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Abstract We use concentrated solution theory to derive an equation governing solvent 
velocity in a binary electrolyte when a current passes through it. This equation in 
combination with the material balance equation enables the prediction of electrolyte 
concentration profiles and ion velocities as a function of space and time. This framework is 
used to predict ion velocities in Li-Li symmetric cells containing a mixture of lithium 
bis(trifluoromethanesulfonyl)imide and poly(ethylene oxide) (LiTFSI/PEO), for which the 
cation transference number relative to the solvent velocity, 𝑡ା

଴ , can be either positive or 
negative in LiTFSI/PEO mixtures, depending on salt concentration. Accounting for the 
solvent motion is increasingly important at higher concentrations. Especially for negative 𝑡ା

଴ , 
if solvent velocity is set to zero, the cation velocity, based on the electrode-electrolyte 
interface reference frame, is pointed opposite to the current flow. However, when solvent 
motion is taken into account, the cation velocity, based on the same reference frame, is in the 
same direction as the current. This analysis demonstrates the importance of accounting for 
solvent velocity rigorously in seemingly simple systems such as symmetric cells. 

 

nderstanding ion transport in electrolytes is essential1 for the rational design of next-
generation battery chemistries such as metal anodes2–6, sulfur cathodes7,8, and redox-

flow batteries9. Ion transport is also critical to emerging applications of Li-ion batteries10–12, 
for example, extreme fast charging13–16 and cold-start17. Ion transport in binary electrolytes 
comprising dissociated cations and anions in a solvent is governed by three transport 
coefficients: ionic conductivity, 𝜅, salt diffusivity, 𝐷, and cation transference number with 
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respect to the solvent, 𝑡ା
଴ . Figure 1 shows a simple schematic of a Li-Li symmetric cell 

containing a binary electrolyte. We begin by developing coupled equations that account for 
ion and solvent motion. Our objective is to quantify the time dependence of ion velocities 
obtained when a constant current density, 𝑖, flows through the cell. We show that these 
velocities are dependent on solvent motion. In addition to the three transport coefficients, 
we need knowledge of two additional concentration-dependent thermodynamic properties: 
electrolyte density and thermodynamic factor. An electrolytic system where all of the 
necessary properties have been measured18–20 over a wide range of concentrations is 
poly(ethylene oxide) (PEO) mixed with lithium bis(trifluoromethanesulfonyl)imide 
(LiTFSI). An interesting feature of this electrolyte is that 𝑡ା

଴  is positive at some concentrations 
and negative at other concentrations. We solve the governing equations under both 
circumstances, and find surprisingly different results. 

 

 

Figure 1. A schematic diagram of a polarized Li-Li symmetric cell. Our analysis is based on a moving frame attached to the 
electrode-electrolyte interface at 𝑥 = 0. 

 

Theory 

The passage of current through the symmetric cell in Figure 1 will result in the motion of the 
ions and solvent molecules in the electrolytic solution and the electrode-electrolyte 
interfaces will be displaced. Let 𝑣′ refer to the velocities measured from a stationary 
reference frame. The passage of current through the cell in the +𝑥  direction will result in 
the translation of the stripping electrode-electrolyte interface in the −𝑥 direction. The 
velocity of this interface is given by (symbols are explained in Nomenclature): 

𝑣୧୬୲ୣ୰୤ୟୡୣ
ᇱ = − 

𝑀୐୧𝑖

𝑧ା𝐹𝜌୐୧
 . 

[1] 

In the discussion that follows, all velocities, 𝑣ା, 𝑣ି and 𝑣଴, are measured with respect to this 
moving reference frame. 



Mistry et al. (2022) Effect of Solvent Motion on Ion Transport in Electrolytes 

 
page 3 of 24 

Concentrated solution theory21 gives an expression for the salt material balance (Eq. 
12.14 in 1): 

𝜕𝑐

𝜕𝑡
=

𝜕

𝜕𝑥
൬𝐷 ൬1 −

d ln 𝑐଴

d ln 𝑐
൰

𝜕𝑐

𝜕𝑥
൰ −

𝑖

𝜈ା𝑧ା𝐹

𝜕𝑡ା
଴

𝜕𝑥
−

𝜕(𝑐𝑣଴)

𝜕𝑥
 . 

[2] 

A similar expression can be written for the solvent material balance: 

𝜕𝑐଴

𝜕𝑡
= −

𝜕(𝑐଴𝑣଴)

𝜕𝑥
 . 

[3] 

The definitions of partial molar volumes1 give 

𝑐𝑉ത + 𝑐଴𝑉ത଴ = 1 . [4] 

With the Gibbs-Duhem expression for partial molar volumes1,22, i.e., 𝑐∇𝑉ത + 𝑐଴∇𝑉ത଴ = 0, Eq. [4] 
can be rearranged as 

𝑉ത
𝜕𝑐

𝜕𝑡
+ 𝑉ത଴

𝜕𝑐଴

𝜕𝑡
= 0 . 

[5] 

Substitution of Eqs. [2] and [3] into Eq. [5] gives: 

𝜕𝑣଴

𝜕𝑥
= 𝑉ത ቆ

𝜕

𝜕𝑥
൬𝐷 ൬1 −

d ln 𝑐଴

d ln 𝑐
൰

𝜕𝑐

𝜕𝑥
൰ −

𝑖

𝜈ା𝑧ା𝐹

𝜕𝑡ା
଴

𝜕𝑥
ቇ . 

[6] 

Eq. [6] is an important new result. Eqs. [2] and [6] form a complete set that must be solved 
simultaneously to compute salt concentration and solvent velocity profiles. 

The corresponding expression for the ionic current is 

𝑖 = −𝜅 ൬
𝜕𝜙

𝜕𝑥
−

𝜈

𝜈ା𝑧ା

𝑅𝑇

𝐹
(1 − 𝑡ା

଴) ൬1 +
d ln 𝑓±

d ln 𝑐
൰

𝜕 ln 𝑐

𝜕𝑥
൰ . 

[7] 

 

Boundary Conditions 

At the stripping (left) boundary in Figure 1,  

𝑣଴ = 0 at 𝑥 = 0 , [8] 

because the electrodes are impermeable to the solvent and the cation flux, 𝑁ା, is given by 
(based on Eq. 12.8 in 1) 

𝑁ା = −𝜈ା𝐷 ൬1 −
d ln 𝑐଴

d ln 𝑐
൰

𝜕𝑐

𝜕𝑥
+ 𝑡ା

଴
𝑖

𝑧ା𝐹
+ 𝜈ା𝑐𝑣଴ . 

[9] 

Combining Eqs. [8] and [9], we get 

𝑁ା =
𝑖

𝑧ା𝐹
= −𝜈ା𝐷 ൬1 −

d ln 𝑐଴

d ln 𝑐
൰

𝜕𝑐

𝜕𝑥
+ 𝑡ା

଴
𝑖

𝑧ା𝐹
 at 𝑥 = 0 . 

[10] 
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Rearrangement gives, 

−𝐷 ൬1 −
d ln 𝑐଴

d ln 𝑐
൰

𝜕𝑐

𝜕𝑥
= (1 − 𝑡ା

଴)
𝑖

𝜈ା𝑧ା𝐹
 at 𝑥 = 0 . 

[11] 

The plating (right) boundary, when viewed from a reference frame attached to the 
stripping electrode, can move due to expansion or contraction of the electrolyte, i.e., changes 
in 𝐿. The boundary conditions at the plating electrode are 

𝑐଴𝑣଴ = 𝑐଴

𝑑𝐿

𝑑𝑡
 at 𝑥 = 𝐿 , 

[12] 

−𝜈ା𝐷 ൬1 −
d ln 𝑐଴

d ln 𝑐
൰

𝜕𝑐

𝜕𝑥
+ 𝑡ା

଴
𝑖

𝑧ା𝐹
+ 𝜈ା𝑐𝑣଴ =

𝑖

𝑧ା𝐹
+ 𝜈ା𝑐

𝑑𝐿

𝑑𝑡
 at 𝑥 = 𝐿 . 

[13] 

The electrolyte thickness does not change if its density varies linearly with salt 
concentration. The dependence of the density of LiTFSI/PEO mixtures as a function of 𝑐 is 
presented in Figure 2(a). We show in Appendix A that the change in electrolyte thickness in 
LiTFSI/PEO is less than 0.1%. We, therefore, neglect the relative motion of the plating 
electrode. This is an important assumption since it avoids coordinate transformation 
associated with moving boundary problems23–25. Thus, the plating boundary conditions 
simplify to 

𝑣଴ = 0 at 𝑥 = 𝐿 , [14] 

−𝐷 ൬1 −
d ln 𝑐଴

d ln 𝑐
൰

𝜕𝑐

𝜕𝑥
= (1 − 𝑡ା

଴)
𝑖

𝜈ା𝑧ା𝐹
 at 𝑥 = 𝐿 . 

[15] 

 

Initial Conditions 

We start from an equilibrium state of uniform salt concentration, 

𝑐(𝑥, 𝑡 = 0) = 𝑐ୟ୴୥ . [16] 

In Figure 2(b), we show the dependence of 𝑐଴ on 𝑐 for LiTFSI/PEO. Thus, specifying the initial 
concentration, 𝑐(𝑥, 𝑡 = 0) also specifies 𝑐଴(𝑥, 𝑡 = 0) = 𝑐଴,ୟ୴୥. 

 Consider a finite volume of thickness Δ𝑥 such that its left interface is attached to the 
Li surface at 𝑥 = 0 in Figure 1. Integration of Eq. [6] over this volume gives 

𝑣଴(𝑥 = Δ𝑥, 𝑡) − 𝑣଴(𝑥 = 0, 𝑡)

= 𝑉ത ቊ൬−𝐷 ൬1 −
d ln 𝑐଴

d ln 𝑐
൰

𝜕𝑐

𝜕𝑥
+ 𝑡ା

଴
𝑖

𝜈ା𝑧ା𝐹
൰ฬ

௫ୀ଴

− ൬−𝐷 ൬1 −
d ln 𝑐଴

d ln 𝑐
൰

𝜕𝑐

𝜕𝑥
+ 𝑡ା

଴
𝑖

𝜈ା𝑧ା𝐹
൰ฬ

௫ୀ୼௫

ቋ . 

[17] 

Substitute for boundary conditions from Eqs. [8] and [11], 
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𝑣଴(𝑥 = Δ𝑥, 𝑡) = 𝑉ത ൝൭(1 − 𝑡ା
଴)

𝑖

𝜈ା𝑧ା𝐹
+ 𝑡ା

଴
𝑖

𝜈ା𝑧ା𝐹
൱อ

௫ୀ଴

− ൬−𝐷 ൬1 −
d ln 𝑐଴

d ln 𝑐
൰

𝜕𝑐

𝜕𝑥
+ 𝑡ା

଴
𝑖

𝜈ା𝑧ା𝐹
൰ฬ

௫ୀ୼௫

ൡ . 

[18] 

At a short time after the current is turned on, the concentration is still uniform in the 
electrolyte, and the concentration gradient at 𝑥 = Δ𝑥 can be ignored.  Eq. [18] thus simplifies 
to, 

𝑣଴(𝑥 = Δ𝑥, 𝑡 = 0) = 𝑉ത(1 − 𝑡ା
଴)

𝑖

𝜈ା𝑧ା𝐹
 . 

[19] 

Eq. [19] is valid for any value of Δ𝑥 within the electrolyte.  Thus, 

𝑣଴(0 < 𝑥 < 𝐿, 𝑡 = 0) = 𝑉ത(1 − 𝑡ା
଴)

𝑖

𝜈ା𝑧ା𝐹
 . 

[20] 

We note that, in our model, the solvent motion begins, i.e., 𝑣଴ ≠ 0, as soon as the current is 
applied; acceleration of the solvent molecules from the rest state is assumed to occur on 
extremely rapid time scales. 

To summarize, the governing equations for determining the dependence of 𝑐 and 𝑣଴ 
on 𝑥, 𝑡 are Eqs. [2] and [6].  The boundary conditions for 𝑐 are Eqs. [11] and [15], and those 
for 𝑣଴ are Eqs. [8] and [14].  The initial conditions of these variables are prescribed by Eqs. 
[16] and [20]. Note that while 𝑣଴ governing equation only requires one 𝑣଴ boundary 
condition and no initial condition, to solve the governing equation for salt concentration, 𝑐, 
both 𝑣଴ boundary conditions as well as 𝑣଴ initial condition are required.  

Solving for 𝑐(𝑥, 𝑡) and 𝑣଴(𝑥, 𝑡) permits calculation of the local ion velocities, 𝑣ା and 
𝑣ି, using the equations 

𝑣ା = −
1

𝑐
𝐷 ൬1 −

d ln 𝑐଴

d ln 𝑐
൰

𝜕𝑐

𝜕𝑥
+

1

𝑐
𝑡ା

଴
𝑖

𝜈ା𝑧ା𝐹
+ 𝑣଴ , 

[21] 

𝑣ି = −
1

𝑐
𝐷 ൬1 −

d ln 𝑐଴

d ln 𝑐
൰

𝜕𝑐

𝜕𝑥
−

1

𝑐
(1 − 𝑡ା

଴)
𝑖

𝜈ା𝑧ା𝐹
+ 𝑣଴ . 

[22] 

Eqs. [21], [22] are obtained by rearranging the general expressions for ion fluxes, e.g., Eq. [9]. 

Using 𝑐(𝑥, 𝑡) in Eq. [7], the electric potential difference across the electrolyte is 
obtained as 

Δ𝜙 = 𝜙଴ − 𝜙௅ = 𝑖 න
1

𝜅
d𝑥

଴

௅

+
𝜈

𝜈ା𝑧ା

𝑅𝑇

𝐹
න(1 − 𝑡ା

଴) ൬1 +
d ln 𝑓±

d ln 𝑐
൰ d ln 𝑐

଴

௅

 . 
[23] 

 



Mistry et al. (2022) Effect of Solvent Motion on Ion Transport in Electrolytes 

 
page 6 of 24 

 

Figure 2.  Thermodynamic and transport properties of the LiTFSI/PEO electrolyte at 90℃ used for calculations.  (a) The electrolyte density measurements (symbols) are 
fitted to an analytical expression (Eq. [26]) to obtain (c) partial molar volumes.  (b) The density versus salt concentration curve can be alternatively expressed as solvent 

concentration versus salt concentration curve.  Concentration dependence of (d) thermodynamic factor, (e) ionic conductivity, (f) cation transference number with 
respect to the solvent velocity, and (g) salt diffusivity are shown.
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Our framework applies to any binary electrolyte, provided all the properties in the 
governing equations are known functions of concentration.  This is the case for LiTFSI/PEO 
mixtures.  The dependence of 𝑉ത , thermodynamic factor, 𝜅, 𝑡ା

଴ , and 𝐷 are given in Figure 2(c)-
(g).  The measured values of these properties, necessary for our calculations, are also listed 
in Error! Not a valid bookmark self-reference.. 

 

Table 1 . Thermodynamic and transport properties of LiTFSI/PEO at 90℃ taken from the literature; Table I in reference 
19, Table II in reference 20, and Table A1 in reference 18. 

𝑐 (M) 𝜌 (g/cmଷ) 𝑡ା
଴  𝜅 (S/cm) 𝐷 (cmଶ/s) 

൬1 +
d ln 𝑓±

d ln 𝑐
൰ 

0.25 1.160 0.07 2.7 × 10ିସ 6.0 × 10ି଼ 0.45 

0.47 1.180 0.23 7.5 × 10ିସ 7.8 × 10ି଼ 0.75 

0.87 1.210 0.40 1.8 × 10ିଷ 1.0 × 10ି଻ 1.93 

1.20 1.230 0.33 2.0 × 10ିଷ 1.3 × 10ି଻ 2.69 

1.59 1.330 0.43 2.2 × 10ିଷ 1.1 × 10ି଻ 4.24 

1.87 1.365 0.20 1.3 × 10ିଷ 8.4 × 10ି଼ 3.78 

2.11 1.380 0.08 1.1 × 10ିଷ 7.0 × 10ି଼ 3.92 

2.38 1.430 −0.08 9.9 × 10ିସ 5.8 × 10ି଼ 3.93 

2.58 1.450 −0.38 1.3 × 10ିଷ 9.4 × 10ି଼ 3.51 

2.76 1.470 0.10 1.6 × 10ିଷ 9.0 × 10ି଼ 6.03 

3.05 1.516 0.41 1.2 × 10ିଷ 6.5 × 10ି଼ 10.84 

3.36 1.580 0.33 6.4 × 10ିସ 6.3 × 10ି଼ 10.89 

3.49 1.572 0.18 4.0 × 10ିସ 5.9 × 10ି଼ 10.06 

3.78 1.640 −0.02 1.5 × 10ିସ 4.2 × 10ି଼ 9.08 

 

Our approach, which uses the solvent velocity as a reference, is not unique.  An 
alternative form of the concentrated solution theory uses the volume average velocity, 𝑣∎, 
as the reference26–30.  This approach requires knowledge of the partial molar volumes of the 
ions, 𝑉തା, 𝑉തି , which cannot be measured experimentally.  Instead our approach requires the 
partial molar volume of salt, which is straightforward to measure experimentally. 

In general, solvent motion can be induced by several mechanisms. Mechanisms 
involving a net force acting on the electrolyte volume cause fluid flow, and the corresponding 
velocities are influenced by viscosity, for example, rotating ring electrode31, pressure-driven 
flow32–34, natural convenction35, electro-convection1,36, etc. Such instances would require us 
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to solve for the Navier-Stokes Equation in clear media or alternatively Darcy’s law in porous 
media to account for fluid flow in response to external forces. However, the system studied 
here is assumed to be at a constant temperature and pressure, and the solvent motion is thus 
not induced by such effects. The uniform temperature field also suppresses the 
thermophoretic motion1. Under such conditions, it can be shown that the traditional 
governing equations for fluid motion are trivially satisfied. The mode of solvent transport 
discussed here arises entirely due to the diffusion and migration of ionic species driven by 
the electric field.  As a result, such motion is not influenced by viscosity and is observed even 
in the highly viscous LiTFSI/PEO mixtures discussed here.  This mode of solvent motion is 
equivalent to electroosmotic drag in the fuel cell literature37,38.  In general, this mode 
contributes to the flux of charge neutral species when the electric field causes ion motion, 
for example, transport of dissolved oxygen in a Li-oxygen electrolyte39.  The fundamental 
driving force for such motion is the frictional coupling between ions and neutral species that 
is captured by the Stefan-Maxwell formalism of diffusion and is the central argument of 
Newman’s concentrated solution theory8,37–40. 

 

Results and Discussion 

The governing equations with appropriate boundary and initial conditions were solved 
using the Finite Volume Method (Appendix B). Appropriate numerical parameters, Δ𝑥 =

10 𝜇m and Δ𝑡 = 0.1 s, are chosen such that their effect on the solution is negligible. The 
electrolyte thickness is 500 μm. The properties measured at discrete values of 𝑐 were 
converted into continuous variables by linear interpolation (see Figure 2). The quadratic fit 
through the 𝜌 versus 𝑐 (Figure 2(a) and Eq. [26]) data specifies the dependence of 𝑐଴, 𝑉ത, 𝑉ത଴, 

and ቀ1 −
ୢ ୪୬ ௖బ

ୢ ୪୬ ௖
ቁ on 𝑐 (Eqs. [29] through [32] in Appendix C). 

Figure 3 shows the spatial and temporal variations of 𝑐 and 𝑐଴ starting with two 
electrolytes with uniform concentrations, 𝑐ୟ୴୥ = 1.00 M  and 𝑐ୟ୴୥ = 2.58 M, polarized at 𝑖 =

0.3 mA/cmଶ.  These concentrations are chosen as they represent two transference number 
extremes, 𝑡ା

଴ ≈ +0.4 and 𝑡ା
଴ ≈ −0.4 as shown in Figure 2(f).  Concentrations are shown using 

a continuous color scale, and constant concentration contour lines are identified to assist 
visualization.  Comparing 𝑐(𝑥, 𝑡) in Figure 3(a) and (c), the difference in colors used in these 
two plots is not surprising because of the difference in 𝑐ୟ୴୥.  However, the contour lines in 
Figure 3(c) are much more tightly spaced, indicating steeper concentration gradients in the 
𝑐ୟ୴୥ = 2.58 M electrolyte.  The contour lines are asymmetrical about 𝑥/𝐿 = 0.5; gradients in 
the 𝑥/𝐿 > 0.5 region are steeper than in the 𝑥/𝐿 < 0.5 region.  The spatial and temporal 
dependence of 𝑐଴ shown in Figure 3(b) and (d) are complementary to the spatial and 
temporal dependence of 𝑐.  As seen in Figure 3(a),(c), salt accumulates close to the stripping 
electrode (𝑥/𝐿 = 0) and depletes near the plating electrode (𝑥/𝐿 = 1).  Correspondingly, as 
Figure 3(b),(d) show, solvent depletes near the stripping electrode (𝑥/𝐿 = 0), and 
accumulates close to the plating electrode (𝑥/𝐿 = 1).  At a given time, 𝑡, every 𝑥 location in 
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Figure 3(a) and (c) (or equivalently, in Figure 3(b) and (d)) represents an equilibrium state 
on the 𝑐଴ versus 𝑐 curve in Figure 2(b). 

 

 

Figure 3.  Evolution of (a),(c) salt and (b),(d) solvent concentrations in space and time for an electrolyte polarized at 𝑖 =
0.3 mA/cmଶ.  Initial uniform salt concentrations are (a),(b) 𝑐ୟ୴୥ = 1.00 M (𝑡ା

଴ ≈ +0.4) and (c),(d) 𝑐ୟ୴୥ =

2.58 M (𝑡ା
଴ ≈ −0.4). 
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Figure 4.  Comparing spatial distribution and time evolution of velocity fields for 𝑐ୟ୴୥ = 1.00 M LiTFSI/PEO (corresponding to 𝑡ା
଴ ≈ +0.4) polarized at 𝑖 = 0.3 mA/cmଶ.  

(a)-(e) with solvent motion and (f)-(j) for 𝑣଴ = 0.  Velocities are with respect to a moving reference frame attached to the electrode-electrolyte interface 
(𝑣୧୬୲ୣ୰୤ୟୡୣ

ᇱ = −0.4 nm/s).  The time axis spans 0 to 4 h in (a), (f), and 0 to 20 min for the rest of the plots.  Identical velocity color scales are used for the same velocity 
fields and are shown below the corresponding 𝑣଴ = 0 plots.  
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Figure 5.  Comparing spatial distribution and time evolution of velocity fields for 𝑐ୟ୴୥ = 2.58 M LiTFSI/PEO (corresponding to 𝑡ା
଴ ≈ −0.4) polarized at 𝑖 = 0.3 mA/cmଶ.  

(a)-(e) with solvent motion and (f)-(j) for 𝑣଴ = 0.  Velocities are with respect to a moving reference frame attached to the electrode-electrolyte interface 
(𝑣୧୬୲ୣ୰୤ୟୡୣ

ᇱ = −0.4 nm/s).  The black curves in (f) and (g), identify the times and locations of zero cation velocity.  Below these curves, the cation velocities are negative.  
The time axis spans 0 to 4 h in (a), (f), and 0 to 20 min for the rest of the plots.  Identical velocity color scales are used for the same velocity fields and are shown below 

the corresponding 𝑣଴ = 0 plots.
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Figure 4 shows the spatial and temporal variations of species velocities starting from 
a uniform salt concentration, 𝑐ୟ୴୥ = 1.00 M (𝑡ା

଴ ≈ +0.4), polarized at 𝑖 = 0.3 mA/cmଶ.  While 
the solvent velocity is calculated directly from the governing equations (Eqs. [2] and [6]), the 
cation and anion velocities are calculated from equations [21] and [22] using the salt 
concentration, 𝑐, and solvent velocity, 𝑣଴, profiles.  For comparison, we also show results 
obtained by setting 𝑣଴ = 0 in Eqs. [2], [21] and [22].  Starting from left, we see that the spatial 
and temporal variation of cation velocity, 𝑣ା, is very similar in the two cases (Figure 4(a),(f)).  
Considerable solvent motion is required to accommodate the salt concentration gradients in 
this system.  The importance of this can be gauged from the spatial and temporal dependence 
of 𝑐଴ shown in Figure 3(b).  It is therefore surprising that setting 𝑣଴ = 0 has such a small 
effect on 𝑣ା.  The velocity contour lines in Figure 4(a),(f) become more-or-less vertical by 
𝑡 = 2 h, suggesting that the system is at a steady state.  The main differences in 𝑣ା are seen 
at early times (see Figure 4(b),(g)).  The cation velocities obtained at early times after 
accounting for solvent motion are somewhat larger than those obtained with 𝑣଴ = 0.  The 
solvent velocity is large at early times and decreases monotonically with increasing time.  At 
a steady state, beyond 𝑡 = 2 h, the solvent velocity is zero everywhere, as expected.  We, 
therefore, focus on solvent motion obtained at early times in Figure 4(c).  The solvent 
velocity is symmetrical about 𝑥/𝐿 = 0.5 in spite of the fact that 𝑣ା, 𝑐, and 𝑐଴ are not 
symmetrical functions.  The solvent velocity peak occurs at 𝑥/𝐿 = 0.5 at all times.  Since the 
definition of 𝑡ା

଴  relates to the current carried by cation relative to solvent velocity (in a 
medium of uniform composition), it is instructive to examine the local cation velocity relative 
to the local solvent velocity ൫𝑣ା(𝑥, 𝑡) − 𝑣଴(𝑥, 𝑡)൯, shown in Figure 4(d) and (i).  These two 
figures are remarkably similar, in spite of the fact that 𝑣଴ is set to zero in one case.  For 
completeness, the spatial and temporal dependence of anion velocity, 𝑣ି, is compared in 
Figure 4(e) and (j).  These contour plots are also symmetrical about 𝑥/𝐿 = 0.5.  Predicted 
anion velocities are smaller in magnitude when solvent motion is accounted for.  Including 
solvent motion in the model speeds up cation motion and slows down anion motion in the 
transient time period before the steady state is reached. 

Figure 5 shows the spatial and temporal variations of species velocities starting from 
a uniform salt concentration, 𝑐ୟ୴୥ = 2.58 M (𝑡ା

଴ ≈ −0.4), polarized at 𝑖 = 0.3 mA/cmଶ.  This 
figure is analogous to Figure 4.  Starting from left, we see that the spatial and temporal 
variation of cation velocity, 𝑣ା, is superficially similar in both cases (compare Figure 5(a) and 
(f)).  The velocity contour lines in Figure 5(a),(f) become more-or-less vertical by 𝑡 = 2 h, 
suggesting that the time required for equilibration is similar for 𝑐ୟ୴୥ = 1.00 and 2.58 M.  The 
stark differences in 𝑣ା are seen clearly at early times (see Figure 5(b),(g)).  In this time 
regime, the cation velocity, relative to the electrode-electrolyte reference frame, is positive 
at all times when the solvent motion is accounted for.  In contrast, the cation velocity based 
on the 𝑣଴ = 0 calculations, measured from the electrode reference frame, is negative for 𝑡 <

13 min.  In other words, accounting for the divergence of the solvent velocity changes the 
sign of the velocity of the working ion. 
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The solvent velocity, shown in Figure 5(c), is more-or-less symmetric about 𝑥/𝐿 =

0.5 as was the case for 𝑐ୟ୴୥ = 1.00 M in Figure 4(c).  However, with increasing time, the peak 
in the solvent velocity skews toward 𝑥/𝐿 > 0.5; at 𝑡 = 19 min, the peak is located at 𝑥/𝐿 =

0.55.  Figure 5(d) and (i) show that there are only minor differences in the local cation 
velocity relative to the local solvent velocity, (𝑣ା − 𝑣଴).  While both calculations give negative 
(𝑣ା − 𝑣଴) at early times, the time window over which the negative values are seen is 
somewhat larger when the solvent motion is accounted for.  The anion velocities obtained 
using the two models shown in Figure 5(e) and (j) are qualitatively similar, but the 
magnitude of the velocities is smaller when solvent motion is accounted for.  Both sets of 
velocity profiles are skewed toward 𝑥/𝐿 > 0.5, but the skewing is less when the solvent 
motion is accounted for. 

 

 

Figure 6.  Ion velocities, 𝑣ା and 𝑣ି, at the mid-point of the cell at 𝑖 = 0.3 mA/cmଶ and the two salt concentrations 
discussed in Figure 4 and Figure 5, respectively.  The velocities are with respect to the reference frame attached to the 

electrode-electrolyte interface (𝑣୧୬୲ୣ୰୤ୟୡୣ
ᇱ = −0.4 nm/s).  Dashed lines are computed velocities assuming 𝑣଴ = 0, while the 

solid lines are ion velocities when accounting for the solvent motion. 

 

As is apparent from Eq. [20], 𝑣଴ is nonzero at all concentrations; it is nonzero even in 
the dilute limit (𝑉ത(1 − 𝑡ା

଴) ↛ 0 as 𝑐 → 0).  Eqs. [21] and [22] show that the diffusion and 
migration terms become more dominant relative to 𝑣଴ at low values of 𝑐.  Hence, the 
contribution of 𝑣଴ to the ion velocities becomes more significant at the higher salt 
concentration; compare 𝑐ୟ୴୥ = 1.00 M and 2.58 M in Figure 4 and Figure 5, respectively. 

The key differences between the 𝑣଴ ≠ 0 and 𝑣଴ = 0 calculations are shown in Figure 
6 and Figure 7, where we show the time dependence of the ion velocities at the center of the 
cell 𝑥/𝐿 = 0.5.  In Figure 6(a), we show the time dependence of 𝑣ା and 𝑣ି for 𝑐ୟ୴୥ = 1.00 M.  
The two models (with solvent motion and 𝑣଴ = 0) give similar results.  In Figure 6(b), we 
show the time dependence of 𝑣ା and 𝑣ି for 𝑐ୟ୴୥ = 2.58 M.  The significant difference is that 
the sign of 𝑣ା at early times is different in the two models. Figure 6(b) shows that the cation 
velocity is positive at a negative 𝑡ା

଴  because of solvent motion. Appendix D provides the 
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condition for negative 𝑣ା at a negative 𝑡ା
଴ . The steady state velocities are identical in both 

models because 𝑣଴ = 0 at steady state. 

 

 

Figure 7.  The ratio of the cation current, 𝑧ା𝐹𝑐ା𝑣ା, to the total current at the mid-point of the cell at 𝑖 = 0.3 mA/cmଶ.  The 
cation velocities, 𝑣ା, are with respect to a moving reference frame attached to the electrode-electrolyte interface 

(𝑣୧୬୲ୣ୰୤ୟୡୣ
ᇱ = −0.4 nm/s).  Comparison of the ratio to 𝑡ା

଴  is instructive.  The two salt concentrations, (a) 𝑐ୟ୴୥ =

1.00 M (𝑡ା
଴ ≈ +0.4) and (b) 𝑐ୟ୴୥ = 2.58 M (𝑡ା

଴ ≈ −0.4), used here are discussed in Figure 4 and Figure 5. 

 

The transference number, 𝑡ା
଴ , is defined as the fraction of current carried by the cation 

relative to the solvent in the absence of concentration gradients.  The current carried by the 
cation depends on the frame of reference, while the total current, 𝑖, does not due to charge 
neutrality.  In Figure 7, we plot the time dependence of cation flux, 𝑧ା𝐹𝑐ା𝑣ା normalized by 
the total current density, 𝑖, at 𝑥/𝐿 = 0.5, since this ratio is often taken as the cation 
transference number41–43.  At 𝑐ୟ୴୥ = 1.00 M, the normalized cation flux at early times, before 
the development of significant concentration gradients, is not very different from 𝑡ା

଴ , see 
Figure 7(a).  The two quantities are not identical because of differences in the reference 
frames.  At 𝑐ୟ୴୥ = 2.58 M, the normalized cation flux at early times is very different from 𝑡ା

଴ , 
see Figure 7(b).  The normalized cation flux is positive, while 𝑡ା

଴  is negative.  Accounting for 
solvent motion is important when transference numbers are estimated from ion velocities44. 

 It is important to note that solvent motion and reference frames are taken into 
account when experimental data are used to determine the transport properties, 𝜅, 𝐷, 𝑡ା

଴ .45–

48  𝜅 reflects the motion of both ions and is thus independent of solvent motion and reference 
frames.  Solvent motion is present during the measurement of both 𝐷 and 𝑡ା

଴ ; our use of 
concentrated solution theory to interpret the data ensures that this motion is accounted 
for19,49,50.  The properties in Our framework applies to any binary electrolyte, provided all 
the properties in the governing equations are known functions of concentration.  This is the 
case for LiTFSI/PEO mixtures.  The dependence of 𝑉ത , thermodynamic factor, 𝜅, 𝑡ା

଴ , and 𝐷 are 
given in Figure 2(c)-(g).  The measured values of these properties, necessary for our 
calculations, are also listed in Error! Not a valid bookmark self-reference.. 
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Table 1 and Figure 2(f), (g) are thus measured consistently with the framework developed 
in this paper. 

The electric potential field, 𝜙, does not have to be computed to examine 
concentrations and ion velocities during a galvanostatic polarization.  Δ𝜙 was computed as 
a function of time using Eq. [23].  These results are unremarkable, and we do not show them 
for brevity. 

 

Conclusions 

Concentrated solution theory provides a framework for predicting concentration profiles 
and ion velocities in a binary electrolyte when a current passes through it1.  We have used 
this framework to derive an expression for the divergence of the solvent velocity.  This 
expression can be combined with the material balance equation to predict ion velocities 

provided two thermodynamic properties, 𝜌 and ቀ1 +
ௗ ୪୬ ௙±

ௗ ୪୬ ௖
ቁ, and three transport properties, 

𝜅, 𝐷, and 𝑡ା
଴ , are known functions of salt concentration.  

These governing equations are solved to examine ion transport in two LiTFSI/PEO 
mixtures ൫𝑐ୟ୴୥ = 1.00 and 2.58 M൯ in a symmetric Li-Li cell under constant current 
polarization.  We chose these concentrations because 𝑡ା

଴ ≈ +0.4 at 1.00 M and 𝑡ା
଴ ≈ −0.4 at 

2.58 M.  Our main objective is to examine the velocity of the working ion (the cation) based 
on the electrode-electrolyte interface reference frame as a function of space and time.  At 
𝑐ୟ୴୥ = 1.00 M, the dependence of the cation velocity, 𝑣ା, on space and time follows the 
expected trend.  In fact, the calculated values of 𝑣ା when we neglect solvent velocity (𝑣଴ = 0) 
are similar to those obtained after accounting for the solvent motion.  At 𝑐ୟ୴୥ = 2.58 M, 
however, the obtained trends differ in the two calculations.  Since 𝑡ା

଴ < 0 at 𝑐ୟ୴୥ = 2.58 M, 
when 𝑣଴ is set to zero, the cation velocity is pointed opposite to the current flow.  However, 
the cation velocity is along the current flow when solvent motion is accounted for, in spite of 
the fact that 𝑡ା

଴ ≈ −0.4.  At 𝑐ୟ୴୥ = 2.58 M, if all other properties are kept constant, reversal 
of the direction of the cation velocity is obtained only when 𝑡ା

଴ < −0.5. 

These predictions are especially relevant for techniques such as electrophoretic 
NMR41,51,52 and x-ray photon correlation spectroscopy53 where ion velocities are measured 
directly in the laboratory reference frame.  Similarly, the solvent motion is also relevant in 
interpreting the spatial and temporal distribution of salt concentrations as observed using 
magnetic resonance imaging54,55, x-ay absorption microscopy53,56, Raman microscopy57, etc. 
in polarized electrolytes. 
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Nomenclature 

𝑐, salt concentration, M 

𝑐଴, solvent concentration, M 

𝐷, salt diffusion coefficient, cm2/s, Figure 2(g) 

𝐹, Faraday’s constant, 96487 C/mol 

𝑓±, activity coefficient, unitless, thermodynamic factor = ቀ1 +
ୢ ୪୬௙±

ୢ ୪୬௖
ቁ, Figure 2(d) 

𝑖, current density, mA/cm2 

𝐿, electrolyte thickness, 500 μm 

𝑀ା, molar mass of Liା cations, 6.94 g/mol 

𝑀ି, molar mass of TFSIି anions, 280.15 g/mol 

𝑀଴, molar mass of PEO, 44.05 g/mol 

𝑀୐୧, molar mass of Li, 6.94 g/mol 

𝑁, species molar flux, mol/cm2·s 

𝑁୥୰୧ୢ, finite volumes used for numerical solution, 50, Appendix B 

𝑅, Universal gas constant, 8.314 J/mol·K 

𝑇, temperature, 90℃ = 363 K 

𝑡, time, s 
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Δ𝑡, time step used for numerical solution, 0.1 s, Appendix B 

𝑡ା
଴ , cation transference number relative to solvent motion, unitless, Figure 2(f) 

𝑉ത , partial molar volumes, cm3/mol, Figure 2(c) 

𝑣, velocities in the interface reference frame, nm/s 

𝑣′, velocities in the stationary frame, nm/s 

𝑥, spatial coordinate, μm 

Δ𝑥, space step for numerical solution, 10 μm, Appendix B 

𝑧, species charge, unitless 

 

Greek Symbols 

𝜅, ionic conductivity, S/cm, Figure 2(e) 

𝜇, (electro-)chemical potential, J/mol 

𝜈, stoichiometric coefficients, unitless, 𝜈 = 𝜈ା + 𝜈ି 

𝜌, electrolyte density, g/cm3, Figure 2(a) 

𝜌୐୧, density of Li, 0.534 g/cm3 

𝜙, electric potential, V 

 

Abbreviations 

NMR, Nuclear Magnetic Resonance 

PEO, poly(ethylene oxide) polymer 

LiTFSI, lithium bis(trifluoromethanesulfonyl)imide salt, LiC2F6NO4S2 

 

Subscripts 

+, cation 

−, anion 

0, solvent 

avg, spatially average field 
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Appendix A. Electrolyte Thickness Change with Polarization 

Since an identical amount of Li+ is added and removed from the two reacting interfaces when 
the electrolyte is polarized as shown in Figure 1, the electrolyte mass is always constant. The 
total salt moles are also invariant. Mathematically, these facts are expressed as: 

𝜌൫𝑐(𝑥, 0)൯𝐿(0) = න 𝜌൫𝑐(𝑥, 𝑡)൯

௅(௧)

଴

d𝑥 , 
[24] 

𝑐(𝑥, 0)𝐿(0) = න 𝑐(𝑥, 𝑡)

௅(௧)

଴

d𝑥 , 
[25] 

where (0) represents the initial uniform distribution, and 𝑡 refers to corresponding fields at 
a later time. Note that 𝜌 is a function of the salt concentration and varies in space and time 
because of any spatiotemporal changes in the 𝑐 profile. 

Let the electrolyte density exhibit a concentration dependence of the form 𝜌 = 𝜌଴ +

𝜌ଵ𝑐 + ⋯. Here 𝜌଴, 𝜌ଵ, … are coefficients and ⋯ represents higher order concentration 
dependence (the first two terms specify the linear dependence). Substituting 𝜌(𝑐) in Eq. [24]: 

𝜌൫𝑐(𝑥, 0)൯ =
1

𝐿(0)
න (𝜌଴ + 𝜌ଵ𝑐(𝑥, 𝑡) + ⋯ )

௅(௧)

଴

d𝑥 , 

∴ 𝜌൫𝑐(𝑥, 0)൯ =
1

𝐿(0)
ቌ𝜌଴𝐿(𝑡) + 𝜌ଵ𝑐(𝑥, 0)𝐿(0) + න ⋯

௅(௧)

଴

d𝑥ቍ 

where the second term on the right is simplified using Eq. [25]. If the density only varies 
linearly with the salt concentration, the last term vanishes: 

𝜌൫𝑐(𝑥, 0)൯ =
1

𝐿(0)
൫𝜌଴𝐿(𝑡) + 𝜌ଵ𝑐(𝑥, 0)𝐿(0)൯ . 

For 𝜌 = 𝜌଴ + 𝜌ଵ𝑐, the above identity can be rearranged to show that 𝐿(𝑡) = 𝐿(0).  

In general, 𝐿(𝑡) ≠ 𝐿(0). The concentration dependence of the electrolyte density for 
LiTFSI/PEO can be obtained by regression through data as (see Nomenclature for units): 

𝜌 = 1.123276 + 0.106822𝑐 + 0.007606𝑐ଶ . [26] 

Since the electrolyte density for LiTFSI/PEO, Eq. [26], exhibits a weak quadratic dependence, 
the electrolyte thickness is strictly not constant; however, its variation with time is much 
weaker. To characterize the time evolution of electrolyte thickness, Eq. [24] can be used as 
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𝐿(𝑡)

𝐿(0)
=

𝜌൫𝑐(𝑥, 0)൯

1
𝐿(𝑡) ∫ 𝜌

௅(௧)

଴
d𝑥

=
𝜌൫𝑐(𝑥, 0)൯

𝜌ୟ୴୥
 , 

[27] 

where the salt concentration is used to compute the density profile at every time instance. 

Figure A1 presents such calculations for the two salt concentrations, 1.00 M 
(𝑡ା

଴ ≈ +0.4) and 2.58 M LiTFSI/PEO (𝑡ା
଴ ≈ −0.4), polarized at 𝑖 = 0.3 mA/cmଶ. Here 𝛿𝐿 =

𝐿(𝑡) − 𝐿(0). Figure A1 shows that the electrolyte thickness change is negligible. Figure A1 
also shows that 

𝑑𝐿

𝑑𝑡
≪ 𝑣୧୬୲ୣ୰୤ୟୡୣ 

for the present calculations. 

 

 

Figure A1. Change in the normalized electrolyte thickness, 𝛿𝐿/𝐿(0), when the electrolyte is polarized at 𝑖 = 0.3 mA/cmଶ. 
The two salt concentrations, 𝑐ୟ୴୥ = 1.00 M and 𝑐ୟ୴୥ = 2.58 M, used here, are discussed in Figure 4 and Figure 5. 

 

Appendix B. Details of the Numerical Solution 

A computational grid is shown in Figure B1(a). The finite volume method is used to solve the 
governing equations. Concentrations are stored at centroids of finite volumes, while 
velocities are recorded at interfaces between consecutive finite volumes. The central 
difference scheme is used for spatial discretizations, and explicit time marching is employed 
for time derivatives. Accordingly, two numerical parameters, space step, Δ𝑥, and time step, 
Δ𝑡, are introduced. Figure B1(b)-(d) record the effect of Δ𝑥 = 𝐿/𝑁୥୰୧ୢ by varying 𝑁୥୰୧ୢ. Note 
that the variations are much smaller compared to Figure 4 and Figure 5 . Subsequently, 
𝑁୥୰୧ୢ = 50 is used for all calculations. Δ𝑡 = 0.1 s is kept constant across all calculations. It 
gives 
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max ൮
𝐷 ൬1 −

d ln 𝑐଴

d ln 𝑐
൰ Δ𝑡

Δ𝑥ଶ
൲ = 0.015 ≪ 0.5 , 

[28] 

and satisfies the constraint for a stable solution during explicit time marching58. 

 

 

Figure B1. The effect of grid size on calculated species velocities. The velocities at the mid-point (𝑥/𝐿 = 0.5) reported in 
this work correspond to 50 grid points. The difference between that value and those obtained using 20 and 100 grid 

points is shown as a function of time. The electrolyte is 1.00 M LiTFSI/PEO and is polarized at 0.3 mA/cm2 – the same as 
in Figure 4. 

 

Appendix C. Determining Concentration Dependence of Thermodynamic Properties 
related to Density 

Using Eq. [26] for 𝜌 = 𝜌(𝑐), the concentration dependence of 𝑐଴, 𝑉ത, 𝑉ത଴, ቀ1 −
ୢ ୪୬ ௖బ

ୢ ୪୬ ௖
ቁ can be 

computed using the following expressions: 

𝑐଴ =
1

𝑀଴

(𝜌 − 𝑀𝑐) , 
[29] 

𝑉ത =
𝑀 −

d𝜌
d𝑐

𝜌 − 𝑐
d𝜌
d𝑐

 , 
[30] 
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𝑉ത଴ =
𝑀଴

𝜌 − 𝑐
d𝜌
d𝑐

 , 
[31] 

൬1 −
d ln 𝑐଴

d ln 𝑐
൰ =

1

𝑐଴𝑉ത଴

 . 
[32] 

 

Appendix D. Criterion for Observing Negative Cation Velocities 

The cation velocity (Eq. [21]) at 𝑡 = 0ା, immediately after current is applied is given by 

𝑣ା =
1

𝑐
𝑡ା

଴
𝑖

𝜈ା𝑧ା𝐹
+ 𝑣଴ . 

[33] 

Substituting for 𝑣଴ from Eq. [20], 

𝑣ା =
1

𝑐
𝑡ା

଴
𝑖

𝜈ା𝑧ା𝐹
+ 𝑉ത(1 − 𝑡ା

଴)
𝑖

𝜈ା𝑧ା𝐹
 . 

[34] 

Based on Eq. [34], the criterion for negative 𝑣ା is, 

𝑡ା
଴ + 𝑐𝑉ത(1 − 𝑡ା

଴) < 0 , [35] 

i.e., 

𝑡ା
଴ <

−𝑐𝑉ത

𝑐଴𝑉ത଴

 . 
[36] 

 

 

Figure D1. The solid curve shows 𝑡ା
଴  as a function of 𝑐 for LiTIFS/PEO. The dashed curve represents 𝑡ା

଴ = −𝑐𝑉ത/𝑐଴𝑉ത଴ for 
LiTFSI/PEO. The cation velocity measured from the interface reference frame would have been negative if 𝑡ା

଴  at a given 
concentration were below the dashed curve. 

 

 We show in Figure D1 that the dependence of 𝑡ା
଴  on 𝑐 in LiTFSI/PEO is such that 

inequality [36] is never satisfied.
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