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[1] Forced oscillations can push dissolved volatiles into
bubbles by a process called rectified diffusion. In
engineering applications, the pumping action of rectified
diffusion makes bubbles grow. In the geosciences, rectified
diffusion is a suggested mechanism to trigger volcanic
eruptions with seismic waves generated by distant
earthquakes. Previous geoscience studies adopted the
engineering results and proposed that in a confined system
like a magma chamber, rectified diffusion causes pressure
increase rather than bubble growth. However, the volcanic
application is fundamentally different than engineering
applications in that solubility continually changes with
increasing pressure in the confined system. Here we present
the first self-consistent treatment of rectified diffusion in a
confined system. Evolving solubility has a significant effect.
The new solution demonstrates that previous work
significantly overestimated the effect of rectified diffusion
in magmatic systems. For reasonable seismic wave
amplitudes, the pressure change is at the most 2 � 10�9 of
its initial value. Citation: Ichihara, M., and E. E. Brodsky

(2006), A limit on the effect of rectified diffusion in volcanic

systems, Geophys. Res. Lett., 33, L02316, doi:10.1029/

2005GL024753.

1. Introduction

[2] When a sound field impinges on a fluid, a bubble may
grow due to a mass transport process called rectified
diffusion. During the expansion phase of an oscillation,
the solubility of volatiles decreases, and in the absence of
any other diffusive process, volatiles exsolve into the
bubble. During contraction, the opposite effect occurs.
[3] Bubbles take in more volatiles during expansion than

they discharge during contraction [e.g., Hsieh and Plesset,
1961; Eller and Flynn, 1965]. The two most significant
reasons for the asymmetry are: (1) the interface is larger
during expansion than during contraction and (2) radial
bubble expansion tangentially stretches the diffusion layer
and sharpens the radial gradient of the volatile concentration
in the diffusion layer, so that the volatile flux into the bubble
is enhanced. This pumping of volatiles into the bubble is
known as rectified diffusion.
[4] Sturtevant et al. [1996] and Brodsky et al. [1998]

pointed out that rectified diffusion might explain volcanic
eruptions triggered by distant earthquakes like those ob-
served by Linde and Sacks [1998]. The earthquakes gener-
ate seismic waves and the dilatational strain of the waves
transfers volatiles from magma into bubbles by rectified

diffusion. It was argued that this volatile transfer increases
the pressure of the system if bubble expansion is restricted
in a confined liquid. Brodsky et al. [1998] recognized that
the solubility of the volatiles must increase with increasing
pressure and proposed that there existed a limit on the
pressure increase attainable by rectified diffusion. They
used the classic solution of Hsieh and Plesset [1961] to
calculate the mass transfer from rectified diffusion and then
solved for the limiting pressure of the system. They con-
cluded that the maximum attainable pressure was deter-
mined by the degree of supersaturation of the system.
[5] However, the problem of the limiting pressure cannot

be decoupled from the rectified diffusion solution in a
confined system. Since the most important effect in gener-
ating a mass flux during a strain cycle is the change in
solubility of volatiles, then changes in pressure (and hence
solubility) must be fully coupled in computing the rate of
volatile transfer via rectified diffusion. TheHsieh and Plesset
[1961] solution assumed that the pressure, bubble radius, and
volatile concentration all oscillate around the fixed values.
The transient problem of mass transport by rectified diffusion
has been solved for the bubble radius increasing with time
under a constant mean pressure [Skinner, 1972; Fyrillas and
Szeri, 1994]. However, to the best of our knowledge, no
solution has yet been presented for the geophysically impor-
tant transient problem in which the average pressure
increases with time while the average bubble radius does
not change. In this paper we derive such a solution to show
that the increase in background pressure limits the rate of
mass transfer which in turn limits the total pressure rise. The
mathematical technique in this paper is based on Fyrillas and
Szeri [1994] (hereinafter referred to as FS).
[6] We first use the advective-diffusion equation in

spherical symmetry to describe the transport of gas with
the appropriate time-dependent boundary conditions. Then
we transform the equation into a Lagrangian reference
frame and split the system into smooth and oscillating parts.
We then recognize that the smooth part is a diffusion
problem with a small perturbation of the diffusion layer
due to the oscillatory bubble motion. We derive a numer-
ically tractable solution that describes the long-term pres-
sure rise as an expansion in terms of the amplitude of the
imposed strain. We ultimately show that the pressure rise
from rectified diffusion is limited by the imposed strain
regardless of the degree of supersaturation of the system.

2. Formulation

[7] The transport of dissolved gas around a bubble is
described by an advection-diffusion equation in spherical
coordinates and a flux boundary condition at the bubble wall.
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where T is the time, R is the radial coordinate, C(R, T) is the
mass of the gas in a unit volume of solution, X(T) is the
bubble radius, D is the diffusivity of the gas in the liquid,
and Mg(T) is the total mass of gas in the bubble. The
superposed dot indicates d/dT.
[8] The gas inside the bubble is governed by an equation

of state. We assume an isothermal ideal gas with

PgX
3=Mg ¼ PgoX

3
o =Mgo: ð3Þ

where the subscript o indicates initial values at time T = 0.
The ideal gas assumption is a satisfactory description of
water behavior at magmatic temperatures and pressures up
to at least 140 MPa [Bowers, 1995].
[9] The boundary and initial conditions are,

C R ¼ X ; Tð Þ ¼ kP
1=2

g � 0:5kP
1=2

go Pg=Pgo þ 1
� �

; ð4Þ

C R ! 1; Tð Þ ¼ C R; T ¼ 0ð Þ ¼ Co; ð5Þ

where Pg(T) is the pressure of the gas in the bubble and k is
a constant. It is known as a good first approximation that
water solubility of various magma is proportional to square-
root of the gas pressure. Equation (4) is the critical
boundary condition for the mass transport problem. Since
volatiles can be neither super- nor sub-saturated at the phase
boundary, the concentration of the dissolved volatiles at the
bubble wall must increase with the gas pressure in the
bubble. For mathematical tractability, equation (4) is
linearized around Pg = Pgo without losing its essential role.
[10] The bubble boundary is constantly moving for an

oscillating bubble, so we transform the coordinates to a
Lagrangian reference frame in which the bubble wall is
stationary. The transformation is

s ¼ R3 � X 3
� �

= 3X 3
o

� �
: ð6Þ

The other dimensionless variables, which are denoted by
lower case letters, are defined as

t ¼ T=To; c ¼ C � Coð Þ=rgo;

x ¼ X=Xo; pg ¼ Pg=Pgo; mg ¼ Mg=Mgo;
ð7Þ

where To is the period of the acoustic field, and rgo = Mgo/
(4
3
pXo

3). The initial concentration Co has been subtracted for
convenience.
[11] The dimensionless equations and boundary condi-

tions are now
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pgx
3=mg ¼ 1; ð10Þ

c s ¼ 0; tð Þ ¼ csb pg tð Þ þ 1
� �

� co; ð11Þ

c s ! 1; tð Þ ¼ c s; t ¼ 0ð Þ ¼ 0: ð12Þ

Equations (8)–(12) have three dimensionless parameters.
One is the Peclet number defined as Pe = (Xo

2/D)/To, which
is the ratio of the diffusive time scale and the oscillation
period. The others are csb = 1/2kPgo

1/2/rgo and co = Co/rgo.
When the liquid and bubble are in equilibrium before
oscillation starts, co = 2csb.
[12] FS solved equations (8)–(12) assuming that the

pressure, pg, is a prescribed periodic function. Here we
use the same method except that we assume that a periodic
volumetric strain from the seismic wave makes the bubble
radius, x, follow a prescribed periodic function.

3. Splitting of the Problem

[13] We now split the problem into oscillatory and smooth
parts in order to isolate the contribution to the long-term
pressure rise. In order to perform the separation, we must
first introduce the following two averaging procedures:

hf tð Þi ¼ 1

to

Z nþ1ð Þto

nto

f tð Þdt; ð13Þ

hf tð Þit̂ ¼
1

t̂ toð Þ

Z t̂ nþ1ð Þtoð Þ

t̂ ntoð Þ
f t̂ð Þdt̂; t̂ tð Þ ¼

Z t

0

x4 qð Þdq; ð14Þ

where f is an arbitrary function of t, n is an integer and to
is the dimensionless period of bubble oscillation. (Although
to = 1 from the definition of dimensionless time, we retain
the symbol to to represent the cycle explicitly.) Equation
(13) is an ordinary average over a cycle of the wave;
equation (14) is an average over a cycle weighted by x4. The
weighting factor of x4 is a manifestation of the two
mechanisms that combine to generate rectified diffusion.
One factor of x2 is due to change of the bubble surface, and
another x2 is due to the sharpening of the radial gradient of
the volatile concentration in the diffusion layer which is
thinned by bubble expansion as / x�2.
[14] Now we rewrite the boundary condition equation (11)

by adding and subtracting the weighted average hpg(t)it̂.

c s ¼ 0; tð Þ ¼ csb pg tð Þ � hpg tð Þit̂
	 


þ csb hpg tð Þit̂ þ 1
� �

� co
	 


: ð15Þ

The first bracket in equation (15) with equations (8) and
(12) determines the oscillatory part of the concentration,
cosc(s, t), while the second bracket with the same equations
determines the smooth part of the concentration, csm(s, t).
Although we followed FS to split the problem in this way,
we have made one important change in equations (13) and
(14). We treat the shift of the average pressure with
increasing number of the oscillation cycles, while FS
defined the integrals in a fixed range from t = 0 to to.
[15] The second bracket on the right-hand side of

equation (15) describes the acoustic equilibrium volatile
concentration at which an oscillating bubble is stable, that
is, the concentration at which the bubble neither resorbs nor
grows [Eller and Flynn, 1965]. Rectified diffusion makes an
oscillating bubble stable at a concentration below that of a
stationary bubble. Because the volatile concentration around
an oscillating bubble is more affected by the pressure during
bubble expansion than that during contraction the average
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pressure weighted by the bubble radius determines the
acoustic equilibrium condition rather than the ordinary
mean pressure.
[16] The analytical solution of FS for the oscillatory

problem is applicable to the present problem, because the
oscillatory boundary condition is the same. The asymptotic
form of cosc(s, t) brings no mass transport over one period,
and the mass transport associated with its transient is
negligible. The smooth part causes mass transport into the
bubble and hence increases pressure of the system. There-
fore, we focus on the smooth problem.

4. The Smooth Problem

[17] The smooth problem is characterized by slow diffu-
sion processes. Therefore, we introduce a second time scale,
l = t/Pe, and distinguish it from the shorter time of the
oscillation, t = t. Following FS and Hinch [1991], we
transform the time-derivative into short and long-term
components using

@

@t
¼ @

@t

� �
l
þ 1

Pe

@

@l

� �
t
: ð16Þ

[18] Like previous treatments of rectified diffusion, we
assume that the Peclet number is large and so the variables
can meaningfully be expanded with respect to Pe�1. The
typical period range of the large amplitude shaking of large
earthquakes is 1–20 s. For magma of which water diffu-
sivity is typically D  10�9 m2/s [Zhang and Stolper,
1991], Pe � 1 if and only if the bubble radius is much
larger than 100 mm. Such bubble radius is reasonable but
not necessary inside a magma chamber according to a recent
model for bubble nucleation in magma [Yamada et al.,
2005].
[19] If the Peclet number is small, then rectified diffusion

cannot work because the system can reequilibriate diffu-
sively faster than the oscillations and there is no correction
necessary to the ordinary diffusive effect. So, by limiting
ourselves to large Peclet numbers (large bubbles), we study
the regime in which rectified diffusion is most likely to be
effective. If we show that it is a weak effect in this regime,
then it is likely to be a weak effect overall.
[20] The smooth part of the concentration can be expand-

ed as csm(s, t) = csm
0 (s, l, t) + Pe�1csm

1 (s, l, t)+ � � �. FS
show that the zeroth-order term of the expansion and the
corresponding approximation of the rate of mass transport
(9) are determined by

@c0sm
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¼ 0; ð17Þ
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c0sm s ¼ 0;l; tð Þ ¼ csb hpgi0t̂ þ 1
 �

� co; ð19Þ

c0sm s ! 1;l; tð Þ ¼ c0sm s;l ¼ 0; t ¼ 0ð Þ ¼ 0; ð20Þ

dm0
g;sm
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¼ 3hx4i@c

0
sm

@s

����
s¼0

: ð21Þ

Because we are considering strictly periodic change of the
bubble radius, h(3s + x3)

4
3i depends on neither t nor l.

However, in the confined system case studied here, the
weighted average pressure in equation (20) varies with an
increasing number of cycles. This weighted average

pressure is expanded with respect to Pe�1, and hpgi t̂
0 in

equation (19) is its leading term.
[21] We may regard the average pressure in the bubble as

functions of l and transform the integrals in equation (13)

and (14) with
R
nt

(n+1)to dt !
R
l
l+to dt. Because x and the

oscillatory part of mg do not vary on the long timescale
described by l, and mg,sm does not depend on the short time
scale, t, equation (10) results in

dhpgit̂
dl

¼ d

dl
mg;sm

x3

D E
t̂
¼ hxi

hx4i
dmg;sm

dl
: ð22Þ

Substituting equation (21) into equation (22), we obtain the
rate of the average pressure increase associated with the
zeroth-order approximation of the smooth problem as

dhpgi0t̂
dl

¼ 3hxi@c
0
sm

@s

����
s¼0

: ð23Þ

[22] The initial condition for hpgit̂0 is defined as the
average with respect to t̂ during the first period of bubble
oscillation. We neglect the change of the mass within the
bubble then, because the time is too short for mass transport
associated with the smooth part to be effective and the
amplitude of the mass transport in the oscillatory part is of
order Pe�1/2 [FS]. Using the equation of state equation (10)
with mg = 1 initially,

hpgi0t̂ l ¼ 0ð Þ ¼ hxi=hx4i: ð24Þ

[23] Now we have a set of equations for the zeroth-order
approximation of the smooth problem: equations (18) and
(23) with the boundary conditions (equations (19) and (20)),
and the initial condition equation (24). FS solved the
smooth problem analytically with a perturbation expansion
with respect to small changes in bubble size. Although we
have not been able to obtain an analytical solution for the
present problem, we follow their mathematical procedure
because it makes the contribution of bubble oscillation to
the pressure increase clearer.
[24] We assume the volume changes is

x3 tð Þ ¼ 1þ dv sin 2pt=toð Þ; ð25Þ

where dv � 1. In order to solve for terms like hxi, we will
expand equation (25) in powers of dv. The first two leading
terms of the expansion are O(1) and O(dv

2), because dv
sin(2pt/to) vanishes by averaging over one cycle.
[25] We reach our final form of the equations by substi-

tuting in the volume oscillation of equation (25) into the
combined equations (18), (19), (20), (23) and (24) rewritten
with the variable transformations: z = (3s + 1)1/3 � 1 and
csm
0 (s, l) = n(z, l)/(z + 1). The former transformation reverts
the coordinate system to an Eulerian reference frame and the
latter transforms the spherical diffusion equation to a one-
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dimensional one. Then the equations are solved using a
perturbation in the small parameter dv

2, of the form

n z;lð Þ ¼ n0 z;lð Þ þ d2vn
1 z;lð Þ þ � � �

hpgi0t̂ lð Þ ¼ p0 lð Þ þ d2vp
1 lð Þ þ � � � :

ð26Þ

[26] The zeroth- and first-order problems are represented
with j = 0,1 as

@nj

@l
¼ @2nj

@z2
þ j

9 zþ 1ð Þ
@

@z

1

zþ 1ð Þ4
@

@z

nj�1
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� �" #
; ð27Þ

dpj

dl
¼ 3

@

@z

nj

zþ 1

� �����
z¼0

� j

6

@

@z

nj�1

zþ 1

� �����
z¼0

; ð28Þ

n0 0;lð Þ ¼ csb p0 þ 1ð Þ � co; n1 0;lð Þ ¼ csbp
1;

n0 1;lð Þ ¼ 0; n1 1;lð Þ ¼ 0;

n0 z; 0ð Þ ¼ 0; n1 z; 0ð Þ ¼ 0;

p0 0ð Þ ¼ 1; p1 0ð Þ ¼ �1=6:

9>>>>>>>>=
>>>>>>>>;

ð29Þ

[27] The zeroth order problem includes no effect from
bubble oscillation. If the initial condition is saturated, which
corresponds to 2csb = co, equations (27)–(29) with j = 0 give
n0(z, l) = 0 and p0(l) = 1. The effect of rectified diffusion
appears in the first order problem. The non-zero initial
condition for p1 represents the difference between the non-
linear time average of the pressure, hpgit̂, and the static
pressure, p0. This difference is the reason that, even in the
initially saturated case, net mass transport occurs during
oscillation [Eller and Flynn, 1965; FS]. In case of an initially
non-equilibrium condition, n0 is non-zero, which is not due
to rectified diffusion but due to ordinary diffusion.

[28] The first-order equations include n0 as source terms,
indicating that the rectified diffusion and the ordinary
diffusion are coupled (equations (27) and (28) with j = 1).
However, this effect is shown to be small by numerical
calculations.

5. Numerical Results

[29] Equation (27)–(29) are solved numerically. The
differential equations in space are discretized using a finite
difference method of the second degree of accuracy. Inte-
gration with respect to time is done implicitly.
[30] Figure 1 shows the changes of pressure from ordi-

nary diffusion, p0(l) � p0(0), and rectified diffusion,
p1(l) � p1(0) as a function of the slow timescale l. We
give results for various initial conditions including equilib-
rium (csb(p

0 + 1) = co), supersaturated (csb(p
0 + 1) < co), and

undersaturated (csb(p
0 + 1) > co) cases. The zeroth-order

curves (Figure 1a) represent the change due to ordinary
diffusion which occurs regardless of bubble oscillation if a
non-equilibrium initial condition is given. The first-order
curves for all the cases approach an identical value
(Figure 1b). Because the mass transport stops when the
acoustical equilibrium condition is achieved, the contribu-
tion of rectified diffusion is bounded by d2v/6 of the initial
pressure regardless of initial saturation conditions. More-
over, both the ordinary and rectified diffusion are controlled
by the time scale of volatile diffusion in the liquid, so the
former cannot significantly accelerate the latter.
[31] We compare our result with that obtained by Hsieh

and Plesset [1961] who derived the mass transport for the
unconfined case (Figure 1b). The solution of Hsieh and
Plesset [1961] is represented in a dimensionless form using
the same scales in the previous section as:

dmg;HP=dl ¼ 2d2v : ð30Þ

Equation (22) is integrated with respect to l using equation
(30) and the initial condition for hpgit̂0 in equation (29). We
then have

hpgi0t̂;HP ¼ 1þ d2v 2l� 1=6ð Þ þ O d4v
� �

: ð31Þ

We compare equation (31) and our numerical solution for p1

in Figure 1b. It is obvious that the solution of Hsieh and
Plesset [1961] becomes significantly larger than the present
one with time.
[32] Because the mass transport into the bubble is sup-

pressed by the pressure increase in a fixed volume, the
change of the mass due to rectified diffusion will never
exceed O(dv

2), and neither will the pressure increase. Typical
seismic waves from magnitude 7–8 earthquakes at 100 km
have strain amplitudes �10�4 � 10�5 [Brodsky et al.,
1998]. The waves can increase the pressure by no more
than 2 � 10�9 of its initial pressure.

6. Conclusion

[33] The effect of rectified diffusion increasing magma
pressure as a result of a strain wave from a distant
earthquake has been re-evaluated by incorporating the effect
of pressure increase on solubility in a confined system.

Figure 1. Numerical solutions for (a) p0 and (b) p1 for
various initial conditions: equilibrium, supersaturated, and
undersaturated. Since the expansion is in terms of dv

2, in the
presence of a super- or subsaturation, the contribution of the
p1 term to the total pressure and mass change is significantly
less than the zeroth order terms. The horizontal broken line
in Figure 1b indicates 1/6, which is the maximum
dimensionless pressure increase by the rectified diffusion.
The dotted line labeled H-P is the Hsieh and Plesset [1961]
solution.
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Rectified diffusion by itself can cause only a slight pressure
increase. The limiting value of the pressure increase is
determined entirely by the imposed volumetric strain. For
reasonable seismic wave amplitudes, the pressure change is
< 2 � 10�9 of its initial value. Rectified diffusion may yet
play a role in water-CO2 system due to combination with
evaporation [Kawashima et al., 2001], but our calculations
show that as an isolated mechanism it is incapable of
generating significant pressure from realistic seismic wave
amplitudes.
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