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Abstract

It has been known that the fivebrane of type IIA theory can be used to
give an exact low energy description of N = 2 supersymmetric gauge theories
in four dimensions. We follow the recent M theory description by Witten
and show that it can be used to study theories with V = 1 supersymmetry.
The N = 2 supersymmetry can be broken to N = 1 by turning on a mass
for the adjoint chiral superfield in the N = 2 vector multiplet. We construct
the configuration of the fivebrane for both finite and infinite values of the
adjoint mass. The fivebrane describes strong coupling dynamics of N =1
theory with SU(V,) gauge group and N; quarks. For N, > Ny, we show how
the brane configuration encodes the information of the Affleck-Dine-Seiberg
superpotential. For NV, < Ny, we study the deformation space of the brane
configuration and compare it with the moduli space of the N = 1 theory. We
find agreement with field theory results, including the quantum deformation
of the moduli space at N, = Ny¢. We also prove the type II s-rule in M theory

and find new non-renormalization theorems for N = 1 superpotentials.



1  Introduction

In the past few years, we have learnt much about non-perturbative dynamics of super-
symmetric gauge theories and string theories. In particular, the D(irichlet)-brane [1] has
provided an arena to exchange results of gauge theories and string theories and to advance
our knowledge of both. This approach is very profitable since the gauge coupling constant
and the string coupling constant are in general different. Therefore perturbative results
in one theory can be translated into non-perturbative statements in the other theory. For
example, if we compactify the type II string on a singular Calabi-Yau three-fold and turn
off the gravity, we obtain an N = 2 gauge theory in four dimensions. In this case, the
coupling constant of the gauge theory is some geometric modulus of the three-fold, totally
independent of the string coupling constant [2-4]. Thus strong coupling dynamics of the
gauge theory can be translated into facts about the geometry of the three-fold.

One can also obtain gauge theories in four dimensions by considering webs of NS 5-
branes and D4-branes in a flat space in the type IIA string theory!. A typical configuration
consists of two parallel NS 5-branes and several D4-branes suspended between them. If
world-volumes of the 5 and 4 branes share four flat dimensions, we obtain N = 2 gauge
theory in four dimensions with SU(N,) gauge group, where N, is the number of the D4-
branes. We can add Ny pairs of quark chiral multiplets in the fundamental representation
of SU(N,) by attaching Ny semi-infinite D4-branes to one of the NS 5-branes.

In this construction, the distances between the N, D4-branes sﬁspended between the
NS 5-branes correspond to the vacuum expectation values (vevs) of the adjoint scalar field
in the vector multiplet and therefore parametrize the Coulomb branch of the model. If
we turn on a mass of this adjoint field, the N = 2 supersymmetry is broken to N = 1.
This corresponds to changing the relative orientation of the two NS 5-branes while leaving
their common four dimensions intact [7]. If the NS 5-branes are not parallel, the position
of the D4-branes is fixed in order to minimize their world-volume. Thus the Coulomb
branch is lifted. In the limit when the relative angle of the two NS 5-branes becomes /2,
the adjoint mass becomes infinite and we obtain the N = 1 gauge theory with SU(N,)
gauge group with N; quarks. This is the configuration studied in [8,9].

Recently Witten showed that one can give an exact low energy description of the N =2
theory by reinterpreting the brane configuration from the point of view of M theory [10].
It is known that both D4-branes and NS 5-branes of the type IIA theory come from the

IThis is the T-dual of the configuration first introduced in [5] to study aspects of N = 4 gauge
theories in three dimensions. Configurations of intersecting branes have also been used in order to count
the microscopic degrees of freedom of black holes with various amounts of supersymmetry [6].



fivebranes of M theory, wrapped or unwrapped respectively on the eleventh dimensional
circle with radius R. Thus the web of the D4-branes and the NS 5-branes in the above
may be considered as a B — 0 limit of a smooth configuration of a single fivebrane in
M theory. The N = 2 supersymmetry in four dimensions requires that the world-volume
of the fivebrane is R'® x ¥ and that ¥ is holomorphically embedded in R3® x S? part of
the eleven dimensions [11] 2. Witten has shown that, by imposing appropriate boundary

conditions, the configuration of ¥ is uniquely determined as

. Ny
12 — Cn, (v, up)t + A, ™ T[ (v + mi) = 0 (1.1)
=1
where (v,t) are holomorphic coordinates on R3® x S, Cn,(v,ux) is a polynomial of v of
degree N. with coefficients which depend on the moduli ux, and m; (z = 1,..., Ny) are

masses of the quarks.

In the M theory description, the coupling constant of the type IIA string is given by
g2 ~ (R/l11)® where l1; is the eleven-dimensional Planck scale, while the four-dimensional
gauge coupling constant scales as gg'auge ~ R/Lyqne where Lyqn. is a characteristic size of
the brane such as the distance between the NS 5-branes in the type IIA picture. Therefore
we can take the limit, R, Lyrane > 113 — 0, while keeping the gauge coupling constant
finite. Since the eleven-dimensional supergravity gives the low energy description of M
theory, in this scaling limit, the configuration (1.1) should capture the strong coupling
dynamics of the four-dimensional gauge theory. In fact, it turns out that ¥ given by (1.1)
1s the same as the Riemann surface that appears in the exact solution to the N = 2 gauge
theory [14-18].

Here we would like to make some historical remark. It has been pointed out earlier
in [4] that the Seiberg-Witten curve is geometrically realized as a configuration of the
5-brane. They considered the NS 5-brane in the type IIA string theory rather than the
fivebrane of M theory. However, at least in the case where there is N = 2 supersymmetry

in four dimensions, these two are essentially the same object.

The purpose of this paper is to study the N = 1 gauge theory, which is obtained by
turning on the adjoint mass in the N = 2 theory, using the fivebrane. We identify the
fivebrane configuration for non-zero value of the adjoint mass. As we mentioned before,
the adjoint mass lifts the Coulomb branch of the N = 2 theory except at the roots of the
Higgs branches. Correspondingly we find that in order to rotate the fivebrane we have

to tune its moduli ux to completely degenerate the curve ¥ and make it bi-rationally

2Four-dimensional abelian theory obtained from a fivebrane on R!3 x T was studied in [12]. A related

observation was also made in [13].



equivalent to CP!. We then show that there is a unique way to rotate the fivebrane and

determine how it 1s embedded in the eleven dimensions.

In the N = 1 theory, a superpotential is non-perturbatively generated for N. > N [19]
and there are no supersymmetric vacua. If we add quark masses and/or a perturbation
quartic in the quark chiral superfields that corresponds to the adjoint mass in the N =2
theory, the theory has vacua characterized by the vevs of Q;‘Qi, where Q¢ Q;‘ are the
squark fields (¢ = 1,..., Ny, a = 1,..., N,). In the type IIA picture, these vevs are related
to locations of the semi-infinite D4-brane. We compute locations of the corresponding
branches of the M theory fivebrane and show that they are in complete agreement with
the values of QSQ{, obtained by field theory method, as functions of the quark and the

adjoint masses.

When N, < Ny, there is an additional moduli space associated with the configuration
of the fivebrane that corresponds to a complete Higgsing of the gauge group. We study
the structure of the moduli space and compare it with that for the N = 1 theory. We
also use the fivebrane to obtain non-renormalization theorems that have not been proven
in the standard field theory method. |

This paper is organized as follows:

Section 2 is devoted to field theory analysis. We study the moduli space of vacua of
the N = 1 theory which is obtained from the N = 2 theory by adding a mass term
to the adjoint chiral multiplet. In particular we calculate the minima of the N = 1
superpotential which, for N. > Ny, consists of the Affleck-Dine-Seiberg superpotential,
a quartic perturbation in the quark chiral superfields and a quark mass term. We prove
a non-renormalization theorem of such a superpotential and show that its minima are
precisely as expected if we start with the N = 2 theory and add a mass to the adjoint
field. We perform similar analysis when Ny = N, and when Ny > N, + 1, where in the

latter case we make use of the magnetic dual theory.

In section 3, we develop techniques to study the moduli space of vacua using the fivebrane
of M theory. In particular we show in detail how the Higgs branches of the N = 2 theory

are described in this language.

In section 4, we show how to rotate the fivebrane to break the N = 2 supersymmetry to
N =1 and present the resulting configuration explicitly for non-zero value of the adjoint
mass. We find that the configuration encodes strong coupling dynamics of the N =1
theory. Specifically, we read vevs of the mesons parametrizing the Higgs branches from
the brane configuration and show that they are in complete agreement with the field

theory results of section 2.



In section 5, we take the limit where the mass of the adjoint is infinite. In the case of
N. < Ny, we study the deformation space of the brane configuration and compare it with
the moduli space of vacua of the N = 1 theory. Again we find a complete agreement with
the field theory results.

In Section 6 we further study the moduli space of vacua of the N = 1 theory. We find how
the baryons are realized in the M theory fivebrane and find again a complete agreement
with the field theory results of section 2. In this section we also prove the s-rule of [5].

In section 7 we comment on the Kahler potential in the M theory framework.

We note that the method of intersecting branes in IIA and IIB string theories and in
some cases their M theory description have been applied to the study of supersymmetric

field theories in various dimensions in [22-36]

2 Field Theory Analysis

" In this section we analyse in field theory framework the moduli space of vacua obtained

by breaking N = 2 to N = 1 by adding a mass term to the adjoint chiral multiplet.

2.1 N =2 Moduli Space of Vacua

We consider N = 2 supersymmetric gauge theory with SU(N,) gauge group and Ny
quark hypermultiplets in the fundamental representation. In terms of N = 1 superfields
the vector multiplet consists of a field strength chiral multiplet W, and a scalar chiral
multiplet ® both in the adjoint representation of the gauge group. A quark hypermultiplet
consists of a chiral multiplet Q in the N. and Q in the N, representation of the gauge
group: The N = 2 superpotential takes the form

W = V2Qi9,Q; + V2m;QIQi | (21)
where a,b=1,..., N;;1,7 = 1,..., Ny and the quark mass matrix m = diag[m,, ..., my,].

The R-symmetry group is SU(2)r x U(1)r. The bosons in the vector multiplet are
singlets under SU(2)g while the fermions in the vector multiplet form a doublet. The
fermions in the hypermultiplet are singlets under SU(2)r while the scalars in the hyper-
multiplet form a doublet. The theory is asymptotically free for Ny < 2N.. The instanton
factor is proportional to A2V<~Ns where A is the dynamically generated scale. The U(1)g

symmetry is anomalous and is broken to Z;n,-n,-



The moduli space of vacua includes the Coulomb and Higgs branches. The Coulomb
branch is N, — 1 complex dimensional and is parametrized by the gauge invariant order

parameters
ur = (Tr(4%)), k=2,....N., (2.2)

where ¢ is the scalar field in the vector multiplet. Generically along the Coulomb branch
the gauge group is broken to U(1)Ve=1. The Coulomb branch structure is corrected by one
loop and by instantons. The quantum Coulomb branch parametrizes a family of genus
N. — 1 hyperelliptic curves whose period matrix 7;; is the low energy gauge coupling
[14-18].

Two types of Higgs branches are distinguished [38]: The baryonic branch and the non-
baryonic branches. There is a single baryonic branch for Ny > N., where generically the
gauge group is completely broken. Its complex dimension is 2Ny N, —2(N2 —1). The non-
baryonic branches are classified by an integer r such that 1 < r < min{[N;/2], N, — 2}.
The r-th non-baryonic branch has complex dimension 2r(N; — r). The baryonic branch
emanates from a point in the Coulomb branch while the non-baryonic branches emanates
from submanifolds in the Coulomb branch (of dimension N. — r — 1 for the r-th non-
baryonic branch) and constitute mixed branches. The Higgs branches are determined
classically, however where they intersect with each other and with the Coulomb branch is

modified quantum mechanically.

2.2 Breaking N=2to N=1

The N = 2 supersymmetry is broken to N = 1 by turning on a bare mass y for the
adjoint chiral multiplet ® '

W = V2Tr(Q®Q) + uTr(®?) . (2.3)

When the mass for the adjoint chiral multiplet is small we can still use the low energy
description of [14], and it turns out that the structure of the moduli space of vacua is
modified as follows. Most of the Coulomb branch is lifted besides a discrete set of points.
2N. — Ny points related to each other by the action of Z,n,_n, and which correspond to
to points in the moduli space of vacua where all the a cycles of the hyper-elliptic curve
vanish remain. The root of the baryonic branch as well as the baryonic branch itself
remain. The non baryonic branches remain but instead of being mixed branches they
emanate from points. Mere precisely, the r-th non-baryonic branch that emanated from
a submanifold of dimension N, — r — 1 in the Coulomb branch is now emanating from
2N. — Ny points related to each other by Zyn,_n, with the exception of r = N;/2 case

)



(Ny even) where the Z; subgroup is unbroken and the Zan,_n, orbit consists of N.— Ny /2

points.

When the mass ¢ for the adjoint chiral multiplet is increased beyond An=2, the renor-
malization group flow below the scale y is the same as in N = 1 Supersymmetric QCD
(SQCD) with the dynamical scale Ay=; given by

3N.—N N.-N
At = pNeAys (2.4)

If  is much larger than Ay=; but finite, we can first integrate out the heavy field ® in
(2.3), obtaining a superpotential which is quartic in the quark chiral superfields and is

proportional to 1/u:

AW = i (TI(M2) - ]%,—
where M = QQ. In other words, we may consider the system below the energy scale
p as the N = 1 SQCD with the tree level superpotential AW and the dynamical scale
An=1 given by (2.4). As we send the mass u to infinity keeping An= finite, the potential
AW disappears and the system becomes equivalent to N = 1 SQCD whose low energy
properties depend on the flavor Ny. The structure of the moduli space of vacua should
match for finite values of p with the one that we get by starting with N = 2 and adding
mass for the adjoint chiral multiplet. This will be checked in the following.

(TrM)2> (2.5)

Pure Yang-Mills Theory Ny =0

For N =1 SU(N,) Yang-Mills theory, there are N, massive vacua where the discrete
Z,n, R-symmetry is spontaneously broken to Z,, as the computation of the Witten index
[37] shows. They correspond to N, curves in the N = 2 theory with all the a cycles
vanishing. These curves are related by the action of the discrete Z,ny, R-symmetry group,

which is consistent with the structure of the N = 1 vacua.

0< Ny <N,

In N =1 SQCD with the the number of flavor in this region, a superpotential is
dynamically generated [19]: for Ny = N, — 1 it is the effect of instantons, and for the
other cases it is due to a strong gauge dynamics. It takes the form -

3N.-N 1/(Ne—Ny)
AN=1 f)

WLADS = (N.— Ny) (—*——

det M (2.6)

and thus there is no supersymmetric vacuum.

6



For large but finite g, at the scale far below p but much larger than Ay=;, the quartic
term is very small and can be considered as a perturbation to the ordinary N =1 system.
Therefore the superpotential (26) is generated in this case as well. Thus, we expect that
the effective superpotential is just the sum
3N=Nj \ 1/ (Ne=Ny)

)

AN=1

Wes = (N. — Ny) (—- (Tr(Mz) - —]%[:(TrMy) : (2.7)

det M 2—/;
In fact, this is an ezact superpotential which is valid for any non-zero value of u. This
follows from the following holomorphy argument [39]. The superpotential must be an
analytic function around the decoupling limit 1/u = 0 and therefore can be expanded
with respect to 1/u where the first two terms are fixed to be (2.7). Thus, a term that can
be generated takes the form .
pEMEART (2:8)
where a is a non-negative integer and M? is some combination of the meson matrix of
order 3 which is invariant under the flavor group SU(N;). We require v > 0 for the
existence of the weak coupling limit Ay=; — 0. We recall that u, M, and A3Ne=Ns carries
the following U(1)r x U(1)4 charge where U(1)g is the anomaly free combination of the

U(1) R-symmetry group, while U(1)4 is the axial flavor symmetry which is anomalously

broken. SNoN
Ay ! M M v
Ulr 0 28t ofrHt (2.9)
U(l)a 2Ny 2 4

The charges of p are determined so that the perturbation term [ d2AW is invariant,
and the U(1)4 charge of the instanton factor A}o’vl\f_fl_ N reflects the axial anomaly. The
perturbation term by (2.8) must be invariant under U(1)g x U(1)4 with this assignment
of the charges, and this requires Ny(—a + 8 — 1) = N(—2a + 8) and —2a+ f = — Ny,
and thus in particular

1 —a=(N.— N¢)y. (2.10)
Since we are considering the case Ny < N, this together with v > 0 requires a = 0,y =
" 1/(N.—Nj)ora =1,~ = 0. The former corresponds to the Affleck-Dine-Seiberg potential
(2.6), and the latter corresponds to the tree level term AW. In this way, we have seen

that the superpotential (2.7) is exact.

The moduli space of vacua is the variety of extrema of this superpotential. We now

determine this. Extrematizing (2.7) we have

o AN 1/(Ne=Ny)
- Y . 2.11
M= G (TeMOM =\ =507 (211)



[

Let us perform a similarity transformation M — M’ = gMg~!in (2.11) such that M[,;; =
0,7 > 0 and define m; := M;;. It is not possible for more than two of the elements m;
to be of different value. In order to see this suppose that there are three different values

m;,m;, mg. Equation (2.11) for the diagonal elements

1 Ny A3Ne=N 1/(Ne=Ny)
mf - mp)m; = =t , 2.12
A () el (212)

implies upon subtracting the equations for any two of m;, m;, my, that
mi+mj=mj+mk=m,-+mk, (213)
in contradiction with the assumption that they are all of different values.

In fact M can be diagonalized. In order to see that assume that this is not the case.
Then M can be brought to the Jordan form. In this case we will get from off diagonal
entries in (2.11)

2my — NlcTrM =0. (2.14)

If we assume that there exists another diagonal entry value my # my we will also get
equation of the form ,
1
my +m, — FTI‘M =0 N (215)

in contradiction with (2.14). The Jordan form implies that all the diagonal entries must
be the same and therefore (2.14) yields 2m; = m;Ny¢/N., which cannot be satisfied since
Ny < N.. We are led to a contradiction and thus M can be diagonalized.

Since there are no more than two possible values for the diagonal entries we find
two types of solutions to (2.12). In the first type all the diagonal entries are equal
my = ... = my, = m where

Ne—N

N, \TF
m= (m) pAn=2 , (2.16)

and we used the RG matching relation (2.4). This solution corresponds in the N = 2
picture to the case when all the o cycles degenerate, and will be denoted the r = 0 case.
In the second type there are two different entries on the diagonal. They can be made
to take the form m; = ... = m, = m@y) # myy1 = ... = my, = m(y. The equation

determining m(;) and m) are

r Nf -7
Ne=Ng+r —r — —
mas T miT = ()N TN (phag) PN (2.18)

8



and the solution is

N —r Nc—Nf+T ml—_Nf.
me) = | (=1) (N—m) pAn=2 . - (2.19)

where m;) is given by (2.17).

To summarize: The solutions (2.19) are classified by an integer r that take values in
the range 0 < r < [N;/2]. The moduli space consists of the orbits of the complexified
flavor group GL(Ny,C) through such diagonal solutions. Since the diagonal solution
for r is invariant under the subgroup GL(r,C) x GL(Ny — r, C), the moduli space is the
homogeneous space GL(Ny,C)/(GL(r,C)x GL(N¢—r,C)) which has complex dimension
2r(Ny —r). This dimension agrees with.what we expect from the N = 2 discussion where
r is the parameters that characterizes the non-baryonic branches. As we see from the
solution (2.19), for each r < N;/2 there are 2N, — Ny solutions related by the action
of Zsn.-nN,, as expected. For r = Nf/2 (N; even), however, since m1y = —myy), the
two solutions related by the Z, subgroup (sign change) are related by conjugation by
an element of GL(N;,C), and thus are in the same orbit. So there are only N, — Ny/2
families, which is also expected. '

In the limit 4 — oo keeping A=, finite, all these solutions diverge since (uAn=2)*N"Nr =

‘ pulNe=Ny A‘;’VI\;‘; N This is consistent with the fact that there is no supersymmetric vacua
for the N =1 SQCD in this region of the flavor.

Inclusion of Bare Mass

Let us consider the case where the quark mass term Z(mj),]Q 'Q; is turned on. The

effective superpotential is given by
Weg = Waps + AW + Tr(msM), (2.20)

where Waps and AW are given by (2.6) and (2.5). Again, this is an exact superpotential
as can be seen from the analyticity at my = 1/u = 0 and charge conservation where m
carries U(1)g x U(1)4 charge (2N./Ny,-2).

Extrematizing W.z, we obtain the moduli space of vacua. Here we present the result
in the case where the mass matrix is proportional to the identity matrix (my); ; = msd; ;.
In this case, as in the previous discussion, M is diagonalizable,! and there are at most two
kinds of eigenvalues. Thus, it is again classified by r = 0,1,...,[N;/2]. The equations

! For some special value of my a Jordan block of size two is allowed.



determining the two (or one in the case r = 0) eigenvalues m; = --- = m, = m() and

My41 =+ = My, = M(y) are in this case
r Niy—r
(1 —_ FC) m) -+ (1 — {Nc ) m(z) +umy = 0, (2.21)
g s = (1) () (2:22)

‘Note that there are 2N, — Ny solutions for each r, but they are not related anymore by the
discrete R-symmetry group Z;n,-n, which is explicitly broken by the quark mass term.

Lets us consider the limit 4 — oo keeping Ay=; finite where the system becomes the
N =1 SQCD with massive quarks. Since (/.LAN=2)2NC—Nf = uNC‘NfA?VI\_ifl_N’, m(1) OT Mm(3)
must diverge in the limit. Because a vacuum must have a finite vev for M = @Q, only
the solutions with » = 0 and m(;) finite remain as supersymmetric vacua. In this case,
m(y) diverges as m(;) ~ —umy as follows from the first equation (2.21). Then, inserting
this to the second equation, we see that MJz = m(z)éj where

3N.~N =N :
mdls = Ao ™ <, (2.23)

in the limit 4 — oco. Thus, we have N, vacua. This is consistent with the interpretation

of the low energy physics as the pure N = 1 Yang-Mills theory.

Ny =N,

In N =1 SQCD with this number of flavors, the classical moduli space of vacua
is modified quantum mechanically. It is parametrized by the meson M = QQ and the
baryons B = Qe, B = Q™ satisfying the constraint [20]

detM — BB = A¥Y, . (2.24)

As in the case Ny < N,, for large finite y, at the scale far below p and much larger
than Ay=1, the quartic term (2.5) is very small and can be considered as a perturbation

to the ordinary N = 1 system. We expect that the effective superpotential is

W.s = X(det M — BB — A2 + % (Tr(Mz) - -]—\lf——(TrM)"’) L (22)

where we introduced a Lagrange multiplier X to impose the constraint (2.24). In this
case the holomorphy and global symmetries are not powerful enough to ensure that (2.25)
is the exact superpotential. In section 4, we will see by brane analysis that this is indeed

the case.

10



Extrematizing W.g we get equation (2.24) from the derivative with respect to X,
XB=0, XB=0, (2.26)
from the derivative with respect to B, B and

M? — —]%,—(TrM)M = —pXdet M, (2.27)

from the derivative with respect to M.

Consider the last equatioﬂ. Similar analysis as the one done in the Ny < N, case
shows that M can be diagonalized and can have at most two different eigenvalues, which
as before we denote by m; = ... = m, = m(1) # m,4; = ... = my, = m(z). There are two
cases to consider X = 0 and X # 0. When X = 0 then, for BB = 0 we get using (2.24)
that the solution to (2.27) is given by |

may =me@ = Axo, (2.28)
while for BB # 0 we have m() = mz) = m related to BB by

mMe — BB = A% | (2.29)

When X # 0 the equation determining m;) and myy) are

r N.—r :
miyme " = (hn=2)™ (2:31)

and solution to (2.31) is given by

N r Ne—r TVI?
may = (("1) =T (N":__T) ) pAN=2

m»(z) = ((—Ur (Nc — r)) Nl_c’u/\zv:z (2.32)

r

and B = B = 0 by (2.26).

As in the Ny < N, case, the solutions (2.32) correspond to the r-th non-baryonic
branch of complex dimension r. As we see from the solution (2.32), for each r there
are N, solutions related by the action of Zy,. The solution (2.29) correponds to a new

branch which did not exist in the Ny < N, region. This is the a complex dimension
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one submanifold of the baryonic branch whose complex dimension is two. This branch

correponds to a complete Higgsing of the gauge group.

In the limit 4 — oo keeping A%_, finite, all these solutions remain with pAn=2 = A% _,
and they define submanifolds of the N? + 1 complex dimensional Higgs branch of N =1
SQCD.

N.+1< Ny

In this case the classical space of vacua of N = 1 SQCD is not modified quantum
mechanically. It is parametrized by the mesons and baryons which are related by a
classical constraint. However, it is useful in this case to use the dual magnetic description
based on the gauge group SU(Ny— N.) with Ny flavors of quarks ¢, § and gauge invariant
fields M with the superpotential [21]

A3N° Ny\ Y (Ne=Ny)
) (2.33)

1.
Wineg = 38Ma+ (Ne = Ny) (W

The scale A relates the scale Ay—; of the electric theory and the scale An=yof the magnetic
theory by

AT AN =N =Ny = (1) Ns=NepNs | (2.34)
and is used in order to relate the electric and magnetic gauge invariant operators. The
dimension two (at the UV fixed point) meson M in the electric description is related to
the dimension one singlets M,,,, in the electric description by M = AM,,,,. Similarly,
the baryons of the electric theory B, B are related to the baryons of the magnetic theory
Bmag,émag constructed from the dual quarks by B = CBmag,B = C’Bmag with C =
(—(—)\)Nc_NfA?V]\;‘;l_N’)I/Z. Equation (2.33) is written in terms of the electric meson and

the scale of the electric theory.

Consider the effective superpotential
Weg = Wiag + 5 (Tr(MZ) - ——(TrM) ) . (2.35)

As in the case N; = N, we do not have a field theory proof that the superpotential (2.35)
1s exact. The brane picture in section 6 suggests that it is. Let us set the vev of the
magnetic quarks to zero. This corresponds to setting the vev of the baryon operator B, B
to zero and studying the non-baryonic branches. The superpotential that we get in this
case is identical to the one analysed in the region Ny < N.. Therefore, its extrema are
precisely those given by equations (2.16),.(2.17), (2.18) and (2.19).
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Consider now the case where the vev of the magnetic quarks in (2.35) is different than
zero. We will not study the complete moduli space of vacua obtained as the extrema
of (2.35) and restrict ourselves to those solutions which will be needed in section 6 for
comparison with the M theory fivebrane. We start with Ny = N. + 1. In this case W4,

does not contain a fractional power of det M and it is straightforward to see that
M = diag[0,m,...,m],  Bmay = (b,0,...,0), B,‘mg = (5,0, ...,0) , (2.36)

is a solution to the extrema of (2.35) when

N, b
_3’;,_‘:__ % == (2.37)
In terms of the gauge invariant operators of the electric theory (2.37) reads
mMe — BB = ;Af’\,”a Ne oo (2.38)

Consider next the region Ny > N, + 1, and the following generalization of (2.36)

Nf—Nc )
M = diag|0, @i = 40y Gij = Gibij (2.39)

where we recall that the magnetic quarks ¢,§ are Ny x (N; — N.) and (N; — N.) x Ny

matrices respectively.

In order to find the extrema of (2.35) we have to specify how to take a limit to approach

the region det M = 0. In fact, there is an ambiguity in defining the limit. One way to take
_ _2mik

the limit is to set My, =ee “/=%, k =1,..., Ny— N, and take ¢ to zero. Extrematizing

(2.35) we obtain

1
21r_ik ) mNC Ny—Ne (ika m
o (ABNC Nf) ~ 5 =5 k=L NN (2:40)

Taking the product of equations (2.40) and using the gauge gauge invariant operators of

the electric theory, this becomes
mMNe — BB = uN°_meNf'N°A?\,Ji°1_Nf . (2.41)

If we approach det M = 0 in a different direction, we obtain a different relation between
m and BB. As we see later, there is no ambiguity of this type in the fivebrane description.
In fact, the fivebrane chooses this particular way to take the limit. We will discuss more

on this issue in section 6.
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We close this section with several comments. The baryonic branch which is the
branch that includes non zero vev for the baryon operator B, B has a complex di-
mension 2N;N, — 2(N2 — 1) for finite p, and we explored only part of it. In the
limit 4 — oo keeping An= finite, the solutions (2.16), (2.17) and (2.19) vanish since
(UAN=)Ne=PNs = /LNC‘NfA?VA_Lfl—Nf. This is consistent with the fact that on the moduli
space of vacua of N = 1 SQCD with Ny > N,+1, det M = 0 when BB = 0. The solutions
(2.38) and (2.41) in this limit describe part of the moduli space of vacua of N =1 SQCD
where BB # 0. In the limit 4 — oo extra N2 — 1 complex degrees of freedom become
massless and the Higgs branch of the theory is 2N, Ny — (N? — 1) complex dimensional

with the baryonic and non-baryonic branches being submanifolds of it.

3 N =2 Higgs Branch via M Theory Fivebranes

In this section we analyse the moduli space of vacua of N = 2 SQCD by using five-
branes in M theory. In particular, we study how the Higgs branch of the system is
geometrically realized in this picture. This provides the starting point for the studies

presented in the following sections.

Let us first review the description of the Higgs branch in the type IIA picture. Con-
sider the brane configuration of [10] that preserves eight supercharges in type IIA string
theory on a flat space-time with time z° and space coordinates z!,...,z°. The brane con-
figuration depicted in figure 1 consists of two NS 5-branes with worldvolume coordinates
20, 2!, 22 23, z*, 2% N. D4-branes suspended between them with worldvolume coordinates
2%, 2!, 2%, 2% 2% and N; D6-branes with worldvolume coordinates z°, z!, 2%, 23,27, 2%, 2°.
Since the D4-brane is finite in the z® direction, the low energy effective theory on the web
of branes is the four-dimensional N = 2 supersymmetric gauge theory on its worldvolume
coordinates z°,z',z%, z3. The theory has SU(N,) gauge group and N; hypermultiplets

in the fundamental representation of the gauge group.

Figure 1 depicts the Coulomb branch of the theory. To go to the Higgs branch, we
break the D4-branes on the D6-branes and have them suspended between the D6-branes.
Motion of the D4-branes along the D6-branes describe the Higgs branch. The location
of a D4-brane between two D6-branes is parametrized by two complex parameters, the
z7, 28, 2° coordinates together with the gauge field component A¢ in the z® coordinate.
Let us count the dimensions the baryonic and non-baryonic branches in this type IIA

picture.

The r-th non-baryonic branch, as depicted in figure 2, corresponds to (N, — r) D4-
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7,8,9
D4

V4 / V4 7/
Nc¢

Figure 1: The Type IIA Picture of N = 2 Supersymmetric SU(N.) Gauge Theory with
Ny Flavors (Coulomb Branch)

branes suspended between the two NS 5-branes and r D4-branes broken on the D6-branes.

Since the s-rule [5] does not allow more than one D4-brane to be suspended between
a NS 5-brane and a D6-brane, r cannot be greater than [N;/2]. Since the Coulomb
branch in the brane picture correponds to D4-branes moving along the two NS 5-branes,
the r-th non-baryonic branch shares (N. — r — 1) complex dimensions with the Coulomb
branch, corresponding to gauge group SU(N. — r). The complex dimension of the non-
baryonic branch in the Higgs direction is determined by counting the number of the
D4-branes suspended between the D6-branes. Taking into account the s-rule, we obtain

the dimension to be
2((Nf— 1) +(Nf—'3) ++(Nf -—27‘—]—1)) = 27'(Nf —T‘) , (31)

in agreement with the field theory results.

. The baryonic branch corresponds to complete Higgsing as in figure 3. In this case
counting the number of D4-brane pieces between two D6-branes yields a complex dimen-
sion 2Ny N, — 2N? for the baryonic branch. This is not the correct dimension. Compared
to the field theory result, we are missing 2 complex moduli. We will show how the M

theory fivebrane description accounts for these missing moduli.

The brane configuration can be reinterpfeted in M theory as a configuration of a
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(Nc -1) < /, // /, //

Figure 2: The r-th Non-Baryonic Branch in the Type IIA Picture

single fivebrane with worldvolume R* x ¥ where ¥ is some genus (N.—1) curve (Riemann
surface). It was shown in [10] that ¥ is nothing but the Seiberg-Witten curve [14] that
determines the structure of the Coulomb branch of the N = 2 theory. The information on
the meromorphic one-form (the Seiberg-Witten form) on ¥ is carried by the embedding
of £ in the space-time.

We follow the notation of [10] and set v = z* + iz°%, s = (2% 4+ iz'%)/R, t = exp(—s)
where z1° is the eleventh coordinate of M theory which is compactified on a circle of radius
R. The curve ¥ is given by an algebraic equation in (v,t) space. Specifically, for N = 2
SU(N.) gauge theory with N; flavors, it is given by

Ny
£ = Cw. (v, w)t + AN Tl +mi) =0, (3:2)
i=1

where Cy, is a degree N, polynomial in v, Cy, = v™e 4 - - -, with coefficients that depends

on the moduli ux, and m; (¢ =1, ..., Ny) are the quark masses.

3.1 The D6-Branes

To describe the Higgs branch of the theory, it is useful to introduce the D6-branes
in the system, as we have seen in the Type IIA set-up. In M theory, the Dé6-branes
are Kaluza-Klein Monopoles described by a Taub-NUT space [40]. One of the complex

structure of this Taub-NUT space is the same as one of the complex structure of the ALE
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(Nf-Nc¢) (2Nc-Nf) (Nf - No)

Figure 3: The Baryonic Branch in the Type IIA Picture

space of the A,_;-type:
Ny
2N.-N
yz = AN T (o + my). (3:3)
=1
The D6-branes are located at z = y = 0, v = —m;. In this framework, the Riemann

surface ¥ is defined as a curve in this surface given by
y+z= CNC(U, uk) . (34)

It is easy to see that this description is the same as (3.2) under the identification y = t.

The Type IIA brane configuration is invariant under the rotations in the z4,z° and
z”, 28, 2% directions, which denote U(1)45 and SU(2)7 g9 if the order parameters are also
rotated appropriately. These are interpreted as the classical U(1) and SU(2) R-symmetry
groups of the four-dimensional theory on the brane worldvolume. In the M theory con-
figuration, SU(2)r59 is preserved but U(1)s5 is broken. We can preserve the discrete
subgroup Zn,—2n, ! of U(1)4s if we modify the U(1)4s action so that the variables z and
y have charge 2N.. The full U(1) symmetry is restored if we assign the instanton charge
(4N. — 2Ny) to the factor A?\&;Nf, reflecting the axial anomaly of the U(1)g. We list
here the modified U(1)45 charges.

2N.-N
z y v AnD !

3.5
2N, 2N, 2 4N, -—2N; (3:5)

1Since the Z subgroup acts trivially on the space-time coordinates and on the order parameters, we
often call this a discrete Zon, -y, R-symmetry.
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When some m; coincide, corresponding D6-branes are located at the same position in
the z*,z° directions, but they can be separated in the z° direction [5]. When n of the
bare masses are the same, the surface (3.3) develops the A,_; singularity. The separation
of the D6-branes in the z® direction corresponds to the resolution of this singularity [10].
This resolution makes it possible to identify the Higgs branch of the N = 2 theory on the
fivebrane worldvolume. We now digress to give a brief description of the resolution of the

A, singularity (see [41] for more detailed discussion).

Resolution of A,—y Singularity

The complex surface |
yr =v" (3.6)

embedded in the z-y-v space has a singularity at the origin. The resolution of this means
a smooth complex surface that is mapped onto this singular surface in such a way that
the map is an isomorphism except at the inverse image of the singular point. This is

explicitly given as follows.

The resolved surface is covered by n complex planes U, Us, Us, ..., U, with coordinates

(y1 = ¥, 21)s (Y2,%2), -y (Yn, ZTn = y) which are mapped to the singular A,_; surface by

y = yizi!
U 3 (yi, i) — = yP izt (3.7)
V=Yyx;

The planes U; are glued together by z;y;41 = 1 and y;z; = yit12:+1. The map onto
the singular A,_; surface is isomorphic except at the inverse image of the singular point
z = y = v = 0. The inverse image consists of n — 1 CP's C;, Cy, ..., Cr_; where C; is
the locus of y; = 0 in U; and z;4; = 0 in U4, and is coordinatized by z; and y;4; that
are related by z;y;41 = 1. C; and C; do not intersect unless j = ¢+ 1, and C;-; and C;

intersect transversely at y; = z; = 0.

Figure 4: Resolution of A,_; Singularity
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In Wflat follows in this section, we turn off the bare mass: m; = 0 for aﬁy 1. We
separate the D6-branes in the z® direction and the eleven-dimensional space-time is then
given by R7 times the resolved An,-1 surface. In this case, the fivebrane is still described
by the same equation (3.4) where z,y, v are now considered as the functions (3.7) with
n = Ny. The position of the D6-branes are interpreted as the Ny intersection points of

the rational curves Cy,Cs,...,Cn,-1-

3.2 The Higgs Branch

In Type IIA picture, the Higgs branch is described by D4-branes suspended between
D6-branes where they can move in the z7,z% 2% directions. Likewise, in the present
context, the transition to the Higgs branch occurs when the fivebrane intersects with the
D6-branes. This is possible only when the image (3.4) in the z-y-v space of the curve
passes through the singular point z = y = v = 0. Thus, we must have Cy, (v =0) =0, or

in other words C,(v) factorizes as
Crn.(v) = v (0N +upo™ 2 4 fuy L), (3.8)

where r > 0.

Now, we describe how this curve looks like in the resolved AN, -1 surface. We first
consider the case in which the coefficients us, ..., un, -, are generic. In particular uy,_, #

0.

It 1s convenient to look at the curve by separating it to two pieces; one is near, the other
is away from the singularity £ = y = v = 0. Away from the singular point z =y = v =0,
we can consider the curve as embedded in the original z-y-v space because there is no
distinction from the resolved surface in this region. As can be seen by looking at the two
equations (3.3)-(3.4), v never vanishes in this region of the curve. Thus, we can safely
divide the coordinates z and y by some power of v. If 2r < n they can be divided by v,
while they can be divided by v!¥#/2 if 2r > N;. Then, we see that this piece of the curve
is equivalent with the generic curve for the SU(N.—r) gauge theory with (Ny—2r) flavors
and thus has genus (N,—r—1) for 2r < N;, while it is some special genus (N.—[N;/2]-1)
curve of the SU(N. — [N;/2]) gauge theory with (N; — 2[Ny/2]) flavors if 2r > Ny.

Near z = y = v = 0, however, we must recall that we are actually considering the
resolved Ay, surface. Thus, we must describe the curve in the Ny patches as described

+1 ,,r+42
, 0 g

above. Before doing this, it is useful to remark that the higher order terms v"
are negligible near v = 0 compared to v”. Thus, nothing essential is lost if we replace the

defining equation y + 2= v"(un.—r +---) = 0 by y + z = v". On the i-th patch U;, the
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equation looks as

yiei oy T T = yra (3.9)

If Ny > 2r, one of the three terms is of lowest order both in y; and z;: For 1 <: < r,
the lowest order term is the first term on the LHS, for r + 1 <1 < Ny —r, it is the term
on the RHS, and for Ny —r +1 < ¢ < Ny it is the second term on the LHS. Thus, the

equation factorizes as

Ng—27 Nge—2442 -1 —
o xif _yrj iprtl 1)=0

yizi N1 4 y; T r=1,...,r

Yzl (yi el g T T T =0 i=r41,.. ,Nj-r

1 1

ny_ixj-fo-i(y?i_fo?i_Nf_z +1-— y::—N’+r:z:::—Nf+r—l) =0 i=N;—r+1,...,Ng
(3.10)

We see that the curve consists of several components. One component, which we call C,
is the zero of the last factor of the above equations. This extends to the one in the region
away from =z = y = v = 0 which we have already considered. The other components are
the rational curves Ci,...,Cn,—1. Recall that C; is defined by y; = 0 in U; and z;4; =0
in Ui41. In general, these have multiplicities. As is evident from the above factorized
form, the component C; has multiplicity ¢; where {; = ¢ for ¢« = 1,...,r; ¢; = r for
t=r+4+1,...,Ny—r;and {;, = Ny—tfor Ny—r+1,...,Ns—1. Note that the component
C intersects with C, and Cpy,-, as we can see by looking at the equation at ¢ = r,r + 1

and : = Ny —r, Ny — r + 1. The curve is depicted in figure 5.

Figure 5: Non-baryonic Branch Root in M Theory

If 2r > Ny, the structure of degeneration of the curve is the same as the case r =
[Nf/2]. Recalling the behavior away from z = y = v = 0, we conclude that the cases

2r > Ny can be considered as some special cases of r = [N;/2].
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As noted in [10], once the curve degenerates and CP! components are generated, they
can move in the z7,z8 z° directions. This motion together with the integration of the
chiral two-forms on such CP'’s parametrize the Higgs branch of the four-dimensional
theory. Since the CP! components are 4 x C;, ¢ = 1,...,N; — 1, the quaternionic
dimension of the r-th Higgs branch is

Ny—1 r—1
> =2 i+ (Ny=2r+1) xr=r(Ns—r). , (3.11)
=1 i=1
In view of the fact that there are (N.—r — 1) parameters to deform the infinite component
C in the z-y-v direction, we can identify this as the r-th non-baryonic branch emanating

from an (N, —r —1)-dimensional subvariety of the Coulomb branch, as introduced in [38].

If we look at figure 5, it is evident how to identify the corresponding configuration
in the Type IIA picture. The CP! components ¢; x C; correspond to the ¢; D4-branes
stretched between the i-th and i 4+ 1-th D6-branes. That these are the only allowed
configurations of D4-branes gives a proof of the s-rule, conjectured in [5], which forbids
more than one D4-brane to be stretched between a NS 5-brane and a D6-brane. Further

discussion on the s-rule will be given in sections 5 and 6.

The Baryonic Branch

For the case Ny > N, in addition to the non-baryonic branches, there is a baryonic
branch in which the gauge group is completely Higgsed [38]. It has quaternionic dimension
N¢N,— (N? — 1) and it emanates from a point in the Coulomb branch. Here we look at
the curve at the baryonic branch root, and see how the transition to the baryonic branch

is possible.

One of the basic property of the baryonic branch root is that it is invariant under
the discrete R-symmetry group Z;n,-n,. This requires all the color Casimirs ux to be
vanishing!. In this case Cy, (v) = v™ 4 vVr~Ne. Thus, it is one of the non-baryonic
branch root with r. = Ny — N, (Note that Ny — 2r, = 2N, — Ny > 0). The equation
y+z =0l + vVr=Ne then factorizes as

(y — o)y — ™M) [y = 0. (3.12)

Namely, the infinite curve C factorizes into two rational curves — C, and Cg correspond-

"ing to y = v and y = vVr~Ne respectively.

! According to the convention of [38] where Cp_(v) = Hi\’;l(v — ¢4), the root of the baryonic branch

isat ¢ = (0,...,0,w, ..., w?Ne=N7) where w = e27i/(2Ne=Ny),
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Figure 6: The Baryonic Branch Root in M Theory

The dimension of the baryonic branch is greater than that of the r,-th non-baryonic
branch by 1 (in quaternionic dimension). The former is NyN, — (N2 — 1) while the latter
is 7.(Ny —r.)'= Ny N, — N2. This difference corresponds to the missing dimension of the
baryonic branch in the type IIA picture. How can we account for this difference? We
note that the two curves Cr and Cg intersects at (2N, — Ny) points. This follows from
the defining equations y = v™ and y = v/~ and the fact that they never intersect
near z = y = v = 0. On the other hand, the infinite curve C at the generic point of the
r.-th non-baryonic branch root has genus N, —r, — 1 = 2N, — N; — 1. This means that,
-as the curve approaches the baryonic branch root, it degenerates at (2N, — Ny) points
and factorizes into two rational curves. Thus the curve C at the baryonic branch root
(or equivalently the union of C1, and Cg) describes the abelian gauge theory with gauge
group U(1)2Me=Ni=1 = T2M "™~ (1);. There are (2N, — N¢) massless electrons with
charge (-1,0,...,0), (1,-1,0,...,0), ..., (0,...,1,—1), and (0,...,0,1) coming from
the degeneration points on the curve (the charges can be read off from the intersection
relations of the vanishing cycles). It is easy to see that such a theory has one-dimensional
Higgs branch. In this way, we have identified the missing +1 of the dimension from the

M theory point of view.

4 Rotating the Brane Configuration

By adding a mass term to the adjoint chiral multiplet in the N = 2 vector multiplet, the
N = 2 supersymmetry is broken to N = 1. In this section, we study the corresponding
configuration of fivebrane in M theory. In the Type IIA picture, this corresponds to
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changing the relative orientation of the NS 5-branes.

a5

8,9

Figure 7: Rotating the Left NS 5-brane

Since one of the 5-branes is going to be extended in the (28, z°) directions also, there
is only N = 1 supersymmetry left on R!3. To describe the corresponding configuration

of the M theory fivebrane, let us introduce a complex coordinate
w = 2%+ iz° (4.1)

Before breaking the N = 2 supersymmetry, the fivebrane is located at w = 0. We then
rotate the left NS 5-brane toward the w direction while keeping the right NS 5-brane intact.
Since the two NS 5-branes correspond to the two asymptotic regions with v — oo where
t =y ~ v™Ve and z ~ v respectively where the latter is equivalent to t ~ AfVIEZ_N’va_NC,

the rotation means that we impose the boundary condition as

w — pv  as v — oo, t ~ vl

w = 0 asv— 00, t ~ Amy FyNr—Ne 42

We can identify u as the mass of the adjoint chiral multiplet by using the R-symmetries.
Recall that the N = 2 configuration is invariant under the rotation groups U(1l)ss and
SU(2)7 8. corresponding to the R-symmetry of the field theory on the brane worldvolume,
where the action of U(1)4s is modified as (3.5). After the rotation, SU(2)7s9 is broken to
U(1)s if the parameter p in‘(4.2) is assigned the U(1)45 x U(1)so charge (—2,2). Since
this is the same as the R-charges of the mass of the adjoint field and since there is no

other parameter charged with respect to U(1)s g, the two quantities should be identified.
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We list below the charges of the coordinates and parameters.

Ul)ss  U(l)se

v 2 0

w 0 2
y=t 2N, 0 (4.3)

z 2N, 0

7 -2 2

AN 4N, —2N;, 0

As a preliminary remark, recall that in general the curve consists of several components
at the Higgs branch root. To rotate the curve in such a case, we pick the component,
called C, that extends to infinity in the v direction and rotate that component. If the
curve is not at the Higgs branch root, the curve to be rotated is ¥ itself, but we denote it
as C also in this case. At the baryonic branch root, the component C further factorizes
into two rational curves Cr and Cg. In this case, the rotation is actually much easier
than the other cases, but we shall give a separate discussion in view of its importance in

a later section.

We should not expect to be able to rotate the brane configuration (3.2) for arbitrary -
values of ui’s. It is obvious from the field theory point of view since the adjoint mass lifts
the Coulomb branch of the N = 2 theory and u’s are drawn to roots of Higgs branches.
It is also clear from the classical brane picture. If the D4-branes suspended between
the NS 5-branes are apart, the two NS 5-branes have to remain parallel (If we force the
NS 5-branes to changer their relative orientations, the D4-branes get twisted and the
supersymmetry is completely broken). In the M theory picture, it is possible to rotate a
brane only when all the handles of the curve C degenerate and C can be considered as a
single cylinder with some points pair-wisely attached. This can be seen by the following

argument.

Suppose a curve C is rotatable. First, we note that the projection of the rotated
curve C on the t-v plane remains the same as (3.2). This follows from the conservation
of the U(1)s e symmetry. When g is small, w on C can be expressed as a function of v
and ¢. Thus the projection of C on t-v plane can still be described by some equation of
(t,v). To see that this equation is the same as (3.2), we note that y is the only parameter
that carries the U(1)s 9 charge. Therefore we cannot deform the equation (3.2) without
breaking the U(1)so symmetry. This means that the rotated curve C can be considered
as the graph of the “function” w of the original curve C. In order to clarify the property
of this function w, we compactify the curve C. We note that both of the two asymptotic

24



regions — v — 00,t ~ vV and v = oo0,t ~ vr~Ne(1) — are well parametrized by the
coordinate v. Thus, we can compactify the curve by attaching the two points at infinity
1/v = 0, obtaining a compact Riemann surface C. The asymptotic condition (4.2) is
equivalent to saying that w is a meromorphic function of C which has only a simple pole
at one point (one of the points at infinity). Such a function exists only when the curve C

is equivalent with CP..

Figure 8: Rotated Curve as a Graph of w

- This completes the proof that the rotatable curve C should be completely degenerate
(i.e. all the a-cycles vanish). The proof based on the asymptotic condition (4.2) also shows
that the rotated curve C is a cylinder which is globally parametrized by the coordinate w.

The two points at infinity of the curve correspond to w = 0 and w = oco.

Thus, we can express ¢ and v in terms of w by rational functions:
v=Pw), t=Q(w). (4.4)

Since v and t never diverge except at the infinity w = 0, oo, these rational functions are

polynomials of w up to a factor of some power of w: P(w) = w®p(w), Q(w) = wq(w)

1We put Ay=3 = 1 for a while for simplicity.
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where a and b are some (possibly negative) integers and p(w) and ¢(w) are polynomials
of w which we may assume non-vanishing at w = 0. Near one of the points at infinity
w = oo, v and ¢ behave as v ~ p~!w and ¢ ~ v™e by (4.2). Thus, the rational functions
are of the form P(w) = w®(w*~% +---)/p and Q(w) = p~Newb(w™e=> + -..). Let us look
at the other infinity w = 0 and consider the cylinder to be compactified at this point. A
neighborhood of this point is well parametrized by 1/v which takes zero at w = 0. Recall
that w is the global coordinate of the cylinder and hence extends to the global coordinate
of the compactified cylinder. Namely, 1/v and w are two good coordinates that vanish at
the same point. Thus they must be linearly related w ~ const/v in the limit w — 0. The

function P(w) then is of the form

P(w)=wl:u...=(w—w+#)1(ﬂw—w_). (4.5)

Since ¢t ~ vNr~Ne and w ~ const/v as w — 0, we obtain b = N, — N; and thus, Q(w) =
p~NewlNe=Nr (wNs 4 ...). For Ny > 0, by the equation yz = v"/ defining the space-time,
t =0 (i.e. y = 0) implies v = 0. Therefore the zeros of the polynomial w"¥s + - - - coincide
with the zeros wy and w_ of P(w). This way, we have determined the form of Q(w) also:

Qw) = = NeweNr (w — ) (w — w_ YN (4.6)

for some r = 0,1,---,[N;/2]. We have put the bound r < [N;/2] because the reflection
r < Ny —r is compensated by the exchange w, ¢ w_.

For r > 0, both of v and ¢ get small near w = w4 and behave as ¢t ~ v" and t ~ v™Ns~",

This is the property of the curve at the r-th baryonic branch root, as can be seen by looking
at the relation (3.2) of v and ¢ near ¢t = v = 0 which is approximately t2 — v"t + v™r = 0.
To see this in another way, we note that the component C at the r-th non-baryonic branch
root intersects with the exceptional curve z = y = v = 0 at two points near which y = ¢
and v behave as t ~ v" and t ~ vVr=". Thus, we conclude that the r > 0 curve given
by (4.5) and (4.6) is the rotation of the component C' at one of the r-th non-baryonic
branch roots. For r = 0, there is a point (w = wy) at which v = 0 but ¢ # 0. In this case
the function C,(v) does not vanish at v = 0, which means that the curve does not pass
through the D6-branes in z = y = v = 0. This is possible only if the curve is not at a

Higgs branch root.

The values wy are determined by the condition that v = P(w) and ¢ = Q(w) with
(4.5)-(4.6) satisfy identically the relation ¢ + v"s /t = Cn,(v) = v"Cp,—,(v). This reads as

wZNC—Nf(w _ w_)Nf—Zr + u2Nc"Nf(w _ w+)N,—2r — (w _ w+)Nc—r(w _ w_)Nc—r

() (w — wi) Vo (w = w )R oy ()
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up to the factor (w — w, ) (w — w_)"/(pw)™e. The matching of the subleading and the

lowest order terms in powers of w requires (recovering Ay=2)

T Nf - T‘)
_ _ - 4.7
(1 Nc) we (1 N, )e-=0 (47)

()N (w0 )N = (— 1Y () PV (48)

and these determine w,. and w_ ﬁp to a Zyn.-N, phase rotation. Matching of other terms
determines the coefficients u,, ..., un.—r, and these are uniquely expressed in terms of w4
so that the Zyn, -y, action on wyx leads to the natural action on u;. Note that in the case
r = N;/2 (Ny even), the action of the Z, subgroup is identified with the exchange of w,

and w_ which does nothing on the rotated curve.

Remark on the r = r, case: If Ny > N, there is a subtlety concerning the case in
which r is 7. = Ny — N,. For this value of r, the equation (4.7) implies wy = 0. That
is, the curve is given by v = (w — w_)/p, t = (w — w_)Ne/uMe and one of the asymptotic
region v — o0, t ~ v™r~Ne is absent. This means that such a curve cannot be realized
as the curve of the form (3.2). Thus, we must exclude this case from the list of rotated
curves. Actually, this is one of the component of the rotated curve at the baryonic branch

which we now describe.

The Baryonic Branch

The rotation of the curve at the baryonic branch root is straightforward. The com-
ponent C at the baryonic branch factorizes into two pieces — Cj, described by ¢t = v,
w = 0 and Cg described by ¢t = v/~ w = 0. The rotation can be done just by replacing
w = 0 for Cp by w = pv. The curve is explicitly given by

~ | t=0o" t = A3 NryNs-Ne
o { v Cr { N=2 (4.9)

w = pv w=0.

Summary

To summarize, we have identified all possible curves that can be rotated. The curve
at the baryonic branch can be rotated, and the result is given by (4.9). Some curves
at the non-baryonic branch roots and some curves away from the Higgs branch roots

are also rotatable. The result of the rotation of these curves is given by the equations

(r=0,1,...,[Ns/2], 7 #7.)

v = (w _'w+)(w—w—) | (410)
pw ’
t = pNewNeNr(w — wy ) (w—w )V, (4.11)
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where wy are determined by (4.7) and (4.8). For each r < N;/2, r # r., there are
(2N. — Ny) solutions related by the Z;n,-n, action, while for » = N;/2 (N even) there
are (N. — N;/2) solutions. Before the rotation, the curve for r > 0,7 # r, is at the r-th

non-baryonic branch root, while the curve for » = 0 is not at a Higgs branch root.

We can perform the similar analysis in the case in which the quark mass termmy }-; QiQ;
is turned on. For generic values of m/, there is no baryonic branch and the curve C never
factorizes. We only have to repeat the same procedure for the unfactorized curves by re-
placing v by v+my, and the result is a slight modification of (4.10)-(4.11) with (4.7)-(4.8).
That is to replace (4.10) and (4.7) by

pimy = BTwR@mw) (4.12)
pw
N, —
(1——]—:7-)w++(1— fN r)w_+pmf=0 (4.13)
For every r = 0,1,...,[N;/2], there are 2N, — Ny solutions. 2

Comparison with Field Theory

The fivebrane configuration we found here encodes various information on the moduli
space of vacua of the N = 1 gauge theory. Let us compare it with the results of the
field theory analysis in section 2. Here we will restrict our attention to the regions of the
moduli space where the vev of the baryon fields B, B vanish, and postpone the discussion
of non zero vev for BB to section 6. We will find that the brane provides us with an exact

description of the moduli space of vacua.

Interpretation of wy

Let us discuss the meaning of the values of wy. In the Type IIA set-up in which all the
D6-branes are sent to the infinity 26 = +o00, there are N; semi-infinite D4-branes ending
‘on the right NS 5-brane from the right. The fact that t = v = 0 at w = ws means that
w = wy are the asymptotic position in the w = z® + iz® direction of these semi-infinite
D4-branes. Moreover, the order of zero in (4.11) says that r of the Ny D4-branes are at

w = wy in the limit z® — 400 and the remaining Ny — r are at w = w_.

A U(Ny) symmetry is associated with these semi-infinite D4-branes. From the point

of view of the four-dimensional field theory on the D4-branes which are finite in the z®

2For special values of my, there are r such that w4 or w_ vanishes. These presumably correspond to
the vacua with meson matrix having Jordan blocks which is mentioned in a footnote in section 2.
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direction, this appears as the global symmetry. When the D4-branes are separated from
each other, the global symmetry is broken. If the separation is in the v = z* + iz°
direction, it is interpreted as the explicit breaking due to the bare-mass (my); of the
quarks, since these are the only parameters charged under U(1l)ss that can break the
U(Ny) flavor symmetry. If the separation is in the w direction, it must be interpreted as
due to a quantity with U(1)s charge 2 that can break the U(Ny) flavor symmetry. The
only such quantity is the meson vev M]1 = Q'Qj. Thus, we interpret the position in the

w direction of the semi-infinite D{-branes as the eigenvalues of the meson matriz MJ‘

This interpretation can be verified as follows. First, the fact that there are at most two
values wy for the asymptotic w position of the N; D4-branes is consistent with the field
theory result that there are at most two eigenvalues m(;) and mz) of the meson matrix.
Moreover, for each degeneracy type r, the positions wy and w- of degeneracy r and Ny—r
agree with the eigenvalues m(;) and m(z) of degeneracy r and Ny —.r respectively, up to

an overall phase that depends only on N..

Let us compare these two quantities in more detail.

O<Nf<Nc

Consider first the massless case. The extrema of the exact superpotential (2.7) were
found to satisfy equations (2.17) and (2.18) and solved by (2.19). The solution for r = 0
in (2.16) is a special case of (2.19). The equations defining w4+ (4.7) and (4.8) are identical
to (2.17) and (2.18) up to an overall phase factor, thus we have

N, N¢
2Ne—=Nyg m(l)7 w_ = (—1)2NC-Nf m(z) . (4.14)

wy = (—1)

Given the interpretation of w. as the eigenvalues of the meson matrix, we see that the

fivebrane in M theory describes correctly the moduli space of vacua on the N = 1 gauge

theory which is obtained in field theory as the extrema of (2.7), including the dynami-

cal generation of the Affleck-Dine-Seiberg superpotential and the non-renormalization of
(2.7).

Consider next the massive case. The extrema of the exact superpotential (2.20) satisfy
equations (2.21) and (2.22). The equations defining wy (4.13) and (4.8) are, as in the
massless case, identical to (2.21) and (2.22) up to an overall phase factor and wy are
related to m1), m(2) by (4.14). We see that also in the massive case the fivebrane in M

theory describes correctly the exact moduli space of vacua on the N = 1 gauge theory.

Ny =N,
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- The extrema of the superpotential (2.25) were found to satisfy equations (2.30) and
(2.31) and solved by (2.32). The equations defining wx (4.7) and (4.8) are identical to
(2.30) and (2.31) up to an overall phase factor and wy are related to m), m(z) by (4.14).
In this case we do not have a field theory proof that the superpotential (2.25) is exact.
Since we expect the M theory fivebrane to describe the exact moduli space of vacua, this
result may be regarded as an evidence for the non-renormalization theorem of (2.25). In
the limit  — oo, the low energy theory becomes N =1 SQCD with Ny = N,. In this
case the moduli space of vacua is modified quantum mechanically and the singularity at

the origin is resolved. Indeed the brane captures this phenomenon as we shall see below.

N.+1< N
In section 2 we used the magnetic description in order to find the vacua.

The extrema of the superpotential (2.35) satisfy equations (2.17) and (2.18), which
are also the equations defining ws+ (4.7) and (4.8), again up to an overall phase factor.
wy are related to my),m(z) by (4.14) as in the previous cases. In this case we also do not
have a field theory proof that the superpotential (2.35) is exact. Our result here using
the M theory fivebrane suggests that it is.

To summarize: With the interpretation of wy as the eigenvalues of the meson matrix,
what we showed that the fivebrane in M theory describes the exact moduli space of vacua
and captures the quantum phenomena such as the dynamical generation of the Affleck-
Dine-Seiberg superpotential for Ny < N, and the quantum modification to the classical
moduli space of vacua when Ny = N.. Moreover it provided us with non renormalization

theorems for superpotentials which have not been proven by field theory method.

5 The p — oo Limit: N =1 SQCD

In the last section, we have found the configuration of the five-brane for finite value
of the adjoint mass u. In this section, we take the g — oo limit of this configuration and

compare 1t with the known result of the V = 1 supersymmetric field theory.

Recall that we have been considering rotation of the left NS 5-brane which corresponds
to the asymptotic region ¢ ~ v™¥¢, v — co. After rotation, this region behaves as w — co,
v ~ u~ 1w, and '

t ~ pNewle _ (5.1)
Since the N. D4-branes end on the left NS 5-brane also in the right angle limit, we expect
the relation ¢ ~ w™< to hold in the limit 4 — co as well. For this, it is evident from (5.1)
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Figure 9: The 4 — oo Limit of Type IIA Configuration

that we must rescale ¢ by a factor ™ and introduce the rescaled variable
t = plNet. (5.2)

Since the space-time is asymptotically a flat cylinder with flat coordinate z® + iz!° =
Rlog(1/t), this rescaling simply corresponds to the shift of the origin in the z°, 2% direc-
tions. Moreover, the rescaling fits nicely with the symmetry property and the renormal-

ization group flow of the corresponding four-dimensional physics as we now see.

Recall that we are considering the eleven-dimensional space-time to be a flat R’ times
the Taub-NUT space described by (3 3) where y is identified with ¢. Using the rescaled
variable (5.2) or equivalently § = u™ey, the space-time is described by

Gz = pNeAR N H (v+m). (5.3)

=1

This expression has a smooth limit as u — oo provided the constant Ay—; given by

A3Nc Nf NcAzNC Nf (54)

is kept finite. It may appear that this choice of limit is ambiguous because we could
rescale the coordinate z also. However, this is not allowed since the fivebrane behaves
near the other infinity w — 0 as z ~ v™e, v — o0, and this should also be preserved in
the 4 — oo limit. The relation (5.4) is the same as the renormalization group matching
condition of the corresponding four-dimensional field theory. This space-time together
with the fivebrane in it which we are going to describe is invariant under the rotation

groups U(1)45 and U(1)se where the charges of the new parameters and coordinates are
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given by

v 2 0
w 0 2
g=1t 0 2N, (5.5)
z 2N, 0
AS=NE 9N, — 2N, 2N,
U -2 2

In particular, the charges of the factor A%Y_fl_ N means that the groups U(1)ss and U(1)se
are broken to their discrete sgbgroups Zyn.-2n, and Z,n, tespectively. This dictates
precisely the anomaly of the corresponding U(1l) R-symmetry groups.

5.1 SU(N.) without Matter

In this case, the curve describing the N = 2 Coulomb branch is given by

2 — Cn.(v,up)t + AXe, = 0. A | (5.6)

There are N, points on the Coulomb branch where the curve is completely degenerate,
and these points are related to each other by the unbroken discrete Z4y, subgroup of
U(1)ss acting as v — veihe, t — —t which has the effect A%, — A?\,:zezNL«: on the curve.

At one of these points, the curve takes the form,
v = Afopt e 4 g (5.7)
and its rotation is given by

v = :uA12V=2w_l + /’l’—lw
t = pNewle, (5.8)

Before taking the i — oo limit, we rescale ¢ as ¢ = u™¥<t (5.2). The equations (5.7) and

(5.8) can then be rewritten as

,v - A?V=l’tv-l/Nc + I»L_IZI/NC,
w P/M
v_w = A?V:l + M—-le’ (59)
~ where following (5.4)
A?V:l = IUA?V=2‘ (5'10)
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This curve has a smooth y — oo limit if we send Ay—=2 — 0 at the same time so that Ay=;

remains finite. Dropping the terms multiplied by x~!, the curve in this limit becomes

w = /N, (5.11)
vw = Ay . (5.12)

We note that Ay, characterizes the size of the five-brane configuration (5.12). The Z,n,
subgroups of U(1)4s and U(1)se has the same effect

2m

Ao, = eM A, (5.13)

on the curve. The N, curves, or fivebranes, are related by this discrete Z,y, symmetry
group which is spontaneously broken to Z,. This is what we have observed in the four-

dimensional N =1 super-Yang-Mills theory.

5.2 SU(N.) with Ny Massless Matter
5.2.1 Non-Baryonic Branches

In terms of the rescaled variables, the equations describing the rotated brane at the root
of the r-th non-baryonic branch (r =0,1,...,[Ns/N.]; r # Ny — N.) are

pNF " O (v, ur) T+ AN N = 0, (5.14)
t = whe™ N (w—wy ) (w—w )V (5.15)
vw = p N (w—wy)(w—w_) (5.16)

where wy are determined by (4.7) and (4.8). In particular, w4 are of the form
Wt = cxpuAN=2 (5.17)

where c; are non-zero numerical constants depending on N., Ny and r. We recall that
An=2 and Ay are related by (5.4) and we send An=2 to zero so that Ay= is kept finite.
Since the order parameters u; are powers of Ay=; and are independent of x, they vanish
in the 4 — oo limit, which means that v"Cpn,_.(v) — v™e. Thus, the equation (5.14) has
the smooth limit described by

F= AT Ny Ny=Ne, | (5.18)
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How the other two equations (5.15) and (5.16) behave in this limit depends on the behavior
of wy ~ pAn=2. Since

PAN=2 = (MNC_NfA?VJEI—Nf)W:TN?, (5.19)
we should distinguish the three cases, Ny < N;, Ny = N; and Ny > N.,.

When Ny < N, pAn=2 diverges in the limit 4 — oo. This means that the curve
defined by (5.14), (5.15) and (5.16) becomes infinitely elongated along the z° direction.
Thus the 4 — oo limit of the brane configuration does not provide a field theory in four
dimensions. This is consistent with the field theory result that there is no supersymmetric

vacua for the correspoﬁding N =1 theory.

When Ny > N,, pAn=2 vanishes for 4 — oo. In this limit, the equations (5.14)-(5.16)

becomes
Vet = A?VIE;vaNf
t = wN°
vw = 0 (5.20)

It may appear that only £ = w™* and v = 0 is allowed since the second equation seems
to imply that w = 0 means ¢ = 0. However, the double limit w — 0, 4 — oo of the
equation (5.15) is subtle. As we will see later,  # 0, w = 0 is allowed. Thus, the correct

interpretation of these equations is that the curve splits into two components in this limit:

t=whe, T = ANy Ny=Ne |
o { v=0 Or { w = ON—l | (5:21)

The component Cp corresponds to the NS’ 5-brane and the D4-branes attached to it,
while the component Cr corresponds to the NS 5-brane and the attached D4-branes. It

1s interesting to note that all the non-baryonic branch roots have the same limit.

To be more precise, there are other components corresponding to D4-branes stretched
between the D6-branes. These are rational curves located at the exceptional divisor
z =y =v = 0. In addition to the ones which are present already before rotation (i.e.
N = 2 limit p = 0), there are also rational curves which appear only in the 4 — oo limit.
We will describe how they appear shortly. It turns out that all the non-baryonic branch

roots have the same limit as well even if we take these rational curves into account.

When Ny = N, pAn= is equal to A%_;. In the limit 4 — oo the equations (5.14)-
(5.16) becomes

2N
AN

)
i
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i = (w— c+AfV=1)'(w —c_A? =1)N°—r

vw = 0 (5.22)

As in the case of Ny > N, the correct interpretation of these is that the curve splits into

two components.

w=0.

CL { t= (Ow — csAfoy) (w — - AR ), Cr { i (5.23)
v=0,

Unlike the case of Ny > N, the final configuration of the curve depends on r, i.e. different
non-baryonic branch roots go to different limits. As in the Ny > N, case, there are other
finite components. As we will see, those which appear only in the 4 — oo limit are located

at w = wy.

5.2.2 Baryonic Branch

The baryonic branch exists for Ny > N.. Before the right angle limit, the rotated curve

is given by (4.9). In terms of the rescaled variables, it is written as

- 1 = whe . t= A?V]\;cl_vaNf_N°
Cr { I Cr { ot (5.24)
In the limit 4 — oo, these become
F= whe F= AZNTNT NN
“ { v=20 Or { w = ON_1 | (5.25)

For Ny > N., the baryonic branch root has the same limit as the non-baryonic roots
given by (5.21). Thus in this case, all the roots of the Higgs branches converge to the
same curve. On the other hand, for Ny = N, (5.25) are different from (5.23) for the
non-baryonic branches. This reflects the fact that the quantum moduli space for the
N =1 theory with Ny = N. is different from the classical one while the moduli space for
Ny > N, does not receive quantum corrections. This point will be discussed further in

the next section.

5.3 SU(N.) with Massive Matter

If Ny < N. and the quarks are massless, the 4 — oo limit of the theory has no
supersymmetric vacua as we have just seen by brane analysis and also in Section 2 from

the point of view of field theory.
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However we can stabilize the vacuum by adding quark mass term which breaks U(1)4s
but preserves U(1)g 9. From the field theory analysis, we have seen that the non-baryonic
branch with only r = 0 survives in this case. So let us examine how it looks like from the

point of view of the brane configuration.

If all the quarks have the same mass my, the curve for finite p is

‘(w —wy)(w—w-)

v+my =
pw
pNet = e Nr(w —w_ )N, (5.26)
In the limit ¢ — oo,
W4 ~ —/.me
_ 1/N.
Avsi ™
my '
Therefore the curve in this limit becomes
Ny  3N.—=N;\ 1/Ne
v = ( ffAN=1 f) 1
A3NC_N)‘ 1/Nc f
7 Ne—~N N=1
t = w flw (mNc—Nf ) (5.28)
f

where ¢ = uN<t as before. The limit g — 0o has been taken so that Ay=; given in (5.4)
remains finite. Note that there are IV, solutions related to each other by the action of the

discrete Z,n, subgroup of U(1)sg.

It is interesting to see how this configuration reduces to that for Ny =0 in the limit

my — oo. If we define

Nj \3N.=N; _ % ' ‘
mffAN=1 F= A?VN=C17 (5.29)
the curve (5.28) can be written as

A3

v = LN=1
w
_ A3 Ny
i = wheNs (w - —=l) i (5.30)
my

If we keep An=; finite while we send my — 00, the space-time in this limit is just the flat
cylinder given by
g =AYV, (5.31)
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and the fivebrane (5.30) reduces to the pure Yang-Mills result (5.12). Once again, (5.29)
is exactly the renormalization matching condition for the corresponding situation in the
field theory.

On the other hand, the limit m; — 0 of (5.28) gives an infinitely elongated curve (the
branch at w = (A?VA;CI- Ny / mjfv‘_N’ )}/Ne goes to the infinity). This corresponds to the fact
that there is no supersymmetric vacuum for the SU(N,) theory with massless Ny(< N,)

flavors.

5.4 Generation of Rational Curves in the 4 — oo Limit

In the subsection 5.2.1, we mentioned that extra rational curves appear in the g — oo
limit. We will show this in this subsection. In the Type IIA picture, this corresponds
to breaking the D4-branes attached to the NS’ 5-brane at the D6-branes, which becomes
possible only in the right angle limit because of the s-rule. The appearance of such extra
rational curves means a generation of extra flat directions of the 4 = oo theory. This will

be important in the next section. We consider only the case Ny > N..

We recall that for finite angle rotation p < oo the projection of the fivebrane in the
- Taub-NUT space (i.e. forgetting the 2%2%7%° direction) remains the same as the starting
point u = 0, provided we fix the N = 2 scale Ay—. In terms of the rescaled variable it is
given by

r4pNeg=oNeq.... (5.32)

where + - - - are certain lower order terms in v. Here we stress that this equation describes
the whole curve (projected onto the Taub-NUT space) including the rational curve com-
ponents as well as the infinite component(s). The coefficients of the lower order terms
+--- in v are given by positive powers of Ay=2, and hence are of negative powers of yx if
ANz is fixed. Thus, the p — co limit of the projection of the curve onto the Taub-NUT
space is given by

z = oM. (5.33)
In principle, this could be different from the projection of the 4 — oo curve because some
components can go away to infinity in the w direction. Later, we show that this does not
happen in the case Ny > N, we are considering and indeed the w values of any rational

curve components are at finite values of w. As we will see, the w values are actually zero

except for the Ny = N, curves describing the non-baryonic branch root.

We first show how the projected curve (5.33) look like in the Taub-NUT space. Recall

that the Taub-NUT space we are considering is the resolved Ay,_; surface. It is covered
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by Ny patches with coordinates (y1,z1),...,(yn,,Zn,) which are projected to the y-z-v
space by(!)

g = y’z’—l
r=y T (5.34)
V= YTy

in which we have put Axy=; = 1 for simplicity. The equation (5.33) looks in the :-th patch
as

gl = yNeg e (5.35)
In the first Ny — N, patches (: = 1,..., Ny — N.) the RHS is of lower order both in y;
and z; than the LHS, while the LHS is of lower order than RHS in the remaining patches
(1= Ny—N.+1,...,Ny). Recall that the equations y; = ;41 = 0 define a rational curve
C;. Thus, the curve includes as its components the rational curve C; with multiplicity N,
for 1 <t < Ny— N, and Ny —1 for Ny — N, +1 <7< Ny—1. Namely, the multiplicities
of Cy,...,CnNs-1 are

N Ney...,No,N.—1,...,2,1. (5.36)
Ny=Ne

In addition to these rational curve components, there are two components of infinite
volumes — the curve described by ziv = 0 (i.e. yi-axis with multiplicity /V;) in the first

~Newi  Ny=Ne—id 1 :
Ny=Ne=i Ne=Ne=i+1 _ 1 As we will see, the actual

patch and the curve described by y;
curve projected to z;' = 0 is an N.-fold cover C extending in the w direction, while the
curve Cg projected to the latter is at w = 0. If Ny > N,, the projection of Cr intersects
with the rational curve Cn,_n,. In summary, the projected curve (5.33) is depicted in

figure 10.

Note that the number of rational or infinite curve components have increased from
any of the N = 2 Higgs branch root. This means that the infinite component of the finite
p curve degenerates in the ¢ — oo limit and has turned into a union of rational curve
components and infinite component(s). We now exhibit this explicitly, proving that (5.33)

is indeed the projection of the y — oo curve.

Baryonic Branch Root

We recall that the curve of the baryonic branch root consists of NyN, — N? rational

curve components and two infinite components Cz, and Cg. The components other than

1We can obtain this from (3.7) in which we have put Ay=2 = 1 for simplicity: We first recover AN =2

in (3.7) just by replacing the expression for y by y = A2 y N’ yizi~!. Then, by definition § = pV

A3N N’y: z:™! obtaining (5.34).
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Figure 10: The Projection (5.33) in the Taub-NUT Space

Cp will stay the same after rotation as well as in the g — oo limit. So we only have
to consider the u — oo limit of C;. The component Cy at finite u given by (5.24) is
described in the i-th patch by '

yi = plwlem (5.37)
z; = pwNe, (5.38)
Let us see this in the limit p — oo. If i > N, the first equation y;w'~Ne=! = y*~1 can

never be satisfied for finite y; or w, and thus the curve disappears from this patch. So
let us consider the case ¢ < N,. For z; to be finite z; ~ 1, w must scale as gfw™e"% ~ 1.
The‘n, y; = p~lw/z; ~ p~'w behaves as yNeTt ~ pWNe=dyyNewt ~ y=Ne This means
that for every finite z;, there are N, — ¢ values of y; approaching to zero. Thus, we see
that the limit includes the component C; wlith multiplicity N, — i. If we repeat the same
thing by interchanging z; and y;, we see that the limit includes the component C;_; with
multiplicity V. — 2 + 1. The location of these components are at w = 0 because of the
scaling relations — piwNe=t ~ 1 for C;. In the first patch, there is another component Cp,
in which w is arbitrary:

= Ne
Cr { nEE (5.39)

.731:0.

In summary, the curve C degenerates in the u — oo limit and consists of an infi-
nite component Cp and rational curves C;,C,...,Cn,-y of multiplicity N, — 1, N, —
2,...,1. Together with the components Ci,Cs,...,Cn,-1 and Cg with multiplicity
1,2,...,re = 1,7 .o,re,m — 1,...,2,1 and 1 respectively (recall that r, = Ny — N.)
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which we have been omitted for a while, the total ¢ — oo curve consists of the components
Cr,C1,Cyy- -, Crty Croay - - -, Cny—2, Cny -1 and Cg with the multiplicities 1, N, N, ..., N, No—
1,...,2,1 and 1 respectively. This is depicted in figure 11 and figure 12.

v
log(1/) NS
NS’ /
w ’,’

Figure 11: The ¢ — oo Limit of the Baryonic Branch Root (N; > N.,)

Figure 12: The p — oo Limit of the Baryonic Branch Root (N = N,)

Non-Baryonic Branch Roots

Ny =N,
Lets us look at the u finite rotated curve of the r-th non-baryonic branch root of the
Nj = N, case where r = 1,...,[N./2]. The infinite component C is described in the i-th
. patch by '
Y = ’ui—lwi—l (w _ w+)r—i+l (w _ w.—)Nf—r—i-H (540)
z; = pwHw—wy) T (w—w )T (5.41)

40



Recall that for Ny = N, case, w, and w_ have non-zero distinct limits as 4 — co. There
are three ways to scale w in order to make y; and z; finite in the limit 4 — oo:

(i) w = 0 keeping pw finite.

(i) w = wy keeping p'~¢(w — wy )"~ finite (e = 0,1).

(iii) w — w_ keeping p'~¢(w — w_)N/~""*¢ finite (e = 0, 1).
The scaling of type (i) is possible for every i, and the corresponding limit is an infinite
curve Cr given by yizi™! = 1,w = 0. The scaling of type (ii) is possible only for i < r.
For € = 0, z; is finite and y; goes to zero as ¥/ ™" ~ p~", while for € = 1, y; is finite and z;
goes to zero as z7~*! ~ u~". Thus, from the type (ii) limit, we obtain the components
Ch1,Cy, ...,Cr_q at w = wy with multiplicity (r — 1), (r — 2), ..., 1 respectively. The scaling
of type (iii) is possible only for ¢« < Ny — r. By the similar argument as in type (ii), one
can see that we obtain the components Cy,C,...,Cn,—r—1 at w = w_ with multiplicity
(Ny —r—1),(Ny —r —2),...,1 respectively. In the first patch ¢ = 1, there is another
component C, given by y; = (w — wy) (w — w_)N/"", z; = 0 which is infinite and
parametrized by w. Together with the components which already exist before taking the

limit, the 4 — oo curve consists of the components depicted in figure 13.

NS’
\ / / J ‘,‘ .
g 62 Ce ;
wew . ) ’ . m
,"r (-1) ..

(Nc-/2r+l) (Nc -2r) /". .

m r\ ,

(No-rl) (Nér2) .

log(1/t)

Figure 13: The u — co Limit of the Non-Baryonic Branch Root in the Ny = N, case

Nf>Nc

F inally, we consider the 4 — oo limit of the r-th non-baryonic branch root, where

r=0,1,..,[Ns/2], r # r. = Ny — N..

. In this case, both w, and w_ vanishes in the limit u — co. More precisely, they scale
as wy ~ p~? where B = (N; — N.)/(2N. — N;). There are three ways to scale w, keeping
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y; and z; to be finite in the limit:

(i) w ~ u~* where a < 5.

(ii) w ~ p~ where a > .

(iil) w ~ wy + p~% where § > 3.

(iv) w ~ w_ + u~% where § > .
The type (ii) limit yields an infinite curve Cg given by yfV’_N‘_iva’—N‘_iH = 1. The type
(1) limit yields components Ci=; . ~.—1 with the multiplicity of C; being (N. —¢). The
type (iii) limit yields components Ci=,+1,.. r.—1 With multiplicity (¢ — r) if r < r,, while
it yields components C;=,, 41, r—1 With multiplicity (r — z) if r > r.. The type (iv) limit
yields components C;—r, 41,...n;-r—1 With multiplicity (Ny —r — ¢). These components are

all at w = 0. In the first patch, there is another component Cy, given by y; = w™+,z; = 0.

Together with the components which already exist before the rotation, the y — oo
limit of the curve for the r-th non-baryonic branch root is the same as the limit of the

curve for the baryonic branch root which is depicted in figure 11.

6 More on the N =1 Moduli Space of Vacua

In this section we will discuss the moduli space of vacua of the N = 1 theories for

finite as well as infinite adjoint mass g including the baryonic degrees of freedom. .

6.1 M theory Proof of the s-Rule

We have seen in the previous sections that for finite adjoint mass the moduli space of
vacua consists of non-baryonic branches parametrized by an integer r and having complex
dimension 2r(N; — r) and a baryonic branch of complex dimension 2N, N; — 2(N? — 1)
which exists when Ny > N.. In the limit ¢ — oo these different branches become
submanifolds of the Higgs branch of N =1 SQCD. The complex dimension of the Higgs
branch of N =1 SQCD is 2N_N; — (N? — 1) which means that in the limit p — oo extra
N2 — 1 degrees of freedom become massless. We will start by showing how this can be

seen in the M theory fivebrane picture.

As in previous cases we have to describe the curve in the resolved Ay, _; surface. This
is depicted in figure 14. The left component Cy, of the curve describing the NS’ 5-brane
1s given by

f=w', v=0, (6.1)
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Figure 14: M-Theory Description of the Higgs Branch

while the right component Cg of the curve describing the NS 5-brane is given by
F= ASTNipNs=Ne 4y =0 (6.2)
Possible deformations of the left component (6.1) are
T=wM + 5w+ . +sy, v=0. (6.3)

It is not possible to deform the right component (6.2). This follows from the invariance
under the action of U(1)4;s and U(1)s o where the charges are given in (5.5). Since there is
no order parameter carrying only U(1)4s charges this symmetry cannot be broken and the
equation (6.2) is fixed, while the vev of the meson field can break the U(1)so symmetry
and corresponds to the deformation (6.3). The fact that there are no allowed deformations
of (6.2) can also be deduced in the case Ny > 1 by the following argument. Suppose that
we try to deform it by adding other monomials in v. This implies that there will be
non-zero values of v for which ¢ = 0. Récall, however, that the (f,v) coordinates are of
the Taub-NUT space v '
fo = AT NNy | (6.4)

which excludes = 0 for non-zero values of v. Therefore deformations of (6.2) are not

allowed. This in fact provides a proof of the s-rule.

To see that this indeed corresponds to the s-rule, let us compare IIA and M theory
brane configurations. The Higgs branch of N = 1 SQCD is depicted in figure 15. For
comparison with the M theory description of the Higgs branch it is useful to move the
right NS 5-brane in figure 15 and pass N, D6-branes. The configuration that we end with
is plotted in figure 16. ‘

43



4,5 NS

(M.8,9

Figure 15: Type IIA Description of the Higgs Branch

The CP! components in figure 14 correspond to the D4-branes suspended between
the D6-branes in the IIA picture of figure 16. The N. complex moduli associated with
the N, D4-branes suspended between the NS’ 5-brane and the D6-brane to its left are
seen in the M theory fivebrane framework as deformations of the left part of the curve
in figure 14 which is the part of the curve describing the NS’ 5-brane. The existence
of allowed deformations of the left part of the curve in figure 14 that describes the NS’
5-brane and the non-existence of allowed deformations of the right part of the curve in
figure 14 that describes the NS 5-brane is from IIA viewpoint the s-rule which has been
suggested empirically in [5].

Here we have shown that (6.3) are the only permissible deformations of the left and
the right curves, consistent with the asymptotic conditions and the U(1l) R-symmetry.
To show that all these deformations actually correspond to vevs of fields in the NV =1
theory, we need to compute the Kahler metric for these deformations and show that it is

regular and non-degenerate. This issue is currently under investigation [42].

A simple counting of the number of D4-branes suspended between the D6-branes and
between the D6-branes and the NS’ 5-brane gives (2N, N; — N?) as the complex dimension
of the N =1 theory. As in the N = 2 case the type IIA brane counting results in the
dimension of a U(N,) gauge group instead of an SU(N,) gauge group, missing one complex
dimensions in the moduli space. It is possible that this missing dimension corresponds to
the relative locations of the NS and NS’ 5-branes in the z”-direction and its superpartner.

In order to fully establish this, we need to compute the Kahler metric for this direction.
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Figure 16: Alternative Type IIA Description of the Higgs Branch

6.2 The Baryonic Degrees of Freedom

In section 4 we showed how the meson matrix is realized in the M theory fivebrane.
For Ny > N. there are also baryonic degrees of freedom. In the following we will show
how the latter are realized in the M theory fivebrane. We will derive the equations (2.29),
(2.38) and (2.41) of section 2 from the fivebrane.

We start with the case Ny = N,. The vev for the baryon operators is zero on the
non-baryonic branches and is non zero on the baryonic branch. In order to illustrate
the difference between the non-baryonic and baryonic branches let us consider the r-th

non-baryonic branch with r = Ezf- In the limit g — oo it is described by (5.23)
= (w?+ A4 T, f= A%,
(6.5)
v=_0, w=70.

In figure 17 we plot for simplicity, the two components of the curve (6.5) in the case
N. = Ny = 2. The above non-baryonic branch is part of the N =1 SQCD Higgs branch
where BB = 0.

For comparison consider now the baryonic branch in the limit ¢ — oco. It is given by

(5.25)

t=whe t=A}C

{ v { N=1) (6.6)
v=20, w=0.

In figure 18 we plot the two components of (6.6). The baryonic branch is part of the

N =1 SQCD Higgs branch where BB # 0.
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Figure 17: The Two Components of (6.5) for N. = Ny =2

Figure 18: The Two Components of (6.6)

Comparing figures 17 and 18 we see that while in figure 17 the two branches intersect,
in figure 18 they do not. The distance between the two branches at w = 0 is a candidate
for BB, when the vev of the meson matrix vanishes. As a first check we have to see that
it carries the U(1)r and U(1)4 charges of BB. Using (5.5) and the relation between the

.U(1)r and U(1)4 charges and the U(1)45 and U(1)sg charges: b.

U = UM+ U
Ul)a = ~UQ)ss+U(l)so, . (6.7)

we see that { carries the charges (U(1)g,U(1)4) = (2Nc—]\—r%, 2N.) which are the correct

charges that BB carries.

A non-trivial check is to verify that when we shift the second branch of (6.6) by shifting

w as in figure 19 which means giving a vev for the meson, the values of the distance and
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the shift have to satisfy the relation (229)

v

Figure 19: Shifting w in (6.6)

Indeed we see that the distance Af between the two branches at w = 0 is
mNe — At = A¥, | : (6.8)

which is identical to (2.29) if we identify the distance A% as BB. Note also, that the
brane equation (6.8) captures the fact that in N = 1 SQCD with Ny = N, the classical

moduli space of vacua is modified quantum mechanically.

Consider next the case Ny = N.+ 1, and let y be finite. The two components of the
curve corresponding to the baryonic branch are given by (5.24). As in the case Ny = N,
we shift w — w+ m and get

(6.9)

t = (w+m)e, F=Aaer My,
w=0.

{ v=p"(w+m),

It is easy to compute the distance Af between the two components of the curve (6.9) at
w = 0 and we get

mPNe — AT = A3NoNe (6.10)

H :

which is identical to (2.38) if we identify the distance Af as BB. Note however that there
is a difference between the Ny = N, + 1 and Ny = N, cases. In the former BB is a
matrix while in the latter it has a single component. Clearly the distance between the
two parts of the baryonic branch curve cannot provide us with the information on the full
BB matrix. Equations (6.10) and (2.38) describe only part of the possible vev’s for the
baryons. In the limit p — oo the RHS of (6.10) vanishes and we get the description of
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the moduli space of vacua of N =1 SQCD with Ny = N.+ 1. In this case, the classical

moduli space of vacua is not modified quantum mechanically.

Finally, let Ny > N.+ 1, and keep y finite. In this case there was an ambiguity in the
field theory analysis in finding the extrema of the superpotential in section 2. The two

components of the curve corresponding to the baryonic branch read now

(6.11)

f= (w+m)N°, = A?VIEI_NIUNf—NC’
w=0.

{ v=p"Y(w+m),

where we shifted w — w + m. The distance At between the two components of the curve
(6.11) at w = O satisfies

miVe — Af = uNc_meNf“NCA?VIE;Nf . (6.12)

This relation is identical to (2.41) which we derived by field theory means with one choice
of approaching the region in moduli space where the determinant of the meson matrix
vanishes. Unlike the field theory analysis, there is no ambiguity in the brane framework
in deriving (6.11). This is not surprising since we expect the brane to provide us with the
good coordinates on the moduli space of vacua. The ambiguity that we encountered in
section 2 can be traced to the fact that det M = 0 defines a moduli space and we need
information about the good coordinates near that region in order to approach it. As in
the previous case, in the limit 4 — oo the RHS of (6.12) vanishes and we get the correct
description of the moduli space of vacua of N =1 SQCD with Ny > N, + 1, where the

classical moduli space is-not modified quantum mechanically.

To summarize: We showed in this section how the baryonic degrees of freedom (up to
the chiral rotation) are realized in M theory fivebrane. In particular we found a complete
agreement for both finite and infinite values of the adjoint mass between the field theory

results of section 2 and the fivebrane description of the moduli space of vacua.

7 Beyond Holomorphy — Kihler Potential

We have shown that the configuration of the fivebrane encodes strong coupling physics
of the N = 1 theory, in particular the Affleck-Dine-Seiberg superpotential for N. > Ny
and the holomorphic structure of the moduli space for N. < Ny. In the field theory
approach, these non-perturbative results were obtained using the holomorphy argument.
-In order to fully understand the low energy dynamics, however, we also need to determine
the Kahler potential. In the N = 1 theory, the Kahler potential is independent of the

superpotential and the holomorphy argument is not sufficient to specify it.
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We expect, in this regard, the fivebrane approach to be more powerful than the stan-
dard field theory method. The eleven-dimensional Planck scale l;;, the radius R of the
eleventh dimensional circle, the type IIA string coupling constant g, and the string scale

l, are related as
ln ~ g:/sls, R~ gsls. (71) ’

On the other hand, the gauge coupling constant gzug. of N =1 theory that arises from
the web of the branes scales [5] as '

2 ~ gsls : (72)

gauge L ’
brane

where Lirqne 1s the distance between the NS and NS’ 5-branes. Therefore

(7.3)

R )1/2 :

Ygauge ™~ (
Lbrane

This means that we can take the limit R/l;y, mene/lu — oo while keeping ggquge finite,
and the low energy effective theory of M theory, namely the eleven-dimensional super-
gravity, should give an exact description of N = 1 theory. Low energy degrees of freedom
of the fivebrane are its deformation in the spacetime and the chiral anti-symmetric tensor
field on the brane. Thus, we can directly read off their kinetic terms from the fivebrane
action [43] and find the Kahler metric.

One of the interesting questions on the Kahler potential is its behavior at the origin
of the moduli space for N, < N;. If one can show, for example that the Kahler metric is
regular at the origin for Ny = N, + 1, it gives a direct confirmation of the claim (based
on the t’Hooft anomaly matching condition) that both the mesons and the baryons are
massless degrees of freedom there. Since the superpotential for Ny = N. + 1 is given by

W = AN (BMB — det M), (7.4)
if the metric g;; is regular, the potential for the scalar fields
V =g oWHEW (7.5)

vanishes quartically and is flat at the origin. We hope to discuss more on this subject in

our future publication [42].

Note added: After completing this work we were informed of [44] where related issues

are studied.
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