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FOREWORD
The von Bertalanffy growth equation and the generalisations of it presented by Richards (1959), have in recent years
proved most useful in studies of fish population dynamics and for the practical assessment of the status of exploited
stocks and the effects of fisheries regulations. These equations are, therefore, being increasingly applied to a wide
variety of data on the size and age of aquatic animals, and it has been evident that the rough and ready methods of
determining parameter values—usually graphical ones—were not satisfactory for all the purposes to which they
were being applied. For some purposes it is indeed sufficient that the calculated curve for chosen parameter values
should graduate the observed data adequately, as judged by eye, although even in this case an objective, repeatable
method of obtaining those values is obviously desirable. Recently, however, attention has been focused by fisheries
biologists on the parameters themselves, with regard to their physiological significance, the effects of both biotic
and abiotic environmental factors on them, and the relations between them and other population parameters such as
natural mortality rates, fecundity, and maturity characteristics. Thus, the extent to which k or [L8], or both, vary with
food supply, and hence with population density was discussed at an early stage in the application of these equations
and Taylor (1958, 1959) and Holt (1959, 1960) have considered the relation between k and water temperature.

At several recent international symposia various aspects of the application of the von Bertalanffy equation and the
interpretation of its parameters, have been prominent in contributed papers and discussion of them. A general graph-
ical method for examining the growth data has been published (Gulland and Holt, 1959) and the use of this and other
methods in the analysis of fish tagging experiments was discussed at the North Atlantic Fish Marking Symposium
organized by the International Commission for the Northwest Atlantic Fisheries at Woods Hole, Massachusetts, in
June 1961 (ICNAF Spec. Publ. (4), in press). At the fifth Ciba Foundation Colloquium on Ageing, in London, 1959,
dealing with the Lifespan of Animals, evidence was presented that the parameters [L8] and k were correlated with
natural mortality and life-span, both inter-specifically and intra-specifically, and that the regression constants had a
taxonomic significance. It was also suggested that these parameters might be related to the metabolic parameters for
the species (see Beverton and
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Holt, 1959). Again, at the Symposium on the Exploitation of Natural Animal Populations organised by the British
Ecological Society in Durham, England, March 1960, a relation was demonstrated, on an inter-specific basis,
between the growth parameters and the mean size of fish at maturity (Proceedings in press). To explore such lines of
work further it was essential to have a method of parameter estimation which is quick and easy to apply, according
to generally understood criteria, and for which estimates of variance are also available.

In a different field, but one of growing importance, suitable methods are needed for analysing the results of fish-
culture experiments, and it seems likely that the application of forms of the generalised equation referred to here will
prove more powerful and discriminatory than the usual procedure of considering growth increments over a measured
time interval, or average specific growth rates, without reference to the ages and sizes of the fish in the experimental
batches.

For all these reasons this exposition of a method for simple and rapid estimation by least squares, in the case
where ages are equally spaced, but sample sizes are not necessarily constant, is to be welcomed at this time. The
tables presented will be particularly useful, when, as we must recognise is usually the case, the fisheries research
workers concerned do not have access to high speed computers.—Sidney J. Holt, Chief, Fisheries Biology Branch,
Food and Agriculture Organization of the United Nations, Rome, September 1961.
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1. INTRODUCTION
Historically, the growth of animals has been described by a variety of functions which relate size increase to a unit
of time. These functions vary from a straight-line relationship to the more complex asymptotic-type curve. The
methods of fitting straight lines and simple curves, such as quadratic polynomials, are well documented and will not
be mentioned further in this paper.

Fish growth is often represented by a function which is asymptotic to some average maximum size the fish will
attain. A useful regression formula for representing these curves is

FORMULA
This regression formula has three parameters, with a representing the asymptotic value of y. Stevens (1951)

showed the utility of this basic curve by writing Gompertz's law, the logistic curve, and Mitscherlich's law in this
form. It is also possible to write the growth curves of von Bertalanffy (1938) in this way.

The objective of this paper is to present a useful method for fitting Beverton's (1954) modification of the von Ber-
talanffy growth-in-length curve, but the method is adaptable to any curve which can be written in the basic form of
equation (1). The tables in the Appendix, and the worked example should provide sufficient information for fitting a
von Bertalanffy curve. The physiological aspects of von Bertalanffy growth functions, including more general equa-
tions than that described here, are discussed by von Bertalanffy (1957).

In the past, the methods used to fit a von Bertalanffy curve to observed fish length have required inefficient tech-
niques such as guessing-by-eye (von Bertalanffy, 1938) or approximation-through-transformation (Beverton and
Holt, 1957; Ricker, 1958). The method presented in this paper is not only easy to use, but is based on the efficient,
well-accepted technique of least squares. Under the assumption of normality, the least squares method produces es-
timates which are equivalent to maximum likelihood estimates.

With high speed electronic computing equipment, other iterative methods or an adaption of the described method
may be used to obtain very accurate estimates of the parameters of the von Bertalanffy curve. Stevens (1951) de-
veloped an iterative procedure for fitting (1) and Nelder

7



(1961) gives an iterative method for fitting a generalized logistic curve which includes (1) as a special case. Nelder's
method does not require the x's to be equally spaced and assumes a constant variance for log y rather than for y.
However, the following description and the tables in the Appendix should be useful to workers who do not have ac-
cess to an electronic computer.

2. ESTIMATING THE PARAMETERS
Pimentel-Gomes and Malavolta (1949) and Pimentel-Gomes (1953) described a procedure for estimating the para-
meters of the curve, y = A[1 - 10-c(x + b)] by the method of least squares. This curve, introduced by Elih. Alfred
Mitscherlich (1930), is known as Mitscherlich's regression law and has been used primarily with fertilizer experi-
ments. Here, Pimentel-Gomes' method of estimation is extended to fit a form (Beverton, 1954) of the von Bertalan-
ffy growth-in-length curve,

FORMULA
by the method of least squares, when there is an equal time interval between age groups.

2.1. Age Group Sample Sizes Equal
Consider the function

FORMULA
where rj is the number of fish sampled from the jth age group and p is the number of age groups.

Differentiating with respect to [L8], k and t 0 and setting the partial derivatives equal to zero will give the follow-
ing normal equations:

FORMULA
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FORMULA
[L8], t 0 and k are the parameters to be estimated in fitting the von Bertalanffy curve.

Following the solution of Pimentel-Gomes (1953), let tj = mjq, where q is a constant interval between ages and mj
is an integer. Also let z = e-kq . Then, if a nontrivial solution of (3) exists,

FORMULA
In the case where there is a constant number of measurements within each age group (rj = r for all j), the expan-

sion of this determinant along the first column and division by qr 3 z(1 - z)3 yields

FORMULA
where l[ j ] l is the mean length of the fish in the jth age group.
By using the polynomial (5) and the tables of Jpj (z) listed in the Appendix, z can be obtained by successive trials.

If the sign of equation (5) at z = 0.01 differs from the sign at z = 0.99, z may be estimated by using the tables. When
the point is reached such that the solution gives a sign at z = a which is different from that at a + 0.01, linear inter-
polation is used to find the zero solution.

With z, estimating [L8], t 0 and k is reduced to simple algebra. Since

FORMULA
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From (3), omitting one equation,

FORMULA
System (7) can be solved as two linear equations in two unknowns, [L8] and t 0. The solution of (7) is obtained by
letting

FORMULA
Dividing (7) by r,

FORMULA
where

FORMULA
= observed mean length for jth age group and mj = j - 1. Using determinants, the solution of (8) is

FORMULA
This solution fits the curve to the mean lengths of the age groups and can be applied to any data listed as

FORMULA
For an equal number of observations in each age group, a true least squares line is obtained when the variances of

the lij are assumed equal.
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2.2. Age Group Sample Sizes Not All Equal
Usually a collection of age-length data does not contain an equal number of observations from each age group. In
this situation, equal-sized random sub-samples may be selected from the age groups containing a sufficient number
of observations, or all of the data may be used. If the latter choice is made, a weighted least squares fitting procedure
is appropriate.

Let

FORMULA
be the sum of weighted squared residuals which is to be minimized, where

FORMULA
and wj is the non-negative weight associated with the jth age group. The differentiation of this function with re-

spect to the parameters results in a set of normal equations. When the substitutions of the previous section are per-
formed for tj and e-kq , the equation

FORMULA
which is analagous to (4), may be obtained. An iterative procedure is used to obtain z, and the rest of the solution

follows the method for the case of equal sample sizes. Because the wj are factors of the polynomials, a separate solu-
tion is required for each set of weights and preparing tables is not practical.

The wj should be inversely proportional to the variances of the [ lj ] so that if the variance is assumed constant for
all observations, wj = nj/n (nj is the number of observations on the jth age group) is an appropriate weight.
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3. THE VARIANCES OF THE PARAMETER ESTIMATES FOR EQUAL
SAMPLE SIZES
With an equal number of observations in each age group and assuming equal variances for the lij , it is possible to
determine the variances of the estimates of the parameters. However, it should be kept in mind that the distribution
of these estimated parameters will, in general, be unknown so that caution is needed in interpreting the variances.

The solutions for the variances follow the method of Pimentel-Gomes (1953), which is derived from that of
Stevens (1951). Writing these solutions, using the notation of Stevens (1951), gives

FORMULA
and Faa, Fbb, Frr, Fab, Far, Fbr are components of the reciprocal of the matrix,

FORMULA
Computing the reciprocal of (13) gives

FORMULA
The residual variance, s 2, may be computed from

FORMULA
where [ lj ] = expected mean length of the jth age as computed from the fitted line.
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4. EXAMPLE SOLUTION
4.1. Estimating the Parameters
For this example, the data in Table 1 were randomly chosen from the length-at-age information available for Cali-
fornia yellowtail (Seriola dorsalis). The ages are the actual ages at the time of capture. A von Bertalanffy curve was
fitted to the complete data by Baxter, et al. (1960) using the method described by Beverton and Holt (1957). The ori-
ginal data were considered random, and after stratifying these by age groups, a simple random sample of 11 meas-
urements was chosen from within each of the first eight age groups.

TABLE 1
Lengths in Millimeters by Age Group for California Yellowtail, Seriola dorsalis

Since the first age is t 1 = 1, and the method of fitting requires t 1 = 0, it is necessary to subtract 1 from each tj .
Then,

FORMULA
The line now being fitted is

FORMULA
The value of z is found by using the table for J 8j (z) and formula (5). Table 2 demonstrates the technique. Now,

from equation (6), with q = 1 and z = 0.8373 (by linear interpolation in Table 2),

FORMULA
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For the solution of the system (8) it is necessary to compute the values in Table 3.
Then, using (9)

FORMULA
and from equation (10)

FORMULA
or from equation (16)

FORMULA
To find the fitted lengths at age t, it is only necessary to evaluate equation (2) as in Table 4.
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TABLE 2
Finding z by Successive Trials
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TABLE 3
Values for Solving System (8)

TABLE 4
Computing the Fitted Lengths
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4.2. Estimating the Variance
The values for the components of matrix (13) can be obtained from Table 3.

Thus, solving for the components of (13) yields

FORMULA
The inverse of matrix (21) will contain the components of the matrix (14), which are

FORMULA
The residual variance is calculated using the right hand side of the identity

FORMULA
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5. SUMMARY
The von Bertalanffy growth-in-length curve,

FORMULA
is often used to describe fish growth.

When the ages are equally spaced, this function may be fitted by least squares using a technique developed by Pi-
mentel-Gomes and Malavolta (1949) for fitting Mitscherlich's Law.

The solution involves writing the matrix of the coefficients of the normal equations as a function of one unknown,
z = e-kq . A solution for z is obtained by setting the determinant of the matrix equal to zero and solving by iteration.
The three parameters of the curve are then easily estimated.

Where the sample sizes for each age group are equal, tables of polynominals make possible a rapid solution. The
polynomials, Jpj (z), are tabled for fitting the curve to data with from 4 to 18 age groups.

Unequal sample sizes require a weighted solution for which tables are not practical.
In the case of equal sample sizes, variances of the estimated parameters may be obtained by using a method of

Stevens (1951).
A worked example illustrates the method of curve fitting and variance estimation for the equal-sample-size situ-

ation.
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APPENDIX
TABLES OF POLYNOMIALS Jpj(z)
These are the tabulation of

FORMULA
(j = 1, ..., p; mj = j - 1), for

FORMULA
by an increment in z of 0.01, and for

FORMULA
. Because the division by z(1 - z)3 was performed numerically, values for z = 0 and z = 1 could not be obtained. In
the column headings of the tables, Jpj(z) is represented by j p,j.

The calculations were performed in double-precision arithmetic on the IBM 7090 computer at Western Data Pro-
cessing Center, University of California, Los Angeles. With the 7090 FORTRAN II program, tables for any value of
p and any interval in z can be compiled. The program utilizes a double-precision subroutine developed by the Rock-
etdyne Division of North American Aviation, Inc. The tabled values should be accurate to eight significant digits.
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