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1 Introduction

In this text, we are primarily concerned with categorifying combinatorics on oligomorphic groups.
A permutation group is said to be oligomorphic if it has but finitely many orbits on all n-tuples of
the associated G-set. The theory of oligomorphic groups began with work done by Peter Cameron
in the 80s and 90s. For example, see [Cam90], [Cam99)], and [Cam09|. One of the central questions

of Cameron’s work is:

Which sequences (s, )ns0 of natural numbers can be realized as the number of orbits [2"/G]
for some oligomorphic group G.

Many early questions in Cameron’s work, specifically those concerned with orbit-counting, were
connected to combinatorial enumeration problems. That is, given a set G acting on X, we consider
the cardinality of G - X and show that this cardinality can be counted by combinatorial means.
Indeed, there is a deep connection between oligomorphic groups and countability; while not to be
discussed further in this thesis, it is worth mentioning nonetheless. A theorem of Ryll-Nardzewski,
Engeler, and Svevonius, proved independently in 1959, provides a direct link between oligomorphic-
ity and model theory. A proof of the theorem can be found in [Hod97].

Theorem 1.1: Ryll-Nardzewski, Engeler, and Svevonius

Let T be a countable, complete first-order theory. Then T is w-categorical if and only if the
automorphism group of 7', Aut(T), is oligomorphic.

Current literature concerning oligomorphic groups is within representation theory, category the-
ory, and model theory. In this thesis, we will "lift" Cameron’s work on oligomorphic permutation
groups to the level of categories. We do this in two ways: viewing a group action as a pair (G, ),
which is an object of the category G-Set and considering maps between G-spaces, viewed as sets.
Equivalences between numbers become isomorphisms between objects of G-set, in the first case,
and bijections between sets, in the second.

Oligomorphic groups are a physicalist object— they are permutation groups that satisfy a finite-
ness condition. Under the lens of categorification, then, it is interesting that the study of oligomor-
phic groups goes hand in hand with adding layers of mathematical abstraction.

2 Generalities on Oligomorphic Groups

We will present two definitions of oligomorphic groups from two different perspectives— combinatorial
and categorical.

We say that a n-tuple (ai,...,a,), where ay,...,a, € Q is distinct if, for all 4,5 < n, a; # a;.
Otherwise, the n-tuple (a1, ...,a,) is called arbitrary (but we will usually just say n-tuple). Let
G be a group acting on a set 2. There is an extension of the G-action onto three kinds of objects
arising from €. The action is defined "componentwise" and is analogous for each of the three. If
g€G and (ay,...,a,) is an n-tuple with ay,...,a, €, then

g-(ai,...,an)=(g-a1,...,g9-an)



Definition 2.1: Oligomorphic permutation group, combinatorial

Let G be a group acting on a set 2. We say that GG is an oligomorphic permutation group
if and only if G has but finitely many orbits on n-tuples (equivalently, n-sets or (n)-tuples)
of © for all n € N.

That the above definition is indeed valid for n-sets and (n)-tuples will be justified by the
bounds given in Propositions 2.1, 2.2, and 2.3.

Since the definition of oligomorphic groups implicitly assumes a group action, we may drop the
word "permutation". We may also speak of an action being oligomorphic if the associated group
is oligomorphic. Note is that, if G is a finite group, them it is trivially oligomorphic. In section
1.2.1 we will show, using the downward Lowenheim-Skolem theorem, that we can restrict our study
of oligomorphic groups to those which are at most of infinitely countable cardinality.

The above definition is implicitly combinatorial as we are thinking about the number of G-orbits.
We can categorify the above definition by thinking about G-orbits as sets. Recall that G induces an
equivalence relation ~g on §2 where elements a, b € 2 are considered equivalent if there is an element
g such that ga = b. Let /G denote the set of equivalence classes of €2 under ~5. Then Q/G is Q as
a G-set and is the collection of all orbits of G on €. Let P,(X) denote the set of n-sets of Q, Q™)
denote the set of distinct n-tuples of €2, and, as usual, 2" denote the set of arbitrary n-tuples of €.
Considering the set of orbits Q"/G (and Q™ /G and P,(€)/G) allows us to express the condition
for oligomorphicity in terms of it. This will lead to slightly hefty notation, but it sets the stage for
Chapter 3, where we begin our discussion of the category G-Set.

Definition 2.2: Oligomorphic permutation group, categorified

Let G be a group acting on a set €. G is oligomorphic if and only if |Q2"/G| = k (equivalently,
100 /G| = k or |P,()/G| = k) for some k € N, for all n e N.

In the remainder of this section we will prove three propositions showing that the three quantities
|P,()/G], 1920 /G, and |Q"/G| can be finitely bounded in terms of each other. Therefore, if one
is finite, then the other two are. This justifies our definition of an oligomorphic group as one with
finitely many orbits on any one of the three objects.

Proposition 2.1

For any pair (G,Q), |P.(Q)/G| < Q™ /G| < n!|P,(Q)/G.

Proof. Recall that P,(€Q)/G and Q™ /G denote the set of orbits on n-sets and distinct n-tuples,
respectively. Define an equivalence relation ~ on the set Q(") where (a1, ey an) ~ (B1y-ey Br)
if {aq,...,an} = {P1,...,0n}; i.e. they are set-equivalent. Elements of Q(")/ ~ are of the form
[(a1,...,a)]. Since any given n-tuple has n distinct orderings, the equivalence classes contain
n! elements of Q). Consider the function & : P,(Q)/G - (2] ~)/G where h({o,...,an}) =
[(a1,..., ) ]. This function is clearly bijective, since each set determines a single equivalence class.
But since the equivalence classes correspond to n! elements of Q™) they all either share the same
orbit or not. If they share one orbit, then |P,(Q)| = |Q(™)]|. If they all have different orbits, then



there are n! orbits corresponding to a single n-set, and so F,, <nl!f,. Then we arrive at the bound
[Pa(@)] < [2M)] < nl| P, ()] O

Proposition 2.2

Let G be an oligomorphic group acting on Q. Then |Pn,1(Q)/G| = |Q*)/G| implies
QMG =1

Proof. That P,,1(€) = QD /G holds implies that any permutation of n+ 1 points can be induced
by an element of G. Why? Because if our orbits on (n + 1)-sets correspond exactly to orbits on
distinct (n +1)-tuples, then all permutation of the points in the (n+ 1)-set are mapped to the same
orbit on n—tuples. Then, if two n-tuples happen to share n —1 points, we can one to the other by a
permutation that fixes their setwise union. The fact that such a permutation exists is provided for
us because we can induce any permutation we like on n + 1 points. O

The next proposition involves the Stirling numbers of the second kind, denoted by S(n, k). They
count the number of partitions of an n-set into k parts. A good reference is [Bru09].

Proposition 2.3

Let G be an oligomorphic group acting on Q. Then |Q"/G| = X7_, S(n, k)|Q®) /G|

2.1 Examples of Oligomorphic Groups

In this section we will cover two classic examples of oligomorphic groups are the infinite symmetric
group, S, and the automorphism group of the rationals Aut(Q).

Let S denote the group of all permutations of N with finite support, that is, all permutations
o = (ag,...,a,) such that n € N, where ai,...,q, € Q, a countable set. We call S, the
infinite symmetric group.

Consider the action of S, on £ = N. Notice that for 1-tuples, which are just single elements,
there is only one orbit. This is because, for any two elements «, 3 € €2, there exists 0 = (a3) € Seo,
and o(a) = 8. Since our choice of «, § was arbitrary, we conclude that any two elements in Q can
be mapped to each other under the action of S, so they all must sit in the same orbit. We have a
definition for this.

Definition 2.3

Let G be a group acting on a set X. We say that G is transitive on X, if there is only one
orbit. We say that G is n-transitive on X, if G has only one orbit on X™.

If we continue this line of thinking for 2-tuples of 2. We now claim there are two orbits, which
correspond to tuples of the form (a, @) and (o, 3), where o # 3. In this case, (o, «) can be mapped
to any (a, ) and («, ) can be mapped to any (v, d). We can extend our above definition reactively.



Proposition 2.4

The infinite symmetric group Se. acts transitively on Q™) the set of distinct n—tuples of
elements in €.

Proof. Let (...a,) be an arbitrary element of Q™). Sy, is transitive if there is only one orbit on
Q") Equivalently, for any (31, oy Bn) € Q) there exists a g € Se such that (a1...an)g = (B1...0n)-
Since Q") consists of distinct n-tuples, we know that for (a,...,a), ; = a; if and only if i = 5, for
1<i<j<n. For a,fB €, we know that there exists a g € So, such that ag = 8. We can say more,
that g = (o). Then for (ay...ay,) and (1, ..., Bn), there exists a pairwise permutation mapping «;
to B, the 2-cycle («;3;). Then let the permutation g € Se be g = (a181)...(anBr). Clearly g maps
(a1...ap) to (B1...05). Since our choice of n-tuples was arbitrary, we conclude such a g exists for
any pair of n-tuples in Q™. Equivalently, for any two elements of (2", they lie in the same orbit
induced by an element of So,. Then S, acts transitively on Q).

Let Q = (Q, <) denote the structure with models T'Aut(Q), the first-order theory of the rationals
as a dense linear order.

Recall that an order relation < on a set x is a dense linear order (DLO) if it is a partial order
with the condition that for any two elements x,y € X such that z < y, there exists an element z € X
such that x < z < y. We can show that Aut(Q) is oligomorphic using a combinatorial proof. In
Section 3 we will be able to categorify this proof to take place within G-Set.

The group Aut(Q) is oligomorphic; moreover, we can place a tight bound of its orbits on Q"
for all n € N. We break these into two cases: for (n)-tuples and for n-tuples. The proof strategy
will show some examples for small n to build intuition before proceeding to the general proof.

The group Aut(Q), with the natural order-preserving action on Q is oligomorphic.

Proof. We are trying to determine the cardinality of Q™) / Aut(Q). Consider the action of Aut(Q)
on QM. Let (ay,...an) € (Q™), <), where a; + aj for all 7,7 < n. Notice that an automorphism
of Q is only required to preserve the order of the tuples. Thus, counting the orbits for (n)-tuples
is equivalent to counting the different orderings of (aq,...,a,) € Q. Since our tuple is distinct, we
can say WLOG a; < as < -+ < ap. The different orbits then correspond to all the possible orderings,
which is n!. Then F,(Aut(Q,<)) =n! for all n e N.

Since Aut(Q) is transitive on Q, there there is only one orbit, and |Q/ Aut(Q)| = 1. There are 3
orbits of Aut(Q, <) on Q?, which correspond to (a,a), (a,b) and (b,a), where a < b. If we move to
n =3 a larger pattern emerges. Our strategy is to count all the different ways to relate the elements
in a 3-tuple. First we ask what kinds of tuples (up to equality) we can form in Q3. They are listed
here: a=a=a,atb=ba=az%baxb+a,a+b+*c,

Notice that what we have just done is count the number of partitions of [3] = {1,2,3}. We now
count the ways to order the elements in each partition. Once we have done so, we will have counted
all possible relations on 3-tuples, and thus counted all possible orbits of Aut(Q,<) on Q3.



a=a=a=1 orbit
a+b=b= 2 orbits, a<b,b<a
a =a #* b= 2 orbits; ditto

a + b+ a= 2 orbits; ditto

a + b+ c = 3! orbits, same as for Q(3)

We have 1+ (2+2+2) + 3! = 13 total orbits, so we may write Q® as a G-space as follows:

Q* QM uQ®LQ®

2.2 Model-theoretic connections

In this section we consider applications of model theory to the study of oligomorphic groups.

2.2.1 The Canonical Relational Structure

We first present a result about a structure which can be associated with a group action.

Theorem 2.2

If G is a permutation group acting on a countable set €2, then there is a relational structure
M, where |M| = Q, over a countable language, such that

1. G <Aut(M)

2. G and Aut(M) have the same orbits on Q" for every n.

n [Cam90], Cameron gives a description of a structure satisfying the above, called the canonical
relational structure.

Decompose Uy,s1 2" into orbits Op, O,, ... and with each orbit associate a relation symbol R; of
arity n. The interpretation of R;, which is RZM, is taken to be O; as a set.

For the first condition, we want GG to be a subgroup of the automorphism group of M. Up till
this point M is the structure with  as its domain and the relations of M that need to be preserved
under any automorphism are simply the orbits. We can indeed decompose the G-set in this way
since orbits induce an equivalence class. It is also clear that the elements of G can be thought of as
automorphisms of M in the natural way, because we think of them as acting on the domain of M,
which again is ). They preserve all the relations because the action of G on 2 is already defined.

Now we see G is definitely some of the automorphisms of M. But what automorphisms could
exist that are not elements of G or somehow equivalent to them?

The next thing we need to check is that G and Aut(M) have the same orbits on Q" for every
n. Well, if we have some tuple of elements of (2", we can be sure it satisfies a unique R;, meaning
the 7 it holds for is unique. Then if two tuples lie in the same Aut(M) orbit, they satisfy the same



relation R;, so they both lie in the same "orbit" O; (it’s not really an orbit because at this point
its just a set that holds for the relation R;), but the elements in the set O; are only there if they
are in the same G-orbit O;. Then this construction should be more or less clear.

Cameron makes a closing comment that G might be the automorphism group of a structure over
a different language. What he means by this is a group G (an abstract group or permutation group?
I think both) is a structure over the signature of groups o = (e,”!,-), but we have seen examples
where G is the group of permutations of (Q,<), but the automorphism group of that structure
Aut(Q, <), is a structure over the relational language o = (<).

What are some examples of G being the automorphism group of a L-structure A, where L is
a language that contains constant symbols? Function symbols? A mixture of both?

2.2.2 Countability

The goal of our section is a "metatheorem" which says the following.

It is sufficient to study oligomorphic groups of countably infinite degree.

We shall see it is a consequence of the downward Lowenheim-Skolem theorem

Theorem 2.4

(Lowenheim Skolem): If a set of sentences in a first order language L has a model, then it
has a countable model.

To show our result, we will describe how we can express all the information concerning permu-
tation groups of the oligomorphic type in a set of sentences. More specifically we will write up a
theory which will clearly have a model and use LS to deduce it will have countable models.

We proceed with a rough sketch constructing a model and axiomatisable theory that will model
all our enterprises in oligomorphic groups. Let L be the usual language of groups with two extra
unary predicates P and R, where P = X and R = G. So these unary predicates are intended to
distinguish between elements of X and elements of G. Our theory consists of the three axioms for
abstract groups and one for group action.

Vg(e-g=g-e=e)
Va1,92,93((91-92) - 93 = g1 (92 92))
Vgdg (9.9 =g g=¢)

Vg, h,x(g- (he) = g-h(x))

where we use g and x to suggestively indicate group elements and G-set elements, respectively.
To be absolutely precise we would also have to add some conjunctions inside of the scope of the
quantifier specifying which relations the variables belong to, but we skip over that detail here.

We also need infinitely (countably) many sentence asserting that for each n, there are only
finitely many orbits on Q. As Cameron notes, this basically can be summed up as "there exists n
elements of G such that none of them are mapped to any other".



n (mod n)

3x1,70,..., 2, Vg ( \/1 (g-xiile))
i=

From the downward LS theorem, we can assume the structure we have given satisfies our theory
of oligomorphic permutation groups and so it has a countable model.

Cameron makes the following observation: given a permutation group G acting on a countable
set €, there is a countable subgroup with the same orbits on tuples as G. I was wondering if you
get this from Lowenheim-Skolem but you don’t in general because you would probably only get
subgroups (elementary substructures) which go down to countable degree, but maybe not further.
The way Cameron actually gets it is as follows: We can actually enumerate the pairs of tuples
which lie in the same orbit, and thus choose an element of G which maps one to the other. Then it
definitely preserves all the orbits since no element (in our new group H, the collection of elements of
G found in this way) is mapped to an element that was not in its orbit, but since we did it pairwise
and those pairs are countable, it must also be countable.

3 Category of G-Sets

In this section we are concerned with G-Set, the category of G-Sets. This will play a role in Section
3 because we will be lifting equivalences on orbits from numbers to sets. For now it suffices to say
that a set X acted on by a group G can be lifted to the its G-set, which lives in the category of
G-sets, by the mapping G- X.

3.1 Category-theoretic preliminaries

This section primarily draws from [BL0O9| We proceed with some quick category theoretic definitions.
For readers unfamiliar with category theory, one motivation is that categories seek to generalize a
common situation in mathematics: studying some kinds of objects and structure-preserving maps
between them. An example is a collection of groups and the homomorphisms between them.

A category C consists of two things:

e A collection of objects Ob(C)

e For any pair of objects 2,y € Ob(C), a set Mor(C) of morphisms f:z >y

In addition to these things, a category is equipped with the following.

e For each object x, an identity morphism 1, : x — z.

e For any pair of morphisms f:z — y and ¢ :y — z, a composite morphism ¢gf :x — z
The following laws should also be satisfied.

e For any morphism f:x — y, the left and right unit laws hold: 1, f = f and f1, = f.

e For any triple of morphisms f:w — z,g: 2z — y,h : y — z, the associative law holds:

(hg)f = h(g[).



We use lowercase latin letters to denote both objects and morphisms in a category. However,
when a letter denoting an object is clear from context, we will write x € C as shorthand for z € Ob(C)

In a category C, morphisms serve as the maps between objects. We can also have maps between
categories, called functors.

Definition 3.2

For categories C and D, a functor consists of the following things:
e A function F': Ob(C) - Ob(D)
e For any pair of objects x,y € Ob(C), a function F : Mor(z,y) - Mor(F(x), F(y))
The following laws should also be satisfied.
e F preserves identities- that is, F'(id¢) = idp

e F' preserves composition- that is, for any pair of morphisms f:x -y and g :y - 2
F(gf) = F(9)F(9)

A bifunctor is a functor f : A - B where the source is a product category, i.e. A =C x D for
some categories C' and D.

A common theme in category theory is increasing levels of abstractions. We described maps
between categories, and will now describe maps between functors.

Definition 3.3

Given functors F,G : C — D, a natural transformation « : F' = G consists of the following
things:

e A function « associating each object x € C
e For any morphism f:x — y in C, this diagram commutes.

F(z) —2 s ¢(x)

3.2 Monoidal categories

Another word for a monoidal category is "tensor category". In short, a monoidal category is a
category equipped with a binary functor ® : M x M — M, called a tensor product which satisfies
some structure-preserving conditions. In particular, we capture left and right unit laws along with
associativity using natural transformations and identities governing them.

10



Definition 3.4

A monoidal category consists of the following things.

A category M

A binary functor, called the tensor product ® : M x M - M

An identity object, denoted 1 € M

Three natural isomorphisms: the associator,

Upyz 2@ (Y®2) > (2@Y)® 2

the left unit law,

lz:1®x—>x

and the right unit law,

.1l —>x

\. J

For M to truly be monoidal, the natural isomorphisms we declare the natural isomorphisms
above to be such that the following diagrams commute. The pentagon identity,

(weozr)®Yy)®=2

Awez,y,z
(wezr)®(y®=2) (we®(z®y))®z
Oy, z,y®z Oy, z®y,z

we(r®(yYoz))+—we ((z®y)®2)

w aa:,y,z

and the triangle identity,

(x®1)®y

Tz ®1id, Gz,1,y

TRY ¢ r®(1®
id, ®1, (tey)

The simplest example of a monoidal category is the category of sets where the cartesian product
serves as the tensor product. It is fairly straightforward, but instructive to prove that this indeed

11



forms a monoidal category. All we need to do is identify what the identity morphisms are and prove
that the left and right unit laws as well as the pentagon identity.

(wezr)®y)®=z

Awez,y,z
(wezr)® (y®=z) (we(zoy))®z
Oy, z,y®z Oy, z®y,z

we(z®(y®z))+—we ((z®y) ®2)

w T, Y,z

The cartesian product is essentially just juxtaposing elements and makes the proofs look rather
vacuous as a result. The point is that at each step of proving an arrow relies on some choice of the
associator, which we only have because we’re working in a tensor category.

A fair question to ask is whether the pentagon identity, which only concerns all possible paren-
thesizations of four objects, holds for five. With the Coherence Theorem, Mac Lane proved that
pentagon identity implies associativity for five objects, and in fact, any number. However there is
an easier combinatorial proof. Right now we will prove it for five objects using brute force since the
proof is instructive.

Insert proof here (a pain to latex, write out cleanly first)

Proof details: write out all the possible parenthesizings of five elements, arrange the arrows in
the proper way, then use the pentagon identity to prove the whole thing commutes by identifying
the little pentagons that exists inside to resulting associahedron. (Include note about saturation.
The possible parenthesizations of n objects are basically the saturated ones.)

Note: about how associativity is really easy for groups and sets but its not so easy for categories
and with categories there are all these geometric realizations of associativity laws.

3.3 G-Set

We are now ready to introduce the category G-Set. It is a category where the objects are ordered
pairs (X, ®), where X is a set and ® is an action of G on X. All the actions are implicitly known
to be G-actions so there is no missing data. To see what the morphisms should be, notice that our
objects are just sets with some structure. So morphisms between our objects should be morphisms
between sets, which are just functions between sets. This justifies our choice of notation since we
are essentially working in the category Set while simultaneously paying mind to G-actions on its
objects. For morphisms in G-Set we demand that these morphisms respect the action of G on X.
We collect this ideas in a definition.

12



Definition 3.5

Fix a group G. Let G-Set denote the category of G-sets, consisting of the following things.

e The objects are ordered pairs (X, ® : G x X - X)), where ® is a group action. When
the action is clearly defined or arbitrary we will abbreviate as (X, ®).

e For any pair of objects (X, ®), (Y, V), the set of morphisms Mor((X,®),(Y,¥)) con-
sists of all functions f: X — Y such that the following diagram commutes.

GxX 24 x

a

GXYT)Y

Intuitively, we think of the above diagram as meaning that f preserves the actions of G on X
and Y, respectively.

4 Bounds on Orbits via G-Set

4.1 Categorification

A common theme in this paper is lifting equivalences from the level of numbers to the level of
categories. In this setting either two things can happen. The identity we are lifting can be implied
by the commutativity of a certain diagram isomorphism of some kind. Consider the following
identity, which might be proved in an undergraduate abstract algebra class.

Proposition 4.1

Let & : G x X — X be an action of G on X. The following identity holds.

|O;| = [G : Stab(z)]

The strategy for the proof is as follows: We are trying to establish an identity between numbers.
For our "categorified" proof, we will lift the equality from Set to G-Set. Informally, this will look
like finding objects in G-Set that "play the role" of their counterparts. In this case, all we need
to do is find an action ® of G on the sets in question and our rephrasing is the object (X, ®). At
the level of categories, isomorphism plays the role of equality, so we will construct an isomorphism
between the objects, which will establish the result.

Proof. We will rephrase the identity in terms of G-Set. O, is a set with a G-action, so we rephrase
it as (O, ®|o, ). The action of G on O is the induced action of G on X, since O, is a subset of X.
For Stab(x), there is a G-action on it defined by left multiplication. Let ¥ be this action, giving us
the object (G/Stab(z), ). We now seek to prove the following identity.

(04, P|0,) = (G/Stab(x), ¥)

An isomorphism between objects in a category is morphism that has a well-defined inverse. So
all we need to do is find a map ¢ : O, — G/ Stab(x) that has an inverse. We claim that this map is
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x; = g; Stab(z) and the converse map is g; Stab(z) = g;;. We need to prove that @ o1 = idg/stab(x)
and ¢ o p =idp, .

We have the following series of equivalences.

If g(x) = gStab(z) and h(z) + hStab(z) then (h™1)g(z) = z) and so h™'g € Stab(z). Actually
everything in the previous statement is an if and only if so we have shown well definedness. O

4.2 Bounds on orbits

Proposition 4.2

For a group G acting on (), we have the following:

|P.(2)/G| <12 |G| < nl|P,(Q)/G]

Note that an n-set gives rise to n! distinct n-tuples corresponding to the possible orderings
on the n-set. This proposition essentially says that there are no more orbits on n-sets than
their possible orderings allow.

Proof. Let m, and my be the canonical maps mapping Q™ and P, () to their G-sets, Q™ /G and
P,(Q)/G, respectively. These maps are defined as

mi(at,...,an) =G (ay,...,ap)

mi{a,...,an} =G-{a1,...,a,}

Define a map w : Q™ - P,(Q) by w(a) = {a}. This map is clearly surjective; given an n-set
{a1,...,an} the n-tuple (aq,...,a,) maps to it under w. Since w is surjective, we can speak of the
fiber of an element {a} under w, that being the set

wHai,...,an} = {(a1,....an) :w(ai,...,an) = {a1,...,an}}

Clearly, |w{a1,...,a,}| = n!, since there are n! orderings of an n-set corresponding to distinct
n-tuples.

We then want to define a map @ : QUM /G - P,(Q). Our claim is that @(G - (a1, ...,an)) :=
G-w(ay,...,ay) is a well-defined map. To see this it suffices to check the following property about
w. w(Ga) = Gw(a)

w(g-(a1,...,an)) =w(ga,...,gan) ={ga1, ...,gan} = g{a1, ...,an} = g-w(ay,...,an)

In light of this we see that the following diagram commutes.

oM ¥ P.(Q)

|

MG —= P.(Q)/G

14



We now move towards establishing the bounds themselves.

We first show that @ is surjective. Consider some G - {a1,...,an} € P,(Q)/G. We want to show
that there is some G - (a1, .., a,) € QU /G such that w(G - (a1,..,an)) = G- {a1,...,a,}. Notice that
{ai,...,an} is the preimage of G -{aq,..,a,} under my. The map my is clearly surjective, though
the preimage may not be unique. Since, w is surjective, there must be some (ay,...,a,) such that
w(ay,...,an) ={ay,....,an}. Then me(ay,...,a,) = G- (ay,...,a,), so we have found an element in a
well-defined way that maps to G- {ai, ...,a,}. We then conclude that |P,(Q)/G| < |Q™/q|.

We will then place a bound on the cardinality of (") /G using the fibers of @. We claim that
the fibers of G-{a1,...,an} € P,(Q)/G is the set {G-(a1,...,an)|o € Sp}. We can place a bound of n!
on the cardinality of this set since some permutations may map different tuples to the same orbit
(Compare this to how the size of the set was completely determined by permutations in the case of
Q).

Then suppose G - (a1, ..., an) % a- (B1, .-+, Bn) Since the orbit representatives differ up to an
element of G, there exists some element g € G such that g-{a1,...,an} = {ga1,...,9an} = {51, -, Bn}-
Since these are setwise equivalent, we have one of the following situations.

gai =by,gaz =ba,...,gan = by
gai = by, gas = b3, ..., ga, = by

gai =b;,,gaz = by, ...,gan = b;,

where the i; are elements of some index set I. Then the permutations of I determine the
ordering in which the elements gay, ..., ga, are sent to by, ..., b,, which are precisely the elements of
Sh, since |I| = n. Since (gay, ..., gay) = (b1,...,bn), we can say that {o1gai,...,0ga1} = (b1,...,by).
Since our choice of G - (ay,...,a,) was arbitrary, we conclude that the preimage of G- {by,...,b,}

is {G - (cay,...,oa,)|o € S, } which, as we previously observed, has cardinality bounded by n!. We
then conclude that [ /G| < n!|P, ()] O

4.3 Bounds using wreath products

Recall that an oligomorphic group is a permutation group G acting on a set X such that G has but
finitely many orbits on X" for all n.
In [Cam90], Peter Cameron proposes the following question.

Proposition 4.3

For any oligomorphic permutation group G, F, (G) = F;,(Se Wr G).

Recall that F; and Fy denote orbits on arbitrary n-tuples and distinct n-tuples, respectively.
Now, we can rephrase the question above by categorification, where we view the equality between
numbers as an equality between G-sets.

Proposition 4.4

Suppose G ~ () is an oligomorphic permutation group. Let W = S, Wr GG, the wreath product
of the infinite symmetric group and G. Then we have that |Q"/G| = [(N x Q)™ /|
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Proof. For the moment we will consider the special case where G = So, and 2 = N x N| since Se
acts on N.

(NxN) — % 4 N7

(N x N)™) /W 1—¢1> N"/G

This proposition is then equal to this diagram being commutative and the sign "1:1" being valid.

The set (Nx N)(”) consists of n—tuples of duples. The first coordinates of each duple correspond
to the elements of the fibers and the second coordinates index the fibers themselves. Moreover, each
duple is distinct.

Recall an n-tuple, (aq,...,a,) induces a partition of the n-set {1,...,n} where for some i, j < n,
¢ and j lie in the same part if and only if a; = a;. We know that the orbits of n-tuples of N under
Se are determined up to the partition they induce. Then our strategy will be to consider certain
"canonical" partitions and their ¢-preimages. Because we are transitioning from between arbitrary
and distinct tuples, we can be judicious about the preimages that we choose in order to reveral a
larger pattern. As we will see, classifying all possible preimages will be enough to show equivalency
of the orbits.

As an example, consider the element (1,...,1) € N*. Now, we can characterize orbits of N"-
elements, which we can also think of as sets. These sets are determined by the group action;
in the case of S, acting on N, the orbit an an arbitrary element is determined by the partition it
characterizes. (To see what we mean, note the general fact that that an arbitrary n-tuple (a1, ...,a,)
determines a partition of {1,...,n} where i,j € {1,...,n} lie in the same part iff a; = a;. In our
example, we just skip a step). It is clear that (1...1) € {(k...k) | k e N} = O(;_;). Equivalently,
Soo is transitive on O(y_ 1)), and the element (1...1) happens to be in that very set. Our next
move will be to find a p-preimage of (1...1), and then find an arbitrary ¢-preimage of (1...1),
where it will then become clear that the orbit of (1...1) and the orbit of a p-preimage of (1...1)
are one and the same. This will show that we have a 1:1 correspondence between orbits. (The
process is straightforward, but we choose to show clearly all the steps). Then let Let 1,...,mn € N be
a list of elements such that 1% ---#n. Then ((1,1),...,(n,1)) € (N x N)(™ is a suitable @-preimage
of (1...1). Moreover, the orbit of this element is the set {(mq,k),...,(mu, k) | my,...,mp, k €
NAmq # -+ my}. But, an arbitrary op-preimage of (k...k) is precisely (my,k),...,(my, k) where
mi # -+ ¥ My. So we have shown the orbits are equal, and we are done.

We will now move towards proving the general case (of the special case where G = So,). Our strat-
egy is this: We will prove the proposition once more for a judicious choice of N™-element, then argue
that this proposition proves the general case. The element in questionis (1...12...2...p...p) e N"
where we have by 1s, ba 2s, and so on, and finally b, ps, such that by + by +--- + b, = n. It should be
easy for us to see that the arbitrary ¢-preimage of this element, and also the orbit is the set

mp, eN for all 4,5
{(mbll ) 1)> R (mblbl ) 1)a (mbzl > 2)7 AR (mb2b2 ) 2)7 R (mbpl 7p)7 SR (mbpbp 7p) ‘ M #---thmbib for all is;n}
i

Our next move is to show that the 1:1 correspondence between orbits is preserved by an arbitrary
permutation (or perhaps, reordering) of (1...12...2...p...p), where we permute the 1s as one
group, the 2s as one group, and so on. Now consider the element (k;...k1ka...ko...kp... kp). If we
can show that the orbit of an arbitrary o-preimage of this is the same as our special element, up
to a relabeling of the m’s, then we will be done.
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It is important to note these elements are not necessarily in the same orbit, but simply that
we can characterize them the same way, and in turn they range over all possible elements of

N".
We conclude with a rough sketch of how to do the relabeling.

(mb117k1)7 N (Tnblb1 ,kl), (m521,k2), e (mebz’k2)’ oy (mbpl y kp), e (mbpbp’kp)

We do the relabeling in the following way. If k; = 4, then do nothing. If k; = j, then switch the
labels from m; to m;. If we repeat for each k;, we will be done. O

We can characterize elements of N" as partitions. We do this because we know that the
partition of some n-tuple in N uniquely determines its orbit in (N x N)("). But since the
partition in N uniquely determines its orbit in (N") - S, we have a 1-1 correspondence
between the orbits, and the proposition is proved (for this very special case).

A partition of @ = (1...a) is a uniquely determined by the following two objects. First,
for some a € N, an equality @ ~ njaz +n2as +. .. +ngap, where Vi <k,n; e Nand Vj <n,a; e N
k,l € N. Note that some of the a;’s may be equal to each other.

To motivate this definition, notice that an element of N* has length a and contains an
ordered string of integers with some repetition and multiplicity.

Then a is to the length of the string (in N"), the a;’s are the natural numbers (possibly
with repetition) that make up the string, and the n;’s are the respective multiplicities (in
a row, so to speak) assigned to each integer. As an example (112211) is written as 6 ~
2:1+2-2+2-3

It is important that we consider which elements in the string are equal to each other up to
not being in the same run. Let A = {ay,as9,...,a,}, and let E = {ag = a;, k,l <n,ar,a; € A}.
Now we have all we need to characterize elements of N by looking at them as partitions.

We proceed with a proof of the Proposition 3.4 where G = Aut(Q). We first need a lemma.

The right action of f on the right-coordinate (k1,...k,) preserves the distinctness of the k’s.

Proof. Note that the value of f(a;) is dependent on which coordinate we are in, i.e. which value
of i. Note that, in a tuple ((k1,a1),...,(kn,an)), ki and k; only need be distinct if a; = a;. Then
the action of (f,q) on the tuple looks like (...(k;f(a;),aiq),(kif(ai),a;,q)...). Since the action
restricted to k; and k; is the same, the distinctness of k; and k; is preserved. O

Let Aut(Q) act on Q and S act on N. Now let W := Soo Wr Aut(Q) be the wreath product
of these two groups. Then |(N x Q)™ /W] = |Q"/ Aut(Q)|.
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Proof. The proof proceeds as follows. Let O = Aut(Q) - (ai,...,a,) be an arbitrary orbit in
Q"/Aut(Q). Firstly, O is a tuple which determines a partition. Then it has some order rela-
tion R on it which determines the orbit. The orbit is completely determined by the partition and
the order relation on it. Then if we make a judicious choice of preimage of @ in (N x Q)™ /W, we
get the following.

{((k1,a1),...(kn,an)) | ki # k; if a; = aj, Vi,a; € Q, k; € N, the order relation R is satisfied }

If we then consider the action of W on the tuples of the following set, we get, for (f, k) € W,

((klva’l)a s (knvan)) : (f7Q) = ((klf(a1)7a1Q)7 s (knf(an)7a7IQ))

The componentwise action of f(a;) on k; will preserve the distinctness of the k;’s as we will
show in the lemma below, and the componentwise action of ¢ on a; will preserve the order relation.
Then our choice of preimage corresponds precisely with the orbit induced by an arbitrary element
in it, and we are done. O

5 Appendix

In this section we present some preliminary details to understand the wreath product construction
covered in the previous section.

5.1 Semidirect Products

The material in this section draws from [DM96|, Chapter 2.

To understand wreath products we must look at the simpler construction of semidirect products,
a generalization of the idea of direct products.

Let H and K be groups and suppose that we have an action of H on K which respects the group
structure on K. If H respects the group structure on K that means that h- (k1k2) = (hky)(hke),
and also h-ex = eg. Then for each x € H the map v » u* = u-x is an automorphism of K.
Then put G = {(u,z)|lu € K,z € H} (remember H acts on K), and define a product on G as
(u,x)(v,y) := (uvx_l,:zty) = (wva™t zy) for all (u,z)(v,y) € G.

My first thought is this product is kind of weird and I don’t really know why it’s defined in this
way. But I think the first thing to do is check that it’s associative and that we’ll be okay defining
it in this way:.

We have two properties because H acts on K by automorphisms. The first is that (k%)° = k%
and the second is that (kik2)® = k{kS. So then perform the following calculation, to show that the
product on G is associative



The next thing to check is that G has an identity element. But it’s obvious that is identity element
is (1,1). Finally, we need to know that each (u,z) € G has an inverse. We claim that this inverse is
((ugc)_l, m_l). Recall that because H acts on K by automorphisms, it also respects inverses, which
explicitly means that (u®)™' = («7!)*. Then we can perform another calculation.

(u,x)((u”)fl,xfl)

= (u(u®) 2zt zah)

= (u(u™)*27h1)

= (wutzx 1) = (1,1)

The fact that inverses commute can be seen by rearranging inside the product (you should check
this).

We can ask about the subgroups of G. We have two, which are familiar to us from direct
products. They are H* := {(1,z)|x € H} and K* := {(u,1)|u € K}. These groups are isomorphic
to H and K respectively, but more than that G = K*H* and K* n H* = 1. I think I'll verify all
these facts in a moment. Also K* (the set that was acted upon) is normal in G, but also we have
something interesting when H* acts upon K* by conjugation (which I think is an important thing
in wreath products). To see this,

(1,2) Y(u,1)(1,2) = (1,2) M (ul, 1) = (ul1® 2z 2) = (u%,1)

because (1,2)7' = (1,271).

Recall that K*H* = {(u,1)(1,2z)|u € K,z € H}, all the products between the two. Actually
there is something to check here for sure because the product here is not the same as that of direct
products. But actually because of the form (u,1) and 1 being self inverse, we just end up getting
all the pairs (u,z) for ue K and x € H. So then we can be sure G = K*H*. And that K*nH* =1
should be clear. We'll leave K* being normal in G as an exercise for now.

A big takeaway is that for H to respect the group structure of K is absolutely critical for all
this stuff to happen.

Now we can say that we call G the semidirect product of K by H, and we denote G using
the notation K x H. We say "by H" to call attention to the fact that H is the group that acts on
K. The semidirect product, specifically its multiplication, is definitely dependent on the action of
H on K, but its not explicit in the notation.

Lastly, it should be clear that |G| = |H||K]|.

The following is Cameron’s construction of the wreath product in [Cam99]. Let H and K be
two permutation groups acting on the sets I' and A, respectively. Then let = T" x A. Cameron
says we should think of this as a covering space A where the fibers are bijective to I'.

The quick answer is that can say the wreath product of two groups is the semidirect product of
the base group and the top group.

Next we let B, called the base group, be the Cartesian product of |A| copies of H, where each
copy is associated with each fiber of €2, which is to say each element of A.

Why is it important that we have |A| copies of H? Why couldn’t it be some other number?
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One answer is because we have an action of K on A so we need the action of the top group Kj
on the bottom group B to model the action of K on A. In the original world, K acts on the n = |A]
elements of A, and in the wreath product world we have the top group K; acting on the n fibers of
the bottom group B.

Next we let K1, called the top group, be the permutation group on {2 that permutes the fibers
of © (the elements of A). It does this according to whatever action it has on A.

Wreath product. Given the above construction, the wreath product of H and K, denoted
by H Wr K, is the semi-direct product of B and Kj.

We have a result concerning the embedding of a group G into a wreath product.

Let G be a a group which is transitive but imprimitive on €2. Let I' be a congruence class.
Let H be the permutation group induced on I' by its setwise stabilizer in G. Let A be the
set, of congruence classes. Let K be the group induced by A on G. Then G can be embedded
in a natural way into H Wr K, as a permutation group.

The setwise stabilizer of a set I' is the set of all z € G such that I'* =T".

Any finite transitive permutation group can be broken down into its primitive "components"
(he uses parentheses here to suggest they are not really components, perhaps it is because, as he
suggests, some information is lost). In general we cannot do this for infinite permutation groups.
However, if the group we are considering is oligomorphic, we can always do this. Actually, all we
need is that the group has finitely many orbits on ordered pairs. Such a group with the lattermost
condition can only have finitely many congruences. Any congruence can be thought of as a set of
ordered pairs, which is the union of orbits of G in its action on € x 2.

The last thing we discuss is an important action of the wreath product H Wr K on the set of
functions ¢ : A > T'. An element f of the base group acts by ¢ f(i) = ¢(i) - f(i) while the top
group act on the arguments of the function by ¢ - k(i) = @(ik™!).

5.2 Wreath Products
We begin with some material developed in [BMMNOS].

Let C be a group and D a group acting on a set A. Define K := C® = {f|f : A - C}
and pointwise multiplication on K as follows fg(d) = f(0)g(d). The identity element of K,
denoted 1x, maps every element of A to the identity of C.

We can define an action of D on K if we say, for f € K and d € D, f4(8) == d(dd™'). To see

that this defines an action, f94192(8) = f(6(did2)™t) = f(6dytd;Y) = f4(8dyt) = (f)92(8) where
the second to last inequality follows because D acts on A, I think.
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The wreath product W of C by D is defined to be the semidirect product of K by D. This
is the explicit definition.

W:i=KxD=C?xD

is defined on the set {(f,d)|f € K,d € D} where multiplication is given by (f1,d1)(f2,d2) =
=il
(fifs"  drds)

Let H and K be two permutation groups acting on sets I' and A, respectively. Let Q =1 x A,
which we think of as a covering space of A with fibers bijective to I'. In particular, for a fixed § € A,
its fiber is I'y = {(y,9) : vy e T'}.

We now describe the main ingredients of the wreath product. Let B be the direct product of
|A| copies of H, i.e. B = HIAI We think of each copy of H as permuting the fiber is it associated
with, meaning we consider A to be a kind of indexing set. The group B is isomorphic to the group
Fun(A, H), which is the set of functions from A to H, where the group operation is pointwise
multiplication. This provides a nice characterization of B where we think of its action as being
"indexed" by the fiber in question.

Next, let T be a copy of K which permutes the fibers themselves. Informally, we can think of
B as permuting ) "up-and-down" and 7" as permuting 2 "left-and-right". Given B and T', we can
form their (external) semidirect product BT, which is called the wreath product of H and K. We
denote the semidirect product BT by H Wr K.

The (right) action BT on §2, sometimes called the imprimitive action, for f € B and t € T, is

given by (v,8)BT = (vf(6),4t).
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