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Abstract
Infinitely Many Supersingular Primes for Some Abelian Varieties
by
Fangu Chen
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Yunqing Tang, Chair

Elkies (|EIk87; [E1k89]) proved the infinitude of supersingular primes for elliptic curves over
real number fields. We generalize Elkies’ result to some abelian fourfolds in Mumford’s fam-
ilies ([Mum69, §4]), and more generally, to certain families of Kuga-Satake abelian varieties.
The proof relies on the study of local deformation spaces at closed points of the integral
model of a Hodge-type Shimura variety, based on the work of Madapusi |[Mad16|, and on
the analysis of real points of a Shimura curve, based on the work of Shimura [Shi75|.

Baba and Granath ([BG0O8b]) generalize Elkies’ theorem to abelian surfaces with quaternionic
multiplication of discriminant 6, whose field of moduli is Q and which is a Jacobian in
characteristic 2 and 3. We extend the field of moduli to any number field with a real
embedding, and weaken the local conditions at 2 and 3. The proof relies on the intersection
theory of Heegner divisors on Shimura curves.
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Chapter 1

Introduction

1.1 Background

Serre conjectured that an abelian variety defined over a number field K has ordinary reduc-
tion at a density one set of primes up to a finite extension of K, and proved the conjecture
in the case of elliptic curves ([Ser81]). Katz and Ogus proved Serre’s conjecture in the case
of abelian surfaces ([Del+82, pp.370-372]). Recently, Hui |[Hui25] proved that a non-CM
abelian variety over a number field has supersingular reduction at a density zero of primes.

A natural question is whether the density zero set of supersingular primes is finite or
infinite. In [EIk87; EIk89], Elkies proved that an elliptic curve defined over a number field
with at least one real embedding has infinitely many primes of supersingular reduction. This
result has since been generalized to various families of abelian varieties ([Jao03], [Sad04],
[BGO8Db, [Li+25]). In all previously known cases, the moduli variety is a Shimura curve of
PEL type. In this paper, we extend Elkies’ theorem to certain families of abelian varieties
parametrized by Shimura curves of Hodge type, including families of abelian fourfolds of
Mumford’s type in [Mum69], which are the first examples of Shimura varieties of Hodge
type but not of PEL type.

1.2 The main results

Some Mumford’s abelian fourfolds and Kuga-Satake abelian
varieties
The main result of this work concerns certain families of Kuga-Satake abelian varieties

constructed from K3-type Hodge structures with real multiplication by F' on the trace zero
part of a quaternion algebra over F'.

Theorem 1.2.1. Let F' be a totally real number field with narrow class number 1 and B be
a quaternion algebra over F unramified at all finite places and exactly one of the real places
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of F. Let O be a mazximal order of B and O be the group of units of O of reduced norm 1.
Let H be the upper half plane, and suppose the canonical model of the Shimura curve OM\H
is isomorphic to PL. Assume

1. n:=[F:Ql is odd;[]
2. 2 isinert in F';

3. F(\/—¢€;) has class number 1, where €; is a unit of F' that is negative at exactly one of
the real place p; : F— R, and p;, i = 1,...,n, varies over the n different embeddings
F—R;

4. F(\/—€1,...,\/—€,) has class number 1.

Let A be an abelian variety parametrized by the Hodge type Shimura datum (G,X) (see
Section . Suppose the field of moduli of A is in an odd-degree extension of the field of
moduli of the elliptic point of order 2| then A has supersingular reduction at infinitely many
primes.

Remark 1.2.2. Condition (4) in Theorem is unnecessary; see Remark However,
removing this condition does not yield further examples covered by the theorem.

Remark 1.2.3. The Shimura curve has good reduction everywhere. Further work is required
to remove the assumption that the quaternion algebra is unramified at all finite places and
[F: Q] is odd. The remaining assumptions are technical conditions and will be explained in

section [L.4]

When [F : Q] = 3, Galluzzi |[Gal00] showed that the abelian variety obtained via Kuga-
Satake construction is isogenous to powers of abelian fourfold of Mumford’s type.

Theorem 1.2.4. Let F be a totally real cubic number field with disc(F) € {49,81,169, 321,
361,473,785,993} and B be a quaternion algebra over F unramified at all finite places and
exactly one of the real places of F'. Let X be an abelian fourfold in the one-dimensional family
defined in (Mum69, §4] by B. Suppose X has field of moduli F', then X has supersingular
reduction at infinitely many primes.

See [Bou+25] for explicit equations for the Mumford-type Shimura curves when disc(F)
is 49 and 81. More examples satisfying all the assumptions of Theorem [1.2.1| can be found
in Example [3.7.3]

IThis follows immediately from our assumption on B. In the future, we may consider cases where B is
ramified at some finite places.

2The condition that B is unramified at all finite places implies the existence of an elliptic point of order
2. When B is ramified at some finite place, analogous points may still exist based on the geometry of the
corresponding Shimura curve.
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Some abelian surfaces with quaternionic multiplication

We extend the result of [BGO8b| to number fields with at least one real embedding, and
weaken the local conditions at the bad reduction primes 2 and 3.
A special case of our main theorem is as follows.

Theorem 1.2.5. Let C' be a genus 2 curve with Jacobian that has multiplication by the
mazimal quaternion order with discriminant 6, and has field of moduli a number field L with
at least one real embedding. Assume C has potentially smooth stable reduction at primes
above 2 and 3. Then its Jacobian has superspecial reduction at infinitely many primes.

More generally, the coarse moduli variety of principally polarized abelian surfaces with
potential multiplication by the maximal quaternion order of discriminant 6 is isomorphic to
P!, and an arithmetic j-function (see (4.1.0.1)) in section |4.2)) is defined in [BG08a]. In terms
of this coordinate, the assumption at primes p above 2 and 3 in Theorem [I.2.5] corresponds
to the case v,(j(C)) = 0 by [BGO8b, Proposition 2], and our main theorem can be stated as
follows.

Theorem 1.2.6. Let C' be a genus 2 curve with Jacobian that has multiplication by the
mazimal quaternion order with discriminant 6, and has field of moduli a number field L
with at least one real embedding. Write jo := j(C) € L and Nmpq(jo) = 5 with n,d €
Z,(n,d,6) =1,d > 0. Assume at least one of the following conditions:

1. vy(jo) < 0 for p above 2,3, and [L : Q] 4+ v3(dNmp, (275 + 16)) is odd or jo has at

least one real conjugate in (—;—?, 0);

2. vp(Jo) > 0 forp above 2, v,(jo) < 0 forp above 3, and jo has at least one real conjugate
in (0,00);

3. [L : Q] is even, vy(jo) > 0 for p above 2,3, jo has at least one real conjugate in

(—o0, —é—g) U (0, 00).

Then the Jacobian of C' has superspecial reduction at infinitely many primes.

1.3 Related works and heuristics

Elkies’ result has been generalized to elliptic curves defined over more general number fields
([Jao03]), some families of abelian surfaces with quaternionic multiplication (see [BGO8b| for
the case of discriminant 6, and [Sad04] for the case of discriminant 21, 33), and some abelian
fourfolds with an action of us([Li+25]). In all known cases, the coarse moduli variety is
isomorphic to P!. Heuristically, following the philosophy of [ST18], for an abelian variety A
on a Shimura variety S, the probability that A mod p lies in the Hecke orbit of a codimension



CHAPTER 1. INTRODUCTION 4

d subvariety V' C S, is roughly (N p)~%2. Since

Vr/loge d=1,
Zp_d/g ~ < loglogx d=2,
ps 1 d >3,

we expect infinitely many supersingular primes when the Shimura variety has dimension 1
and its supersingular locus has codimension 1.

There are similar results showing that certain density zero set of primes related to the
reduction of abelian varieties is infinite, as in the case of split reduction of abelian surfaces
([ST20; Sha+22; [Tay25]), and geometrically isogenous reductions of non-isogenous elliptic
curves (|Chal8]). The proofs of these theorems rely on the intersection of the given arith-
metic 1-cycle with the reductions of divisors defined in characteristic 0. By contrast, the
supersingular locus varies from prime to prime. We follow Elkies’ strategy to use CM cycles,
which have supersingular reduction at roughly half of the primes, and we need to detect
whether the intersection occurs at the supersingular primes. For this, we work with P,
where the intersection theory is especially simple.

1.4 The strategy of the proof

Our proof builds on the idea of Elkies. Given an elliptic curve E defined over a number
field, Elkies’ strategy to construct a new supersingular prime p for £ is to find a CM cycle
whose Q-points are elliptic curves with complex multiplication by Z[%(D ++/—D)] such that
this CM cycle intersects F at p and the CM elliptic curves on the cycle have supersingular
reduction at p, which occurs when the residue field has characteristic p that is ramified or
inert in Q(v/—D). With a coordinate defined by the j-invariant, the intersection is captured
by the non-archimedean part of Pp(j(F)), where Pp(X) is the monic polynomial whose
roots are j-invariants of the elliptic curves on the CM cycle, and the goal is to find a prime p
such that Pp(jg) has positive p-valuation and p divides D or —D is a quadratic non-residue
modulo p. By quadratic reciprocity, the problem reduces to studying the reduction of the
CM cycle modulo primes dividing D, as well as at the real place.

Kuga-Satake abelian varities

We relate the Hodge-type Shimura curve parametrizing the Kuga-Satake abelian varieties
to the quaternionic Shimura curve O\ that is assumed to be isomorphic to P!. This
allows us to choose a coordinate and construct CM cycles on P!. For each totally positive
odd prime A € F such that —\ is a square modulo 8, we construct polynomials Py(z) and
Py (x) from CM cycles Py, Py defined over F. The cycles correspond to optimal embeddings
Opy=x — O and Or[V-\ <= O, respectively. By computing the Newton polygon via

3If we drop the simplifying assumption that 2 is inert in F, then we need to consider optimal embeddings
R < O for all Op-orders R satisfying Op[v/—\ C R C (’)F(\/j).
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the Shimura-Taniyama formula, if a prime p of F' is ramified or inert in F(v/—\), then the
CM abelian varieties have supersingular reduction modulo primes above p.

Reduction of the CM cycles P, Py, modulo A

As in the classical setting, the CM points in each cycle fall into pairs modulo A, except
possibly those that reduce to elliptic points with an even order automorphism. Instead of
using Lubin-Tate deformation of formal groups typical of PEL cases (such as in [E1k89],
[Jao03], [Li+25]), we follow the approach of Madapusi [Mad16] on integral models for GSpin
Shimura varieties, applying Grothendieck—Messing theory to establish a bijection between
deformations of the abelian variety A,, at a closed point xy with a special endomorphism and
liftings of certain isotropic lines orthogonal to the special endomorphism. This description
solves the local intersection problem and provides a clear picture of how the liftings are
expected to occur in pairs given the quadratic space defined by the quaternion algebra.

In particular, our method explains how to pair the liftings in the neighborhood of the
exception points. In the case of elliptic curves, the only exception point is j = 1728. In
the case of |[Jao03] and [BGO8b|, the elliptic points have CM by orders in distinct imag-
inary quadratic fields, and the presence of unpaired points can be predicted explicitly by
checking whether a maximal order of a known quaternion algebra contains two anticom-
muting CM orders of given discriminants. By contrast, we have multiple elliptic points of
order 2 when h(F(y/—1)) > 1. To address the complication, we equip the space of spe-
cial quasi-endomorphisms V' (A,,) with an F-linear structure via comparison, and use the
automorphism to pair the special endomorphisms. This yields a pairing of liftings in the
neighborhood of any exception point when we consider the union of all cycles corresponding
to all orders containing Or[v/—\].

This method for studying the deformation of mod p points on Shimura curves works in
general, without assuming that the Shimura curve has genus zero.

Real CM points on Py, P,y

At the archimedean places, we follow the work of Shimura [Shi75] to study real points of the
Shimura curve and apply Hecke’s equidistribution of primes (see for instance |[Lan94, XV,
§5]). The real points are given by geodesics of the form Z, := {z € H : a(Z) = 2}, where
a € O satisfies trd(a) = 0 and nrd(a) = ¢, with € a unit negative at the real place where
B is split and positive at other real places. Under the assumptions that 2 is inert in F' and
the class number h(F(y/—¢)) = 1, it suffices to consider a single geodesic. The congruence
condition on A ensures that each of the CM cycles we consider has a unique real point.
These real CM points correspond to solutions of the norm equation Nmpg /= /p(r) = A.
Similar equations are obtained in [Jao03| and [BGO8b| by describing the real locus as the
hyperbolic lines segments between two elliptic points. By Hecke’s equidistribution of primes
in F'(v/—¢), we can find X such that Py(z)Py,(7) is negative at the coordinate of the given
abelian variety.
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To account for all real embeddings of F, we need to consider all conjugates of the
Shimura curve, which correspond to quaternion algebra with different local invariants at
infinite places. Assuming that F := F(y/—e€y,...,1/—€,) has class number 1, we construct
a Hecke character of A% and apply the equidistribution of primes in F.

Here we have found a good condition that simplifies the setting to a single geodesic.
More generally, each O'-conjugacy class of embeddings Op[v/—¢] < O gives a geodesic. The
associated real CM points correspond to solutions of an equation of the form nrd(v) = A,
where v € BN O is orthogonal to the image of /—e. Computations are possible with an
explicit basis of maximal order, and a similar equidistribution result can be derived on each
geodesic.

Following the proof of [Elk87], we combine the results at the non-archimedean place
A and the real places to obtain a desired supersingular prime using quadratic reciprocity

theorem [.4.11

Theorem 1.4.1 (|Hec81, Theorem 167]). Fiz a number field K with 1 real embeddings
Ply--spr - K = R Let a, 8 € Ok, where o is odd, i.e., « is relatively prime to 2. If
B = mn, where m is an integral ideal without odd prime factors and n is an odd integral

1deal, then
<§> ‘ <g> _ (_1)2:;1 signpiz(a)fl Si%’“PiQ(B)*l
«Q n

if the odd number « is a quadratic residue mod 4m and relatively prime to (3.

QM abelian surfaces

An abelian surface with action of a maximal order in a rational quaternion algebra B has
either ordinary or superspecial reduction modulo primes not dividing the discriminant of B
(|[Cla03, p.70] and [Rib89, p.23]). It therefore suffices to construct primes of supersingular
reduction, for which we follow Elkies’ general strategy. Given a genus 2 curve C', we find
supersingular reduction of its Jacobian from its intersection with some Heegner cycle Pp of
discriminant D. The intersection at a prime p is captured by v,(Pp(jo)) > 0, where Pp(z)
is the integral minimal polynomial of the j-invariants of the points in Pp, and when this

occurs, supersingular reduction at p is detected by (%) # 1.

As in [BGO8b|, we need to consider certain elliptic point in addition to the Heegner cycle
in order to pair the roots of Pp(x) modulo primes dividing D. We use [Jao03| to generalize
[BGO8b| through a more detailed, case-by-case study, where in each case the discriminant
D is chosen in a form adapted to the conditions. In characteristic 2 and 3, [BGO8b| shows
that the reduction of any Heegner cycle lies in the superspecial locus {j = 0,00}, and the
intersection formula of Heegner divisors in [KRO§| provides the new input that determines
the specific superspecial point for each chosen Heegner cycle. The local conditions on j, at
primes above 2 and 3 ensure that it avoids intersection with the chosen Heegner cycles at
these primes. This is a showcase of relaxing the assumption on B in Theorem|[I.2.1} For more
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on the choice of local conditions and Heegner cycles, and for potential further weakenings of

these conditions, see Remark [1.4.1]



Chapter 2

Preliminaries

2.1 Intersection number

Definition 2.1.1. Let R be a Dedekind domain and X — Spec R be an arithmetic surface.
Let D and E be two effective divisors on X with no common irreducible component. Let
2p € X be a closed point. The local intersection number i,,(D, E) of D and E at zj is the
length of the Oy ,,-module Oy .,/ (Ox(—D)., + Ox(—E).,,).

Example 2.1.2. Let R be a discrete valuation ring with field of fraction K, maximal ideal p
and residue field k. Let z,y € X(K) be distinct, then z,y extend uniquely to z,y € X (R)
by properness of X — Spec R, and z,y are closed immersions since they are sections to a
separated map. Define

(zy) =) ix(z,u).

2€X)

Let z,,y, € X(R/p"™) be the reduction of z,y modulo p" for positive integer n. Suppose
x # y, then as in [Sad04, 3.13],

(z.y) = max{n : x, = y,}.
In particular,

L. if X is a fine moduli space with a universal object A — X, then the complete local
ring Oy ., is the universal deformation ring for z, and

(z.y) = max{n: A, ~ A, modp"};
2. if X =P and 1 = y1 = 2 € X(k), then

ry) =i, (2,y) = vp(r —y)  vp(x) 2 0,05(y) 2 0,
(z.y) = iz(z,u) {vp(— — 5) vp(x) < 0 or z = 00,v,(y) <0 or y = 0.
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Lemma 2.1.3. Let R be a complete discrete valuation ring with field of fraction K, mazimal
tdeal p and algebraically closed residue field k = k. Suppose Y — Spec R is a smooth curve
over R and G is a finite group acting R-linearly on Y. Let X =Y /G.

1. The complete local ring of Y at a closed point yo is R-isomorphic to R[[T]]. The
isotropy group G,, C G of yo acts R-linearly on R[[T]], and the complete local ring of
X at the image xo of yo is the ring of invariants (R[[T]])" = R[[NméyO(T)]], where

Gy, is the image of Gy, in Autp(R[[T]]) and Nmg, (T) = H'Yeéyo y(T).

2. Suppose y,y' € Y(R) both reduce to yo € Y(k). Suppose T,T" cut out the sections
v,y : Oy, — R, respectively. Let x,x" be the images of y,y', respectively, then

(za)) = Y length(Oy,, /(T,7(T")).

YEGy,

In particular, let G, C Gy, be the isotropy group of y', and G be its image in G,
then B R
(za) = #Gy Y length(Oy,,/(T,4(T")

YEGyy /Gy
is divisible by #G,y, and (z.2") = #G,o (u.y) if Gy = Gy .
Proof. 1. [KMS5, pp.508-509]
2. [Con04} p.12]

2.2 Quaternionic Shimura curves

Let F' be a totally real number field with narrow class number 1. Equivalently, F' is a totally
real number field with class number 1 and units of independent signs. Let B be a quaternion
algebra over F' split at exactly one real place p : F' — R, and O = Op be a maximal order

of BA
Let G = Resp/g GL1 g be the algebraic group over Q with é(@) = B*, and K=0"=

[1OX c G(A 7). Strong approximation implies that
|BXN\B* JO*| = |FX\F* / nrd(0*)| = hy(F) = 1, (2.2.0.1)
and then

GQ\H* x G(Af)/K = G(Q):\H x G(Af)/K =T\H =T"\*H,

'If F has narrow class number 1, then any two maximal orders in an indefinite quaternion algebra over
F' are conjugate to each other.
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where

I = {ac O :nrd(a) € OF is totally positive},

I''=0'={ae O nrd(a) = 1}.
(Since the totally real number field F' has units with independent signs, every totally positive
unit in O% is a square (|CH88| 12.2]), which implies T\H = T''\'H. ) The reflex field of this

Shimura curve is p(F).
Let I'* = {a € Npx(O) : nrd(«) is totally positive}. Since F' has narrow class number 1,

I*/F*T = Np« (0)/F*O* ~ II (Z)27)
prime ideal p|disc(B)
is the Artin-Lehner group of O, and there is a finite map
I\H — "\

of degree 2#ﬁnite primes ramified in B‘

In Chapter [3| we will consider the case when [F : Q] > 1 and B is unramified at all finite
primes. In Chapter [4 we will consider the case when F = Q and B is ramified at some finite
primes.
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Chapter 3

Some Kuga-Satake abelian varieties

In this chapter, assume the following unless specified otherwise.

Suppose F'is a totally real number field with narrow class number 1, and B is a quater-
nion algebra over F' unramified at all finite places and exactly one of the real places of F'.
Necessarily [F': Q] is odd. Denote by p : F' < R the real place where B is split. Let € be a
unit of F' that is negative at p and positive at the other real places, so that the field F'(y/—¢)
splits B. Let O = Op be a maximal order of B. Its normalizer Npx(O) = F*O*.

In §3.1, we introduce the Shimura curves considered in this work. In §3.2, we review
the theory of integral canonical model for Shimura varieties of Hodge type, focusing on the
GSpin case. In §3.3, we construct the CM cycles and study their basic properties. In §3.4,
we investigate the reduction of the CM cycles modulo a finite prime, and pair the liftings in
the neighborhood of each closed point. In §3.5, we analyze the distribution of the CM points
in the real locus of the Shimura curve. In §3.6, we combine the results in previous sections
to prove Theorem [1.2.1] In §3.7, we compute explicit examples in which all the technical
assumptions of Theorem [I.2.1] are satisfied.

3.1 The Shimura curves

The GSpin Shimura varieties

Let V = B = {a € B : trd(a) = 0}, then (V,Qp := nrd|po) is a 3-dimensional quadratic
space over F. For any field extension o : I — K, denote by (V ®p, K,Q, := 00 QF)
the 3-dimensional quadratic space over K. Let (V,Q := TrpigoQr) be the (3[F : QJ)-
dimensional quadratic space over Q. The signature of (V, @) is (3[F : Q] — 2,2), since there
is an orthogonal direct sum decomposition Vg =V ®g R ~ &,(V ®p, R), where V ®p, R
has signature (3,0) for o # p and (1,2) for o = p.

Let D={w eV ®qC: [w,w]g =0, [w,w]g < 0}/C* be the space of oriented negative
definite 2-planes in Vg and

X={weV®p,C:wuwlg=0,w,wlg<0}/C".
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Note that X ~ H* is one-dimensional. Each V ®p, C is an eigenspace for the F-action
on V ®g C induced by the F-linear structure on V. The weight 0 Hodge structure on V
defined by [w] € X is V1 = Cw, V! = Cw, VO = (V-1 @ V=1L then for a € F*,
aV—tl = V=bl Vb=l = V=1 hand since [au, v]g = [u, av]g for all u,v € V, aV®0 = V00,
Thus, for a Hodge structure V' defined by [w] € X, we have F' C Endgq, (V).

Let C(V) be the Clifford algebra of V' over Q. It has a Z/2Z-grading C(V) = C*(V) @
C~(V), where C*(V) is the even Clifford algebra. The reductive group scheme GSpin(V, Q)
over Q is defined by

GSpin(V, Q)(R) := {g € C;(Va)* : gVrg™ ' = Va}

for any Q-algebra R, where Cg (resp. C};) denotes the Clifford algebra (resp. even Clifford
algebra) of a quadratic space over R. There is a canonical involution * on C(V') given by
the reversal involution on @3 ,V®% and the spinor norm v : GSpin(V, Q) — G,, is defined
by z + z*x. A choice of § € C'(V)* such that §* = —§ (for example, § = ef for orthogonal
vectors e, f € V with Q(e) < 0,Q(f) < 0) defines a symplectic form ¢ : C(V) x C(V) —
Q, (z,y) — Trd(xdy*). The action of GSpin(V,Q) on C(V) by left multiplication induces
an embedding GSpin(V, Q) — GSp(C(V),1s), under which the similitude character on
GSp(C(V),1s) restricts to the spinor norm v on GSpin(V, Q) ([Madl6, 1.6, 1.7]).

The action of GSpin(V, Q) on V by conjugation induces an exact sequence of group
schemes over Q

1 = G,, —» GSpin(V, Q) — SO(V,Q) — 1. (3.1.0.1)
Define the algebraic groups G C GSpin(V, Q) and Gy C SO(V, Q) by
G(R) ={g € GSpin(V,Q)(R) : a(g-v) =g (aw)Va € F,v € Vg}
Go(R) = {g € SO(V,Q)(R) : ag = gaVor € F'}
for any Q-algebra R, so that the image of G under (3.1.0.1)) is Gy. Since (o, 8) = Trp/g(af)

is a perfect pairing on the Q-vector space F', we have Go(Q) = SO(V,Qr)(F) = B*/F*.
The embedding

(G, X) = (GSpin(V, Q), D) = (GSp(C(V), 15),S™)

realizes (G, X) as a Shimura datum of Hodge type. When F' is cubic, we have Corp/g(B) ~
Ms(Q) since B is split at all finite places, and this Kuga-Satake construction from K3 type
Hodge structures with real multplication is consistent with Mumford’s original construction
([Gee08, 6.4]).

The morphism of Shimura data

We can use the corestriction of algebras to describe the morphism G = Respo GLi,p —
G ([Mum69, §4], [Gee08, 6.2, 6.3]). Let F be the Galois closure of F. The direct sum
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decomposition of quadratic spaces

(VeeF.Q) = @ (Ver, F,Q,)

o F—F

gives an isomorphism of F-algebras
CWV)@o F = Ca(V oo F) =@, Co(Vor, ) =@ .. (Cr(V) S F). )
3.1.0.2

where Q). 7 denotes a graded tensor product over ]? indexed by embeddings o : F' — ]? )
On the all even part, the graded tensor product over F' is the usual tensor product over F

50 Q). pes (C’+(V) QFo F) lies in the even part of @U Fesf (C’F(V) QFo F) The Galois
group Gal(F/Q) acts on V ®ao F via the second factor of the tensor product, thus under the
isomorphism V' ®q F= DorsiV OFo F', this action permutes the eigenspaces V @ Fo F:

for g € Gal(F/Q), we have g : V®F0F — V ®pgo F defined by r ® a — r ® g(a). Similarly,
Gal(F'/Q) acts on C(V) ®g F via the second factor of the tensor product. Over F, we have

(cioneeF) = TI (ciov)en F)

o F—F
and a group homomorphism
~\ X Nm ~\ X ~\ X
[ (civyer F) == (CtvV) @R, ) = (V) @o F)
o F—F o F—F

where the norm map is defined by

N ((bo) s i) = R o

o F—F

The image of (b,),.psj acts as b, on each V QFo F ; in particular, it preserves V ®q F
and respects the F-linear structure on V' ®q F. Therefore, we have a group homomor-
phism (C} (V) ®g F)* — G(F). Taking Gal(F/Q)-invariants gives a group homomorphism
CH(V)* = G(Q). Under the identification C; (V) = B, we obtain the corresponding mor-
phism of algebraic groups G — G over Q, whose kernel is the algebraic torus T} over Q
defined by TH(Q) = {z € F”* : Nmp/gx = 1}. The morphism G — G induces G — Gder
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and the following diagram

1 — s Gder > G Resp/o Gy —— 1
l NmF/Q
1 —— Qder s G Y 5 G, y 1
1 1

commutes. Since G (Q) NTHQ) = {x € F* : 2° = 1,Nmpg(z) = 1} = {1} as [F : Q] is
odd, we have an isomorphism Resg/q SLi g = Gder =y Gder,

The integral structures

Let L =V N O, then it is a rank 3 free Op-module and a rank 3[F : Q] free Z-module. By
[Voi21}, 22.4.15], for a quaternion O order O we have O’ = O + discrd(O')(O'#)°(O'#)0 =
Co, ((0#)°, Nurd), where discrd(O') = (N) and

(O ={a € B : trd(a0') C O, trd(a) = 0}.

Here discrd(O) = disc(B) = (1) and O# = O since O is maximal and B is split at all finite
places. Define

K={ge€GAf): g(C(L®zZ)) = C(LRZ)} = G(As) N C(L @z Z)",
Ky = {g € GO(Af) : g(L Xz Z) =L ®g Z}.
The image of K = 0% = [TOF under GG — Gy is Ky since Npx(O) = F*O*. The

image of K in Go(Af) is {g € Ko : g acts trivially on LY/Lz} ([Madl6, 2.6]). The dual
lattice LY = D, L C V, where D r/@ C Op is the different of F//Q. There are well-defined

F/Q
maps B B B
G(Q)\H* x G(Af)/K — Go(Q)\X x Go(Ay)/ Ky (3.1.0.3)
and
GQN\X x G(Ay)/K — Go(Q\X x Go(Ay)/Ko. (3.1.0.4)
Note that 1 — Resg/g G, — G — Go — 1 and
H'(Qi, Respjg Gr) ~ H'(Qy, [ [ Resr, jg, Gm) ~ [[ H'(Qi, Resp, jg, G) ~ [[ H' (Fo, Gun)

|l vl vl
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is trivial by Hilbert’s 90. Therefore, the map (3.1.0.3)) is surjective, and in particular,
Go(Q)\X x Go(Ay)/Ky is connected. Let I'g := Go(Q)+ N Ky C F*O*/F*, then (3.1.0.3)

is an isomorphism B

N\H = To\X™, (3.1.0.5)
where I' = {a € O* : nrd(a) € OF is totally positive}. For each g € G(Ay), let Ty :=
G(Q)L NgKg™, then [z] — [z, g] defines a connected component I',\ X — G(Q),\ X+ x

G(Ay)/K and (3.1.0.4) gives a finite map
TA\XT — Do\ X+, (3.1.0.6)

Note that
GQ\X xGA/K~ || T\,
[9]€G(Q)+\G(Ay) /K

and if z;,22 € G(Q)\X X G(Af)/K maps to the same point under (3.1.0.4]), then the
corresponding abelian varieties A,,, A,, are isogenous.

Genus 0 Shimura curves

See [Voi09) §4] for a complete list of genus 0 Shimura curves constructed from congruence
arithmetic Fuchsian group in PSLy(R). In particular, we have [F': Q] < 7.

3.2 Integral model and special endomorphisms

Let p be an odd prime unramified in F. Let Ly = L ®z Z) and H,) = C(Lgy) be
the Clifford algebra of L, over Z,). Since B is unramified at all finite places, (L), Q)
is non-degenerate, i.e., ) induces an isomorphism L, = Lé), and GSpin(V, Q) extends
to a reductive group scheme GSpin(L), Q) over Zg. Via left multiplication, the group
C* (L)) C GL(H(y) is the subgroup of automorphisms that preserves the grading and
centralizes the right C'(L,)-action on H(,). The pairing

1
[P p2] = Sypgs Tr(wr 0 v2)

on End(H,) restricts to [-,-]q on L, since [v,v] = gmg=r Tr(Q(v)n,,,) = 2Q(v) for all
v € L. Let m : End(H(,)) — End(H,) be the orthogonal projection onto L. Then
GSpin(L), Q) C C* (L) is the stablizer of the idempotent operator 7 ([Mad16| 1.4]). For
€15, 6n € Op such that Op = Zley, . . ., €], consider the endomorphism 7, : End(H ) —
End(Hy)) given by () = €(m(p)). Let Gz, C GSpin(L(,), Q) be the stablizer of all
.. Let {so} C Hg) denote a finite collection of tensors defining G C GL(H(,) with
T, e, € {Sat-

Let K, = G(Z,) and K? C G(A}) be a small enough open compact subgroup. De-
note by Shg,x» = Shg,k»(G, X) the Shimura curve attached to G and .k k» its integral
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canonical model. The integral model ., k» is constructed in [Kis10] as the normalization
of 5”];? xr(G, X), the closure of Shg g» in the natural integral model of the Siegel modular
variety. The normalization step can be removed by [Xu22|. Let A — .#k g» denote the
universal abelian scheme, which exists assuming that K? sufficiently small. Let s, » denote
the cohomological realizations of s,, where ? = B, dR, ¢, p, cris.

Let k =F, C F, and W = W(k) be its ring of Witt vectors. Suppose © € s, k»(k) is a
closed point. Write (/]\m for the completion of .7, k» at x. Suppose T € Sk, k»(£) is a point
specializing to z, where F is a finite extension of W[p™'].

Choose an embedding ¢ : E < C. The natural isomorphism H, ~ HE(A,z(C),Z)
takes s, to sq.p,(#)- The comparison isomorphism

Hip(As/E) ®p, C = Hp(A@)(C),Q) ®¢ C (3.2.0.1)
takes sq.ar.z @ 1 to 84,83 @ 1, and the comparison isomorphism

Hy (A (C), Zy)) @z, Ly = Hiy(Asy, L) (3.2.0.2)
takes s, B3 ® 1 to Sqpz. Via the p-adic comparison isomorphism

H;t(-’él Z ) ®Zp BCI‘IS % Hclrls( x/W) ®W Bcris, (3203)

TR

the Gal(F,/E)-invariant tensors s,,; give rise to Frobenius invariant tensors su cris. €
HL (A /W2 From the proof of [Kisl0, 2.3.5], it follows that the tensors s, cis. are
independent of the choice of . There exists a W-linear isomorphism

Hélt(‘AjE7 ZP) ®Zp W % H(}ns( .’L'/W) (3204)

taking s, p.z 10 Sacrise ([Kisl0, 1.4.3]). From (3.2.0.2)) and (3.2.0.4)), there exists a W-linear
isomorphism H,) ®z, W — HLi (A, /W) taking s, t0 So crisz, and the tensors s cis . define

a reductive Subgroup Gw C GL(H} (A, /W)), which is isomorphic to Gz, Xspecz,,, Spec W.
Let Leis, be the image of mes, on End(HY(A,/W)), then since all 7, and the quadratic

form on L, are absolute Hodge cycles, there is an Op-linear isometry
L(P) ®Z(p) W — Lcris,xa (3205)

and Gy C GSpin(Leys ). Since p is unramified in F, we have an orthogonal direct sum
decomposition
LCI‘iS,I = L(p) ®Z(p) W = @ L ®OF,0'/ W7 (3206)
o :F—>Wip~1]

where orthogonality arises from the distinct scalar actions of Op via the embeddings ¢’. From
the proof of (2.3.5) in [Kis10|, U, is isomorphic to Spf R, , where R, is the complete local
ring at the identity section of the opposite unipotent defined by a cocharacter G,, — Gw
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whose reduction modulo p induces the filtration on H (A,/W)®k = H}x(A./k). For any
7' € U, defined over a finite extension £’ of W[p~'], the filtration on

HéR(Af//E,) i Hclrls(ACC/W) Qw E

is induced by a Gy ®@yw E’-valued cocharacter (|Kis10, 1.4.5]).
We follow [Madl6, 5.1-5.13] to define the space of special endomorphisms L(A,) of a
point © — S kr.

Special endomorphism at a C-point

Let x — Shg,x» be a geometric point with k(x) € C and ¢ be a rational prime. The
comparison isomorphism

Hp(A.(C),Q) ®g Qr = H(Ar, Qo) (3.2.0.7)

takes sq gz ® 1 to Sq,. Let Vi, be the image of my,, then (3.2.0.7) induces an F-linear
isometry

V ®eQ = Vig. (3.2.0.8)
Let Lyg = Vi NEnd(Ti(A;)), where Ty(A;) = lim A, [("] is the (-adic Tate module of A,.

Since the comparison isomorphism gives
HL(AL(C),Z) @7 7y — Hi(Ap, Zo) (3.2.0.9)
and L =V N End(C(L)), under (3.2.0.8)) we have
L ®y 7y~ Ly,. (3.2.0.10)

Definition 3.2.1 ([Mad16], 5.4, 5.5]). An endomorphism f € End(A,) is special if it satisfies
any of the equivalent conditions:

1. the Betti realization of f¢ gives a section of Vi, C End(H}(A.(C),Q));
2. the f-adic realization of f is an element of V;, C End(H} (A., Qy)) for some prime ¢;

3. the f-adic realization of f is an element of V;, C End(H} (A,, Qy)) for all prime /.

Special endomorphism at a Fp—point

Let v € Sk, k»(F,) and £ # p.

Definition 3.2.2. An endomorphism f € End(A,) is special if its crystalline realization lies
in Lcris,z'

The definition of V;, and L, carries over since Ty(.A;) = Ty(A,) for any lift Az of A,.
By [Mad16| 5.13], if f € End(A,) is special, then its ¢-adic realization is an element of Ly .
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3.3 CM points

In this section, we construct CM cycles and describe some properties of the cycles and the
abelian varieties they parametrize. An abelian variety parametrized by a Shimura variety of
Hodge type is of CM type if and only if the corresponding Hodge cocharacter factors through
a Q-rational torus. The CM cycles are constructed in sectlon using subtori of G. Each
CM cycle on G(Q)\H* x G(Af)/K F\?—L To\X™ corresponds to an Op-order in a CM
extension of F' by Lemma [3.3.1] and it is defined over F' by Lemma [3.3.2] Its size equals
the class number of the corresponding Og-order, as shown in Lemma [3.3.5| and computed in
Lemma [3.3.6, The specific Op-orders we will consider are described in [3.3.7. Finally, using
the Shimura-Taniyama formula, we obtain in |3.3.10] a sufficient condition for the primes at
which the abelian varieties on the CM cycle have supersingular reduction.

CM cycles

Let L = F(v/—\) be a CM extension of F and ¢ : L — B be an embedding. Note
that ¢(L) N O = ¢(¢~1(O)) and ¢ defines an optimal embedding »HO) — O. Let T =
Resr g Gy, and h : Resc/r G, — Gr be the cocharacter defined by

= [ = [[ LornR)*=LogRSBagR, (3.3.0.1)

o:F—R o:F—R

where C* — []_ .z C* is the inclusion on the coordinate corresponding to p : F' — R at
which B is split. Consider the CM cycle

T(Q\{h} x T(h)/ Kz — GQ)\H* x G(Ay)/K, (3.3.0.2)

where Kz = f(Af) Ne~ L(O). This is injective because if [k, t1] = [h, to] with t1,t, € f(Af),
then there exist a € G(Q), k 6 K such that a - h = h and at1k = t5. The first equality
implies a € L* and then k =t a"'t, € T(Af) NK = K.

This CM cycle can be described via optimal embeddings ¢~1(0) — O by Lemma m,
which is a special case of the trace formula [Voi2l} 30.4.7]. Let

E:={BeB :f¢(L)BNO=pB"¢(¢(
={B € B*: (L) NBOL™" = ¢(¢~(0))},
E:={BeB*:B(L)BN0 =B o6~ (0))5)
= {f e B*: 9(L)nBOB" = ¢(6-1(0))}.

By Skolem-Noether theorem, the map 8 +— 8~ 1(}55 gives a bijection from ¢(L)*\E to the set
of optimal embedings ¢~ (O) < O. Given e; € &, if [h, e1] = [, €3] in G(Q)\H* x G(Af)/K

'Such an embedding ¢ : L — B exists because B is split at all finite places of F', which implies that any
CM extension L of F' splits B, and L is a maximal subfield of B.

0))8}
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with ey € é(Af) then there exist @ € G(Q) and k € K = O* such that e; = ae k € &.
Thus, e — [h, €] defines a bijection from ¢(L)*\&/O* to a set of CM points in G(Q)\H* x
(Af)/K Note that T(Af) — E.

Lemma 3.3.1. 1. When B* = BX@X, the set of CM points {[iL,e] e € 5} corresponds
to O*-conjugacy classes of optimal embeddings ¢~ (O) — O.

2. When B s split at all finite primes of F', the set of CM points {[iL e]:e€ é\} is the
image of the CM cycle T(Q)\{h} x T(Af)/Kf, which has cardinality h(¢~1(O)).

Proof. 1. Clearly € C € and there is a natural map O(L)*\EJO* — ng( )*\&/O. This
is injective since BN OX O*. For any 5 € B>< since BX = BXO>< there is § € B*
such that 5(’)X B(’)X Note that the class BOX is well-defined, and ﬁ € £ if and
only if § € €. Therefore, for [ﬁ,ﬁ] where B € 5 pick 8 € & such that BOX BO*,
then [B,B] = [h,B8] = [87" - h,1], where 87! - h is defined by an optimal embedding
2 719(2)B of p71(O) = O.

2. As in the proof of [Voi2l, 30.4.7], there is a natural surjective map gb(L)X\g/@X —

QT(E)X\E/@X whose fiber over the identity element is ng(L)X\qT(E)X/(qT(E)X N @X) o~
Pic(¢~(0)). There is a bijection

—

M~ X oA~ ~ ~ ~
o(L) \E/O* — {O*-conjugacy classes of optimal ¢~1(O) — O}.
In the case B is split at all finite primes of F, since

#{G Ly(OF,)-conjugacy classes of optimal S — My(OFr,)} =1

for any Op,-order S by [Voi21} 30.5.3], we have #qﬁ/(L\)X\g/@X =[[,1=1
[l

Lemma 3.3.2. When B is split at all finite primes of F', complex con]ugatwn defines an
involution on the CM cycle T(Q)\{h} x T(Af)/K In particular, if h(¢~1(O)) is odd, then
there is a real point on this CM cycle.

Proof. For a CM point [h, t] where h is induced by ¢ : L < B and ¢ € T(Af), its complex
conjugate is [th, t] (MS81]), where ¢/ is induced by ¢ : L < B, ¢(z) = ¢(Z Z). By the Skolem-
Noether theorem, there exists 8 € B* such that ¢(a) = 5~ gb( ), then th(z) = B 'h(2)B
and [th,t] = [h,5t] = [b,5). Since F'G(L)F = o(L) = 6(L) and G 6(¢~ ()3 =
d(p~1(O)) = ¢p(¢71(0)) = ¢(L) N O, we have B € &, then 15 € £, and the result follows
from the second part of Lemma |3.3.1}] O

Lemma 3.3.3. Suppose F' is a totally real number field with narrow class number 1 and
B is a quaternion algebra over F unramified at all ﬁm’te places and exactly one of the real
places of F'. If ¢ : L — B is an embedding with h(¢~ Y(0)) odd, then there is a unique real
point on the CM cycle T(Q)\{h} x T(Af)/K defined by ¢.
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Proof. Existence of a real point follows from Lemma Note that B* = B*O* by

(2.2.0.1). Then by Lemma [3.3.1], replacing ¢ by S~ 1¢3 and consequently h by B~ h for
p € & does not change the CM cycle. Thus, we may assume [h, 1] is a real point on this

CM cycle There exists some § € B* such that the complex conjugation of any point [7@, t]
with t € T(Af) is given by A ,Bt] = [h, tp]. Since [h, 1] is real, we have [h, 1] = [h, 8], which
implies 5 € T(Q)K, and then [h, 3] = [h, 1.

By Lemma | there is an isomorphism of groups i : T(Q )\T( 1)/ Kz = Pic(¢1(0))
compatible With complex conjugation. Then [h,t] is real, ie., [h,t] = [h ﬂ if and only if

i(t) = i(t). The norm map defines a homomorphism T(Q)\T(Af)/Kf ~ Pic(¢1(0)) —
Pic(Or) = CI(F). Since h(F) =1 and O C ¢'(O), for I an invertible ideal of ¢~(O) we
have IT = Nmy,r(I)¢~(O) a principal ideal in ¢~'(O). Then the real CM points in this
CM cycle correspond to the 2-torsion points in Pic(¢~1(0)). Under the assumption that
h(¢~(0O)) is odd, there is a unique 2-torsion point in Pic(¢~1(0O)); thus there is a unique
real CM point in this cycle. O]

Lemma 3.3.4. Let F' be a number field with class number 1 and L be a quadratic extension
of F. Then the mazimal order of L is of the form Op = Opla] for some a € Op, and any
order R of K containing Op is of the form R = Op + fOx = Op|fa] for some f € Op; in
particular, R has conductor fOk and R is stable under the action of Gal(L/F).

Proof. Since OF is a PID, given an order R C Ok containing Op, let wy,wy be a basis for
Ok over Of such that ajwq, asws form a basis for R over O for some ai,as € Op. We
have 1 = bjw; + bows for some by, by € Op relatively prime, then bic; 4+ bocy = 1 for some

c1,c0 € Op, and 1, a := —cowy + cywy form another basis for Ok over Op. Let f = ajaq, then
fOk C Rand discy/p(R) = f?discrp(Or). Since Op+ fOx C Rand Op+ fOx = Op[fa]
has discriminant f2d, we have R = Op + fOk. O

Lemma 3.3.5. Let L/F be an extension of number fields, and §f C Op be an ideal. Let
R = Op+§Or, which is an order of L containing Or, and R, = R®p, OF, be the completion
of R at a prime p C Op. Note that Op, =[], Ov,. so that [T, Ry C T, 11, Or, C AL,
There is an isomorphism A} . /(L* [], Ry’) ~ Pic(R).

Proof. Write f = ], p7®) then jO, = [T, I qe@/PIm®) - Let g = {(aq) € A7,
(ozq)q\p € R for all p[f} and Lip := {z € L™ : x € Ry for all p|f} = L* NIx. Since R, D

Or, +[ 1, fOLq, we have I p D Ijy := {(aq) € Af ;- aq—l € q?/PmPIOp for all /fOL} and
Lir D Ljy :=={x € L™ : v4(x — 1) > e(q/p)m(p) for all q[fOr}. The inclusion I;r — AJ ;
defines an isomorphism I; z/((L* [], R;') NI r)) = A7 /(L1 RBy), where (L™ [T, By) N
Tig = Lin 1, R

Let J(R, ) (resp. J(Op,f)) be the subgroup of the group J(R) (resp. J(Op)) of invertible
ideals of R (resp. Op) generated by prime ideals not dividing fOr,. Then a — aQy, defines an
isomorphism J(R,§) = J(Oy,§) ([Neu99, 1.12.6, 1.12.10]). The natural map I; x — J(O, f)
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has kernel Hp R and defines an isomorphism

Hf,R/(Lf,RHR;) i) J(OL,f)/{I'OL X e Lf}
p

The inclusion J(Op,f) ~ J(R,f) — J(R) defines an injection
J(Or, 1) /{0 : © € L;j} — Pic(R), (3.3.0.3)

whose composition with Pic(R) — Pic(Op) ~ J(Or,§)/{zOr € J(O,f) : x € L} is surjec-
tive. Then surjectivity of follows from the exact sequence (O /fOL)*/(R/fOL)* —
Pic(R) — Pic(Or) — 1 (|[Neu99, 1.12.9, 1.12.11]) and surjectivity of {x € L* : 20 €
J(Or,f)} = (O/fOr)". O

Lemma 3.3.6. Let F' be a totally real number field with odd narrow class number, and
P1, ..., 0, be distinct primes of F' above 2. Let \ be a large enough totally positive prime of
F such that —\ is a square modulo 4, and R be an order of L = F(v/=\) with conductor §.
If {0 Op | p1 - p., then the class number h(R) of R is odd.

Proof. Given that —\ = m? (mod 4) for some m € Op, the maximal order of L is O =
OF[%H], and A is the only prime of F' that ramifies in the CM extension L/F. By [CHS8S8|
13.7], the class number h(L) is odd. For an Op-order R of L, we have

WML)  #(O/f)*
(OF : R¥) #(R/f)

(see for instance [Neu99, 1.12.12]). By [CHS8S, 13.3, 13.4, 13.5], we have O] = u;O;., where
pr is the group of roots of unity in L*, so (Of : R*) = 1 when py = {£1}, which can
be guaranteed if A is large enough. From the injections Op/(f N Op) — R/f — OL/f, it

suffices to show % is odd. Write fNOp = [[._, p;* where ey, ..., € {0,1}, then

#(Or/(FN Op))* = [1,_,(27®/2 — 1), Each p; is unramified in L, then § | []}_, [Tqp, a°
and #(O0 /) | TT1_y L (270 — 1) Since

h(R) =

Hq\pi(2f(q/2) - 1) B 2f(i/2) — 1 if p; split in L
216/ — 1 1270/ 41 if p, inert in L

is odd, we conclude that h(R) is odd. O

3.3.7. When F' has a unique prime p above 2, and A is a totally positive prime of F' such
that —\ is a square modulo 4, we will consider the CM cycles corresoponding to the optimal
embeddings of the maximal order O and a nonmaximal order Op 4+ pOy. By Lemma [3.3.6|
both orders have odd class numbers, and therefore, each corresponding CM cycle has a
unique real point.



CHAPTER 3. SOME KUGA-SATAKE ABELIAN VARIETIES 22

Special endomorphisms

Given ¢ : L = F(v/=)\) < B, we have v = ¢(v/—)) € V and denote by V, its orthogonal
complement in V' as F-vector space. The inclusion V < B induces an F-algebra isomor-
phism C} (V) = B, under which C}(V,) = ¢(L). Thus, we have Resyo GSpin(V,, F) —
Resp/q GSpin(V, F) that agrees with ¢ : L — B.

The quadratic space V, ®p, R has signature (2,0) for o # p and (0,2) for 0 = p. Let

{e1, €2} be an R-basis of V,, ®p, R such that the matrix of the bilinear form is (_01 _01>

The R-algebra homomorphism C — C#(V,) ®@p, R defined by the oriented negative 2-
plane (ej,es) (resp. (es,e1)) is a + bi — a + bejes (resp. a + begey). Its restriction to
C* gives a homomorphism Resc/r G, = (Resp/g GSpin(V, F'))g. Under the isomorphism
CH(V)®p, R~ B®r,R, we have

1 1
{ere9, €061} = {ﬁv,—ﬁv}. (3.3.0.4)

Therefore, the homomorphism Resc/r Gy, — Gr defined by the special endomorphism v is
h or th defined above.

Definition field

Let ot = pj : Gppc — Tt be the cocharacter defined by fi(z) = he(z,1). Let T be the image of

T in G and f (resp. h) be the composition G,, ¢ N ﬁc — Tt (resp. Resc/r Gy LN T — TR).
Since fi corresponds to an embedding p : L — C extending p : F' — R, the cocharacters are
defined over p(L).

Suppose A is an unramified prime of F' above p and let K’ C T(Af) be a compact
open subgroup such that K7 is maximal and K is small enough such that Shg/ (T, {h}) :=
T(Q)\{h} x T(As)/K’ is a fine moduli space for abelian varieties with Hodge cycles and
sufficiently high level structure away from p. By definition of canonical model, o € Gal(Q/L)
acts on Shy/ (T, {h}) by

alh,t] = [h,r(T, n)(s)t] where s € A with art(s) = o|pas,

and the homomorphism (7, 1) : ResygGn = T — T is the natural surjection under
T~T /T+. Then there exists an abelian extension L'/L, unramified at the primes above p,
such that Gal(Q/L') fixes Shg/(T,{h}). In particular, the ramification index of p in L' is
2. Since there are no nontrivial automorphisms of the abelian varieties with level structure
parametrized by Shy/ (T, {h}), the abelian varieties are defined over L’. Moreover, since
Gal(Q/L) fixes p, it fixes the special endomorphism.
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Supersinigular reduction

Lemma 3.3.8. Let E be a CM field. Suppose that A is an abelian variety of CM type (E, D)
over a number field K C Q. Let (E*, ®*) be the reflex CM type. Suppose E C End"(A/K)
(so that E* C K ). Assume that p is a prime of K of with residue field k of characteristic
p such that A has good reduction Ay at p. Let q = p N E*T, where E*T is the totally real
subfield of E*. If q is inert or ramified in E*, then Ay, is supersingular.

Proof. After passing to a finite extension, we may assume K contains all conjugates of E.

Fix a p-adic valuation v of a normal closure E of E. Let ¢’ = pN E*. By Shimura-Taniyama,

there exists an element 7 € O inducing the Frobenius endomorphism on A; and the Newton
v(o(

slopes are v(pf(—% for o € Hom(E, Q), where

(7) = Nia(p) = No(Nmy - p) = No (/).
For a sufficiently large integer N, there exists a € Og- such that ¢’V = («). Then

v(o(m) _ v(eWNe(@/®D)))  v(o(Na(e)

U(pf(P/P)) U(pr(P/p)) o U(pr(CI'/P)) '

With E a subfield of Q, we have Ng : E** — E* described by Ng(a) = [Iyeq- ¥(a). Let
& € Aut(F) such that &|p = o. If q is inert or ramified in E*, then ¢V = (a) = (ca) and
vogo(a) = vodocoy(a) for any ¢ : E* — Q, so that v(c(Ng(a))) = v(o([]yeq- ¥(a)) =
v(o([[yeq- (@) = v(o(cNa())), where ¢ denotes the unique complex conjugation on
the CM fields. On the other hand, Ng(a) - cNo(o) = Nmpg-/g(a) and v(Nmp-g(a)) =
v(Nmp- /g q') = v(p/@/P)N). Thus, the Newton slopes are all 1. O

Corollary 3.3.9. Let E = Fy X --- X E,, be a CM algebra and E* be its reflex field. Suppose
that A is a CM abelian variety over a number field K C Q with E C End’(A/K). Assume
that p is a prime of K with residue field k of characteristic p such that A has good reduction
Ay at p. Let q = p N E*T, where E*" is the totally real subfield of E*. Suppose E* C L,
where L is a CM field and B a prime of its totally real subfield L™ above q. If P is inert or
ramified in L, then Ay is supersingular.

Proof. The abelian variety is isogenous to A; x --- x A,, where each A; is CM by FE;,
and after passing to a finite extension, we may assume each A; is defined over K with
E; C End’(A;/K). Since Ef C E*, we reduce to the case F is a CM field.

Note that L = LT E* and if 3 is inert or ramified in L, then q is inert or ramified in E*,
and the result follows from the lemma. m

3.3.10. For a CM abelian variety A constructed from L = F(v/—\) — B, since the Hodge
cocharacter factors through Resy, /g Gy, elements of Gal(Q/Q) that fixes the Hodge cochar-
acter fixes the CM type. It follows that L O E*, and if a prime 3 of F' is inert or ramified
in L, then A has supersingular reduction at primes above ‘.
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3.4 Non-Archimedean place

Recall that in |E1k87|, the polynomial P(x)Py(x) is a square modulo [ and our goal is to
establish a similar result by pairing the roots of the polynomials. In this section, we prove
Proposition and Proposition [3.4.8] which together show that CM liftings of a closed
point x € .Yk, (k) occur in pairs when we consider liftings to cycles corresponding to all orders
containing Or[v/—\]. Proposition is the easier case where x has no self-automorphisms
of even order. The main input is the description of the local deformation space of abelian
varieties parametized by a GSpin Shimura variety as the deformation space of isotropic lines
in [Mad16, 5.16], which we adapt to our setting in Lemma by considering the F-linear
structure on L, defined by 7, oris . In addition, we define an F-linear structure on the
space of special quasi-endomorphisms V(A,) in section [3.4 When A, is supersingular, the
structure of V(A,) as a quadratic space over F'is described in Lemma and Lemma m

Extra work is required when x admits an even order automorphism, analogous to the case
j = 1728 in [EIk87 EIk89]. In this situation, Lemma and Lemma give a pairing
of the special endomorphsims, which in turn yields a pairing of liftings in Proposition |3.4.8|
Moreover, Proposition |3.4.8| provides necessary information on the intersection number of
these cycles to address the complication caused by lack of cusps.

Let p be an odd prime unramified in F. Let k = F, C F, and W = W(k) be its ring
of Witt vectors. Denote by Arty the category of Artinian local algebras over W. Fix an
embedding ¢ : W([p~—'] < C and let p' : F' < W[p~!] such that p =10 .

Lifting of abelian varieties

Let x € S kr (k) be a closed point and (7} be the completion of Sk k» at x. We follow
[Mad16, 5.15, 5.16] to relate the infinitesimal deformations of x to the liftings of certain
isotropic lines in the quadratic spaces associated to Lqyis -, and then apply the Grothendieck
existence theorem to lift a compatible system of such deformations to a certain finite exten-
sion of W.

For 0 in Arty, let Hy ~ H., (A./W) ®w O be the O-module obtained by evaluating
H}..(A./W) on Spec 0, and L, C End(Hy) be the corresponding quadratic space over
0. 1If A; is an abelian scheme over & lifting A,, then via the canonical identification
H}(Az/0) = Hyg, the Hodge filtration on H}y(A;/0) corresponds to a direct summand
of Fil' H, C Hy. If Oy — 0 is a surjection in Arty, whose kernel admits nilpotent divided
powers and A,, is an abelian scheme over @ lifting z, then this gives a natural bijection

Isomorphism classes of =N Direct summands Fil' Hg, C Hy,
abelian schemes over 0, lifting A,, lifting Fil' Hy,
(3.4.0.1)

by Serre-Tate theory ([Kat81} 1.2.1]) and Grothendieck-Messing theory ([Mes72, V. 1.6]) ]

2Serre-Tate theory and Grothendieck-Messing theory apply to surjections & — & such that p is nilpotent
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We recall Grothendieck existence theorem for the convenience of the reader.

Theorem 3.4.1 (Grothendieck |[Con04, 3.4]). Let R be a noetherian ring which is sep-
arated and complete with respect to the I-adic topology for an ideal I. Let X and Y be
proper R-schemes, and R,,X,,Y, the reductions modulo I"**. The natural map of sets
Hompg(X,Y) — lim Homg, (X,,,Y,) is bijective.

Moreover, if { X, } is a compatible system of proper schemes over the R, ’s and £y is an
ample line bundle on Xy which lifts compatibly to a line bundle £, on each X, then there
exists a pair (X, L) consisting of a proper R-scheme and ample line bundle which comaptibly
reduces to each (X,,%,), and this data over R is unique up to unique isomorphism.

Lemma 3.4.2. Suppose p is an odd prime unramified in F'. Let k = F, C Fp and x €
Sk, kxv(k). Suppose E is a finite extension of W(p™'] of ramification index e < p — 1 with
uniformizer w. Let

Iso := {isotropic line (w) C Leyisz @w E 1 (T, crise @ 1)(w) = p'(€;)w}.
Then there is a natural bijection
{& € Sx,k0(E) lifting 2} = {Fil'(Leys, ®w E) € Iso lifting Fil' Lag .} . (3.4.0.2)
Moreover, if v € L(A;) is a special endomorphism, then there is a natural bijection

i € I, xe(E) lifting z, |5 ~ [ Fil'(Leise ®w E) € Iso lifting Fil' Lag ,
v € L(Az) lifting v and orthogonal to v ‘
(3.4.0.3)

Proof. For any lift # of x, via the comparison Hlz(Az/E) = HL (A./W) @w E, the
Hodge filtration Fil' H}; (Az/E) C Hiz(Az/E) gives a filtration Fil'(HL, (A,/W)®w E) C
H}. (A./W) @ E that is split by a cocharacter u : G,, p — Gw ®w E. Since Gy C

cris

GSpin(Leys ), it induces a splitting

Lcris,x ®W E = Flll (Lcris,m ®W E) > (Lcris,x ®W E>O S7) ml (Lcris,x ®W E),
where Fill(Lcris,x ®yw E) is an isotropic line such that

Fil'(HL, (A, /W) @w E) = ker(Fil'(Leis . @w E)) = im(Fil' (Les . @w E)).  (3.4.0.4)

in & and the kernel I admits nilpotent divided powers. If k =F, C Fp, W = W (k), and a finite extension
E of W[p~!] has ramification index e with uniformizaing parameter w, then (Og, (w)) has a P.D. structure
iff e <p-—1([BO78|, 3.2.3). For the liftings we will consider, where p is odd and e < 2, the kernel of
Og/(w™) - Og/(w) always admits nilpotent divided powers.

3If § exists, then it is unique, since @ € L(A;z) lifts v € L(A,) and L(Az) — L(Ay).
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Note that Fil' (Les . @w E) lifts Fil' Lag . as Fil' (HL (A /W) @w E) lifts Fil' Hlz (A, /k).
By construction, the filtration on Hjg(Az/E) ®p, C ~ Hp(A,:(C),Q) ®q C is induced
by a cocharacter uy, defined by a Hodge structure h € X such that Fil' He = ker(Fil1 Vo).
The action of 7, p,z) ® 1 on Fil! V¢ is scalar multiplication by p(e;). If w is a generator of
the isotropic line Filt Var,z, then since takes m., arz ® 1 to 7, B3 ® 1, we have
e, drz:(W) @p, 1 =w g, p(e), i.e., e arz(w) = p'(&)w.

To show the map (3.4.0.2) is a bijection, we work successively with the thicknings
Og/(@") - Op/(w" ') following the proof of [Mad16, 5.16] and then apply Grothendieck
existence theorem. Let Iso,, denote the set of isotropic lines in Leyis . @w (Og/(w™)) on which
each 7, s » @ 1 acts as p'(¢;) ® 1. Suppose x,_1 € ﬁz(OE/(w”*I)) gives rise to [,,_; € Iso,_1
that lifts Fil' L4g ,, and consider

{:cn e U,(0p/(w") lifting x,H} — {I,, € Iso, lifting l,,_,}. (3.4.0.5)

Injectivity of (3.4.0.5) follows from (3.4.0.1)) and the correspondence
Fil' Ho,, /(wn) = ker(Fil' (Les » @w (Or/(™)))).

Then we can prove is a bijection by showing both sides are vector spaces over
Opg/(w) of the same dimension. Since U, is formally smooth of relative dimension 1 over W
([Kis10} 2.3.5]), the left-hand side of is a 1-dimensional vector space over Og/(w).
On the other hand, since Le;s . is non-degenerate modulo (w), there exists I, = (w,,) € Iso,
lifting 1, 1 and the right-hand side of is {(w, + @" 'u) C Lyis Qw (Op/(@™)) :
@M L wy, (T erise @ 1)(u) = p(6)u} ~ {u € Leuise @w (Op/(@)) 1 u € I, (e, crise ©
D)(u) = p'(€)u}/ly, which is a 1-dimensional Op/(w)-vector space. Hence is a
bijection. Applying Theorem to a compatible system of polarized abelian varieties
associated to {l,}, the map (3.4.0.2) is a bijection.

For (3.4.0.3), by Theorem [B.4.1} given a lift Z € Yk, k»(E) of z, there is o € L(Az)
lifting v if v lifts to a compatible system {v, }, where v, is an endomorphism of the reduction
of A; modulo (@"). With z, € U,(Og/(w")) lifting =, we have v € L(A,) lifts to an
endomorphism of A, if and only if its crystalline realization vess;, € Lo, /() preserves
the Hodge filtration Filt Hop,, /wn) if and only if veisyn € Fil° Lo, /(= if and only if veyg p is
orthogonal to Fil! Lo, /on). O

Structure of the space of special endomorphisms

Let x € Sk,kv»(k) be a closed point and v € L(A,) be a special endomorphism. By
Lemma and its proof, there exists some lift = of x with special endomorphism o lifting
v. The abelian variety A, ;) defines a Hodge structure V@gC = V"1 @ V¢ VE~1 where
L(A;) ®2 Q ~ VN V% has an F-linear structure defined by the absolute Hodge cycles
m,,. Therefore, there is an Op-linear structure on the sublattice L(Az) < L(A,) such that
., (U) agrees with 7, cris 2 (Veris) I Leyis . Applying this process to a basis for L(.A,) shows
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that it is stable under the Op-action on L., thereby endowing L(A,) with an Op-linear
structure compatible with that on L., and Ly, for ¢ # p.

Let V(A;) = L(A;)®2zQ and Q' denote the quadratic form on V'(A,) over Q. Since Trp g
is perfeCt7 and for u,w € L<Ax>7 [eiu; 'IU]Q/ = [Trei,cris,zucrisa wcris]cris = [ucrisa 7'l-ei,cris,:):rwcris]cris =
[u, €;w]qr, there is a quadratic form Q' on V(A,) over I determined by Trrq(f[u, w]q,) =
[fu,w]g for all f € F. In particular, Q" = Trp)goQ%. The orthogonal direct sum decom-
positions

(V(A) @ W ,Q)= @  (V(A) ®@pe Wp',0" 0 Q)

o/ :F—>Wlp~—1]
Lcris,x[pil] = (V ®Q W[pilh Q) = @ (V ®F,o'/ W[pil]a OJ o QF)
o :F—>Wip~1]
and the F-linear isometric embedding
V(A;) @ Wp™'] = Lerisa[p™'] (3.4.0.6)
induce an isometric embedding
(V(A,) @po Wp,0" 0 Q%) = (V®po Wp™'],0" 0 Qr) (3.4.0.7)

of quadratic spaces over W|[p~!] for each ¢ : F' — W{p~']. Moreover, (V(Az),Qr) —
(V(A,), Q%) is isometric for any lift & of z. Similarly, for £ # p, we have orthogonal direct
sum decompositions

(V(A:B) ®Q @57 Q,) - @(V(Ax) QF Fvv Tro/Qe oQ}«“)?

vl|€

Vie ~ (V®q Q. Q) = BV ®r F,, Trr, g, 0Qr)
v|l

of quadratic spaces over Qy. Since the natural embedding
V(A:) ® Qe = Vi (3.4.0.8)
is (F' ®g Q¢)-linear by construction and Trg, /g, is perfect, we have an isometric embedding

(V(A:) ®@F £, QF) = (V ®F F,, QF) (3.4.0.9)

of quadratic spaces over F, for each v|¢. The next lemma shows that (3.4.0.6]) — (3.4.0.9) are
isomorphisms when A, is supersingular.

Lemma 3.4.3. Suppose A, is supersingular.
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1. As a quadratic space over Q, V(A,) is positive definite with the same dimension (=
3[F : Q) and determinant as V', but with Hasse invariant

6 _ JelVg) =1 ft#p
(V(Am)(@z) {—G(VQz) =—1 ifl=p

for all finite rational primes €.

2. As a quadratic space over F', V(A,) is positive definite at all real places with the same
dimension (= 3) as V', and with Hasse invariant €V (A;)r,) = €(Vr,) = 1 for all finite
primes v 1 p.

Proof. Positive-definiteness follows from [Mad16| 5.12]. The Tate-conjecture (|Madl5, 6.4])

implies that under the natural isometric embedding V(A,)q, = L(As) ®z Qp = Lerise @w

W (k)[p~'], the subspace V(A;)q, consists of Frobenius invariant vectors in the isocrystal

L is . @w W (k)[p~1], which is a Q,-quadratic space with the same dimension and determinant

as Vg,, but has Hasse invariant —1 by [HP17, 4.2.5]. For ¢ # p, the natural isometric

embedding V(A,) ®g Qs — Vi, ~ V ®g Qy is an isomorphism for the dimension reason.
Since Q" = Trp/g oQ', we have an orthogonal direct sum decomposition

V(A;E) ®Q R = @G:F%RV(AJD) ®F:0 R

of quadratic space spaces over R, then positive definiteness of Q% follows from positive-
definiteness of . Similarly, if £ # p, then the natural map V(A,) ®gQr = Vie ~ V ®g Qy
is an F-linear isometry of Q-quadratic spaces; therefore, V(A,) @ F, ~ V ®p F, for all
prime v|/. O

Lemma 3.4.4. Suppose p is totally split in F. If A, is supersingular, then V(A,) is a
quadratic space over F of dimension 3 and determinant 1. Morevoer, the Hasse invariant of
V(A,) is =1 at p over p corresponding to p' : F — W[p~']|, and 1 at other finite primes of
F.

Proof. When p is totally split in F', fix a Z, basis x1,...,z, (n = 3[F : Q]) of L ®z Z, ~
Dor:0p—2, L ®0p o Ly for which x1, 23,23 € L ®0,  Z, and the matrix of inner products has
the form

01
1 0
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As in [HP17, 4.2.1], this defines a G'z,-valued cocharacter p by u(t) =t tryz9 + 9wy sUCh
that
t_lxi 7= ]_,

T; 3 <1< n.

Under the fixed isomorphism ¢ : W[p~!] — C, the cocharacters u and u,;l are conjugate,
where p, is the Hodge cocharacter.

Following [HP17, 4.2.5, 4.2.6], since the derived group of G is G ~ Resp/q SL1 5, which
is simply connected, and the embedding G — GSpin(V, @) induces

G /G ~ GSpin(V, Q)/ GSpin(V, Q)% ~ Gy,

if we set b = x3(p~ 'y + 22) € G(Q,) C GSpin(V,Q)(Q,), then the isocrystal Leis. Qw
K is isomorphic to the isocrystal structure on Vi defined by ® = b o o, where o is the
automorphism of K = W (F,)[p~!] induced by the absolute Frobenius on F,. If we define
M=V Qr, Q, =Quz1 + Qur2 + Qpz3, then Vg = ME & M+, where M+ = @12y V Qp o
Q,. Moreover, Mg and M have the same dimension and determinant, but different Hasse
invariants. In particular, as a quadratic space over F)\ >~ Q,, V(A,) ®p F) has dimension 3,
determinant 1 and Hasse invariant —1. O

By definition, we have
L(A;) ={v e V(A,) : Vais € Leyisz, Ve € Ly, for all ¢ # p}. (3.4.0.10)

Then we have L(A,) ®z W =~ Le;s, and L(A,) ®z Z; ~ Ly, for £ # p when A, is supersin-
gular.

Lemma 3.4.5. Let p be a rational prime that is totally split in F'. Suppose A, is supersin-
gular and there is an order 2 automorphism o € SO(V (A,), Q%) such that a(Leyisz) = Leris
under the identification L(A,) @z W =~ Ly, and a(Ly,) = Ly, under the identification
L(A,)®zZy ~ Ly, for all ¢ # p, then there is u € L(A,) such that Qx(u) = 1 and a(u) = u.

Proof. By Lemma and Lemma there exists a totally definite quaternion algebra
B’ over F that is ramified at p over p corresponding to p' : F' < W[p~!] and an isometry of
quadratic spaces

~

f (B nrd|go) = (V(A), Q).

Since SO(B",nrd |gn) = B /F* with B acts on B by conjugation, there exists 3 € B’
such that a(x) = f(Bf~1(x)B7!) for all € V(A,). The automorphism « has order 2, so
(% € F and 8 ¢ F, which implies 8 € B?. Let ' = f(8) € V(A,). Note that a(cu’) = cu’
for all c € F.

For each o' : F — W[p~], let

gor - (V(Ay) @po Wp™'],0" 0 Q%) = (V ®pe Wp™],0" 0 Q)
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be the isometry (3.4.0.7)) over W[p~!], and

Uy = Gor (W @ 1) EV Qpo Wp™'] = (B®p Wp~'])°,

then g, oog ' acts as 1 on (uy) and —1 on (uy)*, 80 g,r oo gt (z) = uyau for all x €

V®p o Wlp~!]. Since the automorphism preserves Leyis » ~ LQzW = @a/:F%W[p—l} L®og.o
W, where L = B°NO, and O ®p,. ,» W is a maximal order in B®p, W[p™'| ~ My(W[p~']),
we have

Uo € Ny, wip-1)* (O ®opo W) = Wp™ (O ®0p.0r W)*.

In particular, o'(Q(v')) = nrd(u,/) € W[p~']* has even valuation, and u, € L ®o, » W
if and only nrd(u, ) has zero valuation. Here since p splits in F', each ¢’ corresponds to a
unique place of F' above p.

For v 1 p, let

g+ (V(Az) ®F Fo, Q) = (V @F F, Qr)
be the isometry (3.4.0.9) over F,, and

U, = go(u' ®1) €V @r F, = B,

then g,oaog, ! (z) = u,zuy ! for all z € V®pF,. Similarly as before, since the automorphism
preserves Ly, ~ L ®z Zy = @y L @0, OF,, we have

Uy € Ny (0,) = FX O

In particular, Q% (u") = nrd(u,) € F* has even valuation, and u, € L ®c, Op, if and only
if nrd(u,) has zero valuation.

Since h(F) =1 and Q»(v') has even valuations at all finite places of F, there exists ¢; €
F* such that Q% (c1u') = AQ'»(u) € OF. Moreover, since Q' is positively definite, and every
totally positive unit in F' is a square (F has units of independent signs), there exists co € O
such that Qz(cicou’) = 1. Let u = ¢y, then u € L(A,) since Za/:F%W[p_l] C1CoUy €
L, and Zv\f c1couy € Ly, for all £ # p.

Pairing at points without even order automorphisms

Let T be an ./, kr-scheme, then x € S, x»(T') gives a triple (A, Ay, 7,), where (A, A, :
A, — AY) is a polarized abelian scheme over T' up to isomorphism and the level structure
n € I(T, Isomg(l-lip,1'&%m A,[n])/KP). An integral model .#%, of T'o\ X is constructed

from %k, k» by action of a finite group. Two points xy,zy € Sk, x»(C), corresponding to
(A A, )y (Apy, Ao, 72), are identified in F, if there is a prime-to-p quasi-isogeny A,, —
A, that preserves polarization up to Z(Xp), sends So g, tO Sopa, and takes Ly, to Ly,

for all ¢ # p.
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Proposition 3.4.6. Let A € Op be a totally positive prime of F above p and ¢ : F(v/—\) —
B defining a CM cycle (3.3.0.2). Forx € Sk, (k) without even order automorphisms, ﬁpomts
wn the CM cycle lifting x are paired, i.e., there is a map

{lifts of x in (3.3.0.2)} — {(v) : v € L(A,), Q% (v) = A}/ Aut(z)
such that the fiber of every element in the image has size 2.

Proof. Suppose 7 is a point in the CM cycle lifting x, then Z corresponds to an embedding
F(v/=\) < B. As in section , the image of v/—\ has reduced trace zero and reduced
norm A, and it gives a special endomorphism v € L(A;) such that Qr(0) = A. Then A, is
supersingular by . Let v be the image of © under the Op-linear isometric map L(Az) —
L(A;) and ves be the image of v under the Op-linear isometric map L(A,) < Leys, then
Fil' Lyr, € vk, over k. By (3-2.0.6)), we have an orthogonal direct sum decomposition
Veris = Za’:F;)W[pfl] Veris, o’ and chis,x(vcris,a’) - OJ(QF(T})) = 0/(>\>7 where chis,x denotes the
quadratic form on L . By section , the abelian varieties on the CM cycle are defined
over a field whose ramification index over p is at most 2, so we can apply Lemma [3.4.2]
There are exactly two lifts Ajz,, Az, with 0, € L( Az, ), 02 € L(Agz,) lifting v, corresponding
to the two isotropic lines lifting Lqg, that are orthogonal to (vVeris,y ® 1) in the subspace
of Leis. @w Op where each 7, wis. acts as p/(€;) ® 1, by the linear algebra computation
Lemma 3.4.7]

If Az, and A;z, give the same point in T\ X, then there is a quasi-isogeney f : Az, — Az,
that sends s,z t0 S424,, Where 7 = ¢, p,dR, and takes L,z to L;z and L,; to L,;,.
In particular, f(vi) = fowvi o f™ € V(Az) N (I, prime Lezn) = L(Asz,). Then f induces
a quasi-isogeny of A, such that f: H. (A,/W) @w E — HL(A./W) @w E preserves all
Saverises and f(Fil' His(Az, /E)) = Fil' H;(Az,/E), which gives a Op-linear isometry of
Leis.» ®w Op taking Fil' Lyg z, to Fil' Lagr 3,. The isotropic line Fil' Lyr s, € (Vers ® 1) N
f(Veris® 1) and it lies in the 3-dimensional p'-eigenspace of Ly .. There is an isometry from
L(A,) ®0,.» W to the p'-eigenspace of L., where v ® 1 (resp. f(v) ® 1) maps t0 Ueyis
(resp. f(V)erisp)- Then v®1 and f(v) ® 1 must span the same line in L(A;) ®p,. » W since
otherwise (v ® 1)* N (f(v) ® 1)* C L(A,) ®o, W is a one-dimensional subspace defined
in L(A,), which cannot be isotropic. Then f(Fil' Lyg ,) € JWeris,y © 1) = (Veris y @ 1)+
implies f(F'Lgrz,) = F'Larz,. Therefore, f fixes the line spanned by veis,y ® 1 and
switches the two isotropic lines Fil' Lig z,, Fil! L4g 3, In particular, f has even order as an
automorphism of z.

If Az, Az, (resp. Az, Az ) correspond to lifting v (resp. v') in L(A,), and Az, and
Az give the same point in I\ X, then there is a quasi-isogeney f : Az, — Az that sends
Sa,2,# 10 Sa23, Where 7 = £, p,dR, and takes Ly to Ly gz and Ly, to Ly, /. By the same
argument, v’ ® 1 and f(v) ® 1 must span the same line in L(A,) ®o,. » W, and then f takes
Fil Lyr 3, to Fil Lag g, which implies that Az, and Az give the same point in [g\X*. [

4The automorphisms are defined over k.
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Lemma 3.4.7. Let k C F, be a field of odd characteristic p. Let W = W (k) and (L, Q)
be a rank 3 quadratic space over W such that L Qw k is nondegenerate. If v € L such
that Q(v) = t is a uniformizer of W, then there are exactly two isotropic lines in the 2-
dimensional subspace (v ® 1)+ C L @w Wp~1]. The two isotropic lines can be defined in
L @w Og where E is a finite extension of W[p~™'] of ramification index 2, and reduce to the

same line modulo p, where p is the mazimal ideal of Of.

Proof. Since W is a local PID and 2 € W*, the quadratic form () over W is diagonalizable.
Let ey, ey, €3 be an orthogonal basis of L with Q(e;) = a;, i = 1,2,3. By assumption that
L ®w k is nondegenerate, each a; € W*. Suppose xe; + yes + zes is a generator of an
isotropic line orthogonal to v = Zle ciei, ¢; € W, then we have a;2? 4 asy® + asz?> = 0 and
a1C1T + ascoy + azczz = 0 with Z?:1 a;c? = t. Note that at least two ¢; € W* since t is
a uniformizer and a; € W*. Without loss of generality, assume c¢i,co € W*. Solving the
equation gives two lines generated by (—ajasascico & ascsy/—ajasast)e; + ajas(t — axcs)es +
(Faiciv/—arazast — ayasascacs)es defined over E := W p~t](y/—ajazast) where —ajasast is
a uniformizer of W. Note that ajaz(t — axc3) € W*, and modulo the maximal ideal of Op,
both lines reduce to (cie; + coeq + cze3) = (v). O

Pairing at points with an even order automorphism

Proposition 3.4.8. Let p be a rational prime that is totally split in F and X be the totally
positive prime of F' above p corresponding to p' : F — W[p~1].

1. For x € Sk, (k) with an even order automorphism, there is a bijection
lifts of x admitting ~ ) / B
{ a special endomorphism /—\} } — {{v) v € L{A), Qr(v) = A}/ Aut(z),
(3.4.0.11)

where the elements on the right-hand side are paired such that (v) and (w) are paired if
and only if v L w. In particular, all CM lifts of x arising from all optimal embeddings
S — O, where S C F(v/—M\) is an order containing v/ —X\, are paired.

2. Moreover, such CM lifts are defined over an extension E of W (k)[p~] of ramification
index 2 and the two lifts in a pair are isomorphic modulo p?, but they are not isomorphic

to the lift with special endomorphism +/—1 modulo p%, where p is the mazimal ideal of
Og.

The proof of Proposition uses Lemma (3.4.10] and the linear algebra computation
Lemma/3.4.11} The proof of Lemma(3.4.10] uses the linear algebra computation Lemma/3.4.9]
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Lemma 3.4.9. Let F be a totally real number field and O be its ring of integers. Let X be a
large enough totally positive prime of F' (A > 4 at all real places of F)H Suppose ) : L — Op
15 a quadratic module over Op such that the extension @ : L ®p, F' — F' is a quadratic form
anisotropic at \ and at all real places of F'.

1. If Q(e1) = 1 and Q(ez) = X\ where ey, e5 € L, then e; L es.

2. Suppose L has rank 3. If Q(e1) = 1,Q(ex) = Q(e3) = A\, where ey, ez,e3 € L and es, e3
are linearly independent, and o € SO(L, Q), then a(ey) = *e;.

Proof. 1. Let n = Q(e1+e2)—Q(e1)—Q(e2). Consider f(x) = Q(ea—zey) = 22 —nz+ A\ €
Orlz]. Note that ey, ey are linearly independent. By Hensel’s lemma, since f(0) = A
and f'(0) = —n, f has no roots in F implies n = a\ for some a € Op. On the other
hand, f has no roots at all real places of F' implies that n? — 4\ is totally negative.
Then a? < % < 1 at all real places of F', which gives a = 0.

2. Since Q(af(ey)) = 1, we have a(ey) L ey, aey) L es, which implies a(e;) € Span(ey).
[

Lemma 3.4.10. Let p be a large enough rational prime that is totally split in F' and \ be
a totally positive prime of F above p corresponding to p' : F — W{p~']. Let v € Sk, (k).
Suppose A, is supersingular, and x has an even order automorphism, then there exists e; €
L(A;) such that Qw(e1) =1 by Lemma[3.4.5 If there is es € L(A,) with Qx(e2) = A, then
there is e3 € L(A,) orthogonal to both e; and ey such that Qn(e3) = A. Moreover, there is
no a € SO(L(A,), Q%) such that a(es) = *es.

Proof. Note that e; 1 e; by Lemma . Since )% is a ternary quadratic form over F
with determinant 1 € F* /F*2  there exists a quaternion algebra B’ over F with an isometry
(B, nrd |gno) ~ (V(A,),Q%). Under this identification, let e3 = ;e where multiplication
is taken in the quaternion algebra B’. Since e; L ey and Q(e1) = 1,Q%(e2) = A, we have
es € V(A;) and Qr(es) = A

For each o' : ' — W/[p~], let

9o’ - (V(Ax) ®F,o" W[pil]a OJ o Q/F) 1> (V ®F,o'/ W[pil]v OJ o QF) = ((B ®F,U’ W[pil])oanrd)

5Given a totally positive number A € F such that Nm F/Q(A) is large enough, there exists u € O} such
that p;(u?) > ﬁ for each p; : F — R; thus, after replacing A by u?), p;(\) > 4 is not an extra condition

for us. The existence of such u follows from Dirichlet’s unit theorem. Indeed, since the image I' of O —
R", z — (—log|pi(z)])p;:r—r is a complete lattice in the trace zero hyperplane H = {(z,,) : Y.i_, x,, =
0}, where r = [F : Q] for F totally real, we pick a basis y1 = ('71’1,...,71)%1,—21:11 Vi )s e ey Vel =
(V=115 s Yre1,r—1, — Z:;ll Yr—1,;) for the rank (r — 1) lattice 2I' € H. Write a; = log(p;(\)) — log(4) for
eachi=1,...,rand a = Y|_, a; = log Nmp/g(\) —rlog(4). Consider >7_ ¢;v; = (a1 — Ty =1 —
oy ar — §) € H with ¢p,...,c,-1 € R, and v = S eilyi where each [¢;] € Z with [[e;] — ¢ < 2.

If @ > (r—1)maxi<j<r—1 Z::_ll [7ij], then the cube C' = {(z,,) : >i_ 1 xp, = 0,a; — %5 < x,, <
a; for each j=1,...,r —1} C H contains vy € 2.
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be the isometry (3.4.0.7)) over W[p~!], and for v { p, let
9o+ (V(4s) @ Fy, Q) = (V ®p Fy,Qr) = (B}, nrd)

be the isometry over F,. Each isometry g, extends to a W[p~!]-algebra isomorphism
or anti-isomorphism B’ @p, W[p™'] = B ®r, Wp~']. Under this isomorphism, since
e, e3 € L(A,), we have g,/ (e1®1), g, (e2®1) € O®p, W, and then g,/ (e3®1) = g,/ (61 ®
1)go(e2®1) € OR0p o WN(BRpy Wp™])" = LRo, o W. Thus, >, go(€3®1) € Leyis o
Similarly, for every v 1 p, the isometry g, extends uniquely to an F,-algebra isomorphism
or anti-isomorphism B! — B,. Under this isomorphsim, since e;,es € L(A,), we have
gv(€1®1)agv(62®1) € Ov and then gv(63®1) = igv(el®1)gv(62®1) S Ovag = L®OF OFU'
Therefore, we have e3 € L(A,).

Suppose a € SO(L(A,)), then a(e;) = +e; by Lemma[3.4.9) If a(er) = e1, a(er) = =*es,
then a(es) = Feq, and « is conjugation by 1+ e; € B’. For v|2, since under the extended
isomorphism or anti-isomorphism ¢, : B/, — B,, the automorphism g, ocaog,': B, — B,
corresponding to «, which is conjugation by g¢,(1 4+ e;) or g,(1 — e;), preserves O,, we
have g,(1 4+ 1) € F O or g,(1 —e;) € F, O, which implies particular v(nrd(1 +e;)) =
v(nrd(1 —ey)) = v(2) is even. However, [F : Q] is odd, so there is some v|2 with odd
ramification index, i.e., v(2) is odd. If a(e;) = —ej,afes) = =+es, then a(es) = =eo,
then a? = 1. By Lemma there is u € L(A,) with Q%(u) = 1 and a(u) = u. By
Lemma [3.4.9, we have u L ey and u L e3, which implies u € Span(e;) and a(u) = —u,
leading to contradiction. O

Lemma 3.4.11. Let K be a local field with valuation ring O, mazimal ideal p, residue field k,
and a uniformizer w. Suppose Q : L — O is a rank 3 quadratic module over O such that the
reduction L @p k — k is nondegenerate over k. Suppose ey, ez, e3 € L satisfy v,(Q(e1)) =0,

vp(Qe2)) = vy(Q(e3)) = 1, and vy([ei, e5]) > 0 fori # 5. Then
(1) ey, ez, es3 are nonzero modulo p;
(2) e1,e; are linearly independent modulo p for i = 2,3;
(3) e1,e9,e3 are linearly dependent modulo p;
(4) ez and ez span the same line in L Q¢ k.
Proof. (1) p*1Q(e;),i=1,2,3.

(2) Fori=2,3,ife; = ce; +wv for some ¢ € O,v € L, then 0 = [ey, ;] = cley, e1] (mod p)
implies ¢ = 0 (mod p), contradicting e; being nonzero modulo p.

(3) [637€i] =0 (mOd p>77’ = 17273'

(4) Write e3 = cie1 + coea + wv for some ¢p,¢ € O,v € L, then 0 = [e,e3] = ¢1]es, €]
(mod p) implies ¢; =0 (mod p).
]
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Proof of Proposition[3.4.8. Suppose Z is a point in the CM cycle lifting = with 0 € L(A;)
such that Qp(0) = A, then A, is supersingular by [3.3.10f Let e; € L(A,) such that
Qr(e1) = 1 by Lemma [B.4.5] Let ey be the image of ¢ under the Op-linear isometric
map L(A;) — L(A,), then Q(ez) = A, and let e € L(A,) with Q(e3) = A be constructed
as in Lemma [3.4.10.

By Lemma , the pairwise orthogonal elements ey, es,e3 € L(A,) form a basis of
V(A) @ppy Wp™] =V @, Wp~!] such that ey, es (resp. ey, e3) are linearly independent
modulo p, while ey, e3 span the same line modulo p. Let E = (W[p~'])(v/—¢/()\)) and
p = (v/—p'(\) be the maximal ideal in Og. Over E, the two isotropic lines in (es)® (resp.
(e3)t) are ls = (\/—p'(Ner +e3) and Iy = (—/—p'(N)ey +e3) (resp. I3 = (\/—p'(N)e; + e2)
and Iy = (—y/—p'(A)e1 + e3)). The automorphism e; acts as 1 on (e;) and —1 on {e;)*.
Therefore, the two liftings corresponding to ly and I, (resp. [3 and [;) are isomorphic.
Over Og/p = k, the isotropic lines Iy, Iy, 13,15 are all spanned by ey. Over Og/p* both Iy
and [3 are spanned by \/—p'(A)e; + ea, where eq, ey are linearly independent. Therefore,
by [Mad16l 5.16] or the proof of Lemma the liftings corresponding to ey and ez are
isomorphic modulo p2. If the liftings #5 and Z5 corresponding to I, and I3, respectively, are
isomorphic, then by the same argument as in Proposition [3.4.0] there exists a quasi-isogeny
Az, — Az, inducing an automorphism a € SO(L(A,), Q%) with a(es) = *(e3), which
contradicts Lemma [3.4.10

After possibly extending k, we may assume /—1 € W. Over W[p~1], the two isotropic
lines in {e;)* are l; = (ea ++/—1lez) and I} = (e; — /—1le3). Since ey, €3 are nonzero modulo
p, at least one of ey 4= v/—1es is nonzero modulo p, then at least one of I;, [} reduces modulo
p to a line spanned by es, in which case it corresponds to a lift with special endomorphism
vV—1. Over Og/p?, Iy (or I}) is spanned by es, while Iy, I3 are spanned by /—c(\)e; + ea,
with e;, ey are linearly independent. Therefore, over O /p?, the lifts corresponding to ey
and ez are isomorphic to each other, but not to the lift(s) correspoinding to I or []. O]

3.5 Archimedean place

In this section, we prove Proposition [3.5.6| and its slightly more general form, Proposi-
tion|3.5.7, which give an equidistribution result used to control the archimedean contribution,
i.e., the sign of the polynomial Py(x)Pyy(z) evaluated at the coordinate corresponding to a
given abelian variety. In section [3.5] we recall Shimura’s work on the real points of Shimura
varieties, specializing to the one-dimensional case, where the set of real points is the image
of a finite collection of geodesics in the upper half plane. Under the additional assumptions
on F', we focus on the case where it suffices to consider a single geodesic. In section |3.5] we
study the CM points on this geodesic, and in section (3.5, we use equidistribution of primes
to show the density of the CM points on it.
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Real points on the Shimura curve

Let o : H — f\% be the natural map. According to Shimura [Shi75, 4.2], the action of
complex conjugation on the Shimura curve I'\’H satisfies

p(2) = p(a(2)),
for any o € F*O* with p(nrd(a)) < 0. Recall that € denotes a unit of F' that is negative at
p and positive at the other real places. The field F(y/—¢) embeds into B, since B is split at
all finite places and F'(y/—¢) splits B at all real ramified places of B. Moreover, there exists
a € O such that trd(a) = 0 and nrd(a) = —a? = ¢, as any two maximal orders in B are
conjugate to each other. Let

Ule) :={a € O* :trd(a) = 0,nrd(a) = ¢} = {a € O : a® = —¢},

and for each a € U(e), put
Zy ={2z€H: aZ) =z}

Since every totally poistive unit in O is a square, by |Shi75, 7.4], the real points of f\?—[

are given by
U ¢(Za).
acU(e)

The union might be taken over a set of representatives for U(e) modulo inner automorphisms
given by the elements of . This set is in bijection with the set of I- conjugacy classes of

embeddings Op[v/—¢] — O, where Op[\/—¢] is an order in F(y/—e¢).

One geodesic case

Assume [F : Q] > 1, Op[/—¢] is the maximal order of F'(y/—¢)[f|and F(y/=¢) has class num-
ber h(F(y/—€)) = 1, then the real points of D\H is ¢(Z,) for any o € U(e) by Lemma .

Lemma 3.5.1. For any quadratic Op-order S C F[\/—¢], the number of f—conjugacy classes
of optimal S — O is equal to the class number h(S).

Proof. For O' C T' C Npx(0), let m(S,O;T") denote the number of I'-conjugacy classes
of optimal § < @. Then m(S, O;T) = m(S, O; O)[nrd(O*) : nrd(I') nrd(5*)] by [Voi2l,
30.3.14], where [nrd(O*) : nrd(D )nrd(S™)] = 1 since p(Nmp /=) ,#(5)) "R # . Since
F has narrow class number 1, the maximal order O of B has class number 1 and then

m(5,0;0%) = h(S)m (S O: (’)X) by [Voi2l, 30.4.17]. Finally, as B is split at all finite

places, we have m(S (9 OX) = Hv ﬁnitem(sw 0,;07) =1 0

6Since F has narrow class number 1, if 2 is inert in F, then 20F ramifies in F(y/—¢) and Or[y/—¢] is
the maximal order of F(y/—¢).
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We assume F' has only one prime p, above 2, then the quaternion algebra B ~ (ﬁ)

F
and can be realized as
B~ {(—ab’ CIZ,> ca,b € F(\/—e)} :

where " denotes the nontrivial involution of F(y/—¢)/F. Let

= (5 )= (5 )= (0

Lemma 3.5.2. The quaternion algebra (ﬁ) has a mazximal order of the form

F
a+bu+v a+bu+v —eb 4 ap + pv
_— — 4+ Op

2 2 2
for some nonzero a,b € Op.

O:OF[,U, ] :OF+OFM+OF (3501)

Proof. Let m be a generator of the prime ps of F' above 2. By [Voi2l], 5.4.4], since <_E’_1> is

Fr
split, there exists a’, b’ € F, such that a” + b2¢ + 1 = 0.

We must have a/,b' € OF_. Otherwise, v;(a') = v, (/) = —m < 0 and then ¢ + d?c =0
(mod 7*™) where ¢ = 7™, d = 7™V € O . If m > e, then —e is a square in F;
by Hensel’s lemma, which contradicts (7) being ramified in F(v/—¢). If m < e, then pick
¢,d € Op withc=¢ (mod 7°™),d = d' (mod 7™, then O[] is an order in F(y/—e),
which contradicts F(y/—¢) having maximal order Or[y/—¢].

Choose a,b € Op with a = d’ (mod 4), b = V' (mod 4), then &éﬂ”’ is integral and

O = OFlu, %] = Or + Opp + OF“H’T’””’ + OF}L% is an order in B. Moreover,
O D Op[p, v] and its discriminant disc(O) = (3)*disc(Op[u, v]) = (5)?(—4€)* = € is a unit
in F. O

We may assume O is the maximal order as defined by (3.5.0.1)) and o =y € U(€). Then
the geodesic
Zy={iy:y >0} (3.5.0.2)

is the positive imaginary axis and its stablizer in [is
{(8 2) . a € Op[V=e*, plad’) > o} U { (_Ob 8) b€ Op[v=d", p(bl) > 0} .

By assumption, the Shimura curve f\?—[ is isomorphic to P*(C). Hence, its real points form a
circle. Fix an extension of p to F'(v/—e¢) and let u be the generator of ker(Op[v/—¢]* BLN O5)
with p(u) > 1 Then +u? = £ generates {< : a € Op[y/—€¢*}F| and [i,ip(u?)] is a
fundamental domain for ¢(Z,).

"This is the quaternion algebra unramified at all odd primes and exactly one of the real places p of F.

8The rank of ker(Op[yv/—¢]* ~2 OF) is rank(Op[v/—€]*) — rank(O}) = (2+ ([F : Q] — 1) — 1) — ([F :
Q] — 1) = 1. Thus, ker(Op[y/—¢]* 22 0F) = {xu™ : m € Z}.

9The 2-rank of H'(Gal(F(v/=¢)/F),Op[y/=d*) is 1 by [CH88, 5.1, 9.1] and —1 = <. Thus, the
class of u generates the size 2 group H'(Gal(F(v/—¢€)/F), Or[v/—€]*).
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CM points on the geodesic
For a CM point z + iy € H corresponding to an embedding L = F(v/—\) < B, the element

v/ —\ maps to (a_' b—/e —a\b/—_e) with a € F,b € F(\/—¢), and the matrix stabilizes x + iy.

. a\/—e b o e
There exists y > 0 such that p (( Ty —a\/—_e)) 1y = 1y if and only if @ = 0 and
A= bV € Nmp /=), r(F(v/—€)*). In this case,

b
Y=/p v
Suppose vV —A € O, then 2b € Op[v/—¢|, and since A = bb’ and F'(y/—¢) has only one prime

above 2 by assumption, it follows that b € Op[y/—¢€] is a prime above A.

Lemma 3.5.3. Assume F(\/—¢) has class number h(F(v/—¢)) = 1. For a totally positive
prime X of F' such that —\ is a square modulo 4, there exists v € Op( /=) such that A =

NmF(\/fe)/F(l'); moreover, if x1,Ts € OF y both satisfy the norm equation, then one of
z L : % Nm ™
o o s a unat in ker((’)F(ﬁ) = 05).

Proof. Since the totally negative —\ is square modulo 4, the quadratic reciprocity law gives

(25) - (2) (5) - o _ s,

which implies (A) splits in F((v/—¢). Let x € Op /=5 be a prime above A, then za’ = 2 for
some z € O such that o(z) > 0 for all embeddings ¢ : F' — R with o # p. If p(z) > 0, then
z € (05)? C NmF(\/je)/F(O;(ﬁ)); if p(z) < 0, then z € €(OF)?, where ¢ = —/—ey/—¢.
Therefore, A is always a norm from Op /=

By Lemma [3.5.3] the norm equation A\ = bb' with b € Op[v/—¢| gives two points
© (z p(£)> and ¢ <zp(u) p(£)> on ¢(Z,). Recall in [3.3.7 that each of the two CM

v v
cycles defined by optimal embeddings of Op /=3 and Or + p20p/=3) has a unique real
point. The two real CM points are precisely the two points obtained from the norm equa-
tion.

Equidistribution

Given a CM cycle on the Shimura curve defined by T € G and 7 € Gal(Q/Q), ; by [Del+82, V],
the conjugate of the CM cycle on the conjugate Shimura curve is defined by T="rTCT “é
where p is the Hodge cocharacter and "*G is a twist of G. Explicitly, as in [MS10, 1.4], ge
arises from a quaternion algebra "B such that inv,("B) = inv,.,(B) for all infinite places



CHAPTER 3. SOME KUGA-SATAKE ABELIAN VARIETIES 39

v of F and anv(TB) = inv,(B) for all finite places v of F. Moreover, the isomorphism
G(Af) o~ T“G(Af) induced by B, ~ "B, maps K = [] OF to THE = [T1O,”, where each O/
is a maximal order of B,. For a CM cycle corresponding to optimal embeddings R — Og,
where R is an Og-order in a CM extension of F'| its conjugate on the conjugate Shimura
curve corresponds to optimal embeddings R < O-g, where O-p is a maximal order of "B.
Let n = [F : Q] and pq,...,pn : F — R be distinct embeddings of F' into R. For each
i=1,...,n,let F; = F(y/—¢;), where ¢; is a unit of F' that is negative at p;, and denote by
B; the quaternion algebra over F' unramified at all finite places and exactly one of the real
places p;. Under the assumption that F' has only one prime above 2, we have B; ~ (%‘1)
Assume Op[y/—¢;] is the maximal order of F(v/—¢;) and F(y/—¢;) has class number
hF(y—=€)) = 1 for all i = 1,...,n] Then the real points of each conjugate Shimura
curve is the image of one geodesic Z,, and we may assume Z,, = {iy : y > 0} by choosing
appropriate embeddings B; < Ms(R). Let ¢; denote the natrual map from the upper half
plane to the Shimura curve defined by B;. The real CM points on the geodesic {iy : y > 0}

are i, /5 b, 1 b ) for some b; € Fj satisfying A = Nmp, ,p(b;), where p; ; is a real place of F; above

p; and )\ E F totally positive.

Let F = Fj - - - F, be the compositum. Assume F has class number hA(F) = 1. The image
of Nmg/p = Nmp/poNmg/p : F* — F* is totally positive. Suppose A is a totally positve
prime of F' such that —\ is a square modulo 4. Then by Lemma m, (\) splits in each Fj,
and thus splits completely in the compositum F'.

Lemma 3.5.4. Let P be the set of prime ideals of F. Assume F has class number h(F) = 1.

Then the set
1 i1 (N
(—log pii (Nmz/r, (@/)) (a)eP
2 pi,l(Nm]:/Fi(a) ) i=1,...n

,,,,,

is equidistributed in [[;_; R/(log pi1(w;))Z, where each p; is a real place of F; above p;, and
u; is the generator of ker((’);(\/:) — OF) with p;1(u;) > 1.
Proof. Since h(F) = 1, we have Az = F*([ [, OF [0 €°). The injection [],, C* <

A% induces an isomorphism ([ ], C*)/Oz — AZ/(F*([] . OF,))- Foreachi=1,...,n,

w|oo

let IV; : me C* — R.q be the composition
Nm ,Nm (z,y) o
H C* = HHCX (Nmg/p, Nmz/r;) HR>0 —\/_> R -5, 1 log, R, (3'5.0.3)
w|p; vlp; wlv e

where v denotes infinite places of Fj, w denotes infinite places of F, and Nmz/g, is the
local norm. For a € F* — [],, C*, we have Ny(a) = 1log %Jw Note that
(3-5.0.3) induces a surjection {(zw)ulp, : [L,,, 2ell = 1}/Oz — R/(log pii(u;))Z. Then

107f F/Q is Galois, this is true if and only if one of the ¢; satisfies the assumption.
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[TI= N [Ly © = IIZi [y, © — I[=i R induces a Hecke character x : Az —

[T, R/(log pi1(wi))Z such that x(AL) =[], R/(log pi1(u;))Z, where AL := {(a,) € AF :
L, llas|| = 1}, and the result follows from Hecke’s equidistribution |[Lan94, XV, §5]. O

Remark 3.5.5. Since h(F;) = 1 by assumption, we have isomorphisms

JIr ] c9/0or = a5/ E (0%,

vlpi wloo,vip; pfoo

fori=1,...,n, then we can define the Hecke character

X = (X1 xn) : A% = [[R/(log pia (u:))Z

=1

1
'—>§10g|%|

Nm g, p. ((@,),(2) )
XiiA;ﬂ)Aﬁ—»(HR H /0%, V)i (27)

vlpi  v|oo,utp;

> R/(log pia(u;))Z

without assuming h(F) = 1.

Recall that iy — logy gives an isomorphism ¢;(Z,,) — R/(2log p;1(u;))Z, and two real
CM points ;(2;1), i(2i2) € pi(Za,) defined by the two orders in L = F(v/—\) are related
by ¢(zi2) = @(pia(ui)zin).

Proposition 3.5.6. Let S = {q1,...,q,} be a finite set of odd prime ideals of F. For each
i=1,...,n, let t;p and t; be distinct points on the circle ¢(Z,,) ~ R/(2log p;1(u;))Z.
There exists a prime ideal q of F' generated by some totally positive A € O satisfying the
following:

1. —\ is a nonzero square modulo 8q; ...,
2. @i(2i1), pi(zi2) lie on different open segments defined by t;o,t; 0 for each i =1,... n;
3. q lies above a rational prime that is totally split in F.

Proof. Consider the modulus m = mgm,, = 8q;...q, Hp rea P and the canonical homomor-
phism 7, : Af — Cy, realizing the ray class group Cy, as a quotient of Ay, For (a,), € A%
with vy(a, — 1) > m(p) for all p | my and a, > 0 for all real p, mn((ay)y) is the class
of T1, fnite p* (@) Note that mn(F*) = 1 and mn(AL) = Cn. Let Vi, be the image of
{(z) : x € F*,v5(x +1) > m(p) forall p | myand z, > 0 forall real p} in Cy, which
is nonempty by weak approximation. By equidistribution there exists some prime ideal of
F' that can be generated by some totally negative —\ satisfying —\ = 1 modulo mg. Let
Xo = Tm © Nmyg/p, then xo(A%) NV # 0 since (A) splits in F.
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Define a Hecke character x = (X0, Xoo) : AF — Cu X ([T, R/(log pi1(w;))Z), where x
is defined in the proof of Lemmal&.éll by (3.5.0.3). Note that xo(][,. C*) =1, so we have
xo(A%) = xo(ker(x)), and x(A%) = xo(AL) X Xeo(ALk). For each i = 1,...,7, let V; be
the image in R/(log p; 1(u;))Z of the open segment on the circle ¢(Z,,) ~ R/(2log p; 1(u;))Z
defined by ¢;,%; ~ of smaller measure. Note that a point in V; C R/(log p;1(u;))Z has two
preimages lie on different open segments of R/(21log p;1(u;))Z. Since V := Vi, x ([, Vi) is
a nonempty open subspace of the compact space Cy X ([ 1, R/(log pi1(u;))Z), and x(A%)N
V # 0, it follows from Hecke’s equidistribution [Lan94, XV, §5] that there exists a prime
ideal (a) of F such that x((«)) € V. Note that Nmz,p(a) is totally positive since ({3.5.0.3))
always gives positive terms in the middle. Let ¢ = Nmyz/p((v)), where we may assume (o)
lies above a totally split rational prime, as such primes have density one in F. O

Proposition 3.5.7. Let S = {qi,...,q,} be a finite set of odd prime ideals of F. For each
v =1,...,n, let d; be an odd positive integer, and t;,s;1,...,8;q, be points on the circle
©(Za;) ~ R/(21log pi1(u;))Z such that their images in R/(log p;1(u;))Z are distinct. There
exists a prime ideal q of F' generated by some totally positive A € O satisfying the following:

1. —\ is a nonzero square modulo 8qy ...,

2. for each i = 1,...,n, the two real CM points p;(zi1),i(zi2) lie on different open
segments defined by t;,s; ; for an odd number of j € {1,...,d;};

3. q lies above a rational prime that is totally split in F.

Proof. The proof follows that of Proposition [3.5.6] with the only modification being the
definition of V;. For each i =1,...,r and j = 1,...,d;, the two distinct points ¢;, s; ; define
two open segments in R/(21log p; 1(u;))Z, and let V; ; C R/(log pi1(u;))Z be the image of the
one of smaller measure. Note that a point in R/(log p; 1(u;))Z has two preimages on different
open segments of R/(2log p; 1(u;))Z if and only if it is in V; ;. There exists J; C {1,...,d;}
such that #J; is odd and V; := (e, Vi) \(U;es, Vi) # 0 is a non empty open subspace of
the compact space R/(log p;1(u;))Z. O

3.6 Proof of main theorem

In this section, we prove Theorem We begin by defining the polynomials associated
to the CM cycles constructed in §3. In section |3.6| we use the input from §4 to study the
polynomials modulo A\ after clearing denominators, and in section [3.6| we use the input from
§5 to analyze the sign of the polynomials evaluated at the coordinate of the given abelian
variety and at the elliptic points with even order automorphisms. In section |3.6| we combine
all of the ingredients and apply quadratic reciprocity to complete the proof.

Suppose the Shimura curve I'\H ~ ')\ X has genus 0. Its canonical model is defined
over the reflex field p(F) C C. Assume the canonical model is isomorphic to PL. Since the
quaternion algebra B is unramified at all finite primes, by [KM85, pp.508-509], the coarse
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moduli space of the integral canonical model is smooth, and thus isomorphic to IP%F. Choose
a coordinate j compatible with the model over Op.

Fix an embedding F' — C, and let 7, ... ,TIF:Q] € Gal(F/Q) correspond to the embed-
dings p1,...,prq : F' — R and ¢ denote complex conjugation.

Assume 2 is inert in F' and F' satisfies all the additional assumptions in §5. Since
h(F(v/—=1)) is odd by [CHS8S, 13.7], there is an elliptic point of order 2 with coordinate
Joo such that [F(js) : F] is odd. Let jo, € F be the coordinate of the given point
on the Shimura curve such that F’' := F(j,jo) is an odd-degree extension of F. Let
O1,...,0F.F] € Gal(F/F) such that Homp(F', F) = {o1|p, . .. ,o1.7) |} To get the main
idea of the proof, the reader may focus on the case when F’ = F,

Let S” be a finite set of rational primes such that S’ contains all the primes ramified in
F’" and all the primes p such that v,(jo) # 0 or v,(jo) # 0 for some prime p of F” above p.
Let S be the set of prime ideals of F' above the primes in S’. Then there exist dy, ds € O
such that dpjo € Opr, dsjoo € Op and all primes dividing dyd, lie in S.

For a large enough totally positive prime A € F' with —\ square modulo 4, let aq, ..., ap,
(resp. [, ..., Fn,) be the j-coordinates of the CM points in the CM cycle corresponding to
optimal embeddings Op (/=5 <+ O (resp. Or[vV—=) = O), where hy = h(F(v/=\)) (resp.
hy = h(Op[v/=]) ) is odd, and define the polynomials

hi

Py(x) := H(m — ),

Piy(z) = [[(=z = B)-

=1

By construction, Gal(F/F) permutes oy, . .., ap, (resp. Bi, ..., Bn,), so that Py\(x), P (x) €
F[z]. Moreover, we have oy, ...,ap, € Hp/=) and B, ..., B, € Ho,/=x, where Hp( /=)
is the Hilbert class field of F(v/—)) and Hy, (/= is the ring class field corresponding to
the order Or[v/—)]. Note that Hp/= C Hp,y=x and the extension He /= /Hp/=x
is ramified at a subset of the primes dividing the conductor 2. Since (v/—\) is a principal
prime ideal of Op[v/—)], it splits completely in Hp,y=x- Let H := Hp, /=y and [ be a
prime of H above \.

Let by € Op (resp. by € Op) be the denominator of Py(z) (resp. Py\(z)) such that
byPy(z) (resp. byyPyr(x)) is primitive, then

bP(z)=[bx J] @—an)| ] (&—)€Onlel,

’U[(Oék)<0 U[(Ock)zo
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h2 h2
binPin(x) = [ bax [ @=80] ] (z—5) € Onlzl,
o) <0 o) 20
where
h1 . . h1
b>\ H (l’ — Oék) = b)\ §é 0 (IHOd [), b)\ = b>\ H (—Oék),

k=1 k=1

vi(ay)<0 vi(ag)<0
ha . 3 ho

bax H (35 - Bk) =bp#0 (mod [), bax := by H (_Bk)-
v (%f)ld) (%;)1<0

By Proposition and the first part of Proposition [3.4.8] roots of Py(z)Pj(x) are paired
modulo [. Then Lemma [3.6.1] shows that

N g (A2 2by Py (oo ) bax Par (oo ) 200 P (Jio)bar Par(Jo)) € Or
is a square in Op/AOfp = Og,/1O0p,.
Lemma 3.6.1. Modulo [, we have

Nm g (dg"2bx Py (o) bar Pax(Jo) )
Nmg e (d22 20y Py (joo ) bar Par(joo))

Proof. We prove (3.6.0.2), and (3.6.0.1)) follows by the same argument. Let o1, ..., 005 €
Gal(F/F) such that HOIDF(F,7 F) = {01|F’7 . 7U[F’:F]|F’}~ Then

(babax ) - square, (3.6.0.1)
(baban) ") - square. (3.6.0.2)

[F:F [F':F) hy [F':F)
NInF//F P/\ ]oo H Uz P)\ .]oo H P)\ Jz]oo = H H Oz]oo - Oék;
k=1 =1

where HEZ{F](UJOO — ) € H for each k =1,...,h;. Similarly,

hy [F':F]

NmF’/F P4)\ ]oo H H Uz]oo /Bk'

k=1 i=1
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where Hi,{F](Uz‘J'oo — Bk) € H for each k =1,..., hy. Then we have

Nm g/ p(dl2br P (joo))
h1
= |0 TT Tsol0i(ine) = ) ]1 [[(de(0:(iuc) = an)) | € O,
v[(ak)1<0 ’ v[(ak)ZO ’
N (d22ban Paa(jio))
ha
=105 TT Tlelo:tine) = 8)) HjH (0:(j) — B)) | € O,
<o w0

From the assumption that A ¢ S, we have v(dw) = 0 and vy (0;j0) = 0 for any prime I
above [, then

””1111 (0i(joc) — i) = b5 T £0  (mod 1),

(ak)<0

bl H H (03 (o) — Br))

(,Bk)<0

IN)E&I:F] #Z0 (mod I).

Let I' be a prime above [ in the Galois closure of F'H. Since A ¢ S, it is unramified
in F’, and ' over \ has ramification index 2. For each point on the Shimura curve with
coordinate j € F'H, if it reduces to a point without even order automorphisms, then the sets
{a : vv(ap —j) > 0} and {Bk : vv(Br — j) > 0} both have even cardinality from the pairing
as described in Proposition [3.4.6} if it reduces to a point with even order automorphisms,
then the set {ay : vy(ag —j) > 0} U {Bk : vv(Br — j) > 0} has even cardinality from the
pairing as described in Proposition E] Therefore, for any j € Og, /10y,

HH (0i(Joo) — ar)) HH (0i(Joo) — Br)) (3.6.0.3)

ak J 5=3

is a square in Oy, /10y, where @y, (resp. 3) denotes the image of ay, (resp. Bi) in O, /10y,
[l

We consider the product of byPx(jo)baxPix(jo) and baPx(joo)barPar(joo) to cancel the
effect of the leading coefficient bybyy of byPy(2)bsrPsx(z) modulo A. In order to analyze

"Here we need the assumption 2 inert in F.
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NmF//F(d81+h2b,\P>\(j0)b4,\P4,\ (Jo)) modulo A\, we need to divide appropriate power of A from
Nm g (d272b) Py (jioo)barPan(jso)) to get a nonzero square, so we use Proposition to

prove Lemma [3.6.2]
Each 0;(j) is a point with an even order automorphism, and let

A; = {Oék : U[’(Ui(joo> — Oék) > 0} U {5k : U[/(Ui<joo) — Bk) > 0}

For A large enough, we may assume A; N Ay = () whenever 0;(j) # 04 (joo), and

# Aut(0,(jn)g, ) = # Aut(0i(jnc)) = 2.

Lemma 3.6.2. Fach #A; is even, and we have

A I A, Nm g p(d2 20y Py (oo )bar Pir(joo)) = (bxba) ¥ nonzero square  (3.6.0.4)
modulo 1.

Proof. For j € O, /IOy, such that j # 0;(jo) for any i, (3.6.0.3)) is a nonzero square in
On, /1O, as in the proof of Lemma|3.6.1} From the pairing in the neighborhood of 0;(j ),
as described in Proposition , elements in A; are paired and for each pair {v;,72}, by
Lemma [2.1.3, we have

v —2) = ve(n — 72) = # Aut(0i(joo )7, ) - 2
> 7 Aut(0i(Joo ), ) - 1 = vr(0i(Joc) = 71) = 00 (03(Joo) = 72),

where # Aut(0;(joc)F,) = 2 = vr(A) and ' is a prime above [ in the Galois closure of F"H.
Then

[F'":F]
Uy H (doo(Om(joc) —=71)) | = H oo (Om(Joo) = 72)) | = Q[F/ t F(joo)],
m=1 m=1
[F':F] [F':F)
AT Gee)] (doo(om(Joc) =71)) = ] ] (doo(0m(ise) —72)) | € AOH,.
m=1 m=1
Therefore,
[F F] h1 [F':F] ha [F':F]
AT IT IJ xtoitis) =) | | TI I (ecloilioe) = 55)
k=1 i=1 k=1 =1
vi(ag)>0 vi(Br)>0

is a square in (Og,/I0Oy,)* ~ (Or/AOF)*, where each #A4,; is even. O
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As explained in Section [3.5, for each 7; € Gal(F/Q), we have 7;(ay),...,Ti(an,) (resp.
7i(B1), ..., 7(Bny)) correspond to the points in the conjugate CM cycle on the conjugate
Shimura variety IP’;(F). The conjugate CM cycle is defined over 7;(F) C R, then the set

{ri(a1),...,7(an,)} (resp. {7(B1),...,7i(Bry)}) is invariant under complex conjugation,
and let of € {7 (ay),...,i(an,)} (resp. B € {1(B1),...,7(Pr,)}) be the unique real point

(Lemma, (3.3.3)).
Lemma 3.6.3. For each 7; € Gal(F/Q), the sign of
Ti(Nmpr /2 (Pa(Jo) Par(Jo) Pa(Joo) Par(Joo) )

1s determined by the sign of

I (@Go) = ai)(otio) = B7)(0m.ilise) = @) (0ocilie) = 57,
L

where 0o ; is the unique embedding F(jo) — R satisfying 0o i|r = pi-

Proof. When o € Gal(F/F) with ;0(F') C R, we have

hl h2
[ olie) —7ila)) >0, (7i0(joo) = 7i(B1)) > 0,
ri(an el (B
h1 h2
H (mi0(jo) — Ti(au)) >0, (rio(jo) — m(B1)) > 0,
ri(an)or (BB

then

5ign(7:0 (P (Joo) Pax(Jc))) = sign ((i0 (Joo) — @) (1:0 (Joo) = 7))
sign(7;0 (Pa(jo) Pax(do))) = sign ((7io (o) — i) (rio (o) — 57)) -

Since F is totally real, we have co7; 0 ox|r = 74|F, and co 7; 0 0| = 7; 0 o | for a unique
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k'€ o1,...,00 .5 € Gal(F/F), where k' = k if and only if 7;(c4(F’)) C R, then

sign(7;(Nm g/ (Px(j0) Pax (o) P (Joo) Par(Joo))))

[F:F]
=sign | 7 [ (0k(PAGo) Par(io) Paljoe) Par (joc)))
k=1
[F:F]
=sign |7 [ (0x(PrGo) Par(io) Palioe) Pir(oc)
kak(lz"l)CR
[F":F]
=sign [ [  ((mowlGo) — o)) (mowlio) — 87)(Tiow (o) — ) (0% (o) — )
rz-crkk(lzf’l)cR
=sign | I (0Go) —ad)wlo) = 57) I ((0lix) = i) (oline) = 57)) | »
e =

where the last equality follows from [F” : F] being odd. Since the CM cycle corresponding
to optimal embedding Op(,/=1) has a unique real point, there is a unique o ; : F (Joo) =@ R
with O_oo,i’F = Pi- ]

By Proposition [3.5.7] there exists a totally positive prime A ¢ S of F' such that

1. —\ is a square modulo 8 and all primes in .S;

2. foreach i =1,.... [F : Q], (0(jo) — &7)(0(jo) = ) (0c0,i(fo) — 07)(0n.i(joc) = B) < O
for an odd number of ¢ : F(jy) — R with o|r = p;.

The first condition implies that

—A
(_i)\) = (7> =1 for any totally positive odd prime ¢ € O with (¢) € S (3.6.0.5)

by Theorem [1.4.1] The second condition implies that Nm /z(Px(jo) Pax(jo) Pa(Joo) Par(Joo))
is totally negative. Let

_ [FF] ) . . . .
N =\~ 2=1 A Nm g (d22 720y Py (Joo ) bar Pax (Joo )i 200 Py (0 )bar Par (Jo)) € Ok
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Then N is a square in Og, /IOy, = Op/\Op and N is totally negative. If A|N, then

hy [F':F] ha  [F':F)
(o H H (0(jo) — ou) H H (0i(jo) = Br) | | >0,
k=1 i=1 k=1 =1
Yi(ag)=0 Vi(Bg) 20

which implies jj is a root of byby, Py(x) Py () modulo some prime above A, where \ is ramified
in F(v/—A). Assume A { N and write (N) = mn, where m is an integral ideal without odd
prime factors and n is an odd integral ideal. By Theorem [1.4.1] we have

(?) = (-l (%) =—1-1=-1,

and therefore, there is an odd prime p|n with v,(N) odd such that (‘T’\) = —1. In particular,

p ¢ S by (3.6.0.5)), so that p is a good reduction prime and p is unramified in F".
If vp(NmF/ F(bAPA(joo)b4)\P4)\(joo)) > 0, then Up(NmF’/F(bAPA(joo)bD\PM\(joo))) is even by
Lemma Therefore, jo is a root of by Py(x)by Pir(2) modulo some prime above p.

3.7 Examples

In this section, we provide sufficient conditions for verifying some of the assumptions in
Theorem [1.2.1. In particular, all the assumptions in Theorem hold for the cases in
Theorem [I.2.4] and hence we prove Theorem [1.2.4]

Lemma 3.7.1. Let C' be a smooth projective geometrically connected curve over a field k. If
C has genus 0 and there exists a divisor D of degree 1, then C ~ PL. In particular, if there
are divisors Dy and Dy such that deg Dy and deg Dy are relatively prime, then C' ~ ]P’}C.

Proof. By Riemann-Roch, we have
dim, H°(C,O¢(D)) > deg D +1 — g(C) = 2,
then O¢(D) is very ample and induces an isomorphism C' ~ P} ([Liu02, 7.3.24]). O

By Lemma and Lemma [3.3.2], a CM cycle defined by ¢ : L — B defines a divisor of
degree h(¢~1(0)). If there exist CM extensions Lj, Ly of F such that h(L;) and h(Ls) are
relatively prime, then the canonical model of the Shimura curve O\ is isomorphic to Pi.

Lemma 3.7.2. Let F' be a totally real number field with narrow class number 1, and suppose
there is a unique prime ps of F lying above 2. Suppose F(y\/u) has odd class number for all
unit w € OF. Let M denote the compositum of F(y/u) as u ranges over OF. Then every
intermediate field K with F' C K C M has class number [ [ mcp B(EF (V).

12This treatment follows the idea of [Li-+25| §9.5].
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Proof. Let r = [F : Q] and uy,...,u,_; be fundamental units of F', then the field M =
F(V-1, VUL, - - /U,—1) is a multiquadratic extension of F' with [M : F] = 2", and any
quadratic subextension of M/F is of the form F(y/u) for some u € OX\Of?. Any inter-
mediate field K with I C K C M is a multiquadratic extension of F. As a special case
of the example in [Neh33| pp.329-330], we have h(K) = 2#5) [ mcar P(F(V/u)) for some
nonnegative integer p(K). -

Let Ly := F(y/-1), and L; := L;_1(,/u;). Inductively, for each i = 1,...,r — 1, under
the assumption that h(L;_1) is odd, there is exactly one prime (both finite and infinite),
namely the unique prime lying above 2, of L; ; ramifying in the quadratic extension L;,
then 2 t h(L;) by |CH88, 9.2]. In particular, we have 2 { h(M) and p, is totally ramified in
M.

Let Ko = K and K; = KL; 1 for each i = 1,...,7, then K; = K; 1 or K;/K; 1 is a
ramified quadratic extension, which implies h(K;_1) divides h(K;) by |[CH88, 5.4]. Therefore,
we have h(K) odd. O

When the totally real field F' has narrow class number 1 and there is a unique prime of
F' lying above 2, given units €1,...,¢€, that are negative at exactly one of the distinct real

embeddings F' — R, if we can verify that F’ <\/(—61)51 e (—en)5n> has class number 1 for
all 91,...,0, € {0,1}, then F(y/—¢€1,...,1/—€,) has class number 1.

Ezample 3.7.3. The following examples from [Voi09] §4] satisfy all the assumptions.

o [F:Q] =3, disc(F) = 49,81, 169, 321, 361, 473, 785, 993

o [FF: Q] = 5, dise(F) = 14641,24217, 65657, 70601, 124817, 149169, 157457, 160801,
161121, 173513, 176281, 202817, 240881

o [F:Q] =7, disc(F) = 20134393, 25367689, 28118369, 31056073, 32567681, 35269513

We used Magma |[BCP97] to perform the computations.
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Chapter 4

Some QM abelian surfaces

In this chapter, assume the following unless specified otherwise.

Let B = Ba be an indefinite quaternion algebra over QQ of discriminant A, O = Op
be a maximal order of B, and O!' = O} be the group of units in O of norm 1. Fix an
element 1 € Op such that u?> = —A[] then the involution a + o/ = p~'au is a positive
anti-involution on B.

4.1 The Shimura modular curves

Let VA be the Shimura curve over Q associated to O. It is the coarse moduli space of
isomorphism classes of [A, (], where A is a principally polarized abelian surface, and ¢ : O —
End(A) is an embedding such that the Rosati involution defined by the polarization on ¢(O)
is / . Fix an isomorphism ¢y, : Bg — My(R). For any point 7 on the upper half plane H,
consider the complex torus A, = C?/A,, where

Ar = 10(0) ({)

is a lattice in C%, the map Lo, induces a natural embedding ¢, : O < End(A,) as O is closed
under multiplication. After possibly replacing p by —p once and for all, the Riemann form

E.: AN XA —7Z,

(1) (1) e (7)) 5 e

defines the unique principal polarization on A, compatible with ¢,. Let I'! be the image in
PSLy(R) of 15 (O), then the map T''7 — [A,, 1] gives a bijection T'\H — Va(C).

!The element j exists because the field Q(v/—A) embeds in B by the local-global principle, and any two
maximal orders in B are conjugate to each other by strong approximation.

2Given an abelian surface A and ¢ : O — End(A), there is a unique principal polarization on A such
that the induced Rosati involution is compatible with g.
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There is the natural forgetful map Va — As from Vi to the moduli threefold of principally
polarized abelian surfaces under which [A, ] maps to [A,C] where C is the unique principal
polarization on A compatible with ¢. Let E denote its image and EX denote the intersection
of Ea with the image of the moduli space of genus 2 curves under the open Torelli map.

From now on, let A = 6. By [Rot04], the forgetful map Vs — A, has degree 4 and factors
as Vg — Vi/Ws ~ Eg — Ay, where the Atkin-Lehner group

We = Np«(0)/Q*0* = {1,ws, w3, we} ~ [ [ Z/2Z,
pl6
and wy is represented by some x4 € O N Npx(O) with trd(xq) = 0, nrd(y4) = d. Moreover,
there is a unique Npx(O)-conjugacy class of embedding Z[/—6] — O, then the image Ej is

independent of the choice of p and Ejy is the moduli space of principally polarized abelian
surfaces with potential QM by O.

Ve
i
Eg — Eﬁ

[

MQ;)AQ

It is shown in [BG08al, 3.6] that there is an isomorphism j = jg : Fg — P'\{0, 00} given
by
121072,
= 4.1.0.1
RSPV WAL ( )

4.2 CM points

Let K be an imaginary quadratic field and suppose K — B embeds. Let Op = KN O
be an order of discriminant D, then the fixed point 7 of 1,(Op) in H is a CM point, its
corresponding abelian variety A, has Endqu(A;) ~ Op.

Remark 4.2.1. By Eichler, the number of O*-conjugacy classes of optimal embeddings Op —

O is 5(O) = (On) [ (1 ) (@)) |

plA p

where

1 if p divides the conductor of Op,
o (%) otherwise.
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Note that s(Op) # 0 if and only if the conductor of Op is relatively prime to A and K splits
B. Therefore, in the case 2|A, there are no points with CM by an imaginary quadratic order
of conductor 2.

From now on, let D be a fundamental discriminant such that Op — O and Es(D)
denote the set of points with CM by Op. The Hilbert class group of K acts on Eg(D) and
the complex conjugation preserves Fg(D). Let W” denote the subgroup of W generated by
elements w,, where p|A is a prime ramified in K, then the number of elements in Eg(D),
counted with appropriate multiplicities, is

r_ h<OD)
W=

By genus theory and |[CHS88, 19.6], the parity of A’ can be determined. Let | be a prime.
The relevant cases considered in this work are summarized in the following table.

D h(Op) B
—4l, 1 =13mod 24 | =2 (mod 4) | odd
-1, | =19 mod 24 odd odd
—3l,l=1mod 24 | =0 (mod 4) | even

Denote the elements of Fg(D) to be ay, ..., as, and define

hl

Pp(x) = by [ [(x = j(a:)),

i=1

where by, > 0 is the smallest integer such that Pp(z) € Zx].

Elkies ([E1k98|) computed a different rational coordinate function ¢ : Eg — P!, which is
used in [Jao03]. The relation between the two coordinate functions is j = 16(¢ — 1)/27. In
particular, from the following correspondence of the coordinates of the elliptic points we can
translate the results in [Jao03| to our setting.

Elliptic point of order CM J t
14++/=3
6 7 +T oo | 0o
4 Z V-1 0 |1
16
2 Z |/ —6 —— | 0
[ 27

Lemma 4.2.2 ([Jao03| 3.3.1]). Let ! > 5 be a prime. For discriminants D of the form in the
table, the polynomial Pp(x) has at most one real root in each of the intervals I; = (—oo, —é—?),
I, = (—32,0), and I3 = (0,00), with the roots being located as follows: (see [Jao03, 3.3.1]

for a complete list, x denotes the presence of a real root in the interval)
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D L | I I3
—4[, I = 13 mod 24 *
=1, [ =19 mod 24
—3l,l=1mod 24 | *

Furthermore, for any subinterval and sub-congruence class of any starred entry, there
exist infinitely many primes | in that sub-congruence class for which Pp(x) has a real root
in the subinterval.

Remark 4.2.3. Let I} = Q(v/2), Fy = Q(v/3), F3 = Q(v/6), and ¢; be a fundamental unit
of F;, 1 =1,2,3. The claim that any subinterval of an interval [;, in which polynomials Pp
with D of the specified form have real roots, supports infinitely many such D follows from an

equidistribution result (|Lan94, XV, §5]) for primes in F;, by constructing a Hecke character
o; 1 A, — R/(Ing;)Z given by

AL /(F H Uy) ~ (R* xR*)/Up, = R/(In¢g;)Z,
pfoo

la]

b’

If the polynomials Pp have real roots in both [;; and I;,, then the result generalizes to any
open subset of I;, x I, by equidistribution of primes in the compositum Fj, F;,. For example,
let F' = F1F; and define 0 = (010Nmp/p,, 030Nmp/p,) : Ap = R/(Ine)Z xR /(Inez)Z, then
o(a,b,c,d) = (31In 13;' 1ln ‘lzgi) for (a,b,c,d) € R* x R* x R* x R* — A%. In particular,
o(a,2,1,1) = (In|al,0) and o(a,1,%,1) = (0,In]al), so the restriction of ¢ to the subgroup
of ideles of norm 1 is surjective. Let 7 : {primes of F'} — A} be the map taking a prime
p to an idele that is 1 at all places except a prime element of F, at p, and A\ = o o 7, then
the set of primes of F' is A-equidistributed in R/(Ine;)Z x R/(Ines)Z. Since a density 1 of

primes of F' lies above a totally split rational prime, the set

m 1ln

1
In|—],
{(2 |’ 2

is equidistributed in R/(Ing1)Z x R/(Ine3)Z.

Lemma 4.2.4 (|Jao03, 3.4.1, 3.4.2]). Let | > 5 be a prime. For discriminants D of the
form in the table, each root of Pp(x) mod [ occurs with even multiplicity, except possibly for
roots corresponding to points on Eg which are congruent modulo | to one of the three elliptic
points. The divisor of unpaired zeros of Pp(x) modulo | is as follows: (see [Jao03, 3.4.2] for
a complete list)

(a,b) — 1

73

3

1 ) : | rational prime, (1) = (m)(7}) in Fy, (1) = (73)(75) in Fg}

D divisor
—41,1 =13 mod 24 | (—16/27)
1, =19 mod 24 | (—16/27)
—3l, 1 =1 mod 24 0
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4.3 Integral model and intersection number at bad
primes

In this section, we compute Pp(z) modulo 2 and 3 by computing intersection numbers of
Heegner divisors on the integral model of Ej.

Let X = X6, be the moduli space for abelian surfaces with additional structure as in
[KROS8, §2]. An integral model £ of Eg (resp. V of Vj) is obtained by the quotient of X by
a finite subgroup of order 4 - 2n(m) (resp. 2n(m)), where n(m) is defined in [KROS8, (3.4)].

Let p be a prime. For p # 2,3, the curve Eg has good reduction at p, and &, ~ IP’]le.
Suppose p|A. As a consequence of the theorem of Cerednik-Drinfeld (see for instance [BC91]),
the formal completion of the integral model along its special fiber at p is isomorphic to a
finite union of Galois twists (over unramified extensions) of quotients of Mumford curves
([Mum72]). Then the geometric special fiber & of £ at p can be viewed as a graph, and we
follow [Kur79| to compute its dual graph and thus determine &, .

Lemma 4.3.1. For p = 2,3, the special fiber &, ~ ]P’]%p.

Proof. Let Bajp, be the definite quaternion algebra of discriminant %, and O be a maximal
order of Bayp, so that © ® Z; ~ O ® Z, for any prime q # p. Let

Lo = O™ ']*/Z[p™')%,
I ={ye By, b 1=9p "1}

regarded as discrete subgroups of PGLy(Q,), and I denote the Bruhat-Tits tree. We have
graphs with lengths I'g\ 7 and I'*\ 1 defined by the quotient of the Bruhat-Tits tree [Kur79,
§3]. The number of vertices of I'y\I equals the class number h(Ba ) of Bay, [Kur79, p.291].

As explained in detail in [Kur79], the dual graph of the geometric special fiber & is
obtained from T'*\I by removing self-inverse edges. The graph T'*\T is a quotient of FO\I
and we have h(B;) = 1 and h(B3) = 1, so both &, and &, consist of a single irreducible
component. Since the generic fiber Fg ~ Pl, which has genus 0 and a rational point, it
follows that &, ~ Py, and &, ~ Py, . O

Intersection number

Consider X 227 v 4 & We will use IKRO8, (3.12)] to compute the arithmetic intersec-
tion number. Let D be a fundamental discriminant, and Pp » be the Heegner divisor of
discriminant D on X’ as defined in [KRO8, §2] and Ppe = > cp,py 2 be the divisor on &.
On Vg, the universal automorphism group is {£1}, the elliptic points of order 3 have CM by
Z[%‘T)’] and the elliptic points of order 2 have CM by Z[—1]. The Atkin-Lehner involutions

wy has two fixed points (CM by Z[—1]), ws has two fixed points (CM by Z[%j?’]), wg has
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two fixed points (CM by Z[v/—6]). For discriminants D < —6, we have

2 2.3
(P_3¢,Ppe)e = 1 an—&xﬂjp,ﬁx, (4.3.0.1)
(P_se,Ppe) 2 2'2<73 Po.x) (4.3.0.2)
—4787 D,S E — 4 277<m> —47X7 D,X X- T

Recall [BGO8b, Lemma 3] that Pp(x) = 2™ mod 2 for some n and Pp(z) = +2™ mod 3 for
some m. For discriminants D considered in this work, we obtain a strengthened version by
computing the local intersection number of P_s x or P_4 » with Pp » at 2 and 3.

Lemma 4.3.2. Let D be a fundamental discriminant.

1. When 31 D, the local intersection of P_sc and Ppe at p is 0 if —3D is not a square
modulo 24p.

2. When 21 D, the local intersection of P_s¢ and Ppe at p is 0 if —4D is not a square
modulo 24p.

Proof. This follows immediately from the intersection formula in [KRO8| Theorem 3.2] and
(4.3.0.1)),(4.3.0.2)). O

Lemma 4.3.3. Let | > 5 be a prime. For discriminants D of the form in the table, the
following reductions hold:

D Pp mod 2 | Pp mod 3
—41, 1 = 13 mod 24 2 +a
—1, 1 =19 mod 24 1 +a
—31, 1 =1mod 24 1 +1

Proof. For D = —4l where [ = 13 mod 24 or D = —[ where [ = 19 mod 24, since —3D is not
a square modulo 72, the local intersection of P_3 ¢ and Pp ¢ at p = 3 is 0, then vs(j(a)) >0
for every root j(a) of Pp(x), so Pp(x) = £2" (mod 3). For | = 1 mod 24, since 12/ is not a
square modulo 72, the local intersection of P_ys¢ and P_g ¢ at p = 3 is 0, then v3(j(a)) <0
for every root j(a) of P_g(z), so P_g(z) = £1 (mod 3).

For D = —[ where | = 19 mod 24 or D = —3[ where [ = 1 mod 24, since —4D is not a
square modulo 48, the local intersection of P_, ¢ and Pp ¢ at p = 2 is 0, then vy(j(a)) <0
for every root j(a) of Pp(x), so Pp(xz) = 1 (mod 2). The case of P_y mod 2 where [ =
13 mod 24 is proved in [BGO8b, Lemma 6. O
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4.4 Proof of main theorem

Let S be a finite set of primes containing primes above 2, 3 and all primes occuring in j, and
27504 16. Write P = |Nmp,o(Pp(jo))|, @ = | Nmp (2770 + 16)|, s = sign(Nmp,o(Pp(jo))),
s' = sign(Nmzg(27jo + 16)), and N = d" P where b/ = deg Pp. Let j; < jo < --- < j, be
the real conjugates of jy.

In each case, we are going to find some discriminant D with a rational prime p ¢

Nmy,/q(S) such that v,(Pp(jo)) > 0 and ( ) # 1, then as in [BGO8b|, there is a prime

p ¢ S above p, such that the Jacobian of C' has supersingular, and hence superspecial
reduction.

1. Choose a prime [ satisfying the conditions:
e [ =13 (mod 24),

3 <*?l> = 1 for every prime ¢ € Nmy,o(5)\{2, 3},

e P_4(z) has a real root j(a;) in a subinterval of (—28 0) to be specified later.

279

Let D = —4l. By [BG08b| Lemma 6] and Lemma [4.3.3]

P_y(z)=z" (mod 4),
P_y(z) = £2"  (mod 3),
P_y(z) = (272 +16)S(x)* (mod I) for some S(x) € Z[x].

Since vy (jo) < 0 for all p above 2,3, we can choose d such that d[], ., o(jo) is integral
for any T C Hom(L,Q) and any prime dividing d lies in Nmp,g(S), then N,dQ € N
and (N,6) =1, (dQ,2) = 1. Suppose [ 1 N, then

) - - E)
(#)(7)- (%) (@)
E;) (@) ()

_1 —l
dNHlL/QJo ) (s’3[L:Q]deL/Q(jO)) (3v3(dQ))
38 [L Q}‘F’US(dQ)

If [L : Q] + v5(dQ) is odd, let

, 16 16 N
jlar) € ~57 T5 T min
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so that (27j; + 16)P_4(j;) > 0 for each 1 < i < r. If [L : Q] + v3(dQ) is even, by
assumption let j, be the minimal real conjugate of j, in (—28,0), and

16

27
j(ar) € (je, je)

so that (277; +16)P_y(j;) > 0 for each 1 <1 <r,i # t and (275, + 16)P_4(j:) < 0. In

either case we have Al
)=
()

and there is a prime divisor p of NV such that

()

The conditions on [ and (IV,6) = 1 imply that p ¢ Nmy, q(S) and v,(Nmy,,o(Pp(jo))) =
vp(N) > 0. If [|N, then since | ¢ Nmp, o(S) by construction, we can choose p = I.

2. Choose a prime [ satifying the conditions:
e [ =19 (mod 24),

o (9) = (%) = 1 for every prime ¢ € Nmp,o(5)\{2, 3},

e P_;(z) has a real root j(ay) in a subinterval of (0,00) to be specified later.

Let D = —[. By Lemma [4.3.3] Lemma [4.2.4] and [BGO8b|, Lemma 4],

P(x)=1 (mod 2),
P_(x) = +2" (mod 3),
P_i(z) = 3(272x +16)S(z)* (mod [) for some S(z) € Z[z].

Since vy(jo) > 0 for p above 2 and v,(jo) < 0 for p above 3, we can choose d such
that d]], ., o(jo) is integral for any 7" C Hom(L, Q) and any prime dividing d lies in
Nmy,/q(5)\{2}, then N,dQ € N and (IV,6) = 1 . Suppose [ { N, then

(v)-(7)

1l
s(d NmL/Q(3(27jo - 16))))

(ss 3(LQl dQ)
58

[L Ql4+v3(dQ)+v2(Q)
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Let j; be the minimal real conjugate of jy in (0,00) and n (0 < n < r) be the number

of real conjugates of jo in (—42,0). If [L : Q] 4 v3(dQ) + v2(Q) is odd, let

jlay) € (Jt, jer1) mis odd,
! (0, j¢) n is even,

so that Nmy qg(P-i(jo)) Nmp,q(2750 + 16) > 0. If [L : Q] 4+ v3(dQ) + v2(Q) is even, let

jlay) € (Je: Jet1)  n is even,
(0, j¢) n is odd,

so that Nmy q(P-i(jo)) Nmp,q(2750 + 16) < 0. In either case we have

and there is a prime divisor p of N such that

)

The conditions on [ and (N, 6) = 1 imply that p ¢ Nmy,(S) and v,(Nmy,,o(Pp(jo))) =
vp(N) > 0. If [|N, then since | ¢ Nmp,o(S) by construction, we can choose p = I.

3. Choose a prime [ satisfying the conditions:
e /=1 (mod 24),
. <’TSZ) =1 for every prime ¢ € Nmp,/o(5)\{2, 3},

e the number of real conjugates of j, between the two real roots of P_g/(x) is odd,
so that

Nmy g (P-z(jo)) < 0.

Let D = —3[. By [BGO8b, Lemma 4], the only possible odd prime power in b, is 3
where 3 is a square modulo /. Then by Lemma and Lemma

P y(z)=1 (mod 2),
P_3(z) =+1 (mod 3),
P_g(x) = S(x)? (mod 1) for some S(x) € Z[z].

Since vy (jo) > 0 for p above 2,3, we can choose d such that d [, ., o (jo) is integral for
any T C Hom(L,Q) and any prime dividing d lies in Nmy,(S)\{2, 3}, then N € N.
Since P_g(z) is constant modulo 6 and [L : Q)] is even, we have

d" Nmpo(P-s(jo)) =1 (mod 6).
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Suppose [ 1 P, then

(3)-6)- () (=) (3)

since P_g /() is square modulo [. There is a prime divisor p of N such that

()

The conditions on [ and (I, 6) = 1 imply that p ¢ Nmy,g(S) and v,(Nmy,,o(Pp(jo))) =
vp(N) > 0. If [|N, then since | ¢ Nmp,o(S) by construction, we can choose p = I.

Remark 4.4.1. One can try to further weaken the local conditions by considering Heegner
cycles with different forms of discriminant D. For primes p dividing D, the unpaired roots
of Pp(z) modulo p can be predicted by checking whether a maximal order in a definite
quaternion algebra ramified at 2, 3, p contains two anticommuting CM orders of some given
discriminants, as computed in [Jao03, 3.4.2]. One can then impose conditions on the number
of prime divisors of D and the congruence class modulo 24 of primes dividing D, so that
Pp(x) has no unpaired roots or Pp(z) has a single unpaired root from the same elliptic
point modulo each p { D. In addition, one imposes a congruence condition on D so that
Pp,e avoids intersection with one of P_g¢ and P_y¢ by Lemma [£.3.2] The local conditions
on jp are determined so that it avoids intersection with the these Pp at p = 2,3, and some
real conjugate of j, and some real root of Pp lie in the subinterval corresponding to one
geodesic. For D not of the form —Np with N = 1,3,4,8,12,24, it is possible that Pp(x) has
multiple real roots in each subinterval, but we still expect an equidistribution result.
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