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Abstract

Traversable Wormholes, The Positivity of Negativity,

and How to Gauge Your Tensor Network
by

Sean Anthony McBride

This thesis reports on aspects of semiclassical gravity with an eye towards holography.

Chapter 2 introduces a perturbatively traversable wormhole in a particular four-
dimensional quotient spacetime, where traversability is ensured by the Casimir energy of
bulk fermions. We compute the fermionic contribution to the integrated null stress-energy
tensor and find hints that traversability holds at all times.

Chapters 3 and 4 report on computations of entanglement negativity, a multipartite
entanglement measure which distinguishes between classical and quantum correlations.
We compute holographic entanglement negativity in a toy model of Jackiw-Teitelboim
gravity with end-of-the-world branes, finding a rich phase structure which includes replica
symmetry breaking in a large region of phase space. We also compute entanglement
negativity in a toy model of chaotic eigenstates, finding some qualitative agreement with
phase transitions in the holographic model.

Chapter 5 describes a modification to random tensor networks to incorporate bulk
gauge symmetries which we term the “gauged random tensor network.” We find an
area operator valued in the center of the gauged random tensor network bulk algebra
which more closely resembles the area operator provided by the quantum-corrected Ryu-

Takayanagi formula.
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Chapter 1

Introduction

We begin this thesis with a definition:

Definition 0: Physics is a predictive framework.

Given a sufficient set of initial conditions for a physical system, one should be able
to output the state of that system at any later time. This idealistic picture of physics
has no basis in reality, however, as we are constrained by human matters like detector
sensitivities in the infrared and the ultraviolet. Thus, any laws of physics we use can
only be experimentally verified in an effective sense [1-4].

We hope there exists, in some dark corner of the forest of all knowledge, an absolutely
predictive Theory of Everything, expressible in the rigorous lingua franca of mathematics.
Our only criterion is for this theory to consistently incorporate all observable phenomena.
As of the writing of this thesis, this task boils down to incorporating quantum mechanics
and general relativity.

Quantum mechanics, and its big brother quantum field theory (QFT), is the theory of
the very small. Precision tests of quantum electrodynamics have measured the anomalous

magnetic moment of the electron to one part in 1073 [5, 6], and violations of the principles
1
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of quantum mechanics continue to be ruled out by Bell tests [7, 8]. There are certainly
many puzzles in the Standard Model of particle physics, but many of these can be resolved
by the addition of new gauge fields or matter multiplets without tinkering with the
underlying mathematics. This body of evidence suggests that unitarity, in particular the
unitary time evolution of quantum mechanics, should be held sacrosanct for the Theory
of Everything.

General relativity (GR), on the other hand, is the theory of the very large. When
we say “general relativity,” we mean that the spacetime metric g,, is upgraded to a

dynamical field, described at low energies by the Einstein-Hilbert action®

1
167TGN

SEH =

/d4x\/—_gR. (1.1)

This theory is also robust to naive interference. Tests for violations of the equivalence
principle have yielded upper bounds of one part in 10 [9]. Preliminary LIGO tests in
the strong gravity regime of black hole mergers have shown no deviation from classical
expectations [10], demonstrating that semiclassical gravity (AKA quantum field theory
on a curved background) works at experimentally realizable energies. Once again, a
century of modern physics has failed to falsify dynamical gravity as a phenomenological
truth, so we tack it onto the list.

Unlike the Standard Model, which for all its flaws is a renormalizable quantum field

theory, GR as an effective field theory (EFT) is nonrenormalizable, with divergences

'Higher derivative corrections to this action should, by the totalitarian principle approach to particle
physics (or at least the totalitarian principle I was indoctrinated with), be included in this action
suppressed by some string/Planck scale but don’t affect the punchline of dynamical gravity.
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arising at the energy scale set by the gravitational coupling, the Planck energy?

hced 19
Ep =1/ 2 ~1.22 x 10" GeV. (1.2)
Gn

Let’s pause to contextualize this energy scale. The Large Hadron Collider’s center-of-
mass energy currently caps off at 13.6 TeV, and the proposed Future Circular Collider,
which would optimistically start collecting data when my great-grandchildren are born,
would operate at around 100 TeV. With luck, these mechanical ouroboroi might find an
oasis in the current particle physics desert, but can’t directly inform us about where to
look for modifications to GR. Even inflationary observables, like primordial fluctuations
in the CMB power spectrum [12], are too coarse-grained to be useful in the hunt for a
UV completion.?

We're thus stuck with a theory of gravity which both defies our current mathematical
framework and plausibly evades any experimental detection. This tension is precisely
why we attack the Theory of Everything from a theoretical vantage point. The rest of
this introduction will go over some theories, loosely defined, of quantum gravity, that is
frameworks which incorporate gravity as an EFT consistently without abandoning uni-
tarity. This isn’t the only approach. We could abandon unitarity and go forth with, say, a
unified theory with stochastic dynamics [13], but this is in conflict, albeit a purely philo-
sophical one, with Definition 0! Often we denote our subfield Quantum Gravity™, rather
than the arXiV-standardized high energy theoretical physics [hep-th], to emphasize

what we want and what we’re not willing to lose.

2For a more in-depth explanation of this fact, see [11].

3This is not to say there don’t exist stringy models of inflation, just that the time scales involved
(10735 to 10732 seconds) are orders of magnitude separated from the Planck time tp = 5.39 x 1074 s,
so it’s highly unlikely they can elucidate the quantization of gravity.
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1.1 String Theory

String theory arose in the 1960s as a happy accident, although one likes to think that,
had Veneziano not been reading the right textbook on his maritime return from Israel,
kids of today would still be asking what string theory is.*

At zeroth order, string theory describes a QFT living on a two-dimensional worldsheet
swept out by a one-dimensional string embedded in a target space. One can map the
dynamics of the worldsheet into an EFT living on the target space background, and for
certain choices of worldsheet theory and target space dimension weakly coupled gravity
emerges. Worldsheet unitarity is an important ingredient in this recipe: anomaly cancel-
lation on the worldsheet fixes the equations of motion in the target space. String theory
is a goldmine for high energy theorists; by virtue of the fact that the worldsheet theory
is a renormalizable QFT sans gravity, mathematical rigor emerges from the darkness,
bringing with it what looks like a viable UV theory of quantum gravity.

This is close but no cigar. Aside from some exceptionally simple models [16, 17],
scattering amplitudes in string theory must be dealt with perturbatively in the string
coupling g, on a fixed target space. For this reason, string theory is said to be background
dependent, which for a full theory of quantum gravity is a big no-no. A nonperturbative
or background independent formulation, whether by the name of M-theory or string field
theory, is necessary to fully grasp the grandeur of string theory, but this is still on the
horizon.

None of the topics in this thesis, by design, rely on the framework of string theory.
While there are hints that string theory is the only way of UV completing an effective
Einstein-Hilbert action with matter [18, 19], we’ll never really know for sure without a

rigorous mathematical proof (unlikely) or direct observation of Planck-scale phenomena

4The most useful reference for learning string theory remains [14, 15]. I was taught if you understand
the glossary you understand string theory; this is still a work in progress.

4
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(impossible). We leave those questions to future work.

1.2 The Black Hole Information Paradox

As we've discussed, the energy scale at which gravity ceases to be a good EFT is
roughly the same scale at which we expect our description of spacetime as a smooth
background to break down. Thus two competing, well-defined theories of quantum gravity
are experimentally indistinguishable, and a strict empiricist might balk at the whole
program of quantum gravity and go back to their lab, content with the Wilsonian notion
that EFTs are sufficient.

Enter the black hole information paradox. Black holes classically have a nondecreas-
ing horizon area, thermodynamically motivating Bekenstein to conjecture a black hole
entropy proportional to the area of its event horizon [20]. Following a heroic calculation
by Hawking [21], this entropy was fixed to be

S 7]{3303 A
B = TR 4Gy

(1.3)

With this entropy came a temperature, showing that black holes emit a thermal gas of
radiation, shrinking and eventually completely evaporating. The fact that black holes
evaporate doesn’t necessarily obfuscate the treatment of their area as entropy, as entropy
can locally decrease as long as a system’s total entropy is nondecreasing. The real paradox
arises because the radiation is thermal.

A black hole formed from collapse of matter in a pure state should evolve unitarily
to a cloud of radiation in the same pure state. Hawking’s calculation instead shows that
any pure state forming a black hole evolves to the same thermal state. The information

contained in the initial shell of matter is gone, replaced with an informationless mess



Introduction Chapter 1

Sk ,

F 3

S+~

Figure 1.1: The Page curve for an evaporating black hole. The red dotted line denotes

the result of Hawking’s calculation, which is inconsistent with unitary time evolution.
composed mostly of photons and gravitons.

This confusion is formalized by the Page curve [22]. For a pure state in a Hilbert
space of dimension D = drdp > 1, a random density matrix of rank dr < dp obtained

via tracing out part of the system will have von Neumann entropy [23]

Sk = log (min (dg, dg)) + O (Z—g) : (1.4)

In our scenario, dp is the dimension of the radiation Hilbert space, and dp is the dimension
of the black hole Hilbert space. If the black hole starts in a pure state, an observer
collecting the radiation should see its entropy increase, max out at the Page time®, and
decrease to zero. Hawking’s calculation, on the other hand, shows the radiation entropy
to be monotonically increasing for the entire evaporation life cycle, which is only half of

the story.

°This time was treated precisely in [24] and is slightly longer than half of the black hole’s total
evaporation time.
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This paradox is on a completely different footing than the nonrenormalizability of
gravity as an effective field theory. A supermassive black hole at the Page time, say
Sagittarius A* after ~ 1087 years, is still supermassive, with a horizon scale many or-
ders of magnitude larger than the Planck length. On a practical level this isn’t strictly
speaking falsifiable for astrophysical black holes due to the time scales involved, but it’s a
semiclassical problem which should have a semiclassical solution. Attempts to evade the
black hole information paradox via complementarity [25] fell before the AMPS firewall
paradox [26], which we also won’t discuss but is resolved via similar techniques to the

ones we’ll discuss.®

1.3 AdS/CFT

The anti-de Sitter/conformal field theory correspondence (AdS/CFT), like most good

conjectures in theoretical physics, posits a brevitic equivalence [32-34]:

ZAdS = ZCFT- (15)

Also like most conjectures, only one of these terms is actually well-defined. Zaqs
is the partition function of a theory of quantum gravity (usually string theory) on a
(d + 1)-dimensional asymptotically AdS background (“the bulk”). Zcpr we understand
perfectly well as the partition function of a conformal field theory on a d-dimensional
manifold, taken to be the conformal boundary of the bulk spacetime manifold. That
the dual quantum field theory lives on a manifold of one fewer dimension is a sharp
statement of the holographic principle [35, 36]; just as black hole entropy follows an area

law instead of a volume law, gravity itself can be recast as a gravity-less pure boundary

6This firewall paradox is not to be confused with the typical state firewall paradox [27], which has a
different flavor of potential resolution [28-31].
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Prescription S(pr) =+ Euclidean Derivation
Ryu-Takayanagi (RT) I%;n%ff') [40]
Hubeny-Rangamani-Takayangi (HRT) [41] e%(%t%i) [42]
Faulkner-Lewkowycz-Maldacena (FLM) [43] n%n [%}’3)} + Spu(pr) N/A
Quantum Extremal Surface (QES) [44] ext [%8;) + Sbulk(pr)] [45]

Table 1.1: Holographic entropy formulae. By convention, the bulk subregion bounded

by the minimal surface and R, the entanglement wedge, is denoted 7.
theory. AdS/CFT has passed numerous tests [37], so Zcpr is sometimes viewed as a
definition for quantum gravity with asympotically AdS boundary conditions, even though
the correspondence has only been demonstrated in any generality for perturbative string
theory on fixed backgrounds.

Stated as (1.5), AdS/CFT immediately resolves the black hole information paradox:
if quantum gravity really has the dynamics of a unitary quantum system, then black hole
evaporation is manifestly unitary! This would have had dramatic consequences, if not
for the small problem that a “proof” of AdS/CFT necessitates a rigorous definition of
Zaqs via some method besides holography.

A sharp statement of the black hole information paradox in AdS/CFT arose via the
Ryu-Takayanagi (RT) formula [38, 39], which conjectured an equivalence between the
entanglement entropy of a boundary subregion and boundary-anchored minimal area
surfaces in the bulk. For a boundary subregion R with a bulk minimal surface vz ho-

mologous to R, the von Neumann entropy for the boundary state pg is

A(VR)
4Gy

S(pr) = (1.6)

This can be seen as a generalization of the Bekenstein-Hawking entropy for spacetimes

without horizons (but with asymptotic boundaries).
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The RT formula was later extended to include both time-dependent spacetimes (which
upgrades minimization to extremization) and perturbative corrections in Gy such as bulk
matter/graviton entanglement entropy to match Bekenstein’s generalized entropy [46].
We include a list of these holographic entropy formulae and their associated derivations
in Table 1.1. The quantum extremal surface prescription is notable because it’s correct
to all orders in perturbation theory in Gy. Morally speaking, it treats the area term and
the bulk entropy on equal footing such that renormalization of Spuy(p,) is counteracted
by renormalization of Newton’s constant.

These formulae were all originally proven using Euclidean methods. Amazingly, these
Euclidean derivations are couched firmly in the language of semiclassical gravity, without
reference to a boundary dual” Here we sketch the derivation of the RT formula.

The von Neumann entropy is difficult to compute on its own, but can be obtained
via analytic continuation from the Rényi entropy [52]

S(p) = lim

n—>11—n

Tr(p") . (1.7)

What does it mean to compute Tr(p") using semiclassical gravity? Ignoring matter for
the moment, at lowest order it means to compute the leading saddle to the putative

gravitational path integral

Zgrav = /Dge_SEH[g]> (18)

with n-fold “replicated” boundary conditions on the spacetime metric. Assuming this
path integral is dominated by a single saddle for all integer Rényi index n > 1, one can
continue the saddle point action to n = 1 to obtain a coarse-grained von Neumann en-

tropy. This proves to be equivalent to computing the action on the original, unreplicated

"Recently the generalized entropy was shown to be a well-defined entropy of a bulk Type II von
Neumann algebra [47-51], constituting a separate Lorentzian derivation.
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saddle with the addition of a conical defect, which in the n — 1 limit becomes massless
but gives a contribution to the action proportional to its area. The above derivations
relied on a choice of a single saddle which respects a 7Z, replica symmetry, such that

these two methods are in fact the same.

1.4 A Unitary Page Curve

The modification to this flavor of derivation to obtain a Page curve turns out to be
surprisingly simple. The homology condition for extremal surfaces constrains at least
part of the surface to be anchored to the boundary. Further restricting to a connected
surface yields an entropy with the same pathologies pointed out by Hawking. Via several
explicit calculations in AdS/CFT with absorbing boundary conditions [53, 54], it was
shown that around the Page time a new disconnected extremal surface appears, part of
which lies roughly a Planck length inside the horizon. No wonder it was so hard to find!

The inclusion of extremal surfaces unanchored to the boundary motivated the so-
called “island rule,” [55] such that the extremization includes disconnected bulk entan-
glement wedges. This is the last modification to the Ryu-Takayanagi formula necessary
to demonstrate unitarity.® The presence of an island implies that, at late times, the
degrees of freedom in the black hole are entangled with the early radiation quanta, in a
manner not easily explained using quantum field theory on a fixed background [59].

Just as the myriad extremal surface formulas required justification via Fuclidean
methods, so too did these islands. On Thanksgiving Day 2019°, two papers appeared
with the Euclidean picture, one from groups at Cornell and the TAS [60] (the “East

Coast Model”) and one from the Stanford group [61] (the “West Coast Model”), both

8There are further corrections one can impose for particular incompressible bulk states [56, 57] or for
Rényi entropies with n < 1 [58], but for our modest historical overview islands alone will suffice.

9T joked at Gravity Lunch that reading these papers in the bathroom would give us a good excuse to
sneak away from our families during dinner. It did not land.

10
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with the same conclusion: one must include “replica wormholes,” connected Euclidean
solutions, when computing gravitational path integrals with replicated boundary condi-
tions. This phenomenon is most easily illustrated in the calculation of the second Rényi
entropy Sa(pr) = Tr(p%). Here we have two disconnected asymptotic boundaries, so

schematically the relevant geometries are:

The disconnected “Hawking saddle” contributes to the first slope of the Page curve,
while the connected replica wormhole saddle dominates at later time, eventually bringing
the entropy back to zero (or saturating in the case of an eternal black hole). The inclusion
of spacetime wormholes into the saddle point calculation of Rényi entropy produces a
Page curve consistent with unitarity, but clashes with the orthodoxy of AdS/CFT: if a
quantum mechanical dual lived on each boundary, correlation functions should factorize
into pieces supported on the individual connected boundary components.

This has resulted in the elevation of the information paradox to the so-called “fac-
torization problem”: replica wormholes seem to conflict with the shockingly basic notion
that two quantum systems on disconnected manifolds are uncorrelated. We won’t at-
tempt a resolution of the factorization problem in this thesis; indeed, its resolution seems
to require input beyond semiclassical gravity [62-65].1° All we’ll endeavor to do is use
the framework of semiclassical gravity to sharpen some corners of the holographic corre-

spondence. Let’s get to it.

10Many would argue this is also true for the “real” information paradox, which can only be resolved
by counting individual black hole microstates and computing the bulk von Neumann entropy directly

11
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1.5 Permissions and Attributions

1. Chapter 2 is the result of a collaboration with Don Marolf [66], published on arXiV

and in the Journal of High Energy Physics.

2. Chapter 3 is the result of a collaboration with Xi Dong and Wayne Weng [67],

published on arXiV and in the Journal of High Energy Physics.

3. Chapter 4 is the result of a collaboration with Fernando Iniguez [68], published on
arXiV.

4. Chapter 5 is the result of a collaboration with Xi Dong and Wayne Weng [69],

published on arXiV and in the Journal of High Energy Physics.
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Chapter 2

Perturbatively Traversable

Wormbholes from Bulk Fermions

2.1 Introduction

Wormbholes have long been a source of fascination both in the scientific literature [70-
74] and in science fiction [75] as a potential tool for producing superluminal travel. In
classical general relativity, wormholes are nontraversable due to constraints on causality
from the null energy condition (NEC), which implies the topological censorship theorems
(76, 77]. With the assumption of global hyperbolicity, these theorems require causal
curves that start and end at the boundary to be deformable to the boundary in both
asymptotically flat and asymptotically anti-de Sitter contexts'. Adding quantum correc-
tions allows fluctuations that violate the null energy condition, though the topological
censorship theorems continue to apply in contexts where the integrated null energy along

causal curves is nonnegative so that the averaged null energy condition (ANEC) holds.

ITraversable wormholes can be constructed if one drops the requirement of global hyperbolicity, e.g.
by introducing NUT charge [78, 79].

13
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More generally, however, one might expect the ANEC to hold only along achronal
curves; i.e., along only the fastest causal curves connecting two events [80]. For exam-
ple, in spacetimes with noncontractible closed spacelike curves, the Casmir effect causes
the ANEC to fail. Indeed, it is this achronal ANEC (AANEC) that follows from the
generalized second law [81]. Traversable wormholes are thus allowed, so long as it takes
longer to travel through the wormhole than to go around. Similar conclusions follow from
requiring boundary causality in the context of AdS/CFT [82].

Consistent with such expectations, traversable wormholes were constructed by Gao,
Jafferis, and Wall (GJW) [83] by introducing a time-dependent coupling between the two
otherwise disconnected asymptotically AdS; boundaries. This nonlocal coupling induces
a bulk perturbation of a scalar quantum field whose back-reaction allows causal curves
to run between the two boundaries. The averaged null energy along these trajectories
is negative, but the nonlocal boundary coupling transmits signals from one boundary to
the other more quickly than they could travel through the wormhole. In this sense the
AANEC is satisfied. Similar setups have been studied for AdSy and dual SYK models
[84-86] and for rotating AdS; wormholes in [87]. Furthermore, since such traversable
wormholes provide a holographic dual of certain quantum teleportation protocols, they
are of broader interest in connection with the ER = EPR [88, 89] and GR = QM [90]
conjectures.

Nonlocal boundary couplings of the sort used in GJW were expected to model more
general backgrounds in which causal curves can travel from one wormhole mouth to the
other, e.g., when both mouths are embedded in the same asymptotically flat or asymp-
totically AdS region of spacetime. This expectation was recently verified by two com-
plementary constructions. In [91], a nearly AdSs approximation was used to construct a
time-independent asymptotically flat four-dimensional wormhole. This approach allowed

[91] to address many nonperturbative issues. The contrasting approach of [92] (see also

14
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[93]) used a perturbative framework to argue that standard local quantum fields on a
broad class of such classical wormhole geometries have Hartle-Hawking-like states whose
stress-energy back-reacts on the geometry to render the wormholes traversable.

The class of backgrounds M considered by [92] were of the form M = M /Z,, where
the covering space M contains black holes with Killing horizons and well-defined Hartle-
Hawking states for any quantum fields. This context includes many examples with famil-
iar wormhole topologies having fundamental group m; = Z, though it also includes what
one might call torsion wormholes with e.g. m = Z,. For linear quantum fields, the sign
of the back-reaction, and thus whether or not it makes the wormhole traversable, is con-
trolled by a choice of periodic or anti-periodic boundary conditions under the action of
this Zy. For scalar fields, for instance, it depends on whether the Zy isometry J maps ¢(x)
to ¢(Jz) or to —¢(Jx), and thus whether ¢ satisfies periodic or anti-periodic boundary
conditions on the quotient spacetime M. Here we follow [92] in using the term wormhole
to refer to any setting where curves both starting and ending at the boundary cannot
be smoothly deformed to the boundary. Such curves would classically be forbidden from
being causal by the aforementioned topological censorship results of [76, 77].

In certain asymptotically AdS; examples of such torsion wormholes, [92] was able to
exactly compute quantum stress-energy tensor expectation values for general free bulk
scalar fields. The study of more general quantum fields is clearly of interest, though
in curved spacetime computations involving higher spin fields can lead to significant
technical complications. Here we take a first step in this direction by computing the
quantum back-reaction from Weyl fermions of any mass m in the torsion wormholes
of [92]. Again, we find that stress-energy tensor expectation values can be computed
exactly.

The outline of this chapter is as follows. In section 2.2, we review the construction of

Z wormholes from [92] and find geometries useful for our consideration of spinor fields.
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In the relevant case the spacetime M is a Z, quotient of the rotating Banados-Teitelboim-
Zanelli black hole [94, 95] (rBTZ) times S*, so that M = (rBTZ x S')/Z,;. We flesh
out the details of this case in section 2.3, providing an analytic expression for the null
stress-energy tensor on the horizon of M for a spinor field of arbitrary mass. The above
quotient breaks rotational symmetry, and we find the sign of the integrated null energy to
generally depend on the BTZ angular coordinate ¢. But the average is nonzero when the
black hole rotates, and is negative with the appropriate choice of periodicity. Following
[92] we compute T'(AV), where T is the black hole temperature and — (AV') measures
the expectation value of the time advance governing traversability of the wormhole. As in
the scalar case, we find T'(AV) to be independent of T" for all fermion masses, suggesting
that (AV) diverges as T — 0 and that bulk spinors alone would suffice to yield an
eternally traversable wormhole in that limit. We conclude in section 2.4 by discussing
the extension of our results to other higher spin particles which, like the spinor, have
exactly soluble propagators in AdS;. Working our way all the way up to spin-2 would
allow understanding of the effect of linearized gravitons on such wormholes; this remains

a goal for future work.

2.2 Preliminaries and Review

We begin in section 2.2.1 with a brief review of certain asymptotically AdS (or asymp-
totically AdS x X) Zy wormbholes studied in [92]. We then recall in section 2.2.2 how
the stress-energy tensor of quantum scalar fields can be computed exactly in these back-
grounds. The extension of such computations to fermions is outlined in section 2.2.3,
which in particular describes further properties required for fermions to yield nontriv-
ial results. The example from [92] satisfying these properties is called the Kaluza-Klein

zero-brane orbifold (KKZBO) spacetime and is discussed in detail in section 2.2.4.
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2.2.1 Review of AdS Z> Wormbholes

The exactly solvable models of [92] involved quantum fields in a Hartle-Hawking-like
state propagating on Zs quotients M = M /Zs of BTZ and BTZ x S!'. This setting
is useful as the Killing symmetry of BTZ preserves the BTZ Hartle-Hawking state. As
a result, in that state on the covering space M the symmetry requires the expected
null-null component of the stress-energy tensor (Tj;);; to vanish on the BTZ horizon
for any quantum field. This symmetry is then broken by the Z, quotient, so on the
physical spacetime M the horizon expectation value (Tx),, can be nonzero. Nevertheless,
the simplicity of BTZ can be used to provide an analytic expression for (Tyx),,. The
integrated (Tjx),, on the horizon can then be evaluated numerically and combined with
first order perturbation theory to compute the back-reaction. We begin by reviewing
simple examples of the above geometries and techniques. In this section we set the
angular momentum of the black hole to zero and consider only nonrotating BTZ.

Without rotation, the BTZ metric can be written in the form

1
ds? — S (—42dUdV + (1 — UV)?d¢?) . (2.1)

1+0V)

Here ¢ is the AdS length scale (which we will often take to be one) and 27r, is the
length of the BTZ horizon. We use Kruskal-like coordinates (U,V, ¢) where U and V
parameterize the null directions. The metric (2.1) is global AdS; when ¢ takes values
in (—oo,00), but gives the global BTZ black hole when one makes the identification
¢ ~ ¢+ 2m [95].

A variety of interesting spacetimes can be constructed as quotients of (2.1) or of tensor
products with some other simple factor X. For example, the RP? geon [96] is a quotient
of (2.1) under the isometry Jy : (U, V,¢) — (V,U, ¢ + m); see figure 2.1 below. Note

that J? is the identity and that the quotient BTZ/.J; contains a noncontractible cycle
17
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Figure 2.1: Conformal diagram of the RP? geon, KKEOW, and KKZBO geometries,

with null coordinates (U, V') indicated. The left region (dashed lines) is the image of

the right (solid lines) under the Zg isometry J which exchanges U <> V, so that the

right alone may be used to represent the quotient. The desired isometries J also act

on S! factors (just S' for the RP? geon and S x S! for the KKEOW and KKZBO

geometries) not shown in the figure. The geodesic proper distance s between a point

x on the horizon and its image Jz is nonzero and spacelike in all cases, though for

U =V = 0 this is a result of the additional action of J on suppressed angles ¢ and/or

f not shown in this figure.
with Zs homotopy that is not deformable to the boundary and can be represented by the
closed curve {¢ € [0, 7]} for any U(¢p) = V(¢). Another interesting related spacetime is
the Kaluza-Klein end-of-the-world brane geometry (hereafter KKEOW) (BTZ x S')/.Js,
where the isometry J, now acts on the angle # associated with the internal S* as well as
on the BTZ factor. In particular, J; : (U, V,¢,0) — (V,U, ¢,0 + 7). Here the quotient is
smooth but Kaluza-Klein reduction on S* gives a singular spacetime with what may be
called an end-of-the-world brane at U = V. Again, J7 is the identity and the quotient
contains a noncontractible cycle with Z, homotopy that is not deformable to the boundary
and can be represented by the closed curve {6 € [0, 7], ¢ = constant} for any U(0, ¢) =
V0, 9).

18



Perturbatively Traversable Wormholes from Bulk Fermions Chapter 2

Both of the above quotients are nonorientable, but an orientable spacetime (BTZ x
S1)/Js can be obtained by allowing the isometry J3 to act on both 6 and ¢. In particular,
[92] studied the Kaluza-Klein zero-brane orbifold (KKZBO) given by J5 : (U, V, ¢,0) —
(V,U,—¢,0 + ). As before, the quotient is smooth but singularities arise when it is
Kaluza-Klein reduced on the S*. These singularities are localized at U = V with ¢ = 0, 7
and may be called zero-brane orbifolds as they represent pointlike defects in the resulting
three-dimensional spacetime. Once again, J3 is the identity and the quotient contains
a noncontractible cycle with Z, homotopy that is not deformable to the boundary and
is now associated with the zero branes. It can be represented by the closed curves
{6 € [0,7]} at ¢ = 0 or 7 for any U(#) = V(#). The KKZBO is more complicated than
the above examples as it breaks translational symmetry in ¢. However, as noted in [92],
it has the advantage of extending to rotating black holes where both J; and J, cease to
be isometries. In particular, the KKZBO admits an interesting extreme limit in which
back-reaction from quantum fields can become large. As reviewed in section 2.2.3 below,
even without rotation, the fact that the KKZBO is orientable makes it a much more
interesting context in which to study fermions.

We are interested in finding the quantity (AV'), the expected null time delay of a
geodesic starting at U = —oo and ending at U = oo induced by back-reaction from quan-
tum fields. A negative value (AV') < 0 indicates that the wormhole becomes traversable,
as a null geodesic fired from the left boundary in the distant past then arrives at the right
boundary at a finite future time with (on average) coordinate V- = (AV'). As shown in
[83], in the linearized approximation and in the presence of rotational symmetry, (AV')

in nonrotating BTZ (or BTZ xX) is related to the integrated null stress-energy tensor
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along the horizon through
(AV) = 47TGN/ dU (Tx) - (2.2)
0

Here Ty, = T}, k"k" for a null horizon generator k#0, = Oy. The extension to rotating
BTZ and to broken rotational symmetry will be reviewed below in section 2.2.4 below.

As noted in the introduction, symmetry requires (Tx) to vanish in the Hartle-Hawking
state on BTZ or BTZ x X, but we will in fact compute (Ty) in the quotient (BTZ x X)/Z,
where the symmetry is broken. At linear order in perturbation theory we may then lift
the resulting (Tyx) back to the (BTZ x X) covering space, compute back-reaction on
the metric using (2.2), and take the quotient of the result to obtain a self-consistent
semi-classical solution.

The stress-energy tensor of a scalar field ¢ takes the form

1

1
T;w = ,u¢61/¢ - §g,uugpg p¢aa¢ - Eg;wmQQSQ' (23)

Contracting with the null vectors eliminates all but the first term, so (Ty) is a coincident
limit of derivatives acting on the two-point function (¢¢). The pointwise contribution to
the null stress-energy tensor can thus be determined by derivatives of the scalar Green’s

function. Since k#0, = Oy, we may write

(Tt () = T, (06 (2)u (")) (2.4)

where the computation is to be done in the Hartle-Hawking state on the quotient geom-
etry M.
As reviewed in [92], for linear quantum fields correlations functions in this state may

be computed using the method of images. In particular, one may identify the quantum
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field ¢(z) on the quotient M with an appropriately scaled linear combination of the scalar

field gg(:v) on the covering space M and its image under the relevant isometry J:

8(r) = 5 (9) £ 3(72)). (25)

The choice of sign in (2.5) corresponds to a choice of periodic (4) or anti-periodic (—)
boundary conditions on the Z, cycle of the quotient.

The stress-energy tensor (2.3) is thus a sum of four terms involving coincident limits
of two point functions involving all possible pairings of ¢(z) and ¢(Jz). Terms involving
coincident points in the covering space are proportional to the stress-energy tensor in
the Hartle-Hawking state on M and thus vanish by the symmetry noted above. Thus all
potentially divergent terms vanish and (Tjy),, is explicitly finite. Nonzero contributions

come only from the two cross terms. These contribute equally and give

(Tir(2)) pr = £ (Ou ()0 d(J)) 57 - (2.6)

We can now see that creating a traversable wormhole is simple, as unless some coincidence
or symmetry imposes (Tjx),, = 0, one will find (Ty;),, to be negative for one choice of
periodic or anti-periodic scalars. As verified by detailed computations in [92], the correct
choice turns out to be periodic boundary conditions for the RP? geon, the KKEOW

spacetime, and the KKZBO geometry.
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2.2.2 Explicit Calculation

We now review further explicit scalar results from [92]. The scalar two-point function

on empty AdS; is known exactly [97]. It may be written in the form

Gaas(Z) = 4i (22 -1 (2 + (22~ 1)1/2)1_A, (2.7)

™

where Z =1+ o(z,2')/(?, o(z,2') is the half squared-geodesic distance in an associated
four dimensional embedding space R*2, and A is given by the same formula as the scaling

dimension of the associated operator in any dual CFT [37],
A=1+V1tm2P (2.8)

where the £+ denotes a choice of boundary conditions at AdS infinity. We will always
take the (4) boundary condition below, as this choice is always consistent with unitarity.
However, the (—) choice can also be of interest; see [92] for associated results in the
context of the above Zy wormbholes.

From [92], the half-squared geodesic distance in R?? in our Kruskal-like coordinates

18

A €2 AV Ty (¢ _ ¢/)
o(x,z") = AT 0V 10V (UV —1)(U'V"—1)cosh (T)
— (14U0V)A+UV)+ 200V +VU)]. (2.9)

We can use the fact that BTZ is a quotient space of AdS3 to recast the BTZ Green’s

function as a sum over images in the AdS;3 covering space such that

Gprz(Z) = Gaas, (Zn) (2.10)

nel
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where Z, =1+ o(z,2)/? and ¢/, = ¢' + 27n. The additional isometry to produce the
RP? geon means that we are concerned with cases where ¢ = ¢ + 7, so the sum over
images is a sum over ¢’ = ¢+ (2n+ 1) with U’ =V =0 and V' = U.

By substituting the expression for the embedding space geodesic distance, we can
calculate Gaqs;, and by extension the two-point function on the RP? geon. The full
expression for (Tyx) is quite complicated, so we recall from [92] only the result in the
limit ry /¢ — 0. Using (Tyk),, to denote the contribution to (Tyx) from the nth term in

the sum (2.10), for periodic scalars one finds in this limit the n-independent result

(1+20(U+VitT?) "

T =
ikl 32rU3(1 + U?)5/?

1+ (UVIF T2 +8U°VI+T2) (A - 1)+
4UH(2 — 2A + A%) + U?(6 — 8A + 4A?)] .
(2.11)

While the sum of (2.11) over n clearly diverges, the result (2.11) will still prove useful
in section 2.3. For general r,, numerically integrating the full expression for periodic
scalars yields a strictly negative result for each (Tjy),,, so the back-reaction does indeed
render the wormhole traversable.

The calculation for the KKEOW geometry is slightly more involved. For any given
four-dimensional mass m, Kaluza-Klein (KK) reduction on the S! produces a tower of

massive three-dimensional fields with effective masses given by

2
Myl = \/m2€2 + (Ril) P2, (2.12)

where p € Z is the mode number on the internal S' with radius Rg1. Since the three-

dimensional two-point function (2.10) is known exactly, it is useful to write the full
four-dimensional stress-energy tensor as a sum over p of contributions (Ty), , from the

n'™ term in (2.10) and the p*® mode on the S*.
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Such contributions include a factor of of €?™ = (—1)P from the action of the isometry
on . These alternating signs play an important role, as the n = 0 contributions <Tkk>n:0,p
all have nonintegrable singularities at U = 0. Indeed, such terms are independent of r

and give

1 3—8A +4A2 —2A +3A%Z_ A3

. 2.1
327U3 + 647U + 67 +0(U) (2.13)

(Tik) o, =

Since the four-dimensional state is Hadamard and the quotient is smooth, the full stress-
energy tensor can have only integrable singularities and the nonintegrable terms in (2.13)
must cancel when summed over p. For numerical calculations, we can simply choose
some large N and sum over modes with |p| < N if we also impose a cutoff at small U
to avoid possible issues from incomplete cancellations of such terms at finite N; see [92]
for details®>. Again, the integrated (Ty.) is negative for all periodic scalars of the type
discussed above.

The KKZBO computations are similar but the integrated (Tyx) now depends on ¢.
For ¢ # 0,7 each term <Tkk>n7p is finite and continuous. However, at ¢ = 0, 7 the action
of J3 coincides with the KKEOW actions of J;. As a result, the expressions for (Tjx),, ,
coincide there as well. In particular, corresponding care is required for the n = 0 modes.
For the simple scalars discussed here, periodic boundary conditions make the integrated

(Tkr) negative along all horizon generators, though [92] also found more complicated

examples where the sign of (AV') varies with ¢.

2Tt was also shown in [92] that the explicit terms above vanish when summed over p using Dirichlet
n regularization for the 1/U% and 1/U terms and Abel summation for the constant term. One may thus
rewrite (Tyx) as a sum of explicitly finite terms.
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2.2.3 Subtleties of Spinor Representations

We now consider how the above constructions should be generalized to accomodate
bulk fermion fields. To begin, recall that spin groups admit two inequivalent fundamental
representations in odd dimensional spacetimes. One may think of this choice as arising

d—3

from two distinct possible definitions of v ! = +i~"z Hf:_OQ ~%, both of which form a

representation of the Clifford algebra {72, ~*} = 21 [15], or as choice of

d—1
H’Yl = j:]IZ(d—l)/Q. (214)

=0

We shall simply denote the two choices as 74 and 7% below, with the understanding
that the sign on the right-hand-side of 2.14 is + in the A representation and — in the B
representation, with v4 = —v%.

Since the two spinor representations differ by the sign of all v*, they are related
by the action of the three-dimensional parity operator, which we may take to be any
orientation-reversing isometry of 3D Minkowski space. As a result, on a nonorientable
spacetime like the RP? geon, spinors can be well-defined only when both representations
are present. In particular, our theory on the geon must contains two spinor fields 4
and v, each corresponding to a different representation, but which are exchanged when
one traverses a noncontractible curve that reverses orientation. While it is inconsistent
to have a single fermion corresponding to either representation alone, this AB doublet of

fermions yields a well-defined theory. In this context, we may use the Lagrangian [98]

L = det(e) m(i’YﬁDu —m)a + w_B(i’YgDu - m)¢B] (2.15)

where det(e) is the vielbein determinant and +/; ; denote the gamma matrices for each

fermion representation. In terms of a method-of-images construction paralleling that for
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scalars in [92] in the scalar case, the Lagrangian on the BTZ covering space must also
take the form (2.15).

Let us now consider the analogue of the scalar relation (2.5). For fields of nonzero
spin, adding the field operators at distinct points z and Jx requires one to first find some
way to identify the corresponding two tangent spaces. It is natural to use the isometry J
and, as discussed in section 2.3 below, any isometry can be extended to a map J taking
spinors at x to spinors at Jx. In particular, the spinor field jl; evaluated at x is an

operator built from QZ(J x). We may thus write

v(w) = —= (9@ + [17]) @) (2.16)

Since the equation of motion is linear, it is preserved by Jif J preserves the vielbein and
the v*. We will use these conditions in section 2.2.4 to define the appropriate extension
J of the isometry J. The ansatz (2.16) will then satisfy the equation of motion on the
quotient M when {/; satisfies the corresponding equation on the covering space M. One
may also check that canonical normalization of 1; gives canonical normalization of .
Thus (2.16) is the desired method-of-images ansatz. As for scalars, correlation functions
in spinor Hartle-Hawking states on M and M will again be related by (2.16).

We now consider the implications for stress-energy tensors on the RP? geon, which
we represent as BTZ/.J;. The important point here is that J; reverses orientation and
must thus interchange 14 and ¥ p. In other words, in this context we may write (2.16)

more explicitly as
0a(@) = = (Da(@) + [1ds] @) . 05(a) = 2= (F(@) + [ha] @) . 217)

where [JHZB (z) is built from the operator ¥z(J1z). Since the Lagrangian (2.15) con-

| S
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tains no interactions, the full stress-energy tensor is of course a sum of separately con-
served stress-energy tensors for the A and B fields. Let us consider first the expectation
value of the A stress-energy tensor, which is a quadratic composite operator much like
the stress-energy tensor of a scalar field. As in the scalar case, using the first line in (2.17)
generates four terms. The term involving coincident points at x gives the A stress-energy
tensor on the covering space which vanishes by the same symmetry described above for
scalars, and the term involving coincident points at Jix gives the similarly-vanishing
B stress-energy tensor. The final two terms are cross-terms built from the correlators
(Ya(x)yp(Jiz)) and (Yp(Jiz)a(x)) in the Hartle-Hawking state on the covering space
M. The the lack of an interaction term in (2.15) means that such AB cross-correlators
vanish identically. So despite the breaking of the Killing symmetry on the RP? geon, the
A stress-energy tensor continues to vanish on the horizon, as does the B stress-energy ten-
sor by the same argument. The shift AV thus remains zero and first-order back-reaction
does not render the wormhole traversable.

One might ask if fermionic back-reaction is more interesting on the KKEOW space-
time. There the full spacetime is four-dimensional, so there is only one representation
of the Clifford algebra and it is invariant under orientation-reversal. Thus we need only
consider a single Weyl fermion. However, as for the scalar case one may proceed by
dimensional reduction to three dimensions, where one obtains a set of uncoupled free
fields that come in pairs like the fields AB discussed above. In particular, the AB fields
in each doublet are related by reversal of orientation on the three-dimensional (orbifold)
base space. In terms of each pair, the discussion proceeds precisely as for the RP? geon
above, and the full stress-energy tensor again vanishes. From the four dimensional per-
spective the point is that even-dimensional spinors admit a conserved notion of chirality,
and that the two chiralities are exchanged by the orientation-reversing isometry Jo. The

cross-terms in the stress-energy tensor are then built from two-point functions between
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Weyl spinor components of opposite chirality, which vanish in Hartle-Hawking state.
The upshot of this discussion is that in any Zy quotient of a spacetime with a Killing
symmetry (in any spacetime dimension) the contribution of spinors to expected stress-
energy tensors on the horizon will vanish unless the quotient is orientable. For this
reason we focus on the orientable KKZBO spacetime in the remainder of this work. The
generalization of our discussion thus far to this spacetime is reviewed in section 2.2.4

below.

2.2.4 The KKZBO Spacetime and Back-reaction

As mentioned in section 2.2.1, the KKZBO spacetime can be defined in the presence
of rotation. In particular, it admits an extreme limit where [92] found that back-reaction
from matter sources becomes large. Perturbations that render the wormhole traversable
may thus naturally create an eternally traversable wormhole in this limit in agreement
with [86, 91]. We briefly review these results here for later use in studying back-reaction
from the stress-energy tensor of our Weyl fermions.

To begin, recall that the rotating BTZ (rBTZ) metric in our Kruskal-like coordinates
(U, V, ¢) takes the form

1
ds? = S(—4dUdV + 4lr_(UdV — VdU)d¢ + [ri (1 = UV)* +4UVr? | d¢?).

1+UV)
(2.18)

We are interested in the Cartesian product of (2.18) with an S* of radius Rg:, and thus

with line element R?gl d#?. Defining
JS : (U7 V7 Cb, 0) — (Vvv U7_¢70+7T) (219)

as in section 2.2.1, it is clear that the (U, V, ¢) part of J3 preserves (2.18) and the 6 part
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preserves the metric on S*.

To understand the implications of the (Thi)kizpo that we will compute in section 2.3,
we must understand the back-reactions of such a source on the geometry. As in the case
without spin, one may lift the source (Ty),, computed on the quotient M = KKZBO
to the covering space M = BTZ x S, compute the associated back-reaction on M =
rBTZ x S, and then quotient the result again by Js;. This lift and quotient procedure
gives the same result as computing back-reaction directly on the KKZBO spacetime. And
since we preserve rotational symmetry on the internal S, the problem can be Kaluza-
Klein reduced to studying back-reaction on three-dimensional rBTZ. Indeed, section 2.3
will directly compute the effective three-dimensional stress-energy <Tkk>?(dKZBO7 which is
just the integral over the internal S* of (Tix)kxzpo-

We thus require the generalization of (2.2) to rotating BTZ and to sources that break

rotational symmetry. As shown in [92], the correct result is

1 2T

%) G 00 T . , ,
AV = 402 0 AUy, = €2N/_oo/—ﬁd¢dUH(¢_¢><Tkk>3d<¢)’ (2.20)

where the Green’s function H (¢ — ¢') is usefully described as a sum over Fourier modes

of the form

H(p—¢')= Z o= g g — 1 202 (2.21)
- o T2mr? — 2 = 2igr_ + (¢ '
2,’,.2
Perhaps the most interesting feature of (2.21) is that the zero-mode H,—y = ﬁ,
m(ry—rZ

diverges in the extreme limit ;. — r_. As noted in [92], this invalidates our perturbative
analysis for r, very close to r_, but it also suggests that a full nonperturbative analysis
could produce a static, eternally traversable wormhole. We will thus be most interested

in cases with r, —r_ smaller than any classical scale, but with r still far enough from r_
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that our perturbative treatment remains valid. Variations with ¢ are then a subleading
effect as the ¢ # 0 modes in (2.21) remain finite at . = r_. It is thus useful to focus on

the average of the time delay (2.20) over ¢. Since the temperature of rotating BTZ is

2 _ 2
re—rs 2rg
= = 2.22
27T7"+€2 H[) ’ ( )
we may average (AV') over the ¢-circle to write
T(AV )average = — 5 ) dodU (Tie)™ (2.23)

where the factor of 4 is associated with making use of symemtries to change the limits
of integration relative to those in (2.20). In the scalar case, the numerics in [92] found
the extreme limit of (2.23) to be approximately independent of r,. We will find similar

behavior below.

2.3 Spinors and Stress-Energy Tensors on the KKZBO
Spacetime

We now turn to the fermion details for stress-energy tensors on the KKZBO. We
begin in section 2.3.1 below by extending the KKZBO isometry J; of rBTZ x S! to act
on spinor fields. Section 2.3.2 then sets up the calculation of the desired stress-energy
tensor components and section 2.3.3 studies a simplifying limit in preparation for more

complete numerical calculations in section 2.3.4.
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2.3.1 Spinor Extensions of the J; Isometry

Any isometry has a natural action on tensor fields via the associated diffeomorphism.
But spinor fields are not tensors, and are typically defined by attaching an internal
tangent space to each point in spacetime. This is done by choosing a vielbein e, which
has a spacetime index u = (U, V, ¢, 0) and an internal index a = (0, 1,2, 3). Choosing the
metric on the internal space to be n,, = diag(—1,1,1,1), one may use any vielbein that
satisfies efe1q, = g Any two such vielbeins are related by an internal O(3,1) gauge

transformation. For rBTZ x S! we take

i ( 0 0
PRI U B ~ 0 Yl e
14UV —r (U=V) —r(U+V) r (1=-UV) 0

0 0 0 Ra (14+UV)

where a labels the columns and p labels the rows.

a
i

a

The natural action of the isometry J3 on e M

is given by treating e as a spacetime
vector field for each a. Thus J; acts on spacetime indices p and the point at which
the field is evaluated but has no further action on the internal index a. As a result, in
addition to acting on the arguments (U,V, ¢,6) in (2.24), it also exchanges the U and
V rows and changes the sign of all entries in the ¢ row. We note that this combined
operation is not a symmetry of the vielbein.

However, as noted in section 2.2.3, it would be more useful for our method-of-images
construction to have an operation Js that leaves the vielbein invariant. Since the isometry
Js preserves the metric, the vielbeins Jzef: and e, can differ only by an internal O(3, 1)

transformation. Choosing the right such transformation j (such that (je)4 = jyel,) thus

allows us to define a vielbein-preserving Js = Jyo 7 as desired. It is easy to check that
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this is the case for

i = (2.25)

defines a .J; that preserves the vielbein (2.24).

To describe the corresponding action on spinors, one should view (2.25) as the action
of an O(3,1) transformation on covectors. There is then a corresponding action ; of this
transformation on spinors, up to a sign to be discussed below associated with O(3, 1) being
the double cover of the associated spin group, defined by requiring that j leave invariant
the four-dimensional Clifford algebra {I'®} that satisfies {I'*, "’} = 2®® and defines the

four-dimensional spinor representation. The spinor-space matrix } must satisfy

= [j(0)" = ()T’ (2.26)

Noting that

jere (o rHr2 rd) — (1% -1, —12,1%), (2.27)

and setting j = iT''T2 = (5)~! = 5 one finds (j)~'T%) = jeT = (5) 19" so that (2.26)
is satisfied as desired.

Since we will use Kaluza-Klein reduction on the S* to express the four-dimensional
fields in terms of three-dimensional fields on a BTZ orbifold, it is useful to express j in
terms of the three-dimensional gamma matrices v* for a = (0, 1,2). Since each three-
dimensional spinor representation is invariant under the action of any I'*, we can choose

a basis for the four-dimensional representation in which each I'* takes a block diagonal
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,ya
form | , where the subscripts denote the two spinor representations labelled A

0 75
and B in section 2.2.3. In either representation we thus find

j=i' (2.28)

The fact that the action of J3 on spinors is ambiguous up to an overall sign implies
that there are two natural notions of periodic spinors on the quotient space: those defined
by spinors on rBTZ x S* that are invariant under Js and those defined by spinors invariant
under —J5. As aresult, any use of the terms periodic and anti-periodic spinors is generally
a choice of convention as these terms can become well-defined only after making an
arbitrary choice of this sign®. Our convention in this work will be to use J; as defined
by (2.28). In contrast, consider the ¢-translation used to construct rBTZ as a quotient
of AdS;. This latter isometry already preserves the vielbein (2.24), so we may take the

corresponding extra action j on spinor indices to be trivial.

2.3.2 Computing (Tj;)

For bosonic fields one defines the source for the Einstein equations by

. -2 6Smatter
uy — \/_5—59#” .
3This case is like what one often sees in flat space, where the discrete isometry is a special case of a

continuous isometry. Continuous isometries lift uniquely from O(d — 1,1) to the associated spin group
and can be used to define natural notions of periodic and anti-periodic spinors.

(2.29)

33



Perturbatively Traversable Wormholes from Bulk Fermions Chapter 2

For spinor fields, as in (2.15), the Lagrangian is best written in terms of the vielbein so

that this source is defined via

T =

1 6Smatter
R (83€ar + Opeap) - (2.30)

Note that (2.30) reduces to (2.29) when the vielbein appears in the action only through

v = elfney. Evaluating (2.30) for a spinor field yields the Belinfante stress-energy

tensor [99, 100]

g.“

T;w = % E(V(uDu)w) + (b(u@)%)w ) (2'31>

where D, = 0, + %wﬁbzab is the covariant derivative with spin connection w/‘jb and D, =
0, — %wl‘ijab. This tensor is both symmetric and conserved.

Having understood the action J; on spinors of the appropriate rBTZ x S! isometry
Js in section 2.3.1 above, we can use the method of images to compute the expectation

value (Tjx) much as for scalars. The critical relation is

V() = % (0)+ [57] (@) (2.32)

where we have chosen signs such that (2.32) is a periodic spinor under our Js. Recall also
that |:j31;:| (z) = jib(Jsz). Inserting this into (2.31) and taking expectation values in the
rBTZ x S! Hartle-Hawking state again yields 4 terms. Two of these are the expectation
values of (Ty;) on TBTZ x S' at x and at Jsz, which for z on the horizon must again vanish
by symmetry in the Hartle-Hawking state. We thus need only compute the remaining
cross-terms associated with distinct points x, J3z in the covering space. As for scalars,
in the full four-dimensional stress-energy tensor such terms are manifestly nonsingular
for all x.

However, again as for scalars it will be useful to Kaluza-Klein reduce our spinor to a
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tower of spinors on AdS3 by decomposing v into Fourier modes e’ on the internal S* (we
assume periodicity on this circle). The resulting three-dimensional spinors have masses
that are again given by (2.12). As noted earlier, this reduction yields three-dimensional
spinors in both representations.

For each p we may write the associated 3D stress-energy tensor (Ty), on the horizon
in terms of the 3D spinor propagator Sprz§ (z,7') = (v*(z)bg (2)) prz for a fermion
of the appropriate effective mass and choice of spinor representation in the BTZ Hartle-

Hawking state
i I
(T, = (—1)])596152, ZTY |:'7(,uDz/)SBTZ<x> J3x")j + D Sprz(Jsz, ')y, |, (2.33)
AB

where D,/ denotes a covariant derivative on the second argument that acts on the as-
sociated spinor indices and X4 p indicates that the right-hand-side adds togeher the
contributions from the two three-dimensional representations. The null-null component

of this stress-energy tensor can be rewritten

(Tir), = (=1 ZIm{Tr [}%DkSBTZ(xa Jsz)|}- (2.34)

The propagator Sgry is further given by an image sum Sgtz = ZnEZ Sadss Over propa-
gators in AdSs.

Using the maximal symmetry of this spacetime, the AdS3 propagators can be written
Sadss (7, 7') = [a(s) + #B(s)|A(z, 27)] (2.35)

in terms of the spinor parallel propagator A along the geodesic connecting x and ', and

two functions a(s), B(s) of the associated geodesic distance s, and the tangent vector
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nt = %s(w,x’ ) to this geodesic at z. This construction and the relevant formulae are
reviewed in appendix B, following the same procedure as used by [101] in the Euclidean
case. In particular, the explicit form of a(s) is given by combining (B.14), (B.17), and
(B.19), whence 5(s) then follows from the second line of (B.9).

However, it remains to find an expression for the spinor parallel propagator A. This
of course depends on our choice of SO(2,1) gauge, and thus on our choice of vielbein.
Rather than compute the result directly for the choice (2.24) and the relevant geodesics,
it is simpler to proceed by noting that, for each n and z, the contribution to (2.33)
must be invariant under the combined action of AdS3 isometries, diffeomorphisms, and
internal SO(2,1) gauge transformations and using such transformations to separately
simplify the computations for each n,x. In particular, we may fix an auxiliary (say,
nonrotating) BTZ coordinate system on AdSs and then use AdS3 isometries to map the
geodesic segment running from z to the relevant image point x’ onto the bifurcation
surface of the (auxiliary) BTZ horizon. Using the (nonrotating version of the) vielbein
(2.24), one then finds the spinor parallel propagator A to be trivial along such geodesics,
with A(s) =1 for all s.

To proceed further, it is useful to note that the quotient M = (tBTZ x S')/.J; can
also be generated by taking the quotient of AdS3; under the group generated by both
an rBTZ ¢-translation (for which AdS;/Z = rBTZ) and a 7 rotation in AdS; global
coordinates. In terms of the standard embedding coordinates reviewed in appendix A,
this is a rotation in the (X, X3) plane. For each n, we may choosing the lift of x to
AdSs so that the geodesic from z to the relevant image point 2’ intersects the axis of this
rotation at the midpoint of the geodesic, and we may then choose the isometry moving the
geodesic to the bifurcation surface of our auxiliary BTZ coordinates to be just a rotation

around the same axis followed by a translation along it. In particular, we may choose

this AdS3 isometry to preserve the relevant axis so that the action 3 on spinor indices
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of our extended isometry Js is unchanged. Noting that (2.25) holds in our auxiliary
nonrotating BTZ SO(2, 1) frame as well as in the physical one, the expression (2.28) for
3 must continue to hold in this frame as well. Computing each contribution to (2.34)
in the associated auxiliary frame and summing over n and the choice of representations

then yields

(B, () = =417 Sl ) | (5 = gyeom 32 ) sa)| . (230

ne”

where (¢,), is the unit-normalized vector at = whose lift to AdS; points along the
infinitesimal generator of rotations of X! into X? when the geodesic from x to its image
point 2’ is lifted to AdS3 so as to intersect the associated rotation axis at its midpoint,
and where s,, is the geodesic distance in AdS3 between x and 2’. In particular, both s,
and ¢, depend on n.

As reviewed in appendix A, in terms of our rBTZ coordinates the explicit form of the

geodesic distance between two points z, 2’ in AdS; can be written

s(z, ') = Leosh™ ((UV - &Ulv, — {(UV ~ DUV’ — 1) cosh <L€_¢’)) +
2(UV' + VU') cosh (M) +2(VU' — UV') sinh (—r‘((b - </>’)) D
(2.37)

Note that choosing x on the horizon and z’ as above imposes U' =V =0, V' = U, and

¢’ = —¢, simplifying the result to

s(U, ¢) = £ cosh™! (cosh (2T2¢) + 207 exp (_ 27"£¢))>

2

2
= (cosh™! (1 + %) (2.38)
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where p =/ \/ sinh? <%¢> + U?exp (—27"74)) is the radial coordinate defined by either x
or ' in a global AdS3 coordinate system whose rotation axis orthogonally intersects the
midpoint of the geodesic from x to 2’; in other words, 2mwp is the circumference of the

circle defined by rotating either x or 2’ about this axis.

2.3.3 General Features

Since the general form of (Ty) is quite complicated, we will compute the details of
stress-energy tensor profiles and the associated back-reaction on the metric numerically
in section 2.3.4 below. However, it is useful to first discuss certain general features of
(2.36).

In the scalar case, [92] found the expressions to simplify greatly in the limit r (¢ —
&) /lr_(¢ — ¢') — 0, which in particular holds for the n = 0 term near ¢ = 0. This is

even more true in our case, as ¢, k* vanishes in this limit. For n = 0 we find

—2ms(p)
Ue=3-¢sinh (r, ¢) <p + 1+ p2> w
8% (14 p?)°

[3 + (6+4m3(p)) p* + (3+ 4m3(p)) p* + 6ms(p)py/1 + p* + 8ms(p)p® /1 + pﬂ
(2.39)

(Thkn=op =

with p defined as before and where we have set ¢ to 1.

The expression (2.39) is singular at p = 0, or U = ¢ = 0. It is useful to understand
this singularity since, as described above, the four-dimensional stress-energy tensor can
have at most an integrable singularity at this point. For p # 0 and r, # 0 the terms
(Thk) o, are finite, so any nonintegrable singularity must cancel when (2.39) is summed
over p. This is precisely what occurs in the scalar case studied in [92].

However, in our case the singularity in (2.39) is separately integrable for each p.
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r_¢
Writing e 7 U = pcosf and sinh % = psinf yields

3sinf cosf
(Thk)neop = —o—5 — (1 —2

r- 2
— 2.4
S —cos Op+ O(p )) (2.40)

+

at small p. The result simply vanishes for any U at ¢ = 0 (siné = 0) for any U, or for any
¢ at U =0 (cosf = 0). Integrating over U at fixed ¢ thus raises no issues. Integrating
over both ¢ and U also yields a finite result since [dfsinfcosf =0 = [dfsinfcos0,
so that integral of the explicit terms in (2.40) also vanish, and all other terms give finite
results due to the fact that the measure dUd¢ o pdpdg(1+ O(p?)) supplies an additional
factor of p.

The expression (2.39) has many similarities to the scalar expression (2.11). One
might expect a particularly simple relation between the two in the large mass limit
where occupation numbers are small and quantum effects are suppressed so that the
choice of bosonic vs. fermionic statistics is unimportant. But the kinematic structure of
the expressions remains different in that limit, associated with the nontrivial action ; of
the isometry Js on fermionic indices. In particular, at large mg the spinor result (2.39)

yields

Usinh (r, ¢) e3¢ (p +4/1+ p2> o

T = 210 2.41
< kk)n:O,w 27Tp3 (1 + p2) ms + (m3>7 ( )
while A — 14 m in the bosonic expressions (2.11) gives
—2m
U26—4T'7¢ <p+ /1 _|_p2>
(Thk)nmo,p = m* 4+ O(m). (2.42)

83 (1+ )

The fact that the denominators differ by a factor of 4 may be ascribed to the fact that

we consider a single real scalar and a four-component spinor (from the four-dimensional
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point of view). However, the other discrepancies reflect the difference in kinematics. We

find similar differences in the limit of large U with m fixed, which yields

Wﬂ = 4 sinh (r 2
Tothnoy 4sinh (ry¢) + O(1/U?). (2.43)

It is interesting that the above expressions for our fermion field all change signs under
¢ — —¢. This stands in marked contrast to the scalar results whose signs are gener-
ally ¢-independent®. This odd-parity behavior turns out to arise from the nonrotating
limit r_(¢ — ¢')¢ — 0 regardless of whether a similar limit is taken for r,. Indeed, for
nonrotating BTZ there is no preferred sign of the unit-vector ¢, and the symmetry of
nonrotating BTZ under ¢ — —¢ requires (¢,),k" — —(pn),k". Since in that case all
other factors in (Tyx) are even, the integrated stress-energy becomes an odd function of
¢ and the average over the full horizon must vanish. But this symmetry is broken by
rotation and, indeed, we will find below that for nonzero angular velocity the average of

(Tkr) over the full horizon is nonzero.

2.3.4 Numerical Results

It remains to study (Tk) and [ dU (Ty) in detail. For this task we resort to numerics
and follow the same basic strategy as in [92]. We will phrase our results in terms of the
dimensionless quantity ¢ (Ty,) o< AV. As above, our results are for the effective three-
dimensional Kaluza-Klein-reduced stress-energy tensor. We impose a cutoff N on the
number of Kaluza-Klein modes over which we sum and also regulate the functions near
the (integrable) singularity at U = 0, ¢ = 0. We choose our cutoffs such that our answers

do not change significantly when these cutoffs are altered.

4Though with specially engineered boundary conditions [92] found cases where the sign of the inte-
grated scalar stress-energy depends on ¢ as well.
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In particular, our numerical expressions are computed via

(Tt americar = D, (VP FUm(p)) + (=) (U m(N + 1)) (2.44)

p=—N

where we have added an extra term so as to sum over an even number of terms, N of

which have an additional sign change. In computing ( [dU (T, kk>) we integrate the

numerical
stress-energy tensor only over |U| > e. We will interpolate between the origin and U = €
with a linear approximation for the spinor and a constant for the scalar, as shown in
Figure 2.3 and integrate the interpolating function for |U| < e. We choose our spinors to
be periodic under J; such that we get a positive overall contribution to the stress-energy
tensor.

Some results for the dimensionless quantity ¢ (Tyx) are shown in figures 2.2 and 2.3.
Figure 2.2 shows the contributions to the stress-energy tensor for a spinor and scalar of
the same mass at a particular value of ¢. Notably, the spinor contribution is everywhere
positive, as opposed to the scalar contribution which changes sign. Figure 2.3 shows
the details of the interpolation of (Tj) for small U. As the spinor stress-energy tensor
vanishes at U = 0, a linear interpolation from the origin was used, while a constant
interpolation was used for the scalar case.

We also numerically calculate the contributions to [ dU (Tj;) at extremality in figure
2.4 for various values of ¢ and v, = r_. As opposed to the scalar contribution, the spinor
contribution generically changes sign at different ¢ for a given r,. In the scalar case,
this phenomenon must be engineered [92] by requiring some KK modes to have the (—)
boundary condition in (2.8). Figure 2.5 plots the integral of (Ty) over both U and ¢ at
extremality as a function of the radius v, = r_. The physical importance of this quantity

is that, as discussed in section 2.2.4, it is proportional to T (V) (see (2.23)). As in

average

[92], we find numerically that this function is independent of . We thus find a large
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Figure 2.2: Plot of £ (T}y) vs. U with k#0,, = Oy for a spinor field ) and a scalar field
¢. Both particles have mass m = 1 in units of inverse £ 445. We have chosen r, =1
and r_— = 1/2 in the same units, as well as ¢ = 0.1. Here the cutoff ¢ = 0.02, the
sum over BTZ images has been done to n = 3, and the sum over KK modes has been

performed to N = 50, with £/Rg1 = +/10.

average time advance (V) x 1/T as T — 0 in the extreme limit r_ — r,, suggesting

average
that a nonperturbative treatment may lead to an eternally traversable wormhole as in
[92], at least in the presence of some large parameter that controls quantum fluctuations
relative to the mean. Figure 2.6 compares the relative size of this quantity at extremality
for one four-dimensional complex scalar field and four four dimensional real scalar fields,
which as mentioned before, have the same number of degrees of freedom. For all values of
the three-dimensional mass m, the spinor contribution to the stress-energy tensor is less

than that of the equivalent scalar fields, owing to cancellations from the spinor kinematic

structure.

2.4 Conclusion

We have studied the contributions of bulk spinors to the integrated null stress-energy

tensor of a Zs quotient of rIBTZ x S' known as the Kaluza-Klein zero-brane orbifold
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Figure 2.3: Details of the interpolation between the origin and U = ¢ = 0.02 for the
spinor and scalar in Figure 2.2.
(KKZBO). As in the scalar case, the Zy quotient is associated with a sign that controls
the periodicity of the bulk field as well as the overall sign in the null stress-energy (Tx)
on the horizon.

The fact that spinor fields carry Lorentz indices leads to notable differences from the
scalar case. The spinor (T;) includes an overall factor of ¢, k*, where ¢ is a vector field
defined by the Z, quotient operation. This ¢,k* is an odd function of ¢ for nonrotating
BT7Z, so in that case the spinor (Tyx) is odd as well and integrates to zero over the ¢-circle.
As a result, at least in the limit of large black hole radius where the Green’s function
(2.21) relating (Ty) to the generator-dependent time delay (AV') becomes short-ranged,
without rotation one finds the wormhole to be traversable when entered across one half
of the ¢-circle (say for ¢ € (0,7)) but to remain nontraversable when entered across the
other half-circle.

This overall factor of ¢, k* is associated with the fact that the simplicity of the model
in four dimensions means that both possible three-dimensional representations of the
Clifford algebra enter with equal weight. Terms that for each representation are not
proportional to ¢,k* have opposite signs in the two representations and cancel. As a
result, a more chiral construction that caused the two representations to enter on a less
equal footing would not have this property.
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Figure 2.4: Plot of ¢ (Tyx) at extremality for a spinor v at various values of r = r_
and ¢. The four dimensional mass m = 1 and £/Rg1 = 1/10. The cutoff ¢ = 0.1,
the sum over Kaluza-Klein modes was performed to N = 20, and the sum over BTZ
images was performed to n = 3.

While the above ¢ — —¢ (anti-)symmetry is broken at nonzero angular velocity,
the sign of (Tjy) still varies with ¢ and the average over the ¢-circle is correspondingly
reduced relative to the scalar case. But choosing the aforementioned sign correctly still

makes the average negative (and thus also (V) As in the scalar case [92], the

average) :

quantity 7' (V) < 0 is nonzero at 7' = 0, so that the time delay — (V) x 1/T

average average

becomes large. At least in the presence of some large parameter that controls quantum
fluctuations relative to the mean, this suggests that a nonperturbative treatment may

lead to an eternally traversable wormhole as in [91]. It also interesting that, again as in
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Figure 2.5: Plot of the quantity ¢ [;° fl/r 32 dpdUry (Tgr) at extremality for

m = (0,1,2) and {/Rg, = 10. The cutoff ¢ = 0.01, the sum over Kaluza-Klein modes
modes was performed to N = 200, and the sum over BTZ images was performed to
n = 3. This quantity appears constant for all values of r4, up to corrections at small
r4 for the small value of N. Relevant values of the four-dimensional mass m are
indicated above.

the scalar case studied in [92], numerical results suggest 7" (V') to be independent

average
of r, = r_ at extremality, though with values noticeably smaller than in the scalar case
(see figure 2.6) due to partial cancellations associated with the variation in sign with ¢
described above.

Such results in particular make clear that, even though extreme BTZ preserves cer-
tain supersymmetries, models with N = 1 bulk supersymmetry do not lead to special
cancellations in (Tj;) between bosons and fermions on the extreme KKZBO spacetime.
This lack of cancellations is especially manifest at large mass m where AdS bulk su-
persymmetry relates fermions and bosons of nearly equal masses. It should not be a
surprise since the nonvanishing of (Tyk)ykzpo 1S manifestly due to the breaking of the
BTZ Killing symmetry by the Zs quotient used to build KKZBO from extreme BTZ.
Since this Killing symmetry is part of the supersymmetry algebra on extreme BTZ, the
quotient must break supersymmetry at the same level.

A natural next step for further investigation would be to study fields of even higher
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Figure 2.6: Plot of the ratio of the quantity [;* f:{ ?2 dpdUry (Ty) at extremality for

one four-dimensional complex spinor field and four four-dimensional real scalar fields

of the same four-dimensional mass m. ¢/Rg, = 10 with a cutoff ¢ = 0.01. The sum

over Kaluza-Klein modes was performed to N = 1000 and the sum over BTZ images

was performed to n = 5. The spinor contribution to the integrated stress-energy

tensor is always significantly less than that of the scalars with an equivalent number

of degrees of freedom.
spin, and in particular to better understand what kinematic factors might arise in such
cases. Expressions for the vector propagator for both massive and massless particles on
AdS; were given in [102] and can be used to compute the stress-energy of such fields
on the KKZBO spacetime in direct analogy to the computations performed here. Fur-
ther extensions to spin-3/2 and spin-2 fields would then allow one to study gravitino
and graviton back-reaction to our wormhole geometry. It would also be interesting to
study the back-reaction of signals passing through our wormholes as was done for GJW

wormbholes in [84, 87, 103, 104] to understand how differences from the scalar case above

affect limits on the amount of information that can be transmitted.

46



Chapter 3

Replica Wormbholes and Holographic

Entanglement Negativity

3.1 Introduction

Replica wormholes have played an important role in recent progress on solving the
black hole information problem [60, 61]. These wormholes appear as nontrivial saddle
points that could dominate gravitational path integrals with replicated boundary con-
ditions. Their appearance leads to nontrivial “island” contributions in the quantum
extremal surface (QES) formula for gravitational entropy [44, 45, 53, 54].

So far most of the discussion has been centered on the von Neumann entropy. While
obtaining the von Neumann entropy is a good first step, we need more detailed informa-
tion about the quantum state — such as more general measures of entanglement — to
fully solve the black hole information problem.

In this chapter, we take a first step towards understanding the structure of entangle-
ment in an evaporating black hole and its Hawking radiation by studying entanglement
negativity and its Rényi generalizations in a couple of toy models. Just as the von Neu-
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mann entropy is a measure of quantum entanglement in pure states, the negativity is an
important measure of entanglement in generally mixed states. Therefore, the negativity
provides an interesting probe in diagnosing the structure of multipartite entanglement in
systems such as an evaporating black hole.

To understand negativity intuitively, consider a general state on two subsystems that
is described by a density matrix, and take its partial transpose on the second subsystem.
The partially transposed density matrix could have negative eigenvalues, and the degree
to which the eigenvalues are negative is characterized by the negativity and logarithmic
negativity. Both of these negativity measures are entanglement monotones, and the
logarithmic negativity provides an upper bound on the distillable entanglement [105—
107]. Negativity has been discussed in a number of interesting prior works [108-130].

We now give a short summary of this chapter.

In Section 4.3, we review the definition and properties of the negativity and its Rényi
generalizations. In Section 3.3, we start our study of negativity in a toy model of an evap-
orating black hole in Jackiw-Teitelboim (JT) gravity with an end-of-the-world (EOW)
brane. This is a slight generalization of the model studied in [61], with the system
describing the Hawking radiation divided into two subsystems so as to study negativity.

As we tune the parameters of the model, we find a rich phase diagram for the negativ-
ities consisting of four phases (see Figure 3.4). Each of the four phases is dominated by a
saddle-point geometry of JT gravity (or a set of saddle points). For a black hole before the
Page time, we find a phase dominated by a totally disconnected geometry, whereas after
the Page time, we find three distinct phases depending on how we divide the radiation
system into two subsystems: the first phase is dominated by a cyclically connected geome-
try (which is the replica wormhole of [61]), the second dominated by an “anti-cyclically”
connected geometry, and the third dominated by pairwise connected geometries that

are in one-to-one correspondence with noncrossing pairings. These pairwise connected
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geometries are new replica wormholes that spontaneously break the replica symmetry.
Their appearance agrees with the general discussions on holographic negativity in [128].

In Sections 3.4 and 4.4, we study the behavior of negativities near the transitions
between the four phases. Near these phase transitions, more geometries than the four
types described earlier could dominate the gravitational path integral for Rényi negativ-
ities, and we need to sum over them. In order to obtain the negativity and logarithmic
negativity (as well as related negativity measures such as the partially transposed en-
tropy [118, 128]), we need to analytically continue in the replica number. We achieve this
by using the resolvent for the partially transposed density matrix to find its eigenvalue
distribution (which we call the “negativity spectrum”). To calculate this “negativity re-
solvent,” we organize the sum over geometries into a Schwinger-Dyson equation, which is
similar to the method used in [61]. We develop this method for negativity in Section 3.4
and apply it to both a microcanonical ensemble and canonical ensemble in Section 4.4.

When the black hole is in a microcanonical ensemble, the Schwinger-Dyson equation
simplifies into a cubic equation for the negativity resolvent, leading to concrete results
for the negativities near all phase transitions. This is similar to the case of a random
mixed state studied in [127].

When the black hole is in a canonical ensemble, the gravitational calculation is tech-
nically more difficult. As a result, we study each of the phase transitions separately, for
we only need to sum over a subset of geometries near each transition. Near the transition
between the “disconnected” phase and “pairwise” phase, the Schwinger-Dyson equation
again simplifies, this time into a quadratic equation for the negativity resolvent. Near
the transition between the “cyclic” phase and “pairwise” phase, it is difficult to solve the
Schwinger-Dyson equation exactly, but we solve it approximately in the semiclassical, or
£ — 0, limit. From its solution, we find that the negativity spectrum near the phase

transition consists of two branches, each of which is approximately a shifted thermal
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spectrum with a cutoff. One branch consists of positive eigenvalues, and the other has
negative eigenvalues. From this we find enhanced corrections to various negativity mea-
sures near the phase transition. In particular, a quantity known as the refined Rényi-2
negativity receives an O(1/4/f) correction, similar to the enhanced corrections to the
von Neumann entropy at the Page transition [61, 131, 132], whereas other negativity
measures such as the logarithmic negativity and the partially transposed entropy exhibit
O(1/pB) corrections, similar to what happens to Rényi entropies S,, with n < 1.

Moving beyond the JT gravity model, we study in Section 3.6 the behavior of nega-
tivities in a topological model of 2-dimensional gravity with EOW branes. This is a slight
generalization of the model of [62], where we again divide the radiation system into two
subsystems to study negativity. We find the situation to be very similar to the case of
a microcanonical ensemble in JT gravity described earlier. In particular, the Schwinger-
Dyson equation again simplifies into a cubic equation for the negativity resolvent, leading
to concrete results for the negativities.

We end with some concluding remarks in Section 3.7 and several appendices. In
Appendix C, we derive the set of dominant geometries in each of the phases and near
phase transitions. In Appendix D, we provide a more detailed analysis near the transition
between the cyclic phase and pairwise phase in the canonical ensemble. In Appendix E,
we study the Rényi entropies near the Page transition in a similar fashion and show that
they exhibit corrections analogous to the corrections to the negativities near the phase

transition.

Related works appeared recently and have some partial overlap with our results on the
study of negativity in JT gravity in the microcanonical ensemble [133] and the canonical

ensemble [130, 134].
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3.2 Entanglement Negativity and Rényi Negativities

The motivation for entanglement negativity comes from the Peres-Horodecki criterion
[135, 136], also known as the PPT (positive partial transpose) criterion for mixed states,
which we review here. Consider a mixed state p4p defined on the product Hilbert space

H=Hs® Hp. A state is separable if it can be written as

k k
PAB = Zpipfq ® ,OiBu Zpi =1 (3.1)
i=1

i=1

for states p’y and p%; on H 4 and Hp, respectively. Separable states are classical mixtures
of product states and thus do not contain quantum entanglement; inseparable states are
said to be entangled.

We denote the algebra of operators on H; by A;, and the space of linear maps from

A to Ag by L(Aa, Ap). A map A € L( A4, Ap) is said to be positive if
A .AA — .AB (3.2)

maps positive operators to positive operators, and is completely positive if for all non-
negative integer n,

A=AR1I: As@ M, - Ap @M, (3.3)

is positive, where M, denotes the algebra of n X n complex matrices. For separable
states, this condition is clearly satisfied when A is a positive map, as (A @ I) (pa ® pp) =
(Apa) ® pp > 0. For inseparable states, this no longer holds in general, so a good
diagnostic of entanglement would be a positive but not completely positive map, such
that entangled states would have negative eigenvalues under the action of A ® I.

The partial transpose is such a positive but not completely positive map. Consider
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a bipartite system AB with an orthonormal basis {|a)} on A and {|b)} on B. Given a

density matrix psp on AB, we define the partially transposed density matrix as'
(a,blpi5ld", V) = {a,V|pagla’, b) . (3.4)

Acting on a reduced density matrix on B, the partial tranpose becomes the usual trans-
pose which preserves the eigenvalues of the original reduced density matrix and is there-
fore a positive map. Acting on the full density matrix is not guaranteed to preserve
positivity. As an example, take an EPR pair of two qubits A and B. The partial trans-
pose of its density matrix has eigenvalues { %, %, %, —%} We therefore see that the par-
tial transpose can be a useful tool for differentiating between separable and inseparable
states.?

The entanglement negativity N (p) is defined as the sum of the absolute values of
the negative eigenvalues of this partially transposed density matrix and can be variably

written as

ooy 2 I8l =1~ = Ny
(pap) = =28 —=> == Al (35)

i:A <0
Here || X]|; = Tr|X| = Tr VXX is the Schatten 1-norm of a matrix X. We see why
negativity is such an appealing entanglement measure, as it is computed directly from a
trace, as opposed to a variational principle in the case of other entanglement measures.
Note that as we are taking a trace, it does not matter which subsystem we take the

partial trace over, so choosing p’3 instead of p'/4 is merely a convention. The logarithmic

'For reasons that will become clear shortly, in later sections we will rename the subsystems A and B
as Ry and Ry, and the partial transposition T is thus called T5.

2For 2 x 2 and 2 x 3 matrices, the PPT criterion is both necessary and sufficient for the state to be
separable. For systems of general dimension it is not sufficient, as bound entangled states have positive
semidefinite partial transpose and therefore require further entanglement criteria to be distinguished
from separable states.
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negativity is similarly defined by

E(pag) = log (Z |\i |> log (2N (pap) +1). (3.6)

The logarithmic negativity is an upper bound on the distillable entanglement, i.e., the
asymptotic number of EPR pairs that can be extracted from a set of identically prepared
pap with local operations and classical communication (LOCC).

We can also write a Rényi version of negativity via

Nulpas) = Tr [ (055)"]. (3.7)

There is a subtlety in the analytic continuation of the Rényi negativity. As the negativity
is defined by the absolute value of the eigenvalues of the partially transposed density
matrix and the Rényi negativity is defined without an absolute value, we need to define

different analytic continuations for even and odd n such that

(even) Z |/\ |2m

Naol®) =3 ™ sgn(A) A" (3.8)

)

The logarithmic negativity is then obtained from the even analytic condition:

E(pap) = hm 10g/\/’2even (paB) - (3.9)

In this chapter, we will also be interested in a generalization of the Rényi negativities
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termed refined Rényi negativities, which are given by

1
STB(n,even) (pAB) _ —7126” (_ log/\/”éeven)) 7
n

1

STe(modd) () p) = —n20, (—log/\/,go‘id)) . (3.10)
n

The refined Rényi negativities are inspired by the refined Rényi entropies defined

in [137]. In particular, we will be interested in two measures that descend from the refined

Rényi negativities. The first is the partially transposed entropy ST2(pap) of [118, 128],

defined as the m — 1 limit of the refined odd Rényi negativity:
1., odd
ST (pap) = —3 Tlnlinl Om logNQ(m_i = — Z Ai log | Al (3.11)

S5 is so named in analogy with the von Neumann entropy. The other measure is the

2,even) (

refined Rényi-2 negativity S75( paB), which can be written as

1 . 22
STB(Q,even) - _ 28m | (even) = — L 1 ¢ . 3.12
(paB) lim m = og Ny, ) >N 08 Y (3.12)

i

We will refer to this quantity as ST2(? for short. It is equivalent to the von Neumann

entropy of (pﬁBBy /Tr [(pﬁ%)z].

3.3 The Model and Four Phases

3.3.1 JT gravity with EOW branes

We start by reviewing the simple model of black hole evaporation studied in [61] (see

also [138, 139]). This model consists of a black hole in JT gravity, decorated with an
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end-of-the-world (EOW) brane with tension p. The action is given by

brane

with the JT action being

]JT:—;SV—;;E/MR%—/BMK}—[%//\A¢(R+2)+/8M¢K}. (3.14)

We have set Gy = 1, though it can be restored by sending the inverse temperature
B8 — BGyN. The parameter Sy can be thought of as the zero temperature entropy of
an eternal two-dimensional black hole. The EOW brane is endowed with & orthonormal
states, or “flavors,” which are entangled with an auxiliary reference system R. The states
on the brane can be thought of as describing the interior partners of the early Hawking
radiation R, so by increasing k& we can probe later regimes of an “evaporating” black
hole.

The entangled state of the black hole system B and the “radiation” R can be written

1 <& ,
W) = ﬁzl Vi) g |1) g - (3.15)

The density matrix of the R subsystem is therefore

pn = 1) il (ilts)s (3.16)

,j=1

The inner product (¢;|1;) g is given by a gravitational path integral with standard Dirich-

let boundary conditions on an asymptotic boundary interval and Neumann boundary
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conditions on the EOW branes:

1 1
ds®|om = ngQ, o= o € =0

an¢|brane = W, K =0 (317)

as well as specifying the brane states ¢ and j at the endpoints of the EOW brane.
As was shown in [61], while naively (¢;]¢);) o d;;, this should be understood as an
expectation value in an ensemble, and wormhole contributions indicate exponentially
small fluctuations of the inner product. We illustrate the boundary conditions for the

matrix elements of pr as follows:

(Wilthj) = i emmen AT N 518

The solid black line denotes an asymptotic boundary interval for the gravitational path
integral, while the blue dashed lines are index lines that impose boundary conditions
for the brane states. Computing Tr (pr) means contracting the open index lines and
summing over all possible geometries respecting the boundary conditions (3.17).

To study negativity, we need to consider a bipartite mixed state. To that end, we
split the radiation system into two subsystems Hr = Hp, ® Hp, consisting of k; and ks

states, respectively, such that k = kiks and
| & ke
PRiRy = 7 DD v i) iz, ol (Wi i, 1) (3.19)

11,52=1 j1,j2=1

We will refer to this partitioned density matrix as pg from now on. We define our partially

o6



Replica Wormholes and Holographic Entanglement Negativity Chapter 3

J1

Figure 3.1: Boundary conditions for pgr,r, and p%l r,- Blue (dashed) lines denote
states in Ry, and red (dotted) lines denotes states in Rs. If we take a trace, these two
boundary conditions are equivalent.

transposed density matrix as the partial transpose over Rs, i.e.,

k1 ko

T 1 N
pRIEz k Z Z i1, o) (2, 1| (Wi o [Vir 1) - (3.20)
i1,92=1 j1,j2=1
We will use the shorthand p% moving forward. This partial transpose affects the bound-
ary conditions for our path integral by swapping the brane flavor index lines corresponding

to states in Hp,. The resulting boundary conditions are illustrated in Figure 3.1.

3.3.2 Dominant Saddles

As in any calculation with a gravitational path integral, our first task is to identify the
saddle-point geometries which obey the given boundary conditions and sum over them
with the appropriate weight. As our goal is to compute Rényi negativities Tr [(p%)n],
our boundary conditions will consist of n copies of the boundary conditions illustrated on
the right of Figure 3.1, with matching brane flavor indices contracted. The set of all clas-
sical saddles consists of oriented two-dimensional surfaces which end on the asymptotic
boundaries and EOW branes, possibly connecting two or more boundaries.

As our gravitational action (3.13) is independent of brane flavor, we can factorize the

flavor contributions so that

Zsaddle = gravf(kh k2> (321>

for some function f of the brane Hilbert space dimensions k; and k. The gravitational
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Figure 3.2: Boundary conditions and some possible classical geometries that con-
tribute to Tr [(p?)ﬂ. Index lines that run along EOW branes are not shown for
visual clarity. Left: The partially transposed boundary conditions from Figure 3.1

with brane flavor indices contracted. Center left and right: The geometries consist of
disjoint unions of disks in noncrossing or crossing configurations. Right: The geome-
try has a single handle and will be suppressed by a factor of =2 relative to the first
geometry.

partition function 7, for a surface connecting n boundaries depends on the Euler char-

acteristic y of the surface in the schematic form
Zpy ~ 50X, (3.22)

The contribution of a surface with genus g > 1 is therefore suppressed by e=29% for large
Sp. This means that the only classical geometries we need to consider are disks or disjoint
unions of disks, and Zg,y is a product of disk partition functions Z,,. We will therefore
assume Sy > 1 throughout the rest of the chapter. We illustrate some examples of these
disk geometries as well as a higher genus geometry in Figure 3.2.

More precisely, for a disk connecting n boundaries in JT gravity we have

1
F(u—§+is)

where p(s) = 3% sinh (27s) is the disk density of states® in JT gravity. In order to recover

2
B

o0 g2
= &% / dsp(s)y(s)",  yls) = e 5 212
0

(3.23)

3The density of states is more typically written in the F = s? energy basis such that p(E) =

ﬁsinh (QW\/E). Here s can be thought of as an entropy, and is the more natural variable for our
purposes.
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(3.22), we take Sy > 1 while keeping other parameters fixed. We emphasize this is a
schematic approximation that should only be used to motivate the pertinent saddles for
our problem; in general, there are parametric corrections from the full expression of Z,
which will be discussed in more detail in Sections 3.4 and 4.4.

Since we are ignoring higher genus surfaces, the sum over geometries with n replicated
asymptotic boundaries is equivalent to a sum over elements of S,,, the permutation group

on n elements. In particular, the sum takes the form

(9)
n 1 X 71X 71X71
T [(0R)'] = Gzge 2o | T 2o | P20 (3.24)
1 gESH =1
1 (9) 1y —1yx-1
™ (keSo)n Z (%)™ YOy g (3.25)
gESh

where x(g) is the number of disjoint cycles of the permutation g, |¢;(g)| is the length of
the i-th disjoint cycle of g, and X (X~!) is the (anti-)cyclic permutation of length n.

Unless otherwise specified, we will take k, e > 1. Note

WD) =n, y(X)=x(xX =1 (3.26)

The sums (3.25) and (3.24) over elements of the permutation group has a simple
geometric interpretation. The permutation g determines how the asymptotic boundaries
are connected by EOW branes, while the powers of k; and ks count the number of
index loops. The totally disconnected geometry corresponds to g = 1, while the totally
connected geometry corresponds to ¢ = X. What does the g = X! geometry look like?
We show examples of these three geometries in Figure 3.3. Two of these geometries, the
disconnected and cyclic geometries, belong in the class of noncrossing diagrams discussed

by [61]. The third, the anti-cyclic geometry, is in some sense equivalent to the cyclic
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Figure 3.3: The four classes of geometries which dominate the Rényi negativity cal-
culation. In order, they are the disconnected (¢ = 1), cyclic (¢ = X), anti-cyclic
(g = X7 1), and pairwise (g = 7) geometries. The pairwise geometries spontaneously
break replica symmetry. The black lines are oriented asymptotic boundaries, the pur-
ple lines are EOW branes, the blue (dashed) lines denote ky index loops, and the red
(dotted) lines denote ks index loops.
geometry if one reverses the orientation of the boundary, or equivalently if one exchanges
k1 and ko. This statement will be explained in more detail in Section 3.4.2.
One might naively guess that the anti-cyclic geometry would never dominate the
Rényi negativity, for the same reasons as in [61] where crossing partitions in the calcu-
lation of the Rényi entropy were suppressed by factors of 1/k% In fact this geometry

dominates in a very large parameter regime: as we show in Appendix C, we have the

following phases dominated by the corresponding permutation g:

Totally disconnected: €% > kiky — g=1

Cyclically connected: k1 > koe™ — g=X
Anti-cyclically connected: ko > kie™ — g=X""1

Pairwise connected: kiky > e, — g=T (3.27)

e & ky [ky < €50

To see this intuitively, we calculate the contributions to Tr [(p?)n} from these geome-

tries. Consider the totally disconnected phase dominated by g = 1. We have x(g) = n
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and x(¢7'X) = x(¢g7' X 1) =1, so this diagram contributes schematically
g=1 = k()" (3.28)

to the sum in (3.25) as in [61]. It is then unsurprising that this dominates in the parameter
regime % > k, since it is the unique diagram which maximizes the power of . Note
that the contribution only depends on k, and not k; and ks individually.

Now, consider the cyclically connected phase with g = X. Then x(g) =1, x(¢7'X) =

x(1) =n, and
Lo ) 1, nodd,
X(g7 X)) =x(X77) = fn) = (3.29)
2, n even.
Hence, the cyclic diagrams contribute schematically
g=X = Soprp™ (3.30)

to the sum in (3.25). This configuration maximizes the power of k;, and therefore it is
expected to become important in the parameter regimes where k; is comparably large.
In fact, as we prove in Appendix C, it is the unique dominant diagram in the regime
ki > kye®. Note that compared to the Rényi entropy calculation in [61] (which can be
recovered by setting ks = 1 here), the cyclic geometry is suppressed by 1/ky M We
will also show this diagrammatically in Section 3.4.

The anti-cyclically connected phase with ¢ = X ! is similar, so we will not go through

the analysis. In the end, the anti-cyclic diagrams contribute schematically

g=X" = Sop[™Ep (3.31)
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to the sum (3.25). It is thus expected to become important in the parameter regimes
where ko is comparably large, and we can prove that they are the unique dominant
diagrams when ko > koe.

Finally, there is one additional class of dominant geometries we should consider: the
pairwise connected phase with ¢ = 7. As we show in Appendix C, these diagrams
dominate in a fourth regime satisfying both kiks > €% and e « ki/ks < e,
and they are the only diagrams aside from the disconnected, cyclically connected, and
anti-cyclically connected diagrams that can dominate in a large regime of the parameter
space. These geometries are in one-to-one correspondence with the set of permutations 7
known as noncrossing pairings. For even n, a pairwise connected geometry is constructed
by choosing an element in 7, for example (12)(34)--- (n — 1,n), and connecting paired
asymptotic boundaries by two-boundary wormholes. For odd n, the geometries are given
by a similar noncrossing pairings of boundaries, plus a single one-boundary connected
component. We show an example of such a geometry in Figure 3.3. It is evident that
such geometries spontaneously break the replica symmetry.

As we show in Appendix C, each pairwise connected geometry contributes schemati-
cally

g=1 = () FlglE]n (3.32)

to the sum in (3.25), where [ 4] and |5 | denote the ceiling and floor function, respectively.
A pairwise connected diagram in some sense puts ki, ko, and €*° on the most equal footing
by maximizing the sum of the three exponents in (3.25). As with the disconnected
geometry, the contribution of a pairwise connected geometry only depends on k, and not

k1 and ks individually.
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log kg L

So

> log k‘l

Figure 3.4: The phase diagram for entanglement negativity. The four phases are
labeled by the permutations corresponding to their dominant geometries.

Negativities in Dominant Phases
g I X X! T
(even) 1 ZQm Z2m CmZ;n
| gEmL | ggmeRzm | ggme2 gam krolzge
N(odd) 1 Zom—1 Zom—1 (2m - 1)Cm—1zgm
2m—1 J2m—2 k§m72212m71 k%mf2Z12mfl 1 km_lleme .
& 0 log ks log kq — (logk — Sp) + log —
2 ) 137r
ST logk | logks+ Sy | logk; + Sy 5 (logk + Sp) — B
1
ST |l logk | 2logks + Sy | 2log ki + Sy log k — 3

Table 3.1: Top two rows: Rényi negativities in the four dominant phases labeled by the
corresponding permutation g. Bottom three rows: schematic values of three special
limits of the analytic continued Rényi negativities (where we have used Z,, ~ e°).
Here C), = #ﬂ(Qﬁ) is the Catalan number which gives the number of noncrossing
pairings.
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3.3.3 Contributions to Negativities

Having worked out the dominant geometries in the four phases and how they con-
tribute to the Rényi negativities schematically (i.e., using Z, ~ €), we now write their
contributions exactly using (3.24). This calculation is straightforward to do, for both
even and odd n. We then analytically continue the resulting Rényi negativities and find
the values of three special limits that we defined in Section 4.3: the logarithmic negativ-
ity &£, partially transposed entropy S’2, and refined Rényi-2 negativity S7(2). We collect
these results for all four phases in Table 3.1.

From these results, we find a phase diagram for negativity, which we show in Fig-
ure 3.4. Unlike the von Neumann entropy which only has a single phase transition at
k ~ e we see that there are two distinct types of phase transitions for negativity, one
from the disconnected phase to the pairwise phase and one from the pairwise phase to the
cyclic phase. The transition from the pairwise phase to the anti-cyclic phase is similar

to the pairwise-to-cyclic transition under the exchange ki <> ks.

3.4 Resolvent Equation for Partial Transpose

Having analyzed the negativity measures deep within each of the four phases, we now
turn our attention to the behavior of negativities near the phase transitions. Generally
speaking, more geometries than the four types studied in the previous section could
dominate the Rényi negativities near a phase transition, and we need to sum over them.
We would then need to analytically continue the resulting sum to find special limits such
as the logarithmic negativity. This is technically difficult to do directly.

Instead, we study the resolvent for the partially transposed density matrix p?, which
we refer to as the negativity resolvent or simply the resolvent. From this resolvent, we

then extract the negativity spectrum, i.e., the eigenvalue distribution of p?. This allows
64



Replica Wormholes and Holographic Entanglement Negativity Chapter 3

us to calculate the Rényi negativities and their special limits.

In this section, we derive a self-consistent equation for calculating the resolvent. As we
will show, the sum over dominant diagrams in a “planar” regime reduces to a Schwinger-
Dyson equation, which can be resummed. This allows us to write down a closed-form
equation for the resolvent.

The negativity resolvent is defined in terms of the partially transposed density matrix

as

R(\) = Tr (ﬁ) | (3.33)

From the resolvent, the eigenvalue spectrum for p%, which we will denote by D()), can

be obtained by taking the discontinuity across the real axis as follows

D(N) = lim —— (R(A— ic) — R\ + ic)). (3.34)

e—0+ 271

From this, we can compute the Rényi negativities via

Nieven) — / dXD () [\, (3.35)
(odd) 2@m—1
Nomy = [ dXD (X)sgn (A) AP, (3.36)

from which all other negativity measures we consider can be derived.

It will be useful to consider (3.33) in the following matrix form:

J1j2 - N P? i .

[e.9]

Jitey. . 1 n\ 112
N

Jije

4The resolvent R (\) should not be confused with the subsystem R describing the Hawking radiation.
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where we denote the R, subsystem by upper i-type indices and Ry by lower j-type indices.
In the last line, we have expanded the expression in a formal power series in 1/\. Each
term in the series is given by the n-replicated density matrix (p?)n, which defines a

boundary condition with n asymptotic boundaries with the brane indices contracted:

where the blue (upper) dashed lines denote i-type index lines and red (lower) dotted lines
denote j-type index lines. Each pair of blue/red index lines gives a factor of 1/A and
each asymptotic boundary gives a factor of 1/(kZ;) coming from the normalization of
the density matrix. Note that for up to two boundaries, the boundary conditions are the
same after taking a final trace, with or without partial transpose.

In general, the gravitational path integral can be performed as a sum over bulk
geometries satisfying the boundary conditions. In the JT model we introduced in Sec-
tion 3.3, higher genus corrections are highly suppressed by factors of e™% < 1, so we only
need to consider disjoint unions of disk geometries connecting any number of asymptotic
boundaries. The path integral for the disk can be performed exactly including quantum
corrections and is given by (3.23). For n asymptotic boundaries, these disjoint unions of
disk geometries are in one-to-one correspondence with elements of the permutation group
Sp. As we show in Lemma 11 and Corollary 12 of Appendix C, the only geometries that
can possibly dominate in the limit e*© > 1 are the planar and anti-planar diagrams,
which correspond to certain subsets of permutations in S,,. The term “anti-planar” will
be explained in detail in Section 3.4.2 and in Appendix C. In fact, large regions of the
phase diagram are dominated by either the planar or anti-planar geometries, which we
will call the planar and anti-planar regimes. As we will now show, in each of these

two regimes the resulting sum over diagrams can be resummed via a Schwinger-Dyson
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equation.

3.4.1 Planar Regime

We now derive a resolvent equation in the parameter regime ky < k€. For reasons
that will become clear shortly, we call it the planar regime.

Our strategy is to keep only the subset of geometries which have a possibility of dom-
inating. As we outlined in Section 3.3.2, the phases in this regime away from phase tran-
sitions are defined by the disconnected, cyclic, and pairwise geometries. Closer to phase
transitions, we expect more generic geometries which “interpolate” between these three
types of geometries to have a chance of dominating. Indeed, as we show in Lemma 11 of
Appendix C, the geometries which can dominate are precisely the planar diagrams, which
correspond to the noncrossing partitions, i.e., the permutation group elements g € S,

lying on a geodesic between 1 and X.

We can write the sum over planar geometries diagrammatically as
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This sum can be recast as a Schwinger-Dyson equation. Diagrammatically, we have

or, as an equation,

i1 5i1i25'1 j2 IR Zn 53 53 i1
R} = — "2+ X Z Rkn71k1Rj1k2Rk1k3 U Rkn73kn71Rk1 ’ (339)

J1j2 A n—2J27

(kzy)"

where we have defined the partial trace of the resolvent matrix over the R; subsystem:

R, = SF, R ,,, and repeated indices are summed over”. Note that for n = 1 the

and for n = 2 it is EklklRi-m . As is evident from the

. . i1i9
product of resolvents is simply R} 2 oy

diagrammatics, the ¢-type indices denoting R; form simple self-contractions on all but the
last resolvent, while the j-type indices denoting R, form a complicated set of contractions.
Fortunately, this equation can be solved iteratively: starting with the leading solution

RV = ghizg, to all

J1j2

/A + O (1/)?), self-consistency then requires that R} oc 671726,

1J2 172 1J2

orders. As we will see, this allows us to rewrite the complicated product of resolvents as

the following simple expression

n—1
R Ri1i2
A 1 n odd
~ ~ i14 - <k2 > 71327 ’
Rk‘nflk‘l e Rknf?)knflelning - { R n—1 ivio (340)
ko (E) R;%, n even.
5Note that these repeated indices ki, ks, -- ,k,_1 are j-type indices which should not be confused

with the parameters ky, ko that count the number of EOW brane states.
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Let us explain this in more detail. In general, the behavior for n odd and even are
different so we will need to treat these cases separately. To illustrate the simplification
for the odd case, we first consider the contribution at n = 3, which is the first nontrivial

diagram under the partial transpose. We can write

o - o\
1122 1112
Riory Ry, B = (Rj1j1> R 7 Okaky 051 ky Ok o
(Rj1j1

_ (ﬁmlf R (3.41)

Jij2
where no summation on j; is implied. Now, recalling the full trace R = > ; ﬁjj, we find

2
R,

j171YJ172

N—

Ejj = R/ky and we can therefore write

2
ékzkléhszi”é = (£> Ri‘liQ (342)

k1j2 ko Jij2°

We can understand the even case by looking at the first nontrivial contribution at n = 4.
By a similar analysis as above, we have
D D D 1182 D 5 1112
Risgioy Rjy oy Ry oy Ry 7, = (Rj1j1> R 7 Okighy 0 ks Ok ks O o
~ 3
= ko (Ry) R

R\’ ..,
(Y m 43)

Note the additional factor of ky compared to n = 3 due to the closed index loop formed
from the first and third resolvent factors.
More generally, one can show that the even case always has a single index loop

and the odd case has no index loops, leading to (3.40). Using this, we can rewrite the
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Schwinger-Dyson equation (3.39) as

o0 o0

. . ng,1 2Mm—2 1>i1i 2 ZQm 2m—1 i
)\_}%7'.”,2 = 5“125. o+ k E . L S Rl.ﬂ? + k . Tem m RZ':[’L'Q ]
T ka2 S mzl (kksZ1)™"
Taking the full trace, we find
AR =k +k foj Zom ST foj Lom I (3.44)
pumy 2 m— m . .
= (ko 2y A (kkaZy)

The gravitational partition function of the n-boundary totally connected geometry is

given by (3.23), which we repeat here:

Z, = e /000 dsp(s)y(s)". (3.45)

Since this depends on n only through y(s)", the sum over n becomes a geometric series

and (3.44) can be resummed into

(s)R(k + w(s)R)
k2k2 — w(s)2R?

AR =k + k2e® / dsp(s)w (3.46)
0

where w(s) = y(s)/Z;. As a consistency check, when ko = 1 this reduces to the resolvent

equation for the original (untransposed) density matrix derived in [61].

3.4.2 Anti-Planar Regime

We now consider a different parameter regime k; < koe®. For reasons that will
become clear shortly, we call it the anti-planar regime. This anti-planar regime has a
large overlap with the planar regime; the overlap region is e ™% < ki /ky < €0, Together
the two regimes cover the entire parameter space.

Once again, we will keep only the subset of geometries which have a possibility of
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dominating. As we outlined in Section 3.3.2, the phases in this regime away from phase
transitions are defined by the disconnected, anti-cyclic, and pairwise geometries. Closer
to phase transitions, we expect geometries which interpolate between these geometries
to have a chance of dominating. Indeed, as we show in Corollary 12 of Appendix C, the
geometries which can dominate are precisely the set of anti-planar diagrams, which are
in one-to-one correspondence with permutations lying on a geodesic between 1 and X .
An example of an anti-planar geometry is the anti-cyclic geometry; two other (perhaps
less obvious) examples are the disconnected and pairwise geometries. Geometrically,
anti-planar diagrams are precisely those that become planar diagrams after reversing the
orientation of the asymptotic boundaries:

N
N\

The sum over anti-planar diagrams can similarly be recast as a Schwinger-Dyson equa-

tion. Diagrammatically, we have
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or, as an equation,

o0

. 5“125” 1 by Trivks Tk Skn_sk kn—oi
R = - XZ CMRURRET - BRGNS, (3.47)

where we have defined the partial trace over the Ry subsystem: Rii2 = 252:1 R;E” Note
that the n = 1 and n = 2 terms are the same as in the planar case. Compared to
the planar case, the j-type indices denoting Ry now form simple self-contractions on all
but the last resolvent, while the i-type indices denoting R; form the complicated set of
contractions. In other words, the i-type indices now play the role of j-type indices in the
planar regime, and vice-versa. As before, we can use the fact that R%z §ui24; 5 to all

orders to rewrite the complicated product of resolvents as

R R21l2
~ = n odd
kn_1k1 k’n 3kn_1 n—212 o (k’l) 71327 ’
Rn-thi R Rl = { R (3.48)
k’l (H) Rjif?’ n even.

Using this, we can rewrite the Schwinger-Dyson equation (3.47) as

o0 o0

» Zom—1 pom-a 2 Zom  pom—1
)\RIIZQ 5“125‘ 4 k, R m— anz + k m— Rzlzg
J1j2 J1J2 1 mz:l (kk121)2m 1 J1J2 221 (kklZl)Qm J1j2”
Taking the full trace, we find
- Z2m 1R 2 = ZQmR "
AR=Fk+k —_ 3.49
' Zl (kky 21) 7™ Z (kky Z1)*™ (3.49)
Finally, using (3.23), we resum (3.49) into
s [ w(s)R(k +w(s)R)
AR =k + ke /0 dsp(s) K2R — w(s) R (3.50)

As expected, this is simply the resolvent equation in the planar regime (3.46) with the
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exchange ki <> ks.

3.5 Negativity Spectrum Near Phase Transitions

Having derived the resolvent equation for the partial transpose, we now solve it to
find the negativity spectrum near phase transitions.

For each negativity measure, we will be interested in a neighborhood near one of the
phase transitions as we tune the relative sizes of our parameters, and we will analyze the
corrections to the negativity measures listed in Table 3.1. Generically these corrections
take the form of fluctuations about a fixed saddle point in the gravitational path integral.
Near a phase transition, however, multiple saddles are competing for dominance, so
enhanced corrections, i.e. corrections larger than those for any individual saddle, provide

additional information about the entanglement structure of the system.

3.5.1 Microcanonical Ensemble

Before studying the negativity spectrum in more detail, let us take a brief detour and
consider the situation where the black hole is in a microcanonical ensemble in the JT
model. In this case, we restrict to some small energy window [s, s + As|. We write

S _ _ n _y(s) s
e” = p(s)As, Z, = p(s)y(s)"As, w(s) = o= (3.51)
1
where p(s) = e®p(s) is the density of states. In this case, it can be shown that the sum
over geometries for the Rényi negativities (3.24) is given by
n 1 - —1x-
(k)" = s 3 (S) T Mgy, (3.52)

keS)

ge€Sn
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— k=20
k=40
k =100

N A T

Figure 3.5: Negativity spectrum in the microcanonical ensemble calculated from the
cubic resolvent equation (3.53). We fix €5 = 10, ky = 2, and move in a horizontal
line in the phase diagram by tuning k. The disconnected-to-pairwise transition (left)
occurs at k = €5 = 10, though we only plot to k = 5 for visual clarity, as the
qualitative behavior is the same. The pairwise-to-cyclic transition (right) occurs at
k = k3eS = 40.
We recognize this as the n'® Rényi negativity of a Wishart matrix with €5 degrees of
freedom. This implies that p% in a microcanonical ensemble can be thought of as the
partial transpose of a random matrix drawn from the Wishart distribution. A similar
expression for the moments of the partial transpose of a random mixed state was derived
in [127]. The similarity between the microcanonical JT model and a random mixed state
was also noted in [133].
In the planar regime k; > koe~°, the resolvent equation (3.46) becomes
S7.2 257.37.2
e’k; — k 1 ek’k
R4+ | —2 )R +Skk2 (- —k)R+ —2=0. (3.53)
A A A
This matches the resolvent equation derived in [127] for a random mixed state under ap-

propriate rescaling of variables.® As was shown there, a closed-form solution to this cubic

equation for R can be found, and leads to concrete results for the negativity spectrum

6To match to the resolvent equation in [127], define the rescaled variables z = kgeSA and G =
e SR/kky so that (3.53) becomes

2GP 4+ (B—1)G* + (a — 2)G+1=0, (3.54)

where a = €5/k; and B = kqeS/k;. This cubic equation was earlier noted in the context of free
probability theory [140].
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and various negativity measures. The resolvent for the anti-planar regime ky > ke~
can be obtained by k; <> ko.

We plot the eigenvalue density in the microcanonical ensemble for various parameter
values in Figure 3.5. The spectrum is approximately a Wigner semicircle distribution in
the disconnected phase, continues to be connected in the pairwise phase, develops sin-
gularities at the pairwise-to-cyclic transition, and has two branches in the cyclic phase,
where it is well approximated by the difference of two disjoint Marchenko-Pastur distri-

butions.

3.5.2 Canonical Ensemble: Disconnected-Pairwise Transition

The transitions that involve the cyclic and anti-cyclic phases are complicated, as
they involve a sum over diagrams with pieces connecting more than two asymptotic
boundaries. Here, we will focus on the transition between the totally disconnected phase
and the pairwise connected phase. The disconnected phase involves single-boundary
diagrams, while the pairwise phase involves pairwise connected wormholes (plus a single
disconnected piece for odd n).

The disconnected-pairwise transition happens within the large overlap e ™ < ki /ky <

7. Therefore, the dominant

e between the planar regime and the anti-planar regime
geometries are those that are simultaneously planar and anti-planar. As we show in Ap-
pendix C, these geometries are disjoint, noncrossing unions of single-boundary disks and
pairwise connected wormholes. This result is the content of Lemma 13 in Appendix C.
Intuitively, these dominant geometries interpolate between the disconnected and pair-

wise geometries. Geometries with pieces connecting more than two asymptotic bound-

aries are parametrically suppressed. As such, the resolvent equation (3.44) truncates at

"In other words, we stay away from the two triple points on the phase diagram, as we would need to
analyze transitions to the (anti-)cyclic phase there.
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—— Disconnected
Pairwise
&

log k

Figure 3.6: Logarithmic negativity near the disconnected-to-pairwise transition with

Zs /Zl2 = e77, along with the naive answers in the dominant regions: Egisconnected = 0

and Epairwise = % (logk + log %) + log %, where log % is an O(1) term arising from
1

the analytic continuation of the Catalan number in Nz(izen) tom =1/2 [128].

the quadratic order:

R 7y R?
AMR=k+ —+—"—. 3.55
LA (3:55)

This quadratic equation can be solved analytically giving the resolvent and eigenvalue

density as

2k 1 1 1

D@p:%% A?—(A—%)i (3.56)

where A% = 47, /(kZ?). Thus the eigenvalue density is a Wigner semicircle distribution
supported on A € [—A+ %,A—l— %] For k < 1/A, D()\) only has support on A > 0
and the negativity vanishes; for £ > 1/A, D(\) has support on A < 0 and we find
the negativity is nonvanishing. The phase transition thus occurs at k = 1/A ~ e% as

expected from the schematic analysis in Section 3.3.2.

We can write an explicit expression for the logarithmic negativity using (3.6) and
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(3.56):
& =log /Z dAD(M)|A| (3.57)
= log [3% ( AR _22(]{2:214%2 +1) +3csct (Ak))} C) <k: - %) . (3.58)

We plot this result in Figure 3.6, along with the naive answers for logarithmic negativity
in the dominant phases.

How large is the correction at the transition? It is easy to verify that it is O(1).
There are no enhanced corrections here, as we are working in a regime where higher order
terms in the Schwinger-Dyson equation are parametrically suppressed. The logarithmic
negativity, along with all other negativity measures, never receives contributions from

geometries containing pieces with Z,~5, so corrections are O(1).

3.5.3 Canonical Ensemble: Cyclic-Pairwise Transition

In this subsection we will study the richer phase transition between the pairwise phase
and the cyclic phase.® Our computation is inspired by that of Appendix F of [61].
First, let us define some useful values of s. In the semiclassical § < 1 and large brane

mass p > 1/ limits, we have

n S n _2ms—nBs?
pls)y(s)" ~ o 5y(0) e, (3.59)

This means that the integral that defines Z,, in (3.23) can be well approximated by the

8The pairwise to anti-cyclic transition follows from the calculation in this subsection by exchanging
k1 < ko.
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saddle point located at

2m
(n) —
s e +0(1)
272
= log Z,, ~ Sy + ) + O(log 3). (3.60)

Throughout, we take our parameters Sy, k1, and ks to be large before taking the semi-
classical limit, such that e.g. log Z,, =~ Sy as Sy > 1/. We will also need to define sy,

the value of s for which

sk
k= k%eso/ dsp(s). (3.61)
0
We can approximate s; by

s~ ilog (:2) S+ 0(1). (3.62)

Note that here we are considering the values of k and ky at transition, so the particular
values of s, we are interested in will depend on the details of the negativity measure we
are computing. In our schematic analysis where Z,, ~ %, we derived the location of the
phase transition between the cyclic and pairwise phase and found that it was independent
of n. However, taking into account dependence on 3, the Z,,’s are distinct for different
n, which leads to n-dependent transition points. The Rényi negativities in the cyclic
and pairwise phases are given by the contributions of the dominant geometries in each
phase (see Table 3.1), and coincide at transition. Equating their contributions at the

transition, we find, up to factors O(1) in f,

A A4
N(even) m72m _ 2 :
k% 2212m k’m*1Z12m
o A . mel
N — __Zem 122 . (3.63)

2m—1 k%m—2zl2m—1 km_lzl?m—2
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In terms of the approximation (3.60), we can solve for log (k/k3) at transition to obtain

m ﬁ 2
Even: log (%) = log (ZZ—Q) =S50+ <1 + %) % + O (log B)
2 2m

k A 40\
Odd: log (ﬁ) = log ( 52 11) =S50+ (1 + Sy 1) % +O(logp). (3.64)
2 m—

From this, we can solve for s; at the transition using (3.62) to obtain

(n, even) ™ 2
~— |1+ — 1

(n, odd) l %
Sy ~ 35 (1 + n> + O (log B) . (3.65)

As expected, the transition point depends on n. In particular, it is O(1/3) at leading
order and bounded below as a function of n.

For this phase transition, we will fix £ and tune k. In the phase diagram, this
corresponds to moving along a line between the upper left corner and the lower right
corner. We need to consider diagrams with pieces made of an arbitrary number of
boundaries, and we can restrict ourselves to planar diagrams, as anti-planar diagrams
are suppressed by factors of ky/ky relative to their planar counterparts. The resolvent
equation is again (3.50):

(s)R(k +w(s)R)
k2k3 —w(s)2R?

AR =k + k3e® / dsp(s)w (3.66)
0

We are going to split this integral at some transition s; such that

B 2 50 [ w(s)R(k + w(s)R) A w(s)R(k + w(s)R)
AR =k + krges /0 dsp(s) K2R — (s )22 + k:ZeS /St dsp(s) K22 — w(s) R
(3.67)

We rewrite this simple step to emphasize that no approximations have been used yet.
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We are now going to use a set of three assumptions:
1. w(sy) R < kks.

2. k3e [ dsp(s)% < k.

3. s = s — Kk, where k is O(1) but large.

These assumptions are justified in detail in Appendix D, where we show that the resulting
simplifications to the resolvent equation give a self-consistent treatment of the problem.
For now we will take these as facts and proceed. The first approximation allows us to
simplify the final term in (3.67) such that

i 1 ], et

St

AR = k + k2e™ / dsp(s)w
0

where we have dropped an R? term from the last integral because it can be shown to
be much smaller than the leading term k using Assumptions 1 and 3. We define the

coefficient of R in the last term to be the constant A\, given by

eSo [
Ao = ?/8 dsp(s)w(s). (3.69)

t

We can now write the resolvent equation as

(s)R(k 4+ w(s)R)
k2k3 —w(s)2R?

(A= Xo)R ~ k + k2e50 / dsp(s) (3.70)
0

Now we turn to Assumption 2, which allows us to treat the second term above as a

perturbation to the zeroth order solution
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uncontrolled (s > s.)

A
|
S
<€ >
Ao — wk(;)) Ao(s = 00) Ao + wk(f)
Figure 3.7: A rough sketch (not to scale) of the negativity spectrum near the cyclic—
to-pairwise transition.
Plugging this solution back into (3.70), we obtain the first order iterated solution
k k2eSo  [st Ry(k R
SISy LPWAUICL (Z2TEY
A—=X A—Xo /o k2k3 —w(s)2R3
k 5t 1 A—A
A— X 0

AT ) - <%)>2

Now we can find the discontinuity in this expression and extract D(\). There are three
contributions to the spectrum: a simple pole at A = Ay, and a pair of branch cuts given

by the poles at A = \g = w(s)/k2 in the integrand. We obtain

D(A) = #0(X = Ao)

+ e /0 dsp(s) {@5 (/\ o — wkf)) Lotk = 1) s (/\ — o+ wé?)] ,

(3.73)

Let us pause for a second to unpack this equation. The spectrum consists of a delta
function located at Ay from the simple pole and two regions of nonzero eigenvalue den-
sity from the integrated delta functions. We plot a sketch of this eigenvalue density in

Figure 3.7. There are two distinct regions with nonzero eigenvalue density, similar to
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the spectrum in the microcanonical ensemble. One point we emphasize in Appendix D
is the presence of a “controlled” region 0 < s < s, in which our assumptions hold and an
“uncontrolled” region s > s. where we claim ignorance about the spectrum. In terms of

the eigenvalues, this corresponds to an ignorance in the spectrum for a region

w(s.) )\0+w(86)

A Ay — —=
ol ks

(3.74)

We show that our ignorance about the uncontrolled region leads to at most O(1) mul-
tiplicative corrections to the Rényi negativities, or O(1) additive corrections to &, S72,
and ST(?) due to the constraint that the total number of eigenvalues must be k.
Clearly, A\ lies within this uncontrolled region, so we should not take seriously the
presence of the delta function at A\g. In fact, we will now show that this delta function
vanishes if we extend the upper limit of the integral from s; to s in (3.73) (which only
affects the uncontrolled region and therefore causes a small error). Our density matrix
has a total of k£ eigenvalues and is unit normalized, which translates into conditions on

the zeroth and first moments of D(\), namely

/OO dAD(\) = k, /Oo AAD(M)A = 1. (3.75)

o0 —00

We see that these conditions are satisfied by (3.73) if we replace s; by si, compensating
for the fact that s, = sy — k by sending the coefficient of the 6(A — A\g) piece to zero. We
conclude that a good approximation for the spectrum of the partially transposed density

matrix at transition is given by

D) = o5 /Ok Lop(s) [M(s <)\ ~ Ao — “’kfj)) n k2(k22— 1)y <)\ Ao+ wk(j)ﬂ

(3.76)
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In order to simplify our calculations for negativity, we would like that the delta function
branch cuts were purely positive or negative, which is equivalent to the condition \g <
w(sy)/ke. By definition, \g is bounded above by 1/k, and at transition we have k/k3 =
e50t27sk Tn the semiclassical limit, we can use the approximation

o Bs/2

Zy

w(sy) ~ v e~ S0Psk/2-27%/B, (3.77)

Our condition on the branch cuts becomes

kw(sy)
ks

>1 = keS0T (5y) A ko™ IR 22T E L o€l > (3.78)

as sy ~ 1/f for a generic n. This is satisfied even if the unknown order one constant
is negative under our previous assumption that we take our counting parameters to be
large before taking small 3, such that log ko > %

Now that we have the spectrum at transition, we are ready to calculate the corrections
to any negativity measure we want! Let us start with the logarithmic negativity, which

has a transition located at

even 3
g(Leven) _ 37

C =55 (3.79)

We find

5:10g/ dAD(M\)|A|

—00

e /Osk dsp(s {w ()\0 N w}S)) N k2(k‘22— 1) (w]ij) _ Ao)l

= log <kig + kqe® /0 " dsp(s)w(s)) : (3.80)

As s;, < s for logarithmic negativity, we have approximated Ay =~ 1/k, and the final in-
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tegral is well approximated by its maximum value p(s;)w(sg). The logarithmic negativity

is then

1
& ~log (k;_ + erSOp(sk)w(sk))
2

1 kw(sk)
~ 1 —
o (kz T )

2
~logky — —. 3.81
0g R 83 ( )
In the second line we used our previous approximation (3.62) for s, and in the third line

we used (3.78). As we see, the logarithmic negativity experiences an O(1/f) correction

to the naive answer £ = log ks.

Where do we expect O(1/4/) corrections? In the case of even Rényi negativities,
this happens at
T

S’(Cn,even) _ S(n) =n = 27 3(2) — B (382)

We can check this explicitly for a negativity measure descending from the even analytic
continuation. The simplest such measure, the Rényi-2 negativity N3, is related to

the second Rényi entropy Ss by
Nievem) — =52 (3.83)

and therefore comes with O(1) corrections. We instead turn to the refined Rényi-2
negativity S2() defined in (3.12). We can read off the naive answer for S™2? from

Table 3.1, again using the approximation (3.60). We find

2

2
ST~ 2log ky + S + % (3.84)

To compute ST2?) | we first need to compute Y, \? = Nz(even). At transition, the naive
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answer is given by Table 3.1, where N3 = Z,/Z2. However, using (3.76), we find

N — / AAD(A)N?

o0

_ S /0 " dsp(s) (K202 + 2xgu(s) + w(s)?) (3.85)

Again, s;, < s, so A\g &~ 1/k. This integral gives

So
(even) l 2e P(Sk)w(sk) Zo
N =gt 2 o
1 27/ 7,
~ = . 3.86
FT TR Tag (3.86)

In the limit & > €, we can safely ignore the first two terms, and the Rényi-2 negativity

becomes

Zy JT 2
N g 22 V13325037, 3.87
The factor of 1/2 out front may seem like a problem, as we do not reproduce the naive
answer for A", However, as the refined Rényi negativities are functions of log N,

this factor will only contribute an O(1) difference from the true answer for S72?), and we

are safe in using this approximation. The refined Rényi-2 negativity is therefore given by

[e§) 2 2
ST — _ / dAD()) A log A
- N2(even) -/\/-2(even)

Y ko(ky + 1) w(s)\? w(s)\?
__/\W/o dsp(s)(T ()\g—i- s ) log ()\g—l— i )

BB (o0 i o -2

+ log N (3.88)

Again, as \g ~ 1/k, the dominant contribution to this integral will come from the w(s)?
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term, which is where the enhanced transition should come in. Previously, using (3.59),
we showed that an integral of the form p(s)w(s)™ can be approximated by a sharply
peaked Gaussian with mean s and standard deviation 1/1/nf, up to normalization.

We use these simplifications to obtain

So w(s)2

/OSIc dsp(s)w(s)?log 2 (3.89)

e

o NZ(even)

() s ds( ot s )
1og< = )_2\[/ " oot e () - )

Our final expression for S7?) is therefore

o2 /1
ST — 21og ky + Sy + % - % (3.91)

confirming that there is an O(1/4/f) correction at transition.

The fact that the refined Rényi-2 negativity experiences this particular correction
is not surprising due to its close connection to von Neumann entropies. It is known
that von Neumann entropies receive O(1/4/B) or O(1/4/Gy) corrections at the Page
transition [61, 131, 132], which can be explained using a diagonal approximation with
respect to a basis of fixed-area states [131, 132, 141]. It was shown that the refined Rényi-
2 negativity can be written in holography as the sum of the von Neumann entropies of

Ry and R; in the state p%, p, (once properly normalized) [128].7 Therefore, the O(1/+/5)

9This can be understood in terms of two cosmic branes homologous to Ry and Ry, respectively, in the
gravity dual of the even Rényi negativity. These cosmic branes arise from a Z,, /» quotient and therefore
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correction that we find in the refined Rényi-2 negativity can similarly be explained using
the diagonal approximation.

As we show in Appendix E, the Rényi entropy S, with n < 1 experiences O(1//)
corrections in the model of [61], as there too we are computing an entanglement measure
with sin) < s In other words, the Rényi index of both the logarithmic negativity and
the Rényi entropy with n < 1 is below some “critical” Rényi index at which there exist
O(1/v/G) corrections.

For measures descending from odd Rényi negativity, we might not expect O(1/v/f)

(n,0dd)
k

corrections, as we never have s = 5. However, we may still expect some enhanced

corrections for some negativity measures in this case. The partially transposed entropy

Sz is one such measure. As SS’Odd) = 57/2f3, the naive answer for S?2 is given by
4 2
ST — log kg + Sy + % (3.92)

Our approximation gives

ST = —/ dAD(N\)Xlog | \|

—00

= — % /Ok dsp(s) (—k2(k22+ 2 <)\0 —~ %?) log (/\0 + %‘9))

There is however a subtlety here. The dominant contribution to this integral no longer

comes solely from the w(s) term. This can be seen by expanding (3.93) using

log (U’IS) + AO) ~ log wk(j) + 20(13 (3.94)

become tensionless in the n — 2 limit, which is similar to the case of the von Neumann entropy.
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From this we obtain

s = e [ aunts) (12 (30 201 22) 1 e )

~ S0 /OSk dsp(s) (k3o + w(s)) log %j) (3.95)

Treating the log %;) as negligible compared to the exponential p(s), the two terms in the
integrand are of the same order, so we should keep them both. If we look at the naive

transition point s, = 57/28 > s, we find

Sk
ST~ —eSO/ p(s)w(s)log w(s)
0 ks
w(sg)
~ —1
08—
4 2
~ log ks + Sp + % (3.96)

and we would conclude that the correction is O(1). However, if we were to find the
largest correction to this quantity, we would look not at the naive transition, but at the
point where we might find O(1/y/B) corrections, at s, = s). At this point \g = 1/2k

and we capture half of the Gaussian p(s)w(s), so we have

1. w(sW) g w2 B, w(s)
no L) B —B(s—s0)2/2 B w(s)
o 2 %% L, o /0 ¢ 2 %L,
1 s
~ —log w(;( ) ,/QE/ 66(88(1))2/2§ ((5(1))2 _ 52)
2 ™ Jo
2 2

4 /

This looks the same as the naive answer with a O(1/+1/3) correction. However, as we are

working at fixed k, we should really be writing everything in terms of k£ and e using
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(3.62), in which case our naive and corrected S2’s are

) 1 372
Naive: ST = 3 (logk — Sp) + 25
1 272

Corrected: ST = > (logk — Sy) + %, (3.98)

and we find an O(1/3) correction.

3.6 Topological Model with EOW Branes

Having studied a toy model of an evaporating black hole in JT gravity, we will now
consider entanglement negativity in the context of the topological model of Marolf-
Maxfield [62], including dynamical end-of-the-world (EOW) branes. This is a theory
of topological two-dimensional gravity in which spacetimes are two-dimensional mani-
folds endowed only with orientation. In contrast to the JT model of Section 3.3, there
are no metric or dilaton degrees of freedom and EOW brane boundaries can be generated
dynamically.

The action for the topological model is given by
Stop = _SOX(M) - SB‘aM’7 (399)

where Sy is some arbitrary parameter, y(M) is the Euler characteristic of the (possibly
disconnected) manifold M, and |0M| counts the number of boundaries. Sy|0M| is a
nonlocal term that we put in by hand to ensure reflection positivity. As shown in [62],

the simplest choice which results in reflection positivity is Sy = Sy.!° The action then

100ther valid choices are Sy = Sy + log m for any positive integer m or Sy > Sp + logk. Any of these
choices give a discrete spectrum for the operator Z.
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becomes

Stop = _SOSZ (310())

where Y = 2 — 2¢ for any manifold, with or without boundary. To make contact with
black hole evaporation, we can extend the model to include EOW branes, which can take
one of k “flavors”. Since we are interested in studying negativity, we will allow the branes
to be labeled by a set of two of flavor indices {7, j}, wherei € {1,... ki }, j € {1,..., ka},
and such that & = k1ky. This is exactly analogous to our construction in Section 3.3 and
is a slight generalization of the model in [62].

There are three distinct types of boundaries allowed by the theory. The first are
circular asymptotically AdS boundaries denoted by Z. These boundaries are associated
with an operator 7 which acts on the baby universe Hilbert space Hpy and creates
a Z boundary. Second, there are boundary conditions which we denote by (,;,, %)
composed of an oriented interval of asymptotically AdS boundaries with endpoints labeled
by flavor indices {41, j1} and {is, jo}. The diagram that describes this is the same as in
(3.18). These boundaries are associated with an operator (wimﬂl) on Hpy. Finally,
there are circular EOW brane boundaries labeled by an arbitrary flavor index {i,j},
independent of all boundary conditions. These brane boundaries can be dynamically
generated as additional boundaries when performing the gravitational path integral.

Let us consider the simplest quantity one can compute with the gravitational path
integral of this theory, namely the partition function associated to a single connected com-
ponent of spacetime with some number of asymptotic boundaries. The gravitational path
integral demands that we sum over all such manifolds with arbitrary genus, weighted by
e~50X_ Additionally, since the EOW branes are dynamical, there is the possibility of the
gravitational path integral generating an arbitrary number of closed brane boundaries,

each of which contribute a factor of k£ and are mutually indistinguishable. The parti-
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tion function for a single connected component with some fixed number of asymptotic

boundaries is therefore

250

[o.¢] oo km
» 2t — ﬁek. (3.101)

g=0 m=0

A

More generally, one can consider amplitudes

<Zm(¢igj;,¢i1j1) - (i 1/)z'njn)> = (NB|Z™ (i3 ij) - (Vi Vi) [NB)
(3.102)
which are computed using the gravitational path integral by summing over all (possibly
disconnected) manifolds with boundary conditions specified by m circular boundaries Z
and n oriented intervals (¢, ;) with endpoints labeled by the corresponding flavor
indices and connected to oriented brane boundaries labeled with matching flavors. The
brackets in (3.102) can be interpreted the expectation value of the corresponding oper-
ators in the no-boundary state ‘NB> € Hpy. In what follows, we will assume that the
no-boundary state is unit normalized, (NB|NB) = 1.1
Let us now proceed to the calculation of negativity in this model. In analogy to

Section 3.3, we can define the (unnormalized) density matrix

k1 ko

p=3 " D ir, i) iz, jol (Wiggar Yirsy), (3.103)

i1,82=1 j1,52=1

which plays the role of the state of the Hawking radiation. We are interested in studying
the Rényi negativities N,, = Tr [(pTZ)n] of this density matrix. The most straightforward

method is to use the moment generating function of p2 =

= (¥igjss Virsy ), which one can

HTn [62], the no-boundary state has inner product <NB|NB> = ¢ and represents the sum over
arbitrary numbers of closed universes. This normalization enters as a universal prefactor in all amplitudes
we compute, so we can choose to normalize it to one.
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show is given by

k1
(en( 2 Y i)Y =tew paaa—o7] oy

11,52=1 j1,j2=1

where ¢ can be thought of as the k x k matrix with entries t”” by treating {i,j} as a

single index of size k£ and I is the k X k identity matrix . This is a slight generalization of

1112

the result derived in [62]. In principle, one can compute all moments of p:*?, and hence

all Rényi negativities, by taking appropriate partial derivatives of (3.104) with respect

1112
to t]l]z

However, there is a shortcut that we will now describe. As shown in [62], the spectrum

1112

of the operator Z takes values in N. One can derive the distribution for Pj7 in a fixed

Z = d € N sector by Taylor expanding (3.104) in A:

k1 ) k1 k2
(e 2 > téi@ipﬁﬁ)}zZm<A><em<Z 2 téi@ipﬁé@)}

i1,i2=1 j1,j2=1 i1,82=1j1,j2=1

k1
<exp ( > Y 3132p§131> > = det (1 - 1), (3.105)

i1,52=1 j1,j2=1

Z=d

Axd

o7 is a Poisson distribution. We can recognize (3.105) as the moment

where pg(\) = e~
generating function for a Wishart distribution with d degrees of freedom, and coincides
with the distribution of a random mixed state and the microcanonical JT model in

Section 3.5.1. Thus, we can immediately write down the Rényi negativities in a fixed

7 = d sector

<Tr( > = Y @@yl ), (3.106)

gESn
which matches the answer for the microcanonical ensemble (3.52) with d playing the role

of 5. The results for the negativity spectrum obtained in Sections 3.3.2 and 3.5.1 there-
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fore apply with this replacement. However, since d does not correspond to the partition
function on some manifold, it is difficult to interpret the result in (3.106) geometrically.
To obtain the Rényi negativities in the full theory, we simply sum over d € N with

Poisson weight py (\):

<Tr (p%)n> = df:pd@) <TF (P%)n>

= 3" Bk gyl (3.107)

gESH

Z=d

where B,,(\) = e *> 77, ’\I;# are the Bell polynomials, whose asymptotic behavior is

B (A) ~ A™ as A — 0o. We therefore find

<Tr (pgz)”> m 30 @RIy s (3.108)
gESn
This is once again equivalent to the microcanonical ensemble in (3.52), with A now
playing the role of €5, and therefore we can obtain concrete results for the negativity
spectrum. Since A is the gravitational partition function of a single connected component
of spacetime, we can in fact find a geometric interpretation for the terms in (3.107).
To understand the geometric origins of the terms in (3.107), let us first look at the

case n = 2, which gives the purity

<Tr p2> = A%k + Mk + Ak (3.109)
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The terms in (3.109) correspond to the following geometries:
-~ TN TN ~ TN
[
I I\
4 \

The first two diagrams are familiar: they are the disk and wormhole geometries, summed

(3.110)

over genus and closed brane boundaries. The last diagram represents two disk geometries
joined by an arbitrary number of wormholes; we thus call it a joining wormhole.

More generally, the geometries which contribute at leading order in A in the Rényi
negativities (3.107) are in one-to-one correspondence with elements of the permutation
group. To be precise, each of these geometries is actually a disjoint union of disks,

2 The subleading contributions in

summed over genus and closed brane boundaries.!
(3.107) can be identified with the same geometries but with arbitrary numbers of joining
wormholes between connected components, and thus can not be mapped to elements of
the permutation group.

It is clear that log A plays the same role as S in the microcanonical JT model, namely
it is the Bekenstein-Hawking entropy. In analogy to black hole evaporation, we should
assume A > 1. The joining wormholes are therefore parametrically suppressed, but disks
with handles are not since they instead come with factors of e=29% and S is not a priori
a large parameter (in fact, it may have a small or even negative real part).!® This is

the analogue of the “planar” limit in the topological model. There are thus two distinct

classes of higher genus geometries: disks with handles and joining wormholes. The higher

12This is in contrast with the JT model where we identify only a single geometry, namely some disjoint
union of disks with no handles, with each element of the permutation group. In that case, the sum over
genus is highly suppressed by factors of e =S, and they are in fact as suppressed as geometries with joining
wormholes. Furthermore, in the JT model closed brane boundaries can not be dynamically generated.

13In the JT model both geometries are suppressed in the same parameter e~S.
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genus disk geometries can be systematically included in a Schwinger-Dyson equation as
in Section 3.4, while the joining wormholes can not.

To study the Page curve, we would like to fix the value of A and tune k. Since
A\ ~ eF, this involves scaling the prefactor l_f—fgso with e~*. However, this function has
a minimum value for real Sy, which means the black hole can not evaporate completely.
To decrease A beyond the minimum value, we need to go to complex values of Sy, namely
e?% ¢ %—H’R. This is a bit strange because it implies a complex action, but is presumably
fine because Sy is not a physical parameter (it is not the Bekenstein-Hawking entropy
here). This is simply a quirk of the model, and can be attributed as a consequence of

having a nonvanishing Sy.

3.7 Discussion

In this chapter, we analyzed the behavior of negativity measures in toy models of
evaporating black holes in both JT gravity and a topological theory of gravity, with EOW
branes. We found four distinct phases dominated by different saddle-point geometries:
the disconnected, cyclically connected, anti-cyclically connected, and pairwise connected.
The last of these geometries are new replica wormholes that break the replica symmetry
spontaneously.

We also studied the negativity resolvent using a Schwinger-Dyson equation that re-
sums the contributions of different geometries, and used it to extract the negativity
spectrum and negativity measures. This analysis is valid not only within each of the four
phases, but also near phase transitions. For the topological model or a microcanonical
ensemble in JT gravity, we found a cubic equation for the resolvent which can be solved
exactly. For a canonical ensemble in JT gravity, we found a quadratic resolvent equation

near the disconnected-pairwise transition, and we solved a more complicated resolvent
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equation approximately near the cyclic-pairwise transition. Near this last transition, we
found enhanced corrections to various negativity measures: the refined Rényi-2 negativ-
ity receives an O(1/4/f) correction, whereas the logarithmic negativity and the partially
transposed entropy receive O(1/f) corrections.

These enhanced corrections to negativities are similar to previously found corrections
to the von Neumann entropy at the Page transition [61, 131, 132]. For the von Neumann
entropy, the enhanced corrections can be explained using a diagonal approximation with
respect to a basis of fixed-area states [131, 132, 141]. We argued that the O(1/v/f)
correction to the refined Rényi-2 negativity can be explained in the same way by noting its
close connection to von Neumann entropies. It would be interesting to understand further
the O(1/p) corrections to the logarithmic negativity and the partially transposed entropy
in a similar way. Moreover, it would be useful to study the implications of these O(1/0)
corrections for the partially transposed entropy more generally: it was conjectured in [128]
that S™2(pr,r,) is given as a sum of von Neumann entropies (Sg, + Sgr, + Sr,r,)/2 in
general non-fixed-area states by assuming a diagonal approximation, but this would imply
an O(1/4/fB) correction and seems to be in tension with the O(1/3) correction that we
find here.

We focused our study on two specific toy models of evaporating black holes, but it
would be interesting to generalize our analysis to other models, including the examples
studied in [60].

Finally, it would be very interesting to use these results on negativity to diagnose the
structure of multipartite entanglement in a realistic evaporating black hole and learn more
about its quantum state. We hope that this will lead to new insights on understanding

the interior of black holes and the dynamics of their evaporation.
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Chapter 4

Entanglement Negativity Transitions

in Chaotic Eigenstates

4.1 Introduction

The application of ideas from quantum chaos to gravitational settings has been par-
ticularly fruitful. Gravitational observables have been shown to be well approximated
by observables obeying the eigenstate thermalization hypothesis (ETH) [142-145]. This
is due to the fact that a holographic quantum field theory with a semiclassical Einstein
gravity dual is expected to be maximally chaotic, i.e. it saturates the bound of [146], up
to higher derivative/stringy corrections which take one away from this regime. The power
of ETH is that it allows us to approximate observables in the microcanonical ensemble
by an observable’s long-time quantum expectation value. The resulting microcanoni-
cal expectation value should resemble that of the canonical ensemble, up to corrections
expected to be suppressed in the system size V' by the thermodynamic ensembles’ equiv-
alence at large N. This gives a quantitative idea of the process of thermalization in
isolated quantum many-body systems.
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From the perspective of subsystem ETH [147-151], for a subsystem with volume
fraction f < 1/2, the corrections to ETH are suppressed in system size. Formally,
this means the trace-norm distance between the canonical and microcanonical density
matrices vanishes in the large volume/thermodynamic limit, implying that off-diagonal
matrix elements of operators vanishes and expectation values are roughly thermal. This
line of thinking is expected to apply to Rényi entropies.

When f = 1/2 exactly, the usual wisdom would say there’s an O(1) correction to
the Rényi entropies. One way of seeing this is that there exists a phase transition in the
Rényi entropy at f = 1/2, and the correction at this phase transition should be given
by the uncertainty in choosing between an O(1) number of equivalent dominant phases.
However, in a model-specific result, a correction to the entanglement entropy of O(\/V )
was observed in [152], a correction derived in [153] and explicated in [131]. In particular,

the von Neumann entropy of a subregion A with volume fraction f = 1/2 takes the form

Sy = @ - \/(2]:;+ O(a) (4.1)

where S(FE) is the thermodynamic entropy at energy E and Cy is the heat capacity at
constant volume. As C'y is extensive in the system size, the correction is “enhanced” to
O(vVV). This formula is valid in the large volume limit, where 'V > a, a being the
area of the splitting surface.

In a parallel story, the attempt to match results from tensor networks with the grav-
itational path integral led to the understanding of “fixed area states” [141, 154]. These
states, which are eigenstates of the area operator in semiclassical gravity, have a flat
entanglement spectrum, up to fluctuations about a fixed saddle point which can naively
be at most O(1) in units of G, where Gy < 1. One can think of these fluctuations as

the difference in the “canonical” ensemble where one fixes the canonical conjugate to the
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area operator, namely the relative boost between the entanglement wedges of the two
sides [155], and a “microcanonical” ensemble where the eigenvalue of the area operator
is fixed at its most probable value.

It was noted in [131, 132] that the universal enhanced correction to the entanglement
entropy also appears in fixed area states near transition, where the “transition” in this
context occurs due to a competition between two extremal surfaces. One way of un-
derstanding this correction is that near transition we no longer care about fluctuations
about a fixed saddle, but instead we care about resumming an infinite number of saddles
which appear in the sum over topologies in the replicated geometries. Both of these
results match with a more detailed calculation of the same quantity in [61], where in a
model of Jackiw-Teitelboim (JT) gravity + end-of-the-world (EOW) branes a particular

subsystem entropy S(pr) had the form

S(pr) = logk — \/%—l— O(log B). (4.2)

This \/1/_5 correction is analogous to the \/Cy correction in chaotic eigenstates. Here
we've set Newton’s constant (which is analagous to N) to one, but it can be restored via
B — Gnp.

Recently, it was shown by [67] that similar enhanced corrections exist near transitions
in entanglement negativity, a tripartite entanglement measure defined on a bipartite
density matrix pa,4,. In particular, the logarithmic negativity was shown to have the

following form at transition:

2

E(prin,) = log ks — g—ﬁ + O(log ), (4.3)

for two subsystems R; and Ry with Ry U Ry = R. Further corrections were derived for
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measures descending from a Rényi version of negativity.

There exists a rich phase diagram for entanglement negativity in holographic states,
and we show that a similar phase diagram exists for a generic chaotic eigenstate. Our aim
is to systematically derive the corrections at transitions in this phase space. There are
two possible transitions, but as was explored in [67] we only expect interesting behavior
near one of the transitions, for reasons we’ll recapitulate in the main text.

The outline of the chapter is as follows. In section 4.2 we review the derivation of
(4.1), in particular the resolvent formalism of [131]. In section 4.3 we review the various
negativity measures discussed in [67] and the sum over relevant permutations for the
phase transition of interest. In section 4.4 we compute corrections to the entanglement

measures of interest. We conclude with some discussion and future directions.

4.2 Diagrammatics for Chaotic Subsystems

We first review the formalism of [131, 153], which was used to compute the universal
form of corrections to the entanglement entropy of a subsystem at transition. We focus
on [131], as their formalism more easily generalizes to our future calculations. Readers
familiar with their formalism may skip this section, whose only purpose is to make this
work self-contained.

A generic eigenstate |E) of a Hamiltonian H defined on a bipartite system such that

H =Hs® Hp can be Schmidt decomposed via
E) =Y M |E),®|Es)g, (4.4)
iJ

where |E;) and |E;) denote eigenstates of the subsystem Hamiltonians H4 and Hp,

respectively. As is convention, we use lowercase indices for states of A and uppercase
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indices for states of B. ETH instructs us to think of M;; as a Gaussian random variable
with zero mean and energy banded with width A [156, 157]. In particular, for a system

with spatial dimension d > 2, we have the ansatz

e 2 1/2
Mz’J — e*S(EAi‘FEBJ)/Q ﬂ Cz’J; (45)
V2rA

where € = F; + E; — E is the deviation from the total microcanonical energy. When

averaged over a small energy band in F4 and Eg, the random coefficients C;; satisfy

Ciy =0, CiyCyy = 0idyy. (4.6)

The effects of finite A will not affect the current and future computation, so we work in

the limit A — 0, where we approximate
M,y ~ e SEV20; (4.7)

This approximation assumes the true density of states in a narrow energy band is well
approximated by the thermodynamic entropy in the canonical ensemble. To leading
order in the system volume, we can further approximate the density of states of the total
system as the product of the density of states of the subsystems A and B, evaluated at

the subsystem energy E4. In other words,

S(E) %SA(EA)—FSB(E—EA). (4.8)
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This leads to the following form for a subsystem density matrix pa

1
PA= 3 > >y CisCis | Ei) 4 (Ejl 4 - (4.9)

El—2A<E]<E1+2A E—E;,—A<Ej;<E—E;+A

The double sum takes into account energies in a region of width 2A. Averaging over the

Cj’s gives the averaged subsystem density matrix
73 = (= B )y (B (4.10)
where the normalization is given by
N = ZdA ds(E — E;). (4.11)

Here d 4 and dp are the degeneracies at a given energy. As a shorthand and as a motivation

for our future computation, we can instead write
do(E;) = 5B = 54, (p(F — E;) = 58(E-E) = 95, (4.12)

As our goal is to compute subsystem von Neumann entropy, we should proceed by gen-

eralizing this procedure to compute Tr p7j. Before averaging, from (4.9) we have

Z Z H Clme Ima1Jdm |Ez1> < ln+1|,47 (413)

Eip dg, ing13J1,0,Jn m=1

a;:
||

where the second sum is understood to be over a strip of width 2nA, but we assume A
vanishes quickly enough at finite n that this isn’t a significant effect.

The difference between log Tr (p4)" and log Tr (p 4)" is exponentially suppressed in the

system volume [151], so our goal will be to compute Tr (pa)”, as it is a more tractable
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calculation. This involves a sum over Wick contractions, as we assume higher point

connected correlations of the C;;’s vanish. The result is

A%eSAjL”SBgFl (1 —n,—n;2; eSA—SB) ,S4 < Sg
Tr (pa)” = (4.14)

A%G”SAJFSBQE (1 —n,—n; 2;653*5“) ,S4 > Spg.

As a sanity check, we recover S,,(pa) = S/2 + O(1) where Sy = Sp = S/2 at f =1/2.
The derivation of this expression from the resolvent sum over noncrossing permutations
is given in Appendix G.

To study the corrections to this quantity at transition, we upgrade the putative
constant density of states to an integral over an energy dependent density of states. In

other words, we send

SA-)SA(EA), SB—>SB<E—EA) (415)
and integrate over F4. The new averaged trace is given by

1
T (o) = 77 / AE 1PN G, (B ), (4.16)

where G, (f, E4) encompasses the n-dependent piece of the trace:

e(nfl)SB(E*EAEFl (1 —n,—n;2; GSA(EA)*SB(E*EA)) , SA(EA) < S’B(E _ EA)

Gn(EA) =
e(n—l)&ax(E,4)2}7‘1 (1 —n,—n;2; GSB(E_EA)_SA(EA)) ,SA<EA) > SB(E _ EA)
(4.17)
and the normalization is now
N = /dEAeSA(EA)‘i‘SB(E_EA)‘ (4.18)
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From this, we can directly calculate the ensemble averaged Rényi entropies S, (pa):

_— 1 1
Sn=1—log (/\7 / dEAeSA(EA)+SB(E‘EA)Gn(EA)) : (4.19)

4.2.1 Saddle Point Analysis

We make the ansatz that the entropy is extensive in the subsystem size, that is

SuE) = Vs (10). SaE-B)=0-vs(Gop). )

where f = V,4/V is the volume fraction, s(e) is the entropy density as a function of the
energy density e, and the other factors come from dimensional analysis. We're mainly
interested in what happens at the transition f = 1/2. The “featureless” or infinite
temperature case is when s(e) = 1 such that all subsystem entropies are proportional
to subsystem volume. We’re only interested in the corrections from finite temperature,
which can be thought of as the difference between the answer in the canonical ensemble
and the microcanonical ensemble. The microcanonical Rényi entropy is the contribution

of the global “unaveraged” microcanonical state p = p g cpia |Ei) (Eil :

SyC =< L log (A% / dEAeSMEA)*"SB(EEA)). (4.21)
J— n n

We are interested in the correction away from the dominant microcanonical saddle, so

we are interested in computing the following quantity:

— _que_ L J dEsexp(Fi(Ea))
Sn =8, = 1—n1 (deAGXP(FﬂEA)))’ 422
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where F}(FE4) and Fy(FE,) are functions defined by

Fi(E4) = fVs (f—;) +(1—f)Vs (ﬁ) +1InGy(Ey)
Fy(E4) = fVs (%) t(l— f)Vs (ﬁ) (4.23)

As both functions scale with volume, we can perform a saddle point analysis. The saddle

point equations for these functions are

() (2 -4

where E) and FE; are the saddle point energies of Fj(E4) and Fy(E4), respectively. The

analysis of these saddle point equations was done in totality for n > 1 in [131].} Here
we fill in a small gap and study the case of n < 1. This will be useful later when we are

computing analytic continuations of Rényi negativities below n = 1.

4.2.2 Corrections at Transition for n < 1

s(x) is a monotonically increasing function of x with a monotonically decreasing first
derivative (take s(z) = \/x as a concrete example). For the case n < 1, we can therefore

write the iequality

Ey, E—-FE,
— > , 4.25
which immediately implies
SalBs) > - / £S(E ~ ), (4.26)

1See also [158] for a similar study of relative entropy with the same ansatz.
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and therefore Sy(Ey) > Sp(E — Ey) for f > 1/2.

The first thing to notice is that there is only one saddle point for both Fj(FE4) and
Fy(FE4), as G(f, E4) is now a strictly concave function. The single saddle for Fi(E4)
depends sensitively on the saddle point of G,,(f, E4), which itself only depends on the
crossover point between the two hypergeometrics. As the crossover point is completely

determined by the n-independent quantity

Sa(Ea) — Sp(E — Ey) (4.27)

and the rest of the E; saddle point equation is independent of n, the full saddle similarly
becomes completely independent of n. This should be contrasted with the obviously n-
dependent saddle point of Fy(E,4). This difference will generically cause the two saddles
to differ by an O(1) factor, so for all volume fractions we expect the different in Rényi

entropies to be volume law:

Sp—SMC=0(V), n<l. (4.28)

Note that this applies for all volume fractions, implying that the n < 1 Rényi entropies
do not obey the principle of canonical typicality.

This clarifies a conceptual point. For n — 17, the v/V correction lies in between
an exponentially suppressed O(e~") region (f < 1/2) and a strongly enhanced O(V)
region (f > 1/2). Why, then, do we not get a similar enhancement for n — 177 The
answer is that the dominant behavior in Fj(E4), which previously supplied the emergent
“soft mode” for the flat interval between two saddles, becomes independent of the Rényi
index. This nonanalyticity might be worrying if one is used to a Rényi entropy analytic

in n, but the thermodynamic limit breaks this assumption. The form of these corrections
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agrees with the analysis of a gravitational model in Appendix C of [67].

4.3 Entanglement Negativity

In this section we compute similar quantities as [131] for entanglement negativity
measures. We begin by reviewing some salient properties of entanglement negativity and

its utility as a tripartite measure of entanglement before diving into the calculation.

4.3.1 Review of Negativity

Entanglement negativity refers to an entanglement measure based on properties of

the partial transpose operation applied to a bipartite density matrix pa, a,, defined via

T,
(ar,aalpith,lat, ah) = (a1, lpa,aalad, o) (4:29)

for basis states {|a;)} in Ay and {|a2)} in Ay [106, 107, 159]. The partial transpose is a
positive but not completely positive map, which means some of the eigenvalues of Pi?QAQ
(hereafter pﬁz’l 4,) can be negative. Entanglement negativity quantifies the different be-
tween the eigenvalues of the partially transposed density matrix and the original density

matrix via

Npaa) = S P22 57y (4.30)

7 ;<0
As with the von Neumann entropy, there exist Rényi generalizations of entanglement
negativity:

No=Tr(p%24,)" (4.31)
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Due to the absolute value, one needs to define two different analytic continuations for

even and odd Rényi index n, so there are in fact two Rényi negativities given by

even Z |)\ |2k

NG = ngm A (4.32)

for integer k. We define relevant entanglement measures via analytic continuation from
these quantities. The most common quantity to talk about is the logarithmic negativity,

given via a k — 1/2 analytic continuation of the even Rényi negativity

E(payay) = hn%log 30 (P a2) 1OgZ|>\| (4.33)

One other quantity of interest is the partially transposed entropy, also known as the odd
entropy, which is related to the £ — 1 analytic continuation of the odd Rényi negativity

and is explicitly given by

1
Ty _ _ . .
St = ]lcgml ST log Nop—1 = — E Ailog [\ (4.34)
We need to include the Rényi entropy-like singular term out front as N, 1(0d = Tr p’ A, =

1.
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4.3.2 Disorder Averaged Negativity

Now we can discuss the disorder average? in the Gaussian approximation described

in the previous section. The Schmidt decomposition of the energy eigenstate |F) is now

|B) =D Mijs| i), ® Ej) 4, @ |Eg) g (4.35)

i1j1J

Once again we’ll consider M;;; as a Gaussian random variable, in particular with
My~ e 5B2C,,; (4.36)

TJJ =0, CijyCijryr = 0410510 (4.37)

The partially transposed density matrix is

1
p,£21A2 - N Z Ci1j1JCi2j2J |Ei1’ Ej2> <Ei2’ Ej1| ) (4'38)

EiE;Ey

or, by replacing dummy variables

1
p%lAg - /T/' Z CileJCiﬁiJ |Ei17 Ej1> <Ei27 Ej2| ) (4'39)

E.E,E,

where the sum over energies is understood to be in a window of width 3A, though again

we take this width to vanish. We also have

n
7 oy L 3 3
(pAlAQ) - Nn H Ci7njm+1J'rrLCim+1jWLJ'rrL Ei17 E]l) <Ein+1’ Ejn+1| N
Ei Ej| i1, yinad1, Jnyd1, e Jn m=1
(4.40)

2In the condensed matter literature, disorder averaging has a different meaning and what we’re doing
should more properly be called “ensemble averaging”. Ensemble averaging, however, already has a
meaning in the high energy literature, so we keep with the terminology of [131].

109



Entanglement Negativity Transitions in Chaotic Eigenstates Chapter 4

SAg“

Sp

> SAl

Figure 4.1: Phase diagram of Rényi negativity for various subsystem densities of
state. The ¢’s label the dominant permutation which appears in the sum over Wick
contractions; their exact forms are given in Appendix F. The resolvent equation (4.41)
is valid in the regime S4, << S4, +Sp; we've indicated the forbidden region g = X!
in a lighter shade. Reproduced with minor alterations from [67]

Note that the partial transpose has made it so the ¢ (A;) indices are contracted cyclically,
while the j (Ay) indices are contracted anti-cyclically. The resolvent equation for these
Wick contractions is the same as derived in [67], and a more detailed explanation is given
in Appendix G. We quote the result here:

52 RON)(1+ R(\)

_ Sa,+Sa,
AR(N) = eito42 5 1= SR

(4.41)

This resolvent equation furnishes a negativity spectrum described by the phase diagram
in Figure 4.1. There are two transitions to consider. The first is when the A and B
subsystems are the same size, i.e. Sy, + 5S4, = Sp, corresponding to the transition from
g = 1 to g = X in the phase diagram. From the calculation in [67], we don’t expect any

enhanced corrections at this transition, so we don’t study it in any detail, though the
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calculation would presumably follow the same steps. The second transition of interest is
when the A; subsystem is the same size as the combined A, B subsystem, Sa, = Sa,+ 955,
corresponding to the transition from g = 7 to ¢ = X in the phase diagram. In this regime
the sum over diagrams is known explicitly, and the disorder averaged partially transposed
density matrices are, for Sy, < Sa, + Sp and Sy, > Sa, + Sp respectively,

€254 t58) T8, 80, By (1 — ki, —2k; 2; 541~ 542758 |

T (P2 ,) = (4.42)
/\%62]65A1+SA2+SB€SA22F1 (1 —k,—2k;2; €SA2+SB73A1) )
for even n = 2k and
Ty Nob_1 /\/2}%1e(Qk_l)(SA2+SB)+SA12F1 (1 —2k,1—k;1; 65A1—5A2—53> )
Tr (pA21A2)2k71 e
e eCR DS Sa By By (1 — 2k, 1 — ks 1 €425 50)
(4.43)

for odd n = 2k — 1. We give derivations for these formulae in Appendix F; the gist
is that we sum over all permutations which lie on a geodesic between two dominant
regions in phase space. The permutations on this geodesic can be enumerated, and the
previous formulae are functions whose moments reproduce the combinatoric factors for

these permutations.

4.4 Negativity Phase Transitions

We can use (4.42) and (4.43) to understand the difference between the microcanonical
and canonical Rényi negativities in a chaotic eigenstate, using much the same techniques
as were used in [131]. We denote by f4, the volume fraction of A; such that the naive
phase transition happens at f4, = 1/2. We also denote the volume fraction of Ay by fa,

and use fa4 = fa, + fa, to denote the total volume fraction of system A.
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We impose energy conservation in all three subsystems, such that our ansatz is for

subsystem entropies is

SA1<EA1) = fAlVS ( EAI >

fAlv
SA2<EA2) = fAzVS (;jj;)
E—-FEy — F
Sa(E~ Ea, -~ Ea) = (1= fa)Vs (22000 ) (1.44)

These again follow from ergodicity and imposing that the subsystem entropy is only a

function of the subsystem energy density.

4.4.1 A Comment On Our Ensemble Averaging

Unlike the case of Rényi entropy, the disorder average over the partially transposed
density matrix is not equivalent to upgrading the resummed traces (4.42) and (4.43) using
the ansatz (B.7). The reason for this is that energy conservation between replicated
subsystems for negativity forces “nonadjacent” subsystems to interact. The rules for
energy conservation are outlined in [134]. For a given permutation, one can “follow the
lines” of the three subsystems to see how the replicas interact. For an untransposed
system, the constraints conspire such that a resolvent sum over diagrams holds away
from the infinite temperature limit.

This is no longer the case upon transposing. For simple permutations like ¢ = 1
and g = X, imposing the constraints returns integrals similar to those in the Rényi
entropy case. Things get more involved for general permutations on G(7, X); the simplest

permutations are a subset of our 7 permutations, labelled 7zg in [134]:

Tes = (12)(34) -+ (n — 1 n) or (23)(45)--- (n 1) (4.45)
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These permutations require an integral over four subsystem energies, and the number
of integrals only grows for arbitrary permutations on G(7, X). This implies our ansatz
(B.7) doesn’t describe energy conservation described by disorder averaging over (4.40).
Given this obstruction, we make the choice to connect the replicas in a manner that
reduces to the smallest number of integrals over subsystem energies. This has the advan-
tage of allowing us to write a resolvent equation and resum the relevant permutations,
while not having a correct interpretation as a trace-preserving energy flow between repli-
cas. This produces some obvious pathologies, such as disagreement between the second
even Rényi negativity and the second Rényi entropy, which must agree for a well-defined
density matrix. However, as we’ll see, even in this model one can reproduce some features
of negativity seen in the gravitational model, namely large deviations from the thermo-
dynamic answer for entanglement negativity and an enhanced correction for the partially

transposed entropy.

4.4.2 Even Rényi Negativity

We’ll start with studying the even Rényi negativities, from which the logarithmic
negativity descends. Our expressions for the logarithms of the canonical ensemble and

microcanonical ensemble Rényi negativities using our previous ansatzes are as follows:

_— 1
Now = 7 / dE 4, dE ,e5 Pa) 250, (Fag) S5 (BB =Ba) Gy (£, fa,, Eay, Ea,)
Nay© = j\f12k /dEAldEAzesAl(EAl)+SA2(EA2)+2k(SA2 (Bag)+55(E=Eay~Ea,)), (4.46)
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where the function Gi(fa,, fa,, Ea,, Ea,) is defined as the k-dependent part of (4.42)

e(Zk=1)(Sa,+58) , Fy (1 —k,—2k; 2; eSA1_SA2_SB) ,
Gk(fAn fA27 EAU EAQ) = (447)
ePFDSa1, [y (1 — k, —2k; 2; e542 55 =5a1)

and A (with no other sub/superscripts) is an overall normalization given by
N = / dE 4, dE p,e541Fa) 545 (Bay) +55(E=Eay =Bay) (4.48)

Whenever unspecified, the subsystem entropies should now be understood to be valued at
the subsystem energies, which we only omit for notational clarity. We write the difference

between the logarithms of these quantities as

log Nai, — log

NMC =1lo (deAldEAQ eXp(Fl(EAUEAz))) : (449)

S [ dE4,dE 4, exp(Fa(Ea,, Ea,))
where the functions Fi(Ea,, Ea,) and Fy(Ea,, E4,) are defined via the corresponding
integrands in (4.46). The strategy will be to find saddle points for Fy(FEq4,, E4,) and
Fy(FE4,, F4,) and use the relative behavior of those saddle points to determine the scaling
of the correction at transition.

We have two coupled saddle point equations for each both functions, which are given
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SB>SA1+SA2 SA1>SA2+SB

> EAI
E

Figure 4.2: A schematic plot of regions (shaded in red) in the E4, — E4, plane
where our ansatz for the dominant sum over permutations does not hold. The lines
separating the regions will depend sensitively on the form of s(e) and the volume
fractions of the subsystems.

(B ) = (E - B - E?) O, Gelfar, fan B DY)

S
fAlv (1 - fA)V Gk(fA17fA27E§1)>E§2))
oo (B2 (E=B" = BPY _ 06,Galfa fan B ED)
fAQV (1 - fA)V Gk(fAquwEil)?Ef))
y fEél) oy (E ( Eél;—) E§2)>
A1V 1— fA)V
(2) 1) (2)
E E—-—FE,’—FE
2k +1)s' [ =2 = 2ks' 2 2|, 4.50
( ) fasV ( (1= fa)V (4.50)

where the pair & = (E{l),Ef)) denotes a saddle point for Fy(E4,, Fa,), while & =
(Eél),Ef)) denotes the saddle point for Fy(Ea,, Ea,). As Fy(Ey4,, Ea,) is a strictly
concave function, there is only one global maximum. Fj(FE4,, F4,) on the other hand
can have two maxima, as Gi(fa,, fa,, Fa,, Fa,) is strictly nonmonotonic.

The first thing we have to be careful about is whether we are still within our regime
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of validity for probing the transition of interest. In the case of Rényi entropy, the fact
that the dominant contribution comes from noncrossing partitions was assumed to hold
for all of parameter space, that is for all values of subsystem entropy. This can be traced
back to the fact that the dominant permutations all lie on a single geodesic G(1, X). In
our case, we're trying to probe the transition on one geodesic G(7, X) while suppressing
diagrams from other geodesics, which imposes some natural constraints on the size of our
subsystems.

We are justified in only considering the diagrams from Appendix F only if the saddle
point energies satisfy the conditions:

2 1 1 2
Say(ER) < S, (EVY) + Sp(E - EY — EX)

)

1 2 1 2
Sp(E — B{) — E) < Sa, (EY) + Sa, (EY), (4.51)

)

such that all contributions from subleading permutations remain subleading. We include
a rough phase diagram of the allowed region to explore in Figure 4.2. If the saddle point
lies outside the allowed region, our answer for the dominant sum over permutations no
longer holds, so we shouldn’t try to explore those regions of phase space.

This means before attempting to compute corrections at transition for all subsys-
tem volume fractions, we should derive some bounds on the regime of validity of our

approximation. We’ll make use of the following inequality:

FE
SAl(EAl) + SAQ(EAQ) -+ SB(E — EA1 — EAQ) < Vs (V) , (4.52)

which follows from the fact that our subsystem entropy function s(e) is concave. Plugging
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in the saddle points and using the first constraint in (4.51) we can write

E
251, (E2) < Sp, (EL) + Sy (BP) + Sp(E — EY — EP) < Vs (v)

@y_V (E
:>a%u%)<:2$(v). (4.53)

We can use this relation to find

(2)
“ e (5] <3:(F). 31

as E’§2) < E, a constraint on f4, which makes this true for all subsystem entropy densities
is

fa, <1/2. (4.55)

Therefore our calculations are only valid when subsystem A, is less than half of the total

system size. We can find a similar inequality on Sp using the second constraint in (4.51).

We have
E
255(E — EY — E?Y < 4, (BY) + Sa, (B + Sp(E — EY — EYy < v (V)
V (E
= Sp(E— E\Y — E?) < 5 (V) . (4.56)

We can therefore write

E — E(l) N E(2) E— E(l) _ E(2)
Sp(E— B —EY) = (1 —fA)Vs< 2 2 ) > (1 fa)Vs 22

(1= fa)V
(1) _ g
= (1— f4)Vs (E - EQV — 5 > < %3 (é) . (4.57)
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fAz

N

> fAl

D=

Figure 4.3: Excluded volume fractions from our analysis of the cyclic to pairwise
phase transition. Describing the colored “forbidden” regions would require a sum
over permutations we assert to be subdominant.

Again, a result that makes this inequality true for all saddle point energies is

fa>1/2. (4.58)

This ties together a nice family of restrictions: both subsystems A, and B have to have
volume fraction less then half of the system. We illustrate these constraints in Figure
4.3. This makes some sense, as we want to probe transitions dominated by the behavior
of A; relative to the rest of the system.

Another way of seeing there should be a restricted regime for our procedure is as
follows: entanglement negativity is agnostic as to which subsystem A; or A one applies
the partial transpose to. This would of course result in an averaged density matrix trace
symmetric under exchange of S4, and S4,, which our expressions (4.42) and (4.43) are
not. However, by writing a resolvent equation valid only in a certain parameter regime,
we can no longer comfortably integrate over all energies. This is an important point

because the deviations from the featureless case can in principle be of order the system
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size, and so corrections are not necessarily perturbative as they were assumed to be in
[67].

We can, however, be comfortable in the validity of our calculation if the saddle points
for F1(FE4,, Ea,) and Fy(E4,, E4,) obey the conditions above, so restricting to the set of
entropy functions which satisfy (4.51), let’s first look at the saddle point equations for

&. Setting the third and fourth equations equal yields

(1) 2)
s <]§2v) = (2k +1)s' (f}v) : (4.59)

As s'(e) is a monotonically decreasing function, for all £ > 0 we have the inequality

EY > %Eg”. (4.60)
Ay

We can use this inequality to write a simple inequality on Eél) by rewriting the Eél)

saddle point equation as

fa (1)
£ E - {1
22 ) ok [ ) 4.61
’ (fAIV)> T\ v oy

Now we have an inequality which depends on k, as we can write
EY < foE, k>1/2. (4.62)

Note that this result is also valid for k = 1/2, as the relation (4.60) is a strict inequal-

ity which is never saturated for positive k. We can use a similar strategy to write an
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inequality for E§2). Rewriting the Ef) equation with (4.60) yields

2 _ fa (2)
(2k 4 1)s' £y < 2ks' Pt : (4.63)
fAQV 1- fA

The resulting inequality has a slightly different k& dependence:
E® > fi,E, k>0. (4.64)

The last inequalities we can write are those for the saddle point values of S4, and S4,:

EY E
SAl(Eél)) = fAIVs( 2 > < fa, Vs (V)

fA1V

(2)
Su,(BS) = f4,Vs (fijV> > fa,Vs (g) . (4.65)

We’d like to find conditions on the hypergeometric being stuck on the first branch, i.e.
Sa, < Sa, +Sp. This is guaranteed to happen if the weaker inequality S4, < Sa, is

satisfied, which from (4.65) is necessarily true when

fay > fay (4.66)

If we assume Sy, < Sa, for the & saddle point as well, the argument of the hypergeo-

metric is exponentially suppressed and we can approximate it by

oF (1 —k,—2k;2;2) =~ 1+ k(k — 1)z, (4.67)
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where the small parameter x is now

p = oSy (B{) =S4, (BD)—sp(E-E{V - B(Y) (4.68)

Under this assumption the saddle point equations for £ and & are the same up to expo-
nentially suppressed terms, and therefore the saddle points & and & are exponentially

close. This leads to the following form of corrections to ETH:
log Noj, — log NJC oc O(e™), k> 1/2, fa, > fa, (4.69)

We can write a similar inequality for which S4, < Sp is always satisfied. We recall the

Eél) saddle point equation:

EY E-EY - EY
sl == | =2ks : 4.70
(fAl -V @70

At k = 1/2 there’s clearly an equality between the arguments of the functions on the

right and left, so for £ > 1/2 we have the inequality

B _E-E - E

L k>1/2. 4.71
VST / )

We’d like to satisfy the inequality Sa, < Sp, or

E(l) E— E(l) _ E(2)
Vs | =2 1— fa)V 2 . 4.72
Ja S(fV><( & 5( (1= )V e
This is always satisfied if

Ja, <1—fa. (4.73)

So far we have two constraints which carve out a corner of the phase space for all k£ > 1/2.
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Now let’s try to find a condition such that S4, > Sa, +Sp. Using our previous ansatz

this condition is written as

(1) (2) _ ) (2
f(f—v> > Faus (%)m—m(E T ) (174

For all k£ > 0 we can use (4.60) to rewrite this as

(2) 1) _ @
(fay — faz)s ( 2. > > (1= fa)s (E i Mt ) : (4.75)

fa,V (1= fa)V
Using the E§2) saddle point equation, there exists for £ > 0:

EY  E-EY - EY

> 4.76
fAQ 1- fA ( )

Therefore, Sy, > S, + Sp is always satisfied if
fay — fag>1—fa= fa, >1/2, k>0. (4.77)

For these volume fractions the corrections to the Rényi negativity are extensive in the

system size, as & and & have no relation:

log Nog — log NJI€ > O(V), k>0, fa, > 1/2. (4.78)

We summarize the results so far in Figure 4.4. In that phase diagram, none of the bound-
aries should be though of as sharp, that is as (4.60) is never saturated for k > 0, neither
are any constraints that depend on it. The interpolation between O(e=¢") corrections
and O(V) corrections will happen somewhere in this “unknown region”, though the only

relevant point is that at fa, = 1/2 we should still be in a region with extensive correc-
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fAQ A

O (=)
E>1/2

DO | =

> fAl

B | =

Figure 4.4: Phase diagram for corrections to even Rényi negativities. The concave
region with O(e~") corrections comes from requiring S4, < Sa, and/or S4, < Sp.
The O(V') region requires S4, > Sa, + Sp. The interpolation between these regions
will lie somewhere with f4, < 1/2 and is outlined by the dashed lines. The yellow
curve represents a system specific boundary which will depend on k& and potentially
on the specifics of s(e).
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tions. In particular this implies the logarithmic negativity receives O(V') corrections, as
was noted in [67].2

We won’t comment on the case k < 1/2 for fa, < 1/2, though the expectation is that,
like the n < 1 Rényi entropy, these measures always receive volume law corrections. It’s
also entirely possible the interpolating line continues moving towards the point (0,1/2),
meaning there’s some set of volume fractions for which arbitrarily small but positive &

are well-approximated by ETH.

4.4.3 0Odd Rényi Negativity

We can repeat the previous analysis for odd n. We have different expressions for the

canonical and microcanonical Rényi negativities:

I 1
log Noj_1 = N /dEAldEAQesAl(EA1)+SA2(EA2)+SB(EEAlEAZ)Gk<fA1’fA2, Ey4,, EAQ)
2k—1
log N3y = Nzt : / AE 4, dE 4,541 Pan) +@h-1)(8ay (Bag)+55(E=Bay ~Bap)), (4.79)

where Gi(fa,, fa,, Ea,, Ea,) is now defined by (4.43) as:

e(2k=2)(S4,+58),, [y (1 —k,1—2k;1; eSAl_SAz_SB) ,
Gk(fA17fA27EA17EA2) = (480)
e(Pk=2)5a1 ) 7y (1 —2k,1 —Fk; 1; eSA2+SB_SA1) :

Again the subsystem entropies should be valued at their respective subsystem energies.

Notably log Nax_1 enjoys a symmetry under Sy, <> Sa, + Sg. We again write the

3At k = 1, the even Rényi negativity is equal to the second Rényi entropy So(pa), which for fa, +
fa, > 1/2 is expected to always receive volume law corrections, which we don’t see for all volume
fractions. This could be a consequence of the restriction to a particular phase transition, but more likely
is a result of the issues discussed in our ansatz above.
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difference between the canonical and microcanonical answers as

—_ dE s, dE Fi(Ea B
log Nop_1 — log N3, = log (f 4B (P (B, A"’))) (4.81)

[ dEA,dE s, exp(Fy(Ea,, Ea,))

and use the same ansatz (B.7) to write the saddle point equations for F} and F» as

(BN (BB EPN 06, Gilfan fan B B
fAlV (1_fA)V Gk(fA17fA27E£1)7E£2))

’ E§2) =g (E — EF) - Ef)) B aEAsz(fAu Jas, EF)v E£2))

5
fA?V (l_fA)V Gk(fA17fA27E£1)7E£2))
E(l) E— E(l) . E(Q)
s’ 2 = (2k — 1)s' 2 2
fAlv (1 - fA)V
(2) (1) (2)
E. E—-FEy’ —E
S| 2= =+ 2 2 (4.82)
fa,V (1= fa)V
Let’s again investigate the saddle point for F,. We immediately see
() (1) (2)
E. E-Ey —FE
2 — 2 2 (4.83)

fAz 1_fA

for all k! This is a striking result, as it means we can write the sum of subsystem entropies

in Ay and B as

Jo
S By”) + Sp(B — By = By) = S5i(By) = (1 = f)s (f/fv) (4:84

This is important as for the odd Rényi negativity, S4, and Sp always appear summed,
so if we're only interested in the leading saddle point approximation we can treat them

as one subsystem entropy Sz;. As such we can rewrite the single saddle point equation
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(1) (2)
s (j%V) = (2k — 1)s’ (ﬁz‘/) : (4.85)

We recognize this as similar to the saddle point equation (4.24) for Fy(FE) in the Rényi

as

entropy, but we’ll go through the discussion nonetheless. At k = 1 we can exactly solve for
the subsystem energies and they are, unsurprisingly, proportional to the volume fractions

of their respective subsystems:

EY = faE, k=1

E® = fi,E, k=1. (4.86)
When k£ > 1, we again have
EY > @Eg”, (4.87)
fA1

which was true for general £ in the even case. Similar inequalities on volume fraction

hold in the odd case; we still have

EY < fa B, k>1

E¥ > f0,E, k> 1. (4.88)
From this the inequality S, < S7; is clearly satisfied when
fa, < 1/2, (4.89)

and corrections are exponentially suppressed. For f4, > 1/2; this won’t be true generi-
cally and the corrections are extensive.

We can also say interesting things about & < 1. In this case the inequalities are
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flipped:

Eél) > fa B, k<1

E§2) < faE, k<1

e

EY® < i
1

EV. (4.90)

We can check where Sy, > S5 From (4.90) we have

£ s
S (BSY) = fa, Vs <fA2V> > fa, Vs (V)
E

(2
S,TI(EQQ)) =(1— fa,)Vs ( By > < (1= fa,)Vs (V) : (4.91)

fa,V

We see that Ss, > Sy is guaranteed to be satisfied if f4, > 1/2, and indeed there is
no generic behavior for f4, < 1/2. Thus the corrections are extensive for all volume

fractions for k£ < 1.

4.4.4 0Odd Rényi Negativity at Transition

We would like to study this case in analogy with the entanglement entropy, for reasons
that will be clear shortly. Let’s follow the same procedure of dividing F} into two pieces,

Fyom and Fa, defined as

Faom = Sa,(Ea,) + Sa,(Ea,) + Sp(E — Ea, — Ea,)
+ (2k — 2)max{Sa, (Ea,), Sa,(Ea;) + Sp(E — Ea, — Ea,)}

Fa =logoFy (1 — 2k, 1 — k; 1; 71541 (Far) =545 (Hag) =S5 (E=Eay =Eag)l) (4.92)
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That is, we take the dominant contribution and relegate the subleading contributions to

a term bounded by O(1) in volume factors:

=1+ (k-1)+0Kk-1>2  (4.93)

k—2 'k -1
1§eFA§ak, ap = (3 ) (3 )

k—1)  T(k)I(2k)

The averaged Rényi negativity, with a 5;— factor which will be important later, can be

rewritten as

1 . 1 1
1 = —1 dE 4 dE 4, efdomTEa 4.94
ok — 9 OgNZk 1= 2]{?—2 0og (Mkl/ Ay A€ ) ) ( )

and we can bound log No,_; via

1y Ok —1). (4.95)

log Nog—1 — IOgNSISqu < 9

As such Ngom is enough to look for corrections larger than O(1).

Unlike the Rényi entropy, at f = 1/2 there’s no obvious reflection symmetry of the
energies in Fyon, and indeed we don’t find one numerically. There is, however, a symmetry
in the saddle points, which we’ll argue for as follows. Call the two saddle points for Fyom
(or F1, it makes no difference here) 51((1) = (Efl’a)7 E§2’a)) and 5{1)) = (E; EMY) E 2 b)) Under
the exchange Sa, <+ S7,, the saddles are swapped due to the symmetry of the odd Rényi

negativity. It’s clear then at f4, = 1/2 there exists the equivalence

E%l,a) B E£2,b)

far fa
(1,b) (2,a)
E E
L -1 (4.96)
fAz fA2

This means that the two saddle points contribute with equal magnitude, which con-

tributes an O(1) factor to the difference between the canonical and microcanonical neg-
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ativities:
log 2
2 — 2k

(log Vo™ — log N34 = ~ O(1) (4.97)

2k — 2

However, as in the case of von Neumann entropy, there is a subtletly related to the
fact that the two saddles collide in the limit £ — 1, i.e. the partially transposed entropy.
As they collide, there is an emergent region between the saddles which contributes to the
integral, so we can’t treat the presence of multiple equivalent saddles at leading order,
we must integrate over the interpolating region. We show a plot of this phenomenon in
Figure 4.5. Let’s solve the F3 saddle point equations perturbatively in § = 2k — 2. The

Eél) saddle point equation (4.85) becomes

/ E(l) / E(Q) o E(2) s/ (E/V)
s <f,:V) =(14+6)s (fA2 ) s (fAjV —|-5S” EV) | (4.98)

where we’ve again used that E§2) = fa,E. Combining this with the unchanged (4.83)

and plugging in f4, = 1/2 yields

w_E  Vis(E/NV)
b = Y T yEm
2) _ Ja, VO S'(E)V)
By = fa,E > S(E)V) (4.99)

From this we can write our subsystem entropies S4, and Sz in the familiar form

1 Vo
Su(B) = 3o (B4 5 s

2 2 $"(E/V)
Sa(EY) = %s (E - g%) (4.100)

What happens as £ — 1 for the odd Rényi negativity is precisely the same as what

happens for the n — 1 von Neumann entropy, namely that the Fa term “fills in” the
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Figure 4.5: Plots of Fj(Ea,,FE4,) at phase transition. We've set
E =V = 1,fa, = 1/2, and fa, = 3/10. For large k (upper left), the two
saddle points are well-separated and can be treated separately. As we decrease k
(upper right) the saddle points approach one another and produce an emergent flat
region. At exactly £ = 1 (bottom) the saddle points coincide at (fa, F, fa,E). The
dotted line connecting the saddle points is given by E4, = —2fa,(E4, — E); all
saddles at fa, = 1/2 lie along this line.
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space between the two saddles. The only difference is that this flat direction runs between
two saddles separated along a line in the F 4, — E4, plane specified by fa4,. The rest of the
calculation is completely unchanged from that of the von Neumann entropy, and there

is an enhanced correction exactly of the same form:

STe — ST = —\/%—F O(8) ~ O(VV) (4.101)

In [67], it was noted that a naive calculation shows the partially transposed entropy
receives O(v/V) corrections, but a more accurate analysis shows it receives O(V) correc-
tions. It would be interesting to understand the difference between our calculation and

theirs.*

4.5 Discussion and Future Work

In this work we’ve studied a class of tripartite entanglement measures, the Rényi neg-
ativities, in a toy model of a chaotic eigenstate. We’ve resummed the relevant noncrossing
permutations obtained via Wick contractions relevant at the transition of interest and
studied the corrections to the dominant microcanonical saddle.

The main takeaway is as follows: logarithmic negativity and its Rényi generalizations
thereof are not always “good” chaotic observables in the sense that their fluctuations
(the difference between the canonical and microcanincal expectation values) are often of
the same order as the quantities themselves, implying they are not self-averaging for all
volume fractions. We’ve shown this is the case for the even Rényi negativity at transition,
as well as for both even and odd Rényi negativities for f4, > 1/2. In particular we’ve

shown that odd Rényi negativity behaves mostly the same as Rényi entropy at the 7 to

1A possible resolution is that our calculation was done at fixed fa,, roughly the same as fixing ks in
[67]. Only when k = k1ks was fixed, similar to fixing fa, do they see O(V') corrections.
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X transition, exhibiting a (’)(\/V ) enhanced correction at exactly k¥ = 1. One surprising
outcome is that, for both Rényi negativities, canonical typicality holds in some cases
where the partially transposed density matrix is defined on a subsystem A;A, larger
than half of the total system.

One interesting question is what bearing these volumetric corrections have on the
validity of the cosmic brane prescription. It’s expected that the holographic dual of
subregion entanglement measures is given by the action of a geometric solution with a
massive cosmic brane (or branes) inserted [40, 137]. Away from transition, it’s expected
that there is a single dominant saddle, or at the very least an O(1) number of equivalent
saddles, all of which have have small enough fluctuations that we can treat the calculation
of the brane area perturbatively. What happens if this saddle doesn’t exist?® For the
n < 1 Rényi entropy, for example, the dual gravitational description is expected to be
a cosmic brane with negative tension [137], so the minimal energy configuration would
be a brane that falls towards the boundary. This is roughly the “holographic dual” of
the O(V') corrections to ETH; it represents a failure of a single approximately geometric
state to describe the dual system.

We now discuss some extensions to our work. A necessary restriction in our analysis
is only summing over a subset of all relevant permutations near a particular phase tran-
sition. It would be useful to find a closed form expression for the moments of a block
transposed Wishart matrix without these assumptions, which would involve finding a
closed form solution to the recursion relation in [140]. This would be especially nice as
we could probe the region f4 < 1/2, which is where one could expect ETH to hold as
the partially transposed density matrix is defined on less than half of the total system.

A technical point in our analysis was the use of 2-Dyck paths and 2-Narayana num-

bers, as opposed to (1-)Dyck paths which appear in the calculation of entanglement

5We thank Pratik Rath for discussions on this point.
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entropy. It’s possible some further generalization of Narayana numbers (as in e.g. [160])
will be relevant for calculating transitions in higher party entanglement measures in a
similar model.

So far, we've only discussed Rényi negativity, but there exists a family of holograph-

ically inspired measures termed refined Rényi negativities, which are given by

1
STQ(H) (pAlAZ) = —7128” <_ 1OgNTEodd/even) (pA1A2)> (4102>

n
We have not touched on the structure of transitions in these measures, but they could
presumably be treated in the same way we've presented. Of particular interest is the

refined Rényi 2-negativity S72(?) the n — 2 limit of the even refined Rényi entropy. This

quantity is explicitly given by

2 2
gT2(2) _ — lim m20,, (% log/\@(ﬁ:en)) =— ; Z/:’AJQ log (Z)\i)\2> (4.103)
which is the von Neumann entropy of the normalized density matrix (pi?1 A2)2. Conse-
quently, the expectation is that the corrections will be (’)(\/V ), which is indeed what
is seen in the gravitational setting. It would be nice to derive this relation from our
formalism.

Additionally, this formalism could be applied to study the reflected entropy [161] and
its Rényi generalizations thereof [162-164]. Reflected entropy has been studied in a simi-
lar gravitational system [163] and was shown to have O(v/V) corrections at transition, as
in the case of the von Neumann entropy, derived via a resolvent calculation. Presumably
the relevant permutations could be enumerated and the corrections calculated as we’ve
done in this work.

Lastly, it would be interesting to see the corrections to our results from imposing
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energy conservation between replicas as described in [134], and to understand if our

simplified ansatz produces similar corrections at transition.
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Chapter 5

Holographic Tensor Networks with

Bulk Gauge Symmetries

5.1 Introduction

The ultimate goal of the AdS/CFT correspondence is to understand, concretely, the
relationship between a bulk gravitational theory and its dual boundary conformal field
theory. Holographic duality posits that the partition functions of the two theories are
equal and that there exists an isomorphism between the Hilbert space of states of a
theory of quantum gravity Hp. and the Hilbert space of a seemingly unrelated quantum
mechanical system Hpoundary. If we were to understand the precise relation between these
Hilbert spaces, we would have a tractable handle with which to study quantum gravity,
in whatever form it may ultimately arise.

In practice, the UV degrees of freedom in the bulk are not well-understood, so one
must often be satisfied with studying a subspace of states given by small fluctuations
around a fixed semiclassical saddle. These states span a code subspace of the quantum
gravity Hilbert space, and are thus embedded in the larger Hilbert space of the dual
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boundary theory, in the same way as the logical qubits of a quantum error correcting
code (QECC) are embedded in a larger Hilbert space of physical qubits [165].

In the last decade, a useful tool for developing intuition about the bulk-to-boundary
map has been tensor networks. Tensor networks, specifically projected entangled pair
states (PEPS) and PEPS-inspired tensor networks, originally arose in many-body physics
as a generalization of matrix product states, which allowed one to efficiently prepare spin
chain states with area law entanglement [166].

As a toy model for holography, tensor networks found their niche due to the fact that
they obey the Ryu-Takayanagi (RT) formula [38] and its refinements [40, 43, 45, 167]. In
particular, random tensor networks (RTNs) [168] reproduce several desirable properties
of a holographic QECC, namely satisfying a quantum-corrected RT formula and the Petz
recontruction of local operators [169].

We now give a short overview of holographic RT'Ns and their entanglement properties,
as well as their issues. A rank-k tensor can be represented by its components T),....,,
with p; = 1,..., D; (the bond dimension). We can associate to each leg a D;-dimensional
Hilbert space H; spanned by an orthonormal basis of states {|u;), ;i =1,---,D;}. The

tensor 1" can then be thought of as a state on the tensor product Hilbert space ®f:1 H;:

Ty =Y Teulin) @ @ |u). (5.1)
/1417'”7/’1/]6

To construct a tensor network, we consider a set of vertices and links which form a
network. To each vertex x we associate a state |1, ), such that the collection of all tensors
defines a product state ®,|T,). Adjacent tensors are those connected by a link; their
corresponding legs are contracted by projecting onto a maximally entangled state. For
simplicity, we assume that all contracted legs have the same bond dimension D. Denoting

the tensor product Hilbert space on the two legs connecting the tensors at vertices z and
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y as Huy ® H,e,, this means that we project onto the state |zy) = D~1/2 25:1 | fay) @
|ttyz). Uncontracted legs are called “dangling” and come in two types: bulk legs (viewed
as input) and boundary legs (viewed as output). We write the boundary state in the

following way:!
Wo) = | (@] @ Q) (y] <®|Tx>>, (5.2)
(zy) z

where we project the bulk input legs onto a bulk state |®;). In an RTN, we choose T,
to be independent random tensors and take D to be large. We will not go into details
on how one computes Rényi entropy in the RTN here; the important point is that, for a

boundary subregion R, one finds the following answer for the Rényi entropy S, (R):
Sn(R) = |vr|log D + S, (p;), (5.3)

where |yg| is the number of links cut by the minimal surface vz homologous to R and
Sn(pr) is the Rényi entropy of the bulk subregion r bounded by R U yg (we will call
r the entanglement wedge). Analytically continuing to n = 1 recovers the Faulkner-

Lewkowycz-Maldacena (FLM) formula
A
SVN(R) = <—> + SVN(pT‘)v (54)

with |yg|log D identified with the expectation value of the area operator (A)/4G y.

In a state with vanishing bulk Rényi entropy (such as a product state), the boundary
Rényi entropy (5.3) is consequently independent of n. The RTN thus exhibits a flat
entanglement spectrum due to the projection of contracted legs onto maximally mixed

states.? This differs sharply from what we expect from generic situations in AdS/CFT.

!Here, we have chosen a pure state as the bulk input, but generalizing to mixed states is straightfor-
ward.
2The HaPPY code [170] also features a flat Rényi spectrum for similar reasons.
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For example, the Rényi entropy for an interval R of length ¢ in the vacuum state of a

two-dimensional CFT takes the form

Su(R) = ¢ (1 + %) log <§> | (5.5)

which is manifestly n-dependent. One possible solution is to instead project contracted
legs onto a nonmaximally entangled link state [128, 171]. By tuning the entanglement
spectrum appropriately, this allows one to reproduce the correct single-interval CFT
vacuum Rényi entropy (5.5), but does not work in more general cases such as that of
multiple disjoint intervals. To see this, consider two disjoint intervals R; and Rs (see
Figure 5.1), and for simplicity consider the case where the mutual information between
the intervals is small in the sense that the RT surfaces are always in a disconnected
phase. The boundary Rényi entropy can be obtained by inserting appropriate cosmic
branes into the bulk [137]. The tension of the cosmic branes is proportional to 1 — 1/n.
In a fully gravitating system, the two cosmic branes homologous to Ry, Ry will backreact
and affect each other in an n-dependent way. This results in a nonzero Rényi mutual
information between the two intervals that cannot be reproduced in RTNs by simply
adding nonmaximally entangled links, because they would not allow the minimal surfaces
to affect each other.

From the gravity point of view, the RTN prepares a so-called fixed-area state [141,
154], which is an eigenstate of the area operator A in (5.4). Such eigenstates form a
complete basis for semiclassical states prepared via the gravitational path integral, so
in principle any semiclassical state can be represented as a superposition over fixed-
area basis states |a), where a labels the eigenvalues of the area operator. As the area
operator lives on the RT surface dividing the entanglement wedge r and its complement

7, it naturally belongs to the center of the algebra of bulk operators in r. This view was
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R

Figure 5.1: The cosmic branes that arise in computing the Rényi entropy for disjoint

subregions. These branes have nonzero, n-dependent tension, and so would backreact

in a realistic holographic system.
espoused in [172], where it was shown that the FLM formula (5.4) can be derived from a
quantum error correcting code with complementary recovery. In that language, the area
operator is a specific element of the center of the bulk von Neumann algebra on r. The
usual RTN implements a special case of this where the algebra has a trivial center, i.e.,
the center consists of c-numbers only and is therefore isomorphic to €. In particular,
this means that the area operator must be a c-number, which, as previously discussed,
is incongruous with what one observes in gravitational holography.

The goal of this chapter is to construct a model where the algebra on r has a nontrivial
center and to identify a nontrivial area operator living in the center.®> An ad hoc way of
getting a nontrivial center is to “stack” multiple layers of tensor networks by hand to form
superpositions of fixed-area states. We will not do this but will instead pursue a more

physically motivated approach. In particular, one would like to incorporate something

3Having a nontrivial center does not guarantee that the area operator is not a c-number; for example,
see [173].
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akin to “edge states”, degrees of freedom which live on the minimal surface, in order to

4 Our goal in this

go beyond fixed-area states and produce a nontrivial area operator.
work is to give a model which provides a physical origin for these edge states. Inspired
by similar operators found in gauge theory [175], we will add a second layer on top of the
standard RTN which imposes gauge invariance. This alters the algebra of operators in

the bulk, and as we will show, it introduces a nontrivial contribution to the area operator

of the following form:

AA =P Plogd., (5.6)

where roughly speaking a denotes a superselection sector in the gauge-invariant Hilbert
space, P2 is the projection onto that superselection sector, and d,, is the dimension of «
viewed as an irreducible representation. The important thing to note at the moment is
that this operator is not a c-number and is therefore nontrivial.

The structure of this chapter is as follows. In Section 5.2 we will set up our model — a
two-layer gauged random tensor network — and introduce the formalism for gauge theory
on a graph. In Section 5.3 we will analyze the Hilbert space of gauge-invariant states and
the algebras of gauge-invariant operators for a subregion. In Section 5.4 we will compute
entanglement and Rényi entropies in both the pre-gauged and gauge-invariant algebras,
which we will use to derive the new area operator for our model. We conclude with some

discussion and future directions.

5.2 The Gauged Random Tensor Network

We now construct our model. It has two layers: a top layer consisting of a gauge
theory on a graph, and a bottom layer made of a standard random tensor network. We

illustrate some examples of this two-layer model in Figure 5.2. The top layer produces a

4Initial work in this direction was taken in [174] by generalizing the HaPPY code.
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Figure 5.2: Some examples of our two-layer model, with a gauge theory on a directed

graph on the top layer and a random tensor network with dangling boundary legs on

the bottom. In these examples, we choose each tensor in the bottom layer to have a

bulk input leg which is either a vertex or edge on the graph. The light gray planes in

the right example are included for visual clarity.
gauge-invariant state which is then fed into the bottom layer as input. The final output
of the model is the boundary state produced by the bottom RTN. We can then analyze
properties of the boundary state (such as its entropy) using the usual techniques for the
random tensor network.

This construction has some nice properties. In particular, one might be worried that
if the structure of the RTN is altered, Petz reconstruction of local operators might no
longer hold. Here we avoid this potential issue by keeping the tensor network the same,
but changing the space of states that can be fed into the network.

Given this construction, we would like to understand what set of gauge-invariant
states we will be feeding into the bottom layer. The following is based on a nondynamical
version of the standard Kogut-Susskind construction in lattice gauge theory [176]. As
we do not require our graph to be a lattice, i.e. there is not necessarily a regular tiling,

we will refrain from calling our top layer a lattice gauge theory.

Our starting point is an arbitrary directed graph A = (V, E) consisting of vertices

®See also related discussion in [177].
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V = {v} and edges £ = {e}. We require the graph to be directed so we have a well-
defined orientation on each edge, though we emphasize that the choice of orientation is
arbitrary. We impose no additional conditions on the graph. In particular, the graph
could have loops, adjacent vertices could be connected by multiple edges, and the graph
does not need to be planar.

We start with a gauge group, which we choose to be a compact Lie group G. It does
not have to be connected, and in particular, we could consider finite groups such as Z, if
we wish. We assign a (pre-gauged) Hilbert space to each vertex and edge of the graph A.
The Hilbert space H, on each edge e is taken to be L?(G), the space of square-integrable
functions on G. A state |¢), in this H. = L*(G) can be written as an integral® over

orthonormal basis elements |g) labeled by ¢ € G:

), = / dg(9)|9). (5.7)

where dg is the Haar measure” on GG. For our purposes, it will be useful to work with

another orthonormal basis
|Oﬂ.j>e7 Z?] - 1a27"' 7da (58)

for the same H, = L*(G), where « labels irreducible representations (irreps) of G and

d,, is the dimension of the representation «. This representation basis is orthonormal:

e<aij|ﬁk£>e = 5a65ik5j€7 (59)

®In cases where G is finite, the integral is understood as a sum: [¢), = > ogec |%IQ/J(g) |9),, where |G|
is the order of G.

"The Haar measure on G is invariant under left and right group multiplication (g — ¢’g and g — gg’)
and is normalized such that [ dg = 1.
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and can be written in terms of the previously defined group basis |g),:

laig), \/_/ng (5.10)

where Df:(g) are elements of a unitary matrix D%(g) representing g in o. This can be
viewed as a “Fourier transform” between the representation basis and the group basis.
The group action induces a set of unitaries L.(g) and R.(g) which act as left and

right group multiplications on the group basis:

Le(g) |h), = |gh),, Re(g”")|h), =|hg™"),. (5.11)

In the representation basis, the group unitaries instead act as unitary matrix multiplica-

tion on one of the two indices i, j:
L.(g) |aij), Z DE(g) lakj),, R(g™") |aif), ZD,W ) |aik), (5.12)

where @ denotes the complex conjugate representation of a defined by Dg;(g) = D¢ (g).
Thus there are two copies of G acting on H.: L.(g) gives the group action of the first
copy under which |aij), transforms in the representation @, and R.(g~') gives the action
of the second copy under which |aij), transforms in the representation a. Altogether,

|avij), transforms in the external tensor product® representation @ X « of G x G. Using

8For representations a1, as of G, their external tensor product ;Mo is a representation of G'x G with
an underlying vector space H* @ H*?, where H** transforms under the first GG in the a; representation
and H? transforms under the second G in the as representation. Note that this is different from the
(usual) tensor product «; ® o which is a representation of G (not G x @), with an underlying vector
space HY' ® H*?* where H*' and H*? transform under the same G.
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this, we decompose H,. as

M= PH @H =D (H)™™, (5.13)

a

where the sum runs over all irreducible representations a of G and ‘H® is a Hilbert space
of dimension d, transforming in the a representation. It will be convenient to use the
representation basis for the remainder of this work.

Now we turn to the (pre-gauged) Hilbert space H, on a vertex v. In general, H, may
be chosen quite arbitrarily (corresponding to specifying any number of matter degrees
of freedom including the case of no matter), but it needs to furnish some representation
under the group action of G. This representation could be reducible or trivial, but it can
always be decomposed into a direct sum of irreducible representations of G. Using this,

we may decompose a general H, as

Mo =P (1) (5.14)

o

Here the sum again runs over all distinct irreducible representations « of G and n,, is the
multiplicity of the representation « in ‘H,,. Note that n, could be any nonnegative integer,
and in particular, it could be zero (representing the absence of a given representation
a in H,). Thus, the simplest choice of H, is a trivial Hilbert space with no matter
(corresponding to n, = 0 for all «), but in the discussion below we will consider the
general case (5.14) with arbitrary n,. Furthermore, we will allow #, to vary from one
vertex to another. An orthonormal basis of states for the Hilbert space H, can be written
as

|Oéij>v, 221, s Nasy jzla"'adoca (515)

where the first index ¢ runs over the multiplicity n, and the second runs over the dimen-
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sion d,. The group action of G on H,, is given by unitary operators U,(g), which act on
the |aiyj), basis as

9) |eig), ZD,W ) |laik), (5.16)

Note that U,(g) only acts on the second index j and is analogous to the action of R.(g~')
n (5.11). Thus, we find an important distinction between the vertex Hilbert space H,
and the edge Hilbert space H.. To see this, first note that the two Hilbert spaces share
some similarities. In particular, H,. is a direct sum of irreducible representations a with
multiplicity d, as shown on the right-hand side of (5.13), and this is the analogue of
(5.14) for H,. The representation basis (5.8) of H, is similar to the basis (5.15) of H,,.
However, the difference is that an edge has the additional structure of allowing another

group action L.(g) that acts on the first index i of |aij), , whereas at a vertex the first

e’

index ¢ of |ij), is a multiplicity index that does not admit a natural group action.

The pre-gauged Hilbert space for the entire graph is then

= (@ H) ® ((X) H> . (5.17)

veV eckE

We refer to the algebra of all bounded operators on H as A = B(H). As H completely

factorizes over the vertices and edges, so too does the algebra of operators

= (@ Av) ® <® Ae> . (5.18)

veV eelk

Using the representation basis (5.8) of H., A, can be written as

A, = span{|aij), (8]}, (5.19)
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where the indices i, j, k, ¢ run over the irrep dimension. Similarly, using (5.15) we write
A, = span{|aij), (Bkl|}, (5.20)

where 7, k run over the irrep multiplicity and j, ¢ run over the irrep dimension.
For each vertex v, we now define a gauge transformation A,(g) as the following unitary

operator acting on v and all its associated edges:

Ay(g H L.( H Re(g™h) (5.21)

e€E~(v) e€ET(v)

where E~(v) consists of edges associated to v oriented away from the vertex and E¥(v)
consists of edges oriented into the vertex. Physical states are defined to be those invariant
under gauge transformations A,(g) for all g and v. The easiest way of generating a gauge-
invariant state is to average over all gauge transformations acting on a state in H. The

operator that implements this averaging on a vertex v is the following projector:

mszm@- (5.22)

[T, obeys the usual properties of a projector such that 112 = II, and II, = II]. The gauge-
invariant projector on the entire graph is simply the product of individual projectors on

all vertices:

Mer = | [ L. (5.23)

veV

It is easy to verify that [A,(g), Aw(¢')] = 0 for all v, v, g, ¢, and therefore [IL,, IT,/] = 0.
Throughout the chapter, we will denote fully gauge-invariant spaces, states, and op-

erators with a tilde; for instance, the gauge-invariant states |1’/)v) are elements of H defined
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via
H = MgrH. (5.24)

The gauge-invariant algebra A is defined as the space of bounded operators on H. A
can alternatively be represented by conjugation of the pre-gauged algebra A with the
projector Ilgr:

A = g Allg. (5.25)

We should comment on the interpretation of the operators in this gauge-invariant algebra.
Every operator O € A can be extended to a pre-gauged operator O € A which acts
identically on gauge-invariant states. There is generally more than one extension to A,
and to choose a unique extension one must specify the action of the pre-gauged operator
on the orthogonal complement of #H. We make the natural choice that the extension O
should annihilate the orthogonal complement. Moreover, for notational simplicity, we
identify every O € A with its natural extension O € A (which annihilates the orthogonal
complement), as we have done in (5.25). The reason for this natural extension will
become clearer in later sections.

We now feed any gauge-invariant state |zZ> as the bulk input into the RTN on the
bottom layer, in a manner illustrated by Figure 5.2. In particular, the bulk dangling legs
of the RTN should match and connect to the edges and vertices of the graph G on the
top layer, for ]% lives on these edges and vertices. In other words, each edge or vertex
of G is fed into a bulk dangling leg of the RTN.?

In order to utilize the full machinery of the original RTN, we would like the Hilbert
spaces associated with the tensors on the bottom layer to be finite-dimensional (as is

the case for the original RTN). When G is an infinite group, H. = L*(G) is infinite-

9In principle, the RTN could also take any pre-gauged state as the bulk input, but we choose to feed
only gauge-invariant states because as we will see, this restriction leads to a nontrivial area operator.
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dimensional and there are an infinite number of irreducible representations to sum over,
so in order to avoid a tensor in the bottom layer having an infinite-dimensional leg, we
impose a cutoff on our edge and vertex Hilbert spaces. This can take the form of, e.g.,
a cutoff in the sums in (5.13) and (5.14). Therefore, we are only feeding in states that
live in a finite-dimensional subspace of H. This does not affect the discussion in the
next section of the gauge-invariant algebra; the cutoff is only relevant when we compute

entanglement measures in Section 5.4.

5.3 Deriving the Gauge-Invariant Algebra

Now that we have defined our gauge-invariant states, we would like to understand the
structure of the algebra of gauge-invariant operators. Our overarching goal is to write
down the gauge-invariant subalgebra for a subregion r of the top layer which we will later

use to derive an FLM formula for the gauged RTN.

5.3.1 The Structure of the Gauge-Invariant Hilbert Space

We now study the decomposition of H when our graph A is divided into a subregion
and its complement. We define a subregion r of A to be an arbitrary subset of vertices
and edges (without further restrictions). We call the complement subregion 7.

In order to work out a useful basis for gauge-invariant states, it is convenient to divide
the set V' of all vertices into three types: those strictly in  (meaning that the vertex and
its associated edges are all in r), those strictly in 7, and vertices “on the cut” (meaning
that the vertex and its associated edges are partly in  and partly in 7). We call these sets

V., V&, and V., = V/ (V, U V%), respectively. Consequently, the gauge-invariant projector
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can be decomposed in the following way:
Hgr = Iy, Iy Iy, (5.26)

where IIy, is defined as the product of individual projections II, over all vertices v € V;,
for i = r,c,7. First, let us discuss a partial gauging of the pre-gauged Hilbert space.

Using the tensor decomposition of H = H, ® Hy, we can write H = oM as

H = Iy, Iy, Iy, (H, ® Hr)

= Iy, (v, H,) ® (I, Hr)) - (5.27)

We define the two terms in the parentheses as

~

H, =y H,, Hr=1ly H (5.28)

These are “partially gauged” Hilbert spaces, in the sense that states in H, (?-A[?) are
invariant under gauge transformations associated to vertices in V,. (V5), but not so under
gauge transformations on the cut. We denote the partially gauged Hilbert space on the
full graph as

H="H, @ Hsr. (5.29)

A=A ® A (5.30)

Now that we have a partially gauged Hilbert space ﬁ, it remains to impose gauge

invariance “on the cut” and obtain the fully gauged Hilbert space H = HVL_”;‘:L The gauge
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transformation (5.21) associated to each vertex v; € V.. can be decomposed into unitary

operators in r and T

Av,(9i) = Av,r(9i) Av,7(92)- (5.31)

Let n = |V,| be the number of vertices on the cut. The gauge-invariant projector on the
cut Ily, acts by integrating over the gauge transformations associated to the n vertices

in V..

Iy, = /dgl o dgn Ay, (91) Ay, (gn)
= /dgl s dgnAv1,7"(gl) T Avnm(gn)Am,?(gl) T Avnf(gn)

= / dgA,(9) A+ (). (5.32)

where we have defined A,(g) = [[;_, Av;»(¢9:) (and similarly for Az(g)), g = (g1, . gn)
is a element of G™ (the direct product of n copies of G on the cut), and dg is the Haar
measure on G". Thus 4,(g) is a G™ action on 7:17,, and H, can be decomposed into irreps

of G". We decompose H, into the following way:

H = PH (5.33)

i

where o as an irreducible representation of G™ can also be thought of as the external
tensor product of n irreps of GG, i.e., a denotes the external tensor product oy X oy X
- N ay,. Thus, we will sometimes write a as a tuple of G irreps (a1, g, , ;). The
index ¢ = 1,--- ,n, denotes the multiplicity of the « irrep. The sum ranges over all G™
irreps but some irreps may appear with zero multiplicity, as in the single vertex Hilbert
space (5.14).

From the decomposition (5.33), we write an orthonormal basis for #, as {|aik),},
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where again the first index ¢ = 1, -+, n, runs over the irrep multiplicity and the second
index k = 1,--- ,d, labels an orthonormal basis for each 7:[,?”. Similarly, we write an
orthonormal basis for H; as {184¢).}, where j =1, , g, and N7 is the multiplicity of

the  irrep on 7. Explicitly, A,(g) (Ax(g)) acts on the basis states of , (Hz) via

q9) |laik), Z Dy (g) |oik”),

9)|Bj0).. Z D2 ,(g) 1Bl (5.34)
my Combining the basis for A, and for Hx, we write an orthonormal basis for # as

{laik), [Bj0);}-

It is worth noting that the multiplicities ngz on T are generally independent from the
multiplicities ng on r; in particular, ng could vanish while ng is nonzero, and vice versa.
In a sense, we have done as much gauging as we can while keeping the factorization
of the Hilbert space between r and 7. H is similar to what is often called the extended
Hilbert space [175, 178-180], which is a choice of Hilbert space into which one can embed
gauge-invariant states such that the extended Hilbert space factorizes across the cut.
Here we arrive at a similar prescription by restricting from a larger Hilbert space H.

Now we will write a basis of states for the fully gauge-invariant Hilbert space H.
Lemma 1. The fully gauge-invariant Hilbert space H = ITy, ('zflr ® 7:[7) is given by
= {Z Daij |tk [FE)= < Paij € @} . (5.35)
aijk
Proof:  Since we already have a basis for the partially gauged Hilbert space, it
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suffices to demonstrate the action of IIy, on these basis states, which is given by

Iy, |aik), [Bil); =) / dgDfi(9)Dp(g) k). [Bj) (5.36)
k't

We recall the Schur orthogonality relation for compact groups:

3 S Orer
/ dg D3 (9) Dypylg) = ==, (5.37)

so that the fully gauge-invariant basis states are

. - - 1 7/ A el 1 7/ a1/
Iy, |ik), [8j6); = 7 OapOke > ower |aik’), |Bil) = 7 0apOke > laik!), Bk,
[} o k!

k't
(5.38)
Choosing a = 8 and k = ¢ gives the desired form (5.35).
Remark 1. (5.35) immediately implies a natural Hilbert space isomorphism
HePH @HE. (5.39)

Here 7:2;‘,“ denotes a Hilbert space of dimension n, with orthonormal basis states |ai),
transforming in the « representation of G", and 7-7? similarly denotes a Hilbert space of
dimension 7z with orthonormal basis states |@j).. transforming in the @ representation.
Note that although irrep labels such as o appear in the basis states, they are fixed within
cach Hilbert space H® or HZ.

More explicitly, the natural isomorphism (5.39) maps an arbitrary state of (5.35) in

the following way:

D) =Y ais laik), [@jk)y = Y /datbais i), [@5); - (5.40)

aijk aig
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The +/d, is a crucial factor which ensures that the isomorphism preserves the inner

product.

Given this decomposition, our next goal will be to define an algebra of gauge-invariant
operators on r, which we will call A.,.. Given the lack of factorization of H as indicated by
(5.39), we cannot easily write A, as B(#,) for some putative Hilbert space H,. Rather,

we will use the known algebra of operators on H, and 7:[T to define .ZT.

5.3.2 The Gauge-Invariant Subregion Algebra

It is tempting to define the algebra of gauge-invariant operators in a subregion r via

restriction of the pre-gauged algebra in that region

A, =g A Igr, (5.41)

similar to (5.25). There is a second possible description of the gauge-invariant algebra,
which is that :4: consists of the set of operators {(5, = O,Ilg} for all operators O, €
A, which commute with the gauge-invariant projector: [O,,Ilg] = 0. We will call
this algebra .,2(5,1), and the algebra (5.41) defined by conjugation by the gauge-invariant

projector AP At first blush it is only obvious that AW is a subset of @(ﬂ?), as
O, g = O, = MO, g = A C AP, (5.42)

but it is not obvious the two definitions are equivalent. Here we aim to show that.

Lemma 2. X&” = ,ZL(?).

Proof: ~ We again use the group action on the cut A(g) = A,(g9)A=(g) and the
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gauge-invariant projector on the cut IIy, which integrates over the group action:

Iy, = /dgA(g). (5.43)
We define an element of A'? by acting on an arbitrary pre-gauged operator O, € A, via

MO, s = Iy, (Iy, Iy, O, Iy, Iy, ) Tl
= ([y, 11y, O, 11y, Iy, ) Ty,

= (HVC@THVC ) i (5.44)

where O, = Iy, O, 11y, € A, is an operator on the partially gauged Hilbert space H,.

Conjugation via the gauge-invariant projector on the cut yields

10,1y, = [ dydg'Alg)0,A(g)). (5.45)

Using the right-invariance of the Haar measure, we can shift g — g(¢')~! to obtain

I, 0,11y, — / dgA(g) / dg' A((g") O, A(g) (5.46)

— 1, / dg' A((¢) O, Alg) = Ty, O, (5.47)

where @; is defined by the integral over ¢’. We could equivalently send ¢’ — ¢~ !¢’ to

obtain

Iy, 0,11y, = / dgA(g)O, A(gHTIy,

_ / dgA(g™)0, A(g)TLy, = OTI, (5.48)
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where we use the fact that the Haar measure is invariant under inversion dg — d(g™!).

This shows (’A)LHVc = HVC@;, SO (’A);n commutes with the gauge-invariant projector on the

cut. By construction, @; also commutes with Iy, and Ily., so it commutes with Ilq;.
Now we show that O’ is an element of A,, which is not obvious as A(g) on the cut

acts on both r and 7. However, we can write

& = / dgA(g )0, Alg) = / dgA, () A(g ™), A(9)Ar(9)

- / dgA (57O, A (g). (5.49)

as O, commutes with operators in 7. Thus O/ is in A,.

Combining the above, we can write any element of AP as
O, g = OILy, 10y, = OLy, 1Ty, 10y, = Ol (5.50)

which belong to AW as (’A); is an operator in A, that commutes with IIg;. Therefore,

AP < AD. Moreover, as we argued earlier, we have A" € A®. Thus, we have shown

W= A,

Remark 2. It will be more convenient to use Avq(nl) as our definition of .Z,, in later dis-
cussions. We now rewrite it by introducing the following notation. For the rest of the
chapter, we will denote the subset of operators in an algebra that commute with the
gauge-invariant projector with a superscript II; for example, the algebra A! is defined
by

AT={0 € A:[0,Ilg] = 0}. (5.51)

It is clear that this subset is itself a von Neumann algebra, as it contains the identity,

which necessarily commutes with any projector, and is closed under addition, multipli-
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cation, and involution!®. Similarly, we define the subalgebra A as

Al =10, € A, : [0,,Tla1] = 0}, (5.52)
and define A as
Al = (0, € A, - [0,, ] = 0}. (5.53)
So far, we have shown
A, = Al (5.54)
Lemma 3. A = AMIg;. Proof: Tt is clear that AMTIg € AMIg, so we only

need to show the opposite inclusion. Consider any operator O, € A, As this operator
commutes with Ilg;, we can use the decomposition of the gauge-invariant projector to

write O,Ilg; as
O, 1lg1 = O, g = Her (1Ly, O, 11y, ) e = (I1y, O, 11y, ) . (5.55)

Note that IIy, O,IIy,. is an operator on 7-Alr that commutes with Ilgr, so it belongs to
A Thus, every element of ATl is an element of AN This shows the inclusion

Al C A?HGI, from which we conclude AMMlg = A?HGI.
Corollary 4. A, = AMlg,.

Using the corollary above, we will now construct a generic operator in .,Zr.

10Closure of A under addition and multiplication is obvious, and closure under involution follows
from the projector being Hermitian.
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Lemma 5. ,Zlvr can be written in the following two forms:

A, = {@THGI 10, =Y Oy laik), (ajk] @ Ly, Oi; € @} (5.56)
aijk
- {(5 = Y Ouijleik), (ajl| @ [@i'k), (@i'l] : Ouij € @} : (5.57)
aii! jkl

with O, in (5.57) identified with O,1lg in (5.56) under (’1@» = @aij/da.ll
Proof: We show this by noting A, = A}?HGI and constructing a generic operator
therein. Recall that {|aik), } is a basis for H,, so an operator O, € A, (not necessarily

gauge-invariant) can be written as

Or =Y Ougijie|ik), (Bjt| @ 1 (5.58)
afBijkl

with some @aﬂijkg € C. Now we require @T e Al

T

so we will try to impose O, g =

HGI @r . We find

O, g1 = O,y Iy I1y,

= < > Oupijie |aik), (Bjl] @ L) Iy, Iy,

afijkl

= ( Z Ousijie |ik), (Bil] ® 'K )z <7¢lk/|> Iy,

aByijkti' k!

- 1 . . . .
= > Oasight 70 0a |aik), (Bi¢] @ iK'}z (Fi'l|
aByijkti' k' ¢ s

A 1 . -l 5 5 1l
= ) Oupi g loik), (3¢ & |Bi0); (B¢, (5.59)

aBijkti't!

Tn a slight abuse of notation, we have referred to the matrix elements of an operator with the same
symbol as the operator itself, but with irrep labels and indices such as a, ¢, and j. We could have
referred to Ouij as Oy o5 in (5.56), but for simplicity, we will use the former.
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where we have used the basis of ;- in going to the third line and used (5.38) in going to

the fourth line. We can apply the same procedure to write 110, as

NaiOr =1y, Y Oupijre|aik), (Bit] @ Fi'K ) (7i'K |
afBvyijkli' k!

R 1 ) ) . .
= Z Oaﬁijkzd_éa'yfskk’ |Oélel>,~ <5]€| ® |’VZI€/>F <’ﬂ/k/|
aBryijkei ke @

S @a&wdi i) (0] @ [ ?))- (@i'k]| . (5.60)

aBijkei'e @
One way to proceed is to find conditions on @aﬁm‘jkg such that the two expressions (5.59),
(5.60) are equal, but doing this explicitly turns out to be slightly complicated (in cases
where the multiplicities 7y, ng vanish but n,, ng do not). Instead, we will use the
equality of (5.59) and (5.60) to directly show that A™IIg; contains and is contained in

the right-hand side of (5.56), which we now define as

AB) = {@THGI 10, = Oy |aik), (ajk| @ Ly, Ouij € @} . (5.61)
aijk
First, we show that A" defined by (5.61) is equal to (5.57) as claimed. To see this,

we simply apply (5.59) to the special case of O, = > ik Ouij |ik), (ajk| @ 17 and find
@,I[VC to be identical to O, in (5.57) under (56”-]- = @aij/da. Moreover, applying (5.60)
to this case yields the same operator, so we find that this special O, commutes with [g;.
Thus, A® is contained in A'Ig;.

Finally, we will show that AEHGI is contained in ZS”). Any (;)THGI € AEHGI can be
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written explicitly as

i : R
O, 1lgr = U O, g = Iy, Z Oaﬁijkﬁd_ﬁ |aik), (Bil'] @ |Bi'l) (Bi'l']

aBijkei v

A 1 -7/ -l 1) Tl
= Z Oapijre Oaple |aik’), (Bjl'| @ |Bi'k"); (Bi'l']

aBijkli'k' e’ dadﬁ
. 1
= Y Oaoigivi = |0ik), (il @ a@i'k).. (@i't), (5.62)
aijkli'k! a

which is identical to O, in (5.57) under 6aij = @amjk/k/ /d?, and thus belongs to

A, Combining the above results, we conclude .Zr = .,263).

After all of this machinery, it is clear that one is justified in writing the algebra /TT
of gauge-invariant operators on a subregion r as a restriction via Ilgy of the pre-gauged
algebra A, on r. Crucially, however, A, is not a subalgebra of A,, as is obvious from the
nontrivial action of (5.57) on 7—1;. This is manifest from the fact that IIgr is an element

of A, not of A,, and so the projection takes one out of the pre-gauged subregion algebra

A,.

5.3.3 The Center of the Algebra

For spatial subregions the following inclusion is obvious:
A C (A (5.63)

as causally disconnected operators must commute. Here (A,)" denotes the commutant of

A,.. Haag duality is the saturation of the above bound:

Az = (A (5.64)
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that is, the commutant of the algebra of operators in a subregion is equal to the algebra
of operators in the complement region.!?
In our model, Haag duality certainly holds for the pre-gauged algebras, but does it

also hold for the gauge-invariant algebras? We will now show that it does, i.e.,
~ ~ /
A = (AT> . (5.65)

Proposition 6. The Hilbert space isomorphism (5.39) induces the following isomor-

phisms between algebras:
A=A o1y, A=PUeA (5.66)

where jj’f = B(ﬁ;‘,‘), the algebra of bounded operators on He, and similarly we define

T

A% = B(HT). Moreover, 1%, 1% denote the identity operators on H®, HZ, respectively.

Proof:  Recall from (5.39) that H is isomorphic to a direct sum of factorizing Hilbert

Spaces:

HePH o HE; (5.67)

where the two sides are identified under the natural isomorphism (5.40), which we repro-

duce here:

[0) =Y ais laik), [@jk); = Y datais i), [@5); - (5.68)

aijk aij

We now apply this isomorphism to our algebra jr. Consider a general element of /TT

12There are counterexamples to Haag duality in quantum field theories with global or gauge symme-
tries; see for example [181].
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defined via (5.57). Under (5.68), this element becomes

> Ouijlaik), (ajl] @ [@i'k) (@' t] = doOuij |ai), (aj| @ [@i'), (@i

i ke aiij

=) " doOuij |ai), (aj| @ 1, (5.69)

aij

which is an element of jf} ® 12. Thus, we have demonstrated the isomorphism for A, in

(5.66). The isomorphism for Az follows from a similar argument.

~ ~\/ ~
Corollary 7. A, obeys Haag duality, such that (AT> = A, where the commutant is
defined with respect to the full gauge-invariant algebra A Proof: This immediately

follows from the algebra isomorphisms (5.66) and

(EB A% ® Ilﬁ‘)/ =P (Xﬁ‘ ® 11?)’ =Pre A (5.70)

[0}

The center of an algebra is defined to be the intersection of the algebra with its

commutant. As our gauge-invariant subalgebra A, obeys Haag duality, the center is

Z, =ANA = A N A. (5.71)

Lemma 8. The center ZNT is

Z, = {zaﬁa D 2q € (D} , (5.72)
where P® are mutually orthogonal projections defined via

Da 1 . . . .
Pt = > laik), (@il @ [ajk), @je]. (5.73)

@ ke
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Proof: Under the algebra isomorphisms (5.66) for .Zr and AVF7 we can immediately

identify the center as

z.2PcC@reil). (5.74)

That is, the center Z~T is the direct sum of complex multiples of the identity within each

superselection sector . We can write the identity in a superselection sector as
1@ 1E =3 i), {adl ® ), (@il (5.75)
tj

and examine the pullback of these operators under the natural isomorphism (5.68) to

find the corresponding operators in A. We obtain

a a 1 . . . — . Sa
1°918 = d—2|azk’>r (ail| @ |ajk)- (@jl| = P°. (5.76)

@ iike

We identify these operators P° as the (properly normalized) projections onto the «
superselection sector, where we remind the reader that « is an irreducible representation

of G". These operators can alternatively be written as

P = (]5;“ ® 11?) Mg = (L ® ﬁ?) M, (5.77)
where Pﬁ‘ and PE are orthogonal projections in #, and 7:[?, respectively:
Py =" |aik), (aik|, PF =" |aik). (@ik|. (5.78)
ik ik

One can show the P are orthogonal and idempotent such that peps — 5agﬁo‘.
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5.3.4 Traces in A, and ./Tr

We now define traces in our von Neumann algebras. When an algebra is B(#H) for
some Hilbert space H, we can simply identify the minimal projections as projections
onto a pure state in H, and the trace is the usual trace of a square matrix. Our algebras
are not always of this form; an example is ./2(7‘. Therefore, we will first identify the
minimal projections, which are then used to define a normalized trace on the algebra. In
particular, for A, our task is to find the minimal projections P, in A, and use them to

define a “rescaled” trace :er,, which satisfies
Tr, P, = 1. (5.79)

Let us first discuss the case that we understand well: that of A,, and by extension
A As A, = B(H,), the minimal projections are projections onto a pure state in H,,
and we define the trace Tr, in A, such that the minimal projections have trace 1. As
A, = B(H,), we proceed similarly. Recall that the basis states of H,. are {|aik) }, and

so we define the trace Tr, in A, via
Tr, |aik), (oik| = 1. (5.80)

As the minimal projections in A, are also minimal projections in A,, the two traces agree

~

(on A,):
Tr, = Tr,, (5.81)

so we will use only Tr, (not Tr,) moving forward.
Now consider A,. Although A, is not the algebra of all bounded operators on a

Hilbert space, the algebra isomorphism (5.66) shows that we can write it as a direct sum of
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algebras for which we can easily identify minimal projections. In particular, the pullback
of minimal projections onto pure states |ai), € H* under the natural isomorphism (5.68)
gives minimal projections in A.. Thus, we write these minimal projections é?” € A, as

Pt = 3" Jaik), {aif] © [ajk), (@) (58

= — ad ai ajk). (a )
r d., < r IR )]
Jke

for all nonempty sectors «, defined as those with nonzero n,, ng. If n, vanishes, the
index ¢ above has an empty range, and if ngz vanishes, 1375”' vanishes due to the empty
sum over j in (5.82).

We can alternatively write P as
P = Py, (5.83)
where the projections Pﬁ‘i are defined similarly to (5.78):

P =" |aik) (aik], ® L. (5.84)
k

Although we already argued that 15;” are minimal projections using the natural iso-

morphism, we now show it more directly.

Lemma 9. The projections ]3,?“ (for nonempty sectors «) are minimal projections in A,
Proof: 'We recall that minimal projections are nonzero and have the property that
any subprojection Q, of P* is either zero or P*. As an element of A,, Q, must be of

the form

Qr =Y Qi (1B7k), (B'k| ® 17) Ty (5.85)

Bii'k

with complex coefficients Qﬁjj/. The subprojection @r is left fixed under conjugation via
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13,,?“', so we have
Qr = PYQPY = Quii (|0ik), (0ik] @ 17) g = Qui PY. (5.86)
k
Additionally imposing @f = @r, we find
Q= Q2P = Quii P (5.87)

Unless @T is zero, we obtain Qom- = 1 and thus er = ﬁra’ So ]Bﬁ“ (for a nonempty sector

«) is indeed a minimal projection.

Therefore, we define the trace ﬁr in .ZT by imposing
Tr, PY =1 (5.88)

for every nonempty sector a and every i = 1,---  ng.
How do we understand this trace acting on a general operator in A.? Such an operator

can always be written in the form (5.56):

O, =00, O, =Y Oujlaik), (ajk| @ 1. (5.89)

aijk

Taking the trace using /f[\i«, we find

5,0, =T, Y Ouii P27 = Ouis. (5.90)

at

165



Holographic Tensor Networks with Bulk Gauge Symmetries Chapter 5

If we were to take the trace Tr, of the corresponding @T, we would instead find

TI'T @7‘ =Tr Z @aiz‘pgi = Z da@aii- (591)
[e% at

Thus, it is tempting to relate the trace Tvrr to Tr, using an appropriate rescaling by 1/d,

in each sector. A more precise version of this statement is the following: for any operator

63‘ € .ZT that acts only in the a sector such that it can be written as

Oy = Ollar, OF = Ouisaik), {ajk] © 1r, (5.92)

ijk

i.e., with no sum over «, the two traces are related by

. 1 .
Tr, OF = n Tr, O (5.93)

Summing both sides over « recovers (5.90) and (5.91).

5.3.5 Reduced States

Our ultimate goal is to relate the von Neumann entropies for the same gauge-invariant
state p in H on two different subalgebras: A, and ;lr.

The first thing to note is that, when we consider the full graph (instead of restricting
to a subregion r), we have A = B(#) and A = B(H) where H is a subspace of H,
so minimal projections in A are also minimal projections in A, and the trace Trin A
therefore agrees with the trace Tr in A when acting on gauge-invariant states. Hence, a
gauge-invariant state p on the full graph that is properly normalized under the Tr trace
is also properly normalized under the Tr trace, and can therefore be viewed as a properly

normalized state p = p in H (albeit a special one). Thus, we will use only p (not p) for
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notational simplicity in the following discussions. We should still remember that p is a
special state that belongs to A

The above statements do not hold for reduced states on subregions. In particular, we
need to distinguish a properly normalized state p, in A, from a properly normalized p,
in .Z,,. Now we derive the relation between these two states.

Recall that to find S(p,A,) for a general subalgebra A, C A, we need to find a

reduced state p, € A, satisfying

Trr(pror) - Tl"(p(’)r) (594>

for all O, € A,. For our particular A, (the pre-gauged algebra on r), the answer is, of
course, p, = Trrp.

Now we work out the reduced state in the subalgebra .Zr.

Lemma 10. The reduced state p, € JZT satisfying

Te,(5,0,) = Tr (pO, ) (5.95)
for all (’1 € jr is of the form
ﬁr = ﬁT‘HGD :67“ = Zﬁaij |Oﬂk>r <04]k‘ & 1?7 (596)
aijk

with paij = dapaij, Where pq;; is defined by

pr = poij laik), (ajk|. (5.97)

aijk

Proof:
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A general gauge-invariant state p € A can be written as

P = Z Pagiivji |ik), |[ajk). (Bi'K'|, <Bj/k,|7 (5.98)

aBijki'j' k'

using the basis states for H. Tracing over 7, we find

pr=Trrp = Z Papii’jj’ <Bj’/f/|a]'k?>F |ai'k"), (Bik|

aBijki'j'k'
=" Paaivis laik), (ai'k] . (5.99)
aid jk
This verifies (5.97) and determines pg;;.
Now recall that as an element of A, , pr must be of the form (5.96) with some complex
coefficients p,;;. It remains to determine what they are from (5.95). In order to impose

it, we define the following basis for JZT:

O = Oy, O =Y |aik), (ajk| ® 1, (5.100)
k
such that we can rewrite the reduced gauge-invariant density matrix as
51" - Zﬁijaij. (5101)

[e%%]

Note that the basis elements (’N)?ij and their corresponding basis elements (;),‘?“ij e A, obey

the following relations:

OO = 60O, Tr, 087 = 6 (5.102)
OO = 500,089, Tr, OFY = dodi;. (5.103)
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From these relations we can check both sides of (5.95) for O, set to one of the basis

elements (5;3‘” . The trace in the gauge-invariant algebra becomes
T, (707) = T, (Z ﬁwéf”lémj> =" hpriOasbuibiy = paji (5.104)
B’ B’

We need to equate this with the trace in the pre-gauged algebra, which we begin to

evaluate by simplifying to the trace in A,. We have
Tr(p0O) = Tr(pO2llar) = T (TaapO3) = Te (O ) = Tr, (5, OFY),  (5.105)

where we have used the cyclicity of the trace, the gauge invariance of p, and the fact that

@f,”j € A,. We further simplify this and obtain
Trr(p,,(;);ftij> =Tr, (Z pgi/j,@fifj/@?ij> _ Z doppirjr0ap0iriijy = dapaji- (5.106)
Bi'j’ Bi'j’

Thus we identify the reduced density matrix p, € A, as a density matrix of the form
(5.96) with

Paij = dapPaij- (5.107)

5.4 Entropies in the Gauged Random Tensor Net-
work

Having written down the reduced states in A, and ,ZT, we are now ready to compute
the von Neumann entropies with respect to the two algebras. As we will see, the difference
between the two entropies in the gauged random tensor network is precisely accounted

for by an additional contribution to the area operator in the nontrivial center ZNT.
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5.4.1 Entanglement Entropy

From (5.96) and (5.97), we proceed by defining the reduced states projected onto a

superselection sector a:

P2 =" paiilaik) (agkl, 2= paylaik) (ajk] = dap?. (5.108)
ijk ijk
Note that these density matrices are not properly normalized with respect to their ap-

propriate traces. The reduced states (5.96) and (5.97) can be written as a direct sum

over representations:

p=r. b=, (5.109)

Furthermore, functions of the reduced states are superselected in the same way. In

particular,

prlogp. = EP plogpl,  prlogpr = @D (45 log o) ar, (5.110)

[0

where we used the fact that [p¢, IIgi] = 0.
We are now ready to compute the subregion entropies (in the bulk). The von Neu-

mann entropy of p with respect to A, is simply given by

S(p, A.) = —Tr, p.logp, = — ZTrr pelog pit. (5.111)

On the other hand, using the relation between the traces (5.93), we can write the von

Neumann entropy with respect to .Zr as

S(p, A,) = —Tr,p, log p, = — Z d; ' Tr, p*log p2. (5.112)
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Using p% = d,p and Tr, p = Tr, pf, we can rewrite each term in the sum as

d ' Tr, p%log p% = Tr, p2 log p® + Tr, plog d,

= Tr, p* log pr + ﬁrﬁf log d. (5.113)
The von Neumann entropy with respect to JZT can thus be written as

S(p, A) ==Y (Trr p2log p + T, 2 log da)

[0}

= S(p, A,) — T, (;);,Afl) , (5.114)
where we have defined a new “extra area operator” via
AA = (P P°log d.. (5.115)

The projections PY are precisely the projections (5.73) which generate the center gr, SO
AAis manifestly an operator in the center.

We have now arrived at our final relation between the entropies with respect to A,

and .ZT,
S(p, A) = S(p, A,) + T, (@AZ) , (5.116)

which we now use in our two-layer gauged RTN defined in Section 5.2. In particular, we
would like to derive an FLM formula relating the boundary entropy with the gauged bulk
entropy S(p, A,). Recall that when we feed any bulk state p in the pre-gauged algebra A
into the RTN;, the entropy S(R) of the resulting boundary state on a boundary subregion

R satisfies an FLM formula:

S(R) = |yallog D + S(p, A.), (5.117)
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where the bulk subregion r is chosen to be the entanglement wedge between R and its
minimal surface yg. Now specializing to a gauge-invariant bulk state p € A and using

(5.116), we find that the boundary entropy can now be written as a new FLM formula:
S(R) = Tr, (ﬁ,ﬁ) +S (p, ﬂr) , (5.118)
where the full area operator Ais

A = |yr|log D + P P*logds = |yr|logD + @D P )Y "logd,,.  (5.119)
[ =1

a1, ,an

Again, we sum over all irreps o = (aq, -+ , ) of G™ acting on the cut, although some
« sectors may be emtpy (i.e., ng or Ty is zero) in which case P* vanishes.

This is our main result. We note that this area operator looks like what arises
in a superposition of a stack of standard RTNs with probabilities determined by the

projections P2 and with bond dimensions augmented by d,,.

5.4.2 Rényi Entropy and Rényi Mutual Information

As discussed in Section 5.2, one can modify the entanglement structure of the links
in the standard RTN to obtain a nonflat Rényi spectrum for boundary states. However,
this is not enough to reproduce the properties of holographic Rényi entropies on general
boundary subregions. In particular, it fails to account for the lack of backreaction, dis-
played in the tensor network as a lack of (Rényi) correlation between disconnected bound-
ary subregions when the RT surface is in a disconnected phase. This problem becomes

clear when one calculates the Rényi mutual information between two such boundary
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subregions R; and Rs, defined as'?

In(Rl . Rg) = Sn(Rl) + Sn(RQ) — Sn(Rl U RQ) (5120)

As the area operator in the original RTN is a c-number, using (5.3) we find that the area
operator contribution cancels out in I,,(R; : Ry) for all n (as long as the minimal surface
g is in a disconnected phase), leaving the boundary mutual information equal to the

bulk mutual information:

]n(Rl . R2) == In(rl . r27-’47‘1r2)~ (5121)

This implies that, if one wants a contribution to the Rényi mutual information of the
same order as the area, that is O(log D), one must input by hand a highly entangled
bulk state. Doing this is unsatisfying and quite arbitrary.

We will now see that our gauged RTN solves this problem in a natural way, due to
our nontrivial area operator. In general, the presence of a nontrivial area operator will
lead to a nontrivial, n-dependent boundary Rényi mutual information, even for states
with vanishing bulk Rényi mutual information.

To see how this is realized in the gauged RTN, we will study a simple example shown
in Figure 5.3, where the top layer is disconnected but the bottom layer is connected.'*
We allow the bond dimensions in the bottom layer to be different for different links,
and in fact design them so that the minimal surfaces associated with Ry, R,, and their

union R; U Ry are fixed as we vary the Rényi index n at O(1) values. We will feed in a

13The Rényi index n should not be confused with the number of vertices on the cut n = |V.|.

14This connection is unnecessary to prove our point, as the internal leg connecting 71 and 7o never
contributes to the area term, but it is more intuitively satisfying to discuss a connected spatial slice for
the purposes of demonstrating backreaction.
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7“1/ 'r'g//

R1 Ry

Figure 5.3: A simple gauged RTN in which we compute the Rényi mutual information
between R; and Rs. The input from the top layer lives on four edges of a disconnected
graph G, as we choose to have no matter on any of the vertices. In the bottom layer,
the thick legs have a bond dimension much larger than that of the thin legs, such that
the minimal surfaces for the three boundary regions R, Ro, and R; U Ry only involve
the light internal legs. Consequently, the associated bulk regions will be 71, 9, and
r1 U7rs.
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gauge-invariant bulk state p with the following reduced state on r; U ry:

Prirs = > _(dadg)” Zw 18j¢),., (aikl,, (Bjl,, (5.122)
apf

for some particular choice of 7, j. This state has classical correlations between r; and
as described by a probability distribution P(c, 3), but has no quantum correlations. For
simplicity, we consider the following distribution P(«, ) that has support on only two

superselection sectors ay, ag on r; and only two sectors 31, B on ry:

Py, 1) =p, Plag,p1) = P(ay, B2) =p', Plas, B2) =p", (5.123)
subject to the constraint p 4+ 2p’ + p” = 1.

The Rényi entropy of p in the pre-gauged algebra A, ., is defined as

1
1—n

S0y Aryry) = log (Trmrz p?1r2> . (5.124)

Using our p;,,,, we find

1 p n p/ n
Sn(pv -Anrz) - 1 _n10g<da1db’1 (d dg ) +dazd51 <d dg )

p/ n p// n
d,. d _— d,.d _— . 125
T Gen s (daldﬂz) T Gea s (da2d52> ) (5 )

We can also compute the reduced density matrices on r; and 7y, as well as their corre-

sponding Rényi entropies in the pre-gauged algebra. We find the reduced density matrices
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to be
do, day
pr1 = Zd;ll(p +p,) |O[1’L.k>r1 <O[1/Lk| + Z d;zl(p/ +p//) |O-/2ik7/>rl <O[22k’,| :
k=1 k=1
d51 dﬁz
pro = dz'(p+1) |Buik),, (Buikl + > dzl (0 + ") [Bajk'),, (Baik'],  (5.126)
k=1 k=1

and the bulk Rényi entropies are

1 p+p\" p+p"\"
Sn(p,Am)zl_nlog(dm( 7 ) +daz( 7

1 p+r\" P +p"\"
Sulpy Ar,) = 17— log <d61 ( i ) + dp, ( i : (5.127)
1 2

In the gauge-invariant algebra, the dependence on irrep dimensions drops out and the

Rényi entropies become purely Shannon terms:

Sn(ﬂa ATl) = Sn(p’ ATQ) -

Sn(p, AT‘1T2) =

_— log (p+p)"+ @ +p")")

[, los (0" +2(0)" + (")), (5.128)

which we choose to be parametrically suppressed relative to the Rényi entropies in the
pre-gauged algebra.

When the sum inside the logarithm is dominated by one term, we can approximate
it using

log <22x1> ~ log (mlax {z:} ) (5.129)

To simplify our calculation, we will enter a parameter regime where all three (pre-gauged)
Rényi entropies satisfy the approximation above and have phase transitions.

First consider S,(p, A,,). We take d,, > d,,. The two terms in the sum are equal at
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some critical n,, given by

da
7\ Mk da ns—1 i} 10g< al)
(pﬂ’) _ (_1) - T - = do2) (5.130)
Ty —

!+ d,, n ptp’
prTp 2 log (p—, +p,,>

Thus, in order to have a phase transition at n, > 1 we require

da, p+p
log (daz) > log (p’ +p”> . (5.131)

The width of this transition is controlled by the corrections to (5.129). This depends

on the curvature of S, (p, A,,) at n,; explicitly we can diagnose this with the following

quantity:
d2
_(1 - n)Sn(p7 “47“1)

dn?

1 doy (P + D) ) ?
=~ (log =t T2 5.132
4 ( & doy(p + 1) ( )

N="x
For fixed n,, this quantity increases with increasing dg,/dqs,, so we should make this

ratio large for a sharp transition. A simple way to ensure the previous conditions is the

following:
do,
y =qg>1, p>yp, p>p' (5.133)
Furthermore, we impose
do dg
L= =g, 5.134
daz d/32 4 ( )

which forces the phase transitions in S,(p,.A,,) and S,(p, A,,) to occur at the same
critical n,.

Now let us examine the phase transition in S, (p, Ay, ). In the limit of sharp transi-
tions we have

1 " (p/>n (pl)n (p//)n
Sn y Arirg ) = 1 s s s .
(p A ) l—n o5 (max { (dal dﬁl)nil (dazdﬁl)nil (daldﬁz)nil (dOéQdﬁz)nil

(5.135)
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For simplicity, we will choose
/

p P
v > o > 1. (5.136)
In this case, we find that S, (p, A,,»,) has a phase transition occurring at a critical n,.

determined by

(5.137)

which satisfies 1 < n, < n,.

We now combine the above results to find the (pre-gauged) Rényi mutual information

[n(ﬁ : 7n27"47“17“2> = Sn(pv Ah) + STL(pv Arz) - Sn(p, AT‘sz)' (5138>

We find the following phases:

(
0 n < N,
Ln(ry o ra, Aviry) & 9 log (¢2) + - log (QJJ;—,’?,)Q) Ne <N < Ny, (5.139)
2 log (212 N <.
\

Now we rewrite the boundary Rényi mutual information (5.121) as

Sn(Ry : Ro) = I(r1 : ra, Ayiry) — Tn(r1 i 70, A+ Ln(ry : 79y Avry) (5.140)

J/

vV vV
area contribution bulk matter contribution

where the contribution of the nontrivial area operator to the boundary Rényi mutual
information is identified with the difference of the bulk Rényi mutual information in the
two algebras. As stated previously, 1, (r : TQ,AVT“«Q) is suppressed relative to I, (7 :
r9, Arry), SO this model implements phase transitions in the boundary Rényi mutual

information without a large bulk matter contribution (in the gauge-invariant algebra).
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In(rq :”Z,ﬂq r2)—’n(”1:r2:é{r1 r2)
60+

50 |
40 |
30|
20/

10

1.2 1.6 1.8

Figure 5.4: Phase transitions in the Rényi mutual information. Here we set ¢ = 10°?,

p' = 10716 and p” = 10724, We plot the dominant contribution to the Rényi mutual

information in the three phases (dashed) as well as the fully analytic interpolating

function (solid).
We plot these two phase transitions for an example in Figure 5.4.

This is a proof of concept showing that adding bulk gauge symmetries to the RTN
in this manner allows the boundary Rényi mutual information to be nontrivial and n-
dependent, even for states with small bulk Rényi mutual information (in the gauge-
invariant algebra). In our simple example here, the minimal surface does not shift—i.e.
it is the same for all n—but there is no obstruction to writing a more complicated example

in which the location of the minimal surface changes with n due to the nontrivial area

operator.
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5.5 Discussion and Outlook

In this work, we have presented a modification of the random tensor network which
allows us to reproduce known features of semiclassical holographic states. We discuss
some open questions and possible future directions below.

We have presented a toy model which, for simple choices of bulk input state, exhibits
sharp phase transitions in the Rényi entropy and Rényi mutual information. With a
sufficiently tuned set of probabilities and irrep dimensions, one could engineer a smooth
varying Rényi entropy that matches with, for example, the correct one-interval CFT,
Rényi entropy (5.5). It would be an even more complicated task to reproduce the correct
Rényi entropy for multiple intervals in the CFT [182, 183].

The bulk algebras that we encountered in our model are type I von Neumann algebras.
This is in contrast to the type II von Neumann algebras for gravity constructed using
the crossed product [49, 51, 184]. A “type I approximation” to the crossed product was
recently studied in [185]. It is thus tempting to incorporate the crossed product and the
resultant birth of a type II algebra into the tensor network toy models of holography.

Our gauge-invariant subregion algebras generally have nontrivial centers. On the
other hand, a prescription was given in [186] to construct gauge-invariant subregion
algebras with trivial centers in lattice gauge theory. This prescription involves adding
operators to the algebra that we do not include, so it does not contradict our results in
any way.

Here we have implemented a graph version of the lattice gauge theory construction
along the lines of Kogut and Susskind, but crucially without dynamics, due to the lack
of a Hamiltonian. Because of this, our construction does not have anything more to say
about time evolution in tensor networks than previous models. It would be interesting

to understand how to incorporate a Hamiltonian and the associated time evolution into
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tensor networks. It would also be interesting to study the commutators of intersecting

area operators in our gauged RTN, which in standard AdS/CFT do not commute [187].
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Appendix A

Geodesic Length in Kruskal-like

Coordinates

We start with AdS; in Rindler coordinates. The metric in the embedding space R?? is
ds® = —dT? — dT3 + dX}? + dX3. (A1)

The usual Rindler patch has a horizon at » = r,, but to describe a rotating black hole
solution we requires two horizons r, and r_. The embedding functions for this geometry

are given by

€_
X, = (/asinh <T;¢ —2>
Ty = /v o — 1sinh (ngt %)
X, = (v/a — 1cosh (EL = ¢) (A.2)

T, = (/o cosh (% _ = t)
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2 .2
for @« = :2 "> For this problem, we would like a coordinate reparametrization that

makes the null directions manifest, so we use the coordinates (U, V, ¢), where U and V

are defined to be

U =exp [k(t+ 1))

V =exp|[—k(t —r.)] (A.3)

r2 —r2 2 N2 12—\ /r2—1r2 . .
where £k = 55— and 1, = 5— a . In our new Kruskal-like coordinates,
T+ K \/Ti—rz—&-\/ra—r%

-
ZT+

and using the corotating coordinates ¢ — ¢—,—t, the AdS; embedding functions become

tﬂ:g(f:@$0%h5¢_fﬁl%ﬁmh%ﬁ)
Xi:g(f:E$C%hffk‘f:@?ﬂmh%#)
o

9 = 51 - g“; sinh r;gzﬁ (A.4)

The metric that results from these embedding functions is

1
(1+UV)?

ds? = (—42dUdV + 4r_(UdV — VdU) + (r3 (1 = UV)* + 4UVr?)d¢®) .
(A.5)
Under an identification ¢ ~ ¢ + 2m, this metric becomes the BTZ metric with 3 + 72 =
2M.
With our embedding functions (A.4), one can also derive an expression for the geodesic

distance s in our AdS3 Kruskal-like coordinates using the geodesic distance in the em-
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bedding spacetime. The result is [188]

s(z,2") = Lcos ' o(x, 7)) s timelike

s(x,2') = Lcosh™' o(x, 2") s spacelike (A.6)

The geodesic we will be concerned with for our calculations is the spacelike case. This
o(x,x') is the same quantity that appears in the calculation of the scalar Green’s function

and is given by
o(x,a') = 612 [T1(2)T1(2") + Ta(2)Ta(2") — Xa(2) X1 (2') + Xo(2) Xa(a')] . (A7)

Substituting our Kruskal-like embedding functions, we arrive at an expression for the

geodesic distance in AdS;

s =/ cosh™!

((UV + 1)EU,V, - [(Uv ~1)(U'V' — 1) cosh ( o~ ¢'))

+
2(UV' +VU') cosh (M) +2(VU' — UV') sinh ( (¢ — d)’ ) D

As a consistency check, the norm of this geodesic, n, = 9, satisfies n? = 1, as it should
for a spacelike geodesic, V,n, = n*V,n, = 0, and the constraints on the bitensor of

parallel transport g% in Appendix C of [102].

184



Appendix B

Spinor Propagator in AdS,

We follow the derivation given in [101] for the parallel propagator in Hy, with the nec-
essary few changes required for analytic continuation to AdS,; pointed out in footnotes.
The calculation of (7),,) for timelike geodesics in d = 4 can be found in [189].

We start with defining the norms of the AdS,; geodesic, which are given by

n, = O,s(x, z')

ny = Ops(z,2'). (B.1)

We also define the bitensor of parallel transport gl‘f, which takes vectors between the two
tangent spaces defined at z and 2’. In particular, n, = —gZ/ny,, as the geodesic norm at
a point is in the opposite direction of the geodesic length.

We also define two functions A and C' relating the derivatives of n, and n, to
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similarly-indexed quantities!

V., = A(guw — nuny)

V,m,/ = C(g;w/ + nun,,/). (BQ)

For spacetimes with negative curvature, A = %coth (%) and C' = —%CSCh (%)2. By

inverting the second equation and substituting the first, we find
Vigoy = =(A+ C)(guwny + guvny). (B.3)

In order to properly treat spinors at two disconnected points, we also need to write a

spinor parallel propagator A%, which transports a spinor from z to 2’ as

/

V(2')" = A, z)5 U (x)”. (B.4)

The covariant derivatives of Ag' with respect to primed and unprimed coordinates are

fixed by the parallel transport of the gamma matrices and (B.2) to be

/ 1 v /
DuM(z,2') = 5(A+ C) (37" — n)A(, ')

/ 1 / v
DAz, 2") = —§(A + CO)A(z, 2") (" i — ). (B.5)

In principle, we could define a vierbein, find the exact form of the gamma matrices and

the covariant derivative, and solve a system of PDEs for the spinor parallel propagator.

n the case of timelike geodesics, these differ from [102] by the transforms

Guv — —Guvs  Guv — —Yuv’

2In [101], these functions in Hy are instead given by A = %cot (%) and C = —% csc (%)
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However, as for the scalar case, making use of the maximal symmetry of AdS turns out
to greatly simplify the derivation [101].
The spinor propagator S§ (x,2') = (*(x)g(a')) is a solution of the spacelike Dirac
equation
d(z — )

[(w - m)S<x7$/)}gl = ﬁdﬁ}, (B.6)

with appropriate short-distance singularities. In the AdS vacuum it will share the maxi-

mal symmetry of the spacetime. It must therefore be of the form
S(x,2’) = lals) +#B(s)|A(x, 2"), (B.7)

for 1 = n,7* and some functions of the geodesic distance a(s) and 5(s). Inserting (B.7)

into (B.6) yields

Ko/ + %(d— 1)(A+ C)a — mﬁ) -+ <,6’ + %(d— 1)(A—C)B — ma)}A(w,x')

= M(gg/

V=g
(B.8)

where a prime indicates a derivative with respect to s. Taking the trace of the above

equation gives a set of two coupled differential equations

Sz —2a)
=
a + §(d —1)(A+C)a—mp =0, (B.9)

5’+%(d—1)(A—C’)5—ma:

Substituting the second equation into the first and using identities involving A and C'
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from table 1 of [102], one finds a second order equation for a(s):

o+ (d—1)Ad’ — |m? + %(d — 1)(C* + AC) — <d4_€21)2 a= mﬁ. (B.10)

]

B.0.1 Solution in Minkowski Space

In order to find the proper normalization of the solutions in AdS;, we need to find
the short distance behavior of a(s), which is just the solution of (B.10) in Minky,, or
equivalently, in the limit £ — co. (B.10) becomes

—1
s

a//+d

o —mPa =mdi(s). (B.11)

The solution to this equation, properly normalized such that the left and right sides agree

in the coincident limit, is

a(s) = — (%)dﬂ ST K g0 1 (ms) (B.12)

where K,,(z) is the modified Bessel function of the second kind. The series expansion of

this solution around s = 0 is given by

d
afs) ~ —%w*d/%*dr (— — 1) : (B.13)

B.0.2 Solution in AdS,

To solve (B.10) in AdS,, we make the substitutions z = cosh? (&) and

1
ﬁa(z)

7(2) (B.14)
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to obtain?®

2(1—2)9"(2) + (g +1—(d+ 1)2) v'(2) + (m2£2 - d;) v(z) = —m

where here primes denote derivatives with respect to z. This is a hypergeometric equation

in v(z), with differential operator

d> d
H(a,b,c;z):z(l—z)w—i-(c—(a—l—b—l)z)a—ab, (B.16)

with a = % —ml, b= % +ml, c = %l + 1. This is the same as the H? solution in [101],
so we can proceed as follows. We want solutions that decay as a power of z as z — oo.

There are two independent solutions, which up to overall normalizations A\, are
—(i:tmé) d 1
Y+(z) = Agz™\2 o Fy 3 £ ml, +ml, 1+ 2ml;— ). (B.17)
z

Both are allowed for sufficiently small |m/|, though large |m/| requires the + sign. The

expansion of a(s) around s = 0 is

i)” L(1+2m)l (£ -1)

O (T £ ml) D(xmi) |

(B.18)
The above expression must match with the Minkowski solution in the limit of vanishing
s, so the coefficients Ay are given by

I (¢+ml)
r(@=D/20(1 £ me)’

Ay = :!:2f(di2m€)£17d <B19)

3For timelike geodesics, we would instead make the same substitutions as in [101], with z = cos? ().
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The choice of sign in these quantities corresponds to a choice of boundary conditions
analogous to that referenced in (2.8). For simplicity, we will choose the (4) boundary
condition for all p, as this is allowed for any effective 3D fermion mass. We do so for all

computations in the main text.

B.0.3 (T}) in KKZBO

We still don’t have a closed form expression for S(z,z’), as we don’t know anything
about A(z, '), but we can still calculate observables such as (¢ (z)y(2)), (J,), and (T,,).
We'll only carry out the calculation for our quotient spacetime?. The expectation value
of the Belinfante stress-energy tensor in terms of the spinor propagator is [99]

1 . / o / v /
(T,,) = ) lim Tr [(fy(uD,,)S(x, ') — D, S(x,x )7(ng)> Az ,x)] (B.20)

r—x’

where a primed index on the covariant derivative denotes a derivative on the second
coordinate and action from the left. The parallel propagators become trivial at coincident
points, namely g% = 6% and A(z,2') = I, at © = 2/. As shown in section 2.3.2, the null-

v

null component of the stress-energy tensor in the quotient KKZBO spacetime is

(T) = FE (T,)) = %ZTr kDS (x, Ja')j] + T [[OS(hat ] . (B21)
A,B
where we’ve suppressed the sum over Kaluza-Klein modes p but kept the sum over three-
dimensional fermion representations A and B. In order for this stress-energy tensor to
be real, we expect that the second trace is related to the first by complex conjugation.
Using the fact that
708 (x, )10 = S(a', x) (B.22)

4For a similar calculation in AdS, for timelike geodesics, see [189)
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the trace of the Hermitian conjugate of the first term becomes

T [(%DkS(x, Jsa'); ) T} =T "D} S(a, Jua)'¥'|
= Tr [}TD,LVOS(J?,J/, x)vokq
=-T

; [EWS(ng', x);é} (B.23)
where we've also used /°f+° = ' and 4%57° = —j = —jT. As the trace of the Hermitian
conjugate is the complex conjugate of the original trace, we have

*

v |FDgS(z, ng’)ﬂ =—Tr [}D_MS(ng’,:c)k (B.24)

as expected. The sum of the two traces can then be represented as the imaginary part

of the first, and the stress-energy tensor becomes

(Tu) = -y Im{Tr [];éDkS(g; Tz’ )] } (B.25)

A,B

Plugging in our ansatz (B.7) and substituting (B.5), we obtain

(T) = =3 {Ts 88D, (a(s) + BN, Jy))] }
CE AZ; Im{Tr [}k ((a + %(A + C)) - (6’ - g(c — A)) ¢) A(z, Jgg;)} }

(B.26)

The A and B representations are distinguished by gamma matrices with opposite sign:

I

vy = —v%. The sum over representations will cancel terms containing «(s), as they

involve an odd number of gamma matrices, and introduce a factor of 2 to the (s) terms,
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as they contain an even number of gamma matrices. The stress-energy tensor is therefore

(Ti) = —2 (k"n,,) (5' + g(o - A)) Im{Tr [’ﬂém(x, ng)} }
= —2(k"n,) (% - %gcoth 2%) B(s) Im{Tr [}MA(Q;, ng)} } (B.27)

In general, calculating A(z,2’) involves a path ordered integral along the geodesic in
question, so it’s easier to choose coordinates such that the parallel propagator becomes
trivial even for noncoincident points. As our calculation ultimately takes place in the

covering space AdSs, we can choose global AdS3 coordinates (¢, p, ¢) with metric

dp?

2 2
m + P ng . (B.28)

ds® = — (1 + p*/¢*) dt* +

For a timelike slice of AdSs;, we define the origin by the intersection of the timelike

axis defined by the isometry and the geodesic itself as in Figure 2.1. We therefore have
. . 1 . . o

geodesic norm n, = mﬁp and a perpendicular unit vector ¢, = pd,. In these

coordinates, the spinor parallel propagator for our spacelike geodesic is trivial, as can be

seen from the covariance of A(x,z’) along the geodesic:

n* D, Az, 2") = nd,A(x,2") =0

= Az, 2") = L. (B.29)
Additionally, as the vielbein for this coordinate system is diagonal, we can rewrite the

isometry j = iv'4? as

j = ifhp. (B.30)
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The trace inside of the stress-energy tensor therefore becomes

Tr [}k?ﬁ] =Tr [zkﬂ

= 2ikFp,,. (B.31)

This expression is manifestly vielbein independent. The final expression for the null-null

component of the stress-energy tensor is therefore

(o) = —4 (k) (K 0,) (% ~ L cotn i) B(s). (B.32)

The full calculation involves a sum over Kaluza-Klein modes p and BTZ images n. Ex-

plicitly, in terms of our Kruskal-like coordinates (U, V, ¢) and radial coordinate

p= e\/sinh2 (#) + U?exp (— 27]5), (B.33)

we have

—2r_¢/tp3
k', =ny = u
vV p*+
e -9/t sinh (#)
ko, = oy = : (B.34)
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Appendix C

Derivation of Dominant Saddles for

Negativity

In this appendix, we derive the set of saddle-point geometries that give dominant contri-
butions to the Rényi negativity in various regimes of the parameter space. This includes
each of the distinct phases and near phase transitions.

Our derivation uses facts about geodesics on the permutation group, which we review
first. Let S,, be the symmetric group of order n, which is the set of permutations on n
elements. For any permutation g € S,,, we define £ (g) as the minimum number of swaps
from the identity 1 = (1)(2)---(n) to g and x(g) as the number of disjoint cycles in g,

including 1-cycles. These quantities satisfy the relations

t(g) + x(g9) =n, (C.1)

x(9) = x(g7"). (C.2)

As an example, the permutation' g = (12)(345) € S5 has £ (g) = 3 and x(g) = 2.

IThis g is the permutation 12345 — 21453 written in cycle notation. Each digit in a given cycle is
replaced by the following digit, except for the last digit which is replaced by the first.
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We can define the distance between two permutations g and h by
d(g, h) = (g™ 1) (C.3)

which satisfies the usual properties of a distance measure. In particular, given any se-

quence of permutations (g1, - , gm), the distance satisfies the triangle inequality

d(gl7 g?) +oeee d(gm—17 gm) 2 d(gla gm> (04)

A sequence of permutations that saturates (C.4) is said to be on a geodesic. We denote
a geodesic between two permutations g and h by G(g,h). We say that a permutation ¢’
is on G(g, h), or equivalently ¢’ € G(g, h), if the sequence (g, ¢, h) saturates the triangle
inequality (C.4).

Our goal is to identify the permutations g that dominate the sum in the Rényi nega-
tivity (3.25), in different regimes of the parameter space labeled by e, ki, and ky. We

repeat the sum in (3.25) here:

Z (eso)X(g) kic(g‘lX)kéc(g‘lX‘l)_ (C.5)

geSh

For reasons that will become clear shortly, it is useful to first identify the permutations
on one or more of the following geodesics: G(1,X), G(1,X '), and G(X, X~ !). Here
X = (12---n) is the cyclic permutation of n elements, and X! = (n---21) is the
anti-cyclic permutation.

For a given permutation g, let us use m, p, ¢ to denote the three exponents in the
sum (C.5):

m=x(g), p=x(g7'X), q¢=x(g'X"). (C.6)
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They satisfy three triangle inequalities, which can be obtained from (C.1), (C.3), and (C.4):

d(1l,g9)+d(g,X) >d(1,X) = m+p<n+1, (C.7)
d(1,9) +d(g, X ") >d(1, X = m+q<n-+]1, (C.8)
d(X,g)+d(g, X ") >d(X, X" = p+q<n+ f(n), (C.9)

where f(n) is a useful function defined as

1, nodd,
f(n) = (C.10)

2, n even,

and we have used y(X) = x(X7!) =1, x(X?) = f(n).

We now identify the permutations g on one or more of the three geodesics.

Permutations on G(1, X): These are known to be in one-to-one correspondence with
noncrossing partitions, so we say that the corresponding geometries are planar. We can

write such a element as a product of m noncrossing cycles (including 1-cycles):
g= H Ci- (C.11)

=1

It is clear that such an element exists for every m € [1,n]. Since it saturates (C.7), we
immediately find
p=n—m+ 1 (C.12)

Moreover, it is straightforward to derive

q:Zf(]ciD—erl, (C.13)
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where |¢;| is the length of the i-th cycle ¢;.

Permutations on G(1,X'): These can be obtained by simply taking the inverse of
the permutations on G(1, X), sending ¢; in (C.11) to ¢;*. We say that these correspond

to “anti-planar” geometries.

Permutations on G(1, X) and G(1, X !): Their cycles ¢; must be their own inverses,
so the length of each cycle is at most 2. Therefore, these permutations are precisely those
noncrossing partitions that consist of only 1-cycles and 2-cycles. Such permutations exist
for every m > [%], with the lower bound saturated by noncrossing pairings consisting of

(%1 pairs and at most one 1-cycle.

Permutations on G(1,X) and G(X,X'): As they saturate (C.9), it is straight-
forward to use (C.12) and (C.13) to show that these permutations are precisely those
noncrossing partitions with at most one odd cycle. Here we define an odd cycle as one
of odd length and an even cycle as one of even length. For even n, these permutations
consist of only even cycles, whereas for odd n, they have exactly one odd cycle. Such
permutations exist for every m < [%], with the upper bound saturated by noncrossing

pairings.

Permutations on G(1, X ') and G(X, X~ !): These are obtained by taking the in-

verse of the permutations on G(1,X) and G(X, X 1).

Permutations on G(1,X), G(1,X!), and G(X, X !): It is clear by combining the
previous cases that these permutations are those noncrossing partitions that consist of
only 2-cycles and at most one 1-cycle. Therefore, they are in one-to-one correspondence

with noncrossing pairings [128]. These all have m = [§] and p = ¢ = | 5] +1. We denote
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-1
T

G(1,X) G(1, X1

1

Figure C.1: A schematic Cayley graph for the relevant permutations and the geodesics
connecting them.

these noncrossing pairings by 7, and say that they correspond to pairwise geometries. A
simple example is 7 = (12)(34) - - - (n—1,n) for even n and 7 = (12)(34) - - - (n—2,n—1)(n)
for odd n.

These results are illustrated schematically in Figure C.1. We now state and prove the

main points of this appendix.

Lemma 11. In the regime ki /k; > ¢~ planar geometries dominate the sum (C.5). In

other words, for any g ¢ G(1, X), there exists ¢’ € G(1, X) such that ¢’ dominates over

g.

Proof: As g ¢ G(1, X), the difference

d(1,g) +d(g, X) — d(1, X) (C.14)

is positive. However, this difference must be even, regardless of whether ¢ is an even or

odd permutation. Therefore, we denote this difference by 2r with a positive integer r,
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and use it to rewrite the triangle inequality (C.7) as
m+p=n-+1-2r (C.15)
Our goal is to choose a more dominant ¢’. For ¢’, we define m/, p/, ¢’ similarly as

m' =x(¢), p=x("'X), ¢=x(@'XM). (C.16)

Let us discuss m +r > [§] and m +r < [5] separately. For m +r > [§], we choose
g to be on G(1,X) and G(1, X '), with m’ = m + r. As we discussed earlier, such a
permutation exists; in particular, (C.15) guarantees m + r < n. As ¢’ saturates (C.7)

and (C.8) (after primes are added), we find

'=n—-m-r+1l=p+r, ¢g=n—-m-r+1>q—r, (C.17)
where the second equality for p’ comes from (C.15) and the inequality comes from (C.8)
for g. We thus find that ¢’ gives a more dominant contribution to the sum (C.5) than g,

as

em' SokP AN
S B B (P 1. C.18
SRS = ( ks) ” (€19

In the other case with m +r < [%], we choose ¢’ to be on G(1, X) and G(X, X ™),

with m’ = m + r. Again, such a permutation exists. As ¢ saturates (C.7) and (C.9)

(after primes are added), we find
pP=n—-m-r+1l=p+r, d=n+f(n)—p—r>q-—r, (C.19)
where the inequality comes from (C.9) for g. We again find that (C.18) holds and

therefore ¢’ dominates over g.
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It is clear that Lemma 11 is tight in the sense that every planar geometry could give
a dominant contribution to the sum (C.5) at some point in the regime k;/ky > e,
In particular, at the point where k; = % and k, = 1, they give an equal contribution
o(n+1)So

From Lemma 11, we immediately obtain the following corollary by taking the inverse

of all permutations and switching ki <> ko.
Corollary 12. In the regime ky/k; > e~°°, anti-planar geometries dominate the sum (C.5).

Combining Lemma 11 and Corollary 12, and recalling that the permutations on
G(1,X) and G(1, X~ !) are precisely those that consist of only 1-cycles and 2-cycles, we
immediately obtain the following corollary (which is useful for studying the disconnected-

pairwise transition in Section 3.5.2).

Corollary 13. In the regime e™% < k;/ky < €%, the permutations consisting of only

1-cycles and 2-cycles dominate the sum (C.5).

It is again clear that Corollary 13 is tight in the sense that every permutation on
G(1,X) and G(1,X ') could give a dominant contribution to the sum (C.5) at some
point in the regime e ™% < k; /ky < €. In particular, at the point where k| = ky = ¢%0/2,

they all give an equal contribution e(**1)%,

So

Lemma 14. In the regime kjky < e°°, the disconnected geometry dominates the

sum (C.5).

Proof: The disconnected geometry is represented by the identity 1 and contributes
ek ky. For any other permutation g, we have m < n — 1. From (C.7) and (C.8), we
obtain p,q < n —m+ 1. We thus find that 1 gives a more dominant contribution to the

sum (C.5) than g, as

€nSO k‘l k’g 650 nem
ks e 1 .20
T (k1k2> > (C.20)
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Lemma 15. In the regime k; /ky > %, the cyclic geometry dominates the sum (C.5).

Proof: The cyclic geometry is represented by X and contributes e k?k; ™) For any
other permutation g, we have p < n — 1. From (C.7) and (C.9), we obtain m <n—p+1
and ¢ < n+ f(n) — p. We thus find that X gives a more dominant contribution to the

sum (C.5) than g, as

Sk (ki g\
s (B 1. C.21
s = (B0) > 2

From Lemma 15, we immediately obtain the following corollary by taking the inverse

of all permutations and switching ki <> k».

Corollary 16. In the regime ky/k; > €%, the anti-cyclic geometry dominates the
sum (C.5).

We now show that pairwise geometries dominate a fourth phase. We first derive the

following lemma as a useful intermediate step.

Lemma 17. In the regime kiky > €%, the permutations on G(X, X~!) dominate the
sum (C.5). In other words, for any g ¢ G(X, X 1), there exists ¢ € G(X, X ') such

that ¢’ dominates over g.

Proof: As g ¢ G(X,X 1), the triangle inequality (C.9) must fail to saturate by a

positive but even integer, which is at least 2:

pra<n+fn)-2=2|3]. (C.22)

Therefore, one of p, ¢ must be no greater than [%]. Without loss of generality, we
consider the case of p < [2]. We then choose ¢’ to be on G(1,X) and G(X, X !), with

P =p+1. As ¢ saturates (C.7) and (C.9) (after primes are added), we find

m=n—p>m-—1, ¢=n+f(n)—p—1>q+1, (C.23)
201



Derivation of Dominant Saddles for Negativity Chapter C

where the two inequalities comes from (C.7) and (C.22), respectively. As we discussed
earlier, such a permutation g’ exists, as m’ = n —p > [§]. From this, we find that ¢’
gives a more dominant contribution to the sum (C.5) than g, as

/ !
e SokP Kl o ik
emSokVkd T e

> 1. (C.24)

Combining Lemmas 11, 17 and Corollary 12, and recalling that the permutations on
all three geodesics G(1, X ), G(1, X 1), and G(X, X 1) are precisely noncrossing pairings

that lead to pairwise geometries, we immediately obtain the following corollary.

Corollary 18. In the regime satisfying both kjks > €% and e™%0 < k;/ky < €%, the

pairwise geometries dominate the sum (C.5).

It is clear that Corollary 18 is tight in the sense that all pairwise geometries give an
equal, dominant contribution (e%0)[21(k;ky) 21! to the sum (C.5), as they all have the

same m = [5] and p =q = [ 5] + 1.
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Appendix D

Details of the Cyclic-Pairwise
Transition in the Canonical

Ensemble

In Section 4.4, we used some of the techniques developed in [61] to derive an approxima-
tion for the eigenvalue spectrum of the partially transposed density matrix near transi-

tion:

b = [ dspte [@5 (/\ e “;5?) TELEP (/\ et “’ﬁ)] |
(D.1)

This approximation was derived under a set of assumptions which we repeat here:
1. w(sy) R < kks
2. ke [ dsp(s) e Bktw(s) o}

k2k2—w(s)2R?

3. 8 = sy — Kk, where k is O(1) but large
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Details of the Cyclic-Pairwise Transition in the Canonical Ensemble Chapter D

Our analysis in this section will be based on checking the consistency of the iterative
procedure we applied to the resolvent equation (3.67), namely the zeroth order approxi-

mation

(D.2)

We start with Assumption (2). We want to rigorously show the following inequality on

the second term in (3.67):

< k. (D.3)

2 50 [ w(s)R(k + w(s)R)

= | o)1)

This function has a pole located at s = s,, which is captured by the integral under the
assumption |w(s;)R| < kky, as w(s) is a monotonically decreasing function of s. We can

therefore rewrite the integral with an ie prescription as

o [asp(s) )= v (e [ asoto) 1)

+ irkie™ /dsp(s)gji?jzgk_v;z);;)g%g(s — 5,), (D.4)

where PV denotes the Cauchy principal value. We choose the sign of ie arbitrarily, as we
are only looking to bound the absolute value of this integral.

Let us treat the first term. The principle value is dominated by the (s — s,)° term in
the Laurent expansion of p(s)f(s). We can perform a Laurent expansion around s = s,

using the semiclassical approximation

w(s) e e P /2= %028 (D.5)
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We find

p(s)£(s) = p(s.) (2(?82’;2(;_”5*) e s*)) (Do)

Ignoring scaling in 3, the O(s — s,)° term goes like k2 ~ k/e% < k, so we can safely
ignore this term.

Let us now look at the second term in (D.4). We have

WOREACER) | g (W)R)
0. (k2 —w(s)?RY) | _, kae™p( )(2ﬁs)w(s)2R2 _

 K3e®p(s.)
2Bs,

ke p(s)

Sx

(D.7)

where we have used |w(s.)R| = kky > k to simplify the numerator. We can rewrite this

in terms of s using (3.61) and the asymptotic form of p(s):

k3e®p(ss) K3 o
R —err
205, 20
k5 s,
NQﬁSke p(sk)e
k

B 258k

27 (8% —Sk)

(=) « . (D.8)

As stated previously, s, ~ O(1/5), so for this to be much smaller than k we require
sk — S, being at least O(1) but large, and by proxy k = s, — s; being at least O(1) but
large, as stated in assumption (3).

What is stopping x from being much larger, say O(1/8)? Now we check the validity of
assumption (1), that is |w(s;) R| < kks. Under our approximation (D.2), this assumption

translates into the condition
w(st)

A— A
| of > s

(D.9)
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However, at the boundary of our spectrum located at s = s;, we should also have
A = Xo| = w(s;)/ke. The way to reconcile these two assumptions is to state that our

approximation only holds for some range of s between 0 and some control parameter s,

where
A =Xl = s (D.10)
ks
What is the value of s.? We have
w(se) > w(s) = e P02 « 1 (D.11)
We define &’ = s; — s.. Now (D.11) becomes
25"+ K* > 1/B. (D.12)

Under our previous assumption that x is O(1) in § such that s; ~ 1/, £’ too must be
O(1) but large. This answers our previous question about the size of k. There is some-
thing of an inverse relationship between s; and ’: our goal is to design an approximation
in which s. is as close as possible to s;, as well as one in which s; is as close as possible
to s,. Under the assumption that s; is as close as possible to s, that is x is O(1) but
large, we also have ' O(1) but large. If s; was far from s, so that, say, s; ~ 1/y/3, we
would also require k' ~ O(1)/+/B with a large O(1) constant, thus missing a large part
of the spectrum in our approximation.

Our conclusion is that there exists a region of size O(1) in s where assumption (1)

w(0)—w(sk)

o the size of a region

does not hold. As the spectrum is over a region of size
O(1) in s is exponentially suppressed in 1/3, and we conclude that very few eigenvalues

are in the uncontrolled region.
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Appendix E

Rényi Entropies near the Page

Transition

We draw an analogy between the O(1/f) corrections to the logarithmic negativity and
the partially transposed entropy and the O(1/8) corrections to the Rényi entropy S,
with n < 1. Here we show this result explicitly in the model of [61]. We recall many of
their results, which can equivalently be obtained from ours by sending k; to k and ks to
1.

We consider the model of Section 3.3, but without partitioning the radiation system.

The approximation for the density of states (3.76) is now

Sk
D(\) = e / dsp(s)d(N — Ao — w(s)), (E.1)
0
where w(s) and Ay are defined as in the main text. Here s is defined as

Sk 1
k= e / dsp(s) = s ~ 5 (logk — Sp) . (E.2)
0

™
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The transition at the Page time can be thought of as the transition from the fully dis-
connected phase to the cyclic phase along the z axis of our phase diagram (Figure 3.4).
Using our results from Table 3.1 and the semiclassical approximation p > % > 1, we

have

z\""t Z,
T n: _— = —
R (k> Zp
1\ 272
S =9+ (1+=). E.3
= 5,= 50+ (141) 5 (8.3

Again we can solve for log k at transition in the semiclassical regime to obtain

Zp\ w 1\ 272
log k = log (Z—l) =S+ (1 + ﬁ) % (E.4)

From this we find 3,(:) at transition to be

s = % (1 + %) . (E.5)

As 5™ = Z—g, for n < 1 we have sfcn) < 5™ Part of our derivation relied on s scaling

like 1/, which remains true for n of O(1).

The Rényi entropy is given by

1 (o)
S, = log / AAD(A) A"

1—n o

= o (5 [l G wie))” ) (E6)

1—n

As s, > s, \g will be exponentially suppressed in 1/3, so this integral is dominated by
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the w(s) term, and as s,g") < s we approximate

o (e [ asptopuer)

log (¢*p(si)w(si)")

Sy~

~
~

1—n
1 nBs:  2mn
Using our expressions (E.4) and s\, we find
3+5n\ 72
- ~ E.
5= 50+ (222) 7 (1.5)

Comparing this to our previous answer (E.3), we find a correction AS,, at transition of

the form

2 1

We conclude that there are enhanced corrections of the form O(1/8) to the Rényi entropy

for n < 1.
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Appendix F

Deriving the Relevant Sum Over

Permutations

Let’s recall a few facts about the permutation group. For an element g € S,,, we denote
the number of swaps from the identity permutation 1 = (1)(2)---(n) to g by ¢(g) and

the number of distinct cycles in g by x(g). These quantities satisfy the relation

l(g) +x(g) =n (F.1)

The number of swaps between two permutations ¢(g~'h) = d(g, h) introduces a natural
distance measure between two permutations. In particular, there exists the traingle
inequality

d(g, 91) +d(g1,h) > d(g,h) (F.2)

A geodesic between two permutations G(g,h) is the set of ¢gis which saturate this in-

equality.
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The sum over permutations we're interested in takes the form [67, 127, 134]

SUM =Y (%)™ (e )P(e512)" (F.3)

gESn

where we’ve made the substitutions

m=x(g), p=x(g7'X), ¢=x(g7' X" (F.4)

Here X is the cyclic permutation (12---n) and X! is the anti-cyclic permutation (n n—
1---1). This is the sum relevant for calculating the moments of a block transposed
Wishart matrix [140], i.e. the weighting of Wick contractions when averaging over a
random density matrix with Gaussian correlations. In our work, we’re interested in the
permutations which live on the geodesic G(I, X) and the geodesic G(X, X ') but not
necessarily on the geodesic G(1, X~ !). These permutations satisfy the following three

equations:

m+p=n+1
m4+qg<n+1
p+qg=n+ f(n) (F.5)

where the function f(n) =1 if n is odd and 2 if n is even. When the second inequality
is saturated, we're talking about the set of noncrossing pairings 7. There are C), of these

permutations, where C,, are the Catalan numbers

Cn =3 jlu 1 (2:) (F6)

An example of a 7 permutation on an even number of elements is (12)(34)--(n — 1 n).
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A noncrossing pairing on an odd number of elements will have a single cycle of length 1
and all other cycles of length 2. Permutations which live on G(1, X) and G(X, X~!) but
not G(1, X~ 1) are precisely those which live on the single geodesic G(7, X), which is the
phase transition we’re interested in. How do we enumerate these permutations? From

the two equalities, we have:
p=n—1—mg=m+ f(n)—1 (F.7)

From this, we can derive an upper bound on m:

_nt2- ()

m < 5 (F.8)

So we’ve reduced the sum over all permutations to a sum over a single parameter m =

x(g). We now have

n—f(n)+2

2
StM= Y T'(n,m) (esA2)f(n)—1 (eSar)™ (

m=1

- (F.9)

eSBeSaz\ ™
e

for some counting function 7"(n, m) which denotes the multiplicity at every x(g). What

is this function? Let’s consider it for both even and odd n. For even n = 2k, the sum is

k SB .Sa m
. S S 2k+1 e~ re42
EVEN SUM = E_lTe(k,m)e a2 (e51) ( o ) (F.10)

This is a sum over permutations starting with the cyclic permutation X at m = 1 and
ending with the pairwise connected permutations 7 at m = k. Each m corresponds to

a permutation with m cycles of even length. In this case, the numbers T,(k,m) are
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equivalent to the number of 2-Dyck paths of order k£ with m peaks and are given by

- 1(4)(,2) 1

The T.(k,m) that appear here are analagous to the Narayana numbers which appear in
the sum over noncrossing permutations. They are sometimes referred to as 2-Narayana
numbers and appeared in various contexts elsewhere [160, 190, 191]. We therefore have
2k+1 i eSBeSay \ ™"
EVEN SUM = e (e%4)™ Y " T, (k, m) <—)

Sa,
m=1 €

€585z
— 2kSa1 254, 058, (1 — k, =2k, 2; S—A) (F.12)
e

1

Now let’s look at the odd case. When n = 2k — 1, the sum over permutations is

k ok eSB€SA2 m
ODD SUM = » T, (k,m) (%) (S—A) (F.13)
e’A1

m=1

Now the counting function is slightly different. We can derive it as follows: consider a
permutation allowed in the even sum (F.10) with m cycles. The second binomial factor
in (F.11) can morally be thought of as choosing m — 1 distinct elements to belong to
different cycles, while the rest is a symmetry factor that controls the number of non-
crossing permutations modulo that choice. Therefore, one can think of each noncrossing
permutation as living in a “labelled” superselection sector of size (mel) By ignoring
this choice and dividing by this factor, we can find a degenerate set of “unlabelled” non-
crossing permutations. From this set we can remove an element from each cycle, so one
unlabelled permutation in the even sum generates m distinct unlabelled permutations in

the odd sum, which then have to be relabelled to give the correct counting. This strategy
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A=A
A 013 -
ij)

Figure F.1: The procedure of generating permutations on G(7, X) for odd n from even
n. We identify even permutations on G(7, X)) which are the same up to the choice of
m — 1 elements. Each of these pieces produces m unlabelled odd pieces by removing
an element, and identifying m — 1 elements again gives us all odd permutations on
G(r, X).

of unlabelling, removing an element, and relabelling gives us

T, (k,m) = m<(:>> e = (27 (F70) (F14)

If that was a bit too abstract, we illustrate this procedure in Figure F.1. The sum over

permutations for odd n is now

k 0SB Sa
e~ A2
0DD SUM = (e541) E ( = )
1

2k—1 e 54z
= (M) eSA2eSBQF1 (1—2k,1 k1 — ) (F.15)

1

As a sanity check for our counting functions T,.(k,m) and T,(k,m), both T.(k, k) and
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T,(k, k) are equal to the symmetry factors for the pairwise connected geometries:

Tk k) = Cp, Tk, k) = (2k — 1)Chy (F.16)

and T,(k,1) = T,(k,1) = 1.
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Appendix G

Resolvent for Disorder Averaging

The resolvent matrix R;;(\) encodes the eigenvalue spectrum given by
1 S
ROy = 30 + Y s (00
n=1

or in traced version
eSa 1 n
RA) =+ > ot 1 (P4)
n=1

There is a resolvent equation for the Wick contractions
51" GSB > n
R(N)ij = 73 + > RON)"R(N);
n=1

We can take the trace and resum this equation:

eSBR(N)

)\R()\) =% 4 1——R()\)
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This is the resolvent equation for the eigenvalues of a Wishart matrix. This equation can

be solved exactly for R()). It admits an expansion

T et N he1)(Sa-5a)
R(/\):TJrTZZN(n,k) -~ ¢ (G.5)
=1

where N(n, k) are the Narayana numbers. From this we can read off Tr (pa)":
Tr (pa)" = €"54F55 3 " N(n, k)elt=D(55=54) (G.6)
k=1

This sum has a nice closed form expression

€SA+nSB2F1 (1 —n,—n; 2; eSA—SB) ,SA < SB
T (o) = (G.7)

e"SAtSe, [y (1 —n, —n; 2;e55794) [ Sy > Sp

where there are two branches such that the final argument of the hypergeometric always
always lies within the unit circle on the complex plane. A similar resolvent exists for the
disorder averaging over Wick contractions for the partially transposed density matrix

pﬁz’l 4,- We work in the regime where Sy, < Sy, + Sp. The resolvent equation is [67]

o 2m 1
111 111 S 7, 7 111
)‘R()‘)jllfz 531]22 +e’” <Z 2m—2) SA2 311]22 + Z e(2m 2)Sa, >‘)j11j22> (G-S)
1

Taking the trace:

)\R()\) — eSA1+SA2 + 653 <i R(A>ZTQZ(1);QR(/\))> (G9)
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and resumming gives the final resolvent equation

e”2 R(\)(1+ R(\))
e%42 1 — 2942 R(\)2

AR(N\) = e 94z 4 (G.10)

We recognize this as the resolvent equation for the moments of a block transposed Wishart
matrix. In the case Sy, = 0 this reduces to the resolvent equation for the untransposed
density matrix. This is a cubic equation and can be solved exactly, but the solution is

not enlightening.

Previously, we saw that the moments of a Wishart matrix are given in closed form by a
sum of Narayana numbers. An equivalent statement is that the inverse Stieltjes transform
of the the resolvent defined by (G.4), a generating function for the Narayana numbers,
gives the eigenvalue spectrum of a Wishart matrix. The inverse Stieltjes transform of the
solution to (G.10), a generating function for the moments of a block transposed Wishart
matrix (“block transposed Narayana numbers”) will produce the eigenvalue spectrum of
a block transposed Wishart matrix (the “negativity spectrum”). The block transposed

Narayana numbers are not known in closed form; see [140] for a recursive definition.
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