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Abstract

High-Performance Discrete-Vortex Algorithms for Unsteady Viscous-Fluid Flows near
Moving Boundaries

by
Lu Wang
Doctor of Philosophy in Engineering - Mechanical Engineering
University of California, Berkeley
Professor Ronald W. Yeung, Chair

A high-performance Discrete-Vortex Method (DVM) is successfully developed and imple-
mented to directly simulate two-dimensional low to medium-Reynolds number flows around
multiple arbitrarily shaped bodies undergoing either prescribed or free motions. The deter-
ministic Viscous-Vortex-Domain (VVD) formulation is adopted to simulate vorticity diffu-
sion. Through the use of CPU and Graphics-Processing-Unit (GPU) parallel computing, sig-
nificant speedup of the simulation compared to a serial implementation on a CPU is achieved.
The validity of the present DVM simulation is confirmed by comparing the present results
with published ones for a variety of test cases. The current implementation of DVM has
been used to study two novel flow problems of practical interest and has led to significant
findings.

First, the full and partial ground effects on the lift generation of a flapping (air)foil in
normal hovering mode are investigated. To achieve full ground effect, the foil of chord c is
made to hover above the center of a finite-sized platform of length 10c. The computed force-
enhancement, force-reduction, and force-recovery regimes at low, medium, and high ground
clearances are observed to be in line with existing literature. This research puts special
focus on partial ground effects when the foil is hovering near the edge of the platform. Lift-
modifying mechanisms not previously observed under full ground effect have been discovered.
When stroke reversal of the flapping occurs near the edge of the platform, a relatively
stationary strong vortex may form above the platform edge. This strong vortex can either
increase or decrease the instantaneous lift force on the foil depending on the position of the
foil relative to the platform edge. Further, the platform edge may lead to the formation
of an additional vortex pair which increases the instantaneous lift force as the foil sweeps
past the edge under certain suitable conditions. Lastly, the platform edge can lead to the
formation of a reverse von Karman vortex street that extends well below the stroke plane
under suitable geometric arrangements.

Second, the flow past a Bach-type vertical-axis wind or current turbine is simulated using
the DVM at a Reynolds number of 1,500. The main purpose of the study is to evaluate the



suitability of Bach-type turbines for use as micro-scale energy harvesters that can be applied
to power, for example, sensor nodes of a Wireless Sensor Network. Through simulations,
the maximum power coefficient of the turbine operating at a prescribed constant tip-speed
ratio is found to be 0.18, which is comparable to the performance of a turbine of the same
geometry at much higher Reynolds numbers. This indicates that there is only minimal
performance penalty for miniaturization. The angular velocity of the turbine has a strong
influence on the evolution of vortical flow structures. A new wake-capturing mechanism that
boosts the performance of the turbine is discovered from the simulations for a certain range
of tip-speed ratios where the vortex shed by the advancing blade helps drive the returning
blade. In addition to the condition of prescribed rotation, free rotation of a steel Bach-
type turbine under a steady current in water is also investigated. Significant fluctuation in
angular velocity over one period of rotation is observed. This speed fluctuation is found to be
detrimental to energy extraction, reducing the maximum power coefficient to approximately
0.16. This level of power-generation capability implies that such micro-scale turbines can
significantly extend the life expectancy of a wireless sensor node or even maintain the node
in a low-power state indefinitely.
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Chapter 1

Introduction

Currently, the mainstream Computational Fluid Dynamics (CFD) methods such as the finite-
volume method or the finite-element method are mesh-based. These methods have been
tested on a wide range of practical flow problems and are arguably more mature. The main
difficulty of applying these numerical methods lies in the mesh generation. Generation of
high quality meshes for problems involving complicated moving boundaries is not trivial
both in terms of implementation and computational workload. Nevertheless, the challenge
with mesh generation is gradually being overcome for certain classes of problems with new
techniques such as Sliding Mesh, Chimera Mesh, and the Arbitrary Lagrangian-Eulerian
(ALE) formulation.

Despite the relative maturity of mesh-based CFD methods, alternative mesh-free numer-
ical algorithms are also being pursued. The two well-known examples are the Smoothed-
Particle Hydrodynamics (SPH) and Discrete-Vortex Method (DVM). The mesh-free nature
of these methods makes them particularly suitable for certain niche problems. For instance,
SPH is naturally suited for wave simulations with violent free-surface activities such as break-
ing waves and wave-structure interactions. However, SPH often suffers from excessive noise
issues and large numerical viscosity. The latter limits the effective Reynolds number that
SPH can simulate. SPH is also inefficient in the sense that regions with little to no flow
activities also need to be occupied by fine fluid particles. The DVM, on the other hand, is
very convenient for simulating viscous-fluid flows near moving bodies with complex geome-
tries in two dimensions. Mesh generation is not needed, and the computational elements
(vortex blobs) naturally concentrate in regions of interest occupied by rotational flow. No
vortex blob is needed in regions occupied by irrotational flow, leading to efficient use of com-
putational resources. However, generalization of two-dimensional DVM to three dimensions,
although possible (see, e.g., [1]), can be very challenging and comes at the cost of significantly
increased computational time; the gradient of velocity needs to be computed to account for
the stretching and tilting of vorticity.

In this work, a high-performance DVM algorithm for two-dimensional viscous-fluid flow
near boundaries is implemented. Efforts were made to improve the performance of the algo-
rithm through both CPU and Graphics-Processing-Unit (GPU) based parallel computing.
The details of the formulation are presented in Chapter 2. The DVM algorithm is validated
through a range of tests shown in Chapter 3 and applied to the analyses of two novel flow
problems of practical interest (Chapters 4 and 5).



1.1. Discrete-Vortex Method

1.1 Discrete-Vortex Method

In DVM, the flow is determined by solving the vorticity transport equation. For an incom-
pressible and isotropic fluid under conservative body forces, the vorticity transport equation
is given by
Do _ (w-V)u+ rViw (1.1)
Dt
where w, t, u, and v are the vorticity, time, flow velocity, and kinematic viscosity, respec-
tively. There are certain advantages and disadvantages associated with solving the vorticity
equation instead of the Navier-Stokes equation. By taking the curl of the Navier-Stokes
equation, pressure is eliminated from the problem. Furthermore, if we restrict the problem
to two dimensions, the first term on the right-hand side (RHS) of Eq. (1.1) is eliminated
because stretching and tilting of vorticity does not occur in a two-dimensional flow. In this
case, we have the following relation:

86—0: + (u-V)w = vV (1.2)

In Eq. (1.2), the scalar vorticity w is the vorticity component perpendicular to the two-
dimensional plane. The problem is simplified to the advection and diffusion of a single scalar
quantity. However, this simplification also means that the primitive variables (i.e. velocity
and pressure) are not part of the solution explicitly and require considerable post-processing
effort to be reconstructed from the vorticity field.

A closed system of equations can be formed using Eq. (1.2) and the following two relations:

V3 = —w (1.3)

u="V x (¢yk) (1.4)

where 1) is the stream function and k is the unit vector perpendicular to the two-dimensional
plane. By applying appropriate boundary conditions, the above system of equations can be
solved for the time-dependent vorticity field.

In DVM, the vorticity field is represented by the superposition of a large number of vortex
blobs which act as the basic computational elements of DVM. The advection and diffusion of
vorticity are represented by the motion and, in some cases, deformation of the vortex blobs.

1.1.1 Random-Vortex Method

Although there are considerable differences between the current DVM formulation and the
Random-Vortex Method (RVM) of Chorin [2], it is beneficial to briefly describe Chorin’s
original formulation here to illustrate the principal ideas behind DVM. In [2], the vorticity
equation, Eq. (1.2), is solved using a fractional step approximation, also called operator
splitting, which separates the advection and diffusion of vorticity into two different steps:
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Equation (1.5) is the advection step and indicates that vorticity is transported according
to the local flow velocity. Equation (1.6) is the diffusion step which shows that vorticity is
diffused according to the local vorticity gradient.

Numerically, the advection step is achieved by moving each vortex blob in the flow field
according to the flow velocity at the center of the blob. Flow velocity is calculated by
summing the induced velocity of all vortex blobs present and the velocity induced by any
rotating solid bodies. The diffusion step is simulated through random walk of the vortex
blobs. At each time step, random displacements in both = and y directions are added to
each vortex blob on top of advection. The displacements are random variables following a
Gaussian distribution with zero mean and a standard deviation of v2vAt where At is the
time step.

If a body is present, a potential flow component is added to satisfy the no-penetration
boundary condition on the body surface, and new vortex blobs are created near the surface
to cancel the slip velocity. This procedure simulates the physical process of vorticity creation
on boundaries.

Despite its apparent simplicity, RVM can be considered as the workhorse vortex method
used in engineering [3] and has been applied by several authors to good effect. For in-
stance, Yeung and Jiang successfully incorporated RVM to simulate the roll motion of ships
with bilge keels in three dimensions using the Slender-Ship Free-Surface Random-Vortex
Method (SS-FSRVM) [4,5]. This method accepts arbitrary body or hull shapes and includes
free-surface effects. The computed ship-roll motions show excellent agreement with tow-
tank experiments. However, RVM has significant drawbacks. At lower Reynolds numbers,
the large random displacements of the vortex blobs lead to excessive noise in the solution.
In addition, because of the presence of a stochastic process, conventional high-order time-
integration schemes cannot be applied directly to RVM [6,7], leading to the use of very small
time steps. This issue is more prominent at higher Reynolds numbers where the error from
advection can easily dominate over random walk [8]. RVM also has a slow convergence rate,
requiring a large number of vortex blobs to achieve reasonable accuracy [9]. The fractional
step approach also introduces additional splitting error. These drawbacks motivated the
adoption of a different diffusion model for the current work.

1.1.2 Deterministic models for diffusion

The various drawbacks of RVM all stem from the use of a stochastic process. In order to
overcome these drawbacks, a better deterministic method is needed for incorporating the
effect of diffusion without having to introduce a mesh to solve Eq. (1.6). To this end, several
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deterministic models for vorticity diffusion have been developed over the years to replace
the random-walk model. Some of the more well-known mesh-free alternatives to RVM are
the Core-Spreading Method, Vorticity-Redistribution Method, Particle-Strength-Exchange
Method, and Diffusion-Velocity Method. A comparison between these deterministic methods
and RVM is presented in [10].

In the Core-Spreading Method, the vorticity diffusion process is accurately modeled by
having the core size o of a Gaussian vortex blob grow with time. More specifically, the core
size grows with v/2vt, exactly satisfying the two-dimensional diffusion equation [11]. How-
ever, it has been shown that this method is physically incorrect because of the inappropriate
treatment of the advection process [12]. In DVM, the vortex blobs are moved according to
the flow velocity at the center of each vortex blob. This is an acceptable approximation only
if the sizes of the blobs are small and bounded. With the Core-Spreading Method, however,
the sizes of the vortex blobs grow continuously with time, and the error in advection causes
the Core-Spreading Method to converge to a wrong set of equations even when an infinite
number of vortex blobs are used. This issue with advection is solved by the Corrected Core-
Spreading Method [13]. In this method, the core sizes of the vortex blobs are allowed to grow
with time until a preset limit is reached. When the size of a vortex blob exceeds this limit,
the vortex blob is broken up into several smaller vortex blobs while conserving the circula-
tion, linear and angular momentum. However, the vortex splitting leads to an exponential
increase in the number of vortex blobs, resulting in high computation costs especially at low
Reynolds numbers [10].

In the Vorticity-Redistribution Method, the diffusion process is modeled by distributing
a fraction of the circulation of each vortex blob to its close neighbors [14]. A pair of vortex
blobs are considered to be close neighbors if the distance between the two is on the order
of the diffusion length v At. The fractions of circulation to be distributed to the neigh-
bors are determined by solving an underdetermined system of equations that approximates
the diffusion equation as a linear programming problem. For stability, the fractions of cir-
culation to be distributed must always be positive. However, a solution for the fractions
that satisfies this constraint might not exist. In this case, new vortex blobs are inserted
in the neighborhood at prescribed locations until a solution that satisfies the constraint is
found. This process is constantly occurring at the edge of the region occupied by the vortex
blobs to allow the region with non-zero vorticity to grow through diffusion. The Vorticity-
Redistribution Method can have an arbitrarily high order of accuracy in time; however, the
operator-splitting error from the fractional step formulation is still present [14]. One of the
drawbacks of this method is the heavy computational load that stems from the need to
solve a large number of linear programming problems. A similar method called the Particle-
Strength-Exchange (PSE) method has also been widely used [15]. In the PSE method, the
diffusion process is also modeled by exchanging the circulation between nearby vortex blobs.
The Laplacian of vorticity in the diffusion equation is replaced by an integral operator with
a Gaussian kernel. In an infinite fluid domain, the diffusion steps can be carried out simul-
taneously with the advection step, removing the operator-splitting error. However, if a body
is present, fractional step formulation is still used [15]. Unlike the vorticity-redistribution
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method, the PSE method requires a highly regular distribution of vortex blobs. Therefore,
it is necessary to frequently re-initialize the positions of vortex blobs back onto a uniform
grid by interpolating the vorticity at the grid points. This process may introduce some nu-
merical diffusion. Nevertheless, high-quality numerical results of flow past bodies have been
produced with the PSE method [16,17]. A rather unique aspect of the PSE method is that
new vortex blobs are not created on the body surface. Instead, the no-slip boundary condi-
tion is satisfied by modifying the circulation of vortex blobs near the surface [15]. Although
this method generates smooth solutions near the body surface, the PSE method lacks an
intuitive procedure for introducing new vortex elements into the flow.

The Diffusion-Velocity Method represents the vorticity diffusion process by moving the
vortex blobs. The circulation and core size of each vortex blob remain unchanged. In this
sense, the Diffusion-Velocity Method is the closest in spirit to the original RVM formulation.
Different from RVM, the movements of the vortex blobs are fully deterministic. The two-
dimensional vorticity equation can be manipulated to show that the combined effect of
advection and diffusion can be represented by advecting the vorticity according to the actual
flow velocity combined with a diffusion velocity [8]. The diffusion velocity is a pseudo velocity
that is proportional to the vorticity gradient and inversely proportional to the local vorticity.
In the original formulation of [8], the vorticity and vorticity gradient is directly computed
from the superposition of a large number of Gaussian vortex blobs. This method is shown to
generate smoother solutions compared to RVM. Also, the convection step and the diffusion
step can be carried out simultaneously, removing the operator-splitting error. However, the
Diffusion-Velocity Method breaks down when the overlap between vortex blobs is lost; the
lack of overlap will cause the viscous diffusion process to cease. To overcome this issue, a
hybrid approach that combines the Diffusion-Velocity Method and RVM can be used. For
instance, the Diffusion-Velocity Method is used near the body where a large number of
overlapping vortex blobs exist and a smooth solution is important. In the far wake where
the overlap between vortex blobs is lost because of diffusion, RVM is used instead so that
viscous diffusion can continue. A smooth transition between the Diffusion-Velocity Method
and RVM is adopted in the region in-between [18].

1.2 Current DVM implementation

For the current DVM implementation, the Diffusion-Velocity Method is chosen for its ef-
ficiency and relative ease in implementation. However, we need to overcome the difficulty
associated with the lost of overlap between vortex blobs. The hybrid approach of [18] works
but introduces additional complexity to the simulation, especially when multiple bodies are
present. Instead, a relatively recent approach called the Viscous-Vortex-Domains (VVD)
method is adopted [19,20]. In the VVD method, the local vorticity and vorticity gradient,
which are needed for evaluating the diffusion velocity, are computed based on nearby vortex
blobs using an exponential smoothing kernel. The radius of the smoothing kernel is chosen
adaptively based on the local spacing of vortex blobs, allowing the diffusion process to con-
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tinue even when the vortex blobs are relatively far apart. The details of this method are
given in Sec. 2.3.2.

1.3 Applications of DVM simulations

Using the current implementation of DVM, we have studied two novel flow problems of
practical interest. First, the lift generation of a hovering and flapping foil under both full
and partial ground effects is investigated. This problem is pertinent to the design and
control of Micro-Aerial Vehicles (MAVs). Second, the flow past a micro-scale Bach-type flow
turbine has been studied. This work aims at evaluating whether Bach-type turbines can be
miniaturized for use as micro-scale energy harvesters to power devices such as wireless sensor
nodes. The findings have been published in [21,22].

1.3.1 Flapping foil with ground effects

Unlike most large man-made aerial vehicles that fly on fixed wings, insects, avian species,
and aquatic animals often rely on flapping wings or fins for lift or thrust generation. Flapping
wings provide improved maneuverability at low speeds and may be more efficient than fixed
wings at very small scales (low Reynolds number) with optimized wing motion [23]. There
are mainly three distinct mechanisms that are responsible for the high lift force generated
by the flapping motion: delayed stall, rotational circulation, and wake capture [24]. The
delayed stall phenomenon occurs when the wing moves through air at large angles of attack.
A leading edge vortex forms which creates a suction effect on the low pressure side of the
wing. The rotational circulation has a strong effect on the lift force when the wing rotates
to reverse its direction. The wake capture effect accounts for the interaction between the
wing and its wake shed during the previous stroke. Depending on the timing of the rotation
relative to stroke reversal, wing-wake interaction may increase lift generation, allowing the
wing to effectively recapture energy from the shed wake.

Numerical or experimental investigations are needed to study the lift or thrust generating
mechanisms of a flapping wing because the flow around the wing is highly dynamic with
strong boundary-layer separation. The complicated motion of the body boundary presents
unique challenges for computational investigation especially in terms of mesh generation.
As a result, mesh-free techniques such as DVM [25] and SPH [26] or methods based on
non-body conformal grids such as the Immersed Boundary-Lattice Boltzmann Method (IB-
LBM) are often preferred [27-29]. However, conventional methods based on body-fitted grids
in a non-inertial frame have also been successfully applied [30]. Meanwhile, experimental
investigations have been carried out by several researchers [30-34].

In recent years, the research on flapping wings is further motivated by the interests
in developing MAVs which have a wide range of practical applications. One direction of
research is focused on efficient lift /thrust generation which is of great importance to MAVs
because of their limited power capacity. Another important direction is on the navigation
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of MAVs in a confined space. More specifically, it is important to understand the variation
in forces experienced by flapping wings in the presence of boundaries. For example, the
flow near a flapping wing in the presence of ground effect has been studied using numerical
methods by several authors in both two dimensions [35-39] and three dimensions [40-42].
Experimental investigations have also been carried out [43,44]. For wings flapping in normal
hovering mode, three regimes of ground effect have been observed: force enhancement, force
reduction, and force recovery [36]. When the clearance between the flapping wing and the
ground is sufficiently small, the wing will be in the force-enhancement regime, and the lift
force is increased by the presence of the ground. As the ground clearance increases, the flow
enters the force-reduction regime where the lift force is drastically reduced. If the clearance
continues to increase, the flow will eventually enter the force-recovery regime where the lift
force gradually recovers to the level without ground effect. The existence of these three
regimes is later confirmed experimentally [44]. Even though the three force regimes are
observed with a rigid ground surface, we expect to see similar changes to the lift and drag
forces when a light-weight MAV with rapid wing motion is hovering above a free surface of
water because we can approximate the free surface as a rigid ground plane in this case.

As a natural extension to the research on ground effect, we have investigated the forces
on a flapping foil in normal hovering mode near a finite-sized platform in two dimensions.
Special attention is given to partial ground effects when the wing is hovering near the edge of
the platform. This study has significance in the control of an MAV when it needs to slowly
approach and land on a small landing platform. In addition, this work is also pertinent to the
control of biomimetic underwater robots with flapping-fin-based locomotion. These robots
are expected to navigate complex environments and are likely to experience partial ground
effects during operation. The Reynolds numbers we are using are much smaller than what is
typical for modern MAVs and biomimetic underwater robots; however, we do expect to see
qualitatively similar flow behaviors around the flapping wing or fin for both applications.

1.3.2 Micro-scale Bach-type turbine

Currently, on-shore utility-scale wind power generation is dominated by Horizontal-Axis
Wind Turbines (HAWT). Large commercial HAWTSs incorporate active orientation (yaw)
control [45] and collective or independent blade pitch control [45,46] to ensure the turbine is
constantly facing the wind and operating at near-optimal load. As an alternative to HAWTs,
Vertical-Axis Wind Turbines (VAWT) are also being developed and improved. Although
less popular for on-shore applications, VAWTs have a number of advantages over HAWTs.
First of all, VAWTs can work with any wind direction, and a yaw-control mechanism is
not needed, leading to simpler and cheaper constructions. Further, VAWTs have a smaller
footprint and can be arranged in close-packed arrays. In fact, it has been found that it is
possible to increase power extraction efficiency of VAWTs through constructive aerodynamic
interactions between a pair of counter-rotating VAWTSs [47].

VAWTSs can be divided into two different types: lift-based Darrieus VAWTs and drag-
based Savonius-type [48] or Bach-type [49] VAWTs. Compared to drag-based VAWTs, Dar-
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rieus VAWTSs operate at a higher tip-speed ratio (\) and are generally more efficient [50];
thus, Darrieus VAWTs are usually preferred for large-scale wind energy applications. How-
ever, Darrieus VAWTSs have a low starting torque and are sometimes used in conjunction
with a Savonius-type VAWT to improve their self-starting capability [51]. On the other
hand, drag-based VAWTSs operate at a much lower A and have high starting and operational
torque. Darrieus rotors and Savonius or Bach rotors can also be utilized as water current or
tidal turbines [52,53].

Although less efficient than their lift-based counterparts, drag-based turbines are believed
to be particularly suitable for use as micro-scale power harvesters. In particular, Savonius-
type and Bach-type turbines can be used as power sources for Wireless Sensor Networks
(WSN) [54]. A WSN may consist of thousands of low-cost sensor nodes spread out in a
large geographic area. Each sensor node hosts a suite of Micro-Electro-Mechanical Systems
(MEMS) based sensors to monitor temperature, pressure, motion, illumination, etc. A sensor
node also contains a microcontroller, wireless transmitters and receivers, data storage, and
a power supply, typically a battery. Each node can communicate with each other, forming
a network which provides continuous monitoring of a large region. Such a network can
be deployed in various terrestrial and marine environments and has a wide range of civil
and military applications, from pollution monitoring to motion tracking. Even though the
sensor nodes are low-power devices, the usefulness of a battery-powered node is hampered
by its finite power supply. Therefore, it is ideal to incorporate an universal micro-scale
power harvester in each sensor node. Such a harvester needs to be low-cost, reasonably
efficient, and able to operate in an uncontrolled orientation. A drag-based turbine is a
potential candidate for this role because of its simple construction, self-starting capability,
and insensitivity to the wind or current direction. Finally, a drag-based turbine will need to
be able to operate at very low Reynolds numbers because of its small size and low wind or
current speeds. For example, a small sensor node placed on the ground will experience very
little wind because of the ground boundary layer. To evaluate the potential of drag-based
turbines for use as universal micro-scale energy harvesters, we have simulated the flow past
a Bach-type turbine at a low Reynolds number (Re = 1,500) using DVM and calculated
its power extraction efficiency. Detailed numerical investigation on drag-based turbines at
this micro scale has not been found in the existing literature. However, several researchers
have already started to show interest in small-scale wind turbines [55,56]. In particular,
a very recent study investigated experimentally the performances of 3D printed miniature
drag-based turbines of a slightly larger scale (Reynolds number based on turbine diameter
around 5 x 10%) [56]. The miniature turbines were used to power 4 light-emitting diodes,
demonstrating the potential for this type of small-scale wind-energy devices.

A sizable number of numerical simulations of flow past drag-based turbines can be found
[57]. Typically, these numerical analyses are carried out in the turbulent regime using mesh-
based methods and various turbulence models (see e.g., [58-60]). Few studies, however, have
been done on the performance of drag-based turbines at smaller scales with low wind or
current speeds. In this case, the flow can be modeled as laminar and two dimensional. The
viscous DVM is particularly attractive for solving this type of flow. There have been several
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previous DVM analyses of drag-based turbines [61-67]. These previous DVM computations
are focused on the wake of the turbine and do not directly simulate vorticity diffusion;
boundary-layer separation and vortex shedding are limited to the edge of the turbine blade.
Computational approaches in a similar spirit have also been used to efficiently predict the
blade forces and wake of a lift-based turbine [68-71]. Free vortex filaments released near the
blade trailing edge are used to construct the unsteady wake, and a dynamic stall model may
be incorporated to accommodate large blade angle of attack [70-72]. In this work, the fully
viscous DVM is used to simulate the flow. Viscosity and the effect of Reynolds number are
explicitly accounted for through vorticity diffusion, and the occurrence of boundary-layer
separation is no longer limited to blade edges.

1.4 Research objectives

This dissertation mainly consists of three parts. The first part involves the formulation,
implementation, and validation of the discrete-vortex algorithm (Chapters 2-3). In this
part, a major objective is to design, for various components of the algorithm, a set of new
efficient implementation strategies that utilizes both CPU and GPU parallel computing. The
new strategies should significantly improve the computational performance of the DVM.

In the second part of this dissertation, the present DVM algorithm is applied to investigate
the lift-generating mechanism of a flapping foil under full and partial ground effects (Chapter
4). This work represents a first investigation of the partial ground effect caused by the
presence of an effectively semi-infinite ground platform. The main objective is to discover
new lift-modifying flow mechanisms unique to partial ground effect.

In the last part of this dissertation, viscous DVM simulations are carried out to investigate
the fluid-dynamic characteristics and power-generating capacity of a micro-scale Bach-type
flow turbine (Chapter 5). The main objective is to evaluate whether Bach-type turbines can
be effectively miniaturized for use as micro-scale energy harvesters. Therefore, a very low
Reynolds number of 1,500 that has not been considered in the existing literature is used.
Turbine-wake interaction at this low Reynolds number is also investigated.



Chapter 2

Description of numerical method

This chapter aims at providing a complete description of the theoretical formulation which
the current DVM implementation is based on. Because significant efforts were made to
improve the computational performance of the software we have developed from the ground
up, various aspects of the numerical implementation are also discussed.

2.1 Problem description and general setup

The DVM software, in its current stage, is capable of solving the two-dimensional flow
around an arbitrary number Npg of rigid bodies submerged in an infinite and viscous fluid
of constant and uniform density p and kinematic viscosity v. The general setup of the
problem is shown in Fig. 2.1. The bodies can perform a prescribed motion (translation
and rotation), free motion, or a combination of both. The position and orientation of the
i-th body are fully described by the position of a reference center r.; = (2., y.;) fixed on
the body and the angle of rotation about this center 6; (positive in the counterclockwise
direction). Similarly, the motion of the i-th body is given by the velocity of the reference
center U.; = (Uei, Vei) = (Tci, Yei) and the angular velocity €2; = 0;.

Each two-dimensional body can be arbitrarily shaped with the ¢-th body occupying the
region B;. Numerically, the contour of the i-th body, 0B, consists of N, ; linear panels and
the same number of nodes between the panels. The unit normal and tangential vector of
0B; is given by n; and s;. Since we use linear panels, n; and s; are constant and equal to
n, ;, and s, i, respectively, on the k-th panel of i-th body.

In the fluid domain D, there are a total of IV vortex blobs that, together, numerically
represent the vorticity field. Each vortex blob has three basic attributes: circulation I';,
center position r; = (£;,7;), and core radius o; where 1 < j < N is the index of the vortex
blob. As time ¢ progresses, nascent vortex blobs are being created next to the body contours
after each time step to enforce the no-slip and no-penetration boundary conditions at the
fluid-body interface. This is achieved by creating a vortex sheet along each body contour to
enforce the no-penetration boundary condition. The vortex sheet is immediately converted
into nascent vortex blobs by conserving circulation. Existing vortex blobs move with time to
satisfy the two-dimensional vorticity equation given in Eq. (1.2). In the current formulation,
both advection and diffusion processes are simulated by the movement of the vortex blobs.
The shape and size of each vortex blob remain constant over time except when merging of
vortex blobs occurs.
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Figure 2.1: Schematic of the viscous-fluid flow problem with submerged bodies.

2.2 Choice of vortex blob structure

The structure of the vortex blobs, 7.e. the vorticity distribution associated with each blob,
needs to be decided first. Since the vortex blobs are merely numerical constructs, the exact
form of the vorticity distribution is rather arbitrary apart from a few constraints. First, the
vorticity field associated with a vortex blob should be finite, smooth, and have finite support;
the vorticity decays to zero if the distance to the center of the blob is much larger than the
core radius 0. Also, as ¢ — 0, the vortex blob should become a point vortex. It is, however,
problematic to directly use point vortices in DVM because the induced velocity is singular
at the center of a point vortex. A converged solution cannot be achieved by increasing the
number and decreasing the strength of vortices [11]. Various types of vortex blobs with
desingularized induced velocity have been introduced. In SS-FSRVM [4], the original vortex
blob introduced by Chorin is used [73]. The stream function of a Chorin vortex blob centered
at ro = &i + nj is given by

_J T/(27)log|r — ro| if r—rg| >0

¥(r) = { I'/(2m)(|r — ro|/o) + constant if [r — 1| < o (2.1)
where I' is the circulation of the vortex blob, ¢ is the core radius of the blob, and r = zi+ yj
is the position vector where the stream function is evaluated. The constant in Eq. (2.1) is
chosen such that the stream function is continuous at |r — ro| = . Outside the core, the
induced velocity is the same as that of a point vortex. Inside the core, the tangential velocity
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is finite and constant. However, the vorticity is still singular at the center of the blob. This
presents challenges when computing the vorticity field.

A common alternative to the Chorin blob is the Gaussian blob of second order [11]. A
Gaussian blob of radius ¢ and circulation I' located at r( creates a vorticity field:

w(r) = — exp (—M) (2.2)

To2 o2

The induced velocity at r is

u(r) = H (1 — exp (_|r;—2r0|2)) (2.3)

)= D (1 (=) »

2m|r — 12 o

The advantage of the second-order Gaussian blob is that it has a smooth vorticity and veloc-
ity distribution. The tangential velocity inside the core approximates rigid-body rotation,
whereas outside the core, the tangential velocity quickly approaches that of a point vortex.
The transition between the two region is also smooth.

The stream function of the second-order Gaussian blob is shown to be:

r 1 — a2
Y(r) = o (hl lr —ro| — §Ei (—%)> + constant (2.5)

(e

The presence of the exponential integral Ei means that generating streamlines can be expen-
sive computationally when a large number of vortices are present in the flow field. However,
this issue can be partially resolved by approximating the stream function of the Gaus-
sian blob with that of a point vortex when the center of the blob is sufficiently far away
(e.g. [r —ro| > 40). In the present implementation of DVM, the second-order Gaussian blob
is adopted.

2.3 Motion of vortex blobs

In RVM, the positions of the vortex blobs are updated using a fractional step formulation
where diffusion is simulated using random walk separate from advection. A major disad-
vantage of this approach is that conventional high-order time-integration schemes can not
be applied directly because of the presence of a stochastic process [6,7]. Chang proposed
a second-order-accurate time-integration scheme by interlacing random walk with advec-
tion [6]. To further increase the order of accuracy, it becomes clear that a formulation that
merges advection and diffusion into a single step is needed. This can be achieved through
the use of diffusion velocity proposed by Ogami and Akamatsu [8].
The two-dimensional vorticity equation, Eq. (1.2), can be rewritten as
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W 0 )+ Ly = DO | OO (2.6)

ot 0 oy Oz |wox Oy |w dy '
This form allows us to combine the advection terms and the diffusion terms:

Oow 0 v ow 0 v Ow

| Gy R 1[Gt B R 20

The combined effect of advection and diffusion results in vorticity being transported by u+uy4
in the z-direction and v + v, in the y-direction where the diffusion velocity ug and v, are
defined as:

v v
e =
With the above formulation, higher-order time-integration schemes (e.g. fourth-order
Runge-Kutta method) can be directly applied to update the vortex blob positions. In ad-
dition, the diffusion is modeled deterministically, significantly reducing noise in the solution
and improving convergence [8]. The numerical implementation of advection and diffusion is
presented in this chapter.

2.3.1 Treatment of advection process

The vortex blobs advect according to the local flow velocity at the center of each blob. The
flow velocity u is determined by summing the velocity induced by all vortex blobs present [11]
and the velocity induced by rotating bodies:

N
1 (r—r;) xk[g9(|r — rj|/0;)
u(r,zf):(u,v):__27T J \r—]r|2 I

*Z // e i

where k is the unit vector in the out-of-plane direction. The form of the function g depends
on the type of vortex blob used. For the Gaussian vortex blob used here, the function g is
given as

(2.9)

g(z) = 1 — exp(—2?) (2.10)

The first term on the RHS of Eq. (2.9) is the sum of the induced velocities of all N vortex
blobs in the flow. This term represents the mutual interaction between vortex blobs. The
position, strength, and core radius of the j-th vortex blob are r;, I';, o}, respectively. The
second term is the velocity induced by Np rotating bodies in the flow with €2; and B; being
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2.3. Motion of vortex blobs

the angular velocity of and the area occupied by the ¢-th rotating body. Mathematically,
the spaces inside the bodies are filled with flow under rigid-body rotation and have uniform
vorticity 2€);.

At each time step, Eq. (2.9) needs to be evaluated for every vortex blob. This task
occupies a significant portion of the computing time; therefore, a careful implementation is
required for efficient computation. The numerical implementations of the mutual interaction
term, first term on the RHS of Eq. (2.9), and body induced term, second term on the RHS
Eq. (2.9), are separately discussed in Sec. 2.3.1.1 and Sec. 2.3.1.2.

2.3.1.1 Mutual interaction between vortex blobs

A direct summation of the mutual interaction term for each vortex blob would require an
operation count of O(N?) where N is the total number of vortex blobs. The computing
time required would be impractical because N is of O(10°) to O(10°) for most cases of
interest. A more efficient algorithm for N-body interaction must be adopted. The current
implementation of DVM utilizes the Fast Multipole Method (FMM) developed by Greengard
which reduces the operation count to O(N) [74].

At each time step, a quadtree is constructed to spatially partition the domain. The
highest level (root level) of the quadtree contains a single node which is a single square box
encompassing all the vortex blobs. Nodes on the next level of the quadtree are constructed
by subdividing the nodes (boxes) on the current level into their four quadrants. This process
continues recursively until a node contains less than N,,,, vortex blobs at which point the
node is marked as childless. A childless node will not be divided further. All empty nodes
(containing no vortex blobs) are discarded. The hierarchical structure of the quadtree is
illustrated in Fig. 2.4. An example quadtree constructed for the boundary layer and wake
of a translating cylinder can be seen in Fig. 2.2. Only childless nodes are shown for clarity.

In FMM, only Near-Field Interactions (NFI) are computed in a pairwise manner. NFI
refers to the interaction between vortex blobs belonging to the same or neighboring childless
nodes. Interactions between vortex blobs belonging to non-neighboring childless nodes, Far-
Field Interactions (FFI), are accounted for efficiently by combining the effects of vortex blobs
in the same node. This allows FFI to be evaluated in a node-to-node fashion through the use
of multipole expansions and local expansions, thus significantly reducing operation counts.
Further more, FMM fully utilizes the hierarchical nature of a quadtree by always evaluating
node-to-node interactions at the highest level (largest boxes) possible. The exact procedure
of FMM, given in [74], is somewhat complicated and will not be repeated here for the sake
of brevity.

The computational load of FMM can be separated into two major parts: pairwise NFI and
node-level operations (including quadtree construction). NFT is relatively simple but needs to
be carried out a large number of times. In addition, NFI of each vortex blob can be summed
independently of each other. This character makes NFI highly parallel in nature. Therefore,
to further improve performance, we have adopted a heterogeneous computing framework in
which NFT is processed by a Graphics Processing Unit (GPU) using the Compute Unified
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Figure 2.2: Example of quadtree construction for the boundary layer and wake of a trans-
lating cylinder. The blue dots represent vortex blobs, and the black boxes are
childless nodes (boxes) of the quadtree.

Device Architecture (CUDA) and node-level operations are done by the Central Processing
Unit (CPU).

The unique architecture of a GPU makes it more suitable to parallel computing then
a CPU. For example, a single NVIDIA GeForce GTX TITAN Black GPU contains 2880
single-precision CUDA cores and 960 double-precision units [75]. This is vastly superior to a
multi-core CPU even considering the fact that a GPU cannot run double-precision floating-
point operations at full speed. Common commercial GPUs are designed and optimized for
single-precision operations.

In GPU computing, a large number of threads are executed simultaneously. The threads
are grouped into blocks, and multiple blocks form a grid. All threads in a grid must run the
same set of instructions called a kernel. The NFI computation is implemented in the most
straightforward manner here. Each block corresponds to a childless node, and each thread in
the block is responsible for a single vortex blob in the node. Each thread sums the induced
velocities of all vortex blobs in the current and neighboring childless nodes at the center of
the vortex blob it is responsible for.

Memory access is an important factor that determines the performance of GPU com-
puting. Different from CPU programming, efficient memory access on a GPU is largely the
responsibility of the programmer. There are multiple memory types on a GPU: global mem-
ory, shared memory, register, and other specialized memory types, such as texture memory.
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The largest is the global memory which normally has a size of several gigabytes. Before any
computing can be done, data must first be copied from the system memory to the global
memory on the GPU. The GPU can directly access any data stored in the global memory.
However, global memory is relatively slow, and efficient access to global memory requires
memory access coalescing. One of the requirements of memory coalescing is that threads
in the same warp (32 consecutive threads) must access global memory in an aligned and
sequential fashion. Shared memory, on the other hand, is allocated per block and is visible
to all the threads within the same block. Shared memory is considerably faster than global
memory but is very limited in size, normally between 16 to 48 kilobytes per block. Register is
the fastest on chip memory. Like shared memory, register size is also very limited. Variables
stored in the register are only available to each individual thread, not across threads.

Under the current implementation of NFI, data containing the circulations, positions,
and sizes of all vortex blobs are first copied from the system memory into the global memory
of the GPU. Because the vortex blobs are not stored in the memory in any specific order,
global memory coalescing is not possible. To improve performance, each block uses all its
threads to copy the data on vortex blobs located inside its corresponding childless node and
neighboring childless nodes into its shared memory. This allows the threads to efficiently
access all the relevant information for NFI computation. Because of the limited size of shared
memory, each neighboring childless node is loaded sequentially. Once the velocity from NFI
are calculated for each vortex blob, the results are copied back to the global memory and
then back to the system memory. The use of shared memory reduces the frequency of
non-coalesced global memory access.

Because GPU can operate independently from the CPU, NFI on GPU and node-level op-
eration on CPU can run in an asynchronous fashion. The CPU first constructs the quadtree
based on vortex blob distribution. Next, vortex blob and quadtree data are copied to the
GPU. From this point on, the GPU and CPU work on different tasks simultaneously. The
results from GPU and CPU are combined at the end. The CPU code is also parallelized
using the Open Multi-Processing (OpenMP) Application Programming Interface to fully
utilize multi-core CPUs. Load balancing between CPU and GPU is important. Ideally, both
GPU and CPU should complete their individual tasks at roughly the same time. This can be
achieved through adjusting the parameter N,,,,. A higher N,,.. will lead to fewer levels and
nodes in the quadtree, thus reducing CPU workload. At the same time, each childless node
will contain more vortex blobs, resulting in heavier NFI computation. Advanced methods
for dynamically balancing the load between multiple CPUs and GPUs have been developed
(e.g. [76]). However, here we decided to simply set Np,.. to 1024. The reason is that the
GPU currently being used has the Kepler GK110 architecture which supports a maximum
of 1024 threads per block. By setting V,,.. to 1024, we ensure that there are enough threads
and shared memory in each block to process all the vortex blobs in the node in one sweep.
The high value of N,,.. is a consequence of the high computing power of the GPU. For a
FMM subroutine implemented solely on the CPU, N,,.. is typically around 200 for better
performance.

Our GPU-accelerated FMM subroutine is evaluated by computing the mutually induced
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Table 2.1: Performance and accuracy of the Fast Multipole Method (FMM) subroutine:
single-thread versus GPU-accelerated

Single-thread FMM GPU-accelerated FMM Factor of
N teomp (8) E. E, teomp (8) E, E, Acceleration
10% 1.00 22x 1071 1.8x 107" | 0.0129 1.1x107" 6.6 x 10712 xT77.5
10° 7.20 3.7x 107" 69x1071 | 0120 28x107' 58x 107! x60.0
108 52.1 1.6 x 10710 9.7 x 1071 1.69 1.3x 10710 84 x 1071 x30.8
2 x 106 190 9.2x 107" 6.6 x 1071 2.67 73x 107" 59 x 1071 x71.3

velocities of N randomly generated vortex blobs. The position (§;,7;) and circulation I'; of
the j-th blob are randomly chosen such that £; and 7, are in the range [0, 10] and I'; € [—1, 1].
The core radii of all vortex blobs are set to 0.001. Four values of N between 10* to 2 x 10°
are used. The performance of the GPU accelerated FMM subroutine is compared against
an equivalent subroutine that only run on a single CPU thread with N, = 200. The
computing time t.,y,, is measured on a computer with two Intel Xeon X5690 CPUs with 6
physical cores each (12 total) and a GeForce GTX TITAN Black GPU operating in double
precision mode. As a reference, the mutually induced velocities are also computed using the
much less efficient direct summation method with O(N?) work load. The relative errors in
the 2- and y-components of the induced velocity at the j-th vortex blob, F, ; and E, ;, are
defined as

Uj FMM — Uj direct Vi, FMM — Ujdirect

Eu ;=

E,; =

(2.11)
Uj direct Vj direct

where u; parar and vj pasas are the z- and y-components of the induced velocity at the center
of the j-th blob computed using the FMM subroutines. The velocities computed from direct
summation are given by u; girect and v gireet- The averaged relative errors are simply defined

as

B | N B | N

Eu=~> B  Bu=+) By (2.12)
j=1 Jj=1

The averaged relative errors are computed for both the single-thread and the GPU-accelerated

FMM subroutines. The results are compiled in Table. 2.1.

From Table. 2.1, we can see that the factor of acceleration is typically around 60 for
the GPU-accelerated FMM subroutine, except for the case of N = 10° where the factor
of acceleration drops to around 30. This indicates that the performance improvement is
sensitive to the density and distribution of the vortex blobs. Nevertheless, the performance
improvement is significant when GPU is used. For all four cases, the FMM subroutines

show adequate accuracy with averaged relative errors in the induced velocity typically on
the order of 1071,
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2.3. Motion of vortex blobs

2.3.1.2 Body rotation induced flow velocity

The rotating-body-induced velocity term in Eq. (2.9) involves a double integral over the area
occupied by each body. However, utilizing the fact that the vorticity inside each body is
uniform, the area integral can be replaced by a more efficient contour integral along the body
boundary. It can be easily shown that
r—TIg
——=—-V,,/Injr—r 2.13
|I‘ — I‘0|2 0 | 0| ( )
where V,, represents the gradient with respect to ry. Using the divergence theorem, we
arrive at the following alternative expression for body-rotation-induced flow velocity [77]:

Z // r—r0|2 Z /8B ((ro) In |r —ro|ds (2.14)

where s;(r) is the unit tangent vector of the body contour 0B; at ry in the counterclockwise
direction.

If r is not too close to the body boundary panels, the contour integral can be easily
integrated numerically using the trapezoidal rule:

Np.i

L Infr—rigl+lnfr—r
/ si(r0)1n|r—r0|dszZSi7kn‘r r7k|—|—2n|r r’kH’Ek (2.15)
OB, 1

where N, ; is the number of linear panels in the body contour 0B;. Also, {, S;k, Tik,
and r; ;41 are the length, constant unit tangent vector, and the two endpoints of the k-
th panel of the i-th body, respectively. The simplicity of the trapezoidal rule means that
the integration can be implemented on the GPU in a relatively straightforward manner for
better performance. However, if a body panel is too close to the location r, the integrand
becomes almost singular, and the trapezoidal rule is not adequate. In this case, an adaptive
quadrature with three-point Simpson’s rule and five-point double Simpson’s rule is used on
that panel. Unfortunately, the adaptive quadrature is recursive in nature and is more easily
implemented on the CPU. A simple solution is to use trapezoidal integration on the GPU
whenever the body panel is reasonably far away from r, which is true for the vast majority
of the time. Adaptive quadrature on the CPU is only used when any part of a body panel
falls within a certain distance to r. The threshold distance that triggers adaptive quadrature
is chosen to be three times the maximum panel size. Again, since the CPU and GPU can
operate independently, the adaptive-quadrature integration and trapezoidal-rule integration
can be carried out simultaneously.

2.3.2 Treatment of diffusion process

The evaluation of the diffusion velocities requires the local vorticity and vorticity gradient at
the center of each vortex blob. Because of the lack of a mesh, computing derivatives presents
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some challenge in DVM as well as in other Lagrangian methods. In Ogami and Akamatsu’s
original formulation, the vorticity field is directly constructed by superposing the vorticity
of many overlapping Gaussian vortex blobs of fixed radius [8]. As simulation progresses, the
separation between vortex blobs increases as a result of diffusion, and the overlap between
blobs is lost in the far wake. The loss of overlap leads to zero vorticity gradient at the
center of vortex blobs, preventing further diffusion. This issue is documented by Clarke and
Tutty [18] who proposed a hybrid method as a solution. In the hybrid method, diffusion
velocity is used for vortex blobs near the body where overlap between blobs is expected. As
blobs move away from the body, diffusion velocity is gradually graded to random walk. This
method allows diffusion to continue in the far wake.

In the current implementation, the local vorticity and vorticity gradient are determined
using the Viscous-Vortex-Domain (VVD) method [19] which circumvents the issue with the
loss of blob overlap altogether. In VVD, the vorticity w at some point r in the flow field is
approximated using an exponential smoothing kernel of an adaptive radius e that depends
on the local vortex blob spacing. When the gradient of the vorticity is needed, the gradient
of the exponential kernel is used instead. This approach is mathematically similar to that
being used in SPH, another popular Lagrangian particle method [78].

At a point r in the flow field, the vorticity can be given by

LL)( _lli%l—// I'() ’"/gdr
r):// e/ dr
D

where drp = dx dy is a differential area of the flow field. Also, we define r' = ry — r, and
= |r’|. By taking a sufficiently small value for €, we can take the following approximation:

Lr) //Dw&o)e—’“’/ﬁ dry (2.17)

It is of interest to note that we have I(r) = 2we? for any r in an infinite fluid. However,
when solid bodies are present in the fluid, a correction is needed because the areas occupied
by the bodies must be excluded from the integration:

Np
r) =2me’ — ) // e~/ dr (2.18)
i=1 v/ Bi

Using the divergence theorem, we can replace the area integral in Eq. (2.18) with contour
integrals along body boundaries:

(2.16)

I(r) = 21 —62/ ) te ~r'/e ds (2.19)
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The following identity has been invoked [19]:

—r'/e o ,
_e _ Vro . (I‘ (T + 6) e /e> (220)

€ T’2

The correction term associated with the presence of the body decays exponentially as r
moves away from the body boundaries.

As discussed earlier, an integral representation of the vorticity gradient can be derived
from Eq. (2.17). It can be easily shown that the gradient of the exponential kernel is given
by

I,/

! !
V.e /e _ e " /e_/
€r

(2.21)

Therefore, with the application of chain rule, the integral representation of the vorticity
gradient at r is simply given by

RNy
[ et [// wtsge ] [ [ 2 ]

(2.22)

w(ro)e’W6 drg

Using the definition given in Eq. (2.8), we arrive at the following equation that expresses the
diffusion velocity in terms of the vorticity in the fluid domain D:

, _
uy = —1/// w(ro)e_rl/er—/ drg (// w(rg)e /e dro) + — // - /E—drg (2.23)
D er D

where uy = (ug,v4). As pointed out in [19], the second term on the RHS of Eq. (2.23) is
only present when the point r is close to the body boundary and decays exponentially when
r moves away from the body. The term can be more easily understood and computed in its
alternative form. Using divergence theorem again, we have

v r’ AL r’ L
—rfe X qp = _ /el qpa = 2 e "/eq 2.24
A [ S an I()z//B =, I(r);/m_nze s (224)

where n; is the unit normal vector of body boundary 0B; pointing away from the body and
into the fluid. From Eq. (2.24), it can be easily observed that the second term on the RHS
of Eq. (2.23) is essentially a repulsion velocity that pushes the vortex blobs away from the
body boundaries [19]. The direction and magnitude of this repulsion velocity only depend
on the geometric arrangement and the kernel width e. Also, this repulsion velocity is only
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present when the distance from r to the body boundaries is comparable to €. It appears
that this repulsion effect is only a consequence of the numerical formulation being used and
is not directly related to any physical flow mechanism.

In order to express the diffusion velocity in terms of the strengths and positions of vortex
blobs, the discrete form of Eq. (2.23) can be used. The diffusion velocity ug,, = u4(ry,) at
the center of the m-th vortex blob located at r,, is given by

6mrjm m

N . N -1 , s Np.i
Uy, = —V ( Z I‘je_rjM/em ﬂ) (Z Fje_rjm/€m> +[_ Z Z n; /83 e—rm/em ds
j=1 ik

j=1j#m i=1 k=1
(2.25)
2 Ng Mo , 'I"l + €m /
I, = I(ry,) = 2me;, — €y, Z Z n; - /83 rmmrf2e_rm/Em ds (2.26)
i=1 k=1 ik m

where rj,, = r; — 1, With 7, = [rjn], 1), = ro(s) — rp, with v, = |r/ |, and 0B; ) denotes
the k-th panel of the i-th body. The value of ¢, is chosen to be the distance from r,, to the
nearest vortex blob multiplied by a safety factor that is greater than one.

The VVD formulation for vorticity diffusion described here is superior to the original
RVM. The current approach is deterministic; thus, convergence is improved, and the noise
in the results caused by the random vortex motion in RVM is removed. Also, the diffusion-
velocity formulation allows the merging of the advection and diffusion steps, removing the
error from the use of fractional steps in RVM and allowing the use of high-order time-
integration schemes. However, the current approach has one numerical issue: the diffusion
velocity can become excessively large in regions with near-zero vorticity but non-zero vor-
ticity gradient, leading to very chaotic vortex blob distributions. This situation is usually a
consequence of local “cancellation” between vortex blobs with positive and negative circula-
tions. One simple solution to this issue, proposed and adopted by Ogami [79], is to compute
the diffusion velocities for positive and negative vortex blobs separately, thus avoiding “can-
cellation.” This is justified by the fact that the diffusion process is linear [79]. Good quality
solutions were obtained with this treatment as shown in Chapter 3.

2.3.2.1 Computation of diffusion velocity without body boundaries

Although the mathematical development of VVD is outlined in [19], an efficient strategy
for evaluating the diffusion velocity is not provided. An efficient implementation is very
important because, unlike the random-walk step which requires almost no computing effort
compared to the advection step, the diffusion velocity requires considerable work to compute.
With a primitive implementation, the computing time spent on evaluating the diffusion
velocity can easily dominate over the time taken up by our GPU-accelerated FMM subroutine
for advection.
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The RHS of Eq. (2.25) shows that the diffusion velocity is the sum of two contributions:
one from vortex blobs in the flow (first term of RHS) and one from body panels (second term
of RHS). The two parts can be computed separately. The computation of the first term,
which is essentially the diffusion velocity without body boundaries, is considered first.

A verbatim implementation of this term will, again, require a workload of O(NN) to com-
pute the diffusion velocity for each vortex blob, resulting in a total workload of O(N?).
Fortunately, the kernel e ~"im/¢m decays to zero rapidly with increasing distance to r,,; there-
fore, only the vortex blobs in the neighborhood of the m-th vortex blob are needed in the
summation when computing ug,,, potentially reducing the total workload to O(N). This
is different from the advection velocity where the interaction between vortex blobs is only
inversely proportional to the distance. In this sense, the key to rapidly evaluating the first
term on the RHS of Eq. (2.25) lies in an efficient neighbor search algorithm (also needs to
be O(N log N) workload).

Figure 2.3: Block for diffusion velocity (Dots represent vortex blobs and the “+” sign marks
the calculation point) [80].

If the same kernel radius is used for all vortex blobs, €,, = ¢ for m = 1,..., N, the
relatively straight forward method given in [80] can be used. As shown in Fig. 2.3, the
domain is partitioned into square regions of size B-by-B. When evaluating the first term on
the RHS of Eq. (2.25) for the calculation point labeled by a “+” sign, only the vortex blobs
belonging to the center block, which contains the calculation point, and the eight neighboring
blocks (shaded) are included in the summations. This procedure guarantees that all vortex
blobs within a distance B to the calculation point are retained. The error of the calculation
is controlled by the ratio B/ey. This simple method is also relatively trivial to implement
on the GPU; however, it cannot be efficiently applied to the current formulation where the
value of ¢,, varies considerably from vortex to vortex depending on the local vortex blob
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spacing. To maintain the level of accuracy everywhere in the flow, the value of B needs to
be chosen based on the largest ¢,,, leading to very large blocks and long computing time.

To accommodate nonuniform ¢,,, a more robust and adaptive neighbor-search algorithm
based on a k-d tree or a quadtree (see Sec. 2.3.1.1) is preferred [81]. Both tree data structures
spatially partition the entire domain into blocks. Each block is called a node, and each node
is recursively subdivided into two (k-d tree) or four (quadtree) child nodes until each node
contains less than N,,., vortex blobs, at which point the node is designated as a childless
node (also called a leaf node) and is not subdivided any further. This process creates a data
structure resembling an upside-down tree as shown in Fig. 2.4. As an example, the childless
nodes (blocks) of a typical flow instant is illustrated in Fig. 2.2. For the diffusion step, the
value of N,,.. is chosen to be 128. Once the tree data structure is constructed, a Nearest
Neighbor Search (NNS) is performed first to identify the nearest neighbor of each vortex
blob in order to determine the value of ¢,,. Each NNS query requires one tree traversal with
a workload of O(log N). A tree traversal starts from the root node (i.e. the entire domain)
and moves down the tree level-by-level until the childless node containing the query point
is reached. The distance, rp.s, from the query point to the nearest vortex blob inside this
childless node is computed and recorded as the nearest distance so far. Next, the tree data
structure is traversed from the root node containing the query point upwards level-by-level,
checking all other branches of the tree along the way until the root node is reached again.
In this phase of the tree traversal, only neighboring nodes within a distance of 7.4 to the
query point are qualified and need to be checked; the value of 7. is updated if the qualified
neighboring node contains a vortex blob whose distance to the query point is less than the
current value of rp.;. If the distance of a node to the query point is larger than 7.4, this
node, as well as any children of this node, can be skipped. As a result, we only need to check
the vortex blobs belonging to a small number of childless nodes. The total workload for the
NNS phase to determine ¢, is O(N log N). In practice, the search for the nearest neighbor
takes negligible time even for large number of vortex blobs.

Once €,,, m = 1,..., N are determined, a fixed range search is performed for each vortex
blob. For the m-th vortex blob, any other vortex blob that is within distance c - ¢, to r,,
is identified. These vortex blobs are used to evaluate the summations in the numerator and
denominator of the first term on the RHS of Eq. (2.25). To perform the range search, a tree
traversal similar to that of NNS is conducted. Also, the same tree data structure constructed
for NNS can be reused. The only difference is that, instead of a varying ry.s, we use a fixed
range c- €, to determine whether a node needs to be checked. The constant c is chosen to be
10. The exponential kernel decays to e !9 = 4.5 x 1075 at the distance 10e,,, and neglecting
vortex blobs beyond this distance yields acceptable error. The computational workload of
this step is also of O(N log N); however, it is significantly more computationally intensive
than the NNS step. Once the two summations over vortex blobs are performed, the first
term of the RHS of Eq. (2.25) can be easily computed.

The program for tree traversal used in the search algorithm described above is recursive
(a function calling itself) in nature and relies on complicated memory access patterns. This
makes an efficient GPU implementation challenging. In fact, tree traversal on the GPU is
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Figure 2.4: k-d tree and quadtree data structures for neighbor search.

still an active area of research. In order to utilize the computing power of the GPU without
having to contend with this difficulty, we have adopted a hybrid approach that combines both
a simple search method similar to [80] and the more sophisticated search algorithm based on
tree data structures. In this approach, a quadtree data structure is constructed first on the
CPU. Next, a parallelized subroutine that runs on multiple CPU cores is executed to perform
NNS and determine the value of ¢,, for all vortex blobs. Both steps consume negligible time.
Subsequently, the evaluation of the two summations in the RHS of Eq. (2.25), the most
computationally intensive step in the evaluation of diffusion velocity, is carried out on both
the CPU and the GPU. A critical kernel radius of €..;; = 40 is chosen. If €,, > €., the
diffusion velocity of the m-th vortex blob is computed on the CPU by performing a tree
traversal on the quadtree. If €,, < €., the diffusion velocity is computed on the GPU. The
GPU only utilizes the childless nodes of the quadtree. The vortex blobs belonging to the
same childless node that satisfy the requirement ¢,, < €. are processed in parallel using
the large number of threads available on the GPU (also, multiple childless nodes are being
processed concurrently). The vortex blobs inside the current childless node as well as nearby
childless nodes within a distance of 10¢,,;; are used to compute the diffusion velocity. Similar
to the method of [80], this procedure guarantees that all neighboring vortex blobs within a
distance of 10¢.,;, which is greater than 10e,,, are included in the summations.

It is observed that the majority of vortex blobs have relatively small €, < €..;;; thus, the
GPU is shouldering most of the computation, and the CPU is only used to process the more
“difficult” cases with larger ¢,,. Of course, the value of €..;; can also be fine tuned to balance
the workload between the GPU and the CPU for better performance.

2.3.2.2 Computation of the boundary repulsion velocity

The second contribution to the diffusion velocity is the boundary repulsion velocity given
by the second term on the RHS of Eq. (2.25). The two integrals over panel k of body 1,
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0B, in both Eq. (2.25) and Eq. (2.26) need to be evaluated. In particular, the integrand
of the boundary integral in Eq. (2.26) can become almost singular if the computation point
r,, is very close to the panel 0B; . To ensure the accuracy of the integration, the adaptive
quadrature with three-point Simpson’s rule and five-point double Simpson’s rule mentioned
in Sec. 2.3.1.2 is used here again.

The computation of the boundary repulsion velocity can be sped up significantly by
exploiting the fact that the integrands in both boundary integrals decay exponentially with
increasing distance between the computation point r,, and the panel 0B; ;. Therefore, in
the current implementation, the integrals over panel 0B, ;, are computed only if any part of
this panel falls within a distance of 15¢,, to the point r,,. Otherwise, the contributions from
panel 0B, are neglected from the summations.

To achieve this strategy efficiently, a tight bounding box is computed for each body in
the flow first. If the point r,, is not inside any bounding box and the distance from r,,
to any bounding box is more than 15¢,,, it is safe to approximate the boundary repulsion
velocity at r,, as zero. With this simple check that costs negligible computing time, the
vast majority of the wake vortex blobs far from any body surface can be excluded from the
computation of body repulsion velocity. On the other hand, if r,, is inside a bounding box or
within a distance of 15¢,, from any bounding box, we will have to check for any body panel
that might at least partially fall within a distance of 15¢,, to the point r,,. This check can
be done efficiently using the range search algorithm with a k-d tree or quadtree described
in Sec. 2.3.2.1. More specifically, instead of search for neighboring vortex blobs as done in
Sec. 2.3.2.1, the range search algorithm is used to identify any panel endpoint whose distance
to r,, is less than 15¢,, plus the maximum panel length. If this distance is exceeded, it can
be guaranteed that no part of the panel associated with this endpoint is within a distance
of 15¢,, to r,,, and the contributions from this panel can be safely neglected. Otherwise, the
boundary integrals in Eq. (2.25) and Eq. (2.26) are evaluated over this panel using adaptive
quadrature, and the contributions from this panel need to be included in the summations.
The procedure described above significantly reduces the computational workload and allows
for very efficient and accurate evaluation of the boundary repulsion velocity.

2.4 Creation of vortex blobs and enforcement of
boundary conditions

At the end of each time step, new vortex blobs are created near the body surface to simulate
the vorticity creation process. First, a vortex sheet is constructed along the contour of each
body, and the strengths of the sheets are determined by satisfying the no-penetration velocity
boundary condition on each body contour simultaneously. For clarity, the case with a single
rigid body is considered first, and the subscript associated with body number is dropped
from the variable names. The complex conjugate velocity w, = u, — iv, induced by the
vortex sheet 7(s) along the body contour 9B is given by
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i 1s) 4,

T2 oy 7 2o >

wy(z) =
where z = x +iy and s is the arclength coordinate along 0B. Numerically, the body contour
is separated into N, linear panels. We assume ~(s) is continuous and varies linearly over
each panel. In this case, we can express the vortex sheet strength v as

Np
V(s) = ZAk'Yk (2.28)
k=1
where
DT EL g 2o is on panel k — 1
ék - ikfl
Ap(z0) = § 20 Zk41 44 2o is on panel k (2.29)
Zk = Rk+1
0 otherwise

In Eq. (2.29), 2 is the complex coordinate of the k-th node of 0B. Following a simple
substitution, we have

. DNp
w,(2) = —— Z%/ Anlz0) o (2.30)
2m — 9B 2 — %0

where 2z is a function of s only. Assuming the body nodes are ordered in the counterclockwise
direction, we have the following relation on the k-th panel:

dZO
ds
The unit normal vector on the k-th panel is n;. By changing the variable from s to zg, the

integral in Eq. (2.30) can be evaluated analytically, leading to the following expression for
Wy

z — Z .
= L (), +i(ng). (2.31)
k |Zk11 — 2

. Ny
i Z— Zh_1 2y — 2 ds
- 1 1) —
wy () s ;’yk [(zk — Zp_1 . 21 — 2 + ) dz
- - d
N (z e Se 1) s }
k

2k — Zk41 Z— 2k dzg
The unknowns v, & = 1,2,..., N, can be solved for by enforcing the no-penetration
boundary condition at a set of IV, control points on the body boundaries. Here, we shall
use the body panel midpoints r,,,, m = 1,2,..., N, as the control points. The corresponding

k=1 (2.32)
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complex coordinate is z,,. The flow velocities induced by the vortex sheets at these points
are given by

Np
wy(zm) = Ak (2.33)
k=1

where

Ak :L [(zm T Fkely, SR T Em + 1) E
27 2k — Zh—1  Zk-1— Zm dzo |, 4 (2.34)

I (Zm_zk+11nzm_zk+1 _1>E ]
k

2k — Zht1 Zm — 2k dzg
Now, we can state the no-penetration boundary condition on the body surfaces as:

N al dz
S ZAmk’Ykz&

k=1

)+u(rm)-nm:(uc+ﬂx(rm—rc))-nm m=1,...,N, (2.35)

m

where 2 = Qk is the angular velocity of the body and the velocity u(r,,) is induced by all
existing vortex blobs and rotating bodies as defined in Eq. (2.9). The symbol & denotes the
imaginary part.

Equation (2.35) forms an N,-by-N,, linear system of equations. However, it is well known
that the rank of the system is only N, — 1. This is because the vortex sheet automatically
satisfies conservation of mass (Laplace’s equation). If the mass fluxes through the first N, —1
body panels satisfy the no-penetration boundary condition, the flux through the last body
panel N, will automatically conform with the no-penetration boundary condition by virtue
of conservation of mass (there is no source or sink inside the body). As a result, the last
equation obtained from Eq. (2.35) with m = N,, is linearly dependent on the other N, —1
equations. In order to acquire a unique solution for 7, an additional constraint that specifies
the net rate of creation of circulation is required [77]:

QEA - - V% ds=0 (236)
where A is the area occupied by the body bounded by 0B. The first term represents the
change in the circulation of the imaginary fluid inside the body because of body angular
acceleration. The second term on the left-hand side (LHS) of Eq. (2.36) is the net rate of
creation of circulation from the body surface, with —v(0w/dn) being the vorticity flux away
from the surface.

Equation (2.36) is similar to Kelvin’s circulation theorem. It requires the total circulation
in the flow, including the circulation 2Q2A of the imaginary fluid inside the body, to remain
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constant over time. A proof of this relation can be obtained from the fact that pressure
needs to be single-valued on the body surface (see Sec. 2.5.1).

In order to derive the time-discretized form of Eq. (2.36), we should first recognize that
the circulation created over one time step At per unit length of the body contour is given by

ow
—I/%At =79—~] on 0B (2.37)

where 7 is the strength of the vortex sheet created along the body contour at step q. Owing
to the inaccuracies in the numerical time integration of vortex blob positions, a few vortex
blobs will inevitably cross the body boundary 0B and enter the interior of the body. These
vortex blobs are deleted from the computation. This loss is accounted for through ~47. The
time-discretized version of Eq. (2.36) is now in the form

7{ ylds —T9 +2(Q1 - Q7 HA =0 (2.38)
0B

where Q7 is the angular velocity of the body at step ¢q. The sum of the circulation of the
vortex blobs lost from crossing the body contour during step ¢ — 1 to ¢ is given by I'?:

e — 74 20 ds (2.39)
0B

Combining Eq. (2.35) and Eq. (2.38), we have N, + 1 equations (only N, linearly inde-
pendent equations) and N, unknowns which can be solved using the least-square method.
Once 7 is known, the vortex sheet can be discretized into N, vortex blobs. The vortex sheet
on each panel is replaced by a nascent Gaussian vortex blob of equal circulation. The core
radius of the nascent vortex blobs is chosen to be the same as the panel size. Also, the center
positions of the nascent blobs are offset by a small distance § in the normal direction from
the panel midpoints. We choose § = 1.120 based on the argument of Clarke and Tutty [18].
The choice of blob radius ensures that the vortex blobs start out with a high degree of over-
lap near the body which is needed to represent a smooth vorticity field [11]. In subsequent
time steps, these nascent vortex blobs participate in the advection and diffusion processes
the same way as the rest of the vortex blobs, gradually moving away from the body surface
and becoming part of the wake.

The introduction of nascent vortices at each time step also helps satisfy the no-slip
boundary condition on the body surfaces, even though only the no-penetration condition is
used when solving for y?. This is because, in the current DVM formulation, the no-slip and
no-penetration boundary conditions are equivalent and consistent in their role of determining
the vorticity creation on body surfaces. The no-slip condition is automatically satisfied if
the no-penetration condition is enforced, and vice versa [82]. In fact, it is equally valid to
solve for 77 using the no-slip boundary condition and Eq. (2.38) [18]. However, it can be
argued that the no-penetration condition, which is related to the conservation of mass, is
more critical and should be the one that is enforced directly [82].

28



2.4. Creation of vortex blobs and enforcement of boundary conditions

In the procedure for vortex blob creation described above, we have used an intermediate
construct of vortex sheets before discretizing them into vortex blobs. Of course, one may skip
this intermediate step and directly determine the circulation of the nascent vortex blobs by
enforcing the no-penetration condition. In this alternative approach, however, the circulation
of the nascent blobs will have dependencies on the core radius, core structure, and the offset
distance ¢ of the nascent blobs. The use of the intermediate vortex sheet has the benefit that
the amount of circulation carried by the nascent blobs into the boundary layer is independent
of the numerical parameters being used.

When multiple bodies are present in the flow, a similar procedure for vortex blob creation
can be used. However, the strength of the vortex sheet bounding each body needs to be solved
together to ensure that the no-penetration condition is simultaneously satisfied on all body
boundaries. The flow velocity induced by the vortex sheets bounding other bodies also needs
to be taken into account. More specifically, the system of equations in Eq. (2.35) needs to
be modified into:

NB NPJ dZ
R Z Z Az‘mjk%‘k& F+u(rin) Nim = (Wi + Qi X (Tim — Tei)) - Dy

j=1 k=1 im (240)
i,j=1,...,Ng, m=1,...,Ny;, and k=1,...,N,;
where
i Zim — Zjk—1,_ Zjk — Zim ds
2 |\ Zjk — Zjk—1  Zjk—1 — Zim dzo |54
(2.41)

n (sz ~ kel g Fim  Zjkl 1> ds
Zik — Zjk+1 Zim — Zjk dzg

.

The subscript 7 and j represent the ¢-th and the j-th body, respectively. The double summa-
tion in Eq. (2.40) can be collapsed into one to form a single system of equations by replacing
the subscript im with m and jk with & where

_ m, fori =1 — k, for j =1
m= i—1 , ) k= i1 _ (2.42)
Z 1Np,i/+m7 QSZSNB ZjllepJ/“‘k’, QSJSNB

i'=

Lastly, we need to constraint the net creation of circulation be enforcing Eq. (2.38) for
each body individually. Again, this constraint stems from the requirement for pressure to
be single-valued on each body.
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2.5.  Hydrodynamic force and moment

2.5 Hydrodynamic force and moment

The hydrodynamic forces and moments exerted on the submerged bodies are an important
part of the computational results. In two dimensions, the stress on a submerged body can
be expressed using index notation as

f= 04;1;€i, Z,] = 1, 2 (243)

where o0;; is the stress tensor and n = (ny,n2) = (nz,n,) is the unit normal vector of the
body surface pointing into the fluid. Also, e; and e; are the unit basis vectors i and j,
respectively.

For an incompressible Newtonian fluid, the stress tensor is given by

oii = —pbi; + + 2, i,j=1,2 2.44
syt G) . (2.44)
where p is the pressure, ¢;; is Kronecker Delta, and p is the dynamic viscosity. The flow
velocity is given by u = (uy,u2) = (u,v). The stress can be split into a pressure component
and a viscous component:

Ous auf) nje; (2.45)

837]' (9:62

Therefore, the determination of the total hydrodynamic force and moment on a submerged
body can be done in two separated steps: the determination of pressure force/moment and
the determination of viscous force/moment. As Reynolds number increases, the contribution
from viscous stress decreases rapidly compared to the contribution from pressure. Therefore,
the viscous component may be neglected for sufficiently high Reynolds numbers as done in
SS-FSRVM [4]. Here, however, the viscous component is retained to accommodate low-
Reynolds number flow.

Since the procedure for computing the force and moment is simply repeated for each
body in the flow, the subscript associated with body number in the variable names is again
dropped for clarity.

2.5.1 Pressure force and moment

With reference to [77], the pressure variation along the surface of a body submerged in a
viscous fluid is closely related to the surface vorticity flux. The relation can be derived from
the Navier-Stokes equation:

Du 1 9
== 2.46
D pr+ vV:u (2.46)

By taking the tangential component of the Navier-Stokes equation on the body surface, we
get
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Lop _ —s - %1; +v(s-V?u) ondB (2.47)

To proceed, we need to invoke the following vector calculus identity:

585 B

V x(Vxu)=V(V-u)-Vu (2.48)

Since we have a two-dimensional isochoric flow, V - u = 0, and the following relation is
obtained:

Viu= -V x (Vxu)=-V x (wk) (2.49)
If the unit tangent vector s = (s, s,) is pointing in the counterclockwise direction, the unit
normal vector n is related to s by the relations n, = s, and n, = —s,. The tangential

component of Eq. (2.49) becomes

Ow
Viu=n- = 2.50
s-V'u=n-Vw o ( )
Substitution of Eq. (2.50) into Eq. (2.47) leads to
10p Du Ow
X - 5. = — 0B 2.51
p Os Y + V@n o ( )

On the body surface 0B, fluid velocity is the same as the body surface velocity because of the
no-slip and no-penetration boundary conditions. From rigid-body translation and rotation,
the velocity of a point r on the body surface (fixed relative to the body) is given by

u=u.+Qx(r—r.), risondB (2.52)

Using chain rule and the fact that dr/d¢ = u, we can now compute the tangential component
of the pressure gradient on the body surface from the body motion and surface vorticity flux
10p du., dQ2 ow

- =-s-———(r—r,)- Q*(r—r,) - — 2.53
s s — dt(r r.) -n+ Q(r r)s—i—uan (2.53)
For prescribed motion, the first three terms on the RHS of Eq. (2.53) are known. The last
term of Eq. (2.53), the surface vorticity flux, can be computed from the net creation of
circulation using Eq. (2.37) as discussed in Sec. 2.4.
Now, the pressure along the body surface can be determined by integrating Eq. (2.53)
along the arclength s using the trapezoidal rule:

1 /0p op
~ il I 2.54
Prit = Pl <83 . Os k+1> b (2:54)

where py, is the pressure at the k-th body node and ¢, is the length of the k-th panel. This
method can only determine the hydrodynamic pressure up to a constant. However, this
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unknown constant has no effect on the total hydrodynamic pressure force and moment on
the body which can now be expressed as

Fp = Z —1 (pr + Prr1) (6r/2) (2.55)
M, ~ Z —(rg —re) X ng(pr + prs1)(lr/2) (2.56)

where ry, is the position of the midpoint of the k-th panel.

Because the tangential component of the local pressure gradient on the body surface is
related to the surface vorticity flux, the single-valuedness of the surface pressure provides an
additional constraint on the net rate of creation of circulation from the body surface. Using
the divergence theorem and Eq. (2.53), we acquire the following equation:

1 dp dQ Ow
- —ds=-2—A —d 2.57
p 7{93 0s 5 dt + VjéB on 5 ( )

The single-valuedness of p requires Eq. (2.57) to evaluate to zero. This is exactly the same
constraint given in Eq. (2.36) used to obtain a unique solution for the circulation of nascent
vortex blobs. If multiple bodies are present, pressure must be single-valued on each body;
therefore, it is justified to apply Eq. (2.36) to each body individually, leading to a stronger
constraint then what global conservation of angular momentum implies [82].

2.5.2 Viscous force and moment

Following the development given in [20], the viscous stress can be decomposed into three
parts:

_ (%i n ou

0s 0s
The first term on the RHS of Eq. (2.58) is zero for isochoric flow. The second term con-
tains only derivatives of velocity along the body boundary. The no-slip and no-penetration

boundary conditions require the velocity on body boundary to be given by Eq. (2.52). By
differentiating Eq. (2.52), we acquire the final expression for viscous stress:

fo =2u(V-v)n+2u ( j> + pws (2.58)

f, = —2uQs + pws (2.59)
Integration of Eq. (2.59) along the body boundary yields the total viscous force F\:

N
F, = j{ f,ds = uy{ wsds ~ uZwkﬁksk (2.60)
OB 8B o
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The first term on the RHS of Eq. (2.59) has no net contribution to the total viscous force.
Similarly, the viscous moment is given by

M, = (r—rc)vads:—él,uQAk—l—,uj{ (r—r.) X wsds
OB oB
N (2.61)
~ —4,uQAk + Z(I‘k — I'C) X wkfksk
k=1

where () and A are the angular velocity and area of the body. The body surface vorticity on
the k-th panel, wy, can be approximated using Eq. (2.16) at the panel midpoint.

With F, and M, determined, the total hydrodynamic force and moment on the body
are simply given by

F=F,+F, (2.62)
M =M, + M, (2.63)

2.6 Free motion of rigid bodies

When free motions are considered, the time histories of the body velocities and positions
are part of the output of the simulation. The external hydrodynamic force and moment
influence the body motion through the Equations of Motion (EOM). For convenience, the
case where only one body is present in the flow is considered first. The subscript associated
with body number is dropped from the variable names.

The position of the body at time step ¢ is determined using the two-step Adams-Bashforth
method:

rd =r?! 4 @ug-l — %ug*) At (2.64)
-1 3 -1 1 -2
01 =07 4+ ( QT - SO A (2.65)

where 07 is the angular position of the body at step ¢. The body contour at step ¢, 9BY, is
determined by r¢ and #9. In order to repeat the above procedure and advance to the next
time step, the body velocities u? and 29 at time step ¢ need to be determined. We shall
assume the body reference center coincides with the body center of mass. In this case, the
two-dimensional rigid-body EOM attain the simplest form:

du,

F+F., = 2.66

+ m— (2.66)
dQ

M + Me:c == IE (267)

33



2.6. Free motion of rigid bodies

where m and [ are the mass of the body and mass moment of inertia about the center of
mass, respectively. Arbitrary external force and moment, such as a spring force or damping
force, can be incorporated through F., and M.,. Of course, if the body reference center
is not located at the center of mass, a more general set of EOM can be used instead. The
time-discretized form of the EOM can be obtained using the backward Euler method:

A
u! —ul ™t = —mt (F1+F2) (2.68)
At
Q- = — (M7 + M) (2.69)

The equations above allow us to determine the unknown velocities at step ¢, ul and €29,
from the known velocities at step ¢ — 1. However, as indicated by Eq. (2.53), the pressure
components of the hydrodynamic force and moment F¢ and M will also depend on the body
translational and angular accelerations which are unknown. This is the added-mass effect.
Further, the evaluation of the last term on the RHS of Eq. (2.53), which represents the body
surface vorticity flux, requires the knowledge of v¢ as shown in Eq. (2.37). The vortex sheet
strength 7 is, again, determined from the unknown body velocity ul and €29. Therefore,
the unknown vortex sheet strength v? and the unknown body velocities at step ¢ need to be
solved together.

The body accelerations can be approximated using the first-order backwards differencing:

du \?  uf—ui!
(dt) At

d0\? Q1 Qi (2.70)
(E) At
The above approximation allows Eq. (2.53) to be rewritten as
— - :_s.¥_r_rc.n—
p \ 0s At At (2.71)

="
+ (r —r.) - s[2Q2071Q7 — (Q71)?] + LAt r € 0B7
Here, we have approximated (09)% as 2077104 — (2971)2 in order to obtain an expression
that depends linearly on the unknowns u? = (uf,v?), Q¢ and 4. Following the procedure

given in Sec. 2.5, Eq. (2.71) can be integrated with respect to s twice along 0B? to obtain
expressions for F¢ and M? that are linear in the unknowns:

F? =F(y?,ul,vi, Q) (2.72)
M = M(y*, uf, vg, €27) (2.73)
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Next, the expressions for F? and M? thus obtained can be substituted into Eq. (2.68) and
Eq. (2.69) to form three additional linear equations. These additional equations are to be
solved simultaneously with Eq. (2.35) and Eq. (2.38) for the unknowns uZ, Q9 and 7. Once
the body velocities at step ¢ are determined, the position of the body can be updated for
the next time step ¢ + 1.

If more than one body is present in the flow, we may repeat the above procedure and end
up with a total of 3Np additional equations and the same number of additional unknowns
ug;, vi, and Qi =1,..., Ng. Similar to the case with a single body, the 3Ny additional
equations need to be solved together with Eq. (2.40) and another N equations, one for each
body, in the form of Eq. (2.38). Of course, it is not necessary for a body to have all three
degrees of freedom. For instance, we can have the body ¢ oscillate in the y-direction only by

prescribing the values of Uz,i and 7 and replacing the corresponding EOM.

2.7 Merging and decay of vortex blobs

In the current DVM formulation, the number of computational elements (vortex blobs)
increases linearly with time. Therefore, the required computing time for longer simulations
with a total number of time steps on the order of 10* or more can become prohibitively long.
It is necessary to utilize techniques that slow down or even stop the increase in the number
of vortex blobs with time. To this end, we have implemented merging and decay of vortex
blobs.

2.7.1 Merging of vortex blobs

One approach to reduce the number of vortex blobs in the flow field is to merge vortex blobs
that are sufficiently close to each other. For instance, if we have n neighboring vortex blobs

labeled 7 = 1,...,n located at r; that are within a distance of Iz, to vortex blob 7 at r;:
r,—r| <R, j=1...,n (2.74)
and the circulations of vortex blobs ¢ and j have the same sign, we can then merge the vortex

blobs j = 1,...,n with vortex blob 7 using the following relations:
To=T;+ > T (2.75)
j=1
Toro = Iir; + Y Ty (2.76)
j=1
Toog =Ti(07 + [r; —xol*) + > _Tj(07 + |r; — ro]*) (2.77)
j=1
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where 'y, rg, and oy are the circulation, position, and core radius of the new merged vortex
blob that replaces vortex blobs i and j = 1,...,n. The zeroth, first, and second moment of
vorticity are conserved after the merging [83].

In terms of implementation, the merging of vortex blobs is done by performing a single
sweep through all vortex blobs (i = 1,..., N) starting from the first vortex blob (i = 1). All
vortex blobs with circulations in the same direction as vortex blob ¢ and fall within a distance
of R,, to vortex blob ¢ are identified efficiently using a k-d tree or quadtree search algorithm.
These vortex blobs are then merged with vortex blob i using Eqs. (2.75)-(2.77), and vortex
blob i is replaced by the new merged vortex blob. Neighboring vortex blobs 7 =1,...,n are
all removed. If no neighboring vortex blob that satisfies the criteria for merging is found,
vortex blob 7 is left unchanged. After vortex blob i is processed, the sweep continues on to
the next vortex blob i + 1.

The above procedure is relatively straightforward. However, care must be taken to pre-
vent a single vortex blob from participating in multiple merging events. This is done by
adding a label to each vortex blob indicating whether it is eligible for merging. Initially, all
vortex blobs are labeled as eligible. Once vortex blob i is processed in the sweep, the label
for vortex blob ¢ is changed from eligible for merging to ineligible irrespective of whether
vortex blob ¢ has participated in a merging event. If, however, vortex blob 7 has indeed
merged with other vortex blobs, all blobs that merged with blob ¢ also need to be relabeled
from eligible for merging to ineligible. Therefore, if the sweep reaches a vortex blob that
has been previously labeled as ineligible, the sweep can skip this vortex blob because it
has already participated in a prior merging event. Also, each vortex blob is only allowed
to merge with other vortex blobs that are still labeled as eligible for merging. The above
procedure guarantees that each vortex blob participates in at most one merging event. The
merging of vortex blobs is performed once every five time steps to prevent excessive loss of
computational elements.

The error caused by vortex blob merging is primarily controlled by the parameter R,,.
In general, a smaller value of R,, leads to reduced error. At the same time, a smaller R,,
means merging is less likely to occur, resulting in more vortex blobs and longer computing
time. Typically, the value of R,, is chosen to be 0.05 min (o). This is a relatively strin-

i=1,...,

gent, criterion for merging. If more aggressive merging is desired, the flow domain can be
partitioned into different regions depending on the distance to the bodies, and a larger value
of R,, can be used in regions further away from the bodies. This approach leads to drasti-
cally reduced number of vortex blobs in the far wake while maintaining the computational
resolution near the bodies. If a strict error bound for vortex merging is required, additional
merging constraints on vortex core sizes and core strengths can be implemented. Details on
these additional constraints for Gaussian vortex elements can be found in [83].
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2.7.2 Decay of vortex blobs

In addition to the merging of vortex blobs, the strengths (circulation) of the vortex blobs
are also allowed to decay once they have moved sufficiently far away from the bodies. More
specifically, a threshold distance of R, from a body center can be chosen, and the circulation
of a vortex blob will start to decay linearly with time once it moves past this threshold.
After a fixed time Ty, the circulation of the vortex blob reaches zero, and the vortex blob
is removed from the computation. It should be noted that the decay of vortex blobs is a
rather artificial numerical treatment aimed at reducing the number of vortex blobs. It is
not intended to be a quantitative model for any physical vorticity dissipation process. The
value of Ry needs to be large enough so that the effect of the wake on the body forces is
adequately captured. It is typically chosen to be 20 or more body characteristic lengths for
bodies submerged in a stream.

2.8 General numerical procedure

The individual components of the current DVM algorithm have been discussed in detail
in Sec. 2.1-2.7. The overall numerical procedure is briefly presented here. The flowchart
summarizing the algorithm for prescribed body motions is given in Fig. 2.5.

At the start of the simulation, the contours of the bodies are constructed according to the
inputs. Based on the initial velocities of the bodies, the vortex sheets along body contours
are solved for to satisfy the no-penetration boundary condition. The initial vortex sheets
essentially represent an inviscid solution to the flow problem; the vorticity is concentrated in
infinitely thin boundary layers on the bodies. The vortex sheets are subsequently discretized
into nascent vortex blobs following the procedure described in Sec. 2.4.

To advance the solution in time, the positions of the vortex blobs are integrated in time
using the 4th order Runge-Kutta method to simulate the advection and diffusion of vorticity
as described in Sec. 2.3. For prescribed motions, the positions of the bodies are also updated
using the same Runge-Kutta method based on prescribed body velocities. The rotation of
the bodies also induces a flow velocity that needs to be accounted for when updating the
positions of the vortex blobs. In addition, a few vortex blobs may enter the bodies during
the intermediate steps of the Runge-Kutta scheme because of time-integration error. These
vortex blobs cannot be deleted for consistency. Therefore, we simply “bounce” these vortex
blobs by truncating their displacement vectors and placing them back on the body surface
(in practice, a small distance away from the surface). The vortex blobs that have entered the
interiors of the bodies at the end of the Runge-Kutta integration are deleted [18]. New vortex
sheets are then applied along the body contours to help enforce the no-penetration and no-slip
boundary conditions. The new vortex sheets are discretized into vortex blobs, introducing
new computational elements into the flow. At the end of the time step, the hydrodynamic
pressure, forces, and moments on the bodies are determined using the procedure given in
Sec. 2.5. This process is repeated until the end of the computation is reached.
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2.8. General numerical procedure

The numerical procedure for free motions is summarized in the flowchart in Fig. 2.6.
Overall, the procedure is very similar to that for prescribed motions. There are two major
differences: the positions of the bodies are updated using the two-step Adams-Bashforth
method. In addition, the body velocities at the end of each time step are also unknown and
needed to be solved simultaneously with the strengths of the new vortex sheets as discussed
in Sec. 2.6.

Start

A\ 4

Generate body contours
and initialize variables

\ 4 Body-rotation

Y induced velocity Y

|¢——  Update positions of bodies
using 4" order Runge-Kutta

method

Solve for strength of vortex

sheets on body contours Update positions of vortex

. th
based on initial body velocities blobs using 4™ order Runge-

Kutta method

Bounce vortex

\ 4 blobs
Discretize vortex sheets
into nascent vortex blobs A
A Remove vortex blobs that
v have entered the bodies

Advance time

\ 4

Solve for strength of vortex

sheets on body contours

Merge overla

pping vortex

blobs every 5 steps A 4
A Discretize vortex sheets into
nascent vortex blobs
Decay far-away vortex
blobs and remove vortex v

blobs with zero circulation

Yes

End of computation?

Compute hydrodynamic
pressure, forces and moments

End

Figure 2.5: Flowchart of the DVM simulation with prescribed body motions.
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Figure 2.6: Flowchart of the DVM simulation with free body motions. Differences from the
procedure for prescribed motions are highlighted in red.
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Chapter 3

Validation of the DVM algorithm

Several validation cases are presented in this chapter to test the various capabilities of the
DVM algorithm. The cases are selected to demonstrate that the DVM algorithm can be
applied to a reasonably wide range of problems without the need of case specific special
treatments apart from appropriate choices of body panel size and time step size.

3.1 Flow past a translating cylinder

For the purpose of validating our DVM software, we shall first consider the classical problem
of flow around a translating circular cylinder of diameter D. A wealth of numerical and
experimental results of this problem exist in the literature which can serve as useful refer-
ences. At time ¢ = 0, the cylinder is at rest. Subsequently, instead of an impulsive start, the
cylinder rapidly accelerates in the positive z-direction from rest and reaches a constant speed
Up at time t = Ty with UgTo/D = 0.05. The speed of the cylinder U(¢) in the x-direction is
given by the following simple function of time:

| =

1
if t > T

Ut) /Uy = (3.1)

=N

The schematic of the problem is given in Fig. 3.1. The only other adjustable parameter
for this problem is the Reynolds number defined as Re = Uy D /v. Three cases with Re = 100,
1,000, and 9,500 are considered.

y
U@

Figure 3.1: A translating circular cylinder.

For Re = 100 and 1,000, the cylinder contour consists of 400 equal-sized panels. A
constant time step size of UyAt/D = 0.01 is used. This configuration more than adequately
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3.1. Flow past a translating cylinder

resolves the low Reynolds number laminar flow around the cylinder. For the case of Re =
9,500, a much higher resolution is needed to resolve the fine vortical structures of the flow.
We have used two different configurations for this Reynolds number. The first configuration
uses a total of 800 panels to construct the cylinder contour, and the time step is reduced
to UpAt/D = 0.005. With this configuration, the simulation is run up to Upt/D = 45. To
better resolve the vorticity field right after the initial startup, a second finer configuration
with 1,200 panels and the same time step size is used. Because of the significantly increased
computational load of the second configuration, the simulation is only run up to Uyt/D = 5.
For all three Reynolds numbers, the vortex blobs are allowed to decay once they are 24
diameters away from the center of the cylinder.

The hydrodynamic forces on the cylinder are given in terms of the lift and drag coeffi-
cients, Cf, and Cp. The usual definitions of the force coefficients are used:

F, F,
_ e 2
L= W3y0eD" 0 = 08D (3.2)

where F, and F} are the 2- and y-components of the hydrodynamic force on the cylinder.

For the case of Re = 100, the flow is simulated up to Upt/D = 115. The time histories
of the lift and drag coefficients are shown in Fig. 3.2 and Fig. 3.3. The pressure and friction
components of the lift and drag coefficients are also shown separately. At this low Reynolds
number, the friction force contributes about 22% of the total drag force. For the lift force,
however, the contribution from friction is fairly small compared to the pressure component.
From Fig. 3.3, we can see that the final periodic steady state is reached for Uyt/D > 70. The
time-averaged total drag coefficient, computed from the periodic steady state, is C'p = 1.33.
This value is in excellent agreement with the drag coefficient of C'p = 1.33 given by the
mesh-based Eulerian methods of Park et al. [84] and Sharman et al. [85]. The oscillating lift
force is associated with alternate shedding of vortices in the wake. The shedding frequency
is given by the Strouhal number St = f,D/U, where f, is the vortex shedding frequency.
The Strouhal number given by the current solution is St = 0.168 which is fairly close to the
values of St = 0.165 and St = 0.164 given in [84] and [85], respectively. The lift-coefficient
amplitude given by our simulation is C;, = 0.36. This value is slightly higher than C, = 0.33
given by Park et al. [84] and Sharman et al. [85], but lower than Cj, = 0.39 given by Rossinelli
et al. [86]. Overall, the lift and drag forces computed using our DVM software are consistent
with the values from the literature.

Both lift and drag are global forces. To validate the details of the solution, the pressure
coefficient C), = p/(1/2pU¢) on the cylinder surface is also compared. Using the final periodic
steady-state solution, the time-averaged pressure coefficient C, as a function of angular
position on the cylinder surface is computed. The results are shown in Fig. 3.4. Again,
good agreement between the current solution and those of [84,85] is obtained, indicating
correct prediction of the boundary-layer separation point by the DVM software. It should
be noted that the current DVM formulation can only determine the surface pressure p up
to a constant, and the matching shown in Fig. 3.4 is achieved by adding a constant pressure
uniformly to our pressure solution.
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3.1. Flow past a translating cylinder
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Figure 3.2: Time history of the drag coefficient of a rapidly started circular cylinder at
Re = 100.
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Figure 3.3: Time history of the lift coefficient of a rapidly started circular cylinder at Re =
100.

The time histories of the lift and drag coefficients for Re = 1,000 are shown in Fig. 3.5.
It is well known that at this Reynolds number, the flow near the cylinder becomes three di-
mensional, and a two-dimensional simulation will slightly over predict the drag and Strouhal
number compared to experiments; however, many authors still performed two-dimensional
simulations at this Reynolds number to study the important qualitative features of the flow

(see e.g. [87,88]).
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3.1. Flow past a translating cylinder
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Figure 3.4: Time-averaged pressure coefficient as a function of angular position of a steadily
translating circular cylinder at Re = 100. The forward stagnation point corre-
sponds to 6 = 0.
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Figure 3.5: Time histories of the lift and drag coefficients of a rapidly started circular cylinder
at Re = 1,000.

As shown in Fig. 3.5, a periodic steady state is reached after approximately Uyt/D = 40.
The period of lift oscillation is twice that of drag. The time-averaged drag coefficient and lift-
coefficient amplitude of the periodic steady state are C'p = 1.49 and C, = 1.41, respectively.
The Strouhal number is St = 0.24. These results agree well with the two-dimensional finite-
element solution of Jester and Kallinderis [88] which gives Cp = 1.51, C, = 1.40, and
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3.1. Flow past a translating cylinder

St = 0.25.

The force time histories for Re = 9,500 are shown in Fig. 3.6. Of course, three-dimensional
effects are very significant in this case, and the flow is becoming turbulent. Nevertheless,
several authors have performed two-dimensional simulations at this Reynolds number and
obtained useful qualitative results (see e.g. [17,86,89,90]).

| | |
3k . . . . . : : CD CL — — —Mmean CD (Rossi, 2014)

CD and CL

-3 I I I I I I I | I
0 5 10 15 20 25 30 35 40 45

Upt/D

Figure 3.6: Time histories of the lift and drag coefficients of a rapidly started circular cylin-
der at Re = 9,500. Cylinder contour consists of 800 panels. The numerically
computed mean drag coefficient from [89] is included for comparison.

The time histories of Cp and C shown in Fig. 3.6 are markedly more irregular than
those in Fig. 3.5 for Re = 1,000. The oscillations in lift and drag become less periodic, and
the shedding frequency is not constant at Re = 9,500. This observation is qualitatively
consistent with the results of Rossi et al. [90]. As noted in [90], a pointwise comparison in
time is not possible at this Reynolds number. This is especially true for large time solutions.
The time history of the flow is extremely sensitive to the various numerical disturbances, and
the solution can only be interpreted in a statistical sense. For comparison, we have included,
in Fig. 3.6, the mean drag coefficient of a translating circular cylinder at Re = 9,500 obtained
by Rossi [89] using two-dimensional computation. Both the current DVM solution and the
result of [89] give a mean drag coefficient of 1.7.

The non-dimensional vorticity fields (wD/Uy) at various time instants immediately after
the rapid start of the cylinder are shown in Figs. 3.7-3.9. Strong Reynolds number depen-
dence is observed. When Re = 100, the flow is dominated by two large and symmetric
primary vortices formed from the separation of the thick boundary layer on the cylinder
surface. The continuous separation maintains the strength of the primary vortices. The flow
features are heavily smoothed out by viscosity. When Re = 1,000, the overall vortical struc-
ture looks somewhat similar to that of Re = 100; however, the vortical regions of the wake
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3.1. Flow past a translating cylinder

become more clearly defined because of the reduced viscous effect. The wake of the cylinder
when Re = 9,500 demonstrates significant differences from that of the two low-Reynolds
number cases. Instead of the two large primary vortices, the wake is characterized by small,
fragmented vortices with concentrated vorticity. Slight top-and-bottom asymmetry of the
wake is observed when Uyt/D = 3.5.
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Figure 3.7: Non-dimensional vorticity fields (wD/Uy) at various time instants after the rapid
start of the cylinder. Re = 100.
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Figure 3.8: Non-dimensional vorticity fields (wD/Uy) at various time instants after the rapid
start of the cylinder. Re = 1,000.

The wakes of the cylinder at longer times are shown in Fig. 3.10 for all three Reynolds
numbers. A regular von Karman vortex street is observed for both Re = 100 and Re =
1,000. Compared to the case of Re = 100, significantly less viscous diffusion is observed for
Re = 1,000, and the distance between consecutive vortices in the vortex street is reduced,
consistent with the increased Strouhal number. When Re = 9,500, the regular vortex street
pattern disappears, and strong vortex pairs with concentrated vorticity are being shed by the
cylinder. The lack of a regular wake structure is related to the irregular shedding frequency.
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3.2.  Flow past two translating cylinders in tandem
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Figure 3.9: Non-dimensional vorticity fields (wD/Up) at various time instants after the rapid
start of the cylinder. Re = 9,500. Cylinder contour consists of 1,200 panels.

3.2 Flow past two translating cylinders in tandem

In this section, the flow past two translating cylinders in tandem is simulated using DVM
in order to validate the software’s ability to model multiple bodies. As shown in Fig. 3.11,
the two identical cylinders of diameter D, both centered on the x-axis, are separated by a
distance s (center-to-center) in the z-direction. For the purpose of validation, only the case
with s/D = 2 and Re = UyD/v = 100 is considered. Same as in Sec. 3.1, both cylinders are
at rest at t = 0 and rapidly accelerate to a constant speed Uy in the positive z-direction. The
speed of the two cylinders as a function of time is, again, given by Eq. (3.1). Each cylinder
is constructed from 400 equal-sized panels, and a time step of UyAt/D = 0.01 is used.

The vorticity field of the flow past the two tandem cylinders at Upt/D = 175 is shown in
Fig. 3.12. Because of the close proximity, the separated boundary layer of the front cylinder
reattaches on the sides of the rear cylinder, and the two cylinders behave like a single and
slightly more streamlined body. The time-dependent drag and lift coefficients, defined in
Eq. (3.2), of the two cylinders are shown in Fig. 3.13. At steady state, we have Cp = 1.14

and C'p = —0.07 for the front and rear cylinders, respectively. This result is in reasonably
good agreement with that of Sharman et al. [85] which gives C'p = 1.16 for the front cylinder
and C'p = —0.08 for the rear one. Compared to the case of a single cylinder, the drag on the

front cylinder is slightly reduced by the presence of the rear one. Also, because of the low
pressure in the region between the two cylinders, the rear cylinder is being pulled forward
by the flow, resulting in a slightly negative drag.

Finally, the time-averaged pressure distributions on the front and rear cylinders at steady
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3.2. Flow past two translating cylinders in tandem
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Figure 3.10: Non-dimensional vorticity fields (wD/Uy) of the wake of a translating cylinder
at (a) Re = 100, (b) Re = 1,000, and (c¢) Re = 9,500. For Re = 9,500, 800
panels are used.

state are shown in Fig. 3.14. Reasonably good agreement with the results from [85] is
observed. For the rear cylinder, the slight discrepancy between the pressure distribution is
partially caused by the inaccuracies in the reference results extracted from [85]. The original
figure of [85] is scaled in such a way that accurate digitization is difficult.
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3.2.  Flow past two translating cylinders in tandem
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Figure 3.11: Two circular cylinders translating in tandem.

-2 | | | | | | | -5
160 162 164 166 168 170 172 174
Figure 3.12: Non-dimensional vorticity field (wD/Up) of the wake of two translating cylinders
in tandem at Re = 100 and Upt/D = 175. Center-to-center separation between
the two cylinders is s/D = 2.
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Figure 3.13: Time histories of the lift and drag coefficients of two rapidly started circular
cylinders in tandem at Re = 100. Center-to-center separation between the two
cylinders is s/D = 2.

48



3.3. Flow past a translating and rotating ellipse
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Figure 3.14: Time-averaged pressure coefficients as functions of angular position of two
steadily translating circular cylinders in tandem at Re = 100. Center-to-center
separation between the two cylinders is s/D = 2. Curves are current DVM
results, and symbols are results from Sharman et al. [85].

3.3 Flow past a translating and rotating ellipse

Another interesting problem involves a rotating ellipse submerged in an uniform free stream.
Several authors have used this problem to validate their numerical method. For example,
Maruoka [91] and Zhang et al. [92] have solved this problem using a Chimera mesh. More
recently, Zhang and Liang used the rotating ellipse problem to validate their high-order
spectral-difference method with sliding-mesh interface [93]. The sliding-mesh interface is
used to couple the rotating inner domain containing the rotating ellipse and the fixed outer
domain. The results of [91-93] show very good agreement with each other.

Here, we solve the equivalent problem of an ellipse of major-axis length D rotating and
translating at a constant speed in a calm fluid shown in Fig. 3.15. The fluid is initially
at rest. At t = 0. the ellipse, with its major axis aligned with the z-axis, undergoes an
impulsive start and translates at a constant speed U, in the positive z-direction and rotates
at a constant angular velocity 2o when ¢ > 0. The ellipse rotates in the clockwise direction,
and, by convention, we have €y < 0. The time for one revolution is given by T = —27 /.
In order to compare with [93], the same Reynolds number Re = UyD /v = 200 and tip-speed
ratio A = —(QyD/2Uy) = 7/4 are used. The thickness ratio of the ellipse is 0.5. A total of
400 panels are used to construct the ellipse. The nodes are equally spaced in terms of their
angular positions about the center of the ellipse. This leads to smaller panels being used
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3.3. Flow past a translating and rotating ellipse

near the two ends of the ellipse with high curvature. The time step is again UpAt/D = 0.01.
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Figure 3.15: A translating and rotating elliptic cylinder.

The time-dependent lift and drag coefficients, defined in Eq. (3.2), after the impulsive
start are shown in Fig. 3.16(a). The forces become approximately periodic after only one
revolution. In Fig. 3.16(b), the time histories of Cp and C}, during the tenth revolution are
shown. Our current DVM solutions are in very good agreement with those of [93].
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Figure 3.16: Time histories of the lift and drag coefficients of a translating and rotating
elliptic cylinder. (a) Time histories from impulsive start to the end of the
tenth rotation cycle. (b) The variations of drag and lift coefficients over the
tenth period. Curves are current solutions, and symbols are results of Zhang &
Liang [93]. Re =200 and A = /4.

The vorticity fields near the ellipse at various time instants are shown in Fig. 3.17. The
flows near the ellipse during the first and second half of a revolution are not identical. A
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3.4. Flow near a flapping foil in normal hovering mode

highly regular vortical pattern is observed in the wake. Also, the wake vortices move upwards
slowly with time (positive y-direction), indicating a weak upwards current. This is, of course,
expected because the rotating ellipse is experiencing a negative lift force at all times.
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Figure 3.17: Non-dimensional vorticity fields (wD/Uy) during the tenth revolution of the
translating and rotating ellipse. Re = 200 and A\ = 7/4.

3.4 Flow near a flapping foil in normal hovering mode

To further validate our DVM software, bodies performing unsteady translational and rota-
tional motions should be considered. We shall first compute the forces on a single foil with
an elliptic cross section performing a flapping motion. This problem is closely related to the
lift-generating ability of insects and avian species.

51



3.4. Flow near a flapping foil in normal hovering mode

The flapping of the elliptic foil is a combination of translational and rotational motions.
During one period T, the translational motion of the foil can be separated into two parts:
upstroke and downstroke (see Fig. 3.18). The switch in the direction of translation between
upstrokes and downstrokes is referred to as stroke reversals. The foil also undergoes two
rotational motions, supination and pronation, about the mid-chord point which allow the
foil to re-orient in conjunction with stroke reversals. In the simplest form, the motions are
described by two sinusoidal functions in time:

X(t) = Acos(2mft), Y (¢)
at) = ag + Bsin(2nft + @)

0, (3.3)

where X and Y are the coordinates of the mid-chord point of the foil. The angle between
the chord and the x-axis is given by a. The mean angle of the airfoil is given by ay. The
translational and rotational amplitudes are A and f, respectively. The frequency of the
motion is f = 1/T, and ¢ is the phase shift between rotation and translation.

(a) Downstroke

Figure 3.18: An elliptic foil flapping in normal hovering mode. The z-axis coincides with
the stroke plane. (a) Downstroke. (b) Upstroke. The foil orientation shown
corresponds to symmetric rotation with ¢ = 0.

The flapping motion of the hovering foil generally falls into one of three different modes.
The “water treading mode” is associated with ay = 0; the mean orientation of the foil is
horizontal [94]. The “normal hovering mode” is associated with oy = 7/2, and the foil
rotates about the upright position [94]. Lastly, we have the “dragonfly mode” that uses an
oblique mean pitch angle «q [32]. The value of ¢ determines the timing of the rotation. We
have advanced, symmetric, and delayed rotations for ¢ > 0, ¢ = 0, and ¢ < 0, respectively.

In order to compare with the results of Eldredge [25], we use the same parameters:
A = 14¢, ap = m/2 (normal hovering mode), and § = 7/4 where ¢ is the chord of the foil.
The Reynolds number based on maximum translational velocity U,,.. = 27 fA and chord ¢
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3.5.  Clap-and-fling motion

is 75. The elliptic foil has an aspect ratio of 10. Both advanced and symmetric rotations are
simulated with ¢ = 7/4 and ¢ = 0, respectively. For both cases, the elliptic foil consists of
200 panels, and the time step is set to At/T = 2.5 x 1073. To account for the unsteady foil
translation, the lift and drag coefficients are defined as:

. F R/
L= e 0 =~ j2)pi2, e (3:5)

where F), and F), are the x- and y-components of the aerodynamic force on the airfoil,
respectively, and U = X is the instantaneous translational velocity of the foil.

The time histories of the lift and drag coefficients during the first four periods after the
impulsive start are shown in Figs. 3.19 and 3.20. The results from [25] are also included as a
reference. The simulated lift coefficients are in good agreement with each other. Note that
the original lift coefficients from Eldredge [25] are normalized by the maximum quasi-steady
lift coefficient. These results have been re-normalized using the definition of C, used here
to facilitate the comparison.

25 \ ‘ ‘ 4

Current solution
2 - --- Eldredge (2007) 3+

1.5¢

1,

0 1 2 3 4 0 1 2 3 4
t/T t/T

(a) (b)

Figure 3.19: Time histories of the hydrodynamic force coefficients on the flapping foil in
hovering. (a) Lift coefficient. (b) Drag coefficient. Re = 75, ¢ = 0.

The non-dimensional vorticity fields at various time instants during the fourth period are
shown in Figs. 3.21 and 3.22 for advanced ¢ = 7/4 and symmetric ¢ = 0 rotations.

3.5 Clap-and-fling motion

Another problem closely related to insect flight is the clap-and-fling motion described in [28].
We simulated a single clap-and-fling cycle as illustrated in Fig. 3.23. At t = 0, two elliptic
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Figure 3.20: Time histories of the hydrodynamic force coefficients on the flapping foil in
hovering. (a) Lift coefficient. (b) Drag coefficient. Re =75, ¢ = 7/4.

foils of chord ¢ and aspect ratio 10 are in the upright position with a small separation d in
between. During the fling phase, the two foils rotate to 45° angle of attack (AOA) about
their respective trailing edges (TE) and translate away from each other. Towards the end
of the fling phase, the foils rotate back to the upright position about their TE while the
translational velocity decreases to zero. During the clap phase, the foils rotate about their
leading edges (LE) to 45° AOA and translate towards each other. At the end of the clap
phase, the foils rotate back to the upright position about their LE and stop with distance d
between the two foils.

A detailed description of the foil kinematics during the clap-and-fling cycle can be found
in [28] and will not be repeated here for the sake of brevity. For our validation case, we
use a Reynolds number of 128 based on ¢ and the maximum translational velocity U,,qz.
The initial separation between the foils is d/c = 0.1. The non-dimensional period of the
clap-and-fling cycle is TU,,q./c = 15.48. The velocity of the right foil is shown in Fig. 3.24
as a function of time. The motion of the left foil is a mirror image of that of the right.
Because of the symmetry, the lift forces on the two foils are identical. The time history of
the lift coefficient of the right foil, again following the definition in Eq. (3.5), is shown in
Fig. 3.25. Good agreement is observed between the current DVM solution and the IB-LBM
solution from [28]. In our simulation, each foil consists of 100 panels. The time step size
is set to AtUpuaz/c = 0.01. At the end of the clap-and-fling cycle, approximately 2.4 x 10%
computational elements (vortex blobs) are used.

The instantaneous vorticity fields near the foil at several time instants are shown in
Figs. 3.26 and 3.27. The vorticity fields from [28] are also included for comparison. It should
be noted that the color scale and spatial scales of the vorticity field plots from [28] are not
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Figure 3.21: Non-dimensional vorticity fields (wc/Upg,) during the fourth flapping cycle.
Re =75 and ¢ = 0.

provided. Therefore, it is not possible to perfectly match the colormap and the geometric
proportions of the plots. Nevertheless, good qualitative agreement is observed between the
current solutions and those of [28].
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Figure 3.22: Non-dimensional vorticity fields (we/Upue,) during the fourth flapping cycle.

Re =75 and ¢ = /4.

3.6 Two-dimensional Vortex-Induced Vibration of an
elastically mounted circular cylinder

In the last validation study, the ability of the software to simulate free motion is validated by
considering the Vortex-Induced Vibration (VIV) of an elastically mounted circular cylinder.
Initially at ¢ = 0, the cylinder, centered at z. = 0 and y. = 0, is at rest. For ¢ > 0, the
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Figure 3.23: Two elliptic foils performing the clap-and-fling motion. (a) Fling. (b) Clap.

x-component of the velocity of the cylinder is, again, prescribed by Eq. (3.1). When t > T
where UyTy/D = 0.05, the z-component of the velocity is constant and equal to Uy. The
cylinder is free to oscillate in the y-direction (one degree of freedom) under the influence
of the flow. The cylinder has mass m (per unit distance into the paper) and diameter D.
The y-position of the center of the cylinder, vy, is, therefore, determined from the following
equation of motion:

Py dye
A T
where k is the restoring spring stiffness and c is the external damping coefficient. A schematic
of the problem is illustrated in Fig. 3.28. The parameters used are Reynolds number Re =
UoD /v = 150, reduced mass M,.q = m/(pD?) = 2, and damping ratio ¢ = ¢/v4km = 0 (no
external damping). The DVM software is used to predict the motion history of the cylinder
and the maximum non-dimensional excursion (y./D)q. as a function of the reduced velocity
Urea = U/(fD) where the natural frequency f,, is given by 27 f, = \/k/m.

Apart from the initial acceleration during 0 < ¢ < Ty given by Eq. (3.1), the problem
described above is equivalent to the more common VIV setup where a cylinder is fixed in the
z-direction and free to oscillate in the y-direction under the influence of an uniform current
Uy in the negative x-direction.

Six different cases are simulated with U,.q € [3,8]. The maximum excursion in the
y-direction is shown as a function of U,y in Fig. 3.29. The numerical results of Ahn &
Kallinderis based on a finite-volume Arbitrary Lagrangian-Eulerian (ALE) scheme [95] and
the immersed-boundary-method solutions of Borazjani & Sotiropoulos [96] are used for com-
parison. The current numerical solution agrees well with those of [95,96]. The large body

+ ky. = F, (3.6)
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Figure 3.24: The non-dimensional translational and rotational velocities of the right foil in
clap-and-fling motion. The translational velocity and rotational velocity are
normalized by Upue. and Upp,e,/c, respectively. During the fling phase, the foil
pivots about the trailing edge (TE), and the translational velocity of the trailing
edge is given. Similarly, during the clap phase, the foil rotates about the leading
edge (LE), and the translation velocity of the leading edge is shown instead. The
foil motion shown here is identical to the case with rotational overlap & = 50%
in [28].

excursion of the locked-in region (4 < U,.q < 7) is successfully captured by the DVM simu-
lation.

The phase relation between the lift coefficient C, defined in Eq. (3.2), and the y-position
of the cylinder y,. is illustrated in Fig. 3.30 for all six values of U,.4. Consistent with the
observation made by [95], the lift force and the oscillation of the cylinder are in-phase for
lower reduced velocity U,.q < 5 (more rigid structure for a given cylinder mass). As Uyq
increases (less rigid structure), the lift force and the cylinder oscillation gradually become
out of phase (see U,.q = 8).

The frequency of the VIV normalized by the natural frequency is shown as a function
of U,eq in Fig. 3.31. The numerically determined VIV frequencies of a slightly difference
case with Re = 150, M,.q = 1.57, and ¢ = 0.007 from [97] are included as a reference. The
range of U,.q in which the vortex shedding frequency locks into the natural frequency of the
structure (f/f, = 1) is successfully predicted by the current DVM simulation. Overall, the
normalized frequencies given by the current solution agree well with that of [97] despite the
slightly different parameters used.
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6l current solution ]
---- Arora et al. (2014)

t/T

Figure 3.25: Time history of the lift coefficient of the right foil over a single clap-and-fling
cycle at Re = 128. The lift coefficient of the left wing is identical to that of the
right. The result from [28] is used for comparison.

ar

Figure 3.26: Instantaneous vorticity fields near the foil at several time instants during the
fling motion: ¢/T = (a) 0.35, (b) 0.41, and (c) 0.44. Panels (d)-(f) show the
vorticity fields at approximately the same time instants extracted from [28].

In Fig. 3.32, a contour plot of the non-dimensional vorticity field (wD/Uy) at the instant
of maximum excursion for U,.q = 4 is shown.
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Figure 3.27: Instantaneous vorticity fields near the foil at several time instants during the
clap motion: t/T" = (a) 0.55, (b) 0.59, (c) 0.63, and (d) 0.97. Panels (e)-(h)

show the vorticity fields at approximately the same time instants extracted
from [28].
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Figure 3.28: A circular cylinder translating in the x-direction undergoing VIV in the y-
direction.
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Figure 3.29: Maximum excursion of a two-dimensional spring-mounted circular cylinder un-
dergoing VIV. Re = 150, M,.q = 2, and ¢ = 0. The results from [95,96] are
used for comparison.
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Figure 3.30: Phase relation between lift and excursion at periodic steady state of a two-

dimensional spring-mounted circular cylinder undergoing VIV. Re = 150,
M,e.q =2, and ( = 0.
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Figure 3.31: Normalized VIV frequency as a function of the reduced velocity, U,.q. For
current DVM solution, M,.;, = 2, Re = 150, and { = 0. The results for
M,eq = 1.57, Re = 150, and ¢ = 0.007 from [97] are included for comparison.
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Figure 3.32: Non-dimensional vorticity field (wD/Uy) of the wake of a circular cylinder un-
dergoing VIV. The cylinder is near maximum excursion. The dashed line shows
the range of cylinder center excursion. M,.q = 2, U,.q = 4, ( = 0, and Re = 150.
The horizontal and vertical scales are /D and y/D, respectively.
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Chapter 4

Investigation of full and partial ground effects on a
flapping foil hovering above a finite-sized platform

4.1 Problem description

The flapping motion of an elliptic airfoil of chord ¢ near a finite-sized platform in two dimen-
sions is considered. As pointed out in Sec. 1.3.1, this problem is pertinent to the control of
an MAV slowly approaching and landing on a small platform. Similar to Sec. 3.4, the trans-
lational motion of the airfoil during one period T' can be separated into two parts: upstroke
and downstroke (see Fig. 4.1). The switch in the direction of translation between upstrokes
and downstrokes is referred to as stroke reversals. In conjunction with the stroke reversals,
the airfoil rotates about the mid-chord point to re-orient. The translation and rotation of
the airfoil are, again, described by simple sinusoidal functions in time:

X(t) = Xo + Acos(2nft), Y(t) =Y, (4.1)
at) = ag + Bsin(2nft + @)

where X and Y are the coordinates of the mid-chord point of the airfoil. The angle between
the chord and the z-axis is given by a. The mean position and angle of the airfoil are
given by (Xo,Yp) and «p. The stroke and rotation amplitudes are A and [, respectively.
The frequency of the motion is f = 1/T, and ¢ is the phase shift between rotation and
translation.

Here, we shall only focus on the “normal hovering mode” with ag = w/2. The value of ¢
determines the timing of the rotation. We have advanced, symmetric, and delayed rotations
for ¢ > 0, ¢ = 0, and ¢ < 0, respectively. The value of ¢ strongly influences the wake-
capture mechanism and, therefore, affects the mean lift force [24]. However, ground effects
show similar trends for all three types of rotation timing [36]. Based on this observation, we
decided to limit our analysis to only symmetric rotation ¢ = 0.

As shown in Fig. 4.1, a platform of finite length L, and thickness ¢, is placed below the
airfoil parallel to the stroke plane. The top-right edge of the platform is located at the origin.
The vertical distance D between the mid-chord point to the platform surface is simply equal
to Yy, and the lateral distance S between the mean airfoil position and the platform edge is
given by Xj.

The fluid is viscous and incompressible. Both no-penetration and no-slip boundary con-
ditions are enforced on the airfoil surface and the platform surface. In the far field, the flow
is undisturbed.
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Figure 4.1: An elliptic airfoil flapping in normal hovering mode above the edge of a flat
platform. The dashed line represents the stroke plane. (a) Downstroke. (b)
Upstroke.

4.2 Numerical results

In this study, we mainly focus on the effect of the placement of the platform, which is
determined by the choices of S/c and D/c. All other parameters are fixed in order to reduce
the number of cases we need to simulate to a manageable level. For all subsequent results
presented, we have used L, /c = 10 and L, /t, = 80 for the platform length and thickness. The
elliptic airfoil has aspect ratio 8. The stroke and rotation amplitudes are set to A/c = 1.25
and 8 = 7/4, respectively. The Reynolds number is set to Re = Upaec/v = 100 with
Unaz = 21 f A.

We have used the case with S/c = 0 and D/c = 1 to check the convergence of the
numerical solution. Three different settings, coarse, medium, and fine, are used. The config-
uration of each setting is listed in Table. 4.1. The time-dependent lift and drag coefficients,
as defined in Eq. (3.5), of the first seven periods are shown in Fig. 4.2.

Table 4.1: Configurations for convergence tests

Case | Time step (At/T) | No. of panels (airfoil) | No. of panels (platform)
Coarse 12.5 x 107° 60 503
Medium 5x 1073 100 807

Fine 2.5 x 1073 200 1615
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Figure 4.2: Time-dependent (a) lift and (b) drag coefficients over the first seven periods for
S/e¢ =0 and D/c = 1. The configurations of the coarse, medium, and fine cases
are listed in Table 4.1.

Visually, the results from the fine and medium cases are indistinguishable from each
other, and the difference in mean lift coefficient of the seventh period is approximately 1%
between the two cases. We believe the medium configuration shows adequate convergence
for our analysis. The time step of At/T = 5x 1073 of the medium configuration significantly
reduces computation time, allowing us to simulate more periods of motion for each case.
The airfoil and the platform consist of 100 and 807 panels, respectively. Smaller panels are
used near the leading and trailing edges of the airfoil.

In subsequent sections, each case is run up to 15 periods of flapping motion. As an
example, the time histories of the lift and drag coefficients for the case S/c = 0.25 and
D/c = 1 are shown in Fig. 4.3. The startup effect is very prominent during the first three
periods and becomes negligible after approximately eight periods. The solution of the last
five periods is used to calculate time-averaged lift and drag coefficients, C}, and Cp. The
time-dependent lift and drag coefficients presented, C, and Cp, over one cycle (/T € [0,1))
are also obtained by averaging the instantaneous lift and drag coefficients at the same time
instant within each of the last five periods.
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Figure 4.3: Time histories of the lift and drag coefficients for S/c¢ = 0.25 and D/c = 1. The
top curve is the lift coefficient.

4.2.1 Full ground effect

We shall first consider cases with S/c = —5. The mean position of the flapping airfoil is
right above the center of the platform. Because the airfoil remains far away from the edges
of the platform on both sides, the airfoil should experience close to full ground effect. As
shown in Fig. 4.4, the time-averaged lift coefficient over one period is well above the infinite-
fluid averaged lift coefficient, C.., when D/c = 1. As D/c increases to 3, the averaged lift
coefficient rapidly drops below Cr.,. A gradual recovery of C} towards C., is observed
when D/c = 4 and 5. As in [36], we can identify three force regimes: force-enhancement,
force-reduction, and force-recovery regimes. The time-averaged drag coefficient shows the
same dependence on D/c as the lift coefficient.

The time-dependent lift and drag coefficients of the airfoil over one period are shown in
Fig. 4.5. Over one period, four peaks in lift coefficient are typically observed with two peaks
occurring during the downstroke around ¢/7" = 0.1 and 0.3 and another two peaks occurring
during the upstroke around ¢/7 = 0.6 and 0.8 (see e.g. Fig. 4.5(a), D/c =5).

The instantaneous non-dimensional vorticity fields, we/U,,q., during the downstroke and
upstroke with full ground effects are shown in Figs. 4.6 and 4.7, respectively. The three
ground clearances shown, D/c = 1, 3, and 5, correspond to the three force regimes. For
all vorticity plots in this chapter, solid contour lines represent positive (counterclockwise)
vorticity, and dashed contour lines represent negative (clockwise) vorticity. Unless stated
otherwise, increment of contour level is 1. The horizontal and vertical coordinates in all
vorticity and velocity field plots in this chapter are z/c and y/c, respectively.

In the force-enhancement regime (D/c = 1), the first and third peaks are greatly enhanced
and overshadow the second and fourth peaks (Fig. 4.5(a)). Timewise, the first and third
peaks occur right after stroke reversals. Because of the reduced ground clearance in the
force-enhancement regime, the leading edge vortex (LEV) from the previous stroke cannot
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Figure 4.4: Time-averaged lift and drag coefficients, C; and Cp, of the flapping elliptic
airfoil in normal hovering mode above the center of the platform (S/c = —5).
The time-averaged lift and drag coefficients of the same airfoil in infinite fluid
are Cp., and Cp.,, respectively.

convect downwards and remains near the leading edge during stroke reversal as shown in
Fig. 4.6(a) t/T = 0 and Fig. 4.7(a) t/T = 0.5. This strong vortex forms a vortex pair with
the trailing edge vortex (TEV) from the previous stroke, inducing a strong jet impinging
on the wind side of the foil. This jet is responsible for the high lift and drag experienced
by the foil after stroke reversal [44]. In addition, the LEV from the previous stroke is
partially forced over the leading edge of the airfoil right after stroke reversal, resulting in
the formation of a stronger new LEV of the opposite sign (see Fig. 4.6(a) t/7" = 0.1 and
Fig. 4.7(a) t/T = 0.6). As pointed out in [36], this stronger new LEV on the lee side of the
airfoil may also contribute to the high lift and drag on the airfoil right after stroke reversal.
However, the strong LEV also detaches from the airfoil sooner, diminishing the second and
fourth peaks of the lift curve (see Fig. 4.6(a) t/7" = 0.3 and Fig. 4.7(a) t/T = 0.8). For
convenience, the above flow behaviors in the force-enhancement regime shall be collectively
referred to as the ground-enhanced wake-capture mechanism.
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Figure 4.5: Time-dependent (a) lift coefficient and (b) drag coefficient of the flapping elliptic
airfoil over one period of flapping motion under full ground effect (S/c = —5).

Downstroke occurs over ¢/T = 0 to 0.5, and upstroke occurs over /7" = 0.5 to
1. Stroke reversals occur at t/T = 0(1) and 0.5.
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Figure 4.6: Non-dimensional vorticity fields (wc/U,yq,) during downstroke for S/¢ = —5 and

(a) D/e=1, (b) D/c =3, and (c) D/c = 5.
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Figure 4.7: Non-dimensional vorticity fields (we/Upq,) during upstroke for S/c¢c = —5 and
(a) D/e=1, (b) D/c =3, and (c) D/c = 5.
70



4.2. Numerical results

In the force-recovery regime (D/c = 4 and 5), the increase in lift force is in large part
contributed by the enhancement of the fourth peak (see Fig. 4.5(a)). During the second half
of the upstroke (the fourth peak), the negative (clockwise) TEV formed during the upstroke
combines with the positive (counterclockwise) TEV from the previous downstroke into a
strong vortex pair (see Fig. 4.7(c) t/T = 0.8). This vortex pair induces a downward jet
which leads to increased lift. In order for this mechanism to take place, a sufficiently large
ground clearance is needed to accommodate the vortex pair. In addition to the increased
fourth peak, the first peak at ¢/7" = 0.1 is also slightly enhanced possibly because of a wake-
capture effect. Comparing Figs. 4.6(b) and (c) for ¢/T = 0.1, we can see that the positive
LEV from previous upstroke is placed closer to the leading edge when D/c = 5. This wake-
capture effect is, however, much weaker than what is observed in the force-enhancement
regime when D/c = 1.

In the force-reduction regime (D/c = 2 and 3), ground clearance is large enough so that
the LEV from the previous stroke tends to slide down along the wind side of the airfoil after
stroke reversal and merge with the new TEV instead of being forced over the leading edge
(Fig. 4.6(b) t/T = 0.1 and Fig. 4.7(b) t/T = 0.6). As a consequence, the ground-enhanced
wake-capture mechanism does not take place. At the same time, the ground clearance is
not sufficient to accommodate the formation of the vortex pair during the second half of the
upstroke (Fig. 4.7(b) t/T = 0.8), and the fourth peak is also diminished.

4.2.2 Partial ground effect

To investigate the force on the flapping airfoil under partial ground effect, DVM simulations
of the flapping airfoil have been carried out for S/c € [-3,2] and D/c € [1,5]. The results
are summarized in Fig. 4.8.

Figure 4.8(a) shows the time-averaged lift coefficients. In the force-enhancement regime
(D/c = 1), the general trend shows the lift coefficient increasing as S/c¢ decreases. When
S/c = 2, the mean lift force experienced by the airfoil is approximately equal to that in
infinite fluid. When S/¢ = —3, the lift approaches its full-ground-effect strength. In the
force-reduction regime (D/c = 2 and 3), the lift coefficient decreases below its infinite-fluid
level as S/c decreases and approaches that of full ground effect when S/c¢ = —3. The force-
recovery regime is reached when D/c = 4 and 5. In this regime, the dependence of lift on
S/c weakens, and the lift coefficient is close to that in an infinite fluid. The drag coefficient
shown in Fig. 4.8(b) demonstrates similar trends.

Considering the lift and drag coefficients, both time-averaged and time-dependent, gen-
erally show similar dependence on S/c and D/¢, we will mainly focus on the lift force and
its relation with the vorticity field in the following sections.
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Figure 4.8: Time-averaged (a) lift coefficients and (b) drag coefficients of a flapping elliptic
airfoil in normal hovering mode near the edge of a platform.

4.2.2.1 Force enhancement under partial ground effect

The time-dependent lift coefficient over one period of flapping motion is presented in Fig. 4.9
for several S/c values of interest in the force-enhancement regime (D/c = 1).

According to the time history, the initial increase in mean lift observed as S/c¢ decreases
from 2 towards 0 can be attributed to three different mechanisms. Comparing the time-
dependent lift coefficient of S/c = 0.75 against that of S/c = 2, we see that the second
and third peaks of the lift curve are enhanced while the fourth peak is diminished. For
S/c = 0.75, the second peak occurs during the second half of the downstroke as the airfoil
sweeps past the edge of the platform. As shown in Fig. 4.10(a), the positive TEV of the
airfoil forms a vortex pair with the negative vortex shed from the edge of the platform,
inducing a downward jet and enhancing the lift force. In Fig. 4.11, the velocity fields near
the foil are shown for both S/c = 0.75 and S/c = 2 at the time instant corresponding to
the second peak in lift (¢/7" = 0.35). In Fig. 4.11(a), the fluid is being squeezed through the
gap between the trailing edge of the foil and the platform edge, forming a strong downward
jet. A similar downward stream is observed in Fig. 4.11(b) below the foil when S/c¢ = 2.
However, the stream is considerably weaker. Using the velocity magnitude at the point 0.5¢
vertically below the trailing edge of the foil as a reference, the jet of S/c = 0.75 is close to
40% faster compared to that of S/c = 2. The significantly stronger downward jet is closely
related to the increase in lift. This lift-enhancing mechanism is not previously observed and
only occurs when the platform edge is present. Subsequently, the stroke reversal at ¢ /T = 0.5
occurs above the edge of the platform when S/c = 0.75, and the LEV from the previous
downstroke is obstructed from convecting downwards after stroke reversal (see Fig. 4.10(b)).
The ground-enhanced wake-capture mechanism now partially takes effect, leading to the
enhancement of the third peak. Lastly, the edge of the platform partially obstructs the
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formation of the vortex pair during the second half of the upstroke, diminishing the fourth
peak of the lift coefficient curve (see Fig. 4.10(c)). The net effect of the three mechanisms
generates over 10% increase in time-averaged lift coefficient. Also, a local minimum in
averaged lift coefficient is observed when S/c = 0 because of the rapidly diminishing fourth
peak.
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Figure 4.9: Time-dependent lift coefficient of the flapping elliptic airfoil over one period of
flapping motion in the force-enhancement regime (D/c = 1).
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Figure 4.10: Non-dimensional vorticity fields (wc¢/Uyg,) for S/c = 0.75 and D/c = 1 at
t/T = (a) 0.35, (b) 0.55, and (c) 0.80.

When S/c further decreases to —0.75, the stroke reversal at /7" = 0 also occurs very close
to the platform edge. The positive LEV from the previous upstroke partially moves over
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Figure 4.11: Non-dimensional velocity magnitude normalized by Upue, (color) and stream-
lines (dark curves) for D/c = 1 with (a) S/c = 0.75 and (b) S/c = 2 at

t/T = 0.35.
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Figure 4.12: Non-dimensional vorticity fields (wc/Upqz) for S/c = —0.75 and D/c = 1 at
t/T = (a) 0.1, (b) 0.55, and (c) 0.80.

the leading edge of the airfoil immediately after stroke reversal (see Fig. 4.12(a)), enhancing
the first peak in lift force at /7" = 0.15. The third peak at ¢/7" = 0.65 is further enhanced
and is close to its full-ground-effect level. The ground-enhanced wake-capture mechanism
is in full effect here (see Fig. 4.12(b)), similar to the situation shown in Fig. 4.7(a) for
t/T = 0.6. During the second halves of the downstroke and upstroke, the LEV detaches from
the airfoil, and the formation of the vortex pair is completely obstructed by the platform
(see Fig. 4.12(c)). Thus, the second and fourth peaks are completely diminished.

As shown in Fig. 4.8(a), the averaged lift force approximately reaches its full-ground-
effect level when S/c = —1.25. The time-dependent lift coefficient is almost identical for
S/c = —1.25 and S/c = —3 as shown in Fig. 4.9. However, a peculiar local minimum in
averaged lift coefficient is observed at S/c = —1.75 which corresponds to an approximately
10% drop in averaged lift compared to that of S/c = —1.25. In this case, the TEV from the
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Figure 4.13: Non-dimensional vorticity field (we/Upg,) for S/c = —1.75 and D/c = 1 at

t/T = 0.35. The positive TEV shed from the current downstroke is merging
with the TEV shed from the previous downstroke.
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Figure 4.14: Non-dimensional vorticity fields (we/Upqs) at t/T = 0.6 for D/c =1 and S/c =
(a) —1.25, (b) —1.75, and (c) —3.

downstroke is shed right above the edge of the platform and has decreased mobility. The
TEV remains near the edge of the platform during the entire period of flapping motion. This
leads to the merging between the TEVs shed from the downstroke of the current period and
the downstroke from the previous period as illustrated in Fig. 4.13. From Fig. 4.14(b), we
can see that the TEVs merge into a strong positive vortex which remains near the edge of
the platform. The velocity field induced by this strong vortex pulls the LEV formed during
the downstroke towards the platform and away from the leading edge of the airfoil after the
stroke reversal at t/T = 0.5, thus reducing the effect of the ground-enhanced wake-capture
mechanism. Compared with Figs. 4.14(a) and (c), the negative LEV from downstroke in
Fig. 4.14(Db) is visibly being stretched and pulled towards the platform by the strong positive
vortex near the edge of the platform. The velocity fields corresponding to Figs. 4.14(a) and
(b) are shown in Fig. 4.15. In both Figs. 4.15(a) and (b), we see an upward jet induced by
the LEV from the previous downstroke impinging on the wind side of the foil. However, the
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impinging jet is weakened when S/c = —1.75 because of the influence of the strong positive
vortex at the platform edge. The weakened jet leads to a slightly diminished third peak in
lift compared with that of full ground effect (Fig. 4.9) and a local minimum in averaged lift
coefficient in Fig. 4.8(a).

S/c=-1.25, D/c=1, /T=0.6
upward jet
impinging on
he foll

S/c=-1.75, Dlc=1, t/T=0.6

weakened

I~

Figure 4.15: Non-dimensional velocity magnitude normalized by Upue. (color) and stream-
lines (dark curves) for D/c = 1 with (a) S/c = —1.25 and (b) S/c = —1.75 at
t/T = 0.6.

4.2.2.2 Force reduction under partial ground effect

In the force-reduction regime (D/c = 2 and 3), we observed a smooth decrease in average lift
force as S/c decreases from 2 to —3 in Fig. 4.8(a). However, the change in the time history
of the lift coefficient is quite complicated.

When D/c = 2, the mean lift force decreases rapidly from infinite-fluid level to full-
ground-effect level when S/c¢ decreases from 1 to 0. The time-dependent lift coefficient over
one period is shown in Fig. 4.16 for several S/c values of interest. In fact, for S/c = 1, we
see that the second peak in the lift curve is slightly enhanced. This is likely caused by the
edge of the platform reducing the downward mobility of the negative TEV shed during the
upstroke. As shown in Fig. 4.17(a), this negative TEV and the new positive TEV shed during
the subsequent downstroke form a closer vortex pair, enhancing the second peak in lift. In
comparison, when S/c = 2, the negative TEV convects downwards further at t/7" = 0.3, and
the resulting vortex pair is not as strong (see Fig. 4.17(b)).

When S/c decreases to 0.5, the negative TEV from the upstroke is shed on top of the
platform and has very low mobility (Fig. 4.18(b)). This negative vortex remains in approx-
imately the same position and merges with the negative TEV shed from the next upstroke
after one full period as shown in Fig. 4.18(c). This strong negative vortex diminishes the
first peak in the lift curve in a manner similar to what we have observed for the third peak
in the case S/c = —1.75 and D/c =1 discussed previously. By comparing Fig. 4.18(a) with
Fig. 4.14(b), we see that the situation is approximately left-and-right mirrored. In contrast
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Figure 4.16: Time-dependent lift coefficient of the flapping elliptic airfoil over one period of
flapping motion in the force-reduction regime (D/c = 2).
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Figure 4.17: Non-dimensional vorticity fields (we/Upqs) at t/T = 0.3 for D/c =2 and S/c =

(a) 1 and (b) 2.

to the negative TEV from upstroke, the positive TEV from downstroke convects downward,

passing the edge of the platform (see Fig. 4.18(b)).

As a result, a vortex pair cannot be

formed during the second half of the downstroke (¢/T" = 0.3) in this case, and the second

peak in Fig.

4.16 is no longer enhanced.

When S/c decreases from 0.5 to 0, the first and second peaks of the lift curve are further
diminished. At the same time, the fourth peak starts to drop because the platform edge now
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Figure 4.18: Non-dimensional vorticity fields (we/Upgs) for S/c = 0.5 and D/c =2 at t/T =
(a) 0.1, (b) 0.3, and (c) 0.6.
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obstructs the formation of a vortex pair during the second half of the upstroke.
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Figure 4.20: Non-dimensional velocity magnitude normalized by Up,e. (color) and stream-
lines (dark curves) for D/c = 2 with (a) S/c = —2 and (b) S/c=0at t/T = 0.

Interestingly, when S/c decreases further to —2, we see a recovery of the first and second
peaks of the lift curve. The positive TEV shed from the previous downstroke is positioned
very close to the leading edge of the airfoil during stroke reversal at /T = 0 (see Fig. 4.19(a))
and appears to enhance the newly formed negative LEV. The velocity fields at /T = 0 of
the two cases shown in Fig. 4.19 are illustrated in Fig. 4.20. When S/c = —2 (Fig. 4.20(a)),
a downward stream induced by the positive TEV shed from the previous downstroke moves
past the leading edge of the foil towards the lee side. This stream contributes to the formation
of a stronger and better attached new negative LEV. This downward stream is not present
when S/c = 0 (Fig. 4.20(b)). Comparing with the case of S/c¢ = 0 shown in Fig. 4.19(b),
we see that a larger LEV is formed when S/c = —2 which remains attached to the airfoil at
t/T = 0.3 in Fig. 4.19(a). As a consequence, the first and second peaks of the lift curve are
enhanced. In addition, the newly formed TEV eventually merges with the strong TEV from
the previous downstroke, maintaining the strength of the positive vortex. The gain in lift
from the first and second peaks, however, is countered by a rapid lost in lift from the fourth
peak, resulting in almost constant averaged lift force for S/c < 0. When S/c = —2, the lift
curve becomes almost identical to that under full ground effect.

When D/c = 3, we see that the first peak of the lift coefficient curve is slightly enhanced
while the second peak is diminished when S/¢ decreases from 2 to 0 (see Fig. 4.21). As S/c
further decreases from 0 to —2, the first peak becomes greatly diminished while the height
of the second peak gradually recovers to its infinite-fluid level.

From the vorticity field shown in Fig. 4.22(a), we see that the enhanced first peak and
the diminished second peak observed at S/c¢ = 0 are most likely caused by a weak wake-
capture effect. The positive LEV from upstroke partially wraps around the leading edge of
the airfoil at ¢/T = 0.1 after the stroke reversal, inducing a jet impinging on the wind side
of the airfoil and enhancing the new negative LEV formed after stroke reversal. The new
LEV has a stronger tendency to detach from the lee side of the airfoil at ¢/T" = 0.3, leading
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Figure 4.21: Time-dependent lift coefficient of the flapping elliptic airfoil over one period of
flapping motion in the force-reduction regime (D/c = 3).

to a diminished second peak. When S/c decreases to —2, the positive LEV from upstroke
tends to slide down the wind side after stroke reversal, and the negative downstroke LEV
remains attached to the airfoil (see Fig. 4.22(b)). Therefore, the first peak diminishes while
the second peak recovers.

In addition to the change in the first and second peaks, a dramatic drop in the fourth
peak is observed when S/c¢ decreases from 0 to —2, again, because the platform prevents the
formation of a vortex pair during the second half of the upstroke (compare Figs. 4.22(a) and
(b) at t/T = 0.8).

When D/c increases to 4 or 5, the flow enters the force-recovery regime. The mean lift
and drag forces are close to their infinite-fluid levels. Compared to when D/c = 3, the
time-dependent lift coefficient in the force-recovery regime shows very similar dependence
on S/¢, although the dependence is much weaker because of the increased vertical distance
to the platform.

4.2.2.3 Efficiency of lift generation

We shall express the efficiency of lift generation in terms of the ratio C1/Cp. The time-
averaged power coefficient Cp is defined as

o Jo [FE(0U (1) = m(6)Q(8)] dt
P (1/2)TpU3,, ¢

max

(4.3)
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Figure 4.22: Non-dimensional vorticity fields (wc/Upqz) for S/c = (a) 0 and (b) —2 and
D/c=3att/T =0.1, 0.3, and 0.8.

where 7(t) and Q(t) = &(t) are the instantaneous aerodynamic torque on the foil and the
angular velocity of the foil, respectively. It should be noted that the power contribution from
foil rotation is much smaller than that from the translational motion. The efficiencies of lift
generation for various cases are shown in Fig. 4.23.

Despite the significant increase in lift in the force-enhancement regime (D/c = 1), the
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Figure 4.23: Efficiencies of lift generation in terms of the ratio C,/Cp for various values of
S/c and D/ec.

efficiency remains approximately constant for the whole range of S/c € [—3,2] and stays
within +5% of the infinite-fluid efficiency of C/Cp = 0.75. This is because the increase
in lift is accompanied by a roughly proportional increase in drag in the force-enhancement
regime (see Fig. 4.8). In the force-reduction regime (D/c = 2, 3), however, a rather significant
drop in efficiency is observed. When D/c = 3, the lowest efficiency of approximately 0.59
is computed for S/¢ < —1.5, representing a 21% drop from the infinite-fluid efficiency. In
the force-recovery regime, the influence of the platform is weakened, and the lift generation
efficiency gradually recovers to the infinite-fluid level.

4.2.2.4 Net lateral force under partial ground effect

When the foil is near the platform edge, it may experience a net cycle-average lateral force
because of the asymmetric ground effect. To represent the lateral force, we introduce the
lateral-force coefficient C,:

I
(1/2)pUs a0

Similar to the lift and drag coefficients, the time-averaged lateral-force coefficient C,, is also
computed from the last five of the 15 periods of flapping motion simulated. The values of
C, for D/c =1 to 4 are shown in Fig. 4.24.

C, = (4.4)
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Figure 4.24: Time-averaged lateral-force coefficient C, of a flapping elliptic airfoil in normal
hovering mode near the edge of a platform.

When C, is positive, the net lateral force, in the positive z-direction, is pushing the foil
away from the platform. When C,, is negative, the net lateral force is pulling the foil towards
the platform center. For all the cases shown in Fig. 4.24, the magnitude of C, remains
much smaller than the time-averaged drag coefficient Cp shown in Fig. 4.8(b), indicating
cancellation between the lateral force during the upstroke and the downstroke. However,
the net lateral force is still not negligible especially in the force-enhancement (D/c = 1) and
force-reduction (D/c = 2,3) regimes. Interestingly, the value of C, shows the same overall
trend in both regimes. When S/¢ > 1.5, the net lateral force is very close to zero, as the
edge of the platform is still relatively far away. A net pull force is observed for S/c in the
range of —1 to 0.25, and a net push force is present for S/c < —1.5. When S/c¢ decreases
below —2, the push force weakens as the foil starts to experience full ground effects. The
strongest net pull and push forces are observed in the force-reduction regime when D /c = 2.
In the force-recovery regime (D/c > 4), the effect of the ground weakens, and the net lateral
force becomes negligible.

4.2.2.5 Effect of platform edge and the formation of reverse von Karman
vortex street

Under suitable conditions, the presence of the platform edge may cause the wake of the
flapping airfoil to form a reverse von Karman vortex street that extends well below the
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stroke plane. In the range of S/c and D/c values we have covered, the formation of a vortex
street is typically observed when S/c > 0. The vortex street is more prominent when D /¢ < 3
but still exists for D/c = 4 and 5. The formation of the vortex street is shown in Fig. 4.25
for several cases with D/c = 1. When 0 < S/¢ < 0.5, the reverse von Kdrmén vortex street
tends to curl towards the right and eventually roll into a positive vortex, whereas, if S/c > 1,
the vortex street extends straight downward and eventually rolls into a negative vortex under
the platform.

The vortex street is formed from the alternate shedding of positive downstroke TEVs
and negative upstroke TEVs. In an infinite fluid where the platform edge is absent, the
two TEVs tend to form closely packed vortex pairs. The large distance between consecutive
vortex pairs prevents the formation of a reverse von Karmdan vortex street (see Fig. 4.26).
A properly placed platform edge, on the other hand, slightly impedes the downward motion
of the shed vortices, reducing the distance between consecutive vortex pairs. As a result,
we have a continuous train of approximately equally spaced vortices which form the vortex
street (see Fig. 4.25).
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Figure 4.25: Non-dimensional vorticity fields (we/Uy,,,) of the wake of the flapping airfoil
in normal hovering mode for S/c = (a) 0.5, (b) 1, and (¢) 2 and D/c =1 at
t/T = 0. Increment of contour level is 0.25 for the solid and dashed contour
lines. The influence of the platform edge leads to the formation of a reverse von
Karman vortex street.

The reverse von Karman vortex street induces a strong and focused downward jet that

extends well below the stroke plane of the foil. This jet may present a navigational hazard
for a second MAV flying under the platform edge.
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Figure 4.26: Non-dimensional vorticity field (we/Uyq,) of the wake of the flapping airfoil in
normal hovering mode in an infinite fluid at ¢/7" = 0. Increment of contour
level is 0.25 for the solid and dashed contour lines. The wake is dominated by
close vortex pairs.
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Chapter 5

Performance of a micro-scale Bach-type turbine

5.1 Problem description

A turbine with a Bach-type rotor of diameter D and radius R is subjected to a uniform
current U as shown in Fig. 5.1. The fluid is viscous and incompressible with constant and
uniform density p and kinematic viscosity v. The no-slip and no-penetration boundary
conditions are enforced on the turbine blade surface, and the uniform stream is undisturbed
in the far field. The two-dimensional flow past the turbine is solved using DVM. The turbine
rotates in the clockwise (CW) direction with angular velocity 2 < 0. The rotor consists
of two circular-arc sections of radius ¢ subtending an angle ¢ on each end connected by a
straight-line segment of length 2p in the center. The rotor has finite thickness d, and each
tip of the rotor blade is closed by a semi-circular cap of diameter d. The part of the turbine
moving in the direction of the current U is commonly referred to as the advancing blade
while the part moving against the current is the returning blade. The rotor angular position
0, measured in the clockwise direction, is defined to be zero when the straight segment of
the rotor aligns with the y-axis (Q = —9) Over one period T, the turbine makes one
full rotation (6 increases from 0 to 27). In this study, the parameters used are ¢ = 124°
and p/q = 0.2 [98]. The blade thickness is chosen to be d/D = 1/80. These parameters
are summarized in Table 5.1. For convenience, we will actually be solving the equivalent
problem where the turbine shaft is translating in the negative x-direction at a constant speed
U in a calm fluid.

In the present work, both prescribed rotation and free rotation are considered. With
prescribed rotation, the turbine turns at a constant and predefined angular velocity 2. In
this case, the flow depends on only two parameters: tip-speed ratio (A) and the Reynolds
number (Re). The conventional definition of the tip-speed ratio and the Reynolds number
are used: A = —RQ/U and Re = UD/v. The Reynolds number Re = 1,500 is used for all
the results presented in this chapter. This choice of Reynolds number is significantly lower
than what is typically used in experiments and mesh-based numerical computations that

Table 5.1: Turbine blade geometric parameters

Parameters | Values
© 124°
p/q 0.2
d/D 1/80
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Figure 5.1: Flow past a rotating Bach-type vertical-axis turbine. The turbine rotates in
the clockwise direction about point O. The cross-sectional area of the rotor is
A= 2d(p+ ¢q).

rely on some form of turbulence model. However, scientific significance aside, computation
at this low Reynolds number is still of practical interests because it allows one to evaluate
whether Bach-type turbines can be effectively used in micro-scale power generation.

In the case of free rotation, €2(¢) is time-dependent and is solved by integrating the
equation of motion of the turbine:

T — B, =10 (5.1)

where 7, B,, and I are the torque exerted on the turbine by the fluid, the generator damping,
and the mass moment of inertia of the blade about the axis of rotation, respectively. The
initial turbine position is simply 6(¢ = 0) = 0. A non-zero initial angular velocity Q(t = 0) is
used for each run in order to reach the final periodic steady state faster. Since the problem
is two-dimensional, 7, By, and I are all given in terms of per unit height (out of the plane)
of the turbine.

For prescribed rotation, the power P per unit height of the turbine is given by

P=Qr (5.2)

For free rotation, the power can be computed from the generator damping By:

P = B, (5.3)

The torque and power coefficients, Cr and Cp, are defined as:
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— P
T Cp—

Cp = (5.4)

1 1
—pU2DR —pU3D
2 2
With the negative sign, Cr is positive when the torque is in the direction of rotation (CW)
and negative when the torque opposes rotation. Also, the horizontal and vertical force

coefficients, C; and Cy, are defined as
F, F,

Co=1 Cy=1

(5.5)

where F, and F), are the horizontal and vertical components of the hydrodynamic force per
unit height of the turbine.

5.2 Numerical results

The contour of the Bach-type turbine is discretized into 512 similar-sized linear panels, and
a time step of UAt/D = 0.01 is used. The vortex blobs in the wake within 20 turbine
diameters to the turbine’s axis of rotation are kept. After a vortex blob moves past this
threshold, its circulation starts to decay linearly with time to zero over a time duration of
Ty.. The vortex blob is removed once its circulation reaches zero. The decay time is chosen
to be UTy./D = 1. This configuration, which caps the maximum number of vortex blobs in
the flow to approximately 1.3 million, is chosen to achieve the best balance between accuracy
and computation time.

Compared to previous DVM simulations of a Savonius or Bach-type turbine (see e.g. [66]),
a much higher number of body panels are used in this work. This is because the current sim-
ulation is fully viscous, and a large number of overlapping vortex blobs with small core radius
are needed to fully resolve the viscous and vortical flow near the turbine blade. Since each
body panel only generates one vortex blob per time step in the current DVM formulation,
more body panels are needed to generate sufficient number of vortex blobs.

The time-step convergence check using prescribed rotation with A = 1 is shown in Fig. 5.2.
The time-dependent torque coefficient during the first six revolutions is presented. Visually,
the results obtained with UAt/D = 0.01 and UAt/D = 0.005 are very consistent. During
the sixth period t/T € [5,6], the mean difference in torque coefficient calculated from the
two time-step sizes is about 1% of the maximum torque coefficient. This level of convergence
is adequate for the ensuing discussions.

Each run of computation is carried out until the torque coefficient and the angular ve-
locity, if free rotation is considered, become approximately periodic for several turbine rev-
olutions. The simulations typically end at Ut/D = 60 to 100. For prescribed rotation, the
solution from the last three revolutions of each run is used to calculate the time-averaged
torque and power coefficients, C and Cp. The time-dependent torque and power coefficients
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Cr and Cp over one period (t/T € [0,1]) are also obtained by averaging the instantaneous
torque and power coefficients at the same time instant within each of the last three revo-
lutions. For free rotation, the time-averaged and time-dependent torque, power, and force
coefficients and the turbine speed in terms of A are calculated in the same way except that
the solution from the last five revolutions is used.
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Figure 5.2: Time-step convergence check using prescribed rotation with A = 1.

5.2.1 Prescribed rotation

5.2.1.1 Time-averaged power and torque characteristics with prescribed
rotation

The performance of the micro-scale turbine under prescribed rotation with constant tip-
speed ratio is investigated first. In Fig. 5.3, the time-averaged torque and power coefficients,
Cr and Cp, for prescribed rotation are shown for A in the range of 0.3 to 1.2.

Overall, Cp increases with decreasing A. A rather sharp increase in mean torque is
observed when A decreases from 0.75 to 0.725. At this low Reynolds number of 1,500, the
maximum mean power coefficient of approximately 0.18 is achieved at two distinct A values,
0.725 and 0.9. The high power coefficient at A = 0.725 is related to the sharp increase in Cp
observed at the same tip-speed ratio. The mechanism behind the high power coefficient at
A = 0.725 is discussed later on in Sec. 5.2.1.4. Rapid decrease in power coefficient is observed
when A\ decreases below 0.5 or increases beyond 1.

It is of interest to note that the DVM results from [66] show the power and torque
coefficients of a Savonius turbine increasing monotonically and almost linearly with the tip-
speed ratio. This is very different from the current DVM results. The difference is, however,
expected because the DVM simulation of [66] is based on inviscid potential flow theory for
very high Reynolds numbers with boundary-layer separation limited to the tips of the turbine
blade. Therefore, unlike the fully viscous DVM simulation for lower Reynolds numbers used
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in this study, the viscous dissipation at high A is not captured in the method of [66], resulting
in continued increase of Cp and Cr with .
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Figure 5.3: Time-averaged (a) torque and (b) power coefficients, Cr and Cp, of the Bach-
type turbine with ¢ = 124° and p/q = 0.2. The current numerical DVM solutions
at Re = 1,500 is compared to the experimental results at Re = 80,000 [98].

The numerically determined mean torque and power coefficients at Re = 1,500 are also
compared to the experimental results of a similar Bach-type turbine with the same p/q and
¢ values at Re = 8 x 10" from [98]. The experiments were carried out in an open jet wind
tunnel, and the turbine had end plates and a relatively low aspect ratio of 0.7. Despite the
order of magnitude difference in Re, the current numerical results bear strong resemblance to
the experimental results. The maximum Cp of approximately 0.18 at Re = 1,500 predicted
by the DVM simulation is comparable to the optimal power coefficient reported in [98] for
the same geometry. This result indicates that drag-based turbines are suitable for micro-
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scale power generation because the adverse effect of miniaturization (low Re) is minimal.
It is, however, difficult to identify the exact cause of the quantitative differences between
the current numerical results and the experimental results of [98]. The discrepancy may
be attributed to the difference in Reynolds number and/or the difference in the methods
of investigation used in the two works. For instance, the DVM numerical results predict
increased torque and power for A > 0.9 at Re = 1,500. This may simply be a consequence
of the two-dimensional flow assumption used in the DVM simulation as opposed to the
difference in Reynolds numbers.

The observation that the performances of drag-based turbines are relatively insensitive
to Reynolds number is also supported by several experimental studies performed at higher
values of Re [55,99]. In [99], a Savonius wind rotor intended to power a street lamp was
tested in a wind tunnel at Re in the range of 2 x 10° and 3.3 x 10°; the power and torque co-
efficients Cp and C7 showed no dependence on Reynolds number in this range of Re. In [55],
the variation of maximum Cp as a function of Re in the lower range of 6.0 x 10* to 1.5 x 10°
is shown to be around 10% for several different designs of drag-based turbines. Also, the
power coefficient does not increase monotonically with Reynolds number; the optimal power
coefficient is, in fact, observed at some intermediate values of Re. The numerical computa-
tions presented in the current work indicate that the range of Re insensitivity extends down
to micro-scale turbines with Re on the order of 103.

5.2.1.2 Instantaneous torque and forces on the turbine under prescribed
rotation

The flow past a Bach-type flow turbine is inherently unsteady. The fluid forces and torque
on the turbine are strongly dependent on time. As an example, the instantaneous torque
coefficient C'r over one period of rotation for A = 0.9 is shown in Fig. 5.4. Minimum
torque coefficient is observed around ¢/T" = 0.23 and 0.71. At these points, C7r is negative,
and the torque impedes blade rotation. Maximum torque coefficient is observed around
t/T = 0.52 and 0.96. The horizontal and vertical force coefficients, C, and C,, also show
large fluctuations over one period. In fact, C, is always positive, indicating that the turbine
is experiencing a lateral force in the positive y-direction at all time.

To identify the cause of the high and low instantaneous torques during one revolution, the
non-dimensional vorticity field and the non-dimensional relative pressure p* = p/(0.5pU?) on
the blade-surface are shown in Fig. 5.5 for two time instants: ¢/7 = 0.233 and ¢/7 = 0.519,
corresponding to the minimum and the maximum torque coefficients, respectively. The
pressure at the edge of the blade marked by a “e” in the insets of Fig. 5.5(b) and (d) is
used as the reference pressure (zero relative pressure). At ¢t/7° = 0.233, even though the
bucket (circular arc) of the advancing blade is fully facing the incoming current, the pressure
difference between the wind side and the lee side of the blade is fairly small (see Fig. 5.5(b)).
As a result, very little torque is being generated by the advancing blade. Meanwhile, the
returning blade is experiencing a strong stagnation pressure on the center of the wind side.
The net torque on the turbine opposes its rotation at this time instant.
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t/T

Figure 5.4: Instantaneous torque coefficient C'r and the horizontal and vertical force coeffi-
cients C, and Cy over one period of rotation for A = 0.9 at Re = 1,500.

In comparison, at t/T° = 0.519, the lee side of the advancing blade is experiencing a
much lower pressure than the wind side (see Fig. 5.5(d)), leading to a strong “lift” force in
the positive y-direction on the advancing blade and a high torque on the turbine. In this
orientation, the advancing blade is acting like a thin lift-generating foil with a camber. The
boundary layer on the suction side remains attached over roughly two thirds of the advancing
blade, contributing to the lift force (see Fig. 5.5(c)). In this respect, the Bach-type turbine
is also partly lift driven even though it is customarily considered to be a drag-based turbine.
This observation is consistent with the remark of [65] for a static turbine at very high
Reynolds numbers, Re — oo, and indicates that the same torque generating mechanism is
present at the two extremes of low and high Reynolds numbers.

5.2.1.3 Evolution of vortical flow with prescribed rotation

At low Reynolds numbers, the flow is dominated by large and coherent vortices that repre-
sent areas of concentrated flow energy. These vortices affect the performance of the turbine.
Therefore, a detailed understanding of the flow field and the interaction between the turbine
blade and the vortical structures is highly pertinent to the design, optimization, and opera-
tion of micro-scale turbines. Using the current viscous DVM approach, the unsteady vortical
flow structures are directly resolved to provide a detailed description of the flow evolution.

Description of major flow features The non-dimensional vorticity field of the flow
around the Bach-type turbine over one revolution is shown in Fig. 5.6. At ¢/T = 0, the
angular position of the turbine is §# = 0. The tip-speed ratio is 0.9 which corresponds
to maximum power extraction. At t/T = 0.006, the boundary layer on the lee side of
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Figure 5.5: Non-dimensional vorticity (wD/U) contour plots of the flow and non-dimensional
relative pressure p* on the blade surface at ¢t/T" = 0.233 and t/T" = 0.519 for
A = 0.9. Vorticity contour level increment is 5. Minimum torque is observed
around t/7T" = 0.233 shown in (a) and (b). Maximum torque is observed around
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the advancing blade separates (labeled A1), and a negative clockwise (CW) vortex forms
on the lee side of the returning blade (labeled B1). When ¢/T" = 0.121, flow separation
starts to occur at the edge of the advancing blade, leading to the formation of another CW
vortex (labeled C1). A positive counterclockwise (CCW) vortex is shed from the edge of the
returning blade at t/7° = 0.235 (labeled D1), and a vortex sheet connects the blade edge
and vortex D1. At the same time, the separated shear layer A1 rolls into a CW vortex while
vortices B1 and C1 continue to grow in size. At this time, the stagnation point is located
at the center of the returning blade. Subsequently at ¢/7" = 0.350, vortex C1 detaches from
the edge of the advancing blade, and vortex Bl forms a vortex pair with the CCW vortex
generated on the blade surface. After approximately one half rotation (¢/T = 0.465), vortex
Al is shed from the tip of the now returning blade, and vortex B1 is moved to the wind side
of the turbine. The CW vortex on the wind side of the turbine at /7" = 0.006 is formed
in the same manner during the previous cycle. Also at /T = 0.465, the boundary layer
again separates from the lee side of the advancing blade (labeled A2), and a CW vortex
B2 forms behind the returning blade, repeating the same creation process of Al and Bl
observed previously at ¢/T" = 0.006. The vortex sheet connecting vortex D1 and the blade
edge is broken up by the returning blade at ¢/T" = 0.579, and a new separation vortex C2
is forming on the tip of the advancing blade. The same processes can also be observed at
t/T = 0.121. At t/T = 0.694, vortex Bl merges with the boundary layer on the wind side
of the returning blade, and flow separation occurs again at the tip of the returning blade,
leading to the formation of the D2 vortex. For this particular case (A = 0.9), vortex D1 is
positioned very close to the edge of the returning blade at ¢/7" = 0.694. As a result, vortices
D1 and D2 tend to merge together (see t/T = 0.923).

Based on the above observation, the main vortical structures are created from two dif-
ferent occasions. First, strong vortex shedding from the tips of the turbine blade happens
when the turbine is fully facing the incident stream (see e.g. ¢/T = 0.235 and 0.694 of
Fig. 5.6). Second, vortices are created from the boundary-layer separation from the lee side
of the advancing blade (see e.g. t/T = 0.006 and 0.465 of Fig. 5.6). The inviscid DVM can
only capture the former (see e.g. [61,64]), and a fully viscous DVM is needed to capture both
vortex creation processes.

Effect of tip-speed ratio on flow evolution In order to demonstrate the effect of A on
the evolution of the vortical structures in the flow, the vorticity field near the turbine are
shown for A = 0.5 and 1.2 in Fig. 5.7 and Fig. 5.8, respectively.

The evolution of the vortices A1, A2, Bl and B2 are strongly affected by A. When A\ = 0.5,
the relatively slow angular speed causes vortex Bl to be convected further downstream
relative to the turbine blade at t/T" = 0.305 (see Fig. 5.7). At this time instant, vortex Al
already disappeared because of both dissipation and merging with vortex B1. Subsequently,
vortex Bl is split into two parts, Bla and B1b, by the turbine blade at ¢/T = 0.417. Vortex
B1b is immediately shed from the edge of the blade, while Bla is shed from the edge of the
returning blade at a later time t/7" = 0.528. Different from the case with A = 0.9 shown
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Figure 5.6: Non-dimensional vorticity (wD/U) contour plots of the flow around the Bach-
type turbine under prescribed rotation with A = 0.9 and Re = 1,500. Horizontal
scale is /D, and vertical scale is y/D. Solid contour lines represent positive vor-
ticity; dashed contour lines represent negative vorticity. Contour level increment
is 5.

in Fig. 5.6, vortex B1 is never moved to the wind side of the turbine. The evolution of
the B2 vortex is very similar to that of B1 during the second half of the rotation. For the
case A = 1.2 shown in Fig. 5.8, both vortices Al and Bl are moved to the wind side at
t/T = 0.529 because of the fast turbine rotation. Subsequently at ¢/7" = 0.720, vortex Al
merges with the boundary layer on the wind side of the returning blade while B1 is moved
further upward to the wind side of the advancing blade. Vortex B1 is eventually shed from
the edge of the advancing blade. Again, vortices A2 and B2 evolve in a fashion very similar
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to Al and B1.
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Figure 5.7: Non-dimensional vorticity (wD/U) contour plots of the flow around the Bach-
type turbine under prescribed rotation operating at A\ = 0.5 with Re = 1,500.
Horizontal scale is x/D, and vertical scale is y/D. Solid contour lines represent
positive vorticity; dashed contour lines represent negative vorticity. Contour
level increment is 3.5.

The value of A also has significant effects on the positions and sizes of the C1, C2, D1 and
D2 vortices. For low tip-speed ratios such as A = 0.5 shown in Fig. 5.7, the turbine rotates
much slower for a given free-stream velocity; therefore, the vorticity shed from the tips of
the turbine blade is able to accumulate over a longer period of time, leading to the shedding
of larger C1, C2, D1, and D2 vortices compared with the case of high A shown in Fig. 5.8.
These four vortices are also convected further downstream after one half turbine revolution
when the tip-speed ratio is low. For instance, vortex D1 is some distance away from the tip
of the returning blade at ¢/7" = 0.719 in Fig. 5.7 and does not influence the formation of the
D2 vortex. This downstream convection leads to very similar vorticity fields during the first
and second half of a turbine revolution. In comparison, the D1 vortex is very close to the tip
of the returning blade at ¢t/T" = 0.72 when A = 1.2 as shown in Fig. 5.8. The presence of D1
leads to the fracturing of vortex D2 and partial merging between D1 and D2 at ¢/7T = 0.872.
Because of the presence of D1, it can be seen that the vorticity field is not identical during
the first and second half of one turbine revolution when \ = 1.2.

Overall, the vortices Bl and B2 tend to be split and shed from the tip of the returning
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Figure 5.8: Non-dimensional vorticity (wD/U) contour plots of the flow around the Bach-
type turbine under prescribed rotation operating at A = 1.2 with Re = 1,500.
Horizontal scale is x/D, and vertical scale is y/D. Solid contour lines represent
positive vorticity; dashed contour lines represent negative vorticity. Contour
level increment is 5.

blade when the tip-speed ratio is low. When tip-speed ratio is high, A1, A2, B1, and B2
are transported to the wind side of the turbine by the rapid rotation of the blade with B1
and B2 shed from the tip of the advancing blade. Lastly, as the tip-speed ratio decreases,
stronger C1, C2, D1, and D2 vortices tend to form and are convected further downstream.
As shown in Sec. 5.2.1.4, a certain range of A will lead to an appropriate size and position
of vortex D2 such that beneficial turbine-wake interaction can occur.

5.2.1.4 Discovery of the wake-capture mechanism

In Sec. 5.2.1.1, a second peak in Cp at A = 0.725 is observed. To investigate the cause of
this peak, the two cases of A = 0.725 and A = 0.75 are compared. As shown in Fig. 5.9, the
peak in Cp at A = 0.725 is caused by a drastic increase in torque at ¢/7 = 0.98.

The non-dimensional relative pressure p* on the turbine blade at ¢t/7" = 0.98 is shown
in Fig. 5.10 for both A\ = 0.725 and A = 0.75. For the two tip-speed ratios, the values of
p* are almost equal everywhere except on the wind side of the returning blade where p* for
A = 0.725 is drastically reduced. In fact, for A = 0.725, the non-dimensional pressure on the
wind side is lower than that on the lee side, meaning the returning blade is also generating
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torque in the direction of rotation.

——\A=0.725 — — - \=0.75 |

t)T

Figure 5.9: Torque coefficient over one period of rotation of the Bach-type turbine operating
at A =0.725 and 0.75.

The vorticity fields at ¢/T = 0.98 for A\ = 0.725 and 0.75 are shown in Fig. 5.11. In
Fig. 5.11(a) (A = 0.725), the wind side of the returning blade hits the strong CCW vortex D2
shed from the edge of the now advancing blade. As a result, the returning blade experiences
drastically reduced pressure where it contacts the CCW vortex. The region of contact
corresponds well with the low-pressure region shown in Fig. 5.10. In contrast, the D2 vortex
shed by the advancing blade misses the returning blade when A = 0.75 (see Fig. 5.11(b)),
and Fig. 5.10 shows no reduction in pressure on the wind side of the returning blade. This
torque-enhancing phenomenon observed when A\ = 0.725 is essentially a wake-capture effect.
The turbine is able to recover energy previously lost to the wake under this special condition.
This wake-capture mechanism is also observed for A = 0.675 to 0.725, leading to increased
mean torque and power coefficients for this range of \.

To the best of our knowledge, this beneficial wake-capture mechanism has not been
observed previously for a Savonius or Bach-type turbine. The discovery of this mechanism
demonstrates the important effects of the evolution of coherent vortical flow structures on the
performance of low Re micro-scale turbines. Therefore, many of the performance-improving
techniques designed for higher Reynolds numbers, such as rotating deflectable blades [100]
and shielding plates [101], need to be adjusted or redesigned to accommodate or even utilize
the concentrated flow energy carried by the large vortical structures in low Re flow. This is
an area for potential future research.
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Figure 5.10: Non-dimensional relative pressure p* on the turbine blade at ¢/T" = 0.98 for
A = 0.725 and 0.75. The value of p* is plotted against the non-dimensional

arclength s/D along the blade measured from the edge marked by a “e” in the
inset (zero relative pressure at this point).
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Figure 5.11: Non-dimensional vorticity (wD/U) contour plots of the flow around the Bach-
type turbine in prescribed rotation at approximately ¢/7 = 0.98 for A = (a)
0.725 and (b) 0.75. Horizontal scale is x /D, and vertical scale is y/D. Solid con-
tour lines represent positive vorticity; dashed contour lines represent negative
vorticity. Contour level increment is 3.5.
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5.2.2 Free rotation
5.2.2.1 Power and torque characteristics with free rotation

In this section, the turbine is allowed to rotate freely according to Eq. (5.1). When the turbine
is operating in air, the angular velocity of the turbine is approximately constant because of
the large density difference between the fluid and the turbine [102]. The time history of the
turbine torque in free rotation (variable \) can be very similar to that in prescribed rotation
(constant A) [103]. In water, however, the relatively high density of the fluid can lead to
significant fluctuation in angular speed over one period of rotation. This is especially true
for micro-scale flow turbines because of the low inertia of the generator. Therefore, it is
of great importance to investigate quantitatively the degradation of performance caused by
large angular velocity fluctuation.

For the following analysis, the non-dimensional mass moment of inertia of the Bach-type
turbine about its axis of rotation is I* = I/(pD*) = 0.01323. The inertia is calculated from
the shape and thickness of the turbine blade section assuming a density ratio of p;/p = 8.05
where p; is the density of the turbine. This density ratio, which corresponds to a solid steel
rotor in water, leads to highly unsteady rotation and represents a worst case scenario in
terms of power generation. With free rotation, the speed of the turbine is controlled by
the generator damping B,. In subsequent results, the non-dimensional generator damping
B} = By/(0.5pUDR?) is used.

Figure 5.12 shows Cr and Cp of the turbine in free rotation as a function of mean
tip-speed ratio A. Different from prescribed rotation, C for free rotation does not always
increase with decreasing A. The value of Cp reaches a maximum of approximately 0.18 for
A ~ 0.88. The free-rotation Cp is overall reduced compared to that of prescribed rotation
especially for A less than 0.95. When B; is approximately 0.176, the maximum free-rotation
Cp of 0.16 is achieved, representing an 11% decrease from that of prescribed rotation. To
better illustrate the effect of generator damping, A, Cr, and Cp are shown as functions of
B; in Fig. 5.13. Overall, increasing B leads to decreasing X as expected. Both C and Cp
reach their respective maximum values when B} is between 0.17 and 0.2.

As an example, the time-dependent A and Cr are shown in Fig. 5.14(a) for B} = 0.176,
the case with maximum Cp. The instantaneous tip-speed ratio A varies from 0.75 to 1.2.
The amplitude of the fluctuation in X is about 24% of A in this case. However, because the
angular speed is allowed to vary freely, the fluctuation in torque over one period of rotation is
significantly reduced compared to prescribed rotation. For this case, the torque coefficient is
between 0.08 and 0.28. In comparison, Fig. 5.4 shows that C'r varies from —0.13 to 0.63 when
a prescribed A = 0.9 is used. Similar to prescribed rotation, maximum torque coefficient is
observed when @ is near 0 or . The position 8 of maximum A lags behind that of maximum
Cr by approximately 0.177. In Fig. 5.14(b), strong fluctuations in C, and C,, similar to that
of prescribed rotation shown in Fig. 5.4 are observed.
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Figure 5.12: Time-averaged (a) torque and (b) power coefficients, Cr and Cp, as a function
of the mean tip-speed ratio A of the freely rotating Bach-type turbine with
¢ = 124° and p/q = 0.2 at Re = 1,500. The numerical value next to each data

point is the non-dimensional generator damping Bj.
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Figure 5.13: Dependence of A\, Cr, and Cp on the non-dimensional generator damping By
of the freely rotating Bach-type turbine with ¢ = 124° and p/q = 0.2 at Re =

1,500.
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Figure 5.14: The instantaneous (a) tip-speed ratio A, torque coefficient Cr, and (b) the force
coefficients C, and Cy over one period of rotation for B; = 0.176. The mean tip-

speed ratio and torque coefficient are A = 0.941 and Cr = 0.166, respectively.
Because of the unsteady rotation, the turbine angular position € is also shown
for reference.

Based on the above observation, the micro-scale flow turbine can, in fact, be used in
water, albeit at reduced performance because of strong fluctuation in angular velocity. The
efficiency of the turbine remains acceptable overall.
5.2.2.2 Evolution of vortical flow with free rotation
Despite the strong fluctuation in angular speed, the vorticity field near the freely rotating

turbine is qualitatively very similar to that of prescribed rotation except for some minor
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differences. The vorticity field near the turbine is shown in Fig. 5.15 for B} = 0.2 with
A = 0.88. Compared to prescribed rotation at A = 0.9 (Fig. 5.6), a different evolution
of vortices B1 and B2 is observed in Fig. 5.15. The turbine accelerates to its maximum
angular velocity at ¢/T = 0.547. Owing to the high speed of the returning blade, vortex B1
is stretched and covers almost the entire wind side of the returning blade at ¢/7" = 0.604.
Eventually, vortex B1 is split into two parts Bla and B1lb by the returning blade with Bla
merging into the boundary layer of the returning blade and B1b shed from the edge of the
returning blade. A similar evolution of B2 is observed during the next rotation not shown
here.
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Figure 5.15: Non-dimensional vorticity (wD/U) contour plots of the flow around the freely
rotating Bach-type turbine with B; = 0.2 and Re = 1,500. For this case,

X = 0.88. Horizontal scale is x/D, and vertical scale is yy/D. Solid contour lines
represent positive vorticity; dashed contour lines represent negative vorticity.

Contour level increment is 5.

103



5.3. Potential applications

Table 5.2: Shaft power estimation of a micro-scale flow turbine in air and water

Fluid Air (20°C) | Water (5°C)
Turbine diameter (cm) | 1.0 1.0

Turbine height (cm) 2.0 2.0

Density (kg/m3) 1.2 1000

Kinematic viscosity

(m2/s)x 10~ 15 L5

Flow speed (m/s) 3.0-6.0 0.3-0.6
Reynolds number, Re | 2000-4000 | 2000-4000
Power coefficient, Cp | 0.18 0.16
Shaft power (mW) 0.6-4.7 0.4-3.5

5.3 Potential applications

As alluded to earlier in Sec. 1.3.2, this type of micro-scale flow turbines can potentially be
used as alternative or backup power sources for sensor nodes in a Wireless Sensor Network.
As a feasibility study, the power generation potential of a micro flow turbine of 1.0 cm
diameter and 2.0 cm height is estimated. End plates can be installed to improve the two-
dimensionality of the flow. The shaft power of this micro-scale turbine is calculated using
the numerically computed power coefficients Cp in both air and water currents. In air, the
maximum time-averaged power coefficient of 0.18 for prescribed rotation is used; a metal
turbine rotates at a roughly constant angular velocity in air because of the low fluid density.
On the other hand, the maximum time-averaged power coefficient of 0.16 for free rotation is
used for water current to account for the large fluctuation of angular velocity in water.

For air, the range of wind speed considered is from 3 m/s to 6 m/s. This range of wind
speed corresponds to level 3 (gentle breeze) and the lower end of level 4 (moderate breeze) on
the Beaufort scale. For water, the range of current speed considered is between 0.3 m/s to 0.6
m/s. The resulting range of Reynolds number in both air and water turns out to be 2,000-
4,000. This range is slightly larger than the Reynolds number used in the computation but
still of the same order of magnitude. Therefore, it is reasonable to approximate the turbine
performance using the values of Fp computed at Re = 1,500 considering the insensitivity
of turbine performance to Re. The flow conditions and the estimated turbine shaft power
are summarized in Table 5.2. For both air and water, the estimated shaft power is roughly
between 0.5-4 mW.

The power consumption of sensor nodes strongly depends on the specific design of the
device. As an example, the Mica2 sensor node, originally developed at the University of
California, Berkeley, is considered [104]. This sensor node contains a microprocessor, memory
modules, and a radio with a maximum outdoor transmission range of 300 m. The entire
device measures 5.7 cm X 3.1 cm X 1.8 cm. Therefore, it is reasonable to fit one or multiple
micro flow turbines of 1.0 cm diameter onto this device. The Mica2 sensor node uses a power
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source of 2.7-3.3 V (typically two AA-batteries). The current draw of Mica2 varies widely
from 30 pA to 30 mA depending on its mode of operation. In [104], a 3V power supply
was used to run a Mica2 sensor node, and the current consumption profile of the sensor
node for transmitting a single radio message at maximum transmit power was measured.
The sensor node was initially in a low-power state consuming less than 100 pA of current.
Subsequently, the CPU woke up, and the radio started listening for roughly 0.06 s. During
this phase, approximately 11 mA of current was being used. The next phase of the operation,
lasting around 0.02s, involved radio transmission at maximum power, consuming 25 mA of
current. After the radio transmission, the sensor node returned to the low-power state. In the
low-power state, the device consumes only 0.3 mW of power. During the radio transmission,
total energy consumption is approximately 3.5 mJ. Depending on the wind (current) speed,
it is possible to satisfy this energy requirement using the micro flow turbine with a few
seconds of charging.

The power estimation indicates that micro flow turbines can potentially be used as alter-
native or backup power sources for wireless sensor nodes. At the very least, the addition of
a micro-turbine can significantly extend the life expectancy of a sensor node or indefinitely
maintain the sensor node in a low-power sleep state to be woken up at a future time. In
addition, multiple micro flow turbines can be installed to power heavier loads with potential
beneficial interactions between turbines (see e.g. [105]).
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Chapter 6

Conclusions

In this work, a high-performance discrete-vortex algorithm is developed and applied to the
analyses of two different physical problems.

6.1 Implementation and validation of the
Discrete-Vortex Method

A high-performance discrete-vortex algorithm is successfully developed and implemented. To
avoid the various drawbacks caused by the stochastic nature of the Random-Vortex Method
(73], the Viscous-Vortex-Domain (VVD) formulation is adopted instead [19]. The VVD
method is a deterministic method for simulating diffusion based on the diffusion-velocity
concept [8]. The computational performance of the discrete-vortex simulation is greatly
improved with the application of the Fast-Multipole Method (FMM) for vortex interactions
and a quadtree-based search algorithm for efficient neighbor search. The computation of flow
velocity and diffusion velocity has also been accelerated through the use of collaborative CPU
and Graphics-Processing-Unit (GPU) parallel computing (heterogeneous computing). The
final implementation of the FMM that runs on just two CPUs and a single GPU achieved a
speed about 70 times faster than a simple serial implementation of FMM on a single CPU
of the same model.

The current implementation of Discrete-Vortex Method (DVM) has been validated by
comparing the numerical results with published ones for a variety of different test cases,
including the flows around a translating cylinder at various Reynolds numbers, a translating
and rotating ellipse, a flapping elliptic foil, and two elliptic foils undergoing a clap-and-fling
motion. The Vortex-Induced Vibration (VIV) of an elastically mounted cylinder is also
successfully predicted by DVM simulation, with the computed excursion amplitudes and
vibration frequencies shown to be in good agreement with published computational results.

The discrete-vortex algorithm developed in this work is a fairly versatile tool that can
simulate two-dimensional low to medium-Reynolds number flows near multiple arbitrarily
shaped bodies undergoing either prescribed or free motions. Two specific applications with
their intricate flow physics are investigated and reported.
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6.2 Flapping wing with ground effects

Using the discrete-vortex algorithm, we have first investigated the full and partial ground
effects on the lift generation of a two-dimensional flapping elliptic foil in normal hovering
mode. The foil, of chord ¢, is hovering above a long (10c¢) but finite-sized platform. When the
foil is hovering above the center of the platform under full ground effect, we have observed
from our numerical solution the same force-enhancement, force-reduction, and force-recovery
regimes previously reported [36] and confirmed [44]. The force-enhancement regime shows
up when the ground clearance is small. The leading-edge vortex (LEV) from the previous
stroke is forced over the foil leading (top) edge during stroke reversal. The LEV, coupled
with the trailing-edge vortex (TEV) from the previous stroke, induces a strong jet impinging
on the wind side of the foil, leading to enhanced lift and drag. The LEV from previous stroke
also enhances the new LEV formed during the subsequent stroke, further contributing to lift
generation. We refer to this flow behavior as the ground-enhanced wake-capture mechanism.
As the ground clearance increases, the LEV slides down along the wind side of the foil after
stroke reversal. The ground-enhanced wake-capture mechanism no longer takes place, and
the flow is in the force-reduction regime. When ground clearance further increases, the
flow enters the force-recovery regime because of another lift enhancing mechanism: a strong
vortex pair is formed during the second half of the upstroke, inducing a downward jet and
increasing the lift force.

The lift generation of the flapping foil under partial ground effect (i.e. the foil is hovering
near the edge of the platform) is investigated through conducting a large number of simula-
tions with different combinations of vertical distance D and horizontal distance S between
the foil mean position and the edge of the platform. As expected, the time-averaged and
time-dependent lift coefficients show complicated dependencies on D and S. The relation
between the lift force under partial ground effect and the flow vorticity field as discovered
in this work is discussed. We have discovered new lift-modifying flow mechanisms that are
previously not observed with full ground effect. Specifically, we have discovered that TEVs
shed from the foil near the edge of the platform tend to remain relatively stationary. As a
result, TEVs of the same sign shed from consecutive periods will merge together, forming
a strong vortex. The formation and effect of this strong vortex depend on the values of S
and D. It may reduce the lift force after stroke reversal by weakening the ground-enhanced
wake-capture mechanism in the force-enhancement regime. This is observed, for example,
when S/c = —1.75 and D/c = 1. Alternatively, the strong vortex may serve to recover
lift force during downstroke in the force-reduction regime by enhancing LEV formation as
observed when S/c¢ = —2 and D/c = 2. The edge of the platform may also increase the lift
force during the second half of the downstroke by inducing the formation of a vortex pair.
For instance, when S/c = 0.75 and D/c = 1, a vortex pair is formed during the second half
of the downstroke from the counterclockwise TEV and the clockwise vortex shed from the
edge of the platform. An alternative way the platform edge can help with the formation
of a vortex pair during downstroke is observed when S/c = 1 and D/c = 2. In this case,
the edge of the platform slightly impedes the downward motion of the clockwise TEV shed
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from the preceding upstroke. This clockwise TEV forms a vortex pair with the counter-
clockwise TEV from the current downstroke. The asymmetric ground effect also leads to a
net cycle-average lateral force that either pushes the foil away from the platform or pulls it
towards the platform center depending on the values of S and D. Lastly, we have observed
that, under suitable conditions, the wake of the flapping foil can form a reverse von Karman
vortex street because of the presence of the platform edge.

As future Micro Aerial Vehicles and Autonomous Underwater Vehicles are expected to
navigate a large variety of complex environments, it is of scientific and engineering impor-
tance to further expand the present study. For example, more research can be conducted
on the lift and thrust generations of a flapping foil near a cliff-like edge, instead of a thin
platform. Also, it is of great interest to study the effects of thin flexible platforms and walls
that deform and oscillate in response to the wake of the flapping foil.

6.3 Micro-scale Bach-type turbine

Next, the discrete-vortex algorithm is applied to investigate the flow past a micro-scale
Bach-type vertical-axis wind or current turbine at a Reynolds number of 1,500. Different
from previous DVM simulations of drag-based vertical-axis turbines, full viscous effect is
included with simulation of the boundary layers. Also, boundary-layer separation is no longer
restricted to the ends of the blade. Further, both the prescribed rotation (tip-speed ratio
specified) and free rotation (generator damping specified) of the turbine are studied. The
maximum time-averaged power coefficient Cp, defined as the ratio of shaft power to incident
current power, is found to be 0.18 with prescribed rotation. This value is approximately equal
to the maximum Cp experimentally measured with the same turbine geometry at Re =
80,000 [98]. This result shows that drag-based vertical-axis turbines can be miniaturized
into micro-scale power harvesters which have a wide range of practical applications such as
driving the electronics of a low-power Wireless Sensor Network.

A detailed analysis of the creation and evolution of vortical flow structures near the tur-
bine blade is presented, and the effect of tip-speed ratio on the flow evolution is investigated.
In particular, an interesting wake-capture mechanism that boosts the performance of the
turbine at low Reynolds numbers is discovered. For a certain range of prescribed tip-speed
ratios, the vortex shed from the end of the advancing blade impacts the wind side of the
returning blade. The low pressure vortex creates a suction effect on the returning blade,
pulling it in the direction of rotation. The discovery of this mechanism demonstrates the
important effects of the evolution of coherent vortical flow structures on the performance
of micro-scale turbines. Therefore, many of the performance-improving techniques, such as
shielding plates, designed for turbines operating at higher Reynolds numbers need to be
adjusted or redesigned to accommodate or even utilize the concentrated flow energy carried
by the large vortical structures in low Re flow.

The free rotation of a steel micro-scale Bach-type rotor driven by water current is also
simulated. The high density of water coupled with the low inertia of the rotor leads to
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surprisingly significant fluctuations in turbine angular velocity over one period of rotation.
This unsteady rotation is detrimental to power extraction. Overall, the mean power coeffi-
cient for free rotation is lower than that of prescribed rotation. The maximum mean power
coefficient is reduced from 0.18 (prescribed rotation) to 0.16 (free rotation). Interestingly,
the amplitude of the fluctuation of the torque coefficient is significantly reduced with free
rotation.

Finally, the power-generation capability of a micro-scale flow turbine is estimated based
on the results of the present numerical flow simulations. The power estimation indicates
that adding micro flow turbines to wireless sensor nodes as alternative or as backup-power
supplies may significantly extend the life expectancy of the nodes or even maintain the nodes
in a low-power state indefinitely.

6.4 Summary of major contributions

New efficient implementation strategies for various components of the discrete-vortex algo-
rithm have been devised. In particular, the new strategies utilize highly effective hybrid CPU
and GPU parallel computing to achieve significant speedup of the Fast-Multipole Method
for computing vortex-vortex interaction and the Viscous-Vortex-Domain method for evalu-
ating diffusion velocity. The speedup enables the discrete-vortex algorithm to simulate much
larger problems within a realistic amount of time on a GPU-equipped computer.

The present discrete-vortex algorithm is applied to investigate the lift-generating mecha-
nism of a flapping foil under full and partial ground effects. The partial ground effect caused
by the presence of an effectively semi-infinite ground platform has not been studied before
despite its relevance to the design and control of MAVs. New lift-modifying flow mechanisms
unique to partial ground effect have been discovered as a result of the present investigation.

The discrete-vortex algorithm has also been used to predict the fluid-dynamic characteris-
tics and power-generating capacity of a micro-scale Bach-type flow turbine. The performance
of such small-scale turbines considered here has not been found in the existing literature.
The new results from the present work indicate that Bach-type turbines do not suffer signifi-
cant performance penalty when miniaturized, making this type of turbine a prime candidate
for micro-scale energy harvesting. In addition, a new wake-capturing mechanism beneficial
to power extraction has been discovered for micro-scale turbines.
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