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THE NORM OF THE 2’-FOURIER TRANSFORM, II
BERNARD RUSSO

1. Introduction. Let G be a locally compact separable unimodular group.
The general theory [18] assigns to G a measure space (A, u) whose points A
index a family of unitary factor representations of G in such a way that if U\
corresponds to X and Ur(f) = [¢f (x) Ur(x)dx then

(1.1) fG @) |dx = fA tr (L(N)*Un(£))du(N)

for all f € LY(G)M L*(G). Here tr denotes the Murray-vonNeumann trace on
the factor generated by the operators U\(x), x € G.

In the case when G is a group of type I the measure u, called Plancherel
measure, is unique, the Uy are irreducible representations, and tr denotes the
usual trace. The expression (1.1), which is called the Plancherel Formula for G,
is proved in this case in (4, p. 328].

This paper, which is a continuation of [17], is concerned with the problem
of sharpness in the Hausdorff Young inequality for the class of connected
simply connected real nilpotent Lie groups. The inequality in question, stated
for separable locally compact unimodular groups of type I is the assertion

wn { [ wonran” [ rwpaf”

for f € L?(G) ([9; 8]). Here of course 1 <p =2, 1/p +1/p' =1, and
HONDI?" = te ((UN(f) * Ux())”'"%). By rewriting (1.2) as [[fll, = |[fll,
and defining

1Z2@)Il = sup_ 1]l

one can express the Hausdorff Young theorem for G by [|.% ,(G)|| < 1.
The work in [17] made it plausible that

13)  [IF,0G) <1

for any connected, non-compact, locally compact unimodular group G. In
fact, using the remarkable theorem of Babenko [2]:||-% ,(R)|| <1 for
1 < p < 2, it was shown in [17] that (1.3) holds whenever G contains the real
line R as a direct factor or G contains R*, # = 1, as a semi-direct factor with
compact quotient.

According to a letter from J. Fournier (cf. [10]), (1.3) holds if and only if G
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has no compact open subgroups. This confirms a conjecture of the author [17].
However, Fournier’s estimate, while universal, is very crude, on the order of
999999 . . . On the other hand, the estimates made in [17] are sharp enough to
compute the number ||.% ,(G)|| for the two classes of groups considered in [17].

Returning to the discussion of nilpotent groups, it follows from [17a,
Proposition 13] that

(14) |[F,@) <[|F,RY]], 1<p<2

if G is a connected simply connected real nilpotent Lie group, where / is the
dimension of the center of G and of course / = 1. The present paper constitutes
a step in the direction of the computation of ||-# ,(G)|| in that (1.4) is im-
proved, with one exception (T’ ), for all of the connected, simply connected,
real nilpotent Lie groups whose Plancherel measures are explicitly known
(to the author). This includes all the (non-commutative) examples of dimen-
sion <5, denoted by T3, T's, Ts51, Ts52 Ts3, Isa, s Tse in [3, 1], all
Heisenberg groups Ny, & = 1, which are of dimensions 2k + 1 ([11; 16]) and
the groups G,, n = 3 of real n by #n triangular matrices with ones cn the diag-
onal, which are of dimensions 3n(n — 1) ([3, IV; 6; 14]).
The improved inequality is

15)  IF G < ||[F (R, 1 <7 <2,

where p is the defect of commutativity of G, and ¢ = n — 2p where »n is the
dimension of G. This terminology is taken from [3, I1].

Note that if G is commutative then p = 0, n = ¢, G = R” and equality
holds in (1.4) and (1.5). On the other hand, for G non-commutative, p + ¢ = [
(see Table I) and evidence seems to indicate that equality does not hold even
in (1.5) (cf. [17a, Proposition 9]).

The techniques of [17] for semi-direct products rely heavily on the compact-
ness of the quotient and hence do not apply to a nilpotent group, which can’
always be written as a semi-direct product of a normal nilpotent group of smal-
ler dimension whose quotient group is the real line R. What works here for
nilpotent groups and what is needed for other classes of groups is the explicit
knowledge of the Plancherel measure for the group.

Except for Section 4, (Heisenberg groups) this paper depends heavily on
the treatment of nilpotent groups given by Dixmier in [3, I-VI]. It seems
possible that simplifications or improvements might be made using later treat-
ments of the theory ([6; 14; 12]).

Future papers will deal with this problem for solvable groups (cf. [1;15; 5])
semi-simple groups (cf. [13; 19]) and non-unimodular groups (cf. [7]).

2. The three dimensional Heisenberg group. This group belongs to each

of the classes of examples mentioned in Section 1, will be denoted by T'; as in
[3, III], and illustrates the method to be described in Section 3.
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The underlying set of I'; is R® and the multiplication is given by
(o1, o3, 03)(p1, p2, p3) = (p1 + o2, p2 + 02, ps + o3 — p2os) [3, III, p. 330].

According to [3, 11, Proposition 3], for each A ## 0in R there is an irreducible
unitary representation Uy of T3 on L2(R) given by

(2.1) (Ux(‘)’)f) 6) = €xp i)\(m - Pze)f(e + p1)
for v = (p1, p2, p3) € Ty, f € L2(R), § €R; and

(2.2) fr |F(y)|"dy = cs j;o UNF) |8 |AdN forall F € LY(Ty) N L*(Ty).

Here dvy denotes Lebesgue measure on R3, Uy(F) = f[‘al"(’)’) Uy(v)dy, and c¢;
is a constant.

A routine calculation using (2.1) shows that U\(F), F € C,°(T;) is an
integral operator on L2(R) with kernel k) given by

2.3) kx(p1, 0) = ff F(p1 — 0, p2, p3) exp (thps — ihp20)dpadps

=27 Flop1 —0,,)"(\g, —\)
i.e.

() ) 6) = ka(pl, 0)f (p1)dp1, a.e.b.

In order to determine the constant ¢3 we first rewrite (2.2) for suitable F in
the form

(2.4) Fle) = c3 f tr (Un(F))|\|dX\, e = identity element.
A0
Next, since tr (U\(F)) = f kr (6, 0)d0, (2.3) yields
R

(2.5)  Fle) = c3 fm fR 27 F (0, -, )Y (N, —N\)dg|\|d\

and substituting F(y) = exp (—3||[7||?) = exp (—3(p:2 + p2? + p32)) inte
(2.5) yields

1=c3f f27rF(O,-,-)A()\,0)d)\d0
A<0 R

63‘27rf f exp (—3(\* 4 6%))dNdo = ¢35+ 27 - (27m) P (2m) A
A<0 R

Il

Hence ¢; = (2m)~2.
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By (1.2) and [17, Theorem 3] we obtain for 1 < p < 2,

ﬁ LI

f (Hk%Hpm’p’ ikk*szm’p,)lﬂl)‘ld)\
A0

) 172 , 172
Ut mian) ™ [ et i}
A0 A0
By definition,

' /p
[frllpp” = f{f|k)\(p1, G)Ipdpl} do

- f{flf"(m = 0,-,)"00, —%)‘7(2”)%”1}?

| RN

o ey S S 10 00, 3 aaion
< eor{ [{ [ 1k, 00 -0 rasfan|"

(by Minkowski’s integral inequality)

= (27r>”’{ f { ﬁ Y f [F (o, -, Y (N, e)l”’dxde}wdm}m

(by change of variables as |A| = |Jacobian (A, 8) — (A8, A)])

- e [ 16 i)

@m) |1 A"

dA

(2.6)

IIA

IA

’

/p
db.

Hence

o' /p
< (2vr)”'“|l9}(R2)ll”'{fIIF(pl, ° -)Ilp”dm}

(by Hausdorff Young Theorem for R?)

’

' Ip

= 2m)"" lﬁp(Rz)Hp'{f(QW)‘lfU“(m, p2, p3)|"dp2 dps dm}
= 2n)’|F, R 1Kl
By exactly the same argument
08) [ Il INar 5 @nF | 1FL

Combining (2.6), (2.7) and (2.8) yields ||F]|,» < [|% ,(R®)||[|F|l,, and
since C,7(T;) is dense in L?(T';) this proves:
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ProposiTION 1. Let T3 denote the unique (up to topological isomorphism)
non-commutative connected simply connected real nilpotent Lie group of dimension
3. Then ||F ,(Ty)|| £ || F,(RY)|| for all p, 1 £ p < 2. Hence ||F ,(T5)|| < 1
forall p, 1 < p < 2.

3. The method of integral operators. Let T' be a connected simply con-
nected nilpotent real Lie group of dimension #. Write n = 2p + ¢ where p is
the defect of commutativity of T' and let # = L2(R?). According to [3, II,
Théoréme 4] there is a (Zariski open) set @ C R? and for each N =

(A1, ..., N\ € Q there is an irreducible unitary representation Uy of T on
H such that

(3.1) fr If(y) "y = fn O F Oy« AN . d,

for all f € LY(T) M L2(T'), where F is a real valued rational function with no
singularities on €. The underlying point set of T' is R” and it is important for
us that the Haar measure dy be chosen specifically. For simplicity, we take
dy to be n-dimensional Lebesgue measure (not normalized in any way).
C.”(T) will denote the infinitely differentiable functions on T' with compact
support.

For each f € C.,”(T), Ux(f) is an integral operator on L2(R?) ([14, p. 108] or
[3, V, Corollary 1]). Denote its kernel by & = k(f) : R? X R? -C. Also
write f: T —C as f(p, o, 1), p, ¢ € R?, u € R

ProPosITION 2. Let T be a connected simply connected nilpotent real Lie group.
With the notation of this section suppose that for all f € C.~(T)

(3.2)  kalp, 0) = @m)H02f(p —6,-,-)(T'(\,0)), p,0€ R, \€Re
where 1" : R? — R is5 q transformation with Jacobian Jy satisfying
3.3) | Jr(\, 0)] = @)t F(\)|, N € R4 0€ R,

Then || Z . (D)|| £ ||Z ,(R)|| for allr,1 £ r < 2. Hence ||.F ,(T)|| < 1 for
allr,1 <7r < 2.

The proof is exactly the same as for Proposition 1. The only point to remem-
ber is that application of Babenko’'s theorem to R?+? requires the proper
normalization, i.e.

o, -, )Ml = (1 F RO If(p, -, ), means

[fR )T (2«)—"’+"”2ded>\]1“'

1/r
é H‘%\—T(RIH—G) | l[ fRqu |f(P» a, T)I T(Zﬂ') —+o) md(de:I .
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ProrosITION 3. Let T be a connected simply connected real milpotent Lie group
of dimension < 5. Then ||F ,(T)|| < 1 for all r, 1 < r < 2. Precisely,
IZ (D] = [[#, (R[] if T 5 Ts4and ||F,(Ts0)|| < || F (R,

Proof. Up to a constant the Plancherel formula for each of these groups has
been given in [3, I11]. Table I summarizes the relevant information where we
assume non-normalized z#-dimensional Lebesgue measure on each group.

Table I
r n P q [F(\)|d\ dimension of center
T; 3 1 1 Cs|\|dx 1
T, 4 1 2 CidNdp 1
s 5 2 1 Csa\"d\ 1
Ts. 5 1 3 Cs.2dNdudy 2
Ts,3 5 2 1 Cs,s\"d\ 1
Ts,4 5 1 3 Cs,«dNdudy 2
Ts.s 5 1 3 Cs.5sN " “dNdudy 3
Ts.6 5 2 1 Cs.oNd\ 3
Table 11
r constant T(\, 0) |J 7]
Iy @2m)~ (A0, =) Y
I 3@em)” (21‘)\ — 0%\, —}\) 4
T's, ) (A1, N2, —\) A\
4 v v
Ts. (271”) (X: :_ #2 + N0, — m + wd, — A, _‘#) 1
Ts.s @2r)~* (A2, N1, —\) \?
T4 ? ? ?
3 2

Tss  #2m) (g”)\ - 2{? + Qﬁ—k oy % , N, —x) (62"
I's.s L (—1N0," 4 Ab2, MOy, —\) A

Using the explicit formulas for the representations U, given in [3, I1I] we
determine as in Section 2 the constants ¢, ¢4 . . . ¢5.¢ and the kernels &\ of the

integral operators U\(f), f € C.”(T). These kernels are shown to satisfy the
properties (3.2) and (3.3) of Propos.tion 2. The details were carried out in
Section 2 for T.

This procedure can be carried out for each of the groups in question except
for T's s which resists calculation. The straight forward calculations are omitted
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and the results summarized in Table II. The validity of Proposition 3 for I';,,
was shown in Section 1.

4. The Heisenberg groups. Let N, be the 2k 4+ 1 dimensional Heisenberg
group, i.e. Ny is the connected simply connected real nilpotent Lie group which
can be characterized by the fact that its Lie algebra has a basis
{X1, ..., %6 Y1, ..., Y 2} with [x;, y,] = 2,1 £ j < k and all other brackets
are zero.

The Plancherel formula for N, is described as follows ([11; 16]). In the nota-
tion of Section 3,n = 2k + 1, p = k, ¢ = 1 and for each N\ # 0 in R there is an
irreducible unitary representation Uy of N, on L*(R¥) satisfying

an [ et = [ inoiae

for all f € L'(Ny) M L2(N,). Again we take dvy to be (2k 4+ 1) — dimensional
Lebesgue measure and U, is given by

4.2)  (Ux(v0)e)(x) = exp (tN(wo — (Yo, x) + 3{x0, ¥0)))e(x — x0)

where vo = (%0, yo, %0), X, %0, y0 € R¥, uy € R, ¢ € L2(R¥), and (, ) is the
usual inner product in R*.

The usual calculation using (4.2) shows that U,(f) is an integral operator
with kernel k) given by

4.3) k(' x) = @r)*02f(x" —x, -, ) "GNx + %), — N).

Note that this differs in form from (3.2) in that the argument depends on x, A
and «’. Thus we cannot apply Proposition 2 directly. However, exactly as in
Section 2 we determine that ¢y = (27)~*~1. Then arguing as in Section 2
starting with (2.6):

f Hk)\Hr.r’,llxlkd)\ - (27r)r’(lc+l)/2
A=0

X f f { f If@ =, G + ), —x)l’dx'}? PRNCN
A0

é (2 7‘_) 7’ (k+1) /2

X {f{ fm f'f(_x" -GN Er - &), —x)l"ixl"dxdx}”"dx'}"”
whs <2")r'(k+l)/2{ J { fm [isw-, v, )\)I"dxdx}m’dx'}r'/r

r'Ir
s (27r)""‘*”’2(21r)("+””|I%(R"“)II"{ S, ~>||de’}
= 0)"F,®R*||7I/]l,”, and similarly

a9 kel Bl s Qo IE RIS
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Finally, by (4.1), (17, Theorem 3], (4.4) and (4.5)

el = [ ol na

IIA

Il 0117y o
A=0

) 1/2 o 1/2
Ut [ et o
A=0 A=<0

< @O LZ RIS

IIA

This proves:

PROPOSITION 4. Let N, be the (2k + 1)-dimensional Heisenberg nilpotent group.
Then || .(N)|| £ ||Z ,(R¥)]| for all r, 1 £ r £ 2. Hence ||.% ,(N,)|| < 1
forallr, 1 <r <2

5. Nilpotent groups of triangular matrices. For n = 3 let G, be the
(connected simply connected nilpotent Lie) group of all n real matrices x =
() such that ¢, = 0if 1 S j <k =<n,and ¢, = 1for1 =j =< n M, will
denote the set of real n by n matrices, R?>*¥ denotes the j by k real matrices,
and E, will denote the set {(¢;) € M, : £, =0ifj 4+ k= n + 1}.

The Plancherel formula for G, is described as follows |3, 1V]. First G, is of
dimension 3n(n — 1) and it is necessary to consider separately the cases of n
even or odd.

Suppose n = 2m, m = 2. Then each x € G, has the form

(5.1) x=[2’v g]

with y, 2 € G, and w € M,,. The set Q@ can be taken to be

le € E,: eez. .. ey #= 0}

where
_ ) o
5.2) e=
€9 O
€1 |
defines ¢, - -, €,. For each e € Q there is an irreducible unitary representation

U,of G,on # = L*G, X G,) (Lesbesgue measure) given by

(5.3)  (Ux)NH) (', 2") = f(¥'y, 2'z) exp (i tr (ez'wy~'y'~1))

https://doi.org/10.4153/CJM-1976-110-6 Published online by Cambridge University Press
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2

for x = I:;VU O:I € Gy ¥, 2 € Gn f € A, such that

(5-4) f |<I><x>12dx=(2r>""2f (U@ e%" . . e’ ™ Ve
Gn Q

for all ® € LY(G,) N L*(G,), where [ . ..de denotes [ .. .de . .. de,.

This shows (in the notation of Section 3) that p = m? — m,
g=m (s0 p +q =m? and Fle) = 2r) ™ el . .. 2™ Vde . . . dey. Also
(5.3) implies that U,(®) is an integral operator on L?(R?) (identified with
) with kernel k, given by

(5.5)  k((,2), (v',5) = @m)" e (yly, 2z, )" (—ytes).

A note of explanation might be in order here. The identification of G,, X G,
with R? requires that the argument —y~'ez’ in (5.5) be interpreted as a vector
in R™ whose components are the entries of the matrix —y~lez’.

Suppose now that n = 2m + 1, m = 1. Then each x € G, has the form

y 0 0
b56) x=|u 1 0
w v oz

with v, 2 € G, w € M,,, u € R>X" 9 € R™X1 The set @ can be taken to be

{e € En: €162 ... ¢y # 0} (see (5.2)). For each e € Q there is an irreducible
unitary representation U, of G, on # = L*(G, X Gn;1) (Lebesgue measure)
given by

BT (U)N @, 2,v) = fO'y, 2'2,0" + 2'v) exp i tr (e(@'u + 2'w)y~ly'")
for x € G, (see (5.6)), 9", 2" € Gn, v € R™1 € 3 ;such that

(5.8) fG |®(x)|"dx = Q)™ fﬂ U (®)||2*]eses” - . . en™ |de

for all ® € LY(G,) N L2(G,), where de = de; . . . dey,.

In this case (in the notation of Section 3) p = m? ¢ = m, p + g = m? + m,
Fle) = 2m)™™e1e0® . . . 2" ! de, and U,(®) is an integral operator on
L2(R?) (identified with S ) with kernel &, given by

(5.9)  k((y,2,0), (v',2, 7))
= 2r)mHm g (y—ly g~z v — o, -, - ) (—y lev’ — yleg’)
with the same interpretation as in (5.5).

LEMMA. (i) The Jacobian Jy of the transformation T : R™ — R™* determined
by the correspondence

(5.10) Gu X En X Gn 2 (¢, ¢,2") > y'es’ € M,
satisfies
(5.11) |J7| = e?est. .. €,2™ D

https://doi.org/10.4153/CJM-1976-110-6 Published online by Cambridge University Press
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(ii) The Jacobian J s of the transformation S : R™+™ — R™+™ determined by
the correspondence

(5.12) Gn X E, X G, X R™X1 5 (y e, 5/, 0') — (¥es', y'er') € M, X R™1
satisfies
(5.13) I]S| = |erea® . .. 21

Proof. (i) is the content of [3, IV, Lemme 3] and (ii) follows from (i) since
Js = Jrp-det (y'e).

ProposITION 5. Let G, be the group of all real n by n lower triangular matrices
with ones on the diagonal. Then ||F ,(G,)|| < ||F . (R*9)|| for all r, 1 <
r £ 2. Hence || F ,(G,)|| < 1 forallr, 1 <r < 2 (pis the defect of commuta-
twity of G, and 2p + q = the dimension of G,).

Proof. If nis even, n = 2m and ® is conti nuous on G, with compact support,
then

(5.14) @m)™||d]]," = fE U(®)|]," F(e)de
(by (5.4))
= f (el .o [ |1, ™) " F(e)de

(by [17, Theorem 3])

= {fEm erHr,,er(e)de}lﬂ{ fEm I|ke*l|r,r'7,[’v(e)de}l/2,

619 [ ledio e = o [ f

/T
X [ f f |®(y' "y, 27z, -)A(—y'leZ')I'dde] dy'dz"F (e)de

<o [
, r/r’ i
X [f ffl<1>(y, 2, -)A(—y_ly"le%)l'dy'dZ’F(e)de] dde}
Em

(by Minkowski's integral inequality and translations)

R , '/
< @)™ R R [ [ fi30. ~>||/dydz}

(by (5.11) and Hausdorff Young for R™)
— (27r)m?(r’+ 1—r" /1) /2| Iﬁwr(Rmf’) | | ¢I | rr’ _ (27()"12

(by (5.5))

F LR 8]l
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Similarly,
fE 110" Fle)de < (2m)™(1F . (R™))

so by (5.14) [|®], = [, (R™)[[ |2

The proof for odd » uses (5.8), (5.9) and (5.13) is exactly the same way that
(5.4), (5.5) and (5.11) were used above. We omit the details.

"[lel],”
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