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Engineering micromotion in Floquet prethermalization via space-time symmetries
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We present a systematic framework for Floquet prethermalization under strong resonant driving,
emphasizing the pivotal role of dynamical space-time symmetries. Our approach demonstrates how
dynamical space-time symmetries map onto the projective static symmetry group of the prethermal
Hamiltonian governing the prethermal regime. We introduce techniques for detecting dynamical
symmetries through the time evolution of local observables, facilitating a detailed analysis of mi-
cromotion within each period and surpassing the limitations of conventional stroboscopic Floquet
prethermal dynamics. To implement this framework, we present a prethermal protocol that pre-
serves order-two dynamical symmetry in a spin-ladder model, confirming the predicted relationships
between the expectation values of local observables at distinct temporal points in the Floquet cycle,
linked by this symmetry.

I. INTRODUCTION

Periodically driven (Floquet) systems have become a
versatile platform for extending equilibrium phases to
nonequilibrium settings, enabling novel phases with no
equilibrium counterparts, including dynamical topologi-
cal phases [1–10] and exotic spatiotemporal phases such
as discrete time crystals (DTCs) [11–15] and quantum
many-body scars [16–19]. Recent experimental advance-
ments have further facilitated the realization of these
phases [20–31], driving active research in Floquet engi-
neering.

A key challenge in stabilizing these phases is manag-
ing energy absorption from periodic driving, which can
lead nonintegrable many-body systems to heat up into
featureless infinite-temperature states [32, 33]. To coun-
teract this heating, methods that effectively suppress en-
ergy absorption through tunable external parameters are
crucial. One approach employs strong disorder, inducing
robust emergent integrability and confining the system
to nonthermal states known as Floquet many-body lo-
calized (MBL) states [34–36].

Another strategy is Floquet prethermalization, where
the system evolves into finite-temperature thermal states
governed by a static effective Hamiltonian, termed the
prethermal Hamiltonian, in an intermediate time regime
before heating up. It has been demonstrated that
Floquet many-body systems universally host long-lived
prethermal quasi-equilibria in the high-frequency limit, if
the local energy scale of the system remains much smaller
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than the driving frequency, without requiring integrabil-
ity or disorder [37–46].

However, the high-frequency limit [47, 48] does not en-
compass all intriguing Floquet phases. Notable exam-
ples, such as anomalous Floquet topological phases [2, 4,
49], arise under moderate to strong driving, where the
local energy scale can be large. By shifting to a rotating
frame where the driving appears sufficiently weakened,
an approximate prethermal Hamiltonian can be con-
structed to describe the Floquet prethermal phase [50–
52]. This approach reveals emergent symmetries in the
prethermal Hamiltonian that are absent in the origi-
nal Hamiltonian, paving the way for prethermal Flo-
quet symmetry-protected topological phases [42, 43] and
prethermal DTCs [14, 51].

The time-dependent nature of Floquet systems permits
intertwined nonsymmorphic space-time symmetries [53–
55], combining fractional temporal translations with spa-
tial transformations, yielding a richer topological classi-
fication than static symmetries alone in noninteracting
systems [56–59]. Nevertheless, the effects of these dy-
namical symmetries are not well explored.

In this paper, we investigate space-time symmetric
quantum many-body systems, focusing on their quasi-
steady prethermal states, which offer a stable framework
for exploring novel phases emerging from dynamical sym-
metries. Specifically, we identify the symmetry group
Gint

st of the prethermal Hamiltonian, derived from the
dynamical space-time symmetry group Gst preserved by
the driving protocol. Building on previous studies of
static symmetry groups [42, 51], we rigorously extend
this framework to encompass dynamical symmetries.

We further demonstrate that space-time symmetric
driving protocols can be employed to engineer nontrivial
micromotion during the prethermal stage. To concretize
this idea, we analyze a quantum spin ladder subjected to
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a dual-driving protocol: one with an energy scale compa-
rable to the driving frequency and another significantly
weaker. When the driving protocol preserves an order-
two dynamical symmetry, we show that the expectation
values of certain observables oscillate with equal magni-
tude but opposite signs at integer and half-integer stro-
boscopic times. Crucially, this behavior is robust, inde-
pendent of the initial state, and thus highly amenable to
experimental realization.

II. DYNAMICAL SPACE-TIME SYMMETRY
GROUP

We consider Floquet systems with Hamiltonians
Ĥ(t) = Ĥ(t+T ) that exhibit a symmetry group Gst, en-
compassing both static and dynamical symmetries trans-
forming both spatial and temporal coordinates [53–55].
Within Gst, subgroups M and A represent unitary and
antiunitary symmetries, respectively. For order-2 dis-
crete symmetries, under the assumption that ĝM ∈ M
and ĝA ∈ A commute, we have

ĝM Ĥ(t)ĝ−1
M = Ĥ(t+ T/2), (1)

ĝAĤ(t)ĝ−1
A = Ĥ(−t+ s),

where s ∈ [0, T ] is a reference point within the driving
period T . Without loss of generality, we set s = T/2 [57].

III. PRETHERMALIZATION IN A
DUAL-DRIVING SETUP

We consider a Hamiltonian Ĥ(t) = Ĥ0(t)+V̂ (t), where

both Ĥ0(t) and V̂ (t) are T -periodic. The resonant drive

Ĥ0(t) has a local energy scale comparable to the driv-
ing frequency Ω = 2π/T , and we impose that its local
terms commute at each moment of time. The weak drive
V̂ (t) has a typical energy scale λ ∼ 2kJ ≪ Ω, involv-
ing interactions up to k-local terms. Here J denotes
the characteristic local interaction strength, with the cu-
mulative interaction strength involving any site bounded
by J [38, 39, 60]. The resonant drive is designed such
that the one-period evolution operator generated solely
by Ĥ0(t) is

Û0(T, 0) = T [e−i
∫ T
0

dtĤ0(t)] = X̂, X̂N = I, (2)

which implements a spatially local ZN unitary action.
In the absence of Ĥ0(t), this system lies in the high-

frequency regime, while turning on Ĥ0(t) moves it beyond
this regime.

To derive the prethermal static Hamiltonian for this
dual-driving setup, we turn to the interaction picture
with respect to Ĥ0(t), writing Û0(t) ≡ Û0(t, 0). The in-
teraction picture Hamiltonian is then

Ĥint(t) = i
[
∂tÛ

†
0 (t)

]
Û0(t) + Û†

0 (t)Ĥ(t)Û0(t). (3)

Since Ĥ(t) = Ĥ0(t) + V̂ (t), this reduces to Ĥint(t) =

Û†
0 (t)V̂ (t)Û0(t) = V̂int(t). From Û0(NT ) = I in Eq. (2)

of Symmetry X, it follows that Ĥint(t) is NT -periodic.
This reformulation maps the initial strong T -periodic
drive into a weak NT -periodic drive with the local energy
scale λint ∼ λ of V̂int(t) satisfying 1 ≪ Ω/(Nλ) = Ω̃.
This enables a van Vleck high-frequency expansion in
terms of a unitary rotation that relates Ĥint(t) to the

Floquet Hamiltonian V̂ FM
int , which is defined through

Ûint(NT ) = T [e−i
∫ NT
0

dtV̂int(t)] = e−iV̂ FM
int NT .

To perform this expansion, we introduce the rotation

Ûn(t) = e−iK̂n(t), where the kick operator K̂n(t) is NT -

periodic and expressed as K̂n(t) =
∑n

i=1 K̂
[i](t), trun-

cated to order n. Each term K̂ [i](t) scales as O(Ω̃−i),

with the boundary condition
∫ NT

0
dtK̂ [i](t) = 0 im-

posed in the van Vleck gauge [47, 48, 50]. This rotation

yields a truncated static Hamiltonian D̂n up to order
n ≤ n∗ = O(Ω̃) [38, 39], as given by

ĤR
int(t) = Û†

n(t)
[
Ĥint(t)− i∂t

]
Ûn(t) (4)

≃ D̂n + V̂
[n]
int (t) +O(Ω̃−n−1),

where D̂n =
∑n

i=0 V̂
[i]
vV , with V̂

[i]
vV scaling as O(Ω̃−iλ).

The residual time-dependent term in the dressed Hamil-

tonian ĤR
int(t), V̂

[n]
int (t) = ∂tK

[n+1](t), isNT -periodic and

of order O(Ω̃−nλ). The evolution operator Ûint(t2, t1) =

Ûn(t2)T [e−i
∫ t2
t1

dtĤR
int(t)]Û†

n(t1), governed approximately

by the prethermal Hamiltonian D̂n in Eq. (4), simplifies
to

Ûint(t2, t1) ≃ Ûn(t2)e
−iD̂n(t2−t1)Û†

n(t1), (5)

defining the prethermal regime for times exponentially
long in Ω̃, provided 1 ≪ Ω̃. Further details on the

van Vleck expansion and explicit forms of the terms V̂
[i]
vV

and K̂ [i](t) are provided in the Supplemental Material
(SM) [60] (also see Refs. [50–52]).

IV. EXTENDED DYNAMICAL SPACE-TIME
SYMMETRY GROUP IN THE INTERACTION

PICTURE

Let us now derive the extended dynamical symme-
try group, Gint

st , of the interaction picture Hamiltonian

Ĥint(t), given the dynamical symmetry group Gst =
M × A = Z2 × ZT

2 of the original Hamiltonian H(t).

The element X̂ in Eq. (2) forms a subgroup ZN ∈ Gint
st

through the transformation

X̂mĤint(t)X̂
−m = Ĥint(t−mT ). (6)

This emergent ZN symmetry of Ĥint(t), absent in Ĥ(t),

arises solely from the resonant drive Ĥ0(t) and leads to
prethermal DTCs [14, 42, 51].
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For a unitary element ĝM ∈ M ⊂ Gst, defined in
Eq. (1), the corresponding interaction picture element

is identified as ĝintM = Û−1
0 (T/2)ĝM , where ĝintM repre-

sents the projective realization of ĝM . This is demon-
strated by the relation [ĝintM ]2 = X̂−1ĝ2M . Similarly, for
an antiunitary element ĝA ∈ A ⊂ Gst, defined by setting
s = T/2 in Eq. (1), the interaction picture counterpart

is ĝintA = Û−1
0 (T/2)ĝA with the corresponding relation

[ĝintA ]2 = ĝ2A. These elements act on Ĥint(t) according to
symmetry relation

ĝintM/AĤint(t)[ĝ
int
M/A]

−1 = Ĥint(T/2± t). (7)

The algebraic structure of Gint
st is further defined by

ĝintM X̂[ĝintM ]−1 = X̂, ĝintA X̂[ĝintA ]−1 = X̂−1. (8)

These relations establish the extended dynamical symme-
try group in the interaction picture as Gint

st = Z2×(ZN ⋊
ZT
2 ), encapsulating the interplay between the emergent

ZN symmetry and the original symmetry group Gst. De-
tailed derivations and further discussions on these sym-
metry elements are provided in the SM [60].

V. SYMMETRY GROUP OF THE
PRETHERMAL HAMILTONIAN

Now we have established the dynamical symmetry
group in the interaction picture, we turn to symmetry
group of the truncated prethermal Hamiltonian D̂n. This
inherits the symmetries X̂, ĝintM , and ĝintA from Gint

st of

Ĥint(t), as specified in Eqs. (6) and (7). We define V̂m as

V̂m =
1

NT

∫ NT

0

dtĤint(t)e
im(Ω/N)t. (9)

The i-th order van Vleck expansion term, V̂
[i]
vV , in D̂n con-

tains terms with numerators of the form V̂m1
V̂m2

· · · V̂mi
.

Symmetry operations act on these terms as follows

X̂V̂m1
· · · V̂mi

X̂−1 = ei
2π
N (

∑i
k=1 mk)V̂m1 · · · V̂mi , (10)

ĝintM V̂m1 · · · V̂mi [ĝ
int
M ]−1 = e−i 2π

2N (
∑i

k=1 mk)V̂m1 · · · V̂mi ,

ĝintA V̂m1 · · · V̂mi [ĝ
int
A ]−1 = e−i 2π

2N (
∑i

k=1 mk)V̂m1 · · · V̂mi .

TABLE I. Mapping dynamical space-time symmetries to
static symmetries of the prethermal Hamiltonian.

Ĥ(t) D̂n
a

Symmetry Group Gst Gint
st

Symmetry Elementsb ĝM , ĝA ĝint
M , ĝint

A , X̂
Group Algebra Z2 × ZT

2 Z2 × (ZN ⋊ ZT
2 )

a Prethermal Hamiltonian truncated to n ≤ n∗ = O(Ω̃) in Eq. (4)
b ĝM,A ∈ Gst in Eq. (1), ĝint

M/A
= Û−1

0 (T/2)ĝM/A, X̂ in Eq. (2)
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FIG. 1. (a) Schematic illustrating the Floquet thermalization
of a two-leg spin-1/2 ladder model with a Hamiltonian pre-
serving the order-2 dynamical symmetry ĝM in Eq. (1). The
upper left and right legs are colored in orange and green, and
the lower left and right legs are colored in blue and red. Af-
ter relaxation at trel, the system enters a prethermal regime
governed approximately by the static prethermal Hamiltonian
in Eq. (4) until t∗, with t0 marking a reference time within
this regime. Beyond t∗, heating drives the system to an infi-
nite temperature state at tth. (b) Time evolution of ⟨Ôodd(t)⟩
with eiαM = −1 at t = mT and t = mT +T/2 in the prether-
mal regime verifies Eq. (16), detecting ĝM . Shaded regions
denote the prethermal regime, with bipartite entanglement
and energy density of the prethermal Hamiltonian consistent
across a range of frequencies. Model parameters in Eq. (18):
τ = 0.25, J1 = Ω, J ′ = J/(0.5 − τ) = 4, λLR

a = λLR
b = 0.5,

gx = gy = 0.45225, gz = 0.7, and gzz = 1.3 (see the SM [60]
for details).

The van Vleck gauge condition imposes a constraint on

the indices,
∑i

k=1 mk = 0 [48, 50, 51], leading to com-
mutation relations[

X̂, D̂n

]
=

[
ĝintM , D̂n

]
=

[
ĝintA , D̂n

]
= 0, (11)

valid for any integer n ≤ n∗ = O(Ω̃). Thus, the prether-

mal Hamiltonian D̂n inherits the full symmetry group
Gint

st of Ĥint(t), as specified in Table I.

Finally, we emphasize that the rotation operator Ûn(t)
in Eq. (4) also transforms under the symmetry group.
In stroboscopic dynamics over NT periods, it is often
treated as static by setting Ûn(0) = Ûn(NT ), assuming
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commutation with the symmetry elements of Hamilto-
nian that has a static symmetry group [42, 51]. However,
when the symmetry group includes dynamical elements,
the transformations of Ûn(t) must be explicitly accounted
for, as given by

X̂mÛn(t)X̂
−m = Ûn(t−mT ), (12)

ĝintM/AÛn(t)[ĝ
int
M/A]

−1 = Ûn(T/2± t).

Using Eqs. (5) and (12), the time evolution over lT pe-

riods, with l mod N , is expressed as Û(lT ) = X̂ lÛint ≃
X̂ lÛn(lT )e

−iD̂nlT Û†
n(0) = Ûn(0)X̂

le−iD̂nlT Û†
n(0), which

matches the expression in Ref. [42]. Furthermore,

we derive symmetry relations for Ûint(t2, t1), given by

ĝintM/AÛint(t2, t1)[ĝ
int
M/A]

−1 = Ûint(T/2± t2, T/2± t1) [60].

These relations are equivalent to Eq. (7).

VI. ENGINEERING PRETHERMAL
MICROMOTION WITH DYNAMICAL

SYMMETRIES

We propose a scheme to engineer nontrivial micromo-
tion in the prethermal stage using dynamical symme-
tries in Gst, focusing on the order-2 unitary symmetry
ĝM ∈ Gst of Ĥ(t) in Eq. (1), which can be generalized to
higher-order symmetries. For a set of Hermitian opera-
tors Ô satisfying the conditions

ĝM Ôĝ−1
M = eiαM Ô, [ĝintM , Ô] = [D̂0, Ô] = 0, (13)

where eiαM = ±1 due to Hermiticity, we examine the
expectations values ⟨Ô(mT )⟩ and ⟨Ô(mT + T/2)⟩ for
integer m in the prethermal regime. Using the projec-
tive symmetry ĝ′M = Û−1(T/2)ĝM of the extended sym-

metry group for the Floquet operator Û(T ) [59], with

ĝ′2M = Û−1(T )ĝ2M , the expectation value at t = mT+T/2
can be expressed as

⟨Ô(mT + T/2)⟩ = e−iαM Tr
[
ĝ′−1
M ρ̂(mT )ĝ′M Ô

]
, (14)

where ρ̂(t) is the density matrix of the system at time t.

By applying ĝ′−1
M Ûn(0) = Ûn(0)e

−iD̂nT/2[ĝintM ]−1 (derived

in SM [60]) and Û(mT ) ≃ Ûn(0)X̂
me−iD̂nmT Û†

n(0), the

term ĝ′−1
M ρ̂(mT )ĝ′M simplifies to Âρ̂(0)Â−1, where

Â = Ûn(0)e
−iD̂nT/2[ĝintM ]−1X̂me−iD̂nmT Û†

n(0). (15)

Approximating Ûn(0) ∼ I, we obtain ⟨Ô(mT + T/2)⟩ ≃
e−iαM Tr

[
X̂me−iD̂nmT ρ̂(0)eiD̂nmT X̂−mB̂

]
, where B̂ =

ĝintM eiD̂nT/2Ôe−iD̂nT/2[ĝintM ]−1. For comparison, the

expectation value at t = mT is ⟨Ô(mT )⟩ ≃
Tr

[
X̂me−iD̂nmT ρ̂(0)eiD̂nmT X̂−mÔ

]
. Using [ĝintM , Ô] = 0

from Eq. (13) and the approximation [D̂n, Ô] ≃ 0 valid

for 1 ≪ Ω̃, we find B̂ ≃ I, leading to the following rela-
tion between the two expressions

⟨Ô(mT + T/2)⟩ ≃ e−iαM ⟨Ô(mT )⟩. (16)

VII. NUMERICAL SIMULATION

As a concrete example, let us consider a two-leg, spin-
1/2 ladder of length L [Fig. 1(a)] under dual driving, with
an order-2 symmetry, ĝM ∈ Gst = Z2. In particular, ĝM
is a mirror operation along the centerline of the ladder
that maps the left and right halves of the ladder onto one
other, as shown in Fig. 1(a). To enforce this symmetry in
the dual-driving setup, we implement a four-step driven
model,

Ĥ(t) =


Ĥ0,a (0 ≤ t < τT ),

V̂a + V̂ sc
a (τT ≤ t < T/2),

Ĥ0,b (T/2 ≤ t < τT + T/2),

V̂b + V̂ sc
b (τT + T/2 ≤ t < T ),

(17)

satisfying the symmetry relations ĝM Ĥ0,aĝ
−1
M = Ĥ0,b and

ĝM V̂aĝ
−1
M = V̂b. The resonant Ĥ0,a/b and the weak drive

V̂a/b, we choose

Ĥ0,a =J1[

L/2−2∑
i=0

(Sz
i S

z
i+1 + σx

i σ
x
i+1) +

L−2∑
i=L/2

(Sy
i S

y
i+1 + σz

i σ
z
i+1)],

V̂a =J ′[

L/2−2∑
i=0

(Sx
i S

x
i+1 + σy

i σ
y
i+1) +

L/2−2∑
i=0

gzzS
z
i σ

z
i

+

L/2−2∑
i=0

(gxS
x
i + gzS

z
i + gyσ

y
i + gzσ

z
i )], (18)

where the spins in the upper (lower) chain are labeled by
S (σ). Here, we choose J1 = Ω/4τ to ensure that the res-

onant drive Ĥ0(t) generates the Z2 symmetry operation

X̂ = e−iĤ0,bτT e−iĤ0,aτT , where X̂2 = I.
Finally, we introduce an additional coupling V̂ sc

a/b at

the center of the ladder

V̂ sc
a/b = J ′λLR

a/b[S
x
∗S

x
∗+1 + σy

∗σ
y
∗+1 + gzzS

z
∗+1/∗σ

z
∗+1/∗

+ gxS
x
∗+1/∗ + gzS

z
∗+1/∗ + gyσ

y
∗+1/∗ + gzσ

z
∗+1/∗], (19)

where ∗ = L/2 − 1. This allows us to break the sym-

metry by setting λLR
a ̸= λLR

b , causing ĝM V̂ sc
a ĝ−1

M ̸= V̂ sc
b .

This Hamiltonian can be experimentally implemented us-
ing platforms such as superconducting quantum proces-
sor [61] and cold atoms [62, 63], providing a concrete
avenue for its experimental realization.
To characterize Floquet thermalization dynamics [64],

we monitor energy absorption by the energy density of
the effective prethermal Hamiltonian, ⟨D̂eff

0 (t)⟩/N , where
N = 2L = 20 is the total number of spins. Fur-
thermore, we track the evolution of the bipartite en-
tanglement entropy, Sent(t) = −Tr

[
ρ̂L/2 ln ρ̂L/2

]
, where

ρ̂L/2 = TrLH [|Ψ(t)⟩ ⟨Ψ(t)|], normalized by the Page
value, Spage = (L ln 2− 1)/2 [65], signifying full thermal-
ization to a featureless infinite temperature state. Ini-
tially, Sent(t) grows during relaxation up to a time trel,
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FIG. 2. (a) Time evolution of Ôs
odd(mT ) = Ôodd(mT )+ Ôodd(mT +T/2) stabilizes at zero (red line) in the prethermal regime,

confirming the presence of ĝM . (b) In the symmetry-broken case, Ôs
odd(mT ) stabilizes at a non-zero value, indicating symmetry

breaking. The red line marks the center of stable oscillations in the prethermal regime. (c) and (d) Energy density and bipartite
entanglement entropy (insets) highlight the prethermal regime in shaded regions. The parameters used match Fig. 1, except
for the symmetry-preserving (λLR

a , λLR
b ) = (1, 1) and symmetry-broken (λLR

a , λLR
b ) = (0.8, 1.2) cases.

after which it reaches a prethermal plateau that persists
until t∗ ∼ n∗T , where n∗ = O(Ω̃). Beyond t∗, the system
heats towards an infinite-temperature state, consistent
with energy conservation during the prethermal regime
and subsequent heating for a wide range of frequencies,
as illustrated in Fig. 1(b).

To probe the dynamical symmetry, we introduce local
operators Ô1 = Sx

L/2−1 and Ô2 = Sx
L/2, defining the odd

operator Ôodd = Ô1 − Ô2, which satisfies ĝM Ôoddĝ
−1
M =

−Ôodd, with eiαM = −1 in Eq. (13). We verify the ex-

pected relation ⟨Ôodd(mT + T/2)⟩ = −⟨Ôodd(mT )⟩ in
Eq. (16) through the time evolution of these operators.
This confirms the emergence of nontrivial micromotion
induced by the dynamical symmetry ĝM , which extends
beyond the conventional stroboscopic views of prether-
mal Floquet phases. As shown in Fig. 1(b), the prether-
mal regime is indicated by a shaded region, with t0 serv-
ing as a reference temporal point within this regime.

VIII. SENSITIVITY TO DYNAMICAL
SYMMETRY BREAKING

To verify the perfect oscillation of ⟨Ôodd(mT )⟩ =

−⟨Ôodd(mT + T/2)⟩ is directly tied to the dynamical
symmetry, we explicitly break the symmetry ĝM , by
adjusting the coupling across the center bond by set-
ting λLR

a ̸= λLR
b in Eq. (19). We define Ôs

odd(mT ) =

Ôodd(mT )+ Ôodd(mT +T/2) for integer m, which satis-

fies Ôs
odd(mT ) = 0 when the symmetry ĝM is preserved,

and during the prethermal regime trel ≤ mT ≤ t∗. Fol-
lowing relaxation, as the system enters the prethermal
regime, Ôs

odd(t) saturates to zero when the symmetry is

maintained, as shown in Fig. 2(a) for (λLR
a , λLR

b ) = (1, 1).
In contrast, when the symmetry is broken by setting
(λLR

a , λLR
b ) = (0.8, 1.2), the saturated value of Ôs

odd(t)
is nonzero, as indicated by the location of the red hori-
zontal line in Fig. 2(b).

At infinite temperature, Ôodd(mT ) and Ôodd(mT +

T/2) both approach zero, obscuring whether Ôs
odd(t) = 0

genuinely reflects the symmetry preservation or simply
the independent vanishing of each term. To resolve
this ambiguity, we introduce the normalized quantity
Ôs;norm

odd (mT ) = Ôs
odd(mT )/||Ôodd(mT )||, shown in the

insets of Fig. 2(a) and (b), which distinguishes symmetry-
preserving prethermal dynamics from thermalizing states
approaching infinite temperature.

IX. CONCLUSION AND OUTLOOK

We investigate generic Floquet prethermalization un-
der coexisting resonant and high-frequency drives, pro-
viding a framework to identify the symmetry group of the
prethermal Hamiltonian and its algebra based on the dy-
namical space-time symmetry group of the driven system.
Unlike previous studies that focused on static symme-
tries, our approach incorporates dynamical symmetries,
with the kick operator playing a central role in the formu-
lation. We validate this framework using a spin-ladder
model with an order-two dynamical symmetry and con-
firm the symmetry-predicted relations between local ob-
servables at distinct temporal points within the Floquet
period, revealing nontrivial micromotion that extends be-
yond conventional stroboscopic Floquet dynamics. Im-
portantly, this phenomenon is independent of the initial
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state, enhancing its experimental feasibility.

This work opens two promising directions for future ex-
ploration. First, the spontaneous symmetry breaking of
projected static symmetries in the prethermal Hamilto-
nian could be extended to study discrete space-time crys-
talline orders, generalizing previous research on prether-
mal time-crystalline phases [14, 15]. Moreover, the iden-
tification of the extended symmetry group in the prether-
mal regime could be applied to quasiperiodically driven
systems [55, 66, 67], revealing richer group algebras and
allowing the discovery of novel phases characterized by
enriched spatiotemporal orders.
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SUPPLEMENTAL MATERIAL

SI. PRETHERMALIZATION IN A
DUAL-DRIVING

This section discusses the Floquet prethermalization
and derives the prethermal Hamiltonian in the presence
of coexisting resonant and high-frequency drives.

We consider a spin system where each spin resides in
a d-dimensional Hilbert space. The spins are indexed by
i = 1, 2, · · · , Ns, with the set of all spins denoted by Λ.
The Hamiltonian is given by Ĥ(t) = Ĥ0(t)+ V̂ (t), where

both Ĥ0(t) and V̂ (t) are time-periodic with the same pe-

riod T . Here, Ĥ0(t) is treated as the resonant drive, and

V̂ (t) as the high-frequency drive. The Floquet operator

associated with the resonant drive Ĥ0(t) is defined as

X̂ = Û0(T, 0) = T [e−i
∫ T
0

dtĤ0(t)], X̂N = I, (S1)

which implements a spatially local ZN unitary action.

k-locality and J-extensiveness constraints

We constrain the drive such that the Hamiltonian con-
tains at most k-body interactions, where k is finite. This
is expressed as

Ĥ0(t) =
∑

|M |≤k

ĥM (t), V̂ (t) =
∑

|M |≤k

v̂M (t), (S2)

where ĥM (t) and v̂M (t) are operators acting on subsets
M of the system, and |M | denotes the number of sites in
the subsetM . Additionally, we impose the condition that
the terms in the resonant drive commute among different

subsets M and N as [ĥM (t), ĥN (t)] = 0.
The local interaction strength J of the high-frequency

drive is defined as∑
M :i∈M

∥v̂M (t)∥ ≤ J for ∀i ∈ Λ = {1, 2, · · · , Ns} ,

(S3)
where the summation is over all subsets M of the system
containing the spin at site i. The typical energy scale of
the weak drive V̂ (t) is characterized by λ ∼ 2kJ ≪ Ω,
where Ω = 2π/T is the driving frequency.

Transition to the interaction picture

To examine prethermalization under this dual-driving
setup, we transition to the interaction picture with re-
spect to Ĥ0(t). The interaction picture Hamiltonian is
given as

Ĥint(t) = i[∂tÛ
†
0 (t)]Û0(t) + Û†

0 (t)Ĥ(t)Û0(t). (S4)

It follows that Ĥint(t) = Û†
0 (t)V̂ (t)Û0(t) = V̂int(t), which

is NT -periodic since Û0(NT ) = X̂N = I in Eq. (S1). The

time evolution for one period NT , governed by Ĥint(t),

is expressed as Ûint(NT ) = Û−1
0 (NT )Û(NT ) = Û(NT ).

The Floquet Hamiltonian V̂ FM
int in the interaction picture

is defined through

Ûint(NT ) = T [e−i
∫ NT
0

dtV̂int(t)] = e−iV̂ FM
int NT . (S5)

As V̂ (t) includes at most k-body interactions, as spec-

ified in Eq. (S2), and the terms in Ĥ0(t) commute,

the interaction picture transformation via Û0(t) ensures

that V̂int(t) retains at most k̃-body interactions, main-

taining the finiteness of k̃ ∼ k. Additionally, the en-
ergy at each site of V̂int(t) is also bounded by J̃ , with∑

M :i∈M ∥v̂int,M (t)∥ ≤ J̃ ∼ J . We define

V̂0 :=
∑

|M |≤k̃

1

NT

∫ NT

0

dt ∥v̂int,M (t)∥ , (S6)

O(Ω̃n) = const · ( Ω

Nλint
)n, O(T̃n) = const · (NTλint)

n,
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where λint = 2k̃J̃ ∼ λ characterizes the typical proper-
ties of the weak NT -periodic Floquet system governed by
V̂int(t), assuming the high-frequency limit in the interac-

tion picture (T̃ ≪ 1 or 1 ≪ Ω̃). The driving amplitude

over one period is given by V̂0NT .

Derivation of the prethermal Hamiltonian

Assuming λintNT < 1/4, the theorems in Ref. [39]
can be applied. The stroboscopic dynamics can be ap-
proximated using the truncated Floquet-Magnus (FM)

expansion, given by V̂ FM,n
int =

∑n
m=0 Ω̂m(NT )m, where

each term satisfies the bound∥∥∥Ω̂m

∥∥∥ ≤ 2V̂0λ
m
int

(m+ 1)2
m! =: Ω̄m, (S7)

with V̂0 defined in Eq. (S6). The error in approximating

Ûint(NT ) = Û(NT ) by e−iV FM
int NT is bounded by∥∥∥Û(NT )− e−iV FM,n

int NT
∥∥∥ ≤ 6V̂0NT2−n0 + Ω̄n+1(NT )n+2

≤ 3Ns

2k̃
2−n0 +

2Ns

k̃
[(n+ 1)λintNT ]n+2

≃ e−O(Ω̃) +O(Ω̃−n−2). (S8)

Here, n ≤ n0 := [1/(16λintNT )] = O(Ω̃), where [·] is the
floor function, and Ns is the total number of spins. The
derivations uses the following relations: V̂0 ≤ 2J̃Ns =
2(J̃ k̃) · (Ns/k̃), λintNT ≤ 1/4, and (m+ 1)!/(m+ 2)2 ≤
(m + 1)m+2. These ensure the first two inequalities in
Eq. (S8).

Next, we apply a unitary rotation to shift from the
FM gauge to the van Vleck (vV) gauge, as described
in [50] and further discussed in [51]. When truncating
both high-frequency expansions to a finite order n ≤ n0,
the two gauges are related as∥∥∥e−iK̂n(NT )e−iV̂ vV,n

int NT eiK̂n(0) − e−iV FM,n
int ·NT

∥∥∥ (S9)

≤ 16Ns

3k̃
[4(n+ 1)λintNT ]n+2 ≃ O(Ω̃−n−2),

where K̂n(NT ) = K̂n(0) is the NT -periodic truncated

kick operator up to the n-th order, with K̂n(t) =∑n
i=1 K̂

[i](t). Each term K̂ [i](t) scales as O(Ω̃−i), and

the boundary condition
∫ NT

0
dtK̂ [i](t) = 0 is imposed

in the vV gauge. Additionally, V̂ vV,n
int =

∑n
i=0 V̂

[i]
vV ,

with V̂
[i]
vV scaling as O(Ω̃−iλint), represents the n-th

order truncated vV expansion. This corresponds to
the n-th order effective prethermal Hamiltonian D̂n

in Ref. [42]. Accordingly, the error in approximating

Û(NT ) by e−iK̂n(NT )e−iV̂ vV,n
int NT eiK̂n(0) is∥∥∥Û(NT )− e−iK̂n(NT )e−iV̂ vV,n

int NT eiK̂n(0)
∥∥∥ (S10)

≤ ∥Eq. (S8)∥+ ∥Eq. (S9)∥ ≃ e−O(Ω̃) +O(Ω̃−n−2).

In the limit 1 ≪ Ω̃, this validates that the stroboscopic
time evolution over NT periods is well approximated by
the effective n-th order truncated prethermal Hamilto-

nian V̂ vV,n
int = D̂n.

Van Vleck high-frequency expansion

A rotated frame, known as the Floquet reference frame
as described in Ref. [52], connects Ĥint(t) to V̂ FM

int . This

connection is established via the transformation V̂ FM
int =

Û†(t)[Ĥint(t) − i∂t]Û(t), where Û(t) = e−iK̂(t). In the

main text, we truncate the rotation Ûn(t) to order n and

introduce the dressed Hamiltonian ĤR
int(t), given by

ĤR
int(t) = eiK̂n(t)

[
Ĥint(t)− i∂t

]
e−iK̂n(t) (S11)

≃ D̂n + V̂
[n]
int (t) +O(Ω̃−n−1),

where V
[n]
int (t) = ∂tK̂

[n+1](t) is NT -periodic and satisfies∫ NT

0
dtV̂int(t) = 0. We present the n-th order truncation

of the high-frequency expansions for the van Vleck (vV)

effective Hamiltonian, D̂n = V̂ vV,n
int =

∑n
i=0 V̂

[i]
vV , and

the kick operator, K̂n(t) =
∑n

i=1 K̂
[i](t), for n ≤ 2, as

follows [50–52]

V̂
[0]
vV =V̂0, (S12)

V̂
[1]
vV =

∑
m̸=0

[V̂−m, V̂m]

2m(Ω/N)
,

V̂
[2]
vV =

∑
m̸=0

[[V̂−m, V̂0], V̂m]

2m2(Ω/N)2
+

∑
m̸=0

∑
n̸=0,m

[[V̂−m, V̂m−n], V̂n]

3mn(Ω/N)2
,

K̂ [1](t) =i
∑
m̸=0

V̂m

m(Ω/N)
e−im(Ω/N)t,

K̂ [2](t) =− i
∑
m̸=0

[V̂m, V̂0]

m2(Ω/N)2
e−im(Ω/N)t

− i
∑
m̸=0

∑
n̸=0,m

[V̂n, V̂m−n]

2mn(Ω/N)2
e−im(Ω/N)t.

Here, V̂m is defined as

V̂m =
1

NT

∫ NT

0

dtĤint(t)e
im(Ω/N)t. (S13)

SII. SYMMETRY OF PRETHERMAL
HAMILTONIAN

In this section, we derive the symmetry group of the
prethermal Hamiltonian D̂n and identify its group al-
gebra, starting from the dynamical space-time symme-
try group Gst of the original Hamiltonian Ĥ(t). We
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first establish the extended dynamical space-time sym-
metry group Gint

st of the interaction picture Hamiltonian

Ĥint(t), and then identify the symmetry group of the

truncated prethermal Hamiltonian D̂n.

Dynamical symmetry group Gst

We consider Floquet systems that exhibit the symme-
try group Gst, encompassing both static and dynamical
symmetries transforming both spatial and temporal co-
ordinates. Within Gst, subgroups M and A represent
unitary and antiunitary symmetries, respectively. For
order-2 discrete symmetries, under the assumption that
ĝM ∈ M and ĝA ∈ A commute, we have

ĝM Ĥ(t)ĝ−1
M = Ĥ(t+ T/2), (S14)

ĝAĤ(t)ĝ−1
A = Ĥ(−t+ s),

where s ∈ [0, T ] is a reference point within the driving
period T . Without loss of generality, we set s = T/2.

Extended dynamical symmetry group Gint
st

The element X̂, with X̂N = I in Eq. (S1), forms a
subgroup ZN ⊂ Gint

st , with transformations

X̂mĤint(t)X̂
−m = Ĥint(t−mT ), (S15)

X̂mÛint(t, 0)X̂
−m = Ûint(t−mT,−mT ).

This emergent ZN symmetry of Ĥint(t), absent in Ĥ(t),

arises solely from the resonant drive Ĥ0(t) and underpins
the realization of prethermal discrete time crystals [42,
51].

For a unitary element ĝM ∈ M ⊂ Gst, as defined in

Eq. (S14) and Ûint(t, 0) = T [e−i
∫ t
0
Ĥint(t)] = Û−1

0 (t)Û(t),
the action of ĝM is expressed as

ĝM Ûint(t)ĝ
−1
M = Û0(T/2, t+ T/2)Û(t+ T/2, T/2)

(S16)

= Û0(T/2)Ûint(t+ T/2)Û−1(T/2).

We define the unitary symmetry element ĝintM ∈ Gint
st as

ĝintM = Û−1
0 (T/2)ĝM , which satisfies

ĝintM Ûint(t, 0)[ĝ
int
M ]−1 = Ûint(t+ T/2)Û−1(T/2)Û0(T/2),

= Ûint(t+ T/2, T/2), (S17)

and [ĝintM ]2 = Û−1
0 (T )ĝ2M = X̂−1ĝ2M . Therefore, ĝintM acts

on Ĥint(t) as

ĝintM Ĥint(t)[ĝ
int
M ]−1 = Ĥint(T/2 + t). (S18)

For ĝA ∈ A ⊂ Gst, defined as in Eq. (S14), the sym-

metry transformations satisfy ĝAÛ(t, 0)ĝ−1
A = Û(T/2 −

t, T/2) and ĝAÛ0(t, 0)ĝ
−1
A = Û0(T/2−t, T/2), which yield

ĝAÛint(t)ĝ
−1
A = Û0(T/2, T/2− t)Û(T/2− t, T/2),

(S19)

= Û0(T/2)Ûint(T/2− t)Û−1(T/2).

Define the antiunitary symmetry element ĝintA ∈ Gint
st as

ĝintA = Û−1
0 (T/2)ĝA, which transforms Ûint(t) as

ĝintA Ûint(t)[ĝ
int
A ]−1 = Ûint(T/2− t)Û−1(T/2)Û0(T/2),

= Ûint(T/2− t, T/2), (S20)

and satisfies [ĝintA ]2 = ĝ2A. The action of ĝintA on Ĥint(t)
follows

ĝintA Ĥint(t)[ĝ
int
A ]−1 = Ĥint(T/2− t). (S21)

The algebraic structure of Gint
st is further defined by

ĝintM X̂[ĝintM ]−1 = X̂, ĝintA X̂[ĝintA ]−1 = X̂−1, (S22)

from

ĝintM X̂[ĝintM ]−1 = Û−1
0 (T/2)ĝM Û0(T )[ĝM ]−1Û0(T/2),

= Û−1
0 (T/2)Û0(T + T/2, T/2)Û0(T/2),

= X̂ (S23)

and

ĝintA X̂[ĝintA ]−1 = Û−1
0 (T/2)ĝAX̂ĝ−1

A Û0(T/2),

= Û−1
0 (T/2)Û0(−T/2, T/2)Û0(T/2),

= Û0(0, T ) = X̂−1. (S24)

These relations establish the extended dynamical sym-
metry group in the interaction picture as Gint

st = Z2 ×
(ZN⋊ZT

2 ), encapsulating the interplay between the emer-
gent ZN symmetry and the original symmetry group
Gst = Z2 × ZT

2 .

Symmetry group of the prethermal Hamiltonian

The symmetry group of the truncated prethermal
Hamiltonian D̂n inherits symmetry elements X̂, ĝintM , and

ĝintA fromGint
st of Ĥint(t), as specified in Eqs. (S15), (S18),

and (S21). The actions of these elements on the Fourier

component V̂m in Eq. (S13) are expressed as

X̂V̂mX̂−1 = ei2πm/N V̂m, (S25)

ĝintM/AV̂m[ĝintM/A]
−1 = e−i2πm/2N V̂m.

The i-th order van Vleck expansion term, V̂
[i]
vV , in

D̂n = V̂ vV,n
int includes terms with numerators of the form

V̂m1
V̂m2

· · · V̂mi
, as shown in Eq. (S12). Symmetry oper-

ations act on these terms as follows

X̂V̂m1 · · · V̂miX̂
−1 = ei

2π
N (

∑i
k=1 mk)V̂m1 · · · V̂mi , (S26)

ĝintM/AV̂m1
· · · V̂mi

[ĝintM/A]
−1 = e−i 2π

2N (
∑i

k=1 mk)V̂m1
· · · V̂mi

.
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The van Vleck gauge condition imposes a constraint on

the indices,
∑i

k=1 mk = 0 [50, 51], leading to the com-
mutation relations

[X̂, D̂n] = [ĝintM , D̂n] = [ĝintA , D̂n] = 0, (S27)

valid for any integer n ≤ n0 = O(Ω̃). Thus, the prether-

mal Hamiltonian D̂n inherits the full symmetry group
Gint

st of Ĥint(t).
From Eqs. (S12) and (S25), the transformations of

K̂ [i](t) under symmetry operations are given by

X̂K̂ [i](t)X̂−1 = K̂ [i](t−mT ), (S28)

ĝintM/AK̂
[i](t)[ĝintM/A]

−1 = ±K̂ [i](T/2± t).

These relations yield the following transformations pre-
sented in the main text, X̂mÛn(t)X̂

−m = Ûn(t −
mT ) and ĝintM/AÛn(t)[ĝ

int
M/A]

−1 = Ûn(T/2 ± t). The

time evolution over lT periods, with l mod N , is ex-

pressed as Û(lT ) = X̂ lÛint ≃ X̂ lÛn(lT )e
−iD̂nlT Û†

n(0) =

Ûn(0)X̂
le−iD̂nlT Û†

n(0), which matches the expression in
Ref. [42]. In addition, the symmetry transformations for

Ûint(t2, t1) follow as

X̂Ûint(t2, t1)X̂
−1 = X̂[Ûn(t2)e

−iD̂n(t2−t1)Û†
n(t1)]X̂

−1

= Ûn(t2 − T )X̂e−iD̂n(t2−t1)X̂−1Û†
n(t1 − T )

= Ûint(t2 − T, t1 − T ), (S29)

and

ĝintM/AÛint(t2, t1)[ĝ
int
M/A]

−1

= Ûn(T/2± t2)ĝ
int
M/Ae

−iD̂n(t2−t1)[ĝintM/A]
−1Û†

n(T/2± t1)

= Ûint(T/2± t2, T/2± t1), (S30)

using [X̂, D̂n] = [ĝintM/A, D̂n] = 0. These results are equiv-

alent to Eqs. (S15), (S17) and (S20).

SIII. DETECTION OF DYNAMICAL
SYMMETRY

This section introduces a scheme to engineer nontriv-
ial micromotion during the prethermal stage, using dy-
namical symmetries in Gst. Specifically, we focus on the
order-2 unitary symmetry ĝM ∈ Gst of Ĥ(t) in Eq. (S14),
which can be generalized to higher-order symmetries.

Derivation of key symmetry relations

We derive key relations for ĝ′M Ûn(0)[ĝ
int
M ]−1 and

ĝ′−1
M Ûn(0)ĝ

int
M , which are essential for developing schemes

to detect dynamical symmetries. Here, ĝ′M =

Û−1(T/2)ĝM is a projective symmetry element of the ex-

tended symmetry group for the Floquet operator Û(T ),

satisfying ĝ′2M = Û−1(T )ĝ2M , where ĝ2M = eiβI, as intro-

duced in Ref. [59]. The expression for ĝ′M Ûn(0)[ĝ
int
M ]−1 is

obtained as follows

ĝ′M Ûn(0)[ĝ
int
M ]−1 = ĝM [ĝintM ]−1Ûn(T/2) (S31)

= Û−1(T/2)Û0(T/2)Ûn(T/2)

= Ûint(0, T/2)Ûn(T/2) = Ûn(0)e
iD̂nT/2.

Now, consider the expression ĝ′−1
M Ûn(0)ĝ

int
M . It is derived

as

[ĝintM Û†
n(0)ĝ

′−1
M ][ĝ′−1

M Ûn(0)ĝ
int
M ] = ĝintM Û†

n(0)ĝ
′−2
M Ûn(0)ĝ

int
M

= ĝintM Û†
n(0)ĝ

−2
M Û(T )Ûn(0)ĝ

int
M = e−iβ ĝintM X̂e−iD̂nT ĝintM

= e−iβX̂e−iD̂nT [ĝintM ]2 = e−iD̂nT , (S32)

using [ĝintM , X̂] = [ĝintM , D̂n] = [X̂, D̂n] = 0 and

[ĝintM ]2 = X̂−1ĝ2M = eiβX̂−1. Combining this result with

Eq. (S31), we obtain the expression ĝ′−1
M Ûn(0)ĝ

int
M as

ĝ′−1
M Ûn(0)ĝ

int
M = [ĝintM Û†

n(0)ĝ
′−1
M ]−1e−iD̂nT (S33)

= [Ûn(0)e
iD̂nT/2]e−iD̂nT = Ûn(0)e

−iD̂nT/2.

Detection scheme for the initial state: [ρ̂(0), D̂n] = 0

For a set of Hermitian operators Ô that satisfy the re-
lation ĝM Ôĝ−1

M = eiαM Ô, where eiαM = ±1 due to Her-

miticity, we examine the expectations values ⟨Ô(mT )⟩
and ⟨Ô(mT + T/2)⟩ for integer m in the prethermal
regime, and derive the relation between them imposed
by the presence of dynamical symmetries. The expecta-
tion value at t = mT + T/2 is given by

⟨Ô(mT + T/2)⟩ = Tr
[
Û(T/2)ρ̂(mT )Û−1(T/2)Ô

]
= e−iαM Tr

[
ĝ−1
M Û(T/2)ρ̂(mT )Û−1(T/2)ĝM Ô

]
= e−iαM Tr

[
ĝ′−1
M ρ̂(mT )ĝ′M Ô

]
, (S34)

where ρ̂(t) is the density matrix of the system at t. By

applying ĝ′−1
M = Ûn(0)e

−iD̂nT/2[ĝintM ]−1Û†
n(0) derived in

Eq. (S33) and Û(mT ) ≃ Ûn(0)X̂
me−iD̂nmT Û†

n(0), the

term ĝ′−1
M ρ̂(mT )ĝ′M simplifies to Âρ̂(0)Â−1, where

Â = Ûn(0)e
−iD̂nT/2[ĝintM ]−1X̂me−iD̂nmT Û†

n(0). (S35)

Approximating Û†
n(0)ρ̂(0)Ûn(0) ≃ ρ̂(0)+i[K̂ [1](0), ρ̂(0)]+

O(Ω̃−2)ρ̂(0) ≃ ρ̂(0) and using [ĝintM , D̂n] = 0, we obtain

⟨Ô(mT + T/2)⟩ ≃ e−iαM Tr
[
ρ̂(mT )Ô

]
(S36)

= e−iαM ⟨Ô(mT )⟩,

if the initial state |Ψ(0)⟩ is taken as the eigenstate of the

truncated prethermal Hamiltonian D̂n for n ≤ n0.
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FIG. S1. Schematic of one-dimensional spin-1/2 ladder of
length L. S spins reside in the upper chain and σ spins in the
lower chain. Along each chain, the spins interact via nearest
neighbor couplings with strength J1 ∼ Ω, as described in
Ĥ0,a of Eq. (S38). The symmetry operation ĝM represents a
mirror reflection about the centerline of the ladder. Here, the
notation ∗ = L/2 − 1 denotes the left sites of the upper and
lower chains adjacent to the center bond of the ladder.

Detection scheme for the initial state: [ρ̂(0), D̂n] ̸= 0

We generalize the above detection scheme to be inde-
pendent of the initial state, making it highly amenable
to experimental realization, by imposing additional con-
ditions on the chosen Hermitian operator Ô, which satis-
fies [ĝintM , Ô] = [D̂0, Ô] = 0. Starting from Eq. (S35) and

approximating Ûn(0) ∼ I, we obtain ⟨Ô(mT + T/2)⟩ ≃
e−iαM Tr

[
X̂me−iD̂nmT ρ̂(0)eiD̂nmT X̂−mB̂

]
, where

B̂ = ĝintM eiD̂nT/2Ôe−iD̂nT/2[ĝintM ]−1. (S37)

For comparison, the expectation value at t = mT is

⟨Ô(mT )⟩ ≃ Tr
[
X̂me−iD̂nmT ρ̂(0)eiD̂nmT X̂−mÔ

]
. Using

[ĝintM , Ô] = 0 and the approximation [D̂n, Ô] ≃ 0 valid

for 1 ≪ Ω̃, we find B̂ ≃ I, leading to the following rela-
tion between the two expressions as ⟨Ô(mT + T/2)⟩ ≃
e−iαM ⟨Ô(mT )⟩, which is equivalent to Eq. (S36).

SIV. ADDITIONAL DETAILS ON NUMERICS

Model

As a concrete example, we introduce a model of a two-
leg, spin-1/2 ladder of length L under dual driving, with
an order-2 symmetry, ĝM ∈ Gst = Z2. Specifically, ĝM
represents a mirror operation along the centerline of the
ladder, as shown in Fig. S1. The spins in the upper
(lower) chain are labeled by S (σ). We design a four-step
driven model defined by

Ĥ(t) =


Ĥ0,a (0 ≤ t < τT ),

V̂a + V̂ sc
a (τT ≤ t < T/2),

Ĥ0,b (T/2 ≤ t < τT + T/2),

V̂b + V̂ sc
b (τT + T/2 ≤ t < T ),

(S38)

satisfying the symmetry relations ĝM Ĥ0,aĝ
−1
M = Ĥ0,b and

ĝM V̂aĝ
−1
M = V̂b. The resonant Ĥ0,a/b and the weak drive

V̂a/b are provided in the main text. The coupling strength
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FIG. S2. After relaxation, the system enters a prethermal
regime governed approximately by the effective prethermal
Hamiltonian D̂0 in Eq. (S42) until t0 = n0T (n0 = O(Ω̃)),
with t0 marking a reference temporal point within this regime.
(a) Time evolution of ⟨Ôodd,2(t)⟩ at t = mT and t = mT+T/2
within the prethermal regime verifies Eq. (S36) and detects
ĝM . The shaded regions indicate the prethermal regime, with
bipartite entanglement and energy density consistent across a
range of frequencies (J/Ω = 0.026, 0.028). (b) Time evolution

of Ôs
odd,2(mT ) = Ôodd,2(mT )+Ôodd,2(mT+T/2) stabilizes at

zero (red horizontal line) in the prethermal regime, confirming

the presence of ĝM . The normalized quantity Ôs;norm
odd,2 (mT ) =

Ôs
odd,2(mT )/||Ôodd,2(mT )||, shown in the inset, distinguishes

symmetry-preserving prethermal dynamics from thermalizing
states approaching infinite temperature. The parameters used
match Fig. 1 in the main text.

J1 = Ω/4τ ensures that the resonant drive Ĥ0(t) gener-

ates the Z2 symmetry operation X̂ = e−iĤ0,bτT e−iĤ0,aτT ,
where X̂2 = I. For consistency with prior works [69, 70]
on hydrodynamics, we adopt the following parameter val-
ues for the high-frequency drive V̂a/b: gx = gy = 0.45225,
and gz = 0.7. We set τ = 0.25 and J = 1, leading to
J ′ = J/(0.5− τ) = 4.

We introduce an additional coupling V̂ sc
a/b at the center

of the ladder

V̂ sc
a/b = J ′λLR

a/b[S
x
∗S

x
∗+1 + σy

∗σ
y
∗+1 + gzzS

z
∗+1/∗σ

z
∗+1/∗

+ gxS
x
∗+1/∗ + gzS

z
∗+1/∗ + gyσ

y
∗+1/∗ + gzσ

z
∗+1/∗], (S39)

where ∗ = L/2 − 1 (see Fig. S1). This allows symmetry

breaking by setting λLR
a ̸= λLR

b , causing ĝM V̂ sc
a ĝ−1

M ̸=
V̂ sc
b . For the numerical results in the main text, we set

(λLR
a , λLR

b ) = (0.5, 0.5) for Fig. 1 and (1, 1) and (0.8, 1.2)
in Fig. 2(a) and (b). Additionally, we set an Ising inter-
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FIG. S3. In the symmetry-broken cases (a) (λLR
a , λLR

b ) = (0.8, 1.2) and (b) (λLR
a , λLR

b ) = (0.5, 1), Ôs
odd(mT ) stabilizes at a non-

zero value, signaling symmetry breaking. The red horizontal line denotes the center of stable oscillations within the prethermal
regime. With increased symmetry breaking, the offset from zero becomes more pronounced. (c) and (d) Energy density and
bipartite entanglement entropy (insets) indicate the prethermal regime, highlighted by shaded regions. The parameters used
are consistent with Fig. 1, except for the symmetry-breaking values of (λLR

a , λLR
b ).

action strength gzz = 1.3 to couple the spins across each
rung of the ladder.

For the model described in Eq. (S38), the symmetry
operator ĝM is given by

ĝM =

L/2−1∏
i=0

e−iπ
4 (I+S⃗i·S⃗L−1−i)e−iπ

4 (I+σ⃗i·σ⃗L−1−i), (S40)

and the symmetry operator X̂ takes the form

X̂ = [Sx
0S

x
∗S

x
∗+1S

x
L−1][σ

y
0σ

y
∗σ

y
∗+1σ

y
L−1], X̂2 = I. (S41)

The zeroth-order effective prethermal Hamiltonian, D̂0 =

[
∫ T

0
dtV̂int(t) + X̂−1

∫ T

0
dtV̂int(t)X̂]/2T , can be decom-

posed as D̂0 = D̂L
0 + D̂R

0 + D̂c
0, where D̂L

0 , D̂
R
0 , and D̂c

0

correspond to the left half, right half, and center of the
ladder, respectively, as depicted in Fig. S1. These terms
are defined as follows

D̂L
0 = J [−Sx

0S
x
1 − σy

0σ
y
1 +

L/2−3∑
i=1

(Sx
i S

x
i+1 + σy

i σ
y
i+1)

− Sx
∗−1S

x
∗ − σy

∗−1σ
y
∗ − gzzS

z
0σ

z
0 +

L/2−2∑
i=1

gzzS
z
i σ

z
i

− gxS
x
0 − gyσ

y
0 +

L/2−2∑
i=1

(gxS
x
i + gzS

z
i + gyσ

y
i + gzσ

z
i )],

D̂R
0 = J [

L−2∑
i=L/2

(Sx
i S

x
i+1 + σy

i σ
y
i+1) +

L−1∑
i=L/2+1

gzzS
z
i σ

z
i +

L−2∑
i=L/2+1

(gxS
x
i + gzS

z
i + gyσ

y
i + gzσ

z
i ) + gxS

x
L−1 + gyσ

y
L−1],

and

D̂c
0 = J [(λLR

a + λLR
b ) + (Sx

∗S
x
∗+1 + σy

∗σ
y
∗+1)+ (S42)

(λLR
b − 1)gzzS

z
∗σ

z
∗ + (1− λLR

a )gzzS
z
∗+1σ

z
∗+1+

(λLR
b − 1)(gxS

x
∗ + gyσ

y
∗) + (1− λLR

a )(gxS
x
∗+1 + gyσ

y
∗+1)].

Dynamical symmetry-preserving prethermalization

In the main text, to probe the dynamical symmetry,
we define the odd operator Ôodd = Sx

L/2−1−Sx
L/2, which

satisfies ĝM Ôoddĝ
−1
M = −Ôodd with eiαM = −1. We

also impose the conditions [ĝintM , Ôodd] = [D̂0, Ôodd] = 0,
ensuring that the detection scheme is independent of
the initial state: [ρ̂(0), D̂0] ̸= 0. The expected rela-

tion ⟨Ôodd(mT + T/2)⟩ = −⟨Ôodd(mT )⟩ in Eq. (S36)
is verified through the time evolution of these opera-
tors, demonstrating the emergence of nontrivial micro-
motion induced by the dynamical symmetry ĝM within
the prethermal regime (see Fig. 1 in the main text).

Here, we confirm this result for another odd opera-
tor, Ôodd,2 = σy

L/2−1 − σy
L/2 [Fig. S2(a)]. We define

Ôs
odd,2(mT ) = Ôodd,2(mT ) + Ôodd,2(mT + T/2) for in-

teger m, and observe that Ôs
odd,2(t) saturates to zero, as

indicated by the red horizontal line as the system enters
the prethermal regime following relaxation [Fig. S2(b)].
The shaded region marks the prethermal regime for
J/Ω = 0.026, 0.028, while for J/Ω = 0.03, the dynamics
exit the prethermal regime. Here, t0 serves as a reference
temporal point within this regime.
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Sensitivity to dynamical symmetry breaking

To verify the perfect oscillation of ⟨Ôodd(mT )⟩ =

−⟨Ôodd(mT + T/2)⟩ is directly tied to the dynamical
symmetry, we explicitly break the symmetry ĝM , by ad-
justing the coupling across the center bond by setting

λLR
a ̸= λLR

b in Eq. (S39). When the symmetry is broken
by setting (λLR

a , λLR
b ) = (0.8, 1.2), the saturated value of

Ôs
odd(t) is nonzero, as shown by the location of the red

horizontal line in Fig. S3(a). As the symmetry breaking
increases to (λLR

a , λLR
b ) = (0.5, 1), the offset from zero

becomes larger, as seen in Fig. S3(b).
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J. Koepsell, P. Bojović, R. Verresen, F. Pollmann, G. Sa-
lomon, C. Gross, T. A. Hilker, and I. Bloch, Realizing
the symmetry-protected haldane phase in fermi–hubbard
ladders, Nature 606, 484 (2022).

[64] F. Machado, G. D. Kahanamoku-Meyer, D. V. Else,
C. Nayak, and N. Y. Yao, Exponentially slow heating in

https://doi.org/10.1126/science.abg8102
https://doi.org/10.1038/s41567-022-01891-7
https://doi.org/10.1038/s41567-022-01891-7
https://doi.org/10.1103/PhysRevX.13.041016
https://doi.org/10.1103/PhysRevX.13.041016
https://doi.org/10.1103/PhysRevX.4.041048
https://doi.org/10.1103/PhysRevX.4.041048
https://doi.org/10.1103/PhysRevE.90.012110
https://doi.org/https://doi.org/10.1016/j.aop.2014.11.008
https://doi.org/10.1103/PhysRevLett.114.140401
https://doi.org/10.1103/PhysRevLett.115.030402
https://doi.org/10.1103/PhysRevLett.115.030402
https://doi.org/10.1103/PhysRevLett.115.256803
https://doi.org/10.1103/PhysRevLett.116.120401
https://doi.org/10.1103/PhysRevLett.116.120401
https://doi.org/https://doi.org/10.1016/j.aop.2016.01.012
https://doi.org/https://doi.org/10.1016/j.aop.2016.01.012
https://doi.org/10.1103/PhysRevB.95.014112
https://doi.org/10.1007/s00220-017-2930-x
https://doi.org/10.1007/s00220-017-2930-x
https://doi.org/10.1103/PhysRevX.7.011026
https://doi.org/10.1103/PhysRevX.7.011026
https://doi.org/10.1103/PhysRevX.7.041062
https://doi.org/10.1103/PhysRevX.7.041062
https://doi.org/10.1088/1361-6455/aabcdf
https://doi.org/10.1088/1361-6455/aabcdf
https://doi.org/10.1088/1361-6455/aabcdf
https://doi.org/10.1103/PhysRevB.98.104303
https://doi.org/https://doi.org/10.1016/j.aop.2023.169297
https://doi.org/https://doi.org/10.1016/j.aop.2023.169297
https://doi.org/10.1080/00018732.2015.1055918
https://arxiv.org/abs/https://doi.org/10.1080/00018732.2015.1055918
https://doi.org/10.1088/1367-2630/17/9/093039
https://doi.org/10.1088/1367-2630/17/9/093039
https://doi.org/10.21468/SciPostPhys.10.6.128
https://doi.org/10.1103/PhysRevB.93.144307
https://doi.org/10.1103/PhysRevB.93.144307
https://doi.org/10.1103/PhysRevB.100.020301
https://doi.org/10.1103/PhysRevLett.128.050604
https://doi.org/10.1103/PhysRevB.95.195155
https://doi.org/10.1103/PhysRevLett.120.096401
https://doi.org/10.1103/PhysRevX.10.021032
https://doi.org/10.1103/PhysRevLett.123.016806
https://doi.org/10.1103/PhysRevResearch.2.013124
https://doi.org/10.1103/PhysRevResearch.2.013124
https://doi.org/10.1103/PhysRevLett.128.186802
https://doi.org/10.1103/PhysRevLett.128.186802
https://doi.org/10.1103/PhysRevB.108.L180302
http://link.aps.org/supplemental/10.1103/3hrs-sd3s
http://link.aps.org/supplemental/10.1103/3hrs-sd3s
https://doi.org/10.1103/PhysRevA.99.012333
https://doi.org/10.1103/PhysRevA.99.012333
https://doi.org/10.1038/nphys2998
https://doi.org/10.1038/nphys2998
https://doi.org/10.1038/s41586-022-04688-z


14

short and long-range interacting floquet systems, Phys.
Rev. Res. 1, 033202 (2019).

[65] D. N. Page, Average entropy of a subsystem, Phys. Rev.
Lett. 71, 1291 (1993).

[66] G. He, B. Ye, R. Gong, Z. Liu, K. W. Murch, N. Y. Yao,
and C. Zu, Quasi-floquet prethermalization in a disor-
dered dipolar spin ensemble in diamond, Phys. Rev. Lett.
131, 130401 (2023).

[67] M. Gallone and B. Langella, Prethermalization and con-
servation laws in quasi-periodically driven quantum sys-

tems, Journal of Statistical Physics 191, 100 (2024).
[68] G. D. Kahanamoku-Meyer and J. Wei,

Gregdmeyer/dynamite: v0.4.0 (2024).
[69] C. D. White, M. Zaletel, R. S. K. Mong, and G. Refael,

Quantum dynamics of thermalizing systems, Phys. Rev.
B 97, 035127 (2018).

[70] T. Rakovszky, C. W. von Keyserlingk, and F. Poll-
mann, Dissipation-assisted operator evolution method for
capturing hydrodynamic transport, Phys. Rev. B 105,
075131 (2022).

https://doi.org/10.1103/PhysRevResearch.1.033202
https://doi.org/10.1103/PhysRevResearch.1.033202
https://doi.org/10.1103/PhysRevLett.71.1291
https://doi.org/10.1103/PhysRevLett.71.1291
https://doi.org/10.1103/PhysRevLett.131.130401
https://doi.org/10.1103/PhysRevLett.131.130401
https://doi.org/10.1007/s10955-024-03313-9
https://doi.org/10.5281/zenodo.10906046
https://doi.org/10.1103/PhysRevB.97.035127
https://doi.org/10.1103/PhysRevB.97.035127
https://doi.org/10.1103/PhysRevB.105.075131
https://doi.org/10.1103/PhysRevB.105.075131

	Engineering micromotion in Floquet prethermalization via space-time symmetries
	Abstract
	I Introduction
	II Dynamical space-time symmetry group
	III Prethermalization in a dual-driving setup
	IV Extended dynamical space-time symmetry group in the interaction picture
	V Symmetry group of the prethermal Hamiltonian
	VI Engineering prethermal micromotion with dynamical symmetries
	VII Numerical simulation
	VIII Sensitivity to dynamical symmetry breaking
	IX Conclusion and Outlook
	 Acknowledgments
	 Supplemental Material
	SI Prethermalization in a dual-driving
	 k-locality and J-extensiveness constraints
	 Transition to the interaction picture
	 Derivation of the prethermal Hamiltonian
	 Van Vleck high-frequency expansion

	SII Symmetry of prethermal Hamiltonian
	 Dynamical symmetry group Gst
	 Extended dynamical symmetry group Gintst
	 Symmetry group of the prethermal Hamiltonian

	SIII Detection of dynamical symmetry
	 Derivation of key symmetry relations
	 Detection scheme for the initial state: [(0),n]=0
	 Detection scheme for the initial state: [(0),n]=0

	SIV Additional details on numerics
	 Model
	 Dynamical symmetry-preserving prethermalization
	 Sensitivity to dynamical symmetry breaking

	 References




