic set

B = {i|x∗i > 0} (4.22)

and thenonbasic set

N = {i|x∗i = 0}. (4.23)

For brevity, we henceforth refer to the columns of the constraint matrixA correspond-

ing to the basic variables as the “basic columns”. It is not difficult to show that, for an LP with

a unique solution, the number of basic variables, i.e.,|B|, is at mostp. To see this, assume that

l of the standard variablesx∗1 . . . x
∗
n are nonzero, which means thatn − l box constraints of the

form xi ≥ 0 are active atx∗. Sincex∗ is a vertex defined by at leastn active constraints in the

LP, we conclude that at leastl parity inequalities must be active atx∗, thus leaving at mostp− l
nonzero slack variables. We call the LPnondegenerateif |B| = p, anddegenerateif |B| < p.

It is known that the unique solution(x∗, y∗, z∗) is “strictly complementary” [10],

meaning that for anyi ∈ {1, . . . , q} eitherx∗i = 0 andz∗i > 0, or x∗i > 0 andz∗i = 0. Remem-

bering from (4.12) thatdi =
√

xi/zi, as the iterates of the interior-point algorithm approach the

optimum, i.e.,µ given in (4.13) goes to zero, we will have

lim
µ→0

di =







+∞ if i ∈ B,
0 if i ∈ N ,

as. (4.24)

Therefore, towards the end of the algorithm, the matrixQ = AD2AT will be dominated by the

columns ofA andD corresponding to the basic set. Hence, it is highly desirable to select a

preconditioning set that includes all the basic columns, i.e.,B ⊆M, in which caseAMD2
MAT

M

becomes a better and better approximation ofQ, as we approach the optimum of the LP. In the

rest of this subsection, we will show that, when the solutionto the LP is integral andµ is suffi-

ciently small, this property can be achieved by low complexity algorithms similar to Algorithms

4.4 and 4.5.

Lemma 4.1 Consider the extended Tanner graphT k for an LP subproblemLP k of MALP de-

coding. If the primal solution toLP k is integral, the set of variable nodes corresponding to the

basic set (defined based on the augmented form 4.1 of the LP) does not contain any stopping set.
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Proof: Consider an erasure decoding problemPBEC onT k, where the basic variable nodes are

in erasure. We prove the lemma by showing that the peeling (orLP) decoder can successfully

correct these erasures.

We denote byu∗ andx∗ the solutions to the primal LP in the (original) standard form

3.8 and in the augmented form (4.1). From part c of Theorem 3.6, we know thatu∗ is also

the solution to a full LP decoding problemLPDk with the LLR vectorγ and the Tanner graph

comprising of the standard variable nodes and the active check nodes,Jact.

We partition the basic setB intoBstd andBslk, the sets of basic standard variables and

basic slack variables, respectively. We also partition theset of check nodes inT k into Jact and

Jinact, the sets of check nodes that generate the active and inactive parity inequalities ofLP k,

respectively. Clearly, the neighbors of the slack variablenodes inBslk are the check nodes in

Jinact, since an inactive parity inequality has, by definition, a nonzero slack.

Step 1:We first show that, even if we remove the check nodes inJinact from T k, the

set of basic standard variable nodes,Bstd, does not contain a stopping set.

Remembering the conversion of the LP in the standard form (3.8) with inequality con-

straints to the augmented form (4.1), we can write

Bstd =
{

i ∈ I
∣

∣ (γi ≥ 0 , u∗i = 1) or (γi < 0 , u∗i = 0)
}

. (4.25)

Using, as in Theorem 3.11, the notationũ for the result of bit-based hard decision onγ, one can

see thatBstd is identical toE , the set of positions whereu∗ andũ differ. Hence, knowing that

u∗ is the solution to an LP decoding problem, and using Theorem 3.11, we conclude that the set

Bstd does not contain a stopping set in the Tanner graph that only includes the check nodes in

Jact.

Step 2:Now we return toT k, and consider solvingPBEC , where all the basic vari-

ables are erasures, using the peeling algorithm. Since the slack variables which are basic are

connected only to the inactive check nodes, we know from Step1 that the erased variablesBstd

can be decoded by only using the active check nodesJact. Once these variable nodes are peeled

off the graph, we are left with the basic slack variable nodes, each of which is connected to a

distinct check node inJinact. Therefore, the peeling algorithm can proceed by decoding all of

these variables. This completes the proof. �

Lemma 4.1 shows that, under proper conditions, the submatrix Ã of A formed by

only including the columns corresponding to the basic variables can be made lower triangular by
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column and row permutations. This suggests that looking fora maximum-weight triangular set is

a natural approach for designing a preconditioner in MALP decoding. In particular, the following

theorem shows that, under the conditions of Lemma 4.1, the incremental greedy Algorithm 4.3

indeed finds a preconditioning set that includes all such columns.

As the interior-point algorithm progresses, the basic variables approach 1, while the

nonbasic variables approach zero. Hence, using (4.24), we after a large enough number of iter-

ations, the|B| highest-weight columns ofA will correspond to the basic setB. The following

theorem shows that two of the proposed algorithms indeed finda preconditioning set that in-

cludes all such columns.

Theorem 4.2 Consider an LP subproblemLP k of a MALP decoding problem. If the primal

solution toLP k is integral, at the iterates of the interior-point method that are sufficiently close

to the solution, both Incremental Greedy Algorithm 4.3 and Row-wise Greedy Algorithm 4.5 can

successfully find a triangular set that includes all the columns corresponding to the basic set.

Proof: As the interior-point algorithm progresses, the weightsdi corresponding to the basic

variables approach+∞, while the weights of nonbasic variables approach zero. Hence, whenµ

becomes sufficiently small, the columns corresponding to the basic set,B will be the|B| highest-

weight columns ofA, and according to Lemma 4.1, the matrixAB comprised of these columns

can be made triangular, if the solution toLP k is integral.

Having this result, proving this claim for the incremental greedy algorithm becomes

straighforward: The preconditioning setM continues to grow by one member at each iteration,

at least until it includes all the|B| highest-weight (i.e., basic) columns.

To prove that the triangular setM given by the row-wise greedy algorithm includes

the basic set, as well, it is sufficient to show that none of thebasic columns will be erased

from Ã (i.e., become all zeroes) in line 11 of Algorithm 4.5. Assumethat, at some iteration,

a columni is selected in line 11 to be erased. Columni has the minimum weight among the

nonzero columns currently iñA. Therefore, ifi is a basic column andµ is small enough, all

the other nonzero columns are all basic columns, as well, since the basic columns are the|B|
highest-weight columns ofA. This means that̃A could be made triangular, without running out

of degree-1 rows and having to erase columni. So, columni cannot be basic. �

RemarkThe above proof suggests that Theorem 4.2 can be stated in more general terms. For any

s ∈ {1, . . . , q}, letS be a set consisting of thes highest-weight columns ofA. Then, if the set of
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variable nodes corresponding toS in the (extended) Tanner graph does not contains a stopping

set, which is,AS can be made triangular by row and column permutations, the preconditioning

sets found by Algorithms 4.3 and 4.5 both containS.

The assumption that the solution is integral does not hold for all LPs that we solve

in adaptive LP decoding. On the other hand, in practice, we are often interested in solving the

LP exactly, only when LP decoding finds an integral solution (i.e., the ML codeword). This, of

course, does not mean that in such cases every LP subproblem solved in the adaptive method

has an integral solution. However, one can argue heuristically that, if the final LP subproblem

has an integral solution, the intermediate LPs are also verylikely to have an integral solution.

To see this, remember from Theorem 3.6 that each intermediate LP problem that is solved in

adaptive LP decoding is equivalent to a full LP decoding thatuses a subset of the check nodes in

the Tanner graph. Now, if LP decoding with the complete Tanner graph has an integral solution,

it is natural to expect that, after removing a subset of checknodes, which can also reduce the

number of cycles, the LP decoder still very likely to find an integral solution.

4.4.1 Simulation Results

We simulated the LP decoding of(3, 6)-regular LDPC codes in the AWGN channel

using the MALP-A algorithm and our sparse implementation ofthe path-following interior-point

method. We have shown earlier that, as interior-point progresses, the matrixAD2AT that need

to be inverted to compute the Newton steps becomes more and more ill-conditioned. We have

observed that this problem becomes more severe in the later iterations of the MALP-A algorithm,

where the LP problem is larger and more degenerate, due to theabundance of active constraints

at the optimum of the problem.

In Figs. 4.3-4.6, we present the performance results of the PCG method for four dif-

ferent systems of linear equations in the form of (4.9), solved in the infeasible primal-dual path-

following interior-point algorithm, using the preconditioners designed by greedy Algorithms 4.3-

4.5.4 In these simulations, we used a randomly-generated(3, 6)-regular LDPC code of length

2000, where the cycles of length four were removed. The performance of the PCG algorithm is

measured by the behavior of the relative residual error‖ri‖22/‖w‖22, whereri andw are defined

in Algorithm 4.1, as a function of the iteration number of thePCG algorithm,i.

4In all the simulations of the row-wise greedy Algorithm 4.5 we present in this section, we have used a diagonal
expansion, rather than a triangular expansion, as described in Section 4.3.
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Figure 4.3: The progress of the residual error for differentPCG implementations, solving (4.9) in
the8th iteration of the interior-point algorithm, in an LP with an integralsolution. The constraint
matrixA has 830 rows and 3830 columns,gd = 48.6, andκ(Q) = 3.46× 104.

In Figs. 4.3 and 4.4, we considered solving (4.9) in two different iterations of the

interior-point algorithm for solving an LP problem. This LPproblem was selected from at the

6th iteration of a MALP decoding problem at SNR = 1.5 dB, and the solution to the LP was

integral. The constraint matrixA for this LP had 713 rows and 2713 columns, and we used the

PCG algorithm to compute the Newton step. Fig. 4.3 corresponds to finding the Newton step at

the8th iteration of the interior-point algorithm. In this scenario, the duality gapgd = xT z was

equal to 48.6, and the condition number of the problem, i.e.,κ(Q), was equal to3.46× 104. We

have plotted the residual error of the CG method without preconditioning, as well as the PCG

method using the three proposed preconditioner designs. For this problem, except at the first

10-15 iterations, the behaviors of three preconditioned implementations are very similar, and all

significantly outperform the CG method.

In Fig. 4.4, we solved (4.9) at the18th iteration of the same LP, where the interior-

point is much closer to the solution, withgd = 0.22 andκ(Q) = 2.33 × 108. In this problem,

the convergence of the CG methods is very slow, so that in 200 iterations, the residual error does

get below0.07. The PCG method with incremental greedy preconditioning, reaching a residual

error of10−4 in 40 iterations, has the fastest convergence, followed by the column-wise greedy

preconditioner.
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Figure 4.4: The progress of the residual error for differentPCG implementations, solving (4.9) in
the8th iteration of the interior-point algorithm, in an LP with an integralsolution. The constraint
matrixA has 830 rows and 3830 columns,gd = 0.22, andκ(Q) = 2.33× 108.

To study the performance of the algorithms when the LP solution is not integral, in the

next two figures, we considered an LP from the 6th iteration ofa MALP-A decoding problem

at SNR = 1.0 dB, where the solution wasfractional. The matrixA had 830 rows and 3830

columns. Fig. 4.5 corresponds to the8th iteration of the interior-point algorithm, withgd = 46.4

andκ(Q) = 2.03 × 104, while Fig. 4.6 corresponds to the18th (penultimate) iteration, with

gd = 0.155 andκ(Q) = 2.61 × 108. These parameters are chosen such that the scenarios

in these two figures are respectively similar to those in Figs. 4.3 and 4.4, the main difference

being that the decoding problem now has a fractional solution. We can observe that, while the

performance of the CG method is very similar in Fig. 4.3 and Fig. 4.5, as well as in Fig. 4.4 and

Fig. 4.6, the preconditioned implementations have slower convergences when the LP solution is

fractional. In particular, in Fig. 4.6, the row-wise greedypreconditioner does not improve the

convergence of the CG method, and is essentially ineffective.

4.4.2 Discussion

Overall, we have observed that in very ill-conditioned problems, the incremental and

the column-wise greedy algorithms are significantly more effective in the speeding up the so-
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Figure 4.6: The progress of the residual error for differentPCG implementations, solving (4.9)
in the 8th iteration of the interior-point algorithm, in an LP with afractional solution. The
constraint matrixA has 830 rows and 3830 columns,gd = 0.155, andκ(Q) = 2.61 × 108.
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lution of the linear system than the row-wise greedy algorithm. The better performance of the

column-wise approach over the row-wise approach can be explained by the fact that, the former,

which searches for degree-1 columns, has more choice at eachstage, since the colums ofA

have a lower degree, on average, than its rows. Besides, while the column-wise is always able

to find a complete triangular preconditioning set, the row-wise algorithm needs to expands the

preconditioning set at the end by adding some slack columns,which may have very low weights.

Considering both the complexity and performance, the column-wise Algorithm 4.4 seems to be

a suitable choice for a practical implemetation of LP decoding.

A second observation that we have made in our simulations is that the convergence

of the PCG method cannot be well characterized just by the condition number of the precondi-

tioned matrix. In fact, we have encountered several situations, where the preconditioned matrix

had a much higher condition number than the original matrix,while it resulted for a much faster

convergence. For instance, in the scenario studied in Fig. 4.6, the condition number of the pre-

conditioned matrixM−1Q for both the column-wise and the incremental algorithms washigher

than that ofQ by factor of 50-100, while these preconditioner still improved the convergence

compared to the CG method. Indeed, it believed in the literature that the speed of convergence

of the CG can typically be better explained by the number of distinct clusters of eigenvalues.

While we studied the interior-point method in the context ofMALP decoding, the

proposed algorithms can also be applied to the LPs that may have more than one constraint from

each check node. For instance, we have observed that the proposed implementation is also very

effective for ALP decoding. However, in the absence of the single-constraint property, some of

the analytical results we presented may no longer be valid.

4.5 Conclusion

In this chapter, we studied various elements in an efficient implementation of LP de-

coding. We first studied the adaptive LP decoding and its variations, and proved a number of

properties for these algorithms. Specifically, we proposedmodifications of the ALP decoding

algorithm, which result in the single-constraint property; i.e., that each LP to be solved contains

at most one parity inequality from each check node of the Tanner graph.

We later studied a sparse interior-point implementation oflinear programming, with

the goal of exploiting the properties of the decoding problem in order to achieve lower complex-

ity. The heart of the interior-point algorithm is the computation of the Newton step via solving
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an (often ill-conditioned) system of linear equations. Since the iterative algorithms for solving

sparse linear systems, including the conjugate-gradient method, have a slow convergence when

the system is ill-conditioned, we need to find a suitable preconditioner to speed up the process.

Motivated by the properties of LP decoding, we studied a new framework for desiging

a preconditioner. Our approach was based on finding a square submatrix of the LP constraint

matrix, which contains the columns that have the highest weights, and at the same time, can

be made lower- or upper-triangular by column and row permutations, making it invertible in

linear time. We proposed a number of greedy algorithms for designing such preconditioners,

and proved that, when the solution to the LP is integral, two of these algorithms indeed result in

effective preconditioners. Lastly, we demonstrated the performance of the proposed schemes via

simulation, and we observed that the preconditioned systems are most effective when the current

LP has an integral solution.

One can imagine various modifications and alternatives to the proposed greedy al-

gorithms for designing preconditioners. It is also interesting to investigate the possibility of

finding other adaptive or nonadaptive formulations of LP decoding that result in solving the

fewest/smallest possible number of LPs, while maintainingthe single-constraint property. More-

over, there are several aspects of the implementation of LP decoding that are not explored in this

work. These potential areas for future research include theoptimum selection of the stopping

criteria and step sizes for the interior-point algorithm and the CG method, as well as the the-

oretical analysis of the effect of preconditioning on the condition number and the eigenvalue

spectrum of the linear system, similar to the study done in [11] for the network flow problems.

This chapter is in part a reprint of the material in the paper:M. H. Taghavi, Amin

Shokrollahi, and P. H. Siegel, “Efficient Implementation ofLinear Programming Decoding,”

Submitted to IEEE Trans. on Information Theory, Sep. 2008.
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Chapter 5

Improving the Performance of LP

Decoding by the Adaptive Introduction

of Redundant Constraints

5.1 Introduction

In the previous two chapters, we studied methods to improve the complexity of LP

decoding. As mentioned earlier, the ML certificate propertyof LP decoding guarantees that the

decoder either finds the ML codeword, or outputs a vector withone or more fractional elements.

In this chapter, motivated by the ML certificate property, and the potential of LP decoding for

improvement by adding new constraints, we study how the cutting-plane concept can be used

to improve the error-rate performance of LP decoding. In this scheme, once the adaptive LP

decoding fails to find an integral (i.e., the ML) codeword, weiteratively search for and add a

number of cuts, i.e., new constraints that cut the current nonintegral solution from the feasible

space, and then we solve the new LP problem. The new cuts can bechosen from a pool of

constraints describing a relaxation of the ML decoding problem which is tighter than the original

relaxation defining the fundamental polytope. In this sense, this technique is similar in concept

to the adaptive LP decoding technique presented in Chapter 3, with the difference that here there

are more constraints to choose from. The effectiveness of this method depends on how closely

the new relaxation approximates the ML decoding problem, and how efficiently we can search

for those constraints that introduce cuts.

74
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Feldmanet al. [1] have mentioned some ways to tighten the relaxation of theML

decoding problem, including the addition of parity inequalities associated to redundant parity

checks (RPC) and the use of lift-and-project methods. (For more on lift-and-project techniques,

see [2] and references therein.) Gomory’s algorithm [3] is another well-known technique for

solving general integer optimization problems, although it suffers from slow convergence. Each

of these methods can be applied adaptively in the context of cutting-plane techniques. In this

chapter, we focus on cutting-plane algorithms that use RPC cuts.

In this chapter, we focus on generating cuts that are obtained based on RPCs. We

present some results on the properties of these cuts, and demonstrate how considerable gains can

be obtained by using this technique. Other approaches toward improving the performance of LP

decoding include facet guessing, proposed by Dimakis and Wainwright [4], and the application

of loop calculus, suggested by Chertkov and Chernyak [5].

The rest of this chapter is organized as follows. Section 5.2is a brief introduction to

the cuts based on redundant parity-checks. In Section 5.3, we investigate the problem of finding

RPCs, and propose a randomized search algorithm, motivatedby the properties of these cuts.

Section 5.4 includes some discussion on complexity issues.Numerical results from computer

simulations are presented in Section 5.5. Section 5.6 concludes the chapter. The details of some

of the proofs are given in the appendices.

5.2 Cuts Based on Redundant Parity Checks

An RPC is obtained by modulo-2 addition of some of the rows of the parity-check

matrix, and this new check introduces a number of constraints that may include a cut, which we

call anRPC cut. Since each row of the parity-check matrix is a codeword fromthe dual code,

adding an RPC is equivalent to including another dual codeword in the parity-check matrix.

The simple structure of RPCs makes them an interesting choice for generating cuts. There

are examples, such as the dual code of the (7,4) Hamming code,where even the relaxation

obtained by adding all the possible RPC constraints (i.e., all dual codewords) does not guarantee

convergence to a codeword. In other words, it is possible to obtain a nonintegral solution for

which there is no RPC cut.

Kashyap [6] used the theory of matroids to show that for a certain class of codes, called

geometrically-perfectcodes, the LP relaxation of ML decoding is exact if all the dual codewords

are included in the parity-check matrix. Furthermore, although solving this relaxation by LP has
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exponential complexity, Kashyap showed that geometrically-perfect codes can indeed be ML-

decoded in polynomial time using a combinatorial algorithm. He also showed that, unfortunately,

geometrically-perfect codes are not asymptotically good.Hence, an important question that

requires further study is how close we can get to the ML decoding of asymptotically-good codes

by adding all possible RPCs to the LP decoder. Also, finding efficient methods to search for RPC

cuts for a given nonintegral solution remains an open problem. On the other hand, as observed

in simulation results, RPC cuts are generally strong, and finding a reasonable number of them

often makes the resulting LP relaxation tight enough to converge to an integer-valued solution.

In the following subsection, we propose and study some ideasfor finding RPC cuts.

5.3 Finding Redundant Parity-Check Cuts

As mentioned before, there is an exponential number of RPCs that can be added, and

in general, most of them do not introduce cuts. Hence, we needto find the cut-inducing RPCs

efficiently by exploiting the special structure of the decoding problem. In particular, we will now

demonstrate that cycles in the Tanner graph of the parity-check matrix have an important role in

determining whether an RPC generates a cut. We start with some useful definitions.

Definition 5.1 Given a current nonintegral solution,u, of the relaxed LP problem, the subset

T ⊆ I of check nodes is called acut-generating collectionif the RPC defined by modulo-2

addition of the parity checks corresponding toT introduces a cut. If no proper subset ofT other

than itself has this property, we call it aminimal cut-generating collection.

Definition 5.2 Given a pseudocodewordu, consider the set of variable nodes in the Tanner

graph of the parity-check matrix whose corresponding elements inu have fractional values. Let

F be the subgraph made up of these variable nodes, the check nodes directly connected to them,

and all the edges that connect them. We callF the fractional subgraphand any cycle inF a

fractional cycleatu.

5.3.1 Role of Fractional Cycles

Theorem 5.2 below makes clear the relevance of the concept offractional cycles to the

search for cut-generating RPCs. Its proof makes use of the following lemma.
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Lemma 5.1 Suppose thatc1 andc2 are two parity checks whose corresponding parity inequal-

ities are satisfied by the current solution,u. Then,c , c1 ⊕ c2, the modulo-2 combination

of these checks, can generate a cut only if the neighborhoodsof c1 and c2 have at least two

fractional-valued variable nodes in common.

Proof: See Appendix 5.A. �

Theorem 5.2 Letu be a point satisfying all the parity inequalities induced bythe check nodes

in the Tanner graph, and letT be a collection of check nodes. IfT is a cut-generating collection

at u, then there exists a fractional cycle such that all the checknodes on it belong toT .

Proof: We first consider the case whereT is a minimal cut-generating collection. Note that

any cut-generating collection must contain at least two check nodes, since no single check node

generates a cut. Pick an arbitrary check nodecj in T . We make an RPCcr by linearly combining

the parity checks inT\{cj}. According to Lemma 5.1 and the minimality ofT , there must be

at least two fractional-valued variable nodes that are involved in bothcj andcr. Since the set of

variable nodes involved incr is a subset of the union of the neighborhoods of the check nodes in

T \{cj}, if follows thatcj shares at least two fractional-valued neighbors with thesecheck nodes.

LetG be the subgraph of the Tanner graph, consisting of the check nodes inT , their neighboring

variable nodes, and the edges that connect them. Applying the above reasoning to every check

nodecj in T , we conclude that each check node in the collectionT is connected to at least two

fractional-valued variable nodes of degree at least 2, within the subgraphG. Therefore, if we

further remove all the integer-valued variable nodes, as well as all the fractional-valued variable

nodes of degree less than 2 fromG, we will be left with a number of check nodes and (fractional-

valued) variable nodes that each have degree at least 2. A simple counting of edges will show

that such a graph, which is a subset ofG and the original Tanner graph, must contain a fractional

cycle.

If T is not a minimal cut-generating collection, then it must contain a minimal cut-

generating collection,T0. To see this, observe that there must be a check node inT whose

removal leaves a cut-generating collection of check nodes.Iteration of this check node-removal

process must terminate in a non-empty minimal cut-generating collectionT0 containing at least

two check nodes. The subgraphG0 corresponding toT0 is contained in the subgraphG cor-

responding toT , so a discussion similar to above proves thatG0, and therefore,G, contain

fractional cycle. �
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Remark In a related result, Vontobel and Koetter showed in [7] that adding a redundant parity

check to the code representation by combining a set of rows inthe parity-check matrixH can

possibly modify the fundamental polytope only if the Tannergraph corresponding to this set

of rows contains a cycle. Here, Theorem 5.2 makes a stronger claim, in the sense that it re-

quires the existence of a cycle over fractional-valued nodes, and not just any cycle. In another

work, Chertkov and Chernyak in [5] studied the role that the cycles in the Tanner graph play in

the performance of both belief propagation and LP decoding,and proposed a heuristic method

for improving LP decoding by characterizing the “most relevant” cycles. Their approach was

based on modifying the likelihood values of the bits, ratherthan modifying the constraints as we

propose here.

5.3.2 Existence of Fractional Cycles

In Theorem 5.4 below, we show that a fractional cycle always exists for any non-

integer pseudocodeword.1

Lemma 5.3 At any pointu in the fundamental polytope of LP decoding, no check node of the

corresponding Tanner graph is connected to exactly one fractional variable node.

Proof: See Appendix 5.B. �

We can represent the fractional subgraphF corresponding to the pseudocodewordu

by a disjoint union of connected components (or briefly, components){Fi}, i = 1, · · · ,K, for

someK ≥ 1.

Theorem 5.4 Letu ∈ [0, 1]n be a fractional pseudocodeword of LP decoding for a code repre-

sented by Tanner graphG, and letF denote the fractional subgraph corresponding tou. Then

each componentFi, i = 1, · · · ,K, ofF contains a cycle.

Proof: Sinceu is a vertex of the fundamental polytope, it should be the unique solution to the

system of equations formed by turning the active parity inequalities and box constraints atu

into equations. Consider a componentFi of the fractional subgraph, containingk (fractional)

variable nodes. Clearly, none of the box constraints corresponding to thesek variable nodes are

active atu. Hence, there should bek linearly-independent active parity inequalities introduced

by the check nodes inFi, that uniquely determine the values corresponding to the variable nodes

1However, it should be emphasized that not every RPC constraint obtained from a fractional cycle generates a cut.
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in Fi in terms of the rest of the variables. Let’s denote byF ′
i ⊆ Fi the subgraph obtained by

removing all the check nodes inFi which do not introduce any active parity inequality atu, and

all the edges connected to them.

A consequence of Lemma 3.1 is that, if a parity inequalityκ given by a check nodej is

active at vertexu, the rest of the parity inequalities introduced by check node j are not necessary

to define vertexu, since they cannot be violated at any pointu0 ∈ [0, 1]n whereκ is active.

Hence, to uniquely determine the values of thek variable nodes inF ′
i , it is sufficient to consider

only one active constraint given by each check node inF ′
i . We conclude that, in order to have

enough equations, the number of check nodes inF ′
i , denoted byl, cannot be smaller thank.

According to Lemma 5.3, each of these check nodes should be connected to at least two variable

nodes inF ′
i . Therefore, the number of edges inF ′

i is at least2l, while the total number of nodes

in this subgraph isk + l ≤ 2l. This means thatF ′
i cannot be a tree or a forest, since it contains

at least as many edges as nodes. Consequently,F ′
i , and hence,Fi, contain a cycle. �

5.3.3 Randomized Algorithm for Finding RPC Cuts

The results above motivate the following algorithm to search for RPC cuts.

Algorithm 5.1 Randomized Search for RPC Cuts
1: Given an LP decoding solutionu and the original Tanner graph of the code, prune the graph

by removing all the variable nodes with integer values;

2: Starting from an arbitrary check node, randomly walk through the pruned graph until a cycle

is found;

3: Create an RPC by combining the rows of the parity-check matrix corresponding to the check

nodes in the cycle;

4: If this RPC introduces a cut, add this cut to the set of constraints in the LP relaxation, and

exit; otherwise go to Step 2;

When the fractional subgraph contains many cycles and it is feasible to check only

a small fraction of them, the randomized method described above can efficiently find cycles.

However, when the cycles are few in number, this algorithm may actually check a number of

cycles several times, while skipping some others. In this case, a structured search, such as one

based on the depth-first search (DFS) technique, can be used to find all the simple cycles in the

fractional subgraph. We can then check to see if any of them introduces an RPC cut. However,
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to guarantee that all the potential cut-generating RPCs arechecked, one will still need to modify

this search to include complex cycles, i.e., clusters of cycles which share some edges.

As shown above, by exploiting some of the properties of the linear code LP decoding

problem, one can expedite the search for RPC cuts. However, there still remains a need for more

efficient methods of finding RPC cuts.

5.4 Complexity Considerations

There are a number of parameters that determine the complexity of the adaptive algo-

rithm with RPC cuts, including the number of iterations of Algorithm 5.1 to find a cut, the total

number of cuts that are needed to obtain an integer solution,and the time taken by each run of

the LP solver after adding a cut. In particular, we have observed empirically that a number of

cuts less than the length of the code is often enough to ensureconvergence to the ML codeword.

By using each solution of the LP as a warm start for the next iteration after adding further cuts,

the time that each LP takes can be significantly reduced. For example, for a (3,4)-regular code

of length 100 with RPC cuts, although as many as 70 LP problemsmay have to be solved for a

successful decoding, the total time that is spent on these LPproblems is no more than 10 times

that of solving the standard problem (with no RPC cuts). Moreover, if we allow more than one

cut to be added per iteration, the number of these iterationscan be further reduced.

Since Algorithm 5.1 involves a random search, there is no guarantee that it will find a

cut (if one exists) in a finite number of iterations. In particular, we have observed cases where,

even after a large number of iterations, no cut was found, while a number of RPCs were visited

repeatedly. This could mean that either no RPC cut exists forthese cases, or the cuts have a

structure that makes them unlikely to be selected by our random search algorithm.

In order to control the complexity, we can impose a limit,Cmax, on the number of

iterations of the search, and if no cut is found afterCmax trials, we declare failure. By changing

Cmax, we can trade complexity for performance. Alternatively, we can put a limit,Tmax, on the

total time that is spent on the decoding process. In order to find a proper value for this maximum,

we ran the algorithm with a very large value ofCmax and measured the total decoding time

for the cases where the algorithm was successful in finding the ML solution. Based on these

observations, we found that 10 times the worst-case runningtime of the adaptive LP decoding

algorithm of Section 3.2 serves as a suitable value forTmax.
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Figure 5.1: WER of RPC-based cutting-plane LP versus SNR fordifferent values ofCmax.

5.5 Numerical Results

To demonstrate the performance improvement achieved by using the RPC-based cutting-

plane technique, we present simulation results for random (3,4)-regular LDPC codes on the

AWGN channel. We consider codes of length 32, 100, and 240 bits, and in each case, we count

about 200 failures to estimate the WER.

In Fig. 5.1, for the length-32 code, we plot the word error rate (WER) versus SNR

for different values ofCmax, demonstrating the trade-off between performance and complexity.

As in the previous section, the SNR is defined as the ratio of the variance of the transmitted

discrete-time signal to the variance of the noise sample.

For purposes of comparison, the WER of LP decoding with no RPCcut, as well as

a lower bound on the WER of the ML decoder have been included inthe figure. In order to

obtain the ML lower bound, we counted the number of times thatthe RPC-based cutting-plane

LP algorithm, using a large value ofCmax, converged to a codeword other than the transmitted

codeword, and then divided that by the total number of transmitted codewords. Due to the ML

certificate property of LP decoding, we know that ML decodingwould fail in those cases, as

well. On the other hand, ML decoding may also fail in some of the cases where LP decoding

does not converge to an integral solution. Therefore, this estimate gives a lower bound on the
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WER of ML decoding.

However, for codes of length greater than 32, in almost all instances where the ML

decoder had an error, an RPC-based LP decoder also failed to provide an integral (i.e., ML)

solution. Therefore, it was not possible to obtain an estimate of the performance of the ML

decoder using the above technique. Therefore, as an alternative, we used the performance of the

Box-and-Match soft decision decoding algorithm (BMA) developed by Valembois and Fossorier

[8] as an approximation of the ML decoder performance. For the codes that we consider, the error

probability of BMA is guaranteed to be within a factor 1.05 ofthat of ML decoding.

In Figs. 5.2-5.4, the performance of LP decoding with RPC cuts is compared to that

of standard LP decoding, sum-product decoding, and also theBMA (for the first two figures).

Each figure corresponds to a fixed block length, and in all three cases sum-product decoding

had 100 iterations. In these scenarios, instead of enforcing a limit on the iterations, we allow

each decoding to take at most 10 times the average time required by the Adaptive LP decoder

of Section 3.2. The curves show that, as the SNR increases, the proposed method outperforms

the LP and the SPA, and significantly closes the gap to the ML decoder performance. However,

one can see that, as the code length increases, the relative improvement provided by RPC cuts

becomes less pronounced. This may be due to the fact that, forlarger code lengths, the Tanner

graph becomes more tree-like, and therefore the negative effect of cycles on LP and message-

passing decoding techniques becomes less important, especially at low SNR.

5.6 Conclusion

In this chapter, we explored the application of cutting-plane techniques for improving

the error rate of LP decoding. Key to this approach is the ML certificate property of LP de-

coders, that is, the ability to detect the failure to find the ML codeword. This property is shared

by message-passing decoding algorithms only in specific circumstances, such as on the era-

sure channel. The ML certificate property provides a termination criterion for the cutting-plane

method.

A desirable feature of this approach is that by changing the parameters of the algorithm

we can smoothly trade decoder complexity for performance. In contrast, if we want to get

the same performance gains by tightening the relaxation in anon-adaptive setting, the required

complexity increases much faster.

We showed that redundant parity checks provide strong cuts,even though they may
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Figure 5.2: WER of RPC-based cutting-plane LP versus SNR forlength 32 and maximum de-
coding time 10 times that of LP decoding.

−1.5 −1 −0.5 0 0.5 1 1.5 2 2.5 3 3.5
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

SNR, dB

W
E

R

Regular (3,4) code of length 100

 

 
LP
Sum−Product
LP with RPC cuts
Box and Match

Figure 5.3: WER of RPC-based cutting-plane LP versus SNR forlength 100 and maximum
decoding time 10 times that of the LP decoding.
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Figure 5.4: WER of RPC-based cutting-plane LP versus SNR forlength 240 and maximum
decoding time 10 times that of the LP decoding.

not guarantee ML performance. The results indicate that it would be worthwhile to find more ef-

ficient ways to search for strong RPC cuts by exploiting theirproperties, as well as to determine

specific classes of asymptotically-good codes for which RPCcuts are particularly effective. It

would also be interesting to investigate the effectivenessof cuts generated by other techniques,

such as lift-and-project cuts, Gomory cuts, or cuts specially designed for this decoding applica-

tion.

Appendix 5.A Proof of Lemma 5.1

Proof: LetN1,N2, andN denote the sets of variable nodes in the neighborhoods ofc1, c2, and

c, respectively, and defineS , N1∩N2. Hence, we will haveN = (N1∪N2)\S. We can write

S as a union of disjoint setsS(0), S(1), andS(f), which respectively represent the members of

S whose values inu are equal to0, equal to1, or lie in the range(0, 1). In order to prove the

lemma, it is enough to show that|S(f)| ≥ 2.

Parity checkc generates a cut, hence there is an odd-sized subsetV ⊆ N of its neigh-
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borhood for which we can write

∑

i∈V

ui −
∑

i∈N\V

ui > |V| − 1. (5.1)

SinceN1 andN2 have no common member inN , we can write

V = V1 ∪ V2, (5.2)

whereV1 ⊆ N1\S andV2 ⊆ N2\S are disjoint, and exactly one of them has odd size. Since

c1 andc2 do not generate cuts, all the constraints they introduce should be satisfied byu. Now

consider the two setsV1 ∪ S(1) andV2 ∪ S(1). As S(1) is disjoint from bothV1 andV2, and

exactly one ofV1 andV2 is odd-sized, we further conclude that exactly one ofV1 ∪ S(1) and

V2 ∪ S(1) is odd-sized, as well. Without loss of generality, assume that |V1 ∪ S(1)| is odd and

|V2 ∪ S(1)| is even.

We proceed by dividing the problem into two cases, corresponding to whether|S(f)|
is even or odd.

Case 1 (|S(f)| is even):Noting that|V1|+|S(1)|+|S(f)| is odd, consider the following

parity inequality given byc1
∑

i∈V1

ui +
∑

i∈S(1)

ui +
∑

i∈S(f)

ui −
∑

i∈N1\(V1∪S(1)∪S(f))

ui

≤ |V1|+ |S(1)|+ |S(f)| − 1. (5.3)

Since
∑

i∈S(1) ui = |S(1)| and
∑

i∈S(0) ui = 0, we can simplify (5.3) as

∑

i∈V1

ui +
∑

i∈S(f)

ui −
∑

i∈N1\(V1∪S)

ui ≤ |V1|+ |S(f)| − 1. (5.4)

Now, starting from (5.1), and (5.2) and using the fact thatN1\(V1 ∪ S) ⊆ N\V , we have

|V1|+ |V2| − 1 <
∑

i∈V1

ui +
∑

i∈V2

ui −
∑

i∈N\V

ui

≤
∑

i∈V2

ui +
∑

i∈V1

ui −
∑

i∈N1\(V1∪S)

ui

≤
∑

i∈V2

ui + |V1| − 1 + |S(f)| −
∑

i∈S(f)

ui, (5.5)

where for the last inequality we used (5.4). Since
∑

i∈V2
ui ≤ |V2|, (5.5) yields

|V1|+ |V2| − 1 < |V1|+ |V2| − 1 + |S(f)| −
∑

i∈S(f)

ui, (5.6)
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Hence,S(f) is a non-empty set, and since it is even in size, we must have|S(f)| ≥ 2.

Case 2 (|S(f)| is odd): We start by writing two parity inequalities induced byc1 and

c2, which are, by assumption, satisfied atu. Forc2 we write

∑

i∈V2

ui +
∑

i∈S(1)

ui +
∑

i∈S(f)

ui −
∑

i∈N2\(V2∪S(1)∪S(f))

ui

≤ |V2|+ |S(1)|+ |S(f)| − 1, (5.7)

and forc1

∑

i∈V1

ui +
∑

i∈S(1)

ui −
∑

i∈N1\(V1∪S(1)∪S(f))

ui −
∑

i∈S(f)

ui

≤ |V1|+ |S(1)| − 1. (5.8)

By adding (5.7) and (5.8), we obtain after some cancellation

∑

i∈V1

ui +
∑

i∈V2

ui −
∑

i∈N1\(V1∪S)

ui −
∑

i∈N2\(V2∪S)

ui

≤ |V1|+ |V2|+ |S(f)| − 2. (5.9)

Note that

N\V = [N1\(V1 ∪ S)] ∪ [N2\(V2 ∪ S)]. (5.10)

Now, (5.1) can be rewritten as

∑

i∈V1

ui +
∑

i∈V2

ui −
∑

i∈N1\(V1∪S)

ui −
∑

i∈N2\(V2∪S)

ui

> |V1|+ |V2| − 1. (5.11)

Combining (5.11) and (5.9) yields

|V1|+ |V2| − 1 < |V1|+ |V2|+ |S(f)| − 2, (5.12)

and we conclude that|S(f)| > 1. �

Appendix 5.B Proof of Lemma 5.3

Proof (By contradiction):Assume, to the contrary, that at a pointu ∈ P, some check node

j∗ ∈ J is connected to exactly one fractional variable node,i∗ ∈ I, with the corresponding
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value0 < ui∗ < 1. We show that one of the parity inequalities in (2.6) introduced by the check

nodej∗ must be violated atu, contradicting the assumption thatu ∈P.

Let A denote the set of integral neighbors of the check nodej∗ with value 1. We

consider two cases for the cardinality ofA.

Case 1 (|A| is odd): SettingV = A, we find that

∑

i∈V

ui −
∑

i∈N\V

ui = V − ui∗

> |V| − 1. (5.13)

Case 2 (|A| is even):SettingV = A ∪ {i∗}, we find in this case that

∑

i∈V

ui −
∑

i∈N\V

ui = V − 1 + ui∗

> |V| − 1. (5.14)

Consequently, in both cases, the check nodej∗ introduces a violation of a parity inequality

(2.6). �

This chapter is in part a reprint of the material in the paper:M. H. Taghavi and P.

H. Siegel, “Adaptive approaches to linear programming decoding of linear codes,”To appear in

IEEE Trans. on Information Theory.
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Chapter 6

Graph-Based Decoding in the Presence

of Intersymbol Interference

6.1 Introduction

Intersymbol interference (ISI) is a characteristic of manydata communications and

storage channels. Systems operating on these channels employ error-correcting codes in con-

junction with some ISI reduction technique, which, in magnetic recording systems, is often a

conventional Viterbi detector. It is known that some gain will be obtained if the equalization

and decoding blocks are combined at the receiver by exchanging soft information between them.

A possible approach to achieving this gain is to use soft-output equalization methods such as

the BCJR algorithm [1] or the soft-output Viterbi algorithm(SOVA) [2] along with iterative de-

coders. However, both BCJR and SOVA suffer from exponentialcomplexity in the length of the

channel memory.

Kurkoski et al. [3] proposed two graph representations of the ISI channel that can

be combined with the Tanner graph of the LDPC code for message-passing decoding. Their

bit-based representation of the channel contains many 4-cycles, which results in a significant

performance degradation compared to maximum-likelihood (ML) detection. On the other hand,

message passing (MP) on their state-based representation,where messages contain state rather

than bit information, has a performance and overall complexity similar to BCJR, while benefiting

from a parallel structure and reduced delay. Among other works, Singlaet al. [4] applied

message passing on a bit-based graph representation of a two-dimensional ISI channel combined

89
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with an LDPC Tanner graph. However, similar to the case of one-dimensional ISI, the abundance

of short cycles prevents the algorithm from performing close to optimal.

Linear programming (LP) has recently been applied by Feldman et al. [5] to the prob-

lem of ML decoding of LDPC codes, as an alternative to MP techniques. In this method, the

binary parity-check constraints of the code are relaxed to aset of linear constraints in the real do-

main, thus turning the integer problem into an LP problem. While LP decoding performs closely

to MP algorithms such as the sum-product algorithm (SPA) andthe min-sum algorithm (MSA), it

is much easier to analyze for finite code lengths. In the previous three chapters, we demonstrated

some properties and improvements in the application of LP decoding to the MBIOS channels.

Motivated by the success of LP decoding, in this chapter we study the problem of ML

detection in the presence of ISI, which can be written as an integer quadratic program (IQP). We

convert this problem into a binary decoding problem, which can be used for MP decoding, or,

after relaxing the binary constraints, LP decoding. Furthermore, decoding an underlying LDPC

code can be incorporated into this problem simply by including the parity checks of the code.

By a geometric analysis we show that, in the absence of coding, if the impulse re-

sponse of the ISI channel satisfies certain conditions, the proposed LP relaxation is guaranteed

to produce the ML solution at all SNR values. This means that there are ISI channels, which we

call LP-properchannels, for which uncoded ML detection can be achieved with a complexity

polynomial in the channel memory size. On the other end of thespectrum, some channels are

LP-improper, i.e. the LP method results in a nonintegral solution with a probability bounded

away from zero at all SNR, even in the absence of noise. Furthermore, we observe some in-

termediateasymptotically LP-properchannels where the performance asymptotically converges

to that of ML detection at high SNR. When message passing is used instead of LP, we observe

a similar behavior. Moreover, when LDPC decoding is incorporated in the detector, LP-proper

channels achieve very good performance, while some other channels cannot go below a certain

word error rate (WER).

The rest of this chapter is organized as follows. In Section 6.2, we describe the channel,

and introduce the LP relaxation of ML detection. The performance analysis and simulation

results of uncoded graph-based detection are presented in Section 6.3. In Section 6.4, we study

the combination of graph-based detection and LDPC decoding, and Section 6.5 concludes the

chapter.
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Figure 6.1: Binary-input ISI channel.

6.2 Relaxation of the Equalization Problem

6.2.1 Channel Model

We consider a partial-response (PR) channel with bipolar (BPSK) inputs, as described

in Fig. 6.1, and use the following notation for the transmitted symbols.

Definition 6.1 The bipolar version of a binary symbol,b ∈ {0, 1}, is denoted bỹb ∈ {−1, 1},
and is given by

b̃ = 1− 2b. (6.1)

The partial-response channel transfer polynomial ish(D) =
∑µ

i=0 hiD
i, whereµ is

the channel memory size. Thus, the output sequence of the PR channel in Fig. 6.1 before adding

the white Gaussian noise can be written as

yt =

µ
∑

i=0

hix̃t−i. (6.2)

6.2.2 Maximum-Likelihood (ML) Detection

Having the vector of received samplesr = [r1 r2 · · · rn]T , the ML detector solves the

optimization problem

Minimize ‖r − y‖2
Subject to x ∈ C, (6.3)
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whereC ⊂ {0, 1}n is the codebook and‖ · ‖2 denotes theL2-norm. By expanding the square of

the objective function, the problem becomes equivalent to minimizing

∑

t

(rt − yt)
2 =

∑

t



r2t − 2rt
∑

i

hix̃t−i +

(

∑

i

hix̃t−i

)2




=
∑

t

[

r2t − 2rt
∑

i

hix̃t−i +
∑

i

h2
i x̃

2
t−i

+
∑∑

i6=j

hihj x̃t−ix̃t−j

]

, (6.4)

where, for simplicity, we have dropped the limits of the summations. Equivalently, we can write

the problem in a general matrix form

Minimize − qT x̃+
1

2
x̃TPx̃,

Subject to x ∈ C, (6.5)

where in this problemqt =
∑

i hirt+i, andP = HTH, with H defined as then × n Toeplitz

matrix

H =



























h0 0 · · ·
...

.. .

hµ · · · h0 0

0 hµ h0 0
...

. . . . . .

0 · · · 0 hµ · · · h0



























. (6.6)

Here we have assumed thatµ zeros are padded at the beginning and the end of the transmitted

sequence, so that the trellis diagram corresponding to the ISI channel starts and ends at the zero

state. If the signals are uncoded, i.e.C = {0, 1}n, andq andP are chosen arbitrarily, (6.5)

will represent the general form of an integer quadratic programming (IQP) problem, which is,

in general, NP-hard. In the specific case of a PR channel, where we have the Toeplitz structure

of (6.6), the problem can be solved by the Viterbi algorithm with a complexity linear inn, but

exponential inµ. However, this model can also be used to describe other problems such as

detection in MIMO or two-dimensional ISI channels. Also, when the source symbols have a

non-binary alphabet with a regular lattice structure such as the QAM and PAM alphabets, the

problem can be reduced to the binary problem of (6.5) by introducing some new variables.



93

6.2.3 Problem Relaxation

A common approach for solving the IQP problem is to first convert it to an integer LP

problem by introducing a new variable for each quadratic term, and then relax the integrality

condition; e.g. see [6]. While this relaxed problem does notnecessarily have an integer solution,

it can be used along with branch-and-cut techniques to solveinteger problems of reasonable size.

A more recent method is based on dualizing the IQP problem twice to obtain a convex relaxation

in the form of a semi-definite program (SDP) [7][8].

In this chapter, we use the linear relaxation due to the lowercomplexity of solving

LPs compared to SDPs. Unlike in [6], where the auxiliary variables are each defined as the

product of two 0-1 variables, we define them as the product of±1 variables, which, as we

will see, translates into the modulo-2 addition of two bits when we move to the 0-1 domain.

This relaxation is more suitable for our purpose, since modulo-2 additive constraints are similar

to parity-check constraints; thus, message-passing decoders designed for linear codes can be

applied without any modification. However, it can be shown that this relaxation gives the exact

same solution as in [6].

To linearize (6.4), we define

z̃t,j = x̃t · x̃t−j , j = 1, . . . , µ, t = j + 1, . . . , n. (6.7)

In the binary domain, this will be equivalent to

zt,j = xt ⊕ xt−j , (6.8)

where⊕ stands for modulo-2 addition. Hence, the right-hand side of(6.4) is a linear combination

of {xt} and{zt,j}, plus a constant, given that̃xi
2 = 1 is a constant. With some simplifications,

the IQP in (6.5) can be rewritten as

Minimize
∑

t

qtxt +
∑

t

∑

j

λt,jzt,j ,

Subject to x ∈ C,

zt,j = xt ⊕ xt−j , j = 1, . . . , µ,

t = j + 1, . . . , n, (6.9)

where, in the equalization problem,

λt,j = −Pt,t−j = −
min(µ−j,n−t)

∑

i=0

hihi+j . (6.10)
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In this optimization problem, we call{xi} the information bits, and{zt,j} the state bits. It can be

seen from (6.10) thatλt,j is independent oft, except for indices near the two ends of the block;

i.e. 1 ≤ t ≤ µ andn−µ+1 ≤ t ≤ n. In practice, this “edge effect” can be neglected due to the

zero padding at the transmitter. For clarity, we sometimes drop the first subscript inλt,j , when

the analysis is specific to the PR detection problem.

The combined equalization and decoding problem (6.9) has the form of a single de-

coding problem, which can be represented by a low-density Tanner graph. Fig. 6.2 shows an

example of the combination of a PR channel of memory size2 with an LDPC code. We call the

upper and lower layers of this Tanner graph the code layer andthe PR layer (or the PR graph),

respectively. The PR layer of the graph consists ofµn check nodesct,j of degree 3, each con-

nected to two information bit nodesxt, xt−j , and one distinct state bit node,zt,j . Also, the PR

layer can contain cycles of length 6 and higher. If a coefficient, λt,j, is zero, its corresponding

state bit node,zt,j , and the check node it is connected to can be eliminated from the graph, as

they have no effect on the decoding process.

It follows from (6.10) that the coefficients of the state bitsin the objective function,

{λt,j}, are only a function of the PR channel impulse response, while the coefficients of the

information bits are the results of matched filtering the noisy received signal by the channel im-

pulse response, and therefore dependent on the noise realization. Once the variable coefficients

in the objective function are determined, LP decoding, as described in Section 2.3, can be di-

rectly applied to solve a linear relaxation of decoding on this Tanner graph. We call this method

LP detection.

The coefficients in the linear objective function, after some normalization, can also be

treated as log-likelihood ratios (LLR) of the corresponding bits, which can be used for iterative

MP decoding. In this chapter, we have mostly used the Min-SumAlgorithm (MSA), since,

similar to LP decoding, it is not affected by the uniform normalization of the variable coefficients

in (6.9).

6.3 Performance Analysis of Uncoded Detection

In this section, we study the performance of LP detection in the absence of coding,

i.e. solving (6.5) withC = {0, 1}n. It is known that if the off-diagonal elements ofP are all

nonpositive; i.e.λt,j ≥ 0, ∀j 6= 0, t, the 0-1 problem is solvable in polynomial time by reducing

it to the MIN-CUT problem; e.g. see [9]. As an example, Sankaran and Ephremides [10]
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Figure 6.2: PR channel and LDPC code represented by a Tanner graph.

argued using this fact that when the spreading sequences in asynchronous CDMA system have

nonpositive cross correlations, optimal multiuser detection can be done in polynomial time. In

this section, we derive a slightly weaker condition than thenonnegativity ofλt,j , as the necessary

and sufficient condition for the success of the LP relaxationto result in an integer solution for

any value ofq in (6.9). This analysis also sheds some light on the questionof how the algorithm

behaves in the general case, where this condition is not satisfied.

For a check node in the Tanner graph connecting information bit nodesxt andxt−j

and state bit nodezt,j, the constraints (2.6) can be summarized as

zt,j ≥ max[xt − xt−j , xt−j − xt]

zt,j ≤ min[xt + xt−j , 2− xt − xt−j ], (6.11)

which can be further simplified as

|xt − xt−j| ≤ zt,j ≤ 1− |xt + xt−j − 1|. (6.12)

Since there is exactly one such pair of upper and lower boundsfor each state bit, in the solution

vector,zt,j will be equal to either the lower or upper bound, depending onthe sign of its coeffi-

cient in the linear objective function,λt,j . Hence, having the coefficients, the cost ofzt,j in the

objective function can be written as

λt,jzt,j =











λt,j |xt − xt−j| if λt,j ≥ 0,

λt,j − λt,j|xt + xt−j − 1| if λt,j < 0,
(6.13)
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where the first term in the second line is constant and does notaffect the solution. Consequently,

by substituting (6.13) in the objective function, the LP problem will be projected into the original

n-dimensional space, giving the equivalent minimization problem

Minimize f(x) =
∑

t

qtxt +
∑∑

t,j:λt,j>0

|λt,j ||xt − xt−j |

+
∑∑

t,j:λt,j<0

|λt,j ||xt + xt−j − 1|,

Subject to 0 ≤ xt ≤ 1, ∀t = 1, . . . , n, (6.14)

which has a convex and piecewise-linear objective function. Each absolute value term in this

expression corresponds to a check node in the PR layer of the Tanner graph representation of the

channel.

6.3.1 LP-Proper Channels: Guaranteed ML Performance

For a class of channels, which we callLP-proper channels, the proposed LP relaxation

of uncoded ML detection always gives the ML solution. The following theorem provides a

criterion for recognizing LP-proper channels.

Theorem 6.1 The LP relaxation of the integer optimization problem (6.9), in the absence of

coding, is exact for every transmitted sequence and every noise configuration if and only if the

following condition is satisfied for{λt,j}:

Weak Nonnegativity Condition (WNC): Every check nodect,j , connected to vari-
able nodesxt andxt−j , which lies on a cycle in the PR Tanner graph corresponds
to a nonnegative coefficient; i.e.λt,j ≥ 0.

Proof: We first prove that WNC is sufficient for guaranteed convergence of LP to the ML se-

quence, and then show that if this condition is not satisfied,there are cases where the LP algo-

rithm fails. In the proof, we make use of the following definition.

Definition 6.2 Consider a piecewise-linear functionf : R
n 7→ R. We calla a breakpointof f

if the derivative off(a+ sv) with respect tos changes ats = 0, for any nonzero vectorv ∈ R
n.

Sufficiency

It is sufficient to show that under WNC, the solution of (6.14)is always at one of

the vertices of the unit cube,[0, 1]n. First consider (6.14) without the box constraints. The
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optimum point,x∗, of the objective function has to occur either at infinity or at a breakpoint

of this piecewise-linear function. Since the nonlinearityin the function comes from the terms

involving the absolute value function, each breakpoint,a, is determined by makingn of these

absolute value termsactive, i.e. setting their arguments equal to zero. Thesen terms should have

the property that the linear system of equations obtained bysetting their arguments to zero has a

unique solution.

When the feasible region is restricted to the unit cube[0, 1]n, the optimum can also

occur at the boundaries of this region. Without loss of generality, we can assume that the opti-

mum point lies on a number,k, of hyperplanes corresponding to the box constraints in (6.14),

wherek = 0, . . . , n. This will make exactlyk variables,xi, i ∈ I, equal to either 0 or 1, where

|I| = k. In addition, at leastn− k other equations are needed to determine the remainingn− k
fractional variables. These equations will be the results of making a number of absolute value

terms active, each of them having one of the two formsxt = xt−j or xt + xt+j = 1, depending

on whetherλt,j > 0 or λt,j < 0, respectively. When an absolute value term in (6.14) is active,

either both, or none of its variables can be integer. Since the former case does not provide an

equation in terms of the fractional variables, we can assumethat all these active absolute value

terms only involve fractional variables.

Now the question becomes under what condition such equations can have a unique and

nonintegral solution. We can illustrate this system of equations by adependence graph, where

the vertices correspond to the unknowns, i.e., then − k fractional variable nodes, and between

verticesxs andxs−i there is apositiveedge ifλs,i > 0 and anegativeedge ifλs,i < 0. An

example of a dependence graph satisfying WNC is shown in Fig.6.3. In the solution of the

system of equations, if two vertices are connected in the dependence graph by a positive edge,

they will have the same value. Hence, we can merge these two vertices into a single vertex, and

the value that this vertex takes will be shared by the two original vertices. If we do this for every

positive edge, we will be left with a reduced dependence graph that has only negative edges. We

claim that, if WNC is satisfied, the reduced graph will be tree. To see this, consider a negative

edgeet,j connecting vertexxt on its “left side” to vertexxt−j on its “right side” in the original

dependence graph. By assumption,et,j is not on a cycle, which means if we remove it, its left

side and right side will become disconnected. Clearly, during the above-mentioned merging of

vertices, no new connection will be created between the leftand right sides ofet,j . Hence, every

negative edge will still not be on any cycle at the end of the merging procedure, and, in other
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words, the reduced dependence graph will be a tree. Since trees have fewer edges than vertices,

the system of equations for determining the unknown variables will be under-determined, and

none of the nodes in the dependence graph will have a unique solution. Consequently, the only

case where we have a unique solution for all the variables will be k = n, which means that all

of the variables{xi} are integral. This proves the sufficiency of WNC.

Necessity

We prove the necessity of the condition by a counter example.Consider a case where

the realization of the noise sequence is such that the received sequence is zero. This will make

{qt}, the coefficients of the linear term in (6.14), equal to zero.Hence we are left with the

positive-weighted sum of a number of absolute value terms, each of them being greater than or

equal to zero. The objective function will become zero if andonly if all these terms are zero,

which is satisfied ifx = [12 , . . . ,
1
2 ]T . We need to show that if WNC is not satisfied, equating

all the absolute value terms to zero will determine a unique and fractional value for at least one

of the elements ofx. Consider the dependence graph of this system of equations.We know that

there is at least one cycle containing a negative edge. Consider the equations corresponding to

one such cycle. Without loss of generality, we can assume that all these equations have the form

xt +xt+j = 1, since if any of them has the formxt = xt+j , we can combine these two variables

into one. Consequently, the system of equations corresponding to this cycle, after some column

permutations will have the matrix form















1 1 0 · · ·
0 1 1 0
...

. . .

1 · · · 0 1





























xi1

xi2
...

xil















=















1

1
...

1















. (6.15)

Since the coefficient matrix is full rank, the unique solution of this system isxik = 1
2 , k =

1, . . . , l. This means that no integral vectorx can make the objective function in (6.14) zero, and

therefore the algorithm fails to find an integral solution. This proves the necessity of WNC for

guaranteed success of the LP relaxation. �

Corollary 6.2 The solutions of the LP relaxation of uncoded ML equalization are in the space

{0, 1
2 , 1}n.
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Figure 6.3: The dependence graph of the system of linear equations with one cluster of cycles.
Solid lines represent positive edges and dashed lines represent negative edges.

Proof: The values of fractional elements ofx are the unique solutions of a system of linear

equations of the formsxt = xt+i andxt + xt+i = 1. The vector[12 , . . . ,
1
2 ] satisfies all these

equations, and, hence, has to be the unique solution. �

6.3.2 Implications of the WNC

In the PR channel equalization problem, due to the periodic structure of the Tanner

graph and the coefficients of the state variables, the WNC implies that at least one of the follow-

ing statements should be valid:

1. The PR Tanner graph is acyclic. Examples include any PR channel with memory size

µ = 1, and the memory-2 channelh(D) = 1 +D −D2.

2. Nonnegativity Condition (NC): All state variables have nonnegative coefficients; i.e.

λt,j ≥ 0 ∀t, j.

Lemma 6.3 Condition 1 implies that the number of nonzero coefficients among{λt,j : t =

1, . . . , n, j = 1, 2, . . .} is less thann.

Proof: Let κ be the number of nonzero elements of{λt,j : t = 1, . . . , n, j = 1, 2, . . .}. Then,

it is easy to see that the PR Tanner graph will have3κ edges andn+ 2κ vertices (i.e. variable or

check nodes). But the graph can be acyclic only if3κ ≤ n+ 2κ− 1, which means thatκ < n.�

In a one-dimensional ISI channel, where the state coefficients are given by (6.10), NC

implies that the autocorrelation function of the discrete-time impulse response of the channel
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should be nonpositive at any point other that the zero time shift. As the memory size of the

channel increases, this condition becomes more restrictive, so that a long and randomly-chosen

impulse response is not very likely to satisfy NC. However, it is very common, particularly in

magnetic recording applications, to use the PRML technique, where the overall impulse response

of the channel is first equalized to a target impulse response, in order to simplify the subsequent

detection stages. The target channel response is usually optimized to provide the best detection

performance. A possible approach for employing the linear relaxation of ML detection in this

application can be to optimize the target channel subject toNC, which enables us to achieve the

performance of Viterbi detection, although without an exponential complexity in the memory

size.

An interesting application of this result is in 2-D channels, for which there is no fea-

sible extension of the Viterbi algorithm. In a 2-D channel, the received signalrt,s at coordinate

(t, s) in terms of the transmitted symbol sequence{x̃t,s} has the form

rt,s =

µ
∑

i=0

ν
∑

j=0

hi,jx̃t−i,s−j + nt,s. (6.16)

Hence, following the same procedure that results in (6.10),the coefficients of the state variables

in the 2-D channel can also be obtained. In particular, the state variable defined asz(t,s),(k,l) =

xt,s ⊕ xt−k,s−l will have the coefficient

γk,l = −
µ
∑

i=0

ν
∑

j=0

hi,jhi+l,j+l. (6.17)

In this expression, for simplicity, we have dropped the(t, s) index due to the independence of the

γ from t ands, except near the boundaries, which, in turn, can be resolvedby proper truncation

of the transmitted array. Theorem 6.1 guarantees that ML detection can be achieved by linear

relaxation if NC is satisfied, i.e.γk,l ≥ 0 for any k, l > 0. An example of a 2-D channel

satisfying NC is given by the matrix

[hi,j ] =





1 1

1 −1



 . (6.18)

6.3.3 Error Event Characterization: Asymptotically LP-Pr oper and LP-Improper

Channels

We showed that if WNC is not satisfied, there are noise configurations that results

in the failure of LP detection to find the ML sequence. However, for some channels, such
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noise configurations might be highly unlikely at high SNR values. We have observed that for

some ISI channels violating WNC, the probability of obtaining a fractional solution becomes

dominated by the probability that the ML sequence is different from the transmitted word. We

call these channelsasymptotically LP-proper, since for these channels the WER of LP detection

is asymptotically equal to that of ML detection as the SNR increases. On the other hand, for some

other channels, which we callLP-improperchannels, there is a non-diminishing probability that

the solution of LP detection is nonintegral, as the SNR increases. In this subsection, we study

the performance of the uncoded LP detection for general ISI channels and derive conditions for

failure of the detector to find the ML solution. These conditions will help us to classify different

channels based on their performance. With some modifications, these conditions can also be

applied to 2-D ISI channels. Since here we focus on stationary 1-D PR channels, as explained in

Section 6.2, we can assume thatλt,j = λj is independent oft.

Definition 6.3 Given the solution of LP detection, thefractional set, F = {i1, . . . , in−k} ⊂
{1, . . . , n}, is the set of indices of information bit nodes in the Tanner graph of the PR channel

that have fractional values in the solution,x̂.

We know from Corollary 6.2 that the fractional elements in the solution,x̂, are all

equal to1
2 . A reasonable assumption supported by our simulations at high SNR is that if the ML

solution,x, is correct, the integer elements ofx̂ are correct, as well. In other words, we have

x̂i =











1
2 if i ∈ F ,

xi if i /∈ F .
(6.19)

For the objective functionf(·) of (6.14) we can write

g(x, x̂) , f(x)− f(x̂) ≥ 0. (6.20)

By expandingf using (6.14), this inequality can be written in terms of{λt,j}, x, andq. Before

doing so, we present the following lemma to simplify the absolute value terms in (6.14).

Lemma 6.4 Letxt andxs be binary variables and̃xt and x̃s be their bipolar versions, respec-

tively. In addition, let’s define

h(x, y, λ) ,











|λ||x− y| if λ ≥ 0,

|λ||x+ y − 1| if λ < 0.
(6.21)

Then, the following equations hold:
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1. h(xt, xs, λ|t−s|) = 1
2 |λ|t−s|| − 1

2λ|t−s|x̃tx̃s,

2. h(xt,
1
2 , λ|t−s|) = 1

2 |λ|t−s||,

3. h(1
2 ,

1
2 , λ|t−s|) = 0.

Proof: The equations can be verified by using (6.1), and checking thepossible values forxt and

xs. �

By using Lemma 6.4, and cancelling the terms that are common betweenf(x) and

f(x̂), g(x, x̂) can be written as

g(x, x̂) =
∑

t∈F

[

qt
(

xt −
1

2

)

+
∑

s∈F , s<t

(1

2
|λ|t−s|| −

1

2
λ|t−s|x̃tx̃s

)

−
∑

s/∈F

1

2
λ|t−s|x̃tx̃s

]

,

(6.22)

whereλd = −∑i hihi+d is defined to be zero ifd > µ. Since we assumed thatx is equal to the

transmitted sequence, we can expandqt as

qt =

µ
∑

i=0

hirt+i

=

µ
∑

i=0

µ
∑

i=0

hihjx̃t+i−j +

µ
∑

i=0

hint+i

= −
t+µ
∑

s=t−µ

λ|t−s|x̃s + ηt, (6.23)

whereηt ,
∑

i hint+i. By substituting (6.23) into (6.22), and using the fact thatxt− 1
2 = −1

2 x̃t,

we obtain

g(x, x̂) =
∑

t∈F

[

1

2
λ0 +

∑

s∈F , s<t

(1

2
|λ|t−s||+

1

2
λ|t−s|x̃tx̃s

)

− 1

2
ηtx̃t

]

=
1

2

[

cF +
1

2
x̃T
F P̄F x̃F + ηT

F x̃F

]

. (6.24)

In this equation,̃xF andηF are obtained respectively from̃x andη by keeping only the elements

with indices inF , P̄F is a submatrix ofP (defined in II-B) consisting of the elements ofP with

column and row indices inF and its diagonal elements made equal to zero, and

cF ,
∑

t∈F

λ0 +
∑∑

t, s∈F , s<t

|λ|t−s||. (6.25)

Equations (6.20) and (6.24) lead us to the following Theorem.
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Theorem 6.5 Uncoded LP detection fails to find the transmitted sequence if there is an index

setF ⊂ {1, . . . , n} for which

cF +
1

2
x̃T
F P̄F x̃F + ηT

F x̃F > 0. (6.26)

If the transmitted sequence,x, is given, we can estimate the probability that the suffi-

cient failure condition given by Theorem 6.5 is satisfied, and determine the dominant error event

causing this failure. In order to do that, for any givenF , we can calculate a “distance” for the

error event corresponding toF defined as

dF = −cF −
1

2
x̃T
F P̄F x̃F , (6.27)

and the variance of the noise corresponding to this error event, given by

σ2
F , var

[

ηT
F x̃F

]

= var

[

∑

s

ns

s
∑

t=s−µ, t∈F

x̃ths−t

]

= σ2
∑

s

[

s
∑

t=s−µ, t∈F

x̃ths−t

]2
, (6.28)

whereσ2 is the variance of each noise sample,nt. Hence, the probability that the error event

corresponding toF occurs will be equal to

p(F , x̃F ) = Q(
dF
σF

), (6.29)

whereQ(x) is the Gaussian Q function.

In order to find the dominant error event over all transmittedsequences, for every

choice of the index set,F , we should find the vector̃xF ∈ {−1, 1}|F| that maximizes the prob-

ability in (6.29). However, this will require an exhaustivesearch over all̃xF . As an alternative,

we can upper bound this probability by finding the smallest distancedmin
F , minx̃F

dF and the

largest varianceσ2
F

max
, maxx̃F

σ2
F , and computingQ(dmin

F /σmax
F ). Fortunately, each of these

two optimization problems can be solved by dynamic programming (Viterbi algorithm) over a

trellis of at most2µ states.

Specifically, if the minimum distance is negative, there is aprobability independent

of the SNR that the sequencẽxF corresponding to that distance exists in the transmitted block,

and given that event, the probability of failure,(6.29), will be greater than12 for any SNR value.

Therefore, there will be a non-diminishing probability of failure as SNR goes to infinity. This

motivates the following results:
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Corollary 6.6 (LP-Improper Channels) If for an ISI channel, there is a index setF ⊂ {1, . . . , n}
and a vector̃xF ∈ {−1, 1}|F| for whichdF defined in (6.27) is negative, LP detection on this

channel will have a non-diminishing WER as SNR grows; i.e., the channel isimproper.

On the other hand, if for an ISI channel the probability of failure computed by the

proposed technique decreases more steeply than the WER of MLdetection as SNR increases,

the WER of LP detection will be asymptotically equal to that of ML detection. In this case, the

channel will beasymptotically LP-proper.

RemarkThe error events considered in this analysis are not the onlypossible types of detector

failure. This analysis is intended to approximate the gap between the performance of LP and

ML detection methods by estimating the probability that LP detection fails to find the integer

optimum (i.e., ML) solution, given the ML detector is successful. As mentioned before, we only

studied the events where a vector having the form of (6.19) has a lower cost than the transmitted

word. Therefore, even if (6.26) does not hold for anyF , it is theoretically possible, although not

very likely, as we observed in practice, that LP detection has a fractional solution.

Of particular interest among the possible error events is the one where the all-12 vector

has a lower cost than the correct solution; i.e.,F = {1, . . . , n} in (6.26). For a given transmitted

sequencex, this event is not necessarily the most likely one. However,studying this event

provides us with a simplified sufficient condition for the failure of LP detection, which further

clarifies the distinction between the different classes of ISI channels.

The distance,δ, corresponding to this event is obtained by puttingF = {1, . . . , n} in

(6.27). If the block length,n is much larger than the channel memory length,µ, we can neglect

the “edge effects” caused by the indices that are within a distanceµ of one of the two ends of the

sequence; thus, we will have

δ = −nλ0 − n
µ
∑

j=1

|λj | −
µ
∑

j=1

λj

∑

t

x̃tx̃t+j

= −nλ0 − n
µ
∑

j=1

|λj | −
µ
∑

j=1

λjρj, (6.30)
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whereρj is the autocorrelation of̃x with a shift equal toj. On the other hand, for the noise

variance,ς2, corresponding to this event we have from (6.28)

ς2 = σ2
∑

t

[ µ
∑

j=0

hjx̃t−j

]2

= σ2x̃TPx̃

= −σ2nλ0 − 2σ2
µ
∑

j=1

λjρj . (6.31)

Note thatδ andς2 have a similar dependence on the transmitted sequence.

A possible approach for finding the likelihood of occurrenceof an all-12 error event

is to maximizeδ
ς over all possible transmitted sequences. However, with a random transmitted

sequence, the probability that this quantity becomes closeto its worst case may become very low

for long block lengths. As an alternative, here we show that asn grows whileµ remains fixed,

the dependence of bothδ andς2 on the transmitted sequence become negligible compared to the

constant term.

Lemma 6.7 Let x̃1, . . . , x̃n be a sequence of i.i.d.±1 random variables, each equally likely to

be+1 or −1, and letρj =
∑n−j

t x̃tx̃t+j . Then, for fixedµ, asn→∞

1

n

µ
∑

j=1

λjρj → 0 almost surely. (6.32)

Proof: For eachj = 1, . . . , µ, ρj is the sum ofn− j terms of the form̃xtx̃t+j . Clearly, each of

these terms is equally likely to be equal to+1 or −1. Furthermore, it can be shown that these

terms are mutually independent1. Hence, using the strong law of large numbers, we have

ρj

n
=
n− j
n

( 1

n− j

n−j
∑

t=1

x̃tx̃t+j

)

→ 0 almost surely, (6.33)

where we used the fact thatn− j/n→ 1, since1 ≤ j ≤ µ. Consequently,

1

n

µ
∑

j=1

λjρj =

µ
∑

j=1

λj
ρj

n
→ 0 almost surely, (6.34)

since it is a linear combination of a finite number of variables, each going to zero almost surely.�

1For a proof of this statement refer to Proposition 1.1 of [11].
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Using Lemma 6.7 in (6.30) and (6.31) for largen, we can write

δ = n
[

|λ0| −
µ
∑

j=1

|λj |+ o(1)
]

, (6.35)

and

ς2 = σ2n
[

|λ0|+ o(1)
]

, (6.36)

where we used the fact thatλ0 = −∑h2
i ≤ 0. Since the probability of the all-12 error event is

equal toQ(δ/ς), the above results motivate us to define the following parameter to characterize

this probability in the limit ofn→∞.

Definition 6.4 TheLP distance, δ∞, of a partial-response channel is given by

δ∞ =
1

|λ0|
(

|λ0| −
µ
∑

j=1

|λj |
)

. (6.37)

The LP distance is a dimensionless parameter that can take values between−∞ and1.

The following theorem gives a new sufficient condition in terms of the LP-distance for a channel

to be LP-improper.

Theorem 6.8 The WER of uncoded LP detection over an ISI channel with the transmitted se-

quence generated as a random sequence of i.i.d. Bernouli(1/2) binary symbols goes to 1 as the

block lengthn goes to infinity for any SNR –i.e., the channel is LP-improper– if the LP distance,

δ∞, of the channel is nonpositive.

Proof: As mentioned earlier, the probability of the all-1
2 event is equal toQ(δ/ς). From (6.35)

and (6.36), for largen we have

δ

ς
=
√
n
(

δ∞

√

|λ0|
σ

+ o(1)
)

. (6.38)

If δ∞ < 0, the right-hand side will approach−∞ asn increases, hence,Q(δ/ς) will go to 1. �

Having δ∞ as a measure of LP-properness for LP detection, it is interesting to study

how it behaves for LP-proper channels; i.e., those satisfying WNC in Theorem 6.1. The follow-

ing lemma provides an answer to this question.

Lemma 6.9 For LP-proper channels that satisfy NC (defined in in Subsection 6.3.2)δ∞ ≥ 1
2 .



107

−2 0 2 4 6 8
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

Normalized SNR, dB

B
E

R

 

 

CH1, LP
CH1, MSA
CH2, LP
CH2, MSA
CH2, ML
CH3, LP
CH3, MSA

Figure 6.4: BER for CH1-CH3. SNR is defined as the transmittedsignal power to the received
noise variance.

Proof: For any ISI channel, we can write

[

µ
∑

i=0

hi

]2
=
∑

i

h2
i +

∑∑

i,j; i6=j

hihj

= |λ0| − 2

µ
∑

j=1

λj ≥ 0. (6.39)

Hence,
µ
∑

j=1

λj ≤
1

2
|λ0|. (6.40)

Since NC is satisfied,λj ≥ 0, ∀j ≥ 1. Therefore, we have

δ∞ =
1

|λ0|



|λ0| −
µ
∑

j=1

λj





≥ 1

2
. (6.41)

�
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6.3.4 Simulation Results

We have simulated channel detection on the PR Tanner graph using LP decoding and

MSA for three PR channels of memory size 3:

1. CH1: h(D) = 1−D − 0.5D2 − 0.5D3 (with δ∞ = 1
2 , satisfies WNC; LP-proper),

2. CH2: h(D) = 1 +D −D2 +D3 (with δ∞ = 1
2 ),

3. CH3: h(D) = 1 +D −D2 −D3 (EPR4 channel withδ∞ = 0; LP-improper).

Uncoded bit error rates (BER) of detection on these channelsusing LP and MSA are shown Fig.

6.4. Since CH1 satisfies WNC, LP will be equivalent to ML on this channel. For CH2, we have

also provided the BER of ML. Except at very low SNR where we seea small difference, the

performance of LP and ML are nearly equal, which means that CH2 is an asymptotically LP-

proper channel. For both CH1 and CH2, MSA, converges in at most 3 iterations and has a BER

very close to that of LP. On the other hand, for CH3, i.e., the EPR4 channel, which is an LP-

improper channel, we observe that the BERs of LP and MSA are almost constant. It is interesting

to note that Kurkoskiet al. also observed a similar error-floor behavior in their uncoded message-

passing equalization of the EPR4 channel [?]. They showed that this error floor disappears in

an LDPC coded system. In the next Section, we will similarly observe that, in the presence of

coding, the error floor observed in Fig. 6.4 does not appear for message-passing algorithms on

the proposed graph representation of the EPR4 channel.

In Fig. 6.5, we studied the effect ofδ∞ of ISI channels on the performance of LP

detection. In this scenario, we randomly generate 200 ISI channels with memory 4, such that

the taps of the impulse response are i.i.d. with a zero-mean Gaussian distribution. In addition,

we normalize each channel so that the total energy of the impulse response is one; i.e.|λ0| = 1.

We simulated the uncoded LP detection with random transmitted sequences of length 100 at the

SNR of 11 dB. In the upper and middle plots of Fig. 6.5, respectively, the WER of LP detection

and the ratio of the WER of LP detection to that of ML detectionare shown versusδ∞ for these

channels.

The results in Fig. 6.5 demonstrate a strong correlation between the performance of

the algorithm and the value ofδ∞. In particular, almost every channel withδ∞ < 0.1 has a WER

close to 1, while for almost every channel withδ∞ > 0.4, the WER of LP is very close to that

of ML detection. We have observed that detection by MSA had a similar behavior, except for
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channels of memory 4 at the SNR of 11 dB. Lower plot: The histogram ofδ∞.
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some channels with0.05 < δ∞ < 0.3, for which MSA is significantly superior to LP. In other

words, the transition from LP-improper to LP-proper behavior starts from smaller values ofδ∞

for MSA.

As an estimate of the probability density function ofδ∞ for this random construction

of the channel response, its histogram has been included in the lower plot of Fig. 6.5.

6.4 Combined Equalization and LDPC Decoding

One of the main advantages of the graph-based detection proposed in Section 6.2 is

that it lends itself to the combining of the equalization with the decoding of an underlying error-

correcting code. In this section, we study this joint detection scheme using both the linear pro-

gramming and the MP algorithms.

6.4.1 Coded Linear Programming Detection

Joint LP equalization and decoding, i.e., the linear relaxation of (6.9), is a linear op-

timization problem in the form of the uncoded LP detection, with the addition of the linear

inequalities corresponding to the relaxation of the parity-check constraints of the code. These

new constraints cut off from the feasible polytope some of the fractional vertices that can trap

the uncoded detection problem, but they also add new fractional vertices to the polytope. It is

not easy to derive general conditions for the success or failure of this problem. However, we can

make the following generalization of Theorem 6.8:

Corollary 6.10 Consider a linear code with no “trivial” (i.e., degree-1) parity check, used on

a channel satisfyingδ∞ < 0, whereδ∞ is defined in (6.37). Then, coded LP detection on this

system has a non-diminishing WER for large block lengths.

Proof: We have shown in Section 6.3 that if this condition is satisfied, the all-12 vector will have

a lower cost than the transmitted vector with high probability. 2 It is now enough to show that

the all-12 vector will not be cut off by any error correcting code. To seethis, consider a relaxed

2The derivation of the limit ofδ was based on the assumption that the transmitted sequence isan i.i.d. sequence,
so that (6.32) holds. While the transmitted sequence is no longer i.i.d. in the presence of coding, we implicitly assume
that (6.32) still holds. This is a sufficiently accurate assumption for all codes of practical interest. In particular, (6.32)
can be proved for a random ensemble of LDPC codes.
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parity-check inequality of the form

∑

i∈V

xi −
∑

i∈Nc\V

xi ≤ |V| − 1, ∀ V ⊂ Nc s.t. |V| is odd, (6.42)

whereNc ≥ 2. To prove that this constraint is satisfied by the all-1
2 vector, we consider two

cases:|V| = 1, and|V| ≥ 2. If |V| = 1, the first sum in (6.42) will be equal to1/2, and the

second sum will be greater than or equal to1/2, sinceNc\V has at least one member. Hence,

the left-hand side of (6.42) will be less than or equal to|V| − 1 = 0. Also, if |V| ≥ 2, the first

sum will be equal to|V|/2 ≤ |V| − 1, while the second sum is non-negative. Therefore, the

left-hand side of the inequality will be less than or equal toits right-hand side. Consequently, in

both cases (6.42) will be satisfied. �

6.4.2 Coded Message-Passing Detection

Similar to LP detection, MP detection can be extended to coded systems by adding

the parity-check constraints of the code to the PR Tanner graph, as shown in Fig. 6.2, and

treating it as a single Tanner graph defining a linear code. Despite many similarities, LP and

MP decoding schemes have a different nature, which makes them behave differently when used

for joint equalization and detection. For example, we cannot derive a conclusion similar to

Corollary 6.10 for MP detection. On the contrary, we have observed in the simulation results that

there are LP-improper channels for which coded MP detectiondoes not inherit the undesirable

performance of uncoded MP detection.

In this chapter, we use both the min-sum algorithm and the sum-product algorithm

(SPA) for the implementation of coded MP detection. Similarto the uncoded case, as the objec-

tive coefficients of MSA, we use the same coefficients as thoseof LP detection, i.e.,{qt} and

{λt,j}, since MSA is invariant under the scaling of the coefficients. For SPA, we observe that

eachqt contains a Gaussian noise term with variance proportional to σ2. Hence, one can argue

that a suitable normalization of the objective coefficientsto estimate the “equivalent LLRs” is to

multiply all the objective coefficients by2/σ2. An advantage of this normalization is that, in the

absence of ISI, the normalized coefficients become the true LLR of the received samples. Here,

we have used the equivalent LLRs obtained by this normalization for SPA detection.

MSA and SPA decoding are, respectively, approximations of ML and a posteriori prob-

ability (APP) detection on the Tanner graph defining the code. These approximations becomes

exact if the messages incoming to any node are statisticallyindependent. This happens if the
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Figure 6.6: Selective message passing at the information bit nodes: (a) Calculating a message
outgoing to the code layer (b) Calculating a message outgoing to the PR layer.

Tanner graph is cycle-free and the channel observations (i.e., the a priori LLRs) are independent.

In the proposed graph-based detection neither of these two conditions is satisfied. In particular,

the PR layer of the graph contains many 6-cycles, and the channel observations,{qt}, are the

results of matched filtering of the received signal, and thuscontain colored noise.

In order to mitigate the positive feedback due to the cycles of the PR layer, we propose

selective message passingfor coded detection, which has a modified combining rule for mes-

sages at the information bit nodes. This modified combining scheme is illustrated in Fig. 6.6. In

this method, the message outgoing from an information bit node through an edgee in the code

layer is computed as a combination of the channel observation and the messages incoming to the

bit node through all edges, except edgee. On the other hand, the message outgoing through an

edge in the PR layer is a combination of the channel observation and messages incoming through

only the edges in the code layer. Since there are no 4-cycles in the PR layer of the graph, this

modification blocks any closed-loop circulation of messages inside the PR layer. In other words,

message passing inside the PR layer will become loop-free. However, there still remain cycles

in the code layer, as well as cycles that are generated by combining the code and PR layers. In

our simulations, selective MP performed as an effective tool for improving coded MP detection

of some channels with undesirable properties, such as the EPR4 channel.
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6.4.3 Simulation Results

In this subsection, we present simulation results of coded detection in the presence of

ISI using the schemes proposed in this section. In all cases,we have used a regular LDPC code

of length 200, rate1/4, and variable degree 3. The following PR channels have been used in

these simulations:

1. No-ISI Channel: h(D) = 1,

2. EPR4 Channel:h(D) = 1 +D −D2 −D3 (δ∞ = 0, LP-improper),

3. Modified EPR4: h(D) = 1 +D −D2 +D3 (δ∞ = 1
2 , asymptotically LP-proper),

4. PR4 Channel:h(D) = 1−D2 (δ∞ = 1
2 , LP-proper).

In Fig. 6.7, the BER of coded LP and MSA detection has been plotted versusEb/No

for the above channels. For all channels, except in the ISI-free case, coded MSA detection

outperforms coded LP detection. In particular, for the EPR4, coded LP detection has a BER of

about1/2 for all SNR values, as predicted by Corollary 6.10, while coded MSA detection has a

monotonically-decreasing BER.

To study the behavior of the different detection methods forthe EPR4 channel in more

detail, in Fig. 6.8, the BER has been plotted versusEb/No for LP, MSA, selective MSA, SPA,

and selective SPA. One can observe in this figure that selective message passing is mostly effec-

tive for MSA, for which there is a 0.5 dB SNR gain. In addition,by using SPA instead of MSA,

we obtain a 2 dB SNR gain. We have observed that, for the other three channel, the gap between

MSA and SPA was between 0.3 to 0.7 dB.

6.5 Conclusion

In this chapter, we introduced a new graph representation ofML detection in ISI chan-

nels, which can be used for combined equalization and decoding using LP relaxation or iterative

message-passing methods. By a geometric study of the problem, we derived a necessary and

sufficient condition for the equalization problem to give the ML solution for all transmitted se-

quences and all noise configurations under LP relaxation. Moreover, for certain other channels

violating this condition, the performance of LP is very close to that of ML at high SNRs. For a

third class of channels, LP detection has a probability of failure bounded away from zero at all
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SNR, even in the absence of noise. In a step toward the analysis of the performance in the gen-

eral case, we derived a distance,δ∞, for ISI channels, which can be used as a tool to estimate the

asymptotic behavior of the proposed detection method. Simulation results show that message-

passing techniques have a similar performance to that of LP for most channels. In addition, we

studied graph-based joint detection and decoding of channels with LDPC-coded inputs. Simula-

tion results indicate that, in contrast to the uncoded case,message-passing detection significantly

outperforms LP detection for some channels.

This chapter is in part a reprint of the material in the paper:M. H. Taghavi and P. H.

Siegel, “Graph-based decoding in the presence of ISI,”Submitted to IEEE Trans. on Information

Theory, Mar. 2007.
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Chapter 7

On the Multiuser Capacity of WDM in

a Nonlinear Optical Fiber: Coherent

Communication

7.1 Introduction

In order to achieve higher data rates in long haul optical fiber systems, higher signal

to noise ratios are required at the receiver. However, as thesignal intensity increases, the non-

linearities in the fiber affect the signal propagation. The dominant form of nonlinearity, known

as the Kerr effect, is caused by the dependence of the index ofrefraction on the instantaneous

signal intensity. In a wavelength division multiplexing (WDM) system, this effect causes the

signal centered at one frequency to modulate the signals at all frequencies by changing the index

of refraction. The nonlinear effects can be separated into the cross-phase modulation (XPM)

effect, where the phase of each signal is distorted as a function of the intensities of the signals

centered at other frequencies, and the four-wave mixing (FWM) effect, which is a distortion on

both the phase and the amplitude of the signals.

It appears that the first published effort to characterize the effect of nonlinearities on

the throughput of WDM systems was the work by Mitra and Stark [1], which was later repro-

duced in more detail in [2]. In this work, they estimated the capacity for each user by modeling

the crosstalk in each channel as a combination of multiplicative and additive noise. This anal-

ysis predicted that since the interference power grows faster than the signal power, the mutual

117
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information between the input and output will start to decrease with power when the interference

becomes comparable to the additive (optical amplifier) noise. Hence they declared this effect as

a fundamental limit to the capacity of fiber-based systems. Anumber of similar results were also

obtained for different scenarios, e.g. in [3]. Ho and Kahn made a further step in [4] and used

the fact that in certain regions of operation, the dominant crosstalk terms are caused by XPM,

which only depends on the signal intensities. Therefore, bykeeping the amplitudes constant and

using phase modulation at the transmitters, the distortioncaused by the nonlinearities becomes

constant. However, this restriction on the modulation format imposes a large penalty on the

capacity by taking away one degree of freedom. Moreover, this technique is ineffective against

FWM, which in contrast to XPM, depends on both the intensity and the phase of the transmitted

symbols. Among other works, Narimanov and Mitra in [6] developed a perturbation theory for

evaluating the capacity of a single-wavelength nonlinear fiber.

In all the works mentioned above, detection in each sub-channel was done indepen-

dently from that in other channels. Thus, any interference from other channels had to be treated

as random noise. A result by Xu and Brandt-Pearce in [5] was the first and, to the best of our

knowledge, the only work that discussed the advantage of multiuser detection (MUD) for this

channel. They studied the practical, but restricted case ofon-off keying (OOK) modulation with

square-law detection, and showed that, by using a multiuserdetector to simultaneously detect the

symbols transmitted through all the sub-channels, the bit error probability can be significantly

improved.

In this chapter, we investigate the capacity of the nonlinear optical fiber channel with

WDM from a multiuser point of view. To model the channel, the Volterra series expansion of the

input/output relation derived in [7] is used. We define the weakly nonlinear regime as the region

where the first nonlinear term in the Volterra series is significant, and the higher order terms

can be neglected. With this approximation, we show that the change in the capacity region due

to the nonlinearity is negligible if the receiver optimallyuses the outputs of every wavelength-

channel, which is equivalent to MUD in correlated multiuserchannels. However, if the receiver

uses the output in only one wavelength-channel, the capacity experiences a large reduction due

to the nonlinearity even in the weakly nonlinear regime, which is consistent with earlier results.

Consequently, optimal multi-wavelength detection (MWD) allows us to increase the transmit

power beyond the limit dictated by the result of [1], which translates to a higher capacity for an

equal range of transmission, or a longer range with the same capacity. The assumption of weak
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nonlinearity introduces an uncertainty in the expression for the capacity, which can be estimated

in terms of the transmit power. As demonstrated in Section 7.4, within a range of reasonable

uncertainty, the multiuser capacity of the channel is much higher that the capacity predicted in

[1] which modeled the interference as noise.

In an optical fiber channel with chromatic dispersion, the group velocity (envelope

velocity) is frequency (or wavelength) dependent. This causes any two narrowband signals cen-

tered at different wavelengths to lose their synchronism due to the unequal delays that they

experience as they propagate in the fiber, which is refered toas the relative “walk-off” effect.

When the dispersion is large, the combination of the walk-off of the carriers with the nonlinear

mixing causes the channel to have memory, an effect which cannot be compensated passively.

We show that even in the presence of memory, the capacity region of the optimal receiver is close

to the linear case.

The rest of the chapter is organized as follows. Section 7.2 defines the physical prop-

erties of the channel and our discrete-time model. In Section 7.3, we derive the capacity region

for the low dispersion case, where the channel is memoryless. This result is generalized to the

strongly dispersive case in Section 7.4. In Section 7.5, theeffect of nonlinearity on the capacity

is investigated for the sub-optimal receiver structure with single-wavelength detection. Some

numerical comparisons are presented in Section 7.6. Section 7.7 concludes the chapter. Some of

the details of the derivations and proofs are presented in the appendices.

7.2 Channel Model

For a single mode optical fiber with chromatic dispersion anda Kerr nonlinearity, the

slowly varying complex envelope or low-pass equivalent of the optical field,A(t, z), at timet

and distancez from the transmitter is described by the nonlinear Schrödinger equation [8]

∂A

∂z
= −α

2
A+

j

2
β2
∂2A

∂τ2
− jγ |A|2A, (7.1)

whereτ = t − β1z is the time in the reference frame of the moving pulse. In thisequation,α

is the fiber loss factor,β1 is the inverse of the group velocity,β2 is the group velocity dispersion

(GVD) parameter, andγ is the nonlinearity coefficient. The last term on the right-hand side of

the equation corresponds to the Kerr nonlinear effect. It isuseful to introduce two parameters,

the effective length and the dispersion length. The effective length,Leff =
(

1− e−αL
)

/α,

whereL is the physical length of the fiber, is a measure of the distance where the nonlinear
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effects become significant. The dispersion length,LD = (2πβ2B∆ν)−1, whereB is the channel

bandwidth and∆ν = ∆ω
2π is the channel spacing, is a measure of the distance where thesignals

on different carriers start to “walk-off” as a result of chromatic dispersion.

Unfortunately, except for the cases where either dispersion or nonlinearity is negligi-

ble, no closed-form solution has been found for the nonlinear Schrödinger equation and approx-

imate or numerical methods must be used to characterize the channel. Most of these methods,

such as the Split Step Fourier method, estimate the crosstalk caused by the nonlinearity by nu-

merical techniques. However, in order to study the information-theoretic characteristics of the

channel, analytic expressions for the input-output relation of the channel are needed. Pedda-

narappagariet al. used Volterra series in [7] to derive a series expansion to arbitrary order for

the low-pass equivalent field in the frequency domain. This method converges for small signal

intensities, whereγ |A|2 Leff ≪ 1, which is the region we are interested in. While this is a

significant limitation, it is the only known technique that gives an analytical solution and we will

use it in this work. Fortunately, major parts of our analysisdo not depend on the exact modeling

of the channel, and result from the fundamental properties of the transmission medium.

The Volterra series solution for the Fourier transform of the output low-pass equivalent

field,A (ω, z), in terms of the input low-pass equivalent field,A0(ω), up to the third order term

can be written as [7]

A(ω, z) = H1(ω, z)A0(ω) +

∫∫

H3(ω1, ω2, ω − ω1 + ω2, z)

A0(ω1)A
∗
0(ω2)A0(ω − ω1 + ω2)dω1dω2, (7.2)

whereH1 andH3, given in Appendix 7.B, are the linear and cubic terms of the channel re-

sponse, respectively. Although the Fourier transforms areoriginally performed with respect to

τ , the solution in terms of the timet of the receiver reference frame has exactly the same form,

sinceτ andt differ only by a constant delay. In the absence of nonlinearity, the signal experi-

ences attenuation from absorption and scattering, as well as dispersion. Linear dispersion results

in a relative walk-off between different carriers, and quadratic dispersion produces phase and

amplitude distortion. At the receiver, these effects can becompensated by using an optical am-

plifier for the attenuation and dispersion compensation fiber (DCF) or electronic equalization for

the dispersion. However, in the presence of both dispersionand nonlinearity, the DCF cannot

compensate for their joint effect. The amplification introduces spontaneous emission noise that

is well approximated for large amplifier gains as a signal-independent additive white Gaussian

noise (AWGN) in the optical domain. In practice, this effectdominates all other sources of noise
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in the channel, including signal-dependent shot noise, which is present in a standard Poisson

channel. Fortunately, the equivalent low-pass linear frequency response of the channel has a

constant amplitude over the range of interest, so that the equalization does not change the power

spectral density of the signal and noise. Hence, we can assume that the additive optical noise

remains white after the DCF.

By examining the expression for the cubic and fifth order terms of the Volterra series in

[7], we observe that the ratios of the magnitudes of these terms are, respectively, orderO(δ) and

orderO
(

δ2
)

, whereδ , γ|A|2Leff . δ is a small and dimensionless number and is a measure of

the total phase shift in the signal due to the nonlinearity. In this chapter, we confine our analysis

to the regionδ ≪ 1, and neglect all terms smaller that or comparable toδ2 in magnitude, leaving

only the linear and cubic terms listed in (7.2). Consequently, the results will have a relative

uncertainty ofO(δ2). We will estimate the uncertainty on the capacity due to thisapproximation

in Section 7.6.

Remark In this chapter, the “big-O” notation implies a stronger meaning than its standard defi-

nition in asymptotic analysis. We write

f(z) = O (g(z)) , z ∈ D, (7.3)

if there is a constant,κ > 0, such that

|f(z)| ≤ κ · |g(z)|, z ∈ D, (7.4)

and

κ 6≫ 1. (7.5)

In other words,|f(z)| is smaller than or comparable to|g(z)|. In this chapter, unless otherwise

stated, the ordering arguments are in terms ofδ, i.e. z = δ, in the regionD = {δ ≪ 1}.

We consider a WDM system withK users transmitting in different sub-channels with

identical signal spectrum, and we study two cases for the receiver. In the first case, which

corresponds to a multiple-access channel model, a single receiver has access to the fiber output

in all frequency bands. In the second case, each user only hasaccess to its own sub-channel,

thus making the system an interference channel. The multiuser model we use is also valid for

current point-to-point (single-user) WDM systems where nocooperation or coding is performed

between the sub-channels. We further assume that frame synchronism and symbol synchronism
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among the users is achieved at the receiver, since the walk-off effect of linear dispersion can be

compensated. However, as a result of this walk-off along thefiber and the instantaneous nature of

the nonlinearity, each symbol will be modulated not only by the other symbols transmitted during

the same symbol period, but also by the previous and past symbols of other channels, which

cannot be compensated by a linear equalizer. Moreover, quadratic dispersion may produce ISI

within a single sub-channel by broadening the transmitted pulses in time. Although the linear ISI

can be compensated, the nonlinearity results in inter-modulation between consecutive symbols of

each channel. Consequently, the coupling between dispersion and nonlinearity produces memory

in the channel. In order to gain insight, we first neglect the relative walk-off of the sub-channels

by assuming that the dispersion is weak, or there is sufficient guard time between the consecutive

symbols of each user. In this case, the channel is memoryless, because during each symbol

period only one symbol from each user contributes to the output signal. In Section 7.4, we will

generalize the problem to the case with memory and show that channel memory does not reduce

the capacity, although it makes the optimal receiver more complicated.

The frequency domain input to the fiber during thenth symbol period can be written

as

An(ω) =

K
∑

k=1

gkuk(n)V (ω − k∆ω), (7.6)

whereuk(n), n = 1, · · · , N is the channel-coded symbol sequence of thekth user, withN

being the block length,gk is a complex constant for normalizing the input power and phase bias

of thekth transmitter, andV (ω) is the Fourier transform of the band-limited pulse shape,v(t),

normalized to have a unit total energy. To simplify the equations, we definexk(n) = gkuk(n) as

the equivalent discrete-time channel inputs. The coded symbols satisfy a statistical and temporal

average power constraint,

1

N

N
∑

n=1

E
[

|uk(n)|2
]

≤ 1. (7.7)

In other words, thekth user transmits with an average energy per symbol durationupper-bounded

by |gk|2. For brevity, we drop the indexn in the analysis of the memoryless case.

As a result of nonlinear effects, each sub-channel experiences spectral broadening. A

practical assumption that simplifies the analysis is that the spacing between the carrier frequen-

cies,∆ν, is large enough with respect to the bandwidth of the signals, B, so that the spectrum

of each sub-channel after nonlinear mixing does not overlapthat of any other sub-channel. With

the current technology, channel spacing is several times the bandwidth of each channel because



123

of practical limitations in the frequency stability and bandwidth of optical filters. On the other

hand, from (7.2) we see that the nonlinear term in the output is a triple convolution of transmitted

signals in the frequency domain, so its bandwidth is strictly less than three times the bandwidth

of the linear term. In fact, the effective bandwidth is much smaller, e.g. if the pulses are Gaus-

sian, the effective bandwidth of the crosstalk will be
√

3 times that of the original signal. Hence,

for current systems, the assumption about carrier spacing does not impose any constraint on the

system. Moreover, for future more spectrally efficient systems, the capacity-achieving interfer-

ence cancellation scheme that we study in Subsection 7.3.2 can perform well even if the spectra

of the sub-channels overlap due to nonlinearity. Therefore, we believe that the overlap of sub-

channels, although making the equations much more complicated, does not change the results

significantly.

The first step in analyzing the capacity of the system is to derive a discrete-time equiv-

alent model for the channel. This can be done by finding a complete set of orthonormal basis

functions for the space containing all the possible received signals, and then projecting the re-

ceived signal along each of the basis functions. In the absence of nonlinearity, it is optimal to

choose as the basis functions the responses of the channel (including the possible dispersion

compensator) to the waveforms transmitted by theK users, i.e. to use a bank ofK electrical

matched filters, each followed by a sampler. An equivalent diagram of this structure is shown

in Fig. 7.1. The down-conversion can be either homodyne or heterodyne and is done by adding

a locally generated tone to the received signal and passing it through a square-law detector. If

a balanced receiver is used and the local oscillator is strong enough, this process results in a

frequency shift in the received signal, without changing the characteristics of the signal and the

noise.

For the nonlinear optical fiber channel, the number of filtersrequired for spanning the

space of the received signal is more than the number of sub-channels,K. However, since we are

assuming that the crosstalk is much smaller than the signal term, almost all the useful information

can be provided by the outputs of theK matched filters. In Appendix 7.A, the optimality of this

structure to the first order of approximation is shown for both the memoryless case and the case

with channel memory. Therefore, we use the structure of Fig.7.1 for the (weakly) nonlinear

channel.

We initially assume that the first order dispersion is weak, so that the channel can be

considered memoryless. In this case, using (7.2) and (7.6) the output of theith branch tuned to
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Figure 7.1: Equivalent Receiver Structure (MF denotes the electronic matched filter.)

theith user’s signal can be written as

yi = xi +
K
∑

k=1

K
∑

l=1

K
∑

m=1

ξ
(i)
k,l,mxkx

∗
l xm + ni, (7.8)

where{ni} are the additive noise terms modeled as i.i.d. circularly-symmetric complex Gaussian

random variables with zero mean and varianceσ2 in both the real and imaginary dimensions.

In this equation, the triple summation corresponds to the crosstalk terms coming from the Kerr

nonlinearity. The crosstalk coefficientsξ(i)k,l,m are proportional toγLeff , and can be calculated

from (7.2) and (7.6). Since the frequency bands are non-overlapping, ξ(i)k,l,m is only nonzero

whenk − l + m = i. Details on the derivation of this model are presented in Appendix 7.B.

In Section 7.4, where we study the effect of memory on the capacity, we will discuss how this

model can be generalized.

The effects that give rise to the interference terms in (7.8)are often classified in the

literature into three categories. Ifk = l = m = i, then the corresponding term is caused

by self-phase modulation (SPM). Cross-phase modulation (XPM) produces the terms for which

k = l andm = i, or k = i andl = m, and the rest of the terms are four-wave mixing (FWM)

terms. Of these classes, FWM is suppressed in a strongly dispersive fiber, since the signals
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at different frequencies travel at different group velocities and hence walk-off too rapidly to

interact. Therefore, with a strongly dispersive fiber, i.e.whereLD < Leff , which is the case for

many practical cases, FWM is much smaller than XPM, and it canbe neglected. However, as

mentioned before, strong dispersion also introduces memory to the channel.

Now we can rewrite (7.8) as

yi = xi + κi + ϕi + ni, (7.9)

where

ϕi =
∑∑∑

k−l+m=i
k 6=i6=m

ξ
(i)
k,l,mxkx

∗
l xm (7.10)

contains the FWM terms and

κi =
K
∑

k=1

(

ξ
(i)
k,k,i + ξ

(i)
i,k,k

)

|xk|2xi (7.11)

contains the SPM and XPM terms.

By computing the coefficientsξ(i)k,k,i andξ(i)i,k,k to obtain{κi}, it can be observed that

both have negligible real parts for anyi andk. Hence, (7.11) can be rewritten as

κi = xi

K
∑

k=1

jρ
(i)
k |xk|2 (7.12)

whereρ(i)
k , −j

(

ξ
(i)
k,k,i + ξ

(i)
i,k,k

)

is a real constant. This means that in the signal space, SPM

and XPM are orthogonal to the signal term and therefore they act as phase distortions on the

signal to the first order of approximation. This directly results from the symmetry between any

two users and the fact that the energy loss in the fiber is only afunction ofα and the fiber length,

hence the total energy at the receiver is not affected by dispersion or fiber nonlinearity.

Throughout the chapter, we assume that channel parameters,i.e. all the gains and

crosstalk coefficients, are known at both the transmitter and the receiver.

7.3 Capacity Region of the Memoryless Channel

In this section, we study the capacity region of the memoryless system described by

(7.8) up to the first order of approximation, i.e. by neglecting all terms of orderO(δ2). Partic-

ularly, all the terms resulting from the square of crosstalkare negligible compared to the square
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of the linear (signal) term, but not negligible with respectto the square of noise in the absence

of the linear term. This is a valid approximation, since the nonlinear terms become significant

at high signal to noise values, where the magnitude of the crosstalk, even though much smaller

than the linear term, may be comparable to or even larger thanthe additive optical noise.

We group the inputs and outputs of the channel into two real2K × 1 vectorsX =
[

xT
1 · · · xT

K

]T
andY =

[

yT
1
· · · yT

K

]T
, wherexk = [xR

k xI
k]

T andy
k

= [yR
k yI

k]
T are vector

representations of complex samples,xk andyk, with superscriptsR andI denoting the real and

imaginary parts, respectively. Now, we can rewrite (7.8) ina vector form

Y = X + Θ + Z, (7.13)

whereΘ andZ contain the crosstalk and noise terms, respectively.

The following proposition gives the capacity region of the channel when each userk

transmits with an average energy per symbol duration upper-bounded byPk, i.e. |gk|2 = Pk.

Proposition 7.1 To the first order of approximation of the nonlinearity, the capacity region of

the memoryless coherent WDM channel described by (7.8) is

{(R1, · · · , RK) : ∀k = 1, · · · ,K,

0 ≤ Rk ≤ log
(

1 + Pk/2σ
2
)

}. (7.14)

RemarkNote that (7.14) is the same as the capacity region of the linear channel. In other words,

Proposition 1 states that, to the first order of approximation, nonlinearity does not affect the

capacity region of the channel.

Proof: We will prove the proposition in two steps. We will first show that (7.14) is an outer

bound on the capacity region, and then show that this bound isachievable.

7.3.1 Outer Bound on the Capacity Region

Since the gains{gi} are known at both the transmitters and the receivers, the{xi} are

sufficient statistics for the coded symbols,{ui}. Now, from the capacity region of the multiple-

access channel [10, pp. 389-390], we have

∀S ⊂ {1, · · · ,K} : 0 ≤
∑

i∈S

Ri ≤ I(XS ;Y |XS′), (7.15)
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whereS′ is the complement ofS with respect to the reference set{1, · · · ,K}, andXA for any

setA is a sub-vector ofX obtained by keeping only the elements corresponding to users whose

indices belong toA. When evaluatingI(XS ;Y |XS′), we refer to users with indices inS′ as

inactiveusers, as their rate of transmission is not a concern. For theright-hand side of (7.15),

using the chain rule for mutual information, we can write

I(XS ;Y |XS′)=I(XS ;YS |XS′) + I(XS ;YS′ |XS′ , YS). (7.16)

This is the total amount of information that can be transferred if only the users inS are com-

municating through the channel. We characterize the first term on the right-hand side, and in

Appendix 7.C we show that the second term isO(δ2), and therefore can be neglected. This

means that looking at the outputs of channels correspondingto inactive users does not provide

any extra information, even if the inactive users do not turnoff their transmitters.

By expanding the first term on the right-hand side of (7.16) weobtain

I(XS ;YS |XS′) = h(YS |XS′)− h(YS |X). (7.17)

Since the interference terms are deterministic functions of {xi}, the second term reduces to

h(ZS) =
1

2
log
(

(2πe)2|S|
∣

∣det
(

E
[

ZSZS
T
])∣

∣

)

= |S| log
(

2πeσ2
)

, (7.18)

where we have used the fact that the noise terms are Gaussian i.i.d. random variables. This

expression is independent of the distribution of{xi}, hence to maximize the mutual information

it suffices to maximize the first term in (7.17) with respect tothe probability distribution ofX.

This term satisfies

h(YS |XS′) ≤
∑

i∈S

h(yi|XS′), (7.19)

with equality if{yi} are independent. Furthermore, for eachi ∈ S we have [10, page 234]

h(yi|XS′)=Eχ[h(yi|XS′ =χ)]

≤Eχ

[

1

2
log
(

(2πe)2 det
(

cov
[

y
i
|XS′ =χ

]))

]

, (7.20)

with equality ify
i

is a Gaussian2-vector givenXS′ .

To simplify the expressions, we introduce the notations

pR
i , E[(xR

i )2], vR
i ,

(

var[xR
i ]
)

1
2 , µR

i , E[xR
i ]/vR

i , (7.21)
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respectively, for the power, standard deviation, and normalized mean ofxR
i , and similarlypI

i ,

vI
i , andµI

i for xI
i . Also, we define

qi , cov[xR
i , x

I
i ]/v

R
i v

I
i , (7.22)

to denote the correlation coefficient ofxR
i andxI

i . Due to the power constraint, we have

pR
i + pI

i ≤ Pi. (7.23)

Following the steps in Appendix 7.D, the determinant in (7.20) can be expanded as

det
(

cov
[

y
i
|XS′ = χ

])

=
(

pR
i + σ2 − ci

) (

pI
i + σ2 + ci

)

−
[

(vR
i )2(vI

i )2q2i +qiO(P 2δ)
]

−
[

(µR
i )2(vR

i )2pI
i +µR

i O(P 2δ)
]

−
[

(µI
i )

2(vI
i )

2pR
i +µI

iO(P 2δ)
]

, (7.24)

where

ci , E
[

xR
i x

I
i ρ

(i)
i |xi|2

]

, (7.25)

andρ(i)
i , as used in (7.12), is the SPM coefficient for theith channel. Using the inequality of

arithmetic and geometric means (AM-GM inequality) and (7.23), the first term on the right-hand

side (7.24) can be upper-bounded by

[

(

pR
i + σ2 − ci

)

+
(

pI
i + σ2 + ci

)

2

]2

≤
(

Pi/2 + σ2
)2
, (7.26)

with equality if pR
i = pI

i = Pi/2, andci = 0. The next step is to lower-bound the 3 bracketed

expressions on the right-hand side of (7.24). All these expressions are of the form

az2 +O(aδ)z, a > 0, (7.27)

wherez respectively denotesqi, µR
i , andµI

i in these expressions. Expression (7.27) is positive

for |z| ≫ δ, and equals zero for|z| = 0. Also, for |z| = O(δ), (7.27) becomesO(aδ2),

or equivalently,O(P 2δ2), which is negligible compared to the largest term in (7.24),which is

pR
i p

I
i . Hence, to the first order of approximation, all the 3 bracketed expressions in (7.24) are

lower-bounded by zero. This observation along with (7.26) yields

det
(

cov
[

y
i
|XS′ = χ

])

≤
(

Pi/2 + σ2
)2
. (7.28)
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Substituting this in (7.20) gives

h(yi|XS′) ≤ log
(

2πe
(

Pi/2 + σ2
))

. (7.29)

This result can be combined with (7.15)–(7.19) to conclude that

0 ≤
∑

i∈S

Ri ≤
∑

i∈S

log
(

1 + Pi/2σ
2
)

∀S ⊂ {1, · · · ,K}, (7.30)

which can be rewritten in the form of (7.15), as an outer boundon the capacity region.

This bound implies that the introduction of crosstalk can not improve the achievable

rates of any user even if the other users transmit deterministic signals. This is due to the fact that

making the real and imaginary parts of the symbols independent and zero-mean to maximize the

entropy also makes all the four-wave mixing (FWM) terms uncorrelated with the linear term, so

they can’t change the signal power. The other essential property used in this analysis is that all

the self-phase modulation (SPM) and cross-phase modulation (XPM) coefficients are imaginary;

hence they don’t affect the signal magnitude.

7.3.2 Achievability of the Bound

To show the achievability of the bound, we first look at the general case where SPM,

XPM, and FWM are present. Starting from (7.15), we select thesequence of the channel coded

symbols generated by each useri = 1, · · · ,K, i.e. {ui}, to be i.i.d. circularly-symmetric

complex Gaussian random variables with zero mean and variance1/2 per complex dimension.

Multiplying by a constantgi only changes the variance of the symbols, such thatxR
i andxI

i will

become i.i.d. and Gaussian with variancePi/2 and vanishing odd moments. Hence we have

µR
i = µI

i = qi = 0 (7.31)

and also

E
[

xR
i x

I
i ρ

(i)
i |xi|2

]

= ρ
(i)
i

(

E
[

(xR
i )3xI

i

]

+ E
[

xR
i (xI

i )
3
])

= 0. (7.32)

Using (7.31) and (7.32) in (7.24) makes (7.28) an equality.

Now to achieve equality in (7.19) and (7.20), we must show that the received samples,

yi, i ∈ S are independent complex Gaussian random variables, given{xj , j ∈ S′}.
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Negligible FWM

Let’s first assume that SPM and XPM are the dominant crosstalkterms. While this

assumption is not realistic for the memoryless channel, theresult obtained for this scenario can

be directly applied to derive the capacity of the more realistic strongly dispersive channel, where

FWM is in fact negligible.

Neglecting the FWM terms, for an arbitrary channeli we have

yi = vi + ni, (7.33)

wherevi, defined as

vi , xi +

K
∑

k=1

jρ
(i)
k |xk|2xi

= xi

(

1 + j

K
∑

k=1

ρ
(i)
k |xk|2

)

, (7.34)

contains the signal and crosstalk terms, and is independentof the Gaussian noise,ni. SinceXS′

is given, we can treat{xj , j ∈ S′} as constants. We first prove thatvi has a complex Gaussian

distribution, which makesyi Gaussian. Neglecting the square of crosstalk, the magnitude of vi

is equal to

|vi| = |xi|
(

1 + Re

{

j
K
∑

k=1

ρ
(i)
k |xk|2

})1/2

= |xi|, (7.35)

since{ρ(i)
k } are real. Hence,|vi| has the same distribution as|xi|, i.e. Rayleigh. Letarg(z) ∈

[0, 2π) be the phase of a complex variable,z. From (7.35),

arg(vi) = arg(xi)⊕ arg

(

1 + j
K
∑

k=1

ρ
(i)
k |xk|2

)

(7.36)

where⊕ denotes addition modulo2π. Sincexi has a uniform phase distribution, independent

of its absolute value, the same is true forvi, as well. This follows from the fact that the first

term in (7.36) is independent of the second term, and has the uniform distribution on[0, 2π). As

a result, since the magnitude and phase ofvi are independent, and, respectively, have Rayleigh

and uniform distributions,vi is Gaussian.

To prove that{vi} are mutually independent, it is sufficient to show that the phases

and magnitudes of{vi} are all mutually independent. Similar to the previous argument, we
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see from (7.35) and (7.36) that each|vi| only depends upon|xi|, andarg(vi) is independent of

|xk| for everyk andarg(xk) for k 6= i. This, along with the mutual independence of phases

and absolute values of{xi} verifies the mutual independence of{vi}, and since eachvi has a

Gaussian distribution, they are jointly Gaussian. Finally, {yi} are jointly Gaussian, as the noise

terms are jointly Gaussian and independent of{vi}. This completes the proof of achievability

for this case.

To observe the effect of FWM, we assume for simplicity that FWM is the dominant

term, and also that the dependent FWM terms (defined in Appendix 7.D) are negligible, so that

FWM in eachyi becomes independent of the linear term,xi. In this case, we can write

yi = xi + ϕi + ni, (7.37)

whereϕi, as defined in (7.10), contains the FWM terms. The three termson the right-hand side

are independent, and the first and the third are Gaussian. Hence, we needϕi to be Gaussian,

as well, in order foryi to become Gaussian. While this is not true in general, it willbe shown

in Section 7.5 that the distribution ofϕi is asymptotically Gaussian as the number of users

increases.

The next step is to show that{yi} are mutually independent. Since all{xi} and{ni}
are mutually independent, we also need eachϕi to be mutually independent of{xj , j 6= i}.
However, this is not true, sinceϕi is a deterministic function of the set{xj , j 6= i}. This means

that{yi} are not independent, and hence the outer bound cannot be achieved with the previous

approach. In the next subsection, we present a more general analysis to achieve the bound, which

applies to the case where SPM, XPM, and FWM all exist.

General Case

Now, we show the achievability of (7.14) in the general case by using a simple and

generally sub-optimum interference cancellation scheme.Given the vector of received samples,

Y , we useyi as an estimate ofxi for eachi, and use these estimates to cancel the crosstalk in the

outputs. Then, we detect eachxi again, from the corresponding sample, assuming that the other

users’ symbols are random.

To explain this method and its performance, let’s assume that user i is the user of

interest. Recall the expression (7.8) for the channel output samples. Now, we form the test
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statistic

zi = yi −
K
∑

k=1

K
∑

l=1

K
∑

m=1

ξ
(i)
k,l,myky

∗
l ym. (7.38)

and use it as the only reference for detectingxi (and/orui), throwing away all the extra infor-

mation in{yk}. Expanding (7.38) using (7.8), and neglecting all the higher order terms, we

obtain

zi = xi + ni −
K
∑

k=1

K
∑

l=1

K
∑

m=1

ξ
(i)
k,l,m(nk + θk)x

∗
l xm

−
K
∑

k=1

K
∑

l=1

K
∑

m=1

ξ
(i)
k,l,mxk(n

∗
l + θ∗l )xm

−
K
∑

k=1

K
∑

l=1

K
∑

m=1

ξ
(i)
k,l,mxkx

∗
l (nm + θm), (7.39)

whereθk contains all the crosstalk terms on channelk. Finding the capacities of the channels

with input-output pairs(ui, zi), i = 1, · · · ,K gives a set of achievable rates for the original

channel. As mentioned before,{xi} form sufficient statistics for the channel-coded symbols

{ui}, hence the rate of information communicated by any(ui, zi) pair can be written as

I(xi, zi) = h(zi)− h(zi|xi). (7.40)

Similar to the previous subsection, we assume that the channel-coded symbols generated by each

user are i.i.d. Gaussian random variables.

In calculatingh(zi), the only dominant terms are the signal and noise, since the resid-

ual crosstalk after cancellation is at least two orders of magnitude smaller than the linear term,

xi. Hence, we have

h(zi) = log
(

2πe(Pi/2 + σ2)
)

. (7.41)

However,h(zi|xi) should be computed more carefully, since, unlike the previous cases, the

residual crosstalk is not a deterministic function ofxi, and hence can contribute toh(zi|xi).

Also, crosstalk terms may not be negligible compared to the noise term, which, in the absence

of the signal, is the dominant term. Using the Gaussian boundagain, we have

h(zi|xi) ≤ h(zR
i |xi) + h(zI

i |xi)

≤ Eχ

{

1

2
log
(

(2πe)2 var[zR
i |xi = χ]

· var[zI
i |xi = χ]

)

}

, (7.42)
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with equality ifzR
i andzI

i are independent Gaussian random variables givenxi. Now, to compute

var[zR
i |xi] and var[zI

i |xi], observe that the variance of crosstalk in (7.39) isO
(

(σ2 + Pδ2)δ2
)

which is negligible compared to the variance of the noise,σ2. Hence, the dominant terms are

the variance of the noise, and the covariance of the noise with the residual crosstalk. The only

crosstalk terms that can have non-zero correlation with thenoise are those which containni or

n∗i , with the rest being independent ofni, and hence not contributing to the covariance.

Collecting the terms inzi that contribute toh(zi|xi) in ζi, and factoring byni andn∗i ,

we obtain

ζi = ni + ni

K
∑

k=1

jρ
(i)
k |xk|2 + n∗i

∑∑

k+m=2i

ξ
(i)
k,i,mxkxm. (7.43)

Now, to the first order, we can write

var[zR
i |xi = χ] · var[zI

i |xi = χ]

= var[ζR
i |xi = χ] · var[ζI

i |xi = χ]

≤ E
[

(ζR
i )2|xi = χ

]

E
[

(ζI
i )2|xi = χ

]

≤ 1/4E
[

|ζi|2
]2

(7.44)

It is trivial to show from (7.43) that

E
[

|ζi|2
]

= 2σ2. (7.45)

Hence, combining (7.45) with (7.44) and (7.42), we obtain

h(zi|xi) ≤ log(2πeσ2). (7.46)

Finally, by substituting (7.46) into (7.40), we conclude that the rate

I(xi, zi) = log(1 + Pi/2σ
2) (7.47)

is achievable.

This result implies that, even with a simple interference cancellation scheme, the outer

bound of Subsection 7.3.1 is achievable. Hence, to the first order of approximation, (7.14) is the

capacity region of the channel. �

RemarkEvery point in the capacity region can be achieved by mutually independent Gaussian

inputs. This means that, although for the capacity analysiswe assumed that the transmitters know

the gains and crosstalk coefficients, they can achieve the capacity without using this information,

by only knowing their corresponding signal to noise ratios at the receiver.
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7.4 Capacity Region of the Channel with Memory

In a channel with strong dispersion, the relative walk-off between the signals traveling

at different frequencies along with nonlinear mixing introduces (finite) memory to the channel.

In this case, (7.8) must be rewritten by adding time to the triple summation on the right-hand

side. As mentioned in Section 7.2, another effect of strong dispersion is to suppress the four-

wave mixing (FWM), such that in many practical cases FWM can be neglected. Specifically,

it can be shown that the dominant effect in this regime is a generalized form of cross-phase

modulation (XPM) over time and frequency, while the mixing coefficients are imaginary, as

before. More precisely, we can write

yi(n) = xi(n) +

M
∑

p=−M

K
∑

k=1

jρ
(i)
k (p)|xk(n− p)|2xi(n) + ni(n), (7.48)

whereM is the two sided memory of the channel,ni(n) for i = 1, · · · ,K andn = 1, · · · , N are

i.i.d. complex Gaussian noise samples with varianceσ2 per complex dimension, and{ρ(i)
k (p)}

are real constants. The expression reflecting the presence of FWM can also be derived from (7.8)

in a similar way. We assume that users are frame-synchronousand there is a guard time between

every two blocks of coded symbols, so that there is no inter-block interference. As the block

length,N , becomes large, the overhead due to this guard time becomes negligible.

The number of symbols from channelk that affect a symbol in channeli grows with

the difference between the carrier frequencies of these channels. The reason is that increasing

the spacing between two carriers also increases the difference in the propagation speed of signals

in those channels, and hence each symbol in one channel will be affected by more symbols from

the other channel.

The following proposition determines the capacity region of this channel.

Proposition 7.2 To the first order of approximation on the nonlinearity, the capacity region of

the coherent WDM channel with memory is the region given by (7.14).

RemarkProposition 2 suggests that even the channel memory does notaffect the first order

capacity region of the nonlinear WDM channel. However, including memory does increase the

complexity of the optimum detection scheme.

Proof: Denote byXN
S andY N

S the matrices containing, respectively, all the inputs and outputs

of the channel at time slots1 to N and sub-channels with indices inS ⊂ {1, · · · ,K}. As
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before, we drop the subscript ifS = {1, · · · ,K}. Since the users are frame-synchronous and

the channel has a finite memory, we can use the following theorem to derive the capacity region.

Theorem 7.3 (Verdú, [11]) The capacity region of a frame-synchronous multiple-access chan-

nel with finite memoryM is given by

C = Closure

(

lim inf
N→∞

1

N
CN

)

. (7.49)

where

CN =
⋂

S⊂{1,··· ,K}

{

(R1, · · · , RK) :

0 ≤
∑

k∈S

Rk ≤ I(XN
S ;Y N |XN

S′)

}

. (7.50)

The channel model in the presence of memory can be visualizedas a simple gener-

alization of the memoryless case, where the vectors are replaced by matrices in (7.13), i.e. we

deal with both frequency and time indices. However, the properties of interference terms are

preserved, hence we can use some of the results obtained in the previous section. Following the

same approach as in Section 7.2, we can write

I(XN
S ;Y N |XN

S′) = I(XN
S ;Y N

S |XN
S′) +I(XN

S ;Y N
S′ |XN

S′ , Y N
S )

≈ I(XN
S ;Y N

S |XN
S′). (7.51)

Furthermore, similar to (7.30), we have

I(XN
S ;Y N

S |XN
S′) ≤

N
∑

n=1

∑

i∈S

log

(

1 +
1

2
σ−2E

[

|xi(n)|2
]

)

, (7.52)

or in another form

I(XN
S ;Y N

S |XN
S′) ≤

∑

i∈S

log

(

N
∏

n=1

(

1 +
1

2
σ−2E

[

|xi(n)|2
]

)

)

. (7.53)

Inside the logarithm, we are multiplyingN terms whose sum is upper-bounded due to the power

constraint (7.7). Hence, this product will be maximized if all the symbols of each user have

equal powers. Then, we will have

I(XN
S ;Y N

S |XN
S′) ≤

∑

i∈S

log
(

(

1 + Pi/2σ
2
)N
)

. (7.54)
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As in Section 7.3, it can be shown that this bound is achievable if the symbols transmitted

in different time slots and sub-channels are all independent and circularly-symmetric complex

Gaussian random variables. Finally,CN is given by

CN =
⋂

S⊂{1,··· ,K}

{

(R1, · · · , RK) :

0 ≤
∑

k∈S

Rk ≤ N
∑

k∈S

log
(

1 + Pk/2σ
2
)

}

. (7.55)

This, along with (7.49), yields

C =
⋂

S⊂{1,··· ,K}

{

(R1, · · · , RK) :

0 ≤
∑

k∈S

Rk ≤
∑

k∈S

log
(

1 + Pk/2σ
2
)

}

, (7.56)

which is equivalent to (7.14). �

7.5 Capacity with Single-Wavelength Detection

We showed that with optimal detection in a multiple-access model of the fiber chan-

nel, first-order nonlinearity does not limit the achievablerates of transmission. Now, we look at

the capacity region when the receiver only looks at one of theWDM sub-channels to detect the

signal of interest. This problem is an example of an interference channel. In this type of mul-

tiuser channel, each user, by looking only at his own wavelength-channel, should in principle be

able to collect some information about the interfering signals, knowing that they are coded data

sequences, and use this information to improve the detection. Unfortunately, no general solution

is known for the capacity of interference channels, and the capacity region is characterized by

bounds. In the case of Gaussian channels with weak interference, the best known estimate of

the capacity region is the inner bound achieved by treating the interfering signals as noise [12].

This bound is asymptotically tight because it is not possible to make a good estimate of the other

users’ signals from the weak interference.

In our problem, since the interference is assumed to be weak,the same argument

can be made. Therefore, we define single-wavelength detection (SWD) as the strategy where

the information transmitted by userk is decoded by only using the output of thek’th channel,

and treating the crosstalk from other channels as random interference, without any knowledge
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of the codebooks of other users. Although each user detects its signal independently without

attempting to decode the interference, the notion of multiuser capacity region should still be

considered, because the distribution of the coded symbols transmitted by each user affects the

permissible rates of other users by changing the interference distribution. In order to simplify the

analysis, we only characterize the sum-rate capacity of thechannel, and assume that the channel

is memoryless. However, the results can be easily generalized to the channel with memory, by

reasoning similar to that applied in Section 7.4.

Using SWD, the sum-rate capacity of the channel is equal to

CSum =
K
∑

i=1

I(xi; yi). (7.57)

Now, I(xi; yi) can be expanded as

I(xi; yi) = h(yi)− h(yi|xi). (7.58)

Here, unlike in the multiple-access case, by knowing the desired input we cannot completely

estimate and cancel the interference. Hence, the second term in (7.58) is not a constant, in

contrast to (7.18). Specifically, using (7.8) we have

h(yi|xi)=Eu [h(yi|xi = u)]

=Eu

[

h
(

∑∑∑

k−l+m=i

ξ
(i)
k,l,mxkx

∗
l xm + ni

)

∣

∣

∣

∣

xi = u

]

, (7.59)

which depends on the distribution of all users.

Finding the capacity region (7.57) is complicated, becausewe need to search over

all probability distributions of sources to find the admissible rates. Note that even maximizing

(7.58), which is itself difficult, does not necessarily result in the actual capacity region. There-

fore, in order to derive analytical estimates, we confine ouranalysis to the two regimes where

either four-wave mixing (FWM) or cross-phase modulation (XPM) is dominant.

We first study the case in which FWM is the dominant nonlinear effect, or more pre-

cisely, when the sum over any group ofO(N) terms out of the roughlyN2 crosstalk terms in

(7.8) is small compared to the total sum. In this case, we showthat the distribution of the total

crosstalk approaches a complex Gaussian random variable, with the help of the properties of

weighted U-statistics. Given a sequence ofn real and i.i.d. random variables,{Xi},

Up
n =

∑

J

w(J)ψ(Xj1 , · · · ,Xjp) (7.60)
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is a weighted U-statistic of orderp, wherep ≤ n is the number of symbols contributing to each

term, and the summation is over all the choicesJ = (j1, · · · , jp) of p indices from1, · · · , n
such thatj1 6= · · · 6= jp. Here,ψ is a given function which is symmetric under permutations of

its arguments, and the weightsw are functions of the summation indices. It is shown in [13] that

under certain conditions for ensuring a sufficiently weak dependence between the summands

in (7.60),Up
n for fixed p approaches a Gaussian random variable asn, the number of random

variables, becomes large.

To apply this result to the crosstalk terms in (7.59), we assume that all the channel-

coded symbols,{uk}, have the same distribution, and that the real and imaginaryparts of each

uk are i.i.d. and zero-mean. The difference in the transmission powers is reflected in{gk}.
Furthermore, the crosstalk terms contributed by the desired symbol,xi, which is deterministic

in the summation in (7.59), are small compared to the total sum, so that the assumption of i.i.d.

symbols is not violated. Now, we can consider the real and imaginary parts of the nonlinear

crosstalk in channeli as two U-statistics, where{Xk} in (7.60) are the real and imaginary parts

of the channel-coded symbols,{uR
k , u

I
k}. In this analogy,n = 2K, p = 3, ψ(Xk,Xl,Xm) =

XkXlXm, andw(Xk,Xl,Xm) = 0 if k − l +m 6= i. We conclude that the real and imaginary

parts of the crosstalk each approach a Gaussian as the numberof channels,K, increases. This

also holds for any linear combination of them, thus making them jointly Gaussian. Furthermore,

using the properties of the crosstalk, it is straightforward to check that the real and imaginary

parts of the crosstalk are uncorrelated and have equal variances. As a result, the crosstalk term

in (7.59) approaches a circularly-symmetric complex Gaussian random variable.

Using this result, for largeK we can compute the conditional entropy (7.59) by eval-

uating the variance of the crosstalk and noise, which can be simplified as

h(yi|xi) = log(2πeσ2)

+ log

(

1 +
1

2σ2

∑∑∑

k−l+m=i

|ξ(i)k,l,m|2pkp
∗
l pm

)

, (7.61)

wherepk is the transmitted energy per symbol of userk, upper-bounded byPk. Since this

expression is independent of the signal distributions, it is enough to maximize the first term on

the right-hand side of (7.58). As in the previous sections, this maximum occurs if the symbols

are i.i.d. complex Gaussian random variables, and is equal to

h(yi) = log
(

2πe(pi/2 + σ2)
)

. (7.62)
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Therefore, the maximum mutual information in (7.58) can be written as

I(xi; yi) = log(1 + pi/2σ
2)

− log

(

1 +
1

2σ2

∑∑∑

k−l+m=i

|ξ(i)k,l,m|2pkp
∗
l pm

)

, (7.63)

which, along with (7.57), gives the set of permissible sum rates in terms of{pk}.
In the second case, in which XPM is the dominant nonlinear effect, the conditional

entropy (7.59) can be rewritten as

h(yi|xi) = Eu

[

h
(

ju
∑

k∈S

ρ
(i)
k |xk|2 + ni

)

∣

∣

∣

∣

xi = u

]

. (7.64)

We can use the standard central limit theorem for independent summands to approximate the

summation on the right-hand side as a real Gaussian random variable for largeK. Then, by

rotating the complex coordinate axes for fixedu so that the interference term only appears in the

real dimension, it easy to show that (7.59) reduces to

h(yi|xi) =Eu

[

1

2
log
(

2πe
[

σ2 + |u|2
∑

k∈S

(ρ
(i)
k )2var

[

|xk|2
]

])

]

+
1

2
log
(

2πeσ2
)

. (7.65)

To maximize the mutual information in (7.58), a complicatedoptimization over the distribution

of all users is still needed. A reasonable lower bound can be found by assuming that, as in the

previous case, eachxi has a zero-mean complex Gaussian distribution with variancepi/2 ≤ 1/2

per dimension. Then, from (7.65) we can write

h(yi|xi) = log
(

2πeσ2
)

+

∞
∫

0

1

2
log
(

1 + σ−2|u|2
∑

k∈S

(ρ
(i)
k )2p2

k

)

· e−
|u|2

pi
d|u|2
pi

, (7.66)

where we used the fact that|xi|2 has a negative exponential distribution, and also thatE
[

|xk|4
]

=

2E
[

|xk|2
]2

for eachk. Finally, substituting (7.66) and (7.62) into (7.58) givesthe expression

for mutual information in terms of the transmission powers.

It should be emphasized that in both FWM-limited and XPM-limited cases, increasing

eachpi does not necessarily improve the capacity region, as the effect of increased interference

in other channels may dominate the improvement in the rate inchanneli. Therefore, we need to

optimize over the transmission powers to obtain the actual sum-rate capacity.
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Figure 7.2: Capacity versus Transmit Power per Channel. Gaussian pulses with bandwidth
80GHz,γ = 1W−1Km−1, β = −20ps2/Km, α = 0.25dB/Km. The dashed line corresponds to
the mutual information with single-wavelength detection if the users are forced to transmit with
the maximum power.

7.6 Comparison and Discussion

To demonstrate the capacity gain of multi-wavelength detection, we compare the av-

erage maximum rate per node for single-wavelength and multi-wavelength detection using the

results of Section 7.3 and Section 7.5. The capacity per userhas been plotted versus the trans-

mit power per user in Fig. 7.2 for a WDM channel with 32 users. It is assumed that users are

transmitting with equal powersP and equal symbol rates, and the channel is memoryless. It

should be emphasized that all the results are valid as long asthe fundamental assumption of

weak nonlinearity holds. The uncertainty in the result due to this assumption can be estimated

by computing the ratio of total crosstalk power to the signalpower. For the values plotted in Fig.

7.2, the uncertainty is1% atP = 5 dBm and5% atP = 9 dBm.

It is observed that within the range of acceptable accuracy,the maximum achievable

rate with the single-wavelength detection scheme saturates as the crosstalk power becomes com-

parable to the noise power. This effect results from the factthat the interference power in each

channel increases asP 3. Thus at high signal powers where the interference dominates the noise,

the effective signal to interference plus noise ratio (SINR) behaves asP−2; i.e. increasing the
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power does not improve the capacity. On the other hand, with the optimal scheme interference

is totally cancelled, and we can achieve the capacity of a linear fiber.

7.7 Conclusion and Future Works

We derived the multiuser capacity region of WDM in a nonlinear fiber channel using a

weak nonlinearity approximation. If the outputs of the fiberat all sub-channels are used for de-

tection, the nonlinear crosstalk does not change the capacity. This result holds also if the channel

has memory due to the walk-off between different carriers. Every point in the capacity region

can be achieved if each user transmits Gaussian distributedchannel-coded symbols, without

knowing the nonlinearity parameters. On the other hand, if only the output of one sub-channel

is used, the capacity will saturate when the crosstalk dominates. We conclude that the crosstalk

introduced by the Kerr nonlinearity does not severely limitthe capacity of optical fibers, as long

as the weak nonlinearity assumption is not violated.

Due to the nonlinear structure of the channel, the optimal multi-wavelength detection

for this channel has an intractable complexity, especiallysince the power-dependent nonlinear

effects are important mostly at very high aggregate data rates, i.e. several gigabits per second.

Applying iterative multiuser detection schemes seems to bethe best solution to this problem,

and studying the complexity-performance trade-off of these schemes is a potential area for future

work.

The focus of this chapter has been on optical communicationswith coherent trans-

mission/reception. Although there is an increasing interest in coherent optical communications,

at present, for practical reasons, non-coherent detectionis more widely used in optical fibers.

Hence, an important problem still to be studied is the extendibility of the results of this work to

non-coherent receivers. Furthermore, more accurate analytical models for the nonlinear channel

are needed in order to design and analyze schemes that can perform well in real systems.

A simplifying assumption made for the analysis was that the sub-channels remain

non-overlapping in the frequency domain, even though they experience spectral broadening.

While this assumption is not restrictive in the weakly nonlinear regime, as the total transmission

power continues to increase, not only the sub-channels overlap, but also the total spectrum of

the composite signal increases. Hence, the spectral efficiency is expected to experience a limit at

very high power levels. Moreover, the impact of other types of nonlinearity, such as the Raman

scattering, should also be considered in this regime.
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Appendix 7.A Optimality of Matched Filtering

In this appendix, we prove that the sampled outputs of theK filters, each matched to

the response of the linear channel to the waveform transmitted in one of theK sub-channels,

provide all the useful information for decoding the symbols. In other words, the information that

any other filter provides is redundant given the outputs of the matched filters.

In order to provide sufficient statistics for the received signal, we need to select a

complete set of orthogonal basis functions for the space of the received signals. We will first

discuss the memoryless case, and then comment on the case where the channel has memory.

Moreover, for simplicity, we assume that XPM is the dominantnonlinear effect. As outlined at

the end of this appendix, it can be shown with a similar, but more tedious, derivation that the

same result holds also with the existence of FWM.

We adopt theK matched filters used for the linear channel response (which are orthog-

onal) as the firstK basis functions and then find other orthonormal filters to span the complete

space along with these filters. Clearly, the linear (zero order) term of the output signal corre-

sponding to thekth user is orthogonal to, and hence canceled by, all the filters except thekth

matched filter. However, since the crosstalk term in thekth channel is nonlinear, it is not matched

to thekth matched filter, and may contribute to the output of the other basis functions. Conse-

quently, {yk}, the sampled outputs of the matched filters, will each contain one linear signal

term (if thekth user is transmitting anything), a number of third-order crosstalk terms, and an

additive noise term. On the other hand,{wi}, the sampled outputs of the rest of basis functions,

which are not among theK matched filters, will only contain noise, and possibly some third

order crosstalk terms. For anywi, we can write

wi = xm(i)

K
∑

k=1

ζ
(m(i))
k |xk|2 + ηi, (7.67)

where, for simplicity, we have assumed that the crosstalk terms inwi are contributed by the

XPM and SPM produced on only one sub-channel, whose index is denoted bym(i). A more

general form forwi can be obtained by including all the third-order combinations of{xi}. Using

a similar, but more tedious, analysis, it can be shown that the result derived here for (7.67) also

holds for the general case.

We denote byW the vector containing all{wi}, and suppose that we’re interested in

finding the sum-rate capacity of the channel. For the mutual information between the inputs and
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outputs of the channel, we have

I(X;Y,W ) = I(X;Y ) + I(X;W |Y ), (7.68)

and the second term in the right-hand side can be written as

h(W |Y )− h(W |X,Y ) = h(W |Y )−
∑

i

h(ηi)

≤
∑

i

[h(wi|Y )− h(ηi)] , (7.69)

where we used the fact that{ηi} are mutually independent. Each term inside the summation in

(7.69) can be upper-bounded as

h(wi|Y )− h(ηi) ≤
[

h(wR
i |Y )− h(ηR

i )
]

+
[

h(wI
i |Y )− h(ηI

i )
]

, (7.70)

sinceηR
i andηI

i are independent. Using a bound similar to (7.20), the first bracket on the right-

hand side can be written as

EΥ

[

h(wR
i |Y = Υ)− h(ηR

i )
]

≤ EΥ

[

1

2
log
(var

[

wR
i |Y = Υ

]

σ2

)

]

, (7.71)

whereΥ = [υ1, · · · , υK ]T is a realization ofY . In order to estimate the variance on the right-

hand side, using (7.67) we can write

wR
i = xR

m(i)θ
R − xI

m(i)θ
I + ηR

i , (7.72)

whereθR andθI are, respectively, the real and imaginary parts of the summation in (7.67), and

both areO(δ). Since the noise is independent of the other terms, we can write

var
[

wR
i

∣

∣Y = Υ
]

= var
[

xR
m(i)θ

R − xI
m(i)θ

I
∣

∣Y = Υ
]

+ σ2. (7.73)

Furthermore, for the first term on the right-hand side, we have

var
[

xR
m(i)θ

R−xI
m(i)θ

I
∣

∣Y = Υ
]

≤ 2var
[

xR
m(i)θ

R
∣

∣Y = Υ
]

+2var
[

xI
m(i)θ

I
∣

∣Y = Υ
]

. (7.74)

From (7.9), by neglecting the FWM, we can write

xR
m(i) = yR

m(i) − κR
m(i) − nR

m(i), (7.75)
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Hence, the first term on the right-hand side of (7.74) can be written as

var
[

yR
m(i)θ

R − κR
m(i)θ

R − nR
m(i)θ

R
∣

∣Y = Υ
]

≤3 var
[

yR
m(i)θ

R
∣

∣Y = Υ
]

+ 3 var
[

κR
m(i)θ

R
∣

∣Y = Υ
]

+3 var
[

nR
m(i)θ

R
∣

∣Y = Υ
]

. (7.76)

The second and third terms on the right-hand side of this inequality are respectivelyO(P · δ4)
andO(σ2 ·δ2), which are both negligible with respect toσ2 in (7.73). Also, since{yk} are given,

the first term is equal to

3var
[

yR
m(i)θ

R
∣

∣Y = Υ
]

= 3(yR
m(i))

2var
[

θR
∣

∣Y = Υ
]

. (7.77)

For var
[

θR
∣

∣Y = Υ
]

, we have

var
[

θR
∣

∣Y = Υ
]

= O

( K
∑

k=1

∣

∣

∣
ζ
(m(i))
k

∣

∣

∣

2
var
[

|xk|2
∣

∣Y = Υ
]

)

. (7.78)

Recall from (7.35) that

|xk|2 = |yk − nk|2

= |yk|2 − 2Re{ykn
∗
k}+ |nk|2. (7.79)

Assuming that the system is operating at high SNR, for the conditional variance of this expres-

sion we have

∣

∣

∣ζ
(m(i))
k

∣

∣

∣

2
var
[

|xk|2
∣

∣Y = Υ
]

≈
∣

∣

∣
ζ
(m(i))
k

∣

∣

∣

2
var
[

2Re{ykn
∗
k}
∣

∣Y = Υ
]

= O

(

∣

∣

∣
ζ
(m(i))
k

∣

∣

∣

2
|yk|2σ2

)

. (7.80)

Hence (7.78) and (7.80) yield

var
[

θR
∣

∣Y = Υ
]

= O
(

(γLeff )2|yk|2σ2
)

, (7.81)

where, as defined in Section 7.2,γ andLeff respectively denote the nonlinearity parameter and

the effective length of the fiber, and we used the fact that thecrosstalk coefficients,ζm
k , are

O(γLeff ). Combining (7.81) with (7.77) yields

var
[

yR
m(i)θ

R
∣

∣Y = Υ
]

= O(δ2 · σ2), (7.82)
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where, we used the fact that

O
(

γLeff |yk|2
)

= O
(

γLeff (yR
m(i))

2
)

= O (δ) . (7.83)

By substituting (7.82) in (7.76) we obtain

var
[

xR
m(i)θ

R
∣

∣Y = Υ
]

= O(δ2 · σ2) +O(P · δ4). (7.84)

A similar equation can be derived forxI
m(i)θ

I . Hence, using (7.73) and (7.74), we can write

var
[

wR
i

∣

∣Y = Υ
]

= O(δ2 · σ2) +O(P · δ4) + σ2 ≈ σ2, (7.85)

for smallδ. Hence, we can write the logarithm on the right-hand side of (7.71) as

log

(

var
[

wR
i

∣

∣Y = Υ
]

σ2

)

≈ log(1) = 0, (7.86)

to the first order of approximation. Therefore, we have

h(wR
i |Y )− h(ηR

i ) ≈ 0. (7.87)

A similar result can be derived forwI
i . Finally, using (7.70), each term inside the summation on

the right-hand side of (7.69) is negligible, which implies that, to the first order of approximation,

I(X;W |Y ) = 0. (7.88)

The result in (7.88) proves that, having collected all the information from theK

matched filters, the outputs of other filters do not contain significant additional information for

the decoder. While this analysis was performed for the sum-rate capacity, it is straightforward to

do the same analysis for all the other terms in the capacity region of the channel. In other words,

I(XS ;Y,W |XS′)≈I(XS ;Y |XS′), ∀S⊂{1, · · · ,K}, (7.89)

whereXS andXS′ are defined in Section 7.3. Consequently, the outputs of theK matched filters

provide sufficient statistics for detection of the{xi}.
To extend the analysis to the general case, where FWM is important andwi contains

arbitrary combinations of{xi}, we writexk in terms ofyk for eachk, in a similar manner to

(7.79). In this case, the variance of interference will alsoappear in (7.80); however, since the

interference is weak, we will still be able to derive an equation similar to (7.81).
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Now, assume that the channel has memory. As discussed in Section 7.4, memory adds

a new dimension to the space of the received signals. For thisspace, we adopt as the firstKN

basis functions the normalized filters matched to the linearresponse of the channel to the pulses

transmitted in sub-channels1, · · · ,K and in time slots1, · · · , N , whereN is the block length.

Assuming that the quadratic dispersion is compensated, these basis functions are orthogonal,

as each pulse is orthogonal to other pulses transmitted in different time slots and/or frequency

bands. The linear term of the output signal corresponding tothe kth user andnth time slot

appears only in the output of one matched filter, and is orthogonal to all other basis functions.

Hence, as in the memoryless case, the sampled output of the matched filters{yk(n)} for sub-

channelsk = 1, · · · ,K and time slotsn = 1, · · · , N will contain one linear signal term (if the

kth user is transmitting anything at that time), but the sampled outputs of the rest of the filters,

{wi} will only contain noise, and possibly some third-order crosstalk terms. By an analysis

similar to that in the memoryless case, it can be shown that, having observed the outputs of

matched filters, the remaining samples,wi, do not contain significant additional information for

detecting the symbols.

RemarkThe discussion presented in this appendix does not imply that only the outputs of the

matched filters contain useful information for the detector. The point made here is that the

outputs of the other filters contain redundant information if we have already observed the output

samples of the matched filters. In fact, it is not difficult to show that, althoughI(X;W |Y ) is

O(δ2) and negligible,I(X;W ) is not.

Appendix 7.B Model Details

In this section, we derive the discrete-time model of (7.8).From [9], the low-pass

equivalent linear transfer function of the channel in (7.2)is given by

H1(ω, z) = exp
(

−αz
2

)

exp

(

−jβ2ω
2z

2

)

. (7.90)

With respect to the 3rd order term in the Volterra series expansion (7.2), we have

H3(ω1, ω2, ω, z) = H1(ω, z)H
′
3(ω1, ω2, ω, z), (7.91)
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where

H ′
3(ω1, ω2, ω, z)

= −j γ

4π2

1− exp (−αz − jβ2(ω1 − ω)(ω1 − ω2)z)

α+ jβ2(ω1 − ω)(ω1 − ω2)
. (7.92)

and we have neglected the frequency dependence of the fiber loss factor,α. In the expression for

H1(ω, z), the first factor is the attenuation from absorption and scattering in the fiber, and the

second factor is the quadratic phase distortion caused by dispersion, which produces both phase

and amplitude distortion in the time domain.

Now, if we substitute (7.6) in (7.2), the third order term will contain a triple sum-

mation over channel indices. Each of the matched filters havefrequency response proportional

to H∗
1 (ω,L)V ∗(ω). As the linear dispersion term (7.90) has a constant magnitude frequency

response, matched filtering will perfectly equalize the linear term in (7.2). Therefore, assum-

ing that the fiber attenuation has been compensated by the optical amplifier, the output of the

matched filter corresponding to wavelength (user)i can be written as (7.8), where

ξ
(i)
k,l,m=

∫

dωV ∗(ω)

∫∫

H ′
3(ω1 + k∆ω, ω2 + l∆ω, ω + i∆ω, z)

V (ω − ω1 + ω2 + (i− k + l −m)∆ω)

V (ω1)V
∗(ω2)dω1dω2. (7.93)

Appendix 7.C Negligibility of I(XS; YS′|XS′, YS)

For simplicity, here we show the negligibility ofI(XS ;YS′ |XS′ , YS) for the case

where FWM is small compared to XPM. Extending the analysis tothe general case, although

more tedious, follows the same steps as the XPM-limited case.

By definition, forI(XS ;YS′ |XS′ , YS) we have

I(XS ;YS′ |XS′ , YS) = h(YS′ |XS′ , YS)− h(YS′ |X,YS). (7.94)

For the second term on the right-hand side we have

h(YS′ |X,YS) = h(ZS′)

= |S′| log(2πeσ2), (7.95)
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which is a constant, and for the first term we can write

h(YS′ |XS′ , YS) ≤
∑

i∈S′

[

h(yR
i |XS′ , YS) + h(yI

i |XS′ , YS)
]

. (7.96)

We need to upper bound each term inside the summation. From (7.9), neglecting the FWM,

h(yR
i |XS′ , YS) can be upper-bounded for anyi ∈ S′ by

h
(

κR
i + nR

i

∣

∣xI
i , YS

)

≤ Eχ,ΥS

{

1

2
log
(

2πe var
[

κR
i + nR

i

∣

∣

∣xI
i = χ, YS = ΥS

])

}

, (7.97)

where

κR
i = −xI

i

∑

k∈S

ρ
(i)
k |xk|2. (7.98)

Moreover, we can estimate the variance inside the logarithmas

var
[

κR
i + nR

i

∣

∣ xI
i = χ, YS = ΥS

]

= O

(

|χ|2
∑

k∈S

(ρ
(i)
k )2var

[

|xk|2
∣

∣YS = ΥS

]

)

+ σ2. (7.99)

By an analysis similar to (7.80), we can write

|χ|2(ρ(i)
k )2var

[

|xk|2
∣

∣YS = ΥS

]

= |χ|2O
(

(ρ
(i)
k )2|yk|2σ2

)

= O(σ2 · δ2), k ∈ S. (7.100)

Now, by combining (7.99) and (7.100), we obtain

var
[

κR
i + nR

i

∣

∣xI
i = χ, YS = ΥS

]

= σ2 +O
(

δ2 · σ2
)

≈ σ2. (7.101)

Substituting this equation in (7.97) yields

h(yR
i |XS′ , YS) ≤ 1

2
log(2πeσ2), i ∈ S′. (7.102)

Using the same line of reasoning, we can derive a similar equation for h(yI
i |XS′ , YS). Hence,

from (7.96) we obtain

h(YS′ |XS′ , YS) ≤ |S′| log(2πeσ2). (7.103)



149

Finally, by combining (7.94), (7.95), and (7.103), and using the non-negativity of mutual infor-

mation, we conclude that

I(XS ;YS′ |XS′ , YS) ≈ 0, (7.104)

to the first order of approximation.

This result shows that if some of the users are not using the channel, even if they don’t

turn their transmitters off, the crosstalk produced on their channels cannot be used to improve

the detection of the other users’ signals. Therefore, without loss of generality, we can assume

that the detector has only access to the output of the sub-channels corresponding to active users.

Appendix 7.D Derivation of (7.24)

To compute the determinant in (7.20), we neglect all the terms that are at least two

orders of magnitude (i.e.O(δ2) ) smaller than the largest term, which is of the order of the

square of the signal power. Specifically, in each element of the covariance matrix, we only keep

the signal covariance, noise covariance, and the cross-terms of signal with crosstalk. Considering

the properties of FWM, it can be observed that among the FWM terms in channeli, all but the

terms of the form ofxkx
∗
i xm are independent of the signal term,xi, and hence do not have any

cross-term with the signal in the covariance. Thus, we can neglect all of these terms and only

keep those of the formxkx
∗
i xm, which we calldependent FWM.

Neglecting the independent FWM terms, we can rewriteyi as

yi = xi + jxiρ
(i)
i |xi|2 + jxiαi + x∗iβi + ni, (7.105)

where the terms on the right-hand side are respectively the signal, SPM, XPM, dependent FWM,

and noise terms, and

αi =
∑

k 6=i

ρ
(i)
k |xk|2 (7.106)

and

βi =
∑

k+l=i

ξ
(i)
k,i,m xkxm (7.107)

are dimensionlessO(δ) random variables independent ofxi. By separating the real and imagi-

nary parts of (7.105), we obtain






yR
i = xR

i −xI
i ρ

(i)
i |xi|2−xI

iαi+x
R
i β

R
i +xI

i β
I
i + nR

i

yI
i = xI

i +xR
i ρ

(i)
i |xi|2+xR

i αi+x
R
i β

I
i −xI

i β
R
i + nI

i

. (7.108)
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We can calculate the determinant in (7.20) as

det
(

cov
[

y
i

∣

∣XS′

])

= CRCI − (CRI)2, (7.109)

where

CR , var[yR
i

∣

∣XS′ = χ], (7.110)

CI , var[yI
i

∣

∣XS′ = χ], (7.111)

and

CRI , cov[yR
i , y

I
i

∣

∣XS′ = χ]. (7.112)

Using (7.108) and the notations defined in (7.21) and (7.22),(7.110) can be expanded as

CR = (vR
i )2 − cov

[

xR
i , x

I
i ρ

(i)
i |xi|2

]

− qivR
i v

I
i ai

+ (vR
i )2bRi + qiv

R
i v

I
i b

I
i + σ2, (7.113)

wherebRi , bIi , andai are, respectively, the expected values ofβR
i , βI

i , andαi conditioned on

XS′ = χ, and we have neglected allO(δ2) terms. For the second term on the right-hand side of

(7.113), we have

cov
[

xR
i , x

I
i ρ

(i)
i |xi|2

]

=E
[

xR
i x

I
i ρ

(i)
i |xi|2

]

− µR
i v

R
i E

[

xI
i ρ

(i)
i |xi|2

]

. (7.114)

Now, combining (7.114) and (7.113), and with some reordering of terms, we have

CR = pR
i − (µR

i )2(vR
i )2 − E

[

xR
i x

I
i ρ

(i)
i |xi|2

]

+ µR
i O(Pδ) + qiO(Pδ) + pR

i b
R
i + σ2. (7.115)

Similarly, we can write

CI = pI
i − (µI

i )
2(vI

i )2 + E
[

xR
i x

I
i ρ

(i)
i |xi|2

]

+ µI
iO(Pδ) + qiO(Pδ) − pI

i b
R
i + σ2 (7.116)

and

CRI = qiv
R
i v

I
i +O(Pδ). (7.117)
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Substituting (7.115)–(7.117) in (7.109) results in (7.24).

This chapter is a reprint of the material in the paper: M. H. Taghavi, G. C. Papen,

and P. H. Siegel, “On the multiuser capacity of WDM in a nonlinear optical fiber: Coherent

communication,”IEEE Trans. on Information Theory, vol 52, no. 11, pp. 5008–5022, Nov.

2006.
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