UC San Diego

UC San Diego Electronic Theses and Dissertations

Title

Statistical Robustness - Distributed Linear Regression, Informative Censoring, Causal
Inference, and Non-Proportional Hazards

Permalink
https://escholarship.org/uc/item/13b0f06d
Author

Luo, Jiyu

Publication Date
2023

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqgital Library

University of California


https://escholarship.org/uc/item/13b0f06d
https://escholarship.org
http://www.cdlib.org/

UNIVERSITY OF CALIFORNIA SAN DIEGO

Statistical Robustness - Distributed Linear Regression, Informative Censoring, Causal
Inference, and Non-Proportional Hazards

A dissertation submitted in partial satisfaction of the
requirements for the degree

Doctor of Philosophy

in

Biostatistics

Jiyu Luo

Committee in charge:

Professor Ronghui Xu, Chair
Professor Ery Arias-Castro
Professor Loki Natarajan
Professor Siddharth Singh

2023



Copyright
Jiyu Luo, 2023
All rights reserved.



The Dissertation of Jiyu Luo is approved, and it is acceptable in quality and form for

publication on microfilm and electronically.

University of California

2023

iii



DEDICATION

To my wife, Mom, Dad, and my daughter.

v



EPIGRAPH

There are no routine statistical questions, only questionable statistical routines.

—D. R. Cox



TABLE OF CONTENTS

Dissertation Approval Page . . . . . . . . . ... L oL il
Dedication . . . . . . . .. v
Epigraph . . . . . . . . e A%
Table of Contents . . . . . . . . . . . . e vi
Listof Figures . . . . . . . . . . . . e X
Listof Tables . . . . . . . . . . . e xi
Acknowledgements . . . . . . ... xii
Vita . . Xiii
Abstract of the Dissertation . . . . . . . . ... ... XV
Chapter 1 Introduction . . . . . ... 1
Chapter 2 Distributed Adaptive Huber Regression . . . . . .. ... ... ... 4
2.1 Abstract . . . . ... 4
22 Introduction . . . . . . .. ... 5
2.3 Distributed Adaptive Huber Regression . . . . . ... ... .. 8

2.3.1 Distributed Huber regression with adaptive robustifica-
tion parameters . . . . . . . ... ... 8
2.3.2 Distributed confidence estimation . . . . . . ... ... 14
2.4 Distributed Regularized Adaptive Huber Regression . . . . . . . 15
2.5 Optimization Methods . . . . . ... ... ... ... ..... 19

2.5.1 Barzilai-Borwein gradient descent for distributed AHR . 19
2.5.2 Majorize-minimize algorithm for distributed penalized

AHR . ... 20

2.6 Numerical Studies . . . . . . ... ... ... ... ... 22
2.6.1 Distributed robust regression and inference . . . . . . . 23

2.6.2 Distributed regularized Huber regression . . . . . . .. 25

2.7 Acknowledgement . . ... ... ... ... ... ... 27

Chapter 3 Doubly Robust Inference for Hazard Ratio under Informative Censor-

ing with Machine Learning . . . . . . . .. ... ... ... ..... 28
3.1 Abstract . . . . ... 28
32 Introduction . . . . . . ... ... 29
3.2.1 Model and assumption . . . . . . .. ... ... L. 31

3.3 Doubly robustinference . . . . .. ... ... 32
3.3.1 Full datascore functions . . . . ... ... ....... 32

Vi



Chapter 4

Chapter 5

3.3.2 IPCW score functions . . . . . . . . . .. ... .... 33

3.3.3 AIPCWscore functions . . . . . . ... ... ...... 34
3.3.4 Cross-fitted AIPCW estimator . . . . . ... ... ... 37
3.4 Asymptotic Properties . . . .. .. ... ... .. L. 38
35 Simulation. . . .. ... ... .. 41
3.6 Discussion. . . . . . ... 46
3.7 Acknowledgement . . .. ... ... ... ... ... .... 47
Doubly Robust Inference for Cox Marginal Structural Model with
Informative Censoring . . . . . . . . . . ... ... ... ... ... 48
4.1 Abstract . . . . . ... 48
42 Introduction . . . . . . .. .. ... 49
421 Background . . . .. ... .. ... L. 49
422 Overviewofthepaper . .. ... ... ......... 52
4.3 Marginal Structural Cox Model . . . . . . ... ... ... ... 53
4.4 Doubly Robust Inference . . . . . . ... ... ... ... ... 54
4.4.1 Full-data Estimating Function . . . . .. ... ... .. 54
442 IPW Estimating Function . . . . . . ... ... ..... 55
4.4.3 Augmented IPW Estimating Function . . . . ... ... 57
4.5 Estimating Equations and Implementation . . . . . . ... ... 60
4.6 Asymptotic Properties . . . .. ... ... .. ... ... ... 62
47 Simulation. . . . . ... 65
4.8 Application . . . . . ... Lo 67
49 Discussion. . . . . ... e e e e 73
4.10 Acknowledgement . . . .. ... ... ... ... ....... 78
Doubly Robust Inference under Non-Proportional Hazards Model . . 79
5.1 abstract . . . .. ..o 79
5.2 Introduction . . . . . .. ..o 80
5.3 Non-Proportional Hazards Model and Estimand . . . . . . . .. 83
5.3.1 Randomization . . .. ... ... ... ... ..... 83
5.3.2 Marginal Structural Model . . . . . .. ... ... ... 84
5.4 Doubly Robust Estimating Functions . . . . . ... ... .... 88
5.4.1 Full Data Estimating Function . . . . . ... ... ... 88
5.4.2 IPW Estimating Function . . . . . .. ... ... .... 90
5.4.3 AIPW Estimating Function . . . . . .. ... ... ... 90
5.5 Estimating Equation and Implementation . . . .. ... .. .. 92
5.6 Asymptotic Properties . . . .. .. ... ... .. .. ..... 94
5.7 Miscellaneous Results . . . . . .. ... ... L. 97
5.7.1 Bias of the PL Estimator . . . . ... ... ....... 97
5.7.2  AIPW Log Hazard RatioPlot . . . . ... ... .... 99
5.7.3 A Non-Causal Estimand and Its Properties . . . . . . . . 100
5.8 Simulation. . . . ... ..o 102
5.9 Application . . .. ... Lo 105
5.0 Discussion . . . . . . ... 118

Vil



Appendix A

Appendix B

Appendix C

Appendix D

5.11 Acknowledgement . . . .. .. ... ... ........... 119

Supplementary Materials for Chapter2 . . . . . . ... ... ..... 120
A.1 Preliminaries . . . . . ... .. .. ... .. .. .. 120
A.2 Proofof MainResults . . . ... ... .............. 123
A.2.1 Proofof Theorem1 . ... ................ 123
A.2.2 Proofof Theorem?2 . ... ... ... .......... 126
A.2.3 Proofof Theorem3 . ... ... ... .......... 129
A.2.4 Proofof Theorem4 . .. ... ... ... ........ 129
A.2.5 Proofof Theorem5 . ... ... ... .......... 131
A.2.6 Proofof Theorem6 . ... ... ... ... ....... 137
Supplementary Materials for Chapter3 . . . . . . ... ... ... .. 139
B.1 Notation and Expressions . . . . . . ... ... ... ...... 139
B.2 Proof of Double Robustness . . . .. ... ........... 141
Supplementary Materials for Chapter4 . . . . . .. ... ... .... 145
C.1 Notation and Expressions . . . . . . . . .. ... ... ..... 145
C.2 Proof of Double Robustness . . . . ... ............ 149
C.3 Proof of Asymptotic Results . . . . .. .. ... ... . .... 158
C.3.1 Additional Assumptions . . . . .. ... ... ... .. 158
C.3.2 Proofof MainResults . .. ... ............ 160
C.3.3 Proofoflemmas . ... ................. 163
C4 Application . . . ... ... e 189
Supplementary Materials for Chapter 5. . . . . . ... ... ..... 191
D.1 Quantities and Notations . . . . . . .. .. ... .. ...... 192
D.2 Proofofthe Lemmas . ... ... ................ 194
D.2.1 Proofof Lemmal ... ................. 194
D.2.2 Proofof Lemma4 . ... ................ 195

viii



Figure 2.1:

Figure 2.2:

Figure 2.3:

Figure 2.4:

Figure 3.1:

Figure 4.1:
Figure 4.2:

Figure 4.3:

Figure 4.4:

Figure 4.5:

Figure 5.1:
Figure 5.2:
Figure 5.3:
Figure 5.4:

Figure 5.5:

Figure 5.6:

LIST OF FIGURES

Plots of estimation error (under #-norm) versus number of machines
when (n, p) = (400,20), averaged over 500 replications.
Boxplots of estimation error (under ¢-norm) versus the number of
machines when (n, p) = (400,20) for distributed OLS estimator (=) and
distributed AHR estimator (=), averaged over 500 replications. . . . . . 26
Plots of estimation error (under ¢;-norm) versus the number of ma-
chines, over 100 replications, under a high-dimensional heteroscedastic

model when (n, p,s) = (250,1000,5). . . . ... ... ... ..., 26
Boxplots of estimation errors (under ¢-norm) versus the number of
machines, over 100 replications, for centralized Lasso (=) and dis-
tributed AHR (=) under a high-dimensional heteroscedastic model when
(n,p,s) =(250,1000,5). . . . . . ... 27
(a) Variable diagram. (b) Data generating process forC. . . . . .. .. 42
DAG for simulation. . . . . . . ... ... ... ... ... 65

Plots of bias, SD, and bootstrap coverage for each of the 4 Scenarios con-
sidered in Simulation. Top-left, top-right, bottom-left, and bottom-right
in landscape view correspond to Scenario 1 to Scenario 4, respectively. 68
Forest plot of the log hazard ratio estimates examining the effect of
drinking on overall survival for the HAAS dataset.
Estimated survival curves for heavy-drinkers vs non-heavy drinkers
based on the cross-fitted AIPW estimator Ag(¢) for the cumulative
baseline hazard. . . . . . . .. .. ... L L 75
Smoothed AIPW B(t) plot of the time-varying log hazard ratio for the
effect of mid-life alcohol exposure on late-life mortality based on the
AIPW:RSF/RSF-twang estimator. The red dotted line indicates the

AIPW:RSF/RSF-twang estimate for B*. . . . . ... ... ... .... 76
Smoothed B(7) plot using 1 million observations from Scenario 4 in the
Simulation Section 5.8. . . . . . .. ... Lo 101
DAG forsimulation. . . . . . .. ... . L L L 105
True B(¢) plot when T follows a Mixture model. True * is also shown
inred. . . ... 106

Plots of bias, bootstrap SD and bootstrap coverage for all 4 scenarios
in simulation. Top-left, top-right, bottom-left, and bottom-right in the
landscape view correspond to Scenario 1 to Scenario 4, respectively. . . 107
Log negative log of the survival curves against log years for STAGE
III-TIV vs STAGE I-1I. Since parallel lines indicates PH, the figure shows
that the two groups’ survival does not seem to satisfy the PH assumption.112
Product-limit estimators of the censoring survival curve for each of the
4 covariates. P-value is generated using the log-rank test, which is only
valid under the PH assumption.

X



Figure 5.7:

Figure 5.8:

Figure 5.9:

Figure 5.10:

Figure C.1:

Forest plot of the B* estimates examining the effect of STAGE on
survival for patients with non-Hodgkin’s lymphoma. . . . . .. .. ..
Standardized score residuals for the exposure and each of the covariates
under the fitted conditional Cox PH model for T given exposure and
covariates. Blue lines represent the significance level of the formal test
for PHassumption. . . . . . . . .. ... ... ... ..
Standardized score residuals for the exposure and each of the covariates
under the fitted conditional Cox PH model for C given exposure and
covariates. Blue lines represent the significance level of the formal test
for PHassumption. . . . . . . . ... ... .
Smoothed ATPCW B(t) plot for the effect of STAGE based on the
AIPCW:RSF-RSF estimator in the Non-Hodgkin’s Lymphoma dataset.
The red dotted line indicates the AIPCW:RSF-RSF estimate for 3*.

Boxplot of the ©(z), S(T;a,z) and S.(T;a,z) for all the patients in the
HAAS dataset. . . . . ... . . ...



Table 2.1:

Table 3.1:

Table 3.2:

Table 4.1:
Table 4.2:

Table 4.3:

Table 4.4:

Table 4.5:

Table 4.6:

Table 5.1:

Table 5.2:

Table 5.3:

Table 5.4:

LIST OF TABLES

Coverage probabilities and widths (with standard errors in parentheses)
of the normal-based Cls (averaged over all slope coefficients) for the
distributed OLS and distributed AHR methods, based on 500 Monte
Carlo simulations. . . . . . ... Lo oL

Simulation results under Scenario 1. Data are generated following Fig-
ures 3.1(a) and (b) with B = —1. Red indicates that the model or
approachisinvalid. . . . ... ... ... ... ... ... ... ..
Simulation results under Scenario 2. Data are generated following Fig-
ures 3.1(a) and (b) with B = —1. Red indicates that the model or
approachisinvalid. . . . ... ... ... ... ..o L

Scenarios 1-4 of the simulation. f° = —1,A0(t)=1.. . . . . ... ...
Simulation based on 1000 data sets. (n,p) = (1000,3). f° = —1. Red
indicates that the model or approach isinvalid. . . . . . ... ... ...
Simulation based on 1000 data sets. (n,p) = (1000,3). B° = —1. Red
indicates that the model or approach isinvalid. . . . .. ... ... ...
The p-values for the univariate association of each of the 4 covariates in
HAAS data with the outcome 7', the censoring time C, and the exposure
A. For T and C, the p-values are calculated using a univariate Cox PH
model. For A, the p-value is from a univariate logistic regression. . . . .
Estimates of the log hazard ratio using 13 different estimators for the
HAAS dataset, together with the bootstrapped standard errors and the
95% confidence interval constructed fromit. . . . . . . ... ... ...
Estimated risk difference and risk ratio between the mid-life heavy-
drinkers and the non-heavy drinkers along with the bootstrapped 95%
confidenceintervals. . . . . . . . . ... Lo

Scenarios of data generating processes for 7',C and 7 considered in the
simulation. . . . . ...
Simulation based on 1000 data sets for Scenarios 1 and 2, each with
1000 observations. True B* = 1.014. Red indicates that the working
model or the approach isinvalid. . . ... ... ... ... .......
Simulation based on 1000 data sets for Scenarios 3 and 4, each with
1000 observations. True f* = 0.503. Red indicates that the working
model or the approach isinvalid. . . .. ... ... ... ........
B* estimates for the effect of STAGE on overall survival in the Non-
Hodgkin’s Lymphoma dataset, together with the bootstrapped standard
errors and the 95% constructed fromit. . . . . .. ... o000

X1

73



ACKNOWLEDGEMENTS

Chapter 2, in full, is a reprint of the material as it may appear in Luo, Jiyu, Sun,
Qiang; and Zhou, Wen-Xin. (2022). Distributed adaptive Huber regression. Computa-
tional Statistics and Data Analysis, 169, 107419. The dissertation author was the primary
investigator and author of this paper.

Chapter 3, for the most part, is a reprint of the material as it may appear in Luo,
Jiyu; Xu, Ronghui. (2022). Doubly Robust Inference for Hazard Ratio under Informative
Censoring with Machine Learning. arXiv preprint arXiv:2206.02296. The dissertation
author was the primary investigator and author of this paper.

Chapter 4 contains material being prepared for submission and is co-authored with
Denise Rava, Jelena Bradic, and Ronghui Xu. The dissertation author is the primary
investigator/author of this paper.

Chapter 5 contains material being prepared for submission and is co-authored with

Ronghui Xu. The dissertation author is the primary investigator/author of this paper.

X1l



VITA

2013-2016 B. A. in Mathematics , University of Cambridge

2017-2019 M. S. in Statistics, University of Pennsylvania

2019-2023 Ph. D. in Biostatistics, University of California San Diego
PUBLICATIONS

Singh, S., Kim, J., Luo, J., Paul, P, Rudrapatna, V., Park, S., Zheng, K., Syal, G., Ha, C.,
Fleshner, P., McGovern, D., Sauk, J.S., Limketkai, B., Dulai, P.S., Boland, B.S., Eisenstein,
S., Ramamoorthy, S., Melmed, G., Mahadevan, U. and Sandborn, W.J. (2022). Comparative
Safety and Effectiveness of Biologic Therapy for Crohn’s Disease: A CA-IBD Cohort Study.
Clinical Gastroenterology and Hepatology.

Gu, P, Luo, J., Kim, J., Paul, P., Limketkai, B., Sauk, J.S., Park, S., Parekh, N., Zheng, K.,
Rudrapatna, V., Syal, G., Ha, C., McGovern, D.P., Melmed, G.Y., Fleshner, P., Eisenstein,
S., Ramamoorthy, S., Dulai, P.S., Boland, B.S. and Grunvald, E. (2022). Effect of Obesity
on Risk of Hospitalization, Surgery, and Serious Infection in Biologic-Treated Patients
With Inflammatory Bowel Diseases: A CA-IBD Cohort Study. The American Journal of
Gastroenterology, 117(10), pp.1639-1647.

Luo, J. and Xu, R. (2022). Doubly Robust Inference for Hazard Ratio under Informative
Censoring with Machine Learning. arXiv:2206.02296

Nguyen, N.H., Luo, J., Paul, P., Kim, J., Syal, G., Ha, C., Rudrapatna, V., Park, S.,
Parekh, N., Zheng, K., Sauk, J.S., Limketkai, B., Fleshner, P., Eisenstein, S., Ramamoorthy,
S., Melmed, G., Dulai, P.S., Boland, B.S., Mahadevan, U. and Sandborn, W.J. (2022).
Effectiveness and Safety of Biologic Therapy in Hispanic Vs Non-Hispanic Patients With
Inflammatory Bowel Diseases: A CA-IBD Cohort Study. Clinical Gastroenterology and
Hepatology.

Gu, P, Luo, J., Paul, P, Limketkai, B.N., Sauk, J.S., Park, S., Parekh, N.K., Zheng, K.,
Rudrapatna, V.A., Syal, G., Ha, C., Mcgovern, D.P.B., Melmed, G., Fleshner, P., Eisenstein,
S., Ramamoorthy, S., Dulai, P., Boland, B., Mahadevan, U. and Ohno-Machado, L. (2022).
454: Obesity Is Not Associated With Increased Risk of Adverse Treatment Outcomes or

Serious Infection in Inflammatory Bowel Diseases Patients Starting New Biologic Therapy.
Gastroenterology, 162(7), p.S—S-102.

Venkat, P., Nguyen, N.H., Luo, J., Qian, A. and Singh, S., 2022. Mo1476: Impact of
Recurrent Hospitalization for Clostridioides difficile on Longitudinal Outcomes in Patients
With Inflammatory Bowel Diseases. Gastroenterology, 162(7), pp.S-780.

Nguyen, N.H., Luo, J., Paul, P,, Kim, J., Syal, G., Ha, C., Rudrapatna, V.A., Park, S., Parekh,
N.K., Zheng, K. and Sauk, J.S., 2022. Sul018: Unplanned Healthcare Utilization and Safety

of Biologic Therapy in Hispanic vs. Non-Hispanic Patients With IBD. Gastroenterology,
162(7), pp-S-482.

Xiii



Luo, J., Sun, Q. and Zhou, W.-X. (2022). Distributed Adaptive Huber Hegression. Compu-
tational Statistics and Data Analysis, 169, p.107419.

Singh, S., Qian, A.S., Nguyen, N.H., Ho, S.K.M., Luo, J., Jairath, V., Sandborn, W.J. and
Ma, C. (2021). Trends in U.S. Health Care Spending on Inflammatory Bowel Diseases,
1996-2016. Inflammatory Bowel Diseases, 28(3), pp.364-372.

Holmer, A.K., Luo, J., Park, S., Yang, J.Y., Nguyen, V.Q., Sofia, M.A., Ertem, F., Dueker,
J.M., Petrov, J.C., Al Bawardy, B.F., Llano, E.M., Fudman, D., Joseph, D., Jangi, S., Russ,
K., Khakoo, N.S., Damas, O., Barnes, E.L., Hong, S.J. and Zenger, C. (2021). S697
Comparative Safety of Biologic Agents in Patients With Inflammatory Bowel Disease with
Active or Recent Malignancy: A Multi-Center Cohort Study. Official journal of the American
College of Gastroenterology, 116, p.S316.

Rozich, J.J., Luo, J., Dulai, P.S., Collins, A.E., Pham, L., Boland, B.S., Sandborn, W.J.
and Singh, S. (2020). Disease- and Treatment-related Complications in Older Patients
With Inflammatory Bowel Diseases: Comparison of Adult-onset vs Elderly-onset Disease.
Inflammatory Bowel Diseases, 27(8), pp.1215-1223.

Meserve, J., Luo, J., Zhu, W., Veeravalli, N., Bandoli, G., Chambers, C.D., Singh, A.G.,
Boland, B.S., Sandborn, W.J., Mahadevan, U. and Singh, S. (2021). Paternal Exposure to
Immunosuppressive and/or Biologic Agents and Birth Outcomes in Patients With Immune-
Mediated Inflammatory Diseases. Gastroenterology, 161(1), pp.107-115.e3.

Nguyen, N.H., Luo, J., Ohno-Machado, L., Sandborn, W.J. and Singh, S. (2020). Burden
and Outcomes of Fragmentation of Care in Hospitalized Patients With Inflammatory Bowel
Diseases: A Nationally Representative Cohort. Inflammatory Bowel Diseases.

Meserve, J., Luo, J., Zhu, W., Bandoli, G., Chambers, C.D., Singh, A.G., Boland, B.S.,
Sandborn, W.J., Mahadevan, U. and Singh, S., 2021. 613 Paternal Exposure to Immuno-
suppressive and/or Biologic Agents and Birth Outcomes in Patients With Immune-Mediated
Inflammatory Diseases. Gastroenterology, 160(6), pp.S-121.

X1V



ABSTRACT OF THE DISSERTATION

Statistical Robustness - Distributed Linear Regression, Informative Censoring, Causal
Inference, and Non-Proportional Hazards

by

Jiyu Luo

Doctor of Philosophy in Biostatistics

University of California San Diego, 2023

Professor Ronghui Xu, Chair

Robustness broadly refers to the property of the statistical method being valid even
when some of the model assumptions are violated. We investigate 4 types of statistical
robustness under 4 different problem setups. Firstly, we consider linear regression under
the distributed setting where data are stored in separate machines. When errors are subject
to heavy-tailed and/or asymmetric errors, we develop a tail-robust distributed estimator
that achieves a sub-Gaussian-type deviation bound without pooling all the data together
and without assuming Gaussian errors. Moreover, the algorithm only transfers gradient
in each step and is hence communication efficient. Secondly, we explore the two-group

Cox proportional hazards (PH) model in a randomized study. When the non-informative
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censoring assumption no longer holds, the inverse probability of censoring weighting (IPCW)
estimator helps correct the censoring bias by modeling the nuisance function for conditional
censoring survival. To protect against the misspecification of the nuisance function, we
propose an augmented [IPCW (AIPCW) estimator which also models conditional failure
survival. The AIPCW estimator is model double robust (DR) in that the estimator will
be consistent and asymptotically normal (CAN) even when one of the root-n nuisance
estimators is wrong. The estimator is also CAN if both nuisance functions are consistently
estimated with their product error rate being faster than root-n. This so-called rate DR
property allows us to make use of machine learning (ML) methods, which directly address
the non-collapsibility of the Cox model. Thirdly, we extend the problem to observational
data with the two-group survival following the marginal structural Cox model. In addition to
the missingness due to censoring, we also need to deal with missingness coming from partial
observations of the potential outcomes. By extending the AIPCW estimator to include the
nuisance propensity score function, we develop an augmented IPW (AIPW) estimator that
is again DR with respect to the models for failure time and for missing mechanisms. Lastly,
we consider the scenario when the PH assumption fails and propose a causal estimand that
is a weighted average of the time-varying log hazards ratio. We show that this estimand
enjoys several desirable properties and can be estimated using the same AIPW estimator we
proposed for the marginal structural Cox model. A method for plotting the time-varying log

hazard ratio under observational data is also proposed.
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Chapter 1

Introduction

In this proposal, we outline the motivation and the statistical background of the
dissertation topic. The proposal focuses on developing statistically robust methods in various
problem domains. Robustness in statistics refers to the ability of a statistical method or
model to produce reliable and stable results even under violation of underlying assumptions.
In this proposal, we investigate 3 types of robustness: tail robustness, model and rate double
robustness (DR), and robustness against violation of proportional hazards. The definition of
these will be made clear later when we discuss each of them in detail.

To begin, we explore in Chapter 2 the linear regression under a distributed setting
where data can only be stored at different locations due to either storage limitations or
privacy concerns. We seek to develop a tail-robust distributed algorithm in that it can achieve
a centralized sub-Gaussian type error bound even when the error is not Gaussian and is
subject to heavy-tailed and/or asymmetric errors with finite second moments. The algorithm
is also communication efficient since it only transfers gradient information during each
update. We then extend our methods to high-dimensional settings and construct robust
confidence intervals. Optimization schemes are proposed that achieve faster computational
speed and these results are tested through numerical studies.

Next, we explore in Chapter 3 the two-group Cox proportional hazards (PH) model

in a randomized trial where the random censoring assumption could be violated. We allow



the censoring to be informative, where the censoring time and the failure time is only
independent when conditional on additional covariates. Traditionally, inverse probability of
censoring weighting (IPCW) estimator is used, where a conditional model for the censoring
time given covariates needs to be correctly specified. By augmenting the IPCW estimator,
we develop a DR estimator with respect to the censoring model and a conditional outcome
model. Specifically, the augmented IPCW (AIPCW) estimator is model DR in that it is
consistent and asymptotically normal (CAN) as long as one of the two nuisance functions
is correctly estimated at the root-n rate. Moreover, with cross-fitting, the estimator is also
rate DR, making it CAN if both nuisance functions are correctly estimated at an arbitrarily
slow rate as long as their product error rate is faster than root-n. This allows us to apply
slower than root-n ML methods to estimate both nuisance functions, which also meets the
challenge of the non-collapsibility of the Cox model.

In Chapter 4, we extend our model from a study with random treatment assignment to
observational data and assume that the potential failure times follow the marginal structural
Cox model. In addition to dealing with informative censoring, we also simultaneously
address the bias caused by partial observations of the potential outcomes. The common
inverse probability of the treatment weighting approach would be biased if the propensity
score model 1s misspecified. To protect against this misspecification, we develop a model
and rate DR estimator by augmenting with respect to both treatment and censoring. Here, the
augmented IPW (AIPW) estimator is double robust with respect to the conditional outcome
model and the two models for censoring and treatment estimator. We apply our proposed
methods to a study of Japanese men in Hawaii followed since the 1960s to examine the
effect of mid-life drinking on overall survival.

In Chapter 5, we consider the implications for a potential violation of the PH
assumption models presented in Chapter 4. Although the Cox PH model is one of the most
widely used models, the PH assumption rarely, if ever strictly holds in practice. To this

end, we propose a causal estimand that has the property of being the weighted average of



the time-varying log hazard ratio. We also show that this estimand recovers the time-fixed
log hazard ratio under the marginal structural Cox model, has a simple relationship with
treatment effects defined through the marginal structural transformation models, and enjoys
the same estimating functions as that used for the marginal structural Cox model. This
property allows us to construct IPW, AIPW, and cross-fitted AIPW estimators for it under
observational data with informative censoring. In particular, the cross-fitted AIPW estimator
enjoys the desirable model and rate DR properties. The time-varying hazard ratio itself
is non-parametric and hard to estimate, but methods for plotting it have been proposed by
Therneau and Grambsch (2000) under the randomization with random censoring setting.
We fill this gap by proposing an AIPW plot that generalizes it to observational data with
informative censoring. Lastly, we apply our proposed method to the International Non-

Hodgkin’s Lymphoma Prognostic Factors Project dataset.



Chapter 2

Distributed Adaptive Huber Regression

2.1 Abstract

Distributed data naturally arise in scenarios involving multiple sources of obser-
vations, each stored at a different location. Directly pooling all the data together is often
prohibited due to limited bandwidth and storage, or due to privacy protocols. This paper
introduces a new robust distributed algorithm for fitting linear regressions when data are
subject to heavy-tailed and/or asymmetric errors with finite second moments. The algorithm
only communicates gradient information at each iteration, and therefore is communication-
efficient. Statistically, the resulting estimator achieves the centralized nonasymptotic error
bound as if all the data were pooled together and came from a distribution with sub-Gaussian
tails. Under a finite (2 + §)-th moment condition, we derive a Berry-Esseen bound for the
distributed estimator, based on which we construct robust confidence intervals. Numeri-
cal studies further confirm that compared with extant distributed methods, the proposed
methods achieve near-optimal accuracy with low variability and better coverage with tighter

confidence width.



2.2 Introduction

In many applications, there are a massive number of individual agents/organizations
collecting data independently. Multiple-site research has brought the possibility of studying
rare outcome that require larger sample sizes, accelerating more generalizable findings,
and bringing together investigators with different expertise from various backgrounds
(Sidransky et al., 2009). Due to limited resources, such as bandwidth and storage, or privacy
concerns, researchers across different sites are only allowed to share summary statistics
without allowing collaborating parties to access raw data (Wu et al., 2012). Moreover,
the collected data may often be contaminated by high level of noise, and thus of low
quality. For example, in the context of gene expression data analysis, it has been observed
that some gene expression levels have kurtosis values much larger than 3, despite of the
normalization methods used (Wang et al., 2015). It is therefore important to develop
robust and distributed learning algorithms with controlled communication cost and desirable
statistical performance, measured by both efficiency and robustness.

Distributed learning algorithms have received considerable attention for multi-source
studies in the past decade. Due to privacy concerns, data collected at each source, such as
node, sensor or organization, must remain local. The goal is to develop efficient statistical
learning methods that allow shared analyses or summary statistics without sharing individual
level data. The classical divide-and-conquer principle is based on aggregating local estima-
tors, that is, estimators computed separately on local machines, to form a final estimator; see
for example, Chen and Xie (2014), Li et al. (2013), Zhang et al. (2015), Zhao et al. (2016),
Rosenblatt and Nadler (2016), Lee et al. (2017), Battey et al. (2018) and Volgushev et al.
(2019), among many others. We refer to Huo and Cao (2019) for a more complete literature
review. One-step averaging takes one communication round, and therefore is convenient
and has minimal communication cost. However, in order for the averaging estimator to
achieve to same convergence rate as the centralized estimator, each local machine must have

access to at least v/N samples, where N is the total sample size. This limits the number of



machines allowed in the communication network.

To overcome this barrier of one-step averaging, multi-round procedures have been
proposed for distributed data analysis with a large number of local agents (Shamir et al.,
2014; Wang et al., 2017; Jordan et al., 2019; Wang et al., 2019). For linear and generalized
linear models, Wang et al. (2017) and Jordan et al. (2019) proposed multi-round distributed
(penalized) M-estimators that achieve optimal rates of convergence under very mild con-
straints on the number of machines. Chen et al. (2019) studied an iterative algorithm with
proper smoothing for quantile regression under memory constraint, which may also apply
under distributed computing platform. Alternatively, Dobriban and Sheng (2018) proposed
an iterative weighted parameter averaging scheme for distributed linear regression when the
dimension is comparable to the sample size.

For linear models under data parallelism, most of the existing distributed algo-
rithms work with the least squares method, either by (weighted) averaging local least
squares estimators or iteratively minimizing shifted (penalized) least squares loss functions.
From a robustness viewpoint, distributed least squares based method inherits the sensitivity
(non-robustness) of its centralized counterpart to the tails of the error distributions, hence
increasing the variability of the estimator. In this paper, we propose a robust distributed algo-
rithm for linear regression with heavy-tailed errors. Our setup includes the heteroscedastic
linear model with asymmetric errors, to which the least absolute deviation (LAD) regres-
sion does not naturally apply. Following the terminology in Catoni (2012), the type of
“robustness” considered in this paper is quantified by nonasymptotic exponential deviation
of the estimator versus polynomial tail of the error distribution. The ensuing procedure does
sacrifice a fair amount of robustness to adversarial contamination of the data. The motivation
of this work is different from and should not be confused with the classical notion of robust
statistics (Huber and Ronchetti, 2009).

The distributed method is built upon the iterative, multi-round algorithm proposed by

Wang et al. (2017) and Jordan et al. (2019), which only communicates gradient information at



each round and therefore is communication-efficient. By a delicate choice of local and global
robustifications parameters, the proposed estimator satisfies exponential-type deviation
bounds when the errors only have finite variance. Specifically, we show that the distributed
estimator, obtained by a few rounds of communications, achieves the optimal centralized
deviation bound as if the data were pooled together and subject to sub-Gaussian errors.
The robustification parameters are also self-tuned, making the algorithm computationally
convenient. We further derive a Berry-Esseen bound for the distributed estimator, based on
which we construct robust confidence intervals. Finally, we propose a distributed penalized
adaptive Huber regression estimator for high-dimensional sparse models, and establish its

(near-)optimal theoretical guarantees.

NOTATION: For each integer k > 1, we use RX to denote the the k-dimensional Euclidean
space. The inner product of two vectors u = (uy,...,ux)",v = (vi,...,v)" € R¥ is defined
by u™v = (u,v) = ¥X_, uv;. Weuse || -||, (1 < p < =) to denote the £,-norm in R¥: |jul|, =

(XX [ui|”)'/P and ||u|eo = max,<;<y |u;|. For any k x k symmetric matrix A € R, ||A]|

kxk

is the operator norm of A. For a positive semidefinite matrix A € R -||a denotes the
norm induced by A, that is, ||u|[4 = ||[A"/%ul|2, u € R¥. Moreover, we use S*! = {u € R¥:
|||z = 1} to denote the unit sphere in R¥. For two sequences of non-negative numbers
{an}n>1 and {b, }n>1, a, < b, indicates that there exists a constant C > 0 independent of n
such that a, < Cb,; a, = b, is equivalent to b, < a,; a, < b, is equivalent to a, < b, and
b

< a,.

n ~o



2.3 Distributed Adaptive Huber Regression

2.3.1 Distributed Huber regression with adaptive robustification pa-

rameters

Consider a linear regression model
y,-zx}B*—FS,-, E(gi|xj)) =0, i=1,...,N, (2.1)

where x; = (x;1,...,%;p)" with x;; = 1 is the covariate for the ith individual, and f* € R” is
the underlying coefficient vector. This setting allows conditional heteroscedastic models,
where €; can depend on x;. For example, in a local-scale model we have €; = 6(x;)e;, where
6(x;) is a function of x;, and e; is independent of x;. In the absence of normality assumption
on the (conditional) error distribution, Huber’s M-estimator (Huber, 1973) is one of the most
widely used robust alternative to the least squares estimator. Given some T > 0, referred to
as the robustification parameter, Huber’s regression M-estimator for estimating 3* is defined

as

Ce(yi—xi B),

M=

B: Br € argmin Z;(B) =

1
BeRP N =

where £z (1) = 0.5u%1(|u| < ©) + (t|u| —0.57%)I(|u| > 1) is the Huber loss. Traditionally, 7 is
often chosen to be 1.3456 with ¢ either determined by a robust scale estimate or simultane-
ously estimated by solving a system of equations, in order to achieve 95% asymptotic relative
efficiency while gaining robustness when there are contaminated or heavy-tailed symmetric
errors (Bickel, 1975; Western, 1995). In the presence of asymmetric heavy-tailed errors,
Fan et al. (2017) and Sun et al. (2020) proposed (regularized) adaptive Huber regression
estimators with T scaling with the sample size and parametric dimension, and established
exponential-type deviation bounds when €;’s only have finite (1 + J)-th moments for some

0<o<.



In the linear model (2.1), we allow heteroscedastic errors that are of the form
€; = 6(x;)e;, where o(+) is an unknown function on R” and ¢; is independent of x;. When the
error variables €; are heavy-tailed, asymmetric and have finite variance 62, Sun et al. (2020)
showed that Huber’s estimator ET with T < G\/W , referred to as the adaptive
Huber regression (AHR) estimator, exhibits sharp finite-sample deviation properties (Catont,
2012), while the least squares estimator is far less concentrated around B*. We say ¢€; is
heavy-tailed if it has infinite k-th absolute moment for some k > 2.

In the distributed setting, assume that the overall dataset {(y;,x;)}Y , is stored
on m node machines, one central machine and m — 1 local machines that connected to
the central. For j = 1,...,m, the jth machine stores a subsample of n; observations,
denoted by {(yi,xi) ic1;» and I;’s are disjoint index sets that satisfy U"_, I; = {1,...,N}
and N =Y |I;| = ¥)_; nj. Without loss of generality, we assume nj = --- =n; = n and
N = n-m is divisible by m. We thus refer to n as the local sample size. When the entire
dataset is available, the optimal T scales with the total sample size N and dimension p for
optimal bias and robustness tradeoff. With decentralized data, each local machine only has
access to a subsample, so that the “locally optimal” T depends on the local sample size. This,
however, will lead to sub-optimal bounds for the aggregated estimator because T is not large
enough to offset the bias. To parallelize AHR in a distributed setting without compromising
statistical optimality, we introduce two robustification parameters T and K, referred to as
the global and local robustifiation parameters, and define the global and local Huber loss
functions as Le(B) = (1/N) LN, Lx(yi —x[B) and L;(B) = (1/n) Licy, bx(yi — x[B) for
Jj=1,...,m. Using this adaptive robustification procedure, we then extend the approximate
Newton-type method (Shamir et al., 2014; Jordan et al., 2019) to robust regression with
heavy-tailed skewed errors.

Starting with an initial estimator B(O) of B*, we define the shifted adaptive Huber



loss

= Lie®) - (VE(BO) - Y L) B), BeR. @2

Implicitly the shifted loss Z() depends on both local and global robustification parameters K
and 7. It uses data available only on the first machine, used as the central machine, along with

p-dimensional gradient vectors Zm(B(O)) (j =2,...,m) that were sent from the remaining

local machines. The ensuing one-step estimator is given by

Bl = B](cl% € angminZ(B). (2.3)
cRp

This procedure requires one communication round of O(pm) bits, and thus is communication-
efficient. To investigate the statistical properties of E(l), we impose the following moment
condition on the data generating process.

(C1). The predictor x € R? is sub-Gaussian: there exists v; > (2log 2)_1/ 2 such that
P(|z"u| > v1) < 2e~"*12 for every unit vector u € S~ and t > 0, where z = ¥~ 1/2x and
Y = E(xxT) is positive definite. Moreover, the regression error € satisfies E(g|x) = 0 and
E(e?|x) < 62 almost surely.

For prespecified parameters r,r, > 0, define the events
Fo(r) = {BV € @)} and E.(r.) = {||[VL(B")[la <}, 2.4)

where O(r) := {B € R” : ||B — B*||x < r} and Q := X~!. Here r quantifies the statistical
accuracy of the initial estimator E(O), and r* determines the estimation error of the cen-
tralized AHR estimator which essentially depends on the score VZ}(B*) with the global

robustification parameter.

Theorem 1. Assume Condition (C1) holds. For any u > 0, let the robustification parameters

10



satisfy T > x < 6\/n/(p+u), and suppose the local sample size satisfies n 2, p+u. Then,

conditioned on the event Ey(ro) N E.(ry) with 8r, < ro < G, the one-step estimator [3(1)

1BV =Bz < \/p+u~ro+r* and 2.5)
n
B B+ VE(B) s S /g 2.6)

with probability at least 1 —3e™".

defined in (2.3) satisfies

In the above theorem, the bound (2.5) reflects the delicate dependence of the one-step
error on the initial error ro as well as the centralized error rate r,. If we take B(O) to be a
local estimator constructed on a single local machine that has access to only n observations,
we may expect a sub-optimal convergence rate ro < G/ p/n. Moreover, it can be shown that
HVch(B*)H o So6y/p/N +6?/t+1p/N with high probability, up to logarithmic factors;
see Lemma 6 in the Supplementary Material. Hence, the choice of r, corresponds to the
optimal rate of convergence when the entire dataset is available and T < 61/N/p. Under
the prescribed sample size scaling n 2 p, the one-step estimator B(l) refines the statistical
accuracy of B(O) by a factor of order \/W which is strictly less than 1. We thus expect
the multi-step estimator, with sufficiently many communication rounds, will achieve the
optimal convergence rate obtainable on the entire dataset.

The proposed multi-round procedure for adaptive Huber regression is iterative,
starting at iteration O with an initial estimate B(O) € RP. At iteration ¢ > 1, it updates the
estimate B(’ ) by fitting a shifted adaptive Huber regression which leverages global first-order
information, depending on T, and local higher-order information, depending on K. The
procedure involves two steps.

1. COMMUNICATING GRADIENT INFORMATION. The central machine broadcasts E(t Do
every local machine. The jth machine, 1 < j < m, computes the gradient VLm(B(t _1)), and

sends it back to the central machine. This step requires a communication of 2(m — 1) p bits.

11



Algorithm 1 Communication-Efficient Adaptive Huber Regression.

Input: data batches {(vi,xi)}icr;, j = 1,...,m, stored on m machines, robusti-

fication parameters T > K > 0, initialization [3(0), number of iterations T,go =
1.
1: forr=1,2...,T do
2:  Broadcast E(I —1 to all local machines;
3:  The jth (1 £ j < m) machine computes VZM (B(f ’1)), and transmit it to the central
machine; _ _ _
4 Compute VL(BU~D) = (1/m)Xm VL;iz(BU~Y), VL(BU~D) and g =
||VZ¢(E(I ~1)]|- on the central machine;
5: Ifgi>gq1org < 107 break ; otherwise, on the central machine, solve the shifted
adaptive Huber regression problem in (2.7) to update the estimate B(t );
6: end for
Output: E(T)

2. FITTING LOCAL SHIFTED AHR. The central machine computes the update B(I), defined

as a solution to the optimization problem

min Z0(B) = Z1.4(5) - <vm -

i VL") B>, 2.7)

which can be solved by the method of iteratively reweighted least squares or quasi-Newton
methods. Details are given in section 2.5.1. We summarize the procedure, with an early

stopping criterion, in Algorithm 1.

Theorem 2. Assume the same conditions in Theorem 1, and let 8r, < ro < ©. Conditioned on
event Ey(ro) NEx(ry), the distributed AHR estimator B(T) with T 2 [log(ro/r«)/log(n/(p+
u))| satisfies the bounds

pt+u

BT —Bls $re and BT —B*+ 27 'VL(BY) s S

Ty

with probability at least 1 — (2T + 1)e™

The above result shows that, with proper choices of T and k as well as the number of
iterations, the statistical error of the multi-step distributed AHR estimator matches that of

the centralized AHR estimator on the entire dataset.For the initialization, we may take B(O)

12



to be a local AHR estimator computed on the central machine. With the above preparations,
we are ready to explicitly describe the estimation error and Bahadur linearization error of the
proposed distributed AHR estimator. The result is nonasymptotic, and carefully tracks the

impact of the parametric dimension p, local sample size n and the number of machines m.

Theorem 3. Assume Condition (C1) holds, and suppose the local sample size satisfies

n 2 p+logn+log,m, where log, m :=log(logm) and m = N /n. Choose the robustification

parameters T> K >0as < 6+/N/(p+logn—+log,m) and k < 6\/n/(p+logn+log, m).

Then, starting at iteration O with a local AHR estimate [3(0), the distributed estimatorB = B(T)

log(m)
p-+logn-+log, m))

with T < [log(n i | satisfies

~ 1 1
BBl oy PR 28

< 6p+logn—|—log2m
~ (nN)1/2

~ 1 N
HB —p—x! N Y we(ei)xi (2.9)
i=1

X
with probability at least 1 —Cn~", where i (u) := £5(u) = sign(u) min(|ul, 7).

The above theorem indicates that the multi-step distributed AHR estimatorg achieves
the optimal statistical rate of convergence by a delicate combination of the local robustifica-
tion parameter, the global robustification parameter, and number of communication rounds.
The second bound, (2.9), explicitly describes the error term of the Bahadur linearization.
This allows to establish the asymptotic distribution of B when both p,n tend to infinity.
Moreover, to achieve statistical optimality and communication efficiently simultaneously, the
above results impose minimal conditions on the number of machines m. In summary, when
data are heavy-tailed and collected on each machine remain local, the proposed procedure

delivers a statistically optimal estimate by communicating as many as O(pmlog(m)) bits.
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2.3.2 Distributed confidence estimation

In this section, we consider uncertainty quantification of the multi-step estimator in
a distributed setting, with a particular focus on statistical confidence estimation. We first
establish a Berry-Esseen bound for linear functionals of the distributed AHR estimator 3,

which explicitly quantifies the normal approximation error.

Theorem 4. In addition to the conditions in Theorem 3, assume E(€%|x) = 6 and

E(|e[>T3)x) < vy5 almost surely for some 0 < 8 < 1. Then, the distributed estimator

B =BT satisfies
Nl/ZaT(B_B*) -
VE{yr(e)a= 1x}? T

< pHlogn+logym . vy 5(p+logn+logym)( /2
~ W12 G2 HONS/2 ’

sup —d(r)

t€R,acRP

where ®(-) is the standard normal distribution function. In particular, assume E(|g|*|x) <
v3 < oo almost surely. Then, under the dimension constraint p +1og, m = o(nl/ 2,
N2 (B—PB") 4 N'2a"(B—PB*) o

\/E{‘VT(EWTZ*IX}Z—)N(OJ) and 6(a’Ea)!/2 = N(0,1)

uniformly over a € RP as n — oo.

Let B = (El, . ,BP)T be the distributed estimator described in the previous sub-
section. Theorem 4 implies that, for each 1 < j < p, N/ Z(Bj —B3) is asymptotically
normal with zero mean and variance (X~ 'E{y;(g)xx"}?X71);;. Let ¥ = (1/N) N xixT
be the sample version of ¥, and €; = y; — xlTE be the fitted residuals. It can be shown that
(E-IN! YN w2 (e)xixT o ;j provides a consistent estimator of (X~ 'E{y(g)xxT}2x 1) ;.
In a distributed setting, the computation of this variance estimator requires communicating
O(p?>m) bits, thus incurring exorbitant communication costs when p is large.

To achieve a tradeoff between communication and statistical efficiencies, we propose

averaging pointwise variance estimators, defined by 8? =(1/m) ¥, G?m forj=1,...,p,

14



where

o~ S 1S ol —~ 1 R N 1
Gji = (& ME i Ae= n Y Wi (@)xix] and T = - Y xix].
i€l i€l

This approach takes one additional round of communication, and is robust against het-
eroscedastic errors that are of the form €; = o(x;)e;. When ¢; is independent of x;, the
asymptotic variances reduce to E{w2(€)}(X7!);;, and thus can be consistently estimated
by G; := (G¢/m) ’,11:1(2;1)“-, where 62 = (N — p) 'Y | w2(g;). For a € (0,1), the dis-
tributed 100(1 — a)% normal-based confidence intervals for ;k-, j=1,...,p, are given
by [B] - za/zﬁjN’l/z,Bj +za/28jN’l/2] or [B] - za/ZGjN’l/z,Bj +za/28jN’l/2], where

Zo2 =P (1—a/2).

2.4 Distributed Regularized Adaptive Huber Regression

In this section, we consider high-dimensional linear models under sparsity. Specifi-
cally, we allow the parametric dimension p to be much larger than the local sample size n,
and assume " is s-sparse, where s = S| and § = supp(*) = {1 < j < p: 5 # 0} denotes
the true active set.

Given independent observations {(y;,x;)}?; from the linear model (2.1), the cen-

tralized/global ¢;-penalized Huber regression estimator (¢;-Huber) is defined as

~

B=B:() € a%gegjn{ffc(ﬁ)ﬂlll%\h}, (2.10)

where A > 0 is a regularization parameter. Statistical properties of ¢;-penalized Huber
regression have been thoroughly studied by Lambert-Lacroix and Zwald (2011), Fan et al.
(2017), Loh (2017) and Chinot et al. (2020) from different perspectives. To deal with
asymmetric heavy-tailed errors, Fan et al. (2017) established high probability bounds for the

¢1-Huber estimator with T < 61/N/log(p) in the high-dimensional regime p > n 2 slog(p).

Remark 1. In practice, it is natural to leave the intercept or a given subset of the parameters
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unpenalized in the penalized M-estimation framework (2.10). Denote by R C {1,...,p} the
index set of unpenalized parameters, which is typically user-specified and contains at least
index 1. A more flexible {|-Huber estimator can be obtained by solving minBERp{f/C(B) +
MBgell1} = minBeRp{ch(B) +AY jexe |Bj|}. Similar theoretical analysis can be carried

out with slight modifications, and thus will be omitted.

In a distributed setting, we integrate the ideas of Wang et al. (2017) and Jordan
et al. (2019) with adaptive robustification to parallelize regularized Huber regression with
controlled communication cost and optimal statistical guarantees. As before, let T and
kK be the global and local robustification parameters. Recall that ZJ,K(-), j=1,....m,
denote local Huber loss functions. Commenced with a regularized estimator E(O), let
L(B) = ZlK(B) - (VZLK(B(O)) - VL(B(0>), B) be the shifted adaptive Huber loss as in

(2.2). With slight abuse of notation, we define the one-step ¢;-penalized Huber regression

estimator as

B = Bla(r) € argmin { Z(B) +M|B1 }- 2.11)
BeRP

To assess the statistical properties of the one-step estimator B(l), we work under the the

following moment condition on the random covariate vector in high dimensions.

(C2). The covariate vector x = (x1,...,x,)" € R” with x; = 1 has bounded components
and uniformly bounded kurtosis. That is, maxi< <, |x;| < B for some B > 1 and uy =
sup,csr-1 E(z"u)* < oo, where z=X72x and £ = (64)1<jx<p = E(xx"). Write 6, =
maxi<j<p G}j/-z and A; = Apin(X) > 0. For simplicity, we assume A; = 1. Moreover, the
error variables €; satisfy E(g;|x;) = 0 and E(&?|x;) < 62 almost surely.

As before, we first examine the performance of B(l) conditioned on certain “good”

events in regard of the initialization and the centralized ¢,-Huber estimator. For ry, A, > 0,
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define
Zo(ro) = {B”) € ©(r) 1A} and E.(A) = {||VL:(B") = VLe(B") ]l < 1.},

where A := {B € R” : ||B—B*||1 < 4s'/2||p—PB*||z} is an ¢;-cone.

Theorem 5. Assume Condition (C2) holds. Given § € (0,1) and 0 < ro, Ay S, let (T,K%,A)
satisfy T > K < 6y/n/log(p/d) and A = 2.5(A. + p) with

p = max{ro SIOg’(q—p/S),s_]/ZGZ’E_1 }

Moreover, suppose the local sample size satisfies n 2 slog(p/d). Then, conditioned on the
event Eo(ro) N ‘E«(Ay), the one-step regularized estimator B(l) defined in (2.11) satisfies

B e A and

o+ o2t g2, (2.12)

1BV - s < s/ 2E2/D)

with probability at least 1 — 0.

Theorem 5 indicates that the one-step procedure is able to reduce the statistical
error of the initial estimator by a factor of s\/log(w when the local sample size satisfies
n > s2log(p); see the first term on the right-hand of (2.12). The second term, 62t~ +s'/21,,
corresponds to the global error rate achievable on the entire dataset. In view of Theorem B.2
(with § = 1) in Sun et al. (2020), if we take L. < 61/log(p)/N and 1 < 6+/N/log(p),
the centralized ¢;-Huber estimator given in (2.10) satisfies ||/[§ — By <ot 4512, =

c+/slog(p)/N with probability at least 1 —Cp~!.

Now we extend the iterative procedure in Section 2.3 to high-dimensional settings,
starting at iteration O with an initial estimate B(O) € RP. Atiterationt = 1,2,.. ., it proceeds
as follows:

Communicating gradient information. The jth (2 < j < m) machine receives B(’ —1 from
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the central machine, computes the local gradient Vzm (B(’ *1)), and sends it back to the
central.
Fitting local regularized AHR: On the central machine, solve minBeRp{Z(t J(B)+A||Bl1} to
obtain B, where L (B) = Ly «(B) — (VL (B"~) — (1/m) ¥ VL; (1), B) and
A; > 0 is a regularization parameter.

Computationally, we use a variant of the majorize-minimize algorithm (Lange et al.,
2000), a proximal gradient descent type method, to solve the regularized optimization
problem at each iteration. Details are provided in section 2.5.2. Theorem 6 below describes
the statistical properties of the solution path {B(Z)}tzl conditioned on a prespecified level of

accuracy of the initial estimator.

Theorem 6. Assume Condition (C2) holds. Given d € (0,1) and 0 < ro,A < G, let (T,XK)
satisfy T > K < o+/n/log(p/d). Fort =1,2,..., set oy = 2.5(hs +p;) > 0 with p; <
s~ 2max{clry,6%1"'} and o< s\/log(p/d)/n. Suppose the local sample size satisfies
n> s’ log(p/d), and let r, < o211 +51/2\,. Then, conditioned on event Fo(ro) N Ex(As),

the distributed regularized estimator B(T) with T < lfogg((r?;&*)) satisfies B(T) € A and ||E(T) —

B*||x < ri with probability at least 1 — T4.

With sufficiently many samples on the central machine—n > s> log(p), Theorems 5
and 6 ensure that the initial estimation error, albeit being sub-optimal, can be repeatedly
refined by a factor of order s4/log(p)/n until it reaches the optimal rate. For simplicity, we

take B(O) to be a local ¢;-penalized AHR estimator, that is, B(O) € argmingery { L1,«(B) +

AolIBll1}-

Corollary 1. Assume Condition (C2) holds, and the sample size per machine satisfies

n > s?log p. Choose the robustification and regularization parameters as © < /N /log(p),

K=< c+/n/log(p) and

M <O

1 21 o
ng+c<s ng) 08P _0.1,2,....
N n n
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Starting at iteration 0 with a local {1-penalized AHR estimator, the multi-step estimator B(T)

after T < [log(m)] rounds of communication satisfies the bounds

~ 1 ~ 1
BT —Blls S 0/ and BT =Bl S oy =5

with probability at least 1 —Clog(m)/p.

Corollary 1, along with the global error analysis in Fan et al. (2017) and Loh (2017),
implies the optimality of distributed adaptive Huber regression in terms of the tradeoff

between communication cost and statistical accuracy.

Remark 2. Under light-tailed error distributions (e.g., sub-Gaussian errors), Lee et al.
(2017) and Battey et al. (2018) studied a one-shot approach based on averaging debiased
Lasso estimators (Zhang and Zhang, 2014; van de Geer et al., 2014). Theoretically, averaged
debiased Lasso achieves the optimal error rate when the local size satisfies n > ms?log(p);
and computationally, each local machine needs to estimate a p X p matrix for debiasing
the Lasso. We may expect the same issues for the robust one-shot method that averages
debiased {1-Huber estimators. The proposed distributed AHR method not only requires the

minimum sample complexity but also is computationally efficient.

2.5 Optimization Methods

2.5.1 Barzilai-Borwein gradient descent for distributed AHR

Let us first recall the multi-round distributed procedure for adaptive Huber regression.
Starting with an initial estimator B(O) € R?, and given robustification parameters T and X,

fort=1,...,T, we update

B € arﬁgginﬂ”(ﬁ) = L1c(B) — (VLix(B* )= VLB V).B).  (213)
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Since Z(t)(-) is convex, twice-differentiable and provably locally strongly convex, we
propose to use the gradient descent method with a Barzilai-Borwein update step (GD-BB)
(Barzilai and Borwein, 1988) to solve the optimization problem in (2.13). The Barzilai-
Borwein method is motivated by quasi-Newton methods, which avoid calculating the inverse
Hessian at each iteration. The latter is computationally expensive when p is large. To

be specific, let us consider the optimization mingcpy LO(B) for a fixed r > 1. Starting

with the initialization E(l’ =P _1), at (inner) iteration k = 1,2,..., compute the update
~(tk+1)  ~(t,k) . ~ iy (tk)
B =B " —min{n, 10}VLOPB ™), where n; = 1 and for k > 2,
R(1,k) _ R(tk—1) R(t,k—1)

(B(rk) — B(I,kfl), L )([3( ; )) — VL(I)(B(IJC*U))
or

(B0 — Bltk=D) v LO(Bh)) — vLO(BEk-1)))

Nk = .

[VLO(BER) — v LO(BEA-D)([3

In practice, the step size computed in GD-BB may sometimes vibrate to some extent, and
this may cause instability of the algorithm. Therefore, we set a upper bound for the step

sizes by taking min{ny, 10}. This procedure is summarized in Algorithm 2.

2.5.2 Majorize-minimize algorithm for distributed penalized AHR

In the high-dimensional setting, we need to solve ¢;-penalized shifted Huber loss
minimization problems. With slight abuse of notation, given an initial regularized estimator

[3(0), at each iterationt = 1,2,..., T, define the update as

B cargmin {Z(’)(B) + MBI = Li(B)

BeRr

— (VL (V) = VLZ(BU), B) +AlIB- ||1} (2.15)
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Algorithm 2 Gradient Descent with Barzilai-Borwein stepsize for solving (2.13)

Input: Local data vectors {(yi,xi)}icy, initial estimator EO = E(’_l), gradient
leiK(B(f*U) and sz7T(B(t’l)) for j = 1,...,m, and gradient tolerance level 6 =
107~

1: Compute Bl <—60 —vL® (BO)

2: fork=1,2...do

3 Compute 1y as defined in (2.14).

4. Update B"“ — B" — min{ny, IO}VZ(’) (Bk);

5: end for when HVZ(’)(B")HOO <9d

Here we use B_ € R”~! to denote the subvector of B with its first component removed. To
solve the optimization problem in (2.15), we employ the locally adaptive majorize-minimize
(LAMM) principle Fan et al. (2018), which extends the classical MM algorithm (Hunter and
Lange, 2000) to accommodate ¢ penalty. This procedure minimizes a surrogate ¢1-penalized
isotropic quadratic function at each iteration, thus permitting an analytical solution.

Let £(-) be the loss function of interest. For k = 1,2, ..., define
(BB 00 = (B + (VI B~ )+ L)p— BB
We say gi(B; B, 0x) majorizes L(B) at B if
(BB ",0) > L(B) VB R” and g(B* B 00) = LB).  (216)

By choosing ¢ large enough, gi(-;B*~1, dx) is guaranteed to satisfy (2.16). To find
the smallest such ¢, we start with ¢g = 0.0001, and repeatedly inflate it by a constant factor,

say 1.1, until (2.16) is satisfied. Finally, we update B* by minimizing

(BB o) + B |1 (2.17)

Due to the isotropic quadratic term in g (B; B!, dx), B can be obtained by a simple analytic
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Algorithm 3 Local adaptive majorize-minimise (LAMM) algorithm for solving (2.11)

Input: Local data vectors {(yi,x;)}icr,, initial estimator BO = E(’_l) gradient vectors
VZLK(B(’ ~1) and Vﬂ(g(’ —1), regularisation parameter A, initial isotropic parameter ¢
and convergence tolerance o

cfork=1,2...do

Set ¢y «— max{dg,dr_1/1.1}
repeat

1
2
3 -~ ~ —~

4 Update B} « By" —0,'Vp L(BF)

5: Update Bk < S(BY" — 0 'V, L(B1), 00 'A) for j=2,....p
6 If ge(BX: BY ", 01) < L(BY). set ¢y« 1.10y

7

8

until g (B: B, 0¢) > L(BY)
. end for when ||B* —BF1[, < &

formula:

BY =B — o, (VLB )
BY =S(BY " — o (VLB 00N, j=2,....p,

where S(u,A) = sign(u) max(|u| — A, 0) denotes the soft-thresholding operator. This algo-
rithm also guarantees a descent in the overall loss function at every iteration, which is a

direct consequence of (2.16) and (2.17):

LB +AIBE 11 < g(B5 BT, 0n) +AIBE |1
< gk (BB o) ARl = LB B

Algorithm 3 summarizes the LAMM algorithm described above.

2.6 Numerical Studies

In this section, we compare the numerical performance of the proposed method with

several state-of-the-art distributed regression methods in both low and high dimensions.
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2.6.1 Distributed robust regression and inference

In the low-dimensional setting where n > p, we consider five distributed regression
methods: (i) the global adaptive Huber regression (AHR) estimator (Sun et al., 2020)
that uses all the available N = mn observations; (ii) divide-and-conquer AHR (DC-AHR)
estimator based on averaging m local AHR estimators; (iii) DC-OLS estimator that averages
m local OLS estimators; (iv) distributed OLS estimator (Shamir et al., 2014); and (v) the
proposed distributed AHR estimator with early stopping.

To implement methods (i) and (ii), we use the self-tuning principle proposed by Wang
et al. (2021) which automatically selects the robustification parameter T. The distributed
procedures (iv) and (v) are iterative, and require a reasonably well initial estimator, say E(O).
In our simulations, we take B(O) to be either the DC-AHR or the DC-OLS estimator, which
only requires one communication round. When the error distribution is heavy-tailed and
symmetric, DC-AHR often has better finite-sample performance than DC-OLS. However, it
produces biased estimate when the error is asymmetric. In contrast, although the DC-OLS
exhibits larger variability due to heavy-tailedness, it has smaller bias on average. Therefore,
we use DC-OLS estimator as the initialization for both methods (iv) and (v). Recall that
the distributed AHR estimator involves two robustification parameters K and T. The local
parameter K can be automatically obtained by the self-tuning procedure (Wang et al., 2021).
Guided by theoretical orders of (k, 1) stated in Theorem 3, we choose the global parameter
T to be cm!/ i, where ¢ > 1 is a numerical constant that can be tuned by the validation set
approach. We suggest to choose ¢ from {1,2,3,4,5}, which suffices to achieve promising
performance in a wide range of simulation settings.

We generate data vectors {(y;,x;)}Y, from a heteroscedastic model y; = x]p* +
c 1 (xTB*)%e;, where B* = (1.5,...,1.5)T € R?,x; = (1,xp2, ..., x;p)" with x;; ~ A((0, 1) for
j=2,...,pand c = /3||B*||3 that makes E{c~!(x7B*)?}? = 1. The regression errors €; are
generated from one of the following four distributions (centered if the mean is nonzero): (a)

A(0,1) (standard normal), (b) t, (¢-distribution with 2 degrees of freedom), (c) Par(4,2)-

23



Pareto distribution with scale parameter 4 and shape parameter 2, and (d) Burr(1,2,1)-
Burr distribution or the Singh-Maddala distribution (Singh and Maddala, 1976), which is
commonly used to model household income. First, we fix (n, p) = (400,20) and let the
number of machines m increase from 10 to 500. Figure 2.1 plots the ¢,-error ||B —B*|l2
versus the number of machines, averaged over 500 replications, for all five methods. The
global and distributed AHR estimators have almost identical performance, thus corroborating
our theoretical results. The DC-AHR estimator only performs well under symmetric errors
and suffers from non-negligible bias if the errors come from asymmetric distributions. This
is largely expected because the robustification parameter for a local AHR estimator is tuned
by a small subset of the data and results in a bias scaling with the local sample size. After
averaging, this bias will not be offset when the number of machines increases. This points
out a key drawback of the one-shot averaging approach when dealing with skewed data
distributed across local machines. The DC-OLS method has decaying estimation error as m
grows, but at a slower rate compared to the global and the distributed AHR estimators. The
boxplots in Figure 2.2 show that the DC-OLS method often produces very poor estimates
with high variability, while the distributed AHR method exhibits high degree of robustness.

Turning to uncertainty quantification, we construct approximate 95% confidence
intervals for the slope coefficients based on distributed OLS and AHR methods. As before,
we set (n,p) = (400,20) and let m increase from 10 to 500. Table 2.1 shows the average
coverage probabilities and widths, with standard errors in parentheses, across all slope
coefficients based on 500 Monte Carlo simulations. Across all the settings, the AHR-
based confidence intervals are consistently accurate with tight width and reliable with high
coverage. In the presence of heavy-tailed errors, the OLS-based confidence intervals tend to
be wider, and standard errors of the interval width are also larger than those of the AHR

method by one order of magnitude.
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2.6.2 Distributed regularized Huber regression

In the high-dimensional setting where the dimension p exceeds the sample size n,
we compare four methods across a range of settings: (1) centralized ¢-penalized AHR
estimator; (2) DC /;-penalized AHR estimator; (3) centralized Lasso; and (4) distributed
regularized AHR estimator with T = |log(m) | rounds of communication and with a local
Lasso estimator as the initialization. All four methods involve a regularization parameter
A, which will be tuned by a held-out validation set of size [0.25N|. The robustification
parameter T in methods (1), (2) and (4) is selected by the self-tuning principle proposed by
Wang et al. (2021).

The simulated data {(y;,x;)}Y | is generated from a heteroscedastic model y; =
xIB* 41 (xTB*)%e;, where B* = (1.5,1.5,1.5,1.5,1.5,0,...,0)T € R”, x; = (1,x12, ..., Xip)"
with x;; ~ A((0,1) for j=2,..., p, and ¢ = v/3||B*||3. The regression errors g; are generated
from one of the four distributions considered in Section 2.6.1, which are A (0, 1), t, (heavy-
tailed and symmetric), Par(4,2) and Burr(1,2, 1) (heavy-tailed and skewed). We fix (n, p) =
(250,1000) and let m increase from 10 to 50. Figure 2.3 plots the ¢, error HB — B*||2 versus
the number of machines m, averaged over 100 replications, for all four methods. The
averaging ¢1-penalized AHR estimator has a nondecaying estimation error as m increases,
which is expected because of its sub-optimal convergence rate that scales with the local
sample size n. The distributed AHR estimator with 7 = |log(m) | rounds of communication
performs as good as the centralized AHR on the entire data set, and has much smaller
estimation errors than the centralized Lasso in heavy-tailed cases. Furthermore, from the
boxplots displayed in Figure 2.4 we see that the distributed AHR improves upon centralized

Lasso in terms of both average performance and variability.
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(n, p) = (400,20), averaged over 500 replications. Five estimators are presented: global
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OLS estimator (-4--4-); and distributed AHR estimator (-++).
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Table 2.1: Coverage probabilities and widths (with standard errors in parentheses) of
the normal-based CIs (averaged over all slope coefficients) for the distributed OLS and
distributed AHR methods, based on 500 Monte Carlo simulations.

N(0,1)

t Par(4,2)

Burr(1,2,1)

Coverage
mean (sd)

Width Coverage
mean (sd) mean (sd)

Width Coverage Width
mean (sd) mean (sd) mean (sd)

Coverage Width
mean (sd) mean (sd)

m =200

m =300

m =400

Dist-OLS
Dist-AHR
Dist-OLS
Dist-AHR
Dist-OLS
Dist-AHR
Dist-OLS
Dist-AHR
Dist-OLS
Dist-AHR

0.93(0.011)
0.95(0.007)
0.93(0.012)
0.95(0.010)
0.93(0.011)
0.96(0.007)
0.93(0.013)
0.95(0.010)
0.93(0.010)
0.95(0.009)
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Figure 2.4: Boxplots of estimation errors (under /-norm) versus the number of machines,
over 100 replications, for centralized Lasso (=) and distributed AHR (=) under a high-
dimensional heteroscedastic model when (n, p,s) = (250, 1000, 5).
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Chapter 3

Doubly Robust Inference for Hazard
Ratio under Informative Censoring with

Machine Learning

3.1 Abstract

Randomized clinical trials with time-to-event outcomes have traditionally used
the log-rank test followed by the Cox proportional hazards (PH) model to estimate the
hazard ratio between the treatment groups. These are valid under the assumption that the
right-censoring mechanism is non-informative, i.e. independent of the time-to-event of
interest within each treatment group. More generally, the censoring time might depend on
additional covariates, and inverse probability of censoring weighting (IPCW) can be used
to correct for the bias resulting from the informative censoring. IPCW requires a correctly
specified censoring time model conditional on the treatment and the covariates. Doubly
robust inference in this setting has not been plausible previously due to the non-collapsibility
of the Cox model. However, with the recent development of data-adaptive machine learning
methods we derive an augmented IPCW (AIPCW) estimator that has the following doubly

robust (DR) properties: it is model doubly robust, in that it is consistent and asymptotically
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normal (CAN), as long as one of the two models, one for the failure time and one for the
censoring time, is correctly specified; it is also rate doubly robust, in that it is CAN as long
as the product of the estimation error rates under these two models is faster than root-n. We

investigate the AIPCW estimator using extensive simulation in finite samples.

3.2 Introduction

In the analysis of time-to-event data, the Cox proportional hazards (PH) model (Cox,
1972) has been widely used to estimate the hazard ratio (HR) between two treatment groups
in a randomized clinical trial, for example. The validity of the maximum partial likelihood
estimator (MPLE) under the PH model relies on the non-informative censoring assumption
(Fleming and Harrington, 1991); that is, the censoring time random variable is independent
of the failure time random variable within each treatment group. In practice, this assumption
can be violated which leads to informative censoring, and the censoring time may well
depend on additional covariates. This issue was recently highlighted in Van Lancker et al.
(2021), who aimed to develop procedures to select baseline covariates in order to be adjusted
for in the Cox regression model. Such adjustment, however, changes the effect estimand,
making it difficult to compare across different adjustment sets. Alternatively, the crude or
marginal hazard ratio, as it is often referred to in the medical literature, between the two
groups can still be consistently estimated using inverse probability of censoring weighting
(IPCW) under the relaxed censoring assumption that the censoring time and the failure time
are independent given the additional covariates.

IPCW was proposed in Robins and Finkelstein (2000) to correct for bias resulting
from informative censoring of the log-rank test and, prior to that, in Robins (1993). Up
until then, the main body of literature in both applied and theoretical survival analysis had
assumed non-informative censoring, given the predictors in a regression model (Fleming
and Harrington, 1991). A separate line of research where IPCW was called for, was under

violation of the PH assumption, where it was recognized that the MPLE gave rise to a
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population quantity that involved the nuisance censoring distribution (Xu, 1996; Xu and
O’Quigley, 2000). A series of work has since been done to correct for this bias using
IPCW approaches, including Boyd et al. (2012); Hattori and Henmi (2012); Nguyen and
Gillen (2017); Nufio and Gillen (2021). We note that the terminology ‘IPCW’ was not
always mentioned in some of these works, which used the (conditional) survival distribution
increments as weights in each risk set; but these are algebraically equivalent to the inverse
probability of censoring weights.

The censoring distribution used in IPCW is often modeled parametrically or semi-
parametrically, and the resulting IPCW estimator is consistent and asymptotically normal
(CAN) if the model is correctly specified. Nguyen and Gillen (2017) proposed a survival
tree approach to estimate the conditional censoring distribution given the covariates, but
with no theoretical guarantee for inference. In fact, it is known that the resulting estimator is
typically biased (Belloni et al., 2013).

Doubly robust (DR) approaches were developed when handling missing data (Robins,
1993; Robins et al., 1995; Scharfstein et al., 1999; Robins et al., 2000b; Robins and Rotnitzky,
2001; Van der Laan and Robins, 2003; Bang and Robins, 2005; Tsiatis, 2006). It is called
doubly robust because two working models are involved, one for the outcome of interest,
and one for the missing data mechanism, and the estimator is consistent as long as one of the
two working models are correctly specified. When IPW is used to handle the missingness
(referred to as coarsening), this usually comes down to augmentation with the coarsened
data and the resulting DR estimator is an augmented IPW (AIPW) estimator (Tsiatis, 2006).

Since right censoring in survival data may be framed as a type of coarsening (Tsiatis,
2006), Rotnitzky and Robins (2005) developed an augmented IPCW (AIPCW) approach for
censored survival data. For the PH model, however, this approach is not straightforward to
apply to. As will be seen later, this is mainly due to the non-collapsibility of the Cox model
(Martinussen and Vansteelandt, 2013; Tchetgen Tchetgen and Robins, 2012; Rava, 2021).

In this paper, we consider simultaneously the regression parameter and the nuisance
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baseline hazard function under the PH model. This naturally gives rise to full data estimating
equations that are sums of independent and identically distributed (i.1.d.) martingales. The
augmentation leads to working models for the failure time and the censoring time given
the group indicator and the covariates. To specify a conditional failure time model that is
compatible with the original (marginal) PH model given the group membership only, data
adaptive machine learning (ML) or nonparametric methods are needed. With cross-fitting
(Chernozhukov et al., 2018), the resulting AIPCW estimator has doubly robust properties
not only in the classical sense, which is referred to as model doubly robust, but also rate
doubly robust (Smucler et al., 2019; Hou et al., 2021). Here, rate double robustness refers
to an estimator being CAN when the product of the estimation error rates under the two
working models is faster than root-n, while either one of them is allowed to be arbitrarily
slow.

The rest of the paper is organized as follows. In Section 3.2.1, we state the model and
assumption about censoring. In Section 3.3, we take a missing data approach by constructing
the AIPCW score from the full data score, and provide a detailed algorithm for the cross-
fitted AIPCW estimator. Asymptotic properties of the AIPCW estimator are described in
Section 3.4. In Section 3.5, we conduct simulations for the AIPCW estimator using different
nuisance estimators, and also compare them with the IPCW estimators. Finally, we conclude

with discussion in Section 3.6. Additional materials are provided in the Appendix.

3.2.1 Model and assumption

Let T and C be the failure time and the censoring time, respectively. Denote
X =min(7,C), and A =I(T < C). Denote also Y (t) = I(X > t) the at-risk process, and
N(t) = I(X <t,A = 1) the failure event counting process. We consider the two-group
survival setting where A is a binary group indicator. For a randomized trial, this can be the
treatment groups. Let Z be a p-dimensional vector of baseline covariates. We assume that

the data consist of n independent and identically distributed (i.i.d.) copies of the random
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vectors O = (X,A,A,Z).
Assumption 1. (informative censoring) C L T | (A,Z).

We assume the PH model for the two-group survival:

A1]A) = ho(t) exp(BA), 3.1)

where A(f|A) denotes the group-specific hazard function of T, B is the log hazard ratio, and

Ao(7) is the baseline hazard function.

3.3 Doubly robust inference

In this section following Tsiatis (2006) we treat right censoring as a coarsened data
problem. We start with a set of full data score functions under the PH model, and show
that when IPCW is applied to this set of full data score functions we obtain the familiar
IPCW estimator under the Cox model (Boyd et al., 2012). We then mimic the approach of
Rotnitzky and Robins (2005) to augment the [IPCW score functions and arrive at a doubly
robust AIPCW estimator. Finally, for inference purposes we introduce cross-fitting and

describe the implementation of the cross-fitted AIPCW estimator.

3.3.1 Full data score functions

With the full data vector (T,A,Z), we follow the commonly used NPMLE approach
for the semiparametric PH model and consider simultaneously the log hazard ratio § and
the cumulative baseline hazard Ag(t) = [jAo(u)du, which is discretized to jumps at the
observed event times only (Nielsen et al., 1992).

As in Fleming and Harrington (1991), we define the full data counting process
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Nr(t) =I(T <t) and the full data at-risk process Y7 () = I(T >1). Let

My (6B, Ag) = Nr(1) — /O Yo (w)ePAd Ao (1),

Then M7 (t;B,Ao) is the full data martingale with respect to the full data filtration
fzf ={Nr(u), Yr(u"),A;0 <u <t} under model (3.1).

We have the following full data score functions for a single copy of the data:

D! (B, Ao,1) = dM7(t;B, Ao), (3.2)

DL (B, Ao) = /0 AdMy(t:B, Ao). (3.3)

where T is the maximum follow-up time. Note that D{ (B, Ao,?) is a martingale increment
that is often used in survival analysis; see for example, Lu and Ying (2004). For each ¢, the

true values of the parameters § and Aq satisfy

E{D{(B,Ao,1)} =0 and E{DJ(B,A¢)} =0.

3.3.2 IPCW score functions

In survival analysis, it’s common to consider the quantity

M(t) = N(t) — /0 'Y ()P Ao (u),

even though it is not a martingale under informative censoring. We define S.(¢|A,Z) =

P(C > t|a,Z) the conditional survival function of C, A(t) = I(min(T,t) < C), and denote

dM" (1;B, Ao, Se) =S.(t|A, Z) ' A(t)dMr(1:B, Ao)

—5.(1]A,2)"" {dN(t) —Y(t)eBAdAo(t)} . (3.4)
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The expression (3.4) then leads to the IPCW score functions:

D‘iV(B7A07t;SC) :dMW<t;BaA07SC)7 (35)

D5 (B.A0iS:) = | AdM(1:. Ao, S0). (3.6)

With n copies of i.i.d. data, this gives the following IPCW weighted estimating

equations:

which after some algebra, can be combined to arrive at the IPCW estimating equation (Boyd

et al., 2012):

S a1 ) SUBES) |
) /0 S.(1|AZ) {Al 5(0)(B,t;§>}dzvl<z>—o7

where SO (B,1:8,) = ;f:lAi-Sc(t|Aj,Zj)_1Yj(t)eBAf for I = 0,1, and S.(¢|A,Z) is some

consistent estimator of S.(t|A,Z).

3.3.3 AIPCW score functions

The consistency of the IPCW estimator relies critically on S, (¢|A,Z) being correctly
specified. When it is misspecified, the IPCW estimator is biased. Rotnitzky and Robins
(2005) provides an augmentation approach for an IPCW estimator in survival analysis, so
that it has the doubly robust property to be detailed later. However, their approach cannot be
directly applied because we have not only different weights for different individuals in the
data set, but also different weights for each risk set. To this end, it is helpful to augment the

martingale increment in (3.4) instead.
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Denote N.(t) = 1(X <t,A = 0) the counting process for the censoring event, and
A(t|A,Z) = [§Sc(u|A,Z) " d{1 — S.(u|A,Z)} the cumulative hazard function of C given
A,Z. Then M,(t;S.) = Nc(t) — [§ Y (u)dA.(u|A,Z) is the martingale corresponding to the
censoring event counting process with respect to its natural history filtration. Also denote

S(t|A,Z) = P(T >t|A,Z). Define

dM8(t;B, Ao, S, S¢)
dM.(u;S.)

SeulA.Z) G7

t
—dM" (1B, N0, S.) + | EdMr (138, A0)|4,Z.T > u}
0

_dN(t) — Y (t)dAo(t)ePA
B S.(t|A,Z)

—J(5:S.S.) {dS(zyA,Z) +S(t|A,Z)eBAdAO(t)} . (3.8)

where J(t;S,S:) = [§ S(u|A,Z) 'S (u|A,Z) " 'dM,(u;S.). The last ‘=" above used the fact

that, for u <t,

S(t|A,Z)
E{NFDIAZT>ut=P(T<tIAZT>u)=1—-—1"2 3.9
NrOWZT 2u} = PT<IAZT 20 = 1= guiZs (9)
S(t|A,Z)
E{Yr(t)|A,Z, T > =P(T >tlA,.Z,T >u) = 3.10
The above leads to the AIPCW score functions:
D1 (B, Ao,1;S,S.) = dM™5(t;B, Ao, S, S¢), (3.11)
T
DQ(B,AO;S,SC):/ A-dM®™8(1: B, Ao, S, Se). (3.12)
0

Assumption 2. S(t|a,z) > ¢ fora € {0,1},z € Z and some ¢ > 0.
Assumption 3. S.(t|a,z) > cfora € {0,1},z € Z and some ¢ > 0.

In Theorem 7 below, we will show that (3.11) and (3.12) are doubly robust score
functions. We use superscript o to denote the truth; for example, S°(¢|A,Z), S%(t|A,Z) and
A%(t|A,Z) denote the true S(¢|A,Z), S.(t|A,Z) and A.(t|A,Z), respectively. Also let B and

Ag denote the true values of the parameters of interest. We assume the following:
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Theorem 7. Under Assumptions 1-3, if either S = S° or S, =S¢,

E{D: (B, A§,1:5,50)} = E{D (B’ AG:S,5c)} = 0.

The above theorem states that the scores (Dy,D;) identifies the true parameters
(B?,Ag), as long as one of the two survival functions, S(¢|A,Z) and S.(t|A,Z), is true.

Given n i.i.d. data points, we estimate 3, A° by solving

1 n
_ZDli(B,A()at;SaSC) :Oa (313)
n =1
|
- Y Dyi(B,Ao:S,Se) =0. (3.14)
i=1

Solving for (3.13) gives

/N\O(B £;8,8.) = ! % ?:156(”|Aiazi)ildNi(u) —Ji(u;8,8.)dS(u|A;, Z;)
) ) 0 5(0)(B’M;S’SC) 9

(3.15)
where
(R 1 g ¢y — Ly Al BA; -y o -
S (B,t,S,SC)—nZAie {Sc(u|A;, Z;) " Yi(t) + Ji(t:;S,8:)S(t|Ai, Zi) }
i=1

for [ =0, 1. Further define A(B,7;S,S.) = SV(B,:S,5.) /SO (B,1;S5,S.). After plugging
(3.15) into (3.14), we have:

U(B;S,SC>

:% Zn: /OT{SC(I‘AiaZi)IdNi(t) —Ji(u;S,8.)dS(t|Ai, Zi) }{Ai — A(B,1;8,S:) } = 43.16)
i1

It’s worth noting that like the partial likelihood score equation, (3.16) is not a sum of
i.i.d terms due to A(B,#;S,S.). As seen from the derivation leading to (3.8), the aug-

mentation to the weighted martingale increment, which is linear in N(¢) and Y (¢), is the
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result of augmentation to the weighted N(z) and Y (), respectively. It is apparent that
Sc(t|Ai, Z)~VdN;(t) — Ji(t; S, S.)dS(t|A;, Z;) is the augmented weighted dN;(t), and the aug-
mented weighted Y;(r)’s give rise to the quantities () (-) and A(-), which are the analogies
of similar quantities under the usual Cox model. For example, A(B,;S,S.) corresponds to
the empirical mean of the treatment random variable A among subjects who fail at time ¢,
which we may denote by p(p,?).

The quantity p(B,7) was implied in Rotnitzky and Robins (2005), as a nuisance
parameter, based on the partial likelihood score function. It would, however, not be straight-
forward to construct compatible models for p(f3,#), which is defined on nested risk sets over
time. The set of full data estimating functions we consider here, simultaneously for B and

Ao, on the other hand, lead naturally to models for S and S..

3.3.4 Cross-fitted AIPCW estimator

In practice, both survival functions S(¢|A,Z) and S.(¢|A,Z) are unknown and need
to be estimated by some estimator S(¢|A,Z) and S.(¢|A,Z). Parametric and semiparametric
models, like the Cox model and the accelerated failure time (AFT) model, are often ap-
plied since their theoretical properties are well-studies and with little requirement on the
computing power. However, these models can be misspecified, especially for S(¢|A,Z) due
to the non-collapsibility of the Cox model. ML or nonparametric methods, like splines
(Gray, 1992; Kooperberg et al., 1995a) and random survival forest (Ishwaran et al., 2008),
offer a good alternative. ML or nonparametric estimators, however, do not have root-n
convergence rate, which makes it difficult to conduct inference. We will show that the
asymptotic normality can be established if we also apply cross-fitting, where the entire
sample is first split into k folds, and for each fold, we estimate the nuisance functions using
only the out-of-fold sample. Details of the cross-fitted AIPCW estimator B are described
in Algorithm 4. Heuristically, cross-fitting works by inducing independence between the

nuisance parameter estimators and the rest of the quantities in the scores, thereby allowing
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Algorithm 4 k-fold Cross-fitted AIPCW estimation of

Input: A sample of n observations that are split into k folds of equal size with index sets
L, bL,... I.
for each fold indexed by m do

estimate nuisance functions (:S’\(*m), AS‘"”) using the out-of-fold sample indexed by
L, ={1,...,n}\ L, to form the following estimating equations
n
Z (B, Ao,1;5U™ 5™ =0, (3.17)
cly
1 & B _
I Z] Dai(B, Ag:ST™ 5L ™) = 0. (3.18)

By first solving for Ag(f) using (3.17) and plug into (3.18) we get the m-th fold
estimating equation for 3 as

Un(B: ST, §£—’">>
1
- Z/ S 580 S5 astm (114;, 7))
| ] St t\A,,Z)
X{Ai—Am(B,TQS’\( aAE m))}7
where A,, is A but evaluated using only data from fold I,,.

end for
Output: B, the solution to

lk /\( )
= 2 Un(B:ST" ) =0.

m=1

asymptotic normality to be established (Smucler et al., 2019; Hou et al., 2021). Additional

notations involving cross-fitted quantities are collected in Appendix B.1.

3.4 Asymptotic Properties

Let O denote a sample of # i.i.d. data vectors {(X;,A;,Aj,Zj),i =1,...,n} used

for estimating S and §C. Let (X,A,A,Z) be a data vector independent of O" and drawn from
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the same distribution as O'. Define

2
Hg—S* —ET | E|{ sup §(t;A,Z)—S*(t;A,Z)‘ )
t€[0,7]
2
‘AC —E"|E sup §c(t;A,Z)—Sz(t;A,Z)‘ ,
t€[0,1]

where E denotes expectation taken with respect to O, and E denotes expectation taken

with respect to O conditional on OF.

Assumption 4 (Uniform Convergence). There exist S*(t;A,Z) and S} (t;A,Z) satisfying
Assumptions 2-3 such that ||S — S*|| = o(1) and ||S, — S¥|| = o(1).

Theorem 8. Under Assumptions 1-4 and some regularity conditions, if either S* = S° or

St =S89, then B 2 pe.

Following the notation of Wang et al. (2022), we let O denote a sample of n i.i.d
data vectors {(X;,A;,A;,Z;),j=1,...,n} that is independent from 0", and drawn from the

same distribution as O, and define the cross-integral product as

D (S,8,:5°,59)

:ET{ /{A A(1:B7,5°,5%) }/ {dStAZ dSO(t;A,Z)}

M A Z SO<M;A;Z)
+ET{ { max
le{0,1}

x J(1;A,Z,5°,8,.)'{dS(t;A,Z) —dS"(t;A,Z)}H }

" M (1;A,Z,5.)  dM.(u;A,Z,S°)
Se(t:A,Z) 5e(t;A,Z)

[ AAwsBe.50.50 ~ Arsp, 50,50}

where with a slight abuse of notation, we use E here to denote the expectation taken with

respect to the sample O with n observations conditional on the sample O".
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Assumption 5 (Rate Condition). (S*,S%) = (5?,59) and

The rate condition essentially requires that the product of the error rate of S and §C is

H§—SO S, — 5| + D¥(5,5.:5°,5%) = 0(n~1/?).

faster than root-n (Smucler et al., 2019). Due to the involvement of the time component in
time-to-event analysis, an integral product of the errors like D' (SA', §C;SO, §9) is also required.
Interested readers can refer to Ying (2023) for a thorough discussion on the role of this

integral product term in survival analysis.

Theorem 9. In addition to Assumptions 1-4 and some regularity conditions, if the rate

condition Assumption 5 hold, we have

& 'vn(B—B%) L N0, 1),

where the expressions for 6% := 6> (B) is provided in Appendix B.1.

Theorem 9 establishes the rate DR property. Traditionally, the doubly robust in-
ference is established assuming both working models are parametric or semiparametric
with one of the nuisance estimators converging at the root-n rate, referred to as the model
DR property. Although our estimator is also model DR, it is not helpful here due to the
non-collapsibility of the Cox model. Non-collapsibility implies that any parametric or
semiparametric conditional outcome models we specify will not be correct. To enable the
possible use of ML/non-parametric models, we here establish a rate DR result which states
that if all nuisance estimators converge to the truth and that their cross-product rate is faster
than root-n, the proposed AIPCW estimator is CAN even if one of the nuisance estimators
converges arbitrarily slowly.

Note that under the model DR case, if both nuisance function estimators are of root-n
rate and only one of them is correctly specified, the AIPCW estimator is still CAN, but

the asymptotic variance is rather complicated. In this case, resampling methods such as
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bootstrap (Efron, 1992) may be used to estimate the variance.

In Chapter 4, we will consider an extension of the two-group survival to observational
data, which is more general than the current setting here. The regularity assumptions required
and the proofs of Theorem 8 and 7 are also simplified versions of the assumptions and proofs

we will present in Chapter 4, so we omit those details here.

3.5 Simulation

In this section, we compare the performance of the cross-fitted AIPCW estimators E
using different working models, against different IPCW estimators and the MPLE. We con-
sider sample sizes n = 500 and n = 1000, and 1000 data sets are simulated for each setting,
which corresponds to margin of error of about +/ — 1.35% for the coverage probability of
nominal 95% confidence intervals. Five-fold cross-fitting is used.

For data generation, we first follow the diagram in Figure 3.1(a) and generate
U; ~ Unif (-1, 1), A ~ Bernoulli (0.5), Z; ~ N(0.5Uy,1), Z, ~ N(UIZ,O.O9), and T =
—1og(0.5U; +0.5)e?. Here, T follows the PH model (3.1) with f° = —1 and A§(z) = 1.

We consider two scenarios of data generating process for the censoring time C,
as described in Figure 3.1(b). Both scenarios have around 25% samples administratively
censored at T = 1, and 40% of the remaining samples censored during follow-up. Note
that administrative censoring works in the same way for T and C, i.e. those events are
consider as ‘censored’ for both the estimation of S and the estimation of S.. It is obvious
that Scenario 1 can be correctly modeled. Scenario 2 is designed such that most commonly
used semiparametric models fail. As it turns out, under Scenario 2 S.(t|A,Z) can be very
close to zero for some values of A and Z, leading to possible violation of Assumptions 2 and
3. This echoes the argument made in D’ Amour et al. (2021) that the overlap assumption
needed for DR estimates often fails in practice.

We consider three types of working models: PH model using the R package ‘sur-

vival’; splines (Kooperberg et al., 1995a) using the R package ‘polspline’; and random
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Scenario Data generating process for C

G @ G 1: Cox PH A (1) =exp(—1+22)

log(U,) ~N(0,1)
0 2: Mixture 7, > 0: log(C) = —0.24 —2,/]Z,| + 0.3,
Z1<0: log(C)=24-0.3A4+0.5\/|Z|

@ a +O.5\/’Z2|—U2

(a) (b)

Figure 3.1: (a) Variable diagram. (b) Data generating process for C.

survival forest (RSF) (Ishwaran et al., 2008) using the R package ‘randomForestSRC’. We
set splitrule = *bs.gradient’ for RSF, while keeping all the others settings as default. We study
7 different combinations of working models for the proposed AIPCW estimator: Cox-Cox,
Cox-spline, Cox-RSF, spline-Cox, RSF-Cox, spline-spline, and RSF-RSF, where the first
part in the names denotes the model for S and the second part denotes the model for S.
It is worth noting that due to the non-collapsibility of the Cox model, a semiparametric
conditional model for S is almost always misspecified. Therefore the consistency of AIPCW-
Cox-Cox, AIPCW-Cox-spline and AIPCW-Cox-RSF relies on the correct specification of
the censoring model. We also note that the convergence rate of the spline and RSF is largely
unknown, which depends on the choice of tuning parameters. See Discussion for more on
this.

We also investigate the performance of MPLE and various IPCW estimators: [IPCW-
Cox, IPCW-spline, IPCW-RSF, IPCW-A and [IPCW-1. More specifically, [IPCW-A estimates
Sc using the product-limit estimator for each group indicated by A, while IPCW-1 estimates
S. using the product-limit estimator on the entire sample. Robust variance estimator from
Boyd et al. (2012) is used to estimate the model standard errors of the IPCW estimators.
Standard errors for the cross-fitted AIPCW estimators are estimated using Theorem 9, which

assumes both S and S, models are correctly specified.
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To avoid numerical problems, we impose a minimum on St=m) (t|A,Z) and
§£7m) (t|A,Z) in the above, so that values below 0.01 are trimmed to be 0.01. Finally, as a
benchmark, we also fit model (3.1) to the full data without censoring.

The simulation results for Scenarios 1 and 2 are reported in Tables 3.1 and 3.2,
respectively. It is immediate that under informative censoring, MPLE, IPCW-1 and IPCW-
A have substantial bias leading to poor coverage of the confidence intervals (CI). Under
Scenario 1 where the censoring model is correctly specified as Cox, the other three [IPCW
estimators (-Cox, -spline, -RSF) all appear to perform reasonably well. All seven AIPCW
estimators also perform well under Scenario 1, with AIPCW-Cox-RSF having larger bias
compared to the rest.

Under Scenario 2, IPCW-Cox appears more biased than [IPCW-spline and IPCW-
RSF, as expected. But even for the latter two estimators, their SE’s severely under-estimate
the SD’s, leading to poor coverage of the CI’s. This also points to the known fact that
inference is not guaranteed when ML or nonparametric methods are used in IPCW, as
discussed earlier. AIPCW-Cox-Cox also has large bias under Scenario 2, as expected. The
rest six AIPCW’s are less biased. For the larger sample size n = 1000, AIPCW using two
ML or nonparametric methods appears to have the least bias, with close to nominal coverage
probabilities. Finally we note that, under Scenario 2, spline-based AIPCWs tend to have
larger variance. This might be explained by the fact that splines are less stable near the

boundary T, which under Scenario 2 has small §C(T|A,Z) for some values of A and Z as

mentioned earlier.
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Table 3.1: Simulation results under Scenario 1. Data are generated following
Figures 3.1(a) and (b) with 3¢ = —1. Red indicates that the model or approach is
invalid.

Sample Size Estimators Bias SD SE Cp
AIPCW-Cox-Cox 0.002 0.196 0.191 0.94
AIPCW-Cox-spline ~ -0.001 0.198 0.190 0.94
AIPCW-Cox-RSF 0.023 0.197 0.207 0.96
AIPCW-spline-Cox 0.005 0.185 0.177 0.94
AIPCW-RSF-Cox 0.005 0.189 0.178 0.94
AIPCW-spline-spline  0.002  0.185 0.177 0.94

n =500 AIPCW-RSF-RSF 0.002 0.192 0.190 0.95
IPCW-Cox -0.006 0.186 0.179 0.94
IPCW-spline -0.005 0.188 0.179 0.94
IPCW-RSF 0.008 0.190 0.177 0.93
IPCW-A -0.221 0.180 0.162 0.70
IPCW-1 -0.221  0.179 0.162 0.70
MPLE -0.205 0.175 0.167 0.76
Full data 0.002 0.103 0.099 0.93
AIPCW-Cox-Cox -0.008 0.137 0.134 0.94

AIPCW-Cox-spline ~ -0.010 0.138 0.133 0.94
AIPCW-Cox-RSF 0.019 0.141 0.153 0.97
AIPCW-spline-Cox 0.001 0.127 0.123 0.94
AIPCW-RSF-Cox 0.002 0.130 0.125 0.94
AIPCW-spline-spline  0.001  0.127 0.123 0.94
n = 1000 AIPCW-RSF-RSF -0.005 0.134 0.134 095

IPCW-Cox -0.009 0.130 0.128 0.94
IPCW-spline -0.007 0.135 0.128 0.94
IPCW-RSF 0.011 0.134 0.128 0.95
IPCW-A -0.225 0.126 0.114 0.51
IPCW-1 -0.224 0.126 0.114 0.51
MPLE -0.207 0.122 0.118 0.58
Full data -0.003 0.069 0.07 0.94

SD: standard deviation; SE: standard error; CP: coverage probability of nominal 95% CI
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Table 3.2: Simulation results under Scenario 2. Data are generated following
Figures 3.1(a) and (b) with 3¢ = —1. Red indicates that the model or approach is
invalid.

Sample Size Estimators Bias SD SE Cp
AIPCW-Cox-Cox -0.129 0.285 0.276 093
AIPCW-Cox-spline ~ -0.029 0.604 0.623 0.97
AIPCW-Cox-RSF -0.064 0249 0.243 093
AIPCW-spline-Cox ~ -0.068 0.282 0.256 0.93
AIPCW-RSF-Cox -0.034 0.275 0.250 0.93
AIPCW-spline-spline  0.038  0.578 0.585 0.96

n =500 AIPCW-RSF-RSF -0.039 0.264 0.238 0.93
IPCW-Cox -0.114 0.266 0.174 0.77
IPCW-spline -0.046  0.452 0.192 0.68
IPCW-RSF -0.088 0.257 0.179 0.80
IPCW-A -0.227 0.184 0.170 0.74
IPCW-1 -0.226 0.183 0.166 0.72
MPLE -0.216 0.179 0.174 0.77
Full data 0.002 0.103 0.099 0.93
AIPCW-Cox-Cox -0.127 0.195 0.192 0.90

AIPCW-Cox-spline  -0.056 0.396 0.367 0.95
AIPCW-Cox-RSF -0.035 0.187 0.189 0.95
AIPCW-spline-Cox  -0.056 0.191 0.180 0.93
AIPCW-RSF-Cox -0.021 0.185 0.178 0.92
AIPCW-spline-spline  0.008 0.344 0.332 0.95
n = 1000 AIPCW-RSF-RSF -0.020 0.198 0.179 0.93

IPCW-Cox -0.103  0.204 0.126 0.71
IPCW-spline -0.045 0377 0.146 0.63
IPCW-RSF -0.047 0.202 0.134 0.78
IPCW-A -0.220 0.127 0.120 0.56
IPCW-1 -0.219 0.127 0.117 0.53
MPLE -0.211  0.123  0.123  0.61
Full data -0.003 0.069 0.07 0.94

SD: standard deviation; SE: standard error; CP: coverage probability of nominal 95% CI
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3.6 Discussion

For the analysis of two-group survival, including for randomized clinical trials,
non-informative censoring is assumed. When the simple PH model (3.1) is used with no
covariates adjusted for, this requires the censoring distribution to be independent of any
covariates. When this assumption is violated, the commonly used MPLE is biased and
typically IPCW is used to correct that bias if the interest remains to estimate the marginal
hazard ratio between the two groups. IPCW, on the other hand, requires modeling the
censoring distribution, which can be wrong unless ML or nonparametric estimates are used.
In this paper we have developed an AIPCW estimator that is both model DR and rate DR.
Rate double robustness allows us to get around the non-collapsibility of the Cox regression
model using more flexible ML or nonparametric methods for the conditional failure time
model demanded by the DR construct, because almost any parametric or semiparametric
would otherwise be invalid.

The theoretical results require certain rate condition of the estimates of the nuisance
parameters. These are not always established for a given ML or nonparametric estimator.
Cui et al. (2022) and Kooperberg et al. (1995b) demonstrated that under certain conditions,

rate better than n!/4

can be achieved for random survival forest and splines. Convergence
rates were also studied for other ML methods. For example, a uniform rate for regression
trees 1s shown in Wager and Walther (2015), while a root-mean-square rate is derived for
neural networks (Chen and White, 1999). These results suggest that it is entirely possible to
utilize even a slow converging ML method, so long as we use a fast converging ML method
for the other nuisance function to achieve a better than \/ﬁ overall rate. The rates, of course,
depend on the hyper-parameter values. In the simulations we used the default settings for the
spline and the random survival forest. Investigation of other ML or nonparametric methods,
as well as their tuning, in relationship with the performance of DR estimators, remains a

topic of future work.

This work focused on two-group survival and a binary A. Generalization to continu-

46



ous and/or multivariate A is conceptually straightforward although different algebra might
be involved. In particular for continuous A, we would no longer have A> = A and additional
quantities like .S (2) need to be introduced.

Finally the models for S and S, may include additional and different sets of covariates
for these two models, so long as the failure time and the censoring time are independent
given the common covariates Z.

The R codes for the cross-fitted AIPCW estimator as well as the simulation proce-
dures investigated in this work are available online in

http://github.com/charlesluol002/DR-Cox.
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Chapter 4

Doubly Robust Inference for Cox
Marginal Structural Model with

Informative Censoring

4.1 Abstract

The marginal structural Cox model has been widely used to draw causal inferences
from observational studies with survival outcomes. The typical estimation approach under
the marginal structural Cox model is inverse probability weighting, using a propensity score
model for treatment assignment. Additionally censoring needs to be properly accounted
for, especially when it depends on covariates. This is again typically handled using inverse
probability weighting, with a censoring model given the treatment and covariates. Effort to
protect against model misspecification involves augmentation, which has been a challenge in
the past due to the non-collapsibility of the Cox regression model. In this work we develop
an augmented inverse probability weighted estimator with doubly robust properties including
rate doubly robust, that enables us to use machine learning and a large class of nonparametric
methods, in order to overcome the non-collapsibility challenge. We study both the theoretical

and empirical performance of the augmented inverse probability weighted estimator and
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apply it to the data from a cohort of Japanese men in Hawaii followed since the 1960s in

order to study the effect of mid-life alcohol exposure on late-life mortality.

4.2 Introduction

4.2.1 Background

Marginal structural Cox model (Hernan et al., 2001) has been widely used in obser-
vational studies with survival outcomes to estimate the causal hazard ratio; see for example,
Cole et al. (2003); Feldman et al. (2004); Sterne et al. (2005); Hernan et al. (2006) and
Buchanan et al. (2014), among many others. While the interpretation of the hazard function
for causal inference has been under debate recently (Herndn, 2010; Martinussen et al., 2020),
the Cox model formulation continues to be used broadly. More commonly agreed-upon
interpretable quantities, such as survival probabilities, can also be obtained easily under the
model.

For the definition of causal treatment effects in general, potential or counterfactual
outcomes have often been considered (Neyman, 1923; Rubin, 1974), and marginal structural
models (Robins et al., 2000a, MSM) are defined on the potential outcomes of interest, thereby
providing a causal interpretation of their parameters. Under randomization, the absence
of confounding of the relationship between the treatment and the outcome allows standard
regression methods to consistently estimate the MSM parameters. Without randomization
and in observational studies, under the assumption of no unmeasured confounding, inverse
probability of treatment weighting has been used to estimate the causal parameters under the
MSM (Robins, 1998; Robins et al., 2000a; Robins, 2000; Lunceford and Davidian, 2004,
Hubbard et al., 2000; Hernan et al., 2001; Chen and Tsiatis, 2001; Zhang and Schaubel,
2011). It adjusts for the observed confounders by weighting each observation by the
inverse of its propensity score, that is, the probability of receiving the treatment given the

confounders.
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Survival outcomes are often subject to right censoring. The non-informative censor-
ing assumption is typically needed for the consistency of the (weighted) partial likelihood
estimator under the Cox model (Fleming and Harrington, 1991); that is, the censoring time
random variable should be independent of the failure time random variable within each
treatment group. When the censoring time depends in addition on covariates, informative
censoring occurs, and inverse probability of censoring weighting (IPCW) may be applied
to consistently estimate the hazard ratio of interest. IPCW was proposed in Robins and
Finkelstein (2000) to correct for bias resulting from informative censoring of the log-rank
test and, prior to that, in Robins (1993). A separate line of research where IPCW was called
for, was under violation of the proportional hazards assumption, where it was recognized
that the partial likelihood estimator gave rise to an estimand that involved the nuisance
censoring distribution (Xu, 1996; Xu and O’Quigley, 2000). A series of work has since
been done to correct for this bias using IPCW approaches, including Boyd et al. (2012);
Hattori and Henmi (2012); Nguyen and Gillen (2017); Nuiio and Gillen (2021). We note
that the terminology ‘IPCW’ was not always mentioned in some of these works, which used
the (conditional) survival distribution increments as weights in each risk set; but these are
algebraically equivalent to the inverse probability of censoring weights.

Propensity scores are unknown in practice, and similarly, the censoring probabilities
given treatment and covariates. Both of them need to be estimated, and they are subject
to misspecification if modeled parametrically or semiparametrically. Inconsistency in the
estimation of either results in bias in the estimated causal effect of interest. For both the
propensity score and the conditional censoring model, nonparametric or machine learning
methods have also been proposed in the literature (Ridgeway et al., 2022). Nguyen and Gillen
(2017) proposed a survival tree approach to estimate the conditional censoring distribution
given the covariates. However, these approaches are without theoretical guarantees for
statistical inference; in fact, it is known that the resulting estimator is typically biased

(Belloni et al., 2013).
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When the counterfactual outcomes and censoring are seen as missing data, aug-
mented inverse probability weighting (AIPW) methods have been developed in order to
protect against misspecification of the missing data mechanisms (Robins et al., 1995; Scharf-
stein et al., 1999; Robins et al., 2000a; Robins, 2000; Robins et al., 2000b; Robins and
Rotnitzky, 2001; Van der Laan and Robins, 2003; Bang and Robins, 2005; Tsiatis, 2006).
They possess doubly robust (DR) properties in the sense that the resulting estimator is con-
sistent and asymptotically normal (CAN), as long as one of two sets of models is correctly
specified: the missing data model(s) and a conditional outcome model.

For survival outcomes, Rotnitzky and Robins (2005) developed an augmented [IPCW
approach for censored survival data. Zhang and Schaubel (2012a), Bai et al. (2017) and
Sjolander and Vansteelandt (2017) derived doubly robust estimators for the treatment effect
defined as a contrast between the expected transformed potential failure times, i.e. the
failure time that would be observed if a subject were treated or untreated, respectively.
Yang et al. (2020) developed a doubly robust estimator for the structural accelerated failure
time models. Petersen et al. (2014) and Zheng et al. (2016) derived targeted maximum
likelihood estimators that are doubly robust after discretizing time and recasting the failure
time as a binary outcome. Dukes et al. (2019) and Hou et al. (2021) proposed doubly
robust estimators for the hazard difference under the additive hazards model in low and high
dimensions, respectively, and Rava and Xu (2023) extended their approaches to competing
risks setting.

In this paper, we consider the marginal structural Cox model. Robins (1998) derived
a generic class of semiparametric estimators for the parameters of MSMs with a focus on
efficiency, and without being robust against possible misspecification of the propensity
score. A main challenge in developing doubly robust estimators under the Cox MSM is
the non-collapsibility of the Cox regression model (Martinussen and Vansteelandt, 2013),
1.e. the Cox model formulation including the proportional hazards assumption typically

no longer holds when a covariate is integrated out from the model, a fact also well-known
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since the 1980s (Lancaster and Nickell, 1980; Gail et al., 1984; Ford et al., 1995; Xu, 1996).
This gives rise to the difficulty of specifying a conditional survival outcome model that is
compatible with the Cox MSM which defines the causal estimand, as illustrated in Tchetgen

Tchetgen and Robins (2012) and also will become clear later in this paper.

4.2.2 Overview of the paper

In the following we derive an AIPW estimator under the Cox MSM, making use of
contemporary machine learning methods that alleviate the compatibility problem described
above. The approach considers simultaneously the log hazard ratio and the nuisance baseline
hazard function under the Cox model. This gives rise to full data estimating equations that
are sums of independent and identically distributed (i.i.d.) martingales. The augmentation
leads to working models for the propensity score, the failure time, and the censoring time
given the treatment and the covariates. To specify a conditional failure time model that
is compatible with the original (marginal) Cox model given treatment only, data-adaptive
machine learning or nonparametric methods can be used. With cross-fitting (Chernozhukov
et al., 2018), the resulting AIPW estimator has doubly robust properties not only in the
classical sense, which is referred to as model doubly robust, but also rate doubly robust
(Rotnitzky et al., 2021; Hou et al., 2021). Here, rate double robustness refers to an estimator
being CAN when the product of the estimation error rates under the two sets of working
models is faster than root-n, while either one of them is allowed to be arbitrarily slow.

In the following after defining the notation, the model, and the assumptions in
Section 4.3, we augment the Cox-IPW estimators in Section 4.4 of both structural parameters,
the log hazard ratio, and the infinite-dimensional baseline hazard function. In Section 4.5,
we establish the estimating equation for the log hazard ratio through cross-fitting. The
asymptotic properties of the AIPW estimator are established in Section 4.6. Through
simulations of Section 4.7, we show that our estimator outperforms the existing Cox-IPW

estimator both in terms of finite sample bias and variance, for different combinations of

52



parametric and nonparametric estimators under the propensity score and the conditional
survival model. In Section 4.8 we apply our estimator to data from a cohort of Japanese men
in Hawaii followed since the 1960s in order to study the effect of mid-life alcohol exposure
on late-life mortality. We conclude with a discussion in Section 4.9. The proofs of all the

theoretical results are given in the Supplementary Material.

4.3 Marginal Structural Cox Model

Let A be a binary treatment and let 7(0),7(1) be the potential failure time of a
subject if s/he has been untreated or treated, respectively. Let Az (,)(#) denote the hazard
function of the potential failure time 7' (a), a € {0,1}. The marginal structural Cox model
(Hernén et al., 2001, often referred to as the Cox MSM in the literature) postulates a model

on the potential 7'(a) by assuming

Ar(a) (1) = Ao(2) exp(Ba), (4.1)

where Ao(#) is an unknown baseline hazard function, and 3 = log{Ar(1)(t)/Az(0)(?)} is then
the causal log hazard ratio, since it is a contrast between the distributions of the potential
failure time outcomes under a = 1 versus a = 0. As previously mentioned in the Introduction,
the Cox MSM (4.1) has been widely used in applications to estimate the causal hazard ratio,
exp(B). The estimation of B under model (4.1) using inverse probability weighting was
developed in Hernan et al. (2001).

As is typical for time-to-event outcomes, the event times of interest are subject to
possible right censoring. The potential failure times 7'(1),7(0) are therefore subject to
potential right censoring at times C(1),C(0), respectively. Let A(a) = 1{T(a) < C(a)}
denote the potential event indicator and let X (a) = min{7 (a),C(a)}. We use T,C,X,A to
indicate the failure, censoring, censored times and event indicator, respectively, once the

treatment is received (as opposed to being counterfactual). We use Z € R” to denote a vector
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of p-dimensional observed baseline covariates.
We make the following assumptions that are standard in causal inference (Hernan

and Robins, 2020).

Assumption 6 (SUTVA). The potential outcomes of one subject are not affected by the treat-

ment assignment of the other subjects, and there are no hidden versions of the treatments.
Assumption 7 (Consistency). T = AT (1)+ (1 —A)T(0), and C =AC(1)+ (1 —A)C(0).
Assumption 8 (Exchangeability). (7'(a),C(a)) LA |Z, fora=0,1.

Assumption 9 (Strict Positivity). There exists 0 <€ < 1 suchthate <P(A=1|Z=2z) <1—¢,
P(C>1tlA=a,Z=7z)>¢ P(T >t|A=a,Z =7z) > ¢€forall values of a and z, where T is a

maximum follow-up time.

Traditionally survival analysis using regression models requires the censoring time
to be conditionally independent of the failure time given the regressors, and this is referred
to as non-informative censoring (Kalbfleisch and Prentice, 2011). Here our model under
consideration is the Cox MSM (4.1), which does not involve the baseline covariates Z.
Nonetheless, in this paper, we make the following informative censoring assumption that

allows the censoring time to depend on the covariates.

Assumption 10 (Informative Censoring). T (a) L C(a) | Z, for a=0,1, where L indicates

statistical independence.

4.4 Doubly Robust Inference

4.4.1 Full-data Estimating Function

When we consider both the counterfactual outcome and censoring as missing data,

the full data, using the notion in Tsiatis (2006), is (T'(0),7(1),Z). From this, we can
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define the full data counting process N¢(¢) = I(T (a) < t), and the full data at-risk process

Yi(t)=1I1(T(a) > 1) fora=0,1, where I(-) is an indicator function. It can be shown that
t
M(5B.00) = N (1) — | Y (el dnou

is a full data martingale with respect to the filtration % = {N%(u),Y#(u"):0<u <t}
under model (4.1), for a = 0, 1, where Ay(z) = fé Ao(u)du (Fleming and Harrington, 1991).

We start by constructing a full data estimating function, i.e. an estimating function
we would use if we were able to observe a single copy of the full data. Using the martingale

property, we define full data estimating functions for Ag(z) and 3 as follows:

D(1:B,Ao) = Y dM$(1:B,Ao), 4.2)
a=0,1

D(B.Ao) = X [ a-dM(1:B. o), 4.3)
a=0,1

where T is the maximum follow-up time defined before. We note that D{ (B,Ao,?) is a
martingale difference function that is often used in survival analysis; see for example, Lu

and Ying (2004). For each ¢, the true values of § and Ag(t) satisfy
E{D{(1:,A0)} =0 and E{D3(B, Ao)} =0.

It can be readily verified that for a sample of size n of independent and identically
distributed (i.i.d.) data, these would give the well-known Breslow’s estimate of Ay(z), as

well as the partial likelihood score for .

4.4.2 IPW Estimating Function

The full data are not observed. Instead, we have the observed counting process

N(t)=1(X <t,A=1) where A=I(T < C), and the observed at-risk process Y (1) =I(X >1).
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Define

M(5:B,A0) = N(t) — /0 'Y (w)ePAd Ao ().

We note that M(¢; 3, Ag) is generally not a martingale under model (4.1).

In order to bridge the gap between the full data estimating function above with
the observed data, inverse probability weighting is often used. The idea is to weight
an observation by its inverse probability of being sampled from the target population in
general (Horvitz and Thompson, 1952), leading to a pseudo-random sample from the target
population of interest. More specifically, since in observational studies treatment is typically
not randomized, inverse probability of treatment weighting would give rise to a pseudo-
random sample from a target population where the covariates are balanced, thereby giving a
consistent estimate of the causal treatment effect when the observed data is fitted to a model
with such weights (Hernan and Robins, 2020). Similarly, when informative censoring is
present which depends on the covariates, the inverse probability of censoring weighting
would lead to a consistent estimate of the parameter(s) of interest (Herndn et al., 2001).

Let m(z) = P(A = 1|Z = 7). The treatment weight is then

A 1-A 1

22 (1-n2)}  mZA-m@2)} A

In addition, let S(¢;a,z) = P(T > t|A =a,Z =z) and S.(t;a,z) = P(C > t|A =a,Z =2)
denote the conditional survival function of T and C, respectively.

We now have the IPW estimating function:

Wit _ dM(t;B7A0)
Dl (taB7A07n7'SC) _TC(Z>A{1 —TC(Z)}IiASC(t;A,Z)’ (44)
" . T A'dM(t;B,A())
DEBA0m5) = | iz A A ) “5)

It can also be readily verified that for a sample of i.i.d. observed data, Y./, DYi(¢; B, Ao, T, S.) =
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0 gives a weighted Breslow’s estimate of Ag(#) and after profiling out Ao (¢), i ; D%:(B, Ao, T, S¢)
gives the weighted partial likelihood score for 3.

By Assumption 7, we have S(t;a,Z) = P(T(a) > t|Z) and S.(t;a,Z) = P(C(a) >
t|Z). For simplicity, we will omit writing out the explicit dependency of M and some future
quantities on A and Z, unless they are needed for clarification.

Denote also A%(¢) = I{min(7 (a),t) < C(a)} fora=0, 1.

M(t;B,Ao) =AA' ()M (1B, Ag) + (1 — A)A° (1 )M (1: B, Ag), (4.6)

where (4.6) is proved as Lemma 11 in Appendix.

4.4.3 Augmented IPW Estimating Function

The IPW estimating function is unbiased when the weights, or equivalently, 7t(z) and
Sc(t;a,7) are known (Hernén et al., 2001). In practice, however, these quantities are often
unknown and propensity score models as well as conditional censoring models are often
used for the corresponding conditional distributions. When these models are misspecified,
the resulting estimate of the causal hazard ratio is no longer consistent.

To protect against possible misspecification of the models, semiparametric theory
has been developed to augment the IPW estimating function (Tsiatis, 2006), such that the
resulting AIPW estimating function possesses the so-called doubly robust properties that
will be described in detail later. In particular, Van der Laan and Robins (2003) augmented
the inverse probability of treatment weighted estimating function for a binary treatment,
and Rotnitzky and Robins (2005) augmented the inverse probability of censoring weighted
estimating function for a survival parameter of interest. These approaches have been applied
separately to the full data martingale increments similar to those here, when there is 1)
confounding with non-informative censoring in Rava (2021), and 2) randomization with
informative censoring in Luo and Xu (2022), respectively. In the following, we will combine

the two augmentations and show that the resulting AIPW estimating function is doubly
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robust.

Denote the counting process for censoring events N.(¢) = I(X <t,A =0), and
Ac(t;a,2) = [§Sc(usa,2)"'d{1 — S.(u;a,z)} the cumulative hazard function of C given
A =aand Z = z. Define M.(t;a,z,Sc) = Ne(t) — [ Y (u)dA.(u;a,z), then it is a martingale
with respect to its natural history filtration if S, is correctly modeled. Following Zhang
and Schaubel (2012b) and Luo and Xu (2022), define also the censor-free failure process
Nr(t) =I(T <t), and the corresponding at-risk process Y7 (1) =I(T >1t). Let M7 (¢;3,Ao) =
Nr(t)— [y Yz (u)ePAdAg(u).

The augmented IPW estimating function based on (4.4) and (4.5) is:

dM(t;,A0) B E{dM7(t;B,M0)|A,Z}
21 -n(2)} A4S (1:A,Z2)  m(Z2){1-n(Z)} 4

+ Y E{dM7(1;B,A0)|A=a,Z}
a=0,1

DI(I;B’AO,TC,S,Sc) -

n Z A4(1—A)l-a /t dM,(u;a,Z,S,)
S 21 -n(Z)} o Se(uia,Z)
X E{dM7(t;B,Ao)|T > u,A=a,Z},

[[A-AM(6:B o) A-E{dMyr(t:B,Ao)|A, Z}
DZ(B’AO’“’S’SC>_/() [E(Z)Sc(t;A,Z) - (2)

+E{dM7(t;B,Ao)|A = 1,2}

A /r dM,(u;1,Z,8S,)
0

n(Z) Se(u;1,2) E{dM7(t;B,A0)|T > u,A=1,Z}|.

The above expectations can be written out explicitly. Using the fact that

E{Nr(1)|A,Z} =P(T <1]A,Z) = 1—S(t|A,Z),

E{Y7(1)|A,Z} =P(T > 1|A,Z) = S(t|A, Z),
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and for ¢t > u,

1-S(t|A,Z)
E{Nr(t)|A.Z.T > =P(T <t A.Z.T > [ Y N —a
{Nr(O)l4,2,T 2 u} =P(T <tA.Z,T 2 u) = =0,

S(t|A,Z)
E{Yr(t)IA.Z. T > =P(T >tA.ZT>u) = ——=
WrOA2.T zuy =P(T 214, 2,T 2 u) S(ulA,Z)’

we have

E{dM7(t;B,A0)|A, Z} = —dS(1;A,Z) — S(t;A,Z)ePAd Ao (1),
dS(t;A,Z) + S(t;A,Z)ePAd Ay (1)

E{dMr(t;B,A0)|T > u,A,Z} =— 4.7

{dMz7(1:B,A0)|T > u,A, Z} SWAZ) 4.7
This gives the final AIPW estimating function:

Di(t:B, Ao, m, S, Se) =dN O (1;m,8,8:) —TO (1B, 7,8, Sc)dAo 1), (4.8)

T
DZ(B,AO,TL,S,SC):/O AN (1;1,8,8.) —TW (1B, 7,8, 8. )dAo(t), (4.9)

where for [ =0, 1,
AldN(1) AldS(1:A,Z)
@ I-2@} A5 (6AZ) w21 —m @)y

_ 4 A%(1—A)l-e g .
z, {Hn(Z)“{l—n(z)}laJ(t’ ’S’Sc>}d5<f, 2),

dN D (1;7,8, ) =

. _ A'Y (1) A'S(1;4,2)e
(B, 7,8, Se) T n2)A1 =)V AS(A,Z2) m(2)AM1—n(Z)HA

! A‘(1-A)' ‘a ca,Z)eP
+a:20,1a {1+n(z)a{1_n(z)}1aJ(t, ,S,SC)}S(t, Z)ePe,

and J(t;a,2,5,S.) = 3 dM.(u;a,z,5:) /{S(u;a,2)Se (u;a,z) } Note that AN ) (¢) can be seen
as augmented weighted A’dN (¢), and T (r) can be seen as augmented weighted A'Y (1)ePA.
In this sense the AIPW estimating function (4.8) - (4.9) parallels the original full data
estimating function (4.2) - (4.3).

The following theorem gives the doubly robust property of the AIPW estimating
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function. In the following, the superscript ‘°’ denotes the true value of a parameter.

Theorem 10. Under Assumptions 6-10, if either S = S°, or both S, = S? and T = 7°, then
forallt, E{D(t;B°, A3, =, S,S.)} = E{D>(B°,A§, =, S,S:)} = 0.

4.5 Estimating Equations and Implementation

Given i.i.d. observations (X;,A;,A;,Z;), i = 1,...,n, we need to first estimate the
nuisance functions ﬁ(z),g(t;a,z) and §C(t;a,z). For example, common choices for the
survival functions § include the Cox PH model or the accelerated failure time model.
However, due to the non-collapsibility (Martinussen and Vansteelandt, 2013; Tchetgen
Tchetgen and Robins, 2012) of the marginal structural Cox model, a conditional model for
S would be misspecified. In fact, it’s often not possible to come up with a parametric/semi-
parametric conditional model for S that is compatible with (4.1). To this end, we need to
resort to ML/non-parametric methods that are much more flexible for consistently estimating
S. On the other hand, these methods usually converge at a slower than root-n rate, so while
the resulting AIPW is still DR-consistent, they are no longer DR-asymptotically normal.
The property of being doubly robust consistent and asymptotically normal (CAN) when
all nuisance functions are estimated with root-rn rate is often referred to as the model DR
property. Since we have to work with slower than root-n rate methods, we make use of
cross-fitting, which allows the AIPW estimator to achieve the so-called rate DR property
(Smucler et al., 2019; Hou et al., 2021), in that the estimator is CAN if all nuisance functions
are estimated consistently and that the product error rate between S and (7, S.) is faster than
root-n. This property allows each of the nuisance functions to converge at an arbitrarily slow
rate as long as their product error rate is fast enough.

Suppose that the n observations are split into & folds of roughly equal size, with
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index sets I, b»,..., I;. Foreach fold m =1, ..., k, let

SP;p,m, s, S.) _ 1y (1:B, 7, S, S.),
’Im’ i€ely,
5”511) t’B7n7S7SC)

Solving for ¥, ; D1(t:B,A0,T,S,Sc) = 0, we first obtain

~ td S, S
AO,m( BTCSS Z/ '{7\& un? ) C).
lEI 0 Sm B7n757SC)

We then plug it into };c; D2;(B, Ao, ™,S,Sc) = 0 to obtain

Upn(B,T,S,Se) y / AN (17,8, 5,) m(r;B,n,&SC)d?\é(o)(t;n,S,SC)}.

|I |l€1

The above can be seen as the ‘augmented’ partial likelihood score. Note that it is important to
do the above ‘profiling’ of Ag within the fold, in order to preserve the out-of-fold estimation
of the nuisance parameters later.

The cross-fitted AIPW estimation algorithm is summarized in Algorithm 5.

Algorithm 5 k-fold Cross-fitted AIPW estimation of 3

Input: A sample of n observations that are split into k folds with index sets I, b, ..., I.
for each fold indexed by m do

Estimate nuisance functions (), §&-) and “C"")) using the out-of-fold sample
indexed by I_,, :=={1,...,n}\ L.
end for

Output: B, the solution to

k
% Y Un(B. 7,5 55y <o,

m=1
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4.6 Asymptotic Properties

Let S*,5* and T* be some nuisance functions satisfying Assumption 9. Let Of
denote a sample of n i.i.d. data vectors {(X;,A;L,AZT,Z;L),Z' =1,...,n} used for estimating

T, S and §c. Let (X,A,A,Z) be a data vector independent of O" and drawn from the same

distribution as O'. Define

2
~ 2 N ~
HS—S* —E'|E sup ‘S(t;a,Z)—S*(t;a,Z)‘ ,
t€[0,1],ac{0,1}
) 2
’§C—Sj —ET|E sup §C(t;a,Z)—S;k(t;a,Z)‘ ,
1€[0,7],ac{0,1}

where ET denotes expectation taken with respect to O, and E denotes expectation taken

with respect to O conditional on OT.

Assumption 11 (Uniform Convergence). There exist T*(z),S*(t;a,z) and S (t;a,z) such

that | — 7| = o(1), ||S—§* Se— 85| = o(1).

=o(1) and ‘

The uniform convergence Assumption 11 assumes that 7, S and SA‘C converge to some
limiting function ©*, $* and S that are not necessarily the truth.

Given additional regularity Assumptions 21-23 listed in Supplementary Mate-
rial C.3.1, the asymptotic properties of the cross-fitted AIPW estimator B defined in Algo-

rithm 5 can be summarized in Theorems 11 and 12 below.

Theorem 11. Under Assumptions 6-11 and Assumptions 21-23, if either S* = S°, or
(n*,8%) = (1°,89), then B 2 pe.

For a sample of n i.i.d. observations, we define

5(1)(I;an7S7SC): rl(l)<t;B’n7S7SC>7

S| =

i=1
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for | = 0,1, and let A(r;B,m,S,S.) = S (1;B,m,8,5.) /SO (r;B,7,S,S.). This is a full
sample version of 5,51[ ) that is much more convenient to work with.

Following the notation of Wang et al. (2022), we let O denote a sample of n i.i.d
data vectors {(X;,A;,A;,Z;),j=1,...,n} that is independent from O, and drawn from the

same distribution as O, and define the cross-integral product

D' (S,5,:5°,59)

:E*{E

) /z dS(t;a,2) ds°(t:a,Z) | [ dM.(u:a,Z,S:)  dM(u;a,Z,S?)
0 §(”§aaz) §°(u:a,Z) §C(u;a,Z) So(u;a,Z)

/OT{a _A(:B°, 70, 5%,5%))

max
ae{0,1}

T —_ ~~ —_
+ET{E[ max /{A(t;B",n",S",SC)—A(t;B",no,S",Sg)}
alef0,1} | Jo
x J(t;a,Z,8°,S:){dS(t;a,Z) —dS"(t;a,Z)}H } (4.10)

where with a slight abuse of notation, we use E here to denote the expectation taken with

respect to the sample O with n observations conditional on the sample O.

Assumption 12 (Rate Condition). (w*,S*,S’) = (n?,8,5%) and

H§—SO S.—s°

(I ==+ |

) +D(5,5:55,5) = o(n~1/2).

Note that on top of the typical product rate condition that are products of error rates
(Chernozhukov et al., 2018; Rotnitzky et al., 2021), we also include an integral cross-product
term. This integral term is not needed for their previous work because at most one of their
nuisance functions involves the time component, which allows them to make use of the
mixed bias property (Rotnitzky et al., 2021) and simplifies the proof. Since we have two
nuisance functions that involve time ¢, the mixed bias property no longer holds in our case,
so an additional integral term is unavoidable. Similar integral terms in the rate condition

can be found in Wang et al. (2022); Vansteelandt et al. (2022). Ying (2023) also provided a
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more general discussion of these integral remainders.

Theorem 12. In addition to Assumptions 6-11 and Assumptions 21-23, if Assumption 12

holds, we have
&~'Va(B—B%) SN, 1),

where the expressions for the asymptotic variance estimator 6> := 62(B) is provided in

Supplementary Material C.1.

Theorem 12 establishes the rate double robustness properties. Traditionally, DR
inference only considers parametric/semi-parametric working models that converge at a
root-n rate, which rules out the use of any ML/NP methods. On the other hand, it can
be shown that all doubly robust estimating functions are also Neyman orthogonal scores
(Neyman, 1959), which when combined with cross-fitting, gives root-n consistent estimators,
as long as all nuisance parameters are estimated at n~ /4 rate (Newey, 1994; Rotnitzky et al.,
2021). This n~'/* rate requirement allows for the use of some ML/NP methods but still
excludes many others. The rate double robustness result established here improves further
upon these results. The estimator E is CAN even if one of S or (T, §C) converge arbitrarily
slow, as long as their product error rate is faster than root-n. So far, there have been very
few results published on the convergence rate of ML methods for time-to-event data, we
will empirically investigate the performance of some ML methods in the simulation section
below.

We also note that due to the non-collapsibility of the Cox model that we discussed
before, if we only use root-n nuisance function estimators, we would get at least one
model wrong, which is why we do not consider it here. If someone insists on using
root-n estimators and manages to get the other model correct, then the AIPW estimator
would still be CAN. However, in this case, the variance estimator would be a lot more

complicated due to the residual terms from the misspecified model, so we recommend the
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use of resampling methods such as bootstrap (Efron, 1992) for the estimation of the variance.
In fact, resampling methods are valid under both model-DR and rate-DR, which we will

investigate further in the simulation Section below.

4.7 Simulation

T C
T(a) A C(a)
U Nz

Figure 4.1: DAG for simulation

In this section, we investigate the performance of the AIPW estimator against the
full data estimator that uses (7'(1),C(1),7(0),C(0)), a naive Cox estimator that does not
adjust for any covariates, and the IPW estimator. We set n = 1000, p = 3, and T = 1 for
each dataset that we simulate, and we repeat this process 1000 times, which corresponds
to a margin of errors around +/ — 1.35% for the coverage probability of nominal 95%
confidence intervals. Five-fold cross-fitting is applied to all the AIPW estimators that we
consider.

Data generation process is summarized in figure 4.1. We first simulate 3 i.i.d. latent
variables U; ~ Unif(—1,1),U, ~ Unif(—1,1), and U3 ~ Unif(—1,1), follwed by Z; =
0.5U1 +Us, Zp = Uy + 1.5U% — 0.5, Z3 = Uy + U, and T(a) = —log(0.5U; +0.5)exp(a)
for a = 0,1. This allows T (a) to follow the marginal structural Cox model as defined in

(4.1) with A§(r) = 1 and B° = —1. After that, we simulate C(a) and A according to the 4
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scenarios stated in Table 4.1, and set T = AT (1) + (1 —A)T(0), C = AC(1) + (1 —A)C(0).

As described in Table 4.1, we consider two scenarios for the conditional model
of censoring time C(a) given Z: Cox PH or a mixture of uniform and Cox PH, and two
scenarios for the propensity score model 7(z): logistic or soft partition. This gives us
2 X 2 = 4 scenarios 1in total. We note that under the marginal structural Cox model (4.1),
any parametric/semi-parametric conditional model of 7', including the Cox PH model, is
invalid due to the non-collapsibility of the Cox model that we discussed earlier. While
for each of ® and S., we consider one simple model that can be consistently estimated
parametric/semi-parametrically, and one complex model that requires ML methods. All 4
Scenarios give around 50% being treated and around 40% being censored due to loss to
follow-up.

For the proposed AIPW estimator, we investigate 2 methods for estimating the
conditional T model: Cox and random survival forest (RSF) (Ishwaran et al., 2008), 2 for
the conditional C model: Cox and RSF, as well as 2 for the propensity score model: logistic
regression and the ‘twang’ package in R (Ridgeway et al., 2022), which makes up a total of
8 different AIPW estimators. Note that the conditional censoring model can be fit using the
event time X and the event indicator A, = (1 —A) - I(X < t). We set the splitrule of RSF
to ’bs.gradient’ and kept all other hyperparameters of twang and RSF as the default. For
each simulated data set, we calculate both a model-based standard error (SE) assuming the
conditions for rate DR holds as well as a bootstrapped SE using 100 bootstrap runs for all
the AIPW estimators. Bootstrap SE is more computationally expensive, but it does hold
under the additional setting when all nuisance function estimators are parametric and one of
them is misspecified. Coverage is calculated using normal-based 95% confidence intervals
constructed from both the estimated model SEs and the bootstrap SEs.

We also consider 4 different IPW estimators, again with censoring weights estimated
using Cox or RSF, and propensity score estimated using logistic regression or "twang’.

Bootstrap SE are calculated for these 4 estimators. As for the naive Cox estimator and the
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full data estimator, we calculate their SEs using the standard robust SE estimators.

To make sure the strict positivity assumption 9 is satisfied, we trim S(¢;a,7), S, (1:a,2)
so that all estimated values below 0.05 are set to 0.05, and we also set all estimated 7(z)
values that are above 0.9 or below 0.1 to be 0.9 and 0.1.

Figures in 4.2 show the bias, standard deviation (SD), and bootstrap-based coverage
probability of the 12 AIPW and IPW estimators under Scenarios 1-4 respectively. Tables 4.2
and 4.3 provide additional details for all 14 estimators that are considered. We see that
IPW estimators can have small biases when both the censoring working model and the
propensity score working model are correctly specified, but their coverage is often quite
poor, especially in Scenarios 2-4 when all parametric/semi-parametric working models are
invalid. This echoes the challenge of inference for IPW estimators when using ML methods
that we discussed before. When all the working models are correct, AIPW estimators
show very small biases, along with close to 0.95 coverage, across all 4 scenarios. We
also note that the Cox/Cox-logit AIPW estimator, which exclusively uses parametric/semi-
parametric nuisance function estimators, only attains good coverage under Scenario 1, which
corresponds to the model-DR case. The AIPW estimator that uses a mix of parametric
and ML methods, like the RSF/RSF-logit AIPW estimator, can perform well on multiple
scenarios, but still fails when the parametric model fails. Lastly, the RSF/RSF-twang AIPW
estimator that uses all ML methods performs well under all 4 settings. All these findings

support the rate-DR result from Theorem 12.

4.8 Application

Here, we look at data collected from the Honolulu Health Program (HHP) and the
subsequent linked Honolulu-Asia Aging Study (HAAS). HHP is an epidemiological study
started in 1965, that concerns the rates and risk factors for heart disease and stroke in men
of Japanese ancestry living in Oahu and born between 1900 and 1919. In 1991, HAAS

is established as a continuation of the HHP study, which concerns instead brain aging,
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Figure 4.2: Plots of bias, SD, and bootstrap coverage for each of the 4 Scenarios considered
in Simulation. Top-left, top-right, bottom-left, and bottom-right in landscape view corre-
spond to Scenario 1 to Scenario 4, respectively.
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Table 4.1: Scenarios 1-4 of the simulation. f° = —1, Ag(r) = 1.

Scenario Data-generating mechanism
1 & ~ Unif(0, 1)
Censoring: Cox C(a) = —log(€)exp(0.5+0.5a — Z, +0.5Z3)
PS: Logistic logit{n(Z)} = 0.5Z, — 0.5Z, — 0.5Z3
2 & ~ Unif(0, 1)
Censoring: Cox C(a) = —log(e)exp(0.5+0.5a — Z, +0.5Z3)
PS: Soft Partition logit{n(Z)} = —-3-1{Z, < —0.5} +3-1{-0.5<2Z, < 0.5} —3-1{Z, > 0.5}
3 €, ~ Unif(0,1) fora=0,1
Censoring: C(0) = 1.05¢,
Uniform-Cox C(1) = —log(e1)exp(3.3+3.5Z3)
PS: Logistic logit{n(Z)} = 0.5Z; — 0.5Z, — 0.5Z;3
4 €, ~ Unif(0,1) fora =0, 1
Censoring: C(0) = 1.05¢,
Uniform-Cox C(1) = —log(e;)exp(3.3+3.5Z3)

PS: Soft Partition logit{n(Z)} = —-3-1{Z, < —0.5} +3-1{-0.5<2Z, < 0.5} —3-1{Z, > 0.5}

Alzheimer’s disease, vascular dementia, other causes of cognitive and motor impairment,
stroke, and the common chronic conditions of late life. In this section, we are particularly
interested in the effect of mid-life alcohol exposures (captured in 1965-1973) on late-life
overall survival (starting in 1991). Alcohol consumption was assessed through self-report
and translated into units per month. Participants are categorized as heavy drinkers if they
were heavy drinkers at some point during mid-life and non-heavy drinkers otherwise. After
removing a few missing observations, we have a total of 2079 patients with 552 of them
being heavy drinkers and 1527 non-heavy drinkers. Time to death is our primary endpoint,
and in addition to mid-life alcohol exposure, we also include 4 covariates that were assessed
at the start of the HHP: age, maximum years of education, systolic blood pressure, and
heart rate in 30 seconds. It’s worth noting that death certificates are available for many
participants which allows us to retrospectively identify the death date, but we will not include
it in our analysis so as to better understand the effect of informative censoring. We set a
maximum follow-up time of 13 years, after which the participants’ outcomes are artificially
censored. This guarantees that the strict positivity assumption 9 is satisfied. The boxplots
of 7(z),8(t;a,2) and S,(t;a,z) for all 2079 patients are provided in Figure C.1 of the

supplementary material, which verifies that the strict positivity assumption is satisfied with
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Table 4.2: Simulation based on 1000 data sets. (n, p) = (1000,3). B° = —1. Red
indicates that the model or approach is invalid.

Scenario  Estimator  T/C-PS Models  Bias SD SE Coverage
Model/Boot Model/Boot

Cox/Cox-logit 0.002 0.059 0.060/0.059  0.95/0.94

Cox/Cox-twang  0.003 0.058 0.061/0.060 0.96/0.94

Cox/RSF-logit 0.004 0.057 0.060/0.059  0.96/0.96

AIPW Cox/RSF-twang  0.003 0.056 0.062/0.060 0.97/0.96
RSF/Cox-logit 0.002 0.053 0.053/0.053  0.95/0.94

RSF/Cox-twang  0.008 0.054 0.054/0.055  0.95/0.95

Scenario 1 RSF/RSF-logit 0.005 0.053 0.053/0.054  0.95/0.94
RSF/RSF-twang 0.011 0.054 0.055/0.056  0.95/0.95

Cox-logit 0.000 0.067 - /0.066 - /0.94

PW Cox-twang  0.031 0.069 - /0.069 - /0.92

RSF-logit 0.026  0.060 - /0.064 - /0.95

RSF-twang  0.005 0.062 - /0.068 - 1/0.97

Naive Cox 0.496 0.100 0.100/0.101  0.00/0.00

Full Data 0.001 0.029 0.028/ - 0.95/ -
Cox/Cox-logit 0.260 0.064 0.068/0.066  0.02/0.02

Cox/Cox-twang  0.018 0.086 0.093/0.088  0.96/0.95

Cox/RSF-logit 0.268 0.063 0.069/0.066  0.02/0.02

AIPW Cox/RSF-twgng 0.033 0.080 0.090/0.084  0.95/0.94
RSF/Cox-logit 0.050 0.071 0.056/0.061  0.80/0.83

RSF/Cox-twang 0.003 0.073 0.073/0.075  0.94/0.94

Scenario 2 RSF/RSF-logit 0.052 0.071 0.056/0.061  0.80/0.83
RSF/RSF-twang 0.009 0.073 0.073/0.075  0.95/0.94

Cox-logit 0.164 0.093 - /0.092 - /0.58

IPW Cox-twang  0.103 0.118 - /0.106 - /0.83

RSF-logit 0.177  0.084 - /0.088 - /0.48

RSF-twang  0.134 0.107 - /0.101 - /0.74

Naive Cox 0.579 0.119 0.125/0.125  0.00/0.00

Full Data 0.001 0.029 0.028/ - 0.95/ -
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Table 4.3: Simulation based on 1000 data sets. (n, p) = (1000,3). B° = —1. Red
indicates that the model or approach is invalid.

Scenario  Estimator  T/C-PS Models  Bias SD SE Coverage
Model/Boot Model/Boot

Cox/Cox-logit 0.146 0.106 0.108/0.109  0.79/0.78

Cox/Cox-twang  0.146 0.108 0.114/0.120  0.81/0.83

Cox/RSF-logit 0.015 0.103 0.122/0.118  0.98/0.97

AIPW Cox/RSF-twang  0.014 0.104 0.126/0.125  0.98/0.98
RSF/Cox-logit 0.007 0.092 0.098/0.097  0.95/0.94

RSF/Cox-twang  0.001 0.095 0.101/0.104  0.95/0.95

Scenario 3 RSF/RSF-logit 0.019 0.097 0.102/0.104  0.96/0.95
RSF/RSF-twang 0.026 0.098 0.103/0.111  0.96/0.97

Cox-logit 0.305 0.112 - /0.103 - /0.21

PW Cox-twang  0.335 0.115 - /0.104 - /0.16

RSF-logit 0.077 0.078 - /0.079 - /0.84

RSF-twang  0.109 0.082 - /0.082 - /0.73

Naive Cox 0.895 0.108 0.110/0.110  0.00/0.00

Full Data 0.001 0.029 0.028/ - 0.95/ -
Cox/Cox-logit 0.347 0.120 0.138/0.143  0.14/0.24

Cox/Cox-twang  0.135 0.131 0.116/0.129  0.72/0.78

Cox/RSF-logit 0.361 0.201 0.343/0.224  0.50/0.71

AIPW Cox/RSF-twgng 0.084 0.140 0.149/0.157  0.88/0.90
RSF/Cox-logit 0.075 0.107 0.101/0.105  0.89/0.89

RSF/Cox-twang 0.026 0.105 0.096/0.106  0.90/0.92

Scenario 4 RSF/RSF-logit 0.143  0.137 0.174/0.155  0.88/0.93
RSF/RSF-twang 0.020 0.124 0.119/0.132  0.94/0.94

Cox-logit 0.063 0.130 - /0.124 - /0.90

IPW Cox-twang  0.249 0.130 - /0.117 - /0.41

RSF-logit 0.163 0.112 - /0.104 - /0.66

RSF-twang  0.005 0.129 - /0.112 - /091

Naive Cox 0.562 0.120 0.132/0.132  0.00/0.00

Full Data 0.001 0.028 0.028/ - 0.95/ -
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our choice of T. Overall, 47% of the participants died and 21% of the patients are censored
due to loss to follow-up, and the remaining 32% of the participants are administratively
censored at the 13-year mark.

We focus on estimating the log hazard ratio under the marginal structural Cox model
(4.1). To determine whether there are informative censoring and confounding due to the 4
covariates, we look at the univariate association between each of the 4 covariates and the
outcome 7', the censoring C and the exposure A in Figure 4.4. From the p-values, we see
that these 4 covariates lead to both informative censoring (covariate associated with both T
and C) and confounding (covariate associated with both 7" and A). This suggests the need of
considering exchangeability Assumption 8, the informative censoring Assumption 10 and
the use of the proposed AIPW estimators.

We investigated here all 13 estimators that were considered in the simulation. Fig-
ure 4.3 shows the forest plot that provides a point estimate and a 95% bootstrap-based
confidence interval for all 13 estimates and Table 4.5 provides additional details. We can
see that the AIPW estimators, especially those that use ML methods, give visibly smaller
estimates of log hazard ratio compared to the IPW estimates. The IPW estimates themselves
are also smaller than the Naive Cox estimate. This could suggest that while all estimators
agree on the negative impact of mid-life alcohol exposure on overall survival, the extent of
this impact might not be as large as what the Naive Cox estimate suggests once we take
better account of the biases resulting from both informative censoring and the treatment
confounding.

To estimate the survival curves P(T (a) > t) = exp{—/A\o(t) exp(ﬁa)}, we construct
a cross-fitted AIPW estimator for the cumulative baseline hazard function Ag() at each time

tas

Ao(t) =

x| =

k ~ ~
Z AO,m(t; B,/ﬁ(*m)’ﬁ*M)’S\g_m)).
m=1

~

Ao(t) estimate is also doubly robust since each of the m-th fold estimates
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Aom(t:B, 7™ §=m) ™)y is DR. By estimating Ao (¢) and B using the AIPW:RSF/RSF-
twang method, we obtain average survival curves for the two treatment groups in Figure 4.4.
Moreover, this allows us to estimate the risk difference P(7(1) <t) — P(T(0) <t) and
the risk ratio P(T (1) <t)/P(T(0) <t). Table 4.6 presents the estimated risk difference,
the estimated risk ratio, and their bootstrapped 95% normal-based confidence intervals for
t=3,...,12 years.

With informative censoring and treatment confounding, most classical methods of
testing proportional hazards fail. Motivated by (Therneau and Grambsch, 2000), we present
In Figure 4.5 a smoothed AIPW [(¢) plot using the AIPW:RSF/RSF-twang estimator. It
seems to suggest that the effect of mid-life alcohol consumption on late-life mortality slightly

decreases overtime. More details on this plot will be discussed in Section 5.7.2 of Chapter 5.

Table 4.4: The p-values for the univariate association of each of the 4 covariates in
HAAS data with the outcome T, the censoring time C, and the exposure A. For
T and C, the p-values are calculated using a univariate Cox PH model. For A, the
p-value is from a univariate logistic regression.

Covariate  Association with 7 Association with C  Association with A

Age 0.000 0.191 0.526
Education 0.001 0.001 0.000
SystolicBP 0.009 0.668 0.107
HeartRate 0.000 0.062 0.013

4.9 Discussion

We considered the estimation of the log hazard ratio under the marginal structural
Cox model and developed an AIPW estimator under exchangeability and informative
censoring. The proposed estimating functions are doubly robust with respect to possible
misspecification of either the conditional outcome model or the missing data model. In
particular, the AIPW estimator is rate DR, allowing for ML/NP methods for estimating

nuisance functions, thereby meeting the challenge of the non-collapsibility that comes with
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Figure 4.3: Forest plot of the log hazard ratio estimates examining the effect of drinking on
overall survival for the HAAS dataset.

Table 4.5: Estimates of the log hazard ratio using 13 different estimators for
the HAAS dataset, together with the bootstrapped standard errors and the 95%
confidence interval constructed from it.

Estimator Estimate Boot SE  95% Boot CI
DR:Cox/Cox-logit 0.27 0.07 (0.13, 0.40)
DR:Cox/Cox-twang 0.25 0.07 (0.11, 0.38)
DR:Cox/RSF-logit 0.27 0.07 (0.13, 0.40)
DR:Cox/RSF-twang 0.25 0.07 (0.12, 0.39)

DR:RSF/Cox-logit 0.23 0.07 (0.09, 0.36)
DR:RSF/Cox-twang 0.22 0.07 (0.07, 0.36)

DR:RSF/RSF-logit 0.23 0.07 (0.09, 0.37)
DR:RSF/RSF-twang 0.22 0.07 (0.08, 0.37)
IPW:Cox-logit 0.27 0.07 (0.14, 0.40)
IPW:Cox-twang 0.25 0.06 (0.13, 0.38)
IPW:RSF-logit 0.27 0.07 (0.14, 0.40)
IPW:RSF-twang 0.25 0.06 (0.14, 0.37)
Naive Cox 0.30 0.07 (0.17, 0.44)
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the cross-fitted AIPW estimator Ag (1) for the cumulative baseline hazard.

Table 4.6: Estimated risk difference and risk ratio between the mid-life heavy-
drinkers and the non-heavy drinkers along with the bootstrapped 95% confidence

intervals.

Year Risk Difference Risk Ratio

3 0.001 (-0.0001,0.0030) 1.249 (1.0699,1.4291)
4 0.012 (0.0036,0.0207) 1.242 (1.0685,1.4164)
5 0.022 (0.0070,0.0364) 1.236 (1.0670,1.4043)
6 0.033 (0.0109,0.0554)  1.227 (1.0653,1.3879)
7 0.044 (0.0145,0.0727) 1.217 (1.0634,1.3711)
8 0.054 (0.0183,0.0892) 1.207 (1.0610,1.3523)
9 0.062 (0.0210,0.1030)  1.196 (1.0592,1.3337)
10 0.069 (0.0236,0.1144) 1.186 (1.0568,1.3146)
11 0.074 (0.0253,0.1221)  1.177 (1.0548,1.2984)
12 0.078 (0.0270,0.1286) 1.166 (1.0526,1.2795)
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Figure 4.5: Smoothed AIPW B() plot of the time-varying log hazard ratio for the effect
of mid-life alcohol exposure on late-life mortality based on the AIPW:RSF/RSF-twang
estimator. The red dotted line indicates the AIPW:RSF/RSF-twang estimate for 3*.
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the marginal Cox model.

The marginal structural Cox model is a natural extension of the classical Cox model
to causal inference. However, the use of hazard ratio under causal inference has brought
some criticisms (Herndn, 2010; Martinussen et al., 2020) mainly due to the imbalance
between risk sets post-treatment, while others defended its use (Prentice and Aragaki, 2022;
Ying and Xu, 2023). Specifically, they argue that if there is a non-zero treatment effect, the
two groups are no longer comparable at time ¢ > O due to differential survival distributions
between the two groups. On the other hand, the causal hazard ratio is the ratio of the log of
potential survival functions between two groups at all times. Being a contrast of functionals
of the two potential outcome distributions makes it a valid estimand that remains causally
interpretable. Others have studied alternative estimands for time-to-event endpoints. Axelrod
and Nevo (2022) looked at sensitivity analysis for the so-called ’causal HR’ (Martinussen
et al., 2020) that is based on patient groups who would have survived regardless of their
treatment assignment, but this estimand is not even identifiable, which severely limits its
practical use. Vansteelandt et al. (2022) proposed a model-free hazard ratio estimand which
would simplify to the hazard ratio under the Cox model. Its estimation does not rely on
the inverse probability of treatment weighting, which could bring more stability. However,
their estimand explicitly depends on the specific propensity score model involved, and
they require the restrictive assumption that the cumulative hazard is positive at all times.
While researchers persist in their search for alternative causal estimands under time-to-event
studies, we believe the significance of the causal hazard ratio should not be overlooked,
owing to its inherent simplicity, interpretability, and widespread popularity.

In this paper, we implicitly assumed that the three nuisance functions depend on
the same set of covariates. This need not be the case, and they may depend on different
covariates, so long as the exchangeability and informative censoring assumptions are satisfied
for the covariates that we choose to work with.

The proposed AIPW estimator was implemented in R and has been built into the R
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package *CoxAIPW’, and is available on the comprehensive R archive network (CRAN).
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Chapter 5

Doubly Robust Inference under

Non-Proportional Hazards Model

5.1 abstract

The marginal structural Cox model is commonly used in observational studies
with time-to-event outcomes to draw causal inferences, but the proportional hazards (PH)
assumption it makes often fails in practice. We propose an alternative causal estimand
with clear causal interpretation under the non-PH model. It is a weighted average of the
time-varying causal log hazard ratio, which recovers the time-fixed causal log hazard ratio
under the marginal structural Cox model, and has a simple connection with treatment
effects defined through transformation models. In observational data with time-to-event
outcomes, both confounding and informative censoring occur frequently. They lead to
potential biases in our estimation of the proposed causal estimand and can be accounted
for through inverse probability weighting (IPW) to the full data estimating functions. By
demonstrating the equivalence between its full data estimating functions and that of the
marginal structural Cox model, we further construct an augmented IPW (AIPW) estimator
that protects against misspecification of the working models through the doubly robust

property. With cross-fitting, this AIPW estimator is not only model doubly-robust (DR)
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but also rate DR, which allows for the use of machine learning methods in estimating the
nuisance functions. Classical methods for plotting the time-varying log hazard ratio fail
in the presence of informative censoring or treatment confounding, we propose an AIPW
log hazard ratio plot that also works under observational data. Extensive simulations are
conducted to study the properties of the proposed estimation methods empirically. Lastly,
we apply our proposed method to the International Non-Hodgkin’s Lymphoma Prognostic

Factors Project dataset.

5.2 Introduction

In observational studies with time-to-event data, the marginal structural Cox model
(Hernan et al., 2001) is one of the most commonly used models for drawing causal inference.
When the proportional hazards (PH) assumption is satisfied, the causal hazard ratio is a scalar
causal estimand for the treatment effect of a binary exposure and has been widely applied
(Cole et al., 2003; Feldman et al., 2004; Sterne et al., 2005; Hernan et al., 2006; Buchanan
et al., 2014). However, the PH assumption, which assumes that the ratio of hazards function
between the two groups is constant at all times, is rarely satisfied in practice. This prompts
us to consider the more general marginal structural non-PH model with a time-varying
causal hazard ratio.

Under the marginal structural non-PH model, there have been efforts on developing
a scalar causal estimand that summarizes the time-varying hazard ratio (Martinussen et al.,
2020; Vansteelandt et al., 2022), but they all have their respective limitations, which we
discuss in details later. Motivated by the work of Struthers and Kalbfleisch (1986); Xu and
O’Quigley (2000), we propose a causal estimand * under the marginal structural non-PH
model with the desirable property of being a weighted average of the time-varying log
hazard ratio over time. Moreover, this causal estimand has a simple algebraic relationship
with the treatment effects defined through the marginal structural transformation model.

Under the marginal structural proportional odds model with log-link, which is a special
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case of the marginal structural transformation model, B* reduces to exactly the average of
time-varying log hazard ratio over time. Lastly, due to the desirable property of being a
weighted average of time-varying log hazard ratio, it would recover the time-fixed causal
log hazard ratio if the PH assumption is satisfied. This makes B* a generalization of the
causal log hazard ratio that carries causal interpretation even when the PH assumption fails.

In observational data that is without randomization, confounding exists that in-
troduces bias. Assuming no unmeasured confounding, inverse probability of treatment
weighting (IPTW) (Robins, 1998; Robins et al., 2000a; Robins, 2000; Lunceford and David-
ian, 2004; Hubbard et al., 2000; Hernan et al., 2001; Chen and Tsiatis, 2001; Zhang and
Schaubel, 2011) can be applied for unbiased estimation of our causal estimand. Time-to-
event data is also commonly associated with right-censoring. If the censoring is informative,
that is, the outcome event time and the censoring time are dependent unless we condition on
additional covariates, then the inverse probability of censoring weighting (Robins, 1993;
Robins and Finkelstein, 2000) can be similarly applied to correct for this bias.

Both the counterfactual outcomes and the censoring mechanisms can be seen as
missing data. IPTW and IPCW require a known or estimated propensity score and censoring
time model, respectively, and methods for protection against these models were developed.
For counterfactual outcomes, augmented inverse probability weighting (AIPW) can be
applied (Robins et al., 1995; Scharfstein et al., 1999; Robins et al., 2000a; Robins, 2000;
Robins et al., 2000b; Robins and Rotnitzky, 2001; Van der Laan and Robins, 2003; Bang
and Robins, 2005; Tsiatis, 2006), which protects against misspecification of the propensity
score model. Rotnitzky and Robins (2005) developed the augmented IPCW approach that
protects against misspecification of the censoring model.

In this paper, we first identify the full data estimating functions for our proposed
causal estimand. By showing its equivalence with the full data estimating functions for the
marginal structural Cox model proposed in Chapter 4, we proceed to develop the [IPW and

AIPW estimating functions in the same way. The AIPW estimating functions lead to the
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AIPW estimator involving 3 working models, a conditional outcome model, a propensity
score model, and a censoring time model, the latter two can be seen as the missing data
model. This AIPW estimator is model DR (Rotnitzky et al., 2021) in that it is consistent and
asymptotically normal (CAN) if any of the conditional outcome model or the missing data
model is correctly specified. With the help of cross-fitting (Chernozhukov et al., 2018), the
resulting cross-fitted AIPW estimator is also rate DR, which is CAN when the product of
the estimation error rates under the two sets of working models is faster than root-n, even if
any of them is arbitrarily slow.

We will also show that the proposed causal estimand is the limit of the partial
likelihood (PL) estimator under full data with both potential outcomes and no censoring.
Struthers and Kalbfleisch (1986) studied the limit of the PL estimator under randomization,
Xu and O’Quigley (2000); Boyd et al. (2012); Hattori and Henmi (2012) then looked at the
estimation of this limit under non-informative censoring, which assumes that the outcome
and the censoring time are conditionally independent given treatment assignment. Our
causal estimand can be thought of as an extension of this limit to observational studies and
informative censoring, this motivates us to investigate the bias of the PL estimator when
there is either informative censoring or treatment confounding.

Under randomization and random censoring, a plot of the time-varying log hazard
ratio can be constructed following the approach of Therneau and Grambsch (2000). This
is however biased under observational data without randomization or under informative
censoring. Following our approach for constructing the AIPW estimator, we similarly
propose an AIPW log hazard ratio plot. We then test it on a simulated dataset and compare
it with the truth and the plot obtained using Therneau and Grambsch (2000)’s approach.

Causal inference has received wide interest due to the increasing scale and availability
of observational data. However, we often remain interested in the associational or predictive
effect of exposure on a time-to-event outcome through the likes of regression models. This

leads us to study a non-causal estimand, which is equivalent to the average regression effect
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proposed in Struthers and Kalbfleisch (1986); Xu and O’Quigley (2000). We show that under
randomization but with informative censoring, we can estimate the non-causal estimand
using precisely the method we proposed in Chapter 3. We also discuss the properties of this
estimand and its AIPCW estimator.

The rest of the paper is organized as follows. In Section 5.3, we state the non-PH
model, the assumptions, and introduce a new causal estimand. In Section 5.4, we identify
the full data estimating functions and construct the IPW and AIPW estimating functions.
Implementation of the AIPW estimating equations is described in Section 5.5. Section
5.6 discusses the asymptotic properties of the non-cross-fitted and the cross-fitted AIPW
estimator, including the model DR and rate DR properties. Some miscellaneous results,
including the bias of the PL estimator, the AIPW plot for the time-varying log hazard
ratio, as well as the non-causal estimand, are summarized in Section 5.7. In Section 5.8,
we conduct simulations for our AIPW estimators under various non-PH models as well
as various models for censoring and propensity scores. Lastly, the proposed estimator is
applied to the Non-Hodgkin’s Lymphoma dataset in Section 5.9. Additional materials are

provided in the Supplementary Materials.

5.3 Non-Proportional Hazards Model and Estimand

5.3.1 Randomization

To motivate our estimand, we first consider a study under randomization. In a
two-group study with time-to-event outcomes and without censoring, we observe the full
data vector (7,A) where T is the failure time, and A € {0, 1} is the exposure of interest. A

saturated model here is non-PH, which can be expressed as

A(t;A) = ho(2) exp{B(r)A}, (5.1)
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where A(t;A) is the hazard function of T given exposure group A, Ay(z) is the baseline
hazard function, and B(7) is the time-varying log hazard ratio.

Under the non-PH model (5.1), challenges arise regarding both the inference as well
as the interpretation of () due to its infinite-dimensionality. This motivates us to look for a

scalar estimand that can be thought of as a weighted average of () of the form

Jo Bt)w()dt

Jow(t)dt

where T is the maximum follow-up time. Let F(¢) denote the cumulative density function of
T. One choice of w(t) with useful interpretations (Struthers and Kalbfleisch, 1986; Xu and

O’Quigley, 2000) arises from the estimating equation

/()T{Eﬁ(t)(A|T:t)—EB(A|T:t)}dF(t) =0, (5.2)

Here, Ep ;) refers to the expectation taken over the time-varying model 5.1, while Eg sets
B(r) to be a constant 3. We see that the solution [ is the fixed log hazard ratio that would
balance E(A) under the non-PH model 5.1. This definition also provides us with other

interesting interpretations which we will discuss later.

5.3.2 Marginal Structural Model

In practice, we are often interested in drawing causal inferences from observational
data which involves confounding. To define a causal estimand, we adopt the counterfactual
framework (Neyman, 1923; Rubin, 1974) and consider the marginal structural non-PH

model, where with a slight abuse of notation, we let

Ar(a) (1) = ho(t)ePV, (5.3)
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Here, T(a) is the potential survival time under treatment A = a, Ap(y(t) is the hazard
function for 7' (a), and A (¢) is the baseline hazard function.

Like most studies of time-to-event outcomes, there is possible right censoring on
the potential failure times 7'(1),7(0). Denote C(1),C(0) the potential censoring time for
T(1),T(0), respectively. Let A(a) =I{T (a) < C(a)} denote the potential event indicator
and let X (a) = min{T (a),C(a)}. We will use T,C, X, A to indicate the failure, censoring,
censored times, and event indicator, respectively, once the treatment is received. In addition,
we consider observed baseline covariates vector Z € R”.

Next, we make the following assumptions that are standard in causal inference

(Hernan and Robins, 2020).

Assumption 13 (SUTVA). The potential outcomes of one subject are not affected by
the treatment assignment of the other subjects, and there are no hidden versions of the

freatments.
Assumption 14 (Consistency). T = AT (1) + (1 —A)T(0), and C = AC(1)+ (1 —A)C(0).
Assumption 15 (Exchangeability). (7(a),C(a)) LA |Z, fora=0,1.

Assumption 16 (Strict Positivity). There exists 0 <€ < 1 suchthate < P(A=1|Z=72) <
l1—¢ P(C>t|A=a,Z=z7)>¢ P(T >1|A=a,Z=7z) > ¢ forall values of a and z, where

T is a maximum follow-up time.

Non-informative censoring (Kalbfleisch and Prentice, 2011) is often assumed in tra-
ditional survival analysis, which requires the censoring time to be conditionally independent
of the failure time given the regressors. Our model under consideration is the marginal
structural non-PH model, which does not involve the baseline covariates Z. Nonetheless,
we make the following informative censoring assumption that allows the censoring time to

depend on the covariates.

Assumption 17 (Informative Censoring). T'(a) L C(a) | Z, for a = 0,1, where L indicates

statistical independence.
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We now propose a new causal estimand * as the solution to (5.2) under 1:1 random-
ization. Under the marginal structural non-PH model (5.3), it can be equivalently defined

using counterfactual quantities in the following Lemma.

Lemma 1. * is the solution to

_ [ Za:o,laeﬁ([)asa(t) Zazo,laeﬁasa(t) _
h(B) _A { Za:O,leB(t)an(t) B Za:()’l eB“Sg([) a_z‘dldFa(t) —O, (54)

where Sy(t) = P(T (a) > T) is the survival function for T (a), f,(t),Fa(t) are the probability

density function and the cumulative density function for T (a) respectively.

Denote

v(B,t) = i [Za_0,1ae[3“5a(t)] _ {202071(1 _a)eBaSa(t)}{Za:oJaeBaSa(t)}‘

dp Za:OJ ebas, (t) {Za:O,l eBaSa(t>}2

Assume f,(t) > 0 for ¢ € [0,7],a = 0,1. We then have v(B(¢),¢) > 0 and —dh(B)/dp =
Ya—o.1Jo v(B,1)dFy(r) > 0, so p* is uniquely defined.
Using the mean-value theorem on the integrand of (5.4), we also have

Yaeo.1 JEv(B(e),0){B(r) — B*}dFu(r) = 0, where B(r) = B*+s{B(r) — B*} for some s € [0, 1].

B* is therefore a weighted average of B(¢) with weight w(t) = v(B(¢),1) X.o—0.1 fa(?).

Lemma 2. Suppose T (a) follows the marginal structural transformation model

g(T(a)) =va+e,

fora=0,1, where g(t) is any strictly increasing function. € is a member of the GP family

(p > 0 is known) from Harrington and Fleming (1982), with survival function

P(e > 1) = exp(—¢') (p=0),

P(e>1)=(1+pe)~!/P (p>0).
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If v is large so that P(T (a) < t) =1 fora=0,1, then

As a special case, if T (a) follows the marginal structural proportional odds model
(p=1) with g(t) =log(t), we also have B* = %Za:O,l Jo B(2)dF,(t).

This Lemma generalizes the result in Section 2 of Xu and Harrington (2001) to the
potential outcomes. This simple algebraic relationship above provides a simple estimator
of the contrast y in the marginal structural transformation model. Moreover, B* is precisely
the average of () over time between a = 1 and a = 0 when T'(a) follows the marginal
structural proportional odds model with g(¢) = log(z). Note that if P(T'(a) > T) > 0, then

the relationship may not be exact.

Lemma 3. If T (a) follows the marginal structural Cox model (Herndn et al., 2001)
Ay (1) = ho(1)eP,

fora=0,1, then B* equals the causal log hazard ratio B°. In general, B* is also the limit of

the oracle estimator for ° under the non-PH model (5.3).

The marginal structural Cox model is equivalent to setting 3(¢) in the time-varying
model (5.3) to 3¢, so it is obvious that B* would exactly recover the causal log hazard ratio
under the marginal structural Cox model. The oracle log hazard ratio estimator for ¢ is the
PL estimator using the full data with both counterfactual outcomes, which is equivalent to
the PL estimator under 1:1 randomization. The second statement of Lemma 3 is therefore a
direct consequence of Struthers and Kalbfleisch (1986) since their result shows that B* is the
limit of the PL estimator under 1:1 randomization. This suggests that even under violation
of the PH assumption, the oracle estimator converges to *, hence remains interpretable.

In the next section, we study the estimation of 3* under observational data, which

could be subject to treatment confounding, as well as informative right censoring. Correcting
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for confounding and censoring would require us to build working models for the treatment
assignment and the censoring process, so we will also explore doubly robust estimators that
would be consistent and asymptotically normal even when some of the working models are

misspecified or estimated at a slower rate.

5.4 Doubly Robust Estimating Functions

In this section, we treat both potential outcomes and censoring as missing data and
apply the semiparametric theory (Bickel et al., 1993; Tsiatis, 2006). First, we show that
B* can be equivalently defined using a set of i.i.d. full data estimating functions. Next, we
show that the full data estimating functions defined for the marginal structural Cox model
in Chapter 4 is also the full data estimating functions for B*. This allows us to obtain the
inverse probability weighted (IPW) estimator and the Augmented IPW (AIPW) estimator

for B* that is the same as those we derived for the marginal structural Cox model earlier.

5.4.1 Full Data Estimating Function

B* is the limit of the full data PL estimator for the hazard ratio from the marginal
structural Cox model. To model a semiparametric marginal structural Cox model, a scalar
parameter B* is not sufficient, so it is natural for us to consider an additional parameter
A*(t) that can be thought of as the least false baseline cumulative hazard function from
the misspecified marginal structural Cox model. We require A*(¢) to be right-continuous,
non-decreasing with A*(0) = 0 and A*(t) < oo. Next, using the counting process notations,
we define the full data counting process Nf.(t) = I(T (a) <t), and the full data at-risk process

Y3 (t) =1(T(a) >1t) fora=0,1, where I(-) is an indicator function. Consider

M0:B.A) = M) - [ Vi eMan)
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Motivated by the estimating functions (4.2) and (4.3) for the Cox PH model proposed in

Chapter 4, we consider the set of full data estimating functions

D{(:B.A) = Y dM§(1;B,A), (5.5)
a=0,1

Dip.A) =Y / a-dME(1:B, A). (5.6)
a=0,1

Lemma 4. B* and A*(t) solves the set of equations E {D{ (t;B,A)} = 0 for each t, and
E{Dg([‘i,/\)} = 0, where B* satisfies (5.4),while

EY a0, dF,(t) _ [ Ya—0,1d454(t)
0 Yu—0,1Sa(t)eB 0 Y01 Salt)eP e

A1) = (57)

Lemma 4 shows that (5.5) and (5.6) indeed are the full data estimating functions for
B* and A*(r).

We note that with this formulation, B* and A*(¢) are also the least false log hazard
ratio and cumulative baseline hazard function that maximizes the pseudo non-parametric
likelihood for the marginal structural Cox model (White, 1982; Li and Duan, 1989; Lin and
Wei, 1989). This can be seen from the fact the pseudo non-parametric likelihood for a single
observation with a fixed hazard ratio B and a cumulative baseline hazard function Ag(z) with

jumps discretized only at the event times is

IT {#tri@nfen{- [ dann |
_ {eﬁa}\’o{t}}l{t—T(G)} exp {_ /OT va(0)ePdAg (t)}

a=0,1

and that the full data estimating functions (5.5) and (5.6) can be shown to be the scores of

this likelihood with respect to Ay(z) and B, respectively.
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5.4.2 IPW Estimating Function

Full data is not available to us in practice, but instead, we have the observed counting
process N(t) = I(X <t,A=1) where A=I(T < C), and the observed at-risk process

Y(¢t) =I1(X >t). Define

M(1:B,A) = N(1) — / Y (w)ePAdA(w).

0

To account for the bias caused by not observing part of the data, we may apply the
inverse probability of censoring weighting. The general idea of weighting an observation
by the inverse of its probability of being sampled dates back to Horvitz and Thompson
(1952). In our case, we first apply the inverse probability of treatment weighting to obtain a
pseudo population from the target population with balanced covariates (Herndn and Robins,
2020). Next, we apply the inverse probability of censoring weighting to similarly account
for informative censoring bias (Herndn et al., 2001). Since the weightings are applied to the
full data estimating functions (5.5) and (5.6), which are the same as those used in Chapter 4,
we also arrive at the same IPW estimating functions

dM(t;B,A)

(Z)M1—m(Z)}ASc(1:A,Z)

) o A-dM(t;B,A)
D2 (B,A,TC,SC) _/0 TC(Z)A{I _n(Z)}I*ASC(l‘;A,Z),

Dliv(t;BuA7Tc75€) :TC

where 7t(z) = P(A = 1|Z = z) is the propensity score, S(t;a,z) = P(T >t|A =a,Z =7)
and S.(t;a,z) = P(C > t|A = a,Z = z) are the conditional survival functions of 7 and C,

respectively.

5.4.3 AIPW Estimating Function

For the IPW estimating functions to be unbiased, both 7(z) and S.(¢;a,z) need to be

known (Hernan et al., 2001). However, these quantities are often unknown in practice and
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working models for propensity score and conditional censoring time are used. When these
models are misspecified, the resulting B* estimate is no longer consistent.

To protect against possible misspecification of the models, we make use of semi-
parametric theory (Tsiatis, 2006) to augment the IPW estimating function, such that the
resulting AIPW estimating function possesses the so-called doubly robust properties that
will be described later. With identical full data estimating functions, we may augment the
IPW estimating functions using the same approach as that of Chapter 4.

Denote the counting process for censoring events N.(¢) = I(X <t,A =0), and
Ac(t;a,2) = [§Sc(usa,2)"1d{1 — S.(u;a,z)} the cumulative hazard function of C given
A =aand Z = z. Define M.(t;a,z,S;) = Nc(t) — [ Y (u)dAc(u;a,z), which is a martingale
with respect to its natural history filtration if S, is correctly modeled. The AIPW estimating

functions are

Di(1;B,A,7,S,S.) = dNO (1;7,S,S.) =T (1;8,m,S,S.)dA(t),

T
D2(B, AT, S, S,) = / dNW(t;m,S,S.) — T (1B, 7, 8,8 )dA(t),
0

where for [ =0, 1,
A'dN(1) AldS(t:A,Z)
(21 =m(2)}174S.(1:A,2)  m(Z)A{1 -n(Z)}1 A

_ 4 A%(1—A)l-e g y
x, {1+ﬂ(z)“{1—n(2)}laj(t’ ’S’Sc>}d5<fa 2),

NV (1S, 8) =

. _ ATY (1)eb A'S(1:4,Z)e
r:p,x,S,8,.) (221 —n(2)}AS.(1:A,Z)  nm(Z2)A{1—n(Z)}A

a Aa(l_A)l_a ‘a ca,Z)eP
R e T

and J(t;a,z,5,Sc) = [ dM.(u;a,2,5.) /{S(u;a,2)Sc(u;a,2)}.
Let superscript ‘°° denote the true value of a parameter. The AIPW esti-

mating functions are doubly robust in the sense that when Assumptions 13-17 hold,
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E{D;(t;B*,A*,S,S.)} = 0 and E{D,(B*,A*,S,S.)} = 0 for r € [0,1] if either S = S’ or
(m,S.) = (7, 82). The proof of this result is the same as that of Theorem 10.

Next, given n i.i.d. data points, we may estimate §*, A* by solving

—ZDl, :B,A,T,S,S.) =0, (5.8)
- ZDzi(B,A,n,S, Se) =0. (5.9)
i=1
Define
1 o)
SD(t;B,m, S, Se) ;Zr t:B,7,S,S.)

i=1

for/ =0,1,and let A(1;B, 7, S,S.) = S (r;B,m,8,8.) /SO (£:B, =, S, S,), we first profile out

(5.8) to get

(B 5.5 Z/tdﬁ\g (u;7, 5, S.)

BnSS)

which can be plugged into (5.9) and obtain

U(B,x,S,S.) Z/ an(V(t:m,S,5.) — A(t:B,m, S, 5)dA (11w, S, S.) =0,

5.5 Estimating Equation and Implementation

The three nuisance functions 7(z), S(¢;a,z) and S.(;a,z) are often unknown, which
requires us to construct estimators 7(z), A(t; a,z) and §C(t;a, z) in practice. Parametric and
semi-parametric models, like the logistic regression, Cox PH model, and the exponential

model, were commonly used since they require low computing power and converge at root-n

rate, which leads to the AIPW estimator also converging at root-n rate. This leads to the
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AIPW estimator B, which solves the equation

UB.7.5.5.) = /dw; (t:7.5.5.) — A(1:B.%,5,5.)d” (1:7.5.5.) = 0.

However, the actual model is likely to be much more complex, this makes
parametric/semi-parametric models prone to model misspecification. On the other hand,
ML methods, like Splines (Gray, 1992; Kooperberg et al., 1995a) and Random Survival
Forest (Ishwaran et al., 2008) are much more flexible and are often able to estimate the
nuisance functions consistently even when they are complex. They were rarely used in
practice mostly because ML estimators do not have root-n error rates, which forbids the
asymptotic normality ofﬁ to be established. To this end, we utilize the cross-fitting approach
that helps to address this issue (Chernozhukov et al., 2018). Specifically, cross-fitting cycles
the sample-splitting procedure over the entire samples, where for each sample-spitting
procedure, we use one part of the data to estimate the nuisance functions, while the other
part for constructing the estimating functions.

Suppose we have a sample of n observations that are split into k folds of equal size
with index sets I, b, ..., I, then for each fold m, we may define the m-th fold specific

quantities as:

D 1;B,m,8,S,) —ILZ ' (1B, x.S,S,),

l‘ﬂ

and A,,(¢;B,7,S,S;) = 5,&1)(1‘;[3,7@& Sc)/Sn(qo) (t;B,m,S,S:). A sample-splitting procedure

for the m-th fold can be done by first solving for Y7 ; D1;(t;B, A, 7, S,S.) = 0 to get

s 3 [ s

lEIm 0 Sm B;TC7S7SC)

which can then be plugged into } i ;- D»i(B,A,m,S,S.) = 0 to obtain the m-th fold estimating
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Algorithm 6 Cross-fitted AIPW estimation for 3*

Input: A sample of n observations that are split into k folds with index sets 11, b,. .., I.
for each fold indexed by m do
Obtain estimated nuisance functions A", §(-™) and AE*’”)) using the out-of-fold
sample indexed by I_,, :={1,...,n}\ L.
end for

Output: B, the solution to

k
% Y Un(B. 7,5 55y <o,

m=1

equation

Un(B,T,S,S.) = IL y / AN (1w, 8, S.) m(z;B,n,s,sc)dﬁ\g(o)(r;n,s,sc)}.

m i€l

Cross-fitting repeats the above sample-splitting procedure for each of the k folds, and its

details are summarized in Algorithm 6.

5.6 Asymptotic Properties

In this section, we discuss the asymptotic properties of the non-cross-fitted AIPW
estimator 3 and the cross-fitted AIPW estimator .¢. Some of the technical assumptions
will be omitted in this section to focus more on the discussion of the DR properties.

First, we look at the non-cross-fitted AIPW estimator .

Assumption 18 (Uniform Convergence). There exist ©*(z), S*(t;a,z) and S:(t;a,z) with

E{|r(2) ~m"(2)]} = o(1),

E sup  |S(t:a,2) — S*(1;a,2)|> ¥ = o(1),
t€[0,1],ac{0,1}

E{ sup |§c(r;a,z)—s:(z;a,z)|2}:0(1).
[

t€l0,1],ac{0,1}
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Assumption 18 assumes that the nuisance estimators T, Sand §c converge to some
limiting functions ©*, $* and S} that are not necessarily the truth. Under Assumptions
13-18 and some regularity assumptions, the non-cross-fitted AIPW estimator 3 has the

model double robustness property. That is, if either S* = S or (n*,S}) = (n?,5?), then

o~ ~

B L 8%, and if T(z), S(1:a,z) and S(;a,z) are regular and asymptotically linear estimators
of m*(z), S*(¢;a,z) and S} (t;a,z), we then have \/r_l(ﬁ —pB*)/o 4 N(0,1) for some variance
o2. When (7*,5*,8%) = (n°,5%,52), 6 can be consistently estimated by 6> := G2 (B), and
its expression is given in Appendix D.1.

Note that, the condition of regular and asymptotically linear estimators essentially
restricts us to root-n consistent estimators, which include common parametric models like
the exponential model, and semi-parametric models like the Cox PH model. This type of
condition is also what most classical DR literature explicitly or implicitly assumes, and due
to the root-n convergence rates of ., S and §C, we do not need cross-fitting to establish the
asymptotic normality. The classical model DR result is widely studied for many survival
problems, so we omit the proofs and refer readers to similar articles, like Wang et al. (2022),
for details.

The asymptotic variance estimator is established when all nuisance estimators are
root-n consistent. When one of the nuisance function estimators is not consistent, /[3\ 1s still
asymptotically normal, but the variance becomes too complicated to be estimated in close
form. For this reason, we also suggest the use of resampling methods, such as bootstrap
(Efron, 1992) for estimating the asymptotical variance, which works even when one of the
working models is misspecified.

Next, we look at the cross-fitted AIPW estimator Bc 7. Let O" denote a sample of
nii.d. data vectors {(X;,AZ,AZ,ZIT),Z' =1,...,n} used for estimating T, Sand S,. Let

(X,A,A,Z) be a data vector independent of O" and drawn from the same distribution as O .
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Define

-} = £ (E [{&(@) -7 (2)}]).

2
. 2 .
HS—S* —E'|E sup ‘S(t;a,Z)—S*(t;a,Z)‘ ,
f 1€(0,7],a€{0,1}
5 2
’§C—Sj —E|E sup §C(t;a,Z)—S;k(t;a,Z)‘ ,
T t€[0,7],ac{0,1}

where ET denotes expectation taken with respect to (X J’,AT,AT,ZT), and E denotes expecta-

tion taken with respect to O conditional on O".

Assumption 19 (Uniform Convergence). There exist ©*(z), S*(t;a,z) and S:(t;a,z) such

that |[& — [+ = o(1), S~ 8*[}+ = o(1) and |[S. - St]}+ = o(1).

Assumption 20 (Rate Condition). (n*,5*,S}) = (n°,5,5%) and

. (H}E_EOHT_{—‘ T) +Q)T(§,§C;SO7S2)zo(n—l/z)’

where D*(S,S,:5°,59) is defined in (4.10).

The rate condition (Smucler et al., 2019) states that the product of the error rate
between the conditional outcome model S and the model for missing mechanism (m, §C) is
faster than root-n. Due to the involvement of the time component in time-to-event analysis,
an integral product error term D’ (§ ,@;50753) is also required, which we discussed in
detail in Chapter 4. Under Assumptions 13-17, 19-20 and some regularity assumptions, BC f

satisfies the rate double robustness property (Smucler et al., 2019). That s, Bc f 2 B*, and

\/ﬁ(/ﬁ\cf —B*)/0cr <% N(0,1) for a cross-fitted variance estimator o= agf(Bc ) defined
in (D.2). The proof of the rate DR property as well as some of the additional regularity
conditions required can be found in the proofs of Theorem 11 and Theorem 12 in Chapter 4.

The rate condition is satisfied when we have consistent nuisance estimators S and

(T, §c) with faster than root-n product error rate, even if one of them converges arbitrarily
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slowly. Therefore, in addition to the root-n consistent nuisance function estimators, the rate
DR property also allows for the use of slower than root-n rate estimators. This condition
is a relaxation over the root-n condition from model DR and makes it possible for us to
apply many ML methods. To this day, few convergence rate results exist for ML methods in
survival analysis, so we will empirically investigate the performance of some ML methods

in the simulation section.

5.7 Miscellaneous Results

5.7.1 Bias of the PL Estimator

We showed in Section 5.3.2 that, as a result of (5.4), B*, which is the limit of the
PL estimator (sometimes called the Naive Cox estimator) under full data is a weighted
average of B(¢). Following the derivations in Struthers and Kalbfleisch (1986), we can
similarly show that under observed data, if we have randomization and non-informative

censoring (7 (a) L C(a)|A), then the limit of the PL estimator is the solution to the equation

f(f Rrandom (t§ B)dt = 0 with

Yo, aeP)484(1) p?(1 — p)l=a ~ Ya=o,1 aePise(t)pe (1 — p)'=a
Yo—01aePaSa(t)pr(1—p)t=a Y, ¢ aePase(t)p*(1—p)l—

hrandom (t; B) = [

{ y fa(f)SZ(f)p“(l—p)]_“}-

a=0,1

where S%(¢t) = P(C(a) >t) and p = (A = 1). Since hygnaom(t;P()) = 0, if we apply the
mean-value Theorem on %,4,40m (15 B), we see that the limit of the PL estimator remains a
weighted average of B(¢) under the observed data. This property forces the PL estimate to
be within the range of (z), which restricts how large the bias can become.

On the other hand, under informative censoring and treatment confounding, the limit
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of the PL estimator is the solution to the equation [ hgenerar (3 B)dt = 0 with

hgeneral (t; B)

Yo—o01aE[f(t;a,2)S(t;a,Z)Sc(t;a,Z)P(A = a|Z))

/ Y01 E[f(t;a,2)S(t;a,Z)Sc(t;a,Z)P(A = a|Z)]
Yio1 aeB"S(t;a,Z)Sc(t;a,Z)P(A =a|Z)
 Ya0.1€PS(1:a,2)S.(t;a,Z)P(A = a|Z)

x Y. E[f(t;a,Z)Sc(t:a,Z)P(A = a|Z)]d. (5.10)
a=0,1

Unlike the special case of randomization and non-informative censoring where
Prandom(t;B(2)) = 0, hgenerai (t;B(t)) is non-zero in general, so applying mean-value Theo-
rem on (5.10) leads to B* being a weighted average of B(7) plus a non-zero bias term. In
fact, this non-zero bias term occurs if we have either informative censoring or treatment
confounding. As we will demonstrate in the simulation section, the bias of the PL estimator
can indeed be much larger under informative censoring or treatment confounding, with the
PL estimate much outside the range of B(¢).

The dependency of the PL estimator on the censoring distribution and the propensity
score is also a warning against naively reporting the hazard ratio estimate from the PL
estimator, which is ubiquitous in practice. This leads to one of the important advantages
of the proposed causal estimand *, which is independent of the study-specific censoring
distribution and treatment assignment process. In particular, informative censoring can
exist in many different situations, even under randomized trials, potentially leading to
uninterpretable results (Nguyen and Gillen, 2017; Nuifio and Gillen, 2021). The proposed
causal estimand B* allows us to replicate and compare results across studies that come with

potentially different censoring distribution and treatment assignments.
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5.7.2 AIPW Log Hazard Ratio Plot

Our estimand of interest * is a weighted average of B(¢). In this section, we look at a
common way of plotting B(¢) under randomization and look to generalize it to observational
data with informative censoring. Therneau and Grambsch (2000) showed that if the data
is under randomization and randomly censored, then through Taylor’s expansion, the PL

estimator 3,,; satisfies the approximation

E{%P”))} By~ B0).

pl pl:t

where s, (Bpl, t) is the Schonfeld residual at event time ¢, while V, (Bpl, t) is the contribution
of its variance at event time #, making the term inside the expectation a scaled Schoenfeld
residual at an event time 7. A smoothed plot of s, (Bpl,t,-) [V (Bpl, t;) against event time ¢;
using splines would then lead to a good approximation of 3(z). This smoothed (¢) plot is
implemented in the "cox.zph’ function of the ’survival’ package, which we used to construct
a full data B(r) plot for Scenario 3 and 4 as in Figure 5.3.

Since B* is the limit of the PL estimator under full data, we have

B
E{vp <B*,r>}+5 ~BO).

under full data. It should not come as a surprise that, without randomization and with
informative censoring, this approximation would fail under observational data. To correct
for this bias, we apply AIPW to each of B*, 5,,(B*,) and V,;(B*,¢). In particular, we replace
B* and s,,(B*,t)/Vy(B*,1) by the cross-fitted AIPW estimator and the cross-fitted AIPW

scaled residual contribution to arrive at the AIPW approximation

Sai W(Bcﬁt)} r
EQZPE L  4 B & B(1). (5.11)
{Vaipw<Bcf7t) ! ()

The expression for the cross-fitted scaled AIPW residual sip (EC £,8)/ Vaipw (Bc r,t) is given
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at the end of Appendix D.1.

Figure 5.1 presents the smoothed [(z) plots using Therneau and Grambsch’s method
and our proposed AIPW [(z) plot fitted using the observed data simulated according to
Scenario 4 of the Simulation Section 5.8, as well as the true () plot generated using full
data. The B(¢) from Therneau and Grambsch were generated using 1 million observed data
points, while for the AIPW B(¢) plot, we can not train using 1 million observations in one go,
so we follow our simulation approach to combine outputs from 1000 simulation runs, each
with 1000 observations. We can see that under the observed data, Therneau and Grambsch’s
B(z) plot shows significant bias compared to the truth, while the AIPW B(¢) plot closely

follows the truth, except at the tails where the spline is known to be unstable.

5.7.3 A Non-Causal Estimand and Its Properties

In this paper, we primarily focused on the causal estimand B* due to its broader
application in observational studies. However, we are sometimes more interested in the
associative relationship between the exposure and the outcome, which can be characterized
by a regression model. For example, this could happen when our exposure of interest
can not be applied or acted, which fails to satisfy the definition of treatment in causal
inference (Herndn and Robins, 2020). This motivates us to consider the study of a non-
causal B*, which can be readily defined as the solution to the estimating equation (5.2). We
note that this non-causal * is also equivalent to the average regression effect defined in
Xu and O’Quigley (2000), and the estimation of this non-causal B* are studied in Boyd
et al. (2012); Hattori and Henmi (2012) where they assumed non-informative censoring
(T L C|A). Assuming randomization and informative censoring C L T'|A,Z, the non-causal
B* has similar properties as the causal B* that we studied, and we can estimate it using
AIPCW approaches proposed in Chapter 3. We now summarize the properties and the
estimation of B* without going into too much detail.

The non-causal B* is a weighted average of the non-causal (7) where B(¢) is the log
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Figure 5.1: Smoothed B(¢) plot using 1 million observations from Scenario 4 in the Simula-
tion Section 5.8.
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hazard ratio from the non-causal non-PH model (5.1). It has a simple algebraic relationship
with the parameters from the transformation model. It is also the limit of the PL estimator
under the full data, where the full data here refers to observations with randomization without
censoring. This last property again allows us to construct full data estimating function for
it, which is the same as (3.2) and (3.3) we derived in Chapter 3. To correct for informative
censoring, we similarly construct IPCW estimating functions (3.5) and (3.6). Then we
augment the IPCW estimating functions to obtain AIPCW estimating functions (3.11) and
(3.12). A Cross-fitted AIPCW estimating equation can be obtained following Algorithm 4.

The non-cross-fitted AIPCW estimator also has the model DR property in that it
is CAN if one of the outcome and the censoring models is correctly specified. The cross-
fitted AIPCW estimator would additionally have the rate DR property. Moreover, as we
demonstrated, even if the treatment is randomized, if there is censoring, the bias of the PL
estimator could potentially be large and outside the range of the (7). We can also construct
AIPCW f(¢) plot for the non-causal B(z).

Next, we conduct numerical studies on the estimation of the causal B* where we
compare our proposed AIPW estimator against other extant estimators. The performance of

the AIPCW estimator under the non-causal setting is largely similar, which we omit.

5.8 Simulation

In this section, we compare the performance of the AIPW estimators B and the
cross-fitted AIPW estimators E using different working models, against different IPW
estimators, a Naive Cox estimator that does not adjust for any covariates, and a full data
estimator that have access to full potential outcomes. For each simulated dataset, we set the
number of observations to n = 1000. We also consider multiple scenarios for the underlying
data-generating processes of 7 and 7t,C, and simulate 1000 datasets for each scenario,
which corresponds to a margin of error of about 4/ — 1.35% for the coverage probability of

nominal 95% confidence intervals. Five-fold cross-fitting is used.
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The data generation process is summarized in figure 5.2. We set T = 1 and simulate
first the covariate Z; ~ 0.5U) + 0.5U,, where U;,U, ~ Unif(—1,1). Then we simulate
T(a) and {C(a),A} conditional on the covariate Z; under 4 different scenarios according
to Table 5.1. In half of the scenarios, T'(a) follows the Cox PH distribution that can be
estimated using semi-parametric models, while in the other half T'(a) follows a mixture of
distributions that would require ML methods to consistently estimate. This is the same for
the model of missing mechanisms (7, S, ). After simulating the potential outcomes and A,
we obtain the observed failure and censoring times by setting 7 = AT (1) 4+ (1 —A)T(0),
C=AC(1)+(1-A)C(0).

All 4 scenarios have a 30 — 50% event rate as well as a 30 — 50% censoring rate
and a 10 — 30% administrate censoring rate, where administrative censoring happens when
X > 1. True B* is 1.014 and 0.503 when T follows the Cox PH distribution and the Mixture
distribution, respectively. Since there is no analytical solution for B*, this is calculated from
fitting a PL estimator on a simulated sample of one million full data observations. Figure 5.3
demonstrates a smoothed plot of how [(¢) changes across time for the mixture model of T
which is highly non-PH. The plot is created using the ’cox.zph’ function from the ’survival’
package and is valid when applied to full data. More discussion on this smoothed B(#) plot,
as well as a proposed AIPW [(¢) plot applicable for observational data, can be found in
Section 5.7.2 below.

For the AIPW estimator, we consider 2 types of working models for 7" and C: Cox
PH model using the R package ‘survival’ and random survival forest (RSF) (Ishwaran
et al., 2008) using the R package ‘randomForestSRC’ where we set splitrule = ’bs.gradient’,
nodesize = 50 and mtry = 2. For ®, we consider the logistic regression model and the
‘twang’ package in R (Ridgeway et al., 2022). Mix and match 3 pairs of working models, we
have a total of 8 AIPW estimators with different T/C-PS models: Cox/Cox-logit, Cox/Cox-
twang, Cox/RSF-logit, Cox/RSF-twang, RSF/Cox-logit, RSF/Cox-twang, RSF/RSF-logit,

RSF/RSF-twang. Note that the convergence rate of RSF and twang are largely unknown
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but slower than root-n, while the Cox PH model and the logistic regression converges at a
root-n rate. This allows AIPW with Cox/Cox-logit to satisfy the conditions for model DR
if either one of the working models for 7' and (C,n) is correctly specified. Therefore, we
do not apply cross-fitting to AIPW with Cox/Cox-logit, while cross-fitting the remaining 7
AIPW estimators. Model-based standard errors (SE) for non-cross-fitted and cross-fitted
AIPW estimators are estimated using (D.1) and (D.2) respectively, where we assume that all
nuisance function estimators are consistent. We also consider 4 different IPW estimators,
where the C-PS models are Cox-logit, Cox-twang, RSF-logit, RSF-twang, respectively. The
bootstrap SE estimates for AIPW estimators and IPW estimators are reported where each
dataset uses 100 bootstrap runs, and for the Naive Cox and the full data estimator, we report
the robust variance estimator. Note that we also clustered each pair of potential outcomes
when running the full data estimator to account for the dependence between potential
outcomes. Coverage probability is then calculated using normal-based 95% confidence
intervals constructed from both the estimated model SEs and the bootstrap SEs.

To avoid numerical problems, we trim S (t;a,2), §c(t; a,z) so that all estimated values
below 0.035 are set to 0.05, and we also set all estimated 7t(z) values that are above 0.9 or
below 0.1 to be 0.9 and 0.1. From our experience, trimming with a small threshold is able
to guarantee successful convergence while introducing little bias.

Figures 5.4 show the bias, standard deviation (SD), and bootstrap-based coverage
probability of the AIPW and IPW estimators under Scenarios 1-4 respectively. Additional
details for all 14 estimators are provided in Tables 5.2 and 5.3. IPW:Cox-logit performs
well when C-PS models are correct but performs poorly when the working models are
incorrect. IPW estimators with partly ML methods seem to perform slightly better than
IPW:Cox-logit when C-PS are correct, but still fails hard when the working models are
incorrect. This shows that although ML methods can be mostly consistent, if the parametric
model is incorrect, the entire missing data model is still incorrect, causing the IPW estimator

to be biased. The IPW:RSF-twang has smaller biases for all 4 scenarios, but due to its
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slower than root-n convergence rate, the coverage is quite poor. AIPW:Cox/Cox-logit’s
performance reflects the classical DR result, showing small bias, and great coverage when
at least one working model is correct but fails badly when they are all wrong. The AIPW
estimator that uses partly parametric and partly ML methods, like AIPW:RSF/Cox-logit,
performs well when all 3 working models are correct but often shows larger biases or poor
coverage when some of the working models are incorrect. AIPW:RSF/RSF-twang estimator
that uses all ML methods has low biases under all 4 scenarios along with excellent model
coverage and bootstrap coverage. Lastly, it’s worth noting that in all 4 scenarios, the naive
Cox estimates are way outside the range of the true B(z) plot from Figure 5.3. This finding
agrees with what we discussed in Section 5.7.1, and highlights the importance of controlling
for treatment confounding and informative censoring.

The performance of the AIPCW estimator under the non-causal setting is largely

similar, so we omit them here.

N N ~

T & A N C

Figure 5.2: DAG for simulation

5.9 Application

We apply the proposed estimator to the International Non-Hodgkin’s Lymphoma

Prognostic Factors Project (Shipp, 1993). In this project, 5 risk factors deemed predictive of
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Figure 5.3: True (z) plot when T follows a Mixture model. True $* is also shown in red.
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Figure 5.4: Plots of bias, bootstrap SD and bootstrap coverage for all 4 scenarios in simula-
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Table 5.1: Scenarios of data generating processes for 7', C and 7 considered in the simulation.

Scenario T/C Distributions Data-generating mechanism
! T(a): Cox PH M) (t:Z1) = exp(2—1.12a - 27,).
C(a): Cox PH M) (t;Z1) = exp(3.5 —2a —2.57,).

7: Logistic logit{n(Z,)} =27,
T(a): Cox PH M) (t:Z1) = exp(2—1.12a - 27,).
2 Z1 <0: )\‘C(a) (I;Zl) = exp(3.5 —3a— 0.521),

Cla): Mixture 5 = ¢(a) ~ Unif(0,1.05).
7 Soft Partition  logit{n(Z,)} =2-1{Z; < —1/3} —-2-1{-1/3<Z; < 1/3}
Zy <0: Ap(a)(t:Z1) = exp(5 —3.4a+2.57y),

T (a): Mixture

3 Z, > 0: T ~ Unif(0, 1.05).
C(a): Cox PH Ac(a)(t:21) = exp(3.5 —2a —2.5Z,).
7: Logistic logit{n(Z)} =27,
s Zy <0: Ap(a)(t:Z1) = exp(5 —3.4a+2.57y),
A Ta):Mixture 5 0 (a) ~ Unif(0,1.05).

Z1 <0: kC(a) (I;Zl) = exp(3.5 — 3a—0.5Z1),

Z; > 0: C(a) ~ Unif(0,1.05).

m: Soft Partition  logit{n(Z,)} =2-1{Z; < —1/3}—-2-1{—1/3 <Z; < 1/3}
+2~1{Zl > 1/3}

C(a): Mixture

overall survival were evaluated for patients with aggressive non-Hodgkin’s lymphoma from
16 institutions and cooperative groups in the US, Europe, and Canada who were treated
between 1982 and 1987 with combination-chemotherapy regimes containing doxorubicin.
After removing observations with missing covariates, we obtained a total of 1968 patients
with 628 (28.4%) events. Here we focus on the predictive effect of the Ann Arbor stage
(STAGE) on overall survival, with the exposure groups defined as Ann Arbor stage III or IV
(1251 patients) and the comparison group as Ann Arbor stage I or II (717 patients). 36.7%
of the patients classified as STAGE III or IV experienced events during the follow-up, while
13.9% of the patients with STAGE I or II experienced events. We also include 4 binary
covariates: Age > 60 (AGE), the number of extra-nodal disease sites > 2 (XTRA), serum
lactate dehydrogenase > 1.5 x normal (LDH), and ECOG performance status > 1 (PS). To
ensure the positivity assumption is satisfied, we apply administrative censoring at T = 4
years. Overall, 39.2% of the patients was censored due to lost to follow-up, and 32% was
administratively censored. Figure 5.5 shows the plot of log negative log survival against

log years for the 2 groups, where parallel lines would indicate PH. The figure indicates that
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Table 5.2: Simulation based on 1000 data sets for Scenarios 1 and 2, each with
1000 observations. True B* = 1.014. Red indicates that the working model or the
approach is invalid.

Scenario  Estimator  T/C-PS Models  Bias SD SE Coverage
Model/Boot Model/Boot

Cox/Cox-logit 0.002 0.151 0.151/0.151  0.95/0.95

Cox/Cox-twang  0.002 0.157 0.164/0.168  0.95/0.96

Cox/RSF-logit 0.001 0.151 0.154/0.157  0.95/0.95

AIPW Cox/RSF—twapg 0.003 0.156 0.165/0.167  0.96/0.96

RSF/Cox-logit 0.000 0.154 0.155/0.159  0.95/0.96

RSF/Cox-twang 0.000 0.156 0.166/0.175  0.96/0.97

Scenario 1 RSF/RSF-logit 0.004 0.153 0.156/0.159  0.95/0.95

RSF/RSF-twang 0.004 0.155 0.167/0.175  0.96/0.97

Cox-logit 0.002 0.155 - /0.153 - /0.95

PW Cox-twang  0.040 0.155 - /0.144 - /0.92

RSF-logit 0.001 0.154 - /0.153 - /0.94

RSF-twang  0.039 0.154 - /0.144 - /0.92

Naive Cox 0.470 0.152 0.151/0.151  0.11/0.11

Full Data 0.001 0.061 0.063/0.063  0.96/0.96

Cox/Cox-logit 0.009 0.188 0.175/0.189  0.94/0.95

Cox/Cox-twang  0.023  0.338 0.314/0.338  0.94/0.96

Cox/RSF-logit 0.008 0.205 0.189/0.209  0.93/0.96

AIPW Cox/RSF-twang 0.017 0.320 0.308/0.318  0.96/0.95

RSF/Cox-logit 0.145 0.250 0.176/0.208  0.74/0.81

RSF/Cox-twang 0.028 0.366 0.337/0.373  0.91/0.94

Scenario 2 RSF/RSF-logit 0.152  0.258 0.189/0.219  0.76/0.83

RSF/RSF-twang 0.040 0.365 0.352/0.390  0.94/0.95

Cox-logit 0.494 0.181 - /0.180 - /0.20

PW Cox-twang  0.170 0.302 - /0.227 - /0.79

RSF-logit 0.269 0.184 - /0.181 - /0.67

RSF-twang  0.052 0.280 - /0.223 - /0.89

Naive Cox 0.245 0.164 0.167/0.166  0.71/0.70

Full Data 0.001 0.061 0.063/0.063  0.96/0.96
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Table 5.3: Simulation based on 1000 data sets for Scenarios 3 and 4, each with
1000 observations. True B* = 0.503. Red indicates that the working model or the
approach is invalid.

Scenario  Estimator  T/C-PS Models  Bias SD SE Coverage
Model/Boot Model/Boot

Cox/Cox-logit 0.001 0.082 0.086/0.083  0.96/0.96

Cox/Cox-twang  0.012 0.077 0.094/0.088  0.98/0.98

Cox/RSF-logit 0.005 0.085 0.089/0.091  0.96/0.96

AIPW Cox/RSF—twapg 0.010 0.078 0.095/0.089  0.98/0.97

RSF/Cox-logit 0.004 0.071 0.072/0.074  0.95/0.95

RSF/Cox-twang 0.010 0.073 0.077/0.081  0.96/0.96

Scenario 3 RSF/RSF-logit 0.007 0.072 0.074/0.076  0.95/0.96

RSF/RSF-twang 0.013 0.075 0.079/0.083  0.96/0.97

Cox-logit 0.001  0.081 - /0.082 - /0.95

PW Cox-twang  0.021 0.074 - /0.070 - /0.93

RSF-logit 0.022 0.088 - /0.085 - /0.93

RSF-twang  0.001 0.081 - /0.073 - /0.93

Naive Cox 0.518 0.097 0.099/0.099  0.00/0.00

Full Data 0.001 0.035 0.034/0.034  0.95/0.94

Cox/Cox-logit 0.469 0.125 0.110/0.117  0.02/0.03

Cox/Cox-twang  0.224 0.157 0.154/0.153  0.70/0.70

Cox/RSF-logit 0.180 0.138 0.180/0.183  0.83/0.92

AIPW Cox/RSF-twgng 0.010 0.210 0.276/0.218  0.97/0.97

RSF/Cox-logit 0.044 0.085 0.077/0.085  0.88/0.92

RSF/Cox-twang 0.010 0.113 0.104/0.112  0.94/0.95

Scenario 4 RSF/RSF-logit 0.036 0.116 0.116/0.130  0.94/0.97

RSF/RSF-twang 0.008 0.156 0.160/0.177  0.94/0.97

Cox-logit 0.592 0.119 - /0.112 - /0.00

PW Cox-twang  0.308 0.159 - /0.131 - /0.37

RSF-logit 0.218 0.105 - /0.105 - /0.44

RSF-twang  0.047 0.152 - /0.127 - /0.89

Naive Cox 0.431 0.117 0.111/0.112  0.03/0.03

Full Data 0.001 0.035 0.035/0.035 0.94/0.94
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the 2 group survival does not seem to satisfy the PH assumption, which agrees with the
findings in Xu and Adak (2002). Moreover, the STAGE variable is not a treatment that can
be applied but a risk factor, so we consider the estimation of the non-causal B*. Figure 5.6
shows the product-limit estimator of the survival functions for the censoring time for each
of the 4 covariates, along with the p-values from the log-rank test. Note that the p-value
from the log-rank test is not valid when the PH assumption is violated, like in the case of
the covariate PS. We can see that the censoring time clearly differs among levels of the
covariates. Xu and Adak (2002) also demonstrated that the failure time differs among levels
of covariates, confirming the presence of informative censoring and the need to control for
it.

We present in Figure 5.7 the B* estimates for STAGE along with their 95% bootstrap-
based confidence intervals. Since we are estimating the non-causal B*, we considered
the estimators that are studied in the Simulation Section of Chapter 3. A complete table
of estimates, standard errors, and 95% bootstrap-based confidence intervals is given in
Table 5.4. From Figure 5.7, we see that AIPCW-Cox-RSF, AIPCW-RSF-Cox, and AIPCW-
RSF-RSF give much smaller B* estimates than the PL estimator, which could suggest that the
B* estimate using the PL estimator is overestimating the true B* due to informative censoring.
IPCW-RSF involves a non-parametric nuisance estimator, which is typically biased Belloni
et al. (2013), potentially resulting in its large estimate here. AIPCW-Cox-Cox also gives
larger B* estimates compared to the other AIPCW estimators, which could signal that none
of the underlying distributions for 7 and C is PH. Therefore, we plot the standardized score
residuals of the fitted conditional Cox PH Model for 7" against time in Figure 5.8, and for C
in Figure 5.9. The standardized score converges to a Brownian bridge, so values outside of
the blue lines indicate a violation of the PH assumption at the 5% significance level. This
violation is observed in almost all the plots, confirming our hypothesis that neither 7" nor C
follows a conditional Cox PH model. Lastly, Figure 5.10 presents the smoothed AIPCW

B(¢) using the AIPCW:RSF-RSF estimator, which demonstrates that the effect of STAGE
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on survival is rapidly decaying towards zero as time increases. Admittedly, this data set is
not collected from a randomized clinical trial, which limits its interpretation. Nevertheless,
the comparison demonstrates the robustness of B* when the PH assumption is violated. It
also shows the importance of accounting for the biases resulting from informative censoring

as well as the flexibility of the ML methods in practice.

STAGE = |-l == |lI-IV

Log - log survival

-6 -4 -2 0
Log years

Figure 5.5: Log negative log of the survival curves against log years for STAGE III-IV vs
STAGE I-II. Since parallel lines indicates PH, the figure shows that the two groups’ survival
does not seem to satisfy the PH assumption.
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Figure 5.6: Product-limit estimators of the censoring survival curve for each of the 4
covariates. P-value is generated using the log-rank test, which is only valid under the PH
assumption.
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Figure 5.7: Forest plot of the B* estimates examining the effect of STAGE on survival for
patients with non-Hodgkin’s lymphoma.

Table 5.4: B* estimates for the effect of STAGE on overall survival in the Non-
Hodgkin’s Lymphoma dataset, together with the bootstrapped standard errors and
the 95% constructed from it.

Estimator Estimate Boot SE 95% Boot CI
DR:Cox-Cox 1.14 0.11 (0.92, 1.37)
DR:Cox-RSF 0.96 0.11 (0.74, 1.19)
DR:RSF-Cox 0.97 0.12 (0.74, 1.19)

DR:RSF-RSF 0.96 0.12 (0.74, 1.19)
IPCW:Cox 1.14 0.11 (0.92, 1.37)
IPCW:RSF 1.14 0.11 (0.91, 1.36)
IPCW:A 1.13 0.11 (0.9, 1.35)
IPCW:1 1.13 0.11 (0.9, 1.35)
PL 1.14 0.11 (0.92, 1.36)
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Figure 5.8: Standardized score residuals for the exposure and each of the covariates under
the fitted conditional Cox PH model for 7 given exposure and covariates. Blue lines
represent the significance level of the formal test for PH assumption.

115



STAGE AGE XTRA

mn
o — o
o -
2 o~ 4 L o | <4
I} S & <]
(5] (5] (5]
2] 2] 12 N
3 7] 3 3 3
N 5N - N
S o S o S —
S S S
< S o I
° © =}
c - < < a
I} o] n | 8 o
(2N n o n
N
o | T‘ -
T T T T T S T T T T T T T T
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
Years Years Years
LDH PS
o
© - T
o o @
< o
S <} —
@ 3 o
< - |
° ©
@ o o
N N -
B B
g N g <
c c A
IS} IS} |
1) )
o o
S 4
T T T T 1 T T T T 1
0 1 2 3 4 0 1 2 3 4
Years Years

Figure 5.9: Standardized score residuals for the exposure and each of the covariates under
the fitted conditional Cox PH model for C given exposure and covariates. Blue lines
represent the significance level of the formal test for PH assumption.
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Figure 5.10: Smoothed AIPCW [(¢) plot for the effect of STAGE based on the AIPCW:RSF-
RSF estimator in the Non-Hodgkin’s Lymphoma dataset. The red dotted line indicates the
ATIPCW:RSF-RSF estimate for B*.
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5.10 Discussion

The marginal structural Cox PH model is most commonly used in the causal analysis
of two-group survival, which assumes the PH assumption. When the PH assumption is
violated, the saturated model is the marginal structural non-PH model (5.3). Under this
model, we proposed and studied the estimation of a causal estimand * that is a weighted
average of the causal log hazard ratio. B* is also the limit of the oracle log hazard ratio
estimator under full data.

By showing that B* can be estimated using full data estimating functions that are
identical to those for the marginal structural Cox model, we proceed to construct IPW, AIPW,
and cross-fitted AIPW estimator for $* using the results we already derived in Chapter 4.
The cross-fitted AIPW estimator is again model and rate DR, which allows the use of more
flexible ML methods for estimating the nuisance functions. Moreover, we demonstrated
that without accounting for either treatment confounding or informative censoring, the
naive PL estimator is no longer a weighted average of B(7) and can result in bias of much
larger magnitude. An AIPW [(7) plot that works under observational data is also proposed
and studied. The ATPW estimate for B* converges to the causal log hazard ratio when the
PH assumption holds, and by accounting for both treatment confounding and informative
censoring, the estimate also carries causal interpretation when the PH assumption is violated.
These developments suggest the potential for the causal estimand * to be more widely
reported.

The causal hazard ratio used in our study has not been without criticism (Hernén,
2010; Martinussen et al., 2020), particularly regarding concerns about the potential im-
balance between risk sets post-treatment. However, arguments made by the proponents
also should not be overlooked (Prentice and Aragaki, 2022; Ying and Xu, 2023). They
argue that although the comparability between the two groups is compromised at time
t > 0 due to differential survival distributions, the causal hazard ratio still represents the

ratio of the logarithm of potential survival functions between the two groups at all times.
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This characteristic alone makes it a valid causal estimand with causal interpretability, as
it contrasts the functionals of the two potential outcome distributions. Some researchers
have explored alternative hazard ratio estimands for time-to-event endpoints. Axelrod and
Nevo (2022) conducted sensitivity analysis for the so-called ’causal HR’ (Martinussen
et al., 2020), which is based on patient groups that would have survived regardless of their
treatment assignment. However, the estimand itself is not identifiable, severely limiting its
practical use. Another proposal by Vansteelandt et al. (2022) introduced a model-free hazard
ratio estimand that simplifies to the hazard ratio under the Cox model. This approach does
not rely on the inverse probability of treatment weighting, potentially leading to increased
stability. However, it explicitly depends on the model for treatment assignment and requires
the restrictive assumption that the cumulative hazard is positive at all times. Therefore,
despite the ongoing quest for alternative causal estimands in time-to-event studies, we
believe the causal hazard ratio should continue to play a central role due to its inherent

simplicity, interpretability, and widespread popularity in the field.
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Appendix A

Supplementary Materials for Chapter 2

A.1 Preliminaries

For any convex function y : R¥ — IR, define the corresponding Bregman divergence

Dy(w',w) =y(w) —y(w) — (Vy(w),w —w) and its symmetrized version
Dy(w,w') = Dy(w,w) + Dy(W',w) = (Vy(w) — Vy(w'),w—w'), ww' € R

Let z = X~ !/2x € R” be the standardized vector of covariates such that E(zz") = I,,,

and define p, = sup,,csp-1 E|z"u|¥ for k > 1. In particular, up = 1. For every 8 € (0, 1], define

Ns = inf{n >0: sup E{(z"u)*1(|z"u| > )} < 5}.

ueSp-1

Under Condition (C1), ng depends only on 8 and v1, and the map & — Mg is non-
increasing with Mg | 0 as 8 — 1. A crude bound for g, as a function of §, is Ng < (us/8)'/2.
In Lemmas 5 and 6 below, we provide a lower bound on the symmetrized Bregman
divergence and an upper bound on the score, respectively. The former is a direct consequence

of Lemmas C.3 and C.4 in Sun et al. (2020) with slight modifications, and the latter combines

Lemmas C.5 and C.6 in Sun et al. (2020) with & = 1. For the shifted Huber loss £(-), note
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that

D;(B.B) = (VLix(B) ~ VLik(B"),B—B").
Moreover, define the /;-cone

A={BEeR: BB <4s"?|B B[z}

Lemma 5. Let x,r > 0 satisfy ¥ > 4max(no.2sr,0).

(i) Condition (C1) ensures that, with probability at least 1 —e™",
_ 1
D;:(B,B") > - IB— B*||3 holds uniformly over B € ©(r)

as long asn > (x/r)*(p+u).

(ii) Condition (C2) ensures that, with probability at least 1 —e™",
— 1
D;:(B,B") > —[IB— B*||% holds uniformly over B € ®(r)NA (A.1)

as long as n > (x/r)?(slog p +u).

Proof. Without loss of generality, assume I} = {1,...,n}. It suffices to prove (A.1) under
Condition (C2). Following the proof of Lemma C.4 in Sun et al. (2020), the key is to
upper bound the expected value of the maximum ||(1/n) Y exi||., Where e1,..., e, are
independent Rademacher random variables. Let [E, be the expectation with respect to

e1,...,e, conditional on the remaining variables. By Hoeffding’s moment inequality,

1/2
1 [210g(2 [210g(2
< max (_inzj) og(2p) <B og( p)’
_ 1<j<p\ n/m n n

which in turns implies E||(1/n) Y, eixi|| < By/2log(2p)/n. Keep the rest of the proof
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the same proves the claimed bound. [

Consider the gradient Vz,r() evaluated at 3*, namely,

-~ 1
N;

<]
N
=@

I

|
M=

(&)X,
1

where Y (u) = ¢, (u). The following lemma provides high probability bounds on both ¢,-
and £..-norms of VL;(B*). Recall that @ = X!,

Lemma 6. Let u > 0 and write Ly(-) = ELq(-).

u

(i) Condition (C1) ensures that, with probability at least 1 —e™",
IVZ(B) = VL(B)ls1 < Co{ov/(p+u)/N+3(p+u) N}, (A2)

VLBl < 0%/t

where Cy > 0 is a constant depending only on V. Moreover,

(ii) Condition (C2) ensures that, with probability at least 1 —e™ ",

2{log(2p) +u} N Btlog(2p) +u
N 3 N .

VZA(B) ~ V() < 001 (a3
Proof. The bound (A.2) is an immediate consequence of Lemma C.3 in Sun et al. (2020). It

suffices to prove (A.3) under Condition (C2). Note that

IVLe(B*) — VLe(B)]|o = max

1<j<p ’

1 N
N;(I_E)&;ixij

where &; := y(g;) satisfy |€;| < T and E(E?|x;) < E(e?|x;) < 6% Forany 1 < j < p and

7 > 0, applying Bernstein’s inequality yields that with probability at least 1 —2e™ %,

12 [2z Btz
< o.. R e ——
=% NT 3N

Taking z = log(2p) + u, the claimed bound (A.3) then follows from the union bound. [J

1 N
N;(l—E)iixl‘j
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A.2 Proof of Main Results

A.2.1 Proof of Theorem 1

PROOF OF (2.5). For simplicity, we write § = [3(1), which minimizes the shifted Huber
loss Z() and thus satisfies the first-order condition VZ(B) = 0. Throughout the proof we
assume the event Zy(rp) N E«(r«) occurs. In view of Lemma 5, we consider a local region

O(r10c) With rioc = %/(4M0.25), and define an intermediate estimator Ec =(l1—-c)p*+ cE,

where

B —1 if B € O(roc),
c:= sup{u ef0,1]: (1 —u)p*+up € ®(Vloc)} 1

€ (0,1) otherwise.

By construction, Bc € O(rioc)- In particular, if B ¢ O(roc), we must have BC lying on the
boundary of O(riec ), i.€. ||Be — B* ||z = Fioc.

Applying Lemma C.1 in Sun et al. (2020), we see that the three points E,Bc
and B* satisty Dy (Bc,B*) < cD7 (B,B"), where Dz (B, p*) = (VL(B) — VL(B"),p—B") =
<VZLK(B) — VZLK(B*), B —B*). Together with the first-order condition VZ(B) = 0, this

implies
D;(Be,B*) < —(VL(B*),B—B*) < [VLB) - |IBe — B[z (A4)

For the left-hand side of (A.4), applying Lemma 5 with r = rjo. and the fact BC € O(rioc)

yields that with probability at least 1 —e ™%,

1Be — B*[IF (A.5)

Bl

DZ(BC,B*) >

aslongasn 2> p+u.
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To bound the right-hand side of (A.4), we define vector-valued random processes

A(B) = VH{VLix(B) — VLix(B")} —EV2(B—B"),

AB) =27 '2{VL(B) — VL(B") } —£/*(B— B7),

(A.6)

Let 0 < ryp < ©. Following the proof of Theorem B.1 in the supplement of Sun et al. (2020),

it can be similarly shown that, with probability at least 1 —2e™ %,

[p+u o2 ptu o
sup [[A(B)]2 <G +— |ro and sup ||A(B)|2 <Cy +—|r
Be®(r0) nooK Be®(r0) N T

(A.7)

as long as n 2 p +u, where C; > 0 is a constant depending only on v;. Recall that

T > K< 0+/n/(p+u). Conditioned on event Ey(rp) N E.(ry), it follows that

IVL(B)lla = [ABD) — A1 (BO) + =712V L (B2
< |AB®) — A (B [l2 + VLB |

< Coroy /P2 41, (A8)
n

Together, the bounds (A.4), (A.5) and (A.8) imply that, conditioning on Eqy(rp) N

Z*(r*),
HﬁrﬁWzSMWZ®Wm§4<deggﬁ+ﬁ) (A9)

with probability at least 1 —3e “. Provided that the sample size is sufficiently large—
n 2, p + u, the right-hand side of the above inequality is strictly less than rjoc = K/(4M0.25)
with Kk < G\/m . As aresult, the intermediate estimator EC falls into the interior of
O(r1oc) With high probability conditioned on Ey(rg) N ‘E.(rs). Via proof by contradiction,
we must have B € O(roc) and hence B = EC; otherwise if B ¢ O(roc ), we have demonstrated

that Ec must lie on the boundary of ®(ryo), which is a contradiction. Consequently, the
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bound (A.9) also applies to E, as claimed.

PROOF OF (2.6). To establish the Bahadur representation, note that the random process
A;(+) defined in (A.6) can be written as A (B) = X~ V2{VL(B) — VL(P*)} —£/2(B— B*).

Moreover, note that

~ o~ o~ ~ o~

VL(B*) = VLix(B*) — VLix(B?) + VL(BY) - VL(B*) + VL:(B"),

which in turn implies
IVLZ(B*) — VZ(B*) |l < [1A1 (B) |2 + [|ABO)]|2.

Recall that VZ(B) = 0, and by (A.9), ||B — B*||x. < r1 := 4Coro\/(p + u) /n+ 4r, with high
probability conditioned on Ey(rp) N Ex(rs). For ro > 8r., we have ri < ro/2+r9/2 =rp as
long as n = p+u, and hence B € O(rg). Applying the bounds in (A.7) again, we obtain that
conditioned on Ey(ro) N Ey(rs),

I=V2(B—B*) + =2V L(BY)] 2
= [|A1(B) + 7 VAVL(B*) — = V2V L (B2
<[1A1B) 2+ A1 BO) 2+ [ABD) 12

<2 sup [[Ai(B)lla+ sup [|A(B)Il2

Bed(ro) ped(ro)
<\ n
n
with probability at least 1 — 3e™%. This completes the proof. [
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A.2.2 Proof of Theorem 2

Given a sequence of iterates {B(’ ) }=0.1....1, we define “good” events

% (r) = {B¥ € @(r)}, 1=0,...,T,

for some sequence of radii ro > r; > --- > rr > 0 to be determined. Examine the proof
of Theorem 1, we see that the statistical properties of B(t ) depends on both first-order and
second-order information of the loss function £{) (), namely, the /;-norm of the gradient

v L") (B*) and the (symmetrized) Bregman divergence of £()(-). For the former, we have
VLZOB) = VL1 x(B") = VLB ) + VLB, (A.10)

Let Aj(-) and A(-) be the random processes defined in (A.6), and observe that
T2y L0(BF) = A(E(tfl)) — A (B(I’l)) + 212V L (B¥). By the triangle inequality,

IVLZO (Bl < [AB D)2+ 1a1 (B D)2 + IVL(B) |- (A.11)

On the other hand, note that the shifted Huber losses Z(’)(~) have the same Bregman

divergence, denoted by

D(B1,B2) = (VLI (B1) = VLI (B2),B1 — Ba) = (VLix(B1) — VLix(B2), B1 — B2)-

Define the local radius rioc = K/(4M0.25). Then, applying Lemma 5 with r = r yields that,

u

with probability at least 1 —e ™%,

D(B.B") > B~ B2 (A.12)

holds uniformly over B € ®(ry,c). Let Ei . be the event that the local strong convexity (A.12)

holds.
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With the above preparations, we are ready to extend the argument in the proof of
Theorem 1 to deal with B(’ ) sequentially. At each iteration, we construct an intermediate

estimator ﬁlmd—a convex combination of B*) and B*—which falls in ©(rj) and satisfies

D(B:B) < VOB - Bl — Bz
If event ‘E, (r.) N i occurs, the bounds (A.11) and (A.12) imply

1Bl — B[l < 4{ A1 (B [l2 + [ABU) 2} +4r.. (A.13)

Moreover, it follows from (A.10) and the first-order condition V£ (B(t )) = 0 that

I=V2(BY —B*) + V2V LB
= [|="12{VLOBD) ~vLOP*)} — V2RO —B*) + = VHVLO (BY) — VL(B)} 2

< (1A Bl + A1 B 2+ AR 2. (A.14)

In view of the bounds in (A.7), for every 0 < r < ¢ we define the event

T(f)Z{ sup {[|A1(B !2+||A(B)||2}§Y(u)-f} (A.15)

Bed(r)

with y(u) = C+/(p+u)/n for some C > 0, which satisfies P{F (r)} > 1 —2e7*.
Let 87* < rp < o. In the following, we assume the event Ey(rg) N Ex(rs) N Eise
occurs, and deal with {(Blmd,ﬁ(t)),t =1,2,...,T} sequentially. At iteration 1, it follows

from (A.13) that, conditioned on ¥ (ry),
”Egg — Bz < r1:=4y(u) - ro+4r..

Provided that n 2 p+u, we have 4y(u) < 1/2 < 1 and r; < rg < rioc = ¥/(410.25), so that

127



Bfrlg € 0O(r1) Cint(O(r1c)). Via proof by contradiction, we must have B(l) = El(nllc)l € O(r1oc)s
which in turns certifies event Z(r|). Combining this with (A.14), we see that conditioned

on ¥ (rg), the event ‘E; (r;) mush happen and hence

IBM —B* [l < r1 = 4y(u) - ro +4ri < ro,

1BD =B+ IVL(B) |z < 2Y(u) - ro

Now assume that for some t > 1, B(’) € 0O(ry) withry =4y(u) - r—1 +4r. <r—1 < Foc-

At (1 +1)-th iteration, applying (A.13) again yields that, conditioned on event %, (r;) N F (),

IBETY —B*|ls < ripr o= 4y(u) - 1y + 4.

By induction, r; < r;—1 < rjoc S0 that rry1 < 4y(u) - r;—1 +4r. = r; < roc. This implies that

BTl ¢ O(r¢+1) and thus

imd

[3( Y falls into the interior of O(r10c ), which enforces [3 (+1) = B;

imd

certifies event %41 (r;+1). Combining this with the bound (A.14), we find that

| B+ — B+ s <1 =4y(u) -1 +4r <y,

1B — B+ = 'VZ(B) |z < 2y(w) - 12

Repeat the above argument until we obtain B(T). We have shown that conditioned on
Ei(re ) NV Ese VE—1(r—1) N F (ri—1) for every 0 <t < T — 1, the event % (r;) must occur.

Therefore, conditioned on E, (r.) N Bise N Eo(ro) N {N ' F (1)}, B(T) satisfies the bounds

IBT) —B* |y < rr = 4y(u) - rr—1 +4r.,
(A.16)

IBT) =B+ VL (B) ||z < 2y(w) - 11

Observe that r; = {4y(u)}' ro + %M* forr=1,...,T. We choose T to be the small-

est integer such that {4y(u)}' ~'rg < r,, that is, T = [log(ro/r:)/log(1/{4y(u)})] + 1.
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Consequently, the bounds in (A.16) become

BT — B |z < {() + iy e < {43(u) +8}r,
(A.17)

IBT) =B + 21 VL(B) |z < 18Y(u) - .

Finally, it suffices to show that the event Ei. N {N" "' F ()} occurs with high
probability. Recall from (A.12) and (A.15) that P(E.) > 1 —e “and P{F (r;)} > 1 —2¢7*
for every t =0,1,...,T — 1. The claimed result then follows from (A.17) and the union

bound. O]

A.2.3 Proof of Theorem 3

Let u > 0. Applying Theorem B.1 in Sun et al. (2020) with a robustification pa-
rameter K < 6+/n/(p+u) yields that with probability at least 1 —2¢™¥, ||B(0) —Bs <
ro < 6+/(p+u)/n as long as n > p+u. For event E*(r*) defined in (2.4), we take
r*=<6+/(p+u)/N-+1(p+u)/N+0c?/tin Lemma 6 and obtain that P{E*(r*)} > 1 —e“.
Putting together the pieces, we conclude that event £y (rg) N E.(r.) occurs with probability

at least 1 —3e™%, provided that n 2> p + u.

Set u = logn +log, m. Since T < 6+/N/(p+logn+log,m), we see that

1 | I 1
roxcs\/p+ ogn+log,m and r*xc\/p+ Ogl’]lV-F ogzm,
n

and hence ry/r, < y/m. Finally, applying Theorem 2 yields the claimed bounds (2.8) and

(2.9). [l

A.2.4 Proof of Theorem 4

For simplicity, we write ¢ = p + logn + log, m throughout the proof. For every
vector a € RP, define S, = N~1/2 ):{il Ew; and SY = S, — ES,, where & = yz(g;) and

wi = a"2~'x;. Under the moment condition E(|g|*+9|x) < v, 5, using Markov’s inequality
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yields [E(&i[xi)| <t ' °E(lei"*?[xi) < vay5t 7% Hence, [E(&wi)| < vaysllaflo-T'°
and [ES,| < V2+5||a||g -N1/2¢71-8,
With the above preparations, we are ready to prove the normal approximation for B

Note that

IN'2a" (B —B*) — 59|

_ N
< N2 <Z‘1/2a721/2(B—B*) —2‘1/2]%Zwr<e,->x,-> +|ES,|
i=1

<N'Z|la|q- +vaysllalla- NP0,

z

‘B—B*—z—@ﬁwa)xi
Ni:l

Applying (2.9) in Theorem 3, we find that with probability at least 1 —Cn ",
IN'2aT(B—B*) — S5| < Cilallq - (ogn™" /> + N2y, 571 70), (A.18)

where C; > 0 is a constant independent of (N,n, p).
For the centered partial sum S, it follows from the Berry-Esseen inequality (see, e.g.

Theorem 2.1 in Chen and Shao (2001)) that

sup [P{S0 < var(s) 21} — (1) < 4.1 o —EGWP™

(eR Var(ﬁw)1+5/2N5/2 ’ (A.19)

where & = y;(¢) and w = a"2 " 'x. Recall that T < 6,/N/g, and write 62, =

T,a

E(Ew)2. By Proposition A.2 in Zhou et al. (2018), |E(E2|x) — 0?| < 28 v, 5170 =

8 ',,569(g/N)®?, and hence

5/2
V245 (4
0%/l - 1] £ 355 (%) (20

Moreover, E[gw[>*3 < Elew|2* < . 5lall3 V.5, where iy := sup,cgp 1 EJ2u[2
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depends only on v under Condition (C1). Substituting these bounds into (A.19) yields

0 0N1/2,0 V2+3
sup IP{Sy < var(Sg)'/*1} —@(1)| < C2—02+5N5 Vet (A.21)

provided that N > g. For the variance term, the bound |E(§|x)| < 621~ ! guarantees that
E(&§w)* > var(8g) = E(w)” — (E&w)* > E(&w)” — (0]lalle)* -’12

Combined with (A.20), this implies |var(S?)/ 6%7 . — 1] < 6?2172, from which it follows that

2
sup |D(t /var($0)1/2) — (1 /61 4)| < cg‘;—z. (A.22)
teR

Let G ~ A(0,1) and 7 € R. Combining the bounds (A.18), (A.21) and (A.22), we

obtain

P{N'2a"(B—PB*) <1}
< ]P’{Sg <x+Ci|lalla- (qufl/2 +N1/2v2+5’571*8) }+cn!

< ]P’{Var(Sg)l/zG <t+Cy Ha”Q . (anfl/Z +N1/2v2+617178)} _l_Cn—l 10 2V2+8

o2+IND/2
< P0G <1+ Cllalla: (o0 2+ Ny e ) a2 e,
<P(054G <t)+Cn ' +C1(2m) 2 (gn PN Pvy 5o ) 10 02125;35/2
2
+C s

A similar argument leads to a series of reverse inequalities, and thus completes the proof. [

A.2.5 Proof of Theorem 5

As before, we assume without loss of generality that I} = {1,...,n}. Write E = B(l)

for simplicity, and let g = B— B* be the error vector. By the first-order optimality condition,
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there exists a subgradient g € a||E||1 such that gTB = ||B||1 and VZ(E) +A-g =0. Moreover,

the convexity of Z() implies
0<Dz(B,B") =g"{VL(B)~VL(B)} =—hg'g—g" VL(B").
Recall the true active set S = supp(B*) C {1,...,p}, we have

=g g <|IB I = 1IBlls = 1Bl — llgsellt = llgs +Bsllt < llgslh = llgselh-

Together, the above two displays yield

0<D;(B,B*) <Mllgslli — llgsell) — g"VL(B). (A23)

To deal with VL(B*) = VZLK(B*) - VZLK(B(O)) + VL(B<0>), we define random

Processes

Di(B) = VLix(B)— VLik(B*), D(B)=VLi(B)—VL(B"),

and write Dy (B) = ED; (B) and D(B) = ED(B). The gradient VL(*) can thus be written as

{D(B) - D)} _5, + {D1B) = DaB)}| s, + VEB) — VB
H{DB) = DB}y, + VLB,

For any r > 0, define

Ai(r)=sup [Di(B) = Di(B)ll=y A(r)= sup [D(B)—D(B)llw, (A.24)
Bed®(r)NA BeB(r)NA

8(r) Zleé?)HDl(B)—D(B)HQ and b" = [[VL:(B")llo.  (A.25)

The quantity b* can be viewed as the robustification bias and by Lemma 6, b* < 62t~
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Back to the right-hand of (A.23), conditioning on the event Eo(rp) N Ex(Ay), it

follows from Holder’s inequality that
8" VL(B)] < {Alro) +A1(r0) + A }llgl1 + {8(r0) +57 } gl (A.26)
Let A =2.5(As +p) for some p > 0. Provided that
p > max [A(ro) + A1 (ro),s /2 {8(ro) +b*}], (A.27)

we have |gT VL(B*)| < 0.4A||g|[1 +0.45'/2A|g||z. Combined with (A.23), this yields 0 <

gllt < (10/3)llgslli +(2/3)s'*|g s

< 45/ 2||glls, and hence E € A. Throughout the rest of the proof, we assume that the

1.4(|gs|l1 —0.6[|gsc |1 +0.45'/?||g||s. Consequently,

constraint (A.27) holds.

Next, we apply Lemma 5 to bound the left-hand side of (A.23) from below. As in
the proof of Theorem 1, we set rjoc = k/(4Mp.25) and define BC =(1—c)p*+ cB, where ¢ =
sup{u e [0,1]: (1 —u)p*+ uB € O(r1oc) }. The same argument therein implies DZ(Bw ") <
cD; (E, B*). Recall that conditioned on Ey(ro) N Ex(As), B falls in the ¢;-cone A and thus
so does Ec. Moreover, Ec € O(rioc) by construction. Then it follows from Lemma 5 that,

with probability at least 1 —e ™%,

1Be—B" 2

A=

D (Be.p") =
as long as n = slog p + u. Combining this with (A.23), (A.26) and (A.27), we obtain that
%HBC — B2 < cA(1.4]1gs]li +0.45"%|g]ls) < 1.85'2|[Be — B* s
Canceling HEC — B*||x on both sides yields

IBe — B*||x < 7.25"/%. (A28)
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Provided that ¥ > 28.8n0,25s1/ 2\, the right-hand side is strictly less than rjo. Via proof by
contradiction, we must have B = Bc € O(rioc), and hence the bound (A.28) also applies to B

It remains to choose p properly so that the constraint (A.27) holds with high prob-
ability. Recall from Lemma 6 that b* < 6>t~ !. The following two lemmas provide upper

bounds on the suprema A(rg), Aj(rp) and &(rp) defined in (A.24) and (A.25).

Lemma 7. Assume Condition (C2) holds. Then, for any r,u > 0,

log(2 log(2 log(2
A(r)SClBZr{ %Hl/z%%&z(%ml/zr og( £)+u

with probability at least 1 — e ", where C1,C, > 0 are absolute constants. The same bound,

with N replaced by n, holds for Ay (r).
Lemma 8. Condition (C2) guarantees 8(r) <k >r(6? +uqr*/3) for any r > 0.

Let 0 < rg S o and set & =2e™ %, so that log p+u =< log(p/d). Suppose the sample
size per machine satisfies n 2 slog(p/d). Then, in view of Lemmas 7 and 8, a sufficiently

large p, which is of order

n

p < max {Vo M,S_I/ZGZ(K_zr() +T_l)}7

guarantees that (A.27) holds with probability at least 1 — /2. With this choice of p,

we see that the right-hand of (A.28) is strictly less than r,. as long as k 2 st/ 2{%* +

roy/slog(p/8) /n} +06%(x 2rg+1~1). Since k < 61/n/log(p/3), this holds trivially under
the assumed sample size scaling, and thus completes the proof. [

We end this subsection with the proofs of Lemmas 7 and 8.
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Proof of Lemma 7

For any ry,r;, define the ¢;/¢,-ball B(r,r;). Consider the change of variable v =

B — B, so that v € B(4s'/2r, r) for B € O(r) N A. It follows that

sup  [|D(B) — D(B)|-»
Be®(r)NA

1 N
< max su —Y(1-E € —x1v) —Ye(g) txi; | = max P,
< 13]3’1}615%(4382,7,) g( )th( i~ X 1 Wi (€ } i ]<j<p J
=:04j(v)

where ®; :=sup, g 41/2,., [(1/N) N (1 —=E)d;;(v)| and yz(u) = sign(u) min(|u|,t). By
the Lipschitz continuity of Wz (), sup,cp /2, |0ij(v)] < SUD e (451/21, ) Xyl x| <

4B2s'/2r and, for each v € B(4s'/?r,r),
1/2 1/2
Eo%(v) = E{a;(x1v)?} < (Bxt) P {EGI M <o) - r2.

We then apply Bousquet’s version of Talagrand’s inequality (Bousquet, 2003) and obtain

that, for any z > 0,

®; <E®;+ sup {E¢7;(v) }1/2\/2Z+4\/]ECI) 32s1/2r— +(4/3)B%s l/zr(i29)

veB(4s!/2r,r)

<E®;+ (20;jus)"2r\ |~ +4\/E<I> B2s1/2p = (4/3)st1/2r]£\,

with probability at least 1 —2e™*. For the expected value E® ;, by Rademacher symmetriza-

tion we have

1 N
Ed; <2E  sup Z ei0ij(v)| =2E sup N Z eidij(v)| ¢,
vEB(4sl/2r,r) i vEIB%(4s1/2r7r) i=1
where eq, ..., ey are independent Rademacher random variables. For each i, write ¢;;(v) =

¢;(x]v), where ¢;(-) is such that ¢;(0) =0 and |¢;(u) — ¢,;(v)| < |xij| - |u—v| < Blu—v|. It

135



thus follows from Talagrand’s contraction principle that

1 N
—Zeiva < 8Bs'/%r.E,

i=1

E, sup
VGB(4sl/zr,r)

Ze¢z]

<2B-E sup
VEB(4S1/2r,r)

3
— eiX;
N i=1 I

Again, applying Hoeffding’s moment inequality yields E,||(1/N) YN | eixi||e <

B+/2log(2p)/N. Putting together the pieces, we conclude that, for j =1,...,p,
2slog(2
o, < 1682 21082P).

Finally, taking z = log(2p) + u in (A.29), the claimed bound follows from the union
bound. [

Proof of Lemma 8

Let L:(B) = IEZ,E(B) be the population loss, so that

Di(B) = VLc(B) = VLc(B") and D(B) = VL:(B) = VL(B").

Starting with D; (B), consider the change of variable v = X!/2( — B*). Then, by the mean

value theorem for vector-valued functions,

=~'2Dy(B) —='2(p— ")

1/2]E/ V2L (1= )B +1B)drz /2.y

= —/ E{P(|e —tz"v| > K|x)zz" }dr - v.
0
Similarly, it can be obtained that

> 12pB) —=2(B—-p*) = —/OIJE{]P’(\S—IZTV] > t|x)zz" fdt - v.
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Recall that T > x > 0. We have
1
=D (B) - D(B)} = - | E{B(x< |e—tz"v| < tl)z"}ar v
0

By Markov’s inequality and the fact that E(g|x) = 0, P(|e — tz"v| > k|x) < k 2{E(e?|x) +

2(z')?} < x2{c? +1?(z"v)?}. Substituting this into the above bound yields

sup |[D1(B) —D(B)|la < x 2r(c® +par?/3),
peod(r)

as desired. OJ

A.2.6 Proof of Theorem 6

The proof will be carried out conditioning on the “good event” Ey(rg) N E(Ay)
for some predetermined 0 < ro, A, < 6. Given 8 € (0,1), let the robustification param-
eters satisfy T > Kk < 61/n/log(p/d). Theorem 5 implies that the first iterate B(l) €

arg mingep, { L (B) + 1 |[Bll1} with

1 )
A =25 +p1) and p; =< max{ro M,sl/zczrl}
n
satisfies the cone property E(l) € A and the error bound

IBY — B*||x. < Cisv/log(p/8) /n-ro+Colo?t ! +5V/20,) =: 1y (A.30)

with probability at least 1 —§. In (A.30), we set o = o(s, p,n,d) = Cls\/w and
re = C (62‘5_1 +sl/ 2X*), so that r; = arg + r,. Provided the sample size per machine is
sufficiently large, namely, n > s>log(p/8), the contraction factor  is strictly less than I,
and hence the initial estimation error r( is reduced by a factor of o after one round of

communication.
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Fort =2,3,...,T, define the events % (r;) = {E(I) € O(r;) N A} and radius parame-
ters

1—of
1—o

rt:(xr,,l—kr*:0L2r,,2—|—(1—|—(x)r*:---:(xtro—l— Te.

In the 7-th iteration, we choose the regularization parameter A, = 2.5(A, 4 p;) with

1 )
pr =< max{rt_l %,s_l/zcz‘c_l} = s_l/zmax{a’ro,cz‘l:_l}.
n

Commenced with E(t —1) at iteration 7 > 2, we apply Theorem 5 to obtain that conditioned

onevent E_1(r—1) N Ex(Ay),
BDeA and ||BY —PB*llx <o +r=r (A31)

with probability at least 1 — d. In other words, event %, (r;) occurs with probability at least
1 — & conditioned on &, (r;—1) N Ey(As).

Finally, we choose T = [log(ro/r«)/log(1/a)] so that ol ry < r.. Then, applying
(A.30), (A.31) and the union bound over ¢ = 1,...,T yields that, conditioned on Eq(rp) N

E.(rs), the T-th iterate E(T) falls into the cone A and satisfies the error bound
1B — Bl < rr =1

with probability at least 1 — 7'8. This completes the proof of the theorem. [
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Appendix B

Supplementary Materials for Chapter 3

B.1 Notation and Expressions

We define or repeat some of the important quantities that will be used in the proofs.

Foriinl,..., n,

t
Mei(1:80) = I(X; < 1,4 = 0) — / 10X > w)dA (A1, Z:),

Ji(t;8,8¢)
/ SuA,,Z uA,,Z)

d?\&(l;S,Sc) = Sczz;\;(i )Zz)

—Ji(l;S,SC)dS(l;Ai,Zi),

Yi(t)
Sc(t;A4,Z;)

AM;(t:B, A, S, S.) = dNK(1:S, Se) — { L Ui(t:8,8.)S(1: A1, Z;) } PAGN (1),

; )
V(I;B,S SC)ZA(I;B: ) c)_A(t;Ba'S?Sc)Z?
Al SS)=12/Z e
T n = o SO (B, S, S,
ilB,AS,S0) = [ {Ai—A(5:B,S,S0) Mi(1:B,A,S. S.)
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where A (;A,Z) = [{ he(t;A,Z)du and F (1;A,Z) = 1 — S(t;A, Z).

Next, for each fold m, we define the fold-specific quantities:

1
5w (6:B,5,5) = — Y. T (1:B,5.5.)

|Im|l€Im

(D),
Am(t;B7S75C) = 'SmO)(t’B,S,Sc)

Sm (I,B,S,SC)
Vin(t:B,S,5c) =A (r-B $,8c) = An(1:B,S,5)%,
Am(t;B,S,Se) = Z/ ‘W”SS

|1l 5, Jo B, S,S.)

WniBAS.5) = [ {Ai—Am(t;B,S,Sc)}dMi(t;B,A,S,Sc)-
The cross-fitted variance estimator of/[; form Theorem 9 is defined as

Ly, Yiet, Wmi(B,Am(; B§( )y §lem) glomye
2’
{%an:lzielm JEVi(£:B, 8 ST anG (1, 50m) S M))}

Gor(B) =

where S and ﬂ_m) are estimated using the out of m-th fold data.
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B.2 Proof of Double Robustness

Lemma 9. For any S.(t|A,Z) with its corresponding censoring specific martingale M.(t;S.),

thc(M;SC) —1_ Y(t) N N(t_) (B.1)
0 Sc(ua,z)  Sc(tlA,Z)  Se(X|A,Z)’ '

where N(t—) =1(X <t,T <C).

Note, this can be seen as a continuous version of Lemma 10.4 in Tsiatis (2006).

Proof

First note that

! dNC(”) _ Nc(t_)
/oSc(u|A, ) S(X|A,Z)’ (B.2)

where Nc(t—) =1(X <t,T > C). Next, since S.(u|A,Z) = exp{—A.(u|A,Z)},

t—Y(u)dA:(ulA,Z)
/0 Sc(ulA,Z)
tdS.(ulA,Z)
0 Sc(ulA,Z)?

X dS.(ulA,Z)

=I(X>t ZEe\TE )
(X 1) 0 S.(ulAZ)?

+I1(X <1t)

= 1(X > 0){=Sc(u|A, 2) " HiZh +1(X < ){~=Sc(ulA,Z2)""}i=5

B Y(t) I(X <1)
=" SuA2) s.(xAz) (B.3)

Since I(X <t)=N(t—)+ N.(t—), (B.2) + (B.3) then gives the lemma. O

Proof of Theorem 7

Recall that

AM®™8(1: B, Ao, S, S.) = dM” (5B, Ao, Se) — J (135, Se) {dS(t|A,Z) +S(t|A,Z)eBAdA0(t)} ,
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where J(1;S,S.) is also included in Appendix B.1.
a) Assume S, = S7.

We first consider dM™ (t; 3%, Ag,S?). For h(A) =1 or A,

E{h(A)dM™ (t; %, AG,S2)}
=E {h(A)S2(1|A,2) " AdE{I(T <1)I(C >1)|T,A,Z}
—E{I(T > 0)I(C >1)|T,A,Z}- eB”AdAg(t)] }
—E[h(A)S(1]A,2)" {dI(T <1)P(C > 1]A,2)
—I(T > 1)P(C > 1|A,Z) - P dAG(1)}]
=E{n(A)dMr(t: % Ag)}
=E[h(A)dE{Mr(1;B°, AG)|A}]

=0,

where the second ‘=" above uses the informative censoring Assumption 1, and the second
last ‘=" above uses the martingale property of Mr(t;B°, AJ).

Next we consider J(t;S,S.){dS(t|A,Z) + S(t|A,Z)eP"AdAg(t)}. Tts expectation be-
ing zero follows immediately from the fact that M.(¢;S?) is a martingale.

b) Assume S = S°.

Noting that Y7 (#)N(t—) = N(t—)dNr(t) = 0 and Y (¢)dNy(t) = dN(t), we multiply
(B.1) by
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dM7(t) = dNp (1) — Yr(1)eP A d Ao (1) giving:

dMr (1;B%, A3) Ot iﬁ;ﬁ;szc))
tdM.(u;S.) oA 1o tdM.(u;S.)
:dNT(t) 0 Sc(u’A,Z) —YT(I)eB AdA()(t) 0 SC(MlA,Z)
—dNr(t) — dNr(OY(1) _dNr(ON(=) ()P A ang (1) +

Sc(t|A,Z) S:(X|A,Z)
Y(1)ePAdAG(t)  Yr()N(t—)eP AdAY (1)
Sc(t|A,Z) Sc(X|A,Z)

—dMr(t) — dM" (1).

Therefore

tdM.(u;S.)

W . RO o\ __ .RO [ _ . RO o .
AM" (1%, A8) = dMr (1B, AG) —dMr (3B, A9) | 2
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We note that (3.9) and (3.10) hold when S = S°. From (3.7) then we have

E{dM@S(£;B°, A2, 5%, S.)}

— W(s. RO AO ! QO AO nd(u;SC)
—E [dM (1:p°, O,SC)—I-/O E{dMy(t;B ,AO)|A,Z,TZM}W]
tdM.(u;S.)

0o Sc(ulA,Z)

dM.(u;S.)

Sc(u|sz)]

_E [dMT(t; BY, A%) — dMi(1;B°, AY)
t
+/ E{dMy(t:B°,A9)IA Z, T > u}
0

—E {/ot [E{dMT(t§BOaA8)’A’Z>T > u} —dMT(“BO’AS)} M}

S:ulA,Z)
- [E{/o [E{aMy (133, A5)IA,Z,T > u} — My (155, A5)|

dN,(u) ‘
) Az T>ucC=
Sc(ula,z) |5t = u,C=u

_E {E{ / [Eabtr (5. AAZT > ) — dbtr (7.9)]

o ! dNC(u) . RO o _
_E{/O W[E{dMT(t,B ADIAZT > u,C = u)
— E{dM7(t:B°, A)|A,Z,T > u,C = u}} }

LY (u)dAc(u)
_E{ oy

E{dM7(t;B°,A9)|A,Z, T > u,C >
S z) |EAMrEB AAZT 2 u.C2 u)

— E{dM7(t:B°,A)|A,Z,T > u,C > u}} }

=0,

where in the 3rd line above E{dMr(t;°,Aj)} = 0 because Mr(t;’,A]) is a martingale.

The above also gives

t
E{/ AdM™8 (1B, 3,50,56)} =0.
0
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Appendix C

Supplementary Materials for Chapter 4

C.1 Notation and Expressions

Throughout the Supplementary Material, we omit the notational dependencies of
most quantities on A and Z, unless it requires clarification. For any random quantities a and
b, we will use a < b to denote a is less than or equal to b up to a constant factor.

Suppose we are given n i.i.d. data points, with i € {1,...,n}, that can be split into

k equal-sized folds I,..., Iy, we first collect notations that will be used repeatedly in the
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proofs. Fora=0,1,/=0,1 and for each i,

Nri(1) =I(T; <1), Yri(t) = I(T; > 1),
MT,'(I;B,A()) :NTZ'(I‘) —/Ot YT,-(u)eBA"dAo(u),
NC,'(Z‘)II(X,'SZ‘,AZ':O), Yi(t):I(XiZt),

M,i(t;a,S:) = Ngi(t) —/OZYi(u)dAc(u;a,Zi),

N(t) =1{X(a) <1,T(a) < C(a)}, Ye(r) ={X(a) > 1}

N¢(t) =1{X(a) <1,T(a) > C(a)}, A%(t) = {min(T (a),1) < C(a)},
Ailt:a,5,Sc) Sudgd;uausa)z)
(3B, Se) = TS —n(éi;][?;i\“?igc(t;Ai,Zi)

075,80 = ST R SR R (T

- L i g agret s dstea

AlY;(1)ePAi ALS(t;A;,Z;)ePAi
n(Z)A{1 —n(Z) VA (141, Z)  m(Z)A {1 —m(Z) 1A

al Aa(l—A) —a ) g .eBa
+az(;'1 {1+ n(Z) {1 —n(z;) 14 Ji(t; SS)}S(I, Zi)eM,

Dyi(1:B, A0, T, S, Se) = dA O (157, 8,8.) — T\ (1:B, 7, S, Se)d Ao ),

Fl(l)(t;BaTCaS?SC) =

D»i(B, Ao, T, S, S,) / dnV (6w, S,50) — TV (1B, 7, S, 8. )d Ao (1),

2

( B,m,S,S.) = aB ( B,m,S,S.) = 852 (t;B,TE,S,SC),
_ :B,m, S, S,
a(r;B,m,S,S.) = s(O)Et;B,z,S,SC;’

v(t;B,m,S,S,.) = a(t; B, <, S, Se) — 6(t; B, 7, S, Se)?,

a

V(1B 7,8, 8c)s O (1B, 7, S, S ) A (1)

T

{a(r:B%,m,S,Sc) — 6(1:B, 7, S, S5c) } s (15 B0, 0, S, Se ) A A (1)

v(B,m,S,S;) =

:U(BJC?S?SC> =

S— S—
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Note that the quantities in the last 4 lines are defined in the Additional Assumptions Section

C.3.1 for the Proof of Asymptotics Results later.

Next, we define quantities evaluated over the entire sample of n observations

Y O RS, s, s :BmS.S) = E{SO(:B,7.5,50)}

V(t;B,m,S,S.) =A(t;B,7,S,S.) —A(r; B, 7, S, Se) %,
I d?\&unSS)
Ao(t;B, T, S, Se) Z PSS

Z/ danV (1w, S,5.) — A(t:B,m, 5,5 )dA (11w, S, S,
l 1

U(B,mr,S,S.)

Analogous to the quantities above, for each fold m, we define the fold-specific quantities

D (1:B,7,S,Se), Am(t:B,7,S,5e), Vin(t:B, 7,8, Se)s Ao (BT, S, Se), and Up(B, T, S, Se).

For example,

D 1;B,m,8,S.) —ILZ ' (t;,m,5,S.).
cl,

We will now denote the cross-fitted AIPW estimating equation as

Uur(B) = 1 X, Un(B.7 . 5.57) =0

The asymptotic variance of B in Theorems 12 is defined as

o’ = E{y(B’, A, n",5°,82)°} /v* (B, n”,8°,S2),

where

T
(B?,Ao,m,S,S:) = D2(B, Ao, T, S, S¢) — /0 o(t;B,m,S,S.)D1(t; B, Ao, @, S, Se).
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The asymptotic variance 6> can be consistently estimated using

~

%ercnzl Zielm i|7l11,l'(/l?;7 Koym(.;g,ﬁ(—m)’S'\(—m)7S*\g_m))’n(—m)7§(—m),s'\g_m))2
~ —~ ~ 27
{3 Th 1 Kic, J5 Vin 6B, S ST )an® (1 7-m S S |

6*(B) =
where

T p—
quJ(BO,A(),TC,S,SC) :DZi(I;BaA()yﬂ:aSaSC)_/O Am(l;B,ﬂ:,S,SC)Dli(f;B,A(),TC,S,SC)

148



C.2 Proof of Double Robustness

We first state and prove some lemmas we will use in the proofs of the Double

Robustness Theorem.

Lemma 10. For any real-valued functions g and h, we have

E{g(A,Z)n(T,C,A,Z)} = Y E|g(a,Z)n’(Z)*{(1 —n°(Z2) M TE{h(T,C,A,Z)|A = a,Z}]
a=0,1

Proof

By the law of total expectation we have

E{g(A,Z)h(T,C,A,Z)}

—E[E{g(A,2)h(T,C,A,Z)|A,Z}]
—E| ¥ E{g(A,2)h(T,C,A,Z)|A = a,Z}7°(2)*{1 —1°(Z)})~©
a=0,1

=Y E|g(a,2)n°(2){(1 -n’(2)} “E{h(T,C,A,Z)|A = a,Z}]
a=0,1

Lemma 11.

M(t;B,Ag) = AA ()M (£:B, Ag) + (1 — A)A® (1) M (B, Ao).

Proof

We prove the result for a = 1, the same arguments can be made for a = 0.

The following is a potential outcome version of Lemma 1 from Luo and Xu (2022).

149



Note that

t dN}(u) C'(t—)
0 Se(u;1,Z (X:1,2) €D
Since A (u;1,Z) = —log{Sc(u;1,Z)},
t Y (u)dA(u;1,2)
/() Se(u; 1,7)
_1x(1) > }/tds us 1, Z)+I{X <t}/ dSuullz?)
=H{X(1) > (H{-Sc(w:1, z>*1}r o+ HX(1) < (H{=Se(w:1,2) 2y
_H{X(1)>1) I{X( )<t} HX() > I(X(1)<1)
S(0;1,Z) " S.(0;1,Z)  S.(r;1,Z)  S.(X(1);1,Z)’
_ Y'(r) 1(X(1) <1)
=1- Se(t;1,Z)  S.(X(1);1,2) €2
Since I(X (1) <t) =N'(t—) +N!(t—), (C.1) + (C.2) gives
tdM,.(u;1,S,) Yl(z) N'(t—)
0o Se(u;1,2) =1- S(1:1,Z)  S.(X(1);1,Z) €3

The rest of the proof is analogous to part (b) of the proof of Theorem 1 from Luo

and Xu (2022) . Noting that Y!(t)dN;(t) = dN'(t) and dN}.(t)N' (t—) = Y} ()N (t—) =0,
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we multiply (C.3) by dM}(1;B, Ao) = dN}(t) — Y} (t)eBdAo(t) giving:

" dM,(u;1,S,)
0o Sc(u;1,2)

tdM (u;1,S, tdM (u;1,S,
0 Sc<5t;1,Z))_YTI(I>eBdA°(I) 0 Sc(gt;l,Z))
dN}()YY(t)  dN}(t)N'(t—)
S.1,Z)  Su(X(1:1,2)
AN (1) Y'()eBdAo(r)
S(t:1,2) " S.(t:1,2)
dN'(t) =Y (1)ePd Ay (1)

Se(t;1,2)
Al (1)dN}(1) — A (1) Y (2)ePd Ao (z)
Sc(t;1,2)

Al (t)dML(t;B,Ao)

Se(t;1,2) '

dM%‘(ta BaAO)

=dN7 (1)

Y (1)eBdAo(t) Y} ()N (t—)eP dny(r)

YA (1)ePdAo(t) + S.(61.2)  S.(x(1):1.2)

—dNy(t)

—dNy (1) = Y7 (1)ePdAo(r) —

+

:dM%"O;BaAO) -

:dM71"<t;B7A0) -

:dM71"<t;B7A0> -

Lemma 12.

tdM.(u;a,S.)
- = dM$(t;B,Ao) — dM%(t; B, A — oy

fora=0,1.

Proof

By definition N*(¢t) = I{T (a) < C(a)}I{T (a) <t}. Meanwhile
N§(t)A%(t) = I{T (a) < t}[{min(T (a),t) < C(a)} = I{T(a) <t}I{T(a) < C(a)}. There-
fore
N(t) = NE(1)A%(t).

In addition, Y7 (t)A%(r) =

|
~
~~
ﬂ
—~
S
N—
Y
-~
SN—
~
~=
2.
=]
~—~
~
<
~—
-
N—
N
A
~
<
~—
-
I
~
—~~
N
—~
Q
~—
v

HI{C(a) >t}
=1(X(a) >1)=Y"1).
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Then by the consistency Assumption 7, we have

N(1) =AN'(t) + (1 - A)N°(r)

= ANF (DAL (1) + (1 = A)ND (1) A (r). (C.4)
Similarly,
Y(1) =AY} ()A (1) + (1 — A YR (1) A (r). (C.5)
We may then combine (C.4) and (C.5) to get

M(1;B,Ag) = N(1) — /0 Y (w)ePAd Ao ()

=AM (1)M7(1:B, Ao) + (1 = A)A’ (1) M7 (1:B, Ao).

Proof of Theorem 10

Note that

Dy (1:B°, AT, S, Se) = AN (61,8, 5¢) — T\ (1: 82,7, S, Se)dAY (1),

D>(B°, A%, T, S, S.) / AN (1:m,5,50) — T (1B, .5, S0 )dAG (1)

By Assumptions 9-10, D; is absolutely integrable so Fubini’s theorem gives ED, =

E{fFan;" W)dng )y = [FE{FaN" (1) =T (1)dA%(1)}. So it suffices to
show that E{d?\& (t) — Fg )(t)dAg(t)} =0for/=0,1 and for any ¢ € [0,7].

a) Assume (,S.) = (n?,5?). For simplicity, we omit the dependency on all the
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arguments / and write E{d?\é(l) (1) — Fgl) (1)dA§(t)} = R1 + Ry — R3, where

AldM (t;B°,A9)

(21 —m(Z)}ASe(1:A,Z)
[AdS(1:A,Z) +S(1:A, Z)eP A dAY (1)}
()1 -m(Z) 4 a=0.1

R =E

Ry=E

AY(1—A)I
S PR T e e

a=0,1

Using Lemma 10 and Lemma 11, we then have

J(t;a,8,80){dS(t;a,Z) + S(t;a,Z)eP “dA (1)} | .

— Y d{dS(t:a,Z) + S(t:a,Z)eP" "d A (1)}

E[S 7y F LM B",AS)\A:a,z}l
a:o,lE [S raz) MM%(“BoaAS)IZ}}
a:o,lE <S Gaz)C EAN(OaM7 (157, A5)|T (@) = 1,2} |Z]>
a_071E{Sf t;a, Z |:{dNT< M(C(a) >1t)=Y7(t)I(C(a) > ) adAO( VT (a) =

)
_ ZlE{ dE{I(C (3 )|Z}E(E[{dzv%<t>—¥$<> "dAG(1)}|T (a) =

where (C.6) makes use of the informative censoring Assumption 10, and (C.7) uses the

consistency Assumption 7 and the tower property.
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Applying Lemma 10 to R,, we have

Ry=E | Y d'{dS(t;a,Z)+5(t;a,2)ePdA(1)} — Y a'{dS(t:a,Z) +S(t;a,Z)eP" "dAG (1)}
a=0,1 a=0,1

Finally, again applying Lemma 10, we have

o (1 — )~ m(2)*{(1 —n°(2)}' -
RFEO,WZZO,I“ZE[ ol (e @S(EaZ) +Sa 2 dny (1)}

x E{J(t;a,S,S2)|A = oc,Z}}

~ Y dE [{ds(r;a,z) 4 S(1:0,Z)eP AN ()Y E{J (1:a,5,50)|A :a,z}} (C.8)
a=0,1
de{M (u:0,8%)|A = a, Z}
_ B%a g A0
_a;maE[{dS(t 0,Z) + S(ta,2) P “d Ay }/ Sl 7 5ol 2) }
o, (C9)

where (C.8) comes from a“(1 —a)! =% = I(a = o), and (C.9) uses the fact that for each
A=a, M(t;a,S?) given Z is a martingale when S, = S?.

b) Assume S = §°. We have E{dﬂ\é(l) (1) — Fgl) (1)dAg(t)} = Ra +Rs + Rg, where

AldM(t;B°,A9)
s :E[nw{l D} S (A7)

B A“(I—A)I*“
aZOI (Z)}l—a

Re —F A’{dSO(t;A,Z)+S°(r;A,Z)eB"AdAg(t)}
T "2 {1 =n(Z)} ’

Ro=— Y dE{dS’(t;a,Z)+5°(t;a,Z)eP " dN(r)},
a=0,1

J(t;a,8°,8S){dS°(t;a,Z) + S (t;a,Z) ¥ *dAZ (1)} |,
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We first make use of the fact that (4.7) holds under § = S to get

AldM(t;B°,A3)
(Z2)A{1 - n(2)}174S.(1;A,Z)

g A=A rdM(wa,S.)
i z0",1 n(Z){1—n(Z)}'=¢Jo  Sc(usa,Z)

a=

Ry =E (C.10)

E{dM7(t:B°, A)|T > u,A = a,Z}] .
(C.11)

Applying Lemma 10 to both (C.10) and (C.11), we have

_ 7°(Z2)*{1 —m°(Z2)}' = E{dM(t;B°,AQ)|A = a,Z}
Ri= b alE[ n(Z) {1 -n(Z)}' Sc(r;a(?Z) ]

a=0,1
(¥ - @) w0 @) {1 w2}
tLoX E( R(Z) {1 —n(Z) ]
tdM.(u;a,S.)
0o Sc(usa,Z)
n(Z2){1 —mo(Z)}' ¢ A(t)dM(1;B°, A)
B Z ZE{ (Z2)i{1 —mn(Z)}1~a Sc(t?a,Z) : }
1°(Z2){1—-n°(Z)}'
> “ZE( R(Z) {1 —n(Z)}
E { 0’ —‘”; (Etb::?’zic)E{dM%(t; B, A)|T (@) > u,A = a, 7} 'A - a,Z} 9313)
g {nf’(zv{l —w(2)} (A“(t)dM‘%(t;B”,AS)
- (Z) {1 —n(z)}1¢ Sc(t;a,2)

E{dM7(t:°, AQ)|T > u,A = a,Z}‘A - oc,Z} )

a

(C.12)

+E [ Ot WE{Q'M%(I;BO,ASHT(@ >u,A= a,Z}‘A :a,Z] >]
0 1—a
- ZO:I d'E {Tc 2 Ei_ (<)¥a dM?(f;BO,AS)} (C.19)
+ Ry,
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where

R7

) 20(2){1 70 (Z)} 1
e

el
X {E[ Ot %E{M%(t;ﬁmg)m@ > uA = a,Z}'A _ a’Z]
- e a e |
gl
xE{;?%gg%?

a=0,1

[E{dM7(;B°,A0)|T (@) = u,A = a,Z} — dM7(;B°, Ag)]

A:%ZH,

(C.12) uses Lemma 11 and the tower property, (C.13) makes use of (1 —a))! =4 =I(a = «)

and the consistency Assumption 7, while (C.14) makes use of Lemma 12. Next, we show
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R7 = 0 by showing the inner conditional expectation is 0:

tdM.(u;a,S.) 4 00 Ao S
o : >uA= _ : _
E{ 0 Se(ua,z) [E{dMy (1:B°,A0)[T (@) 2 u,A = a,Z} — dM7 (1%, Ag)] A

e [ 5iiar

a,Z}

X [E{dM%(t;B°,AQ)|T (a) > u,A = a,Z} —dM7(t;8°,A9)]|A =a,Z,T > u,C = u} A= a,Z}
1 (u
= E{/ Y(u)dAc(u;a,2)
0o Sc(wa,Z)
X [E{dM%(t;B°, AQ)|T (a) > u,A = a,Z} —dM7(t;8°,A9)]|A =a,Z,T > u,C = u} A= a,Z}

dN%(u
{ S (ua, Z
x [E{dM%(t;B”,ASﬂT(a) > u,A = a,Z} — E{dM(t;B°,A9)|T(a) > u,A = a,z}} 'A - a,Z}

(C.15)

_ E{ /Ot Ya(b;):(lb/,\;;(f;?’Z)

x [E{dM%(t;B",ASﬂT(a) > u,A=a,Z} — E{dM%(t;B°,A9)|T(a) > u,A = a,z}} 'A - a,Z}

(C.16)

where (C.15) and (C.16) uses consistency and informative censoring from Assumptions 7

and 10.
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Next, using Lemma 10, we have

¥ e [ s 0.2) + 510 20 ang0)|
a_o,f‘lE e O B (a0 + 30 ango 2}
Lt R <(>¥1aa"w( ) 7}
R [nng o >¥1 S O’Ag)} |

Lastly,

Re=— Y dE(E{dS°(t;a,2)+S°(t;a,Z)eP"dAY(1)}|Z])

=— Y. dE(E[{—dN{ (1) +Y{(1)e?“dAg(1)}12])

a=0,1
= ) d'E{aM}(1;B°,A)}
a=0,1
=0.
The above gives R4 + R5 + Rg = 0 as desired. ]

C.3 Proof of Asymptotic Results

C.3.1 Additional Assumptions

Without loss of generality, we assume that the nuisance function estimates T, §, §C
and their limits T*,5*, S¥ only take value in [0, 1]. Moreover, the survival functions S*(¢;a, z)

and S(t;a,z) and their estimates are non-increasing in .

Assumption 21. There exists a neighbourhood B of PB° such that

SUP;c(o,1],BcB |5(l)(I;an*7S*7Sj) - S(I)(l;B,TC*,S*,S:” = Op(l)'
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Assumption 22. For [ =0,1, s!) (t;B,m*,S*,S%) are continuous functions of B € B, uni-
formly int € [0,1] and are bounded on B x [0,7]. s (t;B,n*,S*,S¥) is bounded away from

zero on ‘B x [0,1]. Forall B € B, t € [0,1]:

2

5(1)(t;[3,7t,S,SC) = %S(O)U;B,R,S,SC) = aa—lps(o)(t;B,E,S,SC).

In addition, let O. = 5(1)/5(0) and v = & — &2. We have
T
v(Bo, 1", 8%, 85 = / v(t; B0, 1%, 8%, 85) s (1,80, m*, 5%, 85 )dAY () > 0.
0

Assumptions 21 and 22 are the typical regularity assumptions that are made under

the Cox PH models (Andersen and Gill, 1982).

Assumption 23. Forn=T orn*, S=S orS*, and S, = S, or S, where T, S and S, are

estimated using an independent sample, we have

2
ES | sup |sV(t;B,m,S,8.) — sV (t; B, 7", 5%, 8%) =o(1), (C.17)
t€[0,7]
and
sup |SU(t;B,m,8,S.) — sV (1;B,m,8,5:)| = 0,(n /%), (C.18)
1€[0,7]

for B € Bandl =0,1. Moreover,

T _ 1 n
/0{A(t;BO,n,S,SC)—d(t;BO,n,S,SC)}-%ZDli(t;B", 0 m°,5%,5%) = 0,(1JC.19)
i=1

Assumption 23 is required due to the involvement of the time-dependent nuisance
functions as well as the risk sets that are specific to the Cox MSM. Condition (C.17) simply
states that the convergence of T, §, S, carries over to s() (t;B°,m,S,S.). Condition (C.18)

should hold for most functions with simple structures even though the estimates of the
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nuisance function may converge at a slower than root-n rate. For example, if we have

G(t;h) =n~ 'Y | A;/h(t) and its limit g(¢;h) = E(A)/h(t), then

1

=

— 0. (n~1/2
0 Op(n™"'7)

sup |G(t;h) — g(t;h)| <
t€[0,1]

S| =

sup
t€[0,7]

im—Emy
i=1

for any out-of-sample estimates /h\(t) that are bounded away from zero. Condition (C.19)
is required for the same reason the integral term DY (§, §C;S" ,82) in Assumption 12 is
required. Although we have /n{A(1;°,m,S,S.) — &(t;B%,,S,Sc) } = Op(1) from
(C.18), and n~ 'Y | [ Dy(t;B°, A, 7%, 5°,52) = o(1) from Theorem 10 and the law of
large numbers, no existing tools allow us to generalize this product rate to increments within

an integral, which is specific to our problem.

C.3.2 Proof of Main Results

We prove in this section the consistency and asymptotic normality of the cross-fitted
AIPW estimator B The proof of the main results is intentionally kept short and easy to
follow, while the tedious details are put into the Lemmas 14 and 15. The proof of Lemma 14
involves standard convergence in probability arguments, regardless of whether we use cross-
fitting or not. On the other hand, the proof of Lemma 15 makes use of the independence
induced by cross-fitting and the rate condition Assumption 12, which we will elaborate on
in more detail later.

Here, we first state Lemma 5.10 from Van der Vaart (2000), which will be used in

the consistency proof.

Lemma 13. Let © be a subset of the real line and let ¥,, be random functions and ¥ a
fixed function of © such that ¥, (0) — W(0) in probability for every 6. Assume that each
map 0 — W, (0) is continuous and has exactly one zero é\n, or is non-decreasing with
¥, (6,) = op(1). Let 09 be a point such that ¥(0g —¢€) < 0 < ¥(0 +€) for every € > 0.

Then 6,1 EN 0o.
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Lemma 14. Under Assumptions 9, 11 and 21-23, if either S* = S° or (n*,S}) = (n?,5?),

then for B € B,

Uer(B) & u(B,m*,S*,5%), (C.20)
aa—BUCf(B) L —v(B,m*, 8%, 87, (C.21)

where

T
(B, S,S.) = | {81 B,,S.) — (1B, 5, b ) 1B . S)AAG 1),
0
T
V(BﬂtaSvSC):/ v([;B,ﬂ:,S,SC)S(O)(I;BO,J'C7S,SC)dA(O)(I>.
0

Lemma 15. Under Assumptions 9, 11-12 and 21-23,

Vi (8) = o w8 A 757,57+ 0p(1).

ﬂ

Proof of Theorem 11

To show consistency, we make use of Lemma 13. Equation (C.20) of Lemma 14

states that

Ucf(B) ﬁ> ‘U(B,Tl:*,S*,Sj),

for B in a neighbourhood B of B°.

Next, we assume that E is a unique zero of U.r(B) and B° is a unique
zero of u(B,m*,8*,S7). Using Assumption 22, we have du(B,n*,S*,S;)/0Blg—pr =
—v(B°,m*,8*,S%) < 0, and that u(B,n*,S*,S") is continuous for f € B. These conditions

together imply that

u(B—e,m*, 8%, 85) > 0> u(B+e,nt, 5,8
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for any € > 0.
Lastly, by noting that U, s(B) is also continuous in B, we have B 2, B° from applying
Lemma 13. [

Proof of Theorem 12

Applying the mean value theorem to U.¢(B°) around B, we have

0y — 2l )
Vi(B—p7) = ,
2Ue(B)

where E is some value between E and B°. To show the asymptotic linearity, we find the
limit of dU, f(B) /0B, and write the asymptotic expansions of \/nU,r(B?) as averages of i.i.d.

terms.
By (C.21) of Lemma 14, we have oU,.r(B?) /9B 2 —v(B°,m°,5%,59). Using the same
arguments as that used in Lemma 14, we also have aUcf(E) /OB —0U.r(B?) /9B =0,(1), so

%w®$wwww£»

The asymptotic expansion of \/nU.r(B?) is derived in Lemma 15:

VnU.r(B° Z\p, (B%,A§,1°,5°,5%) + 0, (1).

By Assumptions 9 and 22, it’s easy to see that |y(B?,Ag,n?,5°,57)| is bounded a.s., so by

the central limit theorem,

VU (B) 5 N(O,E{w(B, A, 7°,5°,59)%}).
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Applying Slutsky’s Theorem, we therefore have
V(B p) % N(0.6%),

where 6% = E{y(B’,AJ,n°,5°,5%)*}/v?*(B°,n°,5°,S52).
Lastly, to show that 62 is a consistent estimator of 62, we show separately the

convergence of its numerator and its denominator in probability:

1 & ~ ~
— Y Y i (By Ao (5B, 7 5 Sy mom) §om) SN2 By B fy(B2, AG, 7%, 5°,82)%),
n

m=1iel

2
k T N
{12 . |, vl ﬁ“’”ﬁ'"%S“cm>>d%<r;ﬁ<m>,§<mksi”‘”} B3 (B0, S7,8°).
n 0

m=1liely

These can be shown using the same arguments as used in Lemma 14, so we omit the proof

here. Applying Slutsky’s theorem again, we have

&'V -B%) % N0, 1).

C.3.3 Proof of lemmas

Since the number of folds & is fixed as n — o, to show that results in Lemma 14
hold for the cross-fitted estimating equations U, , it is sufficient to show that they hold for

sample-splitting. Therefore, in the proof of Lemma 14 below, we will show

where with a slight abuse of notation, we let T, S, , §C denote nuisance functions estimated

using a different set of data independent from but with the same distribution as the dataset
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that U is evaluated on. Similarly, in the proof of Lemma 15 below, we will show
~aa 1 &
\/EU(BOJLSVSC) = _n ZW:‘(BO7 87750,50752) +0P(1)
i=1

Before we begin the proof of the lemmas, note from the strict positivity Assump-
tion 9 that S*(¢;a,z) is bounded away from zero. By the uniform convergence Assump-

o~

tion 11, S(¢;a,z) converges to S*(¢;a,z) in probability uniformly in ¢, so the probability
that §(t;a,z) is bounded away from zero goes to one. Same argument also applies to
Se(t;a,z), ®(z), and 1 —(z). We can also derive from (C.17) and (C.18) of Assumption 23
that for nuisance functions 7, S, S, that are either the estimates T, §, §C or their limits, and
for B € B, SV (1;B,7,S,S.) converges to s()(r;B,n*,5* S*) in probability uniformly in 7.
Since assumption 22 states that s()(#;B,n*,5*,5*) and 1/5©) (¢; B, 7", $*,5¥) are bounded,
s0 SO (t;B,7,S,S.) and 1/5O) (r;B,m,8,S,) are bounded with probability going to one. In
the following to simplify the proofs, we will assume WLOG that the quantities are bounded
almost surely, and this is due to the conditioning event argument below.

Both Lemmas 14 and 15 claim convergence in probability results. To prove them,
we want to show that for some random quantity (i.e. remainder term) X,, and for any € > 0,
P(|X,| <€) — 1 as n — oo. Let G, denote the event that all those terms above are bounded.
From Assumptions 9, 11, 22, and 23, we showed earlier that P(G,) — 1 as n — oo. In our

approach we first show that E(|X,| | G,) — 0 as n — oo, which by Markov’ inequality implies

that
P(X| <Gy >1 - FG)
as n — oo, This leads to
P(|X,| < &) =P(|X,| <€NGy) +P(|Xu| <€NGS) > P(|1Xn] <€NGy)

=P(|X,| <€|G)P(Gn) — 1
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asn — oo,

Proof of Lemma 14

First, we have
U(Bvﬁ7§a§6) - U(B,TC*,S*,S:) +Q1 +Q2+Q37

where

We now show that Oy, 0>, and Q3 are 0, (1).

Consider Q1. We write

01=011—-012— 013

First, we note that d 9\4(1) (t;m,S,S.) is a sum of several terms, each term is a product

of a term that is bounded a.s. and an increment of a monotone function. Specifically, we
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have

on = X sz wE e b sz ™
ln 1
+5,§1[n {1— Z A wZ)A @z A]/Ad‘”““z)
St | [ S 2,

This allows us to make use of the following property: for any function f(¢), and any

monotone function G(¢) defined on [a,b], we have

/fa’G

Since N(t) and S(t;a,z) are monotone in 7, we apply (C.22) to each of the 3 terms in O

< sup |f(1)]-]G(b) = G(a)]. (C.22)

t€la,b]

166



above and have

1011
L : - : sup |2 V() - Ni(0)]
“n S mzA Rz A w27 ()Y A o |8 A,,z>
+li : : |Ail - ‘§(T-A- Z) —S(0;A;,Z;)
ni= /TE(Z,') {l—-m ( )}1 —Ai TE*(Z,')A"{l—TC*(Zi)}l*Ai i A, Z; AL Z;
1 & 1 1 R
+;;|Az| sz w@| S Ji(t:1,8,S, SWARI(IWAL
ly [7(Z) 7 (Z)] | A |
= B TRZE @V R - @ S0 Seanzy| M MO

' (Zi)|

7(Zi) —
Z 1 {m(Zi)n (2} {1 = R(Z) H{1 =7 (Zi)}] ]

A - ‘§(T;Ai7zi) — 8(0;A;,Z;)

) —8(0;1,7)] .

Ji(;aac i

L, [R8(Z) -7 (2)
4Ly g, m - )
n l:Zi Al |n(Z;)m*(Z;)| t€[0,7]

Since S| (t;a,z) and §C(t;a, z) are bounded away from zero a.s., we can again apply (C.22) to

~ 9

Ji(r:1 §§):/thcz( u) +Y;(u)dlog{S.(u; 1,Z)}
T e S 1,20)8u w31, 2)

and have
P, 1
sup |fi(#;1,5,Sc)| < sup { sup (= | NGi(t) — Nei(0))]
1€[0,7] ( 1€[0,7] {ue[o,t] (us;1 Z)S (u;1,7;) )
Yi(u) .
+ sup { sup (t;1,Z;)} —1og{S.(0;1,Z;) }
te[o,r]{ue[o,z] S(u 1 Z)S (u;1,7;) J {5 ‘
S (C.23)
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In addition, since Tt(z) and 1 —t(z) are bounded away from zero a.s., we have

n

) [®(zi) —n*(Z)].

1
onl S -
n=

As a reminder, ET denotes expectations taken with respect to a sample O of n
observations, and E denotes expectations taken with respect to an independent data O
conditional on O'. O is used for constructing U, while O is used to estimate (T, S, S.).

Using this notation, we have
E(|on]) SETE{|R(Z) —n* (2)[}] < |[R—7*|| = o(1),

where the last inequality follows from Jensen’s inequality, and the last equality follows from
Assumption 11. So we have Q11 = 0,,(1) from Markov’s inequality.
Consider Q7. We again break d 9\6(0) (1;m,S,S.) into a sum of terms, each being a

product of a term that is bounded a.s. and an increment of a monotone function.

I & (- PUPNPN _ ~ 1
01y = /{A £:B.7.5.5.) —A(r:B, 7,58 }-A _ _ dNi(t
2=, X [ {ACBRSS) -Ap S50} oo e AN
1& (- PPN _ ~ 1 ~
- Alt —A * - — 1AL Z;
+nlzzl/0 { (t767n75756) (Z,B,TC 9 756)} n(zi)Ai{l_n(Zi)}lfAidS(t i l)

n T PN B N
y {A(t;B,n,S,SC)—A(t;B,Tc*,S,SC)}

n=J0

A4(1—A;)te ~~ ) a
: Z {1+5T\(Zi)lail _/TE()Zi)}laJi(t;a’S’SC)}dS(t;a’Zi>'

Applying (C.22) and similar arguments as the above, also recall that § 0) (t;B, 7, §, §C) and

S5O (; B,n*,§, §C) are bounded away from zero a.s. and SU)(¢;B, 7, §, §C) is bounded a.s.,
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we have

|Qia| S sup |A(1:B,7,S,S.) —A(1:B,7",5,S)

1€[0,7]
o |SVEBRSS)SV B 5.5 — S (1.7.5,5)50 (138,70, 5.5.)
tE[O,’E] 5(0)<t;Ba&\7§7§6)5(0)(t’B?n*7§7§C)

t€[0,7]
+ sup 5D 1B 8,5) 15 (1:8,7°,8.5.) - SO (1:B.R. 5,50}
1€[0,1]
<Y sup [sU:B,7,S,S:) - SV (1:B,n".S,S.)
1=0,1t€[0,7]

1 n
<) -~ sup
1=0,1 " iZ1r€f0]

1 & 1 1
A e I P R (A
1y l 1 1
+Y - - - - C.24
R R AT T A R AT (A i

where (C.24) follows since §C(t;A,-,Z,-) is bounded away from zero a.s. and J,-(t;a,§, S'\L) is
bounded a.s. following (C.23). Therefore, we again have E(|Q;2|) = o(1) from Assump-
tion 11, so Q12 = 0, (1) by Markov’s inequality.

Q13 = 0p(1) can be shown using exactly the same arguments. We therefore have
Q1 = op(1).

Next, we show Q> = 0,,(1). First, we write

02 =021 — 02— 023
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where

0y = Z/dﬂ\g
O =— Z/

23 :Z;/o At

Consider Q1. We have

;B7n*7S*7§C)

7,5.5) —an V(5. 5))

n*,S,8.) — A(t;p, 7", 5", S, n*,S,5.)

52 }axc

{dﬂ\é(o) n*,§,§ d?\é (t;m" S*A)}.

021 = Q211 — Q212 — O213,

where
1 & A,{S(’C AiZ) —S* (v ALZ)} l" St a (g
Qa1 = nZ} Tz {l_ﬁ*(z,)}]_m +n,~21ao,1 {S(t:a,2) - §*(v:a,Z)},
_ln aAa(l— ) T,.a’\A S(t:a.7) —dS*(t-a.7:
Qzlz—n;a_zmn*( 20 T2 )}, / Ji(t:a,8,8.){dS(t;a,Z;) — dS*(t:a,Z;)},
_1 n aAa( )1
Q213 _”,Zia—zo,ln*( ){1_7-5*(21)}1 —a
Tt 1 B 1 dM.i(u;a,8:) | . a7
></0 [/0 {§(u;a,Z,~) S*(u;a,Zi)} Se(u;a,7;) ]dS (5:0,2).

For 0»11, we can easily see that

)

i=1a=0,1

n

10211 S {S(v;a,2:) —

so E(|Q211]) =

Term Q517 involves a difference in increments dS (t; a,Z;)

n

1
S*(ta,Z)} < —Z sup

{S:a.2) - 5" (1:0.2)}]
n i=1 t€[07T]>a€{07]}

o(1) by Assumption 11 and Q»11 = 0,,(1) by Markov’s inequality.

—dS*(t;a,Z;). Applying
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integration by parts to the integral term we have

Fc AN AN A~
/ Ji(t;a,S,SC){dS(t;a,Zi)—dS*(t;a,Zi)}
— 8*(t;a,Z;) YdM.i(t;a,S,)

/{StaZ
S(t;a,Z)Se(t:a,Z;) ’

(C.25)

- [Ji(t;a,§,§c){§(t;a,z) S*(t;a,Z:)

T

0

aAq(1 — l—a ~s A~
TC*( t? {(11—71:*220}1 —a [Ji(t;aasasc){s(t;a7zi)_S*(t;a’zi)}]
aA“(l—Al)l a {StaZ
( / S(

- — §*(t:a,Z;) }ydM.i(t;a, )
_ZZ T (Z) {1~ (Z;) e '

t:a,Z)S.(t:a,7;)

Note that dM,(t;a,S.) = dNei(1) — Y,-(t)d/A\C(t;a,Z,-). Since both N,;(t) and /A\C(t;a,Z,-) are

monotone functions, we may again apply (C.22) on the second term above. The nuisance

functions are bounded away from zero a.s., so we have

oISty s |S6az) -5 az)|,

n =1 1€)01),ae{0,1}

s0 E(|Q212]) = o(1) from Assumption 11 and Q»12 = 0,,(1) by Markov’s inequality.

By applying (C.22) twice on each of the double integrals in (013, we can show

0213 = 0,(1) in exactly the same way.

Same approach used for 0, also gives Q2 = 0,(1) and Q23 = 0,,(1). We hence

have Q> = 0,(1).
Q3 = 0,(1) can again be shown using the same techniques we use for Q», so we

omit the details.
Lastly, we show that U (B,7*,8*,S%) = u(B,n*,5*,5%) +0,(1) for B € B.

From the definition of the AIPW estimating functions Dy;(¢;B%, Ag,,S,S.) and
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Dy (B?, A, 7, S, Sc), we have

an (;m,8,S.) = Dui(t; B0, A, S, Se) + T (1387, 7,5, ) dAY (1),

T
/dy\g (1:m,5.50) = Dau(B*, A3, 7.5,50) + [ T{V(1:B,7,,5.)d ().
For B € B, we apply this to U (B, ", S*,S}) and have

U5 S;)
‘%,il/ Can (578 — A Br 87 80d (5 87)
:_Z[DZ, B%,Ag,T*, 8%, 8%) + / (B, 7", 8", S7)dAg (1)
_/T (6B, 8%, ST (187,77, 8, S)AAS (1) + Di(1:B°, A, T, 5%, 57)}
_/”z{r (1337, 7,57, 57) — Al B, 8, ST (1B, 57, 52) VNG 1)
W1 szl (B, A%, 7", 5", 57)
—Z/ A(t:B, 7, 5%, S5 )Du(1: B, AL, S*, S7)
_/{5 (1:B°,7°,8*,8) —A(t: B, 1, 5%, 58O (1:B°, 1, %, 85) } A (1)
3 2 DB 557)
__Z/A (t:B, 7, S, S5)Dyi (1387, AG, 7, 5, S7)
:/ [A(:8°,7°,8%,87) — A(: B, 87,85 } SO (13, w7, 87, 85 dAY (1)
W1 ZDZI BY, AT, 5%,S7)

__Z/ t;B,7", 8%, 8.)D1i(t; B, AG, T, 87, Sy ).
i=1
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Next, for each of A and S (0), we add and subtract its limits and have

U(B,n",5%,S¢)
= u(p%m", 8,50

T - p—
+/ (A(6B0,75, 57 87) — A(1:B, 7", ", %) — at: B0, 7, 5, S7) + (1B, 77, 8%, 5}

O)(r;B%, m*, 8%, 8)dAY (1) (C.26)
+/ (Gt B%,7°, 5%, 87) — 6(t: B, ", S, S5)}

x {SO(r:8°, ", 5%, 8%) — sO(r; %, n*, 5%, 8%) }dAY (1) (C.27)
+= ZDZ, B’ AG,T*,S%,S%) (C.28)
——Z/ B, 7", 8%, S0 )Du(t;B%, AG, 7, 7, ;) (C.29)

i=1
+ZZ/0 {a(t;B, 7", 8", 8%) —A(t; B, ", %, S5) } Dy (£; B°, Af, T, S, S5). (C.30)

i=1

For (C.26), since A§(¢) is an increasing function and $(%)(¢; 3¢, 7%, 5*,S?) is bounded a.s.,

we can apply (C.22) to it and have

,c —_— -_—
‘/o {A(;p°, 7%, 8%, 80) —A(1:B, 7,87, S;) — Out; B, 7, 87, 5¢) + o B, w7, 87, 80) }
x SO (1;B%, 7,8, 85 )dAY (1)

< sE)p} |A(1;p°, 7", 8%, 85) — A(t; B, m*, 8%, 8%) — 6r; B2, %, 8%, 85) + au(t; B, w*, S%, 8%) |,
tel0,t
which is 0, (1) from Assumption 21. Similarly, (C.27) is 0,(1).

Next, we note that the increments in D1;(t; B, Ag, *, 5%, S;) are dN;(t), dS*(t;A;, Z:),
dS*(t;a,Z;) and dAg(t), all of which are increments of monotone functions. So similar to
(C.26) and (C.27), we can apply (C.22), the strict positivity Assumptions 9 and Assump-
tion 21 to show that (C.30) is 0,,(1).

Since we have §* = S or (n*,S}) = (n°,52), Theorem 10 gives that both (C.28)
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and (C.29) are sums of i.i.d. mean zero terms. The strict positivity Assumption 9 ensures
that these 1.1.d. mean zero terms are also bounded, hence having bounded variance. So
(C.28) = 0,(1) and (C.29) = 0,(1) by the weak law of large numbers.

The second part of the Lemma,

0 o~ ~
%U(BJ-LS’SC) £> —V(B,TC*,S*,S:),
can be shown using exactly the same arguments as how we proved U (B,T, S, §C) LN
u(B,m*,8*,Sk) above, which completes the proof.
O

Proof of Lemma 15

First, write

VU (B%,7,S,8,) =v/nU (B°,1°,5°,8°) + Q4+ Os + Os,

where

04 :\/E{U(BO,?C\, §7 §C> - U(Bovno7§v Sg>} - \/E{U(BO,/TE7 SO,S\C) - U(BO7TC0507S?)}7
Qs =v/n{U (P 7,5, S.) — U (B, 7,5, 82)},

Qs =v/n{U (B°,m°,S,82) — U (B°, ", 8%,52)}.

The structure of the proof goes as follows: we first show using the rate condition
Assumption 12 among other assumptions that Q4, which is a difference in differences, is
op(l). Next, we show that Q5 and Qg are op(l), which uses, among other assumptions, the
independence between in-fold and out-of-fold data induced by cross-fitting. Finally, we

show that \/nU (B°,7?,5°,89) is asymptotically equivalent to a sum of i.i.d. terms.
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We first show that Q4 = 0,(1). For any fixed nuisance function S, we have

\/E{Ul(B” %,S,5.) — U1 (B%,m°,S,50)}
Z/ dg\é df?\g (t;m°,8,87)

-2 Y A 52100785 —an e 5.2)
ni=1J/0

So we can write

Q4 = Q41— Q12 — Q43 — Qua,
where
0a=7 X [ ax —angV ez, 5,52) —an (:,5°,5,) + dg
1 & /e
- A t, O,TCU,SO,Sg
SY [ A )
< {dN (1:7,5,5,) — a2 (170, 5,82) — a0 (37,5, S,) + d G

n T N _ L

Q42:%2/0 (A(:3°,7,5%,5.) — A(t: 87,1, 5°, 8 Hd AV (1:7,5,5.) — a(°
i=1

_1"’:_.00/\0 1(+. RO 0 QO QO ©/,;,.~3730 (0

Q43 _%Z 0 {A<t’B , T ,S,SC>—A(I,B , T 7S 7Sc)}{d9\4 TEvSvSC)_dg\é
i=1
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Consider Q41, which can be written as Q41 = —Q411 + O412 — Q413 — O414, Where

__" (1_A)1a N a__ RO 0 QO QO
Qa11 = nZ ;1750<Zi)a{ oz a/ [{ A(t;p%,m°,8°,82)
i)

X/ {cﬁg(t a,z; dSO(t;a,Zi) } {d]/\\/lci(u;a,:g\c) B ndi(WaaSg) }] (C.31)
0

(w;a,2;)  S°(wa,Z;) Se(u;a,Z;) So(usa,Z;)

©
Ny
0
|||
1=
P
:(>
D>|

o 0 0 1 l
LA AP S”’{ﬁ(m AT R(Z)) 0<zi>Af{1—n0<zi>}1Af}

X {§(T;A,-,Zi) —SO(T;AnZi)}

; a —a 1 1
Z’ Y Af(1—-A) {ﬁ(zi)a{l_ﬁ<zi)}l—a_no(Zi>a{1_no(Zi>}l—a}

i=1a=0,1

/ 4S° (50, Z)a — A7, 57, 50) }/ { S(usa,z;) - SO(M;la Z;) } djgc(ibi'uc;la,ZiC)

1
0413 =%

a( _ 1 B 1
Qe = 2 1a201A {ﬂzi)a{l—ﬁ(zi)}l—a n0<zi>a{1—no<zi>}l—a}

x / (dS(1:a,2;) — dS° (1:0, 7)) Ha— A1 B°, 70, §°, SO W13, 5, 5.).
0

Recall that D7 (§ , §C;SO,S2) defined in Assumption 12 is made up of two terms,

which we will denote as D1 (S, S,.; 8, 59) = QJIT + D], where
Q)T { / {a B() 0 S(),Sg)}
y /, dS(t:a,2) ds°(t:a,2) | [ dM(w:a,2,S:)  dM(u;a,Z,S2)
0 §(u;a,Z) So(u;a,Z) §C(u;a,Z) So(u;a,Z)
Q); :ET{ [ max / {A(1:B%,n°,8°,8.) —A(t; B, 1%, 5°,59)}
a,le{0,1}

x J(t:a,Z,8°,8.){dS(t;a,Z) —dS"(t;a,Z)}H }

max
ac{0,1}

For Qa11, we first notice that by the strict positivity Assumption 9, Al”-‘(l —
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AN R(Z){1 —=°(Z;)}' =%} is bounded a.s.. The expectation of the absolute value of

the double integral in Q411 can be bounded directly using D!, which leads to

E(|Qan]) SVnD{ = o(1),

where the last equality follows from rate condition Assumption 12.

Integral remainders QDIT is specific to our case because both nuisance functions
S(t;a,z) and S.(t;a,z) are time-dependent, which can lead to a product between the dif-
ferences §c — S, and differences of increments ds — dS?, like in (C.31). To the best of our
knowledge, remainder terms like this can not be sufficiently controlled using existing tools,
which requires us to make additional assumptions, such as D' (S, S,; 5, $%) =o(n"'/?)in
the rate condition Assumption 12. More discussion and references on this can be found in
Section 4.6

For Q412, recall that A; — A(t; %, 7%, 5°,59) is bounded a.s. and 7(Z;), ©°(Z;), 1 —

7(Z;) and 1 —n°(Z;) are bounded away from zero a.s., so we have

o~

®(Z:) —°(Z)|- ’§ TALZ) — S (T AL Z;)
’Q412| <— Z ’A A [30,750750752” ’

[m(Z)4 {1 —(Zi) } Ao (Zi)A{ 1 —mo(Z) 4]

1 & ~

— Y [=( Z)|- sup S(t;a,Z;) —S°(t;a,7Z;)| .

\/ﬁ l_zi t€[0,1],ac{0,1} ’

Therefore
E(|Qs)) wﬁE*{E #(2)-1(2)]-  sup \§<r;a,z>—30<r;a,z>\”
t€[0,1],ac{0,1}

<VnlR—n-||s - s (C32)
=o(1), (C.33)

where (C.32) follows from the Cauchy-Schwartz inequality |E(AB)|> < E(A?)E(B?), while
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(C.33) uses the rate condition Assumption 12.

Q413 can be bounded similarly with the help of (C.22). First we note that S°(z; a, Z;) is
amonotone function by assumption. Recall that dM,;(u; a, §c) =dN.i(u) — K(u)dxc(u; a,7;)
is also a sum of two terms, each being the product of a term bounded a.s. and an increment
of a monotone function. We therefore apply (C.22) twice to each of the double integral in

0413 and have

n(Zi) —n°(Z:)]
) —
Cusl S ZZMZOI I AN AT T AN
_ t 1 dMi(u;a §C)
X su a—A(t;B°,n°,8°,82) — ’
te[o% t (5" )} 0 { S(u;a,z;) SO(M;%Z:‘)} Sc(usa,z;)
1 n
%Z{' Z)|

S(u;a,Z;) — S°(usa, Z)
S(u;a,7)S0(usa,Z)S, (u;a,Z;)

X sup sup
t€[0,1],ac{0,1} | uel0,]

1 - ~
<V [/z)-n(Z)|-  sup ]sa;a,z) _$°(1a,2)|.
\/ﬁ ; l l t€[0,1],ac{0,1} l l

So we again have

E(|Qu3]) Sx/ﬁET{E

t€[0,1],ac{0,1}

®(Z)-n°(Z)|-  sup ‘§(t;a,Z) —S"(t;a,Z)‘] }
<Valf-n7] |- 5°

=o(1)

from the Cauchy-Schwartz inequality and the rate condition Assumption 12.

The integral in Q414 involves a difference in increments d§(t;a,Zi) —ds°(t;a,Z;),
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so we apply integration by parts and have

T ~ —_ AN AN
/0 (dS(t:a,Z;) — dS°(t;a,Z;) }{a — A(1;8°,7°,5°, S0\ Vi(t;a, S, S,
T

- [{§(t;a,Z,-) —8°(t:a,Z) Ma —A(;;BO,nO,50,53)}J,~(t;a,§,§c)}

0

- /0 "(S(t:a,2) —S"(t;a,Zi)}g [{a—A(t;BO,nO,SO,sg)}J,-(t;a,i §C)]
—{S(t;a,7;) — 8°(v:a,Z)Y{a — A(T; %, 7°, 8%, 82) Vi(t:a,S, S

dM,(t;a, §)
S(t:a,Z;)Se(t:a,Z;)

] Ji(t:a,8,Se)

/{StaZ) S°(t;a,Z;) Ya — A(t:B%,n°,5°,59)} - =

( BO TCO SO SO)
©) (1,80, m°,5°,52)

—l—/or{:S'\(t;a,Z,-)—So(t;a,Z)}at [

:{§(’C;a,Zi)—S"(’l:;a,Zi)}{a—A(’E;BO,n”,SO,Sg)}Ji(‘C;a,g,gc)
dM,i(t;a,S.)
S(t;a,Z;)S, (t a,z;)

Zdrl 1%, m°,5°,52)
j=1

/OT{:S'\(t;a,Z,-) (0, Z) Ha— A1, 70,5%,5%)} - =

1
( Bo TCO So So) ;l

T ~ o~
+/ {S(r:a0.2) - *(0.2) Yi(r:a.8.50)
0

( Bon SOSO
( BOTCOSOSOZ I’L

T o~ AN AN
- / {S(t;a,Zi)—S”(t;a,Zi)}Ji(t;a,S,S) Zdro (1,7, 5%,5°),
0
(C.34)

where the last two equalities follow from the product rule. For [ = 0,1, we again apply the
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product rule and have

T (1;p%,n°,5°,52) (C.35)
Ai-eBOAJ‘
=z sanz) )
_ ALY; ()P
m(Z)N{1 —mo(Z)) Y 482134, Z;)?
A?eBGAf
(2 {1 —no(Z)) A
A4(1—Aj)'
1 J J % 0 QO B%a jgo 4. .
+ aql+ —J(t;a,8°,82) ¢ e" 4dS°(t;a,Z))
a;m { m0(Z;)a {1l —no(z;)yi=a" ‘ } ’
A4(1—A )t S°(t:a,Z,)eP"
n(Zj) {1 —n(Zj)} 2 8°(t;a,Z;)S2(t:a, Z;)

dS¢(t:A),Z))

dSo(t;Aj,Zj)

/

—+ a
a=0,1

dM.;(u;a,S?).

Since dM.j(u;a,S?) = dNqj(u) — Y;(u)dA2(u;a,Z;), we can now see that
dl"y) (1;B°,m,8°,87) is once again a sum of terms, each being a product between a
term that is bounded a.s. and an increment of a monotone function. Therefore, applying

(C.22), we have

T ~ —_ AN AN
/0 {dS(t;a,Z;) —dS°(t;a,Z;) }{a—A(t;B°,7°,8°,82) }i(t;a,S,S,)

<IS(t3a,2) - 8°(v;a,Z:)|

S(t:a,7;) — 8°(t;a,Z;)

+  sup
1€0,1],a€{0,1}
1 & S|

+-3 sup ‘S(f;a,Zi)—S”(““’Z")
n i Z1t€)01),a€{0,1}
1 & S|

+-)  sup ‘S(t;a,Zi)—SO(““’Z")
n 2 1€f0,1),ae{0,1}

‘ ~

S(t;a,Z;) — $°(t;a,Z;)

S sup
t€[0,7],ac{0,1}
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So

1 & . ~
Qa14| S —= ) [M(Zi) —n°(Z)]- sup ‘S(t;a,Z) —8%(t:a,Z)),
\/ﬁ ,; l l t€[0,1],a€{0,1} l l

and we again have

E(|Qa14]) SﬁET{E

7(2)-7°(Z)|-  sup ‘§(t;a,Z) —S"(t;a,Z)‘] }

1€[0,1],ac{0,1}

<Valf-n7] - |S-5°

=o(1),

from the Cauchy-Schwartz inequality and the rate condition Assumption 12.

Therefore, we have

E(|Qul) < E(|Qan|) + E(1Qa12]) + E(|Qa13]) + E(|Qa1a]) S (1),

so Q41 = 0p(1) by Markov’s inequality.
Next, we bound Q4,, which involves the use of Q); . First, we let Q4 = Qa1 + Q422,

where

0o = z/m 50)— Al x,57.5.)}
x {an(” (117,55, —d:z\4<>(tn50§)}
Q422—\/—Z/{A Sc) —A(t:B°,m°,5°,82)}
x {dn” (:7,5.5,) — an(® (1:7,5°.5.) )
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Note that like how we bounded |Q)»| earlier, we also have

; —A(1;p°,m°, 8%, S.)

SW(t;p°,7,5°,5.)5© ( B 12, 5°,8.) — SV (1:82,m°,5°,5.)8 O (r;p°, %, 5, Sc.)
©0)(£;p°, 7, 5°,5.)8O) (1; B0, w0, 5, 8,.)

{5(1)(t;[3"ﬁ,50,§c)— M (r;p°,1°,5°,8:) 18 (1;p, 7%, 5°, 8,.)

/TE So §) (0) ( .Bo 00 SO,S'\C)

S{S (:%,7,5°,5) = O (1;p°,1°,5°,.5.)}

<Wmﬁ® 0)(t;2,m%,5°,S.)

(0)(4+.R0 O CO Q —~ ~
_ > (t’E ELEER : —Z{F (1B, 7,8°,50) ~ T} (1:7.7°,5°.50)}
010, 7,5°,5,)5 0 (1: B, 72,57, 5,

o
==
o S
E)
%)
o S
i@
:>.

(1)([-[30 m°. SO §) 1 & (0) N 0 R
’A ) ) y e SR | t; O,ﬁ,SO,SC S t O,TCO,SO,SC
O)(1;°,7,52,8:) 5O (58,1, 8, 5..) nj_;{ j (P ) -1 (6B )}

:% z:cj(t){ﬁ(zj) —n’(Z))},

J

where C;(t) are some functions bounded a.s.. Similarly, we have
- ~ - 1 n ~
{A(t;B°,n°,8°,S.) —A(t;8%,7°,8°,80)} = — Z C}(t){Sc(t;a,Zi) —S%(t;a,Z;) ¥C.36)
n
j=1

where C'(t) are some other functions bounded a.s..

Next, let dﬁ\é(o)(t;ﬁ,g\j d?\é (t;7:,S° A) Kj; + K»;, where

e _dS'\(t;Ai,Zi) —dSO(t;Ai,Zi)
T R@A Rz A

a1 _AN\l—a R R
N 2;’1{1+ﬁ(23;«({11 —A() Z)}i-a Ji(t;a,5%,S )}{dS(t§a>Zi)—dS0(t;a,Zi)}

L Arl—apt 1 L\ dMa(waZ) 5.0 7,
Koi== ) 7(Z) {1 —R(Z)}'- “/{ S(u;a,Z;) S(u;a»Zi)} Se(usa,z;) a2

a=0,1 ¢
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We now have Q421 = Q4211 + Q4212, Where

Opni1 =

L L) @) [0k,
Q12 :n3—1/22n} i}{ﬁ(zj) —EO(Zj)}[)TCj(I>K2i.
i=1j=

For Q4712, we can apply (C.22), the rate Condition Assumption 12 and the boundedness of

appropriate terms to show that

E(|Qunl) S vilf—a7] - |§—s°

=o(1).

Io C;(t)K1; in Q4211 involves stochastic differences dg(t; a,Z;)—dS°(t;a,Z;), so like
in (C.25) and (C.34) we first apply integration by parts to turn dS —dS? into § — §°. Like
(C.35), the dC;(t) term we have as a result of integration by parts can again be shown to be a
sum of terms, each being a product between a term that is bounded a.s. and an increment of

a monotone function. This allows us to apply (C.22), the rate Condition Assumption 12 and

the boundedness of appropriate terms, which leads to E(|Q4211]) < /1|78 —7°)| - H§ —5°

o(1). We therefore have E(|Q421|) = o(1) and Q421 = 0, (1) by Markov’s inequality.

For term Q477, we make use of (C.36) and write Q470 = Q4221 + Q4207, Where

1 Loan T N
Q4221 :WZ Z/o Ci(t){Sc(t;a,Z:) — S2(t;a,Z:) } Ky,

i=1j=1

1 A& T .
Q4222 Zmz Z/o Ci(){Se(t:a,Z;) — S2(t3a, Z:) } Ko

i=1j=1

By again applying (C.22), the rate condition Assumption 12 and the boundedness of appro-

priate terms to Q4227, we have

E(|Q4222]) 5\/71‘ S.— ¢

-HST—SO

=o(1).

E(|Qu4221]) involves a product between d§(t;a,Z,~) —dS°(t;a,Z;) and §C(t;a,Z,-) —
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S9(t;a,Z;), which can not be bounded using any existing tools we have. Therefore, we

directly bound
Q221 —\/_Z/ {A(1;B%,m°, 8° ’\) A(t;B°,m°,8%,82) } K1
using @; in Assumption 12, which gives

E(|Qa21]) S vnDj = o(1).

Therefore, E(|Q422|) = o(1) from rate condition Assumption 12.

Combining our results, we have

E(|Q42|) <E(|Q421]) + E(|Q422|) = o(1).

Using the same techniques we used for Q41 and Q4> above, with the rate condition
Assumption 12 and without using D', we can show that E(|Q43]) = o(1) and E(|Q44|) =
o(1).

Hence we conclude that E(|Q4|) < E(|Qa1|) + E(|Qa2|) + E(|Q43]) + E(|Qu4|) =
o(1). Then by Markov’s inequality, Q4 = 0,(1).

Next, we show that Q5 = 0,(1).

Using the definition of Dy;(B, Ao, ™, S, S¢), D2i(B, Ao, , S, S.) defined in Supplemen-
tary Material C.1, it can be verified that

U(p°,m,S,S:) :lzn: D»i(B?, AG, T, S, Se) — /OTA(I;BO,TC,S,SC)Dh( B°,Ag,w,S $Q}3

i=1

:
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So we have Qs = Q51 — Q52 — Q53 — Os4, Where

1 & ~
QOs1 ~Un k& Y {D2i(B°, A, ®,8%,S,) — Dai(B°, AG, 7%, 5%, 52)}
1 & [ ~ ~ ~
0= /Ooc(t;B”,n,S”,SC){Dl,( 8%, AY%,5%,5.) — Dui(t: B, AY, 10, S7,5%)}
i=1
1 & [ - ~ ~ ~ ~
O == /O{A(t;Bo,n,SO,SC)—d(t;Bo,n,SO,SC)}
i=1

x {D1;(t;B°, A3, T, 5°,8.) — D1(t;B°, A3, 70, 8%, 52)}

T - —~ —~
Os4 :/ (A(1:p°,7,5°,8.) — A(1:p°,n,5°,5°)} - \/_ZDll (1:B%, A2, 7°, 5%, 5).
0
First, consider Qs;. By the law of total variance, we have

Var(Qs;) = Var{E(Qs;|0")} + E{Var(Qs,|0")}.

~

We note from Theorem 10 that E{D»;(?, A, T, 5°.8,) — Dy;i(B%, Ag,m°,8°,89)|07} = 0 for
each i, where O is the sample independent from O that is used for estimating the nuisance
functions, so E(Qs|0") = 0. Moreover, when conditional on O, Qs; is a sample average

of mean-zero i.i.d terms, so we have

Var(Qs1|0") :ZE {D2(B°, A%, R, S°,S.) — Do (B, AS, 0, 8°,59) Y2 |0 .
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Expand Dy(B%, A3, %, 8°,5.) — D2 (B%, A3, 1, 5%, 52), we have

Dy (B°, A, R, 8°%,8.) — Dy (B, AG,1°, 5°,59) (C.38)
- ‘/OTA{f& e (>Z)} {dS"(1:A,2) + 8°(6:4, 2) P AdA 1))

f ASE(1:,2) (7°(2) ~7(2)) N B e
o <>so<rAz> A2t (1 -z O YO dRi)
T AT(Z){S(1;A, Z)—Sc(t;A,Z)} . B B A0

| A DS A g 1wy O YO )
- [PAILSSOED EEN) fass1,2)+ 571, 206 ango)
+/()1A{J(t;I,SO,EL,ﬁ)(;)J(t;l,So,SQ’)} A5 1.2) 1 S L. 2P A1),

We now see that D> (B?, Ag, T, 8°, §C) —D,(B%,Ag,°,8%,8?) consists of several terms, where

each term is an integral of a difference in nuisance functions with respect to a monotone

function. This allows us to apply (C.22) to each of the terms and have

D2 (B%,AG, T, 8%, 8c) — Da(B7, A, 7%, 8%, 82)| S[R(Z) —7°(2)]

+  sup  [S%(r:a,Z) — S(t:a,Z)).
t€[0,7],a{0,1}

From the inequality (a + b)2 < 2a* +2b?, we have

OT

2
Var(Q51|0%) SE | | [7(2) —n°(2)|+  sup  [S2(t3a,2) = S.(13a,2))|
t€[0,7],ac{0,1}

<2E[{R(2) —°(2)}’|O"]

2
+2E{ sup |Sg(t;a,Z)—§C(t;a,Z)|} o'
[

t€(0,1],ac{0,1}
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So

Var(Q51)
—Var'{E(Q51|0")} + E*{Var(Qs;|0")}

<0+EY(E[{R(Z) - °(2)}?|0"))

2
+ET|E { sup |S§(t;a,Z)—§c(t;a,Z)|} o'
[

t€[0,1],ac{0,1}

=7 — 7> + 1S, - sell®

=o(1).

Therefore, Q51 = 0, (1) by Chebyshev’s inequality.

Conditional on O, we also have from Theorem 10 that E{D1;(t; B?,AJ,T,S°, §C) —
Dyi(t;B°,A§,m°,8°,89)|0} = 0 for each # and i, so Qs is again a sample average of i.i.d.
mean-zero terms when conditional on O, and we can show Qs, = o »(1) in the same way
as for Qs above.

Consider Qs3. Just like the expansion of D> (8%, A8, T, S°, S.)— D (B, Af,m°,8%,87)
in (C.38) above, we also have Dy;(t; %, Ag, T, S",SC) —Dq;(t;B%, A5, 7°,8°,52) as a sum of
terms, where each term is a product between a difference in nuisance functions and an
increment of a monotone function. So same as in Qs;, we apply (C.22) to each of the terms
and have

053] Sv/n sup |A(t; B, 7, 8%, 5,) — (13 B°, T, 8%, S..)

t€[0,7]

1 & ~
{ Z\n H——Z sup |Sg(t;a,Zi)—SC(t;a,Z,~)\}.

" i Z11€)0,1),a€{0,1}

From the uniform convergence Assumption 11 and the Markov’s inequality, we have

n

—Z]n |—l—12 sup

S2(t;a,Z) —Se(t:0,Z:) | =
n = tel0),ae{0,1}

(1).
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From (C.18) of Assumption 23, we have

Vi sup |A(;B%,R,8°,8,) — 6(t; B°, T, 5%,8.) | = 0,(1).
1€[0,1]

We therefore have Qs3 = 0,(1).

For Qs4, we have Qsq = Os41 — Q542 + Qs43, Where

T R R _ R R 1 2
Q54l :/0 {A<I;Bovn7‘sous¢‘) _a(Z;BounNSO;SC)} . %;Dli(“ﬁoa 87TC07S075?)>
T _ 1 2
Q542 :/0 {A<I;BO’7EO7SO7Sz) - a‘(t;lsoanoﬂsoaS?)} : %i:ZlDli(t;Bo7 ganowgoasg))
1 & [ PPN _
Os43 :WIZZI/O {Q(I;BO,R,SO,SC) —(X(t;BO,TEO,SO,SZ)}DIi(l;BO, (0)7750750752)
By (C.19) of Assumption 23, we have Qs4; = 0,(1) and Qs4» = 0,(1). Qs43 is again a
sample average of i.i.d. terms when conditional on OF, and each of the increments in

Dyi(t; B, A3, m°,5°,82) is an increment of a monotone function. So like Qs;, we apply

(C.22), followed by the law of total variance and have

a(t;p%,®,8°,8,) — a(t; p°,m, 8%, 5%)

Var(Qs43) S0+ "E | E sup
n 1€[0,7]

where o(1) follows from (C.17) of Assumption 23. Therefore, Q543 = 0,,(1) by Chebyshev’s
inequality and Qs4 = 0p(1).

Combining our results on Qs; to Qs4 ,we have Qs = 0,(1).

Same as how we dealt with Qs, we can decompose (g in a similar way and show

that each of the terms is 0,,(1), so we omit the details here.
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Lastly, we consider v/nU (B°,1°,5°,8%). Using (C.37), we have

:%i[DZ,(BO A%, m°,5%,5°) /A (£:B%,m°, 8%, 8)D1:(1: B%, A, 1°, 5, 5%)
i=1
Z%i<w 77,5°,52)

+/OT{ a(t; B, m°, 8%, 8°) — A(1;B%,m°, 8°,52)} - \/_ZDl, (1:B%, Ag, 1, 5%, 52IC.39)

3

From (C.19) of Assumption 23, we have (C.39) = 0,(1), so we have

VAU (B, 5°,2) = i (B, A, 5%,52) +0,(1).

%\

C.4 Application

Here, we present the boxplot of the 7t(z), S(t;a,z) and S¢(t;a,z) for each of the 2079
patients in HAAS study, where T = 13 is the maximum follow-up time that we set to ensure

the strict positivity assumption is satisfied for S and S..
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Figure C.1: Boxplot of the ©t(z), S(T;a,z) and S.(T;a,z) for all the patients in the HAAS
dataset.
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Appendix D
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Supplementary Materials for Chapter 5

D.1 Quantities and Notations

We define or repeat some of the important quantities that will be used later. For i in

I,...,n,

t
Mei(t:a,5.) :1(X,- <1,A=0)— / 10X > w)dA(:0,2),
0

M
(:a.5.5.) dM,i(u;a,S.)
o S(u;a,Z;)Sc(usa,7;)’
Adei() AldS(1:A,Z;)

@ ¢, _
TS50 = Lz (=020} RS, AnZ) T W2 (1 -z}

_a:Z()lal{l‘l’n( A)a({ll:A() )a}l a (t a, S S )}dS(l;a,Zi),

AlYi(r)eP _AIS(1A;,Zi)eP
n(Z)A {1 —m(Z) 1 AiS (A4, Z;)  m(Z)A{1 —m(Z;) 1A

Ly “l{”n( AU=A)T s, )}s(r;a,z,-)eﬁa,

l—‘l(l) (I;B,E,S,SC) -

a=0,1 Z)*{1-n(z;)}! -«
5(1)(t;B,n,S,Sc)—lzn:l“,@(t'[inSS)
nl:1
SW(BnSS)

V(t;B,7,S,S.) =A(t;B, 7, S,S.) —A(t; B, 7, S, Se) %,

A(1:B,m,S,S,) Z/ AN MBRRSSSS))

z 1Wl(l3 A(
{;zz;lfo (B

5(p) = D.1)

B
S, S
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where T, S and S, are estimated using the same sample of n observations.

Next, for each fold m, we may define the fold-specific quantities:

D 1;B,m,58,S.) —ILZ ' (t;B,m,5,8.),

ITl

m (t;B7n7S756)
57;0)(t;B,R7S,SC),
Vu(t:B,7,S,S.) = Ap(t:B,7,S,S:) — An(t:B, 7, S, S, )2,

Z/fdM (u;, S, S,.)

‘I |l€] B,TC,S,SC)

Am(t;B,Jt,S,SC) =

An(t;B, T, S, Se)

T -_
Wm,i(BOaA()»TC;S7SC) :DZi(t;BaAachsasc)_/O Am(t;Ban7S7SC)D1i(t;B7A7n7S7SC>7
i (6B, AT, S, Se) = dN ) (117,85, 5.) — TV (1B, 7, S, S )dA(t)

—Am(t;B,TC,S,SC)DU(I;B,A,TC,S,SC)-

The variance estimator agf for the cross-fitted AIPW estimator s is defined as

%anzl Zielm ‘Tfm,i(B\CfaKm(‘§BCfﬁ(_m)>ﬁ_m)7§£_m))a/7f(_m)w§\(_m),§:_m))2
—~ —~ —~ 2°
{%anzl Zie]m f(;? Vm(l‘; Bcf”ﬁ(fm%S(fm)’sw\gfm))d%(o) (l;ﬁ(—m)’s(fm)’gfm))}
(D.2)

62/(Bes) =

The cross-fitted standardized AIPW score s4;py (EC 1)/ Vaipw (Bc 7,t) that is used in
the AIPW B(¢) approximation (5.11) can be thought of as taking the differentials of the

square root of both the numerator and denominator of (D.2), and is expressed as

%22—12561 ﬁml( '/B\Cf, <'BCfaA - ,’\(—m),gfm))’}c\(—m) §(_m)a§£7m)))
Lyt Yich, Vinlt:Bes, RC™, S "NaaG® (¢ 7-m, §-m) s
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D.2 Proof of the Lemmas

We let F(t) and f(¢) denote the marginal cumulative distribution and density of 7,
F(t;a) and f(t;a) denote the cumulative distribution and density of T conditional on A = a,
while F(t;z,z) and f(t;a,z) denote the cumulative distribution and density of T conditional

on A =a and Z = z. We define S(¢;a) and S(#;a,z) in similar fashion, where S =1 — F.

D.2.1 Proof of Lemma 1

By conditional probability and consistency, we have

£l6) = P = (A= 1)+ PA=0)(1:4 = 0) = S[f1(0) + o))}

Bayes’ Theorem on two random variables X, Y states that

E{XfY|X(y|X)}

ERIr== fr(y)

Applying this to Ep ;) (A|T =t), where the expectation is taken assuming the true non-PH

model 5.3, we have

E{Af(t;A)}
f(t)

QZa 0.1afa(t)
5 Y01 falt)
Y 0,1 AT (4 ()Sa(t)
Y01 M) (l) a(t)

~ Ya—o,1aA(t t)ePtas, (1)

Bl Y01 A(1)eB0as,(1)
Yu—o,1aeP)9S, (1)

N Y01 P08, (1)

oy (AT =1) =

(D.3)

Similarly, replace B(¢) in A(¢;A) with a fixed B while keeping everything else the same, we
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have

Za:O,I aeﬁasa (t)

Eg(A|T =1) = D.4
plAIT=1) Ya—0,1€PS,(7) (B
Substituting (D.3) and (D.4) into (5.2), we therefore have
T - Br)ag (¢ - Bag (¢
/ Y a—0,1 d€ (1) Ya=o,1a€™Sa(t) Y dF,(1)=0.
0 | Tam01€PWeSa(r)  Ya—o1€PSa(t) a=0.1
O

D.2.2 Proof of Lemma 4

First, we solve E {D{ (t;8,A)} = 0. The two limits of the integral from the expecta-
tion are constants, so by Leibniz integral rule, we may exchange the order of differentiation

and integral and have

~ Ya—01dE{{T(a) <1}}
Y01 PE[{T(a) > 1}]
~ Ya—0,1dFa(1)

Y01 €PaS,(r)

_ Xa=01454(1)
 Ya—0.1€PaS,(t)

dA(t;B)

(D.5)
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Plugging it into E{D{(B, A)} =0, we have

Yu—01aePE[I{T(a) > t}]- ¥ o1 dFa(t)
Ya—0.1€P2S,4(1)

Yo 01“6 “Sal
_ (1)t — y
/ az()"la Jatt) Ya—o,1€PS,(1 —zo;lf
Ya=0,14"fa(t)  Yao 0.1a€P1S,(
/ { Za Olfa ) Za OleﬁaS( }aXO"lfa

[ Eamoaa- A@0)PDS, (1) Yoo aePSa(r)
/ { Ya—01 A0)ePNaS, (1) Lo 1€PSa(1) } —Z(Mfa(t)dl

Ya—o,1aeP)95,(1) e 0.1a€P1S,(
_/ {Z _01€P0aS, (1) Lo, €PaSa(t }azo:lfa

which is equivalent to the definition of B* defined in (5.4). Therefore B* is the unique

O:/o a_zdla-dE[I{T(a) <t} -

solution to [ in the full data estimating functions. Plugging B* into (D.5), we also see that

A*(t) as defined in (5.7) is also the solution to A(?) in the full data estimating functions. [
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