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Beam dynamics challenges in linear colliders based on
laser-plasma accelerators

C. B. Schroeder,𝑎,𝑏 C. Benedetti,𝑎 S. S. Bulanov,𝑎 D. Terzani,𝑎 E. Esarey,𝑎 and C. G. R.
Geddes𝑎

𝑎Lawrence Berkeley National Laboratory, Berkeley, California 94720 USA
𝑏Department of Nuclear Engineering, University of California, Berkeley, California 94720 USA

E-mail: cbschroeder@lbl.gov

Abstract: In this paper we discuss design considerations and beam dynamics challenges associated
with laser-driven plasma-based accelerators as applied to multi-TeV-scale linear colliders. Plasma
accelerators provide ultra-high gradients and ultra-short bunches, offering the potential for compact
linacs and reduced power requirements. We show that stable, efficient acceleration with beam
quality preservation is possible in the nonlinear bubble regime of laser-plasma accelerators using
beam shaping. Ion motion, naturally occuring for dense beams (i.e., low emittance and high
energy) severely damps transverse beam instabilities. Coulomb scattering by the background ions
is considered and it is shown that the strong focusing in the plasma strongly suppresses scattering-
induced emittance growth. Betatron radiation emission from the transverse motion of the beam
in the plasma will result in beam power loss and energy spread growth; however for sub-100 nm
emittances, the beam power loss and energy spread growth will be sub-percent for multi-TeV-class
plasma linacs.

Keywords: Wake-field acceleration (laser-driven, electron-driven), Beam dynamics, Coherent
instabilities
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1 Introduction

The discovery potential of a collider is determined by the energy reach and integrated luminosity.
The energy reach of a linear collider is limited by the accelerating gradient of the accelerator
technology and the luminosity is limited by the power costs. For example, the proposed Compact
Linear Collider (CLIC) relies on conventional metallic RF structures with a peak accelerating
gradient of 100 MV/m, and the size of the linac to reach 3 TeV center-of-mass energy is 50 kilometers,
achieving luminosities of 6×1034 cm−2s−1 with an estimated power consumption above 500 MW [1].
Laser-driven plasma-based accelerators (LPAs) [2, 3] have demonstrated gradients 1–100 GV/m
[4], orders of magnitude larger than conventional RF accelerators. A linear collider based on LPAs
offers the possibility of orders of magnitude reduction in the size of the collider linacs, and the
expected associated reductions in cost. In addition, LPAs naturally accelerate ultra-short bunches
(sub-100 fs), significantly reducing the beamstrahlung during the collision, and, hence, reducing
the required beam power to reach a luminosity goal.

In this article, we discuss some of the basic design considerations for a linear collider based on
laser-plasma accelerators and some of the unique beam dynamics challenges in plasma accelerators.
Although the focus in this article is laser-driven plasma acceleration, many of the beam dynamics
challenges described below are common to both beam-driven and laser-driven plasma-based ac-
celerators. In particular, we address the issues of witness beam transverse stability, scattering by
background ions, and energy loss via betatron radiation. It is shown that these effects do not limit
the performance of plasma accelerators up to beam energies of ∼10 TeV.
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2 Considerations for laser-plasma-based collider design

A conceptual design of an LPA-based collider has not been completed. However, several preliminary
studies have been performed [5, 6]. These studies have been used to help identify the expected
operational plasma and laser parameters to guide the R&D toward developing plasma-based collider
concepts [7]. Many of the parameters are determined by the plasma density choice, and the density
regime considered in these studies, operating at a plasma density of the order of 𝑛 ∼ 1017 cm−3,
provides for a large accelerating gradient and reduces the linac power requirements, while keeping
the beamstrahlung at the collision point at an acceptable level for a target luminosity.

2.1 General linear lepton collider considerations

The luminosity determines the rate of a physical process given its cross section. In general, the
cross section decreases quadratically with energy (∝ 1/𝛾2), and, hence, as the energy of the collider
increases, ideally the luminosity should be increased quadratically. For symmetric electron and
positron beams at the interaction point (IP), the luminosity is

L =
𝑓 𝑁2

4𝜋𝜎∗
𝑥𝜎

∗
𝑦

=
𝑃𝑏

𝑈𝑏

𝑁

4𝜋𝜎∗
𝑥𝜎

∗
𝑦

=
[𝑃
√
𝑠

𝑁

4𝜋𝜎∗
𝑥𝜎

∗
𝑦

, (2.1)

where 𝑁 is the number of particles per bunch, 𝑓 the repetition rate, 𝑈𝑏 = 𝛾𝑚𝑐2 the beam energy,√
𝑠 = 2𝑈𝑏 is the center-of-mass energy, 𝑃𝑏 = 𝑓 𝑁𝑈𝑏 is the beam power, and 𝑃 = 2𝑃𝑏/[ is the

wall-plug power, with [ the overall efficiency from wall to beam. The rms beam sizes at the IP are
determined by the normalized horizontal and vertical rms transverse emittances 𝜖𝑥,𝑦 and final focus
beta-functions 𝛽∗𝑥,𝑦 , 𝜎∗

𝑥,𝑦 = (𝛽∗𝑥,𝑦𝜖𝑥,𝑦/𝛾)1/2.
An important figure of merit is the luminosity per wall-plug power L/𝑃. Reducing the beam

cross section at the IP, 𝜎∗
𝑥𝜎

∗
𝑦 , will reduce power costs to achieve a desired luminosity. However

this is limited by the achievable emittance and the final-focus optics. The emittance will be limited
by what is achievable at the injector, the beam cooling, and emittance growth in the plasma linacs.
The final-focus optics are ultimately limited by the Oide effect [8], i.e., strong focusing leads to
synchrotron radiation, and the resulting chromatic effects increase the beam size. For example, if
we consider a flat beam (to reduce beamstrahlung, as discussed below), then the spot size at the
final focus in the minor (vertical) dimension including the Oide effect, is

𝜎∗2
𝑦 = 𝛽∗𝑦𝜖𝑦/𝛾 + 110

3
√

6𝜋
𝑟2
𝑒

𝛼

(
𝛾𝜖𝑦

𝛽∗𝑦

)5/2
𝐹, (2.2)

where 𝑟𝑒 = 𝑒2/𝑚𝑐2 is the classical electron radius (formulas are given in Gaussian units throughout
the paper), 𝛼 = 𝑒2/ℏ𝑐 is the fine structure constant, and 𝐹 is a dimensionless function of the specific
focusing system configuration [8]. At high energies and small final focus beta functions, the beam
size will be limited by the Oide effect, and there is an optimal 𝛽∗𝑦 to achieve the minimum beam
size (𝜎∗

𝑦)min ∝ 𝐹1/7𝜖5/7
𝑦 .

Increasing the number of particles per bunch 𝑁 also increases the luminosity per wall-plug
power L/𝑃. However, the bunch charge will be limited by beamstrahlung at the IP, radiation
emitted during the beam-beam collision when one beam experiences the fields of the colliding
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beam. This effect results in an increased background from the emitted radiation and energy loss in
the beam, inducing a large beam energy spread. The beam-beam interaction is characterized by the
Lorentz-invariant beamstrahlung parameter (mean field strength in the beam rest frame normalized
to the Schwinger critical field 𝐸𝑐 = 𝑚2𝑐3/𝑒ℏ): Υ = 𝛾〈𝐸 +𝐵〉/𝐸𝑐 . For a Gaussian beam the average
beamstrahlung parameter is [9]

Υ ≈ 5𝑟2
𝑒

6𝛼
𝛾

𝜎𝑧

𝑁

(𝜎∗
𝑥 + 𝜎∗

𝑦)
, (2.3)

where 𝜎𝑧 is the rms bunch length. The average number of beamstrahlung photons emitted per
electron at the IP is [9]

𝑛𝛾 ≈ 2.5
(
𝛼2

𝑟𝑒

𝜎𝑧

𝛾

)
Υ

(1 + Υ2/3)1/2 . (2.4)

Associated with this radiation emission is a relative beam energy spread increase [9]

𝛿𝛾 ≈ 1.2
(
𝛼2

𝑟𝑒

𝜎𝑧

𝛾

)
Υ2[

1 + (3Υ/2)2/3]2 , (2.5)

and, hence, broadening of the luminosity energy spectrum. As eq. (2.3) indicates, flat beams 𝜎∗
𝑦 �

𝜎∗
𝑥 at the IP can reduce the beamstrahlung effect, while preserving high luminosity. Conventional

linear collider proposals typically operate in the regime Υ � 1, or classical beamstrahlung regime.
In the classical beamstrahlung regime,

L
𝑃

≈ 0.04
(

[𝑛𝛾

𝛼𝑟𝑒
√
𝑠

) (
𝜎∗
𝑥 + 𝜎∗

𝑦

𝜎∗
𝑥𝜎

∗
𝑦

)
. (2.6)

As eq. (2.3) indicates the beamstrahlung parameter increases with increasing energy and shorter
bunches Υ ∝ 𝛾/𝜎𝑧 . Plasma accelerators are best suited to accelerate ultra-short beams, a fraction of
the plasma wavelength, or 𝜎𝑧 ∼ 10 `m operating at 𝑛 ∼ 1017 cm−3. Hence plasma-based colliders
operating at high energy (𝑈𝑏 & 1 TeV) will be in the high-field beamstrahlung regime, or quantum
beamstrahlung regime, such that Υ � 1. In the high-field beamstrahlung regime

L
𝑃

≈ 0.02

(
[𝑛

3/2
𝛾

𝛼2√𝑟𝑒
√
𝑠

) (
𝜎∗
𝑥 + 𝜎∗

𝑦

𝜎∗
𝑥𝜎

∗
𝑦

)
𝛾1/2

𝜎
1/2
𝑧

. (2.7)

In this regime, short beams increase the luminosity per power [10].
Assuming the luminosity must increase quadratically with center-of-mass energy and there

is the constraint that there is a fixed beamstrahlung photons per lepton 𝑛𝛾 that the detector can
tolerate, the linear collider wall-plug power required, in the high-field beamstrahlung regime using
flat beams, scales as

𝑃 ∝ (
√
𝑠)5/2𝜖1/2

𝑦 𝜎
1/2
𝑧 . (2.8)

As the center-of-mass energy increases, the wall-plug power to achieve the required luminosity
increases as in eq. (2.8). The ability to generate low emittance beams and shorter beams saves power.
Plasma-based accelerators are, hence, of interest for linear collider applications because of the ultra-
high accelerating gradients and also because plasma-based accelerators naturally accelerate short
beams, with bunch lengths that are a fraction of plasma wavelength. For typical plasma densities,
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the bunch length is on the order of ten microns, orders of magnitude shorter than conventional
accelerators, potentially yielding significant power savings. Note that the constraints owing to
beamstrahlung are present for 𝑒−𝑒+ or 𝑒−𝑒− collisions, and one may consider a 𝛾𝛾 collider (or 𝛾𝑒−

collisions) to remove the beamstrahlung constraints.

2.2 Basic laser-plasma-accelerator-based linac design

In this section, we discuss the basics of LPAs before addressing some beam dynamics issues unique
to plasma acceleration in section 3. In an LPA a large amplitude electron plasma wave is excited by
the ponderomotive force (radiation pressure) of a laser with relativistic intensity such that 𝑎2 ∼ 1,
with 𝑎2 = 0.73(_[`m])2𝐼𝐿 [1018W/cm2], where 𝐼𝐿 is the laser intensity and _ the laser wavelength.
In the standard configuration, often referred to as a laser wakefield accelerator (LWFA), a single laser
pulse with duration resonant with the plasma wavelength 𝜏𝐿 ∼ 𝜔−1

𝑝 is used to resonantly drive the
plasma wave with relativistic phase velocity, near the group velocity of the laser propagating in an
underdense plasma. Here 𝜔𝑝 = 𝑘 𝑝𝑐 = (4𝜋𝑛𝑒2/𝑚)1/2 is the electron plasma frequency. Relativistic
charged particles co-propagating behind the laser at an appropriate phase in the laser-excited plasma
wave may be accelerated to high energy.

There are several regimes of laser-driven plasma acceleration that may be accessed based on
the intensity of the laser pulse. Collider designs based on operation in the quasi-linear regime
with (𝑎2/2) (1 + 𝑎2/2)−1/2 . 1 have been explored [6]. For high laser intensities 𝑎2 � 1, the
LPA can operate in the bubble regime, where (almost) all the electrons are expelled by the laser
ponderomotive force, forming an ion cavity co-propagating behind the laser. Balancing the laser
ponderomotive force with the space-charge force of the ion cavity yields the condition to form an
ion cavity, 2

√
𝑎 & 𝑘 𝑝𝑟𝐿 . The plasma wakefield structure inside the ion cavity in the bubble regime

is

𝐸𝑧/𝐸0 = 𝑘 𝑝Z/2, (2.9)
(𝐸𝑟 − 𝐵\ )/𝐸0 = 𝑘 𝑝𝑟/2, (2.10)

with 𝐸0 = 𝑚𝑐2𝑘 𝑝/𝑒, or 𝐸0 [V/m] ≈ 96(𝑛[cm−3])1/2 the characteristic size of the wakefields. Here
Z = 𝑧−𝑐𝑡 is the co-moving longitudinal coordinate (Z = 0 corresponds to the center of the ion cavity)
and 𝑟 is the radial coordinate. For plasma densities 𝑛 ∼ 1018 cm−3 the characteristic accelerating
field is 𝐸0 ∼ 100 GV/m (i.e., three orders of magnitude higher than CLIC). In the bubble regime,
the accelerating field 𝐸𝑧 is independent of the transverse position and the focusing field 𝐸𝑟 − 𝐵\ is
linear with respect to the transverse coordinate and independent of the axial position (conserving
the electron beam transverse normalized rms emittance). Note that the transverse fields in the ion
cavity are defocusing for positrons; hence, stable positron acceleration can not occur in the bubble
regime. For stable positron acceleration, the plasma accelerator must operate in the quasi-linear
regime or the wakefield structure must be modified. Wakefield excitation in plasma columns have
been proposed for modifying the wakefield to allow for positron focusing and acceleration [11].

Figure 1 (a) shows an example of the ion cavity formed by an intense laser in the nonlinear
regime. In the bubble regime, the laser effectively creates a plasma channel and can self-guide over
a distance corresponding to many Rayleigh ranges. The condition for matched guiding in the bubble
regime is 𝑘 𝑝𝑟𝐿 ≈ 2

√
𝑎 [12], with the laser power normalized to the critical power 𝑃/𝑃𝑐 = 𝑎3/8.

With matched guiding, the bubble radius is approximately 𝑅 ≈ 𝑟𝐿 ≈ 2
√
𝑎/𝑘 𝑝 [13].
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Figure 1. Two dimensional (Z, 𝑥) map (a) of the electron plasma density for an LPA stage in the bubble
regime. The parameters of the bi-Gaussian laser driver (red dashed ellipse) are 𝑎0 = 4.5, 𝜔𝑝𝜏𝐿 = 2.7
(FWHM duration of the intensity), and 𝑘 𝑝𝑟𝐿 = 4. The accelerating electron bunch is shown in yellow.
Lineout (b) of the on-axis longitudinal wakefield averaged over the accelerator length for a loaded (red line)
and an unloaded (black line) stage. The optimal bunch current profile that produces the constant accelerating
field along the bunch is shown in blue.

An LPA-based collider would consist of multiple LPA accelerating stages. Figure 1 shows
an example of a single LPA stage modeled with the Particle-In-Cell code INF&RNO [14, 15]. In
the simulation the wakefield and the laser are modeled assuming a 2D axisymmetric geometry that
correctly reproduces the 3D field structure and laser evolution, while the beam particles are pushed
in 3D. Here the laser and plasma parameters are 𝑎 = 4.5, 𝜔𝑝𝜏𝐿 = 2.7 (FWHM duration of the
intensity), 𝑘 𝑝𝑟𝐿 = 4, and 𝑛 = 4.6 × 1017 cm−3. The corresponding laser energy is 𝑈𝐿 = 50 J. This
example accelerates a matched 1.2 nC, 2.2 `m rms length bunch with an average loaded gradient
of 117 GV/m (or 𝐸𝑧/𝐸0 = 1.8), achieving 3.2 GeV energy gain per stage with a stage length
𝐿𝑠 =3.1 cm. By properly shaping the electron beam current, the longitudinal dependence of the
beam-loaded accelerating field can be controlled, minimizing energy spread growth. Note that a
linear density taper is used to control bunch-laser dephasing, with a final density after 3.1 cm of
8× 1017 cm−3. The laser energy depletion at the end of the stage is 20%. (In principle, the majority
of the remaining laser energy could be recovered with a photovoltaic.) The wake to beam energy
efficiency of this example is 43%.

Many stages would be used to reach TeV energies (for this stage example, 218 stages to reach
1 TeV beam energy). Note that plasma mirrors can allow for compact coupling of lasers between
stages, yielding geometric/average accelerating gradients of a few GV/m. Initial proof-of-principle
staging experiments using plasma mirrors have been performed [16]. Methods for coupling beams
between LPA stages, with high charge capture and preservation of beam quality must be developed
further, in addition to beyond state-of-the-art beam and laser alignment methods relying on kHz
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feedback. Energy recovery may be employed to improve the overall efficiency, including recovery
of energy remaining in the plasma wave and the depleted laser driver [6].

Many of the important parameters for LPA design scale with the plasma density and laser
wavelength. With the density and wavelength scalings known, a single design may be scaled to
explore parameter space, given additional constraints and for different laser driver technologies. For
fixed collider parameters (center-of-mass energy, luminosity, and IP focusing) and fixed normalized
LPA parameters (normalized laser intensity 𝑎0, laser transverse size 𝑘 𝑝𝑟𝐿 , and laser pulse duration
𝜔𝑝𝜏𝐿), the basic scalings [5] with plasma density and laser wavelength are given in Table 1.

Table 1. Basic LPA and collider scalings with plasma density and laser wavelength.

Accelerating field 𝐸𝑧 ∝ 𝑛1/2

LPA stage length 𝐿𝑠 ∝ 𝑛−3/2_−2

Energy gain per stage Δ𝛾 ∝ 𝑛−1_−2

Number of stages 𝑁𝑠 ∝ 𝑛_2

Bunch charge 𝑁𝑏 ∝ 𝑛−1/2

Bunch length 𝐿𝑏 ∝ 𝑛−1/2

Laser energy 𝑈𝐿 ∝ 𝑛−3/2_−2

Pulse duration 𝜏 ∝ 𝑛−1/2

Repetition rate 𝑓 ∝ 𝑛

Beamstrahlung photons/𝑒 𝑛𝛾 ∝ 𝑛−1/2

Wall-plug power 𝑃 ∝ 𝑛1/2

The scaling with wall-plug power implies operation at lower densities for reduced power costs
𝑃 ∝ 𝑛1/2. These power savings are the result of a higher bunch charge at lower density 𝑁 ∝ 𝑛−1/2.
However, as the plasma density is decreased, the gradient is reduced 𝐸𝑧 ∝ 𝑛1/2, and the required
laser energy per pulse𝑈𝐿 ∝ 𝑛−3/2_−2 and average laser power 𝑃𝐿 = 𝑓𝑈𝐿 ∝ 𝑛−1/2_−2 increase. The
charge per bunch at the IP will be constrained by beam-beam effects, as discussed in section 2.1,
and the number of beamstrahlung photons (and the associated beamstrahlung induced beam energy
spread) will limit the charge per bunch. Given these collider constraints plasma densities in the
range 1016–1019 cm−3 may be considered: below a few 1016 cm−3 the gradient becomes too low
and the beamstrahlung effects too severe, owing to the increased charge per bunch, and above a
few 1018 cm−3 the power required to achieve a target luminosity becomes too large. Also note
that the wall-plug power is independent of laser wavelength. This implies that different laser
technologies and amplifying media may be considered for a laser-plasma-based collider. Two
potential technologies that could achieve the required peak and average laser power are coherent
combination of fiber lasers [17, 18], operating at _ ' 1 `m, and lasers based on Tm:YLF [19],
operating at _ ' 1.9 `m.

3 Beam dynamics challenges in plasma accelerators

In this section we address three of the main beam dynamics challenges that are unique to plasma-
based accelerators. In section 3.1 we consider the transverse stability of the accelerated electron
beam in the bubble regime. Ion motion, induced by the high density bunches, provides a natural
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method to stabilize the beam. In section 3.2 we discuss emittance growth from scattering with
charged particles in the background plasma. The strong focusing in the plasma prevents significant
emittance growth from the Coulomb scattering. Lastly, in section 3.3 we discuss the synchrotron
radiation generated by the transverse motion of the beam in the plasma. The induced energy
spread from the betatron radiation is proportional to the beam emittance, and for collider-relevant
emittances the induced energy spread from betatron radiation is a fraction of a percent. These
results indicate that total required collider power will likely be the limiting factor for very high
energy linear colliders

√
𝑠 >15 TeV.

3.1 Transverse stability

Transverse beam stability, i.e., suppressing beam hosing [20–22], has been identified as a critical
challenge toward realizing a plasma-based collider. In beam hosing, the excited transverse wakefield
of a beam couples to the beam transverse position, leading to exponential growth in the beam centroid
displacement. This implies that small asymmetries or misalignments are exponentially amplified
during the acceleration process, potentially leading to a strong degradation of the beam emittance,
or beam loss. Plasma accelerators operate in a strongly-beamloaded regime for high efficiency. In
this regime, the wakefields generated by the accelerated beam are of the order of the ion cavity
fields ∼ 𝐸0, orders of magnitude stronger than in conventional accelerators. These large transverse
wakefields will drive the instability, and without transverse instability mitigation, beam hosing will
limit the achievable efficiency [23].

Variation of the transverse wakefields along the beam (head-to-tail) can mitigate hosing [24, 25].
This mechanism is similar to the Balakin-Novokhatsky-Smirnov (BNS) damping of the beam-
breakup instability in conventional accelerators. In the nonlinear bubble regime, the betatron
wavenumber is 𝑘𝛽 = 𝑘 𝑝/

√︁
2𝛾. Hence longitudinal variation in focusing force may be provided by

a beam energy chirp 𝑘𝛽 (Z) = 𝑘 𝑝/
√︁

2𝛾(Z). However, in the strongly-beamloaded, high-efficency
regime, the required energy variation is high and may not be compatible with beam transport
between stages and the collider beam delivery system. Stability may also be achieved by varying
the background ion density along the beam 𝑘𝛽 (Z) = 𝑘 𝑝 (Z)/

√︁
2𝛾. For sufficiently dense beams, ion

motion will occur on an electron plasma period [26–28]. This ion motion will naturally generate a
head-to-tail variation in the focusing fields provided by the background ions, and this longitudinal
variation in focusing results in a BNS-type damping of the hosing instability [22]. Hence, ion
motion can allow for stable acceleration of witness beams in plasma-based accelerators without
energy spread.

For a matched beam in the focusing field provided by the (unperturbed, uniform) background
ions, the rms size of the beam is

𝜎𝑥 =

(
2𝜖2

𝑥

𝑘2
𝑝𝛾

)1/4

. (3.1)

As the beam accelerates, the transverse size of the beam decreases adiabatically, increasing the
beam density 𝑛𝑏 = 𝑛𝑏𝑖 (𝛾/𝛾𝑖)1/2, where 𝑛𝑏𝑖 is the bunch density at injection. For a sufficiently high
beam current, the space charge force of the beam will move the ions on the time scale of the beam

– 7 –



duration, and the condition such that ion motion occurs may be expressed as Λ ∼ 1 [27], with

Λ = 𝑍𝑖
𝑚

𝑀𝑖

𝐼𝑏

𝐼𝐴

𝐿2
𝑏

𝜎2
𝑥

≈ 0.2
𝑍𝑖

𝐴𝑖

𝐼𝑏 [𝑘𝐴] (𝐿𝑏 [`m])2

𝜖𝑥 [nm]

(
𝑈𝑏 [GeV]𝑛[1018 cm−3]

)1/2
, (3.2)

where 𝑍𝑖 is the charge state of the ions, 𝑀𝑖 ≈ 𝐴𝑖𝑚𝑝 is the mass of the ions, 𝐼𝑏 is the beam current,
𝐼𝐴 = 𝑚𝑐3/𝑒 is the Alfvén current, and 𝐿𝑏 is the bunch length (a flat-top profile is assumed). A
beam with collider-relevant emittance will be in a regime with Λ ∼ 1 at relatively low energy. For
example Λ ∼ 1 for a 3 GeV, 1 kA beam, with 𝐿𝑏 = 10 `m, 𝜖𝑥 = 10 nm, propagating in a 1017 cm−3

plasma. Hence, ion motion will be present at the first stage of a plasma accelerator, and Λ & 1 for
subsequent stages.

Ion motion will modify the transverse wakefield provided by the background ions, inducing a
longitudinal head-to-tail variation in the focusing field. For Λ < 1, the transverse wakefield has the
form [27]

(𝐸𝑟 − 𝐵\ )/𝐸0 =
𝑘 𝑝𝑟

2

[
1 + Λ

Z2

𝐿2
𝑏

𝐻 (𝑟)
]
, (3.3)

where 𝐻 (𝑟) ∼ 1 is a radial function determined by the transverse beam profile. For a Gaussian
transverse beam profile, 𝐻 (𝑟) = [1 − exp(−𝑞)]/𝑞, with 𝑞 = 𝑟2/2𝜎2

𝑥 . Equation (3.3) assumes
a longitudinally uniform bunch current profile, with the bunch head located in Z = 0. The
focusing field has a quadratic dependence from head to tail and this results in decoherence and
suppression of the hosing (beam centroid) growth. The decoherence length may be approximated
as 𝐿𝑑 ∼ 4𝜋/(Λ𝑘𝛽), where 𝑘𝛽 is the betatron wavenumber. For Λ > 1, the beam is stabilized
with respect to hosing within a fraction of a betatron wavelength [22]. Note that the ion motion-
induced perturbation of the longitudinal wakefield is generally negligible. This can be seen using
the Panofsky–Wenzel theorem 𝜕Z (𝐸𝑟 − 𝐵\ ) = 𝜕𝑟𝐸𝑧 , yielding the longitudinal wake perturbation at
the beam tail |𝛿𝐸𝑧/𝐸0 | ∼ 𝑍𝑖 (𝑚/𝑀𝑖)𝑘 𝑝𝑟𝑒𝑁 , and |𝛿𝐸𝑧/𝐸0 | � 1 for typical parameters.

The transverse spot size of the beam may be nonlinearly matched to the ion motion perturbed
wakefield eq. (3.3), enabling propagation in the nonlinear fields without emittance growth [27].
In order to achieve this, the transverse phase-space distribution of the bunch needs to be adjusted
slice-by-slice. This ensures a constant slice emittance along the bunch. Note that while the
transverse beam momentum distribution remains, slice-by-slice, Gaussian (with slice-dependent
rms moments), the transverse spatial distribution required to achieve perfect matching is, in general,
non-Gaussian. By also longitudinal tailoring the beam current, the accelerating field along the beam
can be controlled, resulting in high efficiency and minimizing the energy spread growth. Figure 2
shows the beam distribution that minimizes the energy spread and transverse emittance growth in
the ion cavity with ion motion for the LPA stage shown in figure 1. Hence, with longitudinal and
transverse bunch shaping, a sufficiently dense beam inducing ion motion may be stably accelerated
with beam quality preservation. This provides a path to high efficiency and quality-preserving
acceleration, required for a plasma collider. Generation of beams with the desired current profiles
could be achieved using, e.g., an emittance exchange beamline [29], or by means of plasma-based
injection schemes [30]. For any given bunch current distribution, transverse tapering of the bunch
can be obtained by means of an adiabatic matching procedure [31].
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Figure 2. Two dimensional (Z, 𝑥) map of the bunch density for the optimal bunch profile that minimizes
the energy spread and is an equilibrium solution in the presence of ion motion, suppressing the ion-motion-
induced emittance growth. Note that the transverse spatial distribution at any given longitudinal location
along the beam is, in general, non-Gaussian. The bunch energy is 1 GeV, and the normalized slice emittance
is 100 nm. The other laser and plasma parameters are the same as in figure 1.

3.2 Coulomb scattering

Emittance growth may occur by elastic scattering of the beam electrons against the background ions
in the plasma. This results in a change of the rms divergence of the beam: 𝑑〈\2

𝑥〉/𝑑𝑡 = 𝑑〈\2
𝑦〉/𝑑𝑡 =

(1/2)𝑑〈\2〉/𝑑𝑡, with [32–34]
𝑑〈\2〉
𝑑𝑡

=
8𝜋𝑛𝑟2

𝑒𝑐

𝛾2 𝑍𝑖 lnΛ𝐶 , (3.4)

where lnΛ𝐶 = ln(𝑏max/𝑏min) is the Coulomb logarithm describing the transverse distance over
which the Coulomb interaction is screened. The minimum impact parameter 𝑏min may be estimated
as the Coulombic radius of the nucleus 𝑏min ∼ 1.4𝐴1/3

𝑖
fm [35]. In the bubble regime, the

maximum impact parameter is determined by the electron screening in the sheath of the bubble,
𝑏max ∼ 𝑅 + _𝐷 , where 𝑅 is the bubble radius and _𝐷 is the Debye length. For typical plasma
parameters _𝐷 � 𝑅 ≈ 2

√
𝑎/𝑘 𝑝 ∼ _𝑝, and the maximum impact parameter may be approximated

as 𝑏max ∼ _𝑝.
The growth in emittance is [34]

𝑑𝜖2
𝑥

𝑑𝑧
= 𝑘2

𝑝𝑟𝑒𝑍𝑖 lnΛ𝐶 〈𝑥2〉 + 2
[
〈𝑢2

𝑥〉〈𝑥𝑢𝑥/𝛾〉 − 〈𝑥𝑢𝑥〉〈𝑢2
𝑥/𝛾〉

]
, (3.5)

where the first term on the right-hand side is due to Coulomb scattering and the second term is the
emittance growth due to decoherence associated with energy spread. For a monoenergetic, matched
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beam in an ion cavity,
𝑑𝜖𝑥

𝑑𝑧
=

𝑘 𝑝𝑟𝑒√︁
2𝛾

𝑍𝑖 lnΛ𝐶 . (3.6)

Assuming a constant acceleration, 𝑑𝛾/𝑑𝑧 = 𝑘 𝑝 (𝐸𝑧/𝐸0), the total emittance growth over the length
of the accelerator is

Δ𝜖𝑥 =

√
2𝑟𝑒𝑍𝑖

(𝐸𝑧/𝐸0)
lnΛ𝐶

(
𝛾

1/2
𝑓

− 𝛾
1/2
𝑖

)
, (3.7)

where 𝛾 𝑓 and 𝛾𝑖 are the final and initial beam energies, respectively. The strong focusing in the
ion cavity suppresses the scattering-induced emittance growth. Note that there is only a very weak
dependence on the plasma density, through the Coulomb logarithm. Figure 3 shows the growth
in the normalized rms emittance owing to Coulomb scattering with background Hydrogen ions in
the plasma. Owing to the strong focusing, the emittiance growth is sub-nm for multi-TeV beam
energies and, hence, is not the limiting factor for a multi-TeV collider.
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Figure 3. Normalized transverse emittance growth Δ𝜖𝑥 owing to Coulomb scattering with Hydrogen ions
and with a loaded gradient of 𝐸𝑧/𝐸0 = 1.8 and density 5 × 1017 cm−3.

3.3 Betatron radiation

As described in sections 3.1 and 3.2, the strong focusing in the plasma creates a dense bunch,
providing transverse stability through background ion motion, and mitigates the effects of Coulomb
scattering. However strong transverse focusing will also cause the electrons to emit synchrotron
radiation, which can lead to the loss of beam power and beam energy spread growth. In general,
the power radiated via synchrotron radiation by an electron experiencing a force 𝐹⊥ is [35]

𝑃 =
2
3
𝑒2𝛾2

𝑚2𝑐3 𝐹
2
⊥. (3.8)
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If we consider an electron oscillating in the potential of an ion cavity with focusing field given by
eq. (2.10), then the energy loss via radiation, averaged over the betatron period, is

𝑑𝛾

𝑑𝑧
= − 𝑟𝑒

12
𝛾2𝑘4

𝑝𝑟
2
𝛽 , (3.9)

where 𝑟𝛽 is the betatron amplitude. For an accelerating beam, the betatron amplitude decreases
adiabatically such that 𝑟𝛽 = 𝑟𝛽𝑖 (𝛾𝑖/𝛾)1/4, where 𝑟𝛽𝑖 is the betatron amplitude at injection. For
collider-relevant beam parameters, the energy loss via radiation is a small perturbation compared
to the energy gain from the plasma wave. Assuming the radiation is a small perturbation (and the
accelerating gradient is approximately constant throughout the beam), the energy loss to synchrotron
radiation is

Δ𝛾 = − 𝑟𝑒

30
𝑘3
𝑝𝛾

1/2
𝑖

𝛾
5/2
𝑓
𝑟2
𝛽𝑖

(𝐸𝑧/𝐸0)
. (3.10)

Averaging over the beam distribution yields,

〈Δ𝛾〉 = −
√

2
30

𝑟𝑒

𝑘2
𝑝𝛾

5/2
𝑓

(
𝜖𝑥 + 𝜖𝑦

)
(𝐸𝑧/𝐸0)

, (3.11)

where the rms beam size can be expressed in terms of the transverse normalized emittances
〈𝑟2

𝛽𝑖
〉 = (𝜖𝑥 + 𝜖𝑦)/(𝛾𝑖𝑘𝛽𝑖). For a flat beam, 𝜖𝑥 � 𝜖𝑦 , the energy loss is determined by the larger of

the transverse emittances. The total average beam power lost to synchrotron radiation in the plasma
is 𝑃rad = 𝑓 𝑁𝑚𝑐2〈Δ𝛾〉 = 𝑃𝑏 〈Δ𝛾〉/𝛾. The average beam power loss is 𝑃 ∝ 𝑛𝛾

5/2
𝑓

𝜖𝑥 .
On-axis particles will not undergo betatron motion and will not radiate, whereas off-axis

particles, with large betaron amplitudes will radiation strongly. The induced rms beam energy
spread is given by 𝜎2

𝛾 = 〈(Δ𝛾 − 〈Δ𝛾〉)2〉. Using eq. (3.10), the growth in relative energy spread
owing to synchrotron radiation is

𝜎𝛾

𝛾 𝑓

=
𝑟𝑒

15
𝑘2
𝑝𝛾

3/2
𝑓

(
𝜖𝑥 + 𝜖𝑦

)
(𝐸𝑧/𝐸0)

. (3.12)

The synchrotron radiation-induced energy spread in the plasma is 𝜎𝛾/𝛾 𝑓 ∝ 𝑛𝛾
3/2
𝑓

𝜖𝑥 . Figure 4
shows the energy spread growth 𝜎𝛾/𝛾 (solid curves) and power radiated 𝑃rad/𝑃𝑏 (dashed curves)
after acceleration in the plasma for a beam with normalized emittance of 𝜖𝑥 + 𝜖𝑦 = 100 nm (blue
curves) and 𝜖𝑥 + 𝜖𝑦 = 10 nm (red curves), assuming a density of 𝑛 = 5 × 1017 cm−3 and a loaded
gradient of 𝐸𝑧/𝐸0 = 1.8. Provided a low emittance, matched beam is accelerated in the plasma, the
energy spread growth is a fraction of a percent for multi-TeV colliders.

4 Conclusions and discussion

In this work we have discussed some design considerations for a laser-plasma accelerator-based
linear collider. LPAs offer ultra-high gradients, 𝐸𝑧 ∼ 𝐸0, and ultra-short bunches, 𝜎𝑧 ∼ 𝑘−1

𝑝 .
These two characteristics offer the potential for compact linacs and reduced power requirements,
as described in section 2.1. An example of an LPA stage in the nonlinear bubble regime was
presented in section 2.2. Several of the most important beam dynamics challenges unique to plasma
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Figure 4. The growth in the relative energy spread 𝜎𝛾/𝛾 (solid curves) and power radiated 𝑃rad/𝑃𝑏 (dashed
curves) after acceleration in the plasma for a beam with emittance 100 nm (blue curves) and 10 nm (red
curves), assuming a density of 𝑛 = 5 × 1017 cm−3 and a loaded gradient of 𝐸𝑧/𝐸0 = 1.8.

accelerators were considered. Transverse stability (i.e., beam hosing) has been identified as a
potential limit to the application of plasma accelerators. Here we show that the ion motion that
naturally occurs for dense beams (i.e., low emittance and high energy) will severely damp the beam
hosing. By injecting a beam with a transverse distribution that is matched to the wakefield with ion
motion, an electron bunch may be accelerated stably with high efficiency, without energy spread or
emittance growth. We have also considered Coulomb scattering by the background ions in section
3.2. The strong focusing in the plasma strongly suppresses emittance growth by scattering. In
the nonlinear bubble regime scattering results in sub-nm normalized emittance growth for multi-
TeV-class plasma linacs. The strong focusing also results in betatron radiation emission. Betatron
emission will result in beam power loss and energy spread growth. For sub-100-nm emittances, the
beam power loss and energy spread growth will be sub-percent for multi-TeV-class plasma linacs.

Efficient, beam-quality-preserving positron acceleration is a challenge for plasma accelerators.
In the nonlinear bubble regime the positron beam will be defocused in the ion cavity. Hollow
plasma channels [6, 36], to remove the defocusing background ions, have been considered for
positron acceleration; however hollow plasma channels are subject to severe transverse instabilities
[37]. Plasma columns [11], which generate an extended accelerating and focusing region for
positrons in the wakefield, have recently been proposed and look promising, and further analysis
is in progress [38]. High efficiency positron acceleration, comparable to electron acceleration,
remains a challenge. Owing to the challenges of positron acceleration in plasma, a 𝛾𝛾 collider
may be considered. In a 𝛾𝛾 collider, two electron beam linacs would be employed and Compton
backscattering would be used near the IP to generate colliding energetic photon beams. Photon
collisions can access many of the lepton interactions available in an 𝑒+𝑒− collider, and from a
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collider design viewpoint, a 𝛾𝛾 collider eliminates the need for positron beam acceleration in
plasma, and removes the beamstrahlung and beam-beam constraints described in section 2.1.
Photon-electron collisions could also be considered, with a potential higher collision energy reach,
compared to 𝛾𝛾. Without beamstrahlung constraints, the power required to achieve a luminosity
could be reduced by operating at higher electron charge per bunch. The challenge for a 𝛾𝛾 (or 𝛾𝑒−)
collider, is developing the Compton scattering source at the appropriate wavelength and average
power. To avoid pair creation during scattering [39], the incident photon wavelength must be
longer than _[`m] > 3.93𝑈𝑏[TeV], and at this wavelength yields a peak scattered photon energy
of ℏ𝜔 ' 0.82𝑈𝑏[TeV]. For example, a 7.2 `m wavelength laser would be required to scatter off a
1.8 TeV electron beam to produce 1.5 TeV photons. With a conversion efficiency (scattered photons
per electron) of 0.65, approximately 0.7 TW of laser power per pulse is required. Development of
high-average-power laser sources for scattering in the mid-IR regime presents a technical challenge
to development of 𝛾𝛾 colliders operating at multi-TeV energies.

A multi-TeV lepton linear collider has the potential to open new possibilities for high energy
particle physics research. Plasma accelerators enable collider size and power reductions, compared
to accelerators based on conventional RF technology, although significant research and development
is required to bring plasma accelerator technology to sufficient maturity to be considered for the next
generation collider. The beam dynamics considerations in this work indicate that multi-TeV plasma
linacs are achievable. With the rapid development of plasma accelerators over the past decade, the
community has begun to examine the integration of collider subsystems compatible with plasma
accelerators, with the goal of completing an integrated design study of a collider based on plasma
accelerators over the next several years.
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