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ABSTRACT OF THE DISSERTATION

Improving the Performance of Partitioned Methods for Solid-Fluid Coupling

by

Muzaffer Akbay

Doctor of Philosophy, Graduate Program in Computer Science
University of California, Riverside, September 2018

Dr. Tamar Shinar, Chairperson

Partitioned approaches, where the fluid and solid solvers are treated as black boxes

with limited exposed interfaces, provide one convenient way of coupling solid and fluid

solvers due their modularity and black-box design. However, they are often not preferred

due to their stability and performance issues.

In this thesis, some of the crucial problems of partitioned approaches are addressed.

A novel extended partitioned method for two-way solid-fluid coupling is presented, where

the method achieves improved stability and extended range of applicability over standard

partitioned approaches through three techniques. First, the black-box solvers are coupled

through a small, reduced-order monolithic system, which is constructed on the fly from

input/output pairs generated by the solid and fluid solvers. Second, a conservative, impulse-

based interaction term is proposed to couple the solid and fluid rather than typical pressure-

based forces. We show that both of these techniques significantly improve stability and

reduce the number of iterations needed for convergence. Finally, a novel boundary pressure

projection method is presented that allows for the partitioned simulation of a fully enclosed

vii



fluid coupled to a dynamic solid, a scenario that has been problematic for partitioned

methods. The benefits of the methods are demonstrated by coupling Eulerian fluid solvers

for smoke and water to Lagrangian solid solvers for volumetric and thin deformable and rigid

objects in a variety of challenging scenarios. The application of the extended partitioned

method to Smoothed Particle Hydrodynamics fluids requires some simple modifications to

the system. These modifications are described and demonstrated on a publicly available

solver. Finally, the boundary pressure projection method is revised further to handle solids

with higher densities. The benefits of the revised boundary pressure projection method are

demonstrated on various scenarios including multiple neighboring closed regions.
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Chapter 1

Introduction

Fluids and solids interact with each other in various real-life scenarios such as

sailing, where the air is interacting with sails, and the hull exchanges forces with the water

to float and change direction, or blood flow in the heart, where the heart muscles and tissues

interplay with blood, or even when a skirt is waved through the air. In order to reproduce

such rich interactions, various physically-based simulation methods that capture both the

internal and coupling dynamics are devised. These methods are categorized according to

the level of interaction as one-way coupled if either only the fluid is affecting the solid or

vice-versa. Methods that allow exchange of dynamics in both directions are called two-way

coupled.

Physically-based simulation of two-way coupled fluids and solids has been an area

of active research in recent years, both in computer graphics and computational physics, and

many solution approaches have been investigated [27]. The techniques generally fall into

two categories, monolithic and partitioned approaches. In monolithic approaches, equations

1



for the solid and fluid are combined into one system and solved simultaneously, implicitly

coupling internal solid and fluid forces to the interaction forces between them. On the other

hand, partitioned approaches employ separate solvers for the solid and fluid and interleave

calls to each solver to achieve either a weak coupling, or if iterated to convergence, a strong

coupling of the solvers.

Both the monolithic and partitioned approaches have advantages and disadvan-

tages in the simulation of two-way solid-fluid coupling. Monolithic approaches have the

advantage of better stability, as stiff coupling terms can be resolved simultaneously with

other forces in the system, but they also incur significant cost in terms of development and

do not fully leverage existing codes. On the other hand, partitioned approaches have the

advantage of being able to reuse previously developed fluid and solid solvers in a black-box

fashion as long as they expose appropriate interfaces. However, they suffer from poorer

stability properties, and in challenging scenarios, they may require many iterations per

time step or worse, fail to converge [5]. When strong coupling is desired, a large number

of iterations may be required for convergence, negatively impacting performance. Despite

their drawbacks, partitioned approaches remain an important class of methods due to the

appeal of reusing existing software, and recent work on partitioned approaches is aimed at

improving their stability properties [20, 5, 25].

The systems in monolithic approaches include the constraints acting on both solids

and fluids. Therefore, the constraints are always satisfied in the solution. On the other

hand, these constraints are typically handled by the respective solvers in the partitioned

approaches and are invisible to the other solver. However, when the input-only boundary

2



conditions constructed by the state of the other solver do not satisfy these constraints, the

internal solver fails since the system would not have any solutions.

In fluid dynamics, one of the most commonly applied constraints is the one that

ensures that the flow is divergence-free. This constraint is required due to incompressible

nature of the simulated fluid such as water or air/smoke. The problem arises in partitioned

Dirichlet-Neumann coupling schemes, where the fluid provides pressures, or pressure forces,

to the solid, and the fluid boundary velocities are determined by the solid velocities to avoid

inter-penetration. In these schemes, the input velocity boundary conditions are read-only,

and a problem emerges when the fluid is fully enclosed by a solid, since the solid may

disregard the incompressibility constraint and provide divergent boundary velocities, where

the total flow integrated over the closed region is not 0. This creates an unsolvable system

in the fluid solver which leads to either a system crash or incorrect results. Partitioned

methods that employ Dirichlet-Neumann coupling schemes are required to handle this case

if they are targeted to work in scenarios with closed regions, such as simulations capturing

blood flow or a hydraulic piston. Unfortunately, these scenarios are not always predictable,

and can occur spontaneously, for example, water or air entrapped between different solids

or air pockets formed when a piece of cloth folds over itself.

In this thesis, we provide solutions for the performance and stability issues of the

partitioned approaches, and address the closed region problem with novel techniques. In the

following sections, the proposed solutions and their applications are presented. In Chap-

ter 2, an extended partitioned method (XPM), with the three methods that it consists of,

is introduced and described. The method not only improves the performance and stabil-

3



ity of the partitioned solvers, but also addresses the closed region problem. The benefits

and application of the method on Eulerian-based fluid solvers are demonstrated in vari-

ous results and scenarios. In chapter 3, the application of XPM on a Lagrangian solver is

investigated. The modifications to the method, as well as its benefits, are demonstrated.

Lastly, in Chapter 4, the boundary pressure projection (BPP) method is revised and im-

proved by considering the solid dynamics in the formulation, and an algorithm that allows

underrelaxation is presented. The method is supported with results from various scenarios.
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Chapter 2

An Extended Partitioned Method

For Conservative Solid-Fluid

Coupling

2.1 Introduction

In this section, we present a novel extended partitioned method (XPM) for two-

way solid-fluid coupling of incompressible fluids to rigid and deformable solids and shells.

While this approach does not outperform monolithic methods, which are generally more

efficient, it does mitigate several drawbacks of partitioned schemes.

Our approach builds on a framework first proposed in [22] and [53, 55], which seeks

strongly coupled solutions through a partitioned solve. Rather than simple interleaving calls

to the fluid and solid solvers, potentially with underrelaxation, a monolithic reduced-order
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model of the system is used as a intermediate layer to generate improved boundary condi-

tions for the individual fluid and solid solvers, thus accelerating convergence and improving

stability. Whereas [22] used a reduced model based on a simplified physical problem, [55]

constructs reduced models on the fly by computing local least-squares estimates of the

solver Jacobians. In this study, we follow the basic framework introduced in [53, 55] for

deformable bodies, extending it free surfaces, thin shells, and rigid bodies.

Furthermore, we propose the use of a conservative, impulse-based interaction term,

first developed in the context of the monolithic approach [46], instead of the pressure-based

forces typically used in partitioned approaches.

Finally, we propose a novel solution to the partitioned simulation of incompressible

fluid regions fully enclosed by a dynamic solid, a scenario that has previously been prob-

lematic [31]. We demonstrate that these novel contributions give stability and performance

benefits over more standard partitioned approaches and extend the scope of scenarios that

can be effectively solved in a partitioned fashion.

In summary, our partitioned method for two-way coupling of incompressible fluids

to solids includes the following novel contributions:

• Extending the reduced-model interface approach of [55] to free surfaces, thin shells,

and rigid bodies, demonstrating the benefits of this general approach on a variety of

solid-fluid coupling scenarios.

• Proposing the use of a conservative, impulse-based interaction term rather than the

standard pressure-based forces typically used in partitioned approaches, resulting in

accelerated convergence.
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• Proposing a novel boundary pressure projection method for solving incompressible

fluid regions fully enclosed by dynamic solids, extending the range of scenarios that

can be simulated using a partitioned scheme.

2.2 Related Work

Computer graphics researchers have developed a variety of approaches to coupling

Eulerian fluids with deformable and rigid Lagrangian solids. Monolithic approaches include

a non-symmetric linear system to capture the two-way interactions between fluids and

deformable solids [14], a symmetric system capturing the interaction of smoke and rigid

bodies [30], a variational formulation based on kinetic energy minimization for coupling

fluids to rigid bodies [7], a symmetric, momentum-conserving method for coupling fluids

to volumetric and thin deformable and rigid bodies [46], a positive-definite formulation of

that system [45], two-way coupling of fluids to reduced deformable bodies [36], and a cut-

cell method which implicitly couples fluid pressure with solid elasticity and damping [57].

Implicit coupling of solids and fluids was also achieved through a fully Eulerian treatment

of both [51].

Partitioned approaches have also received considerable attention [27, 17]. One

common method is that the solid solver provides velocity boundary conditions to the fluid

solver, and the fluid solver provides pressure-based forces to the solid solver (also referred

to as a Dirichlet-Neumann decomposition). Separate calls to the fluid and solid solvers are

interleaved, treating each as a black box, to achieve either a weak coupling, or if iterated to

convergence, a strong coupling of the solvers. A partitioned approach to coupling fluid and
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rigid bodies was proposed in [12], where additional forces are applied to the fluid velocity

to enforce a rigid motion. In [23], thin deformable and rigid shells were weakly coupled to

smoke and water in an interleaved fashion.

Partitioned approaches may suffer from stability issues under challenging scenar-

ios such as high mass ratio of fluid to solid [13]. In the simplest interleaved approach, one

might try to reduce the time step size to achieve better stability. However, it has been

shown that the stability condition on the time step is not always achievable for certain

problem parameters [33, 54]. Several methods attempt to mitigate the stability problems

of partitioned solvers, for example, by incorporating relaxation into the fixed-point iter-

ation [32]. When Gauss-Seidel subiterations with underrelaxation are used, a very small

underrelaxation factor may be needed for convergence [54].

Another approach to improving stability of partitioned schemes is the use of a

reduced monolithic model as an intermediary between the solvers [22, 55, 20, 17]. We build

on the method introduced in [53, 55], where local, linear reduced-order models of the solid

and fluid solvers are constructed on the fly using the input/output pairs collected from the

solver calls. The reduced order models are then solved in a monolithic fashion to generate

boundary conditions for each black-box solver, improving stability and reducing iterations

counts. We note that this approach is closely related to quasi-Newton methods for parti-

tioned solid-fluid coupling [18, 20, 17, 25], in which the black-box solver Jacobians are simi-

larly approximated, and which have also been shown to improve performance of partitioned

schemes. A variety of reduced-order models have been developed for physically-based ani-

mation, for example [52] for reduced fluid simulation, and [6] for reduced deformable solid
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simulation. In contrast to these and related approaches, our approach uses the reduced

models to stabilize and accelerate convergence of the iterated partitioned coupling, while

the final fluid and solid state in each time step is determined by the full solvers.

Several authors have noted a limitation in handling fully enclosed fluid regions in

partitioned or interleaved approaches for coupling incompressible flows to structures [7, 17].

Since the fluid cannot compress or expand, there should be no net flow through the boundary

of any fluid region. In a typical partitioned solve, however, the solid solver is not aware

of this constraint, and will supply the fluid solver with boundary velocities that violate

it in the case of a fully enclosed fluid region. Internal to the fluid solver, this constraint

manifests as a pressure Poisson equation with only Neumann boundary conditions, and

hence with a nontrivial null-space, and constraint-violating velocities from the solid lead to

an incompatible linear system for pressure. These “Neumann regions” occur in practice,

sometimes spontaneously, and must be detected and handled for robustness.

In [23], a partial solution was implemented by projecting the solid velocities to be

compatible. A related issue is that the fluid pressure inside the enclosed region is determined

only up to an unknown constant p0. Since the fluid is accelerated by the gradient of pressure,

p0 is not needed for the fluid simulation. However, at the enclosed region boundary, the

solid should be affected by p0, and if it is not properly accounted for, the forces on the solid

will be incorrect.
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Figure 2.1: Schematic representation of the partitioned coupling of black-box fluid (F) and

solid (S) solvers through the reduced model interface. Reduced Jacobians F̂X and Ŝp are

computed from input/output pairs of F and S and tightly coupled in a low-rank monolithic

system to generate improved boundary conditions to F and S.

2.3 Reduced Model Interface

Rather than simple Gauss-Seidel iterations between the fluid and solid solvers, we

couple them through the Reduced Model Interface (RMI) (Figure 2.1). In this approach,

the boundary conditions passed to the individual solvers are generated by an intermediate

solver, a monolithic system coupling reduced models of the solid and fluid. Like other

partitioned methods, this allows for the use of the fluid and solid solvers as black boxes.

Input/output pairs collected from invocations of the fluid and solid solvers are used to

approximate their Jacobians and build the monolithic reduced system. The RMI system is

smaller than a full monolithic system, as it contains no more than the number of interface

variables. Although dense, as opposed to the sparse monolithic discretizations such as [46],

it is also low-rank, typically capturing a small number of modes, and this is exploited in the
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matrix computations to avoid forming dense matrices the size of the number of interface

variables. Stability analysis of RMI coupling for unsteady flow in an elastic tube showed

that unstable components appear during the first iterations and are implicitly coupled by

the reduced model interface [19].

2.3.1 Reduced monolithic system

We follow the approach of [53, 55] for coupling a fluid and volumetric deformable

solid and extend it to rigid bodies, free surfaces, and thin shells. The black-box fluid solver

is represented as

p = F (X,V (X)), (2.1)

taking as input the solid node positions and effective velocities and returning the fluid

pressures on the solid. The black-box solid solver is represented as

X = S(p), (2.2)

taking as input fluid pressures and returning the solid simulation state.

The approach is illustrated in Figure 2.1. We seek to construct a reduced-order

model of the fluid and solid solvers, the RMI, to act as intermediary, generating improved

boundary condition inputs to the black-box solvers. Since the RMI is reduced-order, it can

be efficiently solved in a monolithic fashion. Its cost is much less than that of the individual

fluid and solid solvers, as shown in Section 2.6.

We next describe the RMI. During each time step, at iteration i, a call to the fluid

solver (2.1) yields an input/output pair (Xf
i , p

f
i ), and a call to the solid solver (2.2) yields
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an output/input pair (Xs
i , p

s
i ). After k iterations, the linear, reduced-order models of the

fluid and solid solvers are given by

p̂ = pfk + F̂X(X̂ −Xf
k ), (2.3)

X̂ = Xs
k + Ŝp(p̂− psk), (2.4)

respectively, where F̂X is an approximation to the Jacobian of F with respect to X, and

Ŝp is an approximation to the Jacobian of S with respect to p, and (X̂, p̂) are unknowns.

Moving unknown terms to the left hand side, this becomes a monolithic set of equations I −F̂X

−Ŝp I


 p̂

X̂

 =

 pfk − F̂XX
f
k

Xs
k − Ŝppsk

 . (2.5)

As only one of p̂ or X̂ is needed when invoking the solid or fluid solver, they may

be obtained individually by applying block Gaussian elimination to Equation (2.5) as

X̂ =
(
I − ŜpF̂X

)−1 [
Xs
k + Ŝp

(
pfk − p

s
k − F̂XX

f
k

)]
, (2.6)

p̂ =
(
I − F̂X Ŝp

)−1 [
pfk + F̂X

(
Xs
k −X

f
k − Ŝpp

s
k

)]
. (2.7)

2.3.2 Constructing the reduced Jacobians

Next, we describe the computation of the reduced model Jacobians F̂X and Ŝp.

They are constructed from scratch at each iteration, using data from all calls to the fluid

or solid solver in the current time step. The data pairs (Xf
i , p

f
i ) and (Xs

i , p
s
i ), i = 1, . . . , k

are collected from the fluid and solid solvers, respectively, over k iterations. Note that the

RMI layer translates between the disparate discretizations of the solvers. In our examples,

interface variables are located at solid nodes, and fluid variables are mapped to/from the

nodes through interpolation and/or conservative distribution operators.

12



From the k fluid solver data pairs, we construct a position difference matrix

V = (∆xf1 . . .∆x
f
k−1), where ∆xfj = Xf

k − Xf
j , and a pressure difference matrix P =

(∆pf1 . . .∆p
f
k−1) where ∆pfj = pfk − p

f
j . A displacement ∆X is approximated by the vectors

in V by solving the least squares problem minα ‖∆X − V α‖2. Taking the QR factorization

of V ,

V = QR, R =

R1

0

 , Q =

[
Q1 Q2

]
,

it follows that

α = R−1
1 QT1 ∆X,

and setting the pressure differences consistently with the displacements as ∆p = Pα, we

get

∆p = PR−1
1 QT1 ∆X.

The Jacobian F̂X is finally determined as

F̂X =
∂p

∂x
=
∂p

∂α

∂α

∂x
= PR−1

1 QT1 .

In the same manner, the approximate Jacobian of the solid solver Ŝp can be com-

puted. Input/output pairs gathered from the solid solver are used to compute difference

matrices V̄ and P̄ . Using a QR factorization P̄ = Q̄R̄, with R̄1 and Q̄1 analogous to R1

and Q1, respectively, and the same procedure as for F̂X above, we get

Ŝp = V̄ R̄−1
1 Q̄T1 .
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The least squares systems described above can become arbitrarily ill-conditioned

as more basis vectors are incorporated. To stably compute the near rank-deficient least

squares problem, we use the Eigen library’s [24] QR decomposition with full pivoting.

2.3.3 Applying the RMI in the partitioned coupling

Equations (2.6) and (2.7) are solved in a matrix-free manner using GMRES, and

the expressions of the form R−1QTx are evaluated through backward substitution rather

than formed explicitly. Therefore, although for m interface nodes, F̂X is m× 3m and Ŝp is

3m×m, the algorithm can exploit their low rank (no more than k−1) in the computations

to achieve efficiency, and the cost of solving these systems is a small fraction of the overall

simulation time (0.2%− 4.2% in our examples).

Equation (2.6) is solved before each call to the fluid solver, while Equation (2.7)

is solved before each call to the solid solver, in order to provide as input the RMI predic-

tion of the converged state to the individual solvers. Effective velocities are computed as

V f
k+1 = (Xf

k+1 −X0)/∆t every time before calling the fluid solver. The overall procedure is

summarized in Algorithm 1.

2.3.4 Rigid Bodies

To handle rigid bodies, the RMI samples them with embedded points, whose

positions and velocities are determined from the rigid body state. The embedded points

are spaced at a distance 1-1.5dx apart to be commensurate with the grid. Fluid interaction

forces at the embedded points are mapped to a force and torque and passed to the rigid
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ALGORITHM 1: Single substep of the extended partitioned method, integrating from time

tn to time tn+1

1 extrapolate solid positions to get Xf
1

2 ps1 = pf1 = F (Xf
1 , (X

f
1 −Xn)/∆t)

3 Xf
2 = Xs

1 = S(ps1)

4 ps2 = pf2 = F (Xf
2 , (X

f
2 −Xn)/∆t)

5 Xs
2 = S(ps2)

6 R = Xs
2 −Xs

1

7 Construct F̂X with 1 mode

8 k = 1

9 while ‖R‖ > tolerance do

10 Construct Ŝp with k modes

11 Solve Eq. (2.6) to get Xf
k+1

12 pfk+1 = F (Xf
k+1, (X

f
k+1 −Xn)/∆t)

13 Construct F̂X with k + 1 modes

14 Solve Eq. (2.7) to get psk+1

15 Xs
k+1 = S(psk+1)

16 R = Xs
k+1 −Xs

k

17 k = k + 1

18 end while
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Figure 2.2: A light rigid plank interacts with a jet of smoke. (fluid grid size: 100×150×100)

body solver. The process described above for solid nodes is then used without modification

with the embedded points.

Reduced model interface formulation for rigid bodies: Alternatively, one could for-

mulate the reduced model directly on the rigid body degrees of freedom. Following the

work in [42], a quaternion, q, can be represented as a displacement vector, w, around a ref-

erence rotation, q∗, using logarithmic and exponential maps with the following conversion

operations: w = log(q−1
∗ q) and q = q∗ exp(w). By selecting q∗ = qk We can now rewrite the

rigid body coordinates as B = [t, w]T where w = log(qk−1q), and displacement vector, U ,

as U = um,m = 1 . . . k where um = Bk −Bm, noting the displacement vector for qk is 0.

By selecting q∗ = qk, we can assume qk is close to all qm’s and is in the same hemi-
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sphere, avoiding a search, proposed in [42], for a reference point that satisfies this condition

We factorize U as above by including a preconditioning matrix that balances the

scales of t and w: M∆B = MUα where M =
(
I 0
0 rI

)
and r is the average radius of the rigid

body scaling the unit sphere the quaternion operates on.

We can solve this least squares problem similar to before by using the QR factor-

ization of MU, to find the column contributions α:

MU = QR, R =

R1

0

 , Q =

[
Q1 Q2

]
,

α = R−1
1 QT1 M∆B,

and setting the pressure differences consistently with the displacements,

∆p = Pα.

The Jacobian F̂B is finally determined as

F̂B =
∂p

∂b
=
∂p

∂α

∂α

∂b
= PR−1

1 QT1 M

The equation for Ŝp in the original is changed slightly replacing V̄ with Ū : Ŝp =

Ū R̄−1
1 Q̄T1 . Equations 2.5, 2.6 and 2.7 are followed exactly with new B representation, how-

ever, an additional step is required after equation 2.6 to convert the vector representation,

w, in B to final orientation of the rigid body: q = qk exp(w).

17



Figure 2.3: Schematic of solid in a mixed dual cell of the fluid simulation grid.

2.3.5 Thin Shells

Similar to [23], we compute the pressure difference in the direction of the face

normal, ∆pfnf , on each fluid grid face f that is marked as a solid boundary. For a solid

node i, the pressure difference from face f is weighted by Kif = K(xi−xf ), a distance-based

kernel function. The final pressure-based force on node i is fi =
∑
f

wif∆pfnf · niAi where

wif = Kif/
∑
f ′
Kif ′ is normalized by the sum of weights of all faces influencing node i.

These nodal force components are used in place of the values pi in Section 2.3.2.

For volumetric solids, we use the same formulation with pressures inside the solid set to

zero.
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2.4 Conservative Impulse-Based Coupling

The conservative monolithic coupling scheme of [46] identified the impulse, IDC ,

implicitly applied in a mixed dual cell of the fluid simulation MAC grid in order to satisfy

the no-slip boundary condition I. We review that here.

Consider a dual cell about a sample of an x-component of the velocity field, u, as

shown in Figure 2.3. Assume that forces other than pressure and interaction with the solid

at the interface Γ have been integrated to get an intermediate velocity u∗, as in a typical

MAC grid-based Eulerian fluid simulation. Given pressure samples pL and pR along the left

and right faces of the cell with areas AL and AR, respectively, the change in x-momentum

due to pressure and interaction with the solid can be written as

Mfu
n+1 −Mfu

∗ = pLAL − pRAR + IDC , (2.8)

where IDC ≈
∫

Γ pnxdS, and nx is the x-component of the outward unit normal to the solid.

As in [46], rather than explicitly computing −IDC as an approximate boundary integral,

and applying that to the solid, we infer its value from Equation (2.8). Since IDC is the

impulse applied on the fluid by the solid, the impulse applied on the solid by the fluid must

be −IDC in order to satisfy the dynamic boundary condition II. We propose to apply this

impulse in the partitioned approach instead of explicitly approximating
∫

Γ pnxdS.

This has several potential benefits. First, this formulation is conservative, as

the fluid/solid interaction is treated through a momentum exchange. Second, in [46],

this formulation led to an “added mass” term in the solid momentum equation, which

contributed to the improved stability properties of that semi-implicit scheme. The added
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Figure 2.4: Center: A thin, transparent elastic balloon is stressed and filled by a fast stream

of water. (fluid grid size: 100× 125× 100, 4520 solid nodes)
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mass effect, whereby the effect of the fluid on the solid can be modeled in part as an increase

in solid mass, has been shown to have a destabilizing effect on fully explicit schemes [13].

While the added mass term is treated explicitly in the case of our partitioned solve, we

also observe improved stability with the impulse-based formulation, which departs from

the standard Dirichlet-Neumann scheme. Finally, as in [46], the impulse-based formulation

applies directly to thin shells as well as volumetric solids, with Mf = V ρ and AR = AL = A,

where V and A are the volume and face area, respectively, of the dual cell. As in [46], we

take AR = AL = A in our implementation.

In order to apply the conservative formulation in a partitioned fashion, the fluid

solver must supply as output the impulse −IDC rather than an explicitly computed ap-

proximation of the boundary forces. This is a minor modification for fluid solvers that

compute pressures through a pressure projection step, such as fractional step fluid solvers

[15], or some recent SPH solvers [28, 44]. For other solvers, one would have to estimate the

constraint force applied to enforce the solid boundary condition. We do not investigate this

further in the present work.

When using the conservative formulation as part of the RMI, we replace the pres-

sure values pi in Section 2.3.2 with the impulses IDC . Furthermore, rather than interpolating

to solid nodes, the impulses are distributed in a conservative fashion to solid nodes as in [46].

We demonstrate in our examples that use of the conservative formulation leads to improved

stability and lower iteration counts as compared with the non-conservative formulation, for

both the partitioned scheme with underrelaxation, and the partitioned scheme with the

RMI (see Table 2.2).
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Figure 2.5: Rigid balls of varying densities dropped into a pool of water exhibit correct

buoyancy. Their densities relative to the water are (back row to front row) 0.1, 0.5, 0.9,

and 10. (fluid grid size: 225× 300× 150)
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2.5 Boundary Pressure Projection

We propose a novel boundary pressure projection (BPP) method, that to our

knowledge has not been proposed elsewhere. In particular, we show that p0 is the Lagrange

multiplier associated with the boundary velocity constraint, and show how it can be de-

termined and incorporated into a partitioned solid/fluid coupling approach. Like [23], our

solution involves a projection of the solid velocities to be compatible for the pressure solve.

Our derivation is more general and reduces to the form they used if solids are voxelized to

the grid and other boundary source terms are neglected. Additionally, unlike that work, we

also solve for the unknown constant component of pressure p0 and apply this pressure to

the solid. This causes the solid to evolve toward constraint-satisfying velocities.

Figure 2.6 demonstrates the partitioned approach with and without determining

and applying p0 to the solid. The simulation contains a Neumann fluid region, a region

fully enclosed by faces with velocities determined either from sources or the dynamic solid.

Note that without p0, the balloon fails to inflate, whereas with p0 determined through our

BPP, the balloon inflates similarly to our ground truth monolithic simulation.

Let Γ be the boundary of a closed region in the fluid domain, for example, the

surface of the balloon and air source as pictured in Figure 2.6. The divergence free constraint

on the fluid implies that ∫
Γ

u · ndS = 0.

This can be discretized on the MAC grid as

∑
f

Afufnf = 0,
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Figure 2.6: Inflating a balloon. Left: a schematic of the fluid simulation, with source

faces (blue), where air is injected, and solid faces (cyan). Center: a partitioned solve with

compatibility projection but without p0 fails to inflate. Right: the same simulation using

our BPP method inflates properly.

where Af is the face area, uf is the velocity component on that face, and nf is the

closed region normal component on that face (±1). We write the velocities, area-weighted

normal components, and dual cell masses associated with the boundary faces as U =

(u1, u2, . . . , un)T , C = (A1n1, A2n2, . . . , Annn)T , and M = diag(M1,M2, . . . ,Mn). The

constraint equation is

CTU = 0, (2.9)

and the Jacobian of the constraint is given by CT . We seek an unknown pressure p0 that

when applied to the fluid in the enclosed region causes the fluid to satisfy the constraint

(2.9):

MÛ = MU∗ +4tCp0. (2.10)

Note that the pressure p0 is the unknown Lagrange multiplier for the constraint force Cp0.

See [56] for a general description of constrained particle dynamics and Lagrange multipliers.
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Multiplying both sides by M−1, applying the constraint (2.9), and solving for p0, we get

p0 = − 1

4t
(
CTM−1C

)−1
CTU∗. (2.11)

Plugging this result back into Equation (2.10) and rearranging gives the projection

Û = PU∗ (2.12)

P = I −M−1C(CTM−1C)−1CT (2.13)

If Mf = ρV in all dual cells and Af = A is a constant for all faces, then the

projection operator in Equation (2.13) simplifies to (I − 1
nNN

T ), where n is the number

of boundary faces, and N is the vector of normal components, i.e., C = AN . This is the

projection used in [23] to ensure compatible velocities for the pressure solve, though they

did not calculate p0 to apply to the solid.

Note that some of the closed region boundary faces may be sources or kinematic

objects whose velocities are not determined by the dynamic solid. In that case, those should

be isolated from the other faces in (2.9), and the constraint force and projection should

not be applied to those faces in (2.10) and (2.13). By partitioning the velocity vector

as U = (UTs |UTk )T , and the constraint equation as C = (CTs |CTk )T , where the subscripts

s, k represent solid and source/kinematic components, respectively, Equations (2.9)-(2.13)

become
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Figure 2.7: A thin, elastic balloon is filled with a fast jet of smoke, and then released. The

balloon inflates properly due to the use of our BPP method. Computation of this challenging

scenario is stabilized by our extended partitioned method. (fluid grid size: 100× 150× 100,

4520 solid nodes)
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CTs Us = −CTk Uk

MsÛs = MsU
∗
s +4tCsp0

p0 = − 1

4t
(
CTs M

−1
s Cs

)−1
(CTs U

∗
s + CTk Uk)

Û = PU∗ −M−1
s Cs(C

T
s M

−1
s Cs)

−1CTk Uk

P = I −M−1
s Cs(C

T
s M

−1
s Cs)

−1CTs

The BPP method also applies directly to multiple coupled Neumann regions, as

may occur, for example, with cloth folding over itself. In this case, m constraints lead to

m rows in CT , CTM−1C is an m ×m matrix rather than a scalar, and p0 is an m-vector

containing the unknown constant pressures for all of the enclosed regions. The procedure

for finding the vector p0 is then identical to that described above.

[31] also addressed the problem of partitioned coupling of structures to incom-

pressible fluids. They proposed several possible solutions: to enforce the velocity constraint

directly on the solid inside the solid solver, while the fluid solver determines a displace-

ment (coupling the fluid and solid in a Neumann-Dirichlet fashion for that one mode), or

alternatively to relax the incompressibility constraint. Our solution instead projects the

solid velocities based on the state of the fluid, and supplies the fluid with the compatible

velocities, and the solid with the pressure p0 needed to project the velocities, maintaining

the Dirichlet-Neumann structure of the partitioning. Hence, in our approach, as for the

other fluid pressures, the determination of p0 is not implicitly coupled to other solid forces,

and does not require a constraint to be imposed on the solid. When strong coupling is
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Figure 2.8: Pressure applied to a small piston of a hydraulic press is transmitted undi-

minished to a large piston through a fully enclosed, incompressible medium, using our

BPP method to determine the constant component of fluid pressure p0. (fluid grid size:

160× 160× 80)
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achieved, the solid velocities on the enclosed fluid region boundary converge to satisfy the

incompressibility constraint.

To incorporate the BPP, each call F (X, (X −Xn)/∆t) in Algorithm 1 is replaced

by a call to Solve Fluid(X), shown in Algorithm 2. We demonstrate the BPP method by

simulating a balloon being filled with smoke (Figure 2.7). The incompressible fluid inside

the balloon is fully enclosed by the balloon surface and smoke source, and using the BPP it

inflates properly. We further demonstrate the BPP method by simulating a hydraulic press,

where a fully enclosed incompressible medium is used to transmit pressures between two

pistons (Figure 2.8). In both cases, determining p0 and applying it to the solid is essential

to capturing the dynamics of the system.

ALGORITHM 2: Wrapper for the fluid solver which applies the boundary pressure projection

1 p = function Solve Fluid(X)

2 Compute effective velocities Ṽ = (X −Xn)/∆t

3 (V, p0) = BPP(Ṽ )

4 p = F (X,V ) + p0

5 end function

2.6 Results

Here, we demonstrate individually the performance of the RMI, the conservative

impulses, the BPP, and the combination of these techniques, the XPM. In general, mono-

lithic approaches are expected to be more efficient in computing a strongly coupled solution.
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The benefit of the partitioned approach lies not in fast computation time, but in the ability

to reuse existing software with little modification. Therefore, we do not expect to out-

perform the monolithic solver, but aim instead to improve performance of the partitioned

approach.

The cost of the RMI layer is relatively small compared with the cost of the fluid

Figure 2.9: A light piece of deformable foam interacts with a jet of smoke. (fluid grid size:

100× 150× 100)
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and solid solvers. Moreover, since we are using existing black-box fluid and solid solvers, our

primary measure of performance gains due to our approach is in the reduction of iteration

counts.

We computed our examples with MPI parallelism on a cluster of 16 nodes, each

comprised of 2 AMD Opteron 6272 CPUs totaling 32 cores, 64GB ECC memory, and 40Gbps

InfiniBand networks. In all of our simulations, we used the smaller of the time step sizes

computed by the individual fluid and solid solvers, and did not impose additional stability

conditions on the time step due to the coupling. We limited the number of reduced model

subiterations to 30, although the typical number of subiterations was much less. We used

a convergence tolerance of 5% of the fluid grid cell size.

2.6.1 Improved stability and convergence with RMI, conservative im-

pulses, and XPM

In this section, we study the benefits of using the RMI, the conservative impulses,

and both (the XPM), on a two-dimensional example of cloth interacting with a jet of smoke

with source velocity U = 0.5, shown in Figure 2.10. We used the PhysBAM cloth simulator

and PhysBAM smoke simulator. Though PhysBAM supports monolithic coupling [46], we

treated the solvers as black boxes and coupled them in a partitioned fashion.

We compare the performance of our method with that of a partitioned solver

with underrelaxation, shown in Algorithm 3, for different values of the underrelaxation

parameter, ω. For smaller values of ω, we expect better stability at the expense of a greater

number of iterations. Table 2.1 shows the average number of iterations for the solves, with
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a dash indicating the simulation became unstable before completion. M is the mass ratio

of the balloon to the air, and problem difficulty increases with decreasing M . We found

that for ω ≥ 0.5, the simple partitioned approach failed to converge from the outset for all

values of M . As M was decreased, the partitioned approach required increasingly stringent

underrelaxation for convergence, which led to a greater number of subiterations.

When partitioning with underrelaxation is used, performance can be improved by

using Aitken relaxation, which dynamically determines the underrelaxation parameter [32].

Though we do not compare with that approach here, the RMI has been demonstrated to

outperform Aitken relaxation as well [55].

Figure 2.10: 2D cloth interacting with smoke.
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M P P P P P P-C RMI XPM
ω ≥.5 ω=.2 ω=.1 ω=.05 ω=.01 ω=.05 ω=1 ω=1

.1 - - - - 28.2 5.5 5.5 3.8

.2 - - - 5.7 27.3 4.5 4.0 3.2

.5 - - 2.6 4.8 23.8 4.6 3.0 2.6

.8 - 3.4 2.6 5.3 10.2 5.0 2.7 2.1

1 - 2.2 2.8 5.6 9.1 4.7 2.6 2.0

2 - 2.0 2.9 5.1 5.2 3.2 2.0 2.0

Table 2.1: Average number of iterations per substep in the simulation of Figure 2.10, with

fewest iterations for each M in blue bold. The solvers compared were the underrelaxed

partitioned (P) with various underrelaxation parameters, ω, underrelaxed partitioned with

conservative impulses (P-C), reduced model interface (RMI), and reduced model interface

with conservative impulses (XPM). Our XPM required the fewest iterations and was able

to handle the most challenging mass ratios where the underrelaxed partitioned approach

became unstable. Use of conservative impulses instead of pressure-based forces improved

stability overall for both the underrelaxed partitioned method (P vs. P-C) and for the RMI

(RMI vs. XPM).

ALGORITHM 3: Partitioned solver with underrelaxation

1 k = 1

2 while ‖R‖ > tolerance do

3 Xk+1 = S(pk)

4 Xk+1 = ωXk+1 + (1− ω)Xk

5 pk+1 = F (Xk+1, (Xk+1 −Xn)/∆t)

6 R = Xk+1 −Xk

7 k = k + 1

8 end while
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Effect of RMI

Table 2.1 compares the partitioned approach (P columns) with the RMI (RMI

column). Specifically, we compare the RMI with the partitioned method with the largest

value of ω that converged. The RMI outperformed the underrelaxed partitioned approach

in 3 out of 6 cases, tied it in 1 case, and performed slightly worse in 2 cases. For M =

.1, the RMI converged, whereas the underrelaxed partitioned method with ω ≥ 0.05 did

not. Therefore, the RMI appears to improve the stability of the partitioned approach over

underrelaxation alone.

Effect of conservative impulses

The conservative impulse-based formulation is orthogonal to the RMI and can be

used with the underrelaxed partitioned scheme. To illustrate the effect of using conservative

impulses instead of the explicit pressure-based forces, Table 2.1 compares the partitioned

approach with pressured based forces (column P, ω = .05) and with the conservative im-

pulses (column P-C, ω = .05). In every case, using the conservative impulses reduced the

number of iterations required. Furthermore, for M = .1, ω ≥ .05, the partitioned approach

with pressure-based forces was unstable, whereas the partitioned approach with impulse-

based forces was stable. For this example, RMI and XPM also differ only in the use of the

conservative impulses. Comparison of Table 2.1 columns RMI and XPM shows that the use

of conservative impulses reduced average iteration counts by up to 30%.

Tables 2.1 and 2.2 show only average performance for a problem that is initially

easy. The significant benefits of the XPM are better illustrated in Figure 2.11, which
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M
P vs. P-C RMI vs.

ω = .05 ω = .1 ω = .2 ω = .5, .8 XPM (RMI-C)

.1 ∞ - - - 29.9

.2 21.3 ∞ - - 21.4

.5 4.0 -13.3 ∞ - 12.4

.8 6.2 8.2 15.4 - 22.0

1 16.3 25.1 -18.1 - 21.6

2 38.4 30.0 0.0 ∞ 0.3

Table 2.2: Percentage improvement when using conservative impulse terms, with − indicat-

ing both simulations were unstable, and∞ indicating the unstable simulation was stabilized

by using the conservative scheme. For the underrelaxed partitioned scheme, using the con-

servative impulses generally improved iteration counts and allowed for more challenging

mass ratios, though smaller ratios were still unstable. Using the XPM, all simulations were

stable and iteration counts were improved up to 30% over the RMI.

shows the number of iterations of the underrelaxed partitioned and XPM solutions over

540 substeps of two-dimensional simulations of a balloon filling with smoke, with M = 0.8,

ω = 0.2. Initially, both methods perform comparably, but as the balloon stretches and

the simulation becomes more challenging, the performance of the underrelaxed partitioned

approach drops, while the XPM performance is largely unchanged, offering 3-4x better

performance in the most challenging part of the simulation.

Table 2.2 gives further details on the performance improvement using the conser-

vative impulses, comparing the partitioned scheme with and without conservative impulses

for a variety of underrelaxation parameters, as well as the RMI and XPM schemes.
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Figure 2.11: Number of iterations of the underrelaxed partitioned (P) and reduced model

interface with conservative impulses (XPM) over 540 substeps of two-dimensional simula-

tions of a balloon filling with smoke. M = 0.8, ω = 0.2. The values are averaged over a

window of 10 substeps to reduce noise.

2.6.2 Boundary pressure projection method

The boundary pressure projection method is orthogonal to the RMI or use of

conservative impulses and can be used with any partitioned scheme. Figure 2.6 shows

a two-dimensional simulation of a deformable balloon being inflated with air. Inside the

balloon, the air is surrounded by either solid faces, or by the source boundary conditions,

and hence constitutes a “Neumann region”. Without the BPP, the balloon fails to properly

inflate.

Further comparison is shown in the Figure 2.12, depicting results of the partitioned

scheme without BPP (P), partitioned scheme with BPP (P-BPP), XPM, and monolithic

scheme (M). Using the BPP, both the P-BPP and XPM approaches successfully inflate the

balloon. XPM is better able than P-BPP to replicate the balloon shape produced with the
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P P-BPP XPM M

Figure 2.12: Comparison of partitioned without BPP (P), partitioned with BPP (P-BPP),

XPM and monolithic (M) methods for a 2D balloon filling scenario with fully enclosed fluid.

“ground truth” monolithic method.

Figure 2.7 shows a three-dimensional simulation of a balloon filling with smoke,

using XPM. As in the 2D case, the balloon does not properly inflate without the BPP.

Figure 2.8 shows a three-dimensional simulation of a hydraulic press, where pressure applied

to the small piston is transmitted undiminished to the large piston through a fully enclosed

and incompressible medium. Without the BPP, both rigid plates fall downward and the

simulation eventually fails. Passive tracer particles are included as a post-process to better

visualize the flow. We note that they are advected with interpolated velocities and forward

Euler time integration, leading to visual density artifacts that do not reflect density errors

in the flow solver.

2.6.3 Variety of solids coupled to an Eulerian smoke and water

We demonstrate our method in three dimensions on a variety of challenging sce-

narios. We use PhysBAM for both the solid and fluid solvers. We again use a tolerance

of 0.05dx for the XPM. Figure 2.9 demonstrates the coupling of a deformable object and
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Figure 2.13: Complex example: Simulation of cloth and rigid bodies of varying densities

coupled to Eulerian water. (fluid grid size: 120× 120× 60)
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Example
# frames

Avg. time Avg. number
per substep substeps

(s) per frame

smoke balloon (Fig. 2.7) 117 30.3 39.2

water balloon (Fig. 2.4) 143 96.3 30.0

water piston (Fig. 2.8) 143 140.6 3.2

smoke rigid (Fig. 2.2) 80 96.6 10.5

smoke deformable (Fig. 2.9) 500 14.6 12.1

water rigid (Fig. 2.5) 495 30.7 11.8

water complex (Fig. 2.13) 447 48.9 16.0

Table 2.3: The number of frames, average simulation time per substep, and average number

of substeps per frame are shown for several examples.

smoke through the RMI. Figure 2.2 demonstrates our extension of the RMI to handle rigid

bodies by simulating a rigid plank coupled to smoke. In Figure 2.4, a deformable balloon

is filled with water using our XPM. In Figure 2.5, the XPM is used to couple many rigid

balls to water, capturing the buoyancy forces. Figure 2.13 depicts a complex example with

interacting water, cloth, and rigid bodies of varying densities.

Table 2.3 summarizes the simulations times for each example. Overall, our 3D

simulations took roughly between a few minutes per frame to up to a couple of hours per

frame on up to 64 cores. A small amount of time is spent in the XPM interface layer as

compared with the individual solid and fluid solvers (see Table 2.4). We also note that in

our experimentation, without conservative impulses, some of these simulations did reach

the maximum 30 iterations, whereas with the conservative impulses, the average number of

iterations was 2-7.
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Example
Fluid Solid XPM Avg
solver solver interface # modes

smoke balloon (Fig. 2.7) 95.5 0.3 4.2 2.1

water balloon (Fig. 2.4) 98.5 0.4 1.1 5.9

water piston (Fig. 2.8) 98.2 0.4 1.4 3.8

smoke rigid (Fig. 2.2) 99.7 0.1 0.2 2.5

smoke deformable (Fig. 2.9) 92.6 6.3 1.0 3.2

water rigid (Fig. 2.5) 99.1 0.4 0.5 1.0

water complex (Fig. 2.13) 94.5 3.8 1.7 5.1

Table 2.4: Percentage of time spent in the fluid solver, solid solver, and XPM interface, and

average number of modes used by the RMI (average number of iterations minus one). The

XPM interface computations require a relatively small amount of time, taking 0.2-4.2% of

the total simulation time in our examples.

2.7 Conclusion

We have presented a novel extended partitioned method for two-way coupling

of incompressible fluids and solids. We have demonstrated that the XPM allows one to

solve with a partitioned solver, reusing existing black box solid/fluid solvers, scenarios that

were previously solved with specialized monolithic solvers. The XPM could be used to

couple other fluid and solid solvers in a black-box fashion, and the reduced model interface

could further apply to coupling various materials efficiently. We also note that the reduced

model is dynamically updated throughout the simulation and applied locally in a small time

window, rather than using a fixed, precomputed basis over a long simulation time.

The RMI method is closely related to quasi-Newton methods for partitioned solid-

fluid coupling [18, 20, 17]. Recently, it was shown that saving solver state over multiple time

steps can lead to improved estimates of the solver Jacobians [25]. It may also be interesting

to consider the use of other types of reduced models in constructing the RMI.
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When using the XPM, we ran most of our examples to a convergence tolerance

of 5% of the fluid grid cell size. Since convergence is not necessarily required for graphics

applications, it may be practically better to run the XPM with a small, fixed number of

iterations, or enforce a larger convergence tolerance, as demonstrated in the SPH example.

This maintains stability benefits of XPM, but the reduces the cost at the expense of accu-

racy. While the XPM significantly improves stability over the partitioned approach with

underrelaxation, it is not unconditionally stable.

In future work, we would like to further investigate the BPP on multiple coupled

regions, as outlined above. We are also interested in applied our method to scenarios with

surface tension.

41



Chapter 3

Smooth Particle Hydrodynamics

with XPM

3.1 Introduction

In the Lagrangian approach, the fluid variables are stored and evolved on a set

of particles that are sampled in the fluid domain, as an alternative representation to the

Eulerian approach, where the fluid is simulated utilizing a grid. A sketch showing the

representation of a fluid domain with both approaches is presented in Figure 3.1. Smoothed

Particle Hydrodynamics (SPH) is one of the most well-known Lagrangian methods, where

the mass-carrying volumetric particles are used to build a density field and a pressure

force field to drive the fluid motion. SPH is mostly preferred in applications that require

interactivity and faster frame rates such as games, since especially the pure Lagrangian

formulation can be parallelized on the GPU and CPU very efficiently in a straightforward
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Figure 3.1: Eulerian (left) and Lagrangian (right) representations of fluid.

way, and does not require any global solves such as the pressure solve in Eulerian methods.

The SPH framework has been employed to simulate fluids such as smoke and

water. It has received significant attention due to its simplicity and performance, and several

authors in computer graphics and the computational physics community have investigated

the SPH method and its drawbacks and benefits.

Coupling SPH fluids to solids is an active research problem and is addressed in

various works. In most of these studies, accurate and smooth boundary representation of

the solid and free surface is sought. In this chapter, we look at the coupling problem from

a different and orthogonal perspective, as we try to address the performance and stability

issues due to the partitioned nature of the coupling. We apply the RMI method to SPH

and demonstrate the stability and performance benefits on a scenario that requires strong

coupling for stability using a publicly available SPH library, SPlisHSPlasH. Furthermore,

the formulation and implementation details of the application are provided.
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3.2 Related Work

The smoothed particle hydrodynamics method, as described in [37], simulates flu-

ids by computing a density field on particles, then by using an equation of state (EOS)

to find pressure forces that penalize density deviations to enforce incompressibility. The

method has been studied by the computer graphics research community after the intro-

ductory work by Müller et al. [38] where free-surface fluids are simulated using a weakly

compressible SPH method (WCSPH). Although it presents reasonable solutions, a major

drawback of WCSPH is that it requires high stiffness values for incompressibility, demanding

smaller time steps and leading to poor computational performance.

Splitting, a commonly used method in Eulerian-based fluids, is employed in many

SPH methods in order to allow larger time steps. Typically,, it is accompanied by implicit

solvers that incorporate Jacobi iterations to enforce the constant density constraint. So-

lenthaler and Pajarola developed a predictive corrective scheme (PCISPH) that corrects

the particle density errors [48] with position and density predictions. In [28], the particle

densities are predicted using velocities instead and are corrected by computing the pres-

sures that are determined by solving a Poisson pressure equation (PPE) on the particles,

in order to achieve larger time steps while avoiding the costly neighborhood search during

a substep. The divergence-free SPH (DFSPH) method incorporates a velocity solver that

enforces the divergence-free constraint along with a density correction solver [10]. DFSPH

is demonstrated to achieve up to 20 times faster performance in comparison to PCISPH,

especially when large time step sizes are used. In our experiments, we have adopted a pub-

licly available solver for DFSPH, but, we would like to remind the reader that XPM treats
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solvers as black boxes, and can be applied to any available SPH solver with the procedure

described in Section 3.4.

In the hybrid approaches presented in [44], [34], [35], the Laplacian is built on a

coarse background grid where the face velocities are interpolated from the particle velocities.

Then, a PPE is solved on the grid and the resulting pressure field is distributed to particles

in order to speed up the propagation of information. This step is usually followed by an

WCSPH step. Although this methods broadcasts global density errors quickly, local errors

might still require small time steps.

Many methods have also been developed for the coupling of Lagrangian fluids to

deformable and rigid solids. Müller et al. modeled the no-penetration and no-slip boundary

conditions between a triangulated surface and fluid particles by using a convolution integral

to over a set of particles to calculated distance-based repulsion forces [39]. Direct forcing to

achieving boundary conditions was also done in [8]. In [41] a conservative, impulse-based

interaction between rigid bodies and SPH fluids is proposed. Particle-based granular flows

were two-way coupled with solids in [40]. Implicit two-way coupling of solids and fluids is

naturally handled in frameworks that treat both in a unified fashion, such as with a fully

Lagrangian approach [29, 49, 26, 47], or a hybrid approach [50]. A momentum-conserving

approach for coupling SPH to thin and volumetric rigid bodies was proposed in [3]. In this

work, the fluid densities are reflected by the solid particles and their density distributions

are corrected to handle dense and irregular sampling of solid particles. The method was sub-

sequently extended for coupling SPH to elastic solids in [2]. As an alternative to Lagrangian

representation of the surface, in [10], the solid boundary conditions are implemented using
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a density map, which can be precomputed for rigid bodies, and smoother surface normals

and boundary forces are achieved.

In these works, the coupling approaches are demonstrated on less-stiff scenarios,

where a weak coupling approach is sufficient, as strong-coupling is beyond the scope of these

works. In our study, we have investigated the stability and performance issues that arise

due to the partitioned nature of coupling, and explained the application of the RMI method

to the SPH framework. Our method is orthogonal to the solid-fluid coupling scheme and

can be directly applied to any strategy that implements particle sampling at the solid-fluid

interface.

3.3 Smoothed Particle Hydrodynamics Overview

The Navier-Stokes equations that govern fluid evolution are written as

Dv

Dt
= −1

ρ
∇p+ ν∇ · ∇v + F e (3.1)

= F p + F ν + F e (3.2)

with the incompressibility constraint

∇ · v = 0, (3.3)

where F e is the sum of external forces such as gravity or penalty forces, F p = −1
ρ∇p is the

pressure force, F ν = +ν∇·∇v is the viscosity force, and D(·)/Dt is the material derivative.

We will omit the F ν term in the latter parts, since it is not used in our simulations, and it

is beyond the focus of this thesis.
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Unlike Eulerian approach, in Lagrangian methods, the velocities are carried on

the particles, therefore advection and convection are handled seamlessly as the particle

positions are integrated in time. In SPH, the incompressibility constraint, ∇ · v = 0, is

satisfied via the constant density constraint Dρ
Dt = 0. However, please note that the equality

of these constraints may be violated in practice due to numerical integration errors, and if

handled properly performance benefits can be gained [10]. Density and pressure are some

of the other variables that are stored and evolved on particles. In order to calculate any of

these variables at an arbitrary point in space, typically, isotropic nonlinear kernel weight

functions, W, that are centered at particle locations are used; i.e. the variable e is calculated

at a point x as a weighted sum of all particle values, ej :

e(x) =
∑
j

mj

ρj
ejW (x− xj), (3.4)

where mj is the constant mass, ρj is the density, and xj is the position of a particle j. The

density of a particle, i, can be calculated with this formulation as:

ρi(x) =
∑
j

mj

ρj
ρiWij =

∑
j

miWij , (3.5)

where Wij = W (xj − xi).

According to [38], the equation of state (EOS) for the fluid is given by the equation

pi =
kρ0

γ
((
ρi
ρ0

)γ − 1), (3.6)

with stiffness parameters γ and k. In graphics applications, γ is generally picked to be close

to 1. The formulation provides information propagation similar to travel of sound waves.

The pressure force, F pi , acting on a particle is found by the pressure gradient, just

like the Eulerian approach, however, a gradient kernel, ∇W , is used instead, befitting the
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SPH scheme:

F pi = −
∑
j

mj
pj
ρj
∇Wij . (3.7)

Typically, a modified version of this equation is preferred, since it is not symmetric, and

therefore, does not preserve momentum:

F pi = −
∑
j

mj
pj + pi

2ρj
∇Wij or F pi = −

∑
j

ρim
j(
pi
ρ2
i

+
pj
ρ2
j

)∇Wij . (3.8)

Figure 3.2: (Left) The density is underestimated on the particles near the solid due to

deficit in nearby particles. (Right) Correct density calculations with solid sample particles.

Solid-fluid coupling

There are various ways to represent solids in a coupling scheme for SPH as dis-

cussed in Section 3.2. In the particle sampling approach, a set of particles is sampled over

the solid surface and used either to build a repulsive force field, or to account for missing

fluid particles near the solid boundary as illustrated in Figure 3.2. In the latter approach,

sample particles are treated as special fluid particles that carry mass. In [3], the varying

mass, Ψb of each boundary particle b is precalculated by using other sample particles, k, in
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its vicinity:

Ψb =
ρ0∑
kWbk

. (3.9)

This formulation scales the masses of the sample particles and helps avoid large pressure

forces and instability due to overly sampled regions. The density and pressure formulations

are changed slightly to incorporate these masses:

ρi(x) =
∑
j

miWij +
∑
b

ΨbWib (3.10)

F pi = −
∑
j

mj
pj
ρ2
j

∇Wij −
∑
b

Ψb
pi
ρ2
i

∇Wib. (3.11)

The fluid forces acting on the rigid bodies are found by reflecting the pressure forces in

Eq. 3.11 on the solid particles in order to preserve momentum. These forces are then

converted to torques and linear forces acting on the rigid bodies. This particular coupling

method can be categorized as a Robin-Robin-like (RR) scheme, although the interaction is

force-based, the pressure forces are directly affected by positions.

Algorithm 4 outlines a classic WCSPH step that evolves the fluid according to

the Navier-Stokes equation (Eq. 3.2). The force and density calculations involving sampled

solid particles b are included by extending Eqs. 3.10 and 3.11.

Divergence-free SPH

In our work, we preferred the DFSPH method [10] that allows larger time steps.

The method achieves this by doing two solves with Jacobi iterations on all particles. The

first solve enforces the constant density constraint by predicted velocities. Once densities

are corrected, the particles are moved with an Euler step on positions. This is followed by
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ALGORITHM 4: A standard substep of WCSPH with time-step 4t

1 for all particles i do

2 find neighborhood Ni

3 end for

. Compute densities

4 for all particles i do

5 Compute density with Eq. 3.10

6 end for

. Compute pressure forces

7 for all particles i do

8 Compute pressure force with Eq. 3.11

9 end for

. Euler-step position and velocities

10 for all particles i do

11 vi = vi +4t(F ei + F pi )

12 xi = xi +4tvi

13 end for

50



standard density and neighborhood calculations. A DFSPH step is then finalized with the

divergence-free solver that changes the particle velocities to enforce incompressibility. The

algorithm is outlined in Algorithm 5.

ALGORITHM 5: A DFSPH substep with time-step 4t

1 for all particles i do

2 compute forces F ei and F νi

3 end for

4 predict velocities for the next time-step with non-advection forces

5 correct densities with predicted velocities using an implicit method

6 compute xi for each particle i using forward Euler-step

7 find neighborhood of each particle as in Algorithm 4

8 compute density of each particle as in Algorithm 4

9 enforce divergence-free constraint by updating velocities using an implicit method

3.4 XPM on SPH

We have implemented the reduced model interface (RMI) for coupling an SPH

fluid solver and a rigid body solver. For SPH, we used the DFSPH [10] implementation

in the open source SPlisHSPlasH library [9], and for the rigid bodies, a position-based

dynamics [21] solver, also included in the SPlisHSPlasH library, is used. Internal to the

library, solid-fluid coupling is implemented using the method of Akinci et al. [3].

Strong coupling is implemented by adding underrelaxation and rollback (save/restore)

procedures and calling the solid and SPH solvers successively as outlined in Algorithm 6.
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The solid positions and velocities at the end of a time step are determined after the un-

derrelaxation step, therefore, an interpolation method for rigid degrees of freedom is im-

plemented, while the sample particles can still be used to calculate and store the effective

velocities of the solids since these velocities are needed by the predictive-corrective scheme.

ALGORITHM 6: A substep of the strongly-coupled partitioned approach for SPH.

1 k = 1

2 F0 ← SPH solver state at the beginning of sub-step

3 S0 ← solid solver state at the beginning of sub step

4 while ‖R‖ > tolerance do

5 if k > 1 then

6 restore the SPH solver state to F0

7 end if

8 Xk+1
s =Solid Solve(fkp ,4t)

9 Xk+1
s = ωXk+1

s + (1− ω)Xk
s

10 if k > 1 then

11 restore the solid solver state to S0

12 end if

13 fk+1
p =SPH(Xk+1

s ,4t)

14 R = Xk+1
s −Xk

s

15 k = k + 1

16 end while
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Reduced model interface on SPH

The reduced model interface is implemented as an additional layer between the

solid and fluid solvers. The formulations in Chapter 2 need to be modified slightly for SPH-

rigid coupling. This begins by modifying the fluid solver representation in Eqs. 2.1 and 2.2

to:

fs = SPH(Xs), (3.12)

Xs = S(fs), (3.13)

where Xs is the sample positions, and fs is the fluid pressure forces sampled on the solid

particles. fs is computed in the SPH solver without the need to modify the code.

After this modification, the rest of the equations in Section 2.3 can be written in

terms of fs instead of the pressure values p, and Xs replaces X. Please note that the size

of system is changed since fs values are vectors while the p are scalars. The RMI blocks,

now, try to predict the Xs and fs of the sampled particles.

Rigid-bodies with RMI and SPH: Although the coupling interface of SPH

consists of only the sample particles, unlike the Eulerian implementation that required

rasterization of rigid bodies on the fluid grid for coupling, the solution of the RMI that

predicts the solid positions still only adjusts the boundary particles, and may not satisfy

the rigid motion properties. Therefore a treatment, similar to the method described in

Section 2.3.4 is still required.
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Impulse-terms and closed regions

For the standard SPH algorithms the impulse terms are not needed since the

coupling schemes are already momentum preserving, however as mentioned in Section 2.4,

the methods involving a PPE solve might still require minor modifications for momentum

conservation. Additionally, closed regions are handled automatically by the constant density

constraint solver since fluid densities are mirrored onto the solid particles and the pressure

forces are reflected.

Optimizations

In addition to straightforward parallelization of the particle iterations in RMI

and strong coupling approaches, the computational performance can be further improved

considering the split treatment of solid samples and fluid particles. Specifically, fluid rollback

functions can be modified to save and restore the state of the SPH solver after the internal

variables, such as fluid density contributions, are calculated, since they would result into

the same values during the fluid solve immediately after restore call. Moreover, fluid solver

can be redesigned to facilitate rollback function cleverly by updating only variables of the

particles in vicinity of the solid boundary, based on the information propagation of the SPH

scheme, i.e. the costly neighborhood search at every subiteration can be partially avoided.

3.5 Results

We compare the performance of an underrelaxed partitioned strong coupling scheme,

the XPM, and the native weak coupling of SPlisHSPlasH
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XPM improves stability over weak coupling.

Figure 3.3 (top row) shows snapshots from a simulation of a rigid ball interacting

with fluid, where the density ratio of the ball to the fluid is 0.1. The XPM results are

iterated until a convergence tolerance of 10% times the particle radii is achieved. In this

case, both the weak coupling native to SPlisHSPlasH and the XPM solution are stable.

Next, we decreased the density ratio to 0.05, making the problem more challenging. In this

case, the weakly coupled SPlisHSPlasH became unstable. The XPM was able to compute

the simulation stably. Figure 3.3 (bottom row) shows snapshots from the simulation with

density ratio 0.05. In these examples, 5684 fluid particles were used. Figure 3.4 shows an

XPM simulation of an SPH fluid coupled to a rigid sphere (M=0.05), cylinder (M=2), and

torus (M=0.7), with 24389 SPH fluid particles.

XPM improves performance over underrelaxed strong coupling.

We also tested the underrelaxed partitioned strong coupling approach in Algo-

rithm 3 and 6 on the SPH/rigid coupling. We chose ω = 0.05 for the underrelaxation

parameter, since larger values of ω had failed for density ratios less than 0.1 (see Table 2.1).

As shown in Figure 3.5, strong coupling was able to simulate the example with density ratio

of 0.05, but took more iterations than the XPM on average to do so. In the most challenging

parts of the simulation, the underrelaxed partitioned coupling approach required 2-3x more

iterations than the XPM. Therefore, the XPM improves performance when compared with

the underrelaxed, partitioned strong coupling.
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Figure 3.3: Top row: Simulations of a rigid ball coupled to an SPH fluid, with ball/fluid

density ratio of 0.1. All images are at frame 26. Left: Weakly coupled solution computed

with SPlisHSPlasH is stable. Right: Solution computed with XPM, with a tolerance of 10%,

is also stable. Bottom row: The density ratio has been decreased to a more challenging

value of 0.05. Left: Weakly coupled solution computed with SPlisHSPlasH is now unstable.

Right: Solution computed with XPM, with tolerance of 10%, is still stable.
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Figure 3.4: XPM simulation of an SPH fluid coupled to a rigid sphere (M=0.05), cylinder

(M=2), and torus (M=0.7), with 24389 SPH fluid particles. Top to bottom, left to right:

frame 17, 61, 105, and 360.
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Figure 3.5: Number of iterations per substep for simulation of an SPH fluid coupled to a

rigid ball with density ratio 0.05, using the underrelaxed partitioned scheme (P) and the

XPM with tolerance 1% and 10%. The XPM requires fewer iterations on average than the

underrelaxed partitioned scheme. Increasing the tolerance further reduces iteration counts

while stability is maintained. The values are averaged over a window of 10 substeps to

reduce noise.
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Strong versus weak XPM

So far in the thesis, we have not explored the tolerance parameter used by the

XPM. Here, we illustrate that the XPM can be used with a larger tolerance to compute

a weak coupling, which will be faster but less accurate. We computed the rigid ball/fluid

simulation with the XPM with both a tolerance of 1% for strong coupling and a tolerance

of 10% for weak coupling. Both computed stably, and the 10% tolerance required fewer

iterations as expected. The larger tolerance may be a good choice when speed is preferred

over accuracy and stability is not compromised. Figure 3.5 compares the iteration counts

for the simulations of the underrelaxed, strongly coupled solution, XPM with tolerance 1%,

and XPM with tolerance 10%.

3.6 Conclusion

In this section, we have investigated partitioned SPH-rigid coupling methods and

described the application of RMI. RMI is quite modular, and only a few modifications were

necessary for this adaptation. We have demonstrated the benefits of RMI on a state-of-

the-art SPH method (DFSPH) and coupling scheme on scenarios where the weakly coupled

approach cannot handle. Similar to the Eulerian approaches, RMI produced improvements

in stability and performance especially as the example becomes stiffer. As the future work,

coupling schemes with density maps can be improved with RMI.
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Chapter 4

Boundary Pressure Projection for

Incompressible Dirichlet Fluid

Domains

4.1 Introduction

Partitioned numerical schemes for fluid-structure interaction problems often em-

ploy a Dirichlet-Neumann decomposition, where the fluid equations are solved subject to

Dirichlet boundary conditions from the structure, and the structure equations are solved

subject to Neumann boundary conditions from the fluid.When the fluid is incompressible,

the velocity field must satisfy the divergence-free condition everywhere. Consequently, the

net flow through the boundary of any fluid region must also be zero. If the solution of

the fluid equations in a region is subject to Dirichlet boundary conditions, it is necessary
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that the boundary conditions satisfy the constraint of zero net flow. Otherwise, they are

incompatible with the flow equations and no solution exists. Examples of such a scenario

include the inflation of an elastic balloon and the action of a hydraulic press. In general,

enclosed fluid regions can arise spontaneously in free boundary fluid-structure interaction

problems.

While monolithic approaches naturally deal with enclosed fluid regions [46], par-

titioned schemes require special treatment of this case for robustness. In partitioned fluid-

structure interaction schemes with Dirichlet-Neumann decomposition, the structure is un-

aware of the incompressibility constraint on the fluid and will generally supply the fluid

with incompatible velocities. Furthermore, the constant pressure mode is not determined

by the fluid solver, although it is felt by the structure in the coupling. This problem was de-

scribed in [31], which proposed a method whereby the boundary constraint is incorporated

into the structure equations and solver, requiring their modification. Two alternatives were

also discussed in [31]. The first is to replace the Dirichlet-Neumann decomposition with a

Neumann-Dirichlet decomposition where the structure imposes forces on the fluid and the

fluid imposes interfacial displacements on the structure. The second alternative approach

is to incorporate artificial compressibility [15, 43] into the fluid equations to eliminate the

issue of incompatibility while iterating the solution in pseudo-time toward an incompressible

state. The performance of the artificial compressibility method is improved when combined

with quasi-Newton methods, that are designed to stabilize and improve the performance of

strongly coupled partitioned approaches [11].

In this section, we present a boundary pressure projection method which allevi-
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ates boundary velocity incompatibility and computes the constant pressure mode, while

maintaining the Dirichlet-Neumann structure of the decomposition. Our method takes in-

compatible velocities from the structure solver, projects them to be compatible while in the

process computing the constant pressure mode for the region. The compatible velocities

are then used as Dirichlet boundary conditions for the fluid while the constant pressure

mode is added to the fluid solver pressures to be applied to the structure. We demonstrate

our approach in a variety of scenarios including inflation of an elastic balloon and action

of a hydraulic press. Our approach overcomes the incompressibility dilemma using a small

intermediate computation while respecting the Dirichlet-Neumann decomposition.

We note that we first introduced the boundary pressure projection approach in [1]

as explained in Chapter 2. In that work, the constant pressure mode was determined by

considering the resulting change of momentum of the fluid. While this works for scenarios

where the solid density was close to the fluid density, it fails in cases where the solid

becomes more massive, as we demonstrate in this work. Here, we correct the formulation

to use the change of momentum of the solid to determine the correct magnitude of the

constant pressure mode. This allows the fluid to support a solid with large relative density.

We also formulate the approach for the case of underrelaxed partitioned iterations, and

study its behavior for multiple coupled enclosed regions separated by a thin shell or rigid

body.
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Figure 4.1: The boundary pressure projection method demonstrated on a representative

thin-shell example. Top: Before the BPP, the fluid velocities are incompatible as there is

a net inflow from the source on the left. The BPP is used to project the fluid boundary

velocities and to determine the constant pressure mode to be applied to the solid. Middle:

Fluid boundary velocities after compatibility projection. Bottom: Solid velocities (red)

after application of the constant pressure mode.
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4.2 Equations and Methods

4.2.1 Fluid Equations

The fluid equations are the incompressible Navier-Stokes equations

ρ (ut + (u · ∇)u) = −∇p+ µ∇2u + f , x ∈ Ω (4.1)

∇ · u = 0. (4.2)

The fluid is subject to Dirichlet boundary conditions

u = ū, x ∈ ∂Ω. (4.3)

4.2.2 Fluid Solver

Our partitioned approach treats the fluid as a black-box solver. We denote the

fluid solver as

p = F (X,V),

where X is the fluid-structure interface position, V is the structure velocity at the inter-

face, and p are the fluid pressures inside the fluid domain Ω. This interface for the fluid

solver supports the Dirichlet-Neumann coupling of the solvers as it can accept as input the

Dirichlet boundary conditions from the solid.

In our examples, we discretize the fluid equations on a standard, uniform MAC

grid and solve them using the fractional-step projection method [15] as follows. First, the

advection, viscosity, and force terms are integrated to obtain an intermediate velocity u?,

ρ

(
u? − un

4t
+ (u · ∇)u

)
= µ∇2u + f .
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Next, from the equation

ρ

(
un+1 − u?

4t

)
= −∇p (4.4)

and the incompressibility condition ∇ · un+1 = 0, we get the Poisson equation

∇ ·
(
4t
ρ
∇p
)

= ∇ · u?.

This is solved to obtain the pressure p which is then used in Eq. (4.4) to obtain un+1.

4.2.3 Structure Equations

We consider both elastic and rigid structures. The equations of motion for an

elastic structure are given by

ρsηtt = ∇ · σs + f ,

where ρs is the density, η is the structure displacement, σs is the stress tensor and f

accounts for external forces, including gravity and fluid forces. In our examples, we use

the Neo-Hookean constitutive model for solid elasticity. The two-dimensional elastic solids

are discretized into a triangular mesh and simulated using a finite volume method. One-

dimensional thin shells are discretized into a segmented curve and simulated as a mass-spring

system.

For rigid bodies, the equations of motion are

d

dt

P(t)

L(t)

 =

f(t)

τ(t)

 ,

where P is the linear momentum of the body, L is the angular momentum of the body, f is

the net force on the body, and τ is the net torque on the body. The position and orientation
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of the body are updated as

d

dt

x(t)

R(t)

 =

 v(t)

ω?(t)R(t)

 ,

where x is the position of the rigid body center of mass, R(t) is the orientation of the body,

Ir0 is the body space inertia tensor, Ir(t) = R(t)Ir0R(t)T is the world space inertia tensor,

v = M−1P(t) is velocity of the rigid body center of mass, and ω(t) = I(t)−1L(t) is the

angular velocity of the body.

4.2.4 Numerical Method

Since the fluid and solid variables are not collocated, we define an interpolation

operator W , such that

U = WV (4.5)

interpolates solid velocities to fluid boundary faces. Conversely, pressure gradients or dif-

ferences across the fluid boundary faces are conservatively distributed to solid degrees of

freedom as

F = W T p.

To communicate quantities between the fluid MAC grid and the Lagrangian solid nodes

used in the examples below, we define W as follows. Each element, Wfi in the matrix,

defines the weight contribution of solid node i for fluid face f , and it is calculated using

an isometric spherical cubic kernel distance function, wfi = w(xi, xf , r), with kernel radius

r ∈ [dx , 2dx ] in our examples. The weights are normalized so that W is an interpolation
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operator and W T preserves momentum:

Wfi =
wfi∑
j wfj

. (4.6)

For rigid bodies, auxiliary points are sampled on the surface of the rigid body and W

interpolates the velocities of those points.

ALGORITHM 7: Single time step without underrelaxation (tn → tn+1)

1 p0 = pn . Initialize fluid pressure field

2 p00 = pn0 . Initialize zero pressure

3 for k = 0, 1, 2, . . . do

4 . Solid solve and pressure correction

5 (Xk+1,Vk+1) = S(pk, pk0) . Call solid solver

6

(
4tCsM−1CTs

)
4pk+1

0 = −CsVk+1 . Solve Eq. (4.9) for 4pk+1
0

7 pk+1
0 = pk0 +4pk+1

0 . Correct zero pressure

8 . Compute compatible fluid boundary conditions and fluid solve

9 Ṽk+1 = 1
4t
(
Xk+1 −Xn

)
. Solid effective velocity

10 Ūk+1 = WPṼk+1 . Projection for compatibility

11 pk+1 = F (Xk+1, Ūk+1) . Call fluid solver

12 end for

Fluid Boundary Constraint

Let U be the vector of fluid velocities. The boundary constraints on the fluid

velocity are

CU = 0. (4.7)
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ALGORITHM 8: Single time step with underrelaxation (tn → tn+1)

1 p0 = pn . Initialize fluid pressure field

2 p00 = pn0 . Initialize zero pressure

3 X0 = Xn . Initialize solid position for underrelaxation

4 4t = tn+1 − tn

5 for k = 0, 1, 2, . . . do

6 . Solid solve and pressure correction

7 (Xk+1,Vk+1) = S(pk, pk0) . Call solid solver

8

(
4tCsM−1CTs

)
4pk+1

0 = −CsVk+1 . Solve Eq. (4.9) for 4pk+1
0

9 pk+1
0 = pk0 +4pk+1

0 . Correct zero pressure

10 . Compute compatible fluid boundary conditions and fluid solve

11 Xk+1 ← ωXk+1 + (1− ω)Xk . Underrelaxation of solid positions

12 Ṽk+1 = 1
4t
(
Xk+1 −Xn

)
. Solid effective velocity

13 Ūk+1 = WPṼk+1 . Projection for compatibility

14 pk+1 = F (Xk+1, Ūk+1) . Call fluid solver

15 end for
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Note that C contains exactly one row for each separate Dirichlet fluid region.

Solid Momentum Balance

We next describe the steps in integrating from time tn to time tn+1. Algorithm 12

outlines the steps in the basic algorithm, and Algorithm 15 includes underrelaxation. Let

4t = tn+1 − tn, and let M and V denote the generalized mass matrix and generalized

velocity vector for the solid degrees of freedom.

At the start of iteration k, the solid solver is called with inputs of fluid pressures pk

and constant pressure mode pk0, and returns positions Xk+1 and velocities Vk+1, expressed

as

(Xk+1,Vk+1) = S(pk, pk0).

Next, the solid momentum is corrected to satisfy the fluid velocity boundary constraints.

We determine an impulse strength 4t4p0, such that when the impulse is applied to the

solid, the new solid velocity will satisfy the fluid boundary constraints. The impulse is to

be applied at the interface of the fluid and structure and is the impulse associated with

enforcing the constraint (4.7). Hence, the impulse has the form 4tCT4p0, where 4p0 is

the Lagrange multiplier associated with the constraint, and corresponds to a change in the

constant mode of the pressure field which is in the null space of the fluid equations. Note

that the previous estimate pk0 was passed to the solid solver, and hence the impulse required

to adjust the solid momentum corresponds to a change in pressure 4pk+1
0 .

To determine the impulse, we write the solid momentum update due to the impulse

69



as

MV′ = MVk+1 +4tW TCT4pk+1
0 , (4.8)

where W T is the transpose of the interpolation matrix in (4.5), and acts to conservatively

distribute the impulse to the solid degrees of freedom.

Here, we note that [1] instead determined the impulse by solving the equation

MfU
′ = MfWVk+1 +4tCT4pk+1

0 ,

that is, using the fluid mass. While both formulations work for relative densities close

to one, the latter fails when the relative density of the solid is large. The formulation in

Eq. (4.8) is more accurate, because the force due to the constant pressure mode needs to

accelerate the solid velocities to be compatible, and the fluid velocities are then determined

from the solid velocities.

Multiplying both sides of (4.8) by M−1, letting U′ = WV′, and applying the

constraint equation (4.7), we get

CU′ = CWV′ = CW
(
Vk+1 +4tM−1W TCT4pk+1

0

)
= 0.

The unknown Lagrange multiplier 4pk+1
0 is then determined by solving the linear system

4tCWM−1W TCT4pk+1
0 = −CWVk+1. (4.9)

This system is m × m, where m is the number of Dirichlet fluid regions subject to the

boundary constraint. The system (4.9) is solved, and the constant pressure mode is then

updated as

pk+1
0 = pk0 +4pk+1

0 .
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This pressure correction acts to drive the solid velocities to be compatible with the fluid

boundary constraints.

Fluid Boundary Conditions

The fluid is solved subject to velocity boundary conditions from the solid. In order

for the fluid system to be compatible, the boundary velocities must be projected to satisfy

the boundary constraint. While the solid velocities V′ in Eq. (4.8) do satisfy the boundary

constraint, in determining fluid boundary conditions we use the effective solid and velocity

and may also apply underrelaxation to the solid state. Here we describe how the compatible

fluid velocities are computed taking those two things into account.

We first apply any underrelaxation to the solid positions as

Xk+1 ← ωXk+1 + (1− ω)Xk,

where ω ∈ (0, 1) if underrelaxation is being used, and ω = 1 corresponds to no underrelax-

ation. We then compute effective solid velocities as

Ṽk+1 =
1

4t

(
Xk+1 −Xn

)
.

Next, we project the effective velocities for compatibility. We rewrite Eq. (4.9)

with Vk+1 replaced by Ṽk+1 and 4pk+1
0 replaced by 4p0, and solve for 4p0 to obtain

4p0 = − 1

4t
(
CWM−1W TCT

)−1
CW Ṽk+1.

Substituting this result into a solid momentum update equation analogous to Eq. (4.8), we

get

MV′ = MṼk+1 −W TCT
(
CWM−1W TCT

)−1
CW Ṽk+1,
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which gives

V′ = Ṽk+1 −M−1W TCT
(
CWM−1W TCT

)−1
CW Ṽk+1,

=
(
I −M−1W TCT

(
CWM−1W TCT

)−1
CW

)
Ṽk+1.

Letting Cs = CW representing the constraint Jacobian with respect to the solid velocities,

we write the above as

V′ =
(
I −M−1CTs

(
CsM

−1CTS
)−1

Cs

)
Ṽk+1

= PsṼk+1,

where the last equality define the projection operator Ps for projecting solid velocities to be

compatible with the fluid boundary constraint. The projected interface velocities are then

given by

Ūk+1 = WPsṼk+1,

and the fluid solver is called with the compatible Dirichlet boundary conditions as

pk+1 = F (Xk+1, Ūk+1).

We note that it is also possible to write the projection operator directly on the

fluid velocities. In this case, we have

WV′ = Ūk+1 =
(
I −WM−1W TCT (CWM−1W TCT )−1C

)
W Ṽk+1.

If we let Wf = WM−1W T denote an effective mass inverse, we can write the fluid projection

operator as

Pf = I −WfC
T
(
CWfC

T
)−1

C,
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which has the same form as Ps. In summary, the projection operator can equivalently be

expressed on the solid velocities or fluid velocities, so that Ūk+1 = WPsṼk+1 = PfW Ṽk+1.

4.3 Examples

In all examples, we use the minimum of the fluid and solid solver time steps that

are determined by the respective solvers in every substep.

4.3.1 Supported Rigid Body

Figure 4.2: Supported rigid solid example setup.

For validation, we show an example of a single rigid body supported by an enclosed

fluid. The body has total mass M , and is subject to gravitational forces and fluid forces.

Therefore, the fluid pressure forces should exactly balance the force of gravity on the body,
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giving

−Mg +Aphn = 0,

where A is the surface area of the interface, ph is the fluid pressure at the interface, and n

is the fluid region outward normal.

In this example, a rigid body of dimensions 0.6m× 0.15m is placed on the top of

a 0.6m× 0.8m enclosed fluid domain, as illustrated in Figure 4.2. The fluid is inviscid and

has a density of 1 kg/m2. The solid density is 104 kg/m2. The gravitational acceleration

acting on both the solid and the fluid is 9.8m/s2 in the negative y-direction.

Figure 4.3: Supported rigid solid example. p− p0 values at t=10s.
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Figure 4.4: Supported rigid solid example. p0 values throughout the simulation.

The fluid is simulated on a uniform grid with dx = 0.003125m. For coupling,

sample points are distributed on the surface of the solid, at a separation distance com-

mensurate with the fluid grid resolution in order to accurately capture the pressure forces.

The algorithm is called iteratively until the convergence criteria are met. Specifically, the

iterations terminate when ‖Xk+1 −Xk‖ ≤ 10−5dx and 4p0 ≤ 0.1. We ran the simulation

for 5 seconds with an underrelaxation parameter of 0.1. The fluid pressure field without the

constant mode p0 is illustrated in Figure 4.3. Since the fluid solver has only Neumann faces,

its solution has an arbitrary constant mode, and in this case it calculated values in range

[−3.90469, 3.90469]N/m which is very close to the centered analytical hydrostatic solution.

Our method computes p0 values that also compensate for this arbitrary solution as plotted

in Figure 4.4.
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Figure 4.5: Error in fluid forces, computed as F ′s−Mg, where Fs is the total pressure force

applied on the rigid body by the fluid.

To further demonstrate the solution, we measure the fluid forces applied to the

rigid body at the surface sample particles. The error in the total force is plotted over time

in Figure 4.5 by finding the y-component difference of the sum of sampled forces, F ′, and

the analytical solution F = Mg. In order to better visualize the error, the plot is split into

two parts: on left the log of the error is plotted until t = 0.15s to demonstrate the evolution

of the error; error values after t = 0.15s are plotted on the right. We have observed that

these errors are related to the underrelaxation parameter. As another metric, we have used

the volume change rate at the end of every time step, and the log of this error is shown

in Figure 4.6. The same pattern as with the force errors can be observed as the errors get

smaller and smaller from the beginning and stabilize at a point with some numerical noise.
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Figure 4.6: The log of the outflow volume rate, which is used as another error metric for

the supported rigid example.

Comparison with Fluid Momentum Formulation

Here, we demonstrate the problem with the fluid momentum based formulation

of [1] through studying the case of the supported rigid piston with solid/fluid density ratio

∼ 1500. As shown in Figure 4.7, both piston heads start to fall down immediately since the

constant pressure mode that is required to hold the system in equilibrium is underestimated.

As the time passes, the accumulated p0 value increases and approaches the correct value,

however the solution does not achieve equilibrium as the piston heads continue fluctuating

up and down until the end of the simulation.
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t = 0s t = 0.125s

t = 0.375s t = 0.625s

t = 1s t = 1.5s

Figure 4.7: Failed piston example with fluid momentum based formulation is depicted at

various times t in the simulation.
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4.3.2 Simple balloon-like problem

Similar to the examples in [31] and [11], a thin volumetric balloon is inflated with

a source as depicted in Figure 4.8. The balloon has a density of 1000 kg/m2 and thickness

of 0.2m. It has a 1m wide opening, which is fixed to the walls of a static rigid tube that

leads to the source. A Neo-Hookean constitutive model is used for the solid, with Young’s

modulus E = 7× 105 N/m, and Poisson’s ratio νs = 0.45. The solid volume is constructed

using triangulated areas with minimum side length of 0.02m at the rest state. The total

mass is distributed to the triangle vertices equally.

Figure 4.8: Setup of simple balloon-like problem with a volumetric solid.

The fluid has density ρf = 1.1kg/m2, while it has a kinematic viscosity νs =

0.146 m2/s. The source velocity has a parabolic profile along the y-axis of the source.
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Initially, the source velocity is 0 m/s and it is increased gradually over 1 second according

to the sinusoidal function vc(t) = (sin(π t+ 1.5π) + 0.5) umax, where vc(t) is the maximum

value of the source velocity profile (at the center of the source), at time t. The fluid grid

has a cell size of 0.02m× 0.02m.

Figure 4.9: Volumetric simple balloon-like example. p− p0 values at t = 15.
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t = 1s t = 2s

t = 5s t = 7s

t = 10s t = 15s

Figure 4.10: Snapshots of the fluid domain velocity magnitudes for the volumetric simple

balloon-like example.
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To capture pressure forces affecting the solid, particles are sampled at the outer

vertices of the triangulated solid volume. The underrelaxation parameter is 0.05, and a

subiteration is terminated if the maximum vertex displacement between consecutive solid

solutions is less than 10−3dx . The simulation is run for 15 seconds, and the state of the

balloon and fluid velocity field at various times are illustrated in Figure 4.10. Figure 4.9

depicts the fluid pressures without the constant mode, and the plot in Figure 4.11 shows

the evolution of the constant pressure mode, p0, throughout the simulation. The outflow

volume rate at the end of each time step is calculated by CWV , and the log of this metric

throughout the simulation is plotted in Figure 4.12.

Figure 4.11: Volumetric simple balloon-like example. p0 over time throughout the simula-

tion.
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Figure 4.12: The log of the volume change rate for volumetric simple balloon-like problem.

4.3.3 Damped Structural Instability

We further demonstrate the method on an example with a nonsymmetric struc-

ture and fluid setup, as illustrated in Figure 4.13, similar to previous works [31, 11]. A

deformable solid tube is constructed by fixing the ends of two volumetric bands to the walls

of static rigid tubes, each of which has a source at its other entrance.

Both of the bands have a thickness of 0.1m and density of 500 kg/m2. A Neo-

Hookean constitutive model is used for modeling the solid deformation where the Poisson’s

ratio, nus is 0.3 and the Young’s moduli are 9×105 N/m for top band and 9×108 N/m for

the bottom band. The fluid density is 1 kg/m2 and the kinematic viscosity is 9 m2/s. For

both of the fluid sources parabolic profiles are used along the x axis, where the center of
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Figure 4.13: Damped structural instability problem.

each source has the velocity vc(t) = (sin(π t+1.5π)+0.5) umax, which is gradually increased

during the first second of the simulation to its umax value. The umax values are 10 m/s and

10.1 m/s for the left and right sources, respectively.

The solid mesh is built with triangulated areas with a minimum side length of

0.05m. Sample particles are distributed around the surface of the solid to capture the

pressure forces from the fluid. The fluid grid has a fixed cell side length of 0.025m. The

underrelaxation parameter is set to 0.05, and the solid position convergence tolerance is

10−3dx .

A few snapshots capturing the key frames of the simulation are displayed in Fig-

ure 4.14, where the fluid velocity field magnitude is shown along with the solid bands.

Similar to the examples in the literature, initially the top band moves up as the tube is

inflated, while the stiffer bottom band does not displace significantly. Once a critical pres-

sure is reached, the bottom band starts to give toward the side with higher source velocity,

creating a flow inside the tube towards the other side. After the bottom band stabilizes
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t = 0.25s t = 1s t = 2s

t = 2.5s t = 2.625s t = 2.775s

t = 3s t = 3.25s t = 4s

Figure 4.14: The fluid velocity field magnitude ‖u‖ at different stages of the simulation for

the damped structural instability problem.
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the inner flow calms down, and the tube keeps its symmetrical shape till the end of the

simulation as the tube is inflating. This behavior is also captured on the p0 plot, where

sudden jumps can be observed after the bottom band gives around t = 2.5s. The value

of p0 resumes its gradually increasing pattern after the solid settles. Since the pressure

variations are negligible in magnitude compared to the constant pressure mode value, it

does not significantly impact the coupling. Therefore, we only provide the pressure field at

the end of the simulation in Figure 4.15.

Figure 4.15: The pressure field before p0 is added: p − p0 at time=4s in the simulation of

the damped structural instability simulation.
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Figure 4.16: The change in p0 over time in the damped structural instability example.

Figure 4.17: The log of the outflow volume rate for the damped structural instability

example.
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4.3.4 Inflating a Thin-shell Balloon

Our formulation solves for the coupled constant pressure modes for neighboring

thin shells. Before testing it with multiple neighboring regions, we first study the simple

balloon-like problem with a thin-shell solid. We make this distinction by categorizing solids

that can have fluid cells on both sides of their surface as thin shells. In thin-shell solids,

pressure force samples are affected by fluid regions on both sides of the surface. In this

example, a thin-shell balloon is attached to a static rigid tube that leads to a source as

shown in Figure 4.18. The balloon is inflated by the fluid source for 15 seconds.

Figure 4.18: Setup of simple balloon-like problem with a thin-shell solid.

The solid has one-dimensional density of 200 kg/m, calculated by multiplying the

balloon density and thickness from the volumetric case. A mass-spring constitutive model

that resists stretching and bending is used to model the balloon-like behavior with the

following parameters: kstretch=5 × 104 kg/s2, bstretch=1500 kg/s2, kbend=5 × 104 kg/s2,

bbend=800 kg/s2. The restlength of the solid springs are set to 0.02m at the initial setup,
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and particles are sampled at spring edges for capturing pressure forces.

For the fluid, the density is 1.1 kg/m2 and kinematic viscosity is 0.146 m2/s. The

source profile is parabolic along the y-axis and the time-changing maximum value of the

parabola is computed with the equation (sin(π t + 1.5π) + 0.5) umax for t < 1s, then kept

constant at umax = 1 m/s. A uniform grid with cell width dx = 0.02m is used for the fluid

domain inside the closed region.

Figure 4.19: The fluid pressure field variation p − p0, at the end of simulation, t = 10s, is

illustrated with a color map for the simple balloon-like example with a thin-shell solid.
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t = 1s t = 4s

t = 7s t = 9s

t = 12s t = 15s

Figure 4.20: Snapshots at various stages of the simulation demonstrating the interaction

between the fluid and the thin-shell solid in the simple balloon-like example. Color coding

represents the fluid velocity field magnitude, ‖u‖.
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For the simulation, the strong-coupling scheme is employed with a fixed underre-

laxation parameter of 0.05 and the convergence tolerance on the solid positions is set to

10−3dx . The spring parameters used in this example result in balloon behavior that is less

stiff than the volumetric one, as can be observed in the velocity field snapshots shown in

Figure 4.20. The effect of the fluid motion on the solid is more localized in this example, and

the balloon bounces back and forth as it is inflated. These movements create fluctuations in

the calculated p0 values throughout the simulation as illustrated in the plot in Figure 4.11.

The initial values of p0 are relatively small, but they start to increase significantly, especially

after the balloon loses its initial square-like shape around t = 4s.

Figure 4.21: Constant pressure mode, p0, of the enclosed fluid domain plotted against

simulation time for the duration of the simple balloon-like example with thin-shell solid.

The fluid pressure field has relatively small values without its constant mode. We
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provide a representative snapshot of the field at the end of the simulation in Figure 4.19.

The volume flux rate is, once again, calculated at the end of each time step for this example

as an error metric and is plotted in Figure 4.22. The order of the error is very similar but

slightly better than in the volumetric case.

Figure 4.22: The log of the volume flux rate as an error metric for the simple balloon-like

example with thin-shell solid.

4.3.5 Hydraulic Piston

We demonstrate our method on an example that models a hydraulic piston. Unlike

the supported solid example, in the hydraulic piston case the gravitational force acting on

the solid in one cylinder of the piston is balanced by the other solid under gravity placed

in the other cylinder. The countering forces are transmitted through the fluid medium and

are balanced when the system is at equilibrium.
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Figure 4.23: Setup of the piston examples. Top: At equilibrium without any external forces.

Bottom: At equilibrium with an external downward force applied to the right piston.
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We study two different test cases. In the first test, the system is at equilibrium as

depicted in Figure 4.23 (top). In the second test, the solid positions are displaced away from

the equilibrium state as depicted in Figure 4.23 (right). At the beginning of the simulation,

an external force, fmax, calculated analytically using the total solid-fluid mass of each of the

pistons with Pascal’s principle, is applied for the first second of the simulation and gradually

removed over 5 seconds according to the function f(t) = (cos(0.2 (t−1) pi)∗0.5+0.5) fmax.

The outline of the second case is sketched in Figure 4.23 (bottom). In both scenarios,

the fluid is inviscid with a density of 1 kg/m2. In the first scenario, the solid density is

1000 kg/m2 for both of the rigid bodies, while in the second case, it is 10 kg/m2, a value

closer to the fluid density, so that the simulation time until convergence is shorter.

Figure 4.24: Color-mapped illustration of the pressure values of the fluid without the con-

stant pressure mode, p − p0 for the hydraulic piston example. (Left) Without external

forces at the end of the simulation (t = 10s). (Right) With external forces at the end of the

simulation (t = 90s).
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For both tests, the fluid grid cell width is dx = 0.02m and the sample particles for

the pressure forces are distributed on the rigid body surface with a matching resolution. The

underrelaxation parameter is 0.1. The convergence tolerance on the solid position change

is 10−5dx , and convergence does not depend on the value of δp0 unlike the rigid support

case. The first test is simulated over 10 seconds, since it is already at equilibrium, and p0

quickly converges as seen in Figure 4.25. A longer duration of 60 seconds is selected for

the second example, since it takes time to reach the equilibrium state, especially because

the solid has a significantly higher density than the fluid, and the motion is driven by the

fluid weight. After release of the external force, the constant pressure mode drops slowly

as it approaches the state of equilibrium as shown in Figure 4.26, where a window of 100

Figure 4.25: Constant pressure mode, p0, during the simulation of the hydraulic piston

example without external forces.
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substeps is used for smoothing the values. The fluid pressure field without p0 is shown in

Figure 4.24 for both of the tests. Again, the p0 computation compensates for the arbitrary

constant mode in the fluid solver pressure fields.

Figure 4.26: Constant pressure mode, p0, during the simulation of the hydraulic piston

example with external forces, smoothed with a Gaussian method over a window size of 100

substeps.

A few selected snapshots from the second example are shown in Figure 4.27. In the

first snapshot, at t = 3.5s, the left cap of the piston starts to speed up away from its initial

position, reaches its highest velocity around t = 6.5s, and drops down to 0 velocity around

t = 9s. Images in the bottom row demonstrate the velocities as the system is cooling down.
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t = 3.5s t = 6.5s

t = 9s t = 12.5s

t = 34.5s t = 60s

Figure 4.27: Snapshots at various stages of the piston simluation with initial external force.

Color coding represents the fluid velocity field magnitude, ‖u‖.
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4.3.6 Inflating Two Symmetric Coupled Thin-shell Balloons

Figure 4.28: Coupled thin-shell balloon example setup.

In the previous examples, we demonstrated our method in scenarios with a single

Dirichlet fluid region. As the first example with multiple neighboring regions, the simple

thin-shell balloon-like problem is extended by adding another balloon and source that mir-

rors the original one along the y-axis. As in the simple balloon example, the density of

the fluid is 1.1 kg/m2 and its kinematic viscosity is 0.146 m2/s, while the one-dimensional

solid density is 200kg/m. The parameters of the mass-spring system along with a detailed

depiction of the example setup is given in Figure 4.28. The same parabolic profile is used

for both of the fluid sources along their relative y-axes. The source velocities are gradually

increased during the first second of the simulation with the following equation that gives

the maximum value of the parabola: (sin(π t + 1.5π) + 0.5) umax, where uLmax = 1 m/s is

used for the left source and uRmax is used for the right one.

We carried out two different tests with the same layout. In the first test, Test

1, uRmax is set to the same magnitude as uLmax in the opposite direction in a symmetrical

setup. In the nonsymmetric case, Test 2, the right source maximum velocity is halved:
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Symmetric case

Nonsymmetric case

Figure 4.29: Color map of the fluid pressure field without the constant pressure mode, p0,

for the symmetric (top) and nonsymmetric (bottom) tests of two coupled thin-shell balloons.
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uRmax = 0.5 m/s, while it is still in the opposite direction of uLmax. For both tests, the fluid

grid dx is 0.02m, and the springs in the solid have a matching resolution. The vertices of

the solid are used as sample locations for the pressure forces.

The sole convergence criterion for both tests is a tolerance value of 10−3dx for the

maximum solid displacements in consecutive iterations, while the underrelaxation parameter

is fixed to 0.05. The tests are run for 15 seconds, and the fluid pressures without the

constant mode at the end of the simulation as well as the state of the balloons is illustrated

in Figure 4.29, where the pressure field extrema are located around the edges of the balloons

since they still bounce slightly at the end of the simulation. Evolution of the balloon shapes

and the fluid velocity fields are depicted in snapshots in Figure 4.30 and Figure 4.31 for the

symmetric and nonsymmetric cases, respectively.

In the symmetric case, both the balloon and the velocity fields evolve symmetrically

until the end, and the opposing pressures forced the balloons to expand vertically creating

a butterfly-like shape. The center line between the balloons does not move horizontally

during the simulation and the fluid velocity around it is close to 0. The symmetry can be

further observed on the p0 plot in Figure 4.32, where the constant modes of the two regions

overlap for the whole simulation. Also, similar to the single balloon case, a sudden jump

occurs around t = 3s, as the balloons lose their original shape totally and bounce back and

forth slightly to adopt their new shape.

In the nonsymmetric case, the right region is inflated at half the rate of left re-

gion, which has the same source flow as the balloons in the symmetric case. However, in

this case, the left region can grow horizontally into a wider shape as the centerline moves
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t = 1s t = 3s

t = 4s t = 7s

t = 11s t = 15s

Figure 4.30: The change in the solid position and velocity magnitude of the fluid domain

is demonstrated in snapshots from the simulation of two symmetric thin-shell balloons.
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t = 1.25s t = 3.75s

t = 7.5s t = 10s

t = 12.5s t = 15s

Figure 4.31: The change in the solid position and velocity magnitude of the fluid domain is

demonstrated with snapshots from the simulation of two nonsymmetric thin-shell balloons.
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towards the right. The movement of the center line is mainly driven by the differences of

the constant pressure modes of the left and right regions, pL0 and pR0 , respectively. These

modes are illustrated in Figure 4.33, where the difference in values as well as the jumps

after shape deformations can be observed. When compared with the symmetric case both

pL0 and pR0 values are smaller, which is an obvious result for the right region as the input

source velocities are smaller. On the other hand, it is also one of the main reasons for the

lower values in the left region since the p0’s are coupled.

Figure 4.32: Constant pressure mode, p0, throughout the simulation of the symmetric test

of two thin-shell balloons example. Region #1 is the left region, and Region #2 is the right

region.
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Figure 4.33: Constant pressure mode, p0, throughout the simulation of the nonsymmetric

tests of two thin-shell balloons example. Region #1 is the left region, and Region #2 is the

right region.

The log of the volume outflow rate in plotted for each time step as an error metric

for both the symmetric (top) and the nonsymmetric (bottom) examples in Figure 4.34. The

values are smoothed with a Gaussian method with size of 100 substeps for clear visualization.

While the order of the errors is similar to the single thin-shell balloon case, the errors in

the less inflated region in the nonsymmetric case are smaller than the others as expected,

as it has lower input from sources.
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Symmetric case

Nonsymmetric case

Figure 4.34: Log of the volume outflow rate for the symmetric (top) and the nonsymmetric

(bottom) examples. The values are smoothed with a Gaussian method with a window size

of 10.
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4.3.7 Inflating Nested Thin-shell Balloons

Figure 4.35: Nested balloon rings problem setup.

In this example, three circular balloon-like thin-shell solids with different radii are

centered around a circular fluid source forming a nested layout as depicted in Figure 4.35.

In contrast to the two-balloon example, the Dirichlet regions inside the interior balloons are

fully coupled to each other and all solid nodes of the interior balloons are affected by the

pressures of two different closed fluid regions.

All three balloons have a one-dimensional density of 200 kg/m2, and are mod-

eled with the same mass-spring system parameters: kstretch=5 × 104 kg/s2, bstretch=1.5 ×

103 kg/s2, kbend=5 × 104 kg/s2, bbend=800 kg/s2. The radii of the solid balloons, from

innermost to outermost, are 1.5 m, 2.5 m and 3.5 m. The circular fluid source at the center

of balloons has a radius of 0.45 m. The source velocities are in the direction normal to the
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t = 0.25s t = 1s

t = 5s t = 10s

Figure 4.36: Snapshots from the nested balloon at various states of the simulation. The

velocity magnitudes are illustrated with a color map.
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circle, and have a uniform profile along the surface with a gradually increasing magnitude.

The maximum source velocity magnitude, umax is 1 m/s, which is reached in the first second

of the simulation with equation: (sin(π t+1.5π)+0.5) umax. The fluid density is 1.1 kg/m2

and the kinematic viscosity is 0.146 m2/s.

The fluid grid has cell width dx−0.02m and all balloons have matching spring edge

lengths initially. The sample points for the pressure forces are placed at the vertices of the

balloon meshes. The solid convergence criterion is used for this example with a tolerance

of 10−3dx , and the underrelaxation parameter is fixed at 0.05.

Evolution of the balloons and fluid velocity field is demonstrated in a few images

from the simulation in Figure 4.36. The flow coming from the source increases the volume of

the innermost region, meanwhile the volumes of the outer regions are unchanged as they are

pushed outwards. The constant pressure mode of each region is coupled to its neighboring

regions, and their differences move the balloons. Fig 4.37 shows the change of p0 values,

where the regions are numbered in increasing order from outside to inside.

Log values of volume outflow rate of each region are plotted in Figure 4.38, where

the error order is similar to the other thin-shell examples, but slightly decreases from in-

nermost region to outermost region. The values are smoothed with a moving window size

of 10 substeps with a Gaussian method for better visualization.
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Figure 4.37: Plot of constant pressure modes over time for all regions in the nested thin-

shell balloons example. Region #1: outermost region, Region #2: middle region, Region

#3: innermost region.

Figure 4.38: Net volume outlow rate for all regions in the nested thin-shell balloons example.

Region #1: outermost region, Region #2: middle region, Region #3: innermost region.

Log function as well as Gaussian smoothing with size 10 is applied for cleaner visualization.
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4.3.8 Multi-section Piston

Figure 4.39: Setup of piston with multiple sections at equilibrium.

As a final test, we study a hydraulic piston with multiple Dirichlet regions coupled

through rigid bodies. In this example, two rigid bodies are placed in various locations of

each cylinder of a 10m × 12m piston, while the regions between the rigid bodies are filled

with fluid. The left cylinder has a diameter of 6m, and the right cylinder has a diameter

of 2m. The bottom tube’s height and width are both 2m. Different densities and sizes are

chosen for each rigid body as shown in Figure 4.39, which illustrates the example setup and

parameters. The system is designed to be in equilibrium at the initial state and expected to
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stay stable throughout the simulation since no external forces, other than the gravitational

acceleration of 9.8m/s2 that acts on both the fluid and solid, are applied.

The fluid medium between the solids has a density of 1 kg/m2 and is inviscid, while

the cell size, dx , of the fluid grid is 0.02m in all regions. Particles are sampled on the surface

of the rigid bodies at a resolution matching that of the fluid grid. In the strong-coupling

Figure 4.40: The pressure field of the fluid without the constant pressure mode at the end

of the simulation for the multi-section piston example.
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scheme, and underrelaxation value of 0.1 is used, and the solid displacement tolerance is

set to 10−5dx .

The example is run for approximately 16 seconds. The fluid pressure field without

the the constant pressure mode is illustrated in Figure 4.40. Upon examination of the figure,

one can observe that all pressure fields are determined up to different arbitrary pressure

constant modes by the fluid solver. Our method not only computes the pressures required

for the rigid bodies to stay still, but also compensates for the arbitrary constant modes

generated by the fluid solver.

Figure 4.41: Constant pressure mode, p0, plotted against time during the simulation of the

multi-section piston example. Region #1: bottom region, Region #2: left region, Region

#3: right region.

The constant pressure modes calculated by our method throughout the simulation

are plotted in Figure 4.41 where region #1 is the bottom region, region #2 is the left region,
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and region #3 is the right region. The pressure on the upper boundaries of regions #1 and

#2 can be calculated analytically by multiplying the mass above them with gravity and

dividing by their respective tube area. A similar calculation can be done for region #3 to

determine the pressure value at an arbitrary height in the region. The computed solutions

for the constant pressure modes are very close to the expected analytical values, however,

they are not exact since the pressure field of the solvers are compensated.

The log of the net volume outflow rate is plotted in Figure 4.42 at every time step

of the simulation. The initial error is around 10−4, however it drops down quickly to 10−10

or less. One way to avoid this error is to place a convergence criterion on it or on 4p0 in

the strong-coupling scheme.

Figure 4.42: The log of net volumetric outflow rate is used as an error metric for the multi-

section piston example. Region #1: bottom region, Region #2: left region, Region #3:

right region.

113



4.4 Conclusion

In this section, we have revisited the closed region problem in the partitioned

methods with Dirichlet-Neumann coupling scheme. The earlier formulation of boundary

projection method does not capture the solid dynamics properly and fails especially for

high solid-fluid density ratios. We have rewritten the formulation based on solid momentum

change instead and provided an algorithm to work with underrelaxation scheme that is

commonly employed in strong-coupling. The method respects the black-box design for the

solid and fluid solvers, as no internal variables are needed to be accessed or modified.

We have demonstrated the efficacy of our method on several examples. The revised

formulation computes correct pressure forces for the solids as shown in supported rigid body

and piston examples. The method works with multiple regions without any modification,

and it is displayed in various test cases with multiple regions, where coupling of the constant

pressure modes are required for correct results and behavior.

In future work, we would like to do a numerical analysis of our method, and

investigate the convergence rates and criteria for the strong-coupling scheme. Combining

the method with RMI-based partitioned methods would also be another essential study.
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Chapter 5

Conclusions

In this thesis, we have addressed various issues in the partitioned approach to the

two-way solid-fluid coupling problem. One of the main drawbacks of partitioned approaches

is their poor performance and lack of stability, especially under stiff scenarios. We have

addressed these issues with an extended partitioned approach (XPM) as presented in Chap-

ter 2. The stability and performance benefits are demonstrated in cases where the strongly

coupled partitioned approach fails to converge or does so very slowly. Moreover, various

three-dimensional simulations are presented to showcase the method’s applicability in the

computer graphics domain. The application details and algorithm modifications that are

required to apply XPM to SPH are explained in Chapter 3. The method is demonstrated on

a publicly available simulation software, SPlisHSPlasH, using state-of-art solvers for SPH

and rigid bodies. Finally, a boundary pressure projection method is presented to address

the closed-region problem that arises in partitioned methods with a Dirichlet-Neumann

scheme. In Chapter 4, the method is further improved by capturing solid dynamics and
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supporting underrelaxation, and the formulation is supported by results from various test

scenarios including cases with multiple neighboring Dirichlet regions.

All of the methods presented are fairly easy to implement, and they do not require

substantial change in the solver code. One requirement for our methods is support for roll-

backs, which is implemented additionally on SPlisHSPlasH. This functionality is commonly

provided by simulation software to allow restarts on interrupted simulations. Another re-

quirement is access to intermediate interface velocities of the fluid solver. However, these

velocities are typically calculated directly from the solid velocities and are available external

to the solvers.

The methods runs reasonably fast and computational time of the partitioned meth-

ods are only affected marginally. For RMI, computational overhead was between 1%-5%

in all of our simulations, and for BPP, the size of the system to be solved is equal to the

number of closed regions, and can be solved quickly.

In future work, we would like to explore the cases where partitioned methods

are faster than the monolithic solvers. We suspect that the partitioned approach, with

the presented improvements, can outperform the monolithic approach especially when the

number of solid nodes in the simulation is relatively high, making the system built by the

monolithic solver significantly larger, while in the partitioned method only the interface,

which is fast to solve, and the solid system, which typically requires less computation time

for solution, would be affected.
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